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HHOACHHUTEJIBHASA 3AIIMCKA

Henan u 3agaun y4eOHOMH TUCHUILTAHBI

[lenp y4eOHOW IUCHMIUIMHBI — C(HOPMHPOBATH YIIyOJCHHBIE TOHSITHS O
BO3MO>KHOCTSIX HCITOJIb30BaHMsI METOJIOB TEOpUHN (HYHKIIHI KOMIUIEKCHOM MEpEeMEHHOM
U MHTErPaJbHBIX MpeoOpa3oBaHUs ISl MOJAETUPOBAHUS NPOLECCOB B MEXAHUKE
CIUIOIIHOM CPEJbl M PELIEHUS] COOTBETCTBYIOIIMX MATEMAaTUYECKUX 3a]1a4.

3agaun ydeOHOH AUCITATIINHEL

l. N3yuynth OCHOBHBIE MOHSTUS W METOHBI, NMPUMEHSEMbIE B YKa3aHHBIX
pa3zaenax MaTeMaTUKH.

2. M3yuuTh METOABl MOJEIUPOBAHMS IMPOLIECCOB B MEXAHHMKE CIUIOIIHON
Cpellbl, OCHOBaHHBIE Ha KCIOJb30BAHUM CBOWCTB (YHKIMA KOMILJIEKCHOTO
MEPEMEHHOT0 U OCHOBHBIX UHTETPAJIbHBIX MPEe0Opa30BaHUIMA.

Mecro y4yeOHOH IMCUMINVIMHBI B CHCTEME IIOATOTOBKU CIIEHHAIIACTA C
BBICIIUM 00pa30BaHUEM.

VYyeOHast IMCUMIUIMHA OTHOCUTCA K MOJIYJIIO «OOIIME MaTeMaTHUYECKUE KyPChD»
KOMITOHEHTA YUPEXJIeHUs 00pa30BaHusl.

VY4yeOHass mporpaMMa COCTaBJI€HA C YYE€TOM MEXIPEAMETHBIX CBfI3ed U
oporpaMM 1O JUCHUIUIMHAM: JAu(@epeHUuanbHble YpaBHEHUS B  YaCTHBIX
MPOU3BOIHBIX, MEXAHUKA CIUIOIIHOW CPE/bl, MEXaHUKA TBEPAOIO TEJA.

TpeOoBaHus K KOMIIETEHIUSIM

OcBoenue yueOHOM nucuuIuinHbl «HTerpasbHble PeoOpa3oBaHus U TEOpUs
GyHKIMIA KOMIUIEKCHOTO TIEPEMEHHOT0» JIOJDKHO oOecreyuTh (HOpMHUpOBaHUE
CHEAYIOIMNX KOMIIETEHIINM:

CK - [IlpumeHsaTb MaTeMaTHUYECKHE METOAbl JUISI  MOJAEIUpPOBAHUS
JUHAMUYECKHUX CUCTEM.

B pe3ynbraTe 0cBOEHUS YUEOHOM NUCUUIIMHBI CTYJEHT JTOJIKEH:

3HATh. CTPYKTYPY M aireOpanyeckue CBOWCTBA MHOXKECTBA KOMILIEKCHBIX
yucen, CBOMCTBA (DYHKIIMA KOMIIEKCHOTO MEPEMEHHOr0, BKJIIOYas TONOJOTHMYECKHe,
b depeHIaibHble, UHTErpaIbHbIE, OCHOBHBIE KOHCTPYKIIMHM TEOPUU UHTETPATBHBIX

YPaBHECHUHU;

YMETh: pPCIIATh 3ajddu, HCIOJBL3YIOIMMNEC MCETO/bI d)VHKI_II/Iﬁ KOMILJICKCHOM
HeDeMeHHOﬁ, HCII0Jb30BATh MCTOAbI MHTCTPAJIBHBIX HDeO6DaSOBaHI/I$I A1 pCIICHUA
MAaTCMAaTUYCCKHUX 3a1a4 M MOJCIMPOBAHUA ITPOLHCCCOB MCXaHHUKH CILIOIIHOM Cpelbl,

HMETh HABBIK. BJIAJEHHUS AaHAJIUTHYECKHMMH METOJAMHM TEOpHH (DYHKIIMHI
KOMIUIEKCHOM TEPEMEHHON, METOIAMHU BBIUMCIECHUS KOMIUIEKCHBIX HMHTErPAJIOB,
METOJAMHU BBIYMCIIEHNS] HMHTEIPAJIBbHBIX IPeoOpa3oBaHUN M PELIEHHS] HEKOTOPBIX
nrdbepeHINaIbHbIX 1 MHTErPAJIbHBIX YPAaBHEHUN C HOMOIIBIO OTUX MPE0OPa30BAHUN.




