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Abstract
We study the nonlinear optical absorption properties of a spherical quantum dot (SQD) with
Hellmann potential, focusing on the two-photon absorption (TPA) process, using GaAs/AlGaAs
material as an example. The radial Schrodinger equation is solved using the Nikiforov-Uvarov
method, while the two-photon absorption coefficient is determined through second-order perturba-
tion theory concerning the electron-photon interaction. Our study shows that the intraband transition
has a smaller energy transition than the interband transition, leading to TPA spectra for the intraband
transition that is restricted within a smaller energy range and exhibits a higher peak value than those
for the interband transition. The peak corresponding to the orbital quantum number of electrons in
SQD € = 2 consistently appears to the left of the peak corresponding to € = 1 in both intraband and
interband transition cases. Additionally, the dependence of the absorption peak position on the order
of transition, n, differs between intra- and inter-band transitions. We also observe blue shift behavior
in the TPA spectra as all three parameters, r0, VOe> and 77, increase. Our investigation has the potential
to enable the design of novel photonic devices, ultra-fast optical switches, and highly efficient solar
cells through the optimization of quantum dot material properties.

The linear and nonlinear optical absorption properties of low-dimensional systems (LDSs), such as quantum
wells [1-4], quantum dots [5-7], nanowires [8-10], and nanotubes [11,12], have received significant attention
due to their potential for practical applications in photonics, optoelectronics, and quantum computing.
Quantum confinement effects, a unique aspect of LDSs, can greatly modify the electronic and optical properties
of materials [13]. Among of these LDSs, quantum dots, including spherical quantum dots (SQDs), exhibit
optical properties depending on their size, attributed to quantum confinement [14]. As the dimensions of
quantum dots reduce, the bandgap increases, resulting in a blue shift in absorption and emission spectra.
Additionally, quantum dots feature broad absorption spectra, enabling light absorption across a wide range [6].
Conversely, they emit light at a notably narrow wavelength, determined by their size. This characteristic proves
advantageous in applications like LEDs and photovoltaics, where efficient light absorption and emission are
paramount. Consequently, numerous researchers have undertaken extensive investigations into QD systems
[15-18].

Since quantum dots exhibit discrete energy levels and quantization of the energy spectrum as a result of
strong electron confinement, the two-photon absorption (TPA) spectra of quantum dots are expected to be
significantly different from those of bulk materials. Moreover, the TPA process in LDSs is strongly influenced by
the size and shape of the nanoscale materials and the carrier dynamics [19-21]. The confinement potential
governs the spatial distribution of electronic states, which also affects the TPA process. The theoretical and
experimental study of nonlinear optical absorption properties of LDSs has led to the development of novel
optoelectronic and photonic devices [22,23], including ultra-fast optical switches [24], optical modulators
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[25,26], and photodetectors [27,28]. The study of nonlinear optical absorption in LDSs remains an active area of
research with a promising future for applications in various fields.

The Hellmann potential, which was first presented by Hellmann [29,30], is a combination of the Coulomb
and the Yukawa potentials [31]. Compared to these individual potentials, the Hellmann potential has the
advantage of allowing more accurate modeling of the behavior of charged particles at short and long distances.
Therefore, the properties of this potential type have caught the attention of numerous researchers [32-35]. Dutt
etal. [32] used the shifted large-Nexpansion method to analyze the bound states of the Hellmann potential.
Their study showed that the method can still be applied to the screened Coulomb potential with reasonably
accurate results, which may have practical applications in calculating atomic processes. Roy et al. [33] used a
generalized pseudospectral method to calculate the bound states of the Hellmann potential. They obtained
energy eigenvalues and densities with high accuracy by using a nonuniform, optimal spatial discretization of the
radial Schrodinger equation. The results include ground and excited states for various potential parameters and
stronger couplings. In another work, Hamzavi et al. [34] used the generalized parametric Nikiforov-Uvarov
(NU) method [36,37] to find solutions for the radial Schrodinger equation (SE) of the Hellmann potential. Their
work presents closed-form calculations for the eigenvalues and eigenfunctions, as well as numerical results that
agree well with other methods. Furthermore, the paper includes energy levels of the pure Coulomb potential as a
specific case. The use of the supersymmetric approach to solve the Schrodinger equation with the Hellmann
potential is also discussed in the study [35]. The centrifugal term is approximated and the solutions for other
potentials, including the Coulomb potential and Yukawa potential, are derived by transforming variables from
the Hellmann potential.

