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Abstract. We present a new version the procedure for calculation helicity amplitudes with
massive particles. First, we introduce a massive 4-momentum into higher dimensional space,
where it can be treated as massless. Secondly, we apply the symmetry properties of gauge
theories and get quite simple matrix elements in terms of the field strength.

1. Introduction

Calculation of matrix elements for processes involving massless particles is proved to be effective
using (Weyl) spinors [1, 2]. Especially elegant results can be obtained for massless gauge theories,
such as QED and QCD [3]. In the case of massive fermions some successfull results were obtained
[4, 5, 6].

In the SANC [7] framework we develop alternative procedure form matrix elements with
massive particles. We believe that unconstrained parametrization of massless momentum with
a Weyl spinor in one of the ingredients for expressions to be simple. In order to generalize these
properties we have to embed massive 4-momentum into higher dimensional space where it can
be considered as massless. Formalism for spinors in d = 6 dimensions is well developed[8, 9] and
relations with familiar Dirac spinors can easily be established.

Another source of matrix element simplification is symmetry properties of gauge theories.
Common consideration shows that covariant form is most natural for symmetric object.
Polarization vector of gauge boson is not a covariant object but field strength bivector is. So we
expect matrix elements to look simpler when expressed in terms of field strength. Gauge-
invariant expressions can be obtained by fixing some gauge. Axial gauge is proved to be
convenient in massless case so we wish to generalize it for massive vectors.

2. Polarization vector and field strength
Field strength bivector is an antisymmetric tensor and can naturally be expressed as an element
of Clifford algebra of Dirac matirces by contracting with y#~*1 = v# A A7,

Let’s consider photon with 4-momentum k% = 0 and polarization vector e. Maxwell bivector
(contracted with Dirac matrices) is

FEF;W'VM'YV:%/\¢
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Maxwell equation becomes fF = 0. It is also evident that gauge transfomation ¢ — & + Ck lives
bivector F unaffected.

Axial gauge can be defined by additional condition ¢ - ¢ = 0 with some (massive) vector g.
Solving it together with € - k = 0 we obtain polarization vector in axial gauge

T S
gk’ Ay = Te[AVH ]y, #(g1) — #(92) = —m

— 1
¢ = K, TrzzTr.

Changing vector g leads to gauge transformation.
As an example we obtain matrix element A = 2v/2(A% + A* 4 A°) for process et (p1) +
e”(p2) +v(p3) +v(p1) + v(p5) — 0 by choosing g3 = g1 = g5 = p2

v F3 { {Fap,Fsp1 — p,<FaFs5p04 }uz

213225224

B Trp p,Fsl _

A= ) {<F4}7§2F5>1 - }/)2<F4F5>0,4}u2 +

213223224225

Where z;; = 2p; - pj and <Apo 4 = Tr[A] + Tr[A7s]7s.
It is also possible to calculate “amplitude” for et (p1) + e~ (p2) + Z(p3) + v*(ps) — 0 with
off-shell photon
T F nF v1¢.F
A [P PoF 4] - 01 Fy¢ un N U1¢5Faus
AUV Z14 Zo4

Where P; = p1+%4, Py, = p2+%, Fy = p,N¢ys Z14a = 2P1-pa, Zog = 2P py and Pi+Py+p3 = 0.

3. Spinors in 6-dimensions

To make reations with 4-dimensional Dirac spinors as simple as possible we choose metric
signature like this g™ = diag[¢"”, 1, —1]. According to [10] we have to introduce dotted Dirac
indexes, and corresponding Dirac spinor metric.

