
Ìèíèñòåðñòâî îáðàçîâàíèÿ Ðåñïóáëèêè Áåëàðóñü
Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Ôèçè÷åñêèé ôàêóëüòåò
Êàôåäðà âûñøåé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ôèçèêè

ÑÎÃËÀÑÎÂÀÍÎ ÑÎÃËÀÑÎÂÀÍÎ
Çàâåäóþùàÿ êàôåäðîé Äåêàí ôèçè÷åñêîãî ôàêóëüòåòà

Êàáàíîâà Î.Ñ. Òèâàíîâ Ì.Ñ.
¾31¿ îêòÿáðÿ 2024 ã. ¾31¿ îêòÿáðÿ 2024 ã.

ÌÏ

Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè

Ýëåêòðîííûé ó÷åáíî-ìåòîäè÷åñêèé êîìïëåêñ äëÿ ñïåöèàëüíîñòåé:

7-07-0533-01 ¾Ôóíäàìåíòàëüíàÿ ôèçèêà¿;
ïðîôèëèçàöèè ñïåöèàëüíîñòè:
¾Òåîðåòè÷åñêàÿ ôèçèêà è àñòðîôèçèêà¿,
¾Ýêñïåðèìåíòàëüíàÿ ôèçèêà¿;

7-07-0533-02 ¾ßäåðíûå ôèçèêà è òåõíîëîãèè¿;
ïðîôèëèçàöèè ñïåöèàëüíîñòè:
¾Ôèçèêà ÿäåðíûõ ðåàêòîðîâ è óñòàíîâîê¿,
¾ßäåðíàÿ ôèçèêà è ýëåêòðîíèêà¿

Ðåãèñòðàöèîííûé � 2.4.2-24/541

Àâòîð:
Åãîðîâ À.À., êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíò.

Ðàññìîòðåíî è óòâåðæäåíî íà çàñåäàíèè Íàó÷íî-ìåòîäè÷åñêîãî ñîâåòà ÁÃÓ
28.11.2024 ã., ïðîòîêîë � 4.

Ìèíñê 2024



ÓÄÊ 517.958(075.8)
Å 302

Óòâåðæäåíî íà çàñåäàíèè Íàó÷íî-ìåòîäè÷åñêîãî ñîâåòà ÁÃÓ.
Ïðîòîêîë � 4 îò 28.11.2024 ã.

Ðåøåíèå î äåïîíèðîâàíèè âûíåñ: Ñîâåò ôèçè÷åñêîãî ôàêóëüòåòà.
Ïðîòîêîë � 3 îò 31.10.2024 ã.

Àâòîð:
Åãîðîâ Àíäðåé Àëåêñàíäðîâè÷, êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê,

äîöåíò, äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ôèçèêè ôè-
çè÷åñêîãî ôàêóëüòåòà ÁÃÓ

Ðåöåíçåíòû:
Ïàñòóøîíîê Ñ.Í., êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíò, äî-

öåíò êàôåäðû ôèçèêè è îáùåèíæåíåðíûõ äèñöèïëèí ó÷ðåæäåíèÿ îáðàçîâà-
íèÿ ¾Âîåííàÿ àêàäåìèÿ Ðåñïóáëèêè Áåëàðóñü¿;

Ðà÷êîâñêèé Í.Í., êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíò, äîöåíò
êàôåäðû âûñøåé ìàòåìàòèêè Áåëîðóññêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà
èíôîðìàòèêè è ðàäèîýëåêòðîíèêè

Åãîðîâ, À.À. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè : ýëåêòðîííûé ó÷åáíî-
ìåòîäè÷åñêèé êîìïëåêñ äëÿ ñïåöèàëüíîñòåé 7-07-0533-01 ¾Ôóíäàìåíòàëüíàÿ
ôèçèêà¿, 7-07-0533-02 ¾ßäåðíûå ôèçèêà è òåõíîëîãèè¿ / À.À. Åãîðîâ ; ÁÃÓ,
Ôàê. ôèçè÷åñêèé, Êàô. âûñøåé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ôèçèêè. �
Ìèíñê : ÁÃÓ, 2024. � 279 ñ. � Áèáëèîãð.: ñ. 277-279.

Â ýëåêòðîííîì ó÷åáíî-ìåòîäè÷åñêîì êîìïëåêñå (ÝÓÌÊ) ïî ó÷åáíîé äèñ-
öèïëèíå ¾Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè¿ ïðèâîäÿòñÿ îñíîâíûå ïîíÿòèÿ
è êðàòêèå òåîðåòè÷åñêèå ñâåäåíèÿ. Äàåòñÿ ïîäðîáíîå ðåøåíèå áîëüøîãî ÷èñ-
ëà òèïîâûõ ïðèìåðîâ è ïðåäëàãàåòñÿ çíà÷èòåëüíîå êîëè÷åñòâî çàäà÷ ðàçëè÷-
íîé ñòåïåíè ñëîæíîñòè äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ. ÝÓÌÊ ïðåäíàçíà÷åí
äëÿ ñòóäåíòîâ ôèçè÷åñêîãî ôàêóëüòåòà ÁÃÓ, à òàêæå ïðåïîäàâàòåëåé âûñ-
øèõ ó÷åáíûõ çàâåäåíèé ïðè ïîäãîòîâêå è ïðîâåäåíèè ïðàêòè÷åñêèõ çàíÿòèé
ïî äèñöèïëèíå ¾Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè¿.

2



ÎÃËÀÂËÅÍÈÅ

ÏÎßÑÍÈÒÅËÜÍÀß ÇÀÏÈÑÊÀ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1. ÒÅÎÐÅÒÈ×ÅÑÊÈÉ ÐÀÇÄÅË . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.1. Êëàññèôèêàöèÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ . . . 8

1.1.1. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ äâóìÿ íåçàâèñèìûìè
ïåðåìåííûìè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.1.2. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñî ìíîãèìè íåçàâèñè-
ìûìè ïåðåìåííûìè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.2. Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà . . . . . . . . . . . . . . . . . . . . . 21

1.2.1. Ïîñòàíîâêè çàäà÷ äëÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî òè-
ïà. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.2.2. Ìåòîä Äàëàìáåðà. Êîððåêòíîñòü çàäà÷ ìàòåìàòè÷å-
ñêîé ôèçèêè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.2.3. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ îäíîðîäíîãî óðàâ-
íåíèÿ êîëåáàíèé ñòðóíû . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

1.2.4. Ñìåøàííûå çàäà÷è äëÿ íåîäíîðîäíîãî óðàâíåíèÿ êîëå-
áàíèé ñòðóí è ñòåðæíåé . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

1.2.5. Ñìåøàííûå çàäà÷è î âûíóæäåííûõ êîëåáàíèÿõ â îá-
ùåé ïîñòàíîâêå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

1.2.6. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ . . . . . . . . . . . . . 87
1.2.7. Êîëåáàíèÿ ïðÿìîóãîëüíîé ìåìáðàíû . . . . . . . . . . . . . . . . . . 89

1.3. Óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà . . . . . . . . . . . . . . . . . . . . . . 93

1.3.1. Âûâîä óðàâíåíèÿ òåïëîïðîâîäíîñòè . . . . . . . . . . . . . . . . . . . 93
1.3.2. Ïîñòàíîâêè çàäà÷ äëÿ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà 94
1.3.3. Ïðèíöèï ìàêñèìóìà äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè 96
1.3.4. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ îäíîðîäíîãî óðàâ-

íåíèÿ òåïëîïðîâîäíîñòè. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
1.3.5. Íåîäíîðîäíîå óðàâíåíèå òåïëîïðîâîäíîñòè . . . . . . . . . . . . 105
1.3.6. Ñìåøàííûå çàäà÷è ñ íåîäíîðîäíîñòÿìè â óðàâíåíèè è

ãðàíè÷íûõ óñëîâèÿõ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
1.3.7. Ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíî-

ñòè. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

1.4. Ïðèìåíåíèå ñïåöèàëüíûõ ôóíêöèé è îðòîãîíàëüíûõ
ñèñòåì ìíîãî÷ëåíîâ ê ðåøåíèþ çàäà÷ ìàòåìàòè÷åñêîé
ôèçèêè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

1.4.1. Îñîáûé ñëó÷àé ïîñòàíîâêè çàäà÷è Øòóðìà � Ëèóâèë-
ëÿ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

1.4.2. Öèëèíäðè÷åñêèå ôóíêöèè Áåññåëÿ è èõ ñâîéñòâà . . . . . . 118

3



1.4.3. Ïðèìåíåíèå öèëèíäðè÷åñêèõ ôóíêöèé ïðè ðåøåíèè çà-
äà÷ ìàòåìàòè÷åñêîé ôèçèêè . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

1.4.4. Îðòîãîíàëüíûå ìíîãî÷ëåíû Ëåæàíäðà . . . . . . . . . . . . . . . . 152
1.4.5. Ïðèìåíåíèå ìíîãî÷ëåíîâ Ëåæàíäðà . . . . . . . . . . . . . . . . . . . 154
1.4.6. Ìíîãî÷ëåíû ×åáûøåâà � Ýðìèòà . . . . . . . . . . . . . . . . . . . . . 156
1.4.7. Óðàâíåíèå Øðåäèíãåðà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

1.5. Óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà . . . . . . . . . . . . . . . . . . . . . . . 161

1.5.1. Ïîñòàíîâêè êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ýëëèïòè÷å-
ñêîãî òèïà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

1.5.2. Êîððåêòíîñòü çàäà÷è Äèðèõëå. Ôóíäàìåíòàëüíûå ðå-
øåíèÿ óðàâíåíèÿ Ëàïëàñà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

1.5.3. Ðåøåíèå êðàåâûõ çàäà÷ äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé
â ïðÿìîóãîëüíèêå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

1.5.4. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ êðóãîâûõ è öèëèí-
äðè÷åñêèõ îáëàñòåé . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

1.5.5. Ðåøåíèå êðàåâûõ çàäà÷ äëÿ øàðîâûõ îáëàñòåé . . . . . . . . 189
1.5.6. Óðàâíåíèå Ãåëüìãîëüöà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197
1.5.7. Îá îñîáåííîñòÿõ ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ

Ãåëüìãîëüöà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
1.5.8. Ìåòîä Ôóðüå äëÿ óðàâíåíèÿ Ãåëüìãîëüöà â ïîëÿðíûõ

è ñôåðè÷åñêèõ êîîðäèíàòàõ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203
1.5.9. Îáúåìíûé ïîòåíöèàë è åãî ñâîéñòâà . . . . . . . . . . . . . . . . . . . 206
1.5.10. Ïîâåðõíîñòíûå ïîòåíöèàëû ïðîñòîãî è äâîéíîãî ñëîÿ . 210
1.5.11. Ïåðâàÿ è âòîðàÿ ôîðìóëû Ãðèíà . . . . . . . . . . . . . . . . . . . . . . 212
1.5.12. Èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ãàðìîíè÷åñêèõ ôóíê-

öèé . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214
1.5.13. Îñíîâíûå ñâîéñòâà ãàðìîíè÷åñêèõ ôóíêöèé . . . . . . . . . . . 216
1.5.14. Ðåøåíèå êðàåâûõ çàäà÷ ìåòîäîì ôóíêöèé Ãðèíà . . . . . . 218
1.5.15. Ïîñòðîåíèå ôóíêöèè Ãðèíà äëÿ ïðîñòåéøèõ îáëàñòåé 220

2. ÏÐÀÊÒÈ×ÅÑÊÈÉ ÐÀÇÄÅË . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

2.1. Çàäà÷è ïî òåìå ¾Êëàññèôèêàöèÿ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ¿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

2.2. Çàäà÷è ïî òåìå ¾Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà¿ . . 226
2.3. Çàäà÷è ïî òåìå ¾Óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà¿ . . . 232
2.4. Çàäà÷è ïî òåìå ¾Ïðèìåíåíèå ñïåöèàëüíûõ ôóíêöèé è

îðòîãîíàëüíûõ ñèñòåì ìíîãî÷ëåíîâ ê ðåøåíèþ çàäà÷
ìàòåìàòè÷åñêîé ôèçèêè¿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

2.5. Çàäà÷è ïî òåìå ¾Óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà¿ . . . . 240
2.6. Ïëàí ïðàêòè÷åñêèõ çàíÿòèé . . . . . . . . . . . . . . . . . . . . . . . . . . . 245

4



3. ÐÀÇÄÅË ÊÎÍÒÐÎËß ÇÍÀÍÈÉ . . . . . . . . . . . . . . . . . . . . . . . . . 254

3.1. Òðåíèðîâî÷íûé âàðèàíò êîíòðîëüíîé ðàáîòû � 1. . . . . 254
3.2. Ïðèìåðíûå âàðèàíòû êîíòðîëüíîé ðàáîòû � 1. . . . . . . . 255
3.3. Òðåíèðîâî÷íûé âàðèàíò êîíòðîëüíîé ðàáîòû � 2. . . . . 257
3.4. Ïðèìåðíûå âàðèàíòû êîíòðîëüíîé ðàáîòû � 2. . . . . . . . 258
3.5. Òðåíèðîâî÷íûé âàðèàíò êîíòðîëüíîé ðàáîòû � 3. . . . . 261
3.6. Ïðèìåðíûå âàðèàíòû êîíòðîëüíîé ðàáîòû � 3. . . . . . . . 262
3.7. Òðåíèðîâî÷íûé âàðèàíò êîíòðîëüíîé ðàáîòû � 4. . . . . 265
3.8. Ïðèìåðíûå âàðèàíòû êîíòðîëüíîé ðàáîòû � 4. . . . . . . . 266
3.9. Òðåíèðîâî÷íûé âàðèàíò êîíòðîëüíîé ðàáîòû � 5. . . . . 270
3.10. Ïðèìåðíûå âàðèàíòû êîíòðîëüíîé ðàáîòû � 5. . . . . . . . 271
3.11. Âîïðîñû ê ýêçàìåíó . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 274

4. ÂÑÏÎÌÎÃÀÒÅËÜÍÛÉ ÐÀÇÄÅË . . . . . . . . . . . . . . . . . . . . . . . 277

4.1. Ðåêîìåíäóåìàÿ ëèòåðàòóðà. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277
4.2. Ýëåêòðîííûå ðåñóðñû . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279
4.3. Ó÷åáíàÿ ïðîãðàììà ïî äèñöèïëèíå ¾Óðàâíåíèÿ ìàòå-

ìàòè÷åñêîé ôèçèêè¿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279

5



ÏÎßÑÍÈÒÅËÜÍÀß ÇÀÏÈÑÊÀ

Â ìåõàíèêå, ãèäðîäèíàìèêå, îïòèêå, ýëåêòðîäèíàìèêå âîçíèêàþò ìàòå-
ìàòè÷åñêèå ìîäåëè â âèäå äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèç-
âîäíûõ âòîðîãî ïîðÿäêà, íàçûâàåìûõ óðàâíåíèÿìè ìàòåìàòè÷åñêîé ôèçèêè.
Äèñöèïëèíà ¾Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè¿ ñîäåðæèò íåîáõîäèìûé
ìàòåìàòè÷åñêèé àïïàðàò è òåîðèþ îñíîâíûõ óðàâíåíèé ìàòåìàòè÷åñêîé ôè-
çèêè. Îíà âûðàáàòûâàåò ó ñòóäåíòîâ íàâûêè ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ ìî-
äåëåé ïðîñòåéøèõ ôèçè÷åñêèõ ÿâëåíèé, ðåøåíèÿ ïîëó÷àþùèõñÿ ïðè ýòîì ìà-
òåìàòè÷åñêèõ çàäà÷ è ñîñòàâëÿåò ìàòåìàòè÷åñêóþ îñíîâó äèñöèïëèí îáùåé
è òåîðåòè÷åñêîé ôèçèêè è ñïåöèàëüíûõ ôèçè÷åñêèõ äèñöèïëèí, ÷èòàåìûõ íà
ôèçè÷åñêîì ôàêóëüòåòå. Ïîäãîòàâëèâàåò ñòóäåíòîâ ê èçó÷åíèþ ñëîæíûõ çà-
äà÷ ìîäåëèðîâàíèÿ è íàó÷íî-èññëåäîâàòåëüñêîé ðàáîòå. Ñîãëàñíî òèïîâîìó
ó÷åáíîìó ïëàíó ïî ñïåöèàëüíîñòÿì: 7-07-0533-01 Ôóíäàìåíòàëüíàÿ ôèçèêà,
ïðîôèëèçàöèè ñïåöèàëüíîñòè: Òåîðåòè÷åñêàÿ ôèçèêà è àñòðîôèçèêà, Ýêñïå-
ðèìåíòàëüíàÿ ôèçèêà; 7-07-0533-02 ßäåðíûå ôèçèêà è òåõíîëîãèè, ïðîôè-
ëèçàöèè ñïåöèàëüíîñòè: Ôèçèêà ÿäåðíûõ ðåàêòîðîâ è óñòàíîâîê, ßäåðíàÿ
ôèçèêà è ýëåêòðîíèêà íà ïðîâåäåíèå ëåêöèîííûõ çàíÿòèé ïî êóðñó ¾Óðàâ-
íåíèÿ ìàòåìàòè÷åñêîé ôèçèêè¿ â ÷åòâåðòîì ñåìåñòðå îòâîäèòñÿ 46 ÷àñîâ, íà
ïðàêòè÷åñêèå çàíÿòèÿ � 44 ÷àñà, íà àóäèòîðíûé êîíòðîëü ÓÑÐ � 10 ÷àñîâ.

Öåëü äèñöèïëèíû ¾Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè¿ â ÷åòâåðòîì ñå-
ìåñòðå � ôîðìèðîâàíèå çíàíèé è íàâûêîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
ôèçè÷åñêèõ ïðîöåññîâ, ìåòîäîâ ðåøåíèÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ,
âîçíèêàþùèõ â ïîñòàíîâêàõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè. Îñíîâíàÿ çàäà÷à
ó÷åáíîé äèñöèïëèíû � îáåñïå÷èòü ôóíäàìåíòàëüíóþ ìàòåìàòè÷åñêóþ ïîä-
ãîòîâêó ñòóäåíòîâ, âûðàáîòàòü íàâûêè ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé
ïðîñòåéøèõ ôèçè÷åñêèõ ÿâëåíèé è ðåøåíèÿ ïîëó÷àþùèõñÿ ïðè ýòîì ìàòå-
ìàòè÷åñêèõ çàäà÷.

Â ðåçóëüòàòå èçó÷åíèÿ ó÷åáíîé äèñöèïëèíû ñòóäåíò äîëæåí:

çíàòü:
� ìåòîäû ðåøåíèÿ ñìåøàííûõ çàäà÷ è çàäà÷ Êîøè äëÿ ãèïåðáîëè÷å-

ñêèõ è ïàðàáîëè÷åñêèõ óðàâíåíèé;
� îáùèå ñâîéñòâà ãàðìîíè÷åñêèõ ôóíêöèé è ìåòîäû ðåøåíèÿ êðàåâûõ

çàäà÷ äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé;

óìåòü:
� ñòàâèòü íà÷àëüíî-êðàåâûå çàäà÷è äëÿ óðàâíåíèé ðàçëè÷íûõ òèïîâ;
� ðåøàòü ñìåøàííûå è êðàåâûå çàäà÷è ìåòîäîì ðàçäåëåíèÿ ïåðåìåí-

íûõ è ìåòîäîì ôóíêöèé Ãðèíà;

âëàäåòü:
� ìåòîäèêîé ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé;
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� ìåòîäàìè ðåøåíèÿ è àíàëèçà çàäà÷ â ñîîòâåòñòâèè ñ öåëÿìè îáðà-
çîâàòåëüíîé ïðîãðàììû.

Â ñîâðåìåííûõ óñëîâèÿõ, êîãäà ñôåðà îáðàçîâàíèÿ âñå áîëüøå ïðèîáðå-
òàåò äèñòàíöèîííûé ôîðìàò, îäíèì èç èíñòðóìåíòîâ äëÿ ïîâûøåíèÿ êà÷å-
ñòâà îáðàçîâàòåëüíîãî ïðîöåññà ÿâëÿåòñÿ ýëåêòðîííûé ó÷åáíî-ìåòîäè÷åñêèé
êîìïëåêñ (ÝÓÌÊ), ñîäåðæàùèé ïîäðîáíî èçëîæåííûå àëãîðèòìû è ìåòîäû
ðåøåíèÿ çàäà÷. Äàííûé ýëåêòðîííûé ó÷åáíî-ìåòîäè÷åñêèé êîìïëåêñ ïðåä-
íàçíà÷åí äëÿ îêàçàíèÿ ïîìîùè ñòóäåíòàì â óñâîåíèè ó÷åáíîãî ìàòåðèàëà,
ïîäáîðêå ëèòåðàòóðû ïðè ïîäãîòîâêå ê çàíÿòèÿì è ýêçàìåíó, ðàçâèòèÿ íàâû-
êîâ ïðèíÿòèÿ ñàìîñòîÿòåëüíûõ ðåøåíèé ïðè èññëåäîâàíèè ïðèêëàäíûõ çà-
äà÷. Ðàçðàáîòàííûé ÝÓÌÊ ìîæåò áûòü òàêæå ïîëåçåí ïðåïîäàâàòåëÿì ïðè
ïîäãîòîâêå ê ëåêöèÿì è ïðàêòè÷åñêèì çàíÿòèÿì. Ýôôåêòèâíîñòü ñàìîñòî-
ÿòåëüíîé ðàáîòû ñòóäåíòîâ ðåêîìåíäóåòñÿ ïðîâåðÿòü â ôîðìå êîíòðîëüíûõ
ðàáîò, êîìïüþòåðíûõ òåñòîâ è óñòíûõ îïðîñîâ ïî ðàçäåëàì äèñöèïëèíû.

Ðåêîìåíäàöèè ïî èçó÷åíèþ êóðñà
¾Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè¿

Íàñòîÿùèé ÝÓÌÊ ñîñòîèò èç ÷åòûðåõ ðàçäåëîâ: òåîðåòè÷åñêèé ðàçäåë,
ïðàêòè÷åñêèé ðàçäåë, ðàçäåë êîíòðîëÿ çíàíèé è âñïîìîãàòåëüíûé ðàçäåë.
Òåîðåòè÷åñêèé ðàçäåë ñîäåðæèò ïÿòü ãëàâ: ¾Êëàññèôèêàöèÿ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ¿, ¾Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà¿, ¾Óðàâíåíèÿ ïà-
ðàáîëè÷åñêîãî òèïà¿, ¾Ïðèìåíåíèå ñïåöèàëüíûõ ôóíêöèé è îðòîãîíàëüíûõ
ñèñòåì ìíîãî÷ëåíîâ ê ðåøåíèþ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè¿, ¾Óðàâíåíèÿ
ýëëèïòè÷åñêîãî òèïà¿. Ýòîò ðàçäåë âêëþ÷àåò â ñåáÿ áàçîâûå ïîíÿòèÿ è êðàò-
êèå òåîðåòè÷åñêèå ñâåäåíèÿ, ñîïðîâîæäàþùèåñÿ áîëüøèì êîëè÷åñòâîì ðàçî-
áðàííûõ ïðèìåðîâ, ðàññìîòðåíèå êîòîðûõ îáåñïå÷èò âîçìîæíîñòü ñàìîñòî-
ÿòåëüíîãî ðåøåíèÿ òèïîâûõ çàäà÷. Â ïðàêòè÷åñêîì ðàçäåëå â ñîîòâåòñòâèè
ñ òåìàìè ó÷åáíîãî ïëàíà ïðåäñòàâëåíû çàäà÷è ðàçëè÷íîé ñòåïåíè ñëîæíî-
ñòè. Ðàçäåë äîïîëíåí ïëàíîì ïðàêòè÷åñêèõ çàíÿòèé, â êîòîðîì ïðåäëîæåíû
çàäà÷è äëÿ ðåøåíèÿ â óñëîâèÿõ êàê àóäèòîðíûõ çàíÿòèé, òàê è â êà÷åñòâå äî-
ìàøíåãî çàäàíèÿ. Ïîñëå èçó÷åíèÿ ìàòåðèàëà ãëàâû è ðåøåíèÿ ïðèìåðîâ èç
ñîîòâåòñòâóþùèõ òåì ïðàêòè÷åñêîé ÷àñòè êóðñà ñòóäåíòó ïðåäëàãàåòñÿ âû-
ïîëíåíèå çàäàíèé èç ðàçäåëà êîíòðîëÿ çíàíèé â âèäå ïðèìåðíûõ âàðèàíòîâ
êîíòðîëüíûõ ðàáîò. Â çàâåðøåíèå ðàçäåëà ïðèâîäÿòñÿ âîïðîñû ê ýêçàìåíó.
Ïîñëå èçó÷åíèÿ ïðåäëàãàåìîãî ìàòåðèàëà ñòóäåíò áóäåò ïîíèìàòü ñâÿçè ìåæ-
äó îñíîâíûìè ïîíÿòèÿìè è ïîëó÷åííûìè ðåçóëüòàòàìè, óìåòü äàâàòü îòâåòû
íà êîíòðîëüíûå âîïðîñû, ðåøàòü îñíîâíûå òèïîâûå çàäà÷è.

7



1. ÒÅÎÐÅÒÈ×ÅÑÊÈÉ ÐÀÇÄÅË

1.1. Êëàññèôèêàöèÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

1.1.1. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ äâóìÿ
íåçàâèñèìûìè ïåðåìåííûìè

Â ýòîì ïóíêòå áóäåì ðàññìàòðèâàòü óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîä-
íûõ âòîðîãî ïîðÿäêà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè. Òàêèå
äèôôåðåíöèàëüíûå óðàâíåíèÿ íàèáîëåå ÷àñòî âñòðå÷àþòñÿ â ïðèëîæåíèÿõ.
Â îáùåì ñëó÷àå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ñ äâóìÿ
íåçàâèñèìûìè ïåðåìåííûìè ìîæíî çàïèñàòü â âèäå ñîîòíîøåíèÿ

F

(
x, y, u,

∂u

∂x
,
∂u

∂y
,
∂2u

∂x2
,
∂2u

∂y2
,
∂2u

∂x∂y

)
= 0,

ãäå F � çàäàííàÿ ôóíêöèÿ ñâîèõ àðãóìåíòîâ. Àíàëîãè÷íî çàïèñûâàåòñÿ
óðàâíåíèå è äëÿ áîëüøåãî ÷èñëà íåçàâèñèìûõ ïåðåìåííûõ.

Äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà íàçûâàåòñÿ ëèíåéíûì
îòíîñèòåëüíî ñòàðøèõ ïðîèçâîäíûõ, åñëè îíî èìååò âèä

a11
∂2u

∂x2
+ 2a12

∂2u

∂x∂y
+ a22

∂2u

∂y2
= F

(
x, y, u,

∂u

∂x
,
∂u

∂y

)
, (1)

ãäå aij = aij(x, y), i, j = 1, 2, � çàäàííûå ôóíêöèè.
Óðàâíåíèå íàçûâàåòñÿ ëèíåéíûì, åñëè îíî ëèíåéíî êàê îòíîñèòåëüíî

èñêîìîé ôóíêöèè, òàê è îòíîñèòåëüíî åå ÷àñòíûõ ïðîèçâîäíûõ:

a11
∂2u

∂x2
+ 2a12

∂2u

∂x∂y
+ a22

∂2u

∂y2
+ b1

∂u

∂x
+ b2

∂u

∂y
+ cu = f(x, y). (2)

Ïðîâåäåì êëàññèôèêàöèþ óðàâíåíèé âèäà (1). Äëÿ ýòîãî ââåäåì ¾íîâûå¿
íåçàâèñèìûå ïåðåìåííûå ξ = φ(x, y), η = ψ(x, y), ãäå φ(x, y) è ψ(x, y) �
äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûå ïî x è y ôóíêöèè, ïðè÷åì ÿêîáèàí
ïðåîáðàçîâàíèÿ îòëè÷åí îò íóëÿ:

I(x, y) =

∣∣∣∣∣∣∣∣
∂φ

∂x

∂φ

∂y
∂ψ

∂x

∂ψ

∂y

∣∣∣∣∣∣∣∣ ̸= 0.

Ïðåîáðàçóåì ïðîèçâîäíûå, âõîäÿùèå â óðàâíåíèå (1), ïî ïðàâèëó äèô-
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ôåðåíöèðîâàíèÿ ñëîæíûõ ôóíêöèé:

∂u

∂x
=
∂u

∂ξ

∂φ

∂x
+
∂u

∂η

∂ψ

∂x
,

∂u

∂y
=
∂u

∂ξ

∂φ

∂y
+
∂u

∂η

∂ψ

∂y
,

∂2u

∂x2
=
∂2u

∂ξ2

(
∂φ

∂x

)2
+ 2

∂2u

∂ξ∂η

∂φ

∂x

∂ψ

∂x
+
∂2u

∂η2

(
∂ψ

∂x

)2
+
∂u

∂ξ

∂2φ

∂x2
+
∂u

∂η

∂2ψ

∂x2
,

∂2u

∂y2
=
∂2u

∂ξ2

(
∂φ

∂y

)2
+ 2

∂2u

∂ξ∂η

∂φ

∂y

∂ψ

∂y
+
∂2u

∂η2

(
∂ψ

∂y

)2
+
∂u

∂ξ

∂2φ

∂y2
+
∂u

∂η

∂2ψ

∂y2
,

∂2u

∂x∂y
=
∂2u

∂ξ2
∂φ

∂x

∂φ

∂y
+

∂2u

∂ξ∂η

(
∂φ

∂x

∂ψ

∂y
+
∂φ

∂y

∂ψ

∂x

)
+

+
∂2u

∂η2
∂ψ

∂x

∂ψ

∂y
+
∂u

∂ξ

∂2φ

∂x∂y
+
∂u

∂η

∂2ψ

∂x∂y
.

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â óðàâíåíèå (1), ïîëó÷èì

A11
∂2u

∂ξ2
+ 2A12

∂2u

∂ξ∂η
+ A22

∂2u

∂η2
= Φ

(
ξ, η, u,

∂u

∂ξ
,
∂u

∂η

)
, (3)

ãäå

A11 = a11

(
∂φ

∂x

)2
+ 2a12

∂φ

∂x

∂φ

∂y
+ a22

(
∂φ

∂y

)2
,

A12 = a11
∂φ

∂x

∂ψ

∂x
+ a12

(
∂φ

∂x

∂ψ

∂y
+
∂φ

∂y

∂ψ

∂x

)
+ a22

∂φ

∂y

∂ψ

∂y
,

A22 = a11

(
∂ψ

∂x

)2
+ 2a12

∂ψ

∂x

∂ψ

∂y
+ a22

(
∂ψ

∂y

)2
.

Âûáåðåì ïåðåìåííûå ξ è η òàê, ÷òîáû êîýôôèöèåíò A11 óðàâíåíèÿ (3)
áûë ðàâåí íóëþ, ò. å. ÷òîáû âûïîëíÿëîñü ðàâåíñòâî

a11

(
∂φ

∂x

)2
+ 2a12

∂φ

∂x

∂φ

∂y
+ a22

(
∂φ

∂y

)2
= 0. (4)

Ñîîòíîøåíèå (4) ÿâëÿåòñÿ óðàâíåíèåì â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî
ïîðÿäêà. Ðåøåíèå ýòîãî óðàâíåíèÿ ñâÿçàíî ñ ðåøåíèåì îáûêíîâåííîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà

a11

(
dy

dx

)2
− 2a12

dy

dx
+ a22 = 0. (5)

Óðàâíåíèå (5) íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì óðàâíåíèåì äëÿ
óðàâíåíèÿ (3), à åãî îáùèå èíòåãðàëû � õàðàêòåðèñòè÷åñêèìè êðèâûìè
èëè õàðàêòåðèñòèêàìè.
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Òåîðåìà 1 (î õàðàêòåðèñòèêàõ). Äëÿ òîãî ÷òîáû ôóíêöèÿ φ(x, y)
áûëà ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4), íåîáõîäèìî è äîñòàòî÷-
íî, ÷òîáû ñîîòíîøåíèå φ(x, y) = C ïðåäñòàâëÿëî ñîáîé îáùèé èíòåãðàë
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (5).

Èç òåîðåìû î õàðàêòåðèñòèêàõ ñëåäóåò, ÷òî êëàññèôèêàöèþ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ñëåäóåò ïðîâîäèòü íà îñíîâå àíàëèçà
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Îáîçíà÷èì ÷åðåç D = a212 − a11a22 äèñêðè-
ìèíàíò óðàâíåíèÿ (5).

Îïðåäåëåíèå 1. Óðàâíåíèå (1) íàçûâàåòñÿ â òî÷êå M (îáëàñòè G ):

1) óðàâíåíèåì ãèïåðáîëè÷åñêîãî òèïà , åñëè D > 0;

2) óðàâíåíèåì ïàðàáîëè÷åñêîãî òèïà , åñëè D = 0;

3) óðàâíåíèåì ýëëèïòè÷åñêîãî òèïà , åñëè D < 0.

Íåïîñðåäñòâåííîé ïîäñòàíîâêîé íåòðóäíî óáåäèòüñÿ â ñïðàâåäëèâîñòè
ñîîòíîøåíèÿ

A2
12 − A11A22 = (a212 − a11a22)I

2(x, y),

èç êîòîðîãî ñëåäóåò, ÷òî ïðåîáðàçîâàíèå íåçàâèñèìûõ ïåðåìåííûõ íå ìåíÿ-
åò òèï óðàâíåíèÿ. Çàìåòèì, ÷òî â ðàçëè÷íûõ òî÷êàõ îáëàñòè G óðàâíåíèå
ìîæåò ïðèíàäëåæàòü ðàçëè÷íûì òèïàì.

Ïðåäïîëîæèì, ÷òî âî âñåõ òî÷êàõ îáëàñòè G óðàâíåíèå èìååò îäèí è
òîò æå òèï. Ðàññìîòðèì êàæäûé èç òðåõ ñëó÷àåâ.

1. Äëÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà D = a212 − a11a22 > 0. Â ýòîì
ñëó÷àå óðàâíåíèå (5) ðàñïàäàåòñÿ íà äâà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèÿ ñ ñîïðÿæåííûìè äåéñòâèòåëüíûìè ïðàâûìè ÷àñòÿìè:

dy

dx
=
a12 +

√
a212 − a11a22

a11
,

dy

dx
=
a12 −

√
a212 − a11a22

a11
. (6)

Ïóñòü φ(x, y) = C1 è ψ(x, y) = C2 � îáùèå èíòåãðàëû óðàâíåíèé
(6). Òîãäà â ñîîòâåòñòâèè ñ òåîðåìîé î õàðàêòåðèñòèêàõ ôóíêöèè φ(x, y) è
ψ(x, y) ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèÿ (4). Âûáèðàÿ â êà÷åñòâå ¾íîâûõ¿
íåçàâèñèìûõ ïåðåìåííûõ ξ = φ(x, y), η = ψ(x, y), òåì ñàìûì îáðàòèì â
íóëü íå òîëüêî êîýôôèöèåíò A11, íî è A22 (ñîîòâåòñòâóþùèå ôîðìóëû ïî-
ëó÷àþòñÿ îäíà èç äðóãîé çàìåíîé φ íà ψ). Ïîñëå äåëåíèÿ íà êîýôôèöèåíò
2A12 ïðèâîäèì óðàâíåíèå (3) ê âèäó

∂2u

∂ξ∂η
= Φ1

(
ξ, η, u,

∂u

∂ξ
,
∂u

∂η

)
. (7)

10



Ðàâåíñòâî (7) íàçûâàåòñÿ ïåðâîé êàíîíè÷åñêîé ôîðìîé äëÿ óðàâ-
íåíèé ãèïåðáîëè÷åñêîãî òèïà.

Â ïðèëîæåíèÿõ ïðè îïèñàíèè ôèçè÷åñêèõ ïðîöåññîâ ÷àùå èñïîëüçóåòñÿ
äðóãàÿ êàíîíè÷åñêàÿ ôîðìà. Ïîëàãàÿ

ξ =
φ(x, y) + ψ(x, y)

2
, η =

φ(x, y)− ψ(x, y)

2
,

ïðèõîäèì ê âòîðîé êàíîíè÷åñêîé ôîðìå äëÿ óðàâíåíèé ãèïåðáîëè÷å-
ñêîãî òèïà :

∂2u

∂ξ2
− ∂2u

∂η2
= Φ2

(
ξ, η, u,

∂u

∂ξ
,
∂u

∂η

)
.

2. Äëÿ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà D = a212 − a11a22 = 0. Õàðàêòå-
ðèñòè÷åñêîå óðàâíåíèå (5) ñâîäèòñÿ ê îäíîìó îáûêíîâåííîìó äèôôåðåíöè-
àëüíîìó óðàâíåíèþ

dy

dx
=
a12
a11

,

îáùèé èíòåãðàë êîòîðîãî φ(x, y) = C. Ïîëàãàÿ â êà÷åñòâå ¾íîâûõ¿ ïåðåìåí-
íûõ ξ = φ(x, y), η = ψ(x, y), ãäå ψ(x, y) � ëþáàÿ íå çàâèñÿùàÿ îò φ(x, y)
ôóíêöèÿ, ïîëó÷èì, ÷òî A11 = 0.

Ïîêàæåì, ÷òî ïðè òàêîé çàìåíå ïåðåìåííûõ îäíîâðåìåííî îáðàùàåòñÿ
â íóëü è êîýôôèöèåíò A12. Ïîñêîëüêó a11a22 = a212, òî áåç îãðàíè÷åíèÿ
îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî a11 > 0, a22 > 0. Èìååì

A11 = a11

(
∂φ

∂x

)2
+ 2a12

∂φ

∂x

∂φ

∂y
+ a22

(
∂φ

∂y

)2
=

(
√
a11

∂φ

∂x

)2
+

+ 2
√
a11

√
a22

∂φ

∂x

∂φ

∂y
+

(
√
a22

∂φ

∂y

)2
=

(
√
a11

∂φ

∂x
+
√
a22

∂φ

∂y

)2
= 0.

Òîãäà ïîëó÷èì

A12 = a11
∂φ

∂x

∂ψ

∂x
+ a12

(
∂φ

∂x

∂ψ

∂y
+
∂φ

∂y

∂ψ

∂x

)
+ a22

∂φ

∂y

∂ψ

∂y
=

=

(
√
a11

∂φ

∂x
+
√
a22

∂φ

∂y

)(
√
a11

∂ψ

∂x
+
√
a22

∂ψ

∂y

)
= 0.

Òàêèì îáðàçîì, óðàâíåíèå (3) â ëåâîé ÷àñòè ñîäåðæèò òîëüêî îäíî ñëàãà-
åìîå. Ðàçäåëèâ (3) íà A22, ïîëó÷èì êàíîíè÷åñêóþ ôîðìó äëÿ óðàâíåíèé
ïàðàáîëè÷åñêîãî òèïà :

∂2u

∂η2
= Φ3

(
ξ, η, u,

∂u

∂ξ
,
∂u

∂η

)
.
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3. Äëÿ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà äèñêðèìèíàíò õàðàêòåðèñòè÷å-
ñêîãî óðàâíåíèÿ D = a212 − a11a22 < 0. Â ýòîì ñëó÷àå óðàâíåíèå (5) ðàñïà-
äàåòñÿ íà äâà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèÿ ñ êîìïëåêñíî-
ñîïðÿæåííûìè ïðàâûìè ÷àñòÿìè:

dy

dx
=
a12 + i

√
a11a22 − a212
a11

,

dy

dx
=
a12 − i

√
a11a22 − a212
a11

.

(8)

Îáùèå èíòåãðàëû óðàâíåíèé (8) φ(x, y) = C1 è ψ(x, y) = C2, ãäå

φ(x, y) = α(x, y) + iβ(x, y), ψ(x, y) = α(x, y)− iβ(x, y).

Âûïîëíÿÿ çàìåíó ïåðåìåííûõ ξ = α(x, y), η = β(x, y), ïîëó÷èì A11 =
A22, A12 = 0. Ïîñëå äåëåíèÿ (3) íà êîýôôèöèåíò A22 ïðèõîäèì ê êàíîíè-
÷åñêîé ôîðìå äëÿ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà :

∂2u

∂ξ2
+
∂2u

∂η2
= Φ4

(
ξ, η, u,

∂u

∂ξ
,
∂u

∂η

)
.

Ëèíåéíîå óðàâíåíèå (2) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, êîãäà a11, a12,
a22, b1, b2, c � const, èìååò îäèíàêîâûé òèï â ëþáîé îáëàñòè G. Òàêîìó óðàâ-
íåíèþ ñîîòâåòñòâóåò õàðàêòåðèñòè÷åñêîå óðàâíåíèå (5) ñ ïîñòîÿííûìè êîýô-
ôèöèåíòàìè. Õàðàêòåðèñòèêàìè óðàâíåíèÿ (2) ÿâëÿþòñÿ ïðÿìûå y = kx+ b.
Ñ ïîìîùüþ óêàçàííûõ âûøå ïðåîáðàçîâàíèé ïåðåìåííûõ ëèíåéíîå óðàâíå-
íèå ñ ïîñòîÿííûìè êîýôôèöèåíòàìè ãèïåðáîëè÷åñêîãî òèïà ïðèâîäèòñÿ ê
îäíîé èç êàíîíè÷åñêèõ ôîðì:

∂2u

∂ξ∂η
+B1

∂u

∂ξ
+B2

∂u

∂η
+ Cu = Φ(ξ, η),

∂2u

∂ξ2
− ∂2u

∂η2
+B1

∂u

∂ξ
+B2

∂u

∂η
+ Cu = Φ(ξ, η).

Ëèíåéíûå óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè ïàðàáîëè÷åñêîãî
è ýëëèïòè÷åñêîãî òèïîâ èìåþò êàíîíè÷åñêèå ôîðìû:

∂2u

∂η2
+B1

∂u

∂ξ
+B2

∂u

∂η
+ Cu = Φ(ξ, η),

∂2u

∂ξ2
+
∂2u

∂η2
+B1

∂u

∂ξ
+B2

∂u

∂η
+ Cu = Φ(ξ, η).
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1.1.2. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñî ìíîãèìè
íåçàâèñèìûìè ïåðåìåííûìè

Ðàñìîòðèì ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîä-
íûõ âòîðîãî ïîðÿäêà

n∑
i=1

n∑
j=1

aij
∂2u

∂xi∂xj
+

n∑
i=1

bi
∂u

∂xi
+ cu = f, (9)

ãäå aij, bi, c, f ÿâëÿþòñÿ ôóíêöèÿìè ïåðåìåííûõ x1, x2, . . . , xn, n > 3.
Ââåäåì ¾íîâûå¿ íåçàâèñèìûå ïåðåìåííûå ξ1, ξ2, . . . , ξn, ïîëàãàÿ

ξk =
n∑

i=1

ckixi, k = 1, 2, . . . , n. (10)

Òîãäà ïðîèçâîäíûå ïî ¾ñòàðûì¿ ïåðåìåííûì âûðàçÿòñÿ ÷åðåç ïðîèçâîä-
íûå ïî ¾íîâûì¿ ïåðåìåííûì ôîðìóëàìè

∂u

∂xi
=

n∑
k=1

cki
∂u

∂ξk
,

∂2u

∂xi∂xj
=

n∑
k=1

n∑
m=1

ckicmj
∂2u

∂ξk∂ξm
,

ãäå cki =
∂ξk
∂xi

. Ïîäñòàâëÿÿ âûðàæåíèÿ äëÿ ïðîèçâîäíûõ â óðàâíåíèå (9),

ïîëó÷èì òàêîãî æå âèäà ëèíåéíîå óðàâíåíèå

n∑
k=1

n∑
m=1

Akm
∂2u

∂ξk∂ξm
+

n∑
k=1

Bk
∂u

∂ξk
+ cu = Φ(ξ1, ξ2, . . . , ξn), (11)

â êîòîðîì

Akm =
n∑

i=1

n∑
j=1

aijckicmj, Bk =
n∑

i=1

bicki.

Ðàññìîòðèì òåïåðü êâàäðàòè÷íóþ ôîðìó

n∑
i=1

n∑
j=1

a
(0)
ij titj, (12)

êîýôôèöèåíòû êîòîðîé a
(0)
ij ñîâïàäàþò ñ êîýôôèöèåíòàìè aij óðàâíåíèÿ (9)

â íåêîòîðîé òî÷êå M0

(
x
(0)
1 , x

(0)
2 , . . . , x

(0)
n

)
. Åñëè â ýòîé êâàäðàòè÷íîé ôîðìå

ïåðåéòè ê ¾íîâûì¿ ïåðåìåííûì

ti =
n∑

k=1

c′ikyk, i = 1, 2, . . . , n, (13)
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ãäå c′ik = cki, òî äëÿ êâàäðàòè÷íîé ôîðìû (12) ïîëó÷èì âûðàæåíèå

n∑
k=1

n∑
m=1

A
(0)
kmykym, A

(0)
km =

n∑
i=1

n∑
j=1

a
(0)
ij ckicmj.

Ñëåäîâàòåëüíî, êîýôôèöèåíòû ïðè ñòàðøèõ ÷ëåíàõ óðàâíåíèÿ (9) èç-
ìåíÿþòñÿ àíàëîãè÷íî êîýôôèöèåíòàì êâàäðàòè÷íîé ôîðìû ïðè ëèíåéíîì
ïðåîáðàçîâàíèè ïåðåìåííûõ.

Èç êóðñà àëãåáðû èçâåñòíî, ÷òî ñóùåñòâóåò ëèíåéíîå íåâûðîæäåííîå
ïðåîáðàçîâàíèå ïåðåìåííûõ, â ðåçóëüòàòå êîòîðîãî ìàòðèöà êâàäðàòè÷íîé
ôîðìû ïðèâîäèòñÿ ê äèàãîíàëüíîìó âèäó, â êîòîðîì

A
(0)
km = 0 ïðè k ̸= m, A

(0)
kk = ±1 ëèáî A

(0)
kk = 0.

Ïðè ýòîì, ñîãëàñíî çàêîíó èíåðöèè, ÷èñëî ïîëîæèòåëüíûõ, îòðèöàòåëü-

íûõ è ðàâíûõ íóëþ êîýôôèöèåíòîâ A
(0)
kk â íîðìàëüíîì âèäå êâàäðàòè÷-

íîé ôîðìû
n∑

k=1

A
(0)
kk y

2
k íå çàâèñèò îò ëèíåéíîãî ïðåîáðàçîâàíèÿ ïåðåìåííûõ.

Îêîí÷àòåëüíî óðàâíåíèå (11) ïðèíèìàåò âèä

n∑
k=1

Akk
∂2u

∂ξ2k
+

n∑
k=1

Bk
∂u

∂ξk
+ cu = Φ(ξ1, ξ2, . . . , ξn). (14)

Óðàâíåíèå (14) íàçûâàåòñÿ êàíîíè÷åñêîé ôîðìîé óðàâíåíèÿ (9).
Òàêèì îáðàçîì, ÷òîáû íàéòè ïðåîáðàçîâàíèå ïåðåìåííûõ (10), ïðèâî-

äÿùåå èñõîäíîå óðàâíåíèå ê êàíîíè÷åñêîé ôîðìå, íåîáõîäèìî íàéòè ïðåîá-
ðàçîâàíèå (13), ïðèâîäÿùåå êâàäðàòè÷íóþ ôîðìó (12) ê íîðìàëüíîìó âèäó.
Ìàòðèöà ïðåîáðàçîâàíèÿ (10) ïîëó÷àåòñÿ èç ìàòðèöû ïðåîáðàçîâàíèÿ (13)
òðàíñïîíèðîâàíèåì.

Îïðåäåëåíèå 2. Ãîâîðÿò, ÷òî óðàâíåíèå (9) èìååò â òî÷êå M0 :

1) ýëëèïòè÷åñêèé òèï , åñëè âñå n êîýôôèöèåíòîâ Akk îäíîãî çíàêà;

2) íîðìàëüíûé ãèïåðáîëè÷åñêèé òèï , åñëè n − 1 êîýôôèöèåíòîâ
Akk èìåþò îäèíàêîâûé çíàê, à îäèí êîýôôèöèåíò ïðîòèâîïîëîæåí èì ïî
çíàêó;

3) óëüòðàãèïåðáîëè÷åñêèé òèï , åñëè ñðåäè êîýôôèöèåíòîâ Akk

èìååòñÿ l êîýôôèöèåíòîâ îäíîãî çíàêà è n − l êîýôôèöèåíòîâ ïðîòèâî-
ïîëîæíîãî çíàêà;

4) ïàðàáîëè÷åñêèé òèï , åñëè õîòÿ áû îäèí èç êîýôôèöèåíòîâ Akk

ðàâåí íóëþ.
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Çàìåòèì, ÷òî åñëè êîýôôèöèåíòû óðàâíåíèÿ (9) ïîñòîÿííû, òî ïðèâå-
äÿ óðàâíåíèå ê êàíîíè÷åñêîé ôîðìå â îäíîé òî÷êå M0, ïîëó÷èì óðàâíåíèå,
ïðèâåäåííîå ê êàíîíè÷åñêîé ôîðìå âî âñåì n -ìåðíîì ïðîñòðàíñòâå. Â îá-
ùåì ñëó÷àå óðàâíåíèå ñ ïåðåìåííûìè êîýôôèöèåíòàìè ïðè n > 3 íåëüçÿ
ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå äàæå â ìàëîé îêðåñòíîñòè òî÷êè M0.

Ïðèìåð 1. Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèå ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè

∂2u

∂x2
− 2

∂2u

∂x∂y
+
∂2u

∂y2
+ α

∂u

∂x
+ β

∂u

∂y
+ γu = 0.

Ðåøåíèå. Äèñêðèìèíàíò D = 1−1 = 0, ñëåäîâàòåëüíî, ýòî óðàâíåíèå
ïàðàáîëè÷åñêîãî òèïà. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä(

dy

dx

)2

+ 2
dy

dx
+ 1 = 0,

îòêóäà ïîëó÷èì
dy

dx
= −1 è îäèí îáùèé èíòåãðàë x+ y = C.

Ââåäåì ¾íîâûå¿ ïåðåìåííûå, ïîëàãàÿ ξ = x+ y, η = x. Â ýòîì ñëó÷àå

∂u

∂x
=
∂u

∂ξ
+
∂u

∂η
,

∂u

∂y
=
∂u

∂ξ
,

∂2u

∂x2
=
∂2u

∂ξ2
+ 2

∂2u

∂ξ∂η
+
∂2u

∂η2
,

∂2u

∂y2
=
∂2u

∂ξ2
,

∂2u

∂x∂y
=
∂2u

∂ξ2
+

∂2u

∂ξ∂η
.

Ïîäñòàâëÿÿ â óðàâíåíèå, ïîëó÷èì êàíîíè÷åñêóþ ôîðìó

∂2u

∂ξ2
+ 2

∂2u

∂ξ∂η
+
∂2u

∂η2
− 2

∂2u

∂ξ2
− 2

∂2u

∂ξ∂η
+

+
∂2u

∂ξ2
+ α

(
∂u

∂ξ
+
∂u

∂η

)
+ β

∂u

∂ξ
+ γu = 0

èëè
∂2u

∂η2
= −(α + β)

∂u

∂ξ
− α

∂u

∂η
− γu. J

Ïðèìåð 2. Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèå ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè

∂2u

∂x2
+ 2

∂2u

∂x∂y
+ 2

∂2u

∂y2
= 0.
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Ðåøåíèå. Äèñêðèìèíàíò ðàâåí D = 12 − 1 · 2 < 0 ò. å. óðàâíåíèå
ýëëèïòè÷åñêîãî òèïà. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå(

dy

dx

)2

− 2
dy

dx
+ 2 = 0

èìååò îáùèå èíòåãðàëû y − x ± ix = C1,2. Ââåäåì ¾íîâûå¿ ïåðåìåííûå
ξ = y − x, η = x. Òîãäà

∂u

∂x
=
∂u

∂ξ
(−1) +

∂u

∂η
,

∂u

∂y
=
∂u

∂ξ
,

∂2u

∂x2
=
∂2u

∂ξ2
− 2

∂2u

∂ξ∂η
+
∂2u

∂η2
,

∂2u

∂y2
=
∂2u

∂ξ2
,

∂2u

∂x∂y
= −∂

2u

∂ξ2
+

∂2u

∂ξ∂η
.

Ïîäñòàâëÿÿ íàéäåííûå ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå, ïîëó÷èì

∂2u

∂ξ2
+
∂2u

∂η2
= 0. J

Ïðèìåð 3. Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèå ñ ïåðåìåííûìè
êîýôôèöèåíòàìè

∂2u

∂x2
− 2 sin x

∂2u

∂x∂y
− cos2 x

∂2u

∂y2
= cos x

∂u

∂y
.

Ðåøåíèå. Çàïèøåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå(
dy

dx

)2

+ 2 sin x
dy

dx
− cos2 x = 0.

Åãî äèñêðèìèíàíò D = sin2 x + cos2 x = 1 > 0, ò. å. óðàâíåíèå èìå-
åò ãèïåðáîëè÷åñêèé òèï. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ðàñïàäàåòñÿ íà äâà
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèÿ

dy

dx
= − sin x+ 1,

dy

dx
= − sin x− 1,

îòêóäà ïîëó÷èì îáùèå èíòåãðàëû

y − cos x− x = C1, y − cos x+ x = C2.

Ïîëàãàÿ ξ = y − cos x− x, η = y − cos x+ x, áóäåì èìåòü

∂u

∂x
=
∂u

∂ξ
(sin x− 1) +

∂u

∂η
(sin x+ 1),

∂u

∂y
=
∂u

∂ξ
+
∂u

∂η
,

∂2u

∂x2
=
∂2u

∂ξ2
(sin x− 1)2 + 2

∂2u

∂ξ∂η
(sin2 x− 1) +

+
∂2u

∂η2
(sin x+ 1)2 +

∂u

∂ξ
cos x+

∂u

∂η
cos x,
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∂2u

∂x∂y
=
∂2u

∂ξ2
(sin x− 1) +

∂2u

∂ξ∂η
(2 sin x) +

∂2u

∂η2
(sin x+ 1),

∂2u

∂y2
=
∂2u

∂ξ2
+ 2

∂2u

∂ξ∂η
+
∂2u

∂η2
.

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â èñõîäíîå óðàâíåíèå è ñîáèðàÿ êîýôôèöè-
åíòû ïðè ïðîèçâîäíûõ, ïîëó÷èì

∂2u

∂ξ2
(sin2 x− 2 sin x+ 1− 2 sin2 x+ 2 sin x− cos2 x) +

+
∂2u

∂η2
(sin2 x+ 2 sin x+ 1− 2 sin2 x− 2 sin x− cos2 x) +

+ 2
∂2u

∂ξ∂η
(sin2 x− 1− 2 sin2 x− cos2 x) +

+
∂u

∂ξ
cos x+

∂u

∂η
cos x = cos x

(
∂u

∂ξ
+
∂u

∂η

)
.

Îêîí÷àòåëüíî ïðèõîäèì ê êàíîíè÷åñêîé ôîðìå

−4
∂2u

∂ξ∂η
= 0 èëè

∂2u

∂ξ∂η
= 0.

Ïðèìåð 4. Ïðèâåñòè óðàâíåíèå ê êàíîíè÷åñêîé ôîðìå â êàæäîé èç îá-
ëàñòåé, ãäå ñîõðàíÿåòñÿ òèï óðàâíåíèÿ:

∂2u

∂x2
+ x

∂2u

∂y2
= 0.

Ðåøåíèå. Ýòî óðàâíåíèå ñ ïåðåìåííûìè êîýôôèöèåíòàìè, ïðè÷åì åãî
äèñêðèìèíàíò D = −x. Óðàâíåíèå â îáëàñòè x < 0 èìååò ãèïåðáîëè÷åñêèé
òèï, à â îáëàñòè x > 0 � ýëëèïòè÷åñêèé. Ïðè x = 0 ïîëó÷èì óðàâíåíèå

ïàðàáîëè÷åñêîãî òèïà
∂2u

∂x2
= 0.

Ðàññìîòðèì ïåðâûé ñëó÷àé, êîãäà x < 0. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå
èìååò âèä (

dy

dx

)2

+ x = 0,
dy

dx
= ±

√
−x,

à åãî îáùèå èíòåãðàëû

C1 = y +
2

3
(−x)3/2, C2 = y − 2

3
(−x)3/2.
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Ñäåëàåì çàìåíó ïåðåìåííûõ

ξ = y +
2

3
(−x)3/2, η = y − 2

3
(−x)3/2.

Íàõîäèì ïðîèçâîäíûå

∂u

∂x
=
∂u

∂ξ

(
−
√
−x
)
+
∂u

∂η

√
−x, ∂u

∂y
=
∂u

∂ξ
+
∂u

∂η
,

∂2u

∂x2
=
∂2u

∂ξ2
(−x) + ∂2u

∂ξ∂η
(2x) +

∂2u

∂η2
(−x) + ∂u

∂ξ

1

2
√
−x

− ∂u

∂η

1

2
√
−x

,

∂2u

∂y2
=
∂2u

∂ξ2
+ 2

∂2u

∂ξ∂η
+
∂2u

∂η2
.

Ïîäñòàâëÿÿ â äèôôåðåíöèàëüíîå óðàâíåíèå, ïîëó÷èì

4x
∂2u

∂ξ∂η
=

1

2
√
−x

∂u

∂η
− 1

2
√
−x

∂u

∂ξ
.

Óìíîæàÿ íà
1

4x
è ó÷èòûâàÿ, ÷òî x < 0, ïðèõîäèì ê ñîîòíîøåíèþ

∂2u

∂ξ∂η
=

1

8
(√

−x
)3(∂u∂ξ − ∂u

∂η

)
.

Âûðàçèì ïåðåìåííóþ x â ýòîì ðàâåíñòâå ÷åðåç ¾íîâûå¿ ïåðåìåííûå ξ
è η. Ó÷èòûâàÿ ôîðìóëû çàìåíû ïåðåìåííûõ, èìååì

√
−x =

3

√
3(ξ − η)

4
.

Îêîí÷àòåëüíî ïîëó÷èì

∂2u

∂ξ∂η
=

1

6(ξ − η)

(
∂u

∂ξ
− ∂u

∂η

)
.

Ðàññìîòðèì òåïåðü âòîðîé ñëó÷àé. Â îáëàñòè x > 0 óðàâíåíèå èìååò
ýëëèïòè÷åñêèé òèï. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå(

dy

dx

)2

+ x = 0

ðàñïàäàåòñÿ íà äâà óðàâíåíèÿ
dy

dx
= ± i

√
x, à èõ îáùèå èíòåãðàëû èìåþò

âèä

y + i
2

3
x3/2 = C1, y − i

2

3
x3/2 = C2.
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Ñäåëàåì çàìåíó ξ = y, η =
2

3
x3/2 è íàéäåì ïðîèçâîäíûå

∂u

∂x
=
∂u

∂η

√
x,

∂u

∂y
=
∂u

∂ξ
,

∂2u

∂x2
=
∂2u

∂η2
x+

∂u

∂η

1

2
√
x
,

∂2u

∂y2
=
∂2u

∂ξ2
.

Ïîäñòàâëÿÿ â óðàâíåíèå, ïðèõîäèì ê êàíîíè÷åñêîé ôîðìå

x
∂2u

∂η2
+

1

2
√
x

∂u

∂η
+ x

∂2u

∂ξ2
= 0

èëè
∂2u

∂ξ2
+
∂2u

∂η2
= − 1

3η

∂u

∂η
. J

Ïðèìåð 5. Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèå ñ òðåìÿ íåçàâè-
ñèìûìè ïåðåìåííûìè

∂2u

∂x2
− 4

∂2u

∂x∂y
+ 2

∂2u

∂x∂z
+ 4

∂2u

∂y2
+
∂2u

∂z2
+ 3

∂u

∂x
= 0.

Ðåøåíèå. Ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó

k(t1, t2, t3) = t21 − 4t1t2 + 2t1t3 + 4t22 + t23,

ñîîòâåòñòâóþùóþ èñõîäíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ. Ïðèâåäåì åå
ê íîðìàëüíîìó âèäó, èñïîëüçóÿ ìåòîä Ëàãðàíæà. Èìååì

k = (t1 − 2t2 + t3)
2 − 4t22 − t23 + 4t2t3 + 4t22 + t23 = (t1 − 2t2 + t3)

2 + 4t2t3.

Äàëåå ïîëîæèì t2 = p2 + p3, t3 = p2 − p3. Òîãäà

4t2t3 = 4p22 − 4p23 = (2p2)
2 − (2p3)

2 = (t2 + t3)
2 − (t2 − t3)

2.

Îêîí÷àòåëüíî çàïèøåì êâàäðàòè÷íóþ ôîðìó â âèäå

k(t1, t2, t3) = (t1 − 2t2 + t3)
2 + (t2 + t3)

2 − (t2 − t3)
2.

Îáîçíà÷àÿ

y1 = t1 − 2t2 + t3, y2 = t2 + t3, y3 = t2 − t3,

ïîëó÷èì íîðìàëüíûé âèä êâàäðàòè÷íîé ôîðìû

k′(y1, y2, y3) = y21 + y22 − y23.
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Âûðàçèì ïåðåìåííûå t1, t2, t3 ÷åðåç ïåðåìåííûå y1, y2, y3 :

t1 = y1 +
1

2
y2 +

3

2
y3, t2 =

1

2
y2 +

1

2
y3, t3 =

1

2
y2 −

1

2
y3.

Ñëåäîâàòåëüíî, ëèíåéíîå íåâûðîæäåííîå ïðåîáðàçîâàíèå ïåðåìåííûõ
T = SY, ãäå

T =

t1t2
t3

, S =

1 1/2 3/2

0 1/2 1/2

0 1/2 −1/2

, Y =

y1y2
y3

,
ïðèâîäèò êâàäðàòè÷íóþ ôîðìó ê íîðìàëüíîìó âèäó.

Ìàòðèöà ëèíåéíîãî íåâûðîæäåííîãî ïðåîáðàçîâàíèÿ ïåðåìåííûõ, ïðè-
âîäÿùåãî óðàâíåíèå ê êàíîíè÷åñêîé ôîðìå, ÿâëÿåòñÿ òðàíñïîíèðîâàííîé ê
ìàòðèöå S :

Sò =

 1 0 0

1/2 1/2 1/2

3/2 1/2 −1/2

.
Ýòî ïðåîáðàçîâàíèå çàäàåòñÿ ðàâåíñòâîìξη

ζ

 = Sò

xy
z


èëè â ñêàëÿðíîì âèäå

ξ = x, η =
1

2
x+

1

2
y +

1

2
z, ζ =

3

2
x+

1

2
y − 1

2
z.

Äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ ïðè ïåðâûõ ïðîèçâîäíûõ â ¾íîâûõ¿
ïåðåìåííûõ èñïîëüçóåì ôîðìóëóB1

B2

B3

 = Sò

b1b2
b3

 = Sò

30
0

 =

 3

3/2

9/2

.
Òàêèì îáðàçîì, èñõîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå èìååò ãèïåðáî-

ëè÷åñêèé òèï, à åãî êàíîíè÷åñêàÿ ôîðìà

∂2u

∂ξ2
+
∂2u

∂η2
− ∂2u

∂ζ2
+ 3

∂u

∂ξ
+

3

2

∂u

∂η
+

9

2

∂u

∂ζ
= 0. J
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1.2. Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà

1.2.1. Ïîñòàíîâêè çàäà÷ äëÿ óðàâíåíèé
ãèïåðáîëè÷åñêîãî òèïà

Îñíîâíûì óðàâíåíèåì ãèïåðáîëè÷åñêîãî òèïà ÿâëÿåòñÿ óðàâíåíèå ïî-
ïåðå÷íûõ êîëåáàíèé ñòðóíû

ρ(x)
∂2u

∂t2
= T0

∂2u

∂x2
+ F (x, t), (1)

ãäå u(x, t) � âåðòèêàëüíîå ïåðåìåùåíèå ñòðóíû, ρ(x) � ëèíåéíàÿ ïëîòíîñòü,
T0 � íàòÿæåíèå ñòðóíû, F (x, t) � ïëîòíîñòü âíåøíèõ ñèë. Åñëè ñòðóíà îä-
íîðîäíàÿ, ò. å. ρ(x) = ρ0 = const, òî óðàâíåíèå (1) ïðèíèìàåò âèä

∂2u

∂t2
= a2

∂2u

∂x2
+ f(x, t),

ãäå a2 =
T0
ρ0
, f(x, t) =

F (x, t)

ρ0
. Ïðè îòñóòñòâèè âíåøíèõ ñèë ïîëó÷èì óðàâ-

íåíèå ñâîáîäíûõ êîëåáàíèé ñòðóíû

∂2u

∂t2
= a2

∂2u

∂x2
.

Óðàâíåíèå ìàëûõ ïîïåðå÷íûõ êîëåáàíèé ìåìáðàíû (äâóìåðíîå
óðàâíåíèå) èìååò âèä

ρ(x, y)
∂2u

∂t2
= T0

(
∂2u

∂x2
+
∂2u

∂y2

)
+ F (x, y, t), (2)

ãäå ôóíêöèÿ u(x, y, t) õàðàêòåðèçóåò îòêëîíåíèå ìåìáðàíû îò ïîëîæåíèÿ
ðàâíîâåñèÿ, ρ(x, y) � ëèíåéíàÿ ïëîòíîñòü ìåìáðàíû, T0 � íàòÿæåíèå ìåì-
áðàíû, F (x, y, t) � ïëîòíîñòü âíåøíèõ ñèë. Â ñëó÷àå îäíîðîäíîé ìåìáðàíû,
êîãäà ρ(x, y) = ρ0 = const, óðàâíåíèå (2) ïðèíèìàåò âèä

∂2u

∂t2
= a2

(
∂2u

∂x2
+
∂2u

∂y2

)
+ f(x, y, t),

ãäå a2 =
T0
ρ0
, f(x, y, t) =

F (x, y, t)

ρ0
. Óðàâíåíèå ñâîáîäíûõ êîëåáàíèé

ìåìáðàíû èìååò âèä
∂2u

∂t2
= a2

(
∂2u

∂x2
+
∂2u

∂y2

)
.
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Èçó÷åíèå êîëåáàíèé òðåõìåðíûõ îäíîðîäíûõ îáúåêòîâ ïðèâîäèò ê âîë-
íîâîìó óðàâíåíèþ

∂2u

∂t2
= a2

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
+ f(x, y, z, t). (3)

Ðåøåíèå u(x, y, z, t) óðàâíåíèÿ (3) èìååò ñìûñë ïîòåíöèàëà ñêîðîñòåé
äâèæåíèÿ ÷àñòèö êîëåáëþùåãîñÿ îáúåêòà.

Çàìå÷àíèå 1. Íàðÿäó ñ óðàâíåíèåì ïîïåðå÷íûõ êîëåáàíèé ñòðóíû ðàñ-
ñìàòðèâàþòñÿ è äðóãèå óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà. Â ÷àñòíîñòè, óðàâ-
íåíèå ïðîäîëüíûõ êîëåáàíèé óïðóãîãî îäíîðîäíîãî ñòåðæíÿ èìååò
âèä

∂2u

∂t2
= a2

∂2u

∂x2
+ f(x, t), a2 =

E

ρ0
, f(x, t) =

F (x, t)

ρ0S
,

ãäå u(x, t) � cìåùåíèå òî÷åê âäîëü ñòåðæíÿ, ρ0 � îáúåìíàÿ ïëîòíîñòü
ñòåðæíÿ, E � ìîäóëü óïðóãîñòè (ìîäóëü Þíãà), S � ïëîùàäü ïîïåðå÷íîãî
ñå÷åíèÿ ñòåðæíÿ, F (x, t) � ïëîòíîñòü âíåøíèõ ñèë.

Ïðè ìàòåìàòè÷åñêîì îïèñàíèè ôèçè÷åñêèõ ïðîöåññîâ ïîìèìî ñàìîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ íåîáõîäèìî ñôîðìóëèðîâàòü äîïîëíèòåëüíûå
óñëîâèÿ, îáåñïå÷èâàþùèå åäèíñòâåííîñòü ðåøåíèÿ. Ðàññìîòðèì, íàïðèìåð,
óðàâíåíèå êîëåáàíèé ñòðóíû (1). Â ýòîé çàäà÷å ôóíêöèÿ u(x, t) õàðàêòåðè-
çóåò îòêëîíåíèå ñòðóíû îò îñè x. Åñëè êîíöû ñòðóíû 0 6 x 6 l çàêðåïëåíû
æåñòêî, òî äîëæíû âûïîëíÿòüñÿ ãðàíè÷íûå (êðàåâûå) óñëîâèÿ :

u|x=0 = 0, u|x=l = 0 (4)

(èëè â äðóãîì âèäå u(0, t) = 0, u(l, t) = 0 ). Ïîñêîëüêó ïðîöåññ êîëåáàíèé çà-
âèñèò îò íà÷àëüíîãî îòêëîíåíèÿ è íà÷àëüíîé ñêîðîñòè, òî íåîáõîäèìî çàäàòü
íà÷àëüíûå óñëîâèÿ :

u|t=0 = φ(x),
∂u

∂t

∣∣∣∣
t=0

= ψ(x).

Òàêèì îáðàçîì, ïîñëå äîáàâëåíèÿ ê óðàâíåíèþ êîëåáàíèé ñòðóíû ãðà-
íè÷íûõ è íà÷àëüíûõ óñëîâèé ïðèõîäèì ê çàäà÷å

ρ(x)
∂2u

∂t2
= T0

∂2u

∂x2
+ F (x, t), 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = 0, t > 0,

u|t=0 = φ(x),
∂u

∂t

∣∣∣∣
t=0

= ψ(x), 0 6 x 6 l.

(5)
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Çàäà÷à (5) íàçûâàåòñÿ ñìåøàííîé çàäà÷åé äëÿ óðàâíåíèÿ êîëåáà-
íèé ñòðóíû. Ðàçíîîáðàçèå ñìåøàííûõ çàäà÷ âîçíèêàåò çà ñ÷åò èçìåíåíèÿ
ãðàíè÷íûõ óñëîâèé.

Åñëè êîíöû ñòðóíû äâèæóòñÿ ïî çàäàííûì çàêîíàì, òî âìåñòî îäíîðîä-
íûõ óñëîâèé (4) çàäàþòñÿ íåîäíîðîäíûå ãðàíè÷íûå óñëîâèÿ

u|x=0 = µ1(t), u|x=l = µ2(t),

êîòîðûå íàçûâàþòñÿ ãðàíè÷íûìè óñëîâèÿìè ïåðâîãî ðîäà èëè óñëîâè-
ÿìè Äèðèõëå.

Âîçìîæíû è äðóãèå òèïû ãðàíè÷íûõ óñëîâèé. Ðàññìîòðèì èõ íà ïðèìåðå
çàäà÷è î ïðîäîëüíûõ êîëåáàíèÿõ óïðóãîãî ñòåðæíÿ. Åñëè çàäàí çàêîí èçìå-
íåíèÿ ñèëû, ïðèëîæåííîé ê êîíöó ñòåðæíÿ è äåéñòâóþùåé â íàïðàâëåíèè
êîëåáàíèé, òî ïîëó÷èì ãðàíè÷íûå óñëîâèÿ âòîðîãî ðîäà èëè óñëîâèÿ
Íåéìàíà :

E
∂u

∂x

∣∣∣∣
x=0

= f1(t), E
∂u

∂x

∣∣∣∣
x=l

= f2(t)

èëè
∂u

∂x

∣∣∣∣
x=0

= ν1(t),
∂u

∂x

∣∣∣∣
x=l

= ν2(t).

Â ñëó÷àå, êîãäà îäèí èç êîíöîâ ñòåðæíÿ ñâîáîäåí, ñîîòâåòñòâóþùåå ãðà-
íè÷íîå óñëîâèå ïðèíèìàåò âèä

∂u

∂x

∣∣∣∣
x=0

= 0 èëè
∂u

∂x

∣∣∣∣
x=l

= 0.

Ïóñòü ê êîíöàì ñòåðæíÿ ïðèêðåïëåíà ïðóæèíà, äåéñòâóþùàÿ âäîëü îñè

x (óïðóãîå çàêðåïëåíèå). Òîãäà ñèëà óïðóãîñòè E
∂u

∂x
íà êîíöàõ áóäåò óðàâ-

íîâåøèâàòüñÿ ñèëîé äåéñòâèÿ ïðóæèíû αu, ãäå α � êîýôôèöèåíò æåñòêîñòè
ïðóæèíû. Ïðè òàêîì çàêðåïëåíèè êîíöîâ ñòåðæíÿ ïðèõîäèì ê ãðàíè÷íûì
óñëîâèÿì òðåòüåãî ðîäà :

E
∂u

∂x

∣∣∣∣
x=0

= αu|x=0, E
∂u

∂x

∣∣∣∣
x=l

= −αu|x=l

èëè [
∂u

∂x
− hu

]∣∣∣∣
x=0

= 0,

[
∂u

∂x
+ hu

]∣∣∣∣
x=l

= 0, h =
α

E
= const > 0.

Åñëè êîíöû ñòåðæíÿ, îòíîñèòåëüíî êîòîðûõ èìååò ìåñòî óïðóãîå çàêðåï-
ëåíèå, äâèæóòñÿ ïî çàêîíàì x = θ1(t) è x = θ2(t), òî ãðàíè÷íûå óñëîâèÿ
òðåòüåãî ðîäà ïðèíèìàþò âèä[

∂u

∂x
− h
(
u− θ1(t)

)]∣∣∣∣
x=0

= 0,

[
∂u

∂x
+ h
(
u− θ2(t)

)]∣∣∣∣
x=l

= 0.
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Ïðè ôîðìóëèðîâêè ñìåøàííûõ çàäà÷ äëÿ óðàâíåíèÿ êîëåáàíèé âîçìîæ-
íû êîìáèíàöèè ðàçëè÷íûõ òèïîâ ãðàíè÷íûõ óñëîâèé.

Íàðÿäó ñî ñìåøàííîé çàäà÷åé òàêæå ñòàâèòñÿ íà÷àëüíàÿ çàäà÷à èëè
çàäà÷à Êîøè

ρ(x)
∂2u

∂t2
= T0

∂2u

∂x2
+ F (x, t), −∞ < x <∞, t > 0,

u|t=0 = φ(x),
∂u

∂t

∣∣∣∣
t=0

= ψ(x), −∞ < x <∞.

(6)

Çàäà÷à Êîøè âîçíèêàåò, íàïðèìåð, åñëè íåîáõîäèìî èçó÷èòü ïðîöåññ êî-
ëåáàíèé â òå÷åíèå ìàëîãî ïðîìåæóòêà âðåìåíè, êîãäà âëèÿíèå ãðàíè÷íûõ
óñëîâèé åùå íåñóùåñòâåííî.

Çàìå÷àíèå 2. Ïðè äîñòàòî÷íîé ãëàäêîñòè âõîäíûõ äàííûõ (ôóíêöèé
ρ(x), F (x, t), φ(x), ψ(x) ) ðåøåíèå êàê ñìåøàííîé çàäà÷è (5), òàê è çàäà÷è
Êîøè (6), ñóùåñòâóåò è åäèíñòâåííî.

Àíàëîãè÷íî ìîæíî ïîñòàâèòü ñìåøàííóþ çàäà÷ó èëè çàäà÷ó Êîøè äëÿ
ìíîãîìåðíûõ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà. Íàïðèìåð, ñìåøàííàÿ çàäà-
÷à äëÿ âîëíîâîãî óðàâíåíèÿ (3) ìîæåò èìåòü âèä

∂2u

∂t2
= a2

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
+ f(x, y, z, t), (x, y, z) ∈ G, t > 0,

u|Γ = µ(x, y, z, t), t > 0,

u|t=0 = φ(x, y, z),
∂u

∂t

∣∣∣∣
t=0

= ψ(x, y, z), (x, y, z) ∈ G.

Çäåñü G = G ∪ Γ � îãðàíè÷åííàÿ îáëàñòü â òðåõìåðíîì ïðîñòðàíñòâå,
Γ � ãðàíèöà G.

1.2.2. Ìåòîä Äàëàìáåðà. Êîððåêòíîñòü
çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ îäíîðîäíîãî óðàâíåíèÿ êîëåáàíèé íåîãðà-
íè÷åííîé ñòðóíû

∂2u

∂t2
= a2

∂2u

∂x2
, −∞ < x <∞, t > 0, (7)

ñ íà÷àëüíûìè óñëîâèÿìè

u
∣∣
t=0

= φ(x),
∂u

∂t

∣∣∣∣
t=0

= ψ(x), −∞ < x <∞. (8)
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Ïðèâåäåì óðàâíåíèå (7) ê êàíîíè÷åñêîé ôîðìå, ñîäåðæàùåé ñìåøàííóþ
ïðîèçâîäíóþ. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä(

dx

dt

)2
− a2 = 0.

Îíî ðàñïàäàåòñÿ íà äâà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèÿ
dx

dt
= a,

dx

dt
= −a, îáùèìè èíòåãðàëàìè êîòîðûõ ÿâëÿþòñÿ ïðÿìûå

x− at = C1, x+ at = C2.

Ââåäåì íîâûå íåçàâèñèìûå ïåðåìåííûå ξ = x − at, η = x + at. Ïî
ïðàâèëó äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè íàõîäèì

∂u

∂x
=
∂u

∂ξ

∂ξ

∂x
+
∂u

∂η

∂η

∂x
=
∂u

∂ξ
+
∂u

∂η
,

∂2u

∂x2
=
∂2u

∂ξ2
+ 2

∂2u

∂ξ∂η
+
∂2u

∂η2
,

∂u

∂t
=
∂u

∂ξ

∂ξ

∂t
+
∂u

∂η

∂η

∂t
= a

∂u

∂η
− a

∂u

∂ξ
,

∂2u

∂t2
= a2

(
∂2u

∂ξ2
− 2

∂2u

∂ξ∂η
+
∂2u

∂η2

)
.

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â óðàâíåíèå (7), ïðåîáðàçóåì åãî ê âèäó

∂2u

∂ξ∂η
= 0. (9)

Ïðîèíòåãðèðóåì ðàâåíñòâî (9) ñíà÷àëà ïî η

∂u

∂ξ
= f(ξ),

à çàòåì ïîëó÷åííîå ñîîòíîøåíèå ïðîèíòåãðèðóåì ïî ξ :

u =

∫
f(ξ) dξ = f1(ξ) + f2(η), (10)

ãäå f1(ξ) è f2(η) � ïðîèçâîëüíûå ôóíêöèè îäíîé ïåðåìåííîé. Âîçâðàùàÿñü
ê ¾ñòàðûì¿ ïåðåìåííûì x è t, èç (10) íàõîäèì ìíîæåñòâî âñåõ ðåøåíèé
óðàâíåíèÿ (7):

u(x, t) = f1(x− at) + f2(x+ at). (11)

Îïðåäåëèì ôóíêöèè f1 è f2 òàê, ÷òîáû âûïîëíÿëèñü íà÷àëüíûå óñëî-
âèÿ. Ïîäñòàâëÿÿ (11) â (8), ïðèõîäèì ê ñèñòåìå óðàâíåíèé{

f1(x) + f2(x) = φ(x),

−af ′1(x) + af ′2(x) = ψ(x).
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Ïðîèíòåãðèðóåì âòîðîå óðàâíåíèå ñèñòåìû:
f1(x) + f2(x) = φ(x),

−f1(x) + f2(x) =
1

a

x∫
x0

ψ(z) dz + C.

Îòñþäà ñëåäóåò, ÷òî
f1(x) =

φ(x)

2
− 1

2a

x∫
x0

ψ(z) dz − C

2
,

f2(x) =
φ(x)

2
+

1

2a

x∫
x0

ψ(z) dz +
C

2
.

Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ f1 è f2 â ôîðìóëó (11), ïîëó÷èì

u(x, t) =
φ(x− at) + φ(x+ at)

2
+

1

2a

( x+at∫
x0

ψ(z) dz −
x−at∫
x0

ψ(z) dz

)

èëè

u(x, t) =
φ(x− at) + φ(x+ at)

2
+

1

2a

x+at∫
x−at

ψ(z) dz. (12)

Ôîðìóëà (12) íàçûâàåòñÿ ôîðìóëîé Äàëàìáåðà. Ýòó ôîðìóëó ìû ïî-
ëó÷èëè â ïðåäïîëîæåíèè ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è Êîøè. Ñëåäîâà-
òåëüíî, îíî åäèíñòâåííî. Äåéñòâèòåëüíî, åñëè áû ñóùåñòâîâàëî âòîðîå ðå-
øåíèå çàäà÷è (7), (8), òî îíî áû ïðåäñòàâëÿëîñü ôîðìóëîé (12) è ñîâïàäàëî ñ
ïåðâûì ðåøåíèåì. Åñëè ôóíêöèÿ φ(x) èìååò ïðîèçâîäíûå ïåðâîãî è âòîðîãî
ïîðÿäêîâ, à ôóíêöèÿ ψ(x) � ïðîèçâîäíóþ ïåðâîãî ïîðÿäêà, òî ôîðìóëà Äà-
ëàìáåðà äàåò èñêîìîå ðåøåíèå. Â ýòîì ìîæíî óáåäèòüñÿ íåïîñðåäñòâåííîé
ïîäñòàíîâêîé ïðàâîé ÷àñòè (12) â óðàâíåíèå (7) è íà÷àëüíîå óñëîâèå (8). Òåì
ñàìûì äîêàçàíî ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è Êîøè.

Îïðåäåëåíèå 1. Ãîâîðÿò, ÷òî çàäà÷à ïîñòàâëåíà êîððåêòíî, åñëè
âûïîëíÿþòñÿ äâà óñëîâèÿ:

1) ðåøåíèå çàäà÷è ñóùåñòâóåò è åäèíñòâåííî;

2) ðåøåíèå çàäà÷è íåïðåðûâíî çàâèñèò îò âõîäíûõ äàííûõ èëè óñòîé-
÷èâî îòíîñèòåëüíî âõîäíûõ äàííûõ.
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Òåîðåìà 1 (î íåïðåðûâíîé çàâèñèìîñòè ðåøåíèÿ çàäà÷è Êîøè
îò íà÷àëüíûõ ôóíêöèé). Ïóñòü u(x, t) � ðåøåíèå çàäà÷è Êîøè (7), (8),
à ũ(x, t) � ðåøåíèå çàäà÷è Êîøè ñ èçìåíåííûìè (¾âîçìóùåííûìè¿) âõîä-
íûìè äàííûìè

∂2ũ

∂t2
= a2

∂2ũ

∂x2
, −∞ < x <∞, t > 0,

ũ|t=0 = φ̃(x),
∂ũ

∂t

∣∣∣∣
t=0

= ψ̃(x), −∞ < x <∞.

Òîãäà, êàêîâ áû íè áûë ïðîìåæóòîê âðåìåíè [0, t0] è êàêîâî áû íè áûëî
ε > 0, íàéäåòñÿ òàêîå δ > 0, δ = δ(ε, t0), ÷òî èç íåðàâåíñòâ∣∣φ(x)− φ̃(x)

∣∣ < δ,
∣∣ψ(x)− ψ̃(x)

∣∣ < δ, −∞ < x <∞,

ñëåäóåò íåðàâåíñòâî∣∣u(x, t)− ũ(x, t)
∣∣ < ε, −∞ < x <∞, 0 6 t 6 t0.

1.2.3. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ
îäíîðîäíîãî óðàâíåíèÿ êîëåáàíèé ñòðóíû

Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ èëè ìåòîä Ôóðüå ÿâëÿåòñÿ îäíèì
èç îñíîâíûõ ìåòîäîâ ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ìàòåìàòè÷åñêîé
ôèçèêè. Èçëîæèì åãî äëÿ ñìåøàííîé çàäà÷è î ñâîáîäíûõ êîëåáàíèÿõ îãðà-
íè÷åííîé ñòðóíû ñ çàêðåïëåííûìè êîíöàìè, êîòîðàÿ ôîðìóëèðóåòñÿ ñëåäó-
þùèì îáðàçîì: íàéòè ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ êîëåáàíèé ñòðóíû

∂2u

∂t2
= a2

∂2u

∂x2
, t > 0, 0 < x < l, (13)

óäîâëåòâîðÿþùåå îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì

u|x=0 = 0, u|x=l = 0, t > 0, (14)

è íà÷àëüíûì óñëîâèÿì

u|t=0 = φ(x),
∂u

∂t

∣∣∣∣
t=0

= ψ(x), 0 6 x 6 l. (15)

Èäåÿ ìåòîäà Ôóðüå îñíîâàíà íà ëèíåéíîñòè è îäíîðîäíîñòè óðàâíåíèÿ è
ãðàíè÷íûõ óñëîâèé. Â ýòîì ñëó÷àå ñïðàâåäëèâ ïðèíöèï ñóïåðïîçèöèè äëÿ
ëþáûõ ÷àñòíûõ ðåøåíèé u1(x, t) è u2(x, t) óðàâíåíèÿ (13), óäîâëåòâîðÿþùèõ
óñëîâèÿì (14). À èìåííî, ôóíêöèÿ u(x, t) = C1u1(x, t) + C2u2(x, t), ãäå C1
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è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå óäîâëåòâîðÿåò óðàâíåíèþ (13) è
ãðàíè÷íûì óñëîâèÿì (14). Ñ ïîìîùüþ ñóïåðïîçèöèè ëèíåéíî íåçàâèñèìûõ
÷àñòíûõ ðåøåíèé ìîæíî âûïîëíèòü òàêæå è íà÷àëüíûå óñëîâèÿ (15).

Áóäåì èñêàòü íåòðèâèàëüíûå ðåøåíèÿ óðàâíåíèÿ (13), óäîâëåòâîðÿþùèå
ãðàíè÷íûì óñëîâèÿì (14), â âèäå ïðîèçâåäåíèÿ äâóõ ôóíêöèé

u(x, t) = X(x)T (t), (16)

îäíà èç êîòîðûõ çàâèñèò òîëüêî îò ïåðåìåííîé x, à äðóãàÿ � òîëüêî îò t.
Äèôôåðåíöèðóÿ äâàæäû âûðàæåíèå (16) ïî x è t, ïîñëå ïîäñòàíîâêè åãî â
óðàâíåíèå (13) ïîëó÷èì

X(x)T ′′(t) = a2X ′′(x)T (t)

èëè
T ′′(t)

a2T (t)
=
X ′′(x)

X(x)
. (17)

Ðàâåíñòâî (17) äîëæíî âûïîëíÿòüñÿ ïðè âñåõ çíà÷åíèÿõ x ∈ (0, l) è
t > 0. Îñîáåííîñòüþ ñîîòíîøåíèÿ (17) ÿâëÿåòñÿ ðàçäåëåíèå ïåðåìåííûõ: åãî
ëåâàÿ ÷àñòü çàâèñèò òîëüêî îò t, à ïðàâàÿ � òîëüêî îò x. Ýòî âîçìîæíî
ëèøü â òîì ñëó÷àå, êîãäà îáå åãî ÷àñòè íå çàâèñÿò íè îò x, íè îò t, ò. å. ÿâ-
ëÿþòñÿ ïîñòîÿííîé âåëè÷èíîé. Îáîçíà÷àÿ ýòó ïîñòîÿííóþ ðàçäåëåíèÿ ÷åðåç
−λ, çàïèøåì (17) â âèäå

T ′′(t)

a2T (t)
=
X ′′(x)

X(x)
= −λ.

Îòñþäà ñëåäóåò, ÷òî ôóíêöèè T (t) è X(x) ìîæíî îïðåäåëèòü èç ðåøå-
íèÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöè-
åíòàìè:

T ′′(t) + λa2T (t) = 0, X ′′(x) + λX(x) = 0.

×òîáû òàêèå ÷àñòíûå ðåøåíèÿ âèäà (16) óäîâëåòâîðÿëè ãðàíè÷íûì óñëî-
âèÿì (14) äëÿ ëþáîãî t > 0, íåîáõîäèìî ïîòðåáîâàòü âûïîëíåíèÿ óñëîâèé
X(0) = 0 è X(l) = 0.

Òàêèì îáðàçîì, äëÿ êîîðäèíàòíîé ôóíêöèè X(x) ïðèõîäèì ê ñëåäóþ-
ùåé êðàåâîé çàäà÷å: íàéòè ðåøåíèÿ ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà

X ′′(x) + λX(x) = 0, 0 < x < l, (18)

óäîâëåòâîðÿþùèå â ãðàíè÷íûõ òî÷êàõ x = 0 è x = l óñëîâèÿì

X(0) = 0, X(l) = 0. (19)
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Ïðè ëþáîì λ = const ýòà çàäà÷à èìååò òðèâèàëüíîå ðåøåíèå X(x) ≡ 0.
Íèæå áóäåò ïîêàçàíî, ÷òî ïðè íåêîòîðûõ ïîëîæèòåëüíûõ çíà÷åíèÿõ ïîñòî-
ÿííîé λ çàäà÷à (18), (19) èìååò òàêæå íåòðèâèàëüíûå ðåøåíèÿ. Òàêèå ¾îñî-
áåííûå¿ çíà÷åíèÿ λ íàçûâàþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè , à ñîîòâåò-
ñòâóþùèå èì íåòðèâèàëüíûå ðåøåíèÿ X(x) � ñîáñòâåííûìè ôóíêöèÿ-
ìè çàäà÷è (18), (19). Çàäà÷à îòûñêàíèÿ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ
ôóíêöèé íàçûâàåòñÿ çàäà÷åé Øòóðìà � Ëèóâèëëÿ .

Íåòðóäíî óñòàíîâèòü, ÷òî â ñëó÷àå λ 6 0 ñóùåñòâóþò òîëüêî òðèâè-
àëüíûå ðåøåíèÿ çàäà÷è Øòóðìà � Ëèóâèëëÿ, ò. å. òàêèå λ íå ìîãóò áûòü
ñîáñòâåííûìè çíà÷åíèÿìè ýòîé çàäà÷è. Åñëè λ > 0, òî îáùåå ðåøåíèå óðàâ-
íåíèÿ (18)

X(x) = C1 cos
(√

λx
)
+ C2 sin

(√
λx
)

óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì X(0) = 0, X(l) = 0 :{
C1 · 1 + C2 · 0 = 0,

C1 cos
(√

λ l
)
+ C2 sin

(√
λ l
)
= 0.

(20)

Îòñþäà ñëåäóåò, ÷òî C1 = 0, C2 ̸= 0. Äëÿ îïðåäåëåííîñòè âîçüìåì
C2 = 1. Ïðè ýòîì ðàâåíñòâî íóëþ îïðåäåëèòåëÿ ∆ = sin

(√
λ l
)
ñèñòåìû (20)

èìååò ìåñòî, òîëüêî åñëè
√
λ l = kπ, k = 1, 2, . . .

Òàêèì îáðàçîì, òîëüêî äëÿ ñîáñòâåííûõ çíà÷åíèé

λ = λk =

(
kπ

l

)2

, k = 1, 2, . . . ,

çàäà÷à (18), (19) èìååò â êà÷åñòâå íåòðèâèàëüíûõ ðåøåíèé ñèñòåìó ñîáñòâåí-
íûõ ôóíêöèé

Xk(x) = sin
kπx

l
, k = 1, 2, . . . , (21)

îðòîãîíàëüíûõ íà îòðåçêå [0, l] ñ âåñîì ρ(x) = 1. Êàæäîìó ñîáñòâåííîìó
çíà÷åíèþ λk ñîîòâåòñòâóåò ôóíêöèÿ Tk(t), êîòîðóþ íàõîäèì èç óðàâíåíèÿ

T ′′
k (t) +

(
kπ

l

)2

a2Tk(t) = 0.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

Tk(t) = Ak cos
kπat

l
+Bk sin

kπat

l
, (22)

ãäå Ak è Bk � ïðîèçâîëüíûå ïîñòîÿííûå.
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Ïîäñòàâëÿÿ âûðàæåíèÿ (21) è (22) â ôîðìóëó (16), íàõîäèì ÷àñòíûå ðå-
øåíèÿ óðàâíåíèÿ (13), óäîâëåòâîðÿþùèå ãðàíè÷íûì óñëîâèÿì (14). Êàæäîìó
k = 1, 2, . . . , îòâå÷àåò ðåøåíèå

uk(x, t) =

(
Ak cos

kπat

l
+Bk sin

kπat

l

)
sin

kπx

l
. (23)

Ñóïåðïîçèöèÿ âñåõ ðåøåíèé âèäà (23)

u(x, t) =
∞∑
k=1

(
Ak cos

kπat

l
+Bk sin

kπat

l

)
sin

kπx

l
(24)

òàêæå ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ (13), óäîâëåòâîðÿ-
þùèì ãðàíè÷íûì óñëîâèÿì (14), åñëè ðÿä (24) äëÿ ëþáîãî x ∈ (0, l) ïðè
t > 0 ÿâëÿåòñÿ ñõîäÿùèìñÿ è åãî ìîæíî äâàæäû ïî÷ëåííî äèôôåðåíöèðî-
âàòü ïî x è t. Â ýòîì ñëó÷àå ìîæíî ïîäîáðàòü ïîñòîÿííûå Ak è Bk òàê,
÷òîáû ôóíêöèÿ, ïðåäñòàâëåííàÿ ðÿäîì (24), óäîâëåòâîðÿëà íà÷àëüíûì óñëî-
âèÿì (15). Äëÿ ýòîãî ïðîäèôôåðåíöèðóåì ïî÷ëåííî ðÿä (24) ïî t :

∂u

∂t
=

∞∑
k=1

kπa

l

(
−Ak sin

kπat

l
+Bk cos

kπat

l

)
sin

kπx

l
,

è ïðè t = 0 ïîòðåáóåì âûïîëíåíèÿ íà÷àëüíûõ óñëîâèé:

∞∑
k=1

Ak sin
kπx

l
= φ(x),

∞∑
k=1

kπa

l
Bk sin

kπx

l
= ψ(x). (25)

Ðàâåíñòâà (25) ïðåäñòàâëÿþò ñîáîé ðàçëîæåíèÿ çàäàííûõ ôóíêöèé φ(x)
è ψ(x) â ðÿäû Ôóðüå ïî îðòîãîíàëüíîé íà îòðåçêå [0, l] òðèãîíîìåòðè÷åñêîé

ñèñòåìå ôóíêöèé
{
sin

kπx

l

}∞

k=1
. Ïîýòîìó êîýôôèöèåíòû Ak è

kπa

l
Bk ýòèõ

ðàçëîæåíèé ÿâëÿþòñÿ êîýôôèöèåíòàìè Ôóðüå ôóíêöèé φ(x) è ψ(x) ñîîò-
âåòñòâåííî. Îïðåäåëÿÿ ýòè êîýôôèöèåíòû ïî ôîðìóëàì Ýéëåðà � Ôóðüå,
ïîëó÷èì

Ak =
2

l

l∫
0

φ(x) sin
kπx

l
dx, Bk =

2

kπa

l∫
0

ψ(x) sin
kπx

l
dx. (26)

Òàêèì îáðàçîì, ðÿä (24) ñ êîýôôèöèåíòàìè Ak è Bk, âû÷èñëåííûìè ïî
ôîðìóëàì (26), îêîí÷àòåëüíî äàåò ðåøåíèå ñìåøàííîé çàäà÷è (13)�(15).

Äàäèì ôèçè÷åñêóþ èíòåðïðåòàöèþ ïîëó÷åííîãî ðåøåíèÿ. Åñëè ââåñòè
îáîçíà÷åíèÿ

sinφk =
Ak√

A2
k +B2

k

, cosφk =
Bk√

A2
k +B2

k

,
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òî ðåøåíèå (24) ìîæíî çàïèñàòü â âèäå

u(x, t) =
∞∑
k=1

√
A2

k +B2
k sin

kπx

l
sin

(
kπat

l
+ φk

)
. (27)

Êàæäûé ÷ëåí ðÿäà (27) íàçûâàåòñÿ ñòîÿ÷åé âîëíîé, ò. å. òî÷êè ñòðó-

íû ñîâåðøàþò ãàðìîíè÷åñêîå êîëåáàòåëüíîå äâèæåíèå ñ ÷àñòîòîé ωk =
kπa

l
,

àìïëèòóäîé
√
A2

k +B2
k sin

kπx

l
è íà÷àëüíîé ôàçîé φk. Äîìèíèðóþùåå çíà-

÷åíèå èìååò ïåðâàÿ ñòîÿ÷àÿ âîëíà. Èìåííî ñ íåé ñâÿçàí îñíîâíîé òîí ñòðó-

íû, èìåþùèé ÷àñòîòó ω1 =
πa

l
=

π

l

√
T0
ρ0
. Òîíû, ñîîòâåòñòâóþùèå áîëåå

âûñîêèì ÷àñòîòàì, íàçûâàþòñÿ îáåðòîíàìè. Îáåðòîíû, ÷àñòîòû êîòîðûõ
êðàòíû îñíîâíîé ÷àñòîòå ω1, íàçûâàþòñÿ ãàðìîíèêàìè. Ïðè óâåëè÷åíèè
íîìåðà ãàðìîíèê èõ àìïëèòóäà áûñòðî óáûâàåò, âëèÿíèå íà èíòåíñèâíîñòü
çâóêà ñòàíîâèòñÿ íåçíà÷èòåëüíûì è äåéñòâèå îáåðòîíîâ ñâîäèòñÿ ê ñîçäàíèþ
òåìáðà çâóêà.

Òî÷êè xn =
nl

k
, n = 0, k, êîòîðûå â òå÷åíèå ïðîöåññà îñòàþòñÿ íåïî-

äâèæíûìè, íàçûâàþòñÿ óçëàìè ñòîÿ÷åé âîëíû. Òî÷êè xn =
(2n+ 1)l

2k
, n =

= 0, k − 1, â êîòîðûõ êîëåáàíèÿ ñîâåðøàþòñÿ ñ ìàêñèìàëüíîé àìïëèòóäîé,

ò. å. sin
kπx

l
= ±1, íàçûâàþòñÿ ïó÷íîñòÿìè ñòîÿ÷åé âîëíû.

Íà ïðàêòèêå ÷àñòî âñòðå÷àþòñÿ ñìåøàííûå çàäà÷è ñ äðóãèìè ñî÷åòàíè-
ÿìè ãðàíè÷íûõ óñëîâèé. Ðàññìîòðèì, íàïðèìåð, çàäà÷ó î ïðîäîëüíûõ êîëå-
áàíèÿõ ñòåðæíÿ äëèíîé l, ëåâûé êîíåö êîòîðîãî çàêðåïëåí æåñòêî, à ïðàâûé
ñâîáîäåí, ïðè ïðîèçâîëüíûõ íà÷àëüíûõ óñëîâèÿõ. Ñîîòâåòñòâóþùàÿ ñìåøàí-
íàÿ çàäà÷à äëÿ ýòîãî ñëó÷àÿ âûãëÿäèò ñëåäóþùèì îáðàçîì:

∂2u

∂t2
= a2

∂2u

∂x2
, t > 0, 0 < x < l,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=l

= 0, t > 0,

u|t=0 = φ(x),
∂u

∂t

∣∣∣∣
t=0

= ψ(x), 0 6 x 6 l.

Çàäà÷à Øòóðìà � Ëèóâèëëÿ äëÿ êîîðäèíàòíîé ôóíêöèè X(x) ïîñëå
ðàçäåëåíèÿ ïåðåìåííûõ ïðèíèìàåò âèä{

X ′′(x) + λX(x) = 0,

X(0) = X ′(l) = 0.
(28)

31



Àíàëîãè÷íî ñëó÷àþ æåñòêî çàêðåïëåííîé ñòðóíû, ðåøàÿ ýòó ïðîñòåé-
øóþ êðàåâóþ çàäà÷ó äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòî-
ðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, íàõîäèì åå ñîáñòâåííûå çíà-
÷åíèÿ è ñîáñòâåííûå ôóíêöèè:

λk =

[
(2k + 1)π

2l

]2
, Xk(x) = sin

(2k + 1)πx

2l
, k = 0, 1, . . .

Ðàññìîòðåííûå âûøå çàäà÷è (18), (19) è (28) ÿâëÿþòñÿ ÷àñòíûìè ñëó-
÷àÿìè áîëåå îáùåé çàäà÷è Øòóðìà � Ëèóâèëëÿ, âîçíèêàþùåé â ðåçóëüòàòå
ïðèìåíåíèÿ ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ äëÿ óðàâíåíèÿ ãèïåðáîëè÷åñêî-
ãî (ïàðàáîëè÷åñêîãî) òèïà ñ ïåðåìåííûìè êîýôôèöèåíòàìè è ãðàíè÷íûìè
óñëîâèÿìè òðåòüåãî ðîäà

− α1
∂u

∂x

∣∣∣∣
x=0

+ β1u|x=0 = 0, α2
∂u

∂x

∣∣∣∣
x=l

+ β2u|x=l = 0.

Óêàçàííóþ çàäà÷ó ìîæíî çàïèñàòü â âèäå
d

dx

[
k(x)

dX

dx

]
− q(x)X(x) + λρ(x)X(x) = 0,

− α1X
′(0) + β1X(0) = 0,

α2X
′(l) + β2X(l) = 0,

(29)

ãäå k′(x) > 0, q(x) > 0, ρ(x) > 0 � íåïðåðûâíûå íà îòðåçêå [0, l] ôóíêöèè.
Îñíîâíûå ñâîéñòâà ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé çàäà-

÷è Øòóðìà � Ëèóâèëëÿ (29).

1. Ñóùåñòâóåò ñ÷åòíîå ìíîæåñòâî λ1, λ2, . . . , λk, . . . , ñîáñòâåííûõ çíà-
÷åíèé è ñîîòâåòñòâóþùèõ èì ëèíåéíî íåçàâèñèìûõ ñîáñòâåííûõ ôóíêöèé
X1(x), X2(x), . . . , Xk(x), . . . , çàäà÷è (29). Âñÿêàÿ ñîáñòâåííàÿ ôóíêöèÿ îïðå-
äåëÿåòñÿ ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ.

2. Âñå ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (29) íåîòðèöàòåëüíû.

3. Ñîáñòâåííûå ôóíêöèè Xk(x) è Xn(x), îòâå÷àþùèå ðàçëè÷íûì ñîá-
ñòâåííûì çíà÷åíèÿì λk è λn, îðòîãîíàëüíû ñ âåñîì ρ(x) íà îòðåçêå [0, l] :

l∫
0

ρ(x)Xk(x)Xn(x) dx = 0.

Òàêèì îáðàçîì, åñëè X1(x), X2(x), . . . , Xk(x), . . . , � ñèñòåìà ñîáñòâåí-
íûõ ôóíêöèé çàäà÷è Øòóðìà � Ëèóâèëëÿ, òî

l∫
0

ρ(x)Xk(x)Xn(x) dx =

{
0, k ̸= n,

∥Xk∥2, k = n,
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ãäå ∥Xk∥2 =
l∫

0

ρ(x)X2
k(x) dx � êâàäðàò íîðìû ôóíêöèè Xk(x).

4. Âñÿêàÿ ôóíêöèÿ, äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà îòðåç-
êå [0, l] è óäîâëåòâîðÿþùàÿ îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì, ðàçëàãàåòñÿ â
ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è Øòóðìà � Ëèóâèëëÿ, àáñîëþò-
íî è ðàâíîìåðíî ñõîäÿùèéñÿ íà îòðåçêå [0, l] (òåîðåìà ðàçëîæåíèÿ Ñòåêëî-
âà). Ïðè ýòîì ðÿäîì Ôóðüå ôóíêöèè f(x) ïî ñèñòåìå ñîáñòâåííûõ
ôóíêöèé çàäà÷è (29) íàçûâàåòñÿ ðÿä

f(x) =
∞∑
k=1

ckXk(x),

â êîòîðîì êîýôôèöèåíòû Ôóðüå ck âû÷èñëÿþòñÿ ïî ôîðìóëàì:

ck =
1

∥Xk∥2

l∫
0

ρ(x)f(x)Xk(x) dx, k = 1, 2, . . .

Çàìå÷àíèå 3. Ïðè ðåøåíèè êîíêðåòíûõ çàäà÷ â ñèëó íåîòðèöàòåëüíî-
ñòè ñîáñòâåííûõ çíà÷åíèé çàäà÷è Øòóðìà � Ëèóâèëëÿ â äèôôåðåíöèàëüíîì
óðàâíåíèè óäîáíî âìåñòî λ çàïèñûâàòü λ2.

Ñ ó÷åòîì ñäåëàííîãî çàìå÷àíèÿ ïðèâåäåì òàáëèöó íàèáîëåå ÷àñòî âñòðå-
÷àþùèõñÿ çàäà÷ Øòóðìà � Ëèóâèëëÿ è ñîîòâåòñòâóþùèõ èì ñîáñòâåííûõ
çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé.{

X ′′ + λ2X = 0,

X(0) = X(l) = 0.

λk =
kπ

l
, Xk = sin

kπx

l
,

∥Xk∥2 = l/2, k = 1, 2, . . .{
X ′′ + λ2X = 0,

X ′(0) = X ′(l) = 0.

λk =
kπ

l
, Xk = cos

kπx

l
, k = 0, 1, . . . ,

∥X0∥2 = l, ∥Xk∥2 = l/2, k = 1, 2, . . .{
X ′′ + λ2X = 0,

X(0) = X ′(l) = 0.

λk =
(2k + 1)π

2l
, Xk = sin

(2k + 1)πx

2l
,

∥Xk∥2 = l/2, k = 0, 1, . . .{
X ′′ + λ2X = 0,

X ′(0) = X(l) = 0.

λk =
(2k + 1)π

2l
, Xk = cos

(2k + 1)πx

2l
,

∥Xk∥2 = l/2, k = 0, 1, . . .

Ïðèìåð 6. Îäíîðîäíàÿ ñòðóíà äëèíîé l íàòÿíóòà ìåæäó òî÷êàìè x =
0 è x = l. Íà ó÷àñòêå (α, β) åå òî÷êàì ïðèäàíà ïîñòîÿííàÿ íà÷àëüíàÿ ñêî-
ðîñòü v0 (ýòîãî ìîæíî äîáèòüñÿ, óäàðÿÿ ïî ñòðóíå íà ýòîì ó÷àñòêå ïëîñêèì
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æåñòêèì ìîëîòî÷êîì). Íàéòè êîëåáàíèÿ ñòðóíû â ïðîèçâîëüíûé ìîìåíò âðå-
ìåíè.

Ðåøåíèå. Ñôîðìóëèðîâàííàÿ çàäà÷à ñâîäèòñÿ ê ðåøåíèþ ñìåøàííîé
çàäà÷è äëÿ îäíîðîäíîãî óðàâíåíèÿ êîëåáàíèé ñòðóíû

∂2u

∂t2
= a2

∂2u

∂x2
, t > 0, 0 < x < l, (30)

ñ ãðàíè÷íûìè è íà÷àëüíûìè óñëîâèÿìè:

u|x=0 = u|x=l = 0, t > 0, (31)

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= ψ(x) =


0, 0 6 x < α,

v0, α 6 x 6 β,

0, β < x 6 l.

(32)

Áóäåì èñêàòü íåòðèâèàëüíûå ðåøåíèÿ â âèäå

u(x, t) = X(x)T (t). (33)

Ïîäñòàâëÿÿ (33) â óðàâíåíèå (30) è ãðàíè÷íûå óñëîâèÿ (31), ïîëó÷èì

T ′′X = a2X ′′T, X(0)T (t) = 0, X(l)T (t) = 0.

Ðàçäåëèì ïåðåìåííûå â äèôôåðåíöèàëüíîì óðàâíåíèè:

X ′′

X
=

T ′′

a2T
= −λ2.

Äëÿ ôóíêöèè X(x) ïðèõîäèì ê çàäà÷å Øòóðìà � Ëèóâèëëÿ{
X ′′ + λ2X = 0,

X(0) = 0, X(l) = 0.

Îáùåå ðåøåíèå óðàâíåíèÿ èìååò âèä X(x) = C1 cosλx+C2 sinλx. Ïðî-
èçâîëüíûå ïîñòîÿííûå C1 è C2 îïðåäåëèì èç ãðàíè÷íûõ óñëîâèé:

C1 cos(λ · 0) + C2 sin(λ · 0) = 0 ⇒ C1 = 0, C2 sin(λl) = 0.

Ïîñêîëüêó èùóòñÿ íåòðèâèàëüíûå ðåøåíèÿ çàäà÷è Øòóðìà � Ëèóâèë-
ëÿ, òî C2 ̸= 0. Ó÷èòûâàÿ, ÷òî ñîáñòâåííûå ôóíêöèè îïðåäåëÿþòñÿ ñ òî÷íî-
ñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ, âîçüìåì C2 = 1. Bòîðîå ãðàíè÷íîå óñëî-
âèå äàåò sin(λl) = 0 èëè λl = kπ. Îòñþäà íàõîäèì ñîáñòâåííûå çíà÷åíèÿ

λk =
kπ

l
è ëèíåéíî íåçàâèñèìûå ñîáñòâåííûå ôóíêöèè Xk(x) = sin

kπx

l
,

k = 1, 2, . . . , çàäà÷è Øòóðìà � Ëèóâèëëÿ.
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Êàæäîìó ñîáñòâåííîìó çíà÷åíèþ λk áóäåò ñîîòâåòñòâîâàòü ôóíêöèÿ
Tk(t), êîòîðóþ íàõîäèì èç óðàâíåíèÿ

T ′′
k (t) +

(
kπa

l

)2

Tk(t) = 0.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

Tk(t) = Ak cos
kπat

l
+Bk sin

kπat

l
.

Òàêèì îáðàçîì, ôóíêöèè

uk(x, t) = Tk(t)Xk(x) =

(
Ak cos

kπat

l
+Bk sin

kπat

l

)
sin

kπx

l

ÿâëÿþòñÿ ðåøåíèÿìè èñõîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, óäîâëåòâî-
ðÿþùèìè ãðàíè÷íûì óñëîâèÿì.

Ðåøåíèå çàäà÷è áóäåì èñêàòü â âèäå ðÿäà

u(x, t) =
∞∑
k=1

Tk(t)Xk(x) =
∞∑
k=1

(
Ak cos

kπat

l
+Bk sin

kπat

l

)
sin

kπx

l
.

Îïðåäåëèì ïðîèçâîëüíûå êîýôôèöèåíòû Ak è Bk, ïîäñòàâëÿÿ ýòî ðå-
øåíèå â íà÷àëüíûå óñëîâèÿ (32). Èç ïåðâîãî íà÷àëüíîãî óñëîâèÿ èìååì

∞∑
k=1

Ak sin
kπx

l
= 0,

îòêóäà ñëåäóåò, ÷òî Ak = 0, k = 1, 2, . . . Èç âòîðîãî íà÷àëüíîãî óñëîâèÿ
âûòåêàåò ñîîòíîøåíèå

∞∑
k=1

Bk
kπa

l
sin

kπx

l
= ψ(x),

ãäå Bk
kπa

l
� êîýôôèöèåíòû ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè ψ(x) ïî

ñîáñòâåííûì ôóíêöèÿì Xk(x). Îòñþäà íàõîäèì

Bk
kπa

l
=

2

l

l∫
0

ψ(x)Xk(x) dx =
2

l

β∫
α

v0 sin
kπx

l
dx =

=
2v0
kπ

(
cos

kπα

l
− cos

kπβ

l

)
⇒ Bk =

2v0l

ak2π2

(
cos

kπα

l
− cos

kπβ

l

)
.

35



Èñêîìîå ðåøåíèå èìååò âèä

u(x, t) =
2v0l

aπ2

∞∑
k=1

1

k2

(
cos

kπα

l
− cos

kπβ

l

)
sin

kπat

l
sin

kπx

l
. J

Ïðèìåð 7. Íàéòè ïðîäîëüíûå êîëåáàíèÿ óïðóãîãî ñòåðæíÿ, îäèí êîíåö
êîòîðîãî x = 0 ñâîáîäåí, à äðóãîé êîíåö x = l çàêðåïëåí æåñòêî, ïðè
íà÷àëüíûõ óñëîâèÿõ

u|t=0 = h(l − x),
∂u

∂t

∣∣∣∣
t=0

= 0, h = const > 0.

Ðåøåíèå. Ñôîðìóëèðîâàííîé òåêñòîâîé çàäà÷å ñîîòâåòñòâóåò ñìåøàí-
íàÿ çàäà÷à 

∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0, u|x=l = 0, t > 0,

u|t=0 = h(l − x),
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

Ðåøèì ýòó çàäà÷ó ìåòîäîì Ôóðüå, ïîëàãàÿ u(x, t) = X(x)T (t). Ïîñëå
ïîäñòàíîâêè â èñõîäíîå óðàâíåíèå è ðàçäåëåíèÿ ïåðåìåííûõ ïîëó÷èì äâà
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèÿ:

T ′′

a2T
=
X ′′

X
= −λ2.

Èç ãðàíè÷íûõ óñëîâèé íàõîäèì

X ′(0)T (t) = 0, X(l)T (t) = 0,

îòêóäà ñëåäóåò, ÷òî X ′(0) = 0, X(l) = 0. Ïðèñîåäèíÿÿ ýòè ãðàíè÷íûå óñëî-
âèÿ ê äèôôåðåíöèàëüíîìó óðàâíåíèþ äëÿ ôóíêöèè X(x), ïðèõîäèì ê çàäà÷å
Øòóðìà � Ëèóâèëëÿ {

X ′′ + λ2X = 0,

X ′(0) = 0, X(l) = 0.

Íàéäåì ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè ýòîé çàäà÷è. Ïîä-
ñòàâëÿÿ îáùåå ðåøåíèå X(x) = C1 cosλx+C2 sinλx â ïåðâîå ãðàíè÷íîå óñëî-
âèå, ïîëó÷èì

−C1λ · 0 + C2λ · 1 = 0 ⇒ C2 = 0.
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Äëÿ îïðåäåëåííîñòè âîçüìåì êîíñòàíòó C1 = 1. Èç âòîðîãî ãðàíè÷íîãî
óñëîâèÿ èìååì

cosλl = 0 ⇒ λl =
(2k + 1)π

2
.

Ñëåäîâàòåëüíî,

λk =
(2k + 1)π

2l
, Xk(x) = cos

(2k + 1)πx

2l
, k = 0, 1, . . .

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ôóíêöèè T (t) :

T ′′
k (t) +

[
(2k + 1)πa

2l

]2
Tk(t) = 0.

Åãî îáùåå ðåøåíèå èìååò âèä

Tk(t) = Ak cos
(2k + 1)πat

2l
+Bk sin

(2k + 1)πat

2l
.

Çàïèøåì ðåøåíèå ñìåøàííîé çàäà÷è â âèäå ðÿäà

u(x, t) =
∞∑
k=0

[
Ak cos

(2k + 1)πat

2l
+Bk sin

(2k + 1)πat

2l

]
cos

(2k + 1)πx

2l
.

Ïîäñòàâëÿÿ ýòîò ðÿä â ïåðâîå íà÷àëüíîå óñëîâèå, ïîëó÷èì

∞∑
k=0

Ak cos
(2k + 1)πx

2l
= h(l − x).

Îòñþäà èìååì

Ak =
2

l

l∫
0

h(l − x) cos
(2k + 1)πx

2l
dx =

=
4h

π(2k + 1)

l∫
0

sin
(2k + 1)πx

2l
dx =

8hl

π2(2k + 1)2
.

Èç âòîðîãî íà÷àëüíîãî óñëîâèÿ ñëåäóåò, ÷òî

∞∑
k=0

Bk
(2k + 1)πa

2l
cos

(2k + 1)πx

2l
= 0 ⇒ Bk = 0, k = 0, 1, . . .

Ïîäñòàâëÿÿ íàéäåííûå êîýôôèöèåíòû â ðÿä, îêîí÷àòåëüíî ïîëó÷èì

u(x, t) =
8hl

π2

∞∑
k=0

1

(2k + 1)2
cos

(2k + 1)πat

2l
cos

(2k + 1)πx

2l
. J
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Ïðèìåð 8. Íàéòè ïðîäîëüíûå êîëåáàíèÿ îäíîðîäíîãî óïðóãîãî ñòåðæ-
íÿ äëèíîé l, ó êîòîðîãî îáà êîíöà ñâîáîäíû.

Ðåøåíèå. Íåîáõîäèìî ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=l

= 0, t > 0,

u|t=0 = φ(x),
∂u

∂t

∣∣∣∣
t=0

= ψ(x), 0 6 x 6 l.

Ïóñòü u(x, t) = X(x)T (t) . Ïîñëå ðàçäåëåíèÿ ïåðåìåííûõ ïîëó÷èì çàäà-
÷ó Øòóðìà � Ëèóâèëëÿ äëÿ ôóíêöèè X(x) :{

X ′′ + λ2X = 0,

X ′(0) = X ′(l) = 0.

Îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ñëó÷àå λ ̸= 0 èìååò âèä
X(x) = C1 cosλx + C2 sinλx. Ïîäñòàâëÿÿ ýòî ðåøåíèå â ãðàíè÷íîå óñëîâèå
íà ëåâîì êîíöå ñòåðæíÿ, ïîëó÷èì

X ′(x) = − C1λ sinλx+ C2λ cosλx, X ′(0) = C2λ = 0,

îòêóäà ñëåäóåò, ÷òî C2 = 0. Äëÿ ïðàâîãî êîíöà ñòåðæíÿ C1λ sin(λl) = 0 èëè

sinλl = 0. Îòñþäà λk =
kπ

l
è ñîáñòâåííûå ôóíêöèè èìåþò âèä

Xk(x) = cos
kπx

l
, k = 1, 2, . . .

Åñëè λ = 0, òî îáùèì ðåøåíèåì óðàâíåíèÿ ÿâëÿåòñÿ ìíîãî÷ëåí ïåðâîé
ñòåïåíè X(x) = C1x+ C2 è, ñëåäîâàòåëüíî,

X ′(x) = C1 ⇒ X ′(0) = X ′(l) = C1 = 0, X(x) = C2.

Âûáèðàÿ êîíñòàíòó C2 = 1, ïîëó÷èì åùå îäíó ñîáñòâåííóþ ôóíêöèþ
X0(x) = 1, ñîîòâåòñòâóþùóþ ñîáñòâåííîìó çíà÷åíèþ λ0 = 0.

Äëÿ ôóíêöèè Tk(t) èìååì äèôôåðåíöèàëüíîå óðàâíåíèå

T ′′
k (t) + a2λ2kTk(t) = 0.

Åãî îáùåå ðåøåíèå

Tk(t) = Ak cos
kπat

l
+Bk sin

kπat

l
, k = 1, 2, . . . , T0(t) = A0 +B0t.
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Ôóíêöèþ u(x, t) áóäåì èñêàòü â âèäå ðÿäà

u(x, t) = A0 +B0t+
∞∑
k=1

(
Ak cos

kπat

l
+Bk sin

kπat

l

)
cos

kπx

l
. (34)

Îïðåäåëèì êîýôôèöèåíòû Ak è Bk èç íà÷àëüíûõ óñëîâèé:

A0 +
∞∑
k=1

Ak cos
kπx

l
= φ(x), B0 +

∞∑
k=1

Bk
kπa

l
cos

kπx

l
= ψ(x).

Ïîñêîëüêó äëÿ îðòîãîíàëüíîé ñèñòåìû ôóíêöèé
{
cos

kπx

l

}∞

k=0
èìåþò

ìåñòî ðàâåíñòâà ∥X0∥2 = l, ∥Xk∥2 =
l

2
, òî äëÿ êîýôôèöèåíòîâ Ôóðüå ñïðà-

âåäëèâû ôîðìóëû:

A0 =
1

l

l∫
0

φ(x) dx, Ak =
2

l

l∫
0

φ(x) cos
kπx

l
dx, k = 1, 2, . . . , (35)

B0 =
1

l

l∫
0

ψ(x) dx, Bk =
2

kπa

l∫
0

ψ(x) cos
kπx

l
dx, k = 1, 2, . . . (36)

Òàêèì îáðàçîì, ðåøåíèåì èñõîäíîé çàäà÷è ÿâëÿåòñÿ ðÿä (34), â êîòîðîì
êîýôôèöèåíòû Ak è Bk îïðåäåëÿþòñÿ ôîðìóëàìè (35), (36). J

Ïðèìåð 9. Îäèí êîíåö x = 0 ñòåðæíÿ ñâîáîäåí, à äðóãîé x = l çà-
êðåïëåí óïðóãî. Íàéòè ïðîäîëüíûå êîëåáàíèÿ ñòåðæíÿ ïðè íà÷àëüíûõ óñëî-
âèÿõ

u|t=0 = h(l − x), h = const > 0,
∂u

∂t

∣∣∣∣
t=0

= 0.

Ðåøåíèå. Áóäåì ðåøàòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,

(
∂u

∂x
+Hu

)∣∣∣∣
x=l

= 0, t > 0,

u|t=0 = h(l − x),
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l, H = const > 0,

ïîëàãàÿ u(x, t) = X(x)T (t). Ïîñëå ðàçäåëåíèÿ ïåðåìåííûõ ïðèõîäèì ê äâóì
îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèÿì

T ′′

a2T
=
X ′′

X
= −λ2.
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Èç ãðàíè÷íûõ óñëîâèé ñëåäóåò, ÷òî X ′(0) = 0, X ′(l) +HX(l) = 0. Äëÿ
ôóíêöèè X(x) ïðèõîäèì ê çàäà÷å Øòóðìà � Ëèóâèëëÿ{

lX ′′ + λ2X = 0,

X ′(0) = 0, X ′(l) +HX(l) = 0.

Ïîäñòàâëÿÿ îáùåå ðåøåíèå X(x) = C1 cosλx + C2 sinλx â ïåðâîå ãðà-
íè÷íîå óñëîâèå, èìååì −λC1 · 0 + λC2 · 1 = 0. Îòñþäà ñëåäóåò, ÷òî C2 = 0.
Ïîëàãàÿ C1 = 1, ïîëó÷èì óðàâíåíèå, èç êîòîðîãî íàõîäèì ñîáñòâåííûå çíà-
÷åíèÿ çàäà÷è Øòóðìà � Ëèóâèëëÿ

−λ sinλl +H cosλl = 0 èëè tg λl − H

λ
= 0, λl tg λl −Hl = 0.

Îáîçíà÷èì ÷åðåç µk, k = 1, 2, . . . , ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ

µ tg µ − Hl = 0. Òîãäà λl = µk, λk =
µk
l
, è ñîáñòâåííûå ôóíêöèè èìåþò

âèä Xk(x) = cos
µkx

l
.

Èç äèôôåðåíöèàëüíîãî óðàâíåíèÿ äëÿ ôóíêöèè T (t) íàõîäèì

Tk(t) = Ak cos
µkat

l
+Bk sin

µkat

l
,

è èùåì ðåøåíèå ñìåøàííîé çàäà÷è â âèäå ðÿäà

u(x, t) =
∞∑
k=1

(
Ak cos

µkat

l
+Bk sin

µkat

l

)
cos

µkx

l
.

Ïîäñòàâëÿÿ ýòîò ðÿä â ïåðâîå íà÷àëüíîå óñëîâèå, ïîëó÷èì

∞∑
k=1

Ak cos
µkx

l
= h(l − x),

îòêóäà íàõîäèì êîýôôèöèåíòû

Ak =
h

l∫
0

cos2
µkx

l
dx

l∫
0

(l − x) cos
µkx

l
dx =

=
2h(1− cosµk)

l

(
l

µk

)2(
1 +

sin 2µk
2µk

)−1

=
4hl

µk

1− cosµk
2µk + sin 2µk

.

Èç âòîðîãî íà÷àëüíîãî óñëîâèÿ ñëåäóåò, ÷òî Bk = 0, k = 1, 2, . . .
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Òàêèì îáðàçîì, ðåøåíèå çàäà÷è ïðèíèìàåò âèä

u(x, t) = 4hl
∞∑
k=1

1− cosµk
µk(2µk + sin 2µk)

cos
µkat

l
cos

µkx

l
,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ µ tg µ−Hl = 0. J

Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ìîæíî ïðèìåíÿòü òàêæå äëÿ ðåøåíèÿ
ñìåøàííûõ çàäà÷ ñ äèôôåðåíöèàëüíûì óðàâíåíèåì áîëåå îáùåãî âèäà.

Ïðèìåð 10. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
+ 4

∂u

∂t
=
∂2u

∂x2
− 2u, 0 < x < π, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0, u|x=π = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= x, 0 6 x 6 π.

Ðåøåíèå. Ñëåäóÿ ìåòîäó Ôóðüå, ðåøåíèå çàäà÷è áóäåì èñêàòü â âèäå
ïðîèçâåäåíèÿ u(x, t) = X(x)T (t). Ïîäñòàâëÿÿ â óðàâíåíèå ïðåäïîëàãàåìîå
ðåøåíèå, ïîëó÷èì

T ′′X + 4T ′X = X ′′T − 2XT.

Ñãðóïïèðóåì ñëàãàåìûå

(T ′′ + 4T ′ + 2T )X = X ′′T

è ðàçäåëèì ïåðåìåííûå. Ïðèõîäèì ê ñîîòíîøåíèþ

T ′′ + 4T ′ + 2T

T
=
X ′′

X
= −λ2,

èç êîòîðîãî ñëåäóåò, ÷òî ôóíêöèè X(x) è T (t) ÿâëÿþòñÿ ðåøåíèÿìè óðàâ-
íåíèé T ′′ + 4T ′ + (2 + λ2)T = 0 è X ′′ + λ2X = 0 ñîîòâåòñòâåííî.

Äîáàâëÿÿ ê óðàâíåíèþ îòíîñèòåëüíî X(x) óñëîâèÿ, âûòåêàþùèå èç ãðà-
íè÷íûõ óñëîâèé ñìåøàííîé çàäà÷è, ïîëó÷èì çàäà÷ó Øòóðìà � Ëèóâèëëÿ{

X ′′ + λ2X = 0,

X ′(0) = X(π) = 0.

Ðåøàÿ åå, íàõîäèì ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè

λk =
2k + 1

2
, Xk(x) = cos

(2k + 1)x

2
, k = 0, 1, . . .
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Îòíîñèòåëüíî ôóíêöèè Tk(t) èìååì óðàâíåíèå

T ′′
k + 4T ′

k +

[
2 +

(
2k + 1

2

)2]
Tk = 0.

Ýòî îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ ïî-
ñòîÿííûìè êîýôôèöèåíòàìè. Åãî õàðàêòåðèñòè÷åñêîå óðàâíåíèå

µ2 + 4µ+

[
2 +

(
2k + 1

2

)2]
= 0,

äèñêðèìèíàíò êîòîðîãî ðàâåí D = 16− 4

[
2 +

(
2k + 1

2

)2]
= 8− (2k + 1)2.

Ïóñòü k = 0. Òîãäà äèñêðèìèíàíò ïîëîæèòåëåí è êîðíè õàðàêòåðèñòè-
÷åñêîãî óðàâíåíèÿ ðàâíû

µ1,2 =
−4±

√
7

2
= −2±

√
7

2
.

Â êà÷åñòâå ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé â äàííîì ñëó÷àå âìåñòî

îáû÷íîé ñèñòåìû e

(
−2+

√
7
2

)
t, e

(
−2−

√
7
2

)
t óäîáíî âçÿòü ôóíêöèè e−2t ch

√
7

2
t,

e−2t sh

√
7

2
t. Òîãäà îáùåå ðåøåíèå çàïèøåòñÿ â âèäå

T0(t) = A0e
−2t ch

√
7

2
t+B0e

−2t sh

√
7

2
t.

Åñëè k > 0, òî äèñêðèìèíàíò îòðèöàòåëåí, à êîðíè õàðàêòåðèñòè÷åñêî-

ãî óðàâíåíèÿ µ1,2 = −2 ± i

√
(2k + 1)2 − 8

2
. Ñëåäîâàòåëüíî, îáùåå ðåøåíèå

ïðèíèìàåò âèä

Tk(t) = Ake
−2t cos

√
(2k + 1)2 − 8

2
t+Bke

−2t sin

√
(2k + 1)2 − 8

2
t.

Ðåøåíèå ñìåøàííîé çàäà÷è áóäåì èñêàòü â âèäå ðÿäà

u(x, t) =

(
A0e

−2t ch

√
7

2
t+B0e

−2t sh

√
7

2
t

)
cos

x

2
+

+
∞∑
k=1

[
Ake

−2t cos

√
(2k + 1)2 − 8

2
t+

+Bke
−2t sin

√
(2k + 1)2 − 8

2
t

]
cos

(2k + 1)x

2
.
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Èç ïåðâîãî íà÷àëüíîãî óñëîâèÿ ñëåäóåò, ÷òî Ak = 0. Äèôôåðåíöèðóÿ
ïî÷ëåííî ðÿä ïî t è ïîäñòàâëÿÿ âî âòîðîå íà÷àëüíîå óñëîâèå, ñ ó÷åòîì íàé-
äåííûõ Ak ïðèõîäèì ê ñîîòíîøåíèþ

B0

√
7

2
cos

x

2
+

∞∑
k=1

Bk

√
(2k + 1)2 − 8

2
cos

(2k + 1)x

2
= x.

Îòñþäà âûòåêàåò, ÷òî B0 =
2√
7

2

π

π∫
0

x cos
x

2
dx =

8

π
√
7
(π − 2),

Bk =
2√

(2k + 1)2 − 8

2

π

π∫
0

x cos
(2k + 1)x

2
dx =

=
8

π
√

(2k + 1)2 − 8

[
π(−1)k

2k + 1
− 2

(2k + 1)2

]
.

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è èìååò âèä

u(x, t) =
8(π − 2)

π
√
7

e−2t sh

√
7

2
t cos

x

2
+

∞∑
k=1

8

π
√
(2k + 1)2 − 8

×

×
[
π(−1)k

2k + 1
− 2

(2k + 1)2

]
e−2t sin

√
(2k + 1)2 − 8

2
t cos

(2k + 1)x

2
. J

Ïðèìåð 11. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+
∂u

∂x
, 0 < x < 1, t > 0,

u|x=0 = 0, u|x=1 = 0, t > 0,

u|t=0 = φ(x),
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1.

Ðåøåíèå. Â ñîîòâåòñòâèè ñ ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ áóäåì èñ-
êàòü ðåøåíèå â âèäå ïðîèçâåäåíèÿ u(x, t) = X(x)T (t). Ïîñëå ïîäñòàíîâêè â
óðàâíåíèå è ðàçäåëåíèÿ ïåðåìåííûõ, ïîëó÷èì

T ′′

T
=
X ′′ + 2X ′

X
= −λ2.

Ñëåäîâàòåëüíî, ôóíêöèÿ T (t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

T ′′ + λ2T = 0,

43



à ôóíêöèÿ X(x) � ðåøåíèåì çàäà÷è Øòóðìà � Ëèóâèëëÿ{
X ′′ + 2X ′ + λ2X = 0,

X(0) = X(1) = 0.

Íåòðóäíî óáåäèòüñÿ, ÷òî ìû èìååì äåëî ñ çàäà÷åé âèäà (29). Äåéñòâè-
òåëüíî, óìíîæèì óðàâíåíèå íà e2x è çàïèøåì åãî â âèäå

d

dx

(
e2x

dX

dx

)
+ λ2e2xX = 0.

Èç ýòîãî ðàâåíñòâà ñëåäóåò, ÷òî ñîáñòâåííûå ôóíêöèè çàäà÷è Øòóðìà
� Ëèóâèëëÿ îðòîãîíàëüíû íà îòðåçêå [0, 1] ñ âåñîì e2x.

Íàéäåì òåïåðü ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ. Õàðàê-
òåðèñòè÷åñêîå óðàâíåíèå èìååò âèä µ2 + 2µ + λ2 = 0, à åãî äèñêðèìèíàíò
D = 1− λ2 ìîæåò áûòü êà ïîëîæèòåëüíûì, òàê è îòðèöàòåëüíûì. Ðàññìîò-
ðèì òðè ñëó÷àÿ.

1. D > 0. Îáùåå ðåøåíèå èìååò âèä

X(x) = C1e
(−1+

√
1−λ2)x + C2e

(−1−
√
1−λ2)x.

Ïîäñòàâëÿÿ â ãðàíè÷íûå óñëîâèÿ, íàõîäèì

C1 + C2 = 0, C1e
−1+

√
1−λ2

+ C2e
−1−

√
1−λ2

= 0,

îòêóäà ñëåäóåò, ÷òî C1 = C2 = 0. Òàêèì îáðàçîì, òå çíà÷åíèÿ λ, äëÿ êîòîðûõ
D > 0, íå ìîãóò áûòü ñîáñòâåííûìè çíà÷åíèÿìè.

2. D = 0. Òîãäà λ = ± 1 è X(x) = e−x(C1 +C2x). Íåòðóäíî ïðîâåðèòü,
÷òî òàêèå λ òàêæå íå ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè.

3. D < 0. Â ýòîì ñëó÷àå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ èìåþò
âèä µ1,2 = −1± i

√
λ2 − 1, à îáùåå ðåøåíèå

X(x) = C1e
−x cos

√
λ2 − 1 x+ C2e

−x sin
√
λ2 − 1 x.

Ïîäñòàâëÿÿ â ãðàíè÷íûå óñëîâèÿ, ïîëó÷èì

C1 = 0, C2e
−1 sin

√
λ2 − 1 = 0,

îòêóäà ñëåäóåò, ÷òî
√
λ2 − 1 = kπ, k = 1, 2, . . . , è

λ2k = (kπ)2 + 1, Xk(x) = e−x sin(kπx), k = 1, 2, . . .

Ôóíêöèè Tk(t) íàõîäèì èç óðàâíåíèÿ T ′′
k +

[
(kπ)2+1

]
Tk = 0. Åãî îáùåå

ðåøåíèå èìååò âèä

Tk(t) = Ak cos
√
(kπ)2 + 1 t+Bk sin

√
(kπ)2 + 1 t.
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Ñîñòàâèì ðÿä èç ïðîèçâåäåíèé ôóíêöèé Tk(x) è Xk(x) :

u(x, t) =
∞∑
k=1

[
Ak cos

√
(kπ)2 + 1 t+Bk sin

√
(kπ)2 + 1 t

]
e−x sin(kπx).

Ïîäñòàâëÿÿ åãî â ïåðâîå íà÷àëüíîå óñëîâèå, ïîëó÷èì
∞∑
k=1

Ake
−x sin(kπx) = φ(x).

Ýòî ðàâåíñòâî ïðåäñòàâëÿåò ñîáîé ðàçëîæåíèå çàäàííîé ôóíêöèè φ(x)
íà îòðåçêå [0, 1] â ðÿä Ôóðüå ïî îðòîãîíàëüíîé ñ âåñîì ρ(x) = e2x ñèñòåìå
ôóíêöèé

{
e−x sin(kπx)

}
. Êîýôôèöèåíòû ðàçëîæåíèÿ âû÷èñëÿþòñÿ ïî ôîð-

ìóëàì

Ak =

1∫
0

φ(x)ex sin(kπx) dx

1∫
0

sin2(kπx) dx

= 2

1∫
0

φ(x)ex sin(kπx) dx. (37)

Ïîäñòàíîâêà âî âòîðîå íà÷àëüíîå óñëîâèå ïðèâîäèò ê ñîîòíîøåíèþ
∞∑
k=1

Bk

√
(kπ)2 + 1 e−x sin(kπx) = 0,

èç êîòîðîãî âûòåêàåò, ÷òî Bk = 0, k = 1, 2, . . .
Îêîí÷àòåëüíî ðåøåíèå çàäà÷è ïðèíèìàåò âèä

u(x, t) =
∞∑
k=1

Ak cos
[√

(kπ)2 + 1 t
]
e−x sin(kπx),

ãäå êîýôôèöèåíòû Ak îïðåäåëÿþòñÿ ïî ôîðìóëå (37). J

1.2.4. Ñìåøàííûå çàäà÷è äëÿ íåîäíîðîäíîãî
óðàâíåíèÿ êîëåáàíèé ñòðóí è ñòåðæíåé

Ðàññìîòðèì çàäà÷ó î âûíóæäåííûõ êîëåáàíèÿõ ñòðóíû 0 6 x 6 l, æåñò-
êî çàêðåïëåííîé íà êîíöàõ, ñîâåðøàåìûõ ïîä äåéñòâèåì âíåøíåé ñèëû ñ ëè-
íåéíîé ïëîòíîñòüþ F (x, t) :

∂2u

∂t2
= a2

∂2u

∂x2
+ f(x, t), 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = 0, t > 0,

u|t=0 = φ(x),
∂u

∂t

∣∣∣∣
t=0

= ψ(x), 0 6 x 6 l.

(38)
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Çäåñü a2 =
T0
ρ0
, f(x, t) =

F (x, t)

ρ0
, T0 � íàòÿæåíèå ñòðóíû, ρ0 � ïîñòî-

ÿííàÿ ïëîòíîñòü ñòðóíû.
Áóäåì èñêàòü ðåøåíèå çàäà÷è (38) â âèäå cóììû u(x, t) = v(x, t)+w(x, t),

ãäå v(x, t) � ðåøåíèå íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

∂2v

∂t2
= a2

∂2v

∂x2
+ f(x, t), (39)

óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì

v|x=0 = 0, v|x=l = 0 (40)

è îäíîðîäíûì íà÷àëüíûì óñëîâèÿì

v|t=0 = 0,
∂v

∂t

∣∣∣∣
t=0

= 0, (41)

à w(x, t) � ðåøåíèå ñìåøàííîé çàäà÷è äëÿ îäíîðîäíîãî óðàâíåíèÿ, óäîâëå-
òâîðÿþùåå çàäàííûì ãðàíè÷íûì è íà÷àëüíûì óñëîâèÿì:

∂2w

∂t2
= a2

∂2w

∂x2
, 0 < x < l, t > 0,

w|x=0 = 0, w|x=l = 0, t > 0,

w|t=0 = φ(x),
∂w

∂t

∣∣∣∣
t=0

= ψ(x), 0 6 x 6 l.

(42)

Ôóíêöèÿ v(x, t) îïèñûâàåò âûíóæäåííûå êîëåáàíèÿ ñòðóíû, ñîâåðøàå-
ìûå ïîä äåéñòâèåì âíåøíåé âîçìóùàþùåé ñèëû ïðè îòñóòñòâèè íà÷àëüíûõ
âîçìóùåíèé. Ôóíêöèÿ w(x, t) õàðàêòåðèçóåò ñâîáîäíûå êîëåáàíèÿ ñòðóíû,
âûçâàííûå íà÷àëüíûìè âîçìóùåíèÿìè.

Ðåøåíèå ñìåøàííîé çàäà÷è (42) íàõîäèòñÿ ìåòîäîì ðàçäåëåíèÿ ïåðåìåí-
íûõ è ïðåäñòàâëÿåòñÿ â âèäå

w(x, t) =
∞∑
k=1

(
Ak cos

kπat

l
+Bk sin

kπat

l

)
sin

kπx

l
, (43)

ãäå êîýôôèöèåíòû Ak è Bk îïðåäåëÿþòñÿ ôîðìóëàìè

Ak =
2

l

l∫
0

φ(x) sin
kπx

l
dx, Bk =

2

kπa

l∫
0

ψ(x) sin
kπx

l
dx. (44)
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Ôóíêöèþ v(x, t) èùåì â âèäå ðÿäà Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì
ñîîòâåòñòâóþùåé îäíîðîäíîé çàäà÷è Øòóðìà � Ëèóâèëëÿ

v(x, t) =
∞∑
k=1

vk(t) sin
kπx

l
, (45)

ðàññìàòðèâàÿ ïðè ýòîì ïåðåìåííóþ t êàê íåîòðèöàòåëüíûé ïàðàìåòð. Ãðà-
íè÷íûå óñëîâèÿ (40) äëÿ ôóíêöèè v(x, t), î÷åâèäíî, âûïîëíÿþòñÿ.

Â ñâîþ î÷åðåäü, ðàçëîæèì ôóíêöèþ f(x, t) íà îòðåçêå [0, l] â ðÿä Ôóðüå
ïî ñèíóñàì

f(x, t) =
∞∑
k=1

fk(t) sin
kπx

l
, (46)

ãäå fk(t) =
2

l

l∫
0

f(x, t) sin
kπx

l
dx. Ïîäñòàâëÿÿ ðàçëîæåíèÿ (45) è (46) â óðàâ-

íåíèå (39), ïîëó÷èì
∞∑
k=1

[
v′′k(t) +

(
kπa

l

)2
vk(t)

]
sin

kπx

l
=

∞∑
k=1

fk(t) sin
kπx

l
. (47)

Â ñèëó ïîëíîòû îðòîãîíàëüíîé òðèãîíîìåòðè÷åñêîé ñèñòåìû ôóíêöèé{
sin

kπx

l

}∞

k=1
, ðàâåíñòâî (47) áóäåò âûïîëíåíî, åñëè

v′′k(t) +

(
kπa

l

)2
vk(t) = fk(t). (48)

Ïîäñòàâëÿÿ ðÿä (45) â íà÷àëüíûå óñëîâèÿ (41), ïîëó÷èì

vk(0) = 0, v′k(0) = 0. (49)

Îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà (48) è íà-
÷àëüíûå óñëîâèÿ (49) îáðàçóþò çàäà÷ó Êîøè, ðåøåíèå êîòîðîé ìîæåò áûòü
íàéäåíî ìåòîäîì Ëàãðàíæà âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ

vk(t) =
l

kπa

t∫
0

fk(τ) sin
kπa

l
(t− τ) dτ. (50)

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è (38) çàïèøåì â âèäå

u(x, t) =
∞∑
k=1

vk(t) sin
kπx

l
+

+
∞∑
k=1

(
Ak cos

kπat

l
+Bk sin

kπat

l

)
sin

kπx

l
, (51)
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ãäå ôóíêöèè vk(t) îïðåäåëÿþòñÿ ôîðìóëîé (50), à êîýôôèöèåíòû Ak è Bk

âû÷èñëÿþòñÿ ñîãëàñíî ôîðìóëàì (44).

Çàìå÷àíèå 4. Ñìåøàííóþ çàäà÷ó (38) ìîæíî ðåøàòü íåïîñðåäñòâåííî,
íå ïðîâîäÿ åå ïðåäâàðèòåëüíîå ðàñùåïëåíèå. Äëÿ ýòîãî íåîáõîäèìî ðàçëî-
æèòü èñêîìîå ðåøåíèå u(x, t) â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è
Øòóðìà � Ëèóâèëëÿ

u(x, t) =
∞∑
k=1

uk(t) sin
kπx

l
, (52)

è ïðåäñòàâèòü ôóíêöèè f(x, t), φ(x), ψ(x) â âèäå òðèãîíîìåòðè÷åñêèõ ðÿäîâ
Ôóðüå:

f(x, t) =
∞∑
k=1

fk(t) sin
kπx

l
, fk(t) =

2

l

l∫
0

f(x, t) sin
kπx

l
dx,

φ(x) =
∞∑
k=1

φk sin
kπx

l
, φk =

2

l

l∫
0

φ(x) sin
kπx

l
dx,

ψ(x) =
∞∑
k=1

ψk sin
kπx

l
, ψk =

2

l

l∫
0

ψ(x) sin
kπx

l
dx.

Ïîäñòàâëÿÿ ðÿäû â óðàâíåíèå è íà÷àëüíûå óñëîâèÿ, ïîëó÷èì

∞∑
k=1

[
u′′k(t) +

(
kπa

l

)2
uk(t)

]
sin

kπx

l
=

∞∑
k=1

fk(t) sin
kπx

l
,

∞∑
k=1

uk(0) sin
kπx

l
=

∞∑
k=1

φk sin
kπx

l
,

∞∑
k=1

u′k(0) sin
kπx

l
=

∞∑
k=1

ψk sin
kπx

l
.

Ïðèðàâíèâàÿ â ýòèõ ñîîòíîøåíèÿõ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñîá-
ñòâåííûõ ôóíêöèÿõ, ïðèõîäèì ê çàäà÷å Êîøè äëÿ îáûêíîâåííîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêàu

′′
k(t) +

(
kπa

l

)2
uk(t) = fk(t),

uk(0) = φk, u′k(0) = ψk.

Åå ðåøåíèå ïðåäñòàâëÿåòñÿ â âèäå

uk(t) = φk cos
kπat

l
+

l

kπa
ψk sin

kπat

l
+

l

kπa

t∫
0

fk(τ) sin
kπa

l
(t− τ) dτ.
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Ïîäñòàâëÿÿ íàéäåííîå âûðàæåíèå äëÿ uk(t) â ðÿä, îêîí÷àòåëüíî ïîëó-
÷èì ôîðìóëó äëÿ ðåøåíèÿ ñìåøàííîé çàäà÷è (38)

u(x, t) =
∞∑
k=1

[
φk cos

kπat

l
+

l

kπa
ψk sin

kπat

l

]
sin

kπx

l
+

+
∞∑
k=1

l

kπa

[ t∫
0

fk(τ) sin
kπa

l
(t− τ) dτ

]
sin

kπx

l
,

êîòîðàÿ ñîâïàäàåò ñ ôîðìóëîé (51).

Çàìå÷àíèå 5. Â ñëó÷àå, êîãäà çàäàíû ãðàíè÷íûå óñëîâèÿ âòîðîãî, òðå-
òüåãî ðîäà èëè êîìáèíèðîâàííîãî òèïà, â ðàçëîæåíèÿõ (45) èëè (52) íåîáõî-
äèìî âçÿòü äðóãîé íàáîð ñîáñòâåííûõ ôóíêöèé. Íàïðèìåð, åñëè ñìåøàííàÿ
çàäà÷à èìååò âèä

∂2u

∂t2
= a2

∂2u

∂x2
+ f(x, t), t > 0, 0 < x < l,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=l

= 0, t > 0,

u|t=0 = φ(x),
∂u

∂t

∣∣∣∣
t=0

= ψ(x), 0 6 x 6 l,

òî åå ðåøåíèå ñëåäóåò èñêàòü â âèäå òðèãîíîìåòðè÷åñêîãî ðÿäà Ôóðüå

u(x, t) = u0(t) +
∞∑
k=1

uk(t) cos
kπx

l
,

ãäå Xk(x) = cos
kπx

l
, k = 0, 1, . . . , � ñîáñòâåííûå ôóíêöèè ñîîòâåòñòâóþùåé

çàäà÷è Øòóðìà � Ëèóâèëëÿ{
X ′′ + λ2X = 0,

X ′(0) = X ′(l) = 0.

Çàìå÷àíèå 6. Íà ïðàêòèêå ïðè ðåøåíèè âîçíèêàþùèõ çàäà÷ Êîøè,
êàê ïðàâèëî, íå ïðèáåãàþò ê ìåòîäó âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ.
Îáû÷íî äëÿ ïîñòðîåíèÿ ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé èñïîëüçóþò
ñïåöèàëüíûé âèä ïðàâûõ ÷àñòåé ýòèõ óðàâíåíèé ëèáî ïðèìåíÿþò îïåðàöèîí-
íîå èñ÷èñëåíèå.
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Ïðèìåð 12. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
= a2

∂2u

∂x2
+ bxt, 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = 0, t > 0,

u|t=0 = sin
3πx

l
,

∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

Ðåøåíèå. Ïîñòàâëåííàÿ çàäà÷à îïèñûâàåò êîëåáàíèÿ æåñòêî çàêðåï-
ëåííîé ñòðóíû, ïîäâåðæåííîé äåéñòâèþ âîçìóùàþùåé ñèëû f(x, t) = bxt.

I ñïîñîá. Áóäåì èñêàòü ðåøåíèå â âèäå ðÿäà Ôóðüå ïî ñîáñòâåííûì
ôóíêöèÿì çàäà÷è Øòóðìà � Ëèóâèëëÿ

u(x, t) =
∞∑
k=1

uk(t) sin
kπx

l
, (53)

ðàññìàòðèâàÿ ïðè ýòîì ïåðåìåííóþ t êàê íåîòðèöàòåëüíûé ïàðàìåòð. Ãðà-
íè÷íûå óñëîâèÿ äëÿ ôóíêöèè u(x, t) âûïîëíÿþòñÿ.

Â ñâîþ î÷åðåäü, ðàçëîæèì ôóíêöèþ f(x, t) = bxt íà îòðåçêå [0, l] â ðÿä
Ôóðüå ïî ñèíóñàì

bxt =
∞∑
k=1

fk(t) sin
kπx

l
, (54)

ãäå êîýôôèöèåíòû fk(t) íåïîñðåäñòâåííî âû÷èñëÿþòñÿ ïî ôîðìóëàì:

fk(t) =
2

l

l∫
0

bxt sin
kπx

l
dx = −2bt

kπ

l∫
0

x d

(
cos

kπx

l

)
=

= −2bt

kπ

(
x cos

kπx

l

∣∣∣∣l
0

−
l∫

0

cos
kπx

l
dx

)
=

2bl(−1)k+1t

kπ
.

Ïîäñòàâëÿÿ ðàçëîæåíèÿ (53) è (54) â èñõîäíîå äèôôåðåíöèàëüíîå óðàâ-
íåíèå, ïîëó÷èì

∞∑
k=1

[
u′′k(t) +

(
kπa

l

)2
uk(t)

]
sin

kπx

l
=

∞∑
k=1

fk(t) sin
kπx

l
.

Èç ñâîéñòâà ïîëíîòû òðèãîíîìåòðè÷åñêîé ñèñòåìû ôóíêöèé âûòåêàåò
ðàâåíñòâî

u′′k(t) +

(
kπa

l

)2
uk(t) = fk(t).
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Äàëåå, ïîäñòàâèì ðÿä (53) â íà÷àëüíûå óñëîâèÿ:

∞∑
k=1

uk(0) sin
kπx

l
= sin

3πx

l
,

∞∑
k=1

u′k(0) sin
kπx

l
= 0. (55)

Ïîñêîëüêó ñîáñòâåííûå ôóíêöèè îáëàäàþò ñâîéñòâîì îðòîãîíàëüíîñòè
íà îòðåçêå [0, l], èç ñîîòíîøåíèé (55) ñëåäóåò, ÷òî

u3(0) = 1, uk(0) = 0, k ̸= 3, u′k(0) = 0, k = 1, 2, . . .

Òàêèì îáðàçîì, ïðèõîäèì ê ñåìåéñòâó çàäà÷ Êîøè äëÿ îáûêíîâåííîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà:u

′′
k(t) +

(
kπa

l

)2
uk(t) =

2bl(−1)k+1t

kπ
,

uk(0) = 0, u′k(0) = 0, k ̸= 3,

u
′′
3(t) +

(
3πa

l

)2
u3(t) =

2blt

3π
,

u3(0) = 1, u′3(0) = 0.

Îáùåå ðåøåíèå íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ äëÿ uk(t),
k ̸= 3, áóäåì èñêàòü â âèäå ñóììû îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ è
÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ

uk(t) = Ak cos
kπat

l
+Bk sin

kπat

l
+ u÷àñòk (t),

ãäå u÷àñòk (t) = ck + dkt. Ïîäñòàâëÿÿ u÷àñòk (t) â äèôôåðåíöèàëüíîå óðàâíåíèå
è ïðèìåíÿÿ ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ, ïîëó÷èì(

kπa

l

)2(
ck + dkt

)
=

2bl(−1)k+1

kπ
t ⇒ ck = 0, dk =

2bl3(−1)k+1

(kπ)3a2
t.

Ñëåäîâàòåëüíî, îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä

uk(t) = Ak cos
kπat

l
+Bk sin

kπat

l
+

2bl3(−1)k+1

(kπ)3a2
t.

Èç íà÷àëüíûõ óñëîâèé âûòåêàåò, ÷òî

Ak = 0, Bk =
2bl4(−1)k

(kπ)4a3
.

Òàêèì îáðàçîì, ïðè k ̸= 3 ïîëó÷èì

uk(t) =
2bl3(−1)k

(kπ)3a2

(
l

kπa
sin

kπat

l
− t

)
.
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Ðàññìîòðèì çàäà÷ó Êîøè ïðè k = 3. Îáùåå ðåøåíèå äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ èìååò âèä, àíàëîãè÷íûé ñëó÷àþ k ̸= 3 :

u3(t) = A3 cos
3πat

l
+B3 sin

3πat

l
+

2bl3

(3π)3a2
t.

Íà÷àëüíûå óñëîâèÿ äàþò A3 = 1, B3 = − 2bl4

(3π)4a3
. Ñëåäîâàòåëüíî,

u3(t) = cos
3πat

l
− 2bl3

27π3a2

(
l

3πa
sin

3πat

l
− t

)
.

Îêîí÷àòåëüíî ïðèõîäèì ê ðåøåíèþ ñìåøàííîé çàäà÷è

u(x, t) =
2bl3

π3a2

∞∑
k=1,k ̸=3

(−1)k

k3

(
l

kπa
sin

kπat

l
− t

)
sin

kπx

l
+

+

[
cos

3πat

l
− 2bl3

27π3a2

(
l

3πa
sin

3πat

l
− t

)]
sin

3πx

l
. (56)

II ñïîñîá. Áóäåì èñêàòü ðåøåíèå çàäà÷è â âèäå ñóììû äâóõ ôóíêöèé
u(x, t) = v(x, t) + w(x, t), ãäå v(x, t) � ðåøåíèå ñìåøàííîé çàäà÷è

∂2v

∂t2
= a2

∂2v

∂x2
+ bxt, 0 < x < l, t > 0,

v|x=0 = 0, v|x=l = 0, t > 0,

v|t=0 = 0,
∂v

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l,

(57)

à ôóíêöèÿ w(x, t) ÿâëÿåòñÿ ðåøåíèåì îäíîðîäíîé ñìåøàííîé çàäà÷è

∂2w

∂t2
= a2

∂2w

∂x2
, 0 < x < l, t > 0,

w|x=0 = 0, w|x=l = 0, t > 0,

w|t=0 = sin
3πx

l
,

∂w

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

(58)

Çàäà÷à äëÿ ôóíêöèè v(x, t) îòëè÷àåòñÿ îò èñõîäíîé ëèøü íà÷àëüíûì
óñëîâèåì v|t=0 = 0. Ïðèìåíÿÿ óêàçàííûé âûøå ïîäõîä, ïîëó÷èì ðåøåíèå
ñìåøàííîé çàäà÷è (57) â âèäå

v(x, t) =
2bl3

π3a2

∞∑
k=1

(−1)k

k3

(
l

kπa
sin

kπat

l
− t

)
sin

kπx

l
.
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Ñîãëàñíî àëãîðèòìó ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ, ðåøåíèåì îäíîðîä-
íîé ñìåøàííîé çàäà÷è (58) ÿâëÿåòñÿ ðÿä

w(x, t) =
∞∑
k=1

(
Ak cos

kπat

l
+Bk sin

kπat

l

)
sin

kπx

l
.

Ïîäñòàâëÿÿ ýòîò ðÿä â íà÷àëüíûå óñëîâèÿ, ïîëó÷èì
∞∑
k=1

Ak sin
kπx

l
= sin

3πx

l
,

∞∑
k=1

Bk
kπa

l
sin

kπx

l
= 0.

Â ñèëó îðòîãîíàëüíîñòè ñîáñòâåííûõ ôóíêöèé íà îòðåçêå [0, l], îòñþäà
ñëåäóåò, ÷òî

A3 = 1, Ak = 0, k ̸= 3, Bk = 0, k = 1, 2, . . .

Òàêèì îáðàçîì, w(x, t) = cos
3πat

l
sin

3πx

l
. Ñêëàäûâàÿ v(x, t) è w(x, t),

ïîëó÷èì ðåøåíèå u(x, t), ñîâïàäàþùåå ñ (56). J
Ïðèìåð 13. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+ x(l − x)t2, 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

Ðåøåíèå. Áóäåì èñêàòü ðåøåíèå çàäà÷è â âèäå ðÿäà, óäîâëåòâîðÿþùåãî
ãðàíè÷íûì óñëîâèÿì:

u(x, t) =
∞∑
k=1

uk(t) sin
kπx

l
.

Ïðàâóþ ÷àñòü óðàâíåíèÿ òàêæå ðàçëîæèì â ðÿä Ôóðüå

x(l − x)t2 =
∞∑
k=1

fk(t) sin
kπx

l
,

fk(t) =
2

l

l∫
0

x(l − x)t2 sin
kπx

l
dx =

2t2

kπ

l∫
0

(l − 2x) cos
kπx

l
dx =

= − 4l2t2

(kπ)3
cos

kπx

l

∣∣∣∣l
0

=

0, åñëè k = 2n,
8l2t2

(2n+ 1)3π3
, åñëè k = 2n+ 1.
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Ïîäñòàâèì ýòè ðÿäû â èñõîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå:

∞∑
k=1

u′′k(t) sin
kπx

l
+

∞∑
k=1

(
kπ

l

)2
uk(t) sin

kπx

l
=

∞∑
k=1

fk(t) sin
kπx

l
.

Îòñþäà ñëåäóåò, ÷òî

u′′k(t) +

(
kπ

l

)2
uk(t) = fk(t), k = 1, 2, . . .

Èç íà÷àëüíûõ óñëîâèé âûòåêàþò ðàâåíñòâà uk(0) = 0, u′k(0) = 0.
Òàêèì îáðàçîì, ïðèõîäèì ê ñåìåéñòâó çàäà÷ Êîøèu

′′
k(t) +

(
kπ

l

)2
uk(t) = fk(t),

uk(0) = 0, u′k(0) = 0, k = 1, 2, . . .

Ïðè k = 2n çàäà÷à Êîøè èìååò òîëüêî òðèâèàëüíîå ðåøåíèå uk(t) = 0.
Â ñëó÷àå, êîãäà k = 2n+ 1, óðàâíåíèå ïðèíèìàåò âèä

u′′k(t) +
(2n+ 1)2π2

l2
uk(t) =

8l2t2

(2n+ 1)3π3
.

Ðåøèì ýòî óðàâíåíèå ìåòîäîì îïåðàöèîííîãî èñ÷èñëåíèÿ. Ïðèìåíÿÿ ê
óðàâíåíèþ ïðåîáðàçîâàíèå Ëàïëàñà è ó÷èòûâàÿ íà÷àëüíûå óñëîâèÿ, ïðèõî-
äèì ê îïåðàòîðíîìó óðàâíåíèþ

Uk(p)p
2 +

(2n+ 1)2π2

l2
Uk(p) =

16l2

(2n+ 1)3π3p3
,

ãäå Uk(p) � èçîáðàæåíèå ôóíêöèè uk(t).

Ââåäåì îáîçíà÷åíèÿ: a2k =
(2n+ 1)2π2

l2
, bk =

16l2

(2n+ 1)3π3
. Òîãäà îïåðà-

òîðíîå óðàâíåíèå ïðèíèìàåò âèä

Uk(p)p
2 + a2kUk(p) =

bk
p3
,

îòêóäà íàõîäèì, ÷òî Uk(p) =
bk

p3(p2 + a2k)
.
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Ïðåîáðàçóåì ïðàâóþ ÷àñòü ýòîãî ðàâåíñòâà. Èìååì

bk
p3(p2 + a2k)

=
(bk/a

2
k)(p

2 + a2k)− (bk/a
2
k)p

2

p3(p2 + a2k)
=
bk/a

2
k

p3
−

− bk/a
2
k

p(p2 + a2k)
=
bk/a

2
k

p3
− (bk/a

4
k)(p

2 + a2k)− (bk/a
4
k)p

2

p(p2 + a2k)
=

=
bk/a

2
k

p3
− bk/a

4
k

p
+

(bk/a
4
k)p

p2 + a2k
.

Ïîëüçóÿñü òàáëèöåé îðèãèíàëîâ è èçîáðàæåíèé, ïîëó÷èì

uk(t) =
bk
2a2k

t2 − bk
a4k

+
bk
a4k

cos(akt) =
8l4

(2n+ 1)5π5
t2 −

− 16l6

(2n+ 1)7π7
+

16l6

(2n+ 1)7π7
cos

(2n+ 1)πt

l
.

Îêîí÷àòåëüíî ðåøåíèå ñìåøàííîé çàäà÷è ïðèíèìàåò âèä

u(x, t) =
8l4t2

π5

∞∑
n=0

sin
(2n+ 1)πx

l
(2n+ 1)5

− 16l6

π7

∞∑
n=0

sin
(2n+ 1)πx

l
(2n+ 1)7

+

+
16l6

π7

∞∑
n=0

cos
(2n+ 1)πt

l
sin

(2n+ 1)πx

l
(2n+ 1)7

. J

Çàìå÷àíèå 7. Åñëè ïðàâàÿ ÷àñòü óðàâíåíèÿ ñìåøàííîé çàäà÷è íå çà-
âèñèò îò ïåðåìåííîé t, òî èíîãäà óäîáíî èñêàòü ðåøåíèå â âèäå ñóììû
u(x, t) = v(x, t) +W (x), ãäå W (x) � ñòàöèîíàðíîå ñîñòîÿíèå (ñòàòè÷åñêèé
ïðîãèá ñòðóíû ïîä äåéñòâèåì ðàñïðåäåëåííîé ñèëû), v(x, t) � îòêëîíåíèå
îò ñòàöèîíàðíîãî ñîñòîÿíèÿ. Ïðè ýòîì ôóíêöèÿ W (x) íàõîäèòñÿ èíòåãðè-
ðîâàíèåì êðàåâîé çàäà÷è äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
âòîðîãî ïîðÿäêà {

a2W ′′(x) + f(x) = 0,

W (0) = 0, W (l) = 0,

à ôóíêöèÿ v(x, t) ÿâëÿåòñÿ ðåøåíèåì ïðîñòåéøåé ñìåøàííîé çàäà÷è

∂2v

∂t2
= a2

∂2v

∂x2
,

v|x=0 = 0, v|x=l = 0,

v|t=0 = φ(x)−W (x),
∂v

∂t

∣∣∣∣
t=0

= ψ(x).
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Íèæå áóäåò ïðèâåäåíî ïîäðîáíîå îïèñàíèå àëãîðèòìà ðåøåíèÿ ñìåøàí-
íûõ çàäà÷ ñî ñòàöèîíàðíûìè íåîäíîðîäíîñòÿìè â äèôôåðåíöèàëüíîì óðàâ-
íåíèè è ãðàíè÷íûõ óñëîâèÿõ.

Ïðèìåð 14. Ðåøèòü çàäà÷ó î ïðîäîëüíûõ êîëåáàíèÿõ ñòåðæíÿ, ïîäâå-
øåííîãî â êîíöåâîé òî÷êå x = 0. Êîëåáàíèÿ ñîâåðøàþòñÿ ïîä âëèÿíèåì ñèëû
òÿæåñòè, à íà÷àëüíûå ñìåùåíèå è ñêîðîñòü îòñóòñòâóþò.

Ðåøåíèå. Îòêëîíåíèå òî÷åê ñòåðæíÿ îò ïîëîæåíèÿ ðàâíîâåñèÿ u(x, t)
áóäåò ðåøåíèåì ñìåøàííîé çàäà÷è

∂2u

∂t2
= a2

∂2u

∂x2
+ g, 0 < x < l, t > 0,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=l

= 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l,

ãäå g � óñêîðåíèå ñèëû òÿæåñòè.

I ñïîñîá. Íàéäåì ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è
Øòóðìà � Ëèóâèëëÿ {

X ′′ + λ2X = 0, 0 < x < l,

X(0) = 0, X ′(l) = 0,

ñîîòâåòñòâóþùåé îäíîðîäíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ. Ïîäñòàâëÿÿ
îáùåå ðåøåíèå X(x) = C1 cosλx+C2 sinλx â ïåðâîå èç ãðàíè÷íûõ óñëîâèé,
ïîëó÷èì C1 = 0. Ïîëàãàÿ C2 = 1, èç âòîðîãî ãðàíè÷íîãî óñëîâèÿ èìååì
cosλl = 0. Îòñþäà íàõîäèì

λk =
(2k + 1)π

2l
, Xk(x) = sin

(2k + 1)πx

2l
, k = 0, 1, . . .

Áóäåì èñêàòü ðåøåíèå â âèäå ðÿäà ïî ñîáñòâåííûì ôóíêöèÿì, óäîâëå-
òâîðÿþùåãî ãðàíè÷íûì óñëîâèÿì:

u(x, t) =
∞∑
k=0

uk(t) sin
(2k + 1)πx

2l
.

Âõîäÿùóþ â óðàâíåíèå ôóíêöèþ f(x, t) = g òàêæå ðàçëîæèì â ðÿä
Ôóðüå íà îòðåçêå [0, l] ïî ñèíóñàì ñî ñäâèãîì

g =
∞∑
k=0

fk sin
(2k + 1)πx

2l
,

56



ãäå fk =
2

l

l∫
0

g sin
(2k + 1)πx

2l
dx =

4g

(2k + 1)π
. Ïîäñòàâëÿÿ ýòè ðàçëîæåíèÿ â

èñõîäíîå óðàâíåíèå, áóäåì èìåòü

∞∑
k=0

{
u′′k(t) +

[
(2k + 1)πa

2l

]2
uk(t)

}
sin

(2k + 1)πx

2l
=

∞∑
k=0

fk sin
(2k + 1)πx

2l
.

Îòñþäà ïîëó÷èì îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå

u′′k(t) +

[
(2k + 1)πa

2l

]2
uk(t) = fk.

Ïðèñîåäèíÿÿ ê íåìó íà÷àëüíûå óñëîâèÿ uk(0) = 0, u′k(0) = 0, ïðèõîäèì
ê çàäà÷å Êîøè u

′′
k(t) +

[
(2k + 1)πa

2l

]2
uk(t) = fk,

uk(0) = 0, u′k(0) = 0, k = 0, 1, . . .

×àñòíîå ðåøåíèå èùåì â âèäå u÷àñòk (t) = Ck. Ïîäñòàâëÿÿ åãî â óðàâíåíèå,
ñ ó÷åòîì çíà÷åíèé fk ïîëó÷èì

u÷àñòk (t) =
16gl2

a2π3(2k + 1)3
.

Îáùåå ðåøåíèå çàïèøåòñÿ â âèäå

uk(t) =
16gl2

a2π3(2k + 1)3
+ Ak cos

(2k + 1)πat

2l
+Bk sin

(2k + 1)πat

2l
.

Èç íà÷àëüíûõ óñëîâèé ñëåäóåò, ÷òî

Ak = − 16gl2

a2π3(2k + 1)3
, Bk = 0, k = 0, 1, . . . ,

è ðåøåíèå çàäà÷è Êîøè ïðèíèìàåò âèä

uk(t) =
16gl2

a2π3(2k + 1)3

[
1− cos

(2k + 1)πat

2l

]
.

Òàêèì îáðàçîì, îêîí÷àòåëüíî ïðèõîäèì ê ðåøåíèþ èñõîäíîé çàäà÷è

u(x, t) =
16gl2

a2π3

∞∑
k=0

1

(2k + 1)3

[
1− cos

(2k + 1)πat

2l

]
sin

(2k + 1)πx

2l
.
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II ñïîñîá. Â ñîîòâåòñòâèè ñ çàìå÷àíèåì 7 ïðåäñòàâèì u(x, t) â âèäå ñóì-
ìû u(x, t) = v(x, t) +W (x), ãäå ôóíêöèþ W (x) âûáåðåì òàê, ÷òîáû v(x, t)
óäîâëåòâîðÿëà îäíîðîäíîìó óðàâíåíèþ è îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì.
Ñ ýòîé öåëüþ ïîòðåáóåì, ÷òîáû a2W ′′(x) = −g. Èíòåãðèðóÿ äèôôåðåíöè-
àëüíîå óðàâíåíèå, ïîëó÷èì

W (x) = − g

2a2
x2 + C1x+ C2.

Îïðåäåëèì ïîñòîÿííûå C1 è C2 èç óñëîâèé W (0) = 0, W ′(l) = 0.
Èìååì C2 = 0, C1 = gl/a2, è â èòîãå ïîëó÷èì ÷àñòíîå ðåøåíèå

W (x) = − g

2a2
x2 +

gl

a2
x =

g

2a2
x(2l − x),

óäîâëåòâîðÿþùåå äèôôåðåíöèàëüíîìó óðàâíåíèþ è ãðàíè÷íûì óñëîâèÿì.
Îòíîñèòåëüíî ôóíêöèè v(x, t) èìååì ñìåøàííóþ çàäà÷ó

∂2v

∂t2
= a2

∂2v

∂x2
,

v|x=0 = 0,
∂v

∂x

∣∣∣∣
x=0

= 0,

v|t=0 = − g

2a2
x(2l − x),

∂v

∂t

∣∣∣∣
t=0

= 0.

Åå ðåøåíèå ïðåäñòàâëÿåòñÿ â âèäå ðÿäà

v(x, t) =
∞∑
k=0

[
Ak cos

(2k + 1)πat

2l
+Bk sin

(2k + 1)πat

2l

]
sin

(2k + 1)πx

2l
.

Èç âòîðîãî íà÷àëüíîãî óñëîâèÿ ïîëó÷èì
∞∑
k=0

Bk
(2k + 1)πa

2l
sin

(2k + 1)πx

2l
= 0,

îòêóäà ñëåäóåò, ÷òî Bk = 0, k = 0, 1, . . . Èç ïåðâîãî íà÷àëüíîãî óñëîâèÿ
âûòåêàåò ñîîòíîøåíèå

∞∑
k=0

Ak sin
(2k + 1)πx

2l
= − g

2a2
x(2l − x).

Îíî ïðåäñòàâëÿåò ñîáîé ðàçëîæåíèå çàäàííîé ôóíêöèè â ðÿä Ôóðüå íà
îòðåçêå [0, l] ïî ñèíóñàì ñî ñäâèãîì. Êîýôôèöèåíòû ðàçëîæåíèÿ âû÷èñëÿ-
þòñÿ ïî ôîðìóëàì

Ak =
2

l

l∫
0

[
− g

2a2
x(2l − x)

]
sin

(2k + 1)πx

2l
dx = − 16gl2

a2(2k + 1)3π3
.
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Ñ ó÷åòîì íàéäåííûõ êîýôôèöèåíòîâ Ak è Bk è âñïîìîãàòåëüíîé ôóíê-
öèè W (x) îêîí÷àòåëüíî ïîëó÷èì ðåøåíèå ñìåøàííîé çàäà÷è

u(x, t) =
g

2a2
x(2l − x)−

− 16gl2

a2π3

∞∑
k=0

1

(2k + 1)3
cos

(2k + 1)πat

2l
sin

(2k + 1)πx

2l
. J

Çàìå÷àíèå 8. Çàìåòèì, ÷òî ðàçëè÷èå â çàïèñè ðåøåíèé ðàññìàòðèâàå-
ìîé çàäà÷è îáóñëîâëåíî òåì, ÷òî ïðè èñïîëüçîâàíèè ïåðâîãî ñïîñîáà ôóíêöèÿ

W (x) =
g

2a2
x(2l−x) ïðåäñòàâëåíà ðÿäîì Ôóðüå ïî îðòîãîíàëüíîé íà îòðåçêå

[0, l] ñèñòåìå ôóíêöèé
{
sin

(2k + 1)πx

2l

}∞

k=0
.

Ïðèìåð 15. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
+
∂u

∂t
= a2

∂2u

∂x2
+ 1, 0 < x < 1, t > 0,

u|x=0 = 0, u|x=1 = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1.

Ðåøåíèå. Ðàçëîæèì ðåøåíèå u(x, t) è ïðàâóþ ÷àñòü óðàâíåíèÿ f(x, t)
â ðÿäû Ôóðüå ïî îðòîãîíàëüíîé ñèñòåìå ôóíêöèé

{
sin kπx

}∞
k=1

:

u(x, t) =
∞∑
k=1

uk(t) sin kπx, f(x, t) =
∞∑
k=1

fk sin kπx,

fk = 2

1∫
0

sin kπx dx =

0, åñëè k = 2n,
4

(2n+ 1)π
, åñëè k = 2n+ 1.

Ïîäñòàâëÿÿ ýòè ðàçëîæåíèÿ â äèôôåðåíöèàëüíîå óðàâíåíèå è íà÷àëü-
íûå óñëîâèÿ, ïîëó÷èì

∞∑
k=1

[
u′′k(t) + u′k(t) + (kπ)2uk(t)

]
sin kπx =

∞∑
k=1

fk sin kπx,

∞∑
k=1

uk(0) sin kπx = 0,
∞∑
k=1

u′k(0) sin kπx = 0.
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Îòñþäà ïðèõîäèì ê çàäà÷å Êîøè äëÿ êîýôôèöèåíòîâ uk(t){
u′′k(t) + u′k(t) + (kπ)2uk(t) = fk,

uk(0) = 0, u′k(0) = 0, k = 1, 2, . . .

Åñëè k = 2n ÷åòíîå, òî ðåøåíèåì çàäà÷è Êîøè áóäåò uk(t) = 0. Åñëè
k = 2n+ 1 íå÷åòíîå, òî äèôôåðåíöèàëüíîå óðàâíåíèå

u′′k(t) + u′k(t) +
[
(2n+ 1)π

]2
uk(t) =

4

(2n+ 1)π

èìååò ÷àñòíîå ðåøåíèå u÷àñòk (t) =
4

(2n+ 1)3π3
.

Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå, ñîîòâåòñòâóþùåå îáûêíîâåí-
íîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà:

µ2 + µ+ (2n+ 1)2π2 = 0.

Åãî äèñêðèìèíàíò D = 1−4(2n+1)2π2 < 0 è êîðíè õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ ðàâíû

µ1,2 =
−1± i

√
4(2n+ 1)2π2 − 1

2
.

Â êà÷åñòâå ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé âûáåðåì ôóíêöèè

e
−
t
2 cosλnt, e

−
t
2 sinλnt, λn =

√
(2n+ 1)2π2 − 1

4
.

Òîãäà îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ çàïèøåòñÿ â âèäå

uk(t) =
4

(2n+ 1)3π3
+ e

−
t
2 (Ak cosλnt+Bk sinλnt).

Èç óñëîâèé uk(0) = 0, u′k(0) = 0 âûòåêàåò, ÷òî

Ak = − 4

(2n+ 1)3π3
, Bk =

Ak

2λn
.

Òàêèì îáðàçîì, ïðè íå÷åòíûõ k ïðèõîäèì ê ðåøåíèþ çàäà÷è Êîøè

uk(t) =
4

(2n+ 1)3π3
+ e

−
t
2

[
− 4

(2n+ 1)3π3
cosλnt−

4

(2n+ 1)3π3
sinλnt

2λn

]
.

Îêîí÷àòåëüíî ïîëó÷èì îòâåò

u(x, t) =
4

π3

∞∑
n=0

1

(2n+ 1)3

[
1− e

−
t
2

(
cosλnt+

1

2λn
sinλnt

)]
sin(2n+ 1)πx,
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ãäå λn âû÷èñëÿþòñÿ ïî ôîðìóëå λn =

√
(2n+ 1)2π2 − 1

4
. J

Çàìå÷àíèå 9. Ïðè èñïîëüçîâàíèè ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ äëÿ
íåîäíîðîäíûõ óðàâíåíèé â áîëüøèíñòâå ñëó÷àåâ îòíîñèòåëüíî ôóíêöèé vk(t)
áóäåì èìåòü íàáîð ñòàíäàðòíûõ çàäà÷ Êîøè. Êàê óæå îòìå÷àëîñü, ñ ïîìî-
ùüþ îïåðàòîðíîãî ìåòîäà ñ ïðèìåíåíèåì ïðåîáðàçîâàíèÿ Ëàïëàñà èõ ìîæíî
ñâåñòè ê àëãåáðàè÷åñêîìó óðàâíåíèþ. Äëÿ ðàçëîæåíèÿ ïîëó÷åííîé â èòîãå
ïðàâèëüíîé ðàöèîíàëüíîé äðîáè â ñóììó ïðîñòåéøèõ ïðàêòè÷åñêè íåò íåîá-
õîäèìîñòè ïðèâëåêàòü ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ. Äîñòàòî÷íî
ëèøü ïîäîáðàòü êîýôôèöèåíòû â ñîîòâåòñòâóþùåì ðàçëîæåíèè ýòîé äðî-
áè. Â ÷àñòíîñòè, ïðè ðåøåíèè ñìåøàííîé çàäà÷è äëÿ óðàâíåíèÿ êîëåáàíèé,
ïðàâàÿ ÷àñòü êîòîðîãî ñîäåðæèò ôóíêöèè âèäà f(x)e−λt, f(x) sinαt èëè
f(x) cos βt, â ñëó÷àå îäíîðîäíûõ íà÷àëüíûõ óñëîâèé ïðèõîäèì ê ñëåäóþùèì
çàäà÷àì Êîøè:{

v′′k(t) + ω2
kvk(t) = Ae−λt,

vk(0) = 0, v′k(0) = 0,

{
v′′k(t) + ω2

kvk(t) = A sinαt,

vk(0) = 0, v′k(0) = 0,{
v′′k(t) + ω2

kvk(t) = A cos βt,

vk(0) = 0, v′k(0) = 0.

Ïðèìåíÿÿ ê îáåèì ÷àñòÿì äèôôåðåíöèàëüíûõ óðàâíåíèé ïðåîáðàçîâà-
íèå Ëàïëàñà è ïðîâîäÿ ðàçëîæåíèå ñîîòâåòñòâóþùèõ èçîáðàæåíèé, â ðåçóëü-
òàòå ïîëó÷èì

A

(p2 + ω2
k)(p+ λ)

=
A

ω2
k + λ2

(
1

p+ λ
− p− λ

p2 + ω2
k

)
:

: A

ω2
k + λ2

(
e−λt − cosωkt+

λ

ωk
sinωkt

)
, (59)

Aα

(p2 + ω2
k)(p

2 + α2)
=

Aα

α2 − ω2
k

(
1

p2 + ω2
k

− 1

p2 + α2

)
:

: Aα

α2 − ω2
k

(
1

ωk
sinωkt−

1

α
sinαt

)
, (60)

Ap

(p2 + ω2
k)(p

2 + β2)
=

Ap

β2 − ω2
k

(
1

p2 + ω2
k

− 1

p2 + β2

)
:

: A

β2 − ω2
k

(cosωkt− cos βt). (61)
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Èñïîëüçîâàíèå ôîðìóë (59)�(61) ïîçâîëÿåò ñóùåñòâåííî óïðîñòèòü ïðî-
öåäóðó íàõîæäåíèÿ êîýôôèöèåíòîâ vk(t) ðÿäà (45).

Çàìå÷àíèå 10. Â íåêîòîðûõ çàäà÷àõ äëÿ óðàâíåíèé ñî ñïåöèàëüíîé
ïðàâîé ÷àñòüþ óäàåòñÿ íàéòè ôóíêöèþ W (x, t), óäîâëåòâîðÿþùóþ íåîä-
íîðîäíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ è ãðàíè÷íûì óñëîâèÿì. Òîãäà,
îòûñêèâàÿ ðåøåíèå èñõîäíîé çàäà÷è â âèäå u(x, t) = v(x, t) +W (x, t), ïîëó-
÷èì ñìåøàííóþ çàäà÷ó äëÿ ôóíêöèè v(x, t), óäîâëåòâîðÿþùåé îäíîðîäíîìó
óðàâíåíèþ, ãðàíè÷íûì óñëîâèÿì è íà÷àëüíûì óñëîâèÿì âèäà

v|t=0 = φ(x)−W |t=0,
∂v

∂t

∣∣∣∣
t=0

= ψ(x)− ∂W

∂t

∣∣∣∣
t=0

.

Ïðèìåð 16. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
= a2

∂2u

∂x2
+ he−t sin

πx

l
, 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

(62)

Ðåøåíèå. I ñïîñîá. Ðåøåíèå çàäà÷è (62) áóäåì èñêàòü â âèäå ðÿäà

u(x, t) =
∞∑
k=1

uk(t) sin
kπx

l
. (63)

Ðàçëîæèì ïðàâóþ ÷àñòü f(x, t) = he−t sin
πx

l
â ðÿä Ôóðüå ïî ñèñòåìå

ñîáñòâåííûõ ôóíêöèé

he−t sin
πx

l
=

∞∑
k=1

fk(t) sin
kπx

l
. (64)

Ëåâàÿ ÷àñòü ýòîãî ðàâåíñòâà ñ òî÷íîñòüþ äî ìíîæèòåëÿ ïðåäñòàâëÿåò

ñîáîé ñîáñòâåííóþ ôóíêöèþ X1(x) = sin
πx

l
. Â ñèëó îðòîãîíàëüíîñòè ñîá-

ñòâåííûõ ôóíêöèé
{
sin

kπx

l

}∞

k=1
íà îòðåçêå [0, l], èìååì

f1(t) = he−t, fk(t) = 0, k ̸= 1.

Ïîäñòàâëÿÿ ðàçëîæåíèÿ (63) è (64) â èñõîäíîå äèôôåðåíöèàëüíîå óðàâ-
íåíèå, ïîëó÷èì

∞∑
k=1

[
u′′k(t) +

(
kπa

l

)2
uk(t)

]
sin

kπx

l
=

∞∑
k=1

fk(t) sin
kπx

l
.
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Ïðèðàâíèâàÿ êîýôôèöèåíòû Ôóðüå â ëåâîé è ïðàâîé ÷àñòÿõ ýòîãî ðà-
âåíñòâà, ïîëó÷èì îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ:

u′′1(t) +

(
πa

l

)2
u1(t) = he−t, u′′k(t) +

(
kπa

l

)2
uk(t) = 0, k ̸= 1.

Ïîäñòàíîâêà ðÿäà (63) â íà÷àëüíûå óñëîâèÿ äàåò

uk(0) = 0, u′k(0) = 0, k = 1, 2, . . .

Òàêèì îáðàçîì, ïðèõîäèì ê ñåìåéñòâó çàäà÷ Êîøè îòíîñèòåëüíî êîýô-
ôèöèåíòîâ uk(t) ðÿäà (63):u

′′
1(t) +

(
πa

l

)2
u1(t) = he−t,

u1(0) = 0, u′1(0) = 0,

(65)

u
′′
k(t) +

(
kπa

l

)2
uk(t) = 0,

uk(0) = 0, u′k(0) = 0, k ̸= 1.

(66)

Â ñèëó òåîðåìû åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè, ðåøåíèÿìè (66)
ÿâëÿþòñÿ ôóíêöèè uk(t) ≡ 0, k ̸= 1. Îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî
óðàâíåíèÿ äëÿ ôóíêöèè u1(t) áóäåì èñêàòü â âèäå

u1(t) = A1 cos
πat

l
+B1 sin

πat

l
+ u÷àñò1 (t),

ãäå u÷àñò1 (t) = Ce−t. Ïîäñòàâëÿÿ u÷àñò1 (t) â óðàâíåíèå (65), ïîëó÷èì

Ce−t +

(
πa

l

)2
Ce−t = he−t.

Îòñþäà íàõîäèì êîíñòàíòó C =
hl2

l2 + π2a2
. Ñëåäîâàòåëüíî,

u1(t) = A1 cos
πat

l
+B1 sin

πat

l
+

hl2

l2 + π2a2
e−t.

Èç íà÷àëüíûõ óñëîâèé âûòåêàåò, ÷òî

A1 = − hl2

l2 + π2a2
, B1 =

l

πa

hl2

l2 + π2a2
.

63



Òàêèì îáðàçîì,

u1(t) = − hl2

l2 + π2a2
cos

πat

l
+

l

πa

hl2

l2 + π2a2
sin

πat

l
+

hl2

l2 + π2a2
e−t.

Îêîí÷àòåëüíî ïðèõîäèì ê ðåøåíèþ ñìåøàííîé çàäà÷è

u(x, t) =
hl2

l2 + π2a2

(
e−t − cos

πat

l
+

l

πa
sin

πat

l

)
sin

πx

l
. (67)

II ñïîñîá. Çàïèøåì çàäà÷ó Êîøè (65) â âèäå{
u′′1(t) + ω2

1u1(t) = he−t,

u1(0) = 0, u′1(0) = 0,

ãäå ω1 =
πa

l
. Ïðèìåíÿÿ ïðåîáðàçîâàíèå Ëàïëàñà è ó÷èòûâàÿ çàìå÷àíèå 9,

ñ ïîìîùüþ ôîðìóëû (59) ñðàçó ïðèõîäèì ê ñîîòíîøåíèþ

h

(p2 + ω2
1)(p+ 1)

: h

ω2
1 + 1

(
e−t − cosω1t+

1

ω1
sinω1t

)
. (68)

Î÷åâèäíî, ÷òî îðèãèíàë â ïðàâîé ÷àñòè âûðàæåíèÿ (68) ñîâïàäàåò ñ
ôóíêöèåé u1(t), ïîëó÷åííîé ïðåäûäóùèì ñïîñîáîì, è, ñëåäîâàòåëüíî, ðå-
øåíèå ñìåøàííîé çàäà÷è (62) äàåòñÿ ôîðìóëîé (67).

III ñïîñîá. Áóäåì èñêàòü ðåøåíèå çàäà÷è (62) â âèäå

u(x, t) = v(x, t) +W (x, t),

ãäå ôóíêöèÿ W (x, t) ïîäáèðàåòñÿ, èñõîäÿ èç âèäà ïðàâîé ÷àñòè äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ, à èìåííî, W (x, t) = Ce−t sin
πx

l
. Ïðè ýòîì ãðàíè÷íûå

óñëîâèÿ âûïîëíÿþòñÿ àâòîìàòè÷åñêè. Ïîäñòàâëÿÿ W (x, t) â óðàâíåíèå, ïî-
ëó÷èì

Ce−t sin
πx

l
= − π2a2

l2
Ce−t sin

πx

l
+ he−t sin

πx

l
.

Îòñþäà C =
hl2

l2 + π2a2
è ôóíêöèÿ W (x, t) ïðèíèìàåò âèä

W (x, t) =
hl2

l2 + π2a2
e−t sin

πx

l
.

Òàêèì îáðàçîì, íàéäåíî ÷àñòíîå ðåøåíèå, óäîâëåòâîðÿþùåå äèôôåðåí-
öèàëüíîìó óðàâíåíèþ è ãðàíè÷íûì óñëîâèÿì.
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Â ñìåøàííîé çàäà÷å äëÿ ôóíêöèè v(x, t) äèôôåðåíöèàëüíîå óðàâíåíèå
ÿâëÿåòñÿ îäíîðîäíûì, à íà÷àëüíûå óñëîâèÿ îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè
v|t=0 = u|t=0 −W |t=0, v

′
t

∣∣
t=0

= u′t
∣∣
t=0

−W ′
t

∣∣
t=0

:

∂2v

∂t2
= a2

∂2v

∂x2
,

v|x=0 = 0, v|x=l = 0,

v|t=0 = − hl2

l2 + π2a2
sin

πx

l
,

∂v

∂t

∣∣∣∣
t=0

=
hl2

l2 + π2a2
sin

πx

l
.

(69)

Â ñîîòâåòñòâèè ñ ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ, çàïèøåì ðåøåíèå îä-
íîðîäíîé ñìåøàííîé çàäà÷è (69) â âèäå ðÿäà ñ íåîïðåäåëåííûìè êîýôôèöè-
åíòàìè

v(x, t) =
∞∑
k=1

(
Ak cos

kπat

l
+Bk sin

kπat

l

)
sin

kπx

l
.

Ïîäñòàâëÿÿ ýòîò ðÿä â íà÷àëüíûå óñëîâèÿ, ïîëó÷èì

∞∑
k=1

Ak sin
kπx

l
= − hl2

l2 + π2a2
sin

πx

l
,

∞∑
k=1

Bk
kπa

l
sin

kπx

l
=

hl2

l2 + π2a2
sin

πx

l
.

Ñîáñòâåííûå ôóíêöèè
{
sin

kπx

l

}∞

k=1
îáëàäàþò ñâîéñòâîì îðòîãîíàëüíî-

ñòè íà îòðåçêå [0, l]. Ñëåäîâàòåëüíî,

A1 = − hl2

l2 + π2a2
, B1 =

l

πa

hl2

l2 + π2a2
, Ak = 0, Bk = 0, k ̸= 1.

Òàêèì îáðàçîì,

v(x, t) =
hl2

l2 + π2a2

(
− cos

πat

l
+

l

πa
sin

πat

l

)
sin

πx

l
.

Ñêëàäûâàÿ v(x, t) è W (x, t), ïîëó÷èì èñêîìîå ðåøåíèå u(x, t). J

Ïðèìåð 17. Íàéòè êîëåáàíèÿ îäíîðîäíîé ñòðóíû 0 6 x 6 l ñ æåñòêî
çàêðåïëåííûìè êîíöàìè, åñëè ýòè êîëåáàíèÿ âûçâàíû íåïðåðûâíî ðàñïðåäå-
ëåííîé ñèëîé ñ ëèíåéíîé ïëîòíîñòüþ F (x, t) = Aρ0 sinωt, ρ0 � ïîñòîÿííàÿ
ïëîòíîñòü ñòðóíû, A = const, ïðè ýòîì íà÷àëüíûå ñìåùåíèå è ñêîðîñòü îò-
ñóòñòâóþò. Èññëåäîâàòü âîçìîæíîñòü ðåçîíàíñà è íàéòè ðåøåíèå â ñëó÷àå
ðåçîíàíñà.
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Ðåøåíèå. Ïîñòàâëåííàÿ çàäà÷à ýêâèâàëåíòà ñìåøàííîé çàäà÷å

∂2u

∂t2
= a2

∂2u

∂x2
+ A sinωt, 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

(70)

Ðàçëîæèì ôóíêöèþ u(x, t) è ïðàâóþ ÷àñòü óðàâíåíèÿ â ðÿäû Ôóðüå ïî
ñîáñòâåííûì ôóíêöèÿì çàäà÷è Øòóðìà � Ëèóâèëëÿ:

u(x, t) =
∞∑
k=1

uk(t) sin
kπx

l
, A sinωt =

∞∑
k=1

fk(t) sin
kπx

l
,

fk(t) =
2

l

l∫
0

A sinωt sin
kπx

l
dx =

2A
[
1− (−1)k

]
kπ

sinωt,

Ïîäñòàâëÿÿ ýòè ðàçëîæåíèÿ â èñõîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå è
íà÷àëüíûå óñëîâèÿ, ïðèõîäèì ê ñåìåéñòâó çàäà÷ Êîøèu′′k(t) + ω2

kuk(t) =
2A
[
1− (−1)k

]
kπ

sinωt,

uk(0) = 0, u′k(0) = 0, k = 1, 2, . . . ,

ãäå ωk =
kπa

l
. Ðàññìîòðèì äâà ñëó÷àÿ.

à) Íåðåçîíàíñíûé ñëó÷àé. Ïðè ω ̸= ωk ÷àñòíîå ðåøåíèå îáûêíîâåí-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà èìååò âèä

u÷àñòk (t) =
2A
[
1− (−1)k

]
kπ(ω2

k − ω2)
sinωt.

Ó÷èòûâàÿ íà÷àëüíûå óñëîâèÿ uk(0) = 0, u′k(0) = 0, äëÿ ôóíêöèé uk(t)
ïîëó÷èì

uk(t) =
2A
[
1− (−1)k

]
kπ(ω2

k − ω2)

(
sinωt− ω

ωk
sinωkt

)
è ðåøåíèå â ñëó÷àå ω ̸= ωk ïðèíèìàåò îêîí÷àòåëüíûé âèä

u(x, t) =
2A

π

∞∑
k=1

1− (−1)k

k(ω2
k − ω2)

(
sinωt− ω

ωk
sinωkt

)
sin

kπx

l
.
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á) Ðåçîíàíñíûé ñëó÷àé. Ïðåäïîëàãàåòñÿ, ÷òî ÷àñòîòà âûíóæäàþùåé
ñèëû ñîâïàäàåò ñ îäíîé èç ÷àñòîò ñîáñòâåííûõ êîëåáàíèé ñòðóíû, ò. å. ω =

= ωn =
nπa

l
.

Ïðè k ̸= n ðåøåíèå çàäà÷è Êîøè ñîâïàäàåò ñ ðåøåíèåì äëÿ íåðåçîíàíñ-
íîãî ñëó÷àÿ. Çàïèøåì óðàâíåíèå äëÿ ôóíêöèè un(t) ïðè k = n :

u′′n(t) + ω2
nun(t) =

2A
[
1− (−1)n

]
nπ

sinωnt.

Èç îáùåé òåîðèè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé èçâåñò-
íî, ÷òî åãî ÷àñòíîå ðåøåíèå ñëåäóåò èñêàòü â âèäå

u÷àñòn (t) = t(C1 cosωnt+ C2 sinωnt).

Ïîäñòàíîâêà â óðàâíåíèå äàåò u÷àñòn (t) = −
A
[
1− (−1)n

]
nπωn

t cosωnt, è

un(t) = −
A
[
1− (−1)n

]
nπωn

t cosωnt+ (An cosωnt+Bn sinωnt).

Èç íà÷àëüíûõ óñëîâèé ñëåäóåò, ÷òî An = 0, Bn =
1

ωn

A
[
1− (−1)n

]
nπωn

, è

ðåøåíèå çàäà÷è Êîøè ïðèíèìàåò âèä

un(t) =
A
[
1− (−1)n

]
nπωn

(
1

ωn
sinωnt− t cosωnt

)
.

Òàêèì îáðàçîì, ïðèõîäèì ê ðåøåíèþ ñìåøàííîé çàäà÷è â ñëó÷àå ðåçî-
íàíñíûõ êîëåáàíèé

u(x, t) =
A
[
1− (−1)n

]
nπωn

(
1

ωn
sinωnt− t cosωnt

)
sin

nπx

l
+

+
2A

π

∞∑
k=1,k ̸=n

1− (−1)k

k(ω2
k − ω2

n)

(
sinωnt−

ωn

ωk
sinωkt

)
sin

kπx

l
.

Êàê âèäèì, íà n -é ÷àñòîòå ñîáñòâåííûõ êîëåáàíèé ñòðóíû âîçíèêëî ÿâ-
ëåíèå ðåçîíàíñà. Îíî âûçâàíî íàëè÷èåì â ðåøåíèè ñëàãàåìîãî ñ ìíîæèòåëåì
t cosωnt, àìïëèòóäà êîòîðîãî ñòðåìèòñÿ ê áåñêîíå÷íîñòè ïðè t→ ∞.

Çàìå÷àíèå 11. Â äàííîé çàäà÷å ðåçîíàíñ ìîæíî íàáëþäàòü òîëüêî íà
÷àñòîòàõ ñ íå÷åòíûìè íîìåðàìè, ïîñêîëüêó un(t) = 0 äëÿ ÷åòíûõ n. J
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1.2.5. Ñìåøàííûå çàäà÷è î âûíóæäåííûõ
êîëåáàíèÿõ â îáùåé ïîñòàíîâêå

Ðàññìîòðèì îáùóþ ïîñòàíîâêó çàäà÷è î âûíóæäåííûõ êîëåáàíèÿõ ñòðó-
íû, êîíöû êîòîðîé äâèæóòñÿ ïî çàäàííûì çàêîíàì:

∂2u

∂t2
= a2

∂2u

∂x2
+ f(x, t), 0 < x < l, t > 0,

u|x=0 = µ1(t), u|x=l = µ2(t), t > 0,

u|t=0 = φ(x),
∂u

∂t

∣∣∣∣
t=0

= ψ(x), 0 6 x 6 l.

(71)

Ââåäåì âñïîìîãàòåëüíóþ ôóíêöèþ W (x, t) òàê, ÷òîáû îíà óäîâëåòâîðÿ-
ëà ãðàíè÷íûì óñëîâèÿì:

W |x=0 = µ1(t), W |x=l = µ2(t).

Òîãäà ñ ïîìîùüþ ïîäñòàíîâêè u(x, t) = v(x, t)+W (x, t) äëÿ íîâîé íåèç-
âåñòíîé ôóíêöèè v(x, t) ïîëó÷èì ñìåøàííóþ çàäà÷ó

∂2v

∂t2
= a2

∂2v

∂x2
+ f1(x, t),

v|x=0 = 0, v|x=l = 0,

v|t=0 = φ1(x),
∂v

∂t

∣∣∣∣
t=0

= ψ1(x),

ãäå ôóíêöèè f1(x, t), φ1(x) è ψ1(x) çàäàþòñÿ ôîðìóëàìè:

f1(x, t) = f(x, t)−
[
∂2W

∂t2
− a2

∂2W

∂x2

]
,

φ1(x) = φ(x)−W |t=0, ψ1(x) = ψ(x)−
∂W

∂t

∣∣∣∣
t=0

.

Ñëåäîâàòåëüíî, ñìåøàííàÿ çàäà÷à äëÿ íåîäíîðîäíîãî óðàâíåíèÿ â îá-
ùåé ïîñòàíîâêå (71) ñâîäèòñÿ ê çàäà÷å î âûíóæäåííûõ êîëåáàíèÿõ ñòðóíû ñ
çàêðåïëåííûìè êîíöàìè (38).

Çàìå÷àíèå 12. Ïðèâåäåì ïðîñòåéøèå âàðèàíòû ôóíêöèè W (x, t) äëÿ
ñìåøàííûõ çàäà÷ ñ ðàçëè÷íûìè ñî÷åòàíèÿìè ãðàíè÷íûõ óñëîâèé ïåðâîãî è
âòîðîãî ðîäà:
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1) u|x=0 = µ1(t), u|x=l = µ2(t), W (x, t) =
l − x

l
µ1(t) +

x

l
µ2(t);

2)
∂u

∂x

∣∣∣∣
x=0

= µ1(t), u|x=l = µ2(t), W (x, t) = (x− l)µ1(t) + µ2(t);

3) u|x=0 = µ1(t),
∂u

∂x

∣∣∣∣
x=l

= µ2(t), W (x, t) = µ1(t) + xµ2(t);

4)
∂u

∂x

∣∣∣∣
x=0

= µ1(t),
∂u

∂x

∣∣∣∣
x=l

= µ2(t), W (x, t) =
x2

2l
µ2(t)−

(x− l)2

2l
µ1(t).

Â ïîñëåäíåì ñëó÷àå, êîãäà µ1(t) = µ2(t), â êà÷åñòâå W (x, t) óäîáíî âçÿòü
ôóíêöèþ W (x, t) = xµ1(t).

Îòìåòèì êëàññ çàäà÷ ñî ñòàöèîíàðíûìè íåîäíîðîäíîñòÿìè, êîãäà ôóíê-
öèè âûíóæäàþùåé ñèëû è óñëîâèé çàêðåïëåíèÿ êîíöîâ ñòðóíû íå çàâèñÿò îò
âðåìåíè: 

∂2u

∂t2
= a2

∂2u

∂x2
+ f(x), t > 0, 0 < x < l,

u|x=0 = H1, u|x=l = H2, t > 0,

u|t=0 = φ(x),
∂u

∂t

∣∣∣∣
t=0

= ψ(x), 0 6 x 6 l.

(72)

Çäåñü H1 è H2 � çàäàííûå ïîñòîÿííûå.
Ðåøåíèå çàäà÷è (72) ìîæíî íàéòè, âûäåëÿÿ ñòàöèîíàðíóþ ÷àñòü ðåøå-

íèÿ: u(x, t) = W (x)+ v(x, t). Êàê óæå îòìå÷àëîñü, â ìîäåëè êîëåáàíèé ñòðó-
íû ôóíêöèÿ W (x) îïèñûâàåò ñòàöèîíàðíûé ïðîôèëü, ñîîòâåòñòâóþùèé ñòà-
òè÷åñêîìó ïðîãèáó ñòðóíû ïîä äåéñòâèåì ðàñïðåäåëåííîé ñèëû f(x).

Ñòàöèîíàðíîå ðåøåíèå W (x) íàõîäèì êàê ðåøåíèå êðàåâîé çàäà÷è äëÿ
îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿa2

d2W

dx2
+ f(x) = 0,

W (0) = H1, W (l) = H2.

Èíòåãðèðóÿ óðàâíåíèå è âûïîëíÿÿ ãðàíè÷íûå óñëîâèÿ, ïîëó÷èì

W (x) = H1 + (H2 −H1)
x

l
+

x

la2

l∫
0

dξ

ξ∫
0

f(η) dη − 1

a2

x∫
0

dξ

ξ∫
0

f(η) dη.

Â ÷àñòíîñòè, åñëè f(x) = f0 = const, òî

W (x) = H1 + (H2 −H1)
x

l
+

f0
2a2

x(l − x).
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Ôóíêöèÿ v(x, t) óäîâëåòâîðÿåò îäíîðîäíîìó äèôôåðåíöèàëüíîìó óðàâ-
íåíèþ

∂2v

∂t2
= a2

∂2v

∂x2
, t > 0, 0 < x < l,

ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè v|x=0 = 0, v|x=l = 0 è íà÷àëüíûìè
óñëîâèÿìè âèäà

v|t=0 = φ(x)−W (x),
∂v

∂t

∣∣∣∣
t=0

= ψ(x).

Òàêèì îáðàçîì, ðåøåíèå v(x, t) ìîæíî íàéòè ïî ôîðìóëàì (43), (44),
çàìåíèâ â (44) ôóíêöèþ φ(x) íà φ(x)−W (x).

Ïðèìåð 18. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = 1, u|x=l = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

Ðåøåíèå. Áóäåì èñêàòü ðåøåíèå â âèäå u(x, t) = v(x, t) +W (x, t), ãäå
âñïîìîãàòåëüíóþ ôóíêöèþ W (x, t) âûáåðåì òàê, ÷òîáû îíà óäîâëåòâîðÿëà
ãðàíè÷íûì óñëîâèÿì:

W |x=0 = 1, W |x=l = 0, t > 0.

Ïîñêîëüêó çàäàíû ãðàíè÷íûå óñëîâèÿ ïåðâîãî ðîäà, òî â êà÷åñòâå îäíîé

èç òàêèõ ôóíêöèé ìîæíî âçÿòü W (x, t) =
l − x

l
.

Â îáùåì ñëó÷àå â ðåçóëüòàòå çàìåíû óðàâíåíèå äëÿ ôóíêöèè v(x, t) ñòà-
íîâèòñÿ íåîäíîðîäíûì. Îäíàêî â ñèëó òîãî, ÷òî W (x, t) òîæäåñòâåííî óäî-
âëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ, ïîñëå âûïîëíåíèÿ óêàçàííîé çà-
ìåíû ïðèõîäèì ê îäíîðîäíîé ñìåøàííîé çàäà÷å äëÿ ôóíêöèè v(x, t) ñ âèäî-
èçìåíåííûìè íà÷àëüíûìè óñëîâèÿìè

∂2v

∂t2
= a2

∂2v

∂x2
, 0 < x < l, t > 0,

v|x=0 = 0, v|x=l = 0, t > 0,

v|t=0 = −l − x

l
,

∂v

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.
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Ðåøåíèåì ýòîé çàäà÷è ÿâëÿåòñÿ ðÿä

v(x, t) =
∞∑
k=1

(
Ak cos

kπat

l
+Bk sin

kπat

l

)
sin

kπx

l
.

Ïîäñòàâëÿÿ åãî â íà÷àëüíûå óñëîâèÿ, ïîëó÷èì

∞∑
k=1

Ak sin
kπx

l
= −l − x

l
,

∞∑
k=1

Bk
kπa

l
sin

kπx

l
= 0.

Èç ïåðâîãî ðàâåíñòâà âûòåêàåò, ÷òî

Ak =
2

l

l∫
0

(
−l − x

l

)
sin

kπx

l
dx =

2

kπl

l∫
0

(l − x) d

(
cos

kπx

l

)
=

=
2

kπl

[
(l − x) cos

kπx

l

∣∣∣∣l
0

+

l∫
0

cos
kπx

l
dx

]
= − 2

kπ
.

Âòîðîå ðàâåíñòâî ïðèâîäèò ê ñîîòíîøåíèÿì Bk = 0, k = 1, 2, . . .
Òàêèì îáðàçîì, ñ ó÷åòîì âèäà ôóíêöèè W (x, t) ïîëó÷èì îòâåò

u(x, t) =
l − x

l
− 2

π

∞∑
k=1

1

k
cos

kπat

l
sin

kπx

l
. J

Ïðèìåð 19. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
= a2

∂2u

∂x2
+ xt, 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = A, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

Ðåøåíèå. Äëÿ óñòðàíåíèÿ íåîäíîðîäíîñòè â ãðàíè÷íûõ óñëîâèÿõ ñäå-

ëàåì çàìåíó u(x, t) = v(x, t) +
Ax

l
. Ïîñëå ïîäñòàíîâêè â óðàâíåíèå ïîëó÷èì

∂2v

∂t2
= a2

∂2v

∂x2
+ xt. (73)

Ãðàíè÷íûå óñëîâèÿ ñòàíîâÿòñÿ îäíîðîäíûìè

v|x=0 = 0, v|x=l = 0,

71



à íà÷àëüíûå ïðèíèìàþò âèä

v|t=0 = u|t=0 −
Ax

l
= −Ax

l
,

∂v

∂t

∣∣∣∣
t=0

= 0. (74)

Ïîñêîëüêó ãðàíè÷íûå óñëîâèÿ ïåðâîãî ðîäà, òî ðåøåíèå çàäà÷è îòíîñè-
òåëüíî ôóíêöèè v(x, t) ñëåäóåò èñêàòü â âèäå ðÿäà

v(x, t) =
∞∑
k=1

vk(t) sin
kπx

l
.

Ðàçëîæèì ïðåäâàðèòåëüíî ôóíêöèþ x â ðÿä Ôóðüå ïî îðòîãîíàëüíîé
ñèñòåìå ôóíêöèé

x =
∞∑
k=1

ck sin
kπx

l
,

ãäå êîýôôèöèåíòû ck âû÷èñëÿþòñÿ ïî ôîðìóëàì

ck =
2

l

l∫
0

x sin
kπx

l
dx = − 2

kπ

l∫
0

xd cos
kπx

l
=

= − 2

kπ

[
x cos

kπx

l

∣∣∣∣l
0

−
l∫

0

cos
kπx

l
dx

]
=

2l(−1)k+1

kπ
.

Îòñþäà íàõîäèì ðàçëîæåíèÿ â ðÿäû Ôóðüå ïðàâîé ÷àñòè óðàâíåíèÿ äëÿ
v(x, t) è ôóíêöèè íà÷àëüíîãî óñëîâèÿ:

xt =
∞∑
k=1

2l(−1)k+1t

kπ
sin

kπx

l
, −Ax

l
=

∞∑
k=1

2A(−1)k

kπ
sin

kπx

l
.

Ïîäñòàâëÿÿ ïîëó÷åííûå ðàçëîæåíèÿ â óðàâíåíèå (73) è íà÷àëüíûå óñëî-
âèÿ (74) è ïðèðàâíèâàÿ ñîîòâåòñòâóþùèå êîýôôèöèåíòû ïðè ñèíóñàõ, ïîëó-
÷èì äëÿ ôóíêöèè vk(t) çàäà÷ó Êîøè

v′′k(t) +

(
kπa

l

)2
vk(t) =

2l(−1)k+1t

kπ
,

vk(0) =
2A(−1)k

kπ
, v′k(0) = 0.

Îáùåå ðåøåíèå óðàâíåíèÿ èìååò âèä

vk(t) = C1 cos
kπat

l
+ C2 sin

kπat

l
+ v÷àñòk (t),
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ãäå ÷àñòíîå ðåøåíèå v÷àñòk (t) â ñîîòâåòñòâèè ñ ïðàâîé ÷àñòüþ óðàâíåíèÿ ñëå-
äóåò èñêàòü â âèäå ëèíåéíîé ôóíêöèè v÷àñòk (t) = akt+bk. Ïîäñòàâëÿÿ âûðàæå-
íèå äëÿ v÷àñòk (t) è ïðèìåíÿÿ ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ, íàõîäèì(

kπa

l

)2
(akt+ bk) =

2l(−1)k+1t

kπ
,

îòêóäà ñëåäóåò, ÷òî

bk = 0, ak =
2l(−1)k+1

kπ

(
l

kπa

)2
=

2l3(−1)k+1

a2(kπ)3
.

Òàêèì îáðàçîì, îáùåå ðåøåíèå èìååò âèä

vk(t) = C1 cos
kπat

l
+ C2 sin

kπat

l
+

2l3(−1)k+1t

a2(kπ)3
.

Ïîäñòàâëÿÿ åãî â íà÷àëüíûå óñëîâèÿ, íàõîäèì ðåøåíèå çàäà÷è Êîøè:

C1 =
2A(−1)k

kπ
, C2

kπa

l
+

2l3(−1)k+1

a2(kπ)3
= 0 ⇒ C2 =

2l4(−1)k

a3(kπ)4
,

vk(t) =
2A(−1)k

kπ
cos

kπat

l
+

2l4(−1)k

a3(kπ)4
sin

kπat

l
+

2l3(−1)k+1t

a2(kπ)3
.

Îêîí÷àòåëüíî ïîëó÷èì ðåøåíèå èñõîäíîé çàäà÷è

u(x, t) =
Ax

l
+

2

π

∞∑
k=1

[
A(−1)k

k
cos

kπat

l
+
l4(−1)k

(aπ)3k4
sin

kπat

l

]
sin

kπx

l
+

+
2l3t

a2π3

∞∑
k=1

(−1)k+1

k3
sin

kπx

l
. J

Ïðèìåð 20. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
, 0 < x < π, t > 0,

u|x=0 = t,
∂u

∂x

∣∣∣∣
x=π

= 1, t > 0,

u|t=0 = sin
x

2
,

∂u

∂t

∣∣∣∣
t=0

= 1, 0 6 x 6 π.
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Ðåøåíèå. Â ñîîòâåòñòâèè ñ çàìå÷àíèåì 12, ðåøåíèå ýòîé çàäà÷è áóäåì
èñêàòü â âèäå ñóììû u(x, t) = v(x, t)+W (x, t), ãäå W (x, t) = t+x, è îòíîñè-
òåëüíî íîâîé íåèçâåñòíîé ôóíêöèè v(x, t) ïîëó÷èì ïðîñòåéøóþ ñìåøàííóþ
çàäà÷ó 

∂2v

∂t2
=
∂2v

∂x2
, 0 < x < π, t > 0,

v|x=0 = 0,
∂v

∂x

∣∣∣∣
x=π

= 0, t > 0,

v|t=0 = sin
x

2
− x,

∂v

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 π.

Ðåøåíèå çàäà÷è ïðåäñòàâëÿåòñÿ â âèäå ðÿäà

v(x, t) =
∞∑
k=0

[
Ak cos

(2k + 1)t

2
+Bk sin

(2k + 1)t

2

]
sin

(2k + 1)x

2
.

Èç íà÷àëüíîãî óñëîâèÿ v|t=0 = sin
x

2
− x âûòåêàåò ñîîòíîøåíèå

∞∑
k=0

Ak sin
(2k + 1)x

2
= sin

x

2
− x.

Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè ýòîãî ðàâåíñòâà ÿâëÿåòñÿ ìíîãî÷ëåíîì
ïî îðòîãîíàëüíîé ñèñòåìå ñîáñòâåííûõ ôóíêöèé çàäà÷è Øòóðìà � Ëèóâèë-

ëÿ, à èìåííî, sin
x

2
= X0(x). Ïîýòîìó íåîáõîäèìî íàéòè ðàçëîæåíèå òîëüêî

äëÿ âòîðîãî ñëàãàåìîãî è âîñïîëüçîâàòüñÿ òåì ôàêòîì, ÷òî êîýôôèöèåíòû
Ôóðüå ñóììû ôóíêöèé ïðåäñòàâëÿþò ñîáîé ñóììó ñîîòâåòñòâóþùèõ êîýô-
ôèöèåíòîâ êàæäîãî ñëàãàåìîãî. Èìååì

Ak =
2

π

π∫
0

(
sin

x

2
− x

)
sin

(2k + 1)x

2
dx =

2

π

π∫
0

sin
x

2
sin

(2k + 1)x

2
dx−

− 2

π

π∫
0

x sin
(2k + 1)x

2
dx = A

(1)
k + A

(2)
k ,

A
(1)
0 = 1, A

(1)
k = 0, k ̸= 0, A

(2)
k =

8(−1)k+1

π(2k + 1)2
, k = 0, 1, . . .

Âòîðîå íà÷àëüíîå óñëîâèå ïðèâîäèò ê ðàâåíñòâó

∞∑
k=0

Bk
2k + 1

2
sin

(2k + 1)x

2
= 0,
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èç êîòîðîãî ñëåäóåò, ÷òî Bk = 0, k = 0, 1, . . .
Òàêèì îáðàçîì, ðåøåíèå ñìåøàííîé çàäà÷è ïðèíèìàåò âèä

u(x, t) = t+ x+ cos
t

2
sin

x

2
+

+
8

π

∞∑
k=0

(−1)k+1

(2k + 1)2
cos

(2k + 1)t

2
sin

(2k + 1)x

2
. J

Ïðèìåð 21. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
= a2

∂2u

∂x2
+ sin 2t, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=l

=
2

a
sin

2l

a
sin 2t, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= −2 cos
2x

a
, 0 6 x 6 l.

Ðåøåíèå. Ïîëîæèì u(x, t) = v(x, t) + W (x, t), ãäå âñïîìîãàòåëüíóþ
ôóíêöèþ W (x, t) âûáåðåì â âèäå W (x, t) = g(x) sin 2t.

Ïîäñòàâëÿÿ W (x, t) â èñõîäíîå óðàâíåíèå, ïîëó÷èì

−4g(x) sin 2t = a2g′′(x) sin 2t+ sin 2t.

Ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïðèõîäèì ê îáûêíîûåííîìó äèôôå-
ðåíöèàëüíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

g′′(x) +
4

a2
g(x) +

1

a2
= 0.

×àñòíûì ðåøåíèåì ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ ôóíêöèÿ g÷àñò(x) = −1

4
.

Îáùåå ðåøåíèå èìååò âèä

g(x) = C1 cos
2x

a
+ C2 sin

2x

a
− 1

4

è, ñëåäîâàòåëüíî,

W (x, t) =

(
C1 cos

2x

a
+ C2 sin

2x

a
− 1

4

)
sin 2t.

Âûáåðåì ïîñòîÿííûå C1 è C2 òàê, ÷òîáû âûïîëíÿëèñü ãðàíè÷íûå óñëî-
âèÿ. Ïîñêîëüêó

∂W

∂x
=

(
−2C1

a
sin

2x

a
+

2C2

a
cos

2x

a

)
sin 2t,
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òî èç ïåðâîãî ãðàíè÷íîãî óñëîâèÿ ñëåäóåò, ÷òî C2 = 0. Ïîäñòàíîâêà âî âòîðîå
ãðàíè÷íîå óñëîâèå ïðèâîäèò ê ñîîòíîøåíèþ

−2C1

a
sin

2l

a
sin 2t =

2

a
sin

2l

a
sin 2t,

îòêóäà C1 = −1. Îêîí÷àòåëüíî äëÿ ôóíêöèè W (x, t) èìååì

W (x, t) = −
(
cos

2x

a
+

1

4

)
sin 2t.

Ïîëó÷èì íà÷àëüíûå óñëîâèÿ äëÿ ôóíêöèè v(x, t) :

v|t=0 = u|t=0 −W |t=0 = 0,

∂v

∂t

∣∣∣∣
t=0

=
∂u

∂t

∣∣∣∣
t=0

− ∂W

∂t

∣∣∣∣
t=0

= −2 cos
2x

a
+ 2

(
cos

2x

a
+

1

4

)
=

1

2
.

Òàêèì îáðàçîì, äëÿ ôóíêöèè v(x, t) ïðèõîäèì ê îäíîðîäíîé ñìåøàííîé
çàäà÷å ñ ãðàíè÷íûìè óñëîâèÿìè âòîðîãî ðîäà

∂2v

∂t2
= a2

∂2v

∂x2
, 0 < x < l, t > 0,

∂v

∂x

∣∣∣∣
x=0

= 0,
∂v

∂x

∣∣∣∣
x=l

= 0, t > 0,

v|t=0 = 0,
∂v

∂t

∣∣∣∣
t=0

=
1

2
, 0 6 x 6 l.

Åå ðåøåíèå çàïèñûâàåòñÿ â âèäå ðÿäà

v(x, t) = A0 +B0t+
∞∑
k=1

(
Ak cos

kπat

l
+Bk sin

kπat

l

)
cos

kπx

l
.

Êîýôôèöèåíòû Ak è Bk îïðåäåëèì èç íà÷àëüíûõ óñëîâèé:

A0 +
∞∑
k=1

Ak cos
kπx

l
= 0, B0 +

∞∑
k=1

Bk
kπa

l
cos

kπx

l
=

1

2
.

Â ñèëó îðòîãîíàëüíîñòè ñîáñòâåííûõ ôóíêöèé
{
cos

kπx

l

}∞

k=0
íà îòðåçêå

[0, l], èç ýòèõ ðàâåíñòâ âûòåêàåò, ÷òî

Ak = 0, k = 0, 1, . . . , B0 =
1

2
, Bk = 0, k = 1, 2, . . .
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Ñëåäîâàòåëüíî, v(x, t) =
t

2
. Îêîí÷àòåëüíî ïðèõîäèì ê îòâåòó

u(x, t) =
t

2
−
(
cos

2x

a
+

1

4

)
sin 2t. J

Ïðèìåð 22. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
, 0 < x < l, t > 0,(

∂u

∂x
− hu

)∣∣∣∣
x=0

= α,

(
∂u

∂x
+ hu

)∣∣∣∣
x=l

= −α, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

Ðåøåíèå. Íåòðóäíî çàìåòèòü, ÷òî ïîñòîÿííàÿ ôóíêöèÿ W = −α
h

óäî-

âëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì. Âûïîëíÿÿ çàìåíó u(x, t) = v(x, t)− α

h
, ïî-

ëó÷èì ñìåøàííóþ çàäà÷ó îòíîñèòåëüíî v(x, t) ñ îäíîðîäíûìè ãðàíè÷íûìè
óñëîâèÿìè òðåòüåãî ðîäà:

∂2v

∂t2
=
∂2v

∂x2
, 0 < x < l, t > 0,(

∂v

∂x
− hv

)∣∣∣∣
x=0

= 0,

(
∂v

∂x
+ hv

)∣∣∣∣
x=l

= 0, t > 0,

v|t=0 =
α

h
,

∂v

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

Ñîãëàñíî ìåòîäó Ôóðüå, áóäåì èñêàòü íåòðèâèàëüíûå ðåøåíèÿ ýòîé çà-
äà÷è â âèäå

v(x, t) = X(x)T (t).

Ïîñëå ïîäñòàíîâêè â äèôôåðåíöèàëüíîå óðàâíåíèå è ðàçäåëåíèÿ ïåðå-
ìåííûõ ïîëó÷èì

T ′′

T
=
X ′′

X
= −λ2.

Èç ãðàíè÷íûõ óñëîâèé íàõîäèì[
X ′(0)− hX(0)

]
T (t) = 0,

[
X ′(l) + hX(l)

]
T (t) = 0,

îòêóäà â ñèëó òîãî, ÷òî v(x, t) ̸= 0, âûòåêàþò ðàâåíñòâà

X ′(0)− hX(0) = 0, X ′(l) + hX(l) = 0.
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Òàêèì îáðàçîì, äëÿ êîîðäèíàòíîé ôóíêöèè X(x) ïðèõîäèì ê çàäà÷å
Øòóðìà � Ëèóâèëëÿ

X ′′ + λ2X = 0, 0 < x < l, (75)

X ′(0)− hX(0) = 0, X ′(l) + hX(l) = 0. (76)

Îáùåå ðåøåíèå óðàâíåíèÿ (75) èìååò âèä

X(x) = C1 cosλx+ C2 sinλx.

Ïîäñòàâëÿÿ åãî â ãðàíè÷íûå óñëîâèÿ (76), ïîëó÷èì{
hC1 − λC2 = 0,

(h cosλl − λ sinλl)C1 + (h sinλl + λ cosλl)C2 = 0.

Äëÿ òîãî ÷òîáû êâàäðàòíàÿ îäíîðîäíàÿ ñèñòåìà ëèíåéíûõ óðàâíåíèé
èìåëà íåòðèâèàëüíûå ðåøåíèÿ, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû åå îïðåäå-
ëèòåëü áûë ðàâåí íóëþ:∣∣∣∣ h −λ

h cosλl − λ sinλl h sinλl + λ cosλl

∣∣∣∣ = 0.

Ðåøàÿ ýòî óðàâíåíèå, íàõîäèì

2 ctg λl =
λ

h
− h

λ
. (77)

Ñëåäîâàòåëüíî, ñîáñòâåííûìè çíà÷åíèÿìè λk, k = 1, 2, . . . , çàäà÷è (75),
(76) ÿâëÿþòñÿ ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ (77).

Ñîáñòâåííûå ôóíêöèè Xk(x) ïðèíèìàþò âèä

Xk(x) = λk cosλkx+ h sinλkx, k = 1, 2, . . .

Çäåñü âûáðàíû êîíñòàíòû C1 = λk, C2 =
hC1

λk
= h.

Äëÿ ôóíêöèè T (t) ïðè λ = λk èìååì óðàâíåíèå

T ′′
k (t) + λ2kTk(t) = 0,

îáùåå ðåøåíèå êîòîðîãî äàåòñÿ ôîðìóëîé

Tk(t) = Ak cosλkt+Bk sinλkt.

Ñîñòàâèì ðÿä ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè

v(x, t) =
∞∑
k=1

(Ak cosλkt+Bk sinλkt)(λk cosλkx+ h sinλkx).
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Ïîäñòàâëÿÿ ýòîò ðÿä â ïåðâîå íà÷àëüíîå óñëîâèå, ïîëó÷èì

∞∑
k=1

Ak(λk cosλkx+ h sinλkx) =
α

h
,

ò. å. èìååì ðàçëîæåíèå ôóíêöèè φ(x) =
α

h
íà îòðåçêå [0, l] â ðÿä Ôóðüå

ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è Øòóðìà � Ëèóâèëëÿ (75), (76). Ñîãëàñ-
íî îáùåé òåîðèè, ñîáñòâåííûå ôóíêöèè

{
Xk(x)

}∞
k=1

îðòîãîíàëüíû ñ âåñîì
ρ(x) = 1 íà îòðåçêå [0, l]. Ñëåäîâàòåëüíî,

Ak =
1

∥Xk∥2

l∫
0

α

h
(λk cosλkx+ h sinλkx) dx.

Íàõîäèì êâàäðàò íîðìû ñîáñòâåííûõ ôóíêöèé:

∥Xk∥2 =
l∫

0

(λk cosλkx+ h sinλkx)
2dx =

=

l∫
0

[
1

2
(λ2k + h2) +

1

2
(λ2k − h2) cos 2λkx+ λkh sin 2λkx

]
dx =

=
1

2
(λ2k + h2) +

λ2k − h2

4λk
sin 2λkl −

h

2
(cos 2λkl − 1).

Ïîñêîëüêó ñïðàâåäëèâû ôîðìóëû

sin 2λkl =
2 tg λkl

1 + tg2 λkl
, cos 2λkl =

1− tg2 λkl

1 + tg2 λkl
,

à äëÿ λ = λk âûïîëíÿåòñÿ ðàâåíñòâî (77) ïðè ëþáûõ k = 1, 2, . . . , ïóòåì
íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷èì ñëåäóþùåå âûðàæåíèå äëÿ êâàäðàòà

íîðìû: ∥Xk∥2 =
l(λ2k + h2) + 2h

2
.

Âû÷èñëèì èíòåãðàëû

l∫
0

(λk cosλkx+ h sinλkx) dx = sinλkl −
h

λk
(cosλkl − 1) =

=

[
h

λk
+ sinλkl

(
1− h

λk
ctg λkl

)]
=

h

λk
+
λ2k + h2

2λ2k
sinλkl =

=
h

λk
+
λ2k + h2

2λ2k

(−1)k+1√
1 + ctg2 λkl

=
h

λk

[
1 + (−1)k+1

]
,
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ò. å. äëÿ ÷åòíûõ k = 2n âñå èíòåãðàëû ðàâíû íóëþ.
Ïîäñòàâëÿÿ ïîëó÷åííûå âûðàæåíèÿ â êîýôôèöèåíòû Ôóðüå Ak è ïðè-

íèìàÿ âî âíèìàíèå, ÷òî Bk = 0, k = 1, 2, . . . , îêîí÷àòåëüíî ïðèõîäèì ê
ðåøåíèþ ñìåøàííîé çàäà÷è

u(x, t) = −α
h
+ 4α

∞∑
n=0

1

λ2n+1

[
(λ22n+1 + h2) + 2h

]×
× (λ2n+1 cosλ2n+1x+ h sinλ2n+1x) cosλ2n+1t,

ãäå λ2n+1 � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ 2 ctg λl =
λ

h
− h

λ
. J

Ïðèìåð 23. Íàéòè ïðîäîëüíûå êîëåáàíèÿ îäíîðîäíîãî ñòåðæíÿ, êîíåö
x = 0 êîòîðîãî çàêðåïëåí æåñòêî, à ê êîíöó x = l ïðèëîæåíà ñèëà F (t) =
= A sinωt, A = const, äåéñòâóþùàÿ âäîëü ñòåðæíÿ. Íà÷àëüíûå óñëîâèÿ
íóëåâûå. Èññëåäîâàòü âîçìîæíîñòü ðåçîíàíñà è íàéòè ðåøåíèå â ñëó÷àå ðå-
çîíàíñà.

Ðåøåíèå. Íåîáõîäèìî ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=l

=
A

Eσ
sinωt, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l,

(78)

ãäå E � ìîäóëü óïðóãîñòè ñòåðæíÿ, σ � ïëîùàäü åãî ïîïåðå÷íîãî ñå÷åíèÿ.

à) Íåðåçîíàíñíûé ñëó÷àé. Ïóñòü ω ̸= ωk, ãäå ωk =
(2k + 1)πa

2l
,

k = 0, 1, . . . , � ÷àñòîòû ñîáñòâåííûõ êîëåáàíèé ñòåðæíÿ.
Ïîëîæèì u(x, t) = v(x, t) +W (x, t), ïðè÷åì ôóíêöèþ W (x, t) âûáåðåì

òàê, ÷òîáû îíà óäîâëåòâîðÿëà è äèôôåðåíöèàëüíîìó óðàâíåíèþ, è ãðàíè÷-
íûì óñëîâèÿì:

∂2W

∂t2
= a2

∂2W

∂x2
,

W |x=0 = 0,
∂W

∂x

∣∣∣∣
x=l

=
A

Eσ
sinωt, t > 0.

(79)

Áóäåì èñêàòü ýòó ôóíêöèþ â âèäå

W (x, t) = X(x) sinωt. (80)
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Ïîäñòàâëÿÿ W (x, t) â (79), äëÿ X(x) ïîëó÷èì êðàåâóþ çàäà÷ó
X ′′(x) +

ω2

a2
X(x) = 0,

X(0) = 0, X ′(l) =
A

Eσ
.

Îáùåå ðåøåíèå óðàâíåíèÿ èìååò âèä

X(x) = C1 cos
ωx

a
+ C2 sin

ωx

a
.

Èç ãðàíè÷íûõ óñëîâèé ñëåäóåò, ÷òî C1 = 0, C2 =
Aa

Eσω cos
ωl

a

. Òîãäà

X(x) =
Aa

Eσω

sin
ωx

a

cos
ωl

a

, W (x, t) =
Aa

Eσω

sin
ωx

a
sinωt

cos
ωl

a

.

Âûïîëíÿÿ òåïåðü çàìåíó

u(x, t) = v(x, t) +
Aa

Eσω

sin
ωx

a
sinωt

cos
ωl

a

,

ïðèõîäèì ê ïðîñòåéøåé ñìåøàííîé çàäà÷å äëÿ ôóíêöèè v(x, t)

∂2v

∂t2
= a2

∂2v

∂x2
, 0 < x < l, t > 0,

v|x=0 = 0,
∂v

∂x

∣∣∣∣
x=l

= 0, t > 0,

v|t=0 = 0,
∂v

∂t

∣∣∣∣
t=0

= −Aa

Eσ

sin
ωx

a

cos
ωl

a

, 0 6 x 6 l.

Ðåøåíèå çàäà÷è ïðåäñòàâëÿåòñÿ â âèäå ðÿäà

v(x, t) =
∞∑
k=0

(Ak cosωkt+Bk sinωkt) sin
(2k + 1)πx

2l
,

ïðè÷åì èç ïåðâîãî íà÷àëüíîãî óñëîâèÿ ñëåäóåò, ÷òî Ak = 0, à èç âòîðîãî
íà÷àëüíîãî óñëîâèÿ âûòåêàåò ðàâåíñòâî

∞∑
k=0

Bkωk sin
(2k + 1)πx

2l
= −Aa

Eσ

sin
ωx

a

cos
ωl

a

,
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Îòñþäà ïîëó÷èì

Bk = − Aa

Eσ cos
ωl

a

2

ωkl

l∫
0

sin
ωx

a
sin

(2k + 1)πx

2l
dx =

2Aa2ω(−1)k+1

Eσωkl(ω2 − ω2
k)
.

Òàêèì îáðàçîì, ðåøåíèåì èñõîäíîé ñìåøàííîé çàäà÷è â íåðåçîíàíñíîì
ñëó÷àå áóäåò ôóíêöèÿ

u(x, t) =
Aa

Eσω

sin
ωx

a
sinωt

cos
ωl

a

+

+
2Aa2ω

Eσl

∞∑
k=0

(−1)k+1

ωk(ω2 − ω2
k)

sinωkt sin
(2k + 1)πx

2l
.

á) Ðåçîíàíñíûé ñëó÷àé. Ïðåäïîëîæèì, ÷òî ÷àñòîòà êîëåáàíèé âû-
íóæäàþùåé ñèëû ñîâïàäàåò ñ îäíîé èç ÷àñòîò ñîáñòâåííûõ êîëåáàíèé ñòåðæ-

íÿ, ò. å. ω = ωn =
(2n+ 1)πa

2l
.

Â ýòèõ óñëîâèÿõ ìû íå ìîæåì èñêàòü ÷àñòíîå ðåøåíèå W (x, t) â âèäå
(80). Çäåñü íåîáõîäèìî îñâîáîäèòüñÿ îò íåîäíîðîäíîñòè â ãðàíè÷íîì óñëîâèè,
ïåðåíåñÿ åå â äèôôåðåíöèàëüíîå óðàâíåíèå. Äëÿ ýòîãî ñäåëàåì ïîäñòàíîâêó

u(x, t) = v(x, t) + Ax sinωt.

Òîãäà äëÿ ôóíêöèè v(x, t) ïîëó÷èì çàäà÷ó

∂2v

∂t2
= a2

∂2v

∂x2
+ Aω2x sinωt, 0 < x < l, t > 0,

v|x=0 = 0,
∂v

∂x

∣∣∣∣
x=l

= 0, t > 0,

v|t=0 = 0,
∂v

∂t

∣∣∣∣
t=0

= −Aωx, 0 6 x 6 l,

êîòîðàÿ ðåøàåòñÿ àíàëîãè÷íî (70). Îïóñêàÿ âûêëàäêè, çàïèøåì ðåøåíèå ñìå-
øàííîé çàäà÷è (78) ïðè ω = ωn :

u(x, t) = Ax sinωnt+
4Alωn(−1)n+1

(2n+ 1)2π2

(
1

ωn
sinωnt+ t cosωnt

)
×

× sin
(2n+ 1)πx

2l
+

8Al

π2

∞∑
k=0,k ̸=n

ω2
n(−1)k

(2k + 1)2(ω2
k − ω2

n)
×

×
(
sinωnt−

ωk

ωn
sinωkt

)
sin

(2k + 1)πx

2l
.
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Â äàííîì ñëó÷àå íàñòóïàåò ÿâëåíèå ðåçîíàíñà: àìïëèòóäà êîëåáàíèé ñ
÷àñòîòîé âûíóæäàþùåé ñèëû ω, ïðèëîæåííîé ê êîíöó x = l ñòåðæíÿ, âîç-
ðàñòàåò íåîãðàíè÷åííî ïðîïîðöèîíàëüíî âðåìåíè t. J

Ïðèìåð 24. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
+ 2

∂u

∂t
− 8u =

∂2u

∂x2
+ 2x(1− 4t) + cos 3x, 0 < x <

π

2
, t > 0,

∂u

∂x

∣∣∣∣
x=0

= t, u
∣∣
x=

π
2
=
πt

2
, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= x, 0 6 x 6 π

2
.

Ðåøåíèå. Áóäåì èñêàòü ðåøåíèå â âèäå

u(x, t) = v(x, t) +W (x, t),

ãäå ôóíêöèþ W (x, t) ïîäáåðåì òàê, ÷òîáû îíà óäîâëåòâîðÿëà ãðàíè÷íûì
óñëîâèÿì. Ïîñêîëüêó çàäàíû ãðàíè÷íûå óñëîâèÿ êîìáèíèðîâàííîãî òèïà, òî
â ñîîòâåòñòâèè ñ çàìå÷àíèåì 12 âîçüìåì W (x, t) = xt.

Â ðåçóëüòàòå çàìåíû ïðèõîäèì ê ñìåøàííîé çàäà÷å äëÿ ôóíêöèè v(x, t)
ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè

∂2v

∂t2
+ 2

∂v

∂t
− 8v =

∂2v

∂x2
+ 2x(1− 4t) + cos 3x−

−
[
∂2W

∂t2
+ 2

∂W

∂t
− 8W − ∂2W

∂x2

]
,

∂v

∂x

∣∣∣∣
x=0

= 0, v
∣∣
x=

π
2
= 0,

v|t=0 = u|t=0 −W |t=0,
∂v

∂t

∣∣∣∣
t=0

=
∂u

∂t

∣∣∣∣
t=0

− ∂W

∂t

∣∣∣∣
t=0

.

Ïîñëå î÷åâèäíûõ ïðåîáðàçîâàíèé ïîëó÷èì

∂2v

∂t2
+ 2

∂v

∂t
− 8v =

∂2v

∂x2
+ cos 3x, 0 < x <

π

2
, t > 0,

∂v

∂x

∣∣∣∣
x=0

= 0, v
∣∣
x=

π
2
= 0, t > 0,

v|t=0 = 0,
∂v

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 π

2
.

(81)
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Ñîáñòâåííûìè ôóíêöèÿìè çàäà÷èØòóðìà � Ëèóâèëëÿ äëÿ ñîîòâåòñòâó-
þùåãî îäíîðîäíîãî óðàâíåíèÿ ÿâëÿþòñÿ Xk(x) = cos(2k + 1)x, k = 0, 1, . . .
Ïîýòîìó ðåøåíèå çàäà÷è (81) áóäåì èñêàòü â âèäå ðÿäà

v(x, t) =
∞∑
k=1

vk(t) cos(2k + 1)x. (82)

Ðàçëîæèì ïðàâóþ ÷àñòü óðàâíåíèÿ f(x, t) = cos 3x â ðÿä Ôóðüå ïî îð-
òîãîíàëüíîé ñèñòåìå ôóíêöèé

cos 3x =
∞∑
k=0

fk cos(2k + 1)x. (83)

Ëåâàÿ ÷àñòü ýòîãî ðàâåíñòâà ïðåäñòàâëÿåò ñîáîé ñîáñòâåííóþ ôóíêöèþ
X1(x) = cos 3x. Â ñèëó îðòîãîíàëüíîñòè ñèñòåìû

{
cos(2k + 1)x

}∞
k=0

íà îò-

ðåçêå
[
0,
π

2

]
, èç (83) ñëåäóåò, ÷òî f1 = 1, fk = 0, k ̸= 1.

Ïîäñòàâëÿÿ ðàçëîæåíèÿ (82) è (83) â äèôôåðåíöèàëüíîå óðàâíåíèå, ïî-
ëó÷èì

∞∑
k=1

[
v′′k(t) + 2v′k(t)− 8vk(t) + (2k + 1)2vk(t)

]
×

× cos(2k + 1)x =
n∑

k=1

fk cos(2k + 1)x.

Ïðèðàâíèâàÿ êîýôôèöèåíòû â ëåâîé è ïðàâîé ÷àñòÿõ ýòîãî ðàâåíñòâà,
ïðèõîäèì ê îáûêíîâåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ

v′′k(t) + 2v′k(t) +
[
(2k + 1)2 − 8

]
vk(t) = fk.

Èç íà÷àëüíûõ óñëîâèé âûòåêàåò, ÷òî v′k(0) = 0, vk(0) = 0, k = 0, 1, . . .
Òàêèì îáðàçîì, ïîëó÷èì ñåìåéñòâî çàäà÷ Êîøè{

v′′k(t) + 2v′k(t) +
[
(2k + 1)2 − 8

]
vk(t) = 0,

v′k(0) = 0, vk(0) = 0, k ̸= 1.
(84)

{
v′′1(t) + 2v′1(t) + v1(t) = 1,

v′1(0) = 0, v1(0) = 0.
(85)

Ðåøåíèÿìè çàäà÷ Êîøè (84) ÿâëÿþòñÿ ôóíêöèè vk(t) = 0, k ̸= 1. Ðå-
øåíèå íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ ïî-
ñòîÿííûìè êîýôèöèåíòàìè (85) èùåì â âèäå

v1(x, t) = v÷àñò1 (t) + vîáù1 (t),
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ãäå v÷àñò1 (t) = 1. Ïîñêîëüêó äèñêðèìèíàíò õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ
µ2+2µ+1 = 0 ðàâåí íóëþ, òî îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ ñëåäóåò
âçÿòü â âèäå

vîáù1 (t) = e−t(A1 +B1t).

Ïîäñòàâëÿÿ â íà÷àëüíûå óñëîâèÿ, ïîëó÷èì A1 = −1, B1 = −1. Òàêèì
îáðàçîì, v(x, t) =

(
1− e−t − te−t

)
cos 3x.

Îêîí÷àòåëüíî çàïèøåì îòâåò

u(x, t) = xt+
(
1− e−t − te−t

)
cos 3x. J

Ïðèìåð 25. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
− 7

∂u

∂t
=
∂2u

∂x2
+ 2

∂u

∂x
− 7x− 2t− e−x sin 3x, 0 < x < π,

u|x=0 = 0, u|x=π = πt, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= x, 0 6 x 6 π.

Ðåøåíèå. Ñäåëàåì çàìåíó u(x, t) = v(x, t) + xt. Òîãäà äëÿ ôóíêöèè
v(x, t) ïðèõîäèì ê ñìåøàííîé çàäà÷å

∂2v

∂t2
− 7

∂v

∂t
=
∂2v

∂x2
+ 2

∂v

∂x
− e−x sin 3x, 0 < x < π,

v|x=0 = 0, v|x=π = 0, t > 0,

v|t=0 = 0,
∂v

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 π.

(86)

Çàïèøåì çàäà÷ó Øòóðìà � Ëèóâèëëÿ äëÿ ñîîòâåòñòâóþùåãî îäíîðîä-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ:{

X ′′ + 2X ′ + λ2X = 0,

X(0) = X(π) = 0.
(87)

Óìíîæàÿ óðàâíåíèå íà e2x, ïðåîáðàçóåì åãî ê âèäó

d

dx

(
e2x

dX

dx

)
+ λ2e2xX = 0.

Ñîãëàñíî îáùåé òåîðèè êðàåâûõ çàäà÷ íà ñîáñòâåííûå çíà÷åíèÿ, èç ýòîãî
ïðåäñòàâëåíèÿ âûòåêàåò îðòîãîíàëüíîñòü ñîáñòâåííûõ ôóíêöèé çàäà÷è (87)
íà îòðåçêå [0, π] ñ âåñîì ρ(x) = e2x.
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Íàéäåì òåïåðü ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è
Øòóðìà � Ëèóâèëëÿ. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

µ2 + 2µ+ λ2 = 0,

à åãî äèñêðèìèíàíò D = 1 − λ2 ìîæåò áûòü ïîëîæèòåëüíûì, ðàâíûì íóëþ
è îòðèöàòåëüíûì. Ðàññìîòðèì âñå òðè ñëó÷àÿ.

1) D > 0. Îáùåå ðåøåíèå èìååò âèä

X(x) = C1e
(−1+

√
1−λ2 )x + C2e

(−1−
√
1−λ2 )x.

Ïîäñòàâëÿÿ â ãðàíè÷íûå óñëîâèÿ, ïîëó÷èì

C1 + C2 = 0, C1e
(−1+

√
1−λ2 )π + C2e

(−1−
√
1−λ2 )π = 0,

îòêóäà ñëåäóåò, ÷òî C1 = C2 = 0. Òàêèì îáðàçîì, òå çíà÷åíèÿ λ, äëÿ êîòîðûõ
D > 0, íå ìîãóò áûòü ñîáñòâåííûìè çíà÷åíèÿìè.

2) D = 0. Òîãäà λ = ± 1 è X(x) = e−x(C1+C2x). Íåòðóäíî ïðîâåðèòü,
÷òî òàêèå λ òàêæå íå ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè.

3) D < 0. Â ýòîì ñëó÷àå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ èìåþò
âèä µ1,2 = −1± i

√
λ2 − 1, à îáùåå ðåøåíèå

X(x) = C1e
−x cos

√
λ2 − 1 x+ C2e

−x sin
√
λ2 − 1 x.

Èç ãðàíè÷íûõ óñëîâèé íàõîäèì

X(0) = C1 = 0, X(π) = C2e
−π sin

√
λ2 − 1 π = 0,

îòêóäà ñëåäóåò, ÷òî
√
λ2 − 1 = k, k = 1, 2, . . . , è

λk =
√
k2 + 1, Xk(x) = e−x sin kx, k = 1, 2, . . .

Áóäåì èñêàòü ðåøåíèå çàäà÷è (86) â âèäå ðÿäà

v(x, t) =
∞∑
k=1

vk(t)e
−x sin kx, (88)

ãäå êîýôôèöèåíòû vk(t) îïðåäåëÿþòñÿ èç äèôôåðåíöèàëüíîãî óðàâíåíèÿ è
íà÷àëüíûõ óñëîâèé.

Ðàçëîæèì ïðåäâàðèòåëüíî ïðàâóþ ÷àñòü óðàâíåíèÿ â ðÿä ïî ñèñòåìå
ôóíêöèé

{
e−x sin kx

}∞
k=1

:

e−x sin 3x =
∞∑
k=1

fke
−x sin kx.
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Â ñèëó îðòîãîíàëüíîñòè ñèñòåìû ñîáñòâåííûõ ôóíêöèé, îòñþäà ñëåäóåò,
÷òî f3 = 1, fk = 0, k ̸= 3.

Ïîäñòàâèì ðÿä (88) â äèôôåðåíöèàëüíîå óðàâíåíèå:

∞∑
k=1

[
v′′k(t)− 7v′k(t)

]
e−x sin kx =

∞∑
k=1

[
−(k2 + 1)vk(t) + fk

]
e−x sin kx. (89)

Ïðèðàâíèâàÿ â ðàçëîæåíèè (89) êîýôôèöèåíòû ïðè îäèíàêîâûõ ñîá-
ñòâåííûõ ôóíêöèÿõ, ñ ó÷åòîì íà÷àëüíûõ óñëîâèé ïðèõîäèì ê ñåìåéñòâó çà-
äà÷ Êîøè{

v′′3(t)− 7v′3(t) + 10v3(t) = 1,

v3(0) = 0, v′3(0) = 0,

{
v′′k(t)− 7v′k(t) + (k2 + 1)vk(t) = 0,

vk(0) = 0, v′k(0) = 0, k ̸= 3.

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ ôóíêöèè v3(t). Êîðíÿìè õàðàêòåðèñòè÷å-
ñêîãî óðàâíåíèÿ µ2 − 7µ+ 10 = 0 ÿâëÿþòñÿ ÷èñëà µ1 = 2, µ2 = 5. Ñëåäîâà-
òåëüíî, ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé ñîñòàâëÿþò ôóíêöèè e2t, e5t, è
îáùåå ðåøåíèå ïðèíèìàåò âèä

v3(t) = A3e
2t +B3e

5t +
1

10
.

Ïîäñòàâëÿÿ â íà÷àëüíûå óñëîâèÿ, ïîëó÷èì ñèñòåìóA3 +B3 +
1

10
= 0,

2A3 + 5B3 = 0.

Îòñþäà íàõîäèì A3 = −1

6
, B3 =

1

15
, v3(t) = −1

6
e2t +

1

15
e5t +

1

10
.

Ïðè k ̸= 3 ñîîòâåòñòâóþùèå çàäà÷è Êîøè èìåþò òîëüêî òðèâèàëüíîå
ðåøåíèå. Òàêèì îáðàçîì, ðåøåíèåì çàäà÷è (86) ÿâëÿåòñÿ ôóíêöèÿ

v(x, t) =

(
1

15
e5t − 1

6
e2t +

1

10

)
e−x sin 3x.

Îêîí÷àòåëüíî çàïèøåì îòâåò

u(x, t) = xt+

(
1

15
e5t − 1

6
e2t +

1

10

)
e−x sin 3x. J

1.2.6. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ

Ñôîðìóëèðóåì òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ñìå-
øàííîé çàäà÷è äëÿ óðàâíåíèÿ êîëåáàíèé ñòðóíû.
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Òåîðåìà 2 (äîñòàòî÷íûé ïðèçíàê ñóùåñòâîâàíèÿ êëàññè÷åñêî-
ãî ðåøåíèÿ ñìåøàííîé çàäà÷è ïî ìåòîäó Ôóðüå). Åñëè φ(x) ∈ C2[0, l],
èìååò êóñî÷íî-íåïðåðûâíóþ òðåòüþ ïðîèçâîäíóþ è óäîâëåòâîðÿåò óñëîâè-
ÿì ñîïðÿæåíèÿ

φ(0) = φ(l) = 0, φ′′(0) = φ′′(l) = 0,

à ôóíêöèÿ ψ(x) ∈ C1[0, l], èìååò êóñî÷íî-íåïðåðûâíóþ âòîðóþ ïðîèçâîä-
íóþ è óäîâëåòâîðÿåò óñëîâèÿì

ψ(0) = ψ(l) = 0,

òî ñóììà ðÿäà (27) íåïðåðûâíà âìåñòå ñî ñâîèìè ïðîèçâîäíûìè äî âòîðî-
ãî ïîðÿäêà âêëþ÷èòåëüíî. Ïðè ýòîì âîçìîæíî äâîéíîå ïî÷ëåííîå äèôôå-
ðåíöèðîâàíèå ðÿäà (27) ïî x è t, à ïîëó÷åííûå ïðè ýòîì ðÿäû ñõîäÿòñÿ
àáñîëþòíî è ðàâíîìåðíî â îáëàñòè Ω = {(x, t) : 0 6 6 x 6 l, t > 0}.

Åñëè ôóíêöèè φ(x) è ψ(x) íå óäîâëåòâîðÿþò óñëîâèÿì, ñôîðìóëèðî-
âàííûì â òåîðåìå 2, òî ðÿä (27) ìîæåò íå äîïóñêàòü ïî÷ëåííîãî äèôôå-
ðåíöèðîâàíèÿ. Îäíàêî åñëè ôóíêöèÿ φ(x) ∈ C1[0, l], φ(0) = φ(l) = 0, à
ψ(x) ∈ C[0, l], ψ(0) = ψ(l) = 0, òî ðÿä (27) ðàâíîìåðíî ñõîäèòñÿ â îáëàñòè
Ω è îïðåäåëÿåò íåïðåðûâíóþ ôóíêöèþ u(x, t).

Áóäåì íàçûâàòü îáîáùåííûì ðåøåíèåì çàäà÷è (13)�(15) ôóíêöèþ
u(x, t), ÿâëÿþùóþñÿ ïðåäåëîì ðàâíîìåðíî ñõîäÿùåéñÿ ïîñëåäîâàòåëüíîñòè
un(x, t) ðåøåíèé óðàâíåíèÿ (13), óäîâëåòâîðÿþùèõ ãðàíè÷íûì óñëîâèÿì (14)
è íà÷àëüíûì óñëîâèÿì

un|t=0 = φn(x),
∂un
∂t

∣∣∣∣
t=0

= ψn(x),

ãäå ôóíêöèè φn(x) è ψn(x) áëèçêè ê φ(x) è ψ(x) ñîîòâåòñòâåííî â èíòå-
ãðàëüíîì ñìûñëå:

lim
n→∞

l∫
0

[
φ(x)− φn(x)

]2
dx = 0, lim

n→∞

l∫
0

[
ψ(x)− ψn(x)

]2
dx = 0.

Ñóùåñòâîâàíèå îáîáùåííîãî ðåøåíèÿ âûòåêàåò èç òîãî, ÷òî ÷àñòè÷íûå
ñóììû ðÿäà (27)

un(x, t) =
n∑

k=1

(
Ak cos

kπat

l
+Bk sin

kπat

l

)
sin

kπx

l
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îáðàçóþò ïîñëåäîâàòåëüíîñòü, óäîâëåòâîðÿþùóþ òðåáóåìûì óñëîâèÿì, è ñëå-
äîâàòåëüíî, ðÿä (27) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì. Çàìåòèì, ÷òî îáîáùåí-
íîå ðåøåíèå çàäà÷è (13)�(15) åäèíñòâåííî.

Â îáëàñòè Ω = {(x, t) : 0 6 x 6 l, t > 0} ðàññìîòðèì ñìåøàííóþ çàäà÷ó
äëÿ óðàâíåíèÿ êîëåáàíèé ñòðóíû â îáùåé ïîñòàíîâêå

ρ(x)
∂2u

∂t2
= T0

∂2u

∂x2
+ f(x, t), 0 < x < l, t > 0,

u|x=0 = µ1(t), u|x=l = µ2(t), t > 0,

u|t=0 = φ(x),
∂u

∂t

∣∣∣∣
t=0

= ψ(x), 0 6 x 6 l.

(90)

Òåîðåìà 3 (î åäèíñòâåííîñòè ðåøåíèÿ ñìåøàííîé çàäà÷è). Åñëè
â îáëàñòè Ω ðåøåíèå u(x, t) ñìåøàííîé çàäà÷è (90) èìååò íåïðåðûâíûå
÷àñòíûå ïðîèçâîäíûå äî âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî, òî ýòî ðåøåíèå
åäèíñòâåííî.

1.2.7. Êîëåáàíèÿ ïðÿìîóãîëüíîé ìåìáðàíû

Ðàññìîòðèì çàäà÷ó î ñâîáîäíûõ êîëåáàíèÿõ ïðÿìîóãîëüíîé ìåìáðàíû,
çàêðåïëåííîé ïî êîíòóðó:

∂2u

∂t2
=
∂2u

∂x2
+
∂2u

∂y2
, 0 < x < a, 0 < y < b, t > 0, (91)

u|x=0 = u|x=a = u|y=0 = u|y=b, t > 0, (92)

u|t=0 = φ(x, y),
∂u

∂t

∣∣∣∣
t=0

= ψ(x, y), 0 6 x 6 a, 0 6 y 6 b. (93)

Áóäåì èñêàòü íåòðèâèàëüíûå ðåøåíèÿ óðàâíåíèÿ (91), óäîâëåòâîðÿþùèå
ãðàíè÷íûì óñëîâèÿì (92), â âèäå ïðîèçâåäåíèÿ

u(x, y, t) = V (x, y)T (t). (94)

Ïîäñòàâëÿÿ (94) â (91) è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì

T ′′(t)

T (t)
=

∂2V

∂x2
+
∂2V

∂y2

V
= −λ2.

Äàëåå, ïîäñòàâèì (94) â ãðàíè÷íûå óñëîâèÿ (92):

V (0, y)T (t) = V (a, y)T (t) = V (x, 0)T (t) = V (x, b)T (t) = 0.
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Îòñþäà âûòåêàþò ãðàíè÷íûå óñëîâèÿ äëÿ V (x, y) :

V (0, y) = V (a, y) = V (x, 0) = V (x, b) = 0.

Ïðèñîåäèíÿÿ ýòè óñëîâèÿ ê äèôôåðåíöèàëüíîìó óðàâíåíèþ äëÿ ôóíê-
öèè V (x, y), ïîëó÷èì êðàåâóþ çàäà÷ó

∂2V

∂x2
+
∂2V

∂y2
+ λ2V = 0, (95)

V (0, y) = V (a, y) = V (x, 0) = V (x, b) = 0. (96)

Òàêèì îáðàçîì, ñàìà çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ (95), (96) ñîñòîèò
â ðåøåíèè îäíîðîäíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñ îäíîðîäíûìè
ãðàíè÷íûìè óñëîâèÿìè. Ôóíêöèþ V (x, y) îïÿòü áóäåì èñêàòü â âèäå ðàçäå-
ëÿþùèõñÿ ïåðåìåííûõ, ïîëàãàÿ

V (x, y) = X(x)Y (y). (97)

Ïîäñòàâëÿÿ â (95), ïîëó÷èì

−X
′′ + λ2X

X
=
Y ′′

Y
= −µ2.

Ïîäñòàâèì òåïåðü (97) â ãðàíè÷íûå óñëîâèÿ (96):

X(0)Y (y) = X(a)Y (y) = 0, X(x)Y (0) = X(x)Y (b) = 0.

Îòñþäà, â ñèëó òîãî, ÷òî èùóòñÿ íåòðèâèàëüíûå ðåøåíèÿ, èìååì

X(0) = X(a) = 0, Y (0) = Y (b) = 0.

Äîáàâëÿÿ âòîðóþ ïàðó ãðàíè÷íûõ óñëîâèé ê óðàâíåíèþ äëÿ ôóíêöèè
Y (y), ïðèõîäèì ê îäíîìåðíîé çàäà÷å Øòóðìà � Ëèóâèëëÿ{

Y ′′ + µ2Y = 0,

Y (0) = Y (b) = 0.
(98)

Ñ ðåøåíèåì ïðîñòåéøèõ çàäà÷, àíàëîãè÷íûõ (98), ìû âñòðå÷àëèñü ïðè
èçó÷åíèè êîëåáàíèé ñòðóíû. Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè
çàäà÷è (98) çàïèøåì â âèäå

µk =
kπ

b
, Yk(y) = sin

kπy

b
, k = 1, 2, . . .
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Ïåðåéäåì òåïåðü ê óðàâíåíèþ äëÿ ôóíêöèè X(x). Ïðèñîåäèíÿÿ ê íåìó
ïåðâóþ ïàðó ãðàíè÷íûõ óñëîâèé X(0) = X(a) = 0, ïîëó÷èì çàäà÷ó Øòóðìà
� Ëèóâèëëÿ {

X ′′ + ν2X = 0,

X(0) = X(a) = 0,
(99)

ãäå ν2 = λ2 − µ2k. Ðåøåíèÿ çàäà÷è (99) ïðè λ2 − µ2k > 0 èìåþò âèä

νn =
nπ

a
, Xn(x) = sin

nπx

a
, n = 1, 2, . . .

Òàêèì îáðàçîì, ñîáñòâåííûì çíà÷åíèÿì

λnk =
√
ν2n + µ2k =

√
n2

a2
+
k2

b2
π

êðàåâîé çàäà÷è (95), (96) ñîîòâåòñòâóþò ñîáñòâåííûå ôóíêöèè

Vnk(x, y) = sin
nπx

a
sin

kπy

b
, n, k = 1, 2, . . .

Ýòè ôóíêöèè îáðàçóþò îðòîãîíàëüíóþ ñèñòåìó ñîáñòâåííûõ ôóíêöèé
ïðÿìîóãîëüíîé ìåìáðàíû, ïðè÷åì

∥∥Vnk∥∥2 = a∫
0

b∫
0

V 2
nk(x, y) dxdy =

a∫
0

sin2
nπx

a
dx

b∫
0

sin2
kπy

b
dy =

ab

4
.

Ðàññìîòðèì óðàâíåíèå äëÿ ôóíêöèè T (t) ïðè λ = λnk :

T ′′
nk(t) + λ2nkTnk(t) = 0.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ

Tnk(t) = Ank cos

√
n2

a2
+
k2

b2
πt+Bnk sin

√
n2

a2
+
k2

b2
πt.

Ñîñòàâèì ðÿä èç ïðîèçâåäåíèé ôóíêöèé Vnk(x, y) è Tnk(t) :

u(x, y, t) =
∞∑
n=1

∞∑
k=1

(
Ank cos

√
n2

a2
+
k2

b2
πt+

+Bnk sin

√
n2

a2
+
k2

b2
πt

)
sin

nπx

a
sin

kπy

b
. (100)
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Ïîäñòàâëÿÿ ýòîò ðÿä â íà÷àëüíûå óñëîâèÿ, ïîëó÷èì

∞∑
n=1

∞∑
k=1

Ank sin
nπx

a
sin

kπy

b
= φ(x, y),

∞∑
n=1

∞∑
k=1

Bnk

√
n2

a2
+
k2

b2
π sin

nπx

a
sin

kπy

b
= ψ(x, y).

Ñîãëàñíî îáùåé òåîðèè ðàçëîæåíèÿ ôóíêöèé â ðÿä Ôóðüå ïî îðòîãî-
íàëüíîé ñèñòåìå, êîýôôèöèåíòû Ank è Bnk èìåþò âèä

Ank =
4

ab

a∫
0

b∫
0

φ(x, y) sin
nπx

a
sin

kπy

b
dxdy,

Bnk =
4

ab

√
n2

a2
+
k2

b2
π

a∫
0

b∫
0

ψ(x, y) sin
nπx

a
sin

kπy

b
dxdy.

(101)

Òàêèì îáðàçîì, ðåøåíèå ñìåøàííîé çàäà÷è (91)�(93) äàåòñÿ ôîðìóëîé
(100), â êîòîðîé êîýôôèöèåíòû Ank è Bnk âû÷èñëÿþòñÿ ñîãëàñíî (101).
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1.3. Óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà

1.3.1. Âûâîä óðàâíåíèÿ òåïëîïðîâîäíîñòè

Â òðåõìåðíîì ïðîñòðàíñòâå ðàññìîòðèì òâåðäîå òåëî, òåìïåðàòóðà êîòî-
ðîãî â òî÷êå (x, y, z) â ìîìåíò âðåìåíè t îïðåäåëÿåòñÿ ôóíêöèåé u(x, y, z, t).
Åñëè òåìïåðàòóðà òåëà ðàñïðåäåëåíà íåðàâíîìåðíî, òî â íåì áóäåò ïðîèñõî-
äèòü ïåðåðàñïðåäåëåíèå òåïëà îò áîëåå íàãðåòûõ ó÷àñòêîâ ê ìåíåå íàãðåòûì.
Â äàëüíåéøåì íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ýìïèðè÷åñêàÿ ôîðìóëà (çàêîí
Ôóðüå). Êîëè÷åñòâî òåïëà Q, ïðîòåêàþùåãî ÷åðåç ïëîùàäêó ∆S çà ïðîìå-
æóòîê âðåìåíè ∆t, ðàâíî

Q = −k(x, y, z)∂u
∂n⃗

∆S∆t, (1)

ãäå k(x, y, z) > 0 � êîýôôèöèåíò òåïëîïðîâîäíîñòè, çàâèñÿùèé îò ìàòåðè-
àëà òåëà, n⃗ � íîðìàëü ê ïëîùàäêå ∆S, íàïðàâëåííàÿ â ñòîðîíó óáûâàíèÿ
òåìïåðàòóðû. Ïðåäïîëàãàåòñÿ, ÷òî òåëî èçîòðîïíî, ò. å. êîýôôèöèåíò òåïëî-
ïðîâîäíîñòè çàâèñèò òîëüêî îò òî÷êè (x, y, z) è íå çàâèñèò îò íàïðàâëåíèÿ
íîðìàëè ê ∆S â ýòîé òî÷êå.

Äëÿ âûâîäà óðàâíåíèÿ òåïëîïðîâîäíîñòè èñïîëüçóåì ìåòîä áàëàíñà. Âû-
äåëèì âíóòðè òåëà ïðîèçâîëüíûé îáúåì V, îãðàíè÷åííûé çàìêíóòîé ïîâåðõ-
íîñòüþ Ω, è ðàññìîòðèì èçìåíåíèå êîëè÷åñòâà òåïëà â ýòîì îáúåìå çà ïðîìå-
æóòîê âðåìåíè [t1, t2]. Ñîãëàñíî ôîðìóëå (1), ÷åðåç ïîâåðõíîñòü Ω èç îáúåìà
V â îêðóæàþùåå ïðîñòðàíñòâî ïåðåìåñòèòñÿ êîëè÷åñòâî òåïëà, ðàâíîå

Q1 = −
t2∫

t1

dt

∫∫
Ω

k(x, y, z)
∂u

∂n⃗
dS, (2)

ãäå n⃗ � âíåøíÿÿ íîðìàëü ê ïîâåðõíîñòè Ω. Ïóñòü âíóòðè òåëà èìåþòñÿ
èñòî÷íèêè òåïëà F (x, y, z, t). Òîãäà êîëè÷åñòâî òåïëà, âûäåëÿåìîãî â îáúåìå
V çà ïðîìåæóòîê âðåìåíè [t1, t2], áóäåò ðàâíî

Q2 =

t2∫
t1

dt

∫∫∫
V

F (x, y, z, t)dV. (3)

Îáîçíà÷èì ÷åðåç ρ(x, y, z) è c(x, y, z) ïëîòíîñòü è óäåëüíóþ òåïëîåì-
êîñòü òåëà ñîîòâåòñòâåííî. Êîëè÷åñòâî òåïëà, íåîáõîäèìîå äëÿ èçìåíåíèÿ
òåìïåðàòóðû îáúåìà V çà ïðîìåæóòîê [t1, t2], ðàâíî

Q3 =

∫∫∫
V

cρ
[
u(x, y, z, t2)− u(x, y, z, t1)

]
dV
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èëè ïðåäñòàâèì â ýêâèâàëåíòíîì âèäå

Q3 =

t2∫
t1

dt

∫∫∫
V

cρ
∂u

∂t
dV. (4)

Çàïèøåì óðàâíåíèå áàëàíñà òåïëà äëÿ âûäåëåííîãî îáúåìà V

Q2 = Q1 +Q3

èëè ñ ó÷åòîì ñîîòíîøåíèé (2)�(4)

t2∫
t1

dt

∫∫∫
V

cρ
∂u

∂t
dV =

t2∫
t1

dt

∫∫
Ω

k(x, y, z)
∂u

∂n⃗
dS +

t2∫
t1

dt

∫∫∫
V

F (x, y, z, t)dV.

Ó÷èòûâàÿ, ÷òî
∂u

∂n⃗
= (grad u) · n⃗, è ïðèìåíÿÿ êî âòîðîìó èíòåãðàëó

ôîðìóëó Îñòðîãðàäñêîãî � Ãàóññà, ïîëó÷èì

t2∫
t1

dt

∫∫∫
V

cρ
∂u

∂t
dV =

t2∫
t1

dt

∫∫∫
V

[
div(k grad u) + F (x, y, z, t)

]
dV,

ãäå div(k grad u) =
∂

∂x

(
k
∂u

∂x

)
+

∂

∂y

(
k
∂u

∂y

)
+

∂

∂z

(
k
∂u

∂z

)
.

Ïîñêîëüêó ïîäûíòåãðàëüíàÿ ôóíêöèÿ íåïðåðûâíà, à îáúåì V è ïðîìå-
æóòîê âðåìåíè ïðîèçâîëüíû, ïðèõîäèì ê ñîîòíîøåíèþ

cρ
∂u

∂t
= div

[
k(x, y, z)grad u

]
+ F (x, y, z, t). (5)

Óðàâíåíèå (5) íàçûâàåòñÿ óðàâíåíèåì òåïëîïðîâîäíîñòè íåîäíî-
ðîäíîãî èçîòðîïíîãî òåëà.

1.3.2. Ïîñòàíîâêè çàäà÷ äëÿ óðàâíåíèé
ïàðàáîëè÷åñêîãî òèïà

Â ïðåäûäóùåì ïóíêòå áûëî ïîëó÷åíî óðàâíåíèå òåïëîïðîâîäíîñòè íåîä-
íîðîäíîãî èçîòðîïíîãî òåëà. Â ñëó÷àå, êîãäà òåëî îäíîðîäíî, ò. å. êîýôôèöè-
åíòû c, ρ, k � êîíñòàíòû, íå çàâèñÿùèå îò x, y, z, òî óðàâíåíèå (5) óïðîùà-
åòñÿ è çàïèñûâàåòñÿ â âèäå

∂u

∂t
= a2∆u+ f(x, y, z, t), (6)
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ãäå a2 =
k

cρ
, f(x, y, z, t) =

F (x, y, z, t)

cρ
, ∆u =

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
� îïåðàòîð

Ëàïëàñà.
Åñëè â ïëîñêîñòÿõ, ïàðàëëåëüíûõ ïëîñêîñòè xOy, ðàñïðåäåëåíèå òåìïå-

ðàòóðû îäèíàêîâî, ò. å. u = u(x, y, t), òî óðàâíåíèå (6) ïðèíèìàåò âèä óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè òîíêîé ïëàñòèíû

∂u

∂t
= a2

(
∂2u

∂x2
+
∂2u

∂y2

)
+ f(x, y, t). (7)

Åñëè òåìïåðàòóðà òåëà çàâèñèò òîëüêî îò îäíîé ïðîñòðàíñòâåííîé ïåðå-
ìåííîé, òî èìååì óðàâíåíèå òåïëîïðîâîäíîñòè òîíêîãî ñòåðæíÿ

∂u

∂t
= a2

∂2u

∂x2
+ f(x, t). (8)

Çàìåòèì, ÷òî óðàâíåíèÿ (5)�(8) îïèñûâàþò òàêæå ïðîöåññû äèôôóçèè,
ãäå ôóíêöèÿ u(x, y, z, t) èìååò ñìûñë êîíöåíòðàöèè âåùåñòâà â òî÷êå (x, y, z)
â ìîìåíò âðåìåíè t, à F (x, y, z, t) õàðàêòåðèçóåò ïëîòíîñòü èñòî÷íèêîâ äèô-
ôóçèè.

Êàê è â ñëó÷àå óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà, äëÿ ïàðàáîëè÷åñêèõ
óðàâíåíèé ñòàâÿòñÿ ñìåøàííàÿ çàäà÷à èëè çàäà÷à Êîøè. Íàïðèìåð, ñìåøàí-
íàÿ çàäà÷à äëÿ îäíîðîäíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè òîíêîãî ñòåðæíÿ
ìîæåò èìåòü âèä 

∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = µ1(t), u|x=l = µ2(t), t > 0,

u|t=0 = φ(x), 0 6 x 6 l.

Çäåñü ìû èìååì äåëî ñ ãðàíè÷íûìè óñëîâèÿìè ïåðâîãî ðîäà (óñëîâèÿìè
Äèðèõëå), êîãäà íà êîíöàõ ñòåðæíÿ çàäàíà òåìïåðàòóðà. Ïîìèìî óñëîâèé
Äèðèõëå çàäàþòñÿ òàêæå ãðàíè÷íûå óñëîâèÿ âòîðîãî ðîäà (óñëîâèÿ Íåéìàíà)
è òðåòüåãî ðîäà:

−k ∂u
∂x

∣∣∣∣
x=0

= µ3(t), k
∂u

∂x

∣∣∣∣
x=l

= µ4(t),(
∂u

∂x
− hu

)∣∣∣∣
x=0

= µ5(t),

(
∂u

∂x
+ hu

)∣∣∣∣
x=l

= µ6(t).

Ôèçè÷åñêèé ñìûñë ãðàíè÷íûõ óñëîâèé âòîðîãî è òðåòüåãî ðîäà: íà êîí-
öàõ ñòåðæíÿ çàäàí òåïëîâîé ïîòîê; íà êîíöàõ ñòåðæíÿ ïðîèñõîäèò òåïëîîá-
ìåí ïî çàêîíó Íüþòîíà ñ âíåøíåé ñðåäîé.
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1.3.3. Ïðèíöèï ìàêñèìóìà äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

Ðàññìîòðèì ñìåøàííóþ çàäà÷ó äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè
∂u

∂t
= a2

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
, P ∈ G, t > 0,

u(P, t)
∣∣
Γ
= µ(P, t), t > 0,

u(P, t)
∣∣
t=0

= φ(P ), P ∈ G,

(9)

ãäå G � êîíå÷íàÿ îáëàñòü òðåõìåðíîãî ïðîñòðàíñòâà (x, y, z), îãðàíè÷åííàÿ
êóñî÷íî-ãëàäêîé ïîâåðõíîñòüþ Γ, G = G ∪ Γ.

Òåîðåìà 1 (ïðèíöèï ìàêñèìóìà). Ïóñòü ôóíêöèè µ(P, t) è φ(P )
íåïðåðûâíû è ñîãëàñîâàíû, ò. å. µ(P, 0) = φ(P ), P ∈ Γ. Òîãäà ðåøåíèå ñìå-
øàííîé çàäà÷è (9) äîñòèãàåò ñâîåãî ìàêñèìàëüíîãî (ìèíèìàëüíîãî) çíà÷å-
íèÿ ëèáî íà ãðàíèöå Γ, ëèáî â íà÷àëüíûé ìîìåíò âðåìåíè t = 0.

Ñëåäñòâèå 1. Ðåøåíèå ñìåøàííîé çàäà÷è (9) åäèíñòâåííî.

Ñëåäñòâèå 2. Ðåøåíèå ñìåøàííîé çàäà÷è (9) íåïðåðûâíî çàâèñèò îò
âõîäíûõ äàííûõ, ò. å. óñòîé÷èâî îòíîñèòåëüíî ãðàíè÷íîãî è íà÷àëüíîãî
óñëîâèé.

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñòåðæíÿ
∂u

∂t
= a2

∂2u

∂x2
+ f(x, t), −∞ < x <∞, t > 0,

u|t=0 = φ(x), −∞ < x <∞.

(10)

Òåîðåìà 2 (î åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè). Ïóñòü φ(x) � íåïðåðûâíàÿ è îãðàíè÷åííàÿ
ôóíêöèÿ. Òîãäà åñëè ôóíêöèÿ u(x, t) îãðàíè÷åíà âî âñåé îáëàñòè, ò. å. ñó-
ùåñòâóåò òàêîå ÷èñëî M, ÷òî

∣∣u(x, t)∣∣ < M, −∞ < x < ∞, t > 0, òî
ðåøåíèå çàäà÷è Êîøè (10) åäèíñòâåííî.

1.3.4. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ
îäíîðîäíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè

Ñôîðìóëèðóåì çàäà÷ó îá îòûñêàíèè íåñòàöèîíàðíîãî òåìïåðàòóðíîãî
ïîëÿ u(x, t) â ïëîñêîì ñëîå êîíå÷íîé òîëùèíû l, èìåþùåì â íà÷àëüíûé ìî-
ìåíò âðåìåíè òåìïåðàòóðó φ(x), åñëè íà ïîâåðõíîñòÿõ x = 0 è x = l ýòîãî
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ñëîÿ ïðîèñõîäèò òåïëîîáìåí ñ îêðóæàþùåé ñðåäîé, èìåþùåé íóëåâóþ òåì-
ïåðàòóðó. Òðåáóåòñÿ íàéòè ðåøåíèå ëèíåéíîãî îäíîðîäíîãî ïàðàáîëè÷åñêîãî
óðàâíåíèÿ

∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0, (11)

óäîâëåòâîðÿþùåå ïðè t = 0 íà÷àëüíîìó óñëîâèþ

u|t=0 = φ(x), 0 6 x 6 l, (12)

è îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì òðåòüåãî ðîäà
(
−α1

∂u

∂x
+ β1u

)∣∣∣
x=0

= 0, t > 0,(
α2
∂u

∂x
+ β2u

)∣∣∣
x=l

= 0, t > 0.

(13)

Ñëåäóÿ ìåòîäó Ôóðüå, íåòðèâèàëüíûå ðåøåíèÿ óðàâíåíèÿ (11), óäîâëå-
òâîðÿþùèå ãðàíè÷íûì óñëîâèÿì (13), áóäåì èñêàòü â âèäå

u(x, t) = X(x)T (t). (14)

Ïîäñòàâëÿÿ ïðåäïîëàãàåìóþ ôîðìó ðåøåíèÿ (14) â óðàâíåíèå (11) è ðàç-
äåëÿÿ ïåðåìåííûå, ïîëó÷èì

1

a2
T ′(t)

T (t)
=
X ′′(x)

X(x)
= −λ2,

ãäå (−λ2) = const � ïàðàìåòð ðàçäåëåíèÿ. Îòñþäà âûòåêàåò, ÷òî ôóíêöèè
T (t) è X(x) äîëæíû áûòü îïðåäåëåíû êàê ðåøåíèÿ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé:

T ′(t) + λ2a2T (t) = 0, (15)

X ′′(x) + λ2X(x) = 0. (16)

Ñîîòíîøåíèÿ (13) ñ ó÷åòîì ïðåäñòàâëåíèÿ (14) ïðèâîäÿò ê óñëîâèÿì äëÿ
êîîðäèíàòíîé ôóíêöèè X(x) :{

−α1X
′(0) + β1X(0) = 0,

α2X
′(l) + β2X(l) = 0.

(17)

Äèôôåðåíöèàëüíîå óðàâíåíèå (16) è ãðàíè÷íûå óñëîâèÿ (17) îáðàçóþò
çàäà÷ó Øòóðìà � Ëèóâèëëÿ, êîòîðàÿ èìååò íåòðèâèàëüíûå ðåøåíèÿ òîëüêî
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ïðè îïðåäåëåííûõ (ñîáñòâåííûõ) çíà÷åíèÿõ λk =
µk
l
, k = 1, 2, . . . Èõ ìîæíî

âûðàçèòü ÷åðåç íåîòðèöàòåëüíûå êîðíè µk òðàíñöåíäåíòíîãî óðàâíåíèÿ

ctg µ =
α1α2µ

2 − β1β2l
2

(α1β2l + α2β1l)µ
.

Ñîîòâåòñòâóþùèå èì ñîáñòâåííûå ôóíêöèè Xk(x) èìåþò âèä

Xk(x) = sin(λkx+ θk), θk = arctg
α1λk
β1

.

Ïðè λ = λk çàïèøåì îáùåå ðåøåíèå óðàâíåíèÿ (15):

Tk(t) = Cke
−λ2

ka
2t, Ck = const.

Ïåðåìíîæàÿ ôóíêöèè Xk(x) è Tk(t), ïîëó÷èì ÷àñòíûå ðåøåíèÿ óðàâ-
íåíèÿ (11), óäîâëåòâîðÿþùèå ãðàíè÷íûì óñëîâèÿì (13):

uk(x, t) = Tk(t)Xk(x) = Cke
−λ2

ka
2t sin(λkkx+ θk).

Ñîñòàâèì ôîðìàëüíî ðÿä, ÷ëåíàìè êîòîðîãî ÿâëÿþòñÿ íàéäåííûå ôóíê-
öèè uk(x, t) :

u(x, t) =
∞∑
k=1

Cke
−λ2

ka
2t sin(λkx+ θk). (18)

Ôóíêöèÿ u(x, t) óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì (13), ïîñêîëüêó èì
óäîâëåòâîðÿåò êàæäûé ÷ëåí ðÿäà (18). Îïðåäåëèì êîýôôèöèåíòû Ck òàê,
÷òîáû âûïîëíÿëîñü íà÷àëüíîå óñëîâèå. Ïîäñòàâëÿÿ ðÿä (18) â (12), ïîëó÷èì

∞∑
k=1

Ck sin(λkx+ θk) = φ(x).

Ñîãëàñíî òåîðåìå Ñòåêëîâà, ýòî ñîîòíîøåíèå ïðåäñòàâëÿåò ñîáîé ðàç-
ëîæåíèå ôóíêöèè φ(x) â ðÿä Ôóðüå ïî ñèñòåìå îðòîãîíàëüíûõ íà îòðåçêå
[0, l] ôóíêöèé Xk(x) = sin(λkx + θk), k = 1, 2, . . . , à ÷èñëà Ck ÿâëÿþòñÿ
ñîîòâåòñòâóþùèìè êîýôôèöèåíòàìè Ôóðüå è îïðåäåëÿþòñÿ ïî ôîðìóëàì

Ck =
1

∥Xk∥2

l∫
0

φ(x)Xk(x) dx, k = 1, 2, . . .

I. Äëÿ çíà÷åíèé ïàðàìåòðîâ α1 = α2 = 0, β1 = β2 = 1 ãðàíè÷íûå
óñëîâèÿ ïðèíèìàþò âèä

u|x=0 = 0, u|x=l = 0. (19)
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Ñìåøàííàÿ çàäà÷à (11), (12), (19), èëè ïåðâàÿ êðàåâàÿ çàäà÷à , îïè-
ñûâàåò ïðîöåññ îñòûâàíèÿ ïëîñêîãî ñëîÿ êîíå÷íîé òîëùèíû l (èëè òîíêîãî
ñòåðæíÿ êîíå÷íîé äëèíû l ñ èäåàëüíî òåïëîèçîëèðîâàííîé áîêîâîé ïîâåðõ-
íîñòüþ) ñ òåìïåðàòóðíûì ïðîôèëåì φ(x) â íà÷àëüíûé ìîìåíò âðåìåíè, åñëè
ãðàíè÷íûå ïëîñêîñòè x = 0 è x = l (òîðöû ñòåðæíÿ) ïîääåðæèâàþòñÿ ïðè
ïîñòîÿííîé íóëåâîé òåìïåðàòóðå. Â ýòîì ñëó÷àå ñîáñòâåííûå çíà÷åíèÿ çàäà-

÷è Øòóðìà � Ëèóâèëëÿ λk =
kπ

l
, à ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè

Xk(x) = sin
kπx

l
, k = 1, 2, . . . , ∥Xk∥2 =

l

2
.

Ðåøåíèå ïåðâîé êðàåâîé çàäà÷è çàïèñûâàåòñÿ â âèäå

u(x, t) =
∞∑
k=1

Cke
−
(
kπ
l

)2
a2t sin

kπx

l
, Ck =

2

l

l∫
0

φ(x) sin
kπx

l
dx.

II. Åñëè α1 = α2 = 1, à β1 = β2 = 0, òî ãðàíè÷íûå óñëîâèÿ (13)
ïðèíèìàþò âèä îäíîðîäíûõ óñëîâèé âòîðîãî ðîäà

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=l

= 0. (20)

Ñìåøàííàÿ çàäà÷à (11), (12), (20), èëè âòîðàÿ êðàåâàÿ çàäà÷à , îïèñû-
âàåò ïðîöåññ âûðàâíèâàíèÿ òåìïåðàòóðû â ïëîñêîì ñëîå (òîíêîì ñòåðæíå), â
êîòîðîì â íà÷àëüíûé ìîìåíò âðåìåíè çàäàí òåìïåðàòóðíûé ïðîôèëü φ(x),
à ãðàíè÷íûå ïëîñêîñòè x = 0 è x = l (òîðöû ñòåðæíÿ) òåïëîèçîëèðîâàíû.
Äëÿ äàííîãî ñëó÷àÿ

λk =
kπ

l
, Xk(x) = cos

kπx

l
, k = 0, 1, . . . , ∥Xk∥2 =

l, k = 0,

l

2
, k ̸= 0.

Ðåøåíèå ýòîé çàäà÷è èìååò âèä u(x, t) =
∞∑
k=0

Cke
−
(
kπ
l

)2
a2t cos

kπx

l
, ãäå

C0 =
1

l

l∫
0

φ(x) dx, Ck =
2

l

l∫
0

φ(x) cos
kπx

l
dx.

Îòìåòèì, ÷òî ïðè t→ ∞ òåìïåðàòóðà âñåõ ñëîåâ âûðàâíèâàåòñÿ è ñòðå-
ìèòñÿ ê ñòàöèîíàðíîìó ðàñïðåäåëåíèþ us(x) = C0 = const.

III. Ïóñòü α1 = 0, β1 = α2 = 1, β2 = h > 0. Â ýòîì ñëó÷àå ïîëó÷èì
ãðàíè÷íûå óñëîâèÿ

u|x=0 = 0,

(
∂u

∂x
+ hu

)∣∣∣∣
x=l

= 0. (21)
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Ñìåøàííàÿ çàäà÷à (11), (12), (21) îïèñûâàåò ýâîëþöèþ òåìïåðàòóðíîãî
ïîëÿ â ïëîñêîì ñëîå 0 6 x 6 l ìàòåðèàëà, íà÷àëüíîå ðàñïðåäåëåíèå òåìïå-
ðàòóðû â êîòîðîì çàäàíî ôóíêöèåé φ(x), åñëè íà ïîâåðõíîñòè x = 0 ñëîÿ
ïîääåðæèâàåòñÿ ïîñòîÿííàÿ íóëåâàÿ òåìïåðàòóðà, à íà äðóãîé ïîâåðõíîñòè
x = l ïðîèñõîäèò êîíâåêòèâíûé òåïëîîáìåí ñ îêðóæàþùåé ñðåäîé, èìåþùåé
íóëåâóþ òåìïåðàòóðó.

Íàõîäèì ñîáñòâåííûå ôóíêöèè çàäà÷è Øòóðìà � Ëèóâèëëÿ:

Xk(x) = sin
µkx

l
, ∥Xk∥2 =

l

2

(
1 +

hl

µ2k + h2l2

)
.

×èñëà µk ÿâëÿþòñÿ êîðíÿìè òðàíñöåíäåíòíîãî óðàâíåíèÿ tg µ = − µ

hl
.

Ýòî óðàâíåíèå èìååò áåñ÷èñëåííîå ìíîæåñòâî äåéñòâèòåëüíûõ ïîëîæèòåëü-
íûõ êîðíåé, â ÷åì íåòðóäíî óáåäèòüñÿ, ïîñòðîèâ ãðàôèêè êðèâûõ y = tg µ è

y = −µ
p
, ãäå p = hl.

Ðåøåíèå ñìåøàííîé çàäà÷è (11), (12), (21) ìîæíî çàïèñàòü â âèäå

u(x, t) =
∞∑
n=1

Cke
−
(
µk

l

)2
a2t sin

µkx

l
, Ck =

2(µ2k + p2)

l
[
µ2k + p(p+ 1)

] l∫
0

φ(x) sin
µkx

l
dx.

Ïðèìåð 1. Èìååòñÿ îäíîðîäíûé òîíêèé ñòåðæåíü äëèíîé l, èçîëèðî-
âàííûé îò îêðóæàþùåãî ïðîñòðàíñòâà, ñ íà÷àëüíîé òåìïåðàòóðîé u(x, 0) =

=
hx(l − x)

l2
. Îïðåäåëèòü òåìïåðàòóðó u(x, t) òî÷åê ñòåðæíÿ ïðè t > 0, åñëè

êîíöû ñòåðæíÿ ïîääåðæèâàþòñÿ ïðè íóëåâîé òåìïåðàòóðå.

Ðåøåíèå. Íåîáõîäèìî ðåøèòü ñìåøàííóþ çàäà÷ó:

∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = u|x=l = 0, t > 0,

u|t=0 =
hx(l − x)

l2
, 0 6 x 6 l.

Ðåøèì ýòó çàäà÷ó ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ, ïîëàãàÿ u(x, t) =
= X(x)T (t). Ïîñêîëüêó u′t = X(x)T ′(t), u′′xx = X ′′(x)T (t), òî, ïîäñòàâëÿÿ
âûðàæåíèÿ äëÿ ïðîèçâîäíûõ è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì

T ′

a2T
=
X ′′

X
= −λ2.
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Ó÷èòûâàÿ ñîîòíîøåíèÿ X(0) = X(l) = 0, âûòåêàþùèå èç ãðàíè÷íûõ
óñëîâèé, ïðèõîäèì ê çàäà÷åØòóðìà � Ëèóâèëëÿ äëÿ êîîðäèíàòíîé ôóíêöèè{

X ′′ + λ2X = 0,

X(0) = X(l) = 0.

Ðåøåíèÿìè ýòîé çàäà÷è ÿâëÿþòñÿ ñîáñòâåííûå çíà÷åíèÿ λk =
kπ

l
è ñîá-

ñòâåííûå ôóíêöèè Xk(x) = sin
kπx

l
, k = 1, 2, . . .

Ïðè λ = λk óðàâíåíèå äëÿ âðåìåíí�îé ôóíêöèè T ′
k +

(
kπa

l

)2
Tk = 0

èìååò îáùåå ðåøåíèå

Tk(t) = Ake
−
(
kπa
l

)2
t.

Â ñîîòâåòñòâèè ñ ìåòîäîì Ôóðüå ðåøåíèå ñìåøàííîé çàäà÷è çàïèøåì â
âèäå ðÿäà

u(x, t) =
∞∑
k=1

Ake
−
(
kπa
l

)2
t sin

kπx

l
.

Îïðåäåëèì êîýôôèöèåíòû Ak òàê, ÷òîáû ñóììà ðÿäà óäîâëåòâîðÿëà íà-
÷àëüíîìó óñëîâèþ:

∞∑
k=1

Ak sin
kπx

l
=
hx(l − x)

l2
.

Îòñþäà ñëåäóåò, ÷òî

Ak =
2h

l3

l∫
0

x(l − x) sin
kπx

l
dx =

0, k = 2n,
8h

π3(2n+ 1)3
, k = 2n+ 1.

Ïîäñòàâëÿÿ çíà÷åíèÿ êîýôôèöèåíòîâ â ðÿä, ïðèõîäèì ê îòâåòó

u(x, t) =
8h

π3

∞∑
n=0

1

(2n+ 1)3
e−
[ (2n+1)πa

l

]2
t sin

(2n+ 1)πx

l
. J

Ïðèìåð 2. Îïèñàòü ïðîöåññ èçìåíåíèÿ êîíöåíòðàöèè âåùåñòâà â ðàñ-
òâîðå, çàêëþ÷åííîì ìåæäó ïëîñêîñòÿìè x = 0 è x = l, åñëè íà ëåâîì êîí-
öå ïîääåðæèâàåòñÿ íóëåâàÿ êîíöåíòðàöèÿ, à ïëîñêîñòü x = l íåïðîíèöàå-
ìà äëÿ âåùåñòâà. Íà÷àëüíàÿ êîíöåíòðàöèÿ âåùåñòâà îïðåäåëÿåòñÿ ôóíêöèåé

u|t=0 = x+ sin
πx

2l
.
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Ðåøåíèå. Ìàòåìàòè÷åñêàÿ ìîäåëü çàäà÷è èìååò ñëåäóþùèé âèä:

∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 =
∂u

∂x

∣∣∣∣
x=l

= 0, t > 0,

u|t=0 = x+ sin
πx

2l
, 0 6 x 6 l.

Ñëåäóÿ ìåòîäó Ôóðüå, áóäåì èñêàòü ðåøåíèå â âèäå u(x, t) = X(x)T (t).
Ïîñëå ïîäñòàíîâêè â óðàâíåíèå è ðàçäåëåíèÿ ïåðåìåííûõ, ïîëó÷èì çàäà÷ó
Øòóðìà � Ëèóâèëëÿ îòíîñèòåëüíî ôóíêöèè X(x) :{

X ′′ + λ2X = 0,

X(0) = X ′(l) = 0.

Ðåøàÿ åå, íàõîäèì ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè

λk =
(2k + 1)π

2l
, Xk(x) = sin

(2k + 1)πx

2l
, k = 0, 1, . . .

Äëÿ ôóíêöèè T (t) ïîëó÷èì óðàâíåíèå

T ′
k(t) +

[
(2k + 1)πa

2l

]2
Tk(t) = 0,

èç êîòîðîãî íàõîäèì îáùåå ðåøåíèå

Tk(t) = Ake
−
[ (2k+1)πa

2l

]2
t.

Ðåøåíèå èñõîäíîé ñìåøàííîé çàäà÷è ñëåäóåò èñêàòü â âèäå ðÿäà

u(x, t) =
∞∑
k=0

Ake
−
[ (2k+1)πa

2l

]2
t sin

(2k + 1)πx

2l
.

Ïîäñòàâëÿÿ ðÿä â íà÷àëüíîå óñëîâèå, ïîëó÷èì

∞∑
k=0

Ak sin
(2k + 1)πx

2l
= x+ sin

πx

2l
.

Âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè ýòîãî ðàâåíñòâà ïðåäñòàâëÿåò ñîáîé
òðèãîíîìåòðè÷åñêèé ìíîãî÷ëåí ïî îðòîãîíàëüíîé ñèñòåìå ñîáñòâåííûõ ôóíê-

öèé çàäà÷è Øòóðìà � Ëèóâèëëÿ, à èìåííî, sin
πx

2l
= X0(x). Ïîýòîìó íåîá-

õîäèìî íàéòè ðàçëîæåíèå òîëüêî äëÿ ïåðâîãî ñëàãàåìîãî è âîñïîëüçîâàòüñÿ
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òåì ôàêòîì, ÷òî êîýôôèöèåíòû Ôóðüå ñóììû ôóíêöèé ñóòü ñóììà ñîîòâåò-
ñòâóþùèõ êîýôôèöèåíòîâ êàæäîãî ñëàãàåìîãî. Èìååì

x =
∞∑
k=0

Bk sin
(2k + 1)πx

2l
, Bk =

2

l

l∫
0

x sin
(2k + 1)πx

2l
dx =

8l(−1)k

(2k + 1)2π2
.

Ñëåäîâàòåëüíî, Ak = Bk + δ0k, δ0k =

{
1, k = 0,

0, k ̸= 0.

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è ïðèíèìàåò âèä

u(x, t) =
∞∑
k=0

[
8l(−1)k

(2k + 1)2π2
+ δ0k

]
e−
[ (2k+1)πa

2l

]2
t sin

(2k + 1)πx

2l
,

èëè

u(x, t) = e−
(
πa
2l

)2
t sin

πx

2l
+

8l

π2

∞∑
k=0

(−1)k

(2k + 1)2
e−
[ (2k+1)πa

2l

]2
t sin

(2k + 1)πx

2l
. J

Ïðèìåð 3. Äàí îäíîðîäíûé øàð ðàäèóñîì b, öåíòð êîòîðîãî ðàñïî-
ëîæåí â íà÷àëå êîîðäèíàò. Âíåøíÿÿ ïîâåðõíîñòü øàðà ïîääåðæèâàåòñÿ ïðè
íóëåâîé òåìïåðàòóðå, à íà÷àëüíàÿ òåìïåðàòóðà u|t=0 = b2 − r2. Îïðåäåëèòü
òåìïåðàòóðó u(r, t) âíóòðè øàðà ïðè t > 0.

Ðåøåíèå. Íåîáõîäèìî ðåøèòü ñìåøàííóþ çàäà÷ó
∂u

∂t
= a2

1

r2
∂

∂r

(
r2
∂u

∂r

)
, 0 6 r < b, t > 0,∣∣u|r=0

∣∣ <∞, u|r=b = 0, t > 0,

u|t=0 = b2 − r2, 0 6 r 6 b.

Ñëåäóÿ ñõåìå ìåòîäà Ôóðüå, ïîëîæèì u(r, t) = R(r)T (t) è ïîñëå ïîäñòà-
íîâêè â óðàâíåíèå ïîëó÷èì

T ′

a2T
=
R′′ +

2

r
R′

R
= −λ2.

Èç ãðàíè÷íûõ óñëîâèé èìååì
∣∣R(0)T (t)∣∣ < ∞, R(b)T (t) = 0, îòêóäà

âûòåêàþò ãðàíè÷íûå óñëîâèÿ äëÿ ðàäèàëüíîé ôóíêöèè:
∣∣R(0)∣∣ <∞, R(b) =

= 0. Ñëåäîâàòåëüíî, ïðèõîäèì ê çàäà÷å Øòóðìà � ËèóâèëëÿR′′ +
2

r
R′ + λ2R = 0,

|R(0)| <∞, R(b) = 0.
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Ââåäåì ôóíêöèþ v(r) ïî ôîðìóëå R(r) =
v(r)

r
. Òîãäà

R′(r) = − v

r2
+
v′

r
, R′′ =

2v

r3
− 2v′

r2
+
v′′

r
.

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â äèôôåðåíöèàëüíîå óðàâíåíèå è ó÷èòûâàÿ
ãðàíè÷íûå óñëîâèÿ, ïðèõîäèì ê çàäà÷å Øòóðìà � Ëèóâèëëÿ äëÿ v(r) :{

v′′ + λ2v = 0,

v(0) = 0, v(b) = 0.

Ýòà çàäà÷à èìååò ðåøåíèÿ

λk =
kπ

b
, vk(r) = sin

kπr

b
⇒ Rk(r) =

sin
kπr

b
r

, k = 1, 2, . . .

Çàìåòèì, ÷òî ôóíêöèè Rk(r) îáðàçóþò îðòîãîíàëüíóþ ñ âåñîì r2 íà
îòðåçêå [0, b] ñèñòåìó ôóíêöèé, ïðè÷åì

∥Rk(r)∥2 =
b∫

0

r2
sin2

kπr

b
r2

dr =

b∫
0

(
1

2
− 1

2
cos

2kπr

b

)
dr =

b

2
.

Ðåøàÿ óðàâíåíèå T ′
k(t) + a2

(
kπ

b

)2

Tk(t) = 0, íàõîäèì

Tk(t) = Ake
−
(
kπa
b

)2
t.

Çàïèøåì ðÿä ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè

u(r, t) =
∞∑
k=1

Ake
−
(
kπa
b

)2
t
sin

kπr

b
r

.

Â ñèëó íà÷àëüíîãî óñëîâèÿ áóäåì èìåòü

∞∑
k=1

Ak

sin
kπr

b
r

= b2 − r2 ⇒ Ak =
2

b

b∫
0

(rb2 − r3) sin
kπr

b
dr =

=
2

b

(
b

kπ

)2
b∫

0

6r sin
kπr

b
dr = −12

(
b

kπ

)3

cos kπ =
12b3(−1)k+1

(kπ)3
.
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Îêîí÷àòåëüíî ïðèõîäèì ê îòâåòó

u(r, t) =
12b3

π3

∞∑
k=1

(−1)k+1

k3
e−
(
kπa
b

)2
t
sin

kπr

b
r

. J

1.3.5. Íåîäíîðîäíîå óðàâíåíèå òåïëîïðîâîäíîñòè

Ðàññìîòðèì ñìåøàííóþ çàäà÷ó äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

∂u

∂t
= a2

∂2u

∂x2
+ f(x, t), 0 < x < l, t > 0, (22)

ñ íà÷àëüíûì óñëîâèåì

u|t=0 = φ(x), 0 6 x 6 l, (23)

è ãðàíè÷íûìè óñëîâèÿìè òðåòüåãî ðîäà(
−α1

∂u

∂x
+ β1u

)∣∣∣∣
x=0

= 0,

(
α2
∂u

∂x
+ β2u

)∣∣∣∣
x=l

= 0, t > 0. (24)

Ðåøåíèå ýòîé çàäà÷è áóäåì èñêàòü â âèäå ðÿäà Ôóðüå ïî ñèñòåìå ñîá-
ñòâåííûõ ôóíêöèé Xn(x) = sin(λnx+ θn) çàäà÷è Øòóðìà � Ëèóâèëëÿ (17)

u(x, t) =
∞∑
n=1

un(t)Xn(x) =
∞∑
n=1

un(t) sin(λnx+ θn) (25)

(ïåðåìåííàÿ t ïðè ýòîì ðàññìàòðèâàåòñÿ êàê ïàðàìåòð). Ðÿä (25) óäîâëåòâî-
ðÿåò ãðàíè÷íûì óñëîâèÿì (24). Ïîýòîìó ôóíêöèè un(t) ñëåäóåò îïðåäåëèòü
òàê, ÷òîáû ðÿä óäîâëåòâîðÿë óðàâíåíèþ (22) è íà÷àëüíîìó óñëîâèþ (23).

Ó÷èòûâàÿ ïîëíîòó ñèñòåìû ñîáñòâåííûõ ôóíêöèé Xn(x), ïðåäñòàâèì
ôóíêöèè f(x, t) è φ(x) â âèäå ðÿäîâ Ôóðüå:

f(x, t) =
∞∑
n=1

fn(t)Xn(x) =
∞∑
n=1

fn(t) sin(λnx+ θn),

φ(x) =
∞∑
n=1

φnXn(x) =
∞∑
n=1

φn sin(λnx+ θn),

(26)

ãäå fn(t) è φn � êîýôôèöèåíòû Ôóðüå, îïðåäåëÿåìûå ïî ôîðìóëàì:

fn(t) =
1

∥Xn∥2

l∫
0

f(x, t) sin(λnx+ θn) dx,

φn =
1

∥Xn∥2

l∫
0

φ(x) sin(λnx+ θn) dx.

(27)
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Ïîäñòàâëÿÿ ïðåäïîëàãàåìóþ ôîðìó ðåøåíèÿ (25) è ðàçëîæåíèå (26) äëÿ
ôóíêöèè f(x, t) â óðàâíåíèå (22) è çàìåíÿÿ ïðè ýòîì X ′′

n(x) íà −λ2nXn(x),
ïîëó÷èì

∞∑
n=1

[
u′n(t) + λ2na

2un(t)− fn(t)
]
Xn(x) = 0.

Ýòî ñîîòíîøåíèå, à çíà÷èò, è óðàâíåíèå (22), áóäåò âûïîëíåíî, åñëè âñå
êîýôôèöèåíòû ðàçëîæåíèÿ ðàâíû íóëþ, ò. å.

u′n(t) + λ2na
2un(t) = fn(t).

Èç íà÷àëüíîãî óñëîâèÿ (23) ñ ó÷åòîì (25), (26) èìååì

∞∑
n=1

un(0)Xn(x) =
∞∑
n=1

φnXn(x), 0 < x < l.

Îòñþäà âûòåêàåò, ÷òî un(0) = φn.
Òàêèì îáðàçîì, äëÿ íàõîæäåíèÿ èñêîìîé ôóíêöèè un(t) ïðèõîäèì ê

çàäà÷å Êîøè äëÿ îáûêíîâåííîãî ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà. Ðåøåíèå ýòîé çàäà÷è ìîæåò áûòü íàéäåíî
ìåòîäîì Ëàãðàíæà âàðèàöèè ïðîèçâîëüíîé ïîñòîÿííîé. Îíî èìååò âèä

un(t) = φne
−λ2

na
2t +

t∫
0

fn(τ)e
−λ2

na
2(t−τ)dτ.

Ïîäñòàâëÿÿ ôóíêöèè un(t), n = 1, 2, . . . , â ðàçëîæåíèå (25), íàõîäèì
ðåøåíèå èñõîäíîé çàäà÷è (22)�(24) â âèäå

u(x, t) =
∞∑
n=1

φne
−λ2

na
2t sin(λnx+ θn) +

+
∞∑
n=1

[ t∫
0

fn(τ)e
−λ2

na
2(t−τ)dτ

]
sin(λnx+ θn), (28)

ãäå φn è fn(τ) îïðåäåëåíû ôîðìóëàìè (27).
Îòìåòèì, ÷òî ïåðâîå ñëàãàåìîå â âûðàæåíèè (28) åñòü ðåøåíèå ñìåøàí-

íîé çàäà÷è äëÿ îäíîðîäíîãî óðàâíåíèÿ, êîãäà f(x, t) ≡ 0.

Ïðèìåð 4. Íàéòè íåñòàöèîíàðíîå ðàñïðåäåëåíèå òåìïåðàòóðû â ïëîñ-
êîì ñëîå òîëùèíîé l, âíóòðè êîòîðîãî ïðè t > 0 äåéñòâóåò èñòî÷íèê òåïëà
ñ ïîñòîÿííîé ïëîòíîñòüþ q, à åãî ïîâåðõíîñòü ïîääåðæèâàåòñÿ ïðè íóëåâîé
òåìïåðàòóðå. Íà÷àëüíàÿ òåìïåðàòóðà âî âíóòðåííèõ òî÷êàõ ñëîÿ ðàâíà íóëþ.
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Ðåøåíèå. Áóäåì ðåøàòü ñìåøàííóþ çàäà÷ó
∂u

∂t
= a2

∂2u

∂x2
+

q

cρ
, 0 < x < l, t > 0,

u|x=0 = u|x=l = 0, t > 0,

u|t=0 = 0, 0 6 x 6 l,

(29)

ãäå c � óäåëüíàÿ òåïëîåìêîñòü, ρ � ïëîòíîñòü ìàññû ñëîÿ.
Ïîñêîëüêó çàäàíû ãðàíè÷íûå óñëîâèÿ ïåðâîãî ðîäà, òî ñîîòâåòñòâóþùàÿ

çàäà÷à Øòóðìà � Ëèóâèëëÿ äëÿ îäíîðîäíîãî óðàâíåíèÿ èìååò âèä{
X ′′ + λ2X = 0,

X(0) = X(l) = 0,

à åå ñîáñòâåííûå ôóíêöèè Xk(x) = sin
kπx

l
, k = 1, 2, . . . Ïîýòîìó ðåøåíèå

ñìåøàííîé çàäà÷è áóäåì èñêàòü â âèäå

u(x, t) =
∞∑
k=1

uk(t) sin
kπx

l
.

Â ñâîþ î÷åðåäü, ðàçëîæèì ïðàâóþ ÷àñòü óðàâíåíèÿ
q

ρc
â ðÿä Ôóðüå ïî

ñèñòåìå ñîáñòâåííûõ ôóíêöèé:

q

ρc
=

∞∑
k=1

fk sin
kπx

l
, fk =

2

l

q

ρc

l∫
0

sin
kπx

l
dx =

2q

ρckπ

[
1− (−1)k

]
. (30)

Ïîäñòàâëÿÿ òåïåðü ïðåäïîëàãàåìîå ðåøåíèå â óðàâíåíèå è ó÷èòûâàÿ
ïðåäñòàâëåíèå (30), ïîëó÷èì

∞∑
k=1

u′k(t) sin
kπx

l
+

∞∑
k=1

uk(t)

(
kπa

l

)2

sin
kπx

l
=

∞∑
k=1

2q

ρckπ

[
1 − (−1)k

]
sin

kπx

l
.

Ïðèðàâíèâàÿ ñîîòâåòñòâóþùèå êîýôôèöèåíòû â ëåâîé è ïðàâîé ÷àñòÿõ
ýòîãî ðàâåíñòâà, ïðèõîäèì ê äèôôåðåíöèàëüíîìó óðàâíåíèþ

u′k(t) + uk(t)

(
kπa

l

)2

=
2q

ρckπ

[
1− (−1)k

]
.

Èç íà÷àëüíîãî óñëîâèÿ èìååì uk(0) = 0.
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Ïîñêîëüêó ïðàâàÿ ÷àñòü óðàâíåíèÿ ïðåäñòàâëÿåò ñîáîé êîíñòàíòó, òî
÷àñòíîå ðåøåíèå ñëåäóåò òàêæå èñêàòü â âèäå êîíñòàíòû, ò. å.

u÷àñòk (t) = ak, ak = const.

Ïîäñòàâëÿÿ â óðàâíåíèå, ïîëó÷èì ñîîòíîøåíèå

u÷àñòk

(
kπa

l

)2

=
2q

ρckπ

[
1− (−1)k

]
,

èç êîòîðîãî ñëåäóåò, ÷òî

u÷àñòk =
2q

ρckπ

[
1− (−1)k

]( l

kπa

)2

=
2ql2

ρca2π3
1− (−1)k

k3
.

Îáùåå ðåøåíèå èìååò âèä

uk(t) =
2ql2

ρca2π3
1− (−1)k

k3
+ Cke

−
(
kπa
l

)2
t.

Êîýôôèöèåíòû Ck îïðåäåëèì èç íà÷àëüíîãî óñëîâèÿ uk(0) = 0 :

Ck =
2ql2

ρca2π3
(−1)k − 1

k3
.

Òàêèì îáðàçîì, ïîëó÷èì

uk(t) =
2ql2

ρca2π3
1− (−1)k

k3
+

2ql2

ρca2π3
(−1)k − 1

k3
e−
(
kπa
l

)2
t.

Ðåøåíèå ñìåøàííîé çàäà÷è ïðèíèìàåò âèä

u(x, t) =
2ql2

ρca2π3

∞∑
k=1

1− (−1)k

k3
sin

kπx

l
+

+
2ql2

ρca2π3

∞∑
k=1

(−1)k − 1

k3
e−
(
kπa
l

)2
t sin

kπx

l
. J

Ïðèìåð 5. Ðåøèòü ñìåøàííóþ çàäà÷ó (29) ìåòîäîì âûäåëåíèÿ ñòàöè-
îíàðíîé ÷àñòè.

Ðåøåíèå. Ôóíêöèÿ èñòî÷íèêà íå çàâèñèò îò ïåðåìåííîé t, ñëåäîâà-
òåëüíî, ýòó çàäà÷ó ìîæíî ðåøàòü ìåòîäîì âûäåëåíèÿ ñòàöèîíàðíîé ÷àñòè.
Ñäåëàåì çàìåíó u(x, t) = v(x, t) + W (x), ãäå v(x, t) � íîâàÿ íåèçâåñòíàÿ
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ôóíêöèÿ, à ôóíêöèþ W (x) ïîäáåðåì òàê, ÷òîáû äèôôåðåíöèàëüíîå óðàâíå-
íèå îòíîñèòåëüíî v(x, t) ñòàëî îäíîðîäíûì.

Ïîäñòàâëÿÿ â èñõîäíîå óðàâíåíèå, ïîëó÷èì

∂u

∂t
− a2

∂2u

∂x2
− a2W ′′(x) =

q

cρ
.

Îòñþäà ñëåäóåò, ÷òî

a2W ′′(x) = − q

cρ
,

à èç ãðàíè÷íûõ óñëîâèé èìååì W (0) = W (l) = 0. Ðåøàÿ ýòó êðàåâóþ çàäà÷ó
äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà îòíîñè-

òåëüíî W (x), íàõîäèì W (x) = − q

2a2cρ
x2 +

ql

2a2cρ
x.

Ïîñëå âûïîëíåíèÿ óêàçàííîé çàìåíû ïîëó÷èì äëÿ ôóíêöèè v(x, t) ñìå-
øàííóþ çàäà÷ó 

∂v

∂t
= a2

∂2v

∂x2
, 0 < x < l, t > 0,

v|x=0 = 0, v|x=l = 0, t > 0,

v|t=0 =
q

2a2cρ
x2 − ql

2a2cρ
x, 0 6 x 6 l.

Â ñîîòâåòñòâèè ñ ìåòîäîì Ôóðüå äëÿ îäíîðîäíîãî óðàâíåíèÿ åå ðåøåíèå
ñëåäóåò èñêàòü â âèäå ðÿäà

v(x, t) =
∞∑
k=1

Cke
−
(
kπa
l

)2
t sin

kπx

l
.

Êîýôôèöèåíòû Ck îïðåäåëèì, ïîäñòàâëÿÿ ðÿä â íà÷àëüíîå óñëîâèå

∞∑
k=1

Ck sin
πkx

l
=

q

2a2cρ
x(x− l).

Îòñþäà íàõîäèì

Ck =
q

a2cρl

l∫
0

x(x− l) sin
kπx

l
dx =

2ql2

a2cρπ3
(−1)k − 1

k3
.

Ó÷èòûâàÿ âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ Ck è ÿâíûé âèä ôóíêöèè
w(x), ïîëó÷èì îêîí÷àòåëüíûé îòâåò

u(x, t) = − q

2a2cρ
x2 +

ql

2a2cρ
x+

2ql2

a2cρπ3

∞∑
k=1

(−1)k − 1

k3
e−
(
kπa
l

)2
t sin

kπx

l
. J
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Çàìå÷àíèå 1. Ðàçëè÷èå â çàïèñÿõ ðåøåíèé ðàññìîòðåííîé çàäà÷è ñâÿ-
çàíî ñ òåì, ÷òî â ïåðâîì ñëó÷àå ñòàöèîíàðíàÿ ÷àñòü ðàçëîæåíà â ðÿä ïî
îðòîãîíàëüíîé ñèñòåìå ñîáñòâåííûõ ôóíêöèé.

1.3.6. Ñìåøàííûå çàäà÷è ñ íåîäíîðîäíîñòÿìè
â óðàâíåíèè è ãðàíè÷íûõ óñëîâèÿõ

Ðàññìîòðèì ïîñòàíîâêè çàäà÷, â êîòîðûõ íå òîëüêî óðàâíåíèå, íî è ãðà-
íè÷íûå óñëîâèÿ ìîãóò ñîäåðæàòü íåîäíîðîäíîñòè. Àëãîðèòì ðåøåíèÿ â ýòîì
ñëó÷àå àíàëîãè÷åí ðàññìîòðåííîìó äëÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà.

Íåîáõîäèìî ñäåëàòü çàìåíó u(x, t) = v(x, t) +W (x, t), ïåðåõîäÿ ê íîâîé
íåèçâåñòíîé ôóíêöèè v(x, t) è ïîäáèðàÿ ôóíêöèþ W (x, t) òàê, ÷òîáû îíà
óäîâëåòâîðÿëà çàäàííûì ãðàíè÷íûì óñëîâèÿì. Ïîñëå çàìåíû ìû ïðèõîäèì
ê ñìåøàííîé çàäà÷å äëÿ ôóíêöèè v(x, t) ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâè-
ÿìè. Ïðè ýòîì íà÷àëüíûå óñëîâèÿ è ïðàâàÿ ÷àñòü óðàâíåíèÿ, âîîáùå ãîâîðÿ,
ìåíÿþòñÿ.

Ïðèìåð 6. Íà÷àëüíàÿ òåìïåðàòóðà ñòåðæíÿ 0 6 x 6 l ñ òåïëîèçîëè-
ðîâàííîé áîêîâîé ïîâåðõíîñòüþ ðàâíà U0 = const, à íà êîíöàõ åãî ïîääåð-
æèâàåòñÿ ïîñòîÿííàÿ òåìïåðàòóðà u|x=0 = U1 = const, u|x=l = U2 = const.
Íàéòè òåìïåðàòóðó u(x, t) ñòåðæíÿ ïðè t > 0.

Ðåøåíèå. Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è èìååò âèä
∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = U1, u|x=l = U2, t > 0,

u|t=0 = U0, 0 6 x 6 l.

Ñäåëàåì çàìåíó u(x, t) = v(x, t) + U1 +
x

l
(U2 − U1). Òîãäà äëÿ ôóíêöèè

v(x, t) ïðèõîäèì ê ñìåøàííîé çàäà÷å
∂v

∂t
= a2

∂2v

∂x2
, 0 < x < l, t > 0,

v|x=0 = 0, v|x=l = 0, t > 0,

v|t=0 = U0 − U1 −
x

l
(U2 − U1), 0 6 x 6 l.

Êàê è ðàíåå, åå ðåøåíèå áóäåì èñêàòü â âèäå ðÿäà

v(x, t) =
∞∑
k=1

Cke
−
(
kπa
l

)2
t sin

kπx

l
.
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Ïîäñòàâëÿÿ ðÿä â íà÷àëüíîå óñëîâèå, ïîëó÷èì

∞∑
k=1

Ck sin
kπx

l
= U0 − U1 −

x

l
(U2 − U1).

Îòñþäà îïðåäåëèì êîýôôèöèåíòû Ck :

Ck =
2

l

l∫
0

[
U0 − U1 −

x

l
(U2 − U1)

]
sin

kπx

l
dx = − 2

kπ

[
U0 − U1 −

− x

l
(U2 − U1)

]
cos

kπx

l

∣∣∣l
0
=

2

kπ

[
U1 − U0 + (U2 − U0)(−1)k

]
.

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è ïðèíèìàåò âèä

u(x, t) = U1 +
x

l
(U2 − U1) +

+
2

π

∞∑
k=1

1

k

[
U1 − U0 + (U2 − U0)(−1)k

]
e−
(
kπa
l

)2
t sin

kπx

l
.

Çàìåòèì, ÷òî ïðè t → ∞ òåìïåðàòóðà ñòðåìèòñÿ ê ñòàöèîíàðíîìó ðàñ-

ïðåäåëåíèþ us(x) = U1 +
x

l
(U2 − U1). J

Ïðèìåð 7. Íàéòè òåìïåðàòóðó ñòåðæíÿ 0 6 x 6 l ñ òåïëîèçîëèðîâàí-
íîé áîêîâîé ïîâåðõíîñòüþ, îäèí êîíåö êîòîðîãî x = 0 òåïëîèçîëèðîâàí, à íà
äðóãîì êîíöå x = l ïðîèñõîäèò êîíâåêòèâíûé òåïëîîáìåí ñ âíåøíåé ñðåäîé,
òåìïåðàòóðà êîòîðîé ðàâíà U0 = const. Íà÷àëüíàÿ òåìïåðàòóðà ñòåðæíÿ
ðàâíà íóëþ.

Ðåøåíèå. Íåîáõîäèìî ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,

(
∂u

∂x
+ hu

)∣∣∣∣
x=l

= hU0, t > 0,

u|t=0 = 0, 0 6 x 6 l.

Íåòðóäíî çàìåòèòü, ÷òî ïîñòîÿííàÿ ôóíêöèÿ W (x, t) = U0 óäîâëåòâîðÿ-
åò ãðàíè÷íûì óñëîâèÿì. Ñäåëàåì çàìåíó u(x, t) = v(x, t) + U0. Â ðåçóëüòàòå
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ïîëó÷èì ñìåøàííóþ çàäà÷ó îòíîñèòåëüíî ôóíêöèè v(x, t) ñ îäíîðîäíûìè
ãðàíè÷íûìè óñëîâèÿìè:

∂v

∂t
= a2

∂2v

∂x2
, 0 < x < l, t > 0,

∂v

∂x

∣∣∣∣
x=0

= 0,

(
∂v

∂x
+ hv

)∣∣∣∣
x=l

= 0, t > 0,

v|t=0 = −U0, 0 6 x 6 l.

Ðåøåíèå óðàâíåíèÿ, óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì, áóäåì èñ-
êàòü â âèäå ïðîèçâåäåíèÿ u(x, t) = X(x)T (t). Ïîäñòàâëÿÿ â óðàâíåíèå è
ðàçäåëÿÿ ïåðåìåííûå, ïðèõîäèì ê ñîîòíîøåíèÿì

T ′

a2T
=
X ′′

X
= −λ2.

Èç ãðàíè÷íûõ óñëîâèé íàõîäèì

X ′(0)T (t) = 0,
[
X ′(l) + hX(l)

]
T (t) = 0,

îòêóäà â ñèëó òîãî, ÷òî v(x, t) ̸≡ 0, ñëåäóþò ðàâåíñòâà X ′(0) = 0, X ′(l)+
+hX(l) = 0. Òàêèì îáðàçîì, äëÿ çàäàííîé ñìåøàííîé çàäà÷è ïîëó÷èì ñî-
îòâåòñòâóþùóþ çàäà÷ó Øòóðìà � Ëèóâèëëÿ{

X ′′ + λ2X = 0, 0 < x < l,

X ′(0) = 0, X ′(l) + hX(l) = 0.

Îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ èìååò âèä

X(x) = C1 cosλx+ C2 sinλx.

Èç ãðàíè÷íîãî óñëîâèÿ íà ëåâîì êîíöå îòðåçêà ñëåäóåò, ÷òî C2 = 0,
X(x) = C1 cosλx, X

′(x) = −C1λ sinλx. Âîçüìåì C1 = 1 è ïîäñòàâèì âûðà-
æåíèÿ äëÿ X(x) è X ′(x) â ïðàâîå ãðàíè÷íîå óñëîâèå:

−λ sinλl + h cosλl = 0.

Ïîëàãàÿ µ = λl, ïîëó÷èì tg µ =
hl

µ
. ×åðåç µk, k = 1, 2, . . . , îáîçíà÷èì

ïîëîæèòåëüíûå êîðíè ýòîãî óðàâíåíèÿ. Òîãäà ñîáñòâåííûå çíà÷åíèÿ çàäà÷è

Øòóðìà � Ëèóâèëëÿ áóäóò ðàâíû λk =
µk
l
, à ñîáñòâåííûå ôóíêöèè Xk(x) =

= cos
µkx

l
, k = 1, 2, . . .
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Ïðè λ = λk îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ

T ′
k(t) +

(
µka

l

)2

Tk(t) = 0

èìååò âèä Tk(t) = Cke
−
(
µka
l

)2
t.

Ðåøåíèå ñìåøàííîé çàäà÷è áóäåì èñêàòü â âèäå ðÿäà

v(x, t) =
∞∑
k=1

Cke
−
(
µka
l

)2
t cos

µkx

l
.

Ïîäñòàâëÿÿ ðÿä â íà÷àëüíîå óñëîâèå, ïîëó÷èì ðàçëîæåíèå

∞∑
k=1

Ck cos
µkx

l
= −U0.

Ñîãëàñíî îáùåé òåîðèè, ñîáñòâåííûå ôóíêöèè Xk(x) = cos
µkx

l
îðòîãî-

íàëüíû ñ âåñîì ρ(x) = 1 íà îòðåçêå [0, l]. Ñëåäîâàòåëüíî,

Ck = − U0

∥Xk∥2

l∫
0

cos
µkx

l
dx.

Íàéäåì êâàäðàò íîðìû ñîáñòâåííîé ôóíêöèè Xk(x). Èìååì

∥Xk∥2 =
l∫

0

X2
k(x)dx =

l∫
0

cos2
µkx

l
dx =

=

l∫
0

(
1

2
+

1

2
cos

2µkx

l

)
dx =

l

2
+

l

4µk
sin 2µk =

=
l

2
+

l

2µk

tg µk
1 + tg2 µk

=
l(µ2k + h2l2 + hl)

2(µ2k + h2l2)
.

Âû÷èñëèì èíòåãðàë

l∫
0

cos
µkx

l
dx =

l

µk
sinµk =

l

µk

(−1)k−1√
1 + ctg2 µk

=
hl2(−1)k−1

µk

√
µ2k + h2l2

.
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Ïîäñòàâëÿÿ ïîëó÷åííûå âûðàæåíèÿ â êîýôôèöèåíòû Ôóðüå Ck, îêîí-
÷àòåëüíî ïðèõîäèì ê ðåøåíèþ ñìåøàííîé çàäà÷è

u(x, t) = U0 + 2U0hl
∞∑
k=1

(−1)k
√
µ2k + h2l2

µk(µ2k + h2l2 + hl)
e−
(
µka
l

)2
t cos

µkx

l
,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ tg µ =
hl

µ
. J

1.3.7. Ôóíäàìåíòàëüíîå ðåøåíèå
óðàâíåíèÿ òåïëîïðîâîäíîñòè

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñòåðæíÿ

∂u

∂t
= a2

∂2u

∂x2
, −∞ < x <∞, t > 0, (31)

u|t=0 = φ(x), −∞ < x <∞. (32)

Ïðåäïîëàãàåòñÿ, ÷òî ðåøåíèå u(x, t) îãðàíè÷åíî âî âñåé îáëàñòè:∣∣u(x, t)∣∣ 6M, −∞ < x <∞, t > 0.

Áóäåì èñêàòü ÷àñòíîå ðåøåíèå óðàâíåíèÿ (31) â âèäå

u(x, t) = X(x)T (t).

Ïîäñòàâëÿÿ åãî â (31) è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì

T ′

a2T
=
X ′′

X
= −λ2, (33)

ãäå (−λ2) � ÷èñëîâîé ïàðàìåòð. Ðåøàÿ óðàâíåíèÿ (33), íàõîäèì

T (t) = e−a2λ2t, X(x) = A cosλx+B sinλx,

ãäå ïîñòîÿííûå A è B, âîîáùå ãîâîðÿ, çàâèñÿò îò λ. Ïîñêîëüêó ãðàíè÷-
íûå óñëîâèÿ îòñóòñòâóþò, ïàðàìåòð λ îñòàåòñÿ ïðîèçâîëüíûì. Â ðåçóëüòàòå
ïîëó÷èì ÷àñòíîå ðåøåíèå óðàâíåíèÿ (31)

uλ(x, t) = e−a2λ2t
[
A(λ) cosλx+B(λ) sinλx

]
. (34)

Èíòåãðèðóÿ ðàâåíñòâî (34) ïî ïàðàìåòðó, ïîëó÷èì

u(x, t) =

∞∫
−∞

e−a2λ2t
[
A(λ) cosλx+B(λ) sinλx

]
dλ. (35)
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Åñëè ýòîò èíòåãðàë ñõîäèòñÿ è åãî ìîæíî äèôôåðåíöèðîâàòü îäèí ðàç
ïî t è äâà ðàçà ïî x, òî ôóíêöèÿ u(x, t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (31).

Âûáåðåì ôóíêöèè A(λ) è B(λ) òàê, ÷òîáû âûïîëíÿëîñü íà÷àëüíîå óñëî-
âèå (32). Ïîäñòàâëÿÿ (35) â (32), ïîëó÷èì

∞∫
−∞

[
A(λ) cosλx+B(λ) sinλx

]
dλ = φ(x). (36)

Ñðàâíèâàÿ èíòåãðàë â ëåâîé ÷àñòè (36) ñ èíòåãðàëîì Ôóðüå, âèäèì, ÷òî
ðàâåíñòâî (36) âûïîëíÿåòñÿ, åñëè ïîëîæèòü

A(λ) =
1

2π

∞∫
−∞

φ(ξ) cosλξ dξ, B(λ) =
1

2π

∞∫
−∞

φ(ξ) sinλξ dξ. (37)

Ïîäñòàâëÿÿ (37) â (35) è èçìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ, èìååì

u(x, t) =
1

2π

∞∫
−∞

dλ

∞∫
−∞

φ(ξ)e−a2λ2t cosλ(ξ − x)dξ =

=
1

π

∞∫
0

dλ

∞∫
−∞

φ(ξ)e−a2λ2t cosλ(ξ − x)dξ =

=
1

π

∞∫
−∞

φ(ξ)dξ

∞∫
0

e−a2λ2t cosλ(ξ − x)dλ. (38)

Âû÷èñëèì âíóòðåííèé èíòåãðàë â ðàâåíñòâå (38). Âûïîëíèì çàìåíó ïå-
ðåìåííûõ

aλ
√
t = z, µ =

λ(ξ − x)

z
=
ξ − x

a
√
t
, dλ =

µ

ξ − x
dz =

dz

a
√
t
.

Â ðåçóëüòàòå áóäåì èìåòü

∞∫
0

e−a2λ2t cosλ(ξ − x)dλ =
1

a
√
t

∞∫
0

e−z2 cosµz dz =
1

a
√
t
I(µ). (39)

Äèôôåðåíöèðóÿ èíòåãðàë I(µ) ïî ïàðàìåòðó µ, ïîëó÷èì

I ′(µ) = −
∞∫
0

e−z2z sinµz dz,
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ïðè÷åì äèôôåðåíöèðîâàíèå êîððåêòíî â ñèëó ðàâíîìåðíîé ñõîäèìîñòè èí-
òåãðàëà. Äàëåå, èíòåãðèðóÿ ïî ÷àñòÿì, íàõîäèì

I ′(µ) =
1

2

∞∫
0

sinµz d
(
e−z2

)
= −µ

2

∞∫
0

e−z2 cosµz dz = −µ
2
I(µ).

Ñëåäîâàòåëüíî, ôóíêöèÿ I(µ) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâ-
íåíèþ

I ′(µ) +
µ

2
I(µ) = 0,

èíòåãðèðóÿ êîòîðîå, ïîëó÷èì I(µ) = Ce−
µ2

4 .

×òîáû íàéòè ïîñòîÿííóþ C, ïîëîæèì µ = 0 : C =

∞∫
0

e−z2dz =

√
π

2
.

Ïîýòîìó I(µ) =

√
π

2
e−

µ2

4 . Âîçâðàùàÿñü ê ðàâåíñòâó (39), ïîëó÷èì

∞∫
0

e−a2λ2t cosλ(ξ − x)dλ =

√
π

2a
√
t
e−

(ξ−x)2

4a2t

Ïîäñòàâëÿÿ íàéäåííîå âûðàæåíèå â (38), îêîí÷àòåëüíî íàõîäèì ôîð-
ìàëüíîå ðåøåíèå çàäà÷è (31), (32):

u(x, t) =

∞∫
−∞

1

2a
√
πt
e−

(ξ−x)2

4a2t φ(ξ)dξ. (40)

Òàêèì îáðàçîì, ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 3 (î ñóùåñòâîâàíèè ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè). Ïóñòü φ(x) � êóñî÷íî-íåïðåðûâíàÿ îãðàíè-
÷åííàÿ ôóíêöèÿ íà äåéñòâèòåëüíîé îñè:∣∣φ(x)∣∣ 6M1, −∞ < x <∞.

Òîãäà ðåøåíèå çàäà÷è Êîøè (31), (32) äàåòñÿ ôîðìóëîé (40).

Ôóíêöèÿ Φ(x, ξ, t) =
1

2a
√
πt
e−

(ξ−x)2

4a2t íàçûâàåòñÿ ôóíäàìåíòàëüíûì

ðåøåíèåì óðàâíåíèÿ òåïëîïðîâîäíîñòè . Ýòî ðåøåíèå äàåò ðàñïðåäå-
ëåíèå òåìïåðàòóðû, âûçâàííîå äåéñòâèåì ìãíîâåííîãî òî÷å÷íîãî èñòî÷íèêà
òåïëà, ïîìåùåííîãî â íà÷àëüíûé ìîìåíò âðåìåíè t = 0 â òî÷êå x = ξ.
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1.4. Ïðèìåíåíèå ñïåöèàëüíûõ ôóíêöèé è îðòîãîíàëüíûõ
ñèñòåì ìíîãî÷ëåíîâ ê ðåøåíèþ çàäà÷
ìàòåìàòè÷åñêîé ôèçèêè

1.4.1. Îñîáûé ñëó÷àé ïîñòàíîâêè
çàäà÷è Øòóðìà � Ëèóâèëëÿ

Â ïðèëîæåíèÿõ ÷àñòî ïðèõîäèòñÿ èìåòü äåëî ñ äèôôåðåíöèàëüíûìè
óðàâíåíèÿìè âòîðîãî ïîðÿäêà äëÿ ñïåöèàëüíûõ ôóíêöèé � öèëèíäðè-
÷åñêèõ è ñôåðè÷åñêèõ ôóíêöèé. Ýòè óðàâíåíèÿ ìîãóò áûòü çàïèñàíû â âèäå

d

dx

(
k(x)

dy

dx

)
− q(x)y + λp(x)y = 0, 0 < x < l, (1)

ãäå êîýôôèöèåíò k(x) îáðàùàåòñÿ â íóëü, ïî êðàéíåé ìåðå, íà îäíîì èç
êîíöîâ èíòåðâàëà (0, l). Ïðè òàêîì ïðåäïîëîæåíèè îáùåå ðåøåíèå óðàâíåíèÿ
(1) ïðè ëþáîì çíà÷åíèè ïàðàìåòðà λ îêàçûâàåòñÿ íåîãðàíè÷åííûì.

Òåîðåìà 1 (î ñóùåñòâîâàíèè íåîãðàíè÷åííîãî ðåøåíèÿ). Ïóñòü
ôóíêöèè k′(x), q(x), p(x) ∈ C[0, l], ïðè÷åì p(x) > 0, q(x) > 0. Ïðåäïîëà-
ãàåòñÿ, ÷òî k(x) = xφ(x), ãäå φ(x) � íåïðåðûâíàÿ ôóíêöèÿ, φ(x) > 0.
Òîãäà, åñëè y1(x) � îãðàíè÷åííîå ïðè x → 0 ðåøåíèå óðàâíåíèÿ (1), òî
ëþáîå äðóãîå ëèíåéíî íåçàâèñèìîå ðåøåíèå y2(x) ýòîãî óðàâíåíèÿ íåîãðà-
íè÷åíî ïðè x→ 0.

Ñôîðìóëèðóåì çàäà÷ó Øòóðìà � Ëèóâèëëÿ â îñîáîé ïîñòàíîâêå. Îáùåå
ðåøåíèå óðàâíåíèÿ (1) èìååò âèä

y(x) = Ay1(x) + By2(x),

ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå, y1(x) � îãðàíè÷åííîå ðåøåíèå, à â
ñîîòâåòñòâèè ñ òåîðåìîé 1 y2(x) � íåîãðàíè÷åííîå ïðè x→ 0 ðåøåíèå.

Ïîñêîëüêó íà ïðàêòèêå, êàê ïðàâèëî, èçó÷àþòñÿ îãðàíè÷åííûå ðåøåíèÿ,
òî åñòåñòâåííûì ãðàíè÷íûì óñëîâèåì áóäåò òðåáîâàíèå

∣∣y(0)∣∣ <∞, èç êîòî-
ðîãî ñëåäóåò, ÷òî B = 0, ò. å. y(x) = Ay1(x). Íà ïðàâîì êîíöå îòðåçêà [0, l]
ìîæíî ïîñòàâèòü ëþáîå ãðàíè÷íîå óñëîâèå, íàïðèìåð, y(l) = 0. Òàêèì îáðà-
çîì, ïðèõîäèì ê îñîáîìó ñëó÷àþ ïîñòàíîâêè çàäà÷è Øòóðìà � Ëèóâèëëÿ

d

dx

(
k(x)

dy

dx

)
− q(x)y + λp(x)y = 0, 0 < x < l, k(0) = 0,∣∣y(0)∣∣ <∞, y(l) = 0.
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Åñëè k(0) = k(l) = 0, òî íà îáîèõ êîíöàõ îòðåçêà [0, l] ñòàâèòñÿ óñëîâèå
îãðàíè÷åííîñòè ðåøåíèÿ: ∣∣y(0)∣∣ <∞,

∣∣y(l)∣∣ <∞.

1.4.2. Öèëèíäðè÷åñêèå ôóíêöèè Áåññåëÿ è èõ ñâîéñòâà

Äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

y′′ +
1

x
y′ +

(
1− p2

x2

)
y = 0 (2)

íàçûâàåòñÿ óðàâíåíèåì Áåññåëÿ ïîðÿäêà p. Çäåñü p � ïðîèçâîëüíîå äåé-
ñòâèòåëüíîå èëè êîìïëåêñíîå ÷èñëî, Re p > 0.

Ðåøåíèå óðàâíåíèÿ (2) ìîæíî íàéòè â âèäå îáîáùåííîãî ñòåïåííîãî ðÿäà

y(x) = xm
∞∑
k=0

akx
k =

∞∑
k=0

akx
k+m, a0 ̸= 0. (3)

Îäíî èç ÷àñòíûõ ðåøåíèé óðàâíåíèÿ Áåññåëÿ ïîëó÷èì ïðè m = p :

Jp(x) =
∞∑
k=0

(−1)k

k! Γ(p+ k + 1)

(
x

2

)2k+p

. (4)

Ðÿä (4) íàçûâàåòñÿ öèëèíäðè÷åñêîé ôóíêöèåé Áåññåëÿ ïåðâîãî ðî-
äà ïîðÿäêà p.

Åñëè m = −p, íàõîäèì âòîðîå ÷àñòíîå ðåøåíèå óðàâíåíèÿ Áåññåëÿ �
öèëèíäðè÷åñêóþ ôóíêöèþ Áåññåëÿ âòîðîãî ðîäà ïîðÿäêà p :

J−p(x) =
∞∑
k=0

(−1)k

k! Γ(−p+ k + 1)

(
x

2

)2k−p

. (5)

Åñëè p ̸= n, n = 0, 1, . . . , òî ôóíêöèè Jp(x) è J−p(x) ëèíåéíî íåçà-
âèñèìû, ïîñêîëüêó èõ ðàçëîæåíèÿ â ðÿäû íà÷èíàþòñÿ ñ ðàçíûõ ñòåïåíåé x,
ò. å. èõ ëèíåéíàÿ êîìáèíàöèÿ λ1Jp(x) + λ2J−p(x) ìîæåò òîæäåñòâåííî ðàâ-
íÿòüñÿ íóëþ ëèøü ïðè λ1 = λ2 = 0. Ïîýòîìó äëÿ íåöåëûõ çíà÷åíèé p îáùåå
ðåøåíèå óðàâíåíèÿ (2) èìååò âèä

y(x) = C1Jp(x) + C2J−p(x).

Åñëè æå p = n, n = 0, 1, . . . , òî â ýòîì ñëó÷àå ìîæíî óñòàíîâèòü ëèíåé-
íóþ çàâèñèìîñòü ôóíêöèé Jp(x) è J−p(x) :

J−n(x) = (−1)nJn(x).
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Òàêèì îáðàçîì, ïðè öåëûõ çíà÷åíèÿõ p ñ ïîìîùüþ ôóíêöèé Jp(x) è
J−p(x) íåëüçÿ ïîëó÷èòü îáùåå ðåøåíèå óðàâíåíèÿ (2). Ïîýòîìó ïðè öåëûõ
çíà÷åíèÿõ p âìåñòî J−p(x) íåîáõîäèìî âûáðàòü äðóãîå, ëèíåéíî íåçàâèñèìîå
îò Jp(x), ÷àñòíîå ðåøåíèå. Äëÿ ýòîãî ââåäåì íîâóþ ôóíêöèþ

Np(x) =
Jp(x) cos pπ − J−p(x)

sin pπ
, (6)

êîòîðàÿ íàçûâàåòñÿ öèëèíäðè÷åñêîé ôóíêöèåé Âåáåðà � Íåéìàíà ïî-
ðÿäêà p. Î÷åâèäíî, îíà ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2), ïîñêîëüêó ïðåä-
ñòàâëÿåò ñîáîé ëèíåéíóþ êîìáèíàöèþ ôóíêöèé Jp(x) è J−p(x). Ïðè p = n

ïðàâàÿ ÷àñòü ðàâåíñòâà (6) ïðèíèìàåò íåîïðåäåëåííûé âèä
0

0
. Ðàñêðîåì ýòó

íåîïðåäåëåííîñòü ïî ïðàâèëó Ëîïèòàëÿ:

Nn(x) = lim
p→n

Np(x) = lim
p→n

cos pπ
dJp(x)

dp
− dJ−p(x)

dp

π cos pπ
=

=
1

π

dJp(x)

dp

∣∣∣∣
p=n

− 1

π
(−1)n

dJ−p(x)

dp

∣∣∣∣
p=n

.

Âû÷èñëÿÿ ïðîèçâîäíûå
dJp(x)

dp
è
dJ−p(x)

dp
ñ ïîìîùüþ ðÿäîâ (4) è (5),

ïðèõîäèì ê ïðåäñòàâëåíèþ ôóíêöèè Nn(x) ïðè öåëîì ïîëîæèòåëüíîì n :

Nn(x) =
2

π
Jn(x) ln

x

2
− 1

π

n−1∑
k=0

(n− k − 1)!

k!

(
x

2

)−n+2k

−

− 1

π

∞∑
k=0

(−1)k

k! (k + n)!

[
Γ′(k + 1)

Γ(k + 1)
+

Γ′(n+ k + 1)

Γ(n+ k + 1)

](
x

2

)n+2k

.

Ôóíêöèè Jp(x) è Np(x) ëèíåéíî íåçàâèñèìû ïðè ëþáûõ çíà÷åíèÿõ p
êàê öåëûõ, òàê è íåöåëûõ, ñëåäîâàòåëüíî, îáùåå ðåøåíèå óðàâíåíèÿ (2) ìîæ-
íî çàïèñàòü â âèäå y(x) = C1Jp(x) + C2Np(x).

Öèëèíäðè÷åñêèå ôóíêöèè Áåññåëÿ ðàçëè÷íûõ ïîðÿäêîâ ñâÿçàíû ìåæäó
ñîáîé ðåêóððåíòíûìè ñîîòíîøåíèÿìè:

Jp+1(x) + Jp−1(x) =
2p

x
Jp(x), (7)

J ′
p(x) = −Jp+1(x) +

p

x
Jp(x), (8)

J ′
p(x) = Jp−1(x)−

p

x
Jp(x). (9)
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Îòìåòèì âàæíûå ÷àñòíûå ñëó÷àè. Ïðè p = 0 èç (8) ñëåäóåò, ÷òî

J ′
0(x) = −J1(x). (10)

Äàëåå, ïåðåïèøåì ôîðìóëó (9) â âèäå

xJ ′
p(x) + pJp(x) = xJp−1(x)

èëè ïîñëå óìíîæåíèÿ íà xp−1

xpJ ′
p(x) + pxp−1Jp(x) = xpJp−1(x).

Îòñþäà âûòåêàåò, ÷òî

d

dx

[
xpJp(x)

]
= xpJp−1(x).

Èíòåãðèðóÿ ïîñëåäíåå ñîîòíîøåíèå, ïîëó÷èì

xpJp(x) =

x∫
0

tpJp−1(t) dt.

Ïðè p = 1 ýòî ðàâåíñòâî ïðåîáðàçóåòñÿ ê âèäó

xJ1(x) =

x∫
0

tJ0(t) dt. (11)

Çàìå÷àíèå 1. Ôîðìóëû (10) è (11), ñâÿçûâàþùèå ôóíêöèè J0(x) è
J1(x), èñïîëüçóþòñÿ ïðè ðåøåíèè ñìåøàííûõ çàäà÷ äëÿ óðàâíåíèé ìàòåìà-
òè÷åñêîé ôèçèêè â öèëèíäðè÷åñêèõ êîîðäèíàòàõ. Â ÷àñòíîñòè, ôîðìóëà (11)
ìîæåò áûòü ýôôåêòèâíî èñïîëüçîâàíà ïðè âû÷èñëåíèè èíòåãðàëîâ, âîçíèêà-
þùèõ â ïðèëîæåíèÿõ.

Ïðèìåð 1. Âû÷èñëèòü èíòåãðàë âèäà

x∫
0

t3J0(t) dt.

Èç äèôôåðåíöèàëüíîãî óðàâíåíèÿ (2) ïðè p = 0 ñëåäóåò òîæäåñòâî

J0(t) = −J ′′
0 (t)−

1

t
J ′
0(t),

120



ïîýòîìó ïðèìåíèìî èíòåãðèðîâàíèå ïî ÷àñòÿì. Èìååì

x∫
0

t3J0(t) dt = −
x∫

0

t3J ′′
0 (t) dt−

x∫
0

t2J ′
0(t) dt = −x3J ′

0(x) +

+ 2

x∫
0

t2J ′
0(t) dt = −x3J ′

0(x) + 2x2J0(x)− 4

x∫
0

tJ0(t) dt =

= x3J1(x) + 2x2J0(x)− 4xJ1(x).

Òàêèì îáðàçîì, ñïðàâåäëèâî ðàâåíñòâî

x∫
0

t3J0(t) dt = 2x2J0(x) + (x3 − 4x)J1(x). (12)

Ñâîéñòâà öèëèíäðè÷åñêèõ ôóíêöèé Áåññåëÿ.

1. Ôóíêöèè Áåññåëÿ Jp(λx) îáëàäàþò ñâîéñòâîì îðòîãîíàëüíîñòè ñ âå-
ñîì ρ(x) = x íà îòðåçêå [0, l], à èìåííî, äëÿ ëþáîãî p > −1 âûïîëíÿåòñÿ
ðàâåíñòâî

l∫
0

xJp

(
α

l
x

)
Jp

(
β

l
x

)
dx = 0, α ̸= β,

ãäå α è β � êîðíè îäíîãî èç óðàâíåíèé

Jp(µ) = 0, J ′
p(µ) = 0, µJ ′

p(µ) + hJp(µ) = 0.

Çàìåòèì, ÷òî ýòè óðàâíåíèÿ âîçíèêàþò ïðè ðåøåíèè êðàåâûõ çàäà÷ ñ
ãðàíè÷íûìè óñëîâèÿìè ïåðâîãî, âòîðîãî è òðåòüåãî ðîäà ñîîòâåòñòâåííî.

2. Êâàäðàò íîðìû öèëèíäðè÷åñêîé ôóíêöèè Áåññåëÿ ðàâåí∥∥∥∥Jp(αl x
)∥∥∥∥2 = l2

2

[(
J ′
p(α)

)2
+

(
1− p2

α2

)
J2
p (α)

]
.

Â ÷àñòíîñòè, äëÿ ôóíêöèè Áåññåëÿ íóëåâîãî ïîðÿäêà èìååì∥∥∥∥J0(αl x
)∥∥∥∥2 = l2

2

[(
J ′
0(α)

)2
+ J2

0 (α)
]
.

3. Íóëè öèëèíäðè÷åñêîé ôóíêöèè Áåññåëÿ ïðîñòûå.
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4. Èç ïðåäñòàâëåíèÿ öèëèíäðè÷åñêîé ôóíêöèè Áåññåëÿ (4) ñëåäóåò, ÷òî
åñëè x0 � íóëü ôóíêöèè Áåññåëÿ Jp(x), òî è −x0 ÿâëÿåòñÿ íóëåì ýòîé ôóíê-
öèè. Êðîìå òîãî, èç (4) âûòåêàåò ñâîéñòâî ÷åòíîñòè ôóíêöèé Áåññåëÿ ñ öå-
ëûìè èíäåêñàìè:

Jn(−x) = (−1)nJn(x).

Ýòî ñîîòíîøåíèå îçíà÷àåò, ÷òî ïðè ÷åòíûõ n ôóíêöèè Áåññåëÿ ÷åòíûå,
à ïðè íå÷åòíûõ n � íå÷åòíûå.

5. Ïðè p > −1 âñå íóëè ôóíêöèè Áåññåëÿ äåéñòâèòåëüíû. Âñÿêîå óðàâ-
íåíèå Jp(x) = 0 èìååò ñ÷åòíîå ìíîæåñòâî ïîëîæèòåëüíûõ êîðíåé:

0 < x1 < x2 < . . . < xk < xk+1 < . . .

6. Ïðè áîëüøèõ çíà÷åíèÿõ x èìåþò ìåñòî àñèìïòîòè÷åñêèå ôîðìóëû

Jp(x) =

√
2

πx

[
cos

(
x− πp

2
− π

4

)
+O

(
1

x

)]
.

1.4.3. Ïðèìåíåíèå öèëèíäðè÷åñêèõ ôóíêöèé ïðè
ðåøåíèè çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè

Ðàññìîòðèì çàäà÷ó î ðàñïðåäåëåíèè òåïëà â áåñêîíå÷íîì êðóãîâîì öè-
ëèíäðå ðàäèóñîì l ñ íà÷àëüíîé òåìïåðàòóðîé, çàâèñÿùåé òîëüêî îò ðàññòîÿ-
íèÿ r äî îñè öèëèíäðà, è íóëåâîé òåìïåðàòóðîé íà ïîâåðõíîñòè öèëèíäðà:

∂u

∂t
= a2∆u, 0 6 r < l, t > 0, (13)

u|r=l = 0, t > 0, (14)

u|t=0 = φ(r), 0 6 r 6 l. (15)

Ïîñòàâëåííàÿ ñìåøàííàÿ çàäà÷à îáëàäàåò öèëèíäðè÷åñêîé ñèììåòðèåé,
ò. å. u = u(r, t), à îïåðàòîð Ëàïëàñà èìååò âèä

∆u =
1

r

∂

∂r

(
r
∂u

∂r

)
èëè ∆u =

∂2u

∂r2
+

1

r

∂u

∂r
.

Â ñîîòâåòñòâèè ñ ìåòîäîì Ôóðüå áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (13)
â âèäå

u(r, t) = R(r)T (t). (16)
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Ïîäñòàâëÿÿ (16) â óðàâíåíèå (13) è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì

T ′

a2T
=

1

r

d

dr

(
r
dR

dr

)
R

= −λ2.

Èç ãðàíè÷íîãî óñëîâèÿ (14) è ñîîòíîøåíèÿ (16) ñëåäóåò, ÷òî R(l) = 0.
Îòíîñèòåëüíî ãðàíè÷íîãî óñëîâèÿ â òî÷êå r = 0 èìååì îñîáûé ñëó÷àé, êîãäà
êîýôôèöèåíò òåïëîïðîâîäíîñòè k(r) = r îáðàùàåòñÿ â íóëü ïðè r = 0. Â
ñèëó òîãî, ÷òî èùåòñÿ îãðàíè÷åííîå ðåøåíèå, íåîáõîäèìî ïîòðåáîâàòü âû-
ïîëíåíèÿ óñëîâèÿ

∣∣R(0)∣∣ <∞.
Òàêèì îáðàçîì, ïðèõîäèì ê çàäà÷å Øòóðìà � Ëèóâèëëÿ â îñîáîé ïîñòà-

íîâêå 
d2R

dr2
+

1

r

dR

dr
+ λ2R = 0, 0 < r < l,∣∣R(0)∣∣ <∞, R(l) = 0.

Ââåäåì íîâóþ ïåðåìåííóþ x = λr. Òîãäà

dR

dr
= λ

dR

dx
,

d2R

dr2
= λ2

d2R

dx2
.

Â ðåçóëüòàòå ïîñëå äåëåíèÿ íà λ2 ïðèõîäèì ê óðàâíåíèþ Áåññåëÿ íóëå-
âîãî ïîðÿäêà:

d2R

dx2
+

1

x

dR

dx
+R = 0.

Åãî îáùåå ðåøåíèå èìååò âèä R(x) = C1J0(x) + C2N0(x) èëè

R(r) = C1J0(λr) + C2N0(λr).

Ôóíêöèÿ Áåññåëÿ J0(λr) îãðàíè÷åíà íà îòðåçêå [0, l], à ôóíêöèÿ Âåáåðà
� Íåéìàíà íåîãðàíè÷åíà â îêðåñòíîñòè òî÷êè r = 0. Äëÿ âûïîëíåíèÿ óñëî-
âèÿ

∣∣R(0)∣∣ < ∞ íåîáõîäèìî, ÷òîáû C2 = 0. Êàê îáû÷íî, âîçüìåì C1 = 1.
Èç âòîðîãî ãðàíè÷íîãî óñëîâèÿ J0(λl) = 0 íàõîäèì ñîáñòâåííûå çíà÷åíèÿ

λk =
µk
l
, k = 1, 2, . . . ,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0.
Ñîáñòâåííûå ôóíêöèè çàäà÷è Øòóðìà � Ëèóâèëëÿ ïðèíèìàþò âèä

Rk(r) = J0

(
µkr

l

)
, k = 1, 2, . . . ,
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ïðè÷åì â ñèëó ñâîéñòâà 1 öèëèíäðè÷åñêèõ ôóíêöèé,

l∫
0

rJ0

(
µkr

l

)
J0

(
µnr

l

)
dr = 0, k ̸= n.

Äëÿ ôóíêöèè T (t) ïîëó÷èì äèôôåðåíöèàëüíîå óðàâíåíèå

T ′
k(t) +

(
µka

l

)2
Tk(t) = 0,

ðåøåíèå êîòîðîãî Tk(t) = Ake
−
(
µka
l

)2
t

.
Ñîñòàâèì ðÿä ñ ïðîèçâîëüíûìè êîýôôèöèåíòàìè:

u(r, t) =
∞∑
k=1

Ake
−
(
µka
l

)2
t

J0

(
µkr

l

)
. (17)

Ïîäñòàâëÿÿ ýòîò ðÿä â íà÷àëüíîå óñëîâèå (15), ïîëó÷èì

∞∑
k=1

AkJ0

(
µkr

l

)
= φ(r). (18)

Âûðàæåíèå (18) ïðåäñòàâëÿåò ñîáîé ðàçëîæåíèå çàäàííîé ôóíêöèè φ(r)
â ðÿä Ôóðüå ïî ôóíêöèÿì Áåññåëÿ íà îòðåçêå [0, l]. Ñîãëàñíî îáùåé òåîðèè,
åãî êîýôôèöèåíòû âû÷èñëÿþòñÿ ïî ôîðìóëàì:

Ak =
1∥∥∥∥J0(µkrl
)∥∥∥∥2

l∫
0

rφ(r)J0

(
µkr

l

)
dr, (19)

ïðè ýòîì ∥∥∥∥J0(µkrl
)∥∥∥∥2 = l2

2

[
J ′
0(µk)

]2
=
l2

2
J2
1 (µk),

ãäå J1(µk) � çíà÷åíèÿ ôóíêöèè Áåññåëÿ ïåðâîãî ïîðÿäêà â òî÷êàõ µk. Â
ðåçóëüòàòå ôîðìóëà (19) ïðèíèìàåò âèä

Ak =
2

l2J2
1 (µk)

l∫
0

rφ(r)J0

(
µkr

l

)
dr, (20)

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0.
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Òàêèì îáðàçîì, ðåøåíèå ñìåøàííîé çàäà÷è (13)�(15) äàåòñÿ ôîðìóëîé
(17), â êîòîðîé êîýôôèöèåíòû Ak âû÷èñëÿþòñÿ ñîãëàñíî (20).

Ðàññìîòðèì çàäà÷ó î ñîáñòâåííûõ êîëåáàíèÿõ êðóãëîé ìåìáðàíû ðàäè-
óñîì l, çàêðåïëåííîé ïî êðàþ:

1

r

∂

∂r

(
r
∂u

∂r

)
+

1

r2
∂2u

∂φ2
+ λ2u = 0, 0 6 r < l, (21)∣∣u|r=0

∣∣ <∞, u|r=l = 0. (22)

Â ñèëó îäíîçíà÷íîñòè èñêîìîãî ðåøåíèÿ u(r, φ), îíî äîëæíî áûòü ïå-
ðèîäè÷åñêèì ïî φ ñ ïåðèîäîì 2π :

u(r, φ+ 2π) = u(r, φ).

Êðàåâàÿ çàäà÷à (21), (22) ïðåäñòàâëÿåò ñîáîé çàäà÷ó íà ñîáñòâåííûå çíà-
÷åíèÿ â îñîáîé ïîñòàíîâêå. Áóäåì èñêàòü îãðàíè÷åííîå ðåøåíèå óðàâíåíèÿ
(21) â âèäå

u(r, φ) = R(r)Φ(φ). (23)

Ïîäñòàâëÿÿ (23) â óðàâíåíèå (21) è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì

Φ′′

Φ
= −

r
d

dr

(
r
dR

dr

)
+λ2r2R

R
= −µ2.

Ïðèñîåäèíÿÿ ê äèôôåðåíöèàëüíîìó óðàâíåíèþ äëÿ óãëîâîé ôóíêöèè
Φ(φ) óñëîâèå 2π -ïåðèîäè÷íîñòè, ïðèõîäèì ê çàäà÷å Øòóðìà � Ëèóâèëëÿ{

Φ′′ + µ2Φ = 0,

Φ(φ+ 2π) = Φ(φ).

Íåòðèâèàëüíûå ðåøåíèÿ ýòîé çàäà÷è ñóùåñòâóþò ëèøü ïðè µ = n è
èìåþò âèä

Φn(φ) = cosnφ, Φn(φ) = sinnφ, n = 0, 1, . . .

Â ñâîþ î÷åðåäü, äëÿ ðàäèàëüíîé ôóíêöèè R(r) ïîñëå äåëåíèÿ íà r2

ñíîâà èìååì çàäà÷ó Øòóðìà � Ëèóâèëëÿ

d2R

dr2
+

1

r

dR

dr
+

(
λ2 − n2

r2

)
R = 0, n = 0, 1, . . . , (24)∣∣R(0)∣∣ <∞, R(l) = 0. (25)
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Âûïîëíÿÿ çàìåíó ïåðåìåííûõ x = λr, ïðèõîäèì ê óðàâíåíèþ Áåññåëÿ
ïîðÿäêà n :

d2R

dx2
+

1

x

dR

dx
+

(
1− n2

x2

)
R = 0.

Åãî îáùåå ðåøåíèå èìååò âèä

Rn(r) = AnJn(λr) + BnNn(λr).

Èç ïåðâîãî ãðàíè÷íîãî óñëîâèÿ (25) ñëåäóåò, ÷òî Bn = 0. Äëÿ îïðåäå-
ëåííîñòè âûáåðåì An = 1. Âòîðîå ãðàíè÷íîå óñëîâèå ïðèâîäèò ê óðàâíåíèþ
Jn(λl) = 0, èç êîòîðîãî ñëåäóåò, ÷òî

λ
(n)
k =

µ
(n)
k

l
, Rkn(r) = Jn

(
µ
(n)
k r

l

)
, k = 1, 2, . . . ,

ãäå µ
(n)
k � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ Jn(µ) = 0. Ïðè ýòîì

l∫
0

rJn

(
µ
(n)
k r

l

)
Jn

(
µ
(n)
m r

l

)
dr = 0,

∥∥∥∥Jn(µ(n)k r

l

)∥∥∥∥2 = l2

2

[
J ′
n

(
µ
(n)
k

)]2
.

Âîçâðàùàÿñü ê êðàåâîé çàäà÷å (21), (22), ïîëó÷èì, ÷òî ñîáñòâåííîìó çíà-

÷åíèþ λ
(n)
k =

µ
(n)
k

l
ñîîòâåòñòâóþò äâå ñîáñòâåííûå ôóíêöèè

u
(1)
kn (r, φ) = Jn

(
µ
(n)
k r

l

)
cosnφ, u

(2)
kn (r, φ) = Jn

(
µ
(n)
k r

l

)
sinnφ,

n = 0, 1, . . . , k = 1, 2, . . .

Çàìå÷àíèå 2. Èñïîëüçóÿ ðåøåíèå çàäà÷è (21), (22), íåòðóäíî ïîëó÷èòü
ðåøåíèå ñìåøàííîé çàäà÷è äëÿ íåñòàöèîíàðíîãî óðàâíåíèÿ êîëåáàíèé êðóã-
ëîé ìåìáðàíû

∂2u

∂t2
= a2

[
1

r

∂

∂r

(
r
∂u

∂r

)
+

1

r2
∂2u

∂φ2

]
, 0 6 r < l, 0 6 φ 6 2π, t > 0,∣∣u|r=0

∣∣ <∞, u|r=l = 0, u(r, φ+ 2π, t) = u(r, φ, t), t > 0,

u|t=0 = f1(r, φ),
∂u

∂t

∣∣∣∣
t=0

= f2(r, φ), 0 6 r 6 l.

Ïðèìåð 2. Ðåøèòü çàäà÷ó î ñâîáîäíûõ êîëåáàíèÿõ îäíîðîäíîé êðóãëîé
ìåìáðàíû ðàäèóñîì l, çàêðåïëåííîé ïî êðàþ, åñëè íà÷àëüíûå óñëîâèÿ èìåþò

âèä u|t=0 = φ(r),
∂u

∂t

∣∣∣∣
t=0

= 0.
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Ðåøåíèå. Íåîáõîäèìî ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
= a2

(
∂2u

∂r2
+

1

r

∂u

∂r

)
, 0 6 r < l, t > 0,∣∣u|r=0

∣∣ <∞, u|r=l = 0, t > 0,

u|t=0 = φ(r),
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 r 6 l.

Ñëåäóÿ ìåòîäó Ôóðüå, ðåøåíèå çàäà÷è áóäåì èñêàòü â âèäå ïðîèçâåäåíèÿ
u(r, t) = R(r)T (t). Ïîñëå ïîäñòàíîâêè è ðàçäåëåíèÿ ïåðåìåííûõ ïîëó÷èì
ñîîòíîøåíèå

T ′′

a2T
=

d2R

dr2
+

1

r

dR

dr
R

= −λ2.

Èç ãðàíè÷íûõ óñëîâèé âûòåêàþò óñëîâèÿ
∣∣R(0)∣∣ < ∞, R(l) = 0, êîòî-

ðûå âìåñòå ñ óðàâíåíèåì äëÿ R(r) îïðåäåëÿþò çàäà÷ó Øòóðìà � Ëèóâèëëÿ
d2R

dr2
+

1

r

dR

dr
+ λ2R = 0,∣∣R(0)∣∣ <∞, R(l) = 0.

Âûïîëíÿÿ çàìåíó ïåðåìåííûõ x = λr, ïðèõîäèì ê óðàâíåíèþ

d2R

dx2
+

1

x

dR

dx
+R = 0.

Åãî ðåøåíèå çàïèñûâàåòñÿ â âèäå ëèíåéíîé êîìáèíàöèè

R(x) = C1J0(x) + C2N0(x).

Âîçâðàùàÿñü ê ïåðåìåííîé r, ïîëó÷èì îáùèé âèä ôóíêöèè R(r)

R(r) = C1J0(λr) + C2N0(λr).

Èç óñëîâèÿ
∣∣R(0)∣∣ < ∞ ñëåäóåò, ÷òî C2 = 0, à èç âòîðîãî ãðàíè÷íîãî

óñëîâèÿ R(l) = 0 ïðè C1 = 1 ïîëó÷èì J0(λl) = 0. Îòñþäà

λl = µk, λk =
µk
l
, Rk(r) = J0

(
µkr

l

)
, k = 1, 2, . . . ,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0.

127



Äëÿ ôóíêöèè T (t) ïðèõîäèì ê äèôôåðåíöèàëüíîìó óðàâíåíèþ âòîðîãî
ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

T ′′
k (t) +

(
µka

l

)2

Tk(t) = 0,

ðåøåíèå êîòîðîãî èìååò âèä

Tk(t) = Ak cos
µkat

l
+Bk sin

µkat

l
.

Óìíîæàÿ Tk(t) íà ñîáñòâåííóþ ôóíêöèþ Rk(x) è ñóììèðóÿ ïî âñåì k,
ïîëó÷èì ðÿä

u(r, t) =
∞∑
k=1

(
Ak cos

µkat

l
+Bk sin

µkat

l

)
J0

(
µkr

l

)
.

Âòîðîå íà÷àëüíîå óñëîâèå ïðèâîäèò ê ðàâåíñòâó

∞∑
k=1

µka

l
BkJ0

(
µkr

l

)
= 0,

èç êîòîðîãî ñëåäóåò, ÷òî Bk = 0, k = 1, 2, . . . Ïîäñòàâëÿÿ ðÿä â ïåðâîå
íà÷àëüíîå óñëîâèå, ïîëó÷èì ñîîòíîøåíèå

∞∑
k=1

AkJ0

(
µkr

l

)
= φ(r),

èç êîòîðîãî âûòåêàþò ôîðìóëû äëÿ êîýôôèöèåíòîâ Ak :

Ak =
2

l2J2
1 (µk)

l∫
0

rφ(r)J0

(
µkr

l

)
dr.

Îêîí÷àòåëüíî ðåøåíèå ñìåøàííîé çàäà÷è ïðèíèìàåò âèä

u(r, t) =
2

l2

∞∑
k=1

J0

(
µkr

l

)
J2
1 (µk)

cos
µkat

l

l∫
0

rφ(r)J0

(
µkr

l

)
dr,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0. J

Ïðèìåð 3. Äàí áåñêîíå÷íûé êðóãîâîé öèëèíäð ðàäèóñîì l. Íà÷àëüíàÿ

òåìïåðàòóðà âíóòðè öèëèíäðà ðàâíà u|t=0 = u0

(
1 − r2

l2

)
, u0 = const, à íà

ïîâåðõíîñòè öèëèíäðà ïîääåðæèâàåòñÿ íóëåâàÿ òåìïåðàòóðà. Íàéòè òåìïå-
ðàòóðó öèëèíäðà ïðè t > 0.
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Ðåøåíèå. Òåêñòîâàÿ çàäà÷à ýêâèâàëåíòíà ñìåøàííîé çàäà÷å

∂u

∂t
= a2

(
∂2u

∂r2
+

1

r

∂u

∂r

)
, 0 6 r < l, t > 0,∣∣u|r=0

∣∣ <∞, u|r=l = 0, t > 0,

u|t=0 = u0

(
1− r2

l2

)
, 0 6 r 6 l.

Åå ðåøåíèå áóäåì èñêàòü â âèäå ïðîèçâåäåíèÿ

u(r, t) = R(r)T (t).

Ðàçäåëÿÿ ïåðåìåííûå, ïðèõîäèì ê äâóì îáûêíîâåííûì äèôôåðåíöèàëü-
íûì óðàâíåíèÿì

T ′

a2T
=
R′′ +

1

r
R′

R
= −λ2.

Ó÷èòûâàÿ ãðàíè÷íûå óñëîâèÿ, ïîëó÷èì çàäà÷óØòóðìà � Ëèóâèëëÿ äëÿ
ðàäèàëüíîé ôóíêöèè R(r)

d2R

dr2
+

1

r

dR

dr
+ λ2R = 0,∣∣R(0)∣∣ <∞, R(l) = 0.

Ââåäåì íîâóþ íåçàâèñèìóþ ïåðåìåííóþ x = λr. Òîãäà

dR

dr
= λ

dR

dx
,

d2R

dr2
= λ2

d2R

dx2
,

è ïîñëå çàìåíû ïðèõîäèì ê óðàâíåíèþ Áåññåëÿ íóëåâîãî ïîðÿäêà

d2R

dx2
+

1

x

dR

dx
+R = 0.

Ðåøåíèå ýòîãî óðàâíåíèÿ èùåì â âèäå

R(x) = C1J0(x) + C2N0(x).

Âîçâðàùàÿñü ê ïåðåìåííîé r, ïîëó÷èì îáùèé âèä ôóíêöèè R(r)

R(r) = C1J0(λr) + C2N0(λr).

Ïîñêîëüêó öèëèíäðè÷åñêàÿ ôóíêöèÿ J0(λr) îãðàíè÷åíà íà îòðåçêå [0, l],
à ôóíêöèÿ Âåáåðà � Íåéìàíà N0(λr) íå îãðàíè÷åíà â îêðåñòíîñòè òî÷êè
r = 0, òî èç ãðàíè÷íûõ óñëîâèé ñëåäóåò, ÷òî

C2 = 0, C1J0(λl) = 0.
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Ïîëàãàÿ C1 = 1, îòñþäà íàõîäèì, ÷òî

λk =
µk
l
, Rk(r) = J0

(
µkr

l

)
, k = 1, 2, . . . ,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0.
Óðàâíåíèå îòíîñèòåëüíî ôóíêöèè T (t) èìååò âèä

T ′
k(t) +

(
µka

l

)2

Tk(t) = 0.

Ðåøàÿ åãî êàê îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïî-
ðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, ïîëó÷èì

Tk(t) = Ake
−
(
µka
l

)2
t.

Ðåøåíèå ñìåøàííîé çàäà÷è ñëåäóåò èñêàòü â âèäå ðÿäà

u(r, t) =
∞∑
k=1

Ake
−
(
µka
l

)2
tJ0

(
µkr

l

)
.

Ïîäñòàíîâêà ýòîãî ðÿäà â íà÷àëüíîå óñëîâèå ïðèâîäèò ê ðàâåíñòâó

∞∑
k=1

AkJ0

(
µkr

l

)
= u0

(
1− r2

l2

)
.

Â ñîîòâåòñòâèè ñ ôîðìóëàìè äëÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ â ðÿä äâà-
æäû äèôôåðåíöèðóåìîé ôóíêöèè, îãðàíè÷åííîé ïðè r = 0 è îáðàùàþùåéñÿ
â íóëü ïðè r = l, èìååì

Ak =
u0∥∥∥∥J0(µkrl
)∥∥∥∥2

l∫
0

r

(
1− r2

l2

)
J0

(
µkr

l

)
dr =

[
µkr

l
= x, dr =

l

µk
dx

]
=

=
2u0

l2J2
1 (µk)

µk∫
0

[(
l

µk

)2

x− l2

µ4k
x3
]
J0(x) dx =

2u0
J2
1 (µk)µ

2
k

[
µkJ1(µk)−

− 2J0(µk)− µkJ1(µk) +
4

µk
J1(µk)

]
=

8u0
µ3kJ1(µk)

.

Ïðè âû÷èñëåíèè êîýôôèöèåíòîâ Ak èñïîëüçîâàëèñü èíòåãðàëüíîå ñâîé-
ñòâî öèëèíäðè÷åñêèõ ôóíêöèé Áåññåëÿ (11) è ôîðìóëà (12).
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Òàêèì îáðàçîì, ðåøåíèå èñõîäíîé çàäà÷è èìååò âèä

u(r, t) = 8u0

∞∑
k=1

1

µ3kJ1(µk)
e−
(
µka
l

)2
tJ0

(
µkr

l

)
,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0. J

Ïðèìåð 4. Íàéòè ðàäèàëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû â áåñêîíå÷-
íîì êðóãîâîì öèëèíäðå ðàäèóñîì l, åñëè áîêîâàÿ ïîâåðõíîñòü öèëèíäðà ïîä-
äåðæèâàåòñÿ ïðè ïîñòîÿííîé òåìïåðàòóðå u0, à íà÷àëüíàÿ òåìïåðàòóðà âíóò-
ðè öèëèíäðà ðàâíà íóëþ.

Ðåøåíèå. Ñôîðìóëèðîâàííîé ôèçè÷åñêîé ìîäåëè ñîîòâåòñòâóåò ñìå-
øàííàÿ çàäà÷à

∂u

∂t
= a2

(
∂2u

∂r2
+

1

r

∂u

∂r

)
, 0 6 r < l, t > 0,∣∣u|r=0

∣∣ <∞, u|r=l = u0, t > 0,

u|t=0 = 0, 0 6 r 6 l.

Çàìåíîé u(r, t) = v(r, t) + u0 ïðèõîäèì ê îäíîðîäíîé çàäà÷å
∂v

∂t
= a2

(
∂2v

∂r2
+

1

r

∂v

∂r

)
,∣∣v|r=0

∣∣ <∞, v|r=l = 0,

v|t=0 = −u0.

Ñîãëàñíî ñõåìå ìåòîäà Ôóðüå, áóäåì èñêàòü ðåøåíèå â âèäå ïðîèçâåäåíèÿ
v(r, t) = R(r)T (t). Ïîäñòàâëÿÿ â óðàâíåíèå è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì

T ′

a2T
=

d2R

dr2
+

1

r

dR

dr
R

= −λ2.

Ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé îòíîñèòåëüíî ðàäèàëüíîé ôóíêöèè R(r)
ïðèõîäèì ê çàäà÷å Øòóðìà � Ëèóâèëëÿ

d2R

dr2
+

1

r

dR

dr
+ λ2R = 0,∣∣R(0)∣∣ <∞, R(l) = 0.
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Åå ðåøåíèå çàïèñûâàåòñÿ â âèäå

λk =
µk
l
, Rk(r) = J0

(
µkr

l

)
, k = 1, 2, . . . ,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0. Äëÿ âðåìåíí�îé ôóíê-
öèè T (t) äèôôåðåíöèàëüíîå óðàâíåíèå èìååò âèä

T ′
k(t) +

(
µka

l

)2

Tk(t) = 0.

Ðåøàÿ åãî êàê óðàâíåíèå ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåí-
òàìè, íàõîäèì

Tk(t) = Ake
−
(
µka
l

)2
t.

Ñîñòàâèì ðÿä èç ïðîèçâåäåíèé Tk(t) íà ôóíêöèè Rk(r)

v(r, t) =
∞∑
k=1

Ake
−
(
µka
l

)2
tJ0

(
µkr

l

)
.

Ïîäñòàâèì ýòîò ðÿä â íà÷àëüíîå óñëîâèå

∞∑
k=1

AkJ0

(
µkr

l

)
= −u0.

Ðàññìàòðèâàÿ ýòî ðàâåíñòâî êàê ðàçëîæåíèå ôóíêöèè f(r) = −u0 â
ðÿä ïî îðòîãîíàëüíîé ñ âåñîì ρ(r) = r íà îòðåçêå [0, l] ñèñòåìå ôóíêöèé

J0

(
µkr

l

)
è èñïîëüçóÿ èíòåãðàëüíîå ñâîéñòâî öèëèíäðè÷åñêèõ ôóíêöèé Áåñ-

ñåëÿ (11), äëÿ êîýôôèöèåíòîâ Ak ïîëó÷èì

Ak =
−u0∥∥∥∥J0(µkrl

)∥∥∥∥2
l∫

0

rJ0

(
µkr

l

)
dr = − 2u0

l2J2
1 (µk)

l∫
0

rJ0

(
µkr

l

)
dr =

=

[
µkr

l
= x, dr =

l

µk
dx

]
= − 2u0

l2J2
1 (µk)

µk∫
0

(
l

µk

)2

xJ0(x) dx =

= − 2u0
J2
1 (µk)µ

2
k

µkJ1(µk) = − 2u0
µkJ1(µk)

.

Îêîí÷àòåëüíî ïðèõîäèì ê îòâåòó

u(r, t) = u0 − 2u0

∞∑
k=1

1

µkJ1(µk)
e−
(
µka
l

)2
tJ0

(
µkr

l

)
,
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ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0. J

Ïðèìåð 5. Íàéòè êîëåáàíèÿ îäíîðîäíîé êðóãëîé ìåìáðàíû ðàäèóñîì
l ñ çàêðåïëåííûì êðàåì, åñëè ýòè êîëåáàíèÿ âûçâàíû ðàâíîìåðíî ðàñïðåäå-
ëåííûì äàâëåíèåì p = p0 sinωt, ïðèëîæåííûì ê îäíîé ñòîðîíå ìåìáðàíû.
Ïðåäïîëàãàåòñÿ, ÷òî ÷àñòîòà ω âûíóæäàþùåé ñèëû íå ñîâïàäàåò íè ñ îä-

íîé èç ñîáñòâåííûõ ÷àñòîò ìåìáðàíû ωk =
µka

l
, k = 1, 2, . . . , ãäå µk �

ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0 (íåðåçîíàíñíûé ñëó÷àé).

Ðåøåíèå. Íåîáõîäèìî ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
= a2

(
∂2u

∂r2
+

1

r

∂u

∂r

)
+
p0
ρ0

sinωt, 0 6 r < l, t > 0,∣∣u|r=0

∣∣ <∞, u|r=l = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 r 6 l,

ãäå ρ0 � ïîâåðõíîñòíàÿ ïëîòíîñòü ìåìáðàíû.
Áóäåì èñêàòü ðåøåíèå â âèäå ðÿäà Ôóðüå � Áåññåëÿ

u(r, t) =
∞∑
k=1

uk(t)J0

(
µkr

l

)
,

óäîâëåòâîðÿþùåãî ãðàíè÷íûì óñëîâèÿì. Â ñâîþ î÷åðåäü, ïðàâóþ ÷àñòü óðàâ-
íåíèÿ ðàçëîæèì â ðÿä ïî ñîáñòâåííûì ôóíêöèÿì

p0
ρ0

sinωt =
∞∑
k=1

fk(t)J0

(
µkr

l

)
,

ãäå êîýôôèöèåíòû fk(t) âû÷èñëÿþòñÿ ïî ôîðìóëàì:

fk(t) =
2

l2J2
1 (µk)

l∫
0

r
p0
ρ0

sinωt J0

(
µkr

l

)
dr =

=
2p0 sinωt

ρ0µ2kJ
2
1 (µk)

µk∫
0

xJ0(x) dx =
2p0 sinωt

ρ0µkJ1(µk)
.

Ïîäñòàâëÿÿ ýòè ðàçëîæåíèÿ â èñõîäíîå óðàâíåíèå è ïðèíèìàÿ âî âíèìà-
íèå ðàâåíñòâî

J ′′
0

(
µkr

l

)
+

l

µkr
J ′
0

(
µkr

l

)
= −J0

(
µkr

l

)
,
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áóäåì èìåòü

∞∑
k=1

[
u′′k(t) +

µ2ka
2

l2
uk(t)

]
J0

(
µkr

l

)
=

∞∑
k=1

fk(t)J0

(
µkr

l

)
.

Îòñþäà ïîëó÷èì îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå

u′′k(t) + ω2
kuk(t) = fk(t), k = 1, 2, . . . ,

ãäå ωk =
µka

l
. Èç íà÷àëüíûõ óñëîâèé ñëåäóåò, ÷òî

uk(0) = 0, u′k(0) = 0.

Òåì ñàìûì ïðèõîäèì ê çàäà÷å Êîøè äëÿ îïðåäåëåíèÿ uk(t).
Ïðåäñòàâèì uk(t) êàê ñóììó

uk(t) = ũk(t) + Ak cosωkt+Bk sinωkt,

ãäå ũk(t) � ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ. Èùåì ýòî ðåøåíèå â
âèäå ũk(t) = Ck sinωt. Ïîäñòàâëÿÿ â óðàâíåíèå è ó÷èòûâàÿ âûðàæåíèå äëÿ
êîýôôèöèåíòîâ fk(t), íàõîäèì

ũk(t) =
2p0

ρ0(ω2
k − ω2)µkJ1(µk)

sinωt.

Ñëåäîâàòåëüíî, îáùåå ðåøåíèå íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ èìååò âèä

uk(t) =
2p0

ρ0(ω2
k − ω2)µkJ1(µk)

sinωt+ Ak cosωkt+Bk sinωkt.

Èç íà÷àëüíûõ óñëîâèé âûòåêàåò, ÷òî

Ak = 0, Bk = − 2p0ω

ρ0ωk(ω2
k − ω2)µkJ1(µk)

.

Îêîí÷àòåëüíî ïîëó÷èì ôîðìóëû äëÿ êîýôôèöèåíòîâ uk(t) :

uk(t) =
2p0

ρ0(ω2
k − ω2)µkJ1(µk)

sinωt− 2p0ω

ρ0ωk(ω2
k − ω2)µkJ1(µk)

sinωkt.

Ðåøåíèå ñìåøàííîé çàäà÷è ïðèíèìàåò âèä

u(r, t) =
2p0 sinωt

ρ0

∞∑
k=1

1

(ω2
k − ω2)µkJ1(µk)

J0

(
µkr

l

)
−

− 2p0ω

ρ0

∞∑
k=1

sinωkt

ωk(ω2
k − ω2)µkJ1(µk)

J0

(
µkr

l

)
,
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ãäå ωk =
µka

l
, µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0.

Ðåøèì ýòó çàäà÷ó äðóãèì ñïîñîáîì. Ñíà÷àëà íàéäåì ÷àñòíîå ðåøåíèå
w(r, t) äèôôåðåíöèàëüíîãî óðàâíåíèÿ

∂2w

∂t2
= a2

(
∂2w

∂r2
+

1

r

∂w

∂r

)
+
p0
ρ0

sinωt,

óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì∣∣w|r=0

∣∣ <∞, w|r=l = 0.

Âîçüìåì w(r, t) = W (r) sinωt è ïîäñòàâèì â óðàâíåíèå

−ω2W sinωt = a2
(
W ′′ +

1

r
W ′
)
sinωt+

p0
ρ0

sinωt.

Ïîñëå î÷åâèäíûõ ïðåîáðàçîâàíèé ïðèõîäèì ê ñîîòíîøåíèþ

W ′′ +
1

r
W ′ +

ω2

a2
W +

p0
ρ0a2

= 0.

Îãðàíè÷åííûì ðåøåíèåì ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ ôóíêöèÿ

W (r) = CJ0

(
ωr

a

)
− p0
ρ0ω2

.

Â ñèëó âòîðîãî ãðàíè÷íîãî óñëîâèÿ, èìååì

C =
p0

ρ0ω2J0

(
ωl

a

) , W (r) =
p0
ρ0ω2

J0
(
ωr

a

)
J0

(
ωl

a

) − 1

 .
Òàêèì îáðàçîì, ðåøåíèå èñõîäíîé ñìåøàííîé çàäà÷è ñëåäóåò èñêàòü â

âèäå ñóììû

u(r, t) =
p0
ρ0ω2

J0
(
ωr

a

)
J0

(
ωl

a

) − 1

 sinωt+ v(r, t).

Ôóíêöèÿ v(r, t) ÿâëÿåòñÿ ðåøåíèåì îäíîðîäíîé ñìåøàííîé çàäà÷è

∂2v

∂t2
= a2

(
∂2v

∂r2
+

1

r

∂v

∂r

)
,∣∣v|r=0

∣∣ <∞, v|r=l = 0,

v|t=0 = 0,
∂v

∂t

∣∣∣∣
t=0

=
p0
ρ0ω

1− J0

(
ωr

a

)
J0

(
ωl

a

)
 .
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Îíî ïðåäñòàâëÿåòñÿ ðÿäîì

v(r, t) =
∞∑
k=1

(
Ak cos

µkat

l
+Bk sin

µkat

l

)
J0

(
µkr

l

)
,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0.
Ïîäñòàâèì ýòîò ðÿä â ïåðâîå íà÷àëüíîå óñëîâèå

∞∑
k=1

AkJ0

(
µkr

l

)
= 0.

Îòñþäà ñëåäóåò, ÷òî Ak = 0, k = 1, 2, . . . . Âòîðîå íà÷àëüíîå óñëîâèå
ïðèâîäèò ê ñîîòíîøåíèþ

∞∑
k=1

µka

l
BkJ0

(
µkr

l

)
=

p0
ρ0ω

1− J0

(
ωr

a

)
J0

(
ωl

a

)
 .

Ïîñêîëüêó ñîáñòâåííûå ôóíêöèè J0

(
µkr

l

)
îðòîãîíàëüíû ñ âåñîì r íà

îòðåçêå [0, l], íàõîäèì

Bk =
p0
ρ0ω

l

µka

1∥∥∥∥J0(µkrl
)∥∥∥∥2

l∫
0

rJ0

(
µkr

l

)1− J0

(
ωr

a

)
J0

(
ωl

a

)
 dr =

=
2p0

ρ0ωµkalJ2
1 (µk)

[ l∫
0

rJ0

(
µkr

l

)
dr − 1

J0

(
ωl

a

) l∫
0

rJ0

(
µkr

l

)
J0

(
ωr

a

)]
dr.

Ïåðâûé èíòåãðàë ðàâåí (ñì. ïðåäûäóùóþ çàäà÷ó)

l∫
0

rJ0

(
µkr

l

)
dr =

l2

µ2k

µk∫
0

xJ0(x) dx =
l2J1(µk)

µk
.

Äëÿ âû÷èñëåíèÿ âòîðîãî èíòåãðàëà âîñïîëüçóåìñÿ òåì, ÷òî ôóíêöèè

R1(r) = J0

(
µkr

l

)
è R2(r) = J0

(
ωr

a

)
óäîâëåòâîðÿþò äèôôåðåíöèàëüíûì

óðàâíåíèÿì

d

dr

(
r
dR1

dr

)
+

(
µk
l

)2

rR1(r) = 0 è
d

dr

(
r
dR2

dr

)
+

(
ω

a

)2

rR2(r) = 0
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ñîîòâåòñòâåííî. Óìíîæàÿ ïåðâîå èç ýòèõ ðàâåíñòâ íà R2(r), âòîðîå � íà
R1(r), âû÷èòàÿ îäíî èç äðóãîãî è èíòåãðèðóÿ ïî 0 6 r 6 l, ïîñëå íåñëîæíûõ
ïðåîáðàçîâàíèé ïîëó÷èì

[(
µk
l

)2

−
(
ω

a

)2] l∫
0

rR1(r)R2(r) dr +
[
r(R2R

′
1 −R1R

′
2)
]∣∣∣l

0
= 0.

Ïðèíèìàÿ âî âíèìàíèå, ÷òî

[
r(R2R

′
1 −R1R

′
2)
]∣∣∣l

0
= l
[
R2(l)R

′
1(l)−R1(l)R

′
2(l)
]
= −µkJ0

(
ωl

a

)
J1(µk),

èç ïîñëåäíåãî ðàâåíñòâà áóäåì èìåòü

1

J0

(
ωl

a

) l∫
0

rJ0

(
µkr

l

)
J0

(
ωr

a

)
dr =

µkJ1(µk)(
µk
l

)2

−
(
ω

a

)2 =
a2l2µkJ1(µk)

(aµk)2 − (ωl)2
.

Ïîäñòàâèì òåïåðü íàéäåííûå çíà÷åíèÿ èíòåãðàëîâ â âûðàæåíèÿ äëÿ êî-
ýôôèöèåíòîâ Bk :

Bk =
2p0

ρ0ωµkalJ2
1 (µk)

[
l2J1(µk)

µk
− a2l2µkJ1(µk)

(aµk)2 − (ωl)2

]
=

= − 2p0ωl
3

ρ0a
[
(aµk)2 − (ωl)2

]
µ2kJ1(µk)

.

Òàêèì îáðàçîì, ïðèõîäèì ê îòâåòó

u(r, t) =
p0
ρ0ω2

J0
(
ωr

a

)
J0

(
ωl

a

) − 1

 sinωt−

− 2p0ωl
3

ρ0a

∞∑
k=1

J0

(
µkr

l

)
[
(aµk)2 − (ωl)2

]
µ2kJ1(µk)

sin
µkat

l
,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0. J
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Ïðèìåð 6. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
+ (t2 + 1)J0(µnx), 0 6 x < 1, t > 0,

ãäå µn � ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ J0(µ) = 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1.

Ðåøåíèå. Áóäåì èñêàòü ðåøåíèå â âèäå u(x, t) = v(x, t) +W (x, t), ãäå
W (x, t) � ÷àñòíîå ðåøåíèå, óäîâëåòâîðÿþùåå íåîäíîðîäíîìó óðàâíåíèþ è
ãðàíè÷íûì óñëîâèÿì. Âîçüìåì

W (x, t) = (At2 +B)J0(µnx)

è ïîäñòàâèì åãî â äèôôåðåíöèàëüíîå óðàâíåíèå

2AJ0(µnx) = (At2 +B)µ2n

[
J ′′
0 (µnx) +

1

µnx
J ′
0(µnx)

]
+ (t2 + 1)J0(µnx).

Ñ ó÷åòîì òîãî, ÷òî J ′′
0 (µnx) +

1

µnx
J ′
0(µnx) = −J0(µnx), áóäåì èìåòü

Aµ2nt
2 +Bµ2n − t2 − 1 + 2A = 0.

Îòñþäà âûòåêàþò âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ A è B :

A =
1

µ2n
, B =

1

µ4n
(µ2n − 2).

Îêîí÷àòåëüíî äëÿ W (x, t) ïîëó÷èì

W (x, t) =
[
µ−2
n t2 + µ−4

n (µ2n − 2)
]
J0(µnx).

Äëÿ ôóíêöèè v(x, t) ïðèõîäèì ê ñìåøàííîé çàäà÷å

∂2v

∂t2
=
∂2v

∂x2
+

1

x

∂v

∂x
,∣∣v|x=0

∣∣ <∞, v|x=1 = 0,

v|t=0 = µ−4
n (2− µ2n)J0(µnx),

∂v

∂t

∣∣∣∣
t=0

= 0.
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Åå ðåøåíèå çàïèøåì â âèäå ðÿäà

v(x, t) =
∞∑
k=1

(
Ak cosµkt+Bk sinµkt

)
J0(µkx),

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0. Ïîäñòàâëÿÿ ðÿä â
ïåðâîå íà÷àëüíîå óñëîâèå, ïîëó÷èì

∞∑
k=1

AkJ0(µkx) = µ−4
n (2− µ2n)J0(µnx).

Â ñèëó îðòîãîíàëüíîñòè ñîáñòâåííûõ ôóíêöèé J0(µkx) ñ âåñîì x íà
îòðåçêå [0, 1], íàõîäèì

An = µ−4
n (2− µ2n), Ak = 0, k ̸= n.

Âòîðîå íà÷àëüíîå óñëîâèå ïðèâîäèò ê ðàâåíñòâó

∞∑
k=1

BkµkJ0(µkx) = 0,

èç êîòîðîãî ñëåäóåò, ÷òî Bk = 0, k = 1, 2, . . . Ñëåäîâàòåëüíî,

v(x, t) = µ−4
n (2− µ2n) cosµnt J0(µnx).

Òàêèì îáðàçîì, ïðèõîäèì ê ðåøåíèþ

u(x, t) =
[
µ−2
n t2 + µ−4

n (µ2n − 2)
]
J0(µnx) + µ−4

n (2− µ2n) cosµnt J0(µnx). J

Ïðèìåð 7. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
, 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = sin2 t, t > 0

u|t=0 =
1

2
− J0(2x)

2J0(2)
,

∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1.

Ðåøåíèå. Çàìå÷àÿ, ÷òî

sin2 t =
1

2
− 1

2
cos 2t,
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èùåì ðåøåíèå êàê ñóììó u(x, t) = v(x, t) + w(x, t), ãäå ôóíêöèþ w(x, t)
óäîáíî âçÿòü â âèäå

w(x, t) =
1

2
+W (x) cos 2t.

Ïîäñòàâëÿÿ w(x, t) â äèôôåðåíöèàëüíîå óðàâíåíèå, ïîëó÷èì

−4W (x) cos 2t = W ′′(x) cos 2t+
1

x
W ′(x) cos 2t,

èëè

W ′′(x) +
1

x
W ′(x) + 4W (x) = 0.

Ñäåëàåì çàìåíó ïåðåìåííûõ y = 2x. Òîãäà

dW

dx
= 2

dW

dy
,

d2W

dx2
= 4

d2W

dy2
.

Â ðåçóëüòàòå ïðèõîäèì ê óðàâíåíèþ

d2W

dy2
+

1

y

dW

dy
+W = 0.

Ýòî óðàâíåíèå Áåññåëÿ íóëåâîãî ïîðÿäêà. Åãî îãðàíè÷åííîå ðåøåíèå
èìååò âèä W (y) = CJ0(y) èëè â ¾ñòàðîé¿ ïåðåìåííîé W (x) = CJ0(2x).
Ñëåäîâàòåëüíî,

w(x, t) =
1

2
+ CJ0(2x) cos 2t.

Ïîäñòàâëÿÿ ýòó ôóíêöèþ âî âòîðîå ãðàíè÷íîå óñëîâèå, ïîëó÷èì, ÷òî

C = − 1

2J0(2)
. Òàêèì îáðàçîì, èìååì ÷àñòíîå ðåøåíèå

w(x, t) =
1

2
− J0(2x)

2J0(2)
cos 2t,

óäîâëåòâîðÿþùåå èñõîäíîìó óðàâíåíèþ è ãðàíè÷íûì óñëîâèÿì.
Äëÿ ôóíêöèè v(x, t) ïðèõîäèì ê çàäà÷å

∂2v

∂t2
=
∂2v

∂x2
+

1

x

∂v

∂x
,∣∣v|x=0

∣∣ <∞, v|x=1 = 0,

v|t=0 = 0,
∂v

∂t

∣∣∣∣
t=0

= 0.

Ðåøåíèåì ñìåøàííîé çàäà÷è äëÿ îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ ñ îäíîðîäíûìè ãðàíè÷íûìè è íà÷àëüíûìè óñëîâèÿìè ÿâëÿåòñÿ ôóíê-
öèÿ v(x, t) ≡ 0. Ïîýòîìó îêîí÷àòåëüíî èìååì

u(x, t) =
1

2
− J0(2x)

2J0(2)
cos 2t. J
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Ïðèìåð 8. Íàéòè ðåøåíèå ñìåøàííîé çàäà÷è

∂u

∂t
= x

∂2u

∂x2
+
∂u

∂x
− 1

4x
u+ tJ1(µn

√
x), 0 6 x < 1,

ãäå µn � ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ J1(µ) = 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 = 0, 0 6 x 6 1.

Ðåøåíèå. Ïîëîæèì u(x, t) = v(x, t) +W (x, t), ãäå â êà÷åñòâå ÷àñòíîãî
ðåøåíèÿ âîçüìåì

W (x, t) = (At+B)J1(µn
√
x).

Ïîäñòàâèì W (x, t) â èñõîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå

AJ1(µn
√
x) = (At+B)

µ2n
4

[
J ′′
1 (µn

√
x) +

1

µn
√
x
J ′
1(µn

√
x)−

− 1

µ2nx
J1(µn

√
x)

]
+ tJ1(µn

√
x).

Ïðèíèìàÿ âî âíèìàíèå, ÷òî

J ′′
1 (µn

√
x) +

1

µn
√
x
J ′
1(µn

√
x) = −

(
1− 1

µ2nx

)
J1(µn

√
x),

èç ïîñëåäíåãî ðàâåíñòâà ïðèõîäèì ê ñîîòíîøåíèþ

A+ (At+B)
µ2n
4

− t = 0.

Îòñþäà ïîëó÷èì A = 4µ−2
n , B = −16µ−4

n . Òàêèì îáðàçîì,

W (x, t) =
(
4µ−2

n t− 16µ−4
n

)
J1(µn

√
x).

Äëÿ ôóíêöèè v(x, t) èìååì ñìåøàííóþ çàäà÷ó
∂v

∂t
= x

∂2v

∂x2
+
∂v

∂x
− 1

4x
v,∣∣v|x=0

∣∣ <∞, v|x=1 = 0,

v|t=0 = 16µ−4
n J1(µn

√
x).

Ïîëàãàÿ v(x, t) = X(x)T (t) è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì

T ′

T
=
x
d2X

dx2
+
dX

dx
− 1

4x
X

X
= −λ2.
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Ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé äëÿ ôóíêöèè X(x) ïðèõîäèì ê çàäà÷å
Øòóðìà � Ëèóâèëëÿ

x
d2X

dx2
+
dX

dx
+

(
λ2 − 1

4x

)
X = 0,∣∣X(0)

∣∣ <∞, X(1) = 0.

Ââîäÿ íîâóþ ïåðåìåííóþ y =
√
x, íàõîäèì

dX

dx
=

1

2
√
x

dX

dy
,

d2X

dx2
=

1

4x

d2X

dy2
− 1

4x3/2
dX

dy
,

ïðè ýòîì çàäà÷à Øòóðìà � Ëèóâèëëÿ ïðåîáðàçóåòñÿ ê âèäó
d2X

dy2
+

1

y

dX

dy
+

(
4λ2 − 1

y2

)
X = 0,∣∣X|y=0

∣∣ <∞, X|y=1 = 0.

Ýòà çàäà÷à ïîñðåäñòâîì ïîäñòàíîâêè ξ = 2λy ñâîäèòñÿ ê çàäà÷åØòóðìà
� Ëèóâèëëÿ äëÿ óðàâíåíèÿ Áåññåëÿ ïåðâîãî ïîðÿäêà. Åå ðåøåíèÿìè ÿâëÿ-
þòñÿ ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè

λk =
µk
2
, Xk(x) = J1(µk

√
x), k = 1, 2, . . . ,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J1(µ) = 0.

Îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ T ′
k +

µ2k
4
Tk = 0 èìååò

âèä Tk(t) = Ake
−
µ2
k

4 t.
Ñîñòàâèì ðÿä

v(x, t) =
∞∑
k=1

Ake
−
µ2
k

4 tJ1(µk
√
x)

è ïîäñòàâèì åãî â íà÷àëüíîå óñëîâèå

∞∑
k=1

AkJ1(µk
√
x) = 16µ−4

n J1(µn
√
x).

Â ñèëó îðòîãîíàëüíîñòè ñèñòåìû ñîáñòâåííûõ ôóíêöèé J1(µk
√
x) ñ âå-

ñîì ρ(x) = 1 íà îòðåçêå [0, 1], èç ïîñëåäíåãî ñîîòíîøåíèÿ âûòåêàåò, ÷òî

An = 16µ−4
n , Ak = 0, k ̸= n.
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Ñëåäîâàòåëüíî,

v(x, t) = 16µ−4
n e−

µ2
n

4 tJ1(µn
√
x)

è â îòâåòå ïîëó÷èì

u(x, t) = 16µ−4
n e−

µ2
n

4 tJ1(µn
√
x) +

(
4µ−2

n t− 16µ−4
n

)
J1(µn

√
x). J

Ïðèìåð 9. Íàéòè ìàëûå ðàäèàëüíûå êîëåáàíèÿ ãàçà, çàêëþ÷åííîãî â
áåñêîíå÷íîé öèëèíäðè÷åñêîé òðóáêå ðàäèóñîì l.

Ðåøåíèå. Â ýòîì ñëó÷àå áóäåì èìåòü äåëî ñ çàäà÷åé

∂2u

∂t2
= a2

(
∂2u

∂r2
+

1

r

∂u

∂r

)
, 0 6 r < l, t > 0,∣∣u|r=0

∣∣ <∞,
∂u

∂r

∣∣∣∣
r=l

= 0, t > 0,

u|t=0 = φ(r),
∂u

∂t

∣∣∣∣
t=0

= ψ(r), 0 6 r 6 l.

Êàê è ðàíåå, èùåì ðåøåíèå îäíîðîäíîé çàäà÷è â âèäå ïðîèçâåäåíèÿ

u(r, t) = R(r)T (t).

Ïîäñòàâëÿÿ åãî â èñõîäíîå óðàâíåíèå è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì
äâà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèÿ îòíîñèòåëüíî ðàäèàëüíîé
R(r) è âðåìåíí�îé T (t) ôóíêöèé:

T ′′

a2T
=
R′′ +

1

r
R′

R
= −λ2.

Èç ãðàíè÷íîãî óñëîâèÿ
∂u

∂r

∣∣∣∣
r=l

= 0 ñëåäóåò, ÷òî R′(l) = 0. Ïðèñîåäè-

íÿÿ óñëîâèå îãðàíè÷åííîñòè íà îñè òðóáêè
∣∣R(0)∣∣ < ∞, ïðèõîäèì ê çàäà÷å

Øòóðìà � Ëèóâèëëÿ R′′ +
1

r
R′ + λ2R = 0,∣∣R(0)∣∣ <∞, R′(l) = 0.

Îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïðè λ ̸= 0 èìååò âèä

R(r) = C1J0(λr) + C2N0(λr),
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ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå. Èç óñëîâèÿ îãðàíè÷åííîñòè âûòå-
êàåò, ÷òî C2 = 0. Ïîëàãàÿ C1 = 1, ïîëó÷èì R(r) = J0(λr).

Âòîðîå ãðàíè÷íîå óñëîâèå ïðèâîäèò ê óðàâíåíèþ

J ′
0(λl) = 0.

Ñ ó÷åòîì ñîîòíîøåíèÿ J ′
0(x) = −J1(x) åãî ìîæíî çàïèñàòü â âèäå

J1(λl) = 0.

Îòñþäà íàõîäèì ñîáñòâåííûå çíà÷åíèÿ è ñîîòâåòñòâóþùèå èì ñîáñòâåí-
íûå ôóíêöèè çàäà÷è Øòóðìà � Ëèóâèëëÿ:

λk =
µk
l
, Rk(r) = J0

(
µkr

l

)
, k = 1, 2, . . . ,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J1(µ) = 0.
Îáðàòèì âíèìàíèå íà òî, ÷òî ÷èñëî λ0 = 0 ÿâëÿåòñÿ ñîáñòâåííûì çíà-

÷åíèåì çàäà÷è Øòóðìà � Ëèóâèëëÿ, êîòîðîìó ñîîòâåòñòâóåò ñîáñòâåííàÿ

ôóíêöèÿ R0(r) = 1. Îíà îðòîãîíàëüíà êàæäîé èç ôóíêöèé J0

(
µkr

l

)
ñ âå-

ñîì ρ(r) = r íà îòðåçêå [0, l]. Äåéñòâèòåëüíî, ïðîâîäÿ çàìåíó ïåðåìåííûõ è
èñïîëüçóÿ èíòåãðàëüíîå ñâîéñòâî öèëèíäðè÷åñêèõ ôóíêöèé, áóäåì èìåòü

l∫
0

rJ0

(
µkr

l

)
dr =

l2

µ2k

µk∫
0

xJ0(x) dx =
l2J1(µk)

µk
= 0, k = 1, 2, . . .

Âåðíåìñÿ ê óðàâíåíèþ äëÿ ôóíêöèè T (t)

T ′′
k (t) +

(
µka

l

)2

Tk(t) = 0.

Ïðè k = 1, 2, . . . , åãî îáùåå ðåøåíèå èìååò âèä

Tk(t) = Ak cos
µkat

l
+Bk sin

µkat

l
.

Ïðè k = 0 ïîëó÷èì óðàâíåíèå T ′′
0 = 0, ðåøåíèåì êîòîðîãî ÿâëÿåòñÿ

ìíîãî÷ëåí ïåðâîé ñòåïåíè

T0(t) = A0 +B0t.

Óìíîæàÿ Tk(t) íà ñîáñòâåííûå ôóíêöèè J0

(
µkr

l

)
è ñóììèðóÿ ïî âñåì

k = 0, 1, . . . , ïðèõîäèì ê ðÿäó

u(r, t) = A0 +B0t+
∞∑
k=1

(
Ak cos

µkat

l
+Bk sin

µkat

l

)
J0

(
µkr

l

)
.
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Ïîäñòàâëÿÿ åãî â íà÷àëüíûå óñëîâèÿ, ïîëó÷èì

A0 +
∞∑
k=1

AkJ0

(
µkr

l

)
= φ(r), B0 +

∞∑
k=1

µka

l
BkJ0

(
µkr

l

)
= ψ(r).

Â ñîîòâåòñòâèè ñ îáùåé òåîðèåé ðàçëîæåíèÿ â ðÿä ïî îðòîãîíàëüíîé
ñèñòåìå ôóíêöèé íàõîäèì

Ak =

l∫
0

rφ(r)J0

(
µkr

l

)
dr

l∫
0

rJ2
0

(
µkr

l

)
dr

=
2

l2J2
0 (µk)

l∫
0

rφ(r)J0

(
µkr

l

)
dr,

Bk =
l

µka

l∫
0

rψ(r)J0

(
µkr

l

)
dr

l∫
0

rJ2
0

(
µkr

l

)
dr

=
2

alµkJ2
0 (µk)

l∫
0

rψ(r)J0

(
d
µkr

l

)
dr,

A0 =

l∫
0

rφ(r) dr

l∫
0

r dr

=
2

l2

l∫
0

rφ(r) dr, B0 =

l∫
0

rψ(r) dr

l∫
0

r dr

=
2

l2

l∫
0

rψ(r) dr.

Òàêèì îáðàçîì, ðåøåíèå ñìåøàííîé çàäà÷è èìååò âèä

u(r, t) =
2

l2

l∫
0

r
[
φ(r) + tψ(r)

]
dr +

+
∞∑
k=1

{
2

l2J2
0 (µk)

[ l∫
0

rφ(r)J0

(
µkr

l

)
dr

]
cos

µkat

l
+

+
2

alµkJ2
0 (µk)

[ l∫
0

rψ(r)J0

(
µkr

l

)
dr

]
sin

µkat

l

}
J0

(
µkr

l

)
,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J1(µ) = 0. J

Ïðèìåð 10. Íàéòè òåìïåðàòóðó áåñêîíå÷íîãî êðóãîâîãî öèëèíäðà ðà-
äèóñîì l, íà áîêîâîé ïîâåðõíîñòè êîòîðîãî ïðîèñõîäèò êîíâåêòèâíûé òåïëî-
îáìåí ñî ñðåäîé, èìåþùåé òåìïåðàòóðó u0 = const. Íà÷àëüíàÿ òåìïåðàòóðà
âíóòðè öèëèíäðà ðàâíà u1 = const.
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Ðåøåíèå. Òåêñòîâàÿ çàäà÷à ýêâèâàëåíòíà ñìåøàííîé çàäà÷å

∂u

∂t
= a2

(
∂2u

∂r2
+

1

r

∂u

∂r

)
, 0 6 r < l, t > 0,∣∣u|r=0

∣∣ <∞,

[
∂u

∂r
+ h
(
u− u0

)]∣∣∣∣
r=l

= 0, t > 0,

u|t=0 = u1, 0 6 r 6 l.

Âûïîëíèì çàìåíó u(r, t) = v(r, t) + u0. Äëÿ ôóíêöèè v(r, t) ïðèõîäèì
ê îäíîðîäíîé ñìåøàííîé çàäà÷å

∂v

∂t
= a2

(
∂2v

∂r2
+

1

r

∂v

∂r

)
,∣∣v|r=0

∣∣ <∞,

[
∂v

∂r
+ hv

]∣∣∣∣
r=l

= 0,

v|t=0 = u1 − u0.

Ïîëàãàÿ v(r, t) = R(r)T (t) è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì

T ′

a2T
=
R′′ +

1

r
R′

R
= −λ2.

Ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé èìååì çàäà÷ó Øòóðìà � Ëèóâèëëÿ äëÿ
ðàäèàëüíîé ôóíêöèèR′′ +

1

r
R′ + λ2R = 0,∣∣R(0)∣∣ <∞, R′(l) + hR(l) = 0.

Èç óñëîâèÿ îãðàíè÷åííîñòè â òî÷êå r = 0 ñëåäóåò, ÷òî îáùåå ðåøåíèå
äèôôåðåíöèàëüíîãî óðàâíåíèÿ èìååò âèä R(r) = J0(λr). Ïîäñòàâëÿÿ åãî âî
âòîðîå ãðàíè÷íîå óñëîâèå, ïîëó÷èì

λJ ′
0(λr) + hJ0(λr) = 0.

Ïóñòü µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ µJ ′
0(µ) + hlJ0(µ) = 0.

Òîãäà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è Øòóðìà � Ëè-
óâèëëÿ èìåþò âèä

λk =
µk
l
, Rk(r) = J0

(
µkr

l

)
, k = 1, 2, . . .
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Èç äèôôåðåíöèàëüíîãî óðàâíåíèÿ äëÿ ôóíêöèè T (t) íàõîäèì

Tk(t) = Ake
−
(
µka
l

)2
t

è çàïèøåì ðåøåíèå ñìåøàííîé çàäà÷è â âèäå ðÿäà

v(r, t) =
∞∑
k=1

Ake
−
(
µka
l

)2
tJ0

(
µkr

l

)
.

Íà÷àëüíîå óñëîâèå äëÿ v(r, t) ïðèâîäèò ê ðàâåíñòâó

∞∑
k=1

AkJ0

(
µkr

l

)
= u1 − u0,

èç êîòîðîãî â ñèëó îðòîãîíàëüíîñòè ñîáñòâåííûõ ôóíêöèé J0

(
µkr

l

)
ñ âåñîì

r íà îòðåçêå [0, l] ïîëó÷èì

Ak =
1∥∥∥∥J0(µkrl
)∥∥∥∥2

l∫
0

r(u1 − u0)J0

(
µkr

l

)
dr =

u1 − u0∥∥∥∥J0(µkrl
)∥∥∥∥2

l2J1(µk)

µk
.

Äëÿ âû÷èñëåíèÿ êâàäðàòà íîðìû èñïîëüçóåì ôîðìóëó∥∥∥∥J0(µkrl
)∥∥∥∥2 = l2

2

[
J2
0 (µk) + J2

1 (µk)
]
,

â êîòîðîé ó÷òåì, ÷òî J1(µk) = −J ′
0(µk) =

hl

µk
J0(µk). Èìååì∥∥∥∥J0(µkrl

)∥∥∥∥2 = l2

2

[
J2
0 (µk) +

(
hl

µk

)2

J2
0 (µk)

]
=
l2(µ2k + h2l2)J2

0 (µk)

2µ2k
.

Ïîäñòàâëÿÿ ýòî âûðàæåíèå â ôîðìóëó äëÿ êîýôôèöèåíòîâ, ïîëó÷èì

Ak =
2µ2k(u1 − u0)

l2(µ2k + h2l2)J2
0 (µk)

hl3J0(µk)

µ2k
=

2(u1 − u0)hl

(µ2k + h2l2)J0(µk)
.

Òàêèì îáðàçîì, îêîí÷àòåëüíî ïðèõîäèì ê îòâåòó

u(r, t) = u0 + 2(u1 − u0)hl
∞∑
k=1

J0

(
µkr

l

)
(µ2k + h2l2)J0(µk)

e−
(
µka
l

)2
t,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ µJ ′
0(µ) + hlJ0(µ) = 0. J
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Ïðèìåð 11. Íàéòè ðàñïðåäåëåíèå òåìïåðàòóðû â íåîãðàíè÷åííîé öè-
ëèíäðè÷åñêîé òðóáå l1 6 r 6 l2, åñëè íà âíóòðåííåé è íàðóæíîé ïîâåðõíî-
ñòÿõ òðóáû ïîääåðæèâàåòñÿ íóëåâàÿ òåìïåðàòóðà, à åå íà÷àëüíàÿ òåìïåðàòó-
ðà ðàâíà u0 = const.

Ðåøåíèå. Íåîáõîäèìî ðåøèòü ñìåøàííóþ çàäà÷ó
∂u

∂t
= a2

(
∂2u

∂r2
+

1

r

∂u

∂r

)
, l1 < r < l2, t > 0,

u|r=l1
= 0, u|r=l2

= 0, t > 0,

u|t=0 = u0, l1 6 r 6 l2.

Áóäåì èñêàòü ðåøåíèå â âèäå u(r, t) = R(r)T (t). Ïîñëå ðàçäåëåíèÿ ïå-
ðåìåííûõ ïðèõîäèì ê äâóì äèôôåðåíöèàëüíûì óðàâíåíèÿì

T ′

a2T
=
R′′ +

1

r
R′

R
= −λ2.

Äëÿ ôóíêöèè R(r) ïîëó÷èì çàäà÷ó Øòóðìà � ËèóâèëëÿR′′ +
1

r
R′ + λ2R = 0,

R(l1) = 0, R(l2) = 0.

Îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ èìååò âèä

R(r) = C1J0(λr) + C2N0(λr).

Ïîäñòàâëÿÿ åãî â ãðàíè÷íûå óñëîâèÿ, ïîëó÷èì{
C1J0(λl1) + C2N0(λl1) = 0,

C1J0(λl2) + C2N0(λl2) = 0.

Äëÿ òîãî ÷òîáû îäíîðîäíàÿ ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíå-
íèé èìåëà íåòðèâèàëüíîå ðåøåíèå, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû åå îïðå-
äåëèòåëü áûë ðàâåí íóëþ∣∣∣∣∣J0(λl1) N0(λl1)

J0(λl2) N0(λl2)

∣∣∣∣∣ = J0(λl1)N0(λl2)− J0(λl2)N0(λl1) = 0.

Ïóñòü µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ

J0(µ)N0(µb)− J0(µb)N0(µ) = 0,
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ãäå b =
l2
l1
. Òîãäà ñîáñòâåííûìè çíà÷åíèÿìè çàäà÷è Øòóðìà � Ëèóâèëëÿ

áóäóò ÷èñëà λk =
µk
l1
, k = 1, 2, . . . Ïîëàãàÿ C1 = N0(µkb), èç âòîðîãî óðàâ-

íåíèÿ ñèñòåìû íàõîäèì C2 = −J0(µkb), ïðè ýòîì ïåðâîå ðàâåíñòâî âûïîëíÿ-
åòñÿ òîæäåñòâåííî. Ñëåäîâàòåëüíî, ñîáñòâåííûå ôóíêöèè èìåþò âèä

R0

(
µkr

l1

)
= N0(µkb)J0

(
µkr

l1

)
− J0(µkb)N0

(
µkr

l1

)
, k = 1, 2, . . .

Îíè îáðàçóþò îðòîãîíàëüíóþ ñ âåñîì r ñèñòåìó íà îòðåçêå [l1, l2].
Èç äèôôåðåíöèàëüíîãî óðàâíåíèÿ T ′

k + λ2ka
2Tk = 0 íàõîäèì

Tk(t) = Ake
−
(
µka
l1

)2
t
.

Çàïèñûâàÿ ðåøåíèå â âèäå ðÿäà

u(r, t) =
∞∑
k=1

Ake
−
(
µka
l1

)2
t
R0

(
µkr

l1

)
è ïîäñòàâëÿÿ â íà÷àëüíîå óñëîâèå, ïîëó÷èì

∞∑
k=1

AkR0

(
µkr

l1

)
= u0.

Èç ýòîãî ðàâåíñòâà âûòåêàþò ôîðìóëû äëÿ êîýôôèöèåíòîâ Ak :

Ak =
1∥∥∥∥R0

(
µkr

l1

)∥∥∥∥2
l2∫

l1

ru0R0

(
µkr

l1

)
dr, k = 1, 2, . . .

Íàéäåì êâàäðàò íîðìû ñîáñòâåííûõ ôóíêöèé. Îáîçíà÷èì

Y0

(
µr

l1

)
= N0(µkb)J0

(
µr

l1

)
− J0(µkb)N0

(
µr

l1

)
.

Ôóíêöèè R0

(
µkr

l1

)
è Y0

(
µr

l1

)
óäîâëåòâîðÿþò óðàâíåíèÿì

d

dr

(
r
dR0

dr

)
+

(
µk
l1

)2

rR0

(
µkr

l1

)
= 0,

d

dr

(
r
dY0
dr

)
+

(
µ

l1

)2

rY0

(
µr

l1

)
= 0.
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Óìíîæàÿ ïåðâîå èç ðàâåíñòâ íà Y0

(
µr

l1

)
, âòîðîå � íà R0

(
µkr

l1

)
, âû÷è-

òàÿ îäíî èç äðóãîãî è èíòåãðèðóÿ ïî r îò l1 äî l2, ïîëó÷èì

µ2k − µ2

l21

l2∫
l1

rR0

(
µkr

l1

)
Y0

(
µr

l1

)
dr +

+

[
µk
l1
rY0

(
µr

l1

)
R′

0

(
µkr

l1

)
− µk
l1
rY ′

0

(
µr

l1

)
R0

(
µkr

l1

)]∣∣∣∣l2
l1

= 0.

Îòñþäà ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé ñëåäóåò, ÷òî

l2∫
l1

rR0

(
µkr

l1

)
Y0

(
µr

l1

)
dr =

l21
[
µkY0(µ)R

′
0(µk)− µkbY0(µb)R

′
0(µkb)

]
µ2k − µ2

.

Ïåðåõîäÿ ê ïðåäåëó ïðè µ→ µk è ðàñêðûâàÿ íåîïðåäåëåííîñòü â ïðàâîé
÷àñòè ïî ïðàâèëó Ëîïèòàëÿ, áóäåì èìåòü∥∥∥∥R0

(
µkr

l1

)∥∥∥∥2 = lim
µ→µk

l21
[
µkY0(µ)R

′
0(µk)− µkbY0(µb)R

′
0(µkb)

]
µ2k − µ2

=

=
l21
2µk

{
µkb

2
[
N0(µkb)J

′
0(µkb)− J0(µkb)N

′
0(µkb)

]2 −
− µk

[
N0(µkb)J

′
0(µk)− J0(µkb)N

′
0(µk)

]2}
.

Äëÿ ïåðâîãî ñëàãàåìîãî âîñïîëüçóåìñÿ ôîðìóëîé âðîíñêèàíà öèëèíäðè-
÷åñêèõ ôóíêöèé J0(x) è N0(x)∣∣∣∣J0(x) N0(x)

J ′
0(x) N ′

0(x)

∣∣∣∣ = J0(x)N
′
0(x)−N0(x)J

′
0(x) =

2

πx
.

Ñ ïîìîùüþ ýòîãî ðàâåíñòâà è ñîîòíîøåíèÿ

J0(µkb)

J0(µk)
=
N0(µkb)

N0(µk)
,

âûòåêàþùåãî èç îïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé çàäà÷è Øòóðìà � Ëè-
óâèëëÿ, ïðåîáðàçóåì ñëàãàåìîå âî âòîðîé ñêîáêå

N0(µkb)J
′
0(µk)− J0(µkb)N

′
0(µk) =

J0(µkb)

J0(µk)

[
N0(µk)J

′
0(µk)−

− J0(µk)N
′
0(µk)

]
= −J0(µkb)

J0(µk)

2

πµk
.
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Îêîí÷àòåëüíî äëÿ êâàäðàòà íîðìû ïîëó÷èì âûðàæåíèå∥∥∥∥R0

(
µkr

l1

)∥∥∥∥2 = l21
2µk

[
4µkb

2

π2(µkb)2
− J2

0 (µkb)

J2
0 (µk)

4µk
π2µ2k

]
=

=
l21
2µk

[
4

π2µk
− 4

π2µk

J2
0 (µkb)

J2
0 (µk)

]
=

2l21
[
J2
0 (µk)− J2

0 (µkb)
]

π2µ2kJ
2
0 (µk)

.

Âû÷èñëèì òåïåðü èíòåãðàë

l2∫
l1

u0rR0

(
µkr

l1

)
dr. Ó÷èòûâàÿ ðåêóððåíòíûå

ñîîòíîøåíèÿ äëÿ öèëèíäðè÷åñêèõ ôóíêöèé J0(x), N0(x) è ïðèìåíÿÿ ðàñ-
ñìîòðåííûå âûøå ôîðìóëû, áóäåì èìåòü

∥∥∥∥R0

(
µkr

l1

)∥∥∥∥2 =
l2∫

l1

u0r

[
N0(µkb)J0

(
µkr

l1

)
− J0(µkb)N0

(
µkr

l1

)]
dr =

=
u0l

2
1

µ2k

µkb∫
µk

x
[
N0(µkb)J0(x)− J0(µkb)N0(x)

]
dx =

u0l
2
1

µ2k

{[
µkJ

′
0(µk)−

− µkbJ
′
0(µkb)

]
N0(µkb)−

[
µkN

′
0(µk)− µkbN

′
0(µkb)

]
J0(µkb)

}
=

=
u0l

2
1

µ2k

{
µkb
[
J0(µkb)N

′
0(µkb)−N0(µkb)J

′
0(µkb)

]
− µk

[
J0(µkb)N

′
0(µk)−

−N0(µkb)J
′
0(µk)

]}
=
u0l

2
1

µ2k

[
2

π
− 2

π

J0(µkb)

J0(µk)

]
=

2u0l
2
1

πµ2k

J0(µk)− J0(µkb)

J0(µk)
.

Â èòîãå êîýôôèöèåíòû Ak ïðèíèìàþò âèä

Ak =
2u0l

2
1π

2µ2kJ
2
0 (µk)

2l21
[
J2
0 (µk)− J2

0 (µkb)
] J0(µk)− J0(µkb)

πµ2kJ0(µk)
=

u0πJ0(µk)

J0(µk) + J0(µkb)
.

Ïîñòàâëÿÿ íàéäåííûå êîýôôèöèåíòû â ðÿä, ïðèõîäèì ê îòâåòó

u(r, t) = u0π
∞∑
k=1

J0(µk)

J0(µk) + J0(µkb)
e
−
(
µka
l1

)2
t
R0

(
µkr

l1

)
,

ãäå

R0

(
µkr

l1

)
= N0(µkb)J0

(
µkr

l1

)
− J0(µkb)N0

(
µkr

l1

)
, b =

l2
l1
,
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µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ)N0(µb)− J0(µb)N0(µ) = 0. J

1.4.4. Îðòîãîíàëüíûå ìíîãî÷ëåíû Ëåæàíäðà

Ðàññìîòðèì êðàåâóþ çàäà÷ó

d

dx

[(
1− x2

)dy
dx

]
+ λy = 0, −1 < x < 1, (26)∣∣y(−1)

∣∣ <∞,
∣∣y(1)∣∣ <∞. (27)

Ýòî çàäà÷à Øòóðìà � Ëèóâèëëÿ â îñîáîé ïîñòàíîâêå, ãäå k(x) = 1−x2,
k(−1) = k(1) = 0. Óðàâíåíèå (26) íàçûâàåòñÿ óðàâíåíèåì Ëåæàíäðà .

Áóäåì èñêàòü ðåøåíèå (26) â âèäå ñòåïåííîãî ðÿäà

y(x) =
∞∑
k=0

akx
k. (28)

Ïåðåïèøåì (26) â âèäå

(1− x2)y′′ − 2xy′ + λy = 0

è ïîäñòàâèì â ýòî óðàâíåíèå ðÿä (28):

∞∑
k=2

k(k − 1)akx
k−2 +

∞∑
k=0

ak
[
λ− k(k − 1)− 2k

]
xk = 0

èëè ïîñëå èçìåíåíèÿ èíäåêñà ñóììèðîâàíèÿ

∞∑
k=0

[
(k + 2)(k + 1)ak+2 + (λ− k2 − k)ak

]
xk = 0.

Â ñèëó åäèíñòâåííîñòè ðàçëîæåíèÿ ôóíêöèè â ñòåïåííîé ðÿä, ïðèõîäèì
ê ðàâåíñòâó

(k + 2)(k + 1)ak+2 + (λ− k2 − k)ak = 0, k = 0, 1, . . . ,

èç êîòîðîãî ñëåäóåò ðåêóððåíòíîå ñîîòíîøåíèå

ak+2 =
k(k + 1)− λ

(k + 1)(k + 2)
ak, a0, a1 � ïðîèçâîëüíûå ÷èñëà. (29)

Ïðè çíà÷åíèÿõ a0 ̸= 0, a1 = 0 ïîëó÷èì ÷àñòíîå ðåøåíèå óðàâíåíèÿ (26),

ñîäåðæàùåå òîëüêî ÷åòíûå ñòåïåíè x : y1(x) =
∞∑

m=0

a2mx
2m, à ïðè a0 = 0,
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a1 ̸= 0 � ÷àñòíîå ðåøåíèå, ñîäåðæàùåå òîëüêî íå÷åòíûå ñòåïåíè x : y2(x) =

=
∞∑

m=0

a2m+1x
2m+1. Åñëè λ = n(n+ 1), òî â ñèëó (29) ïîëó÷èì, ÷òî an+2 = 0.

Äàëåå ðåêóððåíòíî íàõîäèì

an+2 = an+4 = . . . = an+2m = . . . = 0.

Òàêèì îáðàçîì, ïðè λ = n(n + 1) ðÿä (28) îáðûâàåòñÿ è ñòàíîâèòñÿ
ìíîãî÷ëåíîì y = Pn(x) ñòåïåíè n, îãðàíè÷åííûì â îñîáûõ òî÷êàõ x = ±1.

Ïîëó÷åííûå ìíîãî÷ëåíû íàçûâàþòñÿ ìíîãî÷ëåíàìè Ëåæàíäðà . Îíè
è áóäóò ñîáñòâåííûìè ôóíêöèÿìè çàäà÷è (26), (27), ñîîòâåòñòâóþùèìè ñîá-
ñòâåííûì çíà÷åíèÿì λn = n(n+ 1).

Äëÿ ìíîãî÷ëåíîâ Ëåæàíäðà Pn(x), n = 0, 1, . . . , ñïðàâåäëèâî äèôôå-
ðåíöèàëüíîå ïðåäñòàâëåíèå

Pn(x) =
1

n! · 2n
dn

dxn
(x2 − 1)n, n = 0, 1, . . . (30)

Ôîðìóëà (30) íàçûâàåòñÿ ôîðìóëîé Ðîäðèãà .

Ñâîéñòâà ìíîãî÷ëåíîâ Ëåæàíäðà.

1. Äëÿ ìíîãî÷ëåíîâ Ëåæàíäðà ñïðàâåäëèâî ðåêóððåíòíîå ñîîòíîøåíèå

(n+ 1)Pn+1(x)− x(2n+ 1)Pn(x) + nPn−1(x) = 0, P0(x) = 1, P1(x) = x.

2. Ìíîãî÷ëåíû Ëåæàíäðà Pn(x) îðòîãîíàëüíû ñ âåñîì ρ(x) = 1 íà îò-
ðåçêå [−1, 1] :

1∫
−1

Pn(x)Pk(x) dx = 0, n ̸= k.

3. Óðàâíåíèå (26) íå èìååò îãðàíè÷åííûõ â îñîáûõ òî÷êàõ x = ±1 ðå-
øåíèé, îòëè÷íûõ îò ìíîãî÷ëåíîâ Ëåæàíäðà.

4. Êâàäðàò íîðìû ìíîãî÷ëåíîâ Ëåæàíäðà ðàâåí ∥Pn∥2 =
2

2n+ 1
.

5. Ìíîãî÷ëåí Ëåæàíäðà n -é ñòåïåíè åñòü ôóíêöèÿ òîé æå ÷åòíîñòè, ÷òî
è n : Pn(−x) = (−1)nPn(x).

6. Âñå êîðíè óðàâíåíèÿ Pn(x) = 0 äåéñòâèòåëüíû, ðàçëè÷íû è ëåæàò â
èíòåðâàëå (−1, 1).

7. Åñëè ôóíêöèÿ f(x) ∈ C1[−1, 1], òî îíà ðàçëàãàåòñÿ â ðàâíîìåðíî
ñõîäÿùèéñÿ ðÿä Ôóðüå ïî ñèñòåìå ìíîãî÷ëåíîâ Ëåæàíäðà

f(x) =
∞∑
n=1

fnPn(x), fn =
2n+ 1

2

1∫
−1

f(x)Pn(x) dx.
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Ðàññìîòðèì çàäà÷ó Øòóðìà � Ëèóâèëëÿ
d

dx

[(
1− x2

)dz
dx

]
+

(
λ− m2

1− x2

)
z = 0, −1 < x < 1,∣∣z(−1)

∣∣ <∞,
∣∣z(1)∣∣ <∞.

(31)

Çàìåòèì, ÷òî óðàâíåíèå Ëåæàíäðà (26) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì óðàâ-
íåíèÿ (31) ïðè m = 0. Ñîáñòâåííûå ôóíêöèè çàäà÷è (31) âûðàæàþòñÿ ÷åðåç
ìíîãî÷ëåíû Ëåæàíäðà Pn(x) ïî ôîðìóëå

Z(m)
n (x) = (1− x2)

m
2 P (m)

n (x),

ãäå P
(m)
n (x), m = 0, n, � ïðîèçâîäíûå ïîðÿäêà m îò ìíîãî÷ëåíà Pn(x).

Ñîáñòâåííàÿ ôóíêöèÿ Z
(m)
n (x), ñîîòâåòñòâóþùàÿ ñîáñòâåííîìó çíà÷å-

íèþ λn = n(n + 1), íàçûâàåòñÿ ïðèñîåäèíåííîé ôóíêöèåé Ëåæàíäðà

ïîðÿäêà m, m = 0, n, n = 0, 1, . . . , Z
(0)
n (x) = Pn(x).

Ïðèñîåäèíåííûå ôóíêöèè Ëåæàíäðà îáëàäàþò ñâîéñòâîì îðòîãîíàëüíî-
ñòè ñ âåñîì ρ(x) = 1 íà îòðåçêå [−1, 1] :

1∫
−1

Z(m)
n (x)Z

(m)
k (x)dx = 0, n ̸= k.

Ïðè ýòîì
∥∥Z(m)

n

∥∥2 = 1∫
−1

[
Z(m)
n (x)

]2
dx =

2

2n+ 1

(n+m)!

(n−m)!
.

1.4.5. Ïðèìåíåíèå ìíîãî÷ëåíîâ Ëåæàíäðà

Ðàññìîòðèì çàäà÷ó î ïîïåðå÷íûõ êîëåáàíèÿõ îäíîðîäíîé ñòðóíû äëèíîé
l, çàêðåïëåííîé îäíèì êîíöîì íà íåïîäâèæíîé îïîðå è ñâîáîäíî âðàùàþùåé-
ñÿ âîêðóã òî÷êè îïîðû:

∂2u

∂t2
= a2

∂

∂r

[(
l2 − r2

)∂u
∂r

]
, 0 < r 6 l, t > 0, (32)

u|r=0 = 0, t > 0, (33)

u|t=0 = φ(r),
∂u

∂t

∣∣∣∣
t=0

= ψ(r), 0 6 r 6 l. (34)

Çäåñü a2 =
ω2

2
, ãäå ω � óãëîâàÿ ñêîðîñòü âðàùåíèÿ ñòðóíû, φ(r) è ψ(r)

� çàäàííûå ôóíêöèè.
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Áóäåì èñêàòü ðåøåíèå â âèäå u(r, t) = R(r)T (t). Ïîäñòàâëÿÿ ýòî âûðà-
æåíèå â óðàâíåíèå (32), ïîëó÷èì

T ′′

a2T
=

d

dr

[(
l2 − r2

)dR
dr

]
R

= −λ.

Â òî÷êå r = l êîýôôèöèåíò k(r) = l2−r2 âûðîæäàåòñÿ, è çàäà÷à Øòóð-
ìà � Ëèóâèëëÿ çàïèñûâàåòñÿ â âèäå

d

dr

[(
l2 − r2

)dR
dr

]
+ λR = 0, 0 < r < l, (35)

R(0) = 0,
∣∣R(l)∣∣ <∞. (36)

Ââåäåì íîâóþ ïåðåìåííóþ, ïîëàãàÿ r = lx. Òîãäà
dR

dr
=

1

l

dR

dx
è îò

óðàâíåíèÿ (35) ïðèõîäèì ê óðàâíåíèþ

1

l

d

dx

[(
l2 − l2x2

) 1
l

dR

dx

]
+ λR = 0

èëè ïîñëå ñîêðàùåíèÿ íà l2

d

dx

[(
1− x2

) dR
dx

]
+ λR = 0. (37)

Ýòî óðàâíåíèå Ëåæàíäðà íà îòðåçêå [0, 1]. Êàê ïîêàçàíî ðàíåå, óðàâíå-
íèå (37) èìååò îãðàíè÷åííûå íà îòðåçêå [−1, 1] ðåøåíèÿ, åñëè λ = n(n+ 1),
n = 0, 1, . . . (ïî ñìûñëó çàäà÷è ñìåùåíèå ñòðóíû u(r, t) äîëæíî áûòü îãðàíè-
÷åííûì). Òàêèìè îãðàíè÷åííûìè ðåøåíèÿìè ÿâëÿþòñÿ ìíîãî÷ëåíû Ëåæàíä-
ðà Pn(x).

Âîçâðàùàÿñü ê ïåðåìåííîé r, ïîëó÷èì, ÷òî ôóíêöèÿ

Rn(r) = Pn

(
r

l

)
åñòü ðåøåíèå óðàâíåíèÿ (35), îãðàíè÷åííîå â òî÷êàõ r = ±l ïðè λ = n(n+1).

Èç ïåðâîãî ãðàíè÷íîãî óñëîâèÿ (36) èìååì Pn(0) = 0. Ýòî îçíà÷àåò,
÷òî íåîáõîäèìî âçÿòü ìíîãî÷ëåíû Ëåæàíäðà òîëüêî íå÷åòíîé ñòåïåíè, ò. å.
n = 2k − 1, k = 1, 2, . . .

Òàêèì îáðàçîì, ñîáñòâåííûìè çíà÷åíèÿìè è ñîáñòâåííûìè ôóíêöèìè
çàäà÷è Øòóðìà � Ëèóâèëëÿ (35), (36) ÿâëÿþòñÿ

λk = 2k(2k − 1), Rk(r) = P2k−1

(
r

l

)
, k = 1, 2, . . .
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Ïðè λ = λk óðàâíåíèå äëÿ âðåìåíí�îé ôóíêöèè T (t) èìååò âèä

T ′′
k (t) + a2λkTk(t) = 0.

Åãî îáùåå ðåøåíèå íàõîäèì ïî ôîðìóëå

Tk(t) = Ak cos
√

2k(2k − 1) at+Bk sin
√
2k(2k − 1) at.

Îáðàçóåì ðÿä ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè

u(r, t) =
∞∑
k=1

[
Ak cos

√
2k(2k − 1) at+Bk sin

√
2k(2k − 1) at

]
P2k−1

(
r

l

)
. (38)

Âûáåðåì êîýôôèöèåíòû Ak è Bk òàê, ÷òîáû âûïîëíÿëèñü íà÷àëüíûå
óñëîâèÿ (34):

∞∑
k=1

AkP2k−1

(
r

l

)
= φ(r),

∞∑
k=1

√
2k(2k − 1) aBkP2k−1

(
r

l

)
= ψ(r).

Âû÷èñëèì êâàäðàò íîðìû ∥P2k−1∥2. Èìååì

∥P2k−1∥2 =
l∫

0

P 2
2k−1

(
r

l

)
dr = l

1∫
0

P 2
2k−1(ξ)dξ =

=
l

2

1∫
−1

P 2
2k−1(ξ)dξ =

l

2

2

2(2k − 1) + 1
=

l

4k − 1
.

Â ðåçóëüòàòå ïîëó÷èì

Ak =
4k − 1

l

l∫
0

φ(r)P2k−1

(
r

l

)
dr,

Bk =
4k − 1

al
√

2k(2k − 1)

l∫
0

ψ(r)P2k−1

(
r

l

)
dr.

(39)

Òàêèì îáðàçîì, ðåøåíèå ñìåøàííîé çàäà÷è (32)�(34) äàåòñÿ ðÿäîì (38),
â êîòîðîì êîýôôèöèåíòû Ak è Bk âû÷èñëÿþòñÿ ñîãëàñíî ôîðìóëàì (39).

1.4.6. Ìíîãî÷ëåíû ×åáûøåâà � Ýðìèòà
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Ðàññìîòðèì çàäà÷ó Øòóðìà � Ëèóâèëëÿ

d

dx

(
e−x2 dy

dx

)
+ λe−x2

y = 0, −∞ < x <∞, (40)

lim
x→−∞

e−x2

y(x) = 0, lim
x→∞

e−x2

y(x) = 0. (41)

Òðåáóåòñÿ íàéòè âñå çíà÷åíèÿ λ , ïðè êîòîðûõ óðàâíåíèå (40) èìååò
íåòðèâèàëüíûå ðåøåíèÿ, ðàñòóùèå ïðè x→ ∞ íå áûñòðåå, ÷åì ex

2

.
Áóäåì èñêàòü ðåøåíèå (40) â âèäå ñòåïåííîãî ðÿäà

y(x) =
∞∑
k=0

akx
k. (42)

Ïåðåïèøåì óðàâíåíèå (40) â âèäå

y′′ − 2xy + λy = 0 (43)

è ïîäñòàâèì â ýòî óðàâíåíèå ðÿä (42):

∞∑
k=2

k(k − 1)akx
k−2 − 2

∞∑
k=0

kakx
k + λ

∞∑
k=0

akx
k = 0.

Ïîñëå èçìåíåíèÿ èíäåêñà ñóììèðîâàíèÿ ïîëó÷èì

∞∑
k=0

[
(k + 2)(k + 1)ak+2 + (λ− 2k)ak

]
xk = 0.

Â ñèëó åäèíñòâåííîñòè ðàçëîæåíèÿ â ñòåïåííîé ðÿä ïîëó÷èì

(k + 2)(k + 1)ak+2 + (λ− 2k)ak = 0,

îòêóäà ñëåäóåò ðåêêóðåíòíîå ñîîòíîøåíèå

ak+2 =
2k − λ

(k + 2)(k + 1)
ak, k = 0, 1, . . . (44)

Ïðè ëþáîì λ èìååì äâà ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ

y1(x) =
∞∑
k=0

a2kx
2k, y2(x) =

∞∑
k=0

a2k+1x
2k+1.

Ïðè λ = 2n îáà ýòèõ ðÿäà îáðûâàþòñÿ è ñòàíîâÿòñÿ ìíîãî÷ëåíàìè ñòå-
ïåíè n :

y(x) = Hn(x), n = 0, 1, . . .
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Ïîñêîëüêó ãðàíè÷íûå óñëîâèÿ (41) äëÿ ìíîãî÷ëåíîâ âûïîëíåíû, îíè è
áóäóò ðåøåíèÿìè çàäà÷è Øòóðìà � Ëèóâèëëÿ (40), (41).

Äëÿ ôóíêöèé Hn(x) èìååò ìåñòî äèôôåðåíöèàëüíîå ïðåäñòàâëåíèå

Hn(x) = (−1)nex
2 dn

dxn
e−x2

. (45)

Ìíîãî÷ëåíû (45) íàçûâàþòñÿìíîãî÷ëåíàìè ×åáûøåâà � Ýðìèòà .
Ñâîéñòâà ìíîãî÷ëåíîâ ×åáûøåâà � Ýðìèòà.

1. Äëÿ ìíîãî÷ëåíîâ ×åáûøåâà � Ýðìèòà ñïðàâåäëèâî ðåêêóðåíòíîå ñî-
îòíîøåíèå

Hn+1(x)− 2xHn(x) + 2nHn−1(x) = 0, H0(x) = 1, H1(x) = 2x.

2. Ìíîãî÷ëåíû ×åáûøåâà � Ýðìèòà ðàçëè÷íûõ ñòåïåíåé îðòîãîíàëüíû
íà ïðîìåæóòêå (−∞,∞) ñ âåñîì ρ(x) = e−x2

:

∞∫
−∞

e−x2

Hn(x)Hm(x) dx = 0, n ̸= m.

3. Êâàäðàò íîðìû ìíîãî÷ëåíîâ ×åáûøåâà � Ýðìèòà ðàâåí

∥Hn∥2 =
∞∫

−∞

e−x2

H2
n(x) dx = 2nn!

√
π.

4. Ñîâîêóïíîñòü ìíîãî÷ëåíîâ ×åáûøåâà � Ýðìèòà èñ÷åðïûâàåò âñå ðå-
øåíèÿ çàäà÷è Øòóðìà � Ëèóâèëëÿ (40), (41).

5. Ìíîãî÷ëåí ×åáûøåâà � Ýðìèòà Hn(x) åñòü ôóíêöèÿ òîé æå ÷åòíîñòè,
÷òî è n :

Hn(−x) = (−1)nHn(x).

6. Âñå êîðíè ìíîãî÷ëåíà ×åáûøåâà � Ýðìèòà äåéñòâèòåëüíû è ðàçëè÷-
íû.

1.4.7. Óðàâíåíèå Øðåäèíãåðà

Ïóñòü äàíà çàäà÷à Øòóðìà � Ëèóâèëëÿ

ψ′′(x) +
2µ

~2

(
E − µω2x2

2

)
ψ(x) = 0, (46)

∞∫
−∞

ψ2(x)dx = 1. (47)
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Óðàâíåíèå (46) íàçûâàåòñÿ óðàâíåíèåì Øðåäèíãåðà äëÿ ãàðìîíè-
÷åñêîãî îñöèëëÿòîðà (îñöèëëÿòîð � êîëåáëþùàÿñÿ ñèñòåìà).

Çäåñü ψ(x) � âîëíîâàÿ ôóíêöèÿ, õàðàêòåðèçóþùàÿ äâèæåíèå ýëåìåí-
òàðíîé ÷àñòèöû, µ � ìàññà ÷àñòèöû, ω � ñîáñòâåííàÿ ÷àñòîòà êîëåáàíèé,
E � ïîëíàÿ ýíåðãèÿ, ~ � ïîñòîÿííàÿ Ïëàíêà. Òðåáóåòñÿ íàéòè òàêèå äî-
ïóñòèìûå çíà÷åíèÿ E, ïðè êîòîðûõ âîçìîæíû ñòàöèîíàðíûå ñîñòîÿíèÿ ýëå-
ìåíòàðíîé ÷àñòèöû.

Ââåäåì íîâóþ ïåðåìåííóþ z =

√
ωµ

~
x. Òîãäà

d2ψ

dx2
=
ωµ

~
d2ψ

dz2
è óðàâíå-

íèå (46) ïðèíèìàåò âèä

ωµ

~
d2ψ

dz2
−
(
ωµ

~

)2 ~
ωµ

z2ψ +
2µE

~2
ψ = 0

èëè ïîñëå äåëåíèÿ íà
ωµ

~
d2ψ

dz2
− z2ψ + λψ = 0, λ =

2E

ω~
.

Ñäåëàåì çàìåíó ψ(z) = y(z)e
−
z2

2 . Òîãäà

dψ

dz
= y′e

−
z2

2 + y(−z)e
−
z2

2 = (y′ − zy)e
−
z2

2 ,
d2ψ

dz2
= (y′′ − y − zy′)e

−
z2

2 +

+ (y′ − zy)(−z)e
−
z2

2 = e
−
z2

2 [y′′ − 2zy′ + (z2 − 1)y
]
.

Â ðåçóëüòàòå ïðèõîäèì ê äèôôåðåíöèàëüíîìó óðàâíåíèþ

d2y

dz2
− 2z

dy

dz
+ (λ− 1)y = 0,

ñîâïàäàþùåìó ñ óðàâíåíèåì (43), â êîòîðîì âìåñòî ïàðàìåòðà λ ôèãóðèðó-
åò λ − 1. Åãî ðåøåíèÿìè ÿâëÿþòñÿ ñîáñòâåííûå ôóíêöèè yn(z) = AnHn(z),
ñîîòâåòñòâóþùèå ñîáñòâåííûì çíà÷åíèÿì λn = 2n + 1. Ñëåäîâàòåëüíî, ðå-
øåíèÿìè óðàâíåíèÿ (46) áóäóò ôóíêöèè

ψn(x) = Ane
−
ωµ
2~ x

2

Hn

(√
ωµ

~
x

)
.

Îïðåäåëèì ïîñòîÿííûå An òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå (47):

A2
n

∞∫
−∞

e
−
ωµ
~ x

2

H2
n

(√
ωµ

~
x

)
dx = 1.
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Âûïîëíèì çàìåíó ïåðåìåííûõ t =

√
ωµ

~
x. Òîãäà dx =

√
~
ωµ

dt è óñëî-

âèå íîðìèðîâêè çàïèøåòñÿ â âèäå

A2
n

∞∫
−∞

e−t2H2
n(t)

√
~
ωµ

dt = 1.

Îòñþäà ñ ó÷åòîì ôîðìóëû äëÿ êâàäðàòà íîðìû ìíîãî÷ëåíîâ ×åáûøåâà
� Ýðìèòà ïîëó÷èì

An =

(
ωµ

~

)14(
1

2nn!
√
π

)12
.

Èç óðàâíåíèÿ
2E

ω~
= 2n+ 1 ñëåäóåò, ÷òî E = En = ω~

(
n+

1

2

)
.

Òàêèì îáðàçîì, îêîí÷àòåëüíî íàõîäèì ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåí-
íûå ôóíêöèè çàäà÷è (46), (47):

En = ω~
(
n+

1

2

)
, n = 0, 1, . . . ,

ψn(x) =

(
ωµ

~

)14(
1

2nn!
√
π

)12
e
−
ωµ
2~ x

2

Hn

(√
ωµ

~
x

)
, n = 0, 1, . . .
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1.5. Óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà

1.5.1. Ïîñòàíîâêè êðàåâûõ çàäà÷ äëÿ
óðàâíåíèé ýëëèïòè÷åñêîãî òèïà

Ïðîñòåéøèì ïðåäñòàâèòåëåì óðàâíåíèé ýëëèïòè÷åñêîãî òèïà ÿâëÿåòñÿ
óðàâíåíèå Ëàïëàñà

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= 0, (1)

ãäå x, y, z � ïðÿìîóãîëüíûå äåêàðòîâû êîîðäèíàòû. Âûðàæåíèå

∆u =
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

íàçûâàåòñÿ îïåðàòîðîì Ëàïëàñà . Íåîäíîðîäíîå óðàâíåíèå âèäà

∆u = −f(x, y, z), (2)

ãäå f(x, y, z) � çàäàííàÿ ôóíêöèÿ, íàçûâàåòñÿ óðàâíåíèåì Ïóàññîíà .
Óðàâíåíèÿ Ëàïëàñà è Ïóàññîíà îïèñûâàþò ñòàöèîíàðíûå èëè óñòà-

íîâèâøèåñÿ ïðîöåññû , ò. å. ïðîöåññû, íå ìåíÿþùèåñÿ ñ òå÷åíèåì âðåìåíè.
Âèä îïåðàòîðà Ëàïëàñà â ëåâûõ ÷àñòÿõ ðàâåíñòâ (1) è (2) ïðè ïåðåõî-

äå ê êðèâîëèíåéíûì êîîðäèíàòàì ìåíÿåòñÿ. Â öèëèíäðè÷åñêèõ êîîðäèíàòàõ
r, φ, z îïåðàòîð èìååò âèä

∆u =
1

r

∂

∂r

(
r
∂u

∂r

)
+

1

r2
∂2u

∂φ2
+
∂2u

∂z2
,

à â ñôåðè÷åñêèõ êîîðäèíàòàõ r, θ, φ

∆u =
1

r2
∂

∂r

(
r2
∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
+

1

r2 sin2 θ

∂2u

∂φ2
.

Ñòàöèîíàðíîå ðàñïðåäåëåíèå òåìïåðàòóðû â îäíîðîäíîé ñðåäå îïèñûâà-
åòñÿ óðàâíåíèåì Ïóàññîíà

∆u = −F (x, y, z)
k

, (3)

ãäå F (x, y, z) � ïëîòíîñòü òåïëîâûõ èñòî÷íèêîâ, k = const > 0 � êîýô-
ôèöèåíò òåïëîïðîâîäíîñòè. Åñëè ñðåäà íåîäíîðîäíà, òî êîýôôèöèåíò òåï-
ëîïðîâîäíîñòè çàâèñèò îò òî÷êè (x, y, z), è âìåñòî óðàâíåíèÿ (3) ïîëó÷èì
óðàâíåíèå

div(k grad u) = −F (x, y, z), (4)
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ãäå äèôôåðåíöèàëüíûé îïåðàòîð ìîæíî çàïèñàòü â ðàçâåðíóòîì âèäå

div(k grad u) =
∂

∂x

(
k
∂u

∂x

)
+

∂

∂y

(
k
∂u

∂y

)
+

∂

∂z

(
k
∂u

∂z

)
.

Ñôîðìóëèðóåì ïîñòàíîâêó êðàåâûõ (ãðàíè÷íûõ) çàäà÷ íà ïðèìåðå óðàâ-
íåíèÿ Ïóàññîíà. Ïóñòü G � êîíå÷íàÿ îáëàñòü òðåõìåðíîãî ïðîñòðàíñòâà ñ
ãðàíèöåé Γ. Òðåáóåòñÿ íàéòè íåïðåðûâíîå â çàìêíóòîé îáëàñòè G = G ∪ Γ
ðåøåíèå óðàâíåíèÿ

∆u = −f(P ), P = (x, y, z) ∈ G,

óäîâëåòâîðÿþùåå íà ãðàíèöå Γ îäíîìó èç êðàåâûõ óñëîâèé:

1) u|Γ = µ1(P ) � ïåðâàÿ êðàåâàÿ çàäà÷à (çàäà÷à Äèðèõëå);

2)
∂u

∂n⃗

∣∣∣∣
Γ

= µ2(P ) � âòîðàÿ êðàåâàÿ çàäà÷à (çàäà÷à Íåéìàíà);

3)

[
∂u

∂n⃗
+ h
(
u− µ3(P )

)]∣∣∣∣
Γ

= 0 � òðåòüÿ êðàåâàÿ çàäà÷à.

Çäåñü µ1(P ), µ2(P ) è µ3(P ) � çàäàííûå íà ãðàíèöå Γ ôóíêöèè, h =
= const > 0, n⃗ � âíåøíÿÿ íîðìàëü ê Γ.

Åñëè îáëàñòü, â êîòîðîé èùåòñÿ ðåøåíèå óðàâíåíèÿ, îãðàíè÷åíà, òî êðà-
åâàÿ çàäà÷à íàçûâàåòñÿ âíóòðåííåé . Åñëè æå ýòà îáëàñòü ÿâëÿåòñÿ ÷àñòüþ
ïðîñòðàíñòâà, ëåæàùåé âíå îãðàíè÷åííîé îáëàñòè, òî êðàåâàÿ çàäà÷à íàçû-
âàåòñÿ âíåøíåé .

Ôóíêöèÿ u(P ), íåïðåðûâíàÿ â îáëàñòè G âìåñòå ñî ñâîèìè ïðîèçâîä-
íûìè äî âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî è óäîâëåòâîðÿþùàÿ â ýòîé îáëàñòè
óðàâíåíèþ Ëàïëàñà ∆u = 0, íàçûâàåòñÿ ãàðìîíè÷åñêîé â îáëàñòè G.

1.5.2. Êîððåêòíîñòü çàäà÷è Äèðèõëå. Ôóíäàìåíòàëüíûå
ðåøåíèÿ óðàâíåíèÿ Ëàïëàñà

Ðàññìîòðèì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà

∆u = −f(P ), P ∈ G, (5)

u|Γ = µ(P ). (6)

Áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèÿ u(P ) íåïðåðûâíà â çàìêíóòîé îáëà-
ñòè G = G ∪ Γ.

Òåîðåìà 1 (î êîððåêòíîñòè çàäà÷è Äèðèõëå). Åñëè µ(P ) � íåïðå-
ðûâíàÿ ôóíêöèÿ, òî ðåøåíèå çàäà÷è Äèðèõëå (5), (6) åäèíñòâåííî è íåïðå-
ðûâíî çàâèñèò îò ãðàíè÷íîãî óñëîâèÿ (óñòîé÷èâî îòíîñèòåëüíî ãðàíè÷íîãî
óñëîâèÿ).
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Äîêàçàòåëüñòâî. Ïóñòü èìååòñÿ äâà ðåøåíèÿ u1(P ) è u2(P ). Òîãäà èõ
ðàçíîñòü v(P ) = u1(P )− u2(P ) áóäåò ðåøåíèåì îäíîðîäíîé êðàåâîé çàäà÷è{

∆v = 0, P ∈ G,

v|Γ = 0.

Ñëåäîâàòåëüíî, v(P ) ÿâëÿåòñÿ ãàðìîíè÷åñêîé â îáëàñòè G ôóíêöèåé,
íåïðåðûâíîé â G è îáðàùàþùåéñÿ â íóëü íà ãðàíèöå Γ. Òîãäà ñîãëàñíî
ïðèíöèïó ìàêñèìóìà, v(P ) ≡ 0 âî âñåé îáëàñòè G. Äåéñòâèòåëüíî, åñëè áû
â íåêîòîðîé òî÷êå P ∈ G ôóíêöèÿ v(P ) > 0 èëè v(P ) < 0, òî ãàðìîíè-
÷åñêàÿ ôóíêöèÿ èìåëà áû ñòðîãèé ìàêñèìóì èëè ìèíèìóì âíóòðè îáëàñòè
G, ÷òî ïðîòèâîðå÷èò ïðèíöèïó ìàêñèìóìà. Òåì ñàìûì u1(P ) ≡ u2(P ) è
åäèíñòâåííîñòü ðåøåíèÿ óñòàíîâëåíà.

Íàðÿäó ñ çàäà÷åé (5), (6) ðàññìîòðèì ¾âîçìóùåííóþ¿ çàäà÷ó{
∆ũ = −f(P ), P ∈ G,

ũ|Γ = µ̃(P ),

ãäå
∣∣µ(P )− µ̃(P )

∣∣ 6 ε, P ∈ Γ. Òîãäà ðàçíîñòü z(P ) = u(P )− ũ(P ) ÿâëÿåòñÿ
ðåøåíèåì êðàåâîé çàäà÷è {

∆z = 0, P ∈ G,

z|Γ = µ(P )− µ̃(P ).

Â ñèëó ïðèíöèïà ìàêñèìóìà,
∣∣z(P )∣∣ 6 max

P∈Γ

∣∣z(P )∣∣ 6 ε èëè∣∣u(P )− ũ(P )
∣∣ 6 ε.

Òåîðåìà äîêàçàíà.

Íàéäåì ãàðìîíè÷åñêèå ôóíêöèè, îáëàäàþùèå öèëèíäðè÷åñêîé èëè ñôå-
ðè÷åñêîé ñèììåòðèåé, ò. å. çàâèñÿùèå òîëüêî îò îäíîé ïåðåìåííîé r. Ðåøåíèå
óðàâíåíèÿ Ëàïëàñà, îáëàäàþùåå ñôåðè÷åñêîé ñèììåòðèåé, áóäåò îïðåäåëÿòü-
ñÿ èç îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

d

dr

(
r2
du

dr

)
= 0.

Èíòåãðèðóÿ ýòî óðàâíåíèå, íàõîäèì u = −C1

r
+C2. Âûáèðàÿ â êà÷åñòâå

êîíñòàíò C1 = −1, C2 = 0, ïîëó÷èì

u =
1

r
. (7)
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Ôóíêöèÿ (7) íàçûâàåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì óðàâíåíèÿ
Ëàïëàñà â ïðîñòðàíñòâå . Ýòà ôóíêöèÿ óäîâëåòâîðÿåò óðàâíåíèþ ∆u = 0
âñþäó, êðîìå òî÷êè r = 0. Ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ îíà ïðåä-
ñòàâëÿåò ñîáîé ïîòåíöèàë ýëåêòðîñòàòè÷åñêîãî ïîëÿ, ñîçäàâàåìîãî òî÷å÷íûì
çàðÿäîì, ïîìåùåííûì â íà÷àëî êîîðäèíàò.

Ðåøåíèå óðàâíåíèÿ Ëàïëàñà, îáëàäàþùåå öèëèíäðè÷åñêîé ñèììåòðèåé,
íàõîäèòñÿ èç óðàâíåíèÿ

d

dr

(
r
du

dr

)
= 0

è èìååò âèä u = C1 ln r + C2. Ïðè C1 = −1, C2 = 0 ïîëó÷èì ôóíäàìåí-
òàëüíîå ðåøåíèå óðàâíåíèÿ Ëàïëàñà íà ïëîñêîñòè

u = ln
1

r
. (8)

Ýòà ôóíêöèÿ óäîâëåòâîðÿåò óðàâíåíèþ Ëàïëàñà âñþäó, êðîìå òî÷êè
r = 0. Ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ îíà ñîâïàäàåò ñ ïîòåíöèà-
ëîì ýëåêòðîñòàòè÷åñêîãî ïîëÿ, ñîçäàâàåìîãî ðàâíîìåðíî çàðÿæåííîé òîíêîé
íèòüþ.

1.5.3. Ðåøåíèå êðàåâûõ çàäà÷ äëÿ ýëëèïèòè÷åñêèõ
óðàâíåíèé â ïðÿìîóãîëüíèêå

Ïóñòü èìååòñÿ çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â ïðÿìîóãîëüíèêå
Ω =

{
0 6 x 6 a, 0 6 y 6 b

}
:

∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x < a, 0 < y < b,

u|x=0 = φ1(y), u|x=a = φ2(y), 0 6 y 6 b,

u|y=0 = ψ1(x), u|y=b = ψ2(x), 0 6 x 6 a.

(9)

Ðåøåíèå çàäà÷è (9) ñëåäóåò èñêàòü â âèäå ñóììû u(x, y) = v(x, y) +
+ w(x, y), ãäå v(x, y) è w(x, y) ñóòü ðåøåíèÿ êðàåâûõ çàäà÷

∂2v

∂x2
+
∂2v

∂y2
= 0,

v|x=0 = 0, v|x=a = 0,

v|y=0 = ψ1(x), v|y=b = ψ2(x),


∂2w

∂x2
+
∂2w

∂y2
= 0,

w|x=0 = φ1(y), w|x=a = φ2(y),

w|y=0 = 0, w|y=b = 0.

Êàæäàÿ èç ýòèõ çàäà÷ ðåøàåòñÿ ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ ñ ïðè-
âëå÷åíèåì òðèãîíîìåòðè÷åñêèõ è ãèïåðáîëè÷åñêèõ ôóíêöèé.
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Ïðèìåð 1. Â ïðÿìîóãîëüíèêå Ω =
{
0 6 x 6 a, 0 6 y 6 b

}
íàéòè

ðåøåíèå çàäà÷è Äèðèõëå
∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x < a, 0 < y < b,

u|x=0 = A sin
3πy

b
, u|x=a = 0,

u|y=0 = Bx(a− x), u|y=b = 0, A,B = const.

Ðåøåíèå. Ïî êàæäîìó èç íàïðàâëåíèé x è y ãðàíè÷íûå óñëîâèÿ íà
÷àñòè ãðàíèöû ÿâëÿþòñÿ íåîäíîðîäíûìè, ïîýòîìó áóäåì èñêàòü ôóíêöèþ
u(x, y) â âèäå ñóììû u(x, y) = v(x, y) + w(x, y), ãäå v(x, y) è w(x, y) �
ðåøåíèÿ êðàåâûõ çàäà÷

∂2v

∂x2
+
∂2v

∂y2
= 0,

v|x=0 = 0, v|x=a = 0,

v|y=0 = Bx(a− x), v|y=b = 0,


∂2w

∂x2
+
∂2w

∂y2
= 0,

w|x=0 = A sin
3πy

b
, w|x=a = 0,

w|y=0 = 0, w|y=b = 0,

ñîîòâåòñòâåííî. Äëÿ ïåðâîé çàäà÷è âîçüìåì v(x, y) = X(x)Y (y). Ïîäñòàâëÿÿ
â èñõîäíîå óðàâíåíèå è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì äâà îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèÿ:

X ′′

X
= −Y

′′

Y
= −λ2.

Çàìåòèì, ÷òî ñ ïëþñîì áåðåòñÿ òà ôóíêöèÿ, ïî àðãóìåíòó êîòîðîé çà-
äàíû îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ. Ïîäñòàâèì v(x, y) â ñîîòâåòñòâóþùèå
ðàâåíñòâà v|x=0 = 0, v|x=a = 0 :

X(0)Y (y) = 0, X(a)Y (y) = 0 ⇒ X(0) = 0, X(a) = 0.

Â ðåçóëüòàòå ïðèõîäèì ê çàäà÷å Øòóðìà � Ëèóâèëëÿ{
X ′′ + λ2X = 0,

X(0) = X(a) = 0.

Åå ðåøåíèÿìè áóäóò ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè

λk =
kπ

a
, Xk(x) = sin

kπx

a
, k = 1, 2, . . .
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Äëÿ Y (y) ïðè íàéäåííûõ çíà÷åíèÿõ λk èìååì äèôôåðåíöèàëüíîå óðàâ-
íåíèå âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè:

Y ′′
k (y)−

(
kπ

a

)2

Yk(y) = 0.

Äèñêðèìèíàíò õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ µ2 −
(
kπ

a

)2

= 0 ïîëî-

æèòåëåí, ïðè ýòîì êîðíè ðàâíû µ1,2 = ± kπ

a
. Ñëåäîâàòåëüíî, ôóíäàìåíòàëü-

íàÿ ñèñòåìà ðåøåíèé èìååò âèä e−
kπy
a , e

kπy
a . Îäíàêî â äàííîì ñëó÷àå óäîá-

íåå â êà÷åñòâå ôóíäàìåíòàëüíîé ñèñòåìû âçÿòü ãèïåðáîëè÷åñêóþ ôóíêöèþ

sh
kπ

a
y è åå ñäâèã sh

kπ

a
(b− y). Òîãäà îáùåå ðåøåíèå çàïèøåòñÿ â âèäå

Yk(y) = Ak sh
kπ

a
y +Bk sh

kπ

a
(b− y).

Ïåðåìíîæàÿ Xk(x) è Yk(x) è ñóììèðóÿ ïî âñåì k, ïîëó÷èì ðÿä

v(x, y) =
∞∑
k=1

[
Ak sh

kπ

a
y +Bk sh

kπ

a
(b− y)

]
sin

kπx

a
,

ñóììà êîòîðîãî v(x, y) ÿâëÿåòñÿ ãàðìîíè÷åñêîé â Ω ôóíêöèåé, óäîâëåòâîðÿ-
þùåé ãðàíè÷íûì óñëîâèÿì íà áîêîâûõ ñòîðîíàõ ïðÿìîóãîëüíèêà Ω. Ïîòðå-
áóåì, ÷òîáû äëÿ ôóíêöèè v(x, y) âûïîëíÿëèñü ãðàíè÷íûå óñëîâèÿ íà âåðõ-
íåì è íèæíåì îñíîâàíèÿõ:

∞∑
k=1

Bk sh
kπb

a
sin

kπx

a
= Bx(a− x),

∞∑
k=1

Ak sh
kπb

a
sin

kπx

a
= 0.

Èç âòîðîãî ðàâåíñòâà ñëåäóåò, ÷òî Ak = 0, k = 1, 2, . . . Ðàññìàòðèâàÿ
ïåðâîå ðàâåíñòâî êàê ðàçëîæåíèå ôóíêöèè φ(x) = Bx(a−x) íà îòðåçêå [0, a]
â ðÿä ïî ñîáñòâåííûì ôóíêöèÿì Xk(x), â êîòîðîì êîýôôèöèåíòàìè Ôóðüå

áóäóò ÷èñëà φk = Bk sh
kπb

a
, ïîëó÷èì

Bk =
2

a sh
kπb

a

a∫
0

Bx(a− x) sin
kπx

a
dx =

4Ba

(kπ)2 sh
kπb

a

a∫
0

sin
kπx

a
dx =

=
4Ba2

(kπ)3 sh
kπb

a

[
1− (−1)k

]
=


0, k = 2n,

8Ba2

(2n+ 1)3π3 sh
(2n+ 1)πb

a

, k = 2n+ 1.

166



Çäåñü ïðè èñïîëüçîâàíèè ôîðìóëû èíòåãðèðîâàíèÿ ïî ÷àñòÿì îáà ðàçà
ïîäñòàíîâêè îáðàòèëèñü â íóëü.

Ïîäñòàâëÿÿ âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ â ðÿä, áóäåì èìåòü

v(x, y) =
8Ba2

π3

∞∑
n=0

sh
(2n+ 1)π

a
(b− y)

(2n+ 1)3 sh
(2n+ 1)πb

a

sin
(2n+ 1)πx

a
.

Àíàëîãè÷íî ðåøàåòñÿ êðàåâàÿ çàäà÷à äëÿ ôóíêöèè w(x, y). Ïîëàãàÿ
w(x, y) = X(x)Y (y) è ðàçäåëÿÿ ïåðåìåííûå, äëÿ Y (y) ïðèõîäèì ê çàäà÷å
Øòóðìà � Ëèóâèëëÿ {

Y ′′ + λ2Y = 0,

Y (0) = Y (b) = 0

ñ ðåøåíèÿìè λs =
sπ

b
, Ys(y) = sin

sπy

b
, s = 1, 2, . . . Äèôôåðåíöèàëüíîå

óðàâíåíèå X ′′
s −

(
sπ

b

)2

Xs = 0 èìååò ðåøåíèÿ

Xs(x) = Cs sh
sπ

b
x+Ds sh

sπ

b
(a− x).

Ñîñòàâèì ðÿä

w(x, y) =
∞∑
s=1

[
Cs sh

sπ

b
x+Ds sh

sπ

b
(a− x)

]
sin

sπy

b

è ïîäñòàâèì åãî â ãðàíè÷íûå óñëîâèÿ ïðè x = 0 è x = a :

∞∑
s=1

Ds sh
sπa

b
sin

sπy

b
= A sin

3πy

b
,

∞∑
s=1

Cs sh
sπa

b
sin

sπy

b
= 0.

Îòñþäà íàõîäèì

Cs = 0, s = 1, 2, . . . , D3 =
A

sh
3πa

b

, Ds = 0, s ̸= 3

(ôîðìóëû äëÿ Ds ïîëó÷àþòñÿ ïðèðàâíèâàíèåì êîýôôèöèåíòîâ ïðè îäèíà-
êîâûõ ñîáñòâåííûõ ôóíêöèÿõ). Òàêèì îáðàçîì, èìååì

w(x, y) =
A

sh
3πa

b

sh
3π

b
(a− x) sin

3πy

b
.
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Ñêëàäûâàÿ ôóíêöèè v(x, y) è w(x, y), ïîëó÷èì îòâåò

u(x, y) =
8Ba2

π3

∞∑
n=0

sh
(2n+ 1)π

a
(b− y)

(2n+ 1)3 sh
(2n+ 1)πb

a

sin
(2n+ 1)πx

a
+

+
A

sh
3πa

b

sh
3π

b
(a− x) sin

3πy

b
. J

Ïðèìåð 2. Ðåøèòü êðàåâóþ çàäà÷ó â ïðÿìîóãîëüíèêå:

∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x < a, 0 < y < b,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=a

= 0,

u|y=0 = A, u|y=b = Bx, A,B = const.

Ðåøåíèå. Îòìåòèì, ÷òî íà áîêîâûõ ñòîðîíàõ ïðÿìîóãîëüíèêà Ω =
=
{
0 6 x 6 a, 0 6 y 6 b

}
ãðàíè÷íûå óñëîâèÿ ÿâëÿþòñÿ îäíîðîäíûìè, ïî-

ýòîìó ñðàçó áóäåì èñêàòü íåòðèâèàëüíîå ðåøåíèå â âèäå u(x, y) = X(x)Y (y).
Ïîñëå ïîäñòàíîâêè â äèôôåðåíöèàëüíîå óðàâíåíèå è ðàçäåëåíèÿ ïåðåìåííûõ
ïðèõîäèì ê ðàâåíñòâàì

X ′′

X
= −Y

′′

Y
= −λ2.

Èç ãðàíè÷íûõ óñëîâèé ïðè x = 0 è x = a ñëåäóåò, ÷òî X ′(0) = 0,
X ′(a) = 0. Ïðèñîåäèíÿÿ ýòè óñëîâèÿ ê äèôôåðåíöèàëüíîìó óðàâíåíèþ äëÿ
ôóíêöèè X(x), ïîëó÷èì çàäà÷ó Øòóðìà � Ëèóâèëëÿ{

X ′′ + λ2X = 0,

X ′(0) = X ′(a) = 0,

ðåøåíèÿìè êîòîðîé ÿâëÿþòñÿ

λk =
kπ

a
, k = 0, 1, . . . , Xk(x) = cos

kπx

a
, k = 1, 2, . . . , X0(x) = 1.

Çàïèøåì äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ôóíêöèè Y (y)

Y ′′
k (y)−

(
kπ

a

)2

Yk(y) = 0.

168



Ïðè k = 1, 2, . . . , åãî îáùåå ðåøåíèå èìååò âèä

Yk(y) = Ak sh
kπ

a
y +Bk sh

kπ

a
(b− y),

à ïðè k = 0 ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ Y ′′
0 = 0 áóäåò ëè-

íåéíàÿ ôóíêöèÿ Y0(y) = A0y + B0. Òåì ñàìûì ïîñòðîåíà ãàðìîíè÷åñêàÿ â
îáëàñòè Ω ôóíêöèÿ

u(x, y) = A0y +B0 +
∞∑
k=1

[
Ak sh

kπ

a
y +Bk sh

kπ

a
(b− y)

]
cos

kπx

a
,

óäîâëåòâîðÿþùàÿ ãðàíè÷íûì óñëîâèÿì ïðè x = 0, x = a.
Ïîäñòàâèì ðÿä â ãðàíè÷íîå óñëîâèå u|y=0 = A

B0 +
∞∑
k=1

Bk sh
kπb

a
cos

kπx

a
= A.

Â ñèëó îðòîãîíàëüíîñòè ñîáñòâåííûõ ôóíêöèé Xk(x) = cos
kπx

a
ñ âåñîì

ρ(x) = 1 íà îòðåçêå [0, a] èç ýòîãî ðàâåíñòâà ñëåäóåò, ÷òî

B0 = A, Bk = 0, k = 1, 2, . . .

Ïîäñòàâëÿÿ ðÿä â ãðàíè÷íîå óñëîâèå u|y=b = Bx, ïîëó÷èì

A0b+ A+
∞∑
k=1

Ak sh
kπb

a
cos

kπx

a
= Bx.

Îòñþäà íàõîäèì êîýôôèöèåíòû Ak :

A0b+ A =
1

∥X0∥2

a∫
0

Bxdx =
1

a

Ba2

2
=
Ba

2
⇒ A0 =

Ba− 2A

2b
,

Ak =
2

a sh
kπb

a

a∫
0

Bx cos
kπx

a
dx = − 2B

kπ sh
kπb

a

a∫
0

sin
kπx

a
dx =

=


0, k = 2n,

− 4Ba

(2n+ 1)2π2 sh
(2n+ 1)πb

a

, k = 2n+ 1.
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Îêîí÷àòåëüíî ïðèõîäèì ê ðåøåíèþ êðàåâîé çàäà÷è

u(x, y) =
Ba− 2A

2b
y + A−

− 4Ba

π2

∞∑
n=0

sh
(2n+ 1)π

a
y

(2n+ 1)2 sh
(2n+ 1)πb

a

cos
(2n+ 1)πx

a
. J

Ïðèìåð 3. Íàéòè ïîòåíöèàë ýëåêòðîñòàòè÷åñêîãî ïîëÿ âíóòðè îáëà-
ñòè, îãðàíè÷åííîé ïðîâîäÿùèìè ïëàñòèíàìè x = 0, y = 0 è y = b, åñëè

ïëàñòèíà x = 0 çàðÿæåíà äî ïîòåíöèàëà A

(
1− y

b

)
, A = const, à ïëàñòèíû

y = 0 è y = b çàçåìëåíû. Ýëåêòðè÷åñêèå çàðÿäû âíóòðè ðàññìàòðèâàåìîé
îáëàñòè îòñóòñòâóþò.

Ðåøåíèå. Äàííàÿ òåêñòîâàÿ çàäà÷à ýêâèâàëåíòíà êðàåâîé çàäà÷å â ïî-
ëóïîëîñå Ω =

{
0 6 x 6 ∞, 0 6 y 6 b

}
:

∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x <∞, 0 < y < b,

u|x=0 = A
(
1− y

b

)
, u|y=0 = 0, u|y=b = 0.

Ïîëàãàÿ u(x, y) = X(x)Y (y) è ïîäñòàâëÿÿ ýòî âûðàæåíèå â óðàâíåíèå,
áóäåì èìåòü

−X
′′

X
=
Y ′′

Y
= −λ2.

Ïðèñîåäèíèì ê óðàâíåíèþ äëÿ Y (y) ãðàíè÷íûå óñëîâèÿ Y (0) = 0,
Y (b) = 0, ÿâëÿþùèåñÿ ñëåäñòâèåì êðàåâûõ óñëîâèé íà âåðõíåì è íèæíåì
îñíîâàíèÿõ ïîëóïîëîñû Ω :{

Y ′′ + λ2Y = 0,

Y (0) = Y (b) = 0.

Ðåøàÿ ýòó çàäà÷ó, íàõîäèì ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíê-
öèè çàäà÷è Øòóðìà � Ëèóâèëëÿ:

λk =
kπ

b
, Yk(y) = sin

kπy

b
, k = 1, 2, . . .

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ôóíêöèè X(x)

X ′′
k (x)−

(
kπ

b

)2

Xk(x) = 0.
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Âûáèðàÿ â êà÷åñòâå ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé ñòàíäàðòíûé

íàáîð ôóíêöèé e−
kπx
b , e

kπx
b , çàïèøåì îáùåå ðåøåíèå â âèäå

Xk(x) = Ake
−kπx

b +Bke
kπx
b .

Ïåðåìíîæàÿ Xk(x) è Yk(x), ïîëó÷èì ÷àñòíûå ðåøåíèÿ

uk(x, y) =
(
Ake

−kπx
b +Bke

kπx
b

)
sin

kπy

b
,

óäîâëåòâîðÿþùèå ñîîòíîøåíèÿì uk(x, 0) = 0, uk(x, b) = 0. Èç îãðàíè÷åííî-
ñòè ôóíêöèé uk(x, y) íà áåñêîíå÷íîñòè ñëåäóåò, ÷òî Bk = 0.

Ñîñòàâèì ðÿä

u(x, y) =
∞∑
k=1

Ake
−kπx

b sin
kπy

b

è ïîä÷èíèì åãî ãðàíè÷íîìó óñëîâèþ ïðè x = 0

∞∑
k=1

Ak sin
kπy

b
= A

(
1− y

b

)
.

Îòñþäà âûòåêàþò ôîðìóëû äëÿ êîýôôèöèåíòîâ Ak :

Ak =
2

b

b∫
0

A

(
1− y

b

)
sin

kπy

b
dy = − 2A

kπb
(b− y) cos

kπy

b

∣∣∣∣b
0

=
2A

kπ
.

Òàêèì îáðàçîì, â îòâåòå ïîëó÷èì

u(x, y) =
2A

π

∞∑
k=1

1

k
e−

kπx
b sin

kπy

b
. J

Ïðèìåð 4. Íàéòè ñòàöèîíàðíîå ðàñïðåäåëåíèå òåìïåðàòóðû â ïðÿìî-
óãîëüíîé ïëàñòèíå Ω =

{
0 6 x 6 a, 0 6 y 6 b

}
, åñëè ñòîðîíû x = a è

y = b ïîêðûòû òåïëîâîé èçîëÿöèåé, