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УДК 512.542

ФОРМАЦИИ КОНЕЧНЫХ ГРУПП  
ЗА ПОЛИНОМИАЛЬНОЕ ВРЕМЯ:  

F-РАДИКАЛ И F-ДЛИНА

В. И. МУРАШКО1)

1)Гомельский государственный университет им. Франциска Скорины,  
ул. Советская, 104, 246028, г. Гомель, Беларусь

Аннотация. Для композиционной формации Фиттинга F конечных групп предложен алгоритм вычисления 
F-радикала конечной группы перестановок степени n, работающий за полиномиальное время от n. Показано, как 
можно вычислить F-радикал в случае, когда F является примитивной насыщенной формацией разрешимых конеч-
ных групп. Представлены алгоритмы вычисления различных длин, связанных с конечной группой, включающих 
обобщенную высоту Фиттинга и не p-разрешимую длину, которые для группы перестановок степени n работают 
за полиномиальное время от n.

Ключевые слова: конечная группа; вычисления в группах перестановок; композиционная формация; форма-
ция Фиттинга; F-радикал; F-длина; полиномиальный алгоритм.
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FORMATIONS OF FINITE GROUPS  
IN POLYNOMIAL TIME:  

THE F-RADICAL AND THE F-LENGTH
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aFrancisk Skorina Gomel State University, 104 Savieckaja Street, Gomiel 246028, Belarus

Abstract. For a Baer-local (composition) Fitting formation F of finite groups the algorithm for the computation of the 
F-radical of a permutation finite group which runs in polynomial time from its degree is herein suggested. It is shown how 
one can compute the F-radical in case when F is a primitive saturated formation of soluble finite groups. The algorithms 
for the computation of different lengths associated with a finite group (the generalised Fitting height, the non-p-soluble 
length and etc.) are presented. In the case of a permutation group these algorithms run in polynomial time from its degree.
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Introduction and the main result
All groups considered here are finite. Fitting showed that the product of two normal nilpotent subgroups 

is again nilpotent, i. e. in every group there exists the greatest normal nilpotent subgroup which is called the 
Fitting subgroup. Recall that a class of groups is a collection X of groups with the property that if G ∈ X and if 
H  G, then H ∈ X. A group G ∈ X is called an X-group. The greatest normal X-subgroup of a group G is called 
the X-radical and is denoted by GX. It always exists in case when X is a Fitting class. From the fundamental 
result of R. A. Bryce and J. Cossey [1] it follows that the hereditary non-empty Fitting class of soluble groups 
is a primitive local (saturated) formation. The similar result for the quotient group closed Fitting classes of 
metanilpotent groups was obtained in [2].

The computational theory of formations, Fitting and Schunk classes was discussed in [3–5]. The algorithm 
for computing the X-radical (of a soluble group) was presented only in [3]. Note that as was mentioned in [3] 
the suggested there algorithm (even when X is the class of all nilpotent groups) for a permutation group of 
degree 3n may require to check for nilpotency 2n subgroups. The main idea of that algorithm was to extend 
the X-radical from the given member of chief series to the next one. It was written in [3, p. 507]: «Note that 
for many Fitting classes F, more efficient algorithms for F-radicals can be obtained from the theoretical know
ledge about F». Nevertheless, the methods how one can obtain such algorithms were not presented. The aim of 
this paper is to suggest an algorithm for the computation of the F-radical (which runs in polynomial time for 
permutation groups) for a Baer-local (composition) formation F.

Recall that the Fitting subgroup F G� �, the p-nilpotent radical O � � �p p G, , the soluble radical R G� � of a group G 
are just the intersection of centralisers of all chief factors, all divisible by p chief factors and all non-abelian 
chief factors respectively. Recall that for a chief factor H /K of G the subgroup HC H KG /� � is called the inneriser 
of H /K. By its definition the generalised Fitting subgroup (the quasinilpotent radical) F�� �G  is the intersection of 
innerisers of all chief factors of G. The first three radicals are associated with local Fitting formations and the 
last one is associated with a Baer-local Fitting formation.