- . .
TMao = {7#a75>+1}7 Eaﬁ _ eﬂa —

eAB 0 }
’\)/Mdﬁ = {7}“757 _1}7

“5:%:[0 €iB

Note, that in d = 5 our choice "yGQB = “1” allows undistinguish dotted and undotted Dirac
spinor indexes. In this case, for example, we can express (Levi-Civita) totally antisymmetric
spinor in terms of Dirac spinor metric €% = 3elaBerdl = aBerd _ v O | ad Y with
1234
€ =1.
Spinors in d = 6 are 4 x 2 matrices, because there are SU(2) little group degree of freedom.
We introduced indexless notation, and use spinor metric to upper and lower indexes.

== (M) = (1) =t = et ) = ()

Every massless (in 6-dimensional sense) can be parametrized by a spinor p = |uju| = [uKug|.
It is also usefull to introduce a dual spinors p = |u®|[us|. They satisfy orthogonality properties
plu‘) = 0 = [ug|u’) = 0. It is easy to prove the relation between spinor products, which are
2 x 2 matrices with little-group indexes and scalar product (p|q|p) = (p|q] [qlp) = 2p - q.
Maxwell bivector can compactly be expressed in terms of spinors

FE = V2k®)e[kal, Fé = V2| o (k|
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As an example we present an amplitude for e (p1) + e~ (p2) + Z(p3) + v(ps) — 0

A 1 1 1 1
7= _mupﬂm@{uegm + {1|eg\4}®m + m@%\%l?b

In similar way amplitude for et (p1) + e~ (p2) + 7(p3) + 7(p4) — 0 can be obtained

AJ2 = ~ e (U312} — (14el312))
1 1 1 1

As an illustration of the numerical results we present a plot for pseudorapitity distribution of
7-lepton in process ete™ — 77777 , obtained with RENESANCE Monte-Carlo generator and
compared with WHIZARD (dots) for all polarizations.

do |
dn

~ Lt

+—4—

0.1nb i —

10pb

Figure 1. Pseudorapitity distribution of 7-lepton in process eTe™ — 77777 at /s = 500GeV,
obtained with RENESANCE and WHIZARD (dots) for all polarizations of external particles.

4. Conclusions

Applying extended set of Clifford-algebra operations we obtained explicitly gauge-invariant form
of amplitudes for some processes. Expressions contain only field strength bivector and relations
to scalar QED and photon power expansion become transparent. We propose a generalized form
of axial-type gauge which allows massive gauge-fixing vectors. Simplification of “amplitude”
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with off-shell photons is also possible. Spinor formalism in d = 6 dimensions is applied to obtain
modular form of amplitude. It is implemented as C++17 library and allows pseudo-mass term
wys in Dirac equation, which can be useful to deal with 1-loop integrands.

Acknowledgments
This work has been supported by the RFBR grant 20-02-00441.

References
[1] Kleiss R and Stirling W 1985 Nuclear Physics B 262 235-262
] Dittmaier S and Bohm M 1994 Nucl. Phys. B 412 39-56
| Xu Z, Zhang D H and Chang L 1987 Nucl. Phys. B 291 392-428
| Dittmaier S 1998 Phys. Rev. D 59 016007 (Preprint hep-ph/9805445)
[5] Badger S, Sattler R and Yundin V 2011 Phys. Rev. D 83 074020 (Preprint 1101.5947)
] Ochirov A 2018 JHEP 04 089 (Preprint 1802.06730)

] Andonov A, Arbuzov A, Bardin D, Bondarenko S, Christova P, Kalinovskaya L, Nanava G and von Schlippe
W 2006 Comput. Phys. Commun. 174 481-517 [Erratum: Comput.Phys.Commun. 177, 623-624 (2007)]
(Preprint hep-ph/0411186)

[8] Cheung C and O’Connell D 2009 JHEP 07 075 (Preprint 0902.0981)

[9] Badger S, Brgnnum-Hansen C, Buciuni F and O’Connell D 2017 JHEP 06 141 (Preprint 1703.05734)

[10] Penrose R and Rindler W 1984 Spinors and space-time: Volume 2, Spinor and twistor methods in space-time
geometry vol 2 (Cambridge University Press)



