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MATHEMATICAL LOGIC,
ALGEBRA AND NUMBER THEORY
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CYIDECTBOBAHUWE MHOT'OYAEHOB C 3AAAHHBIMU KOPHAMMU
HAA HEKOMMYTATUBHBIMU KOABLIAMMN

A.I. TYTOP"

1)B'eﬂopyccxuﬁ 2ocydapcmeennblil ynusepcumem, np. Hesasucumocmu, 4, 220030, e. Munck, berapyce

Annomauml. PaCCMOTpGH BOIIPOC CyIIECTBOBAHNS MHOIOYJICHOB C 3a/IaHHBIMU KOPHAMHU HaJl aCCOLIMATUBHBIMHA HE-
KOMMYTaTUBHBIMU KOJIBIIAMH. HOKaSaHO, YTO JUIA IIPOU3BOJIBHBIX 71 DJIEMEHTOB aCCOMMATUBHOTO KOJIbIIA C ACIICHUEM Haii-
ACTCA MHOI'OYJICH CTCIICHU 71, KOPHAMH KOTOPOTO OHU SABJIAIOTCA. OHpeHCHCHH AOCTATOYHBIC YCJIOBHSA CYHIECTBOBAHUS
TAKOI'o MHOT'O4JICHA JJId DJIEMEHTOB ITPOU3BOJIBHOTO (He 00s13aTEIBHO C I[eJ'IeHI/ICM) aCCOITMAaTUBHOTO KOJIbIIA C €AMHUIICH.
[[J'IH MHOT'OYJICHOB, ONPCACICHHBIX HaJl KOJIbIOM KBaJApPAaTHLIX MaTpull HaJ IMOJIEM, IMOJIYUCH KpI/ITepI/Iﬁ CylI€CTBOBaHUA
MHOT'O4JICHa BTOpOﬁ CTCIICHU C 3aJaHHBIMH KOPHAMU, a TAKIKC NPUBCACHBI IIPUMEPLI IMMOCTPOCHUS MHOT'OYJICHOB C 3a/aH-

HBIMU KOPHSIMH.
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MaremaTH4eckasi JT0THKa, aJredpa H TeOpHUs YNCeT
Mathematical Logic, Algebra and Number Theory

THE EXISTENCE OF POLYNOMIALS WITH GIVEN ROOTS
OVER NON-COMMUTATIVE RINGS

A. G. GOUTOR?

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus

Abstract. This paper studies the problem of the existence of polynomials with given roots over associative non-com-
mutative rings. It is shown that for arbitrary n elements of an associative division ring there exists a polynomial of degree n
whose roots are these elements. The sufficient conditions for the existence of such a polynomial for elements of an arbit-
rary (not necessarily division) associative ring with unity are determined. For polynomials defined over a ring of square
matrices over a field, a criterion for the existence of a second-degree polynomial with given roots is obtained, and examples
of constructing polynomials with given roots are given.

Keywords: ring; division ring; polynomial; ring of square matrices.
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BBenenune

B pa60Te HCCJICAYCTCA BOIPOC CYHMICCTBOBAHUS MHOTOYJICHOB C 3a/laHHBIMU KOPHAMMU B KOJIBIIaX MHOTO-
YJICHOB HAJl aCCOIIMAaTUBHBIMHA KOJIbIIaAMHU C e,Z[I/IHI/H_Ieﬁ.
HyCTL R—- aCCoOMaTuBHOC KOJbIIO C GZ[I/IHI/IHeﬁ. By,HGM paccMarpuBaTb MHOT'OWICHBI BU/1d

n-1

P(x):anx”+ a,_ \x +..+ax+a, a,€R, (1)

e IepeMEeHHasl X KOMMYTHPYET ¢ KodppuuueHTamu a,. Koabo Takux MHOTOWIEHOB OyzneM 0003Hayarh ve-
pe3 R [x] Cno)xeHre MHOTOYJICHOB U3 R [x] OMpeeNsaeTCs MPUBBIYHBIM 00Pa30M, & YMHOXKCHHUE BBITOIHSICTCS
0 TIPaBUITY

m+n

(anx”+...+ao)(bmx'"+...+b0)=(c x’"+"+...+co),

The ¢, = Z a;b;. Crenenb MHOTOWICHa Brja (1) TaKxke ONpeseseTcs IPUBBIMHBIM 00pa3oM, OHA paBHa 7,
i+j=k
eciu a, # 0.
[nst a € R onpenenum
P(a)=a,a"+ a, @ '+..+aa+a,
HazoBem a € R (npaBbIM) KOpHEM P(x), eclu P(a) =0. U3BecTHO, 4TO a € R OyieT KOpHEM HEHYJIEBOTO
MHOTOYJICHA P(x) TOTJIA ¥ TOJIBKO TOT/IA, KOTJIA X — ¢ SIBIISICTCSI TIPABBIM JICITATEIIEM P(x) BR [x] [1, propos. 16.2],

T. €. P(x) = F(x)(x - a) JUIsl HEKOTOPOT'O MHOIO4JIEHa F(x) u3 R[x].

Bomnpoc HaxoxIeHHsT KOpHEH MHOTOWICHOB HaJl KOJIBLIAMH C JISJICHHEM UCCIIeyeTCs B TEOPUH KOJIEIl U ITPH-
KIJIAJJHOH MaTeMaTHuKe.

Haunbonee n3y4eHHBIM SIBIISIETCS CITy4ali MHOTOWIIEHOB ¢ Koddduienramu B anredpe H raMuisToHOBBIX
KBaTEPHUOHOB (CM., Harpumep, [2—6] u ap.). 3BecTHO, 4TO 110001 MHOTOWIEH M3 H [x] pasnaraercs B IpOU3-
Be/ICHNE JIMHEHHBIX MHOXKUTENeH. B paboTe [7] momyueHsl popMyInbl Uil HAXOKICHUS! KOPHEH TaKuX MHOTO-
YJICHOB B CIICMAIBHBIX ciay4asx. B craree [2] mpencraBiena dhopmyna Uit HAXOKACHUS KOPHEH KBajapar-
HOTO MHOTOYJIEHa B H[x] Ota popmyna Obita 0000IIeHa HA CITydall TPOU3BOJILHON aireOphl KBATEPHHOHOB
B nyonukanusix [3; 4]. B pabore [5] mokazaHo, 4To KOpHH JFOOOTO MHOTOUIEHA M3 H[x] SBIISIIOTCSL KOPHSAMHU
TaK Ha3pIBAEMOTO MHOTOUWICHA-KOMITAaHROHA C IEHCTBUTEIHLHBIMH K03 duimentaMu. B cratee [8] npuBeneH
AJTOPUTM HAXOXKICHUS BCEX KOPHEH MHOTOWIEHA W3 H[x] C WCTIOJIb30BAaHUEM MHOTOYJIEHOB-KOMITAHFOHOB.
Hekoropsie 13 3TUX pe3ynbTaToB ObUIH 000OIIEHBI HA CITy4ald MPOU3BOIILHOM anreOphl ¢ IeJICHHEM B ITyOIH-
karu [6]. B pabote [9] monmydeHBI GOpMYITBI TS HAXOKICHUS KOPHEH MHOTOUIICHOB ¢ KO3 pHUIIneHTaMu Ha T
KOJIBLIAMH C JICJICHUEM B CHEIMAIBHBIX CITydasX, a TAaK)Ke MMOKa3aHo, YTO HAXOXK/CHHE KOPHE MHOTOUICHOB
Ha/1 KOJIBLIOM C JIEJIEHHEM pa3MEepHOCTH HaJl IIEHTPOM OoJiee 4 yCIOKHAETCS TI0 CPAaBHEHHUIO C MX HAXOXKIEHUEM
B asire0pe KBaTepHHUOHOB.



Kypnaa Besopycckoro rocynapcrseHHoro ynusepeurera. Maremaruka. Mudopmaruka. 2025;1:6-13
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OnHako BaXKHOM SIBISIETCS ¥ 0OpaTHAs 33/1aua — HAXOXKICHNE MHOTOUWICHOB C 33TaHHBIMU KopHsiMHEL. B cTathe [10]
PacCMOTPCH BOIIPOC CYICCTBOBAHNA MHOTOYJICHOB C 3a/IaHHBIMU KOPHAMU B KOJIbLIAX MHOTOYJICHOB Ha/l KOJIbLIAMU
MaTpull. B yacTHOCTH, MOKa3aHO, YTO JUIA ABYX MaTpPUIl HE BCET/Ia CYIIECTBYET KBAAPATHBIN MHOTOWICH, UMEIO-
U B Ka4€CTBE CBOMX KOPHEH 3T Marpuilbl. OTMETUM, YTO IS JIFOOBIX 2JIEMEHTOB X, ..., X, KOMMYTaTHBHOI'O

KOJIbIIa BCCrla CYIIECTBYCT MHOI'OYWICH ()C - X ) . (x - xn) CTCIICHU 71, KOPHAMHA KOTOPOI'O ABJIAKOTCA JaHHBIC

OJICMCHTHI. OZ[HaKO I HCKOMMYTATHUBHBIX KOJICI] CUTyallusa MPUHIOUIINAJIBHO WHAs. 33[[3‘13 CylI€CTBOBaHUs
MHOT'OYJICHOB C 3aIaHHbIMH KOPHAMHA Hal KOJIbLAMHU C ACJICHUEM pacCMaTpuBaliaCh TAKKC B pa60Tax [1 1; 12]
Huoxe MMOCTPOCH MPUMCEP, KOrJd HC CYIICCTBYCT MHOT'OYJICHOB C 3a/IaHHBIMU KOPHSMH.

Ciryyaii npou3BOJHLHOI0 ACCOIMATUBHOIO KOJIbIA € eIUHUILIeH

ChopmyaupyeM JIeMMY O KOPHSIX MHOTOUJICHOB HaJl ACCOIMATUBHBIMH KOJIBIIAMH C €AMHUIICH. AHATIOTHY-
HOE€ YTBEPKACHUE UMEETCs JIJIsl aCCOI[MaTUBHOTO KOJIbIIa C JIeleHneM (cM., Harpumep, [ 1, propos. 16.3]). Ero
JI0Ka3areibCTBO JIETKO 0000IIIaeTcss Ha Clydall acCOIMaTUBHBIX Kojell ¢ eaunuieit. s ynoocTBa unrarens
MIPUBEJIEM JIAaHHOE JI0KA3aTebCTRO.

Jlemma 1. Ilycmob R — accoyuamusroe Konvyo ¢ eOunuyel u P(x) = L(x)Q(x) S R[x], a d € R makoe, umo

anemenm h = Q(d ) oopamum. Tozoa
P(d)=L(hdh™)Q(d).

-1
B uacmnocmu, ecau hdh™ — kopens mHozounena L(x), mo d — kopenb MHo2oueHa P (x)

HoxazartensbcTBo. IlycTs L(x)zZaixi, TOraa P(x)=ZaixiQ(x)=ZaiQ(x)xi. HNmeem

P(d)=a,0(d)d" =Y a;hd'h"'h=> a(hdh )ih = L(hdn™)Q(d).

W3 nemmer 1 cneyer, 4To sieMeHT d OyeT KOpHEM IPOU3BEICHHSI, €CITH OH SIBJSIETCS KOPHEM IPaBOT0 MHO-

-1
KUTEIS THOO €CIIM KOPHEM JICBOTO MHOXKUTEIS SIBIISIETCS dNIeMeHT hAdh~ (C HyXHBIM /). OHAKO, TOCKOIBKY
B [IPON3BOJIEHOM KOJIBIIE MOTYT IIPUCYTCTBOBATH JICITUTEIIHN HYJIS, Y IPON3BECHUS MOTYT OBITh M IPYTHE KOPHU.

ITycTe 3amaHbl pa3IM4YHbIE JIEMEHTHI X, ..., X, € R. Ilonoxmum, 9to O, (x) =x—x;. Hanee nnai e {1, e, B — 1}
B cilyuae, korga O, (xl. +1 ) — 00paTUMBIH 3JIEMEHT B R, PEKYPCUBHO OIPEISIIUM

Q,-+1(x)=(x—Qi(xi+1)xi+1(Qi(xi+1))_lei(x)-

[TonyuaeM ciaemyroLLy0 TEOpeMy.

Teopema 1. Eciu ons niobozo i € {1, ..., n — 1} anemenm Qi(xi+ 1) obpamum 6 R, mo Q,(x;) =0 ona mobozo
i=1, ..., n

JlokasarenbcTso. MCnomnssys HHAYKIHMIO, IOKAKEM, 9TO X, ..., X; aBisiorcs kopusmu O (x),i=1, ..., n.
JelicTBUTENBHO, IIpU I =1 311eMeHT X; OyJeT KOpHEM MHOIrOuWIeHa Ql(x) =x — x;. [IycTb yTBEpKIECHUE BEPHO
JUISL i, MHBIMH CJIOBAMH, TIPSAIONOKHM, UTO X, ..., X; SBIsOTCS KOpHAMH O, (x). JoKaxeM yTBEpKACHUE JULst

i +1, T. e. MOKaXeM, 4TO X, ..., X; , ;| — KODHA MHOIO4JICHA QI.H(x). Hmeem

-1
Qi+1(x):(x_Qi(xi+1)xi+1(Qi(xi+1)) jQz(x)

ITo NPEATONOKCHHIIO HHAYKIUH X;, ..., X; — KOPHH IpaBoro MuoxuTes O;(x), a CIIe0BaTeIIBHO, M BCErO
Tpou3BeeHHs, T. e. MHorodteHa O, , | (x). OcTanoch oKasaTh, 4TO MEMEHT X, , | TAKKE SBISCTCS KOPHEM MHO-
ro4jeHa Hl(x). OTO cnemyeT U3 JeMMHI 1.

WHpIMH cll0BaMH, B CIydae 0OpaTUMOCTH 3JIEMEHTOB Qi(xi +1) B R Ju1s1 m00BIX pa3IMyYHbIX JIEMEHTOB

X[, ..., X, € R HalieTCs TakOM MHOTOYJICH U3 R[x] CTENEHH 71, YTO X, ..., X, OyIyT €ro KOpHIMHU.

3ameuanue 1. Ecnu B yCIOBHUSAX TEOpEeMBbI 1 BEPHO PaBEHCTBO Qi(xi +1)= 0 m1s HEKOTOPOTO i, TO MOJKHO
B34Tb O, +1(x) = Ql.(x). Eciy Hy>KeH MHOTO4IEH CTENIEHH [ + 1, TO MOJKHO B3:Tb, Hanipumep, O, +1(x) =x0, (x)

Takum 00pa3om, ¥ B 9TOM Cllydae TaKKe HalJeTcss MHOTOYJICH M3 R[x] CTEIIeHH, MEHbILEH MO0 paBHOI 7,
KOPHSIMU KOTOPOTO OYyIyT pa3IHyHbIe 3EMEHTHI X, ..., X, € R.
Teopema 2. [lycmos D — accoyuamusnoe xonvyo ¢ deneruem. Toeoa 015 nH0ObIX pA3IUYHbIX EMEHMO8

Xy, ..., X, € D cywecmeyem maxoti mHo2o4.1eH F(x) cmenetu n, 4mo F(xi)= 0 oz mobocoi=1, ..., n.
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Joxa3zarenscTBo. JloKa3aTenbCcTBO JaHHON TEOPEMBI CIIeyeT U3 TeopeMbl 1 1 3ameuanus 1.
I/ITaK, TMOCTPOCHNE MHOT'OYJICHA U3 TCOPEMBI 2 IIPOUCXOIUT 110 CIICAYIOIIEMY aJITOPUTMY HAXOXKACHUSA MHOT'OYJIC-
Ha CTEIEHN 71, KOPHAMH KOTOPOTO SIBJIAIOTCSI pa3iInyHbIe (PUKCHPOBAHHBIE MEMEHTHI X, ..., X,. CHauaa paccmar-

puBaeTCst MHOrOWIEH £ (x) = X — X, KOPHEM KOTOPOTO SIBILICTCS X;. 3aTeM 110 HEMY CTPOUTCS MHOTOWIEH Fy (x) =
-1

=(x—»,)(x —x,) Tax, 4r0GbI €ro KOPHSIMHU OBLIH X; U X,. JLj1s 9T0r0 y, Gepercst paBHbIM (X, — X, ) X, (X, — X; ) .

JUIst IOCTPOCHIS! MHOTOUICHa FY (X ), KOPHSIME KOTOPOTO SIBISIFOTCSI X, X, 1 X3, HEOOXOIMMO IIPOBEPHT, OyIeT JIH X3

KOPHEM MHOro4jicHa F, (x) Ecmu 6ygner, To F; (x) =xF, (x), B IIPOTMBHOM Ciy4ae F; (x) = (x — V3 )F2 (x), TIE V3

Geperest 13 eMMbl 1 Tak, 4To0bl X3 6L KOpHEM F; (X ), @ IMEHHO yy = F, (x; ) x5 (F2 (x3 ))_1. Taxum oOpasom,
-1
F(x)=| x- ((x3 ~(n-x)n(n-n) ") - x ))x3((x3 ~ (= 0)x (- %) (- )) x
X (x — (%= x)x(x, - x )_1)(x -x).

Jlasiee OCTPOCHHE IIPOOJIKACTCS AHAIOTMHYHO 10 TeX I10p, ITOKa He Oy/eT Homy4eH MHorowie F(x) = F,(x),
KOPHAIMHU KOTOPOTO SIBJISIIOTCS X, ..., X, .

OT/1e/IbHO PaCCMOTPUM CITy9ail MHOTOYWIEHOB BTOPOW CTEIEHHM C JBYMs 33/IaHHBIMU PA3JIMYHBIMU KOPHSI-
MU X, H X,.

Iepeiinem k Bonpocy: «Koryia /il KOHKPETHBIX 3JIEMEHTOB X, H X, ACCOLMATHBHOTO KONbIIA ¢ eAMHUIEH R

CYLIECTBYET MHOTOWIEH BUJa [ (x) = x> + a;x + a,, KOPHAMH KOTOPOTO SIBJISIOTCS X; 1 X,
Paccmorpum ypaBHeHue
2 —
X +ax+ay=0 (2)
U TIPETON0KUM, 9TO X; U X, — €0 PELICHUS.
[loncraBnsas B ypaBHeHue (2) cHavamia X, 3aTEM X,, a IOTOM OTHUMas OT OJJHOTO PaBEHCTBA APYyroe, Mojy-
yaem [10, p. 2]
2 _n 42 _
X +ax; +ay=0, x5 +ax,+a,=0, 3)

X —x; +a1(x1—x2)=0.
IMocnenaee paBEeHCTBO MEPETIUIIEM CIIELYIOIINM 00pa3oM:
_.2_ .2
al(xl_xz)_XZ_xl' “4)

Jlemma 2. /[ns anemenmog x, u x, Hatioemcs ypagHeHue 6uoa (2), umeroujee peueHus X, i X,, moaoa u moio-
KO m020a, K020a cyujecmeyem j1eMeHm a,, VOO8Iemeopaowuli paseHcmey (4).

Hoka3atenbcTBo. O4eBUaHO, YTO €CIM JUIA X; U X, CYILECTBYET ypaBHEHHE BUa (2), TO a; YAOBIET-
BOpsieT paBeHCTBY (4). JlokakeM JieMMy 2 B 00paTHYyIo cTopoHy. IIycTh Uil TaHHBIX X, H X, CyLIECTBYeT dJIe-

MEHT 4;, YIOBIETBOPSIOIINI PaBeHCTBY (4). DTO paBHOCUIBHO TOMY, UTO xl2 +ax, = x22 + a,x,. Ecnu Teneps q,
B3ATH PABHBIM —X; — d;X; = —X3 — d;X,, TO X, H X, OyIyT pellIeHHsIMH ypaBHeH s (2).

3aMeTuM, 4TO €CJIH CYIEeCTBYET (x1 - x2) , TO HalileTcs ypaBHEHUE Buja (2) Takoe, 4To X, U X, OyayT ero

peleHusIMH (3TO clenyeT U U3 TeopeMsl 1). B naHHOM ciydae ¢; OqHO3HAYHO BBIPAXAETCsl U3 paBeHCTRa (4),
a g, TaKKe OIHO3HAYHO HAXOAUTCS U3 OAHOTO U3 paBeHCTB (3).

Ecnu 17151 HEKOTOPBIX 3JIEMEHTOB X, U X, CYLIECTBYET ypaBHEHHE BHUJa (2), PELICHUSIMH KOTOPOTO OHU SIB-
JSIFOTCS, TO ISl HUX CYILIECTBYET M YpPAaBHEHHE CTEIICHH 71 > 2, PELICHUSIMU KOTOPOTO OHM SBISOTCA. JlaHHOE
YpaBHEHHE MOYKHO TONyUHTh ITyTEM YMHOKEHHS yPABHEHHS (2), Hanpumep, Ha X" 2.,

Teopema 3. [{ns snemenmos x,# X, accoyuamuno2o Koavya ¢ eouHuyel R docmamounvim ycioguem cy-
Wecmeo8anUs ypasHeHus cmenenu n 6uod

n—

X"+a, X"+ .. +ax+a,=0, (5)

PEUEHUAMU KOMOPO2O OHU A6JIAIOMCA, 6_)/()67”’1 H€6blp09fC0€HHOCWIb 00HO20 U3 Cﬂedyiou;ux INIEMERMO8.” X; — X,,

22 n-1_ _n-1
xl_X2,...,x1 _X2 .
HoxazarenscTso. [lycTs, HamIpumep, 3EMEHT X, — X, 00patuM u a,, i = 2, ..., n — 1, — IPOU3BOJIbHBIE
35IeMeHTHI Kobna R. [Tomoxxum, 9To
_f.n n -1 n-1 n—1 -1 2 2 -1
al—(xz—x1 )(xl—xz) —a,_(|\x —x (xl—xz) —m X =X, (xl—xz) .
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Torna
_un n n—1 n—1 2 2
TTonoxxum TaKxke, 9TO

_ 2 n—1 n__ 2 n—1 n
ao—_alxl_ale _..._an_lxl _xl—_ale_azxz_..._an_l.X2 _xz.

n—

Torya x; ¥ X, — pemiennus ypasHenus X" + a, x" '+ ... + a;x + a, = 0. Takum 06pa3oM, HCKOMOE ypaBHe-

HHUE HalJIEHO.

AHaJIOTUYHEBIE pacCcyXKaA€HUA CrIpaBCAJIMBLI U B ClIydac O6paTI/IMOCTI/I OTHOT'O M3 CJICAYIOUINX DJICMCHTOB!
2 2 n-1 n-1
X| — X5, oees X — Xy .
Kaxk IIPOBEPUTDH, CYIICCTBYET JIM YPABHCHUC BUIA (2), pPELICHUAMUN KOTOPOTO SIBJISIOTCS DJIEMEHTERI X U X,,
€CJIU JJIEMEHT X; — X, H€O6paTI/IM? OTBeT Ha PTOT BOIIPOC B CJIy4ae, Korjaa R— KOJIBIIO KBaJIpaTHBIX MAaTpHUIl HAQ

OJIEM, PaCCMOTPCH B CIICAYIOLICM pa3aciic.

Cuayyail KoJblia KBAJPATHBIX MATPUIL HA/T MIOJIeM
[lycth R — KOMBIIO KBaJpaTHBIX MaTpuIl Haj mojeM. Kak mokaspiBaeT npumep u3 myonukamuu [10, p. 3],
CYILIECTBYIOT TaKH€ MaTPULIBI X; U X,, YTO HE HAIIETCs ypaBHEHUsI BTOPOU CTeIeHu u3 R [x], peIIeHUsIMU KOTO-

pOTO SBISLTUCH OBI 3TH MaTpullbl. Ere onuH nmpuMep moqo0HOTO THTTA TPUBOAUTCS HIDKE (cM. Tipumep 3). Jlims
KOJIbI[a KBaIPATHBIX MATPHIL HAJT [TOJIEM MOJYUYCHBI CIICIYIOIINE KPUTEPUH CYIIICCTBOBAHHUS YPaBHEHUS BTOPOH
CTETICHHU C 3a/IaHHBIMH PEIICHUSIMH.

Teopema 4. [Iycmo R — konvyo keadpamuvix mampuy nopsaoka k nao nonem. [Jus x; u x, uz R natioemcs
ypasneHue 8uoa (2), peuieHuaMu Komopo2o oHu AGIAI0MCsl, Mmo20d U MOAbKO mo20d, Ko20d paHe Mampuyl

T T T 2 T 2 o
(xl - xz) pasen paney mampuyol ((xl - xz) ‘(XZ ) - (Xl ) , NOJIY4erHHou oonucwleanuem CMpPOK mMampuy bl

7\? 7\? T
x5 ) —(x; ) cnpasa k cmporkam mampuye (x1 - xz) )

Hoka3aTrenbcTso. HamoMHuMm, 4To BBUAY JeMMbI 2 AJIsl MATpPUILL X; U X, HalileTcs ypaBHeHHUe BUaa (2),
pEeLIeHUsIMU KOTOPOTO OHU SIBIISIIOTCS, TOTJA U TOJIBKO TOI/A, KOIZla CyILECTBYET MaTpHUIla a;, yIAOBIETBOPSIO-
mias paBeHCTBy (4). TpancnoHupyeMm paBeHCTBO (4):

T 1 _ (.1 T\
(xl—xz) a =(x2) —(xl ) . (6)
L ) 7\2 )2
C y4eToM npeAbIIyIero paBeHCTBa 3aMETUM, UTO j-i 3JIEMEHT i-I'0 CTOJIONA MaTPHULIbI (x2 ) - (xl ) oJy-
- T .
YaeTcs MyTeM YMHOKEHHS j-i CTPOKU MaTPHILIBI (x1 - x2) Ha i-if cTonGen MaTpuIbI ¢; . BeeneM 0603HaueHH s
T . T T\? T\? .
a = (ql, v G ), e g;— i-ii cron0en MaTpulpl a; , U (xz ) - (xl ) = (bl, by ), rae b; — i-ii cron0en MaTpuLbl
2 2
(sz ) - (xlT ) . Y3 paBencTBa (6) mosyyaeM ClieyrOIIUe YPaBHEHUS IS HAXOXKICHUS CTOJIOIIOB MaTPHUIIBI alT :

T .
(5, —x) q;=b,i=1, ..,k
Teopema Kponekepa — Karneniu roBopuT o TOM, YTO BCE 3TU CUCTEMBI COBMECTHBI (OTHOCUTEIBHO ¢;) TOTa
T T .
¥ TOJIBKO TOTJIa, KOTZ[a PAHT MATPUILBL (X, — X, ) PAaBeH PaHraM MaTpHil ((xl -x,) |bl.) ans moboro i. CreoBa-

TEJIHHO, MATPUYHOE ypaBHEHHE (6) UMEET permieHne (CymecTByeT alT ) TOTJIa U TOJBKO TOT/A, KOTJa paHT MaT-

T T\ 1\2 7\2 . T .
puubl (X, — x,) paBeH paHry Marpuusl | (x; — x, ) (x2 ) - (x1 ) . Bcnn maiinercs marpuna a; , To o Heii

C ITOMOIIIBIO TPAHCTIOHNPOBAHMS TaK)Ke HAWAETCst MaTpuIa «;. Jlanee MOXXHO HAWTH MaTpPUILy d, U3 OJHOTO H3
paBeHCTB (3), a 3HAYMT, B 3TOM ClIydae HalaeTcs ypaBHeHHE BUIa (2) TaKoe, UTo X; U X, OyAyT €ro pereHusIMH.
JlaHHOE yTBEpMkKICHHE MOXKHO C(HOPMYITUPOBATH U B TEPMUHAX HCXOIHBIX MATPHII.
Caencrue 1. [na xeadpammuvix mampuy X, u X, nopsoka k namioemcs ypagnenue euoa (2), peuwenuamu
KOMOpo20 OHU AGNAIOMCS, MO020a U MONbKO M020a, K020a pamne Mampuybl X, — X, paseH pamzy Mampuybl

X — X

1 2 ~ 2 2

x2 x2 , NOJly4eHHou oonucvléanuem CMPOK mampuybl X, — X; CHU3Y K CMPOKAM MAMpUuybl xX; — X,.
27 M

Hdoka3zartenbcTBo. TpaHCHOHUPYS MAaTPULBL U3 TEOPEMBI 4, IoJlyyaeM Marpulbl U3 caenctsus 1. [o-
CKOJIBKY PaHT MaTpPHII IPH TPAHCIIOHUPOBAHUHU COXPAHSIETCS, IMEeM Tpedyemoe.
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Ipumep 1. IlpuBegem npumep Takux KOMIUIEKCHBIX MAaTpHI] TOpsiIKa 2, 9TO HE CYIIECTBYET 0OpaTHOU
MaTpULbl K MAaTPULIE X; — X,, HO IIPH ITOM CYLIECTBYET ypaBHEHUE BUJA (2), peIIeHUSIMU KOTOPOTO SIBJIIOTCSI

0 «a 0
X, 1 X,. [logxonsamumu Marpunamu OyyT, HallpuMep, X, = 0 0/ X, = 0 of e O ¥ [ — HeHyJIeBbIe KOMII-
5, (0 0 , o, (0 0
JeKCHbIE uKciaa, npu 3ToM o # f. [Tockonbky X, =x; = 0 of X —x;= 0 of TO PAaHT MaTPHULBL X, — X,
X, — X, 0 0
COBIIAJIaeT C PAHIOM MaTpULbl | ———= |. VI3 paBeHCTBa (4) HAXOAUM, YTO a; = 0 , TIe ¢ — m00o¢e HEeHy-
X5 — X c
2 X

JIeBO€ KOMIUIEKCHOE uuciio. M3 onHoro u3 paBeHcTB (3) moiaydaem, 4To a, — Hyjesas Marpuua. Mrak, nanHbIM
MaTpULaM X, U X, COOTBETCTBYET KOHTUHYYM YpaBHEHUH BUja (2), pelieHUsIMU KOTOPBIX OHU SIBJISIOTCSL.

B npuseneHHOM IpuMepe MaTpULbL X; U X, ObLIM BBIPOKIEHHBIMU. [ocTpouM npuMep ¢ HEBBIPOXKAEHHBIMU
MAaTPHIIAMH X, U X,.

1 0 0 1 I -1
Ipumep 2. PaccMOTpUM MaTpHIIBI X, = L) Xy = Lol Marpuna x, — x, = 11 UMeeT paHr 1.
, o, (10 , 5, (0 0
Hanee nonydaem x; = x5 = , 3HAUUT, X — X5 = . CnenoBarenbHO, paHI MaTPULbI X, — X, COBIIa-
0 1 00
NTX
JiaeT ¢ paHrom Marpuusl | ——= |. Taknm oGpasom, cyliecTByeT ypaBHeHHEe BUJA (2), PELICHUSIMH KOTOPOTO
Xy = X

SIBJISIIOTCS X; U X,. 13 paBeHcTBa (4) HailgeM a;:

1 -1 0 0
al = .
-1 1 0 0
a b
Beenem 0603HaueHue a; = . Toacrasiss ero B npeapIayLiee pAaBEHCTBO, HAXOAUM
C

a b 1 -1 a-b —-a+b 0 0

c d)\-1 1 c—d —-c+d 0 0/

0
HWrak, nomy4aem, 4to a, — J1r06as MaTpHLa Nopsiaka 2, y kotopoit a = b u ¢ = d. Ilycts a, = 0 ol TOorAA
-1 0
U3 paBeHCTB (3) uMmeeM a, = o -1/

3ameTuM, 4TO AJISI MAaTPHUIL X, U X, TAKXKe HalieTCs OECKOHEYHOE YHCIIO ypaBHEHUH B (2), peLIeHUsIMU
KOTOPBIX OHH SIBJISFOTCSI.

Ipenno:xenue 1. Eciu ons 08yx ilceadpamezx mampuy X, u X, ypaguerue (4) umeem pewienue a, npu ycio-
6uu, umo ne cywecmsyem (x,— x,) , mo maxux pewenuii ypagrenus (4) beckoneuno mnoz2o (a snauum, ec-

KOHEYHO MHO20 U YpaGHeHUll 6U0a (2) ¢ KOPHAMU X; U X, ).
HMokaszatenbcTBo. [lTocMoTpuM Ha paBeHCTBO (4) Kak Ha MATPUYHOE YPaBHCHUE OTHOCUTEIIBHO @, TOT-

q
Ja oHO umMeeT Bun X4 = B, rne X = a;, a A u B — u3BecTHble MaTpuLbl. Benem obo3Hauenus a,=| --- |, rue
b 9k
2 2
q; — CTPOKH MaTpULbl @), U X; — Xj =| -*+ |, [Je b, — CTPOKH MaTpPHULIbI x22 — xl2 . Torna MmaTpuyHOe ypaBHeHue (4)
by
PAaBHOCUJIBHO CUCTEME YPaBHEHUI
qi(xl—x2)=bi,i=1,...,k. (7)

W3BecTHO, uTO MaTpuuHOE ypaBHEHUE (4) UMEET pelleHne, 3HaYNT, U ypaBHEHUS cucTeMsl (7) UMEIOT pele-
HYA. Tarxoke U3BECTHO, YTO MaTpULa X, — X, KaKA0I0 ypaBHEHUS CUCTEMBI (7) sIBIIETCS BBIPOXKIECHHOMU, CIe0-
BaTeNIbHO, Y CUCTEMbI ypaBHEHHH (7), @ 3HAYHT, U Y MATPUIHOTO ypaBHEHHMs (4) OECKOHEYHO MHOTO PEILICHUH.

[IpuBenem mpuMep, MOKA3bIBAIOMINHN, YTO JOCTATOYHBIC YCIOBHUS U3 TEOPEMBI 3 HE SIBISIOTCS HEOOXOAHU-
MBIMH yCJIOBUSIMHE JIJIs CYIIECTBOBAHMSI YPaBHEHUSI TPEThEl CTENICHH, PEICHUSIMH KOTOPOTO ObUIH ObI TaHHBIE
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JIBE KBaJpaTHBIC MATPUIIBI, a TAKXKE TO, YTO KBAJAPATHBIC MATPHUIILI, HE YOBICTBOPSIOIINE TOCTATOYHBIM yCIIO-
BHISIM M3 TEOPEMBI 3, CYIICCTBYIOT.

0 o 00 0 0
IIpumep 3. Paccmorpum mMaTpunsl x; = , Xy = . 3aMeTHM, 9TO MATPHIBI X; — X, =
1 -1 0 1 1 =2
s o 0 o0
UXx —x;= | SIBIISTFOTCS] BBIPOYKIEHHBIMU. 3HAYHT, HE BBITIOHEHBI JJOCTaTOYHBIEC YCIIOBHSI CYIECTBOBA-
HUS yPaBHEHHS TPETHEH CTENCHH, PEIICHUSIMU KOTOPOTO OBLTH OBI X, U X,. Takxke He CYIIeCTBYeT YpaBHEHUS
. )
BTOPO¥i CTENIEHH ISl JaHHBIX MaTPHLL, MOCKOIBKY PAHT MaTPHLIbI | ———>- | PaBEH 2, T. €. HE COBIMAJIACT C paH-
—-x
27X

TOM MaTpullbl X, — X,. [lokaxem, 4To, HECMOTPsI Ha TO, JUIA X; U X, CYIIECTBYeT ypaBHeHUe BUa (5) mpu n = 3.
[logcraBuB B ypaBHeHue (5) mpu n =3 cHauana X;, 3aT€M X,, a TIOTOM OTHSB OT OJHOTO PaBEHCTBA JpPYToe,
MOy IUM

0 0 0 0 0 0
a, +a, =

-1 0 1 -2 -1 2

a b
I[Tycth a, — HyneBas MaTpuiia. Marpuny a, OyneM UCKaTh B BUJE d; = g1 Torna
c

a b0 0 0 0

c d)\1 =2 -1 2/

0
Orcrona nojyyaem, uto b =0, d = -1, a u ¢ — 100bIe KOMILIEKCHBIE YKcia. I1omokuM, 4To a, =
|
Ioncrasnss a;, a, u x, B ypaBHeHue (5) npu n = 3, HaXonuM «,,. IloryueHHOEe ypaBHEHUE TPETbel CTEIEHH,
PELIEHUSIMU KOTOPOTO SBJISIOTCS X; U X,, IMEET BHU]

3 1 0
X"+ x=0.
-1 -1
IIpumep 4. Ilpusenem npumMep, IOKa3bIBAIOLUIMN, UTO HE UL BCEX MATPHULL X; U X, CYIIECTBYET ypaBHEHUE
TPEThE CTEeNEeHH, PelIeHUsIMI KOTOPOTO OHU ABJISIOTCS. B yacTHOCTH, Takoe ypaBHEHHE HE CYIECTBYET, €CIH
HEePBbI cTOI0EL y MAaTpULL X, — X, U x12 - x% HYJIEBOH, a IIepBBbLH cTONOEL y MAaTPULIBL X} — xg yKE HE HYJIEBOM.

1 -1 0 1 1 2
[Mopxomamumu Matpuniamu OynyTt, Hanpumep, x,=| -1 1 0|, x,=|-1 1 0|
1 0 O 1 00

Ecnu B ypaBHeHue (5) npu n = 3 IOACTaBUTh CHaYaja X, 3aT€M X,, & IOTOM OTHSTb OT OJHOI'O PaBE€HCTBA
JpyTroe, NOIy4IUM

0 -4 -2 0-2 =2) (-2 8 4
a0 2 2|+4l0 0 0 |=| 0 -6 4|
0 2 -2 0 0 0 0 4 2

Kakumu Ob1 HE OBLTH 3JIEMEHTBI HA MECTE (1, 1) B MaTpUIax 4, U a,, B JEBON YaCTH MPEIbIYIIETO MaTPUY-
HOT'O PABEHCTBA HA MECTE (1, 1) HaxoauTes 0, Torga Kak B IpaBoi €ro 4acTH Ha TOM MECTE CTOUT —2. 3HAUUT,
HE CyLIECTBYET ypaBHEHUs Buja (5) Ipu n = 3, pellieHusIMU KOTOPOTI'O sIBJISUIUCH Obl JaHHbIE MaTPULIBL X; U X,.

3aKjaoueHune

Taxum 06pa3om, MOKa3aHO, YTO JJISl IPOM3BOJIBHBIX 71 HIEMEHTOB aCCOLMATUBHOIO KOJIbIIA C JIEICHUEM CY-
IIECTBYET MHOTOUWIEH CTETIEHH /1, KOPHSAMH KOTOPOTO OHH SIBISOTCS. OIpe/ienieHsl J0CTaTOYHbIe YCIOBHUS CyIIe-
CTBOBaHUS TAKOT0 MHOTOUIECHA JUIA 3JIEMEHTOB IPOU3BOJIBHOTO (HE 0053aTENIbHO C IEJIEHNEM ) aCCOIIMaTUBHOTO
KoOJIbIIa ¢ enHuIei. OTAeIbHO PACCMOTPEH CIy4ail MHOTOWIEHOB, ONPEIEICHHBIX Ha/l KOJIBIIOM KBaPaTHBIX
MaTpull HaJ rosieM. J[Jist 3Toro cirydas ojly4eH KpUTEPUNA CYIECTBOBAHUSI MHOTOWIEHA BTOPOU CTEIIEHHU C 3a-
JTAHHBIMH KOPHSMH, a TaKXKe MPUBEIEHbI TPUMEPHI TOCTPOEHUS MHOTOUJICHOB C 3a/IaHHBIMU KOPHSIMH.
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OOPMAILIMY KOHEYHBIX I'PVIIII
3A IOAMHOMWAABHOE BPEMAI:
S-PAAUKAA N F-AAUHA

B. H. MYPAIIIKO"

DTomensexuii 2ocyoapcmeentblil yHusepcumem um. @panyucka Ckopumbl,
yn. Cogemckas, 104, 246028, e. 'omens, Berapyco

Annomayus. I KOMIO3UINOHHOH (opMarun PUTTHHTA § KOHEUHBIX TPYII MPEITIOKEH aJITOPUTM BBIUYUCICHUS
$-pajuKana KOHEUHOU IPyTIIIbI IEPECTAHOBOK CTENEHH 71, paOOTaIOIINi 3a MOTMHOMHATIbHOE BpeMst oT 1. [TokazaHo, kak
MOYKHO BBIUUCIIUTB §-PaJMKal B CIydae, Koraa § sSBIseTCs IPUMHUTHBHOM HACHIIIEHHON (hopMalneil pa3penMbIX KOHEeY-
HBIX rpyn. IIpeacTaBieHs! alrOpUTMBbl BEIYUCICHNS PA3IUUHBIX JUIMH, CBA3aHHBIX C KOHEUHON IPYNION, BKJIIOYAOIIIX
000011eHHY10 BBICOTY PUTTHHTA U HE p-pa3pelInMyIo JUTHHY, KOTOPBIE JUIS TPYIIIBI IEPECTAaHOBOK CTEIIEHH 7 pad0TaIoT
32 TIOJIMHOMUAJIHOE BPEMS OT 7.