Note that L. A. Shemetkov [6] obtained similar characterisations of the F-radical for a Baer-local Fitting for-
mation F using the generalisation of the centraliser of a chief factor. We cannot use the results from [6] directly 
for three reasons. Formations F in [6] are defined with the integrated Baer-local function, i. e. f H K/� � � F for all 
chief factors H /K. In some applications (such as primitive saturated formations) the functions will not necessarily 
satisfy this condition. The characterisation of GF is obtained only in case f H K/� � � � for all chief factors H /K 
of G. Also the constructive description of the generalised centraliser was not presented in [6].

Let  f  be a function which assigns to every simple group J a possibly empty formation f J� �. Now extend 
the domain of  f. If G is the direct product of simple groups isomorphic to J, then we say that G has type J 
and let f G f J� � � � �. If J is a cyclic group of order p, then let f p f J� � � � �. Such functions  f  are called Baer 
functions. A formation F is called Baer-local [7, chap. IV, definitions 4.9] (or composition (see [6] or [8, p. 4])) 
if for some Baer function  f

F � � �� � �� �G G C H K f H K H K GG/ / / for every chief factor / of .

Such a formation F is denoted by BLF f� �. The main result of this paper is the following theorem.
Theorem 1. Let F be a Baer-local Fitting  formation defined by  f  such that f J� � is a Fitting  formation for 

any simple group J. Assume that G K f J/� � � � can be computed in polynomial time in n  for every permutation 
group G of degree n, its normal subgroup K and a simple group J. Then G K/� �F can be computed in polyno­
mial time in n  for every permutation group G of degree n and its normal subgroup K.

Note that if f J� � � �, then Gf J� � is not defined for any group G. A Baer-local formation defined by the Baer 
function  f  is called local if f J f p

p J
� � � � � �

� � ��
 for every simple group J.

Corollary. Let F be a local Fitting  formation defined by  f such that  f p� � is a Fitting  formation for all 
prime p. Assume that G K f p/� � � � can be computed in polynomial time in n for every permutation group G of 
degree n, its normal subgroup K and prime p. Then G K/� �F can be computed in polynomial time in n  for every 
permutation group G of  degree n and its normal subgroup K.

Preliminaries
Recall that a formation is a class of groups F that is closed under taking epimorphic images (i. e. from G ∈ F 

and N G  it follows that G N/ ∈F) and subdirect products (i. e. from G N/
1
∈F  and G N/

2
∈F it follows that 
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G N N/ 1 2�� ��F). A class of groups F is called a Fitting class if it is normally hereditary (i. e. from N G ∈F  
it follows that N∈F) and N0-closed (i. e. from N N G1 2,   and N N1 2, ∈F  it follows that N N1 2∈F). If F is 
a Fitting class and a formation, then F is called the Fitting formation.

For a class of groups X recall that EX denotes the class of groups with a normal series whose factors are 
X-groups. If F is a Fitting formation, then EF is also a Fitting formation and is closed by extensions. Here 
O� G� � denotes the greatest normal subgroup of G all whose composition factors belong to Σ for a class of 
simple groups Σ.

Recall that Sn denotes the symmetric group of degree n. We use standard computational conventions of ab-
stract finite groups equipped with polynomial-time procedures to compute products and inverses of elements 
[9, chap. 2]. For both input and output, groups are specified by generators. We will consider only G S Sn� �  
with S n≤ 2

. If it is necessary, Sims algorithm [16, parts 4.1 and 4.2] can be used to arrange that S n≤ 2
. Quo-

tient groups are specified by generators of a group and its normal subgroup. Note [10] that there exists a per-
mutation group of degree n such that it has a quotient with no faithful representations of degree less than 2n/4. 

For the rest of the paper n is used to denote the degree of the input permutations. A polynomial-time algo-
rithm is an algorithm whose running time is upper-bounded by some polynomial function of n.

We need the following well known basic tools in our proofs (see, for example, [9] or [11]). Note that (1) – (4) 
are obtained with the help of the classification of finite simple groups.

