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IMMOSACHUTEJBbHAS 3AIIUCKA

Ilesn 1 32724 y4eOHOH AHCHHUIIHHBI

Llenp y4eOHOM MUCHUIUIWHBI — CHOPMUPOBATH YIrIyOJICHHbIE TIOHATHS O
BO3MOYKHOCTSX HCIIOJIb30BaHUSA METOIOB TEOPHH (YHKIHH KOMIUIEKCHOM NIEPEMEHHOU
W HHTErpajbHBIX NpeoOpa3oBaHUs Ui MOJEIMPOBAHHUS TPOLECCOB B MEXaHHKe
CILIOLIHOM Cpeibl ¥ PELIeHNs] COOTBETCTBYIOLIMX MAaTEMAaTHUSCKUX 3a1a4.

3amaun yueOHON JUCIUIUIMHBL

1. V3y4uTh OCHOBHBIE TOHSTHS M METOJIbl, IPUMEHsSEMBbIE B YyKa3aHHBIX
pazaenax MaTeMaTHKU.

2. VI3y4uTh MeTOIBI MOJIETUPOBAHHS IIPOLIECCOB B MEXAHHMKE CILTOLIHON Cpelpbl,
OCHOBaHHbIE Ha MCIOJIH30BAaHUK CBOHCTB (DyHKLMM KOMIIJIEKCHOIO MEPEMEHHOrO U
OCHOBHBIX HHTErpaJIbHbIX MPeoOpa3oBaHui.

MecTo yueGHOM THCHHILIMHBI B CHCTEME ITOJArOTOBKH CIICIHATINCTA C BEICIIMM
oOpa3oBaHHEM.

YyeOHasi TUCLUIIIMHA OTHOCHTCS K MOy o «OOLue MaTeMaTudecKue Kypehl»
KOMIIOHEHTA YUpeKAeHUs] 00pa30BaHHU.

YueGHas NporpaMma COCTaBjIeHA C y4eTOM MEXIIPEIMETHBIX CBsI3eH U
IporpaMM IO JUCHMIUIMHAM: JuddepeHIMaTbHbIE YPABHEHUS B  YaCTHBIX
[POM3BOIHBIX, MEXaHMKA CIUIOILIHON CPe/Ibl, MEXaHWKa TBEPAOTO Tea.

TpeGoBaHNs K KOMIIETEHIHAM

OcBoeHre y4eOHOM AUCIUIUTHHEBL «VHTerpanbHble IpeoOpa3oBaHys U TeOpHs
QYHKLHI KOMILIEKCHOTO [EPEeMEHHOro» JIOJDKHO O0OecreduTh (OopMHpOBaHHE
ClIeIyFOIIUX KOMIIETECHIMH:

[IpuMeHATh MaTeMaTHYeCKUEe METOABI JUIs MOJEIUPOBAHUS JAHHAMUYECKHX
CUCTEM.

BrameTs OCHOBAMHU HCCIIENOBATEILCKON JESTEIBHOCTH, OCYIIECTBIATh IIOUCK,
aHa/IN3, CHHTE3 UHPOPMALIUK.

BbITh CHOCOOHBLIM K CaMOpa3BUTHIO M CaMOCOBEPIICHCTBOBAHUIO B
npodeccuoHanbHOMN JeATENbHOCTH.

B pesysbpraTe 0OCBOSHHS Y4€OHON NUCLUIUIMHBI CTYyICHT TOJDKEH:

3HATh: CTPYKTYPY U ajireOpandecKue CBOMCTBAa MHOXECTBA KOMIUIEKCHBIX YMCEI,
CBOMCTBA (DYHKIIMM KOMILJIEKCHOTO IIEPEMEHHOr0, BKJIIOYas TOIOJIOrMYCCKHUE,
nuddepeHnanbHble, HHTErpalbHble, OCHOBHbIE KOHCTPYKLUM TEOPUH MHTETPATbHBIX
ypaBHEHUH;

yMeTb: pelllaTh 3a/aud, HCIOJB3YIOIe MEeTOAbl (YHKLUHMA KOMILIEKCHOH
MepeMeHHOH, UCTIONIB30BaTh METO[bl MHTErpabHbIX MPeoOpa3oBaHMs JUIS PeLICHUS
MaTeMaTHYeCcKUX 3aJa4 ¥ MOJeIMPOBaHHUs IPOLECCOB MEXAHUKHU CILTOLIHON CPEeIbl;