Knrouesvie crrosa: xoHeuHas TpyIina; BEIYUCICHHS B TPYIIAX MEPECTAHOBOK; KOMIIO3UIIMOHHAs (hopmanus; Gopma-
uust GUTTUHTA; §-paJuKall; §-IUTMHA; TOJIMHOMHUAIILHBIN aJrOpUTM.

bnazooaprnocms. Pabota BrImonHEeHA TIpH (PMHAHCOBOH moiepskke bemopycckoro pecryOmkanckoro ¢poHma GpyHIa-
MEHTaJbHBIX uccnenoBanuii (P23PHD-237).

FORMATIONS OF FINITE GROUPS
IN POLYNOMIAL TIME:
THE §-RADICAL AND THE ¥-LENGTH

V.I. MURASHKA*?
*Francisk Skorina Gomel State University, 104 Savieckaja Street, Gomiel 246028, Belarus

Abstract. For a Baer-local (composition) Fitting formation § of finite groups the algorithm for the computation of the
$-radical of a permutation finite group which runs in polynomial time from its degree is herein suggested. It is shown how
one can compute the §-radical in case when § is a primitive saturated formation of soluble finite groups. The algorithms
for the computation of different lengths associated with a finite group (the generalised Fitting height, the non-p-soluble
length and etc.) are presented. In the case of a permutation group these algorithms run in polynomial time from its degree.

Keywords: finite group; permutation group computation; Baer-local formation; Fitting formation; §-radical; §-length;
polynomial time algorithm.
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Introduction and the main result

All groups considered here are finite. Fitting showed that the product of two normal nilpotent subgroups
is again nilpotent, i. e. in every group there exists the greatest normal nilpotent subgroup which is called the
Fitting subgroup. Recall that a class of groups is a collection X of groups with the property that if G € X and if
H=G,then H € X. A group G € X is called an X-group. The greatest normal X-subgroup of a group G is called
the X-radical and is denoted by G,. It always exists in case when X is a Fitting class. From the fundamental
result of R. A. Bryce and J. Cossey [1] it follows that the hereditary non-empty Fitting class of soluble groups
is a primitive local (saturated) formation. The similar result for the quotient group closed Fitting classes of
metanilpotent groups was obtained in [2].

The computational theory of formations, Fitting and Schunk classes was discussed in [3—5]. The algorithm
for computing the X-radical (of a soluble group) was presented only in [3]. Note that as was mentioned in [3]
the suggested there algorithm (even when X is the class of all nilpotent groups) for a permutation group of
degree 3n may require to check for nilpotency 2" subgroups. The main idea of that algorithm was to extend
the X-radical from the given member of chief series to the next one. It was written in [3, p. 507]: «Note that
for many Fitting classes §, more efficient algorithms for §-radicals can be obtained from the theoretical know-
ledge about §». Nevertheless, the methods how one can obtain such algorithms were not presented. The aim of
this paper is to suggest an algorithm for the computation of the §-radical (which runs in polynomial time for
permutation groups) for a Baer-local (composition) formation §.

Recall that the Fitting subgroup F(G ), the p-nilpotent radical O, ,(G), the soluble radical R(G ) of a group G
are just the intersection of centralisers of all chief factors, all divisible by p chief factors and all non-abelian
chief factors respectively. Recall that for a chief factor H/K of G the subgroup HC (H /K ) is called the inneriser
of H/K. By its definition the generalised Fitting subgroup (the quasinilpotent radical) F*(G) is the intersection of

innerisers of all chief factors of G. The first three radicals are associated with local Fitting formations and the
last one is associated with a Baer-local Fitting formation.

Note that L. A. Shemetkov [6] obtained similar characterisations of the §-radical for a Baer-local Fitting for-
mation § using the generalisation of the centraliser of a chief factor. We cannot use the results from [6] directly

for three reasons. Formations § in [6] are defined with the integrated Baer-local function, i. e. f (H /K ) c § forall
chief factors H/K. In some applications (such as primitive saturated formations) the functions will not necessarily
satisfy this condition. The characterisation of Gy is obtained only in case f (H /K ) # (I for all chief factors H/K
of G. Also the constructive description of the generalised centraliser was not presented in [6].

Let f be a function which assigns to every simple group J a possibly empty formation f (J ) Now extend
the domain of f. If G is the direct product of simple groups isomorphic to .J, then we say that G has type J
and let f(G)=f(J). If Jis a cyclic group of order p, then let f(p)= f(J). Such functions / are called Baer
functions. A formation § is called Baer-local [7, chap. IV, definitions 4.9] (or composition (see [6] or [8, p. 4]))
if for some Baer function f

§=(G|G/C4(HIK ) e f(HIK) for every chief factor H/K of G).

Such a formation § is denoted by BLF' ( f ) The main result of this paper is the following theorem.
Theorem 1. Let § be a Baer-local Fitting formation defined by f such that f (J ) is a Fitting formation for
any simple group J. Assume that (G/K ) () can be computed in polynomial time in n for every permutation

group G of degree n, its normal subgroup K and a simple group J. Then (G/K )S can be computed in polyno-
mial time in n for every permutation group G of degree n and its normal subgroup K.
Note that if /(J)=¢, then G /() is not defined for any group G. A Baer-local formation defined by the Baer

function f'is called local if f(J)= m( : f(p) for every simple group .J.
pen(J
Corollary. Let § be a local Fitting formation defined by f such that f ( p) is a Fitting formation for all
prime p. Assume that (G/K ) () €aN be computed in polynomial time in n for every permutation group G of

degree n, its normal subgroup K and prime p. Then (G/K )3 can be computed in polynomial time in n for every
permutation group G of degree n and its normal subgroup K.

Preliminaries

Recall that a formation is a class of groups § that is closed under taking epimorphic images (i. e. from G € §
and NG it follows that G/N € §) and subdirect products (i. e. from G/N, € § and G/N, € § it follows that

15



ZKypnaa Besopycckoro rocyiapcTBeHHOro yauspepcurera. Maremaruka. Madopmaruka. 2025;1:14-22
Journal of the Belarusian State University. Mathematics and Informatics. 2025;1:14-22

G/ (Nl NN, ) € ). A class of groups § is called a Fitting class if it is normally hereditary (i. e. from NI G e §

it follows that N e §) and N-closed (i. e. from N;, N, <G and N,, N, € § it follows that N|N, € §). If § is
a Fitting class and a formation, then § is called the Fitting formation.

For a class of groups X recall that £X denotes the class of groups with a normal series whose factors are
X-groups. If § is a Fitting formation, then EF is also a Fitting formation and is closed by extensions. Here
OZ(G) denotes the greatest normal subgroup of G all whose composition factors belong to X for a class of
simple groups X.

Recall that S, denotes the symmetric group of degree n. We use standard computational conventions of ab-
stract finite groups equipped with polynomial-time procedures to compute products and inverses of elements

[9, chap. 2]. For both input and output, groups are specified by generators. We will consider only G = <S > <SS,

with |S | < n’ Ifit is necessary, Sims algorithm [16, parts 4.1 and 4.2] can be used to arrange that |S | <n*. Quo-

tient groups are specified by generators of a group and its normal subgroup. Note [10] that there exists a per-
mutation group of degree n such that it has a quotient with no faithful representations of degree less than 2"*.

For the rest of the paper 7 is used to denote the degree of the input permutations. A polynomial-time algo-
rithm is an algorithm whose running time is upper-bounded by some polynomial function of n.

We need the following well known basic tools in our proofs (see, for example, [9] or [11]). Note that (1)—(4)
are obtained with the help of the classification of finite simple groups.

Theorem 2. Given normal subgroups A and B of a permutation group G of degree n with A < B, in polyno-
mial time one can solve the following problems:

(1) Find the centraliser CG/A(B/A) of B/Ain G/A [11, P6(i)].

(2) Find a chief series for G containing A and B [11, P11].

(3) Test if G/A is simple [9, P10(i)]; if it is not, find a proper normal subgroup N/A of G/A [9, P10(ii)]; if it is,
find the name of G/A [11, P12]. In particular, find a type of a chief factor.

(4) Find OZ(G/A) for a class X of simple groups [11, P16(i)].

(5) Given HL G, find H N A [11, P4(i)].

(6) Find the derived subgroup (G/A)' of G/A [11, P10(ii)].

(7) Find the order |G/A| of G/A [11, Pl].

The following lemma restricts the length of a chief series of a permutation group.

Lemma 1 [12]. [f G < S,, then the length of every subgroup chain in G is at the most 2n — 3 for n > 2.

Proof of theorem 1

In this section § is a Baer-local Fitting formation defined by f'such that f (J ) is a Fitting formation for any

simple group J. The idea of the theorem proof is to obtain the §-radical as the intersection of generalised cent-
ralisers of chief factors in the sense of the following definition.

Definition 1. For a chief factor H/K of G with f(H/K)# @ let C; (H/K) be defined by (a) C;(H/K) <

< Co, r(HIK) and (b) Cg, ;(HIK)/C(HIK)=(G/CG(HIK)) 0

Lemma 2. Let B/A be a chief factor of a group G with f(B/A) # I and N be a normal subgroup of G with
N<A. Then
Con.;((BIN)/(4IN))=Cg, (BIA)IN.

Proof. Note that
Cow((BIN)/(AIN))={gNe G/N|[gN, gN]e AN for all g;Ne BIN} =
={g<€G|[g g ]N e 4/N forall g,e B}/N=C,(B/A)/N.

Now
(GIN)/Cgn((BIN)/(4IN))=(GIN)/(Cy(BIA)IN)=G/Cy;(BIA).

This isomorphism induces the isomorphism between (B/A)-radicals of the left and the right hands parts.

It means that if F/C;(B/A)= (G/CG(B/A))f(B/A)’ then

(FIN)/(C4(BIA)IN)=(FIN)/Cqn((BIN)/(4IN))=((GIN)/Cgy ((B/N)/(A/N)))f(B/A).
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Thus Cg)y, f((B/N)/(A/N)) Ce. f(B/A)/N The proof is completed.

Lemma 3. Let H/K be a chief factor of a group G with f(H/K) # . Then Gz < Cg, f(H/K).

Proof. If H/K¢F, then from GSK/Ke § it follows that H/K N GSK/Kz K/K. Therefore HGy /K =
=(H/K)x Gy K/K. It means that Gy < C; (H/K )< Cy; (H/K).

Assume that H/Ke§ and p e n( H/K). Since § is Ny-closed, we see that T/K = HG;/K € §. For a sub-

group L of G with K < L denote L/K by L. Now T/Cf(]V[/ZV) € f(A_l/ZV) f( /K ) for every chief factor M/N
of T below H. L L

If H/K is abelian, then H/K is a p-group for some prime p. Let K = H,<H, < ... <JH, = H be a part of
chief series of T. Then T/Cy(H,/H, ,)e f(p)=f(HIK). Let C= {"w C—(ﬁ /H _1)- Now C/Cz(H) is
a p-group by [7, chap. A, corollary 12.4(a)]. Since f ( p) is a formation, 7 ( ) (C /IK)e f ( ) Thus

T/IK)/Cr i (HIK)eN  f(p). Note that
T/K p
(T/K)/Crx (HIK)=(T/K)Cgx (H/K)/Cgs, (HIK)<L(GIK)/Cgx (H/K).

Since H/K is a chief factor of G/K, we see that O, ((G/K)/CG/K (H/K)) =1by [7, chap. A, lemma 13.6]. Hence
0,((T/K)Cgx (HIK)/Cg i (H/K))=1. Thus
(T/K)/Cr (HIK) = (T/K)Coyx (HIK)/Cqic (HIK) € f(p) = f(HIK).

If H/K is non-abelian, then H /K is the direct product of minimal normal subgroups H,/K of /Kby [7, chap. A,
lemma 4.14]. Since f( p) s a formation, from Cr,  (H/K )= r[\CT,K (H,/K) it follows that (T/K )/Cy,x (H/K ) €
e f(H/K). Since f(H/K)is a Fitting formation, we see that

(T/K)/Cpx (HIK)=(T/K)/(Cy (HIK)/IK)=T/Cy (HIK)=

=TC4(HIK)/ICo(HIK)=(G/Cq (H/K))/‘(H/K) =Cq. [(HIK)ICG(HIK).

Therefore Gy <T < Cg;, ;(H/K). The proof is completed.
Theorem 3. Let 1=G, <G, <... < G,, =G be a chief series of a group G. Then

m

Gg: ﬂ CG,f(Gi/Gi—l)
i=1,/(G/G_,) @ 5

Proof. We assume that every intersection of empty collection of subgroups of G coincides with G. Let

D= ﬁ Ce, /(GG )
i=1,/(G/G,_)#@
From lemma 3 it follows that GE < D. Note that GE € E§. Thus GS SDps. Letl1=Dy< Dy <... 94D, =Dy
be a part of chief series of G below Dj. Then by the Jordan — Holder theorem there is p:{1, ..., I} — {1, s m}
such that D,/D, _, is G-isomorphic to Goi /Gp(l.)_1 forallie{l, ..., I}. Now CG( /Gp() 1) D, /D, 1

11—

forallie{l, ..., /}. Hence Cy, (Gyy/Gyy 1) = Co, ,(D,/D;-, ) by defimition 1. Note that
Dy5/Cp,, (DD, 1) = Dy Co(DID, 1 )/Co (DD, -1 ) = DisCo( Gy Gy 1 )/Co Gy /Gy 1) <
< a1 (o /Got-1)/Co( G/ Goty-1) 2/ (G Gy -1 ) = /(4D

Since f(Di ID; _ 1) is normally hereditary we see that Dy /CDEE (Di /Di_l)e f(Di /Di_l). Since f(D,. /D,._l) is
closed under taking quotients, we see that

Dys/Cp, (HIK)e f(D,/D;_,)= f(HIK)
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for all chief factors H/K of Dy between D, , and D, for all i e {1, ) } From the Jordan — Holder theorem
it follows that Dy /Cp, (H/K) € f(H/K) for all chief factors H /K of Dyg. Therefore Dy € . Thus Dy = Gy

The proof is completed.

Lemma 4. Let B/A be a chief factor of G. Then Cg, f(B/A) can be computed in polynomial time (in the
assumptions of theorem 1).

Proof. Notethat 7/4=Cg;,, (B/A) can be computed in polynomial time by theorem 2(1) and 7' = C, (B/A).

Now G/Cg(B/A)=G/T. By our assumption (G/T),
completed.

Lemma 5. A chief factor H/K of a group G belongs to § iﬁ‘(H/K)}(H/K) = (H/K)

Proof. Let H/K be a non-abelian chief factor of G of type J. We claim that H/K € § iff (H/K)f(J) =H/K.
Note that H/K is a direct product of groups isomorphic to J. If (H /K ) = H/K, thensince f (J ) is normally here-
ditary, J € f (J ) Now J € § by the definition of the Baer-local formation. Since § is N,-closed, H /K € §. Assume
now that H/K e §. Hence J € §. Since J is non-abelian, J = J/CG(J) IS f(J) Therefore H/K = (H/K)f
a direct product of f (J )—groups.

Let H/K be an abelian chief factor. We claim that H/K e § iff f (H /K ) # . It is clear that if H/K € §,
then f(H/K)#= . Assume that f(H/K)# Q. Hence 1€ f(H/K). Now (H/K)/Cy x(U/V)=1e f(H/K)=
=f (U / V) for any chief factor U/V of H/K. Thus H/K € § by the definition of the Baer-local formation.

Note that the two above mentioned cases are equivalent to H/K € § iff

(HIK) = (HIK)

(HIK) ™

(814) A1 be computed in polynomial time. The proof is

!

) as

The proof is completed.
Lemma 6. In the assumptions of theorem 1 we can compute (G/K ) £z polynomial time.

Proof. If H/K is a chief factor of G, then we can check if H/K € § in polynomial time by our assumptions,
lemma 5 and theorem 2(6).
We can compute a part of the chief series K=G, <G, <... 4G, =G of a group G in polynomial time by

theorem 2(2). Define F; by F;/K = (Gi/K)Eg‘ Note that F; NG, _,=F,_, and F, = K. Now
F/F, _, :F;'/(F;' mGz’—l)zFiGi—l/Gi—l <G/G;_y.

Therefore F;/F;_, is isomorphic to either 1 or G,/G;_,. If G,/G; _, ¢ §, then F; = F;_,. Assume that G,/G,_, € §.
If G,/G,_, is a group of type J, then F;/F;_, is also such a group. Since EF is closed under extensions, we
see that F,/F,_,= O( J)(G,- /Fi-1)- Hence F, can be computed in polynomial time by statements (3) and (4) of
theorem 2.

Algorithm 1. EFRADICAL (G, K, §).

Result. (G/K) ...

Data. A normal subgroup K of a group G, §=BLF ( f).
Compute a chief series K=G, <G, 4... 4G, =G;

F <K,
forie{l,..., m} do
if(Gi/Gil);(Gi/Gi_]) =(G/G._,) then
J «type of G,/G,_;
FI/F<—O(J)(G,-/F);
F<« F;
return F/K.

Proof of theorem1.Let K=G, <G, <... <G, =G be a part of chief series of G (it can be computed
in polynomial time by theorem 2(2)). Now by lemma 2

1K = N Cor. 1((G/K) (G- /K)) = N Ce,(G/G ).
i:l,f((G,./K)/(G,.,l/K));t@ i=1.7(G/G,_\) %@
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Hence this subgroup can be computed in a polynomial time by theorem 2(5) and lemma 4. Using lemma 6 we
can compute R/K = (I/K)ES' Now (G/K)s = (I/K)E% by theorem 3.

Algorithm 2. FRADICAL(G, K, S)
Result. (G/K)...
Data. A normal subgroup K of a group G, § = BLF( f).
Compute a chief series K=G, <G, 4... 4G, =G of G;
T« G;
forie{l, ..., m}do
if £(G,/G;_,)# @ then

CIG, < Cg (G/G,,);

FIC(GIC) g6,

T/K < T/K NFIK;
return EFRADICAL (T, K, §).

Applications
The F-radical for a primitive saturated formation. Let %, denote the family consisting of the empty
set, the formation of groups of order one, and the formation of all soluble groups, and then, for i > 0, define 7,
inductively by §e Z, if either §€.% _, or § is a local formation, with local definition f such that f ( ) S
for all prime p. Finally let & be the family comprising all formations § such that §= u& with each § e u I,
and §;  §; , . Formations from Fare called primitive [7, chap. VII, definition 3.1]. As was mentioned in [ 3]
fGeFes and the nilpotent length of G is less than m, then there exists $ € %, with G € $.

Theorem 4. Let m be a natural number. If §e &, and KI1G<S,, then (G/K )3 can be computed in poly-
nomial time (in n).
Proof. It is clear that if $ € %, then (G/K ) can be computed in polynomial time by theorem 2(4). As-

sume that we can compute (G/K ) in polynomlal time for every $e Z,_,. Let prove that we can do so for
every € 7. If He F\F,_ |, then the values f(p) of local definition fof §) are in Z_,. By our assumption we
can compute the f ( )—rad1cals of G/K in polynomial time for every K <G < §,. Hence we can compute the

$)-radical of G/K in polynomial time in n for every K <G < §, and every $) € %, by theorem 1. Thus (G/K ) can
be computed in polynomial time for every K IG<S,.

The F-length. The lengths of a group associated with some of its radical (the nilpotent length, the p-length
and etc.) play an important role in the theory of groups. Some approaches how one could introduce the §-length were
suggested in [14, paragraph 5; 15]. Using the ideas of those approaches we introduce the following definition.

Definition 2. For Fitting classes § and §) the §, $-length /; .(G) of a group G is equal to m if 1= G, <
4G, <...4G,, .,=G where G,/G, _, =(G/G,._1)ﬁ for odd i and G;/G,_, =(G/G,._1)S #1 for even i. Note that
the §, H-length is defined only in case G E(S U 5’)).

Remark 1. In some cases of this definition § N $=¢& is the class of all identity groups. If §)=¢& then the
. H-length is just the F-length and it will be denoted by /(G ) for a group G.

Remark 2. If §=11s the class of all nilpotent groups, then lm(G) = h(G) is the nilpotent length of G and
defined only for soluble groups G. If § =&, is the class of all p-groups and =&, is the class of all p'-groups,
thenly o, (G)=1,(G) is the p-length of G and defined only for p-soluble groups G.

Recall that E. 1. Khukhro and P. Shumyatsky suggested the interesting generalisations of these lengths.

Definition 3 [16; 17]. (1) The generalised Fitting height h*(G) of a group G is the least number /4 such
that F(*h)(G) =G where F(*O)(G) =1, and F(*;.H)(G) is the inverse image of the generalised Fitting subgroup
F'(G/E;(0)).

(2) Letpbe aprime, 1=G, <G, <...< Gy, ,, =G be the shortest normal series in which for 7 odd the fac-
tor G, ,,/G; is p-soluble (possibly trivial), and for i even the factor G, , ,/G; is a (non-empty) direct product of
non-abelian simple groups. Then # =X p( ) is called the non-p-soluble length of a group G.

3) kz(G) = k(G) is the non-soluble length of a group G.
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Remark 3. If §=N"is the class of all quasinilpotent groups, then [ (G) = h*(G). If =67 is the class of
all p-soluble groups, then from [18, lemma 2.7] it follows that /.. , (G)=2,(G).

Note that for Fitting classes § and $) the class R =H 0 §= (G |G/G53 € %) is also a Fitting class and G /G, =
= (G/G36 )E by [7, chap. IX, theorem 1.12]. Hence the §, $-length can be defined by £ in the following way: if
Gy=Gy,#G, then I; o (G)=0, else if Ge H, then I; (G) =0, otherwise I (G)=1; o(G/Gg) +1.

Theorem 5. Let § and §) be Fitting classes. Assume that (G/K ) 5 and (G/K ) 5 can be computed in polynomial
time for any K JG <SS, . Then I ﬁ(G/K) can be computed in polynomial time for any K IG<S,.

Proof. From the statement of the theorem it follows that (G/K ) « =R/K can be computed in polynomial time
forany K 4G <S, by Ry/K=(G/K), and R/R,= (G/RO )3 Now from theorem 2 we can compute ;. (G/K)
in polynomial time by NAIVEFLENGTH.

Algorithm 3. NAIVEFLENGTH(G, K, §, 9).
Result. I . (G/K).
Data. A normal subgroup K of a group G.

if|(G/K) | =|(G/K), | #|G/K] then return co;

if |G/K|= ‘(G/K)f)‘ then return 0;
else
RIK «(GIK),;

return NAIVEFLENGTH (G, R, §, ) +1.

We use R, (G ) to denote the p-soluble radical of a group G. Let F, (G) be the inverse image of F* (G/R , (G))

Lemma 7. For any K <G < S, one can compute F(G/K), 0O G/K), F*(G/K) and F;(G/K) in polyno-

mial time.
Proof. Recall that the generalised Fitting subgroup of a group is its 91" -radical. This class is a Baer-local

formation defined by & where h(J)=1if J is abelian and h(J )= D,(J) otherwise [7, chap. IX, lemma 2.6].

Hence C,, ,(H/K)=Cy;(H/K)=HCy;(H/K) if H/K is abelian. Note that if H/K is non-abelian (of type J), then
G/Cg (H /K ) has the unique minimal normal subgroup which is isomorphic to //K and hence coincides with the
h(J)-radical of G/C;(H/K). Thus Cg; ,(H/K)=HCg;(H/K) in this case. From Cg;(H/K)/K =Cg, (H/K)
it follows that C (H /K ) can be computed in polynomial time by theorem 2(1). Now the generating set of
HC;(H/K) is the joining of generating sets of H and C;( H/K ). Thus HC;(H/K ) can be computed in poly-
nomial time. Hence from the proof of theorem 1 it follows that F* (G/K ) can be computed in polynomial time.
Note that R, (G/K ) can be computed in polynomial time by theorem 2(4). Therefore we can compute 1_7; (G/K )
in polynomial time.

Recall that the classes of all nilpotent and p-nilpotent groups can be locally defined by £, and f,, respectively
where f, (q) =1for all prime g and f, ( p) =1forall prime g # p and f, (q) =6, where & is the class of all groups.
Hence F(G/K ) and O, , (G/K ) can be computed in polynomial time by theorem 1. The proof is completed.

From theorems 2 and 5, and lemma 7 the following result directly follows.

Theorem 6. If K A G < S, and p is a prime, then h(G/K), ZP(G/K), h*(G/K), XP(G/K), l(G/K) can be

computed in a polynomial time.
The main problem of NAIVEFLENGTH is that we need to recompute the K-radicals in quotient groups.

Note that if R is a Baer-local formation and we know C; , (H/K) for every chief factor H/K from some chief

series of G, then we can compute the K-radical in every quotient group of G.
Theorem 7. Let ) and § be Fitting classes such that R=$ 0 § is a Baer-local Fitting formation defined by f

where f (J ) is a Fitting formation for every simple group J. Assume that for any K <G < §, one in polynomial
time can check if G/K € $) and compute (G/K ) ) Jor every simple group J. Then I & (G/K ) can be computed
in polynomial time for any K IG<S,.

Proof. Let K =G, <G, 4... 4G, =G be a part of chief series of G. Then G/K € ER iff G,/G,;_, € & for

every i iff(Gi /G );(GV/G,

p',p(

) = (Gi /1G;_, )’ for every i by lemma 5. Note that if G/K € ER, then every its normal
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subgroup also belongs to £R. Hence we don’t need to use EFRADICAL in the computation of the K-radical in
every quotient group of G.

IfK<FLG<S,,then G,F/G, |F = Gl./(Gi N G,._IF) = Gl./(G,._l(Gi mF)) is G-isomorphic to either 1 or
G,/G;_,. Hence F=KF=G,F 1GF d...4G, F=G after we remove the repetitive terms will become the
part of chief series of G above F. Note that C; f(M IN)=Cg, p (L/T) for any G-isomorphic chief factors M /N

and L/T of G. So if we know C;, (Gl. 1G;_, ) and FG,;/FG,_, #1 (it can be checked by theorem 2), then we know
Ce, s (F G,/FG,_, ) Now we can compute (G/F)  using lemma 2 and theorem 3. By the statement of theorem we
can check if (G/F)R €N, i.e. (G/F)ﬁ /(G/F)ﬁ =1. Therefore /5 (G/K) can be computed in polynomial time
forany KIG<S,.

Algorithm 4. FLENGTH (G, K, §, 9).

Result. /2 (G/K).

Data. A normal subgroup K of a group G.

Compute a chief series K =G, 1G, <... <G, =G of G;
if G/K € $) then

return 0;
else

[ «1;
L[], T« G;

forie{l,..., m} do

if(Gi/Gl‘—l);"(GI./G,-,I

CIG,  «Cg (G/G,,);
FIC «(G/C),

)=(G,./G,.,l)' then

G/G,.,l);
add(L. (G, . G,. F))

TIK<«T/IKNF/K,
else
return oo;
if T/K € ) then
return oo;
while G/T ¢ $ do
[« 1+1;
F<« G;
for Re L do
if TR[1] =TR[2] then

remove (L, R);
else
F« FNR[3];
if F/T € $ then
return oo;
T« F;
return /.

Conclusions

This work belongs to a series of works [5; 19] dedicated to the computational recognition of formations
and the computation of associated with them subgroups in every group. The key object of those works was
the notion of a chief factor function. Recall [5] that a function f that associates 0 or 1 with every chief factor

H/K of a group G is called a chief factor function if f (H /K, G) =f (M /N, G) whenever H/K and M /N are
G-isomorphic chief factors of G, and f (H /K, G) = f((H/N)/(K/N), G/N) for every N < G with N < K. With

every such function one can associate the formation C(f) of groups G such that G =1or f (H/K, G)=1for every
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chief factor H/K of the group G. The family of such formations includes all Baer-local formations. In [5; 19]

the algorithms for the computation of the §-residual and the §-hypercenter where § = C(f ) were suggested
respectively. Therefore the following questions seem interesting.
Question 1. Find conditions (*) (or prove that such conditions do not exist) on a chief factor functions f such

that C (f ) is a Fitting formation if f satisfies (*) and for each Fitting formation of the form C (f ) there is a chief
factor function f; which satisfies (*) and C(f)=C(f;).
Question 2. If f is a chief factor function, conditions (*) from question 1 exist and f (H /K, G) can be

computed in polynomial time for every chief factor H/K of a group G < S,, then can one compute (G/K )
polynomial time for every K IG <§,?

The algorithms constructed in the paper are purely theoretical. They are based on known algorithms about
permutation groups (see theorem 2). Not all of these algorithms were fully implemented in computer algebra
systems. That is why the question of implementation of the constructed algorithms remains open.

In [20] Fitting formations were used in the study of sublattices of the lattice of all subgroups. The results of
this paper can be used to compute the sublattices described in [20]. One of the modern directions in the theory
of formations is the study of c-local and Baer o-local formations [21; 22]. These formations are defined with
the help of the generalisations of p-nilpotent radical. The results of this paper can be used to compute those
radicals and hence to check if a given group belongs to such a formation.

o(r) n
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Annomayus. J1ns pelieHys 3a1auy B HEOrpaHUUEHHOHU 001acTH, COOTBETCTBYOMIEH ypaBHeHuto [Tyaccona B cdepu-
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APPLICATION OF A RATIONAL APPROXIMATION
IN THE DISCONTINUOUS GALERKIN METHOD
ON A SEMI-INFINITE INTERVAL
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Abstract. To solve a problem on an unbounded domain corresponding to the Poisson equation in the spherically sym-
metric case, a numerical method based on the discontinuous Galerkin method was developed and analysed. To address
the unbounded domain, the rational functions were constructed by composing polynomials with an algebraic mapping of
a semi-infinite interval. A notable feature of this approach is the use of Sobolev spaces with different weights depending
on the derivatives.

Keywords: discontinuous Galerkin method; semi-infinite interval; Poisson equation; weighted Sobolev spaces; poly-
nomial approximation with weights; convergence analysis.

BBenenue

MHuorue ¢pu3nIecKue MOAEIH, OMUCHIBAIONINE PA3TNYHbIE SBICHUS, (OPMYIUPYIOTCS B HEOTPAaHUYESHHBIX
obmactsax. [IpuMephl TakuX MOJIEIeH BCTpEUaroTCsl B KBAHTOBOM MexaHuke [ 1; 2], actpodusuke [3; 4], anmekTpo-
XuMuH [5] 1 1p. B HEKOTOPBIX ciiyyasix MOAEIb MpeanoiaraeT peuieHue ypasaenus [lyaccona.

[Ipu pemennn 3a1a4 B HEOTPaHUIEHHON 00IACTH MOJKHO HCITONIB30BaTh CIIEKTPAIbHBIE METO/IBI, 0030p KOTO-
PBIX TIPUBEACH B padoTtax [6; 7]. [IpuMeHsst OmuH U3 ONMMCAHHBIX ITOAX0I0B, 3aKTFOUAIOIITHICS B HCITOJIb30BaHUN
0TOOpa’keHNH IMTOJIMHOMOB SIK0OH (WITH HEKJTACCHIECKUX TIOJTMHOMOB ), MO’KHO CTPOUTH MHOTOJIOMEHHBIC CTICKT-
payibHBIE METO/HI [§], B KOTOPHIX YaCTh AIIEMEHTOB pa30MeHNs 00IACTH PEIIeHUS SBISIOTCS HEOTPaHNIEHHBIMH.

Pa3priBHBII MeTo ["anépkuHa B 7NN THYECKHX 3a/1a9aX MMO3BOJISET 0e3 0COOBIX TPYAHOCTEH BBOAUTD Oa-
3WCHBIE (PYHKITUH, Y3IIbI KOTOPHIX HE COBIAIAIOT Ha COCEIHMX AIIEMEHTaX pa3OueHus: 00IacTH perieHns, YTo
SIBJISICTCSI TIPUBJICKATEIBHBIM CBOHCTBOM IPH HCITOJI30BAHUH 0a3MCOB BRICOKHX ITOPSIIKOB [9]. MeToab! TeKoM-
TTO3UITMH O0JIACTH PEIIeHUs TakKe 4acTo (pOpMYyIHPYIOTCS B paMKax pa3pbiBHOro metona ['anépkuna [10; 11].
MOXHO OTMETUTH OOJBIITYIO MOMYISPHOCTH Pa3pBIBHOTO METOa B HECTAIIMOHAPHBIX 3aadaxX (B YaCTHOCTH,
CBSI3aHHBIX C THIPOANHAMUKOH B acTpodmsuke [12; 13]). B HEKOTOPHIX CiTydasix pe3yibTarhl, TOTYYeHHBIE IS
AIUTMIITUYECKUX 3a]a4, 3aTEM HCHOIb3YIOTCS U B HECTALlMOHAPHBIX 3a1a4ax [9].

UucnenHnomy perieHnto ypaBHeHus llyaccoHa B chepuuecknx KOOpauHATaX B HEOTPAaHHMYEHHOH 001acTh
MTOCBAIIEHO MHOTO paboT B cpepe BEIUUCTUTEIbHON GU3UKHU (cM., Hapumep, [14—18]). HacTo 3T MeTOmBI

OCHOBaHBI Ha Pa3JIOKEHUH PELICHUs ¢ B Psif MO chepruueckuM (QyHKIUSIM Y,m(G, (p). Tak kak cdepuueckue

(GYHKIUY SBISIOTCS COOCTBEHHBIMU (PYHKIMSIMHU cepudeckoll yacTu oreparopa Jlarumaca (mim orneparopa
Jlarnaca — bensrpamu [19]), mocie pa3inokeHus 1 MHTETPUPOBAHUS MTOTy4YaeTcsi HA0Op OOBIKHOBEHHBIX JH(]-
dbepenunanbubIx ypasaenuit (OAY) ans i, (r) OnHako BO BCeX MPUBEACHHBIX Pad0TaX OTCYTCTBYET aHAIN3
CXOIMMOCTH perieHust. Huke nepeuncnensl myOnuKanuy, B KOTOPBIX MPEIaraloTcsl pa3indHble METO/IbI pe-
mennd O/Y ykasanHoro tuna.

B pabote [17] mist mocTpoeHuUs pereHust uCnonb3yeTcs GyHKIus [ prHa, B KOTOPOH Mpe/rnonaraeTcs arn-
MIPOKCUMUPOBATh HHTETpaibl. B Oonee COBpeMEHHOI MyOIMKaIlUK TOTO ke aBropa [16] mpuMeHseTcst MeTox
KOHEUHBIX 00bEMOB BTOPOTO MOPSI/IKA C TOCIEAYIOMUM OBICTPEIM IpeodpazoBanneM Pypbe 1151 TPOBEACHUS
pacuetoB. [Ipu anmpokcUMAaIiH 1o 7 1715l [PAHMYHOTO YCIOBUS Ha O€CKOHEUHOCTH MCIOJIB3YETCSI aCUMIITOTHYE-
CKO€ BBIPa)KCHHE, OITYUYEHHOE IIPH ONPEACICHHBIX IPeANoIokeHusX o pyHkuu. Kak ykazaHo B padote [16],
METOJl KOHEUHBIX 00OBEMOB B IaHHOH 3aj1a4e M03BOJISIET CTPOUTH KOHCEPBATUBHBIE METO/IBI /1T OIIPEACTICHHBIX
ypaBHEHUH HBIOTOHOBCKOU rufpoanHaMuku [20]. B 3ToM kOHTeKcTe pa3pbiBHBIC MeTOAbI ['anépkuHa MOXKHO
paccMaTpHuBaTh KaK paclIMpeHHe METOI0B KOHEUHbIX 00beMOoB [21] n okuzmath OoT HUX Oonbuiel 3¢ deKTuB-
HOCTH NPH MPABUIBHOM HOCTPOCHUH JUIsl KOHKPETHBIX CITy4acB.

B crarbe [15] nucnonp3yeTcs aHaIOrMYHOE MPUBEICHHOMY B HACTOAIIEH paboTe mpeoOpazoBaHue MoIydec-
KOHEYHOT'0 MHTEpPBaJIa B OTPaHUUEHHBIH, TOCTIE YeTro MPUMEHSIETCS] CeMUTOUCUHAsI KOHEYHO-PA3HOCTHAS CXEMa.
OTOT BapUaHT MOXKHO PaccMaTpUBaTh Kak OAMH U3 CAMBIX MIPOCTHIX MTOJXO0A0B K pemeHuto monooHsix OLY, Ho
C OrpaHUYEHHOH AP (HEKTUBHOCTHIO.
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B myOmukarum [ 18] ucnonbs3yeTcs pa3ioKeHue C TOMOIIBIO CIIEKTPaTbHBIX (POPM, BBEICHHBIX B YKa3aHHOM
pabote. 115t OBICTPOI CXOMUMOCTH TIPEATIONAraeTcs BbICOKas IMAIKOCTh PEIICHHS.

B pab6ore [14] obmacTs pemieHus pa30uBaeTCs HA TPU YaCTH: mepBas U3 HUX (kernel) BKIIOYaeT HAYAJIO
KOOPJUHAT, BTOpas (shell) cOCTOUT U3 OTPE3KOB, a TPETh (external) MpeACTaBIIET COOON MOTyOECKOHCUHBII
uHTepBal. Ha kaxoi U3 3TUX yacTeil PyHKIHMS alMpOKCUMHUPYETCS CYMMON OTOOpaKeHHBIX HA COOTBETCT-
BYIOIIHUI HHTEPBa MOJTMHOMOB UeOniiieBa. JlaHHbII 10AX0/1 OIMKE BCETO K IPUBEICHHOMY B HACTOSIIECH paboTe.
OCHOBHBIE OTIIMYHUSI COCTOST B PAa3HBIX OTOOPAKEHHSIX HA TOIYOECKOHEUHOM MHTEpPBAJIe M MCIOJIb30BAHUH
Pa3pBIBHOM anmpoOKCUMAIINY C COOTBETCTBYIOIIEH OMInHeHON (HOpMOH.

PaboTb1, MoCBsIIIEHHBIE YHCICHHOMY aHAJIN3Y TPUOIIKEHHBIX METOJIOB petieHns AuddepeHIaIbHbIX ypaB-
HEHUH B HEOTPAHMUEHHOUN OOJIACTH, B OCHOBHOM KaCarOTCS CIIEKTPAIbHBIX OJHOJOMEHHBIX METOMOB [6], HO
B KOHTEKCTE MPAKTHUYECKUX METO/IOB, OMMCAHHBIX BBIIIE, YACTO OOJIee MPEaNOYTHTETbHBIMA OKa3bIBAIOTCS
MHOTOJIOMEHHBIC, KOHCEPBATUBHBIC METOBI. Kpome Toro, mpuMeHsIsl CXeMy aHalin3a CXOAUMOCTH [22], MOKHO
0KU/1aTh, YTO YacTh pa3pabOTaHHOM TEOPUH MOXKET OBITh MCIIOIB30BAHA U MIPHU PACCMOTPEHUH 3ajad Ha CO0-
CTBEHHBIE 3HAYEHHSI B HEOTPAHWYECHHOM 00JIacTH.

B nanHoii paboTe nccienyroTest BOIPOCH alpoOKCHMAIH B HEOTpaHWYeHHOH obnactu. YTtoOsl chokycu-
poBaThCs Ha OCHOBHOM HJIee, 10 mpuMepy myonukammu [23] OymeM paccMaTpuBaTh CIIydai eHTPaIbHON CHM-
METpHH, T. €. ypaBHEHHE, COOTBETCTBYIOIIEE ﬁoo(” ) MOXHO OTMETHTB, UTO, KaK U B YKa3aHHOH IMyOnnuKanum,
pelIeHne paccMaTpuBaeTCs B HEpPaBHOMEPHBIX (nonuniform) mpoctpanctBax CoboneBa. Pacuernsiii meto I a-
NEépKUHa, IpeJTaraeMblii B HacTosIIeH paboTe, OCHOBBIBACTCS Ha TIIaBHOU popMyHupoBKe (primal formulation)
u cooTBeTcTBYET Bapuanty SIPG metona [21].

Pabora mocTpoena cneayromnm oopazom. B paznene «MopenbHas 3a7a4ay MpUBE/ISHBI TOCTAHOBKA 331291
U HCIoNb3yeMble 0003HaueHus. B pasnene «/luckperusaius pa3pbIBHBIM MeTOIOM ['anépkrHay mocTpoeHbI
JUCKpeTHas 3ajlada, OunnHeitHas popMa uncieHHoro Merona. B pasnene «BcrmoMoraTenbHbie pe3ybTaTbhy
MIPeJICTaBIeHBI HEOOXOIMMBIC TIPH aHAJIM3e HepaBeHCTBAa. B pa3zmenax «KospIUTHBHOCTE M HEMPEPBIBHOCTH
OmITMHEHON POPMBI YHCIIEHHOTO MeTo1a» 1 «OIIeHKa CKOPOCTH CXOIMMOCTHY UCCIIEIOBaHbI CBOMCTBA OMITH-
HEIHOH (DOPMBI YHCICHHOTO METOJIa U MPHUBEJIEHA OIIEHKAa CKOPOCTH CXOJAUMOCTH TPUOIIKEHHOTO PEIIeHUs
K TouHOMY. B paznene «TecToBble pacdeThD BBIMOIHEHBI TECTOBBIE PACUETHI I HEKOTOPBIX MPOCTHIX (hH3H-
YECKUX MOJIEIEH.