Theorem 2. Given normal subgroups A and B of a permutation group G of degree n with A ≤ B, in polyno­
mial time one can solve the following problems:

(1)  Find the centraliser C B AG A/ /� � of B /A in G /A [11, P6(i)].
(2)  Find a chief series for G containing A and B [11, P11].
(3) Test if G /A is simple [9, P10(i)]; if it is not, find a proper normal subgroup N /A of G /A [9, P10(ii)]; if it is, 

find the name of G /A [11, P12]. In particular, find a type of a chief factor.
(4)  Find O /� G A� �  for a class Σ of simple groups [11, P16(i)].
(5) Given H ≤ G, find H ∩ A [11, P4(i)].
(6)  Find the derived subgroup G A/� �� of G /A [11, P10(ii)].
(7)  Find the order G A/  of G /A [11, P1].
The following lemma restricts the length of a chief series of a permutation group.
Lemma 1 [12]. If G ≤ Sn , then the length of every subgroup chain in G is at the most 2n – 3 for n ≥ 2.

Proof of theorem 1
In this section F is a Baer-local Fitting formation defined by f such that f J� � is a Fitting formation for any 

simple group J. The idea of the theorem proof is to obtain the F-radical as the intersection of generalised cent
ralisers of chief factors in the sense of the following definition.

Definition 1. For a chief factor H /K of G with f H K/� � � � let C H KG f, /� � be defined by (a) C H K C H KG G f/ /� � � � �,

C H K C H KG G f/ /� � � � �,  and (b) C H K C H K G C H KG f G G f H K, ./ / / / /
/

� � � � � � �� � � �

Lemma 2. Let B /A be a chief factor of a group G with f B A/� � � � and N be a normal subgroup of G with 
N ≤ A. Then

C B N A N C B A NG N f G f/ / / / / /, , .� � � �� � � � �
P r o o f. Note that

C B N A N gN G N gN g N A N g N B N

g G g
G N i i/ / / / / / for all /� � � �� � � � � �� �� � �

� �

,

, gg N A N g B N C B A Ni i G� � � �� � � � �/ for all / / / .

Now
G N C B N A N G N C B A N G C B AG N G G/ / / / / / / / / / /

/� � � � � �� � � � � � �� � � � .

This isomorphism induces the isomorphism between B A/� �-radicals of the left and the right hands parts. 
It means that if F C B A G C B AG G f B A

/ / / /
/

� � � � �� � � � , then

F N C B A N F N C B N A N G N C B NG G N G N/ / / / / / / / / / / / /
/ /� � � �� � � � � � � � �� � � � � � � AA N

f B A
/

/
� �� �� � � �

.
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Thus C B N A N C B A NG N f G f/ / / / / /, , .� � � �� � � � �  The proof is completed.
Lemma 3. Let H K/  be a chief factor of a group G with f H K/� � � �. Then G C H KG fF � � �, ./

P r o o f. If H K/ ∉F, then from G K KF F/ ∈  it follows that H K G K K K K/ / /� �F . Therefore HG K H K G K KF F/ / /� � � � .

HG K H K G K KF F/ / /� � � � . It means that G C H K C H KG G fF � � � � � �/ /, .

Assume that H K/ ∈F and p H K� � �� / . Since F is N0-closed, we see that T K HG K/ /� �F F. For a sub-
group L of G with K ⊆ L denote L /K by L. Now T C M N f M N f H KT/ / / /� �� � � � � � for every chief factor M N/  
of T  below H.

If H /K is abelian, then H /K is a p-group for some prime p. Let K H H H Hm� � �
0 1
    be a part of 

chief series of  T. Then T C H H f p f H KT i i/ / /�� �� � � � � �1
. Let C C H H

i

m
T i i� � � �

�
�

1
1

/ . Now C C HT/ � � is 

a p-group by [7, chap. A, corollary 12.4(a)]. Since f p� � is a formation, T C T K C K f p/ / / /� � � � �� � �. Thus 
T K f pC H KT K p/ / /� � � �� ��/

.N  Note that

T K C H K T K C H K C H K G K C H KT K G K G K G K/ / / / / / / / / /� � � � � � � � � � � � � �/ / / /
. 

Since H /K is a chief factor of G /K, we see that O / / /p G KG K C H K� � � �� �/
1 by [7, chap. A, lemma 13.6]. Hence 

O / / / /p G K G KT K C H K C H K� � � � � �� �/ /
.1  Thus

T K C H K T K C H K C H K f p f H KT K G K G K/ / / / / / / /� � � � � � � � � �� � � � � �/ / /
.

