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Abstract. In this paper, we discuss some of the important qualitative properties of
solutions of second-order hyperbolic equations, whose coefficients of the terms involving
the second-order derivatives are independent of the desired function and its derivatives.
Solutions of these equations have a special property called the curvilinear parallelogram
identity (or the mean-value property), which can be used to solve some initial-boundary
value problems.

1 Introduction

W 7w

The terms “mean value theorem”, “mean value property”, “mean formula”, and “mean
value” are quite common in mathematics (e. g., real and complex analysis, probability
theory, partial differential equations) and physics. But they may pertain to diverse
phenomena.

In the theory of partial differential equations, mean value theorems for harmonic
functions and solutions of various elliptic equations are best known. They include the
classical mean value property for harmonic functions [12] and the results obtained in
works [9, [7, 8, 27| for more general elliptic equations and elliptic operators. Similar
theorems are formulated for (hypoelliptic) parabolic equations [16, 17, 18].

Such facts can be established not only for elliptic and parabolic equations but
also for hyperbolic ones. First of all, we should mention the classical Asgeirsson’s
mean value theorem [3], [6] the ultrahyperbolic differential equation, and the mean
value theorem of Bitsadze and Nakhushev for the wave equation [2]. Spherical means
can be used to solve initial-value problems as it’s done in the work [I0] for the wave
equation and the Darboux equation. Using a symbolic approach [28] several results
[24) 22 23] 30, 25, B1, 29, 26, B3, B2] connected with mean values of solutions of
various differential equations were obtained in works of Polovinkin and Meshkov et al.
It should also be said that in these works, the parallelogram identity (parallelogram
rule) for the wave equation (which the authors call ‘difference mean-value formula’) was
generalized to the following cases: a (nonstrictly) hyperbolic equation with constant
coefficients of third-order [24], fourth-order [22], higher-order [32], an equation with
constant coefficients and with the operator represented by the product of the first
order hyperbolic operators and the second-order elliptic operators [29]. These results
can be used to obtain analytical and numerical solutions to differential equations as it
was done in [12, [14], 1T, 20, 2I]. However, these results are given mainly for equations
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with constant coefficients because of the methods used (Fourier transform, search for
accompanying distribution with compact support).

Moreover, the characteristic parallelogram of differential equations has some appli-
cations in hydrodynamics [19].

In this paper, we derive the identity of a curvilinear characteristic parallelogram
for a general semilinear second-order hyperbolic equation using the method of char-
acteristics [12]. This identity can be considered as the mean value theorem in some
sense.

2 Semilinear hyperbolic equation

In the domain © C R? of two independent variables x = (z1,79) € Q C R?, consider
the semilinear hyperbolic equation of second-order

Au(zy, x2) = f(x1, To, u(x1, 22), O u(T1, T2), Op,u(1, T2)), (2.1)
where the operator A is defined as
Au(xy, 29) = a(wxy, xg)ﬁglu(zl, X) + 2b(x1, )0y, Op,u(1, T2) + (1, [L’g)@izu(!ﬁl, Ta),

and is hyperbolic (this means b*(x) — a(x)c(x) > 0 for any = € Q).
Eq. (2)) has two families of characteristics: vy (21, x2) and y2(x1, x2), which are the
first integrals of the ordinary differential equation [12]

a(x)(dwzy)? — 2b(x)dz das + ¢(x)(dz;)? = 0, (2.2)
and solutions of the equation of characteristics [12]
i ’ i O ;i ? :
2b =0 =12 2.3
“ (82[‘1) + 825‘1 8252 e 8252 ’ ! ’ ( )

It is well known [12] that Eq. (2.2), in general, can be decomposed into two equations

a(x)dzy — (b(x) & /B2(x) — a(x)c(x))dz; = 0, if a(x) # 0,

or

c(x)dzy — (b(x) £ /b2(x) — a(x)c(x))dzy = 0, if ¢(x) # 0,

or
dzidzy =0, if a(x) = ¢(x) = 0.
Therefore, we can assume that v, and 7, are the first integrals of different differen-

8(%772)
8(x1, LUQ)

tial equations and they are functionally independent since the Jacobian

nonzero [12].
If the curves ~;, ¢ = 1,2, have a parametric representation (xgl) (t),xg)(t)), where
xy), 7 = 1,2, are some twice continuously differentiable functions, then the equation

holds [4]

2_

a(ng))2 - Qbegi)ng) + C(ngi)) =0, =12,

where D is the operator of the ordinary derivative.
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3 Curvilinear characteristic parallelogram

Definition 1. Curvilinear characteristic parallelogram of the hyperbolic differential
equation (2.1) is a set Il = {x|v1(x) € [l1,l2] A y2(x) € [r1,72]}, where [y, lo, 71,
ro are some real numbers and v;, ¢ = 1,2 are two different functionally independent
characteristics.

Remark 1. Definition 1 is correct. It is known [I] that any other first integral (2.2) has
the form g o v, where ¢ is some continuously differentiable function. If v;(x) € [l1, lo],

then, due to the continuity of ¢, ¢(11(x)) € ¢([l1,15]) = [71,72] Thus, the curvilinear
characteristic parallelogram does not depend on the considered characteristics.

X
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ix) =10 c Yo(X) =1
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B % ) \
\
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Fig. 1. Curvilinear characteristic parallelogram

Definition 2. Vertices of the curvilinear characteristic parallelogram I = {x |y, (x) €
[l1,ls] A Ya(x) € [r1,m2]} are points x such that v (x) = l; A y(z) = rj, (i,)) €

{1,2} x {1,2}.

Remark 2. Definition 2 is correct. We should show that ¢ o v, where ¢ is some
continuously differentiable function, maps [l1, lo] into [I1, lo] and O([l1, l3]) into O([l1, l2]).
If the function ¢ is increasing or decreasing, these mappings must be true. But if
the function g does not satisfy these conditions, then there exists at least one point
lo € (I1,13) such that ¢'(ly) = 0. Due to the continuity of ¢, there exists a point x € II
such that v1(x) = lp € (I1,l3) This implies

¢ (1(3))02,71(%) ¢ (71(x)) D, 11 (x)

ANgovie)|, .y _ _ _
‘ — | (x) = By, 72(x) Dy, () = 0 when v (x) = lo.

8(371, .172)

But we only consider characteristics with nonzero Jacobian. The correctness is proved.



4 V. I. Korzyuk, J. V. Rudzko

Definition 3. Opposite vertices of the curvilinear characteristic parallelogram II =
{x|m(x) € [l1, ] Ay2(x) € [r1, 1]} are its vertices x; and x5 such that 71 (x1) # 71(x2)

and 72(x1) # 72(x2).

Point transformation of variables of the form y; = v (21, 22), 11 = Y2(x1, 22) is
invertible [34], i.e., there is an inverse change of variables z; = v, (y1,92), T2 =

Y5 (Y1, ).

Lemma 3.1. Let II = {x|1(x) € [l1,la] A ya(x) € [r1,r]} is a curvilinear char-
acteristic parallelogram and the conditions a € C?*(I1), b € C*(I), ¢ € C*(11), and
f € CHII x R3) be satisfied. The function u belongs to the class C*(II) and satisfies
Eq. (2.1) if and only if it can be represented as

u(x) = g1 (1 (%)) + 92 (12(x)) +
N )

1
- I(O/) 4 ! 2 (a0p, 1105, 72 + b (02,7202, M1 + 021100, 72) + €02y 100,72) (11 (2), 75 (2)) -
X[f(’h ()’Yz (z), (71 (2),79 ())7
Oz (”Yl (z ) Oy U (71 ”Yz ( ))) -
— Ay (% 21 (2) (0w (717(2),75 ' (2)) Oy ' (2) +
+ Oy (71 (2 ) 1(Z)) s () —
— Ay (771(2), 72 1 (2)) (O (717 (2),75 ' (2)) i ' (2) +
+ Oy (71 (2 ) 2 (2)) 0ps ' (2))] d2a, (3.1)

where 1 € [I1,1y], v € [ri,m], and the functions g, go belong to the classes
C*(D(q1)), C*(D(g2)) respectively.