The theory of two-photon absorption coefficient was recently developed by Gong et al. [21 ] associated with
both interband transitions and intraband transitions under the second-order perturbation theory with respect
to the electron-photon interaction [19,20]. This theory was then successfully applied to investigate the TPA
properties of quantum rings [38]. In this study, we investigate the nonlinear optical properties of a GaAs/AlGaAs
SQD with the Hellmann potential by studying the two-photon absorption (TPA) process. We present in detail
the wave function and energy of the electron confined in the SQD, using the NU method [34,36,37] to find the
solution of the radial Schrodinger equation. The expression for the TPA coefficient is derived through the
transition matrix element, including both intra and interband transition processes. We show the TPA spectra as
a function of photon energy for different quantum states. Additionally, we study in detail the effect of the
adjustable parameter r0, potential depth VOe, and potential parameter rj on the TPA spectra.

1. Model and analytical results

1.1. Solution of radial Schrodinger equation
We consider a SQD subjected to the Hellmann potential. The Hellmann potential is defined as follows [29-35]

V(r) = -± - 2—, (1)
r r

where e = 1 /r0 is an adjustable parameter. The terms A and B characterize the strength of Hellmann potential,
which are related to potential depth Voi 0 = e/h for the electron/hole) and the parameter r0 as A = Voiro and
B = rjVoirOy with rj being a parameter. Here, we followed the approach outlined in previous studies [6,39,40] to
define the parameters A and B. The SE for an electron confined in a SQD can be expressed as follows

[-iSv2+HV(r) |VWm(r, 0, (j>) = ErfMr, 0, 0), (2)

where m* is the effective mass of electron and V2 is the Laplacian in spherical coordinates. Using the wave
function in the form

, 0, (j>) = Rnf{r)Yfm{0, (j>) = ^ m ( « , 0), (3)
r

with Y?m(6> <fi) being the spherical harmonic functions, we get the following equation for the radial wave
function

, 2m* r c

ft1dr2 ft1

where the effective potential is

eff(r) = V(r) + 4> (5)
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Figure 1. The effective potential, Veff, in equation (5) and its approximation in equation (7) for different values of €. The results are
calculated for GaAs/AlGaAs SQDwith m* = 0.067m0, VOe = 228 meV, r0 = 10 nm, and// = 1.

with A = fiV(j? + 1)/2m*. Since equation (4) cannot be solved analytically, we use the following approximation
for the centrifugal term as [41-43]

1 e

r 1 - e~er

Hence, the effective potential in equation (5) becomes

Ae Bee-er Xe2

1 - e~ 1 - e~ (1 - e —,-er\2

(6)

(7)

We can see from figure 1 that the approximation shown in equation (6) works quite good. Substituting
equation (7) into equation (4) and then making the transformation £ = e~£ r we get

d2 d -
+

where

2m*E
mf

_ 2m*B £_

eh1 e1 h*-

IS 2m*, A m

^2 = — ^(A - B)y

_ S_ _ 2m*A 2m*\
U3 ~ e2 eH1 H1

Applying the NU method [34,36,37], we obtain the following solutions to equation (8) as

GnA£) = NM/*£Al(l - £)A2p(2*i»2*2-i)n - 2£),

(8)

(9)

(10)

(11)

(12)

where A! = ^/oj, A2 = € + 1, PJ^'U\O are the Jacobi polynomials, a n d N ^ is normalization constant, which is
found from the normalization condition

l ^ ( r ) | 2 r 2 d r = I \Gne(r)\2dr.

Using a coordinate transformation t= 1 — 2^, we have

(13)

(14)

We use the integral of the form (see Appendix A)

=2I\2A 2 ( « , A,, A2), (15)
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where (n)* is the Pochhammer symbol, and

Join, Xh A2) = g _ _ _ _ _ 3 F 2 ( _ M ) aom bQ. Co; do. 1} (16)

Here, we have denoted aOn = n + 2(AX + A2), b0 = 2AX + k> c0 = 2AX + 1, and d0 = 2AX + 2A2 + k + 1. The
normalization constant is found as

- -Jr • • • . . . .\)n V T(2A2 + l)/0(n, Ab A2)

which did not show in the previous work [34]. The corresponding energy levels, obtained from the NU method
[34,36,37], are

£ * [ + * • £ - , ( , + 1)1, (18)
h1 \

c = 2m*(A + B)/eX2 - (n + € + I)2 - *f Of + 1)

2(n + * + 1)

under the condition

(n + ^ + I)2 + *f Of + 1) < ^ ( A + B). (20)
en1

The condition in equation (20) reveals that the number of states in SQD with Hellmann potential is finite.
The effective potential and probability density of the radial wave-function, \Rnt? (r) | V , for the first few states

are shown in figure 2(a)-(c). As r increases, Veff tends to approach zero. For € = 0, Veff increases monotonically
and has no left barrier, while for € ^ 0 states, the effective potential displays a left barrier. The depth and width of
the potential decrease and increase, respectively, as € increases. The probability density of locating a particle
based on radius is illustrated by the dashed lines. The peaks signify positions where the probability of finding a
particle is highest. It is observable that the quantity of peaks is proportional to the quantum number n. For every
quantum number n, there exist n + 1 positions where the probability of finding a particle is maximal. Note that
the shape, depth, and width of the potential are determined by the values of VOey r0, and €, which significantly
affect the TPA spectra.