If H /K is non-abelian, then H /K is the direct product of minimal normal subgroups H Ki /  of T /K by [7, chap. A, 
lemma 4.14]. Since f p� � is a formation, from C H K C H KT K i T K i/ /�/ /� �� � � � it follows that T K C H K f H KT K/ / / /� � � �� � �/

.

T K C H K f H KT K/ / / /� � � �� � �/
. Since f H K/� � is a Fitting formation, we see that

T K C H K T K C H K K T C H K

TC H K C H
T K T T

G G

/ / / / / / / / /

/ / /

� � � � � � � � �� � � �
� �

/  

 KK G C H K C H K C H KG f H K G f G� � � � �� � � � � � �� �/ / / / /
/ , .

Therefore G T C H KG fF � � � �, ./  The proof is completed.
Theorem 3. Let 1

0 1
� � �G G G Gm    be a chief series of a group G. Then

G C G GG f i i
i f G G

m

Ei i

F

F

� � �
�

�

�
�

�

�

�
��

� � � � ��

,

, /

./ 1

1 1



P r o o f. We assume that every intersection of empty collection of subgroups of G coincides with G. Let

D C G GG f i i
i f G G

m

i i

� � ��
� � � � ��

,

, /

./ 1

1 1



From lemma 3 it follows that G DF ⊆ . Note that G EF F∈ . Thus G DEF F≤ . Let 1
0 1

� � �D D D Dl E   F 
be a part of chief series of G below DEF. Then by the Jordan – Hölder theorem there is � : , , , ,1 1�� �� �� �l m  

such that D Di i/ −1 is G-isomorphic to G Gi i� �� � � � �/
1
 for all i l� �� �1, , . Now C G G C D DG i i G i i� �� � � � � �� � � � �/ /

1 1
 

for all i l� �� �1, , . Hence C G G C D DG f i i G f i i, ,� �� � � � � �� � � � �/ /
1 1  by definition 1. Note that

D C D D D C D D C D D D C G GE D i i E G i i G i i E G iEF F FF
/ / / / / /� � � � �� � � � � � �1 1 1 � � ii G i i

G f i i G i

C G G

C G G C G G

� � � � � � � �

� � � � � � �

� � � �
� �

1 1

1

/ /

/ / /

� �

� � � �



 , ii i i i if G G f D D� � � � � � � � �� �� � � � � �1 1 1� �/ / .

Since f D Di i/ �� �1  is normally hereditary we see that D C D D f D DE D i i i iEF F
/ / /� �� �� � �1 1

. Since f D Di i/ �� �1  is 
closed under taking quotients, we see that

D C H K f D D f H KE D i iEF F
/ / / /� �� � � � � ��1
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for all chief factors H /K of DEF  between Di −1 and Di for all i l� �� �1, , . From the Jordan – Hölder theorem 
it follows that D C H K f H KE DEF F

/ / /� �� � � for all chief factors H /K of DEF. Therefore DEF F∈ . Thus D GEF F= . 
The proof is completed.

Lemma 4. Let B /A be a chief factor of G. Then C B AG f, /� � can be computed in polynomial time (in the 
assumptions of theorem 1).

P r o o f. Note that T A C B AG A/ //� � � can be computed in polynomial time by theorem 2(1) and T C B AG� � �/ . 
Now G C B A G TG/ / /� � � . By our assumption G T f B A/ /� � � � can be computed in polynomial time. The proof is 
completed.

Lemma 5. A chief factor H /K of a group G belongs to F iff H K H Kf H K/ /
/

� �� � � ��� � .

P r o o f. Let H /K be a non-abelian chief factor of G of type J. We claim that H K/ ∈F  iff H K H Kf J/ /� � �� � . 

Note that H /K is a direct product of groups isomorphic to J. If  H K H Kf J/ /� � �� � , then since f J� � is normally here
ditary, J f J� � �. Now J∈F  by the definition of the Baer-local formation. Since F is N0-closed, H K/ ∈F.  Assume 
now that H K/ ∈F. Hence J∈F. Since J is non-abelian, J J C J f JG / � �� � �. Therefore H K H K f J/ /� � � � �  as 
a direct product of f J� �-groups.