CrpykTypa yueOHOU 1M CIUTIHHBI

HMucuumuinHa wu3ydaercss B 1 cemectpe. Bcero Ha wu3ydeHue ydeOHOM
nuciuIInHbl «IHTerpansHeie mpeoOpa3oBaHuss U Teopuss (GYHKIMA KOMIUIEKCHOTO
MIEPEMEHHOT0» OTBEJICHO:

Bcero Ha n3ydenue yueOHoM nuctuIuinabl « IHTErpanbHbIe Mpeodpa3oBaHus U
Teopuss (PYHKIUA KOMILJIEKCHOTO IIEPEMEHHOT0» OTBEJIEHO: 36 YacoB, M3 HHX
KOJIMYECTBO AayJMTOPHBIX 4YacoB 36 4acoB, B TOM YMCie JeKiuuid — 18 wyacos,
Ja00paTOPHBIX 3aHATHI — 18 "acos.

TpynoeMKoCcTh yueOHOM TUCHUTIIIMHBI COCTABISAET 3 3aU€THBIC IMHUIIBIL.
dopma NMPOMEKYTOUHOW aTTECTALUU — SIK3AMEH.



EXPLANATORY NOTE

Aim and tasks of the discipline

Aim of the discipline — to create advanced concepts on possibilities of use the
methods of the complex variable functions and integral transforms for modelling of
processes in continuum mechanics and in solving corresponding mathematical
problems.

Tasks of the discipline:

1. To study basic notions and methods in the mentioned branches of
mathematics.

2. To study the methods of modelling of processes in continuum mechanics
based on the use of the properties of the complex variable functions and main integral
transforms.

Place of the academic discipline in the system of training a specialist with
higher education.

The academic discipline is part of the module «general mathematical courses»

of the educational institution component.

Academic discipline is completed accounting interdisciplinary relations and is
connected with the following academic discipline: “partial differential equations”,
“continuum mechanics”, “solid mechanics”.

Requirements for competences

Mastering of the academic discipline «Integral transforms and complex
variable functions» should provide the formation of the following competences:

SC - Apply mathematical methods for modeling dynamic systems.

As a result of mastering the academic discipline, the student is expected to:

know: the structure and algebraic properties of complex numbers, the properties
of the complex variable functions, including topological, differential and integral
properties, the basic construction of the theory of integral transforms;

be able to: solve problems applying the methods of complex variable functions,
use the methods of integral transforms for the solution of mathematical problems and
modelling the processes of continuum mechanics;

have skills in: the analytic methods of complex variable functions, the methods
of calculation of complex integrals, the methods of calculation of integral transforms
and solution of certain differential and integral equations using integral transforms.

Structure of the academic discipline

The discipline is studied in the 1% semester. In total for the study of the
discipline Integral transforms and complex variable functions is allocated:

36 hours, including 36 in-class hours, of them: lectures — 18 hours, practical
classes — 18 hours. The labour intensity of the discipline is 3 credit units. Form of

certification — exam.




CONTENT OF THE STUDY MATERIAL
Section 1 Complex variable functions

Topic 1.1 Complex numbers. Planar sets. Riemann sphere.

Topic 1.2 Functions of complex variables. Analyticity. Examples of functions.
Topic 1.3 Integration on complex plane. Cauchy’s theorem and formula.

Topic 1.4 Power series. Singularities. Residue theorem.

Number series. Taylor series. Cauchy-Hadamard formulas. Taylor series for
elementary functions. Isolated singularities and their classification. Meromorphic
functions. Residue theorem.

Topic 1.5 Harmonic functions. Poisson equation.

Harmonic functions. Laplace operator. Relations between harmonic and
analytic functions. Uniqueness theorem. Green’s formula. Dirichlet problem. Poisson
formula.

Section 2 Integral transforms

Topic 2.1 Fourier transform.
Topic 2.2 Laplace transform.
Topic 2.3 Mellin transform.