MoneabHas 3a1a4a

B HacTosimeii paGoTe paccMaTpuBaeTes cieyrommas safada: i 1 f € L* (Q) naiit u taxoe, uto

1 d( 5adu(r)

———|rr——=|=f(r)BQ,
r? dr dr /()

(1) (1
lim 222 20, lim u(r) =0,
r—0* dr oo
roe Q= (O, oo).

1 1
00603Ha9KMM cJ1a0yr0 TIPOU3BOIHYIO uepes3 O L,OC(U ) —> L. (U ), rie U — oTKphITOe MHOXKECTBO. B KauecTBe
npoctpancTd CoboseBa, B KOTOPBIX UCCIICAYIOTCS PEIICHHs 331491, OyZIeM pacCMaTpuBaTh BapHUAHT C Pa3jind-

HBIMH BECAMH TSI KQKIOH M3 TPON3BOTHBIX:
H*(U, 0)={ue’(U, o):0ue’(U, o), ifl, ..., a}}.

IIpoctpancta CoboneBa ¢ UCIOMB3yEMBIMH B pab0Te BECAMU SIBIISIOTCS TIOJTHBIMH MPOCTpaHCTBaMu [24].
CootBetcTBUE Mexay H 1(U , (o), JIOKaIIbHO a0COIIOTHO HEMPEPBIBHBIMU (DYHKIIASIMU ACIOC(U ) U UX MPOU3-
BOJIHBIMU MOYKHO TI0Ka3aTh, OCHOBBIBAsICh Ha IyOnukanuu [25].

1 " " _ 20
Bgenem o6o3nauenmne H = H (Q, 0)) ¢ BecoBOil GyHKIMEH M, KOTOpasi UMeeT BUI ; =7, T. €. caMu (yHK-

LMY UHTETPUPYIOTCS C BECOM M, = 1, IPOU3BOIHBIE — C BECOM () = ruT o

o0 0

[Ipu BbIOOpE HOPMBI ”””31 = J.uzdr + J.rz(au)zdr, UCHOJNIB3ys HepaBeHCTBO Xapau [26, Gopmymna (9.9.10)],
0 o)

: )

MOXKHO TI0Ka3aTh, 4T0 HOpMa |- ;) OKBUBAIICHTHA HOPMe ||u||j1 = Irz (au)zdr, C KOTOPO# MPOCTPAHCTBO (H,

UMeET BCE HY)KHbBIC CBOMCTRA. 0
Crabast hopMyTHpOBKa, COOTBETCTBYIOMmAs 3amade (1), COCTOUT B TOM, 4TOOBI HAHTH u € H Takoe, 94To
B(u, v)zl(v) VYveH, (2)
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0 0
B(u, v)= Ir28u8vdr, I(V)ZIFZdeVZ(FZf, V)Q. 3)
0 0
W3 npuBeIeHHBIX ONPEIEIICHHI HETIOCPEICTBEHHO CIIEYET HEMPEPHIBHOCTD M KOAPIIUTHBHOCTh OMITHHEH-

HOH (POpMBL: |B(u, v)| < ||u||H ||v||H, B(u, u) > ||u||i{, OTKyZa Ha OCHOBaHUH TeopeMbl Jlakca — Mutbrpama [24]

)

B 3ajaue (2) U3 CyIecTBOBaHHS peureHus u € H' (Q, o)) crenyer, uto u € H* (Q, oo). [ Toro 4yToOb1 yoe-

BBITEKAET CYIIECTBOBAaHUE U CMHCTBEHHOCTD perieHus 3aaa4n (2), (3) B mpocTpaHcTBe (H

2172 2
JAUTBCA, YTO ¥ O‘uel (Q), AO0CTAaTOYHO 3allMCaTh BBIPAKCHUEC

J zﬁuawdr—.[r fydr, y(r Jl% s)ds, ye H'(Q, ), 9 C(Q).
0 0 ;

Ucnonesys r’f = 8js f ds ¥ WHTErpupoBaHHME MO YacTsIM, NPUXOAUM K Iﬁ Iszfds I 5_(2pds dr =
0 0 \0 rS

1 r
—J. Is fds dr OTKyJia CJIEIyeT, YT I@u&(pdr = J. 0 J.s2 fds |@dr. YuurteiBast HepaBeHCTBO (9.9.1) u3
r?
0
pa60TBI [26], MOJTy9aeM OICHKY

© 0 - 2 o w B 2 w
[ri(e) ar< o |f(r)|+%g\s2f\ds ars2]rifidres| Ll as =34

0

JAnckpernsanus pa3pbIiBHBIM MeT0A0M ['asiépkuna

[lepen Tem Kak BBECTH IPOCTPAHCTBA (PyHKLHUH, KOTOpbIE OyAyT HCIONB30BAThCS 1Sl HOCTPOCHUS M aHAIIN3a
peleHus, onpeaenuM pazouenue odnacta 7 Ha HHTEpBaIBI K

(r,.fl,ri),i:l,...,n—l,
it Ki = ( ' reR, rn=0,r_,<r,r,_, =1
r oo) i=n
n—1° ) 9

3areM MpUIHUIIEM KaXJIOMy U3 HUX Ha0Op apameTpoB

r—r_p,i=1..,n-1,

k:{ki}izl,...,n’ p:{pi}i=1,...,n’ h:{hi}izl,...,n’ hi :{l

l,i=n

e k; OyneT coOTBETCTBOBATh MIAJKOCTH PEICHUs u Ha UHTepBale K, a p; — pa3MEepHOCTHU allPOKCUMUPYIO-
LIET0 IPOCTPAHCTBA HA UHTEpBane K.
HPGHHOHaFaCTCﬂ, 4YTO CyHISCTBYIOT KOHCTAHThI CT n CG’ AJIs1 KOTOPBIX BBIMOJHAIOTCA HEPABEHCTBA

h 1 h+h,
)<d(r;)<Ced(K;), d(Ki)z—’z, d(r)= 2— 4)
pi pz +pl+1

B nanbHeiiem OyieM roBOPUTh O KOHEYHOMEPHBIX IPOCTPAHCTBAX, KOTOPBIE CTPOSTCS € MOMOLIBIO MHOMKE-
CTBa I10JIMHOMOB 131(1 ), 3a7laHHbIX Ha UHTepBaie [ = (—1, 1), 1 nipeoGpazosanms £ 1 — K, &, € C*(1 ) B ka-
gyecTBe (DYHKLUH &, NCIONB3YIOTCS ABAa OTOOPAKEHMS:

r—p b—-a b+a

_ -1 _ _ _
a(a’b)(X)—qur‘p, a(a,b)(r)_ q » 4= ) , P= ) 5

JUTSI OTPAaHUYEHHOTO UHTEPBaja U
( ) r—2a

&) (¥) =7

TUTS TIOTyOSCKOHETHOTO MHTepBaia. OToOpaskeHHe é(a ) COOTBETCTBYET anredpandeckoMy oToOpaskeHHIO (algeb-

7

1+ x
raic mapping) [7; 27] Ll—, MOTU(PUITIPOBAHHOMY JIJISI OMTUCBIBAEMOTO METO/IA.
-X
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Brenem koHEUHOMEPHOE TTPOCTPAHCTBO

Sip(Q, T, co)z{veL2 (Q, mo):v|Kie 4 (Kl., Ex s co)},

e v| . 0003HaYaeT CyxxeHne PyHKIUH v Ha HHTepBal K, 1
(Ko &k 0)={ve (K, 0p):ve H (K, ) (vog, € B, (1))}

B CyKeHHsX COZEpKATCs BCE PalMOHaNbHble GYHKIMH (B KOMIO3UILHH C Sk SBIAIOMMECS MOMMHOMAMHI),
KOTOpBIE [IPU 3TOM NPUHAAJIEKAT COOTBETCTBYIOLIEMY OECKOHEUHOMEPHOMY IpocTpaHcTBy. C HCIONB30BaHUEM
BEca o OIpeJIeNIuM Takxke mpoctpancTBa Cobonea crnienuaibHoro Buaa (broken Sobolev spaces) (OyayT ucnois-
30BaThCs B AaJbHEHIIIEM)

HY(Q. T, 0)={ve (2, 0p) vl e HY (K, 0) VK, T,

JUIs KOTOPBIX BepHO, ut0 S, (Q, 7, o) H k(Q, T, o).
KpoMe CTaHIapTHBIX IS BBEICHHBIX IIPOCTPAHCTB HOPM U MOTYHOPM, ONPEIEICHHBIX Yepe3 CyMMBI HOPM
(YHKIMY Ha KaXJIOM U3 JIEMEHTOB Pa3OHeHNs,

2 CNOLR 2 CNOLL2
”u"H"(Q, T, 0) ZIHMHH’W (Ki, T, o) |u|Hk(Q, T, ) Z}'”'H"i (ki T, ®)°
i= i=

BBEJIEM HOPMY H| |” B ipoctpancteax H*(Q, T, o), Sip(Q T, ).

n-1

2
H|u|” = |u|21(93 7o)t J(u, u), J(u, v)= Z rPo(r, )[u]rl [v]ri, Q)

i=1
e [u], = u(r_) - u(r+); o(r)= Co .
d(r;)
B 1aHHOM BapuaHTe paspbIBHOIO MeToza I'anépkuHa ucrnonb3syercs oummueiinas gopma 4(u, v), onpezne-
JICHHAs! CIISYIOLIMM 00pa3oM:

n-1

A(u, v)=a(u, v)+J°(u, v), a(u, v) :,Z: j r*Oudvdr — ; rl.z(<6u>ri [V]r,- + <6v>ri [”]r, ), (6)
rie <u>r = %(u(r) + u(r+ ))

YucneHHbI METOI 3aK/II0YAETCS B TOM, YTOOBI HAUTH u), € S| I (Q, 7, (o) Takoe, 4To
(.2
A(uh, vh)—(r fsv )Q v, eShp(Q, 7, co).

Brenenwne mrpadroro cmaraemoro J “(u, v) B HOpME H||” 1 OnMHEHHOH Gopme A(u, v) 00yCJIOBJICHO TEM,

YTO B Pa3pbIBHBIX IPOCTPAHCTBAX TOJIBKO IIPU JOCTATOYHO OOJIBIIOM 3HaYeHUH mrpadHoro mapamerpa C, 6u-
nuHeHas popma OyJIeT KO3PIUTHBHOH [9].
Hrxe mokazaHbI HEPEPHIBHOCTH M KOIPITUTHBHOCTH (POPMBI A(-, ) N3 »Tux cBONCTB HA OCHOBAaHUHU TEO-

pembl Jlakca — MunbrpaMa [24] cnenyeTt cyliecTBOBaHHE U €AMHCTBEHHOCTh YMCIEHHOTO PELIEHHsI B IPOCT-
paHCTBe (Shp(Q, 7, o),

||”) Takske U3 HEMPEPHIBHOCTH U KOIPLUUTHBHOCTH (POPMBI A(-, ) I0JIy4€HA OLICHKA

BBIPAKECHUS H|u = u|” gepes mapaMerpsl /4, p, 9TO TaeT OIEHKY CKOPOCTH CXOAMMOCTH METOa. AHAJIOTHYHBINA

TOJTXO]] OTTMCaH B myOnukanusx [9; 21] u MHOTHX IpyTrux padboTax.

BcnomorarenbHble pe3yJibTaThl

HepaBencrBa MapkoBa. [IpuBeieM OIIeHKH CO 3HAYCHHUSIMHA KOHCTAHT, CBSI3bIBAIOIIIX HOPMbI TIOJIMHOMOB
U UX IPOU3BONIHBIX. Jlaniee B paboTe OyJeT BUIHO, YTO HAJIMYUE TAKUX OIICHOK ITO3BOJISICT OIICHUTh U KOHCTaH-
Ty mrpadroro ciaraemoro C,. C mOMOIIBIO OLEHOK IS TOTMHOMOB SIK0OH U3 cTaThi [28] MOXKHO MOIY4HTh

HEpaBeHCTBa U1l VeV, ( K, & K> (,));
Ca n2 5
”av”Lz(K, rz) < b b_ a ”v”]}(K, r2)a K= (09 b), Cop = 4\/;, (7)

”av”L2 s¢ n’ ||v||L2(K, r*“)’ K= (a, Oo)’ Ca™ 2\/5”'

(k) ~
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IloBenenne (pyHKIMIA HA TPAHUIIAX HHTEPBAJIOB. B maHHOM pa3mese CHMBOI ¢ 0003HAYAET DJIEMEHT IIPo-
ctpanctBa Co0oJeBa, He 00s3aTeNbHO ABISAOLHIiCS petenneM 3a1a4au (1). [Ipu paccmorpenun 3Ha4eHui GyHK-
LIMA Ha TpaHUIAX WHTEPBAJIOB MMEIOTCS B BUY COOTBETCTBYIOIIME Ipeeibl. HeTpyaHO mokas3ars, 4To s

2 . L2 2
ueH ((0, a), 03) CTpaBeTMBhI PaBEHCTBA lim ru(r) =0, lim r 6u(r) =0, amstueH ((a, oo), 03) crpa-
r—>0" r—>0"

BeumBEI pasercTea lim u(r) =0, lim rou(r)=0.
r—>

— o
J171s1 IOy YeHUs! OIIEHOK I'PAHUYHBIX 3HAYCHUH (DYHKIUI IPU Pa3InuHBIX BAPUAHTAX JIOKATTLHO a0COIIOTHO

HEMPEPBIBHBIX GYyHKIMN f € ACIOC(K ) upeC °°(K ) WCTIOJB3YyeTCs popMyIa

pfz‘i = jb frapdr + 2jb pfof dr. (8)

Jemma 1. Ilycmo ue H 2((0, a), oa). Toz0a na epanuyax unmepsana 0is (PYHKYUU u ee npou3800HOl bi-
NONHAIOMCS HEPABEHCMBA

. V2, 12
< —I u’dr + Ir4u2dr Ivzdr , )
0 0
. ; 12/, 172
az(au(a))z <8u’+ iSJ.vzdr + iz Ivzdr I(@v)z ar| , (10)
a a \; 0

20e v = 6(r2u(r)).
JlokazaTenbcTBO. Mcmonb3yem paseHcTBO (8) € p:%—l,f(r):rzu(r) npu az%, b=a—%,

n=1,2,3,.... Torma, ncxons u3 moBeacHMs PyHKITHI Ha TPAHUIIC HHTEPBAIOB M TEOPEMBI O MOHOTOHHOM CXO-
JTUMOCTH, TIOJTy9aeM

1
a-,

%=a4u2( lim j ‘r uH@ r u ‘dr—.”r uH@ r u ‘d

n— o

lim r*u?

n— o

n

OTKy/Ia TIPH UCTIOIB30BAHUN PABEHCTBA (§) HEMOCPEICTBEHHO CIIeyeT HEPaBeHCTBO (9).
Ornenka A1 MPOU3BOAHON ToNy4aeTcs aHamorudHo. CHOBa MCIONB3yeM PaBEHCTBO (&), HO B ATOT pa3

2
c f (r)= (r u( )) [lepeHeceM HEKOTOPHIE ClAraeMble B MPABYK) YacTh, YTOOBI MOTYYHTH a4(8u(a)) <

< J-fzﬁpdr + ZIpfafdr - 4a4u2(a) +44° |u(a)||8u(a 3 |u(a)||8u(a)|

HepaBeHcTBO fOHra c € = —
OleHKH [T TPaHUYHBIX 3HAYCHUH Ha HHTEpBae (a, b) OOILIEU3BECTHBI:

172 1/2

uz(a) + uz(b) < — afuzdr +2 fuzdr f(@u)zdr , (11)
(2u(r))'(b) + (0u(r))’(a)< p f aj(@u)zdr +2 j(@u)zdr f(@zu)zdr . (12)

N3-3a orpannyeHunii, HaK1aAbIBAEMbIX B JaJIbHENIIEM OLIEHKOW MOJTMHOMHUAIBLHOMN anllpoOKCUMALINH, TTIOHA-

IOOUTCS OlIeHKa HOPMBI |0 » ((0.), %) "EPE3 HOPMY Ha( r2au)

LZ((a, oo))
Jlemma 2. Ilycms u € HZ((a, oo), co). Toz0a 0 Hopmbl ||8u||L2((a =) rz) CNpaseousa oyeHKd

”6””22((& =), rz) <24’ (au (a))2 + SHG(rzﬁu)H;((a’ o) (13)

a ons SPpAHUYHbLX 3HAYEHUL BbINOTHAIOMCSL HepaseHncmea
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1/2 12
uz(a)S4a3IL4u2dr+2a2[ %uzdr [I(@u)zer , (14)

r

2!—..8

172

(eu(a)) < 4a‘1f(au)2dr + 247 {f(@u)zdr [jo(@(rzéu))zer . (15)

a a

Jloka3aTeabcTBO. HauHeM ¢ OLIEHKH HOPMEI B Lz((a, ®), r? ) U3 Toro, 4to du € ACIOC((a, oo)), cie-
JyeT PaBeHCTBO rzﬁu(r) = azﬁu(a) + j@(szﬁu(s))ds.

I/ICHOHLSyeM HEPABCHCTBO Komm AJIsL UHTErpajia

; V2, 1/2
‘rzéu(r)‘ < ‘azﬁu(a)‘ + [.[s_l/zds] [Isl/z (a(szﬁu(s)))z dsJ .
BosBeeM BIpaKeHHE B KBAApaT M MPUBEAEM K HY)KHOMY BHJTY:
4 2 2 ‘ 2
r (8u(r)) < 2a4(6u(a)) + 4(1*1/2 - al/z)jsl/z (6(s26u(s))) ds.

[IpouHTErpUpyeM HEPABEHCTBO OT @ [0 0 U U3MEHHM TOPSAI0K HHTErPUPOBAHHS:
jrz(au(r)) dr < 2a3(6u(a)) + 4J‘ 512 (a(szau(s))) Ir‘z (rl/z —a"” )drds,
a a S
OTKyga cienyer oneHka (13).
OILICHKH TPaHUYHBIX 3HAYCHMIl MOMyYMM C MOMOIIBIO paBeHCTBa (8). B ciyuae ¢ u? (a) BeiGepem p =
_ _ 2
=r 2(1 —2ar 1), f=u, aBcnyyae ¢ (6u(a)) Bo3bMeM Takoe ke p u f (r)=r’ou.
Jlnst uaterpanos Ha unrepsaie (0, @) HCHIONb3yeM CIEAYIOLHE 0003HAYCHHSL:

!

A= fr4u2dr, B = f(a(rzu))z dr, C,= I(@z(rzu))z dr.
0 0 0

Torna nepasenctna (9), (10) MoXxHO nepenucarh B BUIE

2 2 / / 2 16 16 / / 4 2
I’izuz(l’i)S—SAl + r—zA% zBll 2, }"12(81/{(1"1)) Sr_5A1+ r—4Ai zBll 2 +—331 +—2

" 1 1 1 n h

Bll/2C11/2‘

Jlist uHTerpanos Ha uuTepeane (a, b) BBeneM 0003HaYCHUs

A= rijluzdr, B, = rijtl(au)zdr, C = rijl(ﬁzu)zdr, i=1,...,n-1,

npu KoTopsix HepaBeHcTBa (11), (12) mpuHUMaOT BU
2 2 2 2
uz(ri) + u2(13+1)£h—Ai + ZA}/zBil/z, (8u(ri )) + (au(VHl)) < h—iBi + ZBil/zCil/z.

i

JUist MHTErpasnoB Ha MoIy0eCKOHeYHOM HHTEpBae (d, o) UCIIOIb3yeM 0003HaYCHHSI

A = f édr, B, = j‘? (ﬁu)zdr, C,= j’f’ (a(rzﬁu))zdr,
r

n
Tn-1 "1 Tn-1

¢ KoTopbIMU HepaBeHcTBa (14), (15), a Taxke oneHkKy (13) MOXKHO Mepenucarh B BUAE

W?(r, \)<4r) 4, + 25 4B, (8u(rn B ))2 <4r' B +2r2 B2CY?,

||6u||i2(Kw ) <82 \B,+4r, BY*CY*+8C,.
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Jlemma 3. /[na v e V,,(K > Exs (0) BbINOJIHAIOMCSL HEPABEHCIBA

2 2 2
Miz(er, 2) < 5= Mz, 2y 3+ can). K =(a 0), (16)
azvz(a+ ) < 4a||v||i2(K’ r_4)(1 +/101? ) K= (a, oo). (17)

Jloka3zaTenbcTBO. B obenx yacTsax nokasarenscrBa v =vo&, € P, (I ) Jlia oKa3aTenbCTBa Ha OTPaHu-

YEeHHOM MHTEpPBaJIe 3alMIIeM paBeHCTBO (8) mpu p = x(qx + p)z, f(x) = ﬁ(x), a=-1,b=1:

1 1
bzf/z(l*) + 512\72(—1+ ) = I (qx + p)(3qx +p)f/2 dx + 2! x(qx + p)zﬁa{}dx,
,1 7]
W3 5TOro MOKHO MOJIYYUTh HEPABEHCTBO

b9 (1_) + azﬁz(—l+) < 3j (qx + p)2 P + 2_‘1 |x|(qx + p)z‘ﬁuaﬁ‘dx.
| |

o -1
Hcnons3yem HepaBeHncTBO Komn u nepeiizieM K HHTEpBaITy (a, b) C IIOMOUIBIO E,(a b’

1/2 1/2

bzvz(bf) + azvz(cf)ﬁ %jﬁvzdr +2 jrzvzdr jrz (8\/)2 dar| ,

TTOCJIC YeT0 OCTACTCS BOCIIOIL30BaTHCS HEPaBEHCTBOM (7).

J1s monmy0ecKOHeYHOTO MHTepBalia (a, oo) JIOKAa3aTEeNbCTBO MPOBOAUTCS AHATIOTUYHO TIPU p = x(l - x)z.

[MonunomuanabHasi annpokcumManus B npocrpancraax CodosieBa. B paspeiBHBIX MeTonax [anépkuna
JTAHHBIN BOIIPOC SBJISIETCS OOJIEe CIIOKHBIM, YeM B HENPEPBIBHBIX MeTonax ['anépkuHa, 13-3a HEOOXOIUMOCTH
OILICHKH TIOTPEIIHOCTH allPOKCHUMAIIUU JI0 BTOPOH MPOU3BOIHON BKIIOUUTEIIBHO, YTO MOXET OBITh CJIIOKHEE
€€ OIICHKHU TOJILKO JI0 TMIepBOI Mpou3BOAHON. B craThe [7] mpuBeaeHB HEKOTOPBIE MOAXOAbI K aHATU3Y TOJH-
HOMHUAJIBHBIX AIMPOKCUMAIMI B HEOTPAHUYCHHON 00JIACTH, HO OHM PAa0OTAIOT TOJIBKO IS OLEHOK (DYHKIIUU
U ee NEPBOU ITPOU3BOIHOM.

B kauecTBe TeoOpeTHUECKO OCHOBBI JJIsl OLIEHKHU IMOJIMHOMHUAJILHOM aIlllPOKCUMAIIMK BO3bMeM padory [29],
B KOTOPOM MCIIONIB3YETCs CIEAYIONINI BapraHT npoctpancTBa Cobosesa:

W ([1.1) of )= {rec ([-L1]): 0" e 12 (of)}.
Taxxe B Hell NpUBCACHA CJICAYIoLIasa TCOpEMaA.

Teopema 1. ITycmo o, B>—1u feW, ([—l, 1], (,Og ) Toz0a cywecmgeyem noiunom p € Pn([—l, 1]) maxoti,
umo
Hf(k) _ p(k)

npu evinonnenuu yenosus o, = 0 wiu = 0.

Baeem oGo3HaucHue D = 170, OCHOBBIBAsCh Ha YKa3aHHOM TEOopeMe, MOXKHO COPMYIIUPOBATH CIICICTBUE
00 anmpoKCUMAIIHH.

CaenctBue 1. [lpu s > k u s > 2 svinonusiomes ciedyowjue oyeHKU NOTUHOMUATLHOU annpoOKCUMAYUL:

,0<k<s,

211 6f)

)Scns_kuf(s)

2([-1.1) of

e o u € H*(K,, ®) cywecmeyem B, € Vn(K], E.\(o,rl)’ 00) makoe, umo

k—s
k(.2 \_ Ak k-5 P s(..2 _ .
Ha (r ul) 0 I)IHLZ(KI)S a2 h ‘ (r ul) (k) Ki=(05). 1o
® 0 Uy € HS(K,-, 0)) cywecmeyem P, € Vn(Ki, E‘,(rH’ ) co), i=2,...,n—1, maxoe, umo
k k i—s P
0", - &', P P K=(r.n.); (19)

1
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® 0N Uy € HS(Kn, 03) cywecmeyem P eV, (Kn, & ) maxkoe, umo npu k> 1

(a, oo)’
HDku3 -D 3 LZ(K”,V_4) < Cy- 2k * k_lvprlf * DSUS L2<Kn,r'4)y Kn :(rn’ OO)’ (20)
anpuk=0
b Bl gy 32 0 Ko=) e

IlepBble TPU HEPABEHCTBA MOJKHO TOJIY4HTb, Mepeiias k nuarepsany (—1, 1) n npumenus Teopemy 1, a s
MOJTyYEHHs TTOCIIEAHETO HEPaBEHCTBA JIOCTATOYHO PACCMOTPETH AIPOKCUMHUPYIOMIMA MOIUHOM pn(x) =
=S,6° Pos g (x)=Sye° Posg (1), e Sy o™ P £ spnsercs yacTHUHOM cyMMOit pasnoxenus [ B psag Dypbe
C OPTOTOHATBHBIMU (byHKumMI/I, ompeieIeHHBIMA B padote [29]:

ﬂ,OSnSs—l,
ocsB—Vf Zfoc sﬁfvja sﬁfv Ja sﬁ—v'

sneck JO~ PP — nonumomer Sko6u.
Ko3puuTHBHOCTE M HENPEPBIBHOCTH
OnuHeliHOH GopMBbI YHCJIEHHOI0 MeToa

Bununeiinyio popmy a(-, ) : V' x V' — R OGynem Ha3pIBaTh KOIPUUTUBHON OTHOCHUTEIBHO HOPMBI |||| VR,
2
eciu cyuiectByet Takoe C > 0, 4TO BBIIOIHSAETCS HEPABEHCTBO a(v, v) >C ||v|| YveV.

Jlemma 4. ITycmo gvinonnsiomea nepasencmea (4), a maxoce Cy 2 4C;C.y. Toeoa cnpasednuso nepagen-
cmeo A(v, v) > %‘“v'”z VveSs,, (Q, 7, 03) (A(v, v) u H|v|” onpedenensl 8 hopmynax (6) u (5) coomeemcmaeHHo).

HoxazarenscTso. st OununeliHol GopMel a (v, v) BBITIOJTHSIETCSl HEPABEHCTBO

n n—1 n-1
5 [ @ ar-TE e, ], =M 7.2 520 52D

i=0K,-

X2
X1
—

ln 1 n—1 1
2o 7o)~ % 5. 1d( l_2<8v>fi —azd_ﬁ),l_z [v]i, (22)

OneHum ciaraemoe y, U3 MocjaeIHel yacTh HepaBeHcTBa (22) uepes3 HOpMY ;.

YuuThIBas YCIIOBHS Ha CETKY (4), MOXKHO MOJTYYNUTh HEPABEHCTBO

(v)
Zd(ri) {Zd ||6v||L2 1%],’2) + d(Kn)rnz—l(av(rn+l))2J- (23)

Hcnonb3ys onenku (16) u (17), BeIpaskeHne X(v) 13 HepaBeHCTBA (23) MOXKHO OIEHUTH CIEAYIOIINM 00-
pazom:

n-1 h rn,
2(v) <23 5y |H] o )(3 el ) + 450 i (14 V10P])
i=1 n
Wcxons u3 Toro, uto p?>1, 7, >1u I (6\))2 dr<r?, I 1*2(61/)2 dr, monydaem

Ta-1 n-1

<2Z|V|H1 3+Cab)+4|V|H1 )(1+\/ﬁ)
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Brirecem koHcranty Coy = max( (3 + ¢y, ), 4(1 ++/10 )) Y TIOJTyYUM HEOOXOAMMYIO OIIEHKY Yepe3 HOpMY
IIPOU3BOJIHOM:

Z d(r 6v < C.Coy |v| (24)

QT,(D)

BosBpamasics k HepaBeHCTBY (22) ¢ § = 2C;C.,, IMeeM IIeN04Ky HepaBEeHCTB

(@), - & S0 =

a(v, V)= Mo, 7.0 -

1, o C,Co 2 1 2 = 2
= 5|V|H1(Q, T 0) 2Gc—b Z; o(r)r’ [V],‘. = 5[|"|H1(Q, T 0) " Z; o(r)r [V]ri J
Torzna u3 onpezencuus hopmel A(-, ) ceayer, 4o

1 n—1
A(V’ V)Z 5(""21(9, T, o) + Z‘;

()L |4 voes, (@7, 0)

J1J1st TOTO UTOOBI MMOKA3aTh CXOAUMOCTh METO/IA, TAKIKE MMOTPEOYIOTCSI Pa3InYHbIE HEPABEHCTBA IS a(u, v),
(o)
J (u, v), o

Jlst GuimiHeirHOM GOpMBI a(u, V) BBITOMHSIETCS HEPABEHCTBO

KOTOPbIE IIPUBEICHBI HIXKE.

a(u’ V) S”LI”LG”v”l,G VZ/I, Ve HZ(Q’ T’ 0)), (25)
2 n-1 .
=l + (o) 7 2 -
n-1 n-1 O
o 7,0t Z O Il + X (o(n)) 7 (2u),

i=1
YTO MOYKHO YBHUJICTh, IPOBE/IS IOKA3aTEILCTBO MO aHAJIOTHH C JIOKA3aTelIbCTBOM, OITUCAHHBIM B padote [21].
1
Jemma 5. /[na u,ve H (Q 7, co) cnpaseonussl ciedyloujie HepaseHCcmed.

J°(u, v‘ \/JCY (u, u) \/JG (v, v) J°(u, u <||u||16 (26)

n—1
Jc(u, u) < CGCTl(ﬁl(u) + z ri2§i(u) + rnz_lé’;n(u)} 27
i=2
edenpui=2,...,n—1

3 3
p V4 bi 3 4
gl(u) = 3h_411A1 + h_;Bl’ &.-i(u) = 3h_2A1 + piBi’ &n(u) = 5pnrn—lAn + pan'
1 1 i
JlokaszaTtenbcTBo. [1o ananoruu ¢ HEpaBeHCTBOM (23) MOKHO MOJYYHTh HEPABEHCTBO

Z [u <C.C;! i(d(](i))_l||u||iz(a[riil’ri]’r2)+(d(Kn))—1rn27lu2(rn+il). (28)

i=1

[Tpumenus ouenku (9), (11) x ¢, u ouenky (14) k y, u3 HepaBeHcTBa (28), UMeeM

n-1 2
JG(M’ LI)S CGCTl(gi + ani: + rnz—lé’nJ: a: Z‘Z_l[thl + 2A[1/ZB[1/2]9 i=2, R 1,

i=1 i

p
g=""

| e a2 | oo, A7)

1
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HWcnone3oBaB HepaBeHcTBO KOHTa 1 epepactpeieniB HEKOTOPbIE MHOKHUTEIH, IOy IUM HCKOMBIN pe3ysIbTar.

Jlemma 6. /[ns ue H 2(Q, 7, 0)) Uv,€S), (Q, 7, 0)) CNpageoIusbl HepaseHCcmad

C.C¢
bl <R, bl 2 1+ S0 ] @

n—1

20e C, = max(CGCfl, c.'Ce, 1), aR(u)=ny(u)+ Y rPn;(u) +r7_m, (u),
i=2

3
2
nl(u)=27Z—LA1+15%BI+?CI, n,(u)=5pirs A, +16p,57 B, + (p,>+10)C,,
1 1 1
p; h
()= A apB G im0 L
I[ OKa3aTelbCTBOo. 3aluilIeM CIIC pa3 ONPCACICHNEC HOPMbI ||u||1 5
X1 X2

[ z L + 3 (o)) R lon)

i=1
YroObl NONYyYUTh HYKHBII pe3yibTar, OLEHUM CJIaraeMoe ), U BOCIOJIb3yeMCcs HepaBeHCTBOM (27) ais

CJIaraeMoro Y.
Beipaxenue y, aHaJIOTMYHO HEPABEHCTBY (23) C OLINYUEM B TOM, YTO Tenepb (QyHKIMU u MOTYT IPUHA-

Jexxarb 6eckoHeYHOMEepHOMY TipocTpaHcTBy. Kak u B HepaBeHCTBe (23), BBeZieM 0003HaueHHe X(”) U BOCIOJIb-
3yemcst HepaBeHncTBamu (10), (12), (15), 9TOOBI TOTyIHATH

nfld .
Xz=2ﬁrf<au>is&x( )s +Zr +romy | (30)
i=1 CG ! Ccs
h
nf:_lz 2_?14 16A1/2B1/2 ;B +hiBl/2C1/2 ,n2=p;2(4rn_13n+2B,I/ZC,I/2),
P\ 1 1 1

h
=% hiB,. +2B/°C/? | i=2,..,n-1.

i
i i

[Ipumennm HepaBeHCcTBO KOHTa K MpON3BEIEHUSIM HOPM:

1|24 14
n<n=—| 34 +-58+2C | Zﬁn;=p;2(5rn2_13n+cn),
i\ M h;
2
n;'Sn;—iB +h—Cl,i:2,...,n—1.
p[ pi

W3 nepaBenctsa (27) mis i, 1 HepaBeHcTBa (30) (c yueTtom npuMeHeHus: HepaBeHcTBa FOHra) mist x, cie-
JIyeT, 9TO

n—1 n-1

C
”’“‘”12,6S |u|12L]1(Q, 7, ©) &1 + Z G, |+ C_G n + erfm +rm, |,
c i=

2
OTKYy/1a TTOCJI€ BEIHECEHHS KOHCTAHT C y4eToM oteHkH (13) s |u| H'(Q, T, o) TIOMY MM HCKOMOE BBIPaXECHHE.

B ciayuyae ¢ KoHEUHOMEPHBIM MTPOCTPAHCTBOM HCIOJIB3yeM HEPaBEHCTBO (24), 4TOOBI MOIYYHTH UCKOMOE
HEPaBEHCTBO

C Ca n—1 C Ca >
e RS O v (P

[e2 1= (e
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CaenctBue 2. [lycmo u € H 2(Q, 7, 0)) uv,es hp(Q, 7, 0)). Toeoa ons A(u, vh) CnpaseoiuBo HepaseHcmeo

|A(u,vh)|s2\/Cr[1 CoCa abR ]‘“Vh'” GD

JoxaszarenscTBo. 3 HepaBeHcTBa (25) ms a(u, v) 1 HepaBeHCTBa (26) s Jc(u, v) CIENlYET, YTO

|A(u, Vi )| < |a(u, Vi )| + ‘J“(u, Vi )‘ < ||u||1,0 ||vh||1’6 + \/Jc(u, u)\/JG(vh, v )s
[, v, )| <2

”1, o’ (32)

[IpumenuB oneHku (29) k HepaBeHCTBY (32), MOTYYUM HCKOMOE BhIpaKE€HHE.
CIIeCTBHEM PE3yNIBTATOB JAHHOTO Pa3aena TAKKe ABISLETCS TO, 4TO [l Kakaoro f € L’ (Q, r4) cyuiect-

ByeT €UHCTBEHHOE pelIeHue U, € S hp(Q, 7, 0)), orpenesieMoe paBeHCTBOM

Ay, v)) =71, wy)  ¥ve S, (Q T, o).

I[OK%B&TGIIBCTBO CJICAYCT HCIIOCPCACTBCHHO U3 TCOPCMBI Jlakca — MI/IJ'ILFpaMa, KOSpUUTUBHOCTHU OMITHHEH-

HOH (hopMBI (JemMMa 4) ¥ HepaBeHCTBA A(uh, vh)s 2(1 + %] , KOTOpOe II0Iy4aercs U3 Hepa-

BeHCTB (29) u (32). °

Ounenka CKOpPOCTH CXOAUMOCTH

[To ananorum ¢ paboroii [22] onpeaenuM onepaTopbl TOYHOTO U YUCICHHOTO PEIICHUS:
L2 4 2 . _(,.2 1 .
o« T:12(Q, ) > H*(Q, o) raxoii, uro B(Tf, v)=(r71,v) VveH'(Q, o);
o7, :LZ(Q, r4) —8,(Q, 7, ©) Taxoit, uto A(T,,f, vh)z(r2f, Vi )Q Y, €8, (2 7, o).
HerpyHO mokasarh, uto uis Beex f € L (Q, r4)
A(Tf -T,1,v,)=0 VvheShp(Q,Zco). (33)
Teopema 2. Ilycmv fe LZ(Q, r4), u=TIf, u,=T,f, C,24C;Cs,. Tozoa cywecmeyiom onepamop
I: HZ(Q, 7, (o) - Shp(Q, 7, co) u koncmanma C ;i makas, ymo
2
H|u - uh|” <CupR(Zu —u). (34)
HoxazaTtenbcTBo. [IpeacTaBum MorpeiHoCcTh e METo/a B BUJIE
e=u,—u=8&+n, E=u, —Iu, n=12u —u,

e & € Shp(Q, 7, m), ne Hz(Q, 7, 03).
W3 Beipakenust (33) cnenyer paBeHCTBO A(é, v, ) + A(n, v, ) =0Vv,eS,, (Q, 7, (o), a n3 HepaBeHcTBa (31)

Y KOOPIUTUBHOCTH OMIIMHEHHON (pOpMBI (JieMMa 4) — HepaBeHCTBO

|4(n, a)|sz\/c,(1 4+ Ecla R( )J \34\/0,(1 + CGi“b R(n)].

G
W3 nepBoro u3 HepaBeHCTB (29) 1 TOTO, YTO H|n|” < ||n||1’6, MOJIy4aeM H|n|” <, /CVR(n).
BosBpariasch K OlleHKe IOrPEeITHOCTH, HMEeM

<2l 2l <261+ S8 | e

Teopema 3. /[na pewenuii u=Tf e Hz(Q, 0)), u,=T, f€ Shp(Q, 7, (D) npu evinonnenuu ycnosus Cg >
> 4C;C;, cnpaseonueo HepaseHcmso
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2 h 2 h

25, + 4 25, + 4
H|uh —u|” <Cpl 270 aﬁ (r u) Zz Rk a‘ e |, (35)
251 12 (K ) i 2s; -3 ) n

b V=2 pPi

_~-2s,+4_ —2s5,+10 —23 +11 S, —1
n— 2 Fa-1 Z HD r’4)1
onas;=2us;>2,i=1,...,n npu ycioeuu cywecmeosanusi COOmeemcmeyouux Hopm.

Jloka3aTebCTBO TEOPEMBI CIIE/yeT U3 HepaBeHCTBa (34), onpesencHust R (1)) U OLEHOK IONMHHOMHAILHOI
anmpoxcumanuu (18)—(21).

Bocrmonezyemcst ounmneiiHo# hopmoii u3 crnaboit mocraHoBku 3ama4un B : H x H — R, Tak 4To HOBas 3a-
nada OyaIeT UMeTh BH]

0

Irzauﬁvdr = J.fvdr YveH (36)
0 0
msueH, fe LZ(Q). B Takoii mocraHOBKE BUJHO, YTO Ui [ € LZ(Q) CYIIIECTBYET €AMHCTBEHHOE PEIICHUE

ueH, 8(r26u) € Lz(Q), r20%u e Lz(Q), Y BBITIONHSIIOTCS PAaBEHCTBA 8(r26u) =—f,
A(u, vh)z (f, vh)Q Vv, e HZ(Q, 7, (;)).

Hcrons3yst 3aady (36), MOKHO MOTYUYHTh OLEHKY MOTPEIIHOCTH B HOpME L’: BO3bMEM B KaueCTBE MPaBoii
2
yactu paBeHctBa (36) e=T1, f—Tfe H (Q, 7, (o), a COOTBETCTBYIOLIEE penieHne 00o3HaunmM yepes . [pu-
MeHHB 3l1eMeHTapHble peobpasosanus k A(, e, ) =(e,, ¢, )Q, MOXKHO TIOJTYYHTh
1/2 1/2
n 5 n-1
2 2 2
< - .
I dr < Z I dr Z Ir (6\V) dr Zrl (8\u>ri[e]r‘_.
i=1 K; i=1 K; i=1
Tak Kak \y SBISCTCS PELICHUEM 3a/1a9H, MOXKHO MEPEUTH K HEPABEHCTBY

© n—1
jezdr < |e|H1 (Q 7T, o) ”e”LZ(Q) + Z:l rf‘@wri
0 i=

n—-17

us 6(r a\u) ewu r26\|1, J@( zaw)dr CIIEIYET, UTO I edr < |e|H 0.7, ) ||e||L2(Q) + Z I|e|a’r‘
i=10

, OTKY-

B

Ja mojrydacm OLCHKY HOFpCHIHOCTI/I B HOpMEC L2
n-1

”e”L2 < 2|e|H HQ, T, 0) + er c [e]

>

TecroBble pacueTsl

[IpoBeneM umciIEHHBIE PACUEThI A1 HEKOTOPBIX acTPO(GHU3NUECKUX M KBAHTOBO-MEXaHUUECKHUX 3a1a4d. Bo Bcex
pacuerax f (r) n3 3a1a4u (1) COOTBETCTBYET IUIOTHOCTH, YMHOXXEHHOH Ha 47T, a perenue 3a1a4u (1) coorBeTcTByeT

TIOTEHITHAITY.