MMeTh HABBIK: TNPMMEHATh AHAIMTHYECKHE METOJbl TEOpUH (PYHKLMH
KOMIUIEKCHOM IIEpeMEHHOM, METOJaMU BBIYMCJIEHUS KOMIUIEKCHBIX HHTErpalios,
METOJaM{ BBIYMCIEHUS HMHTErPANBHBIX NpPeoOpasoBaHUM M PEIICHHUsS HEKOTOPBIX
b depeHIMAaNbHBIX ¥ MHTETPATbHBIX YPABHEHHH C TIOMOIIBIO ITHX IIPE0Opa3oBaHUH.



CrpykTypa y4eOHOH ANCHUTIHHDI

HucnunnuHa usydaercss B 1 ceMectpe. Bcero Ha wusydenwme yueGHOIM
JvcUUIIKHEEl «MHTerpaneHbie npeobpa3oBaHus U TeOpUS (QYHKIMIK KOMIUIEKCHOTO
IIEPEMEHHOI0» OTBeIEHO 36 4acoB, U3 HUX KOJIUYECTBO ayAUTOPHBIX YacOB 36 4acos,
B TOM YHCJI€ JIEKIUH — 18 4yacoB, mpakTH4YecKuX 3aHATHI — 18 yacos.

TpymoeMKkocTh y4€OHOM JUCHUIUIMHBI COCTABIISET 3 3aYETHBIE €UHUIIEI.

Dopma IpOMEXKYTOYHOI aTTeCTalllK — SK3aMeH.



EXPLANATORY NOTE

Aim and tasks of the discipline

Aim of the discipline — to create advanced concepts on possibilities of use the
methods of the complex variable functions and integral transforms for modelling of
processes in continuum mechanics and in solving corresponding mathematical
problems.

Tasks of the discipline:

1. To study basic notions and methods in the mentioned branches of

mathematics.

2. To study the methods of modelling of processes in continuum mechanics based
on the use of the properties of the complex variable functions and main integral
transforms.

Place of the academic discipline in the system of training a specialist with
higher education.

The academic discipline is part of the module «General mathematical courses»

of the educational institution component.

Academic discipline is completed accounting interdisciplinary relations and is
onnected with the following academic discipline: “partial differential equations”,
“continuum mechanics”, “solid mechanics”.

Requirements for competences

Mastering of the academic discipline «Integral transforms and complex variable
functions» should provide the formation of the following universal, advanced
professional and special competences:

apply mathematical methods for modeling dynamic systems;

advanced professional competences. vaster the basics of research activities, to

be able to search, analyze, and synthesize information.

universal competences: be capable of self-development and self-improvement in
professional activities.

As a result of mastering the academic discipline, the student is expected to:

know: the structure and algebraic properties of complex numbers, the properties
of the complex variable functions, including topological, differential and integral
properties, the basic construction of the theory of integral transforms;

be able to: solve problems applying the methods of complex variable functions,
use the methods of integral transforms for the solution of mathematical problems and
modelling the processes of continuum mechanics;

have skills in: the analytic methods of complex variable functions, the methods of
calculation of complex integrals, the methods of calculation of integral transforms and
solution of certain differential and integral equations using integral transforms.

Structure of the academic discipline

The discipline is studied in the 1% semester. In total for the study of the discipline
Integral transforms and complex variable functions is allocated 36 hours, including 36
in-class hours, of them: lectures — 18 hours, seminar classes — 18 hours.

The labour intensity of the discipline is 4 credit units. Form of certification —

€xam.



CONTENT OF THE STUDY MATERIAL
Section 1 Complex variable functions

Topic 1.1 Complex numbers. Planar sets. Riemann sphere.

Topic 1.2 Functions of complex variables. Analyticity. Examples of functions.
Topic 1.3 Integration on complex plane. Cauchy’s theorem and formula.

Topic 1.4 Power series. Singularities. Residue theorem.

