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Foreword

Inrecentyears,thefieldoflasertechnologyhasexperiencedunprece-
dentedgrowthanddevelopment,becominganintegralpartofvariousscientific
andindustrialapplications.Aswecontinuetounlockthepotentialofsolid-
statelasers,theneedforacomprehensiveunderstandingoftheirdynamics
andparametersbecomesincreasinglycritical.Thisbook,“SolidStateLaser
Dynamics,”hasbeencraftedwiththisurgencyinmind,servingasanessential
resourceforstudentsandmaster'scandidateseagertonavigatethecomplexities
oflasergenerationandperformanceanalysis.

Thestructureofthisbookfacilitatesaprogressivelearningexperience,
guidingreadersfromfundamentalprinciplestoadvancedconceptsinlaser
dynamics.Eachchapterisdesignedtobuilduponthepreviousone,ensuring
acoherentandintegratedapproachtothesubjectmatter.Topicsencompass
variouslasermodesofoperation,includingfree-runningmode,Q-switching–
bothactiveandpassive–aswellasmodelocking,withdetaileddiscussions
onthemechanismsthatgoverneachmode.

Moreover,thebookdelvesintothemethodologiesforcalculatinglaser
parameters,providingstudentswiththeanalyticaltoolsnecessarytoevaluate
andpredictlaserbehavior.Emphasisonreal-worldapplicationsandproblem-
solvingexercisesenrichesthelearningexperienceandequipsstudentswith
practicalskillsthatarehighlysoughtafterinbothacademicandindustrialsettings.
Wefocusontheneodymiumandytterbiumlasers,exploringtheirperformance
acrossdifferentcrystalhostmaterials.Byanalyzingtheseconfigurations,weaim
tohighlighttheiruniquepropertiesandadvantages,offeringreadersvaluable
insightsintotheiroperationaldynamicsandpotentialapplications.

Wehopethisbookinspiresanewgenerationoflaserscientistsandengineers,
fosteringadeeperunderstandingofsolid-statelaserdynamics.Maythisbook
servenotonlyasatextbookbutalsoasasourceofinspirationinyouracademic
journeyandprofessionalendeavors.

Happyreadingandlearning!
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tHeoretICAL MAterIAL

some properties of rare-earth ions in a crystalline matrix

Thesplittingofenergylevelsofrare-earthionsintoseparateelectronic
statesisdeterminedbythreetypesofinteraction:Coulombinteraction–
theinteractionofnucleiwithelectronsandelectronswitheachother,spin-
orbitalinteraction,andinteractionwithanintracrystallinefield.TheCoulomb
interactionleadstotheappearanceof(2S +1)-multipledegeneratelevelswith
differentvaluesofthetotalorbitalmomentumL intheformof2S +1L (L > S)
withenergygapsbetweenthemoftheorderof~104cm–1.Thespin-orbit
interactionleadstothesplittingofeachoftheS-Lmultipletsintoanumber
oflevelswithdifferentvaluesofthetotalangularmomentumJ.Thissplitting
forrare-earthionsisanorderofmagnitudesmallerthantheCoulombone.
InteractionwiththecrystallinefieldleadstoStarksplittingofenergylevels
withdifferentJ.Thissplittingisoftheorderof~102cm–1,i.e.,significantly
lessthantheenergyintervalsbetweenlevelswithdifferentJ.Thus,forall
matrices,thestructureofenergylevelsforthesamerare-earthionturnsoutto
besimilar,anddiffersonlyinthevalueoftheStarksplitting.Next,weconsider
inmoredetailtheformationofthestructureoftheenergylevelsoftheionin
thecrystalmatrixusingtheexampleofneodymium.

Energy levels of neodymium ions in a crystal field

TheelectronicstructureoftheneodymiumatomNd consistsof60electrons,
whicharelocatedon13shells.Sincetheneodymiumionisfoundonlyinthe
oxidationstateof+3,thefinalelectronicconfigurationoftheionis[Xe] 4f 3.

Forthiselectronicconfigurationoftheion,thereareseveralenergystates
(terms)(fig.1).TakingintoaccounttheCoulombrepulsionbetweenelectrons
andtheexchangeinteraction,whichisaconsequenceofthePauliprinciple,
thegroundstatewiththelowestenergyischaracterizedbythemaximumvalue
oftotalorbitalmomentumandthemaximumvalueofthetotalspin.Inthis
case,thisistheterm4I.Themagnitudeofthesplittingis~104cm–1[1].

Thenextperturbationthataffectsthesplittingofenergylevelsisthe
spin-orbitinteraction.Forrare-earthions,thestatesarebestdescribedbythe
Russell-Saundersstates(theapproximationofLS-coupling).
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Insuchamodel,theelectronrepulsionismuchlargerthanthespin-orbit
interaction,asaresultofwhichtheenergylevelsaresplitinto2S+1LJenergy
sublevels,andthetotalangularmomentumJ,accordingtotheruleofaddition
ofmoments,isdeterminedbytheorbitalLandspinSquantumnumbers.Since
theshellisfilledwiththreeelectrons(lessthanhalf),accordingtotheHund
rule,theunderlyingandbasicstateoftheneodymiumionisthestatewitha
minimumvalueofJ.Inthiscase,thisistheterm4I9/2.Theamountofsplitting
is~103cm–1.

Fig. 1. Formationofenergylevelsoftheneodymiumioninacrystallinematrix
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Whenanionisplacedinacrystallinematrix,thesphericalsymmetry
of thestate functions, thatare theeigenfunctionsof theHamiltonianof
afreeion,isbrokenduetothesurroundingligands,whichcauseelectrostatic
interactionbetweenthe4f-electronsoftheneodymiumionanditsstatic
electricfield.IndividualtermsaresplitintosublevelsduetotheStarkeffect,
andthemagnitudeofthesplittingdependsonthetotalquantumnumberJ,the
magnitudeofthecrystalfieldstrengthanditssymmetry.However,sincethe
radiusofthe4f orbitalsoftheneodymiumioninspaceissmallerthanthatof
thefilled5s and5p orbitals,thelattershields4f electronsfromtheexternal
field,therefore,thesplittingisverysmallandamountsto~102cm–1.

electronic transitions in the neodymium ion

The tuning range of the radiation of neodymium solid-state lasers
isquitewide, starting fromthegenerationat thehigh-energy transition
2L15/2→4I9/2,whichisequivalenttoawavelengthofelectromagneticradiation
ofapproximately340nm,endingwiththelong-wavelengthlasertransition
4F3/2→4I15/2withawavelengthoftheorderof1.9μm.However,themain
transitions of the neodymium ion are 4F3/2 → 4I13/2, 4F3/2 → 4I11/2 and
4F3/2→4I9/2(fig.1).

Itshouldbenotedthatthetransitionsoftheneodymiumionarenot
limitedtotheonesindicatedinfig.1;infact,otherStarksublevelscanalso
participate.However,thegreatestrelativeintensityisobservedpreciselyforthe
indicatedlevels,inwhichcaseitiseasiertoachievegeneration.

ItcanbeseenfromFig.1thatthemaintransitionsoftheneodymiumion
(4F3/2→4I13/2,4F3/2→4I11/2,4F3/2→4I9/2)areinternal4f 3↔4f 3transitions
(ff transitions)occurringwithinthepartiallyfilled4f 3configurationofthe
neodymiumion.Moreover,all themain termsof thisconfigurationare
odd.Therefore, these transitionsare forbiddenby theLaporteselection
rule,accordingtowhichtheparitiesoftheinitialandfinalstatesduringthe
transitionsmustbeopposite.Thisprohibition,whichisstrictlyobserved
inthespectraoffreeions,ispartiallyliftedduetononcentrosymmetric
interactionsofneodymiumionswithacrystallinematrix,causingmixingof
statesofoppositeparity.Forsuchinteractionsinthematrix,bothstatic(even
termsintheexpansionofthecrystalfieldpotentialinsphericalharmonics)
anddynamic(latticevibrations,whichcauseinversesymmetrybreaking)
perturbationsofthecrystalfieldpotentialareresponsible,andatransitionis
calledastimulateddipoletransition.Thefinalselectionrulesforthistypeof
transitionscomparedtotheselectionruleforLaporte-enabledtransitionsare
shownintable1.
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Table 1
Rules for selecting ff transitions

Transitiontype Selectionrules Oscillatorstrength

Electricdipole(ED)
4f 3-4f 25djunction

DS=0;|DL|≤1;|DJ|≤1;
TransitionsJ =0↔ J ′=0
andL=0↔ L′=0areforbidden

~ 0.01–1

Forcedelectricdipole
4f 3-4f 3junction

DS =0;|DL|≤6;|DJ|≤6;
|DL|=2,4,6ifL=0orL′=0;
|DJ|=2,4,6ifJ=0orJ ′=0
TransitionsJ=0↔ J ′=0
andL=0↔L′=0areforbidden

~ 10–4ofED

Magneticdipole
4f 3-4f 3junction

DS=0;DL=0;|DJ|≤1;
TransitionJ =0↔J′=0forbidden

~ 10–6ofED

Electricquadrupole
4f 3-4f 3junction

DS =0;|DL|≤2;|DJ|≤2;
ThetransitionsJ=0↔J ′=0,1
andL =0↔L′=0,1areforbidden

~ 10–10ofED

Sinceinthecaseofastimulateddipoletransitiontheoscillatorstrengths
aresmallcomparedtotheelectricdipoletransition(ED),thistransitionwill
havealowerintensity.Amagneticdipoletransitionisalsopossible,butits
intensityisevenlowerthanthatofastimulateddipole.Itcanbeseenthatthe
lasertransitionsclassicalfortheneodymiumion4F3/2 → 4I13/2,4F3/2 → 4I11/2
and4F3/2 → 4I9/2arethusstimulatedelectricaldipoletransitions.

non-radiative relaxation

Atlowlevelsofdopingwithneodymiumions,thelatterpracticallydonot
interactwitheachother,i.e.ineachionallprocessesoccurindependently
ofprocessesintheotherions.Therearethreesuchprocessesintotal:light
absorption, lightemissionandnonradiative transitions inwhichthe ion
excitationenergyistransformedintothephononspectrumexcitationenergy
ofthecrystallinematrix.

Afterthetransitionofaniontoanexcitedstate,afurtherchangeinthe
absorbedenergydependsontherelationshipbetweentheprobabilitiesof
radiativeandnonradiativetransitions.Inthecaseofrare-earthions,after
absorptionofthepumpradiation,theelectronusuallyfallsontheenergylevel,
forwhichthenon-radiativetransitiontoalower-lyinglevelismostlikely.Such
nonradiativetransitionsoccuruntiltheneodymiumionisinthemetastable
state,forwhichtheprobabilityoftheradiativetransitionisgreaterthanthe
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probabilityofthenonradiativetransition.Sincetheneodymiumiontransitions
consideredmainlyareradiative transitions in theoptical range,andthe
energygapisseveraltimesgreaterthanthephononenergy,thesimultaneous
participationofseveralphononsisnecessaryforthenonradiativeprocess
tooccur.

Theoreticalcalculationsandexperimentalstudiesgive the following
expressionfortheprobabilityofnonradiativetransitions:

 W E Be
NR

E( ) ,( )∆ ∆= = −1

τ
α  (1)

whereBanda areparametersthatdependonlyonthematrix;τNRisthe
nonradiativelifetime;DEistheenergygapbetweentheconsideredleveland
theunderlyinglevel.