Section 3 Basic special functions
Topic 3.1 Special functions



TEACHING AND METHODOLOGICAL MAP OF THE DISCIPLINE

Full-time form of higher education

. In-class hours =<
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.8 (’) — | - E\ =
D QO . i i ) T o S <IR% — S
S 2 Title of section, topic 5 = @ £ & T P @ S Form of control
= S o S i S O o
g il) yF© % O 8 o
o — .| o
= =
1 2 3 4 5 6 7 8 9
1 | Complex variable functions
1.1 | Complex numbers. Planar sets. 2 2 interview at the
Riemann sphere. lecture, check of the
solutions to exercises
1.2 | Analytic functions of the 2 2 interview at the
complex variable. lecture, check of the
solutions to exercises
1.3 | Integration on the complex 2 2 interview at the
plane. lecture, check of the
solutions to exercises
1.4 | Power series. 2 2 interview at the
lecture, check of the
solutions to exercises
1.5 | Harmonic functions. 2 2 interview at the
lecture, check of the
solutions to exercises




2 | Integral transforms.

2.1 | Fourier integral transform. 2 2 interview at the
lecture, check of the
solutions to exercises

2.2 | Laplace integral transform. 2 2 interview at the
lecture, check of the
solutions to exercises

2.3 | Mellin integral transform. 2 2 interview at the
lecture, check of the
solutions to exercises

3 | Special functions. 2 2 interview at the
lecture, check of the
solutions to exercises

Total 18 18




INFORMATION AND METHODOLOGICAL PART

List of basic literature
1. Asmar, Nakhle H. Complex Analysis with Applications / Nakhle H. Asmar,
Loukas Grafakos. - Cham : Springer, 2018. - viii, 494 c.
2. Garling, D. J. H. A Course in Mathematical Analysis : [in 3 vol.] / D. J. H.
Garling. - Cambridge : Cambridge University Press, 2014. - Vol. 3 : Complex Analysis,
Measure and Integration. - 2014. - x c., C. 625-945.

List of additional literature
1. Debnath, L. Integral Transforms and their Applications / L. Debnath, D. Bhatta.
Boca Raton, FI: CRC Press, 3 ed. — 2015. — 778 p.
2. Jlynn, I'. JI. ®OyHKOMHM KOMIUJIEKCHOTO TIEPEMEHHOTO C 3JEMEHTAMHU
OTIepaIIMOHHOTO UCUYHUCIeHHS: [yueOHuk ayst By3oB] / I'. JI. Jlyrm, JI. O. Dabromsi. - 2-e
u3g. - Cankr-IlerepOypr: Jlanb, 2002. - 299 c.

List of recommended diagnostic tools and methodology for final mark formation
The form of interim certification in the discipline “Integral transforms and
complex variable functions” in accordance with the curriculum is exam.

A rating system of the student knowledge is used for the final mark formation,
which makes it possible to trace and evaluate the dynamics within the process of
achieving learning objectives. The rating system stipulates the use of weighting
coefficients for current and interim certification of students in the academic discipline.

The following means of current certification can be used to diagnose
competences: interview at the lecture, check of the solutions to exercises.

The final mark formation in the course of control measures for current
certification (approximate weighting coefficients determining the contribution of current
certification to the mark for passing interim certification) includes:

— answers at seminar classes — 50 %
—  exercises — 50 %

The final mark for the discipline is calculated on the basis of the mark of current
certification (rating system of knowledge) — 50 % and exam mark — 50 %.



Approximate topics of practical classes
. Complex numbers. Sets.
. Complex variable functions. Differentiability.
. Integration. Cauchy integral theorem. Cauchy integral formula.
. Power series. Isolated singularities. Residue theorem and its application.
. Harmonic functions.
. Fourier transform. Calculation and application to the solution of problems.
. Laplace transform. Calculation and application to the solution of problems.
. Mellin transform. Calculation and application to the solution of problems.
. Special functions. Check of the properties.

O 00 NO Ol WN B

Description of innovative approaches and methods
for teaching the discipline

When conducting classes on the discipline "Integral Transformations and Theory
of Functions of a Complex Variable", a practice-oriented approach is used, which
involves:

- mastering the content of education through solving practical problems;

- acquiring skills for effectively performing various types of professional activity;

- focusing on generating ideas, implementing group student projects, developing
an entrepreneurial culture;

- using procedures and assessment methods that record the formation of
professional competencies.