Kraccnyeckne moaxoap!l K pacueTy OCHOBHBIX COCTOSTHUN MHOTOJIEKTPOHHBIX aTOMOB BKITIOUAIOT B ce0st Me-
ton Xaptpu — @oka (HF), Teopuro ¢pynkumonana mmoraoctd (DFT) [30]. B aTux mMetomax urepaTiBHO MPOUCXO-
JUT TIPUOMKEeHHBIA TIOMCK perneHus. Ha ka ol nteparii MOXKHO BBIJICIUTH 3Tall, Ha KOTOPOM BBITTONTHSETCS

’

fl(r

pacuer UHTerpajia v(r) = Iﬁdn". B 3aBHCHMOCTH OT METO/Ia 3TOT HHTErPAJT HA3bIBACTCSI CAMOCOTTIACOBAH-
r-r

HBIM TIOTEHIIAAIIOM, ITOTEHITHAIOM XapTpu. YacTo pacueT 3TOro MHTErpajia 3aMEHSIOT Ha PEIleHre YPaBHEHUS

IMyaccona Av(r) =—4nf (r), KOTOPO€ B CHEePUIECKH-CHMMETPUIHOM CIIydae COOTBETCTBYeT 3as1aue (1).

B xauecTBe HavanbHOTO NMpHOIMKEeHUs it atoma renust B metogax HF, DFT moxHO ucnosb30Bath 1ioT-
HOCTB, COOTBETCTBYIOIIYIO JIBYM 2JIEKTpOHAM Ha ypoBHE ls. Torma mioTHOCTH pacmpenescHus: AEeKTPOHOB
Y TIOTCHIIUAJ OTIPEJICIISIOTCS CIICAYIOLUM 00pa3oM:

fHartree (I") = nileih’ VHartree = 1’71(1 B e’z”(l + F))
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ITpy pemeHny BUIA Vi, e BCE MPOM3BOIHBIE, BXOAIINE B OLIEHKY YHCIEHHOTO METO/1a, O PAHUYEHBI, U MOK-
HO OXKHJIaTh, YTO YBEJMYCHUE CTEIICHEH almpoKCUMAaIuu OyieT Harbosee 3 (heKTUBHBIM CIIOCOOOM MOBBIICHUS
TOYHOCTH TPUOIMKEHHOTO PEIICHHS.

W3 obmacty acTpopU3UKN pacCMOTPHUM HEKOTOPBIE MOEITBHBIC 33/1a4H, ONIMCaHHBIE B pabdoTe [4], mpu eau-
HUYHBIX 3HAYCHUSIX MMapaMeTpoB Moxeneld. Kpome Toro, amst TeCTUpOBaHUs Pa3InuHOTO MTOBEJACHUS YHCIICH-
HOTO aJITOPUTMa PACCMOTPUM MOJICIb paclpeielieHHs INIOTHOCTH TEMHOH MaTepuH, OCHOBaHHYIO Ha MOJIEITH
broken power law (BPL) [31].

OI[HI/IMI/I N3 CaMbIX IMPOCTHIX Moz[eneﬁ JUI1 HUCJIICHHOI'O METOAA ABJISIFOTCA OAHOPOAHAA cq)epa C INIOTHOCTBIO
1 IIOTCHIIMAJIOM BH A

1, r<1,

psphere(r): 0.r>1

vsphere (I” ) =

1 Mozelb [lnamMmmepa ¢ TIOTHOCTBEO M MTOTEHITUAJIOM BHJIa
3 4n

P Plummer (”) = m Vplummer(”) = W

B ciryuae ¢ omHOpOHOH chepoit MOKHO OXKHIIATh, YTO YUCICHHBIA METO/ OyJIET 1aBaTh TOYHOE PEIICHHE.
B ciyuae ¢ monenbro [1mamMepa Bce mpou3BOIHBIE U3 OIICHKH CXOJMMOCTH YUCIIEHHOTO METO/Ia OTPaHIYEHBI,
Y XapaKTep CXOAMMOCTH JOJDKEH ObITh aHAJIOTMYEH XapaKTepy CXOJAUMOCTH B CIIy4yae C MOTCHIIUAIOM XapTpH.
Ha puc. 1-3 npuBeneHsl rpaduku MOrpeiHocTel YrciaeHHoro metoa. [lorpennoctu (error) COOTBETCTBYIOT

o0

BBIPAKECHUSAM j (u (r) — uh(r))2 dr, Tae u (r) U u, (r) — TOYHOE ¥ MPUOITIKEHHOE PEIICHHUS COOTBETCTBYIOIINX
3aj1a9. 0

Ha GonpmmHCcTBE rpa)kOB HCIIONB3YIOTCS JIBE BETMYUHBI JJIT OCH a0CIFCC — KOIMYECTBO CTETICHEH CBO-
00161 (KOJIMYECTBO BCEX 0a3UCHBIX (PYHKIIUH, KOTOPBIE alIPOKCUMHUPYIOT PEIICHUE ) ¥ KOJTHYSCTBO HEHYICBBIX
3JIEMEHTOB B MaTpPHIIC, [TOJyUaIOIIeics B pe3ysibTare BbiOopa 6asuca. JIjis 6a3ucoB 0JMHAKOBOTO pa3Mepa Mat-
pHIla MOJKET 3aMETHO OTINYAThCS — OT TPEXIHarOHAIBHON MaTPHIIBI B CIIyIae ¢ METOTAMH HU3KOTO TIOPSIKA
aNMPOKCUMAITUH /IO TIOJTHOH MaTPHIIBl B CIy4ae CO CHEKTPaTbHBIMU YeOBINIEBCKUMU MaTpullaMu 1 hepeH-
nupoBanus [27]. KonndecTBo oneparnuii 1jist pelieHus] CHCTEMbI JIMHEHHBIX aJIreOpandecKuX YPaBHCHUN WIIN
YMHO)KEHHS TAKHX MaTPHIL HA BEKTOP 3HAYUTENHLHO OTINYaeTcs. YacTo rydiimM OyeT BapuaHT 0a3uca, KOTOpbIid
TIPU OAMHAKOBOH MOTPEITHOCTH PEIICHUS NMEET MaTPUITY C MCHBIITMM KOJIMIECTBOM HEHYJIEBBIX 3JIEMEHTOB.

Ha puc. 1 npuBeaeHbl HOIPEUIHOCTH ISl IOTCHLMANIOB Vpyymmers Vspheres VHartree:

ala o/b
0 I I 0 H
10 Iy Vplummer 10 Vplummer
\ ———— ————
4 e, \ sphere 4 . sphere
10 \‘ RN T * VHartree 10 Tt o ** VHartree
\ Tl \ el .
-8 \ e, -8 \ _\
10 -

[MorpemHocTh
—_
o\
S
[orpemnoctsb
oy i
SN
~
- -
—

10 \\__-_”’\\~",’ \\\_l/\;‘,x I \‘____"‘_\\”,/’\\\_I/ \;)_X v
1072 Y . : 10% ’\_
P . . . L L i L ,
4 8 16 32 40 10" 10° 10°
KonugectBo creneneit cBoO0bI KonuyecTBo HEHYIEBBIX 2IEMEHTOB

Puc. 1. 3aBECUMOCTD MOTPEITHOCTH YHCICHHOTO PELICHHUS OT KOJIMYECTBa CTeneHel cBoOob! (),

KOJIMYECTBA HEHYJICBBIX JIEMEHTOB B MaTPHIIC YHCICHHOTO MeToza (6).

B JETeHAE Vprymmers Vspheres Y Hartree COOTBETCTBYIOT OTIHCAHHBIM B pasfiene

MOTEHLMAJIAM PA3JINYHBIX (PU3HYECKUX MOJENICH
Fig. 1. Dependence of the error in the numerical solution on the number of degrees of freedom (a),
amount of non-zero elements in the matrix of numerical method (b).
In the legend,. Vblummer> Vspheres ¥ Hartree cor.respo.nds to the‘potentlals
of various physical models described in the section
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B citydae ¢ onHOpoaHO# cdepoit npu BeIOOpe pa3OneHHs, COOTBETCTBYIONIETO 3a/1aue, MPUOIMKEHHOE pe-
[IIEHHE COBITAJAeT C TOYHBIM PEUIeHHeM MpH p > 2. Taxke BUIHO, KaK pOCT Yrcia 00yCIOBICHHOCTH MaTPHUIIHI
(11, BO3MOXHO, IPYTHX BBIYUCIUTEILHBIX OMTHOOK) BHI3BIBACT YBEIMYCHHE TIOTPEIITHOCTH.

B cayuae ¢ mozgensio [nammepa u noteHmnmanoM Xaptpu o0nacTh pelieHus pa3duBaiach Ha JIBE 4acTH
U YBEIMYUBAJIACh CTETICHb anmpokcuManud. [1pu 3ToM Touka pa3OneHus BEIONpanach Tak, 4T0ObI MUHIMH3HU-
POBaTh MOTPEIHOCTH. M3 prc. 1 BUAHO, YTO CKOPOCTH CXOAUMOCTH BO3PACTAET IO MEpEe YBEINUCHHS CTETICHN
aNMpPOKCUMAIIIH, YTO COIJIACYETCS C OIIEHKaMHU.

Bwmecto nonynsiproit mogenmu NFW [32] 6buta paccmoTpena mozenb BPL [31], koTopast mpu mapamerpax
o =2, B =3 uMeeT IIOTHOCTh U TIOTSHIIMAJ BUJIa

") 72, r<l, 4n(2-1n(r)), r<1,
PepL\7) = VepL\") = _
P>, 4n(2+In(r))r ', r>1
[Toeenenue monenu BPL Ha GeckoHeuHOCTH aHaOrHyHO roBeaeHuto Mozenu NFW, k kotopoit 1obasisiercs
HEOTPAaHWYEHHOCTh PEeIIeHUs B Hyne. /3 oleHKkrn CXOAMMOCTH YMCIEHHOTO METO/a BHUHO, YTO BBIPAKECHHE

o (rzu)

B JJAaHHOH o0JacTu.
[Torpemnoctu pacueros ans moaenu BPL npusenens! Ha puc. 2 u 3.
W3 puc. 2 BUAHO, KaK BBIOOP CETKH M CTENEHEH anmpOKCHMAalnU KaKAOTO DJIEMEHTa MOXKET BIUSTH Ha

(%) HE OTPaHUYEHO NpH §; = 3, uTo CHIXKAeT 3PPEeKTUBHOCTH alPOKCUMALINU BBICOKHX MTOPSIIKOB
(K,

CKOPOCTh CXOAUMOCTHU METOAA. B kauectBe paSGI/IeHI/IH AJIg cirydas € HeOHTHMH3HpOBaHHOﬁ (I)HKCHpOBaHHOfI

CETKOM (v]g;idp ) ucromb3osauck y3is 0,104 1077, ... 10% 10°, co. B ciydae ¢ ONTHMH3HPOBAHHBIMHE 10~
timised N
psijikamu anmpokcuManuu (Vgpp - ¢) CTereHd (PUKCUPOBAIKCH MOCIE TOCTHKEHUS OTIPEIETIEHHON TOYHOCTH
Ha JJAHHOM 3JIEMEHTE.
ala 6/b
0
10 10
el \ Ry T~
3 '\,& \ 3 N, \
10 bages 10 eorss
q R \ 2 \. \
= = N
S L6 N AW o 6 . NRE
2 10 < < 2 10 e
= ~. = . \V
=] — =< \N =] — e
5] -9 optimised p \ (5 -9 optimised p \
% 10 — VgpL 1 E« 10 VBPL ‘\
=} fixed p \\ =} fixed p \
= 12| |77~ VBpL \ = 12| |77 VBRL \
107 : \ 10" ; '
.......... VBPL \ \‘ sresseenes Vppr \ \\
—15 | 6 —15 | 6 .
10 — == VppL LA AR 10 — == VppL RN Za
Ll P L1 L L |?’|| Lol L Lo L ||||||’? L
1 2 3 2 3
10 25 50 100 250 500 1000 10 10 10 10 10
KonuuectBo creneneii cBOOOIbI Konu4ecTBO HEHYIEBBIX 2IEMEHTOB

Puc. 2. 3aBUCHMOCTb MOTPEITHOCTH YHCICHHOTO PEIICHHS OT KOJIMYECTBA CTENEHEH cB000 15! (a),
KOJINYECTBA HEHYJIEBBIX JIEMEHTOB B MaTPHUIIE YHCIEHHOTO MeToa (6).
B 5erensie vip; , Vapy COOTBETCTBYIOT YHCICHHBIM PCIICHHAM
IIPY ONITHMATBHOM pasOuenny oG1acTh Ha 3, 6 yacTeit, V™ =d?, yixedr oooreeTcrByroT
YHUCIICHHBIM PEIICHUSIM IIpH (PUKCUPOBAHHOM pa3bueHuu obnactu Ha 19 gacTeit
(B cyuae ¢ fixed p mOpsAOK ANMPOKCHMAIIHK Ha KaXKJIOM DJIEMEHTE O/IMHAKOBBIH,
a B ciydae ¢ optimised p OPSIKH apPOKCUMAIINHU PA3INIHBIC)
Fig. 2. Dependence of the error in the numerical solution on the number of degrees of freedom (a),
amount of non-zero elements in the matrix of the numerical method (b).
In the legend, vépL, vgpL correspond to the numerical solutions
with an optimal partitioning of the domain into 3, 6 parts, vgpimised? y,xed? correspond
to the numerical solutions with a fixed partitioning of the domain into 19 parts
(in the case of fixed p, the order of approximation on each element is the same,
while in the case of optimised p, the orders of approximation are distinct)

Ha puc. 3 JUT BBIYUCIICHUS BIIMSAHUSA OAUHOYHOT'O 3JICMCHTA Ha IOIPCITHOCTD OblTa B3sTA CCTKa, Ha KOTOpOfI

yKe JIOCTUTHYTa OOoJIbIasi TOUHOCTh PELICHUs, TIOCIIE YEeTO CTEeNEHb anpoOKCUMAIMK BEIOPAHHOTO dJIeMEHTa
YMEHBLIAIACH.
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Puc. 3. 3aBUCHUMOCTD NOrpe€uIHOCTH YMCIICHHOI'O PCIICHUS
OT CTENICHU alllIPOKCUMALIUU COOTBETCTBYIOLIETO JJIEMEHTA.

kernel -
B sierenie vgpr~ COOTBETCTBYET BKJIA/y IOIPEIIHOCTH OT 3JIEMEHTA HA MHTEPBAIE (0, 10 12),

vﬂ}f{l — BKJIaJly IOIPELIHOCTH OT JJIEMEHTa Ha UHTEpBaje (1, 10),

vl‘;’l‘ffmal — BKJIQJIy TIOTPELIHOCTH OT DJIEMEHTA Ha M0Jy0eCKOHEUHOM HHTEPBAJIE (102, oo).

kernel external
Pasbuenune obnactu peleHusl, KpoMe HHTEPBAJIOB Vgpr U Vgpr s

fixed
COBIIAJAET C pa3OMEHHEM, UCTIONb30BAHHBIM IS Vigpr ©

Fig. 3. Dependence of the error in the numerical solution on the degree

of approximation of the corresponding element. In the legend, vim® corresponds

to the contribution of the error from the element in the interval (0, 10712 ),

v%'}f{l corresponds to the contribution of the error from the element in the interval (1, 10),

external

vgpr " corresponds to the contribution of the error from the element in the semi-infinite interval (102, oo).

. . R . kernel ternal
The solution domain partitioning, except for intervals vgp - and vgpr

coincides with the partitioning used for vixd?

hell
B ciydae ¢ Vigp BCE IPOM3BOIHBIE OTPAHUYEHBI U PACTYT HE CIIMIIKOM OBICTPO, TAK YTO CXOAMMOCTH PENIe-

HUS yCKOPSIETCS TP YBEIMYEHHUH CTEIIEHU annpokcuManuu. B ciydae ¢ v}];’,rfel SKCIIEPUMEHTAJIbHAs! CKOPOCTh

CXOIMMOCTH (p *) OKa3anach ObICTpee TOIyYeHHO 13 omeHKH (35) ckopocTi cxomumoctd (p ). B ciyuae

ternal -6
c vie™ sKcrepuMeHTaTBHAsS CKOPOCTH CXOTMMOCTH OIIM3KA K p °, 2 TEOPETHUECKas — K p', 9T0 TOBOPUT O TOM,

YTO MOJyUYCHHAsl OLIEHKA JOCTATOYHO rpy0Oast. TeopeTnueckas OLEeHKa CKOPOCTH CXOIUMOCTH JIaeT OTPHULIATEb-
HBIE CTEIICHHU TIPH p TOJBKO NPH CYIIECTBOBAHUH HOPM C S, = 0.

3aKiIoueHune

B pabote noctpoen pa3psiBHBINA MeTox ["anépkuna ans ypaBHeHus [lyaccona B HeorpaHW4eHHOM obnacTu
1 IIPOBEJIEH ero aHaju3. M3 TecToBbIX pacueToB BUAHO, YTO B HEKOTOPBIX CIIydasix SKCIIEpUMEHTaIbHas CXOAH-
MOCTb 3aMETHO JIyullle TeopeTuueckoil. CKkopee BCero, 3To CBSI3aHO C OTPAaHUYEHHUSMH, HaJIOKEHHBIMH Ha Beca
TEOPEMON 0 MOJMHOMUANILHOU anpokcuManuu. [Ipeacrapisiercs BO3MOXKHBIM YAYUIIUTh OLIEHKY IOTPEIIHOCTH,
MIPUMEHSIS TEOPHIO, CBSI3aHHYIO C OPTOTOHAIBHBIMHU mosinHOMaMu Cobosnesa [33], MomuduIupys Teoputo u3
paboThI [29] MiaH HCTIONB3Ys MTOIMHOMBI SIKOOH ¢ OTpHIIATEeIFHBIMHE ITapamMeTpamu [34].

[IpenmnomnaraeTcst MpOBECTH aHAIN3 YHUCIEHHOTO METO/IA JJIT MHOTOMEPHOTO CiIydast B cpepuiIecKux Koop-
JIMHATAX C UCIIOJIb30BAHUEM TEOPHUH aIipoKCcUMaIuu Ha cdepax [19].
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O PENIEHUAX HEAMHENHBIX CTAIIUOHAPHBIX VPABHEHI/II‘/’I,
CBA3AHHBIX C OBOBIIEHHOUN NEPAPXHNEN
BTOPOI'O YPABHEHUNS ITEHAEBE

B. U. TPOMAK"

YBenopycckuii 2ocydapemeennviii ynusepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, Benapyce

Annomayusn. PaccMaTpuBaloTCs aHAIMTHYECKHE CBOMCTBA PEIICHUH HEeJIMHEWHBIX CTAI[MOHAPHBIX ypaBHEHHH 0000-
IIIEHHO nepapXxuu BTOPOro ypaBHeHHMs [1eHyieBe 1 CBSI3aHHBIX C HEll nepapxuii nepsoro ypaBHeHus [leHneBe u ypaBHe-
Hus Py, n3 KinaccuukannonHoro crucka [lennese. Vccnenyrores TokambHbIE CBOMCTBA PEIICHUN: PA3IIOKEHHE PEIICHUH
B OKPECTHOCTH IMOIBIKHBIX TIOJTFOCOB, TOCTPOSHHE MENBIX (QYHKIHH (Tay-(YHKIIHI), TAIOIINX MTPEICcTaBICHIEe MepoMoph-
HBIX peleHuid. [y paccMaTpuBaeMbIX CTAlIMOHAPHBIX HePapXUi IPUBOAATCS MPEOOpa30BaHUs U aBTOIPEOOpa3OBaHUS
BeKHyH}Ia, C IOMOIIBIO KOTOPBIX CTPOATCA TPAHCUCHACHTHBIC U PALTMOHAJIBHBIC PEIICHUA. HHH Ha4dyaJIbHBIX ypaBHeHI/Iﬁ
UCCIIEyEeMBIX HePapXHi MOTyUeHbI TIEPBbIe HHTETPajlbl, KOTOPHIE ajiee UCIIONIB3YIOTCS IS J0Ka3aTeIbCTBA BIOKUMOCTH
MHOKECTBA PELICHUH YpaBHEHUs HEPAPXUH C MEHBIIMM HOMEPOM BO MHOXKECTBO PELICHHUH YpaBHEHUS HepapXuu ¢ 00JIb-
UM HOMepoM. [IpHBOASATCS COOTHOIICHUS MEXKTY NapaMeTpaMi yPaBHEHHUI ¢ BIOKUMBIMH MHO)KECTBAMH PELICHHUI.
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Juddepennnanbubie ypaBHeHHsI H ONITHMAJIbHOE YIPABIeHHE
Differential Equations and Optimal Control

ON THE SOLUTIONS OF THE NON-LINEAR STATIONARY EQUATIONS
RELATED TO THE GENERALISED HIERARCHY
OF THE SECOND PAINLEVE EQUATION

V.I. GROMAK®

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus

Abstract. This paper considers the analytical properties of the solutions of non-linear stationary equations of the gene-
ralised hierarchy of the second Painlevé equation and the hierarchies of the first Painlevé equation related with it, as well as
the equation P, from the Painlevé classification list. The local properties of the solutions are investigated, namely, expan-
sion of the solutions in the neighbourhood of moving poles, construction of entire functions (tau functions) that provide
a representation of meromorphic solutions. For the stationary hierarchies under consideration, Backlund transformations and
auto-transformations are given, with the help of which transcendental and rational solutions are constructed. For the initial
equations of the hierarchies under investigation, the first integrals are obtained, which are then used to prove the embedda-
bility of the set of solutions of the hierarchy equation with a smaller number in the set of solutions of the hierarchy equation
with a larger number. The relationships between the parameters of the equations with embeddable sets of solutions are given.

Keywords: hierarchies of Painlevé equations; meromorphic solutions; Backlund transformations.

BBenenne

VYpaBHenus [lennese (P1 - F ) SIBJISIIOTCS PEILICHUEM KIIacCU(PUKAMOHHON IPOOIEMbI OTHOCHTEIIBHO CBOMCTBA
[lennese 111 00BIKHOBEHHBIX AU GepeHIMANTBHBIX YPABHEHUH BTOPOTO MOPsIIKa U B OOIIEM CIydac ONpeAesioT
HOBBIC TpaHCLEeHACHTHbIC PyHKIMH [1-3], KOTOpble HAXOAAT MPWIOKEHHS KaK B PA3IMYHBIX MAaTeMaTHUECKUX
npoOiiemMax, Tak ¥ B BOIpOcax MaTeMarnyeckor Gpusuku [4—8]. Takke MmpefcTaBiseT HHTepeC U3yUeHUe nepap-
xuii ypaBHeHuil [lennese, sSBISIONMXCS OECKOHEUHBIMU MOCIIEAOBATEIBHOCTIMU HETMHEHHBIX OOBIKHOBEHHBIX
i hepeHInaTbHBIX yPaBHEHNH, MIMEIOIINX eAnHyo A depeHnnanbHo-anredpandeckyto cTpykrypy. [lepsrie
IEHbl TaKUX Uepapxuil ecTb ypaBHeHHs [lennese [9—16]. YpaBHeHus nepapxuii, kak U camu ypaBHeHus [len-
JeBe, 00J1aal0T CHMMETPUSIMH, HHIyLIUPOBAaHHBIMH IIpeoOpazoBanusMu bexmynzaa. [Tpu HeKOTOPBIX 3HAYEHUAX
napaMeTpoB YpaBHEHHS MEPAapXUil HMEIOT CHELHUaIbHBIC KJIAcChl PELICHHUH, BEIPayKaloLIMecs: yepe3 Kiaccuye-
CKH€ TPaHCICHICHTHBIC (DYHKIINH, a TAKKe aredpandecKue WK Aaxke paluoHaIbHbIe petenust. [Ipu stom amst
pauMOHANIBHBIX PELICHUH BO3HUKACT 3ajada MpEICTaBICHNS UX Yepe3 CHeluaIbHble OJIMHOMEL. [ BToporo
ypasuenus [lennese u ero nepapxuu 3o HoIMHOMBI S10710HCKOTO — BopoObeBa 1 mx 0000111eHHS, KOTOPBIE TAKXKe
MO3BOJISIIOT TOCTPOUTH PALIMOHAIBHBIC PELICHHs ypaBHEHUH nepapxun ypasHenusi Kopresera — ne @pusa.

[IpeoOpaszoBanus bexiynaa sSBIAIOTCS MOIIHBIM HHCTPYMEHTOM JUISI NCCIIEAOBAHUSI CBOMCTB PEIICHUH HEIH-
HEHHBIX quQQepeHanbHbX ypaBaenui [17—-19]. B wactrocTh, anst ypaBHeHnuii [IeHneBe u MX BBICIITNX aHa-
JI0roB npeodpazoBanus bekiyHaa HapsIy ¢ MOCTPOCHUEM PA3IMYHBIX KJIACCOB PEIICHUN B HEKOTOPBIX CIIy-
yasx MO3BOJMIM JOKA3aTh UX TPAHCUEHACHTHOCTD [20-22].

Paccmotpum 06001IeHHY0 Hepapxuto Broporo ypaBHeHwus [lennese B Buge [23]

Pz[zn] (i + ZWJL,, [w’— wz] —(k,z+p,)w—a,=0,n=12,..., (1)
z
TIE OnepaTop L, onpenensercss peKyppeHTHbBIM COOTHOUICHHEM
3
di;LnH[u]z % +(du + Bn)d% #2u, | L[], L[u(z)]=u(z), n=1,2, ..

aa,,B,, k,, p,— napamMeTpsl.
[Iepsrie ypaBHenus nepapxuu (1) npu n =1, 2, 3, 4 umeror Bua

w”=2w3+(klz+p1)w+ oy, ()
w® = 10w w" + IOW(W')2 — 6w — Bl(w" — 2w3) + (kzz + pz)w + ., (3)
MO 1O(w’)2 (slw —14w* + 7w") + w”(lOslw2 -5, — 70w* + 42ww") +

+ 56www®) — (31 —14w2)w(4) + 252w3 — 65w + 20w’ + (k3z + p3)w + o, 4)
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e s, =By + By s, = BBy,
W = 26,7 = 6b,w" + 20007 — 798w (w')" + 42w( b — 18w? ) (w") +
+182(w') = by + w"(228ww(4) ~ by +10w* (b, ~ Tbw? + 42w4)) -
~ (= 1892w = 70w+ 10(w')? (Byw — 140" + 126" + 21w ) +
+ 4w'(7(2blw 36w+ 27w )Y + 27ww(5)) + 2w(69(w(3) )2 + 7w (b - 9w? )w(“)j +

+14(w')’ (5h, = 22207 )W + (kyz + py ) w+ 0y, (5)
tie by =P+ By + B3, by=PiBy + BoB5 + BiB; 1 by =P,B,B5.

VYpasuenue (1) nopoxzaercs oneparopom L, UMeeT NOpAAoK 2n u npu k, =1, p, = 0 onpenesnser Hectauuo-
HapHYIO HepapXui0 BTOporo ypaBHeHus [leHnese Pz[zn], TaK Kak IepBoe ypaBHeHHE nepapxu (2) npu k, =1,

2 N N . N
P, =0 ectb BrOpoe ypaBHeHue [lennese Pz[ I's kanonmueckoii (hopme. CBOWCTBY pelIeHH ypaBHEHHUH nepap-

XUH Pz[zn] MOCBALICHO MHOTO paboT. B wactHOCTH, 17151 3TOW MepapXuH M3BECTHO mpeodpasoBanue bekmynna
(cMm., HanpuMmep, [23]), MO3BOJUBIIIEE TOCTPOUTH Pa3IUYHbIE KIAcChl PELIEHUH, BKIIIOYas pallioOHaIbHbBIE pe-
LICHUSI.

B nacroseil pabote paccMoTpuM nepapxuto ypaBHenuit (1) npu k, = 0, KOTopyo Ipu BBIOIHEHUU ITOTO
ycnoBusi OyaeM Ha3bIBaTh CTallMOHAPHOW Mepapxuel Broporo ypaBHeHus [lenneBe n o0o3Hadats uepes (1').
Vpasuenus (2)—(5) npu k, = 0 Oynem o603Hauats uepes (2')—(5") COOTBETCTBEHHO.

JlokajbHbIe cBOMiCcTBA pemieHnii ypaBHeHus (1')

Pemenus ypaBuenus (1), Tak jxke Kak 1 perieHus ypasHeHus (1), 00anaioT cBOMCTBOM HEYETHOCTH OTHO-
CHUTEIILHO ITapaMeTpa o, T. €. UMEIOT JUCKPETHYI0 CUMMETPHIO

S w(z, o, B, p,,)—> —W(Z, -a,, B, p, )

JoMmuHaHTHbIe 4ieHbl ypaBHeHui (1) u (1") ompenenstorcs onepatopom L, U SBISIOTCS OAUHAKOBBIMH.
B cuity sTOro coBmagarT Takke MOPSAKH MOABMKHBIX TONIOCOB pelieHnil ypasaenuit (1) u (1'), mpuuem
B OKPECTHOCTH IIOABUKHOI'O IOJIIOCA Z = Z, PELIEHUE UMEET IIPEICTaBICHHUE

w(z)~c(z—zo)_1+cl(z—zo)+O(z—zo)z, (6)

[JI€ BBIUET C € {il, 2., % n} 3aMeTuM, 4TO B CHITy COBIIAJICHUS IOMUHAHTHBIX WieHOB ypaBHeHus (1) u (17)
HUMEIOT OJIMHAKOBEIE PE30HAHCHBIE TIOJIMHOMBI, KOTOPhIE MOYKHO BBINTUCATH B IBHOH opme. [Ipu 3TOM 1monoxu-
TEJIbHBIC PE30HAHCHI ONPEICIISIIOT HOMepa KO3(PPHUIIMEHTOB pa3iioxkeHus (6), SIBISIONUECS TPOU3BOIBHBIMH,
B yactHOCTH, 17151 ypaBHEHU: (4') B OKPECTHOCTH OABUKHOIO HOJIIOCA Z = Z, CIIPABEIUIMBO OJHO U3 CIEIYIO-
LUX TPEX Pa3I0KEHUIN:

w(z) =§ +ht+ hyt* + byt + bt + e+ Y et (7)
j=6
e =z-z, g2 = 1, h, h,, hy w h, — T[poU3BOIbHbIE IIOCTOSHHBIE, a C5=
—e(4208h; — 11213 =504k h; + py — SOhTs, + 20ehss, + 6ehs,

= 156 , C;=hs 1 Bce ocTalbHble KOd(pduUIMEH-

T C}, j > 6, OIHO3HAYHO OTIPENIENAIOTCA uepe3 Ay, ..., fis M mapameTpsl s, 55, p3, 033
S vt S et 8
w(z)—7+ (et + hy +cht, (®)

j=5
) —&( 770k —308h;s, + 5,

e t=z — zy, € =1, hy U h, — IPOU3BONIBHBIC MOCTOSIHHBIC, & ¢y = 120 , G =hy, cog=hy
¥ BCE OCTAILHBIE KOYDUIMEHTBI ¢, j > 5, 0/IHO3HAYHO ONPE/IETISIOTCS 4epes iy, ..., iy M IapamMeTpl sy, 55, P3, Ols;

"3neck u nanee p= ([31, Bas ooy Bn—])'
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w(z) =37‘°' + %H— Z‘acjtf, )
=

&(19s7 - 70s, )

88 200

OCTalbHbIE KOO(YYHUUMEHTEI C), Jjz 4, OlIHO3HAYHO OIPENENAIOTCA Yepes Ay, h,, hy ¥ IApaMETPBI sy, S5, P3, Olz.
Jist paliioHaNbHBIX PEHICHUH OECKOHEUHO ylaleHHast TOUKa Z = 00 €CTh TOUKa TOJIOMOP(HOCTH.
Teopema 1. /{15 mepomopghnuvix pewenuil ypasuenus (1') ¢hynkyus

e =z — z,, gr= l,c,=0,c,= , ¢;=hy, cy=h,, ¢|; = hy — IPOU3BOJIbHBIE TIOCTOSIHHBIE U BCE

u(z)=exp —f fwz(z)dz dz (10)

saensemesi yenoti. Ilpu smom mymu u(z) umerom kpammuocme k* u sersiomes nomocamu w(z) ¢ gbluemamu
tk, ke {1, 2,..., n}

JeiictBurensHo, u3 onpeaeneHus ¢yHkunu (10) HEMOCPEICTBEHHO BHITEKAET, YTO HYISMHU u(z) MOTYT
OBITDH JIUILB MTOJFOCHI w(z). XapakTep KpaTHOCTU HYJEH CIeAyeT U3 HeOCPEACTBEHHON MOACTaHOBKH pe-
crasnenus (6) B mpaByto yacTb BeipaxkeHus (10). B wactHocTH, 11 ypaBHeHus (4') crpaBelIMBOCTb yTBEPK-

JIEHUSI TCOPEMBI | ciemyeT u3 moACcTaHoOBKY paznokeHui (7)—(9) B mpaByto yacTh Beipakenus (10).

v(2)

MepomopdHoe perieHne w(z) n-ro ypaBHeHus (1) MOXKHO IpEACTaBUTH B BHIE w(z) = , Tae u(z)
u(z

u v(z) — 1enple QyHKIMH. B kauecTBe u(z) Bo3pMeM QyHKIuio (10), a v(z) = w(z)u(z). Torna nensie hyHK-

unn u(z) 1 v(z) yROBIETBOPSIOT CHCTeMe
uu"—(u’)2+v2=0, (11)
d = ’ ’
(E+25JL,,[M 2(vu—vu —vz)} —pni—ocnzo. (12)

[Ipu sTom ypaBHenue (11) momydeno nuddepenunpoBanuem gyukuuu (10), a ypaBHenune (12) — nogcraHoB-
v(2)

KoM w(z) = B ucxomHoe ypaBHenue (1'). CnemoBarensHO, CIIPaBEIJINBO M 00PaTHOE YTBEPKACHHE: €CITH

u(z
napa 1enbIx QyHKIui (v(z), u(z)) — pemienne cucteMsl ypaBHeHui (11), (12), To ux OTHOIIEHUE €CTh MEpO-
Mop(dHOe perreHne ucxonHoro ypasueHus (1').

Biio:xenne MHOKeCTB pellieHuiT nepapxuu ypasHenuii (1')

Ypasaenue (2') B 00111eM cirydae HHTETPUPYETCS B DIUTHIITUIECKIX PYHKIUAX, a ypaBHeHHE (3') — B THTIEp-
ammunTrdeckux GyHkmax [24]. 3ametum, uto ypaBHeHus (2')—(4') IMEIOT epBhIe HHTETPAITBI

(W) =w'+ pw?+ 20w+ C, (13)

2w W= (W) 4+ (10w7 = By ) ()" + Biw* + 20w =20  + pw? + G, (14)
20wl = 2wl - (W )2 =25, 1492w+ (5= 1407 ) (W) + 56w (') W' +

+ 21(w)" = (5, =105, + 70w" ) ()" = 250" + 5w + syw* + pow’ + 2a5w + (15)

cooTBeTcTBEHHO. O603HauMM uepes /1, MHOKECTBO pelleHuid n-ro ypaBHenus (1) mpu gpukcnpoBaHHOM 3Ha-
YEeHHUU [IapaMeTpoB a,,, B, p,. Torna cnpaseBo Britouenue H, ¢ H, ¢ Hy c H,. Tounee, cpaBeunBsa cie-
Ayromias TeopemMa.

Teopema 2. /. Ilycmbs w= w(z, o, pl) — npoussonbHoe peuieHue ypasHenus (2') ¢ HauanbHbIMU OAHHLIMU

Wy, Wy NPU PUKCUPOBAHHBIX 3HAUEHUAX napamempos o, p,. Toeoa w= w(z, oy, p]) ecmb pewienue ypasHe-
nus (3') npu ycrosusix
O‘zzal(p1+[31): p2=2C1+p1(p1+B1), (16)

_ 1\2 4 2
20e Cy=(wy)" — wy — pywi — 20w,
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2. Illycmy w= w(z, 0y, PBis pz) — npou360ILHOE peuteHue ypasHerus (3') npu QuKcupoBaAHHbIX 3HAUECHUSLX

napamempos o.,, B, p,. Tocoa w= w(z, o,, B, pz) ecmb peuwieHue ypasnenus (4') npu yciogusx

o3 = 0‘2(51 - B ) p3=2C+ Pz(sl -B ) $H==prt BI(SI -B ) (17)
eoe C, onpedensiemcs hepgvim unmezpanom (14) u nauanoHvlMu OaQHHBIMU PEUEeHUs.
3. [lycmo w= w(z, O3, 8}, Sy, p3) — npou3sgoIbHOE peuienue ypasHenus (4') npu urcuposaHHbIX 3HAUEHUsIX
napamempos O, S, S,, py. loeoa w= w(z, Oy, S), Sy, p3) ecmu peutenue ypashenus (3') npu ycioeusix

b :b151_512+52» by=—py+ sz(bl—sl),

oy=as(b —s,). py=2C;+ ps(b—s,),

2o0e Cy onpeoensemcsi nepebim unmezpanom (15) u HauanbHuiMu OGHHLIMU PEULeHUS.
HoxazarenscTBo. ludpdepenuupys ypaaenue (2), Haxoaum

w® = 6w’ + v, w) = 12w(w')2 + (6w2 +p )W". (18)

[MoncranoBka w' u3 mepsoro uHTerpaia (13), w" u3 ypasuenust (2') u npousBoausix (18) mpu BEIOTHEHHH
ycnoBus Ha napametpsl (16) oOpamaeT ypaBHeHue (3') B TOXKAECCTBO, OTKY/ZA U CIICAYET IEPBOE YTBEPIKICHUE
TeopeMsl. J[is tokazarenscTBa BToporo yreepxkaeHus auddepeHnmpyem ypaBaenue (3') TpHKIbI U, TTOJCTaB-

. 4 5 6
JIsis. HAlJIEHHbIE TIPOU3BO/HBIE wh ), wt ), w® i TPETHIO POU3BOHYIO U3 MepBoro nurterpana (14) B ypasHe-
Hue (4"), yoexmaeMcs, 9To TocieHee o0pamaeTcs B TOXK/IECTBO IPH BEITIOIHEHUH ycioBus (17). AHaIorn4HO
JIOKa3bIBACTCS TPETHE YTBEPIKICHUE TEOPEMBI.

IIpeoopa3oBanue beknynaa ypapuenus (1')

OTtHocuTenbHO npeodpazoBanmil bexnynna ypaBaenus (1') cripaBeniiiBa cieayroIas Teopema.
Teopema 3. IIycmo 6 ypasnenuu (1) k,=0, 0, #0 u w= w(z, a,, B, pn) — peutenie npu QuUKCUPOBAHHBIX
3Hauenusx napamempos. Toeoa npeodpazoeanue

2
T:w—siv=w— % (19)

2L, [w’— wz] - P,

onpeodensiem pewenue W ypagnenus (1') npu o, =—o.,, B=p, P, =Dy
HoxazaTtenscTBo. Mcmonsdyem MeTon 10Ka3aTenbCTBa AaHATOTUYHOTO YTBep K AeHNs 171t ypaBHeHus (1)
npu k, =1 [23]. Beenem QpyHkuuu

a(2)=w(2) = v (). ¥(q(2)) = L,[a(z)] - 2. (20)
Torma ypasuenue (1") MOXXKHO 3amucars B BUJIE YKBHBAJICHTHON CHCTEMBI

w=g+w’, ¥ +2%w-a, =0, (21)

e ¥ =Y (z); (), = di() IIpu 5ToM yHKIHS ¢ (2 ) YIOBIETBOPSIET YPABHEHHIO

/4
, (\Pr)2 o

W—>—+2q¥Y +—2=0,¥ 0. 22
g 250, (q(2))= (22)

VYpaBHenue (22) B COOTBETCTBUU ¢ pabOTOM [25] MOJKHO Ha3BaTh CTALIMOHAPHOM nepapxuel ypasHenus B, u3
kiaccuduraronHoro crucka [lennese [1], a ypaBuenue ¥ (q (z)) =0 npu o, = 0 onpenenseT crallMOHAPHYIO
nepapxuio nepsoro ypasHeHus [lennese. T nepapxuu OyayT pacCMOTPEHBI HHXKE.