Let H /K be an abelian chief factor. We claim that H K/ ∈F iff f H K/� � � �.  It is clear that if H K/ ∈F, 
then f H K/� � � �. Assume that f H K/� � � �. Hence 1� � �f H K/ . Now H K C U V f H K f U VH K/ / / / /

/� � � � � � � � � �1

H K C U V f H K f U VH K/ / / / /
/� � � � � � � � � �1  for any chief factor U /V of H /K. Thus H K/ ∈F  by the definition of the Baer-local formation.

Note that the two above mentioned cases are equivalent to H K/ ∈F iff
H K H Kf H K/ /

/
� �� � � ��� � .

The proof is completed.
Lemma 6. In the assumptions of theorem 1 we can compute G K E/� � F

 in polynomial time.
P r o o f. If H /K is a chief factor of G, then we can check if H K/ ∈F in polynomial time by our assumptions, 

lemma 5 and theorem 2(6).
We can compute a part of the chief series K G G G Gm� � �

0 1
    of a group G in polynomial time by 

theorem 2(2). Define Fi by F K G Ki i E/ /� � �
F
. Note that F G Fi i i� �� �1 1�  and F0 = K. Now

F F F F G FG G G Gi i i i i i i i i i/ / / /� � � � �� �� �1 1 1 1 1
  .

Therefore F Fi i/ −1 is isomorphic to either 1 or G Gi i/ −1. If G Gi i/ � �1 F, then F Fi i� �1. Assume that G Gi i/ � �
1
F. 

If G Gi i/ −1 is a group of type J, then F Fi i/ −1 is also such a group. Since EF is closed under extensions, we 
see that F F G Fi i J i i/ O /� � � �� � �1 1

. Hence Fi can be computed in polynomial time by statements (3) and (4) of 
theorem 2.

Algorithm 1. EFRADICAL G K, , .F� �
Result. G K E/� � F

.

Data. A normal subgroup K of a group G, F � � �BLF f .
Compute a chief series K G G G Gm� � �0 1   ;

F K← ;
for i m� �� �1, ,  do

	 if G G G Gi i f G G i i
i i

/ /
/

� � � �� �� � � ��
�

1 1
1

 then

	 J G Gi i� �type of / 1;

	 F F G FJ i1 / O /� � �� � ;

	 F F← 1;

return F /K.

P r o o f  o f  t h e o r e m 1. Let K G G G Gm� � �
0 1
    be a part of chief series of G (it can be computed 

in polynomial time by theorem 2(2)). Now by lemma 2

I K C G K G K CG K f i i
i f G K G K

m

G f
i i

/ / / //

/

� � � � �� � ��
� � � � �� � � ��

,

, / /

,1

1 1



GG G Ki i
i f G G

m

i i

/ /

/

�
� � � � �

� �
�

1

1 1

.

,


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Hence this subgroup can be computed in a polynomial time by theorem 2(5) and lemma 4. Using lemma 6 we 
can compute R K I K E/ /� � � F

. Now G K I K E/ /� � � � �F F
�  by theorem 3.

Algorithm 2. FRADICAL G K, , .F� �
Result. G K/� �F .
Data. A normal subgroup K of a group G, F � � �BLF f .
Compute a chief series K G G G Gm� � �

0 1
    of G;

T ← G;
for i m� �� �1, ,  do
	 if f G Gi i/ �� � � �1

 then
	 C G C G Gi G G i ii

/ //� �� � ��1 11
;

	 F C G C f G Gi
/ /

/
�� �

�� �1 ;
	 T K T K F K/ / /� � ;

return EFRADICAL T K, , .F� �
Applications

The F-radical for a primitive saturated formation. Let ℱ0 denote the family consisting of the empty 
set, the formation of groups of order one, and the formation of all soluble groups, and then, for i > 0, define ℱi 
inductively by F∈ ℱi, if either F∈ ℱi – 1 or F is a local formation, with local definition  f  such that f p� �� ℱi − 1 
for all prime p. Finally let ℱ  be the family comprising all formations F such that F F� �

j j with each F j i
�� ℱi  

and F Fj j� � 1. Formations from ℱ are called primitive [7, chap. VII, definition 3.1]. As was mentioned in [13] 
if G∈ ∈F  ℱ and the nilpotent length of G is less than m, then there exists H∈ ℱm with G∈H.