Number series. Taylor series. Cauchy-Hadamard formulas. Taylor series for
elementary functions. Isolated singularities and their classification. Meromorphic
functions. Residue theorem.

Topic 1.5 Harmonic functions. Poisson equation.

Harmonic functions. Laplace operator. Relations between harmonic and
analytic functions. Uniqueness theorem. Green’s formula. Dirichlet problem. Poisson
formula.

Section 2 Integral transforms

Topic 2.1 Fourier transform.
Topic 2.2 Laplace transform.
Topic 2.3 Mellin transform.

Section 3 Basic special functions
Topic 3.1 Special functions



TEACHING AND METHODOLOGICAL MAP OF THE DISCIPLINE

Full-time form of higher education
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1 | Complex variable functions
1.1 | Complex numbers. Planar sets. 2 2 interview at the
Riemann sphere. lecture, check of the
solutions to exercises
1.2 | Analytic functions of the 2 2 interview at the
complex variable. lecture, check of the
solutions to exercises
1.3 | Integration on the complex 2 2 interview at the
plane. lecture, check of the
solutions to exercises
1.4 | Power series. 2 2 interview at the
lecture, check of the
solutions to exercises
1.5 | Harmonic functions. 2 2 interview at the
lecture, check of the
solutions to exercises




2 | Integral transforms.

2.1 | Fourier integral transform. 2 2 interview at the
lecture, check of the
solutions to exercises

2.2 | Laplace integral transform. 2 2 interview at the
lecture, check of the
solutions to exercises

2.3 | Mellin integral transform. 2 2 interview at the
lecture, check of the
solutions to exercises

3 | Special functions. 2 2 interview at the
lecture, check of the
solutions to exercises

Total 18 18




INFORMATION AND METHODOLOGICAL PART
List of basic literature

1. Asmar, Nakhle H. Complex Analysis with Applications / Nakhle H. Asmar,
Loukas Grafakos. - Cham : Springer, 2018. - viii, 494 c.

2. Garling, D. J. H. A Course in Mathematical Analysis : [in 3 vol.] / D. J. H.
Garling. - Cambridge : Cambridge University Press, 2014. - Vol. 3 : Complex Analysis,
Measure and Integration. - 2014. - x c., C. 625-945.

List of additional literature

1. Debnath, L. Integral Transforms and their Applications / L. Debnath, D. Bhatta.
Boca Raton, Fl: CRC Press, 3 ed. —2015. — 778 p.

2. Jlynu, T. JI. ODyHKIMH KOMIUIEKCHOTO IEPEMEHHOTO C 3JIEMEHTaMH
ONepalMOHHOI0 UCYHMCIIEHHS: [ydeOHuK 11 By3oB] / I, JI. JIynn, JI. 3. Dnbromsi. - 2-e
u3f. - Cankr-IlerepOypr: Jlans, 2002. - 299 c.

List of recommended diagnostic tools and methodology for final mark formation

List of recommended diagnostic tools:

o interview at the lecture

o check of the solutions to exercises

The form of interim certification in the discipline “Integral transforms and complex
variable functions” in accordance with the curriculum is exam.

A rating system of the student knowledge is used for the final mark formation,
which makes it possible to trace and evaluate the dynamics within the process of achieving
learning objectives. The rating system stipulates the use of weighting coefficients for
current and interim certification of students in the academic discipline.

The final mark formation in the course of control measures for current certification
(approximate weighting coefficients determining the contribution of current certification
to the mark for passing interim certification) includes:

— answers at seminar classes — 50 %.

= solving of problems — 50 %

The final mark for the discipline is calculated on the basis of the mark of current
certification (rating system of knowledge) — 50 % and exam mark — 50 %.




Approximate topics of practical classes

. Complex numbers. Sets.

. Complex variable functions. Differentiability.

. Integration. Cauchy integral theorem. Cauchy integral formula.

. Power series. Isolated singularities. Residue theorem and its application.

. Harmonic functions.

. Fourier transform. Calculation and application to the solution of problems.
. Laplace transform. Calculation and application to the solution of problems.
. Mellin transform. Calculation and application to the solution of problems.

. Special functions. Check of the properties.