ItcanbeseenthattheprobabilityofnonradiativetransitionWbetween
energeticallycloselevelsstronglydependsontheenergygapbetweenthem
DE. ThereasonisthattheprobabilityWdependsonthenumberofphonons
of the latticethatparticipate inthenonradiativeprocess.Inasolid, the
phononenergyislimitedbythelimitingvaluehWmax.IftheenergygapDE is
greaterthanhWmax,thenthenonradiativetransitionrequiresthesimultaneous
participationofseveralphononsinthecrystalmatrix.Theprobabilityofsuch
aprocessismuchlessthantheprobabilityofaprocessinwhichonephonon
isinvolved.Therefore,thelargerthenumberofphononsnecessaryforthe
implementationofthenonradiativeprocess,thelesslikelysuchaprocessis
goingon.

Asanexample,thetimeofnonradiativerelaxationinthecaseofNd:YAG
canbecalculated.TheparameterBisapproximately108s–1,a is3.1⋅10–3cm,
therefore,thenonradiativelifetimeforthelevel4F3/2inNd:YAGisofthe
orderof50mswithanenergygapof5000cm–1between4F3/2andnextlevel
4I15/2.ForYAGthemaximumphononenergyis~700cm–1.

However, this law is not applicable for valuesDE two times smaller
thanthemaximumphononenergy.Insuchcases,thenonradiativelifetime
decreasesfaster(withDEdecreasing),thanthelaw(1).Itwascalculatedthat
therelaxationtimeforlevelswithinthetermisinthepicosecondrange.This
timeismuchshorterthananytimecharacteristicofsolid-statelasers.Thisfact
isofgreatimportanceinmodelingtheoperationoflasers,sinceitallowsusto
considerproblemsintheframeworkofthermodynamicequilibrium.Thelatter
establishesthattherelativepopulationsatalllevelsofneodymiumionsobey
theBoltzmanndistributionatanygiventimeandarethusconstants.Thenthe
relativepopulationofthesublevelZiofsomemultipletl(4I9/2or4F3/2,seefig.1),
consideredlaterinthework,isequalto:
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kT
f Nli

l
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li
li l= −




=exp ,�  (2)

whereNliisthepopulationofthesublevelZi;fliisitsrelativepopulation;Eliisits
energy;Nlisthetotalpopulationofthemultiplet;k = 1.3806485 ⋅ 10−23J/Kisthe
Boltzmannconstant;Tisthetemperature;Zlisthestatisticalsum(summation
isperformedoverallsublevelsofmultiplet):

Z
E

kTl
l i

i

m

=
−





=
∑exp .

1

Similarly,othersublevelsofthemultipletcanbeanalyzed.
Itshouldbenotedthatfortheupperlaserlevel,thisdistributionisapplicable

inthecaseofstationarypumping,whentheionrelaxationrateoverthelevels
ofthemultipletisconsideredtobehigherthanthepumpspeed.

transition schemes of activator ions in crystal hosts

Aquantitativedifferencebetweenthetypeofagiventransitionandthree-
andfour-leveltransitionsisusuallybasedontheanalysisofthegaininthe
absenceofsaturation:

 g N Ns0 2 1= − −[ ]σ γ γ�( ) ,  (3)

whereσisthestimulatedemissioncrosssection;N2isthepopulationofthe
upperlaserlevel;Nsisthevolumeconcentrationofiondoping.Theparameter
g =1+f1/f2,wheref1andf2aretherelativepopulationsofthelowerandupper
laserlevels,respectively.Iftheparameterg is1,thenthetransitionschemeis
four-level.Ifg isequalto2,thenitisthree-level.Ifthevalueofgliesinthe
rangefrom1to2,thenthisisaquasi-three-levelscheme.

Four-levelgenerationscheme
Inthecaseofthisscheme,thegenerationcanoccurbetweenthelower

sublevel4F3/2(populationN2)andoneofthesublevelsofthemultiplets4I11/2,

4I13/2,4I15/2.Weconsiderthecaseofthetransition4F3/2→4I11/2(fig.2).
Accordingtoformula(1),thetimeofnonradiativerelaxationofneodymium

ionsfrom4I11/2to4I9/2isapproximatelyseveraltensofnanoseconds,whilethe
lifetimeofametastablestateismeasuredbyseveraltensofmicroseconds
(see,forexample,tableA1).Inafirstapproximation,thesublevelofthe
multiplet4I11/2(towhichtheneodymiumionpassesradiatingaphoton),
canbeconsidereduninhabited.However,inordertoincreasetheaccuracy
ofcalculations,wewillfurthertakeintoaccountthepopulationofthelower
lasersublevel.
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Fig. 2.Neodymiumiontransitionsinfour-levellasingscheme.
Wavylinesindicatespontaneoustransitions

Thelifetimeofthepumpedlevel4F5/2isoftheorderof10ns;transitions
tothemetastableupperlaserlevel4F3/2arenonradiative.

Tostudythegenerationofsolid-statelasersinafirstapproximation,wecan
usethepointmodelofthelaserbasedontherateequations[2;3].Thelaserin
thiscaseissingle-mode.

Theapproximationofthepointmodeloftheactivemediumisapplicable
inthecasewhenthephotonlifetimeinthecavityissufficientlylargeandthe
intensityinthecavityslowlychangeswithtime(therelativechangepercavity
passageismuchlessthanone).Assumingthattheintensityinthecavitydoes
notdependonspatialcoordinates,wecanwritedownthechangeinintensity
duringtheround-tripofthecavityas

∆ ∆I t
L

c
I t e

k l k L=





= − −2

11 2
2 2opt gain loss

inactive
opt( )

( )ρ ρ

 =

= −  ≈ −−
I t e I t k l k

k l k L
( ) ( )(

( )gain loss
total

opt
gain l

2 2
1 2 ooss

total
opt2L ),

whereLoptisthecavityopticallength,l isthe lengthoftheactiveelement;
r1,r2–thereflectioncoefficientsofthemirrors.Thetotallosscoefficientis
equaltothesumoftheactive(outputradiationthroughthecavitymirrors)
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andpassive(absorption/scatteringofradiationbyopticalelementsinthe
cavity)losses:

k k
Lloss

total
loss
inactive

opt

= + 





1

2

1

1 2

ln .
ρ ρ

Averagingthechangeinintensityduringthecavityround-trip,weobtain


dI

dt

I

t

I t k l L

L c
I t k l

k
≈ =

−
= −

∆
∆

( )( )
( )(gain opt

opt
gain

loss
total2 2

2
kk L

c

Lloss
total

opt
opt

) . 

Thegaincoefficientisequaltothenumberofemittedphotonsperunit
lengthoftheactivemedium:

 k T N T Ngain em abs= −σ λ σ λ( ) ( ), , ,2 1 

whereN2 andN1arethepopulationdensitiesattheupperandlowerlaser
levels, respectively(without taking intoaccountdegeneracy);σem(l,T)
andσabs(l,T)aretheeffectiveemissionandabsorptioncrosssectionsat
acertainwavelength.Ifthelevelsarenondegenerate,thentheabsorptionand
emissioncrosssectionsareequal.Inthecasewhenthelevelsaredegenerate,
theeffectivecrosssectionsofstimulatedemissionandabsorptionatacertain
wavelengthandtemperaturecanbewrittenas

 σ λ σ λabs( ) ( ), ,
,

,T f
i j

i i j=∑ 1 1 2  (4a)

 σ λ σ λem ( ) ( ), ,
,

,T f
i j

j j i=∑ 2 2 1  (4b)

 σ λ σ λ1 2 2 1i j j i, ,( ) ( ),= 

wheref1iandf2jaretherelativepopulationsofi andjsublevelsofmultipletsN1and
N2attemperatureT,σ λ σ λ1 2 2 1i j j i, ,( ) ( )� �= arethecrosssectionsofthetransition
betweensublevelsi andj ofmultipletsN1andN2atacertainwavelength.

Thus,theeffectivecrosssectionsrelatetothewholemultipletandarethe
sumofthetransitioncrosssectionsbetweenallpairsofsublevels,takinginto
accounttheirrelativepopulations.Thesecrosssectionscanbequitesimply
determinedfromtheexperimentaldata(absorptionandemissionspectra),but
itmustbetakenintoaccountthattheydependontemperature,becausethe
energiesofthesublevelsandtheirrelativepopulationsvarywithtemperature.
Thecrosssections for thetransitionbetweenspecificsublevels σ λ1 2i j, ( ) 
cannotalwaysbedeterminedfromtheabsorptionandemissionspectra,
becausethelinescorrespondingtothesetransitionsarebroadenedandmost
oftenoverlap.Itisalsoworthnotingthatrelations(4a,4b)arevalidinthecase
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whentherelativepopulationsatalllevelsobeytheBoltzmanndistributionat
anymomentoftime.

Thus,wecanwritethesystemofrateequationsforthefour-levellasing
scheme.Insteadofintensitywewillusethephotonfluxdensity �S I h= / ,ν 
becauseitdoesnotdependonthewavelength,incontrasttotheintensity,and
weaddanothertermtothefirstequationthatwillgivetheseedradiationofthe
generation,i.e.thefractionofspontaneousphotonsthatgointotheresonator
mode.Intheapproximationofequalemissionandabsorptioncrosssections
inthegenerationchannel,thesystemofequationstakesthefollowingform:



dS

dt
S N N K l

N
Sr

dN

dt
R N N

c S tc

s

= − + −

= −

µν σ
τ

σ

21 2 1
2

2

3
03 1

em

pump
abs

( ) ,

( −− − −

= − − +

=

N N
N

dN

dt
S N N

N N

dN

dt
S N

2 3
3

3

2
21 2 1

2

2

3

3

1
21

) ,

( ) ,

(

τ

σ
τ τ

σ

em

em
22 1

1

1

2

2

− − +

















 N

N N
) ,

τ τ

 (5)

whereSisthefluxdensityofthegeneratedradiationinsidetheresonator
(photons/cm2/μs);N3–thepopulationof4F5/2multiplet(cm–3);N2isthe
populationoftheupperlaserlevel4F3/2;N1isthepopulationofthelower
laserlevel4I11/2;τi –thelifetimeofthei-thlevel(μs);Rpump–therateofthe
upperlaserlevelcoherentpumping(photons/(cm2

⋅μs));σ03–theeffective
absorptioncrosssection(cm2);σ21–theeffectiveemissioncrosssection
(cm2);Nsisthebulkdensityofneodymiumionsinthecrystal(cm–3);vcis
thespeedoflightinthemedium(cm/μs),Ks isthefractionofspontaneous
emissioninthegenerationchannel, l isthelengthoftheactiveelement,
μistheparametercharacterizingthevalueofthecavityfillingwiththeactive
medium,rtcisthereciprocalofthephotonlifetimeintheresonator(μs–1),
inourcase,thisvalueisproportionaltothelosscoefficient.

Inthiscase,theparameterμandthevalueof rtc aredefinedasfollows:

 µ =
n l

L
r

opt

,  (6)

 L L n lc ropt = + −( ) ,1  (7)

wherenristherefractiveindexoflasercrystal; Loptisthecavityopticallength; 
listhelengthoftheactiveelement;Lcisthecavitylength(fig.3);
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 r c

l

Ltc =
− +





ln( )

,

ρ γ
2

opt

 (8)

wherec isthespeedoflight; risthereflectioncoefficientoftheoutputmirro;
gisthecoefficientofinactiveradiationlossintheactivemedium(cm–1).

Fig. 3.Theschemeoflongitudinallypumpedlaser:
1–diodepumplaser;2–lens;3,4–cavitymirrors;5–lasercrystal

Therelationshipbetweenthepumprateandtheincidentpumppoweris
determinedasfollows:

 R
P l N

h S
s

p
pump

inc

cr

=
− −( )1 13exp[ ]

,
σ

ν
�

 (9)

wherePincistheincidentpumppoweronthecrystalsurface(longitudinal
pump);hvp–pumpphotonenergy; S dcr = π 2 4 –pumpedcross-section
of the crystal with diameter d. For all matrices under consideration,
theparenthesizedexpressionisclosetoone,therefore,itcanbeomittedin
thecalculations.

Quasi-three-level generation scheme

Inthecaseofaquasi-three-levelscheme(fig.4),thegenerationoccurs
betweenthelowersublevelof4F3/2(totalpopulationofthemultipletN2)and
theuppersublevelofthesplitgroundstate4I9/2(totalpopulationN0).

Themaindifferencefromthefour-levelschemeisthatthepopulationof
thelowerlaserlevelisnotequaltozeroduetothetemperaturedistribution
ofneodymiumionsoverStarksublevels.Thefactisthatthemagnitudeof
theStarksplittingisseveralhundredcm–1,whichiscomparabletothevalue
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ofkTat roomtemperature.Therefore,accordingtothe formula(2),all
Starksublevelsarepopulated,butsignificantlytoadifferentextent.Atroom
temperature,thepopulationoftheuppersublevelisoftheorderof1%,which
makesiteasytoobtainaninversepopulationand,accordingly,lasing.

Fig. 4.Transitionsofaneodymiumion
inaquasi-three-levelgenerationscheme

Thesystemoftherateequationsforthequasi-threeschemetakesthe
followingform:
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whereSisgeneratedfluxdensityinsidetheresonator(photons/cm2/μs);N0–
populationofthelowerlevel4I9/2(cm–3);τiisthelifetimeofthei-thlevel(μs);
Rpumpisthecoherentpumpingrateoftheupperlaserlevel(photon/(cm2⋅μs));
σ03

abs istheeffectiveabsorptioncrosssection(cm2);σ20isthecrosssectionof
thestimulatedtransitionbetweenthe1stsublevelofthemultipletN2andthe
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5thsublevelofthemultipletN0(cm2);Nsisthebulkdensityofneodymium
ionsinthecrystal(cm–3);f05istherelativepopulationoftheuppersublevel
ofthelowerlaserlevel4I9/2;f21istherelativepopulationofthelowersublevel
oftheupperlaserlevel4F3/2;vcisthespeedoflightinthemedium(cm/μs);
μistheparametercharacterizingthevalueofthecavityfillingwiththeactive
medium,rtcisthereciprocalofthephotonlifetimeinthecavity(μs–1).

Aspecificexampleofmodelingofaquasi-three-levelsolid-statelaser
operationisdemonstratedfortheNd:YAGlaserwithspecificparameters
givenintheMathematicasoftwarepackage.Thechoiceofamethodfor
solvingtheODEsystemnumericallyisalsoexplainedintheprogramitself.

Ytterbium laser

Thedopantelementinlasercrystalsandglasseswithytterbiumisthe
trivalentionYb3+.Thereisonlyoneexcitedlevel2F5/2,whichsplitsintothree
sublevelsundertheactionoftheelectricfieldofthecrystallattice.Theground
state2F7/2alsosplitsintofoursublevels(fig.5).Comparedtotheneodymium
laser,theytterbiumlaserhasamuchwidergainband,whichmakesitpossible
togenerateultrashortpulses.Thelifetimeattheupperlaserlevelexceeds
1ms,whichmakesitattractiveforworkingintheQ-switchingmode.Its
energylevelsschemeisactuallytwo-level,therefore,concentrationquenching
isabsenthereandtheconcentrationofytterbiumionscanbeveryhigh.

Fig. 5.Transitionsofytterbiumion
duringgenerationinaYb:YAGcrystal
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Fromtheaspectofcalculatingthelasingcharacteristics,theytterbium
laserisdescribedbyaquasi-three-levellasingscheme.Inthiscase,thesublevel
towhichthetransitionoccursuponexcitationandthesublevelfromwhich
thegenerationtransitionoccursbelongtothesamelevel2F5/2,therefore
onlytwolevelsareconsideredinthesystemofequations(level0–2F7/2,
level2–2F5/2):
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Q-switching

Q-switchingisatechniqueforgeneratinghighpowerpulses.Theprinciple
ofgeneratingsuchpulsesistocontrolthequalityfactor(Q)oftheresonator
by introducingadditional losses thatdependon timeor intensity inside
theresonator.Initially,undertheactionofpumping,thegain(population
inversion)intheactivemediumincreases,butlasingdoesnotstartbecauseof
thelargelossfactor.Significantenergyisaccumulatedintheactivemediainthe
formofexcitedparticles.Whenthegainbecomesclosetoitsmaximumvalue
(foragivenpumppower),thelossfactordecreasesrapidly.Thengeneration
beginsandalltheenergyaccumulatedintheresonatorisejectedfromthelaser
inoneshortpowerfulpulse.

Active Q-switching

ToobtainapowerfulpulseintheactiveQ-switchingmode,anactive
shutterisplacedinthelasercavity.Usuallythisisanelectro-opticalcrystal
withapolarizer(fig.6).Tocreateahighleveloflossesinthecavity,aquarter-
wavevoltageisappliedtothecrystal.Linearlypolarizedradiationtransmitted
throughthepolarizeracquirescircularpolarizationafterpassingtheelectro-
opticalcrystal.Reflected fromthemirror,circularpolarizationchanges
direction(e.g.leftbecomesright).Then,afterpassingthroughtheelectro-
opticalcrystalasecondtime,thebeamagainbecomeslinearlypolarized,
however,thedirectionofpolarizationchangesby90degrees.Asaresult,the
polarizerdoesnotpasssuchradiationandtheshutterisintheclosedstate.
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Toopentheshutter,thevoltageisremovedfromthecrystalanditceasesto
affectthepolarizationofthetransmittedlightbeam.Asaresult,thelevelof
lossesinthesystemissignificantlyreducedandashortandpowerfullaser
pulseisgenerated.

Tocalculatetheparametersofthispulse,thespecificshutterdesignisnot
importantforus.Wealsoassumethattheshutteropensquicklyenoughand
itsswitchingtimecanbeneglected.

Fig. 6.Theschemeofalaserwithanelectro-opticalshutter:
1–diodepumplaser;2–alens;3,4–resonatormirrors;
5–lasercrystal;6–polarizer;7–electro-opticalcrystal

Tosimulatethegenerationofapowerfulpulseinalaserwithafour-level
scheme,onecanusethesystemofrateequations(5),wherethelosscoefficient
inthesystemdependsontime.Intheapproximationofinstantaneousshutter
switching,thelosscoefficientcanbewrittenintheform

 r t c
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whererEOC –additionallossesintroducedbytheelectro-opticalcrystal(r0 is
asufficientlylargelosscoefficient,~50%ormore);tEOCisthemomentoftime
whentheshutterisswitchedoff[μs].

Inthiscase,theprocessesinthesystemcanbedividedintotwostages.
Atthefirststage,thegainintheactivemediumincreasesundertheconstant
pumping,butthereisnogeneration,becauselossesinthecavityareveryhigh.
Atthesecondstage,thelossesaredecreasedandalaserpulseformswith
parametersdeterminedbythepropertiesoftheactivemedium,resonator,
andpumppower.
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Passive Q-switching

In order to obtain a laser pulse in the passive Q-switching mode,
asaturableabsorberisplacedinthelasercavity(fig.7).Itiscalledapassive
shutter.Thegenerationprocessproceedsasfollows:undertheinfluenceof
pumping,thegainoftheactivemediumincreases,butthegenerationdoes
notstart,becausethelosscoefficientishighduetothelightabsorptioninthe
passiveshutter.Whenthegainexceedsthelosses,thegenerationbegins.After
theradiationintensityinthecavitybecomessufficienttobleachtheshutter,
thelosscoefficientdropssharplyandashotpowerfullaserpulseforms.

Fig. 7.Thedesignofalaserwithapassiveshutter:
1–diodepumplaser;2 –lens;3,4–cavitymirrors;

5–lasercrystal;6–passiveshutter

Usually,thecrystalCr4+
:YAGisusedasapassiveshutterinneodymium

lasers.Itsinitialtransmissioncanvarywidely.Theparametersofthiscrystal
usedinthecalculationsareshownintable2.

Table 2
Crystal Cr4+

:YAG parameters

Thebulkdensityofchromiumions,cm–3 1.85⋅1018

Effectiveabsorptioncrosssectionfromthegroundstate,cm2 8.7⋅10–19

Upperlevellifetime,μs 4

Refractiveindexat1064nm 1.83

Cr4+
:YAGhastheenergyleveldiagrampresentedonfig.8.Thetransition

fromthegroundenergy level tothethirdcorrespondstoawavelengthof
radiationfromanyttriumaluminumgarnetlaser–1064nm.Relaxationfrom
thethirdtothesecondleveloccursinamuchshortertimethanthelifetimeatthe
secondlevel.Asaresult,wecanassumethatallexcitedionsimmediatelygoto
thesecondenergylevel.Also,theradiationwavelengthof1064nmcorresponds
tothetransitionfromthesecondtothefourthenergylevel.However,the
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lifetimeatthefourthlevelismuchshorterthanthelifetimeatthesecondlevel,
sothetransitionstothefourthlevelcanbeneglectedinthesimulations.Thus,
thesaturableabsorbercanbeconsideredasatwo-levelmedium.

Fig. 8.Theschemeofenergylevels(1–4)
ofapassiveshutteronaCr4+

:YAGcrystal

Tocalculatetheparametersofapulse,thesystemofrateequationsfor
four-level schememustbe supplementedbyequations for the saturable
absorber:
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whereNq2isthepopulationofthesecondlevelofthesaturableabsorber(cm–3);

τq2 – its lifetime (μs); σq13
abs

– effective absorption cross section for the
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transitionfromthelowerlevelofthesaturableabsorber(cm2);Nqsisthebulk
densityofchromiumionsinacrystalCr4+

:YAG(cm–3);vqcisthespeedof
lightinaCr4+

:YAGcrystal(cm/μs).
Theparameterμqforthesaturableabsorberiscalculatedbyformula(6),

theparametersμandrtcfortheactivemediumarecalculatedbyformulas(6)
and(8).Itshouldbenotedthatthecavityopticallength(7)willbe

 L L n l n lc r rq qopt = + − + −( ) ( ) ,1 1  (15)

wherenrq and lq are the refractive indexand the lengthof the saturable
absorber,respectively.

Laser output power

TotallaseroutputpowerPoutisgivenbythefollowingformula

 P Sh scrout = −ν ρ( ),1  (16)

whereS isthephotonfluxdensityintheresonator,whichisfoundfrom
thesystemofrateequations;hv is thephotonenergyfor thegeneration
wavelength;scristhepumpedareaatthelasercrystal,inourcaseitisequal
totheareaofthefocusedpumpspot(thisshouldbetheoutputbeamcross
sectionarea),r isthereflectioncoefficientoftheoutputmirror. 

Mode-Locking

Mode-lockingisamethodtoproduceshortandhigh-powerlaserpulses
ofthepico-andfemtosecondduration.

ThelasercavityisactuallyaFabry-Perotinterferometer,whereonlythe
resonancebeamscorrespondingtothestandingwaveswiththenodesonthe
mirrorsdonotdecay.Onthelasergeneration,suchstandingwaves(stable
configurationsoftheelectromagneticfield,calledthelongitudinalmodes)
areformedinthecavity.Eachmodehasitsownfrequency,andageneration
spectrumasawholelookslikeasetoffrequencieswithdifferentamplitudes
(fig.9).