Proof. Let the function u € C?(I) satisfy Eq. (2.1). Making the nonlinear nonde-
generate change of independent variables y; = v (21, %2), y1 = Y2(x1, z2) and denoting
u(zy, x9) = v(y1,y2) we obtain the new differential equation

2 (a02,7102,72 + b (02,7202, 71 + Oy 1102,72) + Ony1102y72) (717 (), 72 1 (¥)) X

X 0y, 0y, 0(y) + A (1) 72 (7)) By v(y) + Ave (17 (¥), 75 () Dpov(y) =

= (73w @) w (0 )2 () Oeu (7 (y), 72 (Y)) S

Ot (11 (¥), 75 () = F (7' (3), 72 (39),0(¥), 0 v(¥) 01 (017 (¥), 75 (¥)) +
+ 85,0(¥)0u 2 (1 (¥), 75 1 (¥)) 5 By 0(¥) Bt (V1 (¥), 75 1 ()

+ 0y, 0(¥) 02 (1 (), 72
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Let us integrate it twice to obtain the equation

v(y) =91 (y) +92(y)+

1
dz /
/ ") 2(a80 18072 + b Dy Y201+ Dy 1100y 72) + €02y 1100y72) (71 ()55 ()

1(0) r(0)
< [f (' (2),72 (@) u (77 (2), 73 ())7
8ﬂﬁlu (71 ( )7 Y2 ) z ) arzu (71 )) -

— An(71'(2),7; ' (2))9,,v(2) — Aw(% H(2),7; ' (2))0,,0(2)] dz,

Returning to the variables x; and x, we obtain Eq. (3.1). This also implies that the
functions g; belong to the class C*(D(g1)), 7 = 1, 2.

Substituting the representations (3.1) into Eq. (2.1), we verify that the function u
satisfies this equation in II. O

Remark 3. Under some additional conditions on the functions f, a, b, ¢, g1, g2, we
can show the solvability of the integro-differential equation (3.1) using the methods
proposed in the works [5], (13} [35].

For the convenience of further presentation, we introduce the notation

B =2(a0s, 710,72 + b (
K(z,p,q,7) = f(0'(2),7 ' (2),p,q,7) —

— Ay (v (), y 1(Z))(q@ym (2) + 70y, '(2) —
— Ay (71 1(2), 72 1(2)) (40,71 ' (2) + 10,75 ' (7)),
K(z,p,q,7) = (B(n ' (2),7: () "' K(z,p,q,7)

:0272850171 + 85027181‘172) + Cax2718x272)

4  Curvilinear parallelogram identity

Theorem 4.1. Let the conditions a € C*(Q), b € C*(Q), c € C*(Q), f € CH(Q x R?),
and V*(x) — a(x)c(x) > 0 be satisfied, and let the function u belong to the class
C?(Q) and be a solution of the hyperbolic equation (2.1). Then for any curvilinear
characteristic parallelogram 11 = {x|y(x) € [l1,la] A 7a(x) € [ri,rm2]} € Q with
vertices A(yy ' (l,11),72 ' (I,m1)), B(yi (L, r2), 72 (I, m2)), C i (I, m2), 72 (T2, 72),
(v H(l2,71), 75 H(Ia, 1)), the equality holds

u(A) —u(B) +u(C) —u(D) =

lo o

- / dz / K(zu(7@),7%(2)  0nu (07 (2,55 ), (a)

Iy r1

Orstt (17 (2),75(2)) ) dzs.

X
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Proof. According to Lemma 1, the function u can be represented in the form

u(x) = g1(m(x)) + ga(72(x)) +

71(%) 72(x)
; / a2, / R (70 (7). 75 @) 0 (7 (0,757 (), (42)
I r1

Orst (177 (2),75 " (2))) 2.
where g; € C?(D(g;)), i = 1,2. Using the expression (4.2), we compute

u(A) = g1(l) + g2(r1), u(B) = g1(l1) + g2(r2), u(D) = g1(l2) + g2(r1),
u(C) = g1(la) + ga(r2) +

lo T2
+ [da [ R0 @05 @) 0 (07,5 (2),
I 1
Oru (777 (2),75 () dzs. (4.3)
Substituting (4.3) into (4.1) gives the correct equality. O

Theorem 4.2. Let the conditions u € C*(Q), a € C*(Q), b € C*(Q), ¢ € C*Q),
f e CHQ x R?), and b*(x) — a(x)c(x) > 0 be satisfied. If for any curvilinear
characteristic parallelogram 11 = {x|y1(x) € [l1,la] A 7(x) € [r1,r2]} € Q with
vertices A('Vl_l(lbrl)a72_1(l1>rl)): B('Vl_l(le?)a72_1(l1>r2)): 0(7;1(l2>r2)’72_1(l2>r2)):
(vi Iy, 1), 75 H(la, 1)), where s, i@ = 1,2 are solutions of Egs. (2.2) and ~;' are
defined as before, the equality (4.1) is satisfied, then the function w is a solution of
Eq. (2.1).

Proof. Let Iy =141y, r9 =1+ r1. So, we can write the coordinates of points A, B, C
and D in the form

Ayt ) vs (), By Ml r +11),v5 (L r + 1)),
COyiyt+1,r+7),% U+, r+7), DOy U+ L, r), v L+, ).

Let’s consider the expression

u(A) —u(B) _u(yy ' (l,re), 75 () — (e +71),75 (B + 1)

” r r—0
E} —8ru(f>/1_1(l17 Tl)? 72_1(117 Tl))'

~

In the same way

u(C) — u(D)

r r—

o Oru(yi (L4 1,r), v (e + 1))
Now since

Opu(yi (h+ 1), 7 (b + 1) = ulri (), % (h )
[ =0
— 00u(vy (1), 75 (),

7
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we obtain ( l)lin(10 0)(lr)_l(u(A) —u(B) +u(C) —u(D)) = 0,0,u(y; (l1,m1), 75 - (I, r1)).
Similarly, we get7

I+ 471

i / dz / 5 (072,75 (2))  0uy (55 (2), 75 (),

Oryu (7 (2). 75" <z>)) Az =

= K(z= ()0 (072),7%:(2)) 0w (07(2),75 " (2))  Ou (177 (2),75 7 (2)))
Thus
1
(r,l)gr(lo,()) Ir (u(A) —u(B) +u(C) —u(D)—
I+l r+ri

= [an [ E(nu0r@0@) 000 (05 ()05 @), 00 (vl—l(z)m;l(z)))d@) -

151 r1

— iim u(A) —u(B) +u(C) —u(D)
(r,1)—(0,0) lr

I+ r+7r1

a (rt )1 ;“ / dz / : (Z’ u (’Vl_l(z)a 72_1(Z)) , Oz, u (Vl_l(z)’%_l(z))’

Il r1

Oy (71 (2), 72_1(2)>>d22 = O 0u(vyy (I, 1),y () —
K (z=(L,m)u (v (2),% ' (2) ,0nu (11 (2),7% ' (2), Ouyu (77 (2) 15 ' (2)))
B (), () '

This means that the function u satisfies at the point
(vi 'z = (y1 = 1,92 = 1)), 75 (z)) the differential equation

B (2), 72 (2))0y, 0,u(ry ' (2), 77 (2) =

= f(1'(2),72 ' (2),u (7' (2),72 ' () ,

Onyu (77 1(2),72 ' (), Onyu (7' (2),72 ' (2))) —

— Ay (771(2),7% 1 (2)) (9z,u (71 (2), 72 ' (2)) Dy 71 ' (2) + (4.4)

+0p,u (771(2),73 ' (2)) 0,73 ' (2)) —

— Ay (771(2),7 1 (2)) (9z,u (71 (2), 73 ' (2)) Doy ' (2) +

+0pyu (71 (2),72 ' (2)) 072 ' (2))
where 21 = 77 (y1, 42), 22 = 75 '(y1,42). By virtue of the arbitrariness of II C , Eq.
(4.4) is true for any point (v1 = v,z = (I1,71)), 72 = 75 (z = (I1,71))) € S

Making the change of variables 21 = v, (y1,42), T2 = V5 *(y1,%2) in Eq. (4.4), we
obtain Eq. (21). O

Note that formula (4.1) can be considered as a kind of mean value theorem.
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9 Applications

5.1 Wave equation
Let’s consider Au(xy, z9) = 02 u(wy, x2) —a?d2 u(wy, x2), where a > 0 (for definiteness).

Then we have 7i(1, 22) = 23 —awy, (21, 22) = 22 +azy, 71 (y1,92) = (y2 —y1)/(20),
Y5 (W1, y2) = (Y1 + 42)/2, Ay =0, Ay = 0.

5.1.1 Parallelogram identity

Let f = 0. In this case, formula (4.1) transforms to

U 7’1—[1 ll—i"f’l —u 7’2—11 ll—|—7”2 4
2¢ = 2 2a 2
7’2—12 lg+7’2 7’1—12 lg"‘?”l o
u( 5 3 )—u( 5 3 ) =0, (5.1)

where [y, [, 71 and ry are some real numbers. Eq. (5.1) is the well-known parallelogram
identity for the wave equation.

5.1.2 Goursat problem

Let’s consider the Goursat problem [15]

{@2—2y)()=f() 0 <@y, —azy <2 <azy, (5.2)

(.]71, To = CLLUl) = ¢(1)( ) U(Il,LE‘Q = —Cbl'l) = ¢(1)($2), €Ty > O,

where f € C*({x|0 < 71, —ar; < 13 < azy}), oM € C%([0,0)), @ € C%([0,00)) and
#1(0) = ¢?(0). We can write the classical solution of (5.2) using the formula (4.1).

ari + xo ary + x9 ari — To Tg9 — ATq
If we choose C(z1, ), B< PR 5 ), D( 5 5 ), A(0,0) and

apply (4.1), we obtain

u(@,z) = u(C) = ¢tV (wlT:“) + ¢ (axlT;“) — p0(0)

To—axi ro+axy
1 f<y2—y1 Y1+ Y2

. d
102 % 2%a ' 2

) dys, 0<x1,—ar < 29 < axy.
0 0
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AZL’Q s Tr=a1
ar +T ax + I 7
2a 2 /'
7 ":*.0(331@2)
A, 0} -~ X
(7 L\ »1
SN fam -1 m-am
apftnn noen)
SO 2a 2
Tm=-a1y

Fig. 2. To the Goursat problem (5.2).