Hanee cuntaem, 4ro o, # 0. Toraa ‘P(q(z)) #0. B aTtom cnyuae cuctema (21) onpezessieT COOTHOIIICHNE
Mexy perreHusMu ypapHenui (1") u (22) B coorBerctBuu ¢ pynkmusamu (20) u mpeodpazoBaHUAMA

G:WZW(Z’ an’ B’ pn)_)q(zﬂ a’n’ B’ pn):wl(z’ a‘n’ B’ pn) —W2 (Z’ U‘n’ Bﬂ pn)’
o, -V (q)
2‘P(q)

Tak kak napamerp o, BXOIUT B ypaBHeHUE (22) B BUIE oci , TO ypaBHeHHeE (22) UMEET AUCKPETHYIO0 CHMMETPHIO

M:q=4q(z o, B, p,)>w(z o, B, p,) =
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So:4(2 &, By p,) (2 6 B By)= (2~ B 1.
Hcnone3zyem npeobpazosanust G, M u S, Ui noctpoeHus npeodpaszosanus bexirynna ypasaenus (1').
Ilycte w= w(z, o, B, p, ) — petenne ypaBHeHwus (1) mpu pUKCMPOBaHHBIX 3HAYEHHAX TAPAMETPOB O, 3, P,

«HoBoe» pemenne w = 171/(2, a,, B, [9”) ypaBHeHus (1") Oyzmem cTpouTh 1o cxeme

w—>q(z @, B, p,) —2>§(z &, B, B,) —> (2 &, B. 5, ) (23)

rmeg=quo,=-au,, B: B, p, = p,, Wy B siBHOI1 (hopme
5 & —W'(5 _ —y
oz 35, p)- 2 D) _ e Ha) 20,

2%(q)  2%(q) | 2L[q)-p

OTKy/Ia U CJIeIyeT CIPaBeIMBOCTb TEOPEMBI 3.
PaccmarpuBas cxemy (23) B 00paTHOM MOpsiIKe, HAXOAUM 00paTHOE MPeodpa3oBaHUe

24,
2L, [ W - W |- b,

Thwosw=w-

Tak uto T 'T = 1.
OTmeTHM, 9TO 7S pemeHui w, W, CBsI3aHHBIX Tpeobpa3oBanneM bexnynna (19), B cuty ¢ = ¢ cipaBeuu-

BO COOTHOIIeHHE W —w? = W' — W’ npu a,=-0o,, B=PB, P, =Pp,-

IIpeodpazoBanne bekirynaa ypaBHenus (2')
s ypaBuenus (1) npu n =1, 1. e. ypaBHeHus (2"), npeoOpa3osanue bexnynna (19) umeer Bua

- 200
T-wo>w=w-— 1

L B 24
2w —2w* - p, @)

U paHee ObUTO MpUBEACHO B padote [26]. [Tokaxkem, uTo mpeobpazoBanue bexnynna (24) B 93ToM ciaydyae aHa-
JIOTHYHO GOpMYIIe TEOPEMbI CIOKEHHS JIs dJUTUITHIYecKor (yHKImK Beiiepirpacca [27].

B nepBom unTerpase (13) ypaBHeHus (2) mogoxum, 4to w = e Torna nosryunM ypaBHEHUE

2
(u') =Cu*+ 204° + pu’ + 1. (25)
B cuy Teopemsr 3 aiist ypaBHeHHs (25) cipaBesUBO CIEAYIONIEe YTBEPKACHHUE.
Yreepxkaenue. Ilycts u = u(z) — peleHue ypaBHeHUs (25) nMpu HEKOTOPBIX (UKCHPOBAHHBIX 3HAYCHHUSIX
apameTpoB 0, p; U HocTosiHHOM uHTerpupoBanus C,. Torna dyHkuus

20L,u4

zl(z) =u-— (26)

2+ pu® + 200’ + 2u’

SBJIETCA PellleHUeM ypaBHEHuUs (25) Ipu G = —o, U TexX ke 3HaueHusx C), p;.
Janee Gynem cuntars, 4to o # 0, Tak Kak u3 onpeneneHus GpyHxuun (26) npu o, =0 nmeem 4 (z) =u(z).

[Tycts B ypaBaenuu (25) C; = 0 1 KOpHH IPaBOii YaCTH OTHOCHUTEIBHO U = U (z) paznuussbl. [Ipu Hannunm kpart-

HBIX KOpHEH ypaBHeHue (25) uHTerpupyercst B 3jeMeHTapHbIX QyHKImsX. [IpuBenem ypaBHeHue (25) K KaHO-
HUYECKOH opMe, CIeaB 3aMeHy

2 P
U=+ [y, =, [y =——. 27
My Mo, My o 12%) 60, (27)
Torma st onpeaesieHus: PyHKIUN v(z) MoJIy4aeM ypaBHEHUE
N2
(V) =4 gy - g, (28)
T7Ie MHBAPUAHTHI ) 5 5
o
@= 0 &= o 29

%4 6
[Tpu sTOM 0O1IEe penieHne ypaBHeHus (28) nmeer BHJ v(z) = go(z +K; g5, g3 ), rae go(z; 25 g3) — 2JTUI-
Tryeckas pyHkmusa Beliepmrpacca ¢ naBapuantamu (29), a K — mocTossHHAS HHTETPUPOBaHUS. B crity coot-
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HomieHus (26) u 3aMeHbI (27), eclii U3BECTHO PelIeHHe v = v(z) ypaBHEHUs (28), TO «KHOBOE» PELICHHE ITOTO
YPaBHEHHUST MOXKHO TIOCTPOUTH TI0 hopMyIie

o] (p,—12v)’
viz)=—=(p, — 6v)+ (30)
() 6(pl ) 24(1080] + pj — 18p]v + 864v" + 2160,/

npu & = —0,, p = p. CiaemnoBarebHO, €CIH V = <go(z) ¢ nHBapraHTamu (29), To CyIecTByeT Takasi HOCTOsTHHAsS K,
qTo \7(2) = go(z +K; g,, 23 ), MIOCKOJIBKY £,, &3 — MHBAPHAHTHBI IIPU O, —> —0.;. PacKkiapIBas B pAl B OKpECT-
HOCTH z = () IeBy10 U mpaByro dacTu cooTHomeHus (30), [ onpeneneHus TOCTOSHHON K, COOTBETCTBYIOIIEH
peLIeHUIO \7(2), HaXOJIUM

p(K)=-Lr o'(K) =" (31)

[ocne nmpeobpazoBanus cootHouenus (30) ¢ yueToM HHBapUaHTOB (29) nmeeM

p(z+K)=—p(K) - p(z) + l[MJ ’

4\ p(K) - p(z)

e o(K), 9'(K) 3anarores coorHomennsivu (31), 4T 1 onpenenser GpopMyty TeOPeMbl CIOKEHUS IS 9J1-
JUNTHYECKON QyHKINU go( ) ¢ MHBapuaHTami (29).

Paccmorpum ypasrenue (25) npu C; # 0, o) # 0 1 pasnn4HbIX KOpHSX e; IpaBoit yactu. [1pn Hanmmunum Kpar-
HBIX KOPHEH €; ypaBHECHHE (25) MHTErPUPYETCs B SIIEMCHTApPHBIX (byHKuH;Ix IIpuBenem ypaBuenue (25) k KaHO-
HUYIECKOU (bopMe

ITycrs e, = r — opue u3 KopHeii e;. Torna B ypaBHeHHH (25) MOKHO CUMTATh, YTO

-1- plr2 - 20Llr3
C = a .
B ypaBHeHuu (25) BBIOIHUM 3aMEHY
u(z)=r+—— (32)
mv(z) + 1y
rae
2r 6+ 5p,r’ + 6a,r”
M=% 3 =~ 2 3%
2+pr-+oyr 6r(2 +prtt+oyr )
Torma mst onpenencHus GyHKITAN v(z) nMeeM ypaBHeHHe (28), Tae
P S WO R W 1. (33)
12 2 T 4 216 6t e 3

[lycte Tenepp v(z) = go(z) ¢ naBapuantami (33). Torna «HOBOE» penieHue \7(2) ypaBHeHus (25) B cuiy 3a-

MeHbI (32) nMeeT BUA 1

My (Z ) )
IIpu sToM 17(2) = p(z +K ) u nocTosiHHas K, Tak ’ke Kak U B cityuae, korga C, = 0, onpeaensercs COOTHOLIe-

ﬁ(z):—r +

nusamiu (31). IIposens ananornyneie npeodpazoBanus, kak u npu C, = 0, ybex1aeMcs, 4To COOTHOLIEHHE (26)
ompenensietr GopMyIy TEOPEMBI CIOXKESHUS s QYHKITUA go(z +K ) ¢ uaBapuanTamu (33).

ABTonpeodpazoBanus bexirynaa ypaBuenus (1')

OrHOCHTE/bHO IIpeobpasoBanuii S u T cripaBeuIHBO paBeHcTBO S = I'% = I. ITpu 3ToM npeoGpazosanus S u I’
B 00IIeM cllydae He KOMMYTHPYIOT, YTO MOYKHO MCIIOJNB30BaTh [UIsl MOCTPOCHUSI Pa3IMuHbIX PELICHUH ypaBHe-
Hust (1") ipu PUKCUPOBAHHBIX 3HAYCHUSIX [TAPaMETPOB.

Ipumep 1. Oynkus
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A 1 3 = ! !
eCTh pelleHne ypaBHeHus (2') nmpu o, = Y P = 7 a Taxke ypaBaenuit (3")—(5") B cooTBeTCTBUU € TEOpe-
3
mott 2. Torzna pemenue w; = Tw, ypaBHenus (2') npu o, = 3’ b= an MeeT BUJL

(o %))
2
21— 32ch[€Z] + ch(ﬁz) + 12@sh[€z]

CrnenoBarenbHo, GyHKLUS Sw, = —W, TaKKe €CTh PELICHHUE ypaBHEHHs (2') IPU UCXOAHBIX 3HAUEHUSX MapaMeT-

pOB O = —%, D= —%, T. €. ipeoOpaszoBanusi S o T u T o S ABISAIOTCA aBTONPE0Opa3oBaHUAMH ypaBHEHHUs (2”).
Ipumep 2. OyHxnus ! !
wy=1+ -
z=2 z-1

€CTh pallMoOHAJIbHOE pellieHne ypaBHeHus (3") npu (ocl, B, p, ) = (4, 7, —12). Torma nocnenoBarenbHOE m-Kpart-
HOE MpUMeHeHue npeodpazoBanmii S o7 u T o S gaer
(SoT) wy=1+ bt (To8) wy=1+ bt
z-m-2 z-m-1 z+m-2 z+m-1

OTH peleHus pa3InyHbIe, TaK KaK UMEIOT Pa3HbIe MOMIOCH, T. €. aBTonpeodpazoBanust S o T u T o S onpene-
JISIFOT JIBE pa3IMYHbIe OECKOHEYHBIE CEPUU PALIMOHAIBHBIX PEIICHHI JUIs TapaMeTPOB (al, B, p, ) = (4, 7, —12).

Bioxenne MHOKeCTB peLeHui
CTALMOHAPHOM MepapXuu ypaBHeHus P,

IlepBble Tpu ypaBHEHUsI CTALIMOHAPHON nepapxuu ypasHeHus Py, (22) UMeroT BUJ

(m-29) 9 (4') - (p,—29)q"+ a2 =0, (34)
a(p,-24(3g+B)-2¢") - ((6q +B)g +q" )2 —
~(p—29(3q+B)) - 24")(6(q’)2 +(6g + By )q"+ q(4)) + 03 =0, (35)

2
4q(_—§3 + q(qu2 +5,+ 3s1q) + S(q’)2 +(10g + s, )q" + q(4)j -

2
- (q'(sz + 65,9 + 30g° + 20q") + (s + 1Oq)q(3) + q(s)) -
- (p3 - 2(](10(]2 +5,+ 3s1q) - IO(q')2 - 2(10q + sl)q" - 2q(4))(6sl(q') + 30q2q" +
T q"(s,+20g") +30q'q%) + 5, + 2q(30(q')2 +35,q"+ 5q(4)) + q(6)) + a2 =0. (36)

3amerum, 4TO ypaBHeHHE (34), KOTOpoe JTUHEHHON 3aMeHOI (z, q) MPUBOJUTCS K CTAlHOHAPHOMY BHILY
ypaBHeHus Ilennese Py, [1], momyckaeT nepBblil HHTErpal

N2
C(p—29) - ai - pg* +24° +(¢') =0, (37)
a ypaBHeHHe (35) uMeeT NepBbIi HHTErpal

G, =(a§ ~14B,q" — 244" + ¢° (—30(q’)2 + B (P2 - 6q”))+
2
+ ¢ (4p, =287 = 200") = (¢') (P + B1 - 24") - 2Big'aV ~ (V] -

- 2q(5l31 (¢') +q"(-p+29") + 661,‘1(3)))(172 ~2¢(B, +39) - 2¢") . (38)
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[Tpu sTom n1st ypaBaenwuit (35) u (36) B crily COOTHOIICHHS MEXK/TY PEILICHUSMH CTAIlMOHAPHBIX yYpaBHeHHH (1)
u (22) B coorBercTBUH ¢ (pyHKumsamu (20), Tak ke Kak U i ypaBHeHHH (2')—(5"), cipaBe/uinBa cieayromas
Teopema.

Teopema 4. /. Ilycmov g = g (z, oy, Py ) — peuterue ypasHerus (34) npu pukCUpoBanHbIX 3HAUEHUSX NApaAMen-

pos ., p;. Toeoa q = q(z, oy, P ) ecmb pewtenue ypasnenus (35) npu ebinoaneHuu ycnosus na napamempu (16),

20e nocmosinas unmezpuposanus C, onpeoensiemcs: uepes Hauaibhble OaHHbLE PeUenUs 4y, gy 8 COOMEemcn-
8ulU ¢ nepevim unmezpaniom (37).
2. [lycmo g = q(z, 0y, Bys Pz) — pewenue ypaenenus (35) npu QuKCUPOBAHHBIX 3HAYEHUSX NAPAMEMPOS

o,, By, p,. Tocoa q = q(z, 0y, By, Pz) ecmb peutenue ypasuenus (36) npu 6bINOIHEHUU YCLOBUSL HA NaApaMen -

pui (17), 20e nocmosannas unmezpupoganus C, onpedensiemcs 4epe3 HauaibHvle OaHHble PeUeHUs ¢ 6 COOM-
semcmeuu ¢ nepevim unmezpaiom (38).

JlokazarenbcTBO TeOpeMbl 4 aHAJOTHYHO JI0Ka3aTeNILCTBY TEOPEMBI 2. 3aMeTHM TaKKe, YTO YTBEPKACHHE
TeopeMbl 4 OTHOCUTENIBHO BIOKUMOCTH PEILICHUH CTIpaBeIMBO U /71 ypaBHEHUs (36), HO OHO HE TPUBOAUTCA
371€Ch B CHITY TPOMO3JIKOCTH BBIPKEHHH.

BiioskeHne MHOKeCTB pelleHHil CTAMOHAPHOM MepapXuun
nepsoro ypasHenus Ilennese

N3 cucremsr (21) crnemyert, 9To BCe pemieHus w(z) ypaBHeHHs Pukkaru w'= g + w?, rie q(z) ONpeaesieTcst

YPaBHEHUEM ‘P(q(z)) =0,T.e.
B [q(2)] - %:o, neh, (39)

ABJIAIOTCA peleHusamMu ypasHeHnus (1) npu o, = 0.
V] i g2 2n—2. Tipn n=1
PaBHEHUs CTALIMOHAPHOHN nepapxuu B uMeroT nopsanok 2n —2. Ilpu n =1 B onpeneneHun uepap-
xun (39) He monmyyaem auddepeHnraibHoe ypaBHEHUE OTHOCUTEIBEHO q(z), HO UMEEM CBOUCTBO, COCTOSILIEE

2
B TOM, YTO BCE pelleHHs ypaBHeHHs Pukkatu w'=w’ + L1 gpsioTcs peleHusMy CTalHOHAPHOTO BTOPOTO
ypaBHenus Ilennese (2) mpu a,; = 0. 2

[lepBrie ypaBHenus nepapxuu (39) npu n = 2, 3, 4 UMEIOT BUI

q"=-3q" - gB, + % (40)

4 "n\2 ” " V4
q( ):—10q3—3s1q2—5(q) - 59" —s,q —10gq +?3, 41)
rae s, =P, + B, u s, =P,B,,
q(é) =-35¢"~10b,q° - 5h, (q')2 - byq"— 21(q")2 ~3b,q> —70¢°q" -

—28¢'q®) — bg¥ - q(b3 +70(q')’ +10b,q" + 14q(4)) + %, (42)

e by =By + By + Bys by =By + BaBs + BiBs by = BB,

Ypaeaenne (40) ecTh cTanpioHapHOE TIepBOe ypaBHeHUe [1eHnese, uto n 00bsICHIET Ha3BaHue nepapxuu (39).

N 2n-2
O603naunM uepes G,, _, MHOKECTBO PELIEHUI ypaBHEHHs R[ n=2] py (PUKCUPOBAHHBIX 3HAUCHHUSIX MapaMeT-
poB B, p,. Torna crnpaseaauBo BKIFOUEHHE
' 2
Gyy_r < H,,, q(z)=w(z)-w(z), a,=0, neN,
P[Zn - 2] P[Zn] -0 6 M
KOTOpOE€, 110 CYTH, O3HAYAET, YTO ypaBHEHUs f] u P57 npu o, =0 cBa3aHbl npeoOpa3oBaHreM Muypel,
9TO CHPaBEJIMBO U B HECTallMOHapHOM ciydae [9;11].

o 2n-2 o o o
Jnst ypaBHEHHI Mepapxun Pl[ | Tatoke BEIMONHAETCA CBOMCTBO BIOKEHHS MHOKECTE pewenuid. [eitcr-
BUTENBHO, ypaBHeHHUs (40) 1 (41) UMEIOT NepBbIC HHTETPAJIBI

N2
Ci=pq-Big*-2¢-(q'), (43)

C,= q(p3 - 10(q')2) +(q") - 294" - 5,¢* - 25:¢° = 5¢* = 5,(¢') (44)
COOTBETCTBCHHO.
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Teopema 5. [. [lycmo g = q(z, By p2) — npouzeonvroe peutenue ypasuenus (40) ¢ nauarbHbIMU OAHHBIMU
o, 40 "PU pukcuposannvix snavenusx napamempos P, p,. Toeda smo pewenue maxaice ecmo peuleHue ypas-
HeHust (41) npu evinonneHuu yCiosuil Ha napamempovl

P2+52—B1(31—B1):0y 2C1—P3+P2(51—B1):0r (45)

1\2
20e C = pyqy — Bigo — 245 — (45 -
2. Ilycmb q = q(z, 51, 55, P3 ) — NPOU360ILHOE pewienue ypasrenus (41) npu urkcuposannbIx HaUeHUAX na-

PaAmMempog s, S,, P3. Toeda 3mo peutenue maxaice ecmv peuterue ypasHenus (42) npu guinonnenuu yciosutl Ha
napamempul
bz—(b1 —sl)sl—s2=0, by + py— (b1 —sl)s2=0, 2C, + (b1 —sl)p3 - ps=0.

IIpu smom nocmosnnaa C, onpedensiemcs uepe3 napamempul U Ha4anbHble OAHHbIE PeUeHUs q = q(z, )5 S5, Pz)
8 COOMBEMCMBUU C NePEbIM UHmMezpaiom (44).
HoxazarenbcTBo. Jubdepenmupys ypasuenune (40), Haxoaum

, 6 2 2 - ’

IMoncranoBka ¢’ u3 nepsoro unrerpana (43), ¢" u3 ypasuenus (40), a Taxke q(3) " q(4) 13 COOTHOIIEHMI (46)
B ypaBHeHHeE (41) IpH BHIOJIHEHUH YCIIOBHS HA TapameTpsl (45) oOpalaet ero B TOKIECTBO, OTKY/A U CIIELYeT
HepBOE YTBEPKACHUE TEOPEMbl. AHAJIOTUYHO JOKA3bIBAETCSI BTOPOE YTBEP)KICHHUE.

3aMeTnM, 4YTO HEKOTOphIE CBOWCTBA pEIIeHUH MepBhIX ypaBHeHUi (2')—(4") nepapxuu (1), kacarouuecs
npeoOpaszoBanuii bekiyHaa n cBoiicTBa BIOKMMOCTH MHOXKECTB PEIICHUN, ObUIN NPUBEACHBI paHee B pado-
Te [28].
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NHBAPUAHTHBIE f-CTPYKTYPBI
HA YETBIPEXMEPHOM! I'PYIIIIE OCIIUAASITOPA

B. B. BAJIAJEHKO", B. H. KYHHI[A"

1)Eejzopycacuﬁ 2ocyoapcmaeennulll ynugepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, benapyco

Annomayus. Viccnenyercs 4eTbIpexXMepHasi IpyIiia OCHUILIATOPA ¢ TOUKH 3peHUsI 00001IEHHOW )PMUTOBOW T'€OMETPHH.
Ora paspemumas rpymnmna JIu siBiusieTcs mogynpsMbIM IPOU3BEICHUEM KIIACCHUECKOH TpexMepHOH rpymisl [eiizendepra
1 BEIIECTBEHHOH MpsiMoii. C MCIOIB30BaHIEM COOTBETCTBYIOIICH anreOpbl JIn MOCTpoeHbI M U3y4eHBI MIeCTh 0A30BBIX
JICBOMHBAPHAHTHBIX METPHUUECKHX f-CTPYKTyp paHra 2 Ha TpyHIie OCHUIIIATOpa. B pe3ynprare 4ero nosBiasieTcs: BO3MOXK-
HOCTb IIPEABSBUTH HOBBIE IIPHMEPHI JICBOMHBAPHAHTHBIX IIPUOIHKEHHO KEJIEPOBBIX, 0000IIECHHBIX IPHOIMKCHHO KEIEPOBBIX
Y 9PMHUTOBBIX f-CTPYKTYp Ha pa3pemrMbIx rpymnmnax Jin.

Knrouesvie cnosa: rpynia ocLnIsTopa; paspermmas rpymima Jlu; paspenmmas anredpa Jlu; 1eBoMHBapHaHTHAS MET-
pudeckas f~CTpyKTypa; IpHONMKEHHO KeJIepoBa f~CTPYKTypa; 3pMHTOBA f-CTPYKTypa; 0000IIECHHAS SPMUTOBA TCOMETPHSL.

bnazooaprocmes. Pabora BbITIOJIIHEHA NIPY YaCTUYHOH (PMHAHCOBOI mojiepx ke benopycckoro rocynapcTBEHHOTO
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INVARIANT f-STRUCTURES
ON THE FOUR-DIMENSIONAL OSCILLATOR GROUP
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Abstract. In this paper, we investigate the four-dimensional oscillator group from the point of view of the generalised
Hermitian geometry. This solvable Lie group is a semi-direct product of the classical three-dimensional Heisenberg group
by a real line. Using the corresponding Lie algebra, we construct and study six basic left-invariant metric f-structures of
rank 2 on the oscillator group. As a result, it gives the opportunity to present new examples of left-invariant nearly Kéhler,
generalised nearly Kédhler and Hermitian f-structures on solvable Lie groups.

Keywords: oscillator group; solvable Lie group; solvable Lie algebra; left-invariant metric f~structure; nearly Kahler
Jf-structure; Hermitian f~structure; generalised Hermitian geometry.
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BBenenue

BaxxabiMu 00bekTaMu BecaenoBaHms B UG GepeHIINaTFHON TEOMETPHH SIBIITIOTCS aQUHOPHBIE CTPYKTYPBI
Ha rI1aaKkux MHOFOO6pa3I/IHX, T. €. NIaJIKNE TCH30PHBIC I10JIA TUIIA (1, 1), pCaIM30BaHHBIC B BUJIC nonen OHJAOMOp-

(hU3MOB, IEHCTBYIOIIMX B KacaTeIbHOM PAcCIOCHUN K MHOT000pasuto. U XOTs YUCIIO BUJIOB TAKUX CTPYKTYP
BEJIMKO, UHTEHCUBHO M3y4aeMbIMU TPAIUIIMOHHO SIBIISOTCS TIOYTH KOMIUIEKCHBIE CTPYKTYPBI, CTPYKTYPBI TOYTH
MIPOM3BEACHNS, TOYTH KOHTAKTHBIC CTPYKTYPHI U Ap. C 1960-X I'T. 3HAUNTEIHHYIO POJTh CTAJIA UTPATh f~CTPYKTYPHI

Suo [1] ( P+ f= O), KOTOpBIE 000O0IIAIOT TTOYTH KOMIUTICKCHBIC M TIOYTH KOHTAKTHBIE CTPYKTYphI. BmecTte

C COIJIaCOBaHHOM (TICEB0)PUMAaHOBOM METPUKOW HAa MHOTOOOpa3uu METPUUYECKHE f-CTPYKTYPHI BKIFOYAIOT
KJIACCBHI MTOYTH IPMHUTOBBIX CTPYKTYP U METPHUECKUX MOYTH KOHTAKTHBIX CTPYKTYp, POJIb KOTOPHIX B IU(-
(epeHMaIbHON TeOMETPUN U €€ MHOTOYHMCIICHHBIX MPHIOKEHUSIX Ype3BblYaliHO Bennka. B cBoio ouepenp,
METPHUICCKUC f~CTPYKTYPHI SBIISIOTCS BOKHEHIIINM 00BEKTOM B OOIITUPHON 000OIIEHHOH S)PMUTOBOM TeOMET-
puH — 00J1acTH COBpEeMEHHOH nTuddepeHInanisHON reOMeTprH, pa3BuBaeMoii ¢ cepenunsl 1980-x rr. [2—4].

Uro kacaercst quddepeHuanbHOi TeOMETPUH OJHOPOAHBIX MHOT0OOpaswmii rpymm JIu, To nccinenoBanus
WHBAPUAHTHBIX CTPYKTYP Ha TAKHMX MHOTOOOPa3HsIX TPOIOIIKAIOT OCTABATHCS AKTYaIbHBIMHU B CBSI3H C PSIJIOM 3a-
nad nuddepeHunanbHoi reoMeTpUr, TEOPUH FaMUIIBTOHOBBIX CHCTEM, TeOpeTHIeCcKoi pusnku. OTMETHM 31eCh
3¢ dexTUBHOE TPUMEHEHNE METO/Ia KAHOHWYECKUX CTPYKTYP Ha OIHOPOJHBIX A-CHMMETPHIECKUX MPOCTPaH-
CTBaXx, 3aJIOOKEHHOTO U Pa3BHTOTO B paborax reometpoB bemapycu, Poccun, Bennkoopuranuu, CILIA, Yexun
u npyTux cTpad [5—11]. B ciydae ¢ ecrecTBeHHO-PEIYKTUBHON METPHUKON HA OTHOPOIAHBIX A-CHMMETPHUIECKIX
MPOCTPaHCTBaX ObLI 0OHAPYKEH IUPOKHI KJIACC MHBAPUAHTHBIX f~CTPYKTYP, PEaU3yIOIIHX OCHOBHBIE KITACChI
B 000011eHHON 3pMHUTOBOY Teomerpun [ 12—19].

OTMeTHnM Jiajee, YTO MHOTHE BaXKHbIE (B M3BECTHOM CMBICIIE MOJICJIbHBIC) IPUMEPBI BOZHUKAIOT TPH TI0-
CTPOCHUH U M3yUCHHH JICBOMHBAPHAHTHBIX CTPYKTYp Ha rpynnax Jlu. B cmiry 3Toro xmacc HUJIBIOTEHTHBIX
rpyr Jlu, Bkirouaromui rpymisl [ eiizerdepra u mx 0000IIeHNs, a Takke 0oJiee MUPOKUI KiTace pa3pern-
MBIX Tpyni JIu SBISIOTCS NEPCIEKTUBHBIMU M BXOJAT B YMCIIO OCHOBHBIX OOBEKTOB UCCIIEJOBAHHS OTHOPOI-
HBIX MHOTOOOpa3wii, puUMaHOBa METPUKa KOTOPBIX HE SIBIISIETCS €CTECTBEHHO-PENyKTHUBHON. KpaTkuit 0630p
Pe3yNIbTaTOB B 3TOM HANpaBICHHH NPUBENICH HUKE B TEKCTE CTATHH.

B nacrosieli pabore 0CHOBHBIM OOBEKTOM HCCIICAOBAHUS SIBIISICTCS OlHA U3 AKTUBHO HCCIIEYEMbIX pa3pely-
MBIX TPy JI — 9eThIpeXMepHas rpyIia OCIUUIATOpa. DTa TpyIina urpact 0codyro pois B muddepeHnnaI-HON
reOMETPUH, TAPMOHMYECKOM aHaIi3e, CyOpUMaHOBOI reoMeTpru, Teopun ynpasienus [20-22]. B nannoli crarbe
YCTaHOBJIEHA CBSA3b MTOCTPOSHHBIX HA TPYIIIE OCIMILIATOPA IEBOMHBAPHAHTHBIX METPHUYECKHX f~-CTPYKTYp paHra 2
C OCHOBHBIMH KJIacCaMH B 0000IICHHOI S)pMHUTOBON F€OMETPHH.

MeTpuueckne f~-CTPYKTYPbl HA INIAJIKUX MHOT000pa3usix

Kitaccuaecknmu mpuvepamu ahGHHOPHBIX CTPYKTYp SBIISIOTCS ITOYTH KOMILIEKCHBIC CTPYKTYpbi J (J 2 = —id),
CTPYKTYPBHI IOYTH IIpou3BeaAcHUs P (P2 =id)u np. B 1960-x rr. K. SIHo [1] BBeN f~CTPYKTYpBHI, ONpeAeIsieMbIe
yenosreM £ + f =0. Okasanocs [23], uro gmcno 7 = dimIm f MOCTOSHHO st Beex Touek u3 M. ITo uncio
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SIBIISICTCSI YSTHBIM M Ha3bIBACTCSl PAHIOM CTPYKTYpBI, a urcio dim Ker f = dim M — » Ha3biBaroT e(heKTOM CTPYyK-
Typbl 1 0003Ha4aroT uepes def f. OTmernm, uro yacTHbli ciryyaid def /= 0 maeT Mo4TH KOMIUIEKCHBIE CTPYKTYPBI
f=J,acnyuaii def =1 npuBOaUT K KJacCy HOYTH KOHTAKTHBIX CTPYKTYP.

3ayanuie f~CTpyKTypbl Ha M OpOXKIAET Mapy B3aMMHO JIONIONHUTEBHBIX pactipenenenunii £ = Im f'u M =Ker £,
KOTOpBIE HA3bIBAIOT MIEPBBIM M BTOPBIM (PYHIAMEHTAILHBIMH PACTIPEICICHUSMHE f-CTPYKTYpPBI COOTBETCTBEHHO.
Tpu 51oM sHIOMOpGI3MBI [ = — 2 1t m = id + f* SBNAIOTCS B3AaHMHO JTOTIONHATEIGHBIMA TPOCKTOPAMH Ha Pac-
npenenenus: £ u M coorBercTBeHHO [24]. OTMETHM TakXke, 4TO OrpaHndeHue J 3alaHHON f-CTPYKTYpBhI Ha
pacnpenenenue £ 3a1aeT Ha HEM [OYTH KOMILICKCHYIO CTPYKTYpY, T. €. F* = —id.

ITycts nanee Ha MHOrooOpasuu M 3agaHa puMaHoBa METpUKa g =<, >. B atom ciydae f-cTpykrypa Ha
(M, g) HasbIBaeTCS METPHUYECKOH, eciu < fX, ¥ > + <X, fY>=0 mus Bcex maJkux BEKTOPHBIX nonei X, ¥
Ha M [2; 3]. Ina merpudeckoro f~MHorooOpasus nepsoe (L =Im f') u Bropoe (M =Ker /') dpyHnameHrans-
HBI€ pacIpeesIeH s B3aUMHO OPTOTOHAJIBHBI.

Ipu s1oM orpannuerne (F, g) METPHUYECKOIl f~CTPYKTYpbl Ha L €CTh IOYTH SPMUTOBA CTPYKTYpa, T. €.
F2=—id, <FX, FY>=<X,Y> mBcex X, Y € L. B qacTabIx ciydasx def =0 u def /=1 noxygaem mou-
TH SPMHUTOBBI CTPYKTYPBI M TIOYTH KOHTAKTHBIE METPUUECKHUE CTPYKTYPbI COOTBETCTBEHHO.

VYOMSIHYTBIE BBIIIE TIOYTH SPMUTOBBI CTPYKTYPbl, METPHUYECKHE TIOYTH KOHTAKTHBIE CTPYKTYPBI, METPHUYECKHE
f-CTPYKTYpBI JIETJIM B OCHOBY IIMPOKOTO HAYy4YHOTO HANpaBlICHHS, 3aJI0KeHHOTO B padoTtax B. ®@. Kupuuenko
B 1980-x rT. OCHOBHBIM O0BEKTOM M3yUEHUS 3/IECh CTaIH 0000IIEHHBIE TOYTH 3PMHUTOBBI CTPYKTYPHI (genera-
lised almost Hermitian structures, GAH) mpon3BoibpHOTO paHra ». Takoe HampapieHUE HA3BIBAIOT 0000IIEHHON
9PMUTOBOH reoMeTpuei. He BraBasice B getanu odmero onpeaeienuss GAH-cTpyKTypbl paHra 7, OrpaHUIHMCS
paccMoTpeHueM BaxkHelero yactHoro ciydasi GAH-ctpykTyp panra 1, T. €. METpHUECKUX f-CTPYKTYP.

OyHmaMeHTaIbHYIO poib B reoMeTpunl GAH-CTPYKTYp (B YaCTHOCTH, METPHUYECKUX f~-CTPYKTYP) UTPAET CIIe-
HUagbHbIA TeH3op 7 Thuna (2, 1), Ha3bIBaEMbII KOMITO3ULIMOHHBIM TEH30pOM. Takol TEH30p MO3BOJISIET 3a1aTh
anreOpandecKyro CTPYKTypy NPUCOeIUHEHHON Q-aireOpsl B MOIYJIE IVIaKUX BEKTOPHBIX I0JIEH HA MHOT000-
pasuu M niocpencrBom dopmynbl X * Y =T (X , Y ) [3; 4]. Ha ocHOBaHUU €CTECTBEHHBIX CBOMCTB MPUCOEIU-

HEHHOW (J-anreOpbl CTaJI0 BO3MOXKHBIM ONpenenTh HeKoTopele kinaccsl GAH-cTpykTyp. 3ameTum, 4To st
METPHUICCKHUX f-CTPYKTYp TaKO# TEH30p OBLI B TOYHOCTH BEIUHCIICH B pabdote [3]:

T(X, Y):%f(VfX(f)fY—VfZX(f)sz), (1)

rae V — cBsa3HOCTh JleBu-UuBUTH pMaHOBa MHOTOOOpa3ust (M , g); X, Y — maakue BeKTopHbIE nois Ha M.

[IpuBenem 31ech HEKOTOPBIE KacChl METPUUECKHUX CTPYKTYP, YKa3aB JUIsl HUX ONpEAEIAIoNIe CBOMCTBA.

1. Kf— xenepoBa f-crpykrypa: Vf =0.

2. Hf —spmurosa f-crpykrypa: T (X , Y ) =0, Te. %(M ) ecTb abeneBa Q-anredpa.

3. G, f — f-ctpykrypa knacca G: T (X , X ) =0,T1 €. %(M ) €CTb aHTMKOMMYTaTHUBHas Q-anredpa.

4. Kill f — xusuuHTOBa f~CTpyKTYpa: VX( f )X =0.

5. NK f — npubmwxkenno keneposa f-crpykrypa wim NK f-crpyxrypa (nearly Kdhler f-structure): V,y ( f ) fX=0.

6. GNK f — 060011eHHas IpuOIMKEHHO KelepoBa f~cTpykTypa, it GNK f-ctpykTypa: f (VfX (f)rx ) =0.

Knacest K f, Hf, G, f 6bl11 BBenieHsI (B 6onee obmieii cutyanun) B padore [2] (M. Takxke [25]). Kumnun-
roBel f~-mHOT000Opasus Kill / BnepBrie onmcansl B [26; 27]. Kimacc NK f 6b11 BBenieH B paborax [15; 16].
[TpuBeneM BKIIIOUSHNS MEXIY KJIACCAaMH METPUYECKHUX f-CTPYKTYD:

KfcHfcG,f, Kf cKillf cNKfcGNKf.

Crienyer 3aMeTHTb, YTO B YACTHOM citydae f = .J oTydaeM COOTBETCTBYIOIIHE KIIACCHI IOYTH IPMUTOBBIX CTPYKTYP,
orcaHHbIX B padote [pes — Xepaens [28]. Ocobo HeoOx0anMo 0003HaunTh, 4To Aist f = J knaccsl Kill £, NK f
u GNK f 1aroT B TOYHOCTH BaXKHEHIIINI U IMPOKO U3BECTHBIN Kiacc NK mpHOIMKeHHO KEIePOBBIX CTPYKTYP.
3HauuTeNbHAS CoNlepKaTeIbHAs MHPOPMAIHS O KIaccaX METPHUYECKUX f~CTPYKTYp TPENCTaBIeHa B KHATE [4].

NuBapuaHTHbIE f~CTPYKTYPbI
HA OJJHOPOJHBIX MPOCTPAHCTBAX M rpynnax Jin

WuBapuaHnTHbIE CTPYKTYPBI HAa OJHOPOJHBIX MHOT000pasusx rpyn JIlu urpatot ocodyro poib B quddepen-
LUAJIbHON F€OMETPHH, IIOCKOJIBKY 3TH CTPYKTYPBI IT03BOJISIFOT MCIIOIb30BaTh PA3BUTYIO aJIreOpo-reoMeTpuye-
CKyI0o TeXHHUKY rpymi JIu u anre6p JIu. B wacTHOCTH, B TEOPHUN MTOYTH SPMUTOBBIX CTPYKTYP IMIMPOKHH KIIacc
MHBAPHAHTHBIX IPUMEPOB OBUI MOCTPOEH HAa OCHOBE KAHOHWYECKOM MMOYTH KOMIUIEKCHON CTPYKTYPBI, KOTOPOi
00J1a/1a10T OIHOPOAHBIEC IPOCTPAHCTBA, MMOPOXKAECHHBIE aBToMOpdu3Mamu rpymi JIu nopsinka 3 (OAHOPOIHbIE
3-cuMMeTpuUecKue npoctpancTsa) [6; 7; 10; 11].
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UTto kacaetcst 00001IEHHON 3PMUTOBON TEOMETPHUH, TO 3/1€Ch IITUTEIBHBIN MTEPHO] OTCYTCTBOBAIIU COMEP-
JKaTeJbHbIE HMHBAPHAHTHBIE IpuMephl. CUTyanns KaueCTBEHHO M3MEHHMIIACH 1MOCciIe 0OHAPYKEHHUS ITHUPOKOTO
3armaca KaHOHHYECKHX CTPYKTYpP KJIIACCHYECKOTO THIMa Ha PeryisipHbIX P-mpocTpaHcTBax (B YaCTHOCTH, Ha
OIHOPOIHBIX k-CUMMETPUYECKUX NpocTpaHcTBax) [12]. DTo mo3BoinIo NpeabsIBUTH OOIINPHBINA pecypc NpH-
MEpPOB METPUYECKHX f-CTPYKTYp OTMEUeHHBIX Bbime kinaccoB H f, NK f u ap. [13-16].

Bonee Toro, B padote [17] 6bL1u mocTpoeHb! HHBapuaHTHBbIE GAH-CTPYKTYpBI IPOU3BOJIBHOTO PaHTa 7.

[Mycte G/H ecTh OMHOPOAHOE PEIYKTUBHOE MPOCTPAHCTBO CBI3HOM rpynmbl JIu G, g=h @ m — cooTBeT-
CTBYIOIIIEE PEAYKTHBHOE paszyiokeHne anreOpsl JIn g rpymnmst JIu G, tioe gepes h o6o3Havuena moganredpa Jlu
B @, oTBeuarorias noarpymnme Jlu H. 3neck TMHEHHOE MOAIPOCTPAHCTBO M B ¢ OTOXKAECCTBISAETCS, KaK OOBIYHO,

C KacaTeJIbHbIM IIPOCTPAHCTBOM T (G/H ) B Touke 0 = H. Paccmotpum Ha G/H MHBapUaHTHYIO OTHOCHUTEIBHO
rpynnsl G pUMaHOBY METPHUKY g =<, > W WHBAPHAHTHYIO METPHUECKYIO f-CTPYKTYypy. Takue CTpyKTyphI IOJI-
HOCTBIO OIPEENISIOTCS CBOMMH 3HAYCHISIMU B TOUKE 0, HHBAPUAHTHBIMU OTHOCHTENbHO Ad;(H ). YenoBumes

B CBSI3U C 3THM B JIANIbHEHIIIEM HE pa3nyaTh B 0003HAYCHUSAX WHBAPUAHTHBIC CTPYKTYyphl HA G/H W ux 3Ha-
YEeHHUS B TOUKE O.

Cesi3HoCTh JleBu-UMBUTHI HHBApUAHTHONW PUMAHOBOW MeTpuku g =<, > Ha G/H 3anmaercs cieayromieit
¢dopmymnoii [29, c. 187]:

1
VXY=5[X, Y]m+ U(X,Y), ()
e U — CUMMCETPHUICCKOC OMIIMHEWHOE OT06pa>KeHPIe U3 M X m B mM, OpeACIIEMOEC U3 paBEHCTBA
2<U(X,Y), Z>=<X,[Z,Y] >+<[Z,X] ,Y> 3)

mmsiBeex X, Y, Zem.