1.2. Two-photon absorption coefficient
Two-photon absorption (TPA) is a nonlinear optical process in which two photons are simultaneously absorbed
by an electron confined in the systems, resulting in the excitation of the system to a higher energy state. In
contrast to the conventional one-photon absorption, TPA requires the simultaneous absorption of two photons
to occur. When a quantum system is excited by an incident light of energy HLJ and magnitude IQ = 2ce0 nr W

2AQ

[44] (c is the speed of light, nr is the refractive index of the material, e0 is the vacuum permittivity, and Ao is the
amplitude of the vector potential for the light field), the absorption coefficient due to the two-photon process is
calculated using the following expression [ 19-21 ]:

T ^ \Mif\26(Ef - E{ - 2faj). (21)
s"o i,f

In equation (21), Q, is the normalized volume of the system, the sum is taken over all possible initial, | i), and final,
[/}, states, and the transition matrix element is expressed as follows

M E <m\am\j> . (22)
^ E{ — Ei — fh) — i/ir/£

Here, the subscript £ and 7^ denote the intermediate virtual state and its inverse lifetime, respectively. In
equation (22), H\ is the electron-photon interaction which is expressed in the form [21]

Hi = —6-Ap • p, (23)
nr

where Ap = A0(er + e^^e^/yfl is the light vector potential with ± stands for right and left polarization,
respectively [45], and p = — iHV is the electron momentum operator. Using equation (23), we obtain the
following result for the matrix element for the transition between two states 19>) = | n0, tf0, m0) and | ̂ ) = | n 1, €\,
mi)
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Figure 2. The effective potential (blue solid curves) and the probability densities for various states: (a) € = 0, (b) € = 1, and (c) € = 2.
The input parameters are the same as in figure 1.

, ni, \\, \2)

A b A2)
(24)

where

x ,A2) - A (-g kl(co)kT(do)(-nh aOwi, b0; c0, d0; 1), (25)

withaOn, — ni + 2(Ai + A2), the same with that appears below equation (16). Delta functions in equation (24)
confirm the selection rules that transitions only occur between states with identical quantum numbers € and m.

2. Results and discussion

In this section, we report our results on the TPA coefficient in GaAs/AlGaAs SQD. The following input
parameters are used [46-48]: m* = 0.067mo (*w* = O.O79mo/O.45mo) is the electron (light/heavy hole)
effective mass, where m0 is the free electron mass, Eg = 1.607 eV is the energy gap, nr=3.2, and VOh = 0.67 VOe.
The delta-function in equation (21) is approximated by the Lorentzian with fry = firyv =10 meV.
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Figure 3. (a) Intra-conductionband and (b) interband transitions TPA spectra at VOe = 228 meV, r0 = 10 nm, and r) = 1.
Explanations for the labels (1), (2), and (3) see in the text.

We present the TPA spectra as a function of photon energy for two values of € in figure 3. The labels (1), (2),
and (3) in both intra-conduction band and interband transitions correspond to the transition n —> n + 1 with
tt=0,l, and 2, respectively. The peak positions of the TPA spectra, which represents the absorbed photon energy,
is equal to the energy transition AEnifitnf = Enif> — Enf> or equivalently, 2fej. Additionally, the peak value of
the TPA spectra is inversely proportional to the energy transition. We observe that the intraband transition has a
smaller energy transition compared to the interband transition. As a result, the TPA spectra for the intraband
transition (figure 3 (a)) are localized in a smaller energy range and have a larger peak value compared to the TPA
spectra for the interband transition (figure 3(b)), similar to that in quantum ring [38]. On the other hand, from
figure 2, we can see that as € increases, the distance between energy levels decreases. In other words, A£nv/>m? is
inversely proportional to f. Therefore, the position of the peak corresponding to € = 2 is always to the left of the
peak corresponding to € = 1 in both intraband and interband transition cases. On the other hand, the
dependence of the absorption peak position on the order of transition, n, for intra- and inter-band transitions is
different. For the intraband transition case, as shown in figure 3(a), as the order of transition increases, the
position of the absorption peak shifts towards the low-energy region. This is a result of the fact that AEffi*nf

decreases as n increases. In contrast, for interband transitions, as shown in figure 3(b), since AEx^fn€ increases
with n, the position of the absorption peak shifts towards the high-energy region as the order of the transition
increases. Specifically, the peaks corresponding to the transitions 11,1) —> |2,1) and |2,1) —> |3,1) (marked as
peaks labeled red (2) and (3) in figure 3(b)) reside within the visible light spectrum. This indicates the potential
utilization of quantum dots characterized by the parameters outlined in figure 3 for the production of LEDs
emitting light within the visible region.