5.1.3 Mixed problem

Let’s consider the first mixed problem [12]

(02, — a®33,)u(x) = f(x), x € (0,00) x (0,00),
U(O, ZL’Q) = ¢($1), 8;511,6(0,2['2) = w(l'g), Ty > 0, (53)
U(QUl,O) = /J/(flfl), Ty > 07

where f € C'([0,00) x [0,00)), ¢ € C*([0,00)), ¥ € C([0,00)), n € C*([0,00)).
If x9 —azy > 0, then the solution of (5.3) at the point (z1,x2) can be defined by
d’Alembert formula

Tr2+axy
To —axi) + ¢lxe + ax 1
u(xq, 2) = ¢z ) 5 i ) + % / Y(§) d§ +
Tro—axri
] 1 xota(x1—7) (54)
+2—a/d7' / f(r,8)de, xo—axy >0, x>0, xz5>0.
0 zo—a(x1—7)

If xo—azy < 0, then we can use the parallelogram identity (4.1) to derive the solution

of (5.3) at the point (z1,x5). We can choose C(x1, z5), B(xl — ﬂ,O), D(ﬁ,a:m),
a a

A(0,axq — x3), apply (4.1) and obtain
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ar1+r2
T ar;1+ o) —@lax; — T 1
aren) = p (- 2) 4 et molen 2o L[y e
a 2 2a
ar]—ro
1 3%2 axr1+xo2—art 1 To—axy ar1+xo +
Yo—WY1 Y21 Y1
— | d dé — — d d
+2a/ T / f(r,8)d¢ 1a? / (7 / f< 50 2 ) Y2,
0 axr1—xr2tar ari—To ari—To
To—ar; <0, x>0, z9>0.
(5.5)
I = a4
A" C(x), 7
T —ax <0 }_,.A_(_l 2) -
-./// 2 —ax; >0
Blz - 2,0 g 5
(Il ) ) ® I "‘.D(—,axl)
X9 A ~ .
u(B):,u(:cl—T:) ' .t : a
al e 2
A, ax — x)

U(A) =d¢(a 1 — 12)
Fig. 3. To the first mixed problem (5.3).

Using the representations (5.4) and (5.5), we can easily derive the necessary and suf-
ficient matching conditions p(0) = ¢(0), 1/(0) = ¥(0) and u"(0) = a*¢”(0) + £(0,0)
under which the solution w of the first mixed problem (5.3) will be classical.

5.2 Nonlinear wave equation
For convenience, we will present equations in divergence form later in this section. Let’s

consider Au(xq,xe) = Oy, Op,u(x1,22). Then we have vi(x1,22) = x1, Yo(21, 22) = X9,
(W v2) = Y1, va (Y1, v2) = Y2, Ay =0, Ay =0.

5.2.1 Darboux problem

Let’s consider the second Darboux problem for a nonlinear wave equation in divergence
form [11]

{ O, O, u(X) + Ag(x,u(x)) = f(x), 0<xy,ar; <z < fay, (5.6)

u(:cl,xg = Oéflfl) = U(Il, To = Bl’l) = O, €Ty > O,

where A € R, 0 < o <1 < B < oo, f € C'{x]0 < 21 ANax; < x2 < f1}),
g€ C'({x|0 <y Ay < mg < Bai} X R), [g(w1,29,2)] < Ly + Laf2|, Ly 20, Ly > 0.
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We want to obtain an expression for the classical solution u of the problem (5.6)
at the point Py(z1,72). Let us denote by Py MyPyNy the characteristic parallelo-
gram, whose vertices Ny and M, lie, respectively, on the segments xy = awx; and
1y = Py, that is: Ny := (21, ax1), My = (B we, 20), Py := (7 a9, axy). Since
P {x]|0 < 1 ANax; < x9 < PBx1}, we construct analogously the characteristic
parallelogram P, M; P, N; whose vertices N; and M, lie, respectively, on the segments
ry = axy and xo = [x;. Continuing this process, we obtain the characteristic par-
allelogram P, M;P;N; for which N; € {x|zy = an}, M; € {x|zy = fBz1}, and

Moo= (o, 0a), My = (5128 2), P = (57080, 0a) if Pro= (10,0,

T2
A 'xgz,Bxl
’
’
’
’
My’ P
g L
v
7 .
,
’ .
/ .
, .
’ .
/ .
4 .
’ .
, .
’ : Ty = a1
4 . 3
4 ' /’
’ . -
4 . Phd
My . P -7
. ol ... .
/,: . ’/’ NO
4 . Pl
My ' P -7
2"".'2 """""" ,'.’
/,E . ”/’ Nl
My P ol
’ . P
‘o o’e
doe T N
re N3 T
o

Fig. 4. To the second Darboux problem (5.6).