WuBapuanTHas MeTpuyeckas f-cTpykrypa Ha G/H mopoxaaeT pasioxkeHne m =m, @ m,, rae noamnpocT-
paHcTBa m, = Im f/ 1 m, = Ker f IOIHOCTBIO ONPEEIIAIOT EPBbIE U BTOPbIE (DyHIAMEHTAIBHBIE PACTIPENCIICHUS
COOTBETCTBEHHO, ITPUYEM 3TU MOANPOCTPAHCTBA OPTOrOHAIBLHBI OTHOCUTEILHO METPUKH g. B ciydae ¢ ecrect-
BEHHO-PEyKTUBHOM METPHKON 3HAYMTEbHAS HH(OPMAIIKS O KlIaccaX METPUIECKUX f-CTPYKTYp MOTyUYeHa B pa-
oorax [13-16; 18;19; 30].

Bonbioil HHTEpEC MPEACTABIISET CUTYaLUs], KOIa METPUKA g HE SIBIISIETCS. €CTECTBEHHO-PEAYKTUBHOM. Ta-
KHMH CITyYasiMH SIBIISTIOTCS, HAllPUMep, MHOTHE TPyMIbl JIn ¢ JJeBOMHBapUAaHTHBIMUA PAMAHOBBIMHA METPUKAMH.
I'pyrmy JIu G ¢ aeficTBHEM JICBBIME CIIBHT'aMH MOYXHO PACCMATPUBATh Kak OHOPOIHOE rpocTpancTBo G/H ¢ Tpu-

BHAJILHOU rpynnoil H = {e}. Takum 00pa3oM, BOBHUKAET TPHBUAILHOE PEYKTHBHOE PA3lIOKEHUE g = {0} @Dy,

T. €. M = g, ¥ UHBApUAHTHAsI METPHYECKas f~CTPYyKTypa CTAaHOBUTCA JIeBOUHBApHaHTHOM. [Ipy atoMm g=m,; @ m,
€CTh COOTBETCTBYIOIEE TAKOH f~CTPYKType pasnoxkeHue anreopsl Jlu g.

BaxxupiMu knaccamu rpynn JIu ABASIOTCS HUIBIIOTEHTHBIE U pa3pemumMblie Tpymisl JIu. CBs3b 1eBoMHBA-
PHAHTHBIX f-CTPYKTYp C 00OOIIEHHON 3)pPMHUTOBOM TeoMeTpHel oTpakeHa B cepuun padot. Hampumep, Ha Tpex-
MepHOM pazpermmmon rpyrme JIu runepOonnIecknx ABMKEHUH TNIOCKOCTH MTOCTPOeHa KAaHOHWYECKas f-CTPYK-
Typa, KoTopasi mpuHaIexxuT kimaccy Hf, Ho He BxomuT B kmacc NKf [16]. PaccmoTrpena Takxke cepus
HWIBNOTEHTHBIX rpynn Jlu uaagexkca 2. B yactHOCTH, Ha ImecTUMepHOM 0000mmeHHo rpynme [elizendepra
npeAcTaBlIeHbl KaHOHHYeCcKHe f~cTpykTyphl KinaccoB NK f u Hf [31], a B pabote [32] B 3TOM CMBICIIE HC-
CIJIC/IOBaHbI KAHOHMYECKHUE f-CTPYKTYpHl Ha MATUMEPHOH MarpuyHoil rpymnmne [elizendepra. [lupokuii kmace
JIEBOMHBAPHAHTHBIX SPMHUTOBBIX f-CTPYKTYp yKa3aH Ha MeCTUMEpHBIX (pumndopmubix rpymmnax Jiu [33].

I['eomeTpusi rpynnsl oCHULIATOPA

CesizHocTh JleBu-UnButhl. [IprBeieM HE0OXOMUMBIC CBEICHHS O TPYIINE OCIUILIATOPA, CIEIys B OCHOB-
HOM paborte [20].

Aunrebpa JIu yeTbipexMepHOU rpyIIbl OCIWLIATOPA MOXKET ObITh peaji30BaHa Kak MaTpu4Has anreopa Jln
BHIA

0 -y z 2x

0sc= 0 0 6 = =M(x,y,z,9),r;[ex,y,z,ee]R.
0-6 0 vy
0O 0 0 O

EcrecTBeHHBINH Gasuc dToii anreOpbl Jln 3amaercs marpunamu e =M (1, 0,0,0), e,=(0,1,0,0), e;=
=M (O, 0,1, 0), e, =M (O, 0,0, 1). Takum 00pa3zoM, CTpYyKTypa anreOpbl JIu 0sc MOTHOCTBIO ONpeAeseTCs
KOMMYTaTOPHBIMH COOTHOIICHUSIMHU
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ez &)=t [ex 4] =ex e ] =ex

Jlerko 3aMeTHTh, UTO 0S¢ SIBJIsIETCS paspemumoit anredpoit JIu. Ilpu sTom ee neHTp ecTh nuHENHast 000-
JIOYKa BEKTOpa €.

CootBerctBytomas anredpe JIu osc cBs3Has oqHocBsA3Has rpynna JIu Osc MoxeT ObITh IIpecTaBiIeHa Mart-
pHULIaMH B

1 —ycos® —zsinB zcosO — ysin® —2x
0 cos0 sin® z
. =m(x,y, z, 9),mex,y, z,0eR .
0 —sin® cosH y
0 0 0 1
Omnpenenum Ha rpymnie Osc JISBONHBAPUAHTHYIO PUMAHOBY METPUKY g = <, > TeM TpeOOBaHHEM, UTO €y, ..., €,

€CTh OPTOHOPMHUPOBAHHBINA 0a3WC B JIMHEWHOM IpPOCTpaHCTBE 0s¢. CBsi3HOCTDH JIeBU-UMBUTHI ATOI METPHUKHU
MOYKHO BBIUUCITUTD, aantupys popmynsl (2) u (3) mist rpynn JIu (1. e. m = g = 0sc¢).
Hcnonb3ys (3), At 6a3uCHBIX BEKTOPOB anreOpsI JIM 0S¢ MOXKEM BBIUUCTUTH

1 1
U(el, 62)2—583, U(el, e3)=§ez, U(el, 64)=0, U(e2, 63)20,
(4)
U(ez, e4)=%e3, U(e3, e4)=—%ez, U(ei, el-)=0, i=1,

IIpencrasnsas Teneps BEKTOPbl X, Y € 05¢ B BUIE X = X + X8, + X3e; + X4€,, ¥ = yi€ + 1,8, + 363 + y,e,
1 ucronb3yst (2) u (5), momydnm

1
VyY = E(el(xzh - st’z) + e2(xly3 + X0~ 2x4y3) + e3(—xly2 — N0+ 2x,), ))

Ba3zoBble f~cTpykTypsl panra 2. [lepeiinem teneps k pacCMOTPEHHIO JIEBOMHBAPUAHTHBIX METPHUUECKHUX
f-cTpyktyp Ha rpymne Osc. [lockonbKy paHT 2 M000# f~CTPyKTypBI €CTh YUeTHOE YUCIIO, UMEEM JBE BO3MOXK-
HOCTHU: ¥ = 2 UM » = 4 (cioy4ail moYTH SPMUTOBOU CTPYKTYphl f =.J Ha Osc). JIto0as neBonHBapHaHTHAS
METpHUUECKas f~CTPYyKTypa paHra 2 MOKeT OBbITh MPECTaBICHA COOTBETCTBYIOIINM OINEpaTopoM f Ha anredpe
JIu 0S¢ TaKuM, YTO €ro 00pa3oM SIBISIETCS IBYMEPHOE ITOIIPOCTPAHCTBO C IeHCTBUEM KOMIUIEKCHOM CTPYKTYPBI
Ha HEM, a JIpO €CTh OPTOrOHAIBHOE JOIOJIHEHHUE K 3TOMY IOAIIPOCTPAHCTBY.

Byznem paccmarpuBarh Tak HazblBaeMble 0a30BBIE f~-CTPYKTYPbI, KOTOPBIE TIOPOKAAIOTCS AByMEPHBIMHU KO-
OpJAMHATHBIMH HOANPOCTPAaHCTBAMU 0a3uca e, e,, e;, €,. JIerko BUAEeTh, YTO UMEETCs IECTh (C TOUHOCTBIO 10
3HaKa) TAKUX JICBOMHBAPUAHTHBIX METPUUECKHUX f-CTPYKTYP.

[TocnenoBaTenbHO PACCMOTPUM BCE 3TH f~CTPYKTYPBI M YCTAHOBUM UX CBA3b C YKa3aHHBIMHU paHee Kiacca-
MU 0000IIEHHOM SIPMUTOBOM FEOMETPHH.

1. PaccMoTpuM CTPYKTYpY f;, 33/1aBa€My0 CIEAyIOIUM 00pa3oM:

fl(el):fl(e4):0’ fl(eZ):_e?»’ fl(e3)=e2.

B IMPUBEACHHBIX BbBIIIC 0603Ha‘IeHI/IﬂX 9TO O3HA4YacT, 4YTO
X)=—x,e; + (X)=—x,e,— 5
A =—X,e; + X;€,, OTKyJa f| =—X,e, — X;€;. (5)
BeIsicHUM, IPUHAUICKUT JIU CTPYKTypa f; knaccy NK f npuOiinkeHHO KelepoBbIX f~CTpyKTyp. C 3Tol 1enbio

BBIYHCIIAM BBIP@KCHHE V) ¢ (/)X = Vix fEX - SV x /i X. TlocnenoBarenbHO HOTy4HM, HCHIOB3Yst (4) H (5),

V(K /X :%[le, Rx]+u(hix, flzX):—%el(xf +3x3)+ 0:—%e1(x§ + 7).

Hanee

vlele:%[le, KX+ U(AX, i X)==-0+0=0.

1

2
1

Taxum o6pasom, V. () X = 5 (xf +x3 ) # 0. B To ke BpeMsl O4EBHIHO, UTO f; ( Vex(f )le) =0. Crie-

JIOBaTeIbHO, CTPYKTYpa f; HE ABIAETCS NPUOIMKEHHO KEIEPOBOIl f~CTPYKTYpOil, OAHAKO BXOAMT B KJIacc 0000-
MICHHBIX TPUOIMKEHHO KEJIEPOBBIX f~-CTPYKTYP.
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Hccrnenyem Terniepb CTPYKTYPY f; Ha IPUHAIICKHOCTD KJIACCY S)PMUTOBBIX f~CTpyKTYyp. C 3TO¥ 1Ie/bIO BbI-
YUCIIAM KOMIIO3UITHOHHBIN TeH30p 7, 3amaBaeMblil yciaoBueM (1).
Hanee ynoOHO paccMOTPETh OTAEIBHO BhIpakeHHe u3 popmyisl (1) mis komnosunronHoro TeHsopa 7. O6o-

3HAYUM ,
S(f)=Vix (f)SY =V, () 1Y

BbIYHCIIM 5TO BBIPAKEHHUE JUISl CTPYKTYPBI f; € yUETOM f;’ = — f; M MCTIOJb3yeM BBe/IeHHbIE paHee 0603HAYEHHUS:

S(fl):VﬁX(ﬁ)ﬁY— VflzX(fl)fIZY:VlefIZY—fIVlefIZY+ vflzXle+ ﬁvﬁZXfI2Y:
1 1 1 1
= Eel(_nyZ - x3y3) - fi (Eel(_xz)% — X3)» )) + Eel(xzyz + x3y3) +/ (Eel(xz)% — X3 )j =0.

CretoBaTensHoO, Ul CTPYKTYPBI f T(X , Y ) = % fl(O) =0, T. e. f| ABISETCSI 9PMUTOBOHU f-~CTPYKTYPOH.
2. PaccMOTpuM Janiee CTPYKTYPY f,, ONPEACISIEMYIO CICAYIOIMMHU YCIOBUSIMU:
fz(el)ZfZ(eZ) 0, fz(e3) —€45 fz(e4) €.
Hcronp3ys npeskHre 0003HauYeHUS] 1 METO/IBI BBIYUCICHUH, TIOTyIUM
Vf2X(]‘2)f2)(=ezyc32 #0.

Orcroza cienyer, 4To f, He SBIIeTCs NPUOIIKEHHO KeJIePOBOH f-~CTPYKTYpoii, omqHako Bxoaut B kimacc GNK £,
IIOCKOJIbKY e, € Ker f,.
JlanpHeiI1e BEIYUCICHHS JUIS CTPYKTYPBI f, IPUBOAAT K TAKOMY PE3YIbTaTy:

S(fz ) = —62(x3y3 T X4 )
CrnenoBarensHo, f, SBISIETCS 3PMUTOBOI f~CTPYKTYpOI.
[IpuBenem manee pe3ysbTaThI IUISI BCEX OCTAIBHBIX 0a30BBIX f-CTPYKTYP.
3. PaccMoTpuMm CTPYKTYpY f;, 3a1aBa€MYIO YCIOBUSMHU

fi(e)=fi(e)=0, fi(e)) =—e5, fi(es)=e

Jst aToro cirydast UMeeM
(f3)f3 e2(x12 xsz), S(/3)=ex (%31 = x303)-

CrnenoBarensHo, CTpyKTypa f3 BXoaut B kinaccsl GNK f u Hf.
4. IlepeiieM K paCCMOTPEHHIO CTPYKTYPBI f:

f4(62)=f4(e3) 0, f4(el) —€4, f4(e4) €.
31ech pe3ybTaThl BHIMUCICHAN TaKOBbI:
1
Vix (fi) :X=0,8(/,)=0, Vy(fy)X 262x3x4 Phehzart

DT0 03HAUAET, UTO f, SBISIETCS MPUOIMKEHHO KeJIEPOBOH M )PMUTOBOH f~CTPYKTYpOH.
5. PaccmoTrpum fanee CTpyKTypy fs:

fi(@)=fs(e) =0, fs(e) =—es f5(es) = r.
ITocne pOBEIEHHBIX BEIYUCICHHIT TTOTYYUM
Vix (fs) fsX = e3(x2 ) S(f5)=es(x02 = x404).

Takum o6paszom, f; npuHaanexuT kiaaccam Hf u GNKf.
6. B kOHEYHOM HTOTE PACCMOTPHM CTPYKTYPY f4, 32/1aBACMYI0 YCIOBUSIMHU

fs(e3)=f6(64) Of6(91) ezafs(ez) €.

IIpuBenem pe3yabTaThl BHIYUCICHUMN:
Vix(fs) fsX = 33(’“2 ) S(fs)=es(xop + x424).

31eck cHOBa CTPYKTypa f5 BXoaut B kiaccsl H f 1 GNK f.
HTorom Bcex MpoBeACHHBIX PACCY)KICHUN U BEIYMCICHUH SIBIISIETCS CIICLYIOIIAs TEOpeMa.
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Teopema. Ha uemvipexmeproii epynne ocyunnamopa Osc 1e60uHsapuanmmuvle 6a3osble f-Cmpykmypbl paH-
ea 2 f, i=1, 6, obnaoarom credyouwumu c60tUCmMEamu.:

1) cmpykmypa f, aensiemcs npubnudzceHHo Keneposoul f~cmpykmypotl, OCMaibHble Namy f-cmpyKmyp AIAI0mcs
0000 eHHBIMU NPUOTIUINCECHHO KeNEPOBbIMU. f-CMPYKIMYypamu,

2) 6ce wiecmsb paccMOMpPeHHbIX f-CIMPYKMYp AGIAIOMCA S3PMUMOBLIMU._f-CIPYKIYPAMU.

bubanorpadguyeckue cCblIIKM

1. Yano K. On a structure defined by a tensor field f of type (1, 1) satisfying >+ f=0. Tensor: 1963;14:99-109.
2. Kupuuenko B®. KpasnonHopoaHbie MHOrooOpasus U 0000IIEeHHBIE IOYTH SPMHUTOBBI CTPYKTYpPBI. M36ecmus Axademuu Hayk
CCCP. Cepus mamemamuueckas. 1983;47(6):1208-1223.
3. Kupuuenko BO. Metonpl 0000111eHHOM S)PMUTOBO# T€OMETPUH B TEOPHH MOYTH KOHTAKTHBIX MHOTOOOpasuii. B: Muxaiinos AU,
Ocruany HM, penakroper. Mmoecu nayrku u mexuuxu. Ipobnemuvr eceomempuu. Tom 18. Mocksa: BUHUTU; 1986. c. 25-71.
4. Kupuuenko BO. Jupgepenyuansvro-ceomempuueckue cmpykmypul Ha MHo2oo6pasusix. MockBa: MOCKOBCKHI TTe1arornueckuit
rocynapcTBeHHbIH yHuBepceureT; 2003. 495 c.
5. CrenanoB HA. OcHOBHBIE (paKThl TEOPUH P-TIPOCTPAHCTB. M36ecmus 6blcuiux yuedHvix 3agedenutl. Mamemamurka. 1967;3:88-95.
6. Wolf JA, Gray A. Homogeneous spaces defined by Lie group automorphisms. 1. Journal of Differential Geometry. 1968;2(1):
77-114. DOI: 10.4310/jdg/1214501139.
7. Wolf JA, Gray A. Homogeneous spaces defined by Lie group automorphisms. II. Journal of Differential Geometry. 1968;2(2):
115-159. DOI: 10.4310/jdg/1214428252.
8. ®enenxo AC. [Ipocmpancmesa ¢ cummempusamu. Munck: MznarenscTBo benopycckoro rocynapctBeHHoro yausepeurera; 1977. 168 c.
9. Koansckuit O. Obobuennvie cummempuyeckue npocmpancmea. Cabunun JIB, nepeBogunk. Mocksa: Mup; 1984. 240 c.
10. CrenanoB HA. OnHOpoaHbIe 3-IUKINYECKHE TPOCTPAHCTBA. M38ecmus gvicuiux yueOHvlx 3aeedenuti. Mamemamuxa. 1967,
12:65-74.

11. Gray A. Riemannian manifolds with geodesic symmetries of order 3. Journal of Differential Geometry. 1972;7(3—4):343-369.
DOI: 10.4310/jdg/1214431159.

12. banamenko BB, CrenanoB HA. Kanonudeckue adh(prHOpHBIE CTPYKTYPhI KJIACCHYECKOTO TUIA Ha perysipHbIX D-npocTpaHcT-
Bax. Mamemamuueckuii cooprnux. 1995;186(11):3-34. EDN: XNEJKX.

13. Banamenko BB. EcrecTBeHHO-peyKTHBHbIE KHJUIMHTOBBI f~-MHOT000pasus. Yenexu mamemamuueckux nayk. 1999;54(3):
151-152. EDN: XNDZCP.

14. Banamenko BB. OnHoponHble 9pMUTOBBI f-MHOT0OOpasus. Yenexu mamemamuueckux nayk. 2001;56(3):159-160. EDN:
XNDRIB.

15. banamenko BB. OnHOpo/HBIE MPUOIMKEHHO KeNepoBbl f~-MHOrooOpasus. Joxnadsr Akademuu nayk. 2001;376(4):439—441.
EDN: CSLRXP.

16. Balashchenko VV. Invariant nearly Kéhler f-structures on homogeneous spaces. In: Fernandez M, Wolf JA, editors. Global dif-
ferential geometry: the mathematical legacy of Alfred Gray. International congress on differential geometry,; 2000 September 18-23;
Bilbao, Spain. Providence: American Mathematical Society; 2001. p. 263-267 (Contemporary mathematics; volume 288).

17. banamenko BB, Beuerskanun [IB. O6001meHHas 5pMUTOBA T€OMETPUS Ha OAHOPOAHBIX P-MpoCcTpaHCTBaX KOHEYHOTO MOPSIIKA.
H3zeecmus evicuiux yuebnvix sasedenuti. Mamemamuxa. 2004;10:33—44. EDN: HQUHGD.

18. banamienko BB, CamconoB AC. [TprOamKeHHO KeJIepoBbI U )PMUTOBEI f~CTPYKTYPBI HA OTHOPOIHBIX k-CHMMETPHUYECKUX MTPO-
cTpaHcTBax. Joxnaov: Akademuu nayk. 2010;432(3):295-298. EDN: MSRBAL.

19. CamconoB AC. ITpuOIMKeHHO KeJepOBBl K 9PMHUTOBBI f~CTPYKTYpPbI Ha OJHOPOAHBIX D-mpocTpaHCcTBax mopsiika k B ciydae
crienuanbHbIX MeTpuk. Cubupckuii mamemamuueckutl xcypran. 2011;52(6):1373-1388. EDN: OKFOYR.

20. Biggs R, Remsing CC. Some remarks on the oscillator group. Differential Geometry and its Applications. 2014;35(supplement):
199-209. DOI: 10.1016/j.difge0.2014.03.003.

21. Fischer M, Kath I. Spectra of compact quotients of the oscillator group. Symmetry, Integrability and Geometry: Methods and
Applications (SIGMA). 2021;17:051. DOI: 10.3842/sigma.2021.051.

22. Biggs R, Nagy PT. On extensions of sub-Riemannian structures on Lie groups. Differential Geometry and its Applications.
2016;46:25-38. DOI: 10.1016/j.difgeo.2016.02.001.

23. Stong RE. The rank of an f-structure. Kodai Mathematical Seminar Reports. 1977;29(1-2):207-209. DOI: 10.2996/kmj/
1138833583.

24. sIno K, Kou M. CR-noommnozcoo6pasus 6 keneposom u cacaxuesom mrozoobpasusix. Octuany HM, nepeBoqumk. Mocksa: Hayka;
1990. 189 c.

25. Singh KD, Singh R. Some f (3, 8)—structure manifolds. Demonstratio Mathematica. 1977;10(3—4):637—645. DOI: 10.1515/dema-
1977-3-411.

26. I'punianc AC. O reoMeTpHn KIJUIMHIOBBIX f~MHOTro0Opasuil. Yenexu mamemamuueckux nayk. 1990;45(4):149-150.

27. T'punanc AC. O cTpoeHNN KHIMHIOBBIX f-MHOT000pasuil. A36ecmust évicuiux yuebnvix 3asedenuu. Mamemamuxka. 1992;6:49-57.

28. Gray A, Hervella LM. The sixteen classes of almost Hermitian manifolds and their linear invariants. Annali di Matematica Pura
ed Applicata. 1980;123:35-58. DOI: 10.1007/BF01796539.

29. Kobasicu 111, Homunzy K. Ocroswr ougpghepenyuanvroii ceomempuu. Tom 2. Cadbunun JIB, nepeBoqunk. Mocksa: Hayka; 1981.
416 c.

30. banamenko BB. MHBapuaHTHBIE f-CTPYKTYphI Ha €CTECTBEHHO-PEIYKTUBHBIX OJHOPOAHBIX IPOCTPAHCTBAX. M36ecmust gbicuiux
yuebnvix 3asedenutl. Mamemamuxa. 2008;4:3—15. EDN: JHIOHT.

31. Balashchenko V'V. Invariant structures on the 6-dimensional generalized Heisenberg group. Kragujevac Journal of Mathema-
tics. 2011;35(2):209-222.

32. banamenxko BB, /ly6oBuk ITA. JleBonHBapuaHTHEIE f~-CTPYKTyphI Ha S-MepHOU rpymnne ['elizenOepra H(2, 1). Becmnux BI'Y.
Cepus 1, @usuxa. Mamemamuxa. Ungpopmamura. 2013;3:112—117. EDN: TDNKBN.

33. JIy6oBuk [TA. DpMHUTOBBI f~CTPYKTYPbI Ha 6-MepHBIX GUIHGOPMHBIX Tpynnax JIu. Mzeecmus evicuiux yuebHviX 3a6e0eHUil.
Mamemamuxa. 2016;7:34—43. EDN: VTFUMH.

Ilonyuena 14.10.2024 / ucnpasnena 20.02.2025 / npunsma 20.02.2025.
Received 14.10.2024 / revised 20.02.2025 / accepted 20.02.2025.



TEOPETI/I‘{ECKAH

N IMMPUKITAAHAA MEXAHUKA

THEORETICAL
AND PRACTICAL MECHANICS

VIIK 539.3

AE®OPMUPOBAHUE TPEXCAOMHON ITAACTUHBI
CO COKUMAEMBIM 3AIIOAHUTEAEM B TEMIIEPATYPHOM IIOAE

9. H. CTAPOBOHTOB", IO. B. LIA®HEBA", I B. MOCKBHTHH?

Y Benopyccruii 20cydapemeenpiii yrusepcumem mpancno, ma, yi. Kupoea, 34, 246653, 2. [ omens, benapyce
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Uncmumym mawunosedenus um. A. A. Braeonpasosa PAH,
nep. Manvuii Xapumonvesckuii, 4, 101000, 2. Mocksa, Poccus

Annomayus. ViccnenoBaH ynpyrii 0CECUMMETPHYHBINA N3THO KPYTOBOW TPEXCIOHHOM IUTACTHHEI B HECTAIMOHAPHOM
TeMInepaTypHoM Tose. Vcroap30BaH0 NMPHOIMKEHHOE PELICHNE 3a4a491 TETIONPOBOAHOCTH, MOTYYEHHOE C MTOMOIIBIO
yCpENHEHHS TeIUIO(PU3NICCKUX XapaKTEPUCTHK MATEPUAIOB CJIOEB MO TOJINUHE IIacTUHBL. [IpuHATO, uTO Nedopmupo-
BaHUE MJIACTUHBI MOJUUHSIETCS TUIIOTE3€ JOMaHOW JTMHUM. J[J11 TOHKMX HECYHIMX CJIO€B, BOCIPUHUMAIOIINX OCHOBHYIO
Harpy3Ky, ClipaBeUIUBEI TUITOTe3bI Kupxrogda. OTHOCHTETHHO TOJICTHIN JISTKUH 3aTI0OTHUTETh CKIMAEM T10 TOJIINHE, B HEM
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BBITIOJTHSICTCS THIIOTe3a THUMOIIICHKO. 21}15{ BbIBOIa CUCTCMBI ypaBHeHI/II\/’I PaBHOBECHUA MPUMCHCH ITPUHIUIT BO3MOKHBIX
nepemerieHnii Jlarpamka. [lonyueHo oOliee aHaIMTHYECKOE PELICHUE COOTBETCTBYIOIICH KpaeBoM 3aqaun. YnciieHHO
HCCJIEZIOBAHO U3MEHEHHE NepEeMEIleH I B INTAaCTUHE IPU Pa3IMYHbIX TEMIIEpaTypax.
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TEeMIIepaTypHOE MOJIE.

bnazooapruocms. PaboTa BBINIOTHEHA B paMKaX rOCyIapCTBEHHON MPOrpaMMbI HayYHBIX HCcieaoBanmii « KoHBepreH-
ust-2025».

DEFORMATION OF A THREE-LAYER PLATE
WITH A COMPRESSIBLE FILLER IN THE TEMPERATURE FIELD
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Abstract. The elastic axisymmetric bending of a circular three-layer plate in a nonstationary temperature field is herein
investigated. An approximate solution to the problem of thermal conductivity is used, obtained by averaging the thermo-
physical characteristics of the materials of the layers over the thickness of the plate. It is accepted that the deformation
of the plate obeys the polyline hypothesis. Kirchhoff’s hypotheses are valid for thin load-bearing layers that take on the
main load. A relatively thick lightweight filler is compressible in thickness, and the Timoshenko hypothesis is fulfilled
in it. To derive a system of equilibrium equations, the principle of possible Lagrange displacements is applied. A general
analytical solution of the corresponding boundary value problem is obtained. The change of displacements in the plate at
different temperatures is numerically investigated.

Keywords: elastic three-layer plate; compressible filler; axisymmetric loading; temperature field.
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BBenenune

AKTYyaJIbHOCTB Pa3paOOTKH HOBBIX MaTeMaTHYECKUX MOJIEINIEH /TSl ICCIIEAOBAHNUS YIIPYToro Ae(hoOpMHUPOBAHHS
KOMTIO3UTHBIX CTEPKHEH, TUTACTHH 1 000JI0YEK TTPH TEPMOCHIIOBBIX Harpy3Kax OMPeeNsIeTCs MX ITMPOKUM MTPH-
MEHEHHEM B MAIIMHOCTPOEHHUH, CTPOUTETHCTBE U IIPH TPAHCIIOPTUPOBKE dHEproHocuTesei. Monorpaduu [1-3]
TIOCBSIIIIEHBI Pa3pab0TKe paCUETHBIX MaTEMaTHYECKUX MoJieNel 1e(hOpMHUPOBAaHUS HEOAHOPOJHBIX, B TOM YHCIIE
TPEXCIOWHBIX, AIEMEHTOB KOHCTPYKLUH.

HccnenoBanne cBOOOMHBIX W BBIHYKICHHBIX KOJIEOaHWIA, pE30HAHCHBIX W HECTAIIMOHAPHBIX HATPYKEHUN
HEOTHOPOMHBIX IIMIHHIPHICCKUX 000I0UeK MpoBeneHo B pabotax [4—9]. Crareu [10; 11] mocsimiens! onuca-
HUIO PE30HAHCHBIX, a TAKXKE JIMHEHMHO N3MEHSIOUIMXCS BO BPEMEHH BO3/ICHCTBUIM Ha KPYTOBBIE TPEXCIOWHBIE
rutacTuHbl. Komebanust TpeXcIoMHbIX TUTAaCTHH, CBA3aHHBIX C YIPYTUM OCHOBaHMEM BHHKIIEpa, pacCMOTPEHBI
B myonukanwsix [12; 13]. B paborax [14; 15] mpoanann3upoBaHO aKyCTHYECKOE U TMHAMHYECKOE Ae(pOPMHUPO-
BaHNE HEOJHOPOIHBIX IJIACTHH C YYETOM BHYTPEHHETO TPEHUS B MaTepualie v BHEITHETO adpOJMHAMUYECKOTO
nemndupoBannd. B craresx [16; 17] paccMoTpeHbI paccesHne ypyrux BOJTH B CHIIBHO HEOTHOPOIHOHN Tpex-
CJIOMHOW TIACTUHE ¥ BHYTPEHHUM CIBUT ACUMMETPUYHON MHOTOCIIOMHOM TJIACTHUHBI.

KBaszucrarnuecknii n3rud TPEXCIOMHBIX OANIOK HCCIIEAOBaH B MyOmuKarusx [ 18—22], mpu 5ToM ObIITH YITEHBI
peaxuus ynpyroro OCHOBaHHS, JKECTKOCTh MEKCIOMHBIX COeIMHEHUH 1 yIPYTOIIacCTUYeCKHe CBOMCTBA MaTe-
puanoB cioes. Psj 3amad o gepopMUpOBaHNN HEOAHOPOAHBIX KPYTOBBIX IIACTHUH PEIIeH B CTaThax [23-28],
B YaCTHOCTH HCCJIEOBAHBI HECYIIIAsk CIIOCOOHOCTH, M3THO MPH pactpeie]ICHHON Harpy3Ke, BIMSHAE IPaHIIHBIX
ycnoBHii Ha (POPMBI PABHOBECHS, HEOCECHMMETPHUYHOE PacTsKEHUE-CKATHE B CBOEH TNTOCKOCTH. CKUMaeMOCTh
3aIOIHATENS TIPU M3TH0e TPEXCIOWHBIX TUIACTHH 0e3 ydeTa TeIIOBOTO BO3JEHCTBUS paHee ObLIa omrcaHa
B paborax [29-31].

B npennaraemoii pabote nccrieayeTcs BIUSHNAE HECTAIIMOHAPHOTO TeMIIEPaTypPHOTO MO Ha Ae(POPMHPO-
BaHUE yNPYTOi TPEXCIOMHOMN IIACTHHBI CO CKUMAEMBIM 3aII0JTHUTEIIEM.
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IlocTanoBKka KpaeBoii 32124 TEPMOYNIPYTOCTH

IIycTh Ha BHEIIHIOIO MOBEPXHOCTh HECUMMETPUYHOM MO TOJIIIMHE KPYTOBOM TPEXCIOWHOM MIACTUHBI CO
CO)KUMAEMBbIM 3aIIOJIHUTEIEM I1aJaeT TEIUIOBOM MOTOK C MHTEHCUBHOCTBIO ¢, (puc. 1). HuxHsAs moBepxHOCTH
(z=—c—h,y) n koHTYp (r =1) TENION30IUPOBAHBI.

ala o/b
! z
hl \ hl . I
. k=1 o1 W
Jw(r)
k=3 r 2c7v(r) k=3 / r
/
/
c _
k=2 , /k—2 //
h, 7 2N I
7 7 "o "o

Puc. 1. PacueTHas cxema KpyroBoi TpeXCIOWHON TUIaCTHHBI
CO C)KMMAEMbIM 3arOTHUTEIICM

Fig. 1. Calculation scheme of a circular three-layer plate
with a compressible filler

[puparienue Temneparypst 77 (z) IO TOJIIIMHE IUIACTHHBI BO BPEMEHHU f OITUCHIBACTCSI IPUOIMKEHHOM Qop-
MyJIO#, IPUBEACHHON B cTaThe [27]:

2 n
H > (-1
7=97 r+l S+ﬂ —l—%z( 2) cos| mn S+—c+h2 P \ (1)
A 2 H 6 n°,o n H
3 A h 3 C.h
FHCTZ—atz;S=—Z;7u=Z k k;a:&;C:ZM;H=h1+h2+h3;hl¢h2*TOJ'IHII/IHBIHeCy1_LII/IXCJ'IoeB;

hy = 2¢ — ToNIIMHA 3aOMHUTENS; A, — KO3 dHULIUEHT TemnonpoBoaHocTH; C;, — KOA(QOULUEHT TENI0EMKOCTH;

p, — INIOTHOCTb MaTepHana. 3aech u fganee k=1, 2, 3 — HoMep cI1os.

@Dopmyna (1) Obuia moayueHa B pe3ysibTare peLIeHus 3a1ady TEIUIONPOBOJHOCTH € IIOMOLIBIO YCPETHEHHS
TEMIOPU3MYCCKUX XaPAKTEPUCTHK MATEPUaIOB TPEXCIOHHOW TUIACTUHBI 110 TOJNIIMHE CJI0EB (BBIBOJ MPEACTaB-
JIeH, HarrpuMep, B padote [32]). B wacTHOM cirydae nipu A, = h, = 0 u3 Hee cienyeT TouHast (hopMyIta st OTHO-
CJIOITHOM TIAaCTHHBI, TpUBeeHHas B MoHorpaduu [33].

[locTanoBKa U perieHue 3a1a4n IPOBOAATCS B WINHAPUYECKON cHCTEME KOOPIAUHAT, IIPUBA3aHHOM K Cpe-
JUHHOM TUTOCKOCTH 3anoiaHuTeNsl. KnHeMaTndeckrne rumoTes3sl MpenoaararT, YT0 B TOHKUX BHEITHUX HECY-
LIUX CJIOSIX HOPMAaJlb HE U3MEHSIET CBOEH JUIMHBI, OCTAETCS NPSIMOIMHENHON U NEPIEHAUKYIISIPHON CPEIMHHON
IUIOCKOCTH ci10sl (runote3bl Kupxroga). O6xaTne OTHOCUTENBHO TOJICTOTO JIETKOTO 3al0JIHUTENS TPUHUMAETCSI
JIMHEMHBIM 110 ToNuHe. HopMmais 3aronHuTesns 0cTaeTcs NpSMOJIMHEHOM, HO TIPY 3TOM U3MEHSET JUIMHY U I10-

BOpPAYMBAETCS HA JOTOJHUTENBHBIA yToi \y(r, t). Ha xoHType miacTUHBI 00XKaTHe 3alOJHUTENS] U OTHOCHU-
TEJBHBIN CABHUT OTCYTCTBYIOT, YTO COOTBETCTBYET HAJIMUMIO HA HEM JKECTKOM Tuadparmbl. Kpome oTHOCHTENB-
HOTO C/IBUTa \y(r, t), HCKOMBIMH QYHKIMAMH OYIyT U (r, t) u w(r, t) — pazuanbHble IepEeMEIeHHS H IPOTHOBI
TOYEK KOOPAMHATHOMN IUIOCKOCTH, v(r, t) — JIMHeHas QyHKIHUA 00KaTHs 3alOMHUTENS. 3aBUCUMOCTh YKa3aH-
HBIX [IEPEMEILECHUN OT BPEMEHH ONPEACIACTCs] HECTAllMOHAPHBIM TeMIIepaTypHbIM 11oieM (1).

B cunmy ocecuMMeTpHYHOCTH paclpeAeIeHHON Harpy3KH g = q(r) OKPYXHbIE IEPEMELIEHUS OTCYTCTBYIOT

(u((Pk) =0), a ICKOMBIC BEJIMYUHBI — \u(r, t), u(r, t), w(r, t), v(r, t) — HE 3aBUCAT OT KOOpPAUHATHI (. Pagmnans-

K k
HbIe TlepeMenenus u' )(r, z) 1 poruGe! wh )(r, z) TO4EK k=IO CIIOSI BBIP@KAKOTCS Yepe3 yKasaHHbIC YCTBIPE
GyHKIHH.
B BepxueM (k =1) u HkHEM (k = 2) HECYITUX CIIOSIX

(1)

r

(r, z)=u + oy — z(w,r+v,r), w(l)(r, z):w+v (c<z<c+h),

(2)

u, (r, z) =U-—cy—zw,, w(z)(r, Z) =w(-—c—hy,<z<—c).

u

2
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B 3anomauTene (k = 3)
W (r, 2)=u+ 2y - z[w,, + (24 c)},
2c 3)

w(3)(r, Z):w+ Zl(z + c) (-c<z<o).
c

3neck z — BepTHKAJIbHAS KOOPIWHATA TOYEK CJIOS; MITPUX B HIDKHEM HHJIEKCE 0003HAYaeT IMPOU3BOIHYIO 110
panuagbHON KOOpAWHATE.
IToncrasus B cootHomeHus Ko [ 1] nepemenienns (2) u (3), momydum cienyromiue aeopMaIii B CIOAX:
n 1
L0 _

o 7(u + oy —z(w, +v,)), eV=0(c<z<c+h),

rz

1
el = w, + ey, — z(W,, +v,, ),

;=

8(2):%(74 -y - ZW’r)b 8(2):0 (_c_hZ SZS_C)’

8(2)=u —CVY,. — ZW
r r rrs “o rz

r

4)
() _ Vi ¢_1 _ Vi
g =u, + 2y, Z[Ww ts (z+ c)}, gy =1, {u + 2y Z[w,r *+3 (z+ c)}},

C C

3 1 z 3V
s(rz)z— y-—v, |, s(z)z— (—c<z<o).
2 2¢ 2¢
HarmpsixeHus B CITOSX TIACTHHBI MOKHO BBIYHCIIATE depe3 AchopMartui (4), BOCIIOIL30BaBITNCH 3aKOHOM
I'yka, yIUTBIBAIOIINM TEMIEparypy:

S(()Lk) = 2Gk351k)’ o) = 3Ky (S(k) - %ka) (a=r, ),
(5)
SS) =2G, 3&? S£3) =2G, 3(23), o) = 3Ky (8(3) —agl; )’
rae s%), 5% _ nepuatoper tensopos nanpskennit n nedopmannit; o'X), £*) — maposere cocrasmsomue Ten-
30poB Hanpspkennit u aepopmaunii; G (7, ), K, (T}, ) — Mogynu casura 1 06beMHOro 1e()opMUpPOBAHNS MaTe-
PHAJIOB CIIOEB, 3aBUCSIIUE OT TeMneparyphl T B k-M CII0€; 0Ly, — KOS(DDHUIMEHT TUHEHHOTO TeMIepaTypHOTo
yﬂﬂI/IHeHHﬁ. i

Hcronb3yst TEH30pbI HATIPSKEHHUI GEX )

3 3 3 3 ¢
T,= Z Togk) = z Icgk)dz, M, = Z M((lk) = z jcgk)zdz, SS) = I Gs)szZ,
k=1 k:lhk k=1 k:lhk -c (6)
H,=M + c(Tofl) - 1), D, =M + Ly® L 150 (g1, g),
2 2c

, BBeZIeM 00001IeHHbIC BHYTPEHHHE YCUIIUS

roe T (%) M (k) _ BHYTPEHHHUE YCHUINS B CIIOSX ILUIACTHUHEI
o » Mg yTp Y .
Cucrema ypaBHEHUH paBHOBECHS B 0000IIEHHBIX BHYTPEHHUX YCHIUAX (6) TIOIyYeHA C TIOMOIIBIO Bapua-

3 3 .
IIMOHHOTO MeTona Jlarpamka, mpu 3ToM padboTa KacaTeIbHBIX (ng)) Y HOPMAaJIbHbBIX (cs(z )) HanpsKeHU B 3a-
MOJTHUTENIE B CHITY TIPUHATHIX TUTIOTE3 HE YUUTHIBasIAch [29]:

T;’r + %(Tr - T(p):()’ Mr'rr + %(ZMr’r _M(p’r):_Qa

7
H, + %(H ~H,)=0,D,, + %(21),,, ~ Dy, )=-q. 7
Ha KOHTYPC IIaCTUHBI (I" = }’O) JOJIKHBI BBITIOJTHATBCA CUJIOBLBIC YCIIOBUA
T.=T"  H =H’ M,=M°, M, + %(M -M,)=0,
()
D. =D’ D, + %(D, - D,)=0,

rae T,O, H f , Mf , Df — 3aJJaHHBIC YCWJINS Ha TPAHULIE.
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UrtoObl 3 cucteMbl (7) TOTYYUTh YPaBHEHUSI PAaBHOBECHS B MIEPEMEIICHUSX, HY)KHO C IIOMOIIBIO COOT-
HomeHui (2)—(6) BbIpa3uTh BHYTPEHHHE YCWIHS depe3 uckoMmble (yHkumu. Hampumep, 1ist 06001eHHOTO
MOMEHTa M, TIONy4YHUM CIIEYIOLIEE BBIPAKCHHE:

M= K |e+ I —kin, (c+h—2 w +| K[ ev —Kz‘hz(c+h—2 LA
2 2 2)|r
nY 2.
+[K1+c 2) K;ch, (c+ 72)+§K303}W'r+

+ ch c+— + K, ch, c+h—2 JrzK;c3 ¥_
2 2 3 r

2

thl(c +chy +—]+K;h2(cz+ ch2+h?2j+§l(3+03 w,, —

2
—| K} hl(c +ch +—j+K2h2(c2+ch2+h?2j+§K3c3 Py _

7

rr

h? c
—| K h c2+ch1+?1 + K — 3

2 3
— thl(cz+ch1+h?lj+K3% T—3Za0kK ITzdz )
I

[Ie BBEICHBI 0003HAYCHIUS
K =K, (T, )+3Gk( i )s Ky =K (T, )_gGk( )-

Ota dopMyra oTaMYaeTcsi OT MPUBEACHHBIX paHee B padorax [29; 30] dopmyn HamuumeMm B KOHIIE TeMIepa-
TYPHOTO CJIaraéMoro ¥ 3aBUCUMOCTBIO MOAy/el yIpyrocTu ot TEMINEPATyPEL. Beipakenne st momenta M,
ciemyeT u3 BeIpakeHus (9), eciii TOMEHATh MECTaMH BEJIMUNHBI K u K, . B pesynbrare nocie HOILCTaHOBKI/I
B ypaBHeHHs (7) 0000IIeHHBIX BHYTPEHHUX YCHITUH, BRIPQ)KEHHBIX Yepe3 NCKOMbIE (DYHKIMH, TOJTYIUM CUCTE-

My nudepeHInaNbHBIX YPaBHEHHH, OMTMCHIBAIONIYIO Ae(OPMUPOBaHUE KPYTOBOM TPEXCIOWHOM TUIACTHHBI CO
CKMMAaEMbIM 3allOJIHUTENIEM B TEMIIEPATyPHOM IIOJIE:

Lz(alu + a,y — ayw, — a4v,r) + K5v,. =0,

Lz(azu + as\y — agw,, — a; v, ) =0,

(10)

L3(a3u + agy — agw,. — ayv,, ) =—q,

c . v,
Ly(au + ay = agw, — ayev,, ) + ng (Vw + TF) =-q,

Tae a; — Koo HUIUCHTHI, BEIPAXACMBIC 4YCPEC3 YIIPYTUEC U ITCOMCTPUUCCKHUC ITIapaMETPEI CII0CB,
1 >
1

a = szO’az_ (Kl() Kzo a3—sz1,a4—K11+ZK32,
k=1 k=1

3
2
as =Ky + ¢ (Kyg + Ky ), ag =Ky + ¢(Kyy + Ky ), ar=cay, ag= D Ky,
k=1

| 2 4 .
ag =Ky + EK32a a =Ky + §C3K32= K= I‘:Kk(Tk)"' EGk(Tk )}Z dz (m=0,1,2);
by

L,, L, — nuneitHble audQepeHuanbHble oepaTopbl BUaa
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Er g = 2g'rr 8 g
Lz(g)Eg'”_l_T_r_z’ L3(g)=g'rrr+ 2 - rz +r—3.