Theorem 4. Let m be a natural number. If F∈ ℱm and K G Sn ≤ , then G K/� �F can be computed in poly­
nomial time (in n).

P r o o f. It is clear that if H∈ ℱ0, then G K/� �H can be computed in polynomial time by theorem 2(4). As-
sume that we can compute G K/� �H in polynomial time for every H∈ ℱi – 1. Let prove that we can do so for 
every H∈ ℱi. If H∈ ℱi \ ℱi − 1, then the values f p� �  of local definition f of H are in ℱi − 1. By our assumption we 
can compute the f p� �-radicals of G /K in polynomial time for every K G Sn ≤ . Hence we can compute the 
H-radical of G /K in polynomial time in n for every K G Sn ≤  and every H∈ ℱi by theorem 1. Thus G K/� �F can 
be computed in polynomial time for every K G Sn ≤ .

The F-length. The lengths of a group associated with some of its radical (the nilpotent length, the p-length 
and etc.) play an important role in the theory of groups. Some approaches how one could introduce the F-length were 
suggested in [14, paragraph 5; 15]. Using the ideas of those approaches we introduce the following definition.

Definition 2. For Fitting classes F and H the F, H-length l GF H, � �  of a group G is equal to m if 1
0 1 2 1

� � ��G G G Gm  
1

0 1 2 1
� � ��G G G Gm    where G G G Gi i i/ /� �� � �1 1 H

 for odd i and G G G Gi i i/ /� �� � � �1 1
1

F
  for even i. Note that 

the F, H-length is defined only in case G E� �� �F H .
Remark 1. In some cases of this definition F H E� �  is the class of all identity groups. If H E=  then the 

F, H-length is just the F-length and it will be denoted by l GF � � for a group G.
Remark 2. If F N=  is the class of all nilpotent groups, then l G h GN � � � � � is the nilpotent length of G and 

defined only for soluble groups G. If F G= p is the class of all p-groups and H G� �p � is the class of all ′p -groups, 
then l G l G

p p pG G, �
� � � � � is the p-length of G and defined only for p-soluble groups G. 

Recall that E. I. Khukhro and P. Shumyatsky suggested the interesting generalisations of these lengths.
Definition 3 [16; 17]. (1) The generalised Fitting height h G�� � of a group G is the least number ℎ such 

that F h G G� �
� � � �  where F

0
1� �

� � � �G , and F i G�� �
� � �
1

 is the inverse image of the generalised Fitting subgroup 

F /F
�

� �
� � �� �G Gi .

(2) Let p be a prime, 1
0 1 2 1

� � �� � ��G G G Gh  be the shortest normal series in which for i odd the fac-
tor G Gi i+ 1 /  is p-soluble (possibly trivial), and for i even the factor G Gi i+ 1 /  is a (non-empty) direct product of 
non-abelian simple groups. Then h Gp� � ��  is called the non-p-soluble length of a group G.

(3) � �2 G G� � � � � is the non-soluble length of a group G.
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Remark 3. If F N� � is the class of all quasinilpotent groups, then l G h G
N� � � � � �� . If H S= p  is the class of 

all p-soluble groups, then from [18, lemma 2.7] it follows that l G Gp pN S� � � � � �
,

.�
Note that for Fitting classes F and H the class K H F FH� � � �� �G G G/  is also a Fitting class and G G G GK H H F

/ /� � �
G G G GK H H F

/ /� � �  by [7, chap. IX, theorem 1.12]. Hence the F, H-length can be defined by K in the following way: if 
G G GK H / , then l GF H, �� ,� ���  else if G∈H, then l GF H, ,� � � 0  otherwise l G l G GF H F H K, , .� � � � � �/ 1

Theorem 5. Let F and H be Fitting classes. Assume that G K/� �F and G K/� �H can be computed in polynomial 
time for any K G Sn ≤ . Then l G KF H, /� � can be computed in polynomial time for any K G Sn ≤ .

P r o o f. From the statement of the theorem it follows that G K R K/ /� � �
K

 can be computed in polynomial time 
for any K G Sn ≤  by R K G K

0
/ /� � �H and R R G R/ /

0 0
� � �

F
. Now from theorem 2 we can compute l G KF H, /� � 

in polynomial time by NAIVEFLENGTH.

Algorithm 3. NAIVEFLENGTH G K, , , .F H� �
Result. l G KF H, ./� �
Data. A normal subgroup K of a group G.
if G K G K G K/ / /� � � � � �

K H
 then return ∞;

if G K G K/ /� � �H  then return 0;
else
	 R K G K/ /�� �K ;
	 return NAIVEFLENGTH G R, , , .F H� � �1

We use R Gp � � to denote the p-soluble radical of a group G. Let Fp G
� � � be the inverse image of F /

� � �� �G R Gp .

Lemma 7. For any K G Sn ≤  one can compute F / O / F /G K G K G Kp p� � � � � ��
�, ,,  and F /p G K

� � � in polyno­
mial time.

P r o o f. Recall that the generalised Fitting subgroup of a group is its N∗-radical. This class is a Baer-local 
formation defined by ℎ where h J� � �1 if J is abelian and h J D J� � � � �0  otherwise [7, chap. IX, lemma 2.6]. 
Hence C H K C H K HC H KG h G G, / / /� � � � � � � � if H /K is abelian. Note that if H /K is non-abelian (of type J ), then 
G C H KG/ /� � has the unique minimal normal subgroup which is isomorphic to H /K and hence coincides with the 
h J� �-radical of G C H KG/ /� �. Thus C H K HC H KG h G, / /� � � � � in this case. From C H K K C H KG G K/ / /� � � � �/  
it follows that C H KG /� � can be computed in polynomial time by theorem 2(1). Now the generating set of 
HC H KG /� � is the joining of generating sets of H and C H KG /� �.  Thus HC H KG /� � can be computed in poly-
nomial time. Hence from the proof of theorem 1 it follows that F /

�� �G K  can be computed in polynomial time. 
Note that R G Kp /� � can be computed in polynomial time by theorem 2(4). Therefore we can compute F /p G K

� � � 
in polynomial time.

Recall that the classes of all nilpotent and p-nilpotent groups can be locally defined by f1 and f2 respectively 
where f q1 1� � �  for all prime q and f p

2
1� � �  for all prime q ≠ p and f q2 � � �G, where G is the class of all groups. 

Hence F /G K� � and O /� � �p p G K,  can be computed in polynomial time by theorem 1. The proof is completed.
From theorems 2 and 5, and lemma 7 the following result directly follows.
Theorem 6. If K G Sn ≤  and p is a prime, then h G K/� � , l G Kp /� � , h G K�� �/ , �p G K/� � , � G K/� � can be 

computed in a polynomial time.
The main problem of NAIVEFLENGTH is that we need to recompute the K-radicals in quotient groups. 

Note that if K is a Baer-local formation and we know C H KG f, /� � for every chief factor H /K from some chief 
series of G, then we can compute the K-radical in every quotient group of G.

Theorem 7. Let H and F be Fitting classes such that K H F�� � �  is a Baer-local Fitting  formation defined by  f 
where f J� � is a Fitting  formation  for every simple group J. Assume that for any K G Sn ≤  one in polynomial 
time can check if G K/ ∈H and compute G K f J/� � � �  for every simple group J. Then l G KF H, /� � can be computed 
in polynomial time for any K G Sn ≤ .

P r o o f. Let K G G G Gm� � �
0 1
    be a part of chief series of G. Then G K E/ ∈ K iff G Gi i/ � �

1
K for 

every i iff G G G Gi i f G G i i
i i

/ /
/

� � � �� �� � � ��
�

1 1
1

 for every i by lemma 5. Note that if G K E/ ∈ K, then every its normal 
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subgroup also belongs to EK. Hence we don’t need to use EFRADICAL in the computation of the K-radical in 
every quotient group of G.