By (4.1) and (5.6), we have

u(P) = u(My) + u(N) — u(Poyn) + [/ [/(2) — Ag(z, u(2))] dz =

— u(P) // —Mg(z,u(z))]dz, i € NU{0}.

Pz+1M1PzN1
It follows that

w(ar, v2) = u(Py) = [/[ﬂ@—AMLM@H%—UGU:

Py Mo Py No
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// (@)~ [[ (@)~ Aglau(a)))dz

Py Mo PyNo Py My Py N1

= (—=1)"u(Pn) + // — X\g(z,u(z))] dz.

P 1 M; P;N;

It is clear that lim u(P,) =u ( lim Pn) = u(0,0) = 0. Hence, passing to the limit, as
n—o0 n—oo
n — 0o, we obtain the following integral representation

u(n,w2) = 3 (~1) // f(2) — Ag(z, u(2))] dz. (5.7)

=0 Piy1 M, P;N;

The further solution of the problem (5.6) is connected with the study of the solvability
of Eq. (5.7), and it is given in the work [II]. It turns out that under the conditions
given in the statement of the problem (5.6), it has a unique classical solution. But we
still notice that in the linear case, i.e., when A\ = 0, the formula (5.7) transforms into

u(wy, xa) = // f(z (5.8)

Pi 1 M;P;N;

The series in the right-hand side of equality (5.8) is uniformly and absolutely convergent
[11]. Thus, in the linear case, there exists the solution u of (5.6) written in the explicit
analytic form (5.8).

5.3 Linear second-order hyperbolic equation

As in the previous subsection, we consider Au(zy, z2) = 0y, Oz, u(x1, z2). Then we have
_ _ -1 _ - _ _ _
(w1, 22) = 1, Y2(1,22) = T2, 7 (Y1, 92) = Y1, %e (Y1, 92) = Y2, AN =0, A = 0.

5.3.1 Goursat problem

Let’s consider the Goursat problem for a linear second-order hyperbolic equation [12]

O, Oz, u(X ) + a(x)0p,u(x) + b(x)Dpu(x) + c(x)ux) = f(x), 2\ <z,20 < 2o,
u(zy = :c§ ,.CL’Q) o(x2), x2 > mgo),
u(xy, 9 = :E2 ) U(xy), x> :Ego),

(5.9)
where [ € C({X|£L’§O) <1 A mgo) < 13}), ¢ € Cl([xgo),oo)), (IS Cl([xgo),oo)) and
¢(x§0)) = ¢(SL’§0)). We can write the classical solution of (5 9) using the formula (4.1).
If we choose C(z1, x9), B(:cgo), Ta), D(:cl,méo)), A(a:go), :L’g ) and apply (4.1), we obtain

u(x) = u(C) = ¢(as) + (1) — P(5) +
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4 / dy, / F(¥) — a(y)0a, uly) — b(y)Bsyuly) — cly)u(y)dye.  (5.10)

2 20

A representation of the solution in the form of the integro-differential equation (5.10)
is obtained. Under the conditions specified in the formulation of the problem (5.9),
Eq. (5.10) will be solvable [12], and the function u will have the required smoothness.
It proves the solvability of the problem (5.9).

6 Conclusion

In this paper, we have generalized the parallelogram rule for the wave equation to the
case of a semilinear hyperbolic equation of the second order. This identity connects not
only the values of the points at the vertices of the parallelogram but also the continuum
of function values on the parallelogram, in contrast to the linear cases with constant
coefficients considered earlier. We have shown how the obtained results can be used in
combination with other methods to solve various mixed problems.
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