Kpaesas 3agaua o 1eopMHpOBaHUH TPEXCIOHHON TIIACTHHBI CO CKMMAEMBIM 3aIIOJTHUTEIIEM 3aMBIKACTCS
nmoOaBieHreM K cucteMe nuddepeHnnanbHpX ypapHeHn (10) CHITOBBIX yCIIOBUi (8) MM KHHEMAaTHYECKUX
TPaHUYHBIX YCIOBHI Ha KOHTYpe (7 = 7). Kpome Toro, 10/mKHBI ObITH OrpaHUYEHBI TIEPEMEILCHUS B LIEHTPE

miacTuHEI (r = 0).
Ipu xecTKO# 3a/1eNke KOHTYpa MIACTHHBI JJOJDKHBI BBITIOHATHCS TPEOOBAHUS

u=y=w=v=w,=v, =0npur=r, (11)
B ciydae mapHUpHOTro OnupaHus KOHTYpa NPEAbIBISIOTCS ClIeAyoLe TpeOoOBaHus:

u=y=w=v=vy, =0, M =0npur=r, (12)

O01mee aHAIUTHYECKOE PellIeHNe KPaeBoil 3a1a4u

B pesynbrare aHaJIMTHYECKOTO MCCIIE0BAaHUS CUCTEMBI JU(PepeHInaibHbIX YpaBHeHuii (10) moaydeHo
CIIeyIOlIee pelieHue:

|- | G 1
) =—aL31 (q) - a—()(a3u — agw, — agv, ) + é(Zlnr -1) + G, Er +C, o
w:azgé_asas udy — 2641~ 45% | . as fL;l(q)dr+
ag — asag ag — asag ag — asag
2 2
2C1—”5L(1nr —1)+ Cp—+Cy,Inr+ Gy,
ag — asag 4 4 13)
u=byv,+(b,+b)L'(q) - i(Zlnr —1)(b,C + b,Cy) + ng + G %,
C C
y= —?7]0([31/) - Fw()(;sr) + g( [¥.(Br) [ /1(Br)ay(r)rdrar -

- J.JI(B’”)_[K(BV)ql(r)rdrdr) + C,,
e Jo(Br), J,(Br) — dynxkuun beceens; Yy (Br), ¥;(Br) — dynxunn Heiimana; C, — KOHCTaHTbI HHTETpHPOBa-

A
HUS; ¢y = J qrdr — byHKuus Harpysku; 3, 4 — mapaMeTpsl, BbIpaxkaeMble 4epe3 Ko (PUIUEHTHI g;, BBEICH-

HBIE B cucteMe ypaBHernui (10).

Vckomoe penienne J0JHKHO OBITh OTpaHMYECHO B Hadalle KOOPIMHAT, TI03TOMY, YYUTBIBasi 0COOCHHOCTH JIO-
rapudma u pynkumii Helimana B Hyre, HEOOXOMMO TTOJIOXKUTH PABHBIMHU HYITIO CIISIYIONIHE KOHCTAHTBl MHTE-
rpupoBanus: C,=C,=C,=C,=Cy=C,=0.

B pesynsrare pemenue (13) npu paBHOMEPHO paclpeerIeHHON TOBEpXHOCTHON Harpyske g = ¢, = const
NPUHUMAET BUJL

G o7
=——L/J = C,,
v B O(B”)+2B2 (P1+P2)+ 9

3 3
qor 1 r qo" r
=— ——(au —aw,. —agv,. )+ Co—, u=bv, + (b, +b;)—— + C; —,

(14)

2
a,a; — a,a a.a, — asa a,a, — a,a r
w=b126 35_627 s% 1, 4 226 35C5_Jr
ag — asdg a; — asag a; — asag 4
4 2
90" r
+ 2—((612a6 - a3a5)(b2 + b3)— a5) + CIOT + Gy,
64(a6—a5a8)

rae b, p; — k03 GHULUEHTDI, BBIpaXkaeMble Uepe3 BEJIMUHHBI a,, BBEJICHHbIE B cucTeMe ypaBHeHui (10).
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IIpu >xecTKOH 3a/1eTIKe KOHTYpa IUIaCTHHBI U3 TPaHUUYHBIX ycinoBuit (11) ciuenyer, uro
2 2

4070 90" 9o
C.= ,Co=—(b,+ b ,Co=—————— ,
3 84 5 ( h + 3) 3 7 2B2J1(B”o)(pl+p2)
C qoti a 5
Co=—LJ,(Bry) = 22(p, + p,), Cip= —————q, 7, 15
9 B O(B o) 2[32 (P1 Pz) 10 8(a62 ~ asag)% 0 (15)
4 2 2
Cp=- az{zlé — % (b2 . b3)q0r0 +Cs oy 2a5 'CI0V04 -Gy ri-
de — dsdg 64 4 64(a6 - a5a8) 4

B cnyuae mapHUpHOTO OnupaHus KOHTYpa KOHCTaHThl MHTETPUPOBAHUS ONPEACIAIOTCS U3 TPAHUYHBIX
ycioBuii (12) u BKIJIIOYAOT TEMIIEpATypy B SIBHOM BUJIE U3-3a 3aBUCUMOCTU MOMeHTa M, (9) oT Temneparypsl.
Crnenyet OTMETHUTb, 4TO B periennu (14), (15) 3aBucumMocth Mofyneil yIpyrocTH OT TeMIepaTypbl pacCUnThI-
BaeTcs 1o gpopmyie bemna [34].

YucineHHble pe3yabTaThl

Ha puc. 2—6 moka3aHo U3MEHEHHE MIEPEMEIICHUN B TUIACTHHE C HECYIIUMHU CIOSMU, BHITIOTHCHHBIMU U3
JmropanroMuHust Mapku [116-T, u 3anoiHUTENIeM, H3TOTOBIICHHBIM U3 (roporuiacta-4. MexaHHM4YecKre Xapak-
TEPUCTHKH MaTepUaIOB MpHBeJcHbI B MoHOTpaduu [1]. TonmmHbl cii0eB, OTHECEHHBIC K PANyCy TUIaCTHUHBI,
coctasis ¢ = 0,23, A = 0,03, 4, = 0,03. KonTyp *KecTko 3a7enaH. Pe3ynsTarsl HOMy4eHs! s IUIaCTUHBI €1~
HUYHOTO pajiyca.

Heo0xoauMocCTh yueTa cKMMaeMOCTH 3aIlOTHUTENS WILTIOCTPUPYET PUC. 2, HA KOTOPOM ITOKa3aHbl MPOTHU-
ObI CII0€B IUIACTUHBI P M30TepMHUUYecKol Harpyske ¢, = —0,5 MIla. Pemenne kpaeBoii 3anaun npu usrude
110/I00HOM TUTACTUHBI C HEC)KUMACMbIM 3aIOJIHUTENIEM ITPUBEICHO B padore [32]. B aTom ciydae mporud pac-
CUUTBIBAETCS 110 hopMyIie

_ 3 9 (4 522 4 _
w=-b 64(r 2Ky +r0)(b1—const)

U IMPAKTUYCCKU COBIAAAacT C KpHBOfI 3, YTO YKa3bIBaCT Ha NPECMCTBCHHOCTDH Hpe}.‘LCTaBHeHHOﬁ MareMaru4dc-
CKoH MOOCIN ,I[e(l)OpMI/IPOBaHI/IFI TpeXCJ’IOfIHBIX IUIACTUH CO CKMMAaEMbIM 3aIIOJIHUTEIIEM C U3BESCTHOMI MOIECIIBIO,
B KOTOpOﬁ 3aIllOJIHUTECIb HE COKUMACM.

~0,004
~0,008

w
-0,012

-0,016 -

-0,020

1 1 1 1
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Puc. 2. TIporu6bl HECYLIMX CIIOEB U 3aMOJIHUTENS IITACTHHBI:
I — nporu6 BepxHero ciiosi; 2 — NpOrud HUKHETO CII0s;
3 — mporn6 cpeauHHON ITIOCKOCTH 3aIIOTHATES
Fig. 2. Deflections of bearing layers and filler of the plate:
1 — deflection of the upper layer; 2 — deflection of the lower layer;
3 — deflection of the median plane of the filler

MaxkcuManbHO€ pa3Inyie TPOruOoB MPH yueTe CKUMAEMOCTH 3aroHuTeNs focTuraet 42 %. 910 BHOCUT
CYIIECTBEHHYIO MONPABKY B HAIPSHKEHHO-1€()OPMUPOBAHHOE COCTOSIHUE TIIACTHUHBI.
Ha puc. 3—6 npexncrasnens! rpagukn U3MEHEHHS HCKOMBIX TIEpEMEIIEHUI — mporuda w(r) HUKHETO CJIOS

IJIAaCTHUHBI, (I)YHKHI/II/I 00’KaTHsl 3aIOIHUTEIS V(I"), OTHOCHUTCJIIbHOI'O CABUTA \V(}") 1 paguaJIbHOro nepemeuic-
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HUS u(r) CPEIMHHOMN IUIOCKOCTH 3allOJIHUTEINS 110 BO3ACHCTBHEM TEMIIEPATyPHOIO MOJIsl TP MHTEHCUBHOCTH
paBHOMEpHO pacnpefeneHHoi Harpy3ku g =1 Mlla. Temneparypa B miacTHHE NPOMHTErPUPOBAHA 110 BEPTU-

KJILHOHM KOOpJIHATE B COOTBETCTBUH C 000OIICHHBIMHI BHYTPEHHIUMH ycuiusivu (6) 1 He 3aBucHT OT z. Ee yBe-
JMYEHNE Ha KaKIoM Imare npuHuMaiocsk paBHeIM 60 K. Poct Temmneparypsl Ha 60 K npuBOIUT K yBETHYEHUIO

(hyHKITHIA w(r) u \V(r) Ha 5,0 %, a pyHKIIMI v(r) u u(r) Ha 7,5 %.
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Puc. 3. IIporu6 HUKHETO CIIOS TIACTUHEI
TP PA3INIHBIX TEMIIEpaTypax

Fig. 3. Deflection of the lower layer of the plate
at various temperatures
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Puc. 5. OTHOCUTECIBHBIN CIABHUT B 3aIIOJIHUTEIIC
MIPY Pa3IMYHBIX TEMIIEpaTypax

Fig. 5. Relative shift in the filler
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Puc. 4. Oynkmst 00KaThs 3aIOTHATEIS
MIPU PA3IMYHBIX TEMIIEPaTypax

Fig. 4. Filler compression function
at various temperatures
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Puc. 6. PaguanpHoe iepeMerieHue
CPEIUHHOM IJIOCKOCTH 3arOJIHUTEIS
TIPU Pa3IHIHBIX TEMIIEpaTypax

at various temperatures Fig. 6. Radial displacement of the median plane

of the filler at various temperatures

J1a BepuduKammy pacaeTHON MoeH 1e(hOpMUPOBAHUS TPEXCIOWHBIX JIEMEHTOB KOHCTPYKITUHN, YUUTHIBAO-
el OTHOCHTENBHBIA CIBUT B 3aIIOTHATENE, B TabopaTopun Kadeapbl CTpOUTETHHON MEXaHUKH, T€OTEXHUKA
Y CTPOMTENBHBIX KOHCTPYKITHH (paKkyapTeTa MPOMBIIIIEHHOTO ¥ TPaXIaHCKOTO CTPOUTENBCTBA bemopycckoro ro-
CYIapCTBEHHOTO YHUBEPCHUTETA TPAHCIIOPTA OBLIN MPOBECHBI SKCIIEPUMEHTAFHBIE MCCIIE0BAHNS N3TH0a TPeX-
CIIOITHOM OaTKY MPSIMOYTOJIFHOTO MTOTIEPEYHOTO CEUSHHS C )KECTKUMU Anadparmamu Ha Topiiax. Hecymme cion
OBbLIH BBIIIOJITHEHBI U3 CEMUCIIONHOH Oepe30Boii (haneps! ¢ Moxyisimu ynpyrocti £, = 6000 MIla, G, =750 MlI1a,
a 3ar0JIHUTEJIb U3TOTOBJICH U3 IEHOIIOIMCTUPOIIA ¢ MOLYIIMU ynpyrocti £, = 15 Mlla, G, = 5,14 MIla.

HaubGonpmmuii pacuerHsiii mporud w, ,, coctaBmi 2,0 MM ¢ y4eTOM OTHOCHTEIBHOI'O CABHUIA B 3aIl0JIHU-
tene u 1,4 MM 6e3 ydeTa OTHOCHUTEIILHOTO CIIBUTA. DKCIIEPUMEHT, ITPOBEICHHEIN B JIA0OpaTOPHH, AT 3HAUCHUE
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2,1 mmM [35]. CnenoBaTenbHO, YUET OTHOCUTEIILHOTO CIIBUTA B 3aMIOJTHUTEIE JITACT PACUETHYIO MOJICIIb MEHEee
JKECTKOHN 1 HpI/I6J'II/I)KaeT YHCJICHHBIC PE3YJIBTAThI K OKCICPUMEHTAJIbHBIM 3HAYCHUAM.

3aKjaIoueHune

[IpuBeneHHBIE TOCTAHOBKA M aHAIMTHYECKOE PELICHNE KPAeBOM 3a/lady MOATBEPIKAAIOT HEOOXOIUMOCTh
ydera C)KUMAaeMOCTH MaTepHualia 3aroJHUTENST B KPYTOBOH TPEXCIIOMHOM IiacTuHe MpH JeOopMHPOBAHUU
B TEMIIEpaTypHOM IoJie. YrcIeHHbIe pe3ysbTaThl MOKa3alli yBeJIUUYEHHE PAcCUeTHOTO Nporuda BepXHero He-
cyuiero ciost Ha 42 % npu yuete ckumaeMocTd 3anoigHuTens. C pocToM TeMIeparypbl Bce MepeMenieHus
YBEJIMYMBAOTCSL OJHOTUIIHO B COOTBETCTBUM C YMEHBIICHUEM XapAKTEPUCTUK YIIPYTOCTH MAaTEPUAIIOB CIIOEB,
paccuuThiBaeMbIX 10 Gopmyiie bema.
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TEOPI/IH BEPOSITHOCTEN
N MATEMATUYECKAS CTATUCTUKA
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VIK 519.872

YIIPABAEHUE ITPUEMOM 3AKA30B _
B CUCTEME AOCTABKHU TOBAPOB C YHETOM KOHEYHOUA
BMECTMOCTHU CKAAAA B ITYHKTE BbBIAAYU TTOCBIAOK

A. H. JYJIHH"

l)Eeﬂopycckuﬁ eocyoapcmeennwlil ynusepcumem, np. Hezasucumocmu, 4, 220030, e. Munck, Berapyce

Annomayus. JlocTaBka NOCBIIOK B ITyHKTHI BBIJA9X TOBApOB CTaJIa OYEHb MOMYISPHOH B CBSI3M C OBICTPBIM Pa3BH-
THEM UHTEpHET-TOProBiu. [ 3 PeKTUBHOM pabOThl HHTEPHET-TOPTOBIN TPeOyeTCsl CO3/IaHNEe HOBBIX MOJEIICH CHCTEM
MaccoBoro oOcimykuBaHus. B HacTosmIel craTbe MPOLECcC JOCTABKM TOBAPOB OMHUCHIBAETCS KaK 00pabOTKa MOCHUIKH
B JIBYX 30HaX o0cyxuBanus. OOCITyKMBaHHE B IEPBOM 30HE BKJIOYAET TOCTABKY MOCBUIKH JI0 ITYHKTA BBIIa4H TOBapOB,
00cCITyKMBaHHE BO BTOPOI 30HE — XPaHEHNE MOCBUIKH Ha CKIIAJIE 10 BOZMOKHOTO €€ MOy4YeHHs KIIMeHTOM. BmecTiMocTh
CKJIaJia sBJIsETCS KOHEYHOW. Ecnu nmochuika mprObIBaeT Ha 3alOJIHEHHBIN CKJIaJl, TO OHA TepAeTCs. B MessiX MoBBIICHNS
3¢ PeKTHBHOCTH PaOOTHI CHCTEMBI IOCTABKH IPEUIATACTCS IPUMEHSTH TOPOr0BOE YIIPaBICHUE IIPHEMOM ITOCHUIOK B TIEp-
BO#i 30He. CHcTeMa JOCTaBKU aHAIU3UPYETCS ITPU JOCTATOUHO OOIIUX MPEITOIOKEHHUSX O TIPOIiecce NPUOBITHS MTOCHUIOK.
AHanu3 BBINOIHIETCS MyTEM PAacCCMOTPEHHs COOTBETCTBYIOIIMM 00pa3oM MOCTPOCHHONH MHOTOMEpPHOH menmu Mapkosa
C HETIPEPBIBHBIM BPEMEHEM. YCTAHABIMBACTCSI M YHCICHHO WILTIOCTPUPYETCS 3aBUCHMOCTh OCHOBHBIX IOKa3aTelei
TIPOM3BOUTEIEHOCTH CHCTEMBI JOCTAaBKA OT BMECTUMOCTH CKJIaJla M 1OPOTa YIpaBiIeHHs 1ocTyroM. Dopmynupyercs
U peraeTcs 3a7a4a ONTHMH3ALIH.

Knroueswvie cnoga: cuctema 10CTaBKHU MOCHUIOK; ITyHKT BBIAAYH; TAHJEMHAs OUEPEb; YIIPABICHHUE TOCTYIIOM; MHOTO-
MepHas 1enb MapKkoBa; MApKOBCKHI BXOJAHOW MTOTOK; ONTHUMHU3ALIMS.
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Teopust BeposiTHOCTel M MaTeMaTHYecKasi CTATHCTHKA
Probability Theory and Mathematical Statistics

ADMISSION CONTROL IN A PARCEL DELIVERY SYSTEM
WITH ACCOUNT OF THE FINITE CAPACITY
OF THE WAREHOUSE AT THE PICK-UP POINT

A. N. DUDIN*®

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus

Abstract. Parcels delivering via pick-up points have become very popular due to the fast development of online mar-
ketplaces, customer-to-customer markets, and the use of parcel lockers as the last mile delivery solution. An adequate
modelling of such delivery systems requires the creation of novel queueing models. In this paper, the process of delivering
is described as the processing of a parcel in two service areas. The first area corresponds to processing until the parcel’s
arrival to the second area. The service in the second area corresponds to the storage of the parcel in a warchouse until it
is picked up by a customer. The capacity of the warehouse is finite. A parcel arriving when the warehouse is full is lost.
To enhance the efficiency of the system operation, threshold-type control by parcel admission at the first area is applied.
Such a system is analysed under quite general assumptions about the parcel arrival flow. The analysis is implemented via
consideration of the suitably constructed multidimensional continuous-time Markov chain. The dependence of the main
performance measures of the delivery system on the warechouse capacity and the admission threshold are established and
numerically illustrated. An optimisation problem is formulated and solved.

Keywords: parcel delivery system; pick-up point; tandem queue; admission control; multidimensional Markov chain;
Markov arrival process; optimisation.

Introduction

As it is mentioned in [1], the business of parcel deliveries has been booming in recent years. From 64 bln
parcels sent worldwide in 2016, the number of parcels has climbed up to over 161 bln in 2022 and it is forecast
to reach 225 bln by 2028. Parcel delivery via the use of pick-up points, in particular the use of parcel lockers,
is very popular as the solution for goods delivering by different online marketplaces (Amazon, eBay, Rakuten,
Shopee, AliExpress, Etsy, Walmart, Mercado Libre, Wildberries, Ozon, etc.) and as the last mile delivery solu-
tion in a variety of out-of-home delivery. Therefore, the problem of enhancement of the organisation of this
kind of delivery is intensively discussed in the existing literature (see, for example, [ 1-4]). The respective case
studies can be found in [5-9].

Due to the uncertainty and randomness of the moments of parcel delivery to the pick-up point and the time
until parcel withdrawal by the customer after its delivery to the pick-up point, it is evident that adequate mathe-
matical models of parcel delivery processes can be constructed in terms of the theory of queues. Examples of
application of this theory to this end can be found in [10—12].

In this paper, we propose and investigate the mathematical model of the order (parcels, goods, foods, etc.)
delivering to the pick-up point and its storage there until receiving by the customer. Thus, we suppose that
the lifetime of an arbitrary customer’s order (parcel) in the delivery system consists of two parts, namely:
(1) the time since the order generation in the system until its delivery to the target pick-up point and (ii) the
sojourn time of the order in the warehouse of the target pick-up point until it is received by the customer or
sent back to the sender. Correspondingly, an arbitrary order is sequentially processed in two service areas.
The capacity of the second area, which models the pick-up point, is finite, and the orders arriving when it
is exhausted are lost or returned to the sender. To mitigate the losses at the order entrance to this area, we
propose the order admission control. New orders arriving in the first area are rejected if the total number
of orders processed at two areas has the maximal admissible value (threshold). We explore the possibility of
optimisation of operation of this delivery system via the proper choice of the capacity of the warehouse and
the value of the threshold.

The rest of the text is organised as follows. The model of the order delivery is formulated in the queueing
theory language in section «Mathematical model». The tridimensional Markov chain describing the operation
of the delivery system is introduced, and its generator is derived in section «The Markov chain describing the
system operation and its generator». Formulas for the main performance measures computation are presen-
ted in section «Performance measures computation». Numerical illustrations are given in section «Numerical
examplesy, including examples of potential applications of the obtained results for managerial goals. Finally,
section «Conclusions» concludes the paper.
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Mathematical model

The structure of the system under study is presented in fig. 1.

Area 1 T T(x Area 2
MAP Y K | p
L 1
N

Fig. 1. The queueing system under study

Area 1 accommodates the orders that are in the process of delivery to the pick-up point. Area 2 models the
stay of the order which is ready for picking up in the warehouse of the target pick-up point.
The process of parcel (order) arrival to the system is modelled by the MAP flow defined by the matrices D,

and D, such that the matrix D(1) = D, + D; is the generator of the irreducible Markov chain with a continuous
time v,, ¢ > 0, having a finite state space {1, 2, ..., W} The matrix D, consists of the intensities of transitions of
the chain v,, # > 0, accompanied by the receiving of an order. The non-diagonal elements of the matrix D,

determine the intensity of the corresponding transition of the chain v,, > 0, without the receiving of an order,
and the modules of the negative diagonal elements of the matrix D, determine the intensity of the exit of the
process v, from the corresponding state of the Markov chain v,.

The average order rate A is determined by the formula A = 0D,e where 0 is a row vector of the invariant

probabilities of the Markov chain v,, £ > 0. This vector is the only solution to the system OD(I) =0,0¢ =1. Here

and below, 0 is a row vector of appropriate size consisting of zeros, and e is a column vector of appropriate size
consisting of ones. Formulas for computation of other characteristics of the MAP, for example, the correlation
coefficient of the successive interarrival times, variance, and higher moments of these times distribution, can
be found in [13-18]. Let us also mention recent papers [19-29] devoted to the analysis of queues with the MAP.

Because the capacity of the real-world warehouses is limited, we assume that area 2 cannot accommodate
more than K orders at the same time. Here, K is an arbitrarily fixed integer number. An order arriving when the
area 2 capacity is exhausted, i. e. K orders are stored there, is not admitted to this area and is lost (sent back to
the sender).

Due to this, aiming to reduce the probability of an arbitrary order loss after its service in area 1, it is desi-
rable to apply some kind of order admission control in this area. We suggest that the reasonable control policy
is as follows. A certain threshold N such as N > K is fixed. An order arriving to area 1 is admitted for service if
the total number of orders residing at the arrival moment in area 1 and area 2 is less than N. Otherwise, if this
number is equal to N, the arriving order is rejected (lost at the entrance to area 1).

When the number of orders in the system at the arrival moment does not exceed N — 1, then a new order is
admitted into the system, and the number of orders in area 1 increases by one; otherwise, the arriving order is lost.

The sojourn time of an order in area 1 (delivery time) is the exponentially distributed time with the para-
meter y > 0. After this time expires, the order tries to enter area 2. If there are less than K orders residing in
area 2 (the number of orders in the warehouse), the order arriving from area 1 is admitted for service in area 2.
Otherwise, it is lost.

After the order is admitted to the warehouse, it is stored there the customer picks it up. The storage time of
orders in the warehouse is limited. All customers of the system are divided into two groups. The first group is
irresponsible customers that receive their orders only when the order storage time is almost complete. The second
group is responsible customers who pick up their parcels earlier than the storage time runs out.

To take this into account, we assume that responsible customers pick up their orders after an exponentially
distributed amount of time with the parameter p > 0. The order residence time in area 2 (the storage time of
the order at the warehouse) is limited and it has an exponential distribution with the parameter oo > 0. When this
time finishes, with a probability p, an irresponsible customer picks up her order (the order is considered to be
successfully serviced), and with the complementary probability, the order is lost (returned from the warehouse to
the sender).

It is obvious that the value of the threshold N has a profound effect on the performance of the considered
system. If N is too small, then many arriving orders are not admitted to the system, and, due to the randomness
of the arrival and picking-up processes, the starvation of area 2 can occur. As a consequence, the warechouse
is underutilised, and the throughput of the system is low. If N is too large, there exists a high risk of an order
rejection at the entrance to area 2 due to the lack of the place in the warehouse. Such a rejection again reduces
the throughput of the system and leads to the waste of the system resources spent for the rejected order service
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in area 1. Therefore, the value of the threshold N has to be chosen optimally with respect to some fixed crite-
rion. The main purpose of this paper is to provide an opportunity for computation of the optimal capacity K of
the warehouse storage and the threshold N defining when the admission of new orders has to be temporarily
suspended.

The Markov chain describing
the system operation and its generator

Let the parameters K and N be fixed and let i, be the number of orders in area 1, i, =0, N, k, be the number

of orders in area 2, k, =0, min{N -i, K }, v, be the state of the underlying process of the MAP, v, =1, W, at
time ¢ > 0.

The behaviour of the system under study is described by a regular irreducible Markov chain with a conti-
nuous time

& ={i, k,v,},1=0.

For easier analysis of this Markov chain, let us enumerate the states of the Markov chain in lexicographic
order and call sub-level (i, k) the set of the states (i, k, 1), (i, k, 2), ..., (i, k, W). Level i is the set of sub-levels
(4,0), (i, 1), ..., (i, min{N -4, K}), 0, N.

Theorem 1. The generator Q of the Markov chain &,, t > 0, has the following block tridiagonal structure:

Q.o Qo1 O 0 o .. 0
Qo Q1 G, O (@) 0]
O 0, &, &3 O .. o
0= O o Q3,2 Q3,3 Q3,4 o )
0 0 0 0 O ... Oyv.in
0 0 0 o O ... Oy

where the non-zero blocks O, ;, |

the states of level j are defined as follows:
Q. =1, ,®D, —iY1K+1)W—(H+ )Cy ®Iy + (n+0)CyEg ®1y, i=0,N-K -1, (1)

i— j| <1, containing the intensities of transitions from the states of level i to

Qi =y i1 ®Dy = iVl — (h+a)Cy_ By ®Ly+Iy_ ;@D +

+(n+a)Cy_Ey_,;®I, i=N-K, N, )
Qi,i+1:[K+l®D1’i:m) 3)
0.;=Ey_;®D,i=N-K,N-1, 4)
0., =iE*®I,, i=1, N-K, (5)
O, _1=iyEy_;®1I, i=N-K+1,N. (6)

Here, ® is the Kronecker product of matrices (see, for example, [30]); I is the identity matrix, and O is the zero
matrix, with the dimensionality in a subscript if it is necessary,; o is the Kronecker delta, that is 1

=0 otherwise; C,= diag{O, L2, ..., l}, i. e. C, is the diagonal matrix with the

condition condition —

if condition is true and 3, gion

diagonal entries {0, 1,2, ...,1 } [1=0,K; f, =0, K, is a square matrix of size [ +1 with all zero elements ex-

cept the element (f,) =1, E;, =0, K, is a square matrix of size | + 1 with all zero elements except the ele-
1,1

ments (EI_) =Lk=11-1 E, [=1,K, is a matrix of size (l + 1) x I with all zero elements except the

k,k—1
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elements (Ef )k = L, k=0,1-1; E" is a square matrix of size K + 1 with all zero elements except the elements
(E+) =1, k=0,K-1, and (E+) =1; Ef, [=0, K -1, is a matrix of size (l+ l) X (l + 2) with all zero
ko k+1 K. K
elements except the elements (Ef )k s 1, k= (Tl
, K+

Proof. Proof of theorem 1 is performed via the analysis of all possible transitions of the Markov chain &,
during the time interval of an infinitesimal length. The block tridiagonal form of the generator is explained by
the fact that the arrival and departure of the orders to area 1 occur one by one.

Let us first prove formulas (1) and (2) for the matrices Q, ;. The size of these matrices is defined by the
cardinality of the state space of the two-dimensional process {k,, v, }. The component v, has /¥ possible states.
The state space of the component &, depends on the value of the component i, If the number i, of orders at
area 1 is small, namely, i, =0, N — K — 1, then the component &, admits the values in the range from 0 to K.
Ifi, > N - K —1, then the component &, admits the values in the range from 0 to N —i,. Correspondingly, the size
of the matrices O, , is equal to (K +1)x W if i=0, N—K —landto (N—i+1)xW ifi=N-K, N.

The diagonal entries of these matrices are negative. The modules of these entries define the rates of the exit of
the Markov chain &, from its states. The exit from the state {i, k, v} is possible due to (i) service completion
of one of 7 orders in area 1 (the corresponding rate is iy), (ii) departure of one of k£ orders from area 2 (the cor-
responding rate is k(u + oc)), (111) exit of the underlying process v, from its state (the corresponding rates are

the modules of the diagonal entries of the matrix D).

The non-diagonal entries of the matrices ), ; define the rates of transition of the Markov chain &, to another
state without the change of the value i of the component i.. There are only two variants of such transitions:
(1) transitions of the underlying process v, (rates of which are defined by the non-diagonal entries of the mat-

rix D), (i1) departure of one of k orders from area 2. The rates of the departure are equal to k(u + a), and, as
the consequence of this departure, the number £, of orders at area 2 decreases by one. Transition probabilities
of the component £, from the state & to the state k — 1, k =1, K, are given by the entries of the matrix E.

As the result of these considerations, we obtain formula (1). Formula (2) which is valid for i=N - K, N
is obtained via the same considerations. An additional summand ,,_, ® D, appears here because a new order
arrival (the corresponding rates are given by the entries of the matrix D,) when the number of orders in area 2
is equal to N — i (thus, the total number of orders in the system is equal to N) does not change the state of the
system because this order is not admitted to the system.

The operation of the Kronecker product of matrices is used in (1), (2), and other formulas to describe tran-
sition rates of two independent Markov components { k,, v,} of the Markov chain &,.

Formulas (3), (4) are clear because the increase of the component 7, can occur only when a new order is admit-
ted to area 1 which happens with the rates defined by the entries of the matrix D,. A new order admission to area 1

does not imply any change in the number of orders in area 2. This explains the presence of the Kronecker multi-

plier /., , in formula (3), valid fori =0, N — K — 1. Wheni = N — K, N —1, the increase in the value 7 implies the

reduction of the state space of the component £, of the chain. This reduction is implemented via the Kronecker

multiplication of the matrix D, from the left by the non-square matrix E~;H. This explains formula (4).
Transitions from the level i to the level i — 1 occur with the rate iy when the service of one order at area 1

finishes. If i =0, N — K, this order starts service at area 2, and the number of orders at this area increases by 1.
The matrix £ describes transition probabilities of the component k, of the Markov chain &, at this moment.

Wheni=N — K +1, N, the decrease in the value i implies the extension of the state space of the component £,
of the chain. This extension is reflected by the non-square transition probability matrix E7;_..

As the result of these considerations, we obtain formulas (5) and (6).

Theorem 1 is proven.

Because the Markov chain &, is irreducible and has a finite state space, the stationary probabilities of its
states

n(i, k,v)=limP{i,=i, k,=k,v,=v},i=0, N, k=0, min{N—i, K}, v=1W,
1—0

exist for any set of the system parameters.
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Corresponding to the introduced enumeration of the states of the Markov chain £, let us introduce the row
vectors n(i, k) of the stationary probabilities of the states that belong to the sub-level (i, k) and vectors 7, of the
stationary probabilities of the states that belong to the level i. The vectors &, i = 0, N, satisfy the system of linear

algebraic equations (Chapman — Kolmogorov equations)
(T, Tps ooy Ty )0 =0, (1, Ty, ..., Ty Je=1.

This system is finite. However, in potential real-life applications of the model, the capacity K of the ware-
house can be large, and the number of equations in this system can be large as well. Therefore, to solve this
system it is necessary to use algorithms that effectively account for the block tridiagonal structure of the gene-
rator O and the fact that the solution of the system represents a probability distribution. The numerically stable
algorithms obtained in [31; 32] are recommended for further use.

Performance measures computation

Having an opportunity to compute the vectors &, i =0, N, it is possible to calculate the values of the basic
performance characteristics of the considered queueing model, in particular:
e the mean number of orders residing at an arbitrary moment in area 1

N
L1=Zmie;
i=1

e the mean number of orders residing at an arbitrary moment in area 2
N-— 1m1n N i, K

L,= ,Z‘T Z kn(l', k)e;

e the mean number of orders processed at an arbltrary moment in the system
N min{N-i,K}

LZ[;) kgo (i+k)n(i, k)e=L+ Ly;

e the rate of the output flow of serviced orders is
N- 1m1n N i, K

Z Z k(u+(1—p)a)n(z’, k)e;

e the loss probability of an order at the entrance to the system

N
Pemzl > w(i, N—i)De; (7)
ANk
e the loss probability of an order when moving from area 1 to area 2
loss -2~ z ’YlTE (8)

e the loss probability of an order due to lack of demand by the customer (expiration of the storage time)
N 1rnm N i, K}

Z Z pkan(i, k)e; 9)
o the loss probability of an arbitrary order
P .=P +P +P =1- %

loss — “ent loss, 1—- imp

The latter relation giving two alternative ways for computation of B is useful for verification of the ana-
lytical results and computer implementation of procedures for computing the invariant distribution of the sys-
tem states.

Formula (7) is valid because the loss of an order at the entrance occurs when the order sees N orders pre-
N

senting in the system. The components of the row vector z n(i, N—-i ) define the distribution of states of
i=N-K
. . . 1
the underlying process of arrivals at such an arrival moment. The column of vector — D,e defines the proba-

bilities of an order arrival at an arbitrary moment under the fixed state of the underlying process [17]. Now,
formula (7) evidently follows from the formula of total probability.
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The probability B ;_, is computed as the ratio of the rate of the lost orders during their transfer from area 1
to area 2 to the arrival rate which is equal to A. The rate of customers transfer from area 1 is proportional to the
number of orders at this area. The loss of the customers, which transfer to area 2, can occur only if the number
of orders at area 1 is less or equal to N — K while the number of orders at area 2 is equal to K. Therefore, the

N-K
rate of the lost orders is Z yin(i, K )e. Formula (8) is proven.

i=1
The probability £, is also computed as the ratio of the rate of the customers which are lost due to ex-
piration of the storage time to the arrival rate A. Under the fixed numbers (i, k) of orders at areas 1 and 2, the
rate of the loss is equal to pka.. By implementing summation of the products of these rates by the probabilities

n(i, k)e over the values of (i, k) under which the corresponding loss can happen we obtain formula (9).

Numerical examples

The aims of this section are to demonstrate the feasibility of the proposed algorithms for computation of
the basic performance characteristics of the system, graphical illustration of their dependencies on the para-
meters K and N, and to show the possibility to use the obtained result for managerial purposes.

Let the MAP flow of orders be determined by the matrices

D < di { g 2} D 7.5 0.5
=diag{-8, -2}, D, = .
o= e o1 19
This MAP has the mean arrival rate A equal to 3, the coefficients of correlation and variation of the succes-
sive interarrival times are ¢, = 0.17 and ¢, = 1.625 respectively.

The parameters of the exponential distributions of the service time of an order in area 1 (y), the time till an
order pick-up by the responsible customer (i), and the storage time of an order at area 2 (o) are chosen as fol-
lows: y=10.03, n=0.02, o = 0.004. The probability p that an irresponsible customer picks up her order when
the storage time expires is assumed to be equal to 0.03.

We vary the parameter N in the interval [50, 500] with step 50 and the parameter K in the interval [25, N ]
with step 25.

The dependence of the average numbers L, and L, of orders at areas 1 and 2 on the parameters N and X is
presented in fig. 2 and 3.
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Fig. 2. The dependence of L, on the parameters N and K
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Fig. 3. The dependence of L, on the parameters N and K
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One can see from these figures that the numbers of orders at both areas grow with the increase in the system
capacity . The number of orders in area 1 decreases, and the number of orders in area 2 increases with the in-
crease in the parameter K. This can be explained as follows. The increase in K means that the capacity of area 2
increases, and more orders can be stored in this area which leads to the increase in L,. At the same time, under
the fixed value of NV, the increase in the number of orders in area 2 leads to a shortness of capacity of area 1,
and more arriving orders are rejected upon arrival. Thus, L, decreases with the growth in K.

The dependence of the loss probability P, , of an order upon arrival on the parameters N and K is presented
in fig. 4.

nt

A 08

N 500 0

Fig. 4. The dependence of P, on the parameters N and K

nt

This probability increases with an increase in K and decreases with an growth in N. The reason for this is
explained in the same way as for L. Note that in the considered example for N = 500 the value of P, , is less
than 2.6 - 10~ for all values of K.