If K F G Sn≤ ≤ , then G F G F G G G F G G G Fi i i i i i i i/ / /� � ��� � � �� �� �1 1 1
  is G-isomorphic to either 1 or 

G Gi i/ −1. Hence F KF G F G F G F Gm� � � �
0 1

    after we remove the repetitive terms will become the 
part of chief series of G above F. Note that C M N C L TG f G f, ,/ /� � � � � for any G-isomorphic chief factors M /N 
and L/T of G. So if we know C G GG f i i, / �� �1  and FG FGi i/ � �1 1  (it can be checked by theorem 2), then we know  
C FG FGG f i i, ./ �� �1  Now we can compute G F/� �K using lemma 2 and theorem 3. By the statement of theorem we 
can check if  G F/� � �K H, i. e. G F G F/ / /� � � �K H

1. Therefore l G KF H, /� � can be computed in polynomial time 
for any K G Sn ≤ .

Algorithm 4. FLENGTH G K, , , .F H� �
Result. l G KF H, ./� �
Data. A normal subgroup K of a group G.
Compute a chief series K G G G Gm� � �

0 1
    of G;

if G K/ ∈H then
	 return 0;
else
	 l ←1;
L T G← ←[], ;

for i m� �� �1, ,  do

	 if G G G Gi i f G G i i
i i

/ /
/

� � � �� �� � � ��
�

1 1
1

 then

	 C G C G Gi G G i ii
/ //� �� � ��1 11

;

	 F C G C f G Gi
/ /

/
�� �

�� �1 ;

	 add L G G Fi i, ;, ,�� �� �1

	 T K T K F K/ / /� � ;
	 else
	 return ∞;
if T K/ ∈H then
	 return ∞;
while G T/ ∉H do
	 l l� �1;
	 F G← ;
	 for R ∈ L do
	 if TR TR1 2� � � � � then
	 remove L R, ;� �
	 else
	 F F R� � � �3 ;
	 if F T/ ∈H then 
	 return ∞;
	 T F← ;
return l.

Conclusions
This work belongs to a series of works [5; 19] dedicated to the computational recognition of formations 

and the computation of associated with them subgroups in every group. The key object of those works was 
the notion of a chief factor function. Recall [5] that a function f that associates 0 or 1 with every chief factor 
H /K of a group G is called a chief factor function if f / f /H K G M N G, ,� � � � � whenever H /K and M /N are 
G-isomorphic chief factors of G, and f / f / / / /H K G H N K N G N, ,� � � � � � �� �  for every N G  with N ≤ K. With 
every such function one can associate the formation  f� � � �G G 1 of groups G such that  f� � � �G G 1 or f /H K G,� � �1 for every 
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chief factor H /K of the group G. The family of such formations includes all Baer-local formations. In [5; 19] 
the algorithms for the computation of the F-residual and the F-hypercenter where F� � � f  were suggested 
respectively. Therefore the following questions seem interesting.

Question 1. Find conditions (∗) (or prove that such conditions do not exist) on a chief factor functions f such 
that  f� � is a Fitting formation if f satisfies (∗) and for each Fitting formation of the form  f� � there is a chief 
factor function f1 which satisfies (∗) and  f f� � � � �1 .

Question 2. If f is a chief factor function, conditions (∗) from question 1 exist and f /H K G,� � can be 
computed in polynomial time for every chief factor H/K of a group G ≤ Sn, then can one compute G K/

f
� � � �  in 

polynomial time for every K G Sn ≤ ?
The algorithms constructed in the paper are purely theoretical. They are based on known algorithms about 

permutation groups (see theorem 2). Not all of these algorithms were fully implemented in computer algebra 
systems. That is why the question of implementation of the constructed algorithms remains open.

In [20] Fitting formations were used in the study of sublattices of the lattice of all subgroups. The results of 
this paper can be used to compute the sublattices described in [20]. One of the modern directions in the theory 
of formations is the study of σ-local and Baer σ-local formations [21; 22]. These formations are defined with 
the help of the generalisations of p-nilpotent radical. The results of this paper can be used to compute those 
radicals and hence to check if a given group belongs to such a formation.
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