Methodological recommendations for the organization of independent work
Modern information technologies are actively used to organize independent work of
students; exam questions, exam assignment samples, and methodological
recommendations are available to master's students in electronic form. The effectiveness
of independent work of master's students is checked during current and final knowledge
assessment. A rating system is used for the overall assessment of the quality of master's
students' assimilation of educational material.

10



Approximate list of questions for the exam
Theoretical questions.
1 Complex numbers and operations with complex numbers.
2 Domains and curves on the complex plane and an extended complex plane.
Riemann sphere.
3 Complex variable functions. Continuity.
4, Analytic functions of complex variable. Cauchy-Riemann equations.
5 Integration on the complex plane. Properties of the complex integrals.
6 Cauchy integral theorem.
7 Cauchy integral formula. Application to the calculation of integrals.
8. Power series.
Q. Laurent series. Isolated singularities.
10. Residue Theorem. Calculation of integrals.
11. Harmonic functions. Connection with analytic functions.
12.  Dirichlet problem for the Laplace equation.
13.  Green’s function for the Laplace equation. Poisson formula.
14.  Fourier transform. Existence and other properties.
15.  Calculation of the Fourier transform. Application to the solution of
differential and integral equations.
16. Laplace transform. Existence and other properties.
17.  Calculation of the Laplace transform. Application to the solution of
differential and integral equations.
18.  Mellin transform. Existence and other properties.
19. Calculation of the Mellin transform. Application to the solution of
differential and integral equations.
20.  Basic special functions and their differential equations.

Practical tasks.
. Calculate:

, , 2 .
a) (1+20{32+ 1) —2(6+20}b)- 351, ) (l"+2) ) L)

4+3i’ {1141 (1+V310)®
. Calculate all values of the roots of complex numbers

1

a) ¥—1; b) =4 + 3i; ¢) (— cos§+ ising ) /4.
. Determine what lines are described by the following relations
a) |z — 2| +|z+2| =5;b) |z — z)| = |z = z,]; ©) Re = == (a > 0);
d) Im == = 0.
. Determine what sets on the plane satisfied the following inequalities. Draw the
pictures

a) = |_1 b)|z—-2|—|z+2|<2;0)1<|z+i| <2;d)0<Re(iz) <1;

11



e)§<arg(i+z)<§.

5. Find the roots of the equations
a)z3 +8=0;b) e? = —1; c)cosz=%;d)shz=é.
6. Calculate the values of the functions at the point z,
Q) f(z) =z+ Vz, zo=—1;
7. Calculate the limits:
4iz-3 siniz e?iZ41

a) lim __ ; b)l ;c)11m

7551 z—i _michz+ishz T elzgf °
4_ 2

8. Prove that the following funct|ons satisfy Cauchy-Riemann equation:
sinz, chz, e? z", logz,
and prove the identities

1
(sinz)' = cosz ,(chz) =shz (e?) =e? (z") =nz"1, (logz) = o

9. Calculate integrals I; = fy xdz, I, = fy y dz
a) along radius-vector of the pointz =2 + i ;
0) along semi-circle |z| = 1, 0 < argz < m (initial pointis z = 1);
B) along the circle |z — a| =
10.Calculate integrals using Cauchy integral theorem (all curves are positively
oriented)'
dz

coszdz
(a) f|Z| Zz 1’ (b )f|z| =4 g2_g2 (©) f|Z+1| 3 (z+1)(1-2)3"
11. Determme the radius of convergence of the followmg power series

D)
—n? +n’ 3”+n2’ 3

n=1 n=1

12.Invest|gate convergence of power series on the boundary of the disc of
convergence
(-0 o (21"
& 1+mn ' n=1(1+n+n2)j

13.Represent following function in form of the Laurent series in the corresponding
domains

a) 2(11-2) in neighbourhood of points 1) z = 0, 2) z =1, 3) z = oo,

z%2-27z+1 _ . ] .
b) 5 ars D by powers of (z - 2); 2) inthering {z: 1 < |z| < 2}.

14, Calculate integrals using Residue Theorem
a) [, - = 2x.
d

b) fl’ (z-1)(z-2)%’

where y is the circle |z — 2| =

12



dz . .
c) fy Y where y is the circle |z] = 2.