The dependence of the probability Ay ;-
parameters N and K is presented in fig. 5.
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Fig. 5. The dependence of B ,_, on the parameters N and K

oss, 1

The loss probability A , increases with the growth in the parameter N because an increase in N leads

to an increase in the number of orders in area 1, and more orders arrive at area 2. Thus, when the capacity of
the buffer K is not large, more orders are rejected due to the impossibility of placing them in area 2. When the
capacity K increases, the loss probability A | , evidently decreases. In the considered example, for K > 275,
the loss probability A ; , becomes negligible (less than 10719,

The dependence of the probability £, of an order loss due to the storage time expiration in area 2 on the
parameters N and K is presented in fig. 6. This probability increases with the increase in N and K because this
probability is strongly related to the number of orders L, in area 2. Note that in the considered example, for
large values of N and K, the loss probability 7, takes the fixed value. This value shows us that in this example,
regardless of how large capacities NV and K are chosen, 0.5 % of orders are not picked up. When N and K are
not large, this probability is less than 0.005 because the orders that won’t be picked up can be lost for other
reasons (upon arrival or during the transfer between the areas).

The dependence of the total probability B of an order loss on the parameters N and K is presented in fig. 7.
The loss probability A, decreases with the growth in N and K since the increase in buffer capacities creates
better conditions for orders, and fewer of them are lost.
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Having highlighted the dependencies of performance measures of the system on the parameters N and K,
it is possible to formulate an optimisation problem. Let us assume that the cost criterion, which evaluates the
quality of the system operation, has the following form:

E= E(N’ K) = a}\‘out - cl}\‘Pent - cz?\'PIOSS, -2~ 637\’Pimp - dk.

Here, a is the system’s revenue for each order service; ¢, is the penalty for an order loss upon arrival; ¢, is
the penalty for an order loss due to the overflow of area 2; c; is the penalty for an order loss due to sending it
back; d is the charge that is paid for maintenance of one place in area 2 per unit of time. Thus, the criterion £
defines the average revenue of the system per unit time.

In this example, let us fix the following values of the cost coefficients:

a=2,¢,=1,¢,=10,¢c,=0.5,d=0.01.
The dependence of the criterion E on the parameters N and K is presented in fig. 8.
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Fig. 8. The dependence of the cost criterion £
on the parameters N and K

Some additional information about the results of computation of the values of the cost criterion is presented
in table.
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The results of computation of values of the cost criterion
(values of criterion E (N, K) for different values of K,

optimal value N*(K) of N for the given value of K,
and values of the cost criterion E(N, K) for N =K and N = 500)

K N'(K) E(N'(K), K) E(K,K) E(500, K)
25 50 ~1.5247 — ~23.1304
50 50 34191 34191 -16.3107
75 75 0.1732 0.1732 -9.6164
100 150 1.6009 ~0.0707 -3.3341
150 250 4.0153 1.3108 3.8594
200 400 3.9609 24601 3.9609
250 500 3.4625 3.0524 3.9609

Note. For K > 250, the optimal values of N*(K) are greater than 500.

Based on fig. 8 and table, we can conclude that the values of the criterion £ strongly depend on the para-
meters N and K. For small values of K, due to the high probability of order rejection, the system’s revenue is
negative, i. e. the system suffers losses. The value of the losses depends on the parameter N. A greater value of N
implies greater losses for example: £ =—3.626 798 for N = 50, E =—15.159633 for N =100, and £ =-23.13035
for N > 250.

When the parameter K of area 2 increases, the probabilities of order rejection decrease, and the throughput
of the system increases, which implies the increase of the system revenue. If K = 50, then £ =—-1.524 699 for
N=50, E=-3.419056 for N=100, £ =-12.891237 for N=150, £ =-16.17527 for N=200 and £ =-16.13
for N > 250. However, starting from a certain value of K, the cost criterion stops the increase with the growth of
K (due to the high payment for maintenance of the warehouse of a large capacity) and further decreases with

the growth of K. The optimal value of the cost criterion £ (N, K ) in this example is equal to 4.165264 and is
achieved when K =175 and N = 350.

Conclusions

In this paper, the process of a customer’s order delivery to the pick-up point and its stay there is described
in terms of queueing theory. Each order has to be sequentially processed in two areas. Area 2 models the order
maintenance in a warehouse of finite capacity before being picked up by the customer. To avoid overflow of
the warehouse and sending the order back to the sender, order admission control in area 1 is proposed. This is the
threshold type control. The arrival of orders to the system is described by a quite general Markov arrival process,
which allows us to fit not only the mean arrival rate, as the stationary Poisson process does, but also the variance
of interarrival times and their correlation in real-world systems. The existence of two types of customers, re-
sponsible and irresponsible, characterised by different distribution of time until an order withdrawal in pick-up
point is taken into account.

Under the fixed values K of the capacity of the warehouse and admission control threshold N, the perfor-
mance of the order delivering system is evaluated via the analysis of a suitably constructed multidimensional
Markov chain. The possibility of computation of the values of various performance measures and the solution
of optimisation problems is numerically illustrated.

The obtained results can be extended to the delivery system with the batch arrival of orders and their group
picking up. Retrials of the customers that failed to make the order due to the system overflow can be considered
as well. The results can be used for solving more global problem of routing the flows of parcel in a network
between the alternative neighbouring pick-up points aiming to optimally match the rates of flows to the capa-
cities of the warehouses at different pick-up points and their throughput.
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VIIK 514.12(075.8)

Kononos C. I” AHaIuTHYECKAsl T€OMETPHA : DIICKTPOH. y4e0.-MeTo 1. Komruieke utst criell. 6-05-0533-08 «Kom-
nbIOTEpHAst MaTeMaTtHka u cucteMublid ananus» / C. I Kononos, B. B. CyBopoB ; BI'Y. DnekTpoH. TeKCTOBbIC JaH.
Munck : BI'Y, 2024. 78 c. : wit. bubnwmorp.: ¢. 77-78. Pexxum noctyma: https://elib.bsu.by/handle/123456789/322973.
3arn. ¢ skpana. Jemn. B BI'Y 12.12.2024, Ne 018612122024. TekcT : 3M1€KTPOHHBIN.

DneKTpoHHBIH yueOHO-MeToamueckuii komruieke (OYMK) o yuebHo# auciuiuimae « AHaTUTHYECKas Teo-
METpHsI» pa3pad0TaH B COOTBETCTBUH C 00pa30BaTeIbHBIM CTAHAAPTOM ITEPBOM CTYIIEHHU BBICIIETO 00pa3oBa-
Hus 11 cnienuanbHocTu 6-05-0533-08 «KomnproTepHas MareMaTHKa U CUCTEMHBIN aHanu3». DYMK npen-
Ha3HaueH JUIs HHQOPMAITMOHHO-METOAMYECKOTO 00ECTICUCHUS TTPETIO/IaBaHsl TUCITUILTHHBI « AHATHTHYECKAs
TEOMETPUS» JUIsl CTYACHTOB aHHOM criennanbHocTu. B OYMK copepxarcs KpaTkuil KOHCTIEKT JEKLIUI; Tiepe-
YeHb JTA00PATOPHBIX 3aHATUN ¢ MaTeprajIaMHu JiJIsl pabOTHI B ayIUTOPUH U IOMA; MaTepHAIIbI TS YITPABIsIEMON
CaMOCTOSITENTLHOW Pa0OThI: BApHAHTHI KOHTPOJIBHBIX paboT, MpUMEpHbIE BApUAHTHI TECTOB 110 JUCIUILIAHE,
MaTepHallbl I HHIUBUAYaIbHbIX 33JaHUN; IPUMEPHBINA CIIICOK 3K3aMEHAIIMOHHBIX BOIIPOCOB; CITUCOK PEKO-
MEH/IOBaHHOH JINTEPATYPHI.

VIIK 514.12(075.8)

Kononos C. I” AHanuTH4ecKasi reOMeTPHs : DJIEKTPOH. yue0.-MeTo. KoMmruiekc s cretr. 6-05-0533-13 «Me-
XaHWKa 1 MaTematuaeckoe mozenuposanuey / C. I. Kornonos, B. B. CyBopos ; BI'Y. DnekTpoH. TeKCTOBBIE JaH.
Munck : BI'Y, 2024. 74 c. : wit. bubnwmorp.: ¢. 73-74. Pexxum noctyma: https://elib.bsu.by/handle/123456789/323044.
3ar. ¢ skpana. [en. B bBI'Y 13.12.2024, No 018713122024. TeKcT : 3I€KTPOHHBIH.

DnexTpoHHbIH yueOHO-MeToamueckuii komrieke (OYMK) o yuebHo# aucnuruimae « AHaTUTHYeCKas Teo-
MeTpHsD» pa3paboTaH B COOTBETCTBUH C 00pa30BaTENFHBIM CTaHIAPTOM MEPBOM CTYTIEHH BBICIIETO 00pa30BaHUS
Jutst cnennanbHocTu 6-05-0533-13 «MexaHnuka 1 Mmaremaruueckoe Moaenruposanuey. OYMK npeanasHadyex ais
“H()OPMAITMOHHO-METOTUIECKOTO 00eCTIeYeHNS TTPETIOIaBaHusl IUCIUTUTHHBI « AHATUTHYECKasT TEOMETPHS
JUTS CTYJICHTOB JTaHHOH crienmanbHOCTH. B DYMK coneprkarcs kpaTkuii KOHCTIEKT JIEKIIHIA; TIepedeHb 1abopa-
TOPHBIX 3aHATHIA ¢ MaTepHaliaMy JIJIsl paOOTHI B ayJJUTOPUH U JIOMa; MaTepPHAIIbI ISl YIIPaBIsAeMON CaMOCTOS-
TEBHOHN paboThI: BApHAHTHI KOHTPOJIBHBIX PaboT, MPUMEPHBIE BAPHAHTHI TECTOB IO JUCIHUILINHE, MaTEPHAIIbI
JUTSI MHIIUBUTY alTbHBIX 33JaHUH; TPUMEPHBII CITMCOK SK3aMEHAIIMOHHBIX BOITPOCOB; CITMCOK PEKOMEHJOBAHHON
JTUTEPaTyphbl.

VIIK 517.958(075.8)

E2opos A. A. YpaBHeHUsI MaTeMaTH4eCKOii (PU3MKH : DJICKTPOH. yueO.-MeTOI. KOMIUIEKC s crer.: 7-07-

0533-01 «®ynmamenTanpHas puzukay, 7-07-0533-02 «Snepubie husmka u TexHogorun» / A. A. Eropos ; BI'Y.

DNEKTPOH. TeKCTOBEIE TaH. MuHCK : BI'Y, 2024. 279 ¢. bubmworp.: ¢. 277-279. Pexxum noctyma: https://elib.bsu.

by/handle/123456789/323055. 3arn. ¢ axpana. Jlerm. B BI'Y 12.12.2024, Ne 018512122024. TekcT : 3J€KTPOHHBIH.
B snexTporHOM yaeOHO-MeToandeckoM koMiniekce (DY MK) o yaeOHoH muciiumuinHe « YpaBHEHHS MaTeMa-

TUYECKOH (PM3UKM» PUBOIATCS OCHOBHBIE TIOHATHS U KpaTKUe TeOpeTHIecKue ceeferns. Jlaercs monpodHoe

79



pelieHne OOIBIIOT0 YMCIIa THITOBBIX IPUMEPOB U MPEUIaraeTcsl 3HaYNTEIILHOE KOJTMUECTBO 3a/1a4 pa3IHIHON
CTETIEHH CIIOKHOCTH JUIsl CaMOCTOSITeNbHOTO perieHus. DYMK npeanasHaueH Uit CTyACHTOB (H3HUYECKOTO
¢axynsrera BI'Y, a Takke mpernoaasareneil BBICIINX YI€OHBIX 3aBeICHUH PU OATOTOBKE U MPOBEJCHUH MPaK-
TUYECKHX 3aHATHH MO AUCLUIUIMHE « YPaBHEHUSI MaTeMaTHUECKOH (QU3NKNY.

VIK 512.64(075.8)
bensu-Kpusey B. B. JIuHeliHasi ajaredpa : 3JIeKTPOH. yue0.-MeToI. KoMITIeKe s crer. 6-05-0511-05 «buo-
nHxeHepust u OnonHpopmaruka» / B. B. bensimi-Kpusen, C. B. Tuxonos, A. H. Anmupanosa ; BI'Y. DnexrpoHn.
TekcToBbIe 1aH. MuHck : BI'Y, 2024. 124 c. : un. bubmuorp.: ¢. 123—124. Pexxum noctyna: https://elib.bsu.by/
handle/123456789/323060. 3aru. ¢ sxpana. lemn. B BI'Y 12.12.2024, Ne 018412122024. TekcT : 3IeKTPOHHBIH.
DneKTpoHHEIH yaeOHo-MeTonudeckuit komruieke (Y MK) no yueOnoit aucnntumnae «JInHeliHas anrebpay
TIpeIHa3HaueH TS CTYISHTOB criernaibHoCcTH 6-05-0511-05 «bronmkenepus u OnonHpopmatikay. B 9YMK
cojiep>KaTcs JEKIUOHHBIN U NPaKTUUECKU MaTepual, pa3jiesl KOHTPOJIs 3HAHUM U BCIIOMOTraTelIbHbIN MaTe-
puai. Conepxanue DY MK mpeanonaraet u3yueHne CIEAYIOIUX BOIPOCOB: MAaTPUIL, OTIPE/ICIUTENCH, BEKTOP-
HBIX IPOCTPAHCTB, CUCTEM JIMHEHHBIX YpaBHEHH, THHEHHBIX OMEPaTOPOB BEKTOPHBIX MPOCTPAHCTB.

VIIK 539.3:519.67(06)+622.83:519.6(06)

BoruncantenbHast MeXaHHKA JJIsl TPAaHYJIHPOBAHHBIX U TeomMaTepuajioB = Computational mechanics for
granular and geo-materials : MaTepuansr MexayHap. 0€I0pycC.-KUT. CEeMHHAPa TI0 KOMITBIOTEPHON MEXaHHKE
JUISL CBIITyYMX W reoMarepuanon, 9—10 utons, Munck, BI'Y / mon o6m. pen. M. A. XKypaskosa, Lllynsun Ju.
OnekTpoH. TekcToBble naH. MuHck : BI'Y, 2024. 134 c. bubnuorp. B KoHIIE OTA. CT. TEKCT Ha pycC. U aHII. 5I3.
Pexxum nmoctyma: https://elib.bsu.by/handle/123456789/323206. 3arn. ¢ skpana. [en. B BI'Y 16.12.2024,
No 018916122024. Tekct : 3IEKTPOHHBIMN.

B cOopHuKe mpeacTaBiieHb! MaTepuaibl MexyHapogIHOro 0eJ10pyCCKO-KUTAaHCKOTO CEMUHAPA 110 KOMITBIO-
TEPHON MEXaHMKe IS CHITydnX 1 reomarepuanon (9—10 utomns, Munck, BI'Y).

PaccmoTpens! akTyaabHBIE BOIIPOCH COBPEMEHHON MEXaHUKH CIUIOIIHBIX U JUCKPETHBIX CPeJl, MEXaHUKU
TOPHBIX TIOPOJI ¥ MACCHBOB, MH()OPMATUKU MPUMEHUTENBHO K pa3paboTke MOZETICH, alTOPUTMOB M PACUETHBIX
CXEM JUISl PELICHHs pa3INuHbIX Ki1accoB 3aad. [ IpuBeieHbI mprMephl pellieHns IPUKIAAHBIX 3a/1a4 U3 Pa3InYHbIX
MIPUIOKECHUH MEXaHUKH CIUIOLIHBIX W JUCKPETHBIX cpel. B moknamax 3aTpoHyThl pa3Hble acleKThl METOIOB
JUCKPETHBIX 3JIEMEHTOB, MOJEIIMPOBAHNE KOHTAKTHOIO B3aUMOACHCTBHSI YACTHLL, IOCTPOEHHE ITapauICIbHBIX
aITOPUTMOB, pa3paboTKa CIEeNHaTN3NPOBAHHOTO TIPOTPAMMHOTO O0ECIIeUueHHs, MEXaHUKO-MaTeMaTHIEeCKUE
MOJICTI MEXaHUKU TPYHTOB, TEOTEXHUKH U FeO(pHU3HNKa, IKCIIEPUMECHTAIBHBIC HCCIICA0BAHNS, CBS3aHHBIE C Me-
TOJAMH TUCKPETHBIX 3JIEMEHTOB U JIp.

Marepuainbsl cOOpHHKA MPEACTABIISIOT HHTEPEC AJIS CIEHUATUCTOB B 00JaCTH TEOPETHUECKON U MPUKJIIal-
HOW MEXaHMKH, MAaTEMaTHYECKOTO MOJCIUPOBAHUS, YUCICHHBIX METOJOB IPUMEHUTEIILHO K PEILICHUIO 3a/1a4
MEXaHHMKH I'PaHyIMPOBAaHHBIX CPEJl U FeOMaTepHUaoB.

VIK 004.6(075.8) +004.81.032.26(075.8)

Ayxos H. H. IHTENIeKTYaJILHbIH aHAJIN3 JAHHBIX : JJICKTPOH. yue0.-MeTo1. KoMIuieke st crerl.: 1-31 01 04
«buonnxenepus u ouonngpopmarukay, 6-05-0511-05 «buonnxkenepus u 6nonnpopmaruxa» / H. H. SAuxos ;
BI'Y. Dnextpon. TekcroBble nqaH. MuHck : BI'Y, 2024. 99 c. : un. bubnmorp.: c. 99. Pexum gocryma: https://
elib.bsu.by/handle/123456789/323212. 3arn. ¢ 3kpana. Jden. B BI'Y 16.12.2024, Ne 019016122024. Tekcr :
AIIEKTPOHHBIN.

DneKkTpoHHbIH yuyeOHO-MeToandeckuii komrrieke (QYMK) no yueOnoit auciumnnae « MHTenexTyanbHbIi
aHaJIM3 IAaHHBIX» MPEIHA3HAYCH I CTyACHTOB criennaibHocTel 1-31 01 04 «buonnxenepus u OuonHpopma-
THKay, 6-05-0511-05 «bruonnxenepus u ouonnpopmaruka». B OYMK coxpepkarcs 0OCHOBHBIE ONpeICICHUs
1 331244 UHTEJUIEKTYaJIbHOTO aHAJIN3a JaHHbIX, METO/IbI CTATUCTUYECKOT0 M KJIACTEPHOTO aHAJIN3a, HeHPOHHBIX
ceTel, CTOXaCTUYECKOTO MOMCKa, KIIacCU(UKALIMK, TIOMCKA ACCOLIMATUBHBIX NIPABUIL.

VAK 517(075.8)

MaremMaTH4eCcKUH aHAJM3 : JJIEKTPOH. yueO.-merof. koMiuiekce s crem.: 1-31 01 04 «buounnxenepus
u ouonnpopmarukay, 6-05-0511-05 «buonmxenepus nu ouonndopmaruka» / H. B. bposka, E. B. I'pomax,
T. C. Mapasunko, H. . Kapnosuu ; BI'Y. Dnekrpon. TekcroBbie nan. Munck : BI'Y, 2024. 124 c. : un. buo-
ymorp.: ¢. 123—124. Pexxum noctyma: https://elib.bsu.by/handle/123456789/323308. 3ar. ¢ sxpana. Jlen. B BI'Y
19.12.2024, Ne 019419122024. TekcT : 2IEKTPOHHBIH.
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OnexTpoHHBIN yueOHO-MeToandeckuii komruieke (OYMK) no maremarndeckoMy aHaln3y IMpeaHa3HaueH
IuIs cTyneHToB cnienuansHocteit 1-31 01 04 «buonmkenepus u OuonHpopmarukay, 6-05-0511-05 «bruonnxe-
Hepus 1 onouHpopMarnkay. B 3YMK coxeprkarcs JIEKITMOHHBIN U MTPaKTHISCKUH MaTepral, pa3aei KOHTPOJIS
3HAHUM, pa3/ie] UHAMBUIYaJbHbBIX 33JJaHU U BCIIOMOTaTEIbHbBINA MaTepual.

VIAK 519.67(075.8)

Komnbrorepras marematuka. CUMBOJIbHBIH makeT Mathematica : amekTpoH. y4e0.-MeToI. KOMITIIEKC JIJIs
cre. 6-05-0533-07 «Maremaruka u KomibloTepHbie Haykm» / JI. JI. Tomy0OeBa, O. A. JlaBpoBa, A. 3. Manesuy,
H. JI. lllernoga ; BI'Y. Onekrpon. TekcroBbie naH. MuHck : BI'Y, 2024. 260 c. : wit. bubmuorp.: c. 260. Pexum mo-
cryma: https://elib.bsu.by/handle/123456789/323368. 3arn. ¢ akpana. Jlem. B BI'Y 20.12.2024, Ne 019520122024,
TeKCT : AIMEKTPOHHBIN.

OnexkTpoHHbIN yueOHO-MeTonuueckuit koMmruieke (QYMK) no yueOnolt aucuuminne «KomnbsiotepHas mare-
MaTHKay MpeIHa3HAYCH IS CTYACHTOB crienrantbHOCTH 6-05-0533-07 «MareMaTrka 1 KOMITBIOTEPHBIC HAYKID
(mpodunuzanus «Maremarukay). 3YMK conepKuT TEKCTHI JIEKIHIA, TUIaHBI JTJA00PATOPHBIX 3aHSATHH, TIepeYeHb
KOHTPOJIBHBIX BOIIPOCOB, TECTHI, CIIUCKU PEKOMEHIOBAaHHOM JIUTEPATyPHI.

VIK 514(075.8)

Boineeocanun /]. B. TeoMmeTpus : 31eKTpOH. y4e0.-MeTo/1. KoMIuieke Juist crerl. 6-05-0533-07 «Marematuka
Y KOMITBIOTEPHBIC HayKW», podumm3anus «cKycCTBEHHBIH WHTEIEKT U MaTeMaTH4ecKas SKOHOMUKAY /
. B. Beurerskanun, C. I'. Kononos, B. B. CyBopos ; BI'Y. Dnekrpon. TekcTtoBbie gan. Munck : BI'Y, 2024,
78 c. : wi. bubnuorp.: ¢. 77-78. Pexxum noctymna: https://elib.bsu.by/handle/123456789/323425. 3aru. ¢ skpaHa.
Hen. B BI'Y 20.12.2024, No 019620122024. TekcT : 31€KTPOHHBII.

DseKTpoHHbIN yueOHO-MeToandeckuit komrieke (OYMK) no yueOHo# auctiuruinie «l eomerpus» pa3pado-
TaH B COOTBETCTBHH C 00pa30BaTEIIbHBIM CTaH/IaPTOM MIEPBOI CTYIIEHU BBICIIICTO 0Opa30BaHUS IS CIICIIAATb-
HoctH 6-05-0533-07 «MareMaTrka U KOMITBIOTEpHBIE HayKm» (Tipodunzaius «cKyccTBeHHBI HHTEIIEKT
U MaTeMaTh4decKas YKoHOMHuKay). DYMK npegHazHadeH 111 HHOOPMAIIMOHHO-METOINYECKOTO 00eCIIeUCHIS
MpEenoaBaHus TUCUUILTUHEI «['eomeTpus» il cTyaeHTOB AaHHOU crienuanbHoctu. B DYMK conepxarcs
KpaTKWH KOHCIIEKT JICKIUH, IepeUeHb JTA00PATOPHBIX 3aHITHH, MaTePHAIIBI IS YIIPABIIIEMON CAMOCTOSTEITLHON
paboTHI, MPUMEPHBIN CITUCOK SK3aMEHAI[MOHHBIX BOIIPOCOB, CIIMCOK PEKOMEH/I0BAaHHOH JINTEPaTyPHI.

VK 004.422:004.738.5(075.8)
brunos Y. H. Pa3pabdoTka BeO-MPUJIOsKEHHI : DIICKTPOH. yued.-MeTo. koMruteke s crerr. 1-31 03 08 «Marema-
THKa 1 HTH)OPMALMOHHBIE TEXHOJIOTHH (110 HAallpaBJICHHUSIM )», Harpaeienue crel. 1-31 03 08-01 «Maremaruka
1 MHQOPMALIMOHHBIE TEXHOJOTHHU (BEO-IPOrpaMMHUpPOBaHUE U MHTepHET-TexHomorun)» / Y. H. biunos ; BI'V.
DNEKTPOH. TeKCTOBEIE aH. MuHck : BI'Y, 2024. 139 c. : wir. bubnwmorp.: ¢. 134. Pexxum nmoctyma: https://elib.bsu.
by/handle/123456789/323692. 3aru. ¢ sxpana. [em. B BI'Y 27.12.2024, Ne 020027122024, TekCT : 3€KTPOHHBII.
OneKkTpoHHBIH yueOHO-MeToanueckuil kommieke (QYMK) nmo yuebnoit nuctuminnnae «PaspadoTka BeO-
MPIIOKECHU» TIpeIHA3HAYCH IS CTyACHTOB crienuainbHoctu 1-31 03 08 «Maremarnka u nH(GOPMAITMOHHEBIE
TEeXHOJIOTHH (110 HampaBJIeHUsM)» (HampapieHue cneruanbHoctu 1-31 03 08-01 «Maremaruka u uHpopma-
LMOHHBIE TEXHOJIOTHH (BeO-POrpaMMHUPOBAaHNE U HHTEPHET-TEXHOIOTHN )» ). DY MK comepKuT TeKCTHI JIEKIHH,
IUIAHBI JIAOOPATOPHBIX 3aHATHH, IEPEUEHb KOHTPOJIBHBIX BOIIPOCOB, CIIMCKH PEKOMEHI0BAHHOH JIMTEPATYPBI.

VIIK 004.415.2(075.8)

brunoe Y. H. AHau3 U NPoeKTHPOBaHHE WH(POPMALMOHHBIX CHCTEM : DJIEKTPOH. y4e0.-MEeTO/l. KOMILIEKC
qtst crrett. 1-31 03 08 «Maremarnka u nH(pOpPMAITHOHHBIE TEXHOJIOTHH (TI0 HATIPABJICHHSIM )%, HATIPABJICHHS CTICI. :
1-31 03 08-01 «Maremarrka U HHOOPMALMOHHBIE TEXHOJIOTHH (BEO-IPOrpaMMHUPOBaHHE U HHTEPHET-TEXHO-
norun)», 1-31 03 08-02 «Maremarrnka U HH()OPMAITMOHHBIE TEXHOJOTHH (MaTeMaTn4ecKoe u MporpaMMHOe
obecrmieueHre MOOWITBHBIX yeTpoiicTB)» / Y. H. brimuos ; BI'Y. Dnekrpon. TekcToBbie 1an. MuHCk : BI'Y, 2024,
96 c. bubauorp.: ¢. 93—94. Pexum nocryma: https://elib.bsu.by/handle/123456789/323753. 3ar. ¢ skpana. Jler.
B bI'Y 27.12.2024, Ne 020127122024. TeKkcT : 21EKTPOHHBII.

OnexTpoHHbIN yueOHo-MeToandecknii Komruieke (Y MK) mo yaebHo# aucuuiumne « AHAJIU3 | TPOEKTH-
poBaHue HHPOPMAIMOHHBIX CUCTEMY MPEIHA3HAYCH JUIsl CTYJICHTOB crieruanbHocTH 1-31 03 08 «Maremaruka
1 TH(OPMAITMOHHBIE TEXHOJIOTHH (TI0 HAIpaBICHUSM )» (HarpasieHus creransaocTe 1-31 03 08-01 «Mare-
MaTrKa ¥ HHPOPMAIMOHHBIE TEXHOJIOTHH (BEO-TTPOrpaMMHUPOBAHUE 1 MHTEPHET-TEXHOIOTHH )», 1-31 03 08-02
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«Maremaruka 1 HTHQOPMAIIMOHHBIC TEXHOJIOTHH (MaTeMaTHIeCKOe U POTPaMMHOE 00€CIIEUCHUE MOOMITBHBIX
yCTpoHCTB)»). DYMK comepsKUT TEKCTHI JICKITHH, TIaHb! Ja00paTOPHBIX 3aHITHH, TIEpEIeHb KOHTPOIBHBIX BO-
MPOCOB, CIIUCKU PEKOMEHIOBAHHOMW JINTEPATYPHI.

VIIK 005.92:004(075.8)

Ionosa E. . ABTOMaTH3a1us ynpasJjeHus! JOKYMEHTAMH : 3JIEKTPOH. yue0.-MeTOI. KOMIUTEKC JIs crrell. 6-05-
0322-04 «Yrnpasnenue nokymenramu» / E. O. [loroa, H. H. Canosa ; BI'Y. DnekTpoH. TekcToBbIe 1aH. MUHCK :
BI'Y, 2024. 142 c. : wn. bubnmuorp.: ¢. 136—137. Pexxum noctyna: https://elib.bsu.by/handle/123456789/323755.
3arn. ¢ akpana. [emn. B BI'Y 30.12.2024, Ne 020230122024. TexcT : 371€KTPOHHBII.

DnekTpoHHbIN yueOHo-MeToandeckuid komruieke (3YMK) npeaHazHadeH 1ist CTyAeHTOB, 00yYarOIUXCs 110
cnermanbHOCTH 6-05-0322-04 «Yrpasnenne mokymentamuy. Cogepxanne DY MK mpenmonaraet n3y4eHue Bo-
MIPOCOB COTJIACHO y4eOHOMU MpoTrpaMMe Mo YIeOHOH ANCIUITIINHE «ABTOMATH3AIHS YIIPABICHUS JOKYMEHTAMI.

OVYMK Harnenen Ha hopMHpOBaHKE 3HAHUN U IPAKTHYECKUX HABBIKOB B 00JIACTH aBTOMATU3AIMH YIIPABICHUS
JIOKYMEHTaMH, CIIOCOOCTBYET (POPMHUPOBAHUIO YHHUBEPCAIBHBIX U 0a30BbIX MPO(ECCHOHATBLHBIX KOMITETSHITHIH.

Crpykrypa OYMK BriItO4aeT TEOPETUUECKUN U IPAKTUUECKUHN pa3Iebl, pa3esl KOHTPOJIs 3HAHUH U BCIIO-
MOTaTeJNbHBIN pa3iel.

VAK 519.2(075.8)

Teopusi BeposiTHOCTeli 1 MaTeMaTH4yecKasi CTATHCTHKA : JJIGKTPOH. y4e0.-MeTO/]. KOMITJIEKC IS CIIell.:
1-31 01 04 «buonmxkenepust u 6monndpopmaruka», 6-05-0511-05 «brnonmxkenepus u GuonHpopmaruka /
A. T. I'yrop, H. B. JlazakoBuy, C. I1. Cramrynénox, C. JI. llltun ; BI'Y. DmekTpoH. TekcToBBIC MaH. MHUHCK :
BI'Y, 2024. 193 c. bubnmuorp.: c. 185-187. Pexxum noctymna: https://elib.bsu.by/handle/123456789/324169. 3aru.
c akpana. [len. B BI'Y 08.01.2025, Ne 000108012025. TekcT : 21€KTPOHHBII.

OneKkTpoHHBIH yueOHO-MeToauueckuil komieke (3YMK) npeanasHaueH Ui CTYJEHTOB CIEIHAIbHOC-
teit 1-31 01 04 «buonnxenepus u 6nonHpopmatukay, 6-05-0511-05 «buonnxenepust 1 GHOMHPOPMATHKAY.
B DYMK copeprxarcs NeKIIMOHHBIA MaTepHall, JJabopaToOpHBINA MPaKTUKYM, IPUMEpPHbIE 331aHus Ul YIpaB-
JISIEMOM caMOCTOSITENILHON pabOoThl CTYJICHTOB, 331aHUSI OTKPHITOTO THIIA, BOTIPOCKI JUIsl IOATOTOBKH K 3a4€Ty,
TEMBbI IIPOEKTOB, CIIUCOK JIUTEPATYPHI.

VIK 519.712(075.8) +004.422.63(075.8)

Cobonesckas E. [1. AnTOPUTMBI B CTPYKTYPBI TAHHBIX : 3JIEKTPOH. y4e0.-MeTo]. KOMIUIEKC JUIs cretl.: 6-05-
0533-09 «IIpuknamgnas maremaruka», 6-05-0533-10 «Muadopmarukay, 6-05-0533-11 «IIpuknamnas nahopmaTu-
Kay», 6-05-0533-12 «Kubepbeszonacuocts» : B 3 u. U. 2/ E. I1. Cobonerckas, B. M. Kotos, A. A. bycnaBckuii ;
BI'Y. Dnekrpon. TekcroBbie gaH. Munck : BI'Y, 2025. 153 c. : wi. bubnuorp.: c¢. 147-148. Pexum nocryma:
https://elib.bsu.by/handle/123456789/324674. 3arn. ¢ skpana. Jlen. B BI'Y 17.01.2025, Ne 000817012025.
TeKCT : 21EeKTPOHHBIH.

DNEKTPOHHEIN yueOHO-MeToamaeckuit komruieke (OYMK) o yaeOHo! qTuCTIUIUINHE « ATTOPUTMBI M CTPYK-
Typbl JaHHBIX. YacTb 2» npeaHa3HaueH 1) CTYICHTOB crienuanbHocTeil 6-05-0533-09 «Ilpuknannas marema-
KAy, 6-05-0533-10 «Mubopmarukay, 6-05-0533-11 «Ilpuknagnas uadopmaTukay, 6-05-0533-12 «Kubep-
0€301acHOCTBY.

B OYMK copepxxurcs marepuan mno paszneny «CTpYKTyphl JaHHBIX 7Sl OpraHU3aluy MOHUCKa 3JIeMEHTa.
[TouckoBsie nepeBbs». M3noxkeHne COOTBETCTBYET MPOrpaMMe yueOHOH TUCIUITHHBL.

VIK 519.67(075.8)

KomnbloTepnas matemarnka. KomnbiorepHoe MmoaeaupoBanue Ha Python : snexTpoH. y4e0.-MeToz. KoMII-
nekc s cretr. 6-05-0533-08 «KommproTepHas MaTeMaTuka 1 cucTeMHbIi ananmm3y / J1. JI. Tomy6esa, O. A. JlaB-
poBa, A. D. Mainesuu, H. JI. lllermosa ; BI'Y. DnekTpoH. TekcToBbIe 1aH. MuHCK : BI'Y, 2025. 229 ¢. : wi., Ta0I.
bubmmorp.: ¢. 227-229. Pexxum noctyma: https://elib.bsu.by/handle/123456789/325782. 3arn. ¢ skpana. Jler.
B BI'Y 07.02.2025, Ne 001607022025. TekcT : 31E€KTPOHHBIH.

OnekTpoHHbIN yueOHO-MeToan4eckuit komruieke (OYMK) no yueOHo# qucnmiuimae « KoMibroTepHas mare-
MaTHKa» TpeTHA3HAYCH IJIs1 CTYACHTOB criennaabHoCcTH 6-05-0533-08 « KoMmbroTepHas MaTeMaTHKa U CUCTEM-
Hblii ananu3y. B OYMK conepikarcs TeKCThI IEKINH, TUTaHbI JIA00OPATOPHBIX 3aHATHI, IepedeHb KOHTPOIbHBIX
BOTIPOCOB, MTPUMEPHI 3aJaHUI [T YIPABISIEMOI CaMOCTOATEIBHON paboThl, IIepedeHb BOIIPOCOB K IK3aMEHY,
CIMCKH PEKOMEH/IOBAaHHOH JINTEPATYPHI.
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VIK 519.7(075.8)

KomnbioTepHasi matemaTuka. MojaeaunpoBanue B cpene Matlab-Simulink : snexrpon. yue6.-meros.
KoMIUIeke ais crel. 6-05-0533-07 «Matemaruka u komnbiotepuslie Hayku» / JI. JI. TomyGesa, O. A. JlaBpo-
Ba, A. D. Manesuu, H. JI. lllernosa ; BI'Y. DnekrpoH. TexcToBbie naH. Munck : BI'Y, 2025. 124 c. : wi1. buo6-
auorp.: ¢. 121-122. Pesxum poctyna: https://elib.bsu.by/handle/123456789/325929. 3arn. ¢ akpana. Jlen. 8 BI'Y
12.02.2025, Ne 002012022025. TekcT : 21€KTPOHHBIH.

DneKkTpoHHBIN yaeOHO-MeToanueckuii komruieke (Y MK) o yueOHol qucnuruimHe «KoMiibroTepHas mare-
MaTHKay MpeJHa3HAYCH JIJIsl CTYACHTOB criennaabHOCTH 6-05-0533-07 «MartemaTtrka U KOMIIbIOTEPHBIC HAYKM
(mpodunmzanms «Maremarnkay). 3YMK comep)KuT TEKCTHI JIEKINH, TUIaHBI Ta00PaTOPHBIX 3aHATHIA, TEPEIEHb
KOHTPOJILHBIX BOIIPOCOB, TECTHI, CIIMCKHA PEKOMEHIOBAHHOM JTUTEPATypHI.

VIIK 539.3/.6(075.8) +624.04(075.8)
bocaxos C. M. ConpoTuB/ieHHE MATEPHAJIOB U OCHOBBI CTPOUTEIbHOI MEXaHUKH : JJICKTPOH. y4e0.-MEeTO/.
Komruieke i crenl. 6-05-0533-13 «Mexanuka u matemarndeckoe mojenupoBanue» / C. M. Bocskos ; BI'V.
DNEeKTpoH. TeKCTOBBIC MaH. MuHCK : BI'Y, 2025. 88 c. : wir. bubmmorp.: c. 87. Pexxum noctyma: https://elib.bsu.by/
handle/123456789/326516. 3ari. ¢ akpana. Jler. B BI'Y 20.02.2025, Ne 002620022025. TekcT : 21€KTPOHHBIH.
OnekTpoHHbIH yueOHO-MeToanyeckuii KoMmiuieke (QYMK) no yueOnoit nucunruimae « ConpoTUBICHHE Ma-
TEPUAJTIOB 1 OCHOBBI CTPOUTEIHLHON MEXaHUKWY MPETHA3HAYCH IJISl CTYACHTOB crienuanbHocTu 6-05-0533-13
«MexaHnka 1 MaTeMaTHIeckoe MoaenupoBanme». B OYMK comeprkarcs TeopeTudecKkre MaTepHalIbl IO pacueTy
HAINPSHKEHHOTO COCTOSIHUS B TOYKE, TI0 OIIPEJIEIICHUIO HANIPSHKEHUH MIPH PACTSHKEHUU-CIKATHH, H3TUOE, YUCTOM
C/IBUT€ M KPYUCHHH, CJIO)KHOM COTNPOTHUBIICHHH, [10 IPUMEHEHHIO YHEPTETHYECKIX METOIOB AJIsl OTIPEICIICHHSI
YIPYTUX MIEpEMEIICHHH, a TAKKE 10 APYTUM OCHOBHBIM pa3JiesiaM COTIPOTHUBIICHHSI MAaTEPUAIIOB U CTPOUTEIEHON
MexaHukd. [[prBeeHs! mpakTH4ecKie U WHANBHTyaJIbHbIE 3aIaHUS [T0 OCHOBHBIM pa3/esiaM y4eOHOTO Kypca.

VIK 51(075.8)+004(075.8)

Mapmon M. B. Beiciiasi MaTeMaTHKA ¢ OCHOBAMH MH()OPMATHKH : 3JIEKTPOH. yue0.-METOA. KOMIIEKC IS
creil. 6-05-0312-02 «Mexynapoaubie otHoueHus» / M. B. Mapton, O. A. Benbko ; BI'Y. DnekTpoH. Tekc-
ToBble JaH. MuHck : BI'Y, 2025. 376 ¢. bubnuorp.: ¢. 374-376. Pexxum nocryna: https://elib.bsu.by/handle/
123456789/326711. 3arn. ¢ akpana. [len. B BI'Y 03.03.2025, Ne 003403032025. Texcr : 37eKTpOHHBIH.

DJeKTpoHHBIN yueOHO-MeTonndeckuit komruieke (3YMK) mo yuebHoit aucturuinae «Breiciias MaTemMaTika
C OCHOBaMH MH(DOPMATHKU» MPEIHA3HAYCH JUIsl CTYJCHTOB crieluanbHOCTH 6-05-0312-02 «MextyHapoHbie
oTHomeHus» (npodpuimzanyst «MexTyHapoJHbIe OTHOLICHUS B MH(POPMAITMOHHOH ceper).

B DYMK coneprkarcs TeKITMOHHBIN MaTeprall, 3aIaHus I MPAKTHISCKUX 3aHITHIA, INTAHBI JIJA0OPATOPHBIX
paboT, IpUMEpPHBIE TECTOBBIE 3aIaHUS, IPUMEPHBIC 3a/IaHUS LIS YIIPABIAEMON CaMOCTOSITeIbHON PaboThI CTY-
JICHTOB, KOHTPOJIbHBIC pa0OTHI, TPUMEPHBIN TEMAaTUUCCKHI IJIaH, COICPIKaHUue yueOHOTO MaTepuaa, BOIPOCHI
JUTSI TOJITOTOBKH K 3a4€Ty, TeMBbI JiIsl pe)epaToB, CIIMCOK JIUTEPATYPHI.
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