O 0 JON DN B WK —

Description of innovative approaches and methods
for teaching the discipline

When conducting classes on the discipline "Integral Transformations and Theory
of Functions of a Complex Variable", a practice-oriented approach is used, which
involves:

- mastering the content of education through solving practical problems;

- acquiring skills for effectively performing various types of professional activity;

- focusing on generating ideas, implementing group student projects, developing an
entrepreneurial culture;

- using procedures and assessment methods that record the formation of
professional competencies.

Methodological recommendations for the organization of independent work

Modern information technologies are actively used to organize independent work of
students; exam questions, exam assignment samples, and methodological recommendations
are available to master's students in electronic form. The effectiveness of independent work
of master's students is checked during current and final knowledge assessment. A rating
system is used for the overall assessment of the quality of master's students' assimilation of
educational material.



Approximate list of questions for the exam
Theoretical questions.

1. Complex numbers and operations with complex numbers.

2 Domains and curves on the complex plane and an extended complex plane.
Riemann sphere.

3. Complex variable functions. Continuity.

4 Analytic functions of complex variable. Cauchy-Riemann equations.

S. Integration on the complex plane. Properties of the complex integrals.

6. Cauchy integral theorem.

7 Cauchy integral formula. Application to the calculation of integrals.

8 Power series.

9. Laurent series. Isolated singularities.

10. Residue Theorem. Calculation of integrals.

11. Harmonic functions. Connection with analytic functions.

12.  Dirichlet problem for the Laplace equation.

13.  Green’s function for the Laplace equation. Poisson formula.

14.  Fourier transform. Existence and other properties.

15. Calculation of the Fourier transform. Application to the solution of
differential and integral equations.

16. Laplace transform. Existence and other properties.

17.  Calculation of the Laplace transform. Application to the solution of
differential and integral equations.

18.  Mellin transform. Existence and other properties.

19. Calculation of the Mellin transform. Application to the solution of
differential and integral equations.

20. Basic special functions and their differential equations.

Practical tasks.

1. Calculate:

. . . 5 ' 942\ 2
2) (1+20{32 +1) - 2(6 + 20} b) 22 + 2L ¢) (2227 g)
g Calculate all values of the roots of complex numbers

1
a) Y—1;b) V=4 + 3i; ¢) (— cos§+isin§ ) /4

3. Determine what lines are described by the following relations
a)|z—2|+|z+2| =5;b)|z— 2| = |z — z,|; ¢) Re 1=§ (a > 0);
dyim =2 =o. |

z+1
4. Determine what sets on the plane satisfied the following inequalities. Draw

the pictures.

(1+i5)3
(1+V3 D)
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a) ||_1 b)|z—=2|—-|z+2|<2;0)1<|z+i|<2;d)0<Re(iz) <1;

e)§<arg(l+z)<;.

5. Find the roots of the equations
a)z3+8=0;b)e?=—1;c)cosz =%; d) shz=§.
6. Calculate the values of the functions at the point z,

a)f(z2)=z+ Vz, zy=-1;

7. Calculate the limits:

z%2—4iz-3 siniz . e?Z4q
a) lzlirll z—i d b) 1 m chz+ishz C) En’% eiZ+i
8. Prove that the followrng functions satisfy Cauchy-Riemann equation:

sinz, chz, e?, z"logz,
and prove the identities

1
(sinz)' = cosz ,(chz) =shz (e?) =e? (z") =nz""1,(logz) = p

9.  Calculate integrals I; = fy eI, it = fy y dz

a) along radius-vector of the pointz = 2 + i ;

0) along semi-circle |z| = 1, 0 < argz < 7 (initial point is z = 1);

B) along the circle |z — a| =

10.  Calculate integrals using Cauchy integral theorem (all curves are positively

oriented):
coszdz dz dz

(@) f|Z| =2 zz+1 (b) fIZI =4 72 g2 ©) f|Z+1| =3 (z+1)(1-2)3 "’
1. Determine the radius of convergence of the following power series

g AU -1z nz"
A’;-—trs~s i 0% 4+ 1’ 3"+n~ 3n’
n=1 O n=1

12. Investigate convergence of power series on the boundary of the disc of
convergence

SA S ot
1+n ' (1+n+n%)’
1n= 3

n=i

13.  Represent following function in form of the Laurent series in the
corresponding domains

a) - (11_2) in neighbourhood of points 1) z = 0, 2)z =1, 3)z = .

z%-2z+1 . .
b) D7) 1) by powers of (z — 2); 2)inthering {z:1 < |z| < 2}.