1 . 1 . .
d) — [ sin®=dz, where y is the circle |z| = r, r > 0.
2mi vy 4

15.Find harmonic function u(z) in the disc |z| < R for which
{0, ecm 0 <0 <m,

: 9y _
i u(re ) "1, ecntu ™ < 0 < 2m.

r-R
16.Solve the Dirichlet problem for the Laplace equation
Au=0 —oo<x<+0o0, y>0,
With boundary conditions u(x,0) =0, |x| > 1,and u(x,0) =1, x € (—1,1).
17.Calculate Fourier transform of the function e~%*". Deduce from the obtained

1 T

. + 2
formula the relation [~ x2e~*"dx = — |*.

18.Prove the following relation F{e~**!} = \/iEazsz’ a>0.

19.Solve the following integral equation (Electric current in a simplest chain).
Find the current I(t) in a simplest chain for given mpu 3amanHom resistance R and
induction L, satisfying equation

dl
L— + RI = E(t).

dt
[ at
Hint. [(k) = 282 21 j(p) = %Bo p+oo_explktydk _ Eoe™
© L N (k=) (k2 +a?) © iml = (-2 (k2+q2)  R+al

20.Determine solution of the integral equation

x2 4 a?’

| re-or@a =

21.Calculate Laplace transform of the following functions
a)t, b) e, c) sin(at).

22.Find solution to the first order differential equation
%+ px = q, t > 0, satisfying initial condition x(0) = a, where a, p, q— are
constants.

23.Find solution to partial differential equation xu,+ u, =x, x>0, t >0,
satisfying initial and boundary conditions u(x,0) =0 for x > 0, and u(0,t) =
0 fort>0.

24.Calculate Mellin transform of the following functions

a)e ™, b ﬁ, c) e~ d) cos kx.
25.Find solution to the following boundary problem
XUy + XU + Uy, =0, 0<x< 00 0<y<]1,

A, 0<x<1,
u(x, 0) = 0, ulx, 1) :{0 1<x<oo}
where 4 is a constant.

13



26. Legendre polynomials P, (x) are defined by the Rodriges

_ 1 d_n 2 _ n
_ Pn(x) T 2npldxn (x 1) '
Define P; (x), P5 (x).
_ 42
27.Represent the function 1—12xz+t2 in form of the Taylor series in t and determine

the Chebyshev polynomial T5(x).

14



MPOTOKOJ COTJIACOBAHMSI YYEBHOM ITPOI'PAMMBI YO

HasBanue Ha3Banue [Tpennoxenus Pemenue, npuHATOE
yueOHOi kadenpsl 00 U3MEHEHHUSX B kadenpow,
IVCITUILUIHHEI, cofep KaHiH yueOHOH pas3paboTaBLIEH
C KOTOpoH MIpOrpaMMBbl y4eOHy0
Tpedyercs YUPEKIEHUS BBICIIETO nporpamMmy (c
COTJIACOBAaHUE o0pasoBaHyst 10 yueOHOM yKa3aHUEeM JaThl U
‘ JIVICLIATLIHHE HOMepa MPOTOKOJIA)
JucuuruinHa
He TpebyeT
COTJIACOBAHUS

3aBenyromHii Kageapoi TEOPeTHIECKOH
U IPUKIIaJHON MEXaHHUKH, [IOKTOP

U3MKO-MaTeMaTHYECKHX HayK, Ipodeccop

28.05.2024
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AOINOJTHEHUA U UBSMEHEHUA K Y‘IEBHOI?I ITPOT'PAMME 110
N3YYAEMOU YYEBHOU JTUCIHHUIIJIMHE

Ha / y4eOHBIN TO

No

/o I{OHOJ’IHGHI/IH N U3MCHCHMU OcHoBanue

VYyebnass mnporpamMma mepecMOTpeHa U 0J00peHa Ha 3acelaHuu  Kadeapsl
TEOPETUYECKON M MPUKIaJHON MeXaHUKH, TpOoTOKOJ Ne 12 ot 28 mas 2024 r.

3aBenyromuii kadeapoi TeopeTuIecKon
U TIPUKJIATHON MEXaHUKHU, JOKTOP
(bU3MKO-MaTeMaTUYECKUX HAYK, mpodeccop M.A. XKypaBkoB

YTBEPXJIAIO

JlekaH MexaHHUKO-MaTeMaTUYeCKOTO (DaKyIbTeTa,
JTOKTOp (hM3UKO-MaTeMaTHYECKUX HayK, mpodeccop C.M. bocsikos
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