Thefrequencydifferencebetweenadjacentmodesisthesameforthe
entiregenerationspectrum:

 ∆ω
π

=
2

2

c

Lopt

,  (17)

wherec isthespeedoflight;Loptisthecavityopticallength.
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Fig. 9.Lasergainbandwidth(a),intracavitymodestructure(b),
andlasergenerationspectrum(c)

Inthecaseoffree-runninglasing,thelongitudinalmodeshaverandom
initialphases,i.e.,theyarenotcoherentwitheachother.Asaresult,the
outputlaserintensityisequaltothesumoftheintensitiesofindividualmodes.
However,thesituationchangesiftheinitialphasesofallmodesareequal(or
differentby2πN)−thisstateiscalledthemode-locking.

Letusfindthetotalfieldinthecavityresultingfromtheinterference
of several longitudinal modes with equal initial phases and equidistant
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frequencies(17).Hereweusethefactthatastandingwave(longitudinalmode)
isformedwhentwoidenticalplanewavespropagateinoppositedirections(for
example,alongthez-axis).

Thefieldofthem-thplanewavepropagatingalongthez-axiscanbe
expressedas

E z t A i t k zm m m m
+ += −{ } =( ), exp ( )0 ω

 = + − −{ } = −{ }+A i t t k z k z A z t i t k zm m m m
0

0 0 0 0exp ( ) , exp ( ) ,( )ω ω ω∆ ∆  (18)

 A z t A i t k zm m m m
+ = −{ }( ), exp ( ) ,0 ∆ ∆ω  (19)
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ω
,  (20)

wherew0isthecenterfrequencyofthelasingline;k0isthecorresponding
wavenumber;Am

0   is thewaveamplitude.Theexpressionfor the fieldof
awavepropagatingintheoppositedirection(countertothez-axis)issimilar,
consideringthat k km m

− += − . Accordingly,thefieldofthem-thlongitudinal
modeisdefinedasasumofplanewaveswith km

− and km
+ :
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Inthefirstapproximation,weassumethattheamplitudesofallmodesare
equal: A Am

0 = . Thenthelightfieldinalasercavitycanberepresentedasasum
ofplanewaveswiththefrequenciescorrespondingtothelongitudinalmodes:
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where∆ ∆ ∆ ∆k m k mm m= =; ; ω ω Misthenumberoflongitudinalmodes,which
isdeterminedbythecavitylengthandthewidthofagenerationspectrumDνg
(seetable6):
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ThemodeamplitudesA (notethatinthefirstapproximationtheyare
consideredidentical)canbedeterminedfromtheaveragevalueofthephoton
fluxdensitywithinthecavityS inthefree-runningmode:

 A
Sh

M
=

ν
.  (24)

Thetotalamplitudeoftheintracavitylightfieldcanbewritteninaframe
ofreferenceassociatedwiththeprincipalmode(inthiscasew0t–k0z=0for
awavepropagatingalongthez-axisandw0t+k0z=0fortheonepropagating
inthecounterdirection):
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HereA(z, t) is theamplitudeof theenvelopeof thepulse formedin
thecavityduringthemode-locking;itsintensityprofileisgivenbyI z t A z t( , ) ( , )= 2

.
I z t A z t( , ) ( , )= 2

.
Thus,thewavescorrespondingtothelongitudinalmodescoherentlyadd

upand,asaresultoftheinterference,formasingleshortpulsethatpropagates
inthecavityfromonemirrortoanotherwiththespeedoflight.Whilepropagating
inthecavity,thispulseisamplifiedinthelaseractivemediumandispartly
outputfromthecavitythroughthesemitransparentmirror.Thelaseroutputs
periodicpulseswiththerepetitionrate

 f
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opt
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.  (26)

Thepeakamplitudeofthepulseisproportionaltothenumberofthe
lockedmodesMwhereasthepulselengthisinverselyproportionaltothewidth
ofagenerationspectrumDνg:

 τ
νg

g
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.  (27)

Toimplementpassivemode-locking,apassiveshuttermustbeadded
tothelaseroperatinginthefree-runningmode(fig.10).Semiconductor
saturableabsorbermirrors(SESAM,SAM)areusuallyusedaspassiveshutters
formode-lockinginsolid-statelasers[14].Suchmirrorsareplacedinstead
ofahighlyreflectivecavitymirror.Therelaxationtimeofsuchanabsorberis
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about1ps,anditsabsorptioncoefficientnonlinearlydependsontheintensity

oftheincidentradiation A t( )
2

:

 q t
q

A t I
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 (28)

whereIsatisthesaturationintensityoftheabsorber.
Forthespikeswithhighintensity,thereflectioncoefficientisseveralpercent

higherthanthatforthelow-intensityradiation(fig.11).Thisinsignificant
differenceissufficienttoseparateandamplifythemostintensivepulsefrom
thefluctuationspikesinthecavity.Subsequently,thedurationofthispulse
is reducedtoaminimumas its leadingandtrailingedgesexhibithigher
attenuationthanthecentralpartwhilepassingthroughtheabsorber.Hence,
thepassivemode-lockingisperformed.

Fig. 10. TheSchemeofthepassivelymode-lockedlaser:
1–semiconductorpumplaser;2–lens;3–highreflective

mirror(transparentforpumplight);4–cavityoutputmirror;
5–lasercrystal;6–semiconductorsaturableabsorbermirror(SESAM)

Tosimulatethemode-lockingandcalculatetheparametersofthegenerated
pulse, it isnecessary toaccount for thechange inthepulseshapeduring
propagationinthecavityandthewidthofthelasergainline.However,tofind
theaverageintensity(photonfluxdensity)andthepopulationdensitiesat
thelaserlevelsinthecavity,onecanusetherateequationswritteninthe
approximationofthepointmodeloftheactivemedium(e.g.,(4)forthe
neodymiumlaserand(6)fortheytterbiumlaser).Hereitisconsideredthat
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therelativepopulation inversionand theaveragepulse intensitychange
insignificantlyduringthecavityround-triptime.

Theinfluenceofthesaturableabsorbercouldbeincludedintheformula
fortheinversephotonlifetimeinthecavity.Thereflectioncoefficientr2is
introducedforthemirrorwiththesaturableabsorber:

 r c
l

Ltc =
− +





ln( )
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ρ ρ
γ1 2

2

opt

 (29)

Here,r2=0.98describesthesaturatedlossesintroducedbytheabsorber
(seefig.11).

Fig. 11. Reflectivityofasemiconductorsaturable
absorbermirror(SESAM)asafunctionofthepulsefluence.

Source:[15]

Theamplitudesofthelongitudinalmodescanbeestimatedbysuchamodel
iftheirnumberandtheaveragephotonfluxdensityinthecavity(24)areknown.

Theeffectofthefinitewidthofthelasergainlineonthemode-locking
pulseparameterscanbeestimatedconsideringthedistributionofamplitudes
tobethesameasthegainprofile.

Forexample,alinewithhomogenousbroadeninghasaLorentzcontour
thatcanbeapproximatedbyaparabolanearthecenterfrequency:
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whereg0isthepeakvalueofthegain(atthecenterfrequencyw0);Dwgisthe
widthofthegainline.

Thetimedependenceofthelaseroutputpowerduringthemode-locking
isdeterminedbythetotalintensityoftheintracavitylightfieldandbythe
reflectioncoefficientoftheoutputmirror:

 P I z t scrout = −( , ) .( )1 1ρ  (32)
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ProbLeMs

Free lasing mode, neodymium laser,  
four-level scheme

1.Calculatethetimeneededtoreachthesteady-statelasingmodeinthe
caseofaneodymiumlaserwiththegivenmatrixforthegivenpumplevel.

2.Calculatethedurationofthefirstspikeinthedynamicgenerationmode
inthecaseofaneodymiumlaserwiththegivenmatrix.

3.Plotthedependenceoftheoutputpowerofthelaseronthepumppower
Pout(Pin)andcalculatethegenerationefficiency(dPout/dPin)inthestationary
mode.Findthethresholdpumppowerforthegivenlaser.Thecross-section
areaoftheoutputbeamisassumedtobeequaltothepumpingarea.

4.Calculatethegenerationefficiency(dPout/dPin)ofthelaserinsteady-
statemodeinthecaseoftransition4F3/2→4I13/2foramatrixNo.5(lasing
wavelength1341.6nm,σem=2.2⋅10–19cm2).

5.Calculatetheoptimalreflectioncoefficientoftheoutputmirrorfor
agivenpumppower(correspondingtothemaximaloutputpower).

6.Plotthedependenceoftheoutputpoweronthelosscoefficient.
Forthetask,takethefollowingparametervalues:cavitylengthL =20cm,

crystallengthl =0.3cm,inactivelossg=0.002cm–1,reflectioncoefficientr =0.97.
SpectroscopicparametersareshownintableA1.TemperatureT=300K.

Free lasing mode, neodymium laser,  
quasi-three-level scheme

1.Calculatethetimeneededtoreachthesteady-statelasingmodeinthe
caseofaneodymiumlaserwiththegivenmatrix.

2.Calculatethedurationofthefirstspikeinthedynamicgenerationmode
inthecaseofaneodymiumlaserwiththegivenmatrix.

3.Calculate thegenerationefficiency(dPout/dPin)of the laser inthe
stationarymodeinthecaseofthetransitiontothefourthStarksublevelof
thegroundmultiplet4I9/2forthegivenmatrix.

4.Calculate thegenerationefficiency(dPout/dPin)of the laser inthe
stationarygenerationmodeinthecaseofaneodymiumlaserwiththegiven
matrix.
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5.Calculatethethresholdpumppowerinthestationarygenerationmode
inthecaseofaneodymiumlaserwiththegivenmatrix.

6.Findouthowthegenerationthresholdchangeswhenthetemperature
increasesby40°C

ThespectroscopicparametersareshownintableA2.

Free-running mode, ytterbium laser

Ytterbiumlasers(Yb3+)operateonlyaccordingtoaquasi-three-levelscheme.
Thisisduetothefactthattheytterbiumionhasonly2energymultiplets–2F5/2

and2F7/2(generationwavelength~1040nm).
1.Calculatethetimeneededtoreachthesteady-statelasingmodewith

thegivenmatrix.
2.Calculatethethresholdpumppowerinthestationarygenerationmode

withthegivenmatrix.Findouthowthethresholdchangeswhenthetemperature
increasesby40°C.

3.Calculatethegenerationefficiency(dPout/dPin)ofthelaserinthesteady-
statelasingmodewiththegivenmatrix.

4.Calculatehowthepowerwillchangeinthestationarygenerationmode
ifthetemperatureofthelasercrystalisloweredby30°C.

5.Comparethestarttimeofgenerationat300Kand270K.
ThespectroscopicparametersareshownintableA3.

Active Q-switching, neodymium laser, four-level scheme

1.CalculatethepulsedurationandmaximumintensityformatrixNo.4and
No.5.Explaintheeffectofthelifetimeintheexcitedstateontheparameters
ofthepulse.

2.CalculatethepulsedurationandintensityatmaximumformatrixNo.2
andNo.6.Explaintheeffectof theradiationcrosssectiononthepulse
parameters.

3.Calculatetheoptimaltimeoftheshutterswitching(forwhichthepulse
peakintensityismaximal)andthepulsedurationforthegivenmatrix.

4.Calculatethepulsepeakintensityasafunctionofpumppower.
5.Findenergyinasinglepulseatthelaseroutput.
6.Findthereflectioncoefficientoftheoutputmirrorforagivenpump

poweratwhichthepeakintensityoftheoutputpulsesismaximal.
7. Plot the dependence of the output pulse peak power on the loss

coefficient.



Passive Q-switching mode, neodymium laser, 
 four-level scheme

1.Calculatethepulseduration,maximumintensity,andgenerationstart
timeforthegivenmatrix.

2.Findoutthepulserepetitionratefortheconstantpumpingforthegiven
matrix.Howwilltherepetitionrateincreasewhenthepumpisdoubled?

3.Findouttheenergyinonepulseatthelaseroutputforthegivenmatrix.
Howwilltheenergyinonepulseincreasewhenthepumpisdoubled?

4.Findthereflectioncoefficientoftheoutputmirrorforagivenpump
poweratwhichthepeakintensityoftheoutputpulsesismaximalforthegiven
matrix.

5.Plotthedependenceoftheoutputpulsepeakpoweronthelosscoefficient
forthegivenmatrix.

Mode-Locking

1.Calculatethepulsedurationandmaximumintensityforthegivenlaser
crystal.

2.CalculatethepulsedurationandmaximumintensityforNd:KGWand
Nd:YAGlasercrystal.Explaintheeffectofgainbandwidthontheparameters
ofthepulse.

3.Calculatethepulseduration,maximumintensityandtheenergyinone
pulseforNd:YAGlasercrystalforcavitylengthL =20cmandL =100cm.
Explaintheeffectofcavitylengthontheparametersofthelaserpulse.

4.Calculatethepulseduration,maximumintensityandtheenergyinone
pulseforYb:YAGlasercrystalforcavitylengthL =20cmandL =100cm.
Explaintheeffectofcavitylengthontheparametersofthelaserpulse.

Forthetask,takethefollowingparametervalues:cavitylengthL =20cm,
crystallengthl =0.3cm,inactivelossg=0.002cm–1,outputmirrorreflection
coefficientr1=0.97,SESAMsaturable reflectioncoefficientr2=0.98.
Spectroscopicparametersareshownintable3.TemperatureT=300K.
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2. Listing of the “wolfram Mathematica” program  
for nd : YAG free lasing mode

Nd:YAG 4 - Level Laser: free lasing mode

Laser and active medium parameters:
In[4]:= λa := 808.6 × 10-9 (*[m]*) (*Pump wavelength*)λe := 1064 × 10-9 (*[m]*) (*Lasing wavelength*)

h := 6.626 × 10-28 (*[J*μs]*) (*Planck constant*)σ21 := 28 × 10-20(*cm2*) (*Stimulated emission cross section*) (*6.0×10-19*)σ13 := 7.7 × 10-20(*cm2*)(*Absorption cross section*)(*7.0×10-20*)
t3 := 0.03(*[μs]*)(*Life time at the top level*)
t2 := 230(*[μs]*)(*Life time at the metastable level*) (*2.2×10-4*)
t1 := 0.01(*[μs]*)(*Lower laser level life time*)
Ns := 1.38(*cm-3*)(*Concentration of neodymium ions*) (*1.25×1020*)
Lar := 0.3 (*[cm]*) (*Laser Crystal Length*)
Lc := 20 (*[cm]*) (*Cavity length*)γ := 0.002 (*cm-1*) (*Inactive loss ratio*)ρ := 0.97 (*Reflection coefficient of the output mirror*)
nref := 1.82 (*Laser crystal refractive index*)
c := 3 × 104 (*[cm/μs]*)(*The speed of light in vacuum*)
vc := c  nref (*[cm/μs]*)(*The speed of light in matter*) (*1.64×1010*)
Lopt := Lc + nref - 1 * Lar (*Optical cavity length*)
rtc := c  Lopt * γ * Lar - Log[ρ]  2(*μs-1*)(*Inverse photon lifetime in the cavity*) (*3×107*)μ := nref * Lar  Lopt (*Resonator fill factor with active medium*) (*0.007*)
a := 0.25 (*[cm]*) (*The radius of the pump beam on the laser crystal*)
Sar := π * a^2 (*cm2*) (*Pump area*)
Ppump := 10(*[W]*) (*Pump power*) (*Threshold pump power - 3.8 W*)
Rpump := Ppump  Sar  h  c * λa * 100  106 (*photcm2μs*)(*Pump photon flux density*) (*5.0×1020*)
Ks := 1 × 10-10 (*The share of spontaneous photons that pass into the cavity mode

s0 := 10-10 (*photcm2μs*)(*Seed spontaneous emission*) (*10-10 *)
hne := h * c / λe  100 (*[J]*)(*Radiated photon energy*)
T := 1000 (*[μs]*)(*Calculation time*)
The system of equations :

In[31]:= (*The system of equations taking into
account the nonzero population of the lower laser

level n1*)
solvedDyn1 = NDSolveS'[t] - vc μ σ21 S[t] * n2[t] - n1[t] × 1020 - Ks Lar n2[t] × 1020  t2 + S[t] rtc ⩵ 0,

n3'[t] + n3[t]  t3 - Rpump σ13 Ns - n1[t] - n2[t] - n3[t] ⩵ 0,
n2'[t] - n3[t]  t3 + n2[t]  t2 + σ21 S[t] n2[t] - n1[t] ⩵ 0,
n1'[t] + n1[t]  t1 - n2[t]  t2 - σ21 S[t] n2[t] - n1[t] ⩵ 0,
S[0] ⩵ s0, n1[0] ⩵ 0, n2[0] ⩵ 0, n3[0] ⩵ 0,{S[t], n3[t], n2[t], n1[t]},{t, 0, T}

into the cavity mode *)
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Out[31]= S[t] → InterpolatingFunction Domain: 0., 1.00×103
Output: scalar

[t],
n3[t] → InterpolatingFunction Domain: 0., 1.00×103

Output: scalar
[t],

n2[t] → InterpolatingFunction Domain: 0., 1.00×103
Output: scalar

[t],
n1[t] → InterpolatingFunction Domain: 0., 1.00×103

Output: scalar
[t]

Output laser intensity and the relative population inversion :
In[32]:=

Intensity1[t_] := Evaluate[S[t] /. solvedDyn1[[1]]] * hne * 1 - ρ(*MWcm2*) (*Laser output intensity*)
PopulationInversion1[t_] := Evaluaten2[t] - n1[t] /. solvedDyn1[[1]]  Ns(*Relative population inversion*)
Laser radiation intensity at time T :

In[34]:= SetPrecision[Intensity1[t] /. t → T, 10]
Out[34]= 0.0001494313101

Graphs of the dependence of the intensity and density of populations
els on time:

In[35]:= Plot{Intensity1[t]}, {t, 0, T}, AxesLabel → "t, μs", "I, MW/cm2",
PlotRange → Full, PlotLegends → Automatic

Plot[{PopulationInversion1[t]}, {t, 0, T}, PlotRange → Full,
AxesLabel → {"t, μs", "Δn21/Ns"}, PlotLegends → Automatic]

Out[35]=

200 400 600 800 1000
t, μs

0.001

0.002

0.003

I, MW/cm2

levat
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Out[36]=

200 400 600 800 1000
t, μs

0.0005

0.0010

0.0015

Δn21/Ns

3. Listing of the “wolfram Mathematica” program  
for nd:YAG active Q-switch mode

Nd:YAG 4 - Level Laser: active Q-switching

Laser and active medium parameters:
In[80]:= λa := 808.6 × 10-9 (*[m]*) (*Pump wavelength*)λe := 1064 × 10-9 (*[m]*) (*Lasing wavelength*)

h := 6.626 × 10-28 (*[J*mcs]*) (*Planck constant*)σ21 := 28 × 10-20(*cm2*) (*Stimulated emission cross section*) (*6.0×10-19*)σ13 := 7.7 × 10-20(*cm2*)(*Absorption cross section*)(*7.0×10-20*)
t3 := 0.03(*[μs]*)(*Life time at the top level*)
t2 := 230(*[μs]*)(*Life time at the metastable level*) (*2.2×10-4*)
t1 := 0.01(*[μs]*)(*Lower laser level life time*)
Ns := 1.38(*cm-3*)(*Concentration of neodymium ions*) (*1.25×1020*)
Lar := 0.3 (*[cm]*) (*Laser Crystal Length*)
Lc := 20 (*[cm]*) (*Cavity length*)γ := 0.002 (*cm-1*) (*Inactive loss ratio*)ρ := 0.97 (*Reflection coefficient of the output mirror*)
nref := 1.82 (*Laser crystal refractive index*)
c := 3 × 104 (*[cm/μs]*)(*The speed of light in vacuum*)
vc := c  nref (*[cm/μs]*)(*The speed of light in matter*) (*1.64×1010*)
Lopt := Lc + nref - 1 * Lar (*Optical cavity length*)μ := nref * Lar  Lopt (*Resonator fill factor with active medium*) (*0.007*)
a := 0.25 (*[cm]*) (*The radius of the pump beam on the laser crystal*)
Sar := π * a^2 (*cm2*) (*Pump area*)
Ppump := 50(*[W]*) (*Pump power*) (*Threshold pump power - 3.8 W*)
Rpump := Ppump  Sar  h  c * λa * 100  106 (*photcm2μs*)(*Pump photon flux density*) (*5.0×1020*)
Ks := 1 × 10-10 (*The share of spontaneous photons that pass into the cavity mode*)
s0 := 10-10 (*photcm2μs*)(*Seed spontaneous emission*) (*10-10 *)
hne := h * c / λe  100 (*[J]*)(*Radiated photon energy*)
T := 400 (*[μs]*)(*Calculation time*)
T1 := 300 (*[μs]*)(*At this time the electro-optical shutter switches*)
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In[107]:= l0[t_] := 50 * Boole[t < T1] (*[%]*)(*Additional losses in the system before switching electro-optical
shutter*)
Rtc[t_] := c  Lopt * γ * Lar - Log[ρ]  2 + l0[t]  100 (*μs-1*)(*Inverse photon lifetime in the cavity*)
PlotRtc[t], {t, 0, T}, AxesLabel → "t, μs", "Rtc,μs-1"

Out[109]=

100 200 300 400
t, μs

200

400

600

800
Rtc,μs-1

The system of equations :
In[110]:= (*The system of equations taking into

account the nonzero population of the lower laser
level n1*)
solvedDyn1 = NDSolveS'[t] - vc μ σ21 S[t] *n2[t] - n1[t] × 1020 - Ks Lar n2[t] × 1020t2 + S[t]× Rtc[t]⩵ 0,

n3'[t] + n3[t]  t3 - Rpump σ13 Ns - n1[t] - n2[t] - n3[t] ⩵ 0,

n2'[t] - n3[t]  t3 + n2[t]  t2 + σ21 S[t] n2[t] - n1[t] ⩵ 0,

n1'[t] + n1[t]  t1 - n2[t]  t2 - σ21 S[t] n2[t] - n1[t] ⩵ 0,

S[0] ⩵ s0, n1[0] ⩵ 0, n2[0] ⩵ 0, n3[0] ⩵ 0,{S[t], n3[t], n2[t], n1[t]}, {t, 0, T}
Out[110]= S[t] → InterpolatingFunction Domain: {{0., 400.}}

Output: scalar [t],
n3[t] → InterpolatingFunction Domain: {{0., 400.}}

Output: scalar [t],
n2[t] → InterpolatingFunction Domain: {{0., 400.}}

Output: scalar [t],
n1[t] → InterpolatingFunction Domain: {{0., 400.}}

Output: scalar [t]

The loss coefficient in the system 
depends on the time:



38 

In[111]:= Intensity1[t_] := Evaluate[S[t] /. solvedDyn1[[1]]] * hne * 1 - ρ(*MWcm2*) (*Laser output intensity*)
PopulationInversion1[t_] := Evaluaten2[t] - n1[t] /. solvedDyn1[[1]]  Ns(*Relative population inversion*)
Graphs of the dependence of the intensity and density of populations-

els on time:
In[113]:= Plot{Intensity1[t]}, {t, T1, T1 + 1},

AxesLabel → "t, μs", "I, MW/cm2", PlotRange → Full, PlotLegends → Automatic
Plot[{PopulationInversion1[t]}, {t, 0, T}, PlotRange → Full,
AxesLabel → {"t, μs", "Δn21/Ns"}, PlotLegends → Automatic]

Out[113]=

300.2 300.4 300.6 300.8 301.0
t, μs

0.5

1.0

1.5

2.0

I, MW/cm2

Out[114]=

100 200 300 400
t, μs

0.002

0.004

0.006

0.008

0.010

0.012

0.014
Δn21/Ns

Output laser intensity and the relative population inversion :

at lev

4. Listing of the “wolfram Mathematica” program  
for nd:YAG passive Q-switch mode

Nd:YAG 4 - Level Laser: passive Q-switching

Laser and active medium parameters:
In[115]:= λa := 808.6 × 10-9 (*[m]*) (*Pump wavelength*)λe := 1064 × 10-9 (*[m]*) (*Lasing wavelength*)

h := 6.626 × 10-28 (*[J*mcs]*) (*Planck constant*)
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σ21 := 28 × 10-20(*cm2*) (*Stimulated emission cross section*) (*6.0×10-19*)σ13 := 7.7 × 10-20(*cm2*)(*Absorption cross section*)(*7.0×10-20*)
t3 := 0.03(*[μs]*)(*Life time at the top level*)
t2 := 230(*[μs]*)(*Life time at the metastable level*) (*2.2×10-4*)
t1 := 0.01(*[μs]*)(*Lower laser level life time*)
Ns := 1.38(*cm-3*)(*Concentration of neodymium ions*) (*1.25×1020*)
Lar := 0.3 (*[cm]*) (*Laser Crystal Length*)
Lc := 20 (*[cm]*) (*Cavity length*)γ := 0.002 (*cm-1*) (*Inactive loss ratio*)ρ := 0.97 (*Reflection coefficient of the output mirror*)
nref := 1.82 (*Laser crystal refractive index*)
c := 3 × 104 (*[cm/μs]*)(*The speed of light in vacuum*)
vc := c  nref (*[cm/μs]*)(*The speed of light in matter*) (*1.64×1010*)
Lopt := Lc + nref - 1 * Lar (*Optical cavity length*)
rtc := c  Lopt * γ * Lar - Log[ρ]  2(*μs-1*)(*Inverse photon lifetime in the cavity*) (*3×107*)μ := nref * Lar  Lopt (*Resonator fill factor with active medium*) (*0.007*)
a := 0.25 (*[cm]*) (*The radius of the pump beam on the laser crystal*)
Sar := π * a^2 (*cm2*) (*Pump area*)
Ppump := 100(*[W]*) (*Pump power*) (*Threshold pump power - 3.8 W*)
Rpump := Ppump  Sar  h  c * λa * 100  106 (*photcm2μs*)(*Pump photon flux density*) (*5.0×1020*)
Ks := 1 × 10-10 (*The share of spontaneous photons that pass

s0 := 10-10 (*photcm2μs*)(*Seed spontaneous emission*) (*10-10 *)
hne := h * c / λe  100 (*[J]*)(*Radiated photon energy*)
T := 1000 (*[μs]*)(*Calculation time*)
Passive Shutter parameters (Cr4+:YAG):

In[142]:= tq2 := 4 (*[μs]*)(*Life time at the top level*)
Nsq := 0.0185 (*1020 cm-3*)(*Concentration of chromium ions*)σq12 := 87 × 10-20 (*cm2*) (*Absorption cross section*)μq := 0.015 (*Resonator fill factor with saturable absorber*)
vcq := 1.64 × 104 (*[cm/μs]*)(*The speed of light in matter*)
The system of equations :

In[147]:= (*The system of equations taking into
account the nonzero population of the lower laser

level n1*)
solvedDyn1 = NDSolveS'[t] - vc μ σ21 S[t] * n2[t] - n1[t] × 1020 -

Ks Lar n2[t] × 1020  t2 + S[t] rtc + vcq μq σq12 S[t] Nsq - nq2[t] × 1020 ⩵ 0,
n3'[t] + n3[t]  t3 - Rpump σ13 Ns - n1[t] - n2[t] - n3[t] ⩵ 0,
n2'[t] - n3[t]  t3 + n2[t]  t2 + σ21 S[t] n2[t] - n1[t] ⩵ 0,
n1'[t] + n1[t]  t1 - n2[t]  t2 - σ21 S[t] n2[t] - n1[t] ⩵ 0,
nq2'[t] + nq2[t]  tq2 - σq12 S[t] Nsq - nq2[t] ⩵ 0,
S[0] ⩵ s0, n1[0] ⩵ 0, n2[0] ⩵ 0, n3[0] ⩵ 0, nq2[0] ⩵ 0,{S[t], n3[t], n2[t], n1[t], nq2[t]},{t, 0, T};

into the cavity mode *)
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Output laser intensity

In[148]:=

Intensity1[t_] := Evaluate[S[t] /. solvedDyn1[[1]]] * hne * 1 - ρ(*MWcm2*) (*Laser output intensity*)
PopulationInversion1[t_] := Evaluaten2[t] - n1[t] /. solvedDyn1[[1]]  Ns(*Relative population inversion*)
nq1[t_] := Evaluatenq2[t] /. solvedDyn1[[1]]  Nsq(*The relative population of the upper level of saturable absorber*)
The radiation intensity in the cavity at time T :

In[151]:= SetPrecision[Intensity1[t] /. t → T, 10]
Out[151]= 3.458923563 × 10-17

Graphs of the dependence 
of the intensity and density

els on time:
In[152]:= t1 := 267

t2 := 269
Plot{Intensity1[t]}, {t, t1, t2}, AxesLabel → "t, μs", "I, MW/cm2",
PlotRange → Full, PlotLegends → Automatic

Plot[{PopulationInversion1[t]}, {t, t1, t2}, PlotRange → Full,
AxesLabel → {"t, μs", "Δn21/Ns"}, PlotLegends → Automatic]

Plot[{nq1[t]}, {t, t1, t2}, PlotRange → Full,
AxesLabel → {"t, μs", "nq2/Nsq"}, PlotLegends → Automatic]

Out[154]=
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of populations

and the relative population inversion :
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Out[155]=
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5. Listing of the “wolfram Mathematica” program  
for nd:YAG Mode Locking

Mode Locking: Nd:YAG 4-level laser

Laser and active medium parameters:
In[157]:= λa := 808.6 × 10-9 (*[m]*) (*Pump wavelength*)λe := 1064 × 10-9 (*[m]*) (*Lasing wavelength*)

h := 6.62607015 × 10-28 (*[J*μs]*) (*Planck constant*)σ21,em := 28 × 10-20(*cm2*) (*Stimulated emission cross section*)σ03,abs := 7.7 × 10-20(*cm2*)(*Absorption cross section*)τ3 := 0.03(*[μs]*)(*Lifetime at the top level*)τ2 := 230(*[μs]*)(*Lifetime at the metastable level*)τ1 := 0.01(*[μs]*)(*Lifetime at the lower laser level*)
Ns := 1.38(*1020 cm-3*)(*Concentration of neodymium ions*)
l := 0.3 (*[cm]*) (*Laser crystal length*)
Lc := 20 (*[cm]*) (*Cavity length*)γ := 0.002 (*cm-1*) (*Coefficient of inactive losses*)ρ1 := 0.97 (*Output mirror reflection coefficient*)ρ2 := 0.95 (*SESAM saturable reflection coefficient*)
nr := 1.82 (*Laser crystal refractive index*)
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c0 := 2.99792458 × 104 (*[cm/μs]*)(*Speed of light in the vacuum*)
vc := c0 / nr (*[cm/μs]*)(*Speed of light in the laser crystal*)
Lopt := Lc + nr - 1 * l (*[cm]*)(*Optical cavity length*)
rtc := c0 / Lopt * γ * l - Log[ρ1 ρ2]  2(*μs-1*)(*Inverse photon lifetime in the cavity*)μ := nr * l  Lopt (*Resonator fill factor with active medium*)
d := 0.5 (*[cm]*) (*Diameter of the pump beam on the laser crystal*)
scr := π * d2  4 (*cm2*) (*Pump area*)
Ppump := 50 (*[W]*) (*Pump power*) (*Threshold pump power - 3.8 W*)
Rpump := Ppump / scr  h  c0 * λa * 100  106 (*
photcm2μs*)(*Pump photon flux density*)
Ks := 1 × 10-10 (*The ratio of spontaneous photons that pass

S0 := 10-10 (*photcm2μs*)(*Seed spontaneous emission*)
hνe := h * c0 / λe  100 (*[J]*)(*Energy of the radiated photon*)
tcalc := 1000 (*[μs]*)(*Calculation time*)
The system of equations :

In[185]:= (*The system of equations taking into account nonzero population at the lower
level N1*)

solvedDyn = NDSolveS'[t] - vc μ σ21,em S[t] * N2[t] - N1[t] × 1020 - Ks l N2[t] × 1020  τ2 + S[t] rtc ⩵ 0,
N3'[t] + N3[t]  τ3 - Rpump σ03,abs Ns - N1[t] - N2[t] - N3[t] ⩵ 0,
N2'[t] - N3[t]  τ3 + N2[t]  τ2 + σ21,em S[t] N2[t] - N1[t] ⩵ 0,
N1'[t] + N1[t]  τ1 - N2[t]  τ2 - σ21,em S[t] N2[t] - N1[t] ⩵ 0,
S[0] ⩵ S0, N1[0] ⩵ 0, N2[0] ⩵ 0, N3[0] ⩵ 0,{S[t], N3[t], N2[t], N1[t]},{t, 0, tcalc}

Out[185]= S[t] → InterpolatingFunction Domain: 0., 1.00×103
Output: scalar

[t],
N3[t] → InterpolatingFunction Domain: 0., 1.00×103

Output: scalar
[t],

N2[t] → InterpolatingFunction Domain: 0., 1.00×103
Output: scalar

[t],
N1[t] → InterpolatingFunction Domain: 0., 1.00×103

Output: scalar
[t]

Output laser intensity

In[186]:=

AverageIntensity[t_] := Evaluate[S[t] /. solvedDyn[[1]]] * hνe(*MWcm2*) (*Average intensity in the cavity*)
PopulationInversion[t_] := EvaluateN2[t] - N1[t] /. solvedDyn[[1]]  Ns(*Relative population inversion*)

laser

into the cavity mode*)

and relative population inversion :
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Graphs of the intensity (average value) and population inversion 
on time:dependence 

In[189]:= Plot{AverageIntensity[t]}, {t, 0, tcalc},
AxesLabel → "t, μs", "Iout, MW/cm2", PlotRange → Full, PlotLegends → Automatic

Plot[{PopulationInversion[t]}, {t, 0, tcalc}, PlotRange → Full,
AxesLabel → {"t, μs", "ΔN21/Ns"}, PlotLegends → Automatic]

Out[189]=
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Mode-locking of longitudinal modes
Mode-locking parameters:

In[191]:= ω0 := 2 * π * c0 / λeΔω := π * c0 / Lopt (*μs-1=[MHz]*)(*Frequency difference between two subsequent cavity modes*)ωg := 200 × 103 (*[MHz]*) (*Gain bandwidth*)
Mg := Floor[ωg / Δω](*The number of supported longitudinal modes for the given gain bandwidth*)
M = Mg

Out[195]= 42

Laser radiation intensity at time tcalc :
In[188]:= SetPrecision[AverageIntensity[t] /. t → tcalc, 10](*MWcm2*) (*Laser output intensity*)
Out[188]= 0.01192091664
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Amplitude of light field in the cavity is calculated

 amplitudes and equidistant frequencies:
In[196]:= A0[t_] := SqrtAverageIntensity[t]  M (*MWcm2*) (*Intensity of the modes*)

A[z_, t_] := A0[t] * 
m=-M/2
M/2 Expⅈ Δω * m * t + z / c0 + Expⅈ Δω * m * t - z / c0

(*Amplitudes of the modes are equal to the
square root of the average intensity in the cavity*)

Intensity in the cavity at time tcalc:
In[198]:= tcalc := 999.5 (*[μs]*)

Plot{Evaluate[Abs[A[z, t]]^2 /. t → tcalc]}, {z, 0, Lopt},
PlotRange → {{0, Lopt}, All}, AxesLabel → "z, cm", "I, MW/cm2"

Plot{Evaluate[Abs[A[z, t]]^2 /. t → tcalc]}, {z, 0, Lopt},
PlotRange → {{12, 16}, All}, AxesLabel → "z, cm", "I, MW/cm2"

Out[199]=
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In[201]:=

gl[ω_] := 1  1 + ω^2  ωg  2^2; (*Lorentzian gain shape*)
gp[ω_] := 1 - ω^2  ωg  2^2; (*Parabolic gain shape*)
Plot{1, gl[ω], gp[ω]}, ω, -Δω * M  2, Δω * M  2,

Consider different mode amplitudes with distribution 
shape:

PlotRange → All, AxesLabel → {"dω, MHz", "Relative gain, a.u."},
PlotLegends → {"Constant", "Lorentzian", "Parabolic"}

 defined by the gain

as a sum of the longitudinal modes fields with equal
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Out[203]=
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In[204]:=

Al[z_, t_] :=
A0[t] * 

m=-M/2
M/2

gl[Δω * m] * Expⅈ Δω * m * t + z / c0 + Expⅈ Δω * m * t - z / c0
(*Lorentzian distribution of the amplitudes*)
Ap[z_, t_] :=
A0[t] * 

m=-M/2
M/2

gp[Δω * m] * Expⅈ Δω * m * t + z / c0 + Expⅈ Δω * m * t - z / c0
(*Parabolic distribution of the amplitudes*)
Intensity in the cavity at time tcalc in the case of constant, parabolic and 
Lorentzian gain shape: 

In[206]:= tcalc := 999.5 (*[μs]*)
Plot{Evaluate[Abs[A[z, t]]^2 /. t → tcalc],

Evaluate[Abs[Al[z, t]]^2 /. t → tcalc], Evaluate[Abs[Ap[z, t]]^2 /. t → tcalc]},{z, 0, Lopt}, PlotRange → {{0, Lopt}, All}, AxesLabel → "z, cm", "I, MW/cm2",
PlotLegends → {"Constant", "Lorentzian", "Parabolic"}

Out[207]=
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Time dependence of the intensity in the cavity for z=zcalc in the case of con-
stant, parabolic and Lorentzian gain shape: 

In[208]:= zcalc := Lopt  2 (*[cm]*)
dt := 2 Lopt / c0 (*[μs]*) (*Cavity round-trip time*)
dtmin = dt  M * 106 (*[ps]*) (*Minimal pulse length*)
PlotEvaluateAbs[A[z, t]]^2 /. z → zcalc, t → tcalc + t * 10-3,
EvaluateAbs[Al[z, t]]^2 /. z → zcalc, t → tcalc + t * 10-3,
EvaluateAbs[Ap[z, t]]^2 /. z → zcalc, t → tcalc + t * 10-3, t, 0, dt  2 * 103,

PlotRange → 0, dt  2 * 103, All, AxesLabel → "t, ns", "I, MW/cm2",
PlotLegends → {"Constant", "Lorentzian", "Parabolic"}
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Out[210]= 32.1588

Out[211]=
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6. Listing of the “wolfram Mathematica” program  
for nd:YAG quasi three level scheme

Nd:YAG Quasi-Three-Level Laser: free lasing mode

Laser and active medium parameters:
In[38]:= λa := 808 × 10-9 (*[m]*) (*Pump wavelength*)λe := 946 × 10-9 (*[m]*) (*Lasing wavelength*)

h := 6.626 × 10-28 (*[J*μs]*) (*Planck constant*)σ20 := 6.4 × 10-20(*cm2*) (*Stimulated emission cross section*) (*6.0×10-19*)σ03 := 7.7 × 10-20(*cm2*)(*Absorption cross section*)(*7.0×10-20*)
t3 := 0.03(*[μs]*)(*Life time at the top level*)
t2 := 230(*[μs]*)(*Life time at the metastable level*) (*2.2×10-4*)
Ns := 1.38(*1020 cm-3*)(*Concentration of neodymium ions*) (*1.25×1020*)
Lar := 0.3 (*[cm]*) (*Laser Crystal Length*)
Lc := 20 (*[cm]*) (*Cavity length*)γ := 0.002 (*cm-1*) (*Inactive loss ratio*)ρ := 0.97 (*Reflection coefficient of the output mirror*)
nref := 1.82 (*Laser crystal refractive index*)
c := 2.99792458 × 104 (*[cm/μs]*)(*The speed of light in vacuum*)
vc := c  nref (*[cm/μs]*)(*The speed of light in matter*) (*1.64×1010*)
Lopt := Lc + nref - 1 * Lar (*Optical cavity length*)
rtc := c  Lopt * γ * Lar - Log[ρ]  2(*μs-1*)(*Inverse photon lifetime in the cavity*) (*3×107*)μ := nref * Lar  Lopt (*Resonator fill factor with active medium*) (*0.007*)
a := 0.25 (*[cm]*) (*The radius of the pump beam on the laser crystal*)
Sar := π * a^2 (*cm2*) (*Pump area*)
Ppump := 100(*[W]*) (*Pump power*) (*Threshold pump power - 64 Вт*)
Rpump = Ppump  Sar  h  c * λa * 100  106 (*photcm2μs*)(*Pump photon flux density*) (*5.0×1020*)
Ks := 1 × 10-10 (*The share of spontaneous photons that pass into the cavity mode*)
S0 := 10-10 (*photcm2μs*)(*Seed spontaneous emission*) (*10-10 *)
hne := h * c / λe  100 (*[J]*)(*Radiated photon energy*)
t1 := 1000 (*[μs]*)(*Calculation time*)

Out[59]= 2.07162 × 1015
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In[64]:= k := 1.3806485 * 10-23 (*J/K*) (*Boltzmann constant*)
T := 300 (*K*) (*Temperature*)
kT := k T  h  c (*cm-1*)
E0 := {0, 133, 199, 312, 857} (*cm-1*) (*Sublevels of 4I9/2 energy*)
f05 = Exp-E0[[5]]  kT  SumExp-E0[[i]]  kT, {i, 1, 5}(*Relative upper sublevel population 4I9/2*)
f01 = Exp-E0[[1]]  kT  SumExp-E0[[i]]  kT, {i, 1, 5}(*Relative population of lower sublevel 4I9/2*)
E2 := {11427, 11512} (*cм-1*) (*Energy sublevels 4F3/2*)
f21 = Exp-E2[[1]]  kT  SumExp-E2[[i]]  kT, {i, 1, 2}(*Relative population of lower sublevel 4F3/2*)

Out[68]= 0.00761743
Out[69]= 0.464287
Out[71]= 0.600524

The system of equations :
In[72]:= (*A system of equations describing generation according to a quasi-

three-level scheme*)
solvedDyn = NDSolveS'[t] - vc μ σ20 S[t] * f21 n2[t] - f05 n0[t] × 1020 -

Ks Lar n2[t] × 1020  t2 + S[t] rtc ⩵ 0,
n3'[t] + n3[t]  t3 - Rpump σ03 n0[t] ⩵ 0,
n2'[t] - n3[t]  t3 + n2[t]  t2 + σ20 S[t] f21 n2[t] - f05 n0[t] ⩵ 0 /.{n3[t] → Ns - n0[t] - n2[t], n3'[t] → -n0'[t] - n2'[t] },

S[0] ⩵ S0, n0[0] ⩵ Ns, n2[0] ⩵ 0,{S[t], n2[t], n0[t]},{t, 0, t1}
Out[72]= S[t] → InterpolatingFunction Domain: 0., 1.00×103

Output: scalar
[t],

n2[t] → InterpolatingFunction Domain: 0., 1.00×103
Output: scalar

[t],

The relative populations of sublevels depend on temperature:

n0[t] → InterpolatingFunction Domain: 0., 1.00×103
Output: scalar

[t]
Output laser intensity and the relative population inversion :

In[73]:=

Intensity[t_] := Evaluate[S[t] /. solvedDyn[[1]]] * hne * 1 - ρ(*MWcm2*) (*Laser output intensity*)
PopulationInversion[t_]:= Evaluatef21 n2[t] - f05 n0[t]/. solvedDyn[[1]] 

Ns (*Relative population inversion*)
Laser radiation intensity at time t1

In[75]:= SetPrecision[Intensity[t] /. t → t1, 10]
Out[75]= 0.0008921400612
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Graphs of the dependence of the intensity and density
els on time:

In[76]:= Plot{Intensity[t]}, {t, 0, t1}, AxesLabel → "t, μs", "I, MW/cm2",
PlotRange → Full, PlotLegends → Automatic

Plot[{PopulationInversion[t]}, {t, 0, t1}, PlotRange → Full,
AxesLabel → {"t, μs", "Δn20/Ns"}, PlotLegends → Automatic]
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200 400 600 800 1000
t, μs

0.005

0.010

0.015

0.020

I, MW/cm2

Out[77]=
200 400 600 800 1000

t, μs

-0.008
-0.006
-0.004
-0.002

0.002

0.004

0.006

Δn20/Ns

of populations at lev

7. Listing of the “wolfram Mathematica” program 
for Yb:YAG free lasing mode

Yb:YAG Quasi-Three-Level Laser: free lasing mode

Laser and active medium parameters:
In[275]:= λa := 940 × 10-9 (*[m]*) (*Pump wavelength*)λe := 1030 × 10-9 (*[m]*) (*Lasing wavelength*)

h := 6.626 × 10-28 (*[J*μs]*) (*Planck constant*)σ20 := 2.0 × 10-20(*cm2*) (*Stimulated emission cross section*)σ03 := 7.0 × 10-20(*cm2*)(*Absorption cross section*)
t3 := 0.001(*[μs]*)(*Life time at the top level*)
t2 := 1200(*[μs]*)(*Life time at the metastable level*)
Ns := 1.38(*1020 cm-3*)(*Concentration of ytterbium ions*)
Lar := 0.3 (*[cm]*) (*Laser Crystal Length*)
Lc := 20 (*[cm]*) (*Cavity length*)γ := 0.002 (*cm-1*) (*Inactive loss ratio*)ρ := 0.97 (*Reflection coefficient of the output mirror*)
nref := 1.82 (*Laser crystal refractive index*)
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c := 2.99792458 × 104 (*[cm/μs]*)(*The speed of light in vacuum*)
vc := c  nref (*[cm/μs]*)(*The speed of light in matter*) (*1.64×1010*)
Lopt := Lc + nref - 1 * Lar (*Optical cavity length*)
rtc := c  Lopt * γ * Lar - Log[ρ]  2(*μs-1*)(*Inverse photon lifetime in the cavity*) (*3×107*)μ := nref * Lar  Lopt (*Resonator fill factor with active medium*) (*0.007*)
a := 0.25 (*[cm]*) (*The radius of the pump beam on the laser crystal*)
Sar := π * a^2 (*cm2*) (*Pump area*)
Ppump := 100(*[W]*) (*Pump power*) (*Threshold pump power - 64 Вт*)
Rpump = Ppump  Sar  h  c * λa * 100  106 (*photcm2μs*)(*Pump photon flux density*) (*5.0×1020*)
Ks := 1 × 10-10 (*The share of spontaneous photons that pass

S0 := 10-10 (*photcm2μs*)(*Seed spontaneous emission*) (*10-10 *)
hne := h * c / λe  100 (*[J]*)(*Radiated photon energy*)
t1 := 1500 (*[μs]*)(*Calculation time*)

Out[296]= 2.41005 × 1015

The relative populations of sublevels depend on temperature:
In[301]:= k := 1.3806485 * 10-23 (*J/K*) (*Boltzmann constant*)

T := 300 (*K*) (*Temperature*)
kT := k T  h  c (*cm-1*)
E0 := {0, 581, 619, 786} (*cm-1*) (*Sublevels of 2F7/2 energy*)
f03 = Exp-E0[[3]]  kT  SumExp-E0[[i]]  kT, {i, 1, 4}(*Relative third sublevel population 2F7/2*)
f01 = Exp-E0[[1]]  kT  SumExp-E0[[i]]  kT, {i, 1, 4}(*Relative population of lower sublevel 2F7/2*)
E2 := {10327, 10634, 10927} (*cм-1*) (*Energy sublevels 2F5/2*)
f21 = Exp-E2[[1]]  kT  SumExp-E2[[i]]  kT, {i, 1, 3}(*Relative population of lower sublevel 2F5/2*)

Out[305]= 0.0452195

Out[306]= 0.880222

Out[308]= 0.777808

The system of equations :
In[309]:= (*A system of equations describing generation according to a quasi-

three-level scheme*)
solvedDyn = NDSolveS'[t] - vc μ σ20 S[t] * f21 n2[t] - f03 n0[t] × 1020 -

Ks Lar n2[t] × 1020  t2 + S[t] rtc ⩵ 0,

Ns := 1.38(*1020 cm-3*)(*Concentration of ytterbium ions*)
Lar := 0.3 (*[cm]*) (*Laser Crystal Length*)
Lc := 20 (*[cm]*) (*Cavity length*)γ := 0.002 (*cm-1*) (*Inactive loss ratio*)ρ := 0.97 (*Reflection coefficient of the output mirror*)
nref := 1.82 (*Laser crystal refractive index*)

Out[309]= S[t] → InterpolatingFunction Domain: 0., 1.50×103
Output: scalar

[t],

into the cavity mode*)
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n2[t] → InterpolatingFunction Domain: 0., 1.50×103
Output: scalar

[t],
n0[t] → InterpolatingFunction Domain: 0., 1.50×103

Output: scalar
[t]

Output laser intensity and the relative population inversion :
In[310]:=

Intensity[t_] := Evaluate[S[t] /. solvedDyn[[1]]] * hne * 1 - ρ(*MWcm2*) (*Laser output intensity*)
PopulationInversion[t_] := Evaluatef21 n2[t] - f03 n0[t] /. solvedDyn[[1]] 

Ns (*Relative population inversion*)
Laser radiation intensity at time t1

In[312]:= SetPrecision[Intensity[t] /. t → t1, 10]
Out[312]= 0.0003601702559

Graphs of the dependence of the intensity and density 
els on time:

In[313]:= Plot{Intensity[t]}, {t, 0, t1}, AxesLabel → "t, μs", "I, MW/cm2",
PlotRange → Full, PlotLegends → Automatic

Plot[{PopulationInversion[t]}, {t, 0, t1}, PlotRange → Full,
AxesLabel → {"t, μs", "Δn20/Ns"}, PlotLegends → Automatic]

 of populations at lev
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8. Listing of the “wolfram Mathematica” program  
for Yb:YAG Mode Locking

Yb:YAG Quasi-Three-Level Laser Mode-locking

 Average intensity in the cavity
Laser and active medium parameters:

In[890]:= λa := 940 × 10-9 (*[m]*) (*Pump wavelength*)λe := 1030 × 10-9 (*[m]*) (*Lasing wavelength*)
h := 6.626 × 10-28 (*[J*μs]*) (*Planck constant*)σ20 := 2.0 × 10-20(*cm2*) (*Stimulated emission cross section*)σ03 := 7.0 × 10-20(*cm2*)(*Absorption cross section*)
t3 := 0.001(*[μs]*)(*Life time at the top level*)
t2 := 1200(*[μs]*)(*Life time at the metastable level*)
Ns := 13.8(*1020 cm-3*)(*Concentration of Itterbium ions 10%*)
Lar := 0.3 (*[cm]*) (*Laser Crystal Length*)
Lc := 20 (*[cm]*) (*Cavity length*)γ := 0.002 (*cm-1*) (*Inactive loss ratio*)ρ := 0.97 (*Reflection coefficient of the output mirror*)
nref := 1.82 (*Laser crystal refractive index*)
c := 2.99792458 × 104 (*[cm/μs]*)(*The speed of light in vacuum*)
vc := c  nref (*[cm/μs]*)(*The speed of light in matter*) (*1.64×1010*)
Lopt := Lc + nref - 1 * Lar (*Optical cavity length*)
rtc := c  Lopt * γ * Lar - Log[ρ]  2(*μs-1*)(*Inverse photon lifetime in the cavity*)μ := nref * Lar  Lopt (*Resonator fill factor with active medium*) (*0.007*)
a := 0.25 (*[cm]*) (*The radius of the pump beam on the laser crystal*)
Sar := π * a^2 (*cm2*) (*Pump area*)
Ppump := 40(*[W]*) (*Pump power*)
Rpump = Ppump  Sar  h  c * λa * 100  106(*photcm2μs*)(*Pump photon flux density*)
Ks := 1 × 10-10 (*The share of spontaneous photons that pass into the cavity mode*)
S0 := 10-10 (*photcm2μs*)(*Seed spontaneous emission*)
hne := h * c / λe  100 (*[J]*)(*Radiated photon energy*)
t1 := 5000 (*[μs]*)(*Calculation time*)

Out[911]= 9.6402 × 1014

The relative populations of sublevels depend on temperature:
In[916]:= k := 1.3806485 * 10-23 (*J/K*) (*Boltzmann constant*)

T := 300 (*K*) (*Temperature*)
kT := k T  h  c (*cm-1*)
E0 := {0, 581, 619, 786} (*cm-1*) (*Sublevels of 2F7/2 energy*)
f03 = Exp-E0[[3]]  kT  SumExp-E0[[i]]  kT, {i, 1, 4}(*Relative third sublevel population 2F7/2*)
f01 = Exp-E0[[1]]  kT  SumExp-E0[[i]]  kT, {i, 1, 4}(*Relative population of lower sublevel 2F7/2*)
E2 := {10327, 10634, 10927} (*cм-1*) (*Energy sublevels 2F5/2*)
f21 = Exp-E2[[1]]  kT  SumExp-E2[[i]]  kT, {i, 1, 3}(*Relative population of lower sublevel 2F5/2*)
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Out[920]= 0.0452195

Out[921]= 0.880222

Out[923]= 0.777808

The system of equations :
In[924]:= (*A system of equations describing generation according to a quasi-

three-level scheme*)
solvedDyn = NDSolveS'[t] - vc μ σ20 S[t] *f21 n2[t] - f03 n0[t] × 1020 - Ks μ n2[t] × 1020  t2 + S[t] rtc⩵0,

n2'[t] + n2[t]  t2 + σ20 S[t] f21 n2[t] - f03 n0[t] - Rpump σ03 f01 n0[t] ⩵ 0 /.{n2[t] → Ns - n0[t], n2'[t] → -n0'[t] },
S[0] ⩵ S0, n0[0] ⩵ Ns , n2[0] ⩵ Ns - n0[0],{S[t], n2[t], n0[t]},{t, 0, t1}

Out[924]= S[t] → InterpolatingFunction Domain: 0., 5.00×103
Output: scalar

[t], n2[t] → n2[t],
n0[t] → InterpolatingFunction Domain: 0., 5.00×103

Output: scalar
[t]

Output laser intensity

In[925]:=

Intensity[t_] := Evaluate[S[t] /. solvedDyn[[1]]] * hne * 1 - ρ(*MWcm2*) (*Laser output intensity*)
PopulationInversion[t_] :=
Evaluate f21  Ns - n0[t] - f03 n0[t] /. solvedDyn[[1]]  Ns(*Relative population inversion*)
Laser radiation intensity at time t1

In[927]:= SetPrecision[Intensity[t] /. t → t1, 10]
SetPrecision[PopulationInversion[t] /. t → t1, 10]

Out[927]= 0.001229412454

Out[928]= 0.001911903402

Graphs of the dependence

els on time:
In[929]:= Plot{Intensity[t]}, {t, 0, t1}, AxesLabel → "t, μs", "I, MW/cm2",

PlotRange → Full, PlotLegends → Automatic
Plot[{PopulationInversion[t]}, {t, 0, t1}, PlotRange → Full,

AxesLabel → {"t, μs", "Δn20/Ns"}, PlotLegends → Automatic]

of populations at lev

and the relative population inversion :

of the intensity and density-
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In[931]:=

In[932]:=

Mode-locking of longitudinal modes
Mode-locking parameters:

In[933]:= ω0 := 2 * π * c0 / λeΔω := π * c  Lopt (*μs-1=[MHz]*)(*Frequency difference between two subsequent cavity modes*)ωg := 26600 × 103 (*[MHz]*) (*Gain bandwidth*)
Mg := Floor[ωg / Δω](*The number of supported longitudinal modes for the given gain bandwidth*)
M = Mg

Out[937]= 5718

Amplitude of light field in the cavity is calculated as a sum 
modes fields with 

equal amplitudes and equidistant frequencies:
In[938]:= A0[t_] := SqrtIntensity[t]  M (*MWcm2*) (*Intensity of the modes*)

A[z_, t_] := A0[t] * 
m=-M/2
M/2 Expⅈ Δω * m * t + z / c + Expⅈ Δω * m * t - z / c

(*Amplitudes of the modes are equal to the
square root of the average intensity in the cavity*)

Intensity in the cavity at time tcalc:
In[940]:= tcalc := 2999.5 (*[μs]*)

Plot{Evaluate[Abs[A[z, t]]^2 /. t → tcalc]}, {z, 0, Lopt},
PlotRange → {{0, Lopt}, All}, AxesLabel → "z, cm", "I, MW/cm2"

Plot{Evaluate[Abs[A[z, t]]^2 /. t → tcalc]}, {z, 0, Lopt},
PlotRange → {{16, 18}, All}, AxesLabel → "z, cm", "I, MW/cm2"

of the longitudinal 
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Time dependence of the intensity in the cavity for z=zcalc : 
In[943]:= zcalc := Lopt  2 (*[cm]*)

dt := 2 Lopt  c (*[μs]*) (*Cavity round-trip time*)
dtmin = dt  M * 106 (*[ps]*) (*Minimal pulse length*)
PlotEvaluateAbs[A[z, t]]^2 /. z → zcalc, t → tcalc + t * 10-3,t, 0, dt  2 * 103, PlotRange → 0.43, 0.44(*dt2*103*), All,
AxesLabel → "t, ns", "I, MW/cm2", PlotLegends → Automatic

Out[945]= 0.236213
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In[947]:=

In[948]:=
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