14. Calculate integrals using Residue Theorem

a) [, ;

2 = 2x.

11



zdz

b}y e
dz

©) fV (z-3)(z5-1)’

where y is the circle [z — 2| ==
where y is the circle |z| = 2.

51 : :
d) if sin? - dz, where y is the circle |z| = 7, r > 0.
2w Yy z

15.  Find harmonic function u(z) in the disc |z| < R for which

; 0,ecsin 0<O<T
q 0 — 1] ’
ll_{n u(re’?) = {1, ecmn <6 < 2.

16.  Solve the Dirichlet problem for the Laplace equation

Au=0, —oo<x<+4o00, y>0,

With boundary conditions u(x,0) = 0, |x| > 1,and u(x,0) =1, x € (—1,1).

17.  Calculate Fourier transform of the function e=%*". Deduce from the obtained

« +0oo - 2 1 A
formula the relation [__"x?e™*"dx = — |=.

18.  Prove the following relation F {e Gl |}

a
ra2+k2 , a>0.
19.  Solve the following integral equation (Electric current in a simplest chain).
Find the current I(t) in a simplest chain for given mpu 3amanHoM resistance R and
induction L, satisfying equation

dl
L T + RI = E(t).
a_Eo 2 __aEy +o exp(ikt)dk _ Ejet
Hlnt I(k) - Tl,'( )(k2 ( ) lTL'Lf ( —BlTi)(k2+a2) S R+al .

20.  Determine solution of the 1ntegral equation

| ra-or@d -

21.  Calculate Laplz;ce transform of the following functions
a)t, b) e, c¢) sin (at).
22.  Find solution to the first order differential equation

x2+a?’

% + px = q, t > 0, satisfying initial condition x(0) = a, where a, p, q— are
constants.

23.  Find solution to partial differential equation xu, + u, =x, x >0, t > 0,
satisfying initial and boundary conditions u(x,0) =0 for x >0, and u(0,t) =
0 fort>0.

24.  Calculate Mellin transform of the following functions

a)e ™, b) ﬁ, c) e d) cos kx.

25.  Find solution to the following boundary problem

XUy + XUy + Uy, =0, 0<x<oo, 0<y<]1,

4 0<x<1,
u(x, 0) = 0, u(x, 1) = { 1<x<oo}

12



where A is a constant.
26.  Legendre polynomials P, (x) are defined by the Rodriges

P(x) = ——-L (x% — 1),

2n! dxn

Define P; (x), Ps (x).
27. Represent the function

) in form of the Taylor series in t and

determine the Chebyshev polynomial T5(x).

13



IPOTOKO.JI COTJIACOBAHHUS YYEFHOM IMPOI'PAMMBI YO

Ha3zpauue Ha3Banue IIpennoxenus Pemenue, npuHsToe
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JUCLUIIINHBL, COJIEP’KaHUH y4eOHOMH pa3paborasbiieit
C KOTOpO# MPOTPaMMBI y4eOHYIO0
TpedyeTcs YUPEXKIEHHUS BBICIIETO nporpammy (c
corjacoBaHUe oOpa3oBaHHs N0 y4eOHOM yKa3aHHeM J1aThl U
JUCLUIUIAHE HOMEpa IPOTOKOJIA)
VYyeOHas
JUCLUMILTUHA
He TpeOyeT
COTJIaCOBaHHUSI
3aBenyromuii kageapoi (Qb M.A. XypaBkoB
17 D5 2043 T.
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JOIMOJIHEHUS 1 UBSMEHEHMA K YYEBHOM ITPOT'PAMME YO

Ha / yueOHBIif roj

W JIoTOJIHEHHS] K U3MEHEHHU S OcHoBaHue

YyeOHas mporpaMma IepecMOTpeHa i 000peHa Ha 3aceJaHiH Kadeapsl
(mpotokon Ne oT 202 r1.)

3aBenyronuii kadenpoi

YTBEPXJAIO
HexaH daxynbrera
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