In figure 4, we show the TPA spectra for the 10,1) —> 11,1) transition as a function of photon energy for three
different values of r0. It should be noted that here we only illustrate the transition 10,1) —> | 1,1), but it is still
valid for other cases. We can see that, in both intra- and inter-band transition cases, as r0 increases, the position
of the absorption peak shifts towards the high-energy region (blue-shifts), and at the same time, the height of the
absorption peak decreases. This blue-shift behavior reveals that as the value of r0 increases, the shifting energy
A£Q uai /2 also increases, which is evident in the inset.

Figure 5 shows the TPA spectra as a function of photon energy for three different values of VOe = 0.8 VOi VOi

and 1.2 Vo> where Vo = 228 meV. The figure shows that as VOe increases, the absorption peak undergoes a blue
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Figure 4. (a) Intra-conduction band and (b) interband transitions TPA spectra for the n = 0 —> n = 1 transition with ̂  = 1. The
results are calculated for different values of r0 at VOe = 228 meV and rj = 1. The inset shows the AE^\/l in the units of eV.

shift for both intra- and inter-band transition cases. This is because AEQ^W/2 increases as VOe increases, as
shown in the inset. Physically, this implies that as the potential depth increases, the energy of the absorbed
photon also increases.

Figure 6 depicts the TPA spectra as a function of photon energy for three distinct values of rj. When rj = 0, the
Hellmann potential reduces to the Coulomb potential, causing the absorption peak to appear at the lowest
energy. When rj rises, both intra- and inter-band transitions exhibit a blue shift in the absorption peak as a result
of the increase in AEQ^\\/2 with 77, as displayed in the inset.

3. Conclusions

We investigated the nonlinear optical absorption properties of a SQD with Hellmann potential by analyzing the
two-photon absorption process, with the GaAs/AlGaAs material serving as an example. Our numerical findings
indicate that the intraband transition has a smaller energy transition compared to the interband transition.
Thus, the TPA spectra for the intraband transition are restricted within a smaller energy range and exhibit a
higher peak value than the TPA spectra for the interband transition. In both intraband and interband transition
cases, the position of the peak corresponding to € = 2 is consistently to the left of the peak corresponding to
€ = 1. Furthermore, the dependence of the absorption peak position on the order of transition, n, differs
between intra- and inter-band transitions. The TPA spectra exhibit blue shift behavior as any of the parameters,
r0, Voe, or 77, increases.

To summarize, our investigation into the nonlinear optical absorption properties of quantum dots with
Hellmann potential offers numerous opportunities for practical application in optoelectronics. By optimizing
the quantum dot material properties, it maybe possible to design novel photonic devices, ultra-fast optical
switches, and highly efficient solar cells.
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Appendix A. An integral for Jacobi polynomials

We consider an integral of the form

(A.1)

The Jacobi polynomials are expressed in terms of hypergeometric function as [49,50]

= (

_(n + /x\v^ (-n)k(n
-\n ;Zj ^

+ ft + v + (A.2)
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Using equation (A.2), equation (A. 1) becomes

_ _ (JJL + l)w (« + l)w A 1)*

m! S t!(/i + 1)*

«f=o

We use the standard integral that, for k > - 1, € > - 1 [49]

. _ 2T(k + l)r(*f + 1)

2)

equation (A.3) becomes

I = 2TC8 + 1)

x

(A.3)

(A.4)

(JJL + l)w (6 + l)w

n! m!
+ H + v+ l)fcr(a + A: + 1)

ifci fc!(M + l)*IXa + )8 + k + 2)
A (-m)t(m + g + 7 + lV(a + fc + IV

The summation over € in equation (A.5) can be replaced by the generalized hypergeometric function. The
equation (A.5) now becomes

(A.5)

I = 2TC8 +
m!

) m / (n , m, a, /?, /x, i/, 7, «), (A.6)
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where

J(ny m, a, /?, /x, i/, 5, 7) = 2^ 3F2(-my amAl> b; c6y d; 1).
*=o k\{c^)kT{d)

Here, we have denoted an^v =n + /j, + i>+l,b = a + k+l,cfX = / x+1 , andd = a + /? + k + 2. Substituting
n=m, a = 2Ai — 1, f3 = 2 A2> /J, = 8 = 2XU and v = ^( = 2\2 — 1 into equation (A.6) and making some simple
calculations, we will get the standard result shown in equation (15) of the main text.
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