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The phenomenon of anti-plain shear surface waves is very useful for 

nondestructive damage evaluation of thin coatings, for estimation of surface 

properties, as well as for modelling of acoustic signal propagation in nanowires 

and nanofilms. It should be noted that anti-plane shear waves running along a 

free surface of an elastic body can be detected only under accounting for the 

surface microstructure. From the physical point of view, the surface elasticity 

models considering this microstructure describe coupled deformations of an 

elastic solid body with an elastic ultrathin membrane attached to the body 

surface. As for the mathematical point of view, an appropriate model predicting 

such waves includes the classic equation of motion and non-classic boundary 

conditions taking into account shear stresses and inertia on a free surface.  

Nowadays, there are the two different models, Steigmann-Ogden and 

Gurtin-Murdoch [1] ones, which allow describing the wave motion in an elastic 

media and bodies considering the surface effects. The justification for the 

existence of such waves for an elastic half-space, based on a comparative 

analysis of dispersion relations within the framework of the two approaches "the 

Gurtin-Murdoch surface elasticity vis-a-vis the lattice dynamics" was given in 

paper [2]. In this paper, as well as in other contributions, studying anti-plane 

shear waves, solutions for the wave equations were found in the form of 

functions exponentially decaying from a free surface. Such modes of anti-plane 

waves were called the transversally exponential (TE) modes or the TE regime 

[3].  In [3], it was also revealed for the first time that for an elastic layer with 

although one free surface, in addition to the TE modes, the so-called TH modes 

of anti-plane waves are possible, which are characterized by a harmonic 

variation of amplitudes in the thickness direction of the layer. Later, these two 

modes were also observed in an elastic ultrathin plate perfectly attached to an 

elastic half-space [4] as well as in a two-layer elastic plate with rigid interface 

attachment [5].  

The objective of this paper is to study the effect of interlayer slip on anti-

plane shear waves in an elastic isotropic ultrathin layer (plate) of thickness , 



55 

not perfectly attached to an elastic half-space.  Let  be the orthogonal 

Cartesian coordinate system with an origin at the interface and the  - axis 

coinciding with the direction of wave propagation,  the  – axis determining 

the only non-zero components  and in the plate and half-space, 

respectively.  The equations of shear motion for the two parts of the continuum 

take the form of wave equations  

,         (1) 

where  are  the shear moduli and  are the mass densities  for the plate in 

the bulk and half-space, the subscripts  and  stand for the plate and 

half-space, respectively, the double dot means the second derivative with respect 

to time, and the subscript  following the comma denotes the differentiation 

with respect to the coordinate   

The boundary condition on the free surface is given by the relation [1]: 

    at  ,       (2) 

where  and  are the surface shear modulus and mass density for the nano-

film coating the plate surface, respectively. 

At the interface , we assume a slip in the  - direction with the 

bonding stiffness . Then the boundary conditions at the interface can be 

expressed by the following two equations: 

 ,         at   .      (3) 

Finally, for the half-space, we set the wave attenuation condition at infinity: 

    as   .       (4) 

We arrived at the boundary-value problem (1)-(4). As follows from paper 

[4], it admits only two different solutions describing the propagation of anti-

plane shear waves, which correspond to the TE-TE and TH-TE regimes of the 

amplitude variation in the direction. For the TE-TE regime, this solution 

reads 

,    ,   (5) 

while for TH-TE modes, we assume 

          (6) 

with  found in the form of . 

The substitution of the above ansatz into the governing equation (1), with 

the boundary conditions (2)-(4) taken into account, results in the required 
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dispersion equations related to TE-TE and TH-TE regimes. For instance, for the 

TH-TE regime, one obtains  

 ,     (7) 

where  

 

. 

Considering both of the possible regimes of anti-plane shear waves, we 

plotted the dispersion curves, i. e., the dimensionless velocity  versus the 

dimensionless wave number ,  for various relative characteristics of the 

layered continuum  in the bulk to the surface counterparts  under different values 

of the bonding stiffness . The main outcomes of our study is the detail 

analysis of the influence of the interface slip on the dispersion curves for both 

regimes of anti-plane waves.  

The provided analysis may be useful for nondestructive evaluation of 

materials at small scales and, particularly, for the detection of weak adhesion 

and delamination of layered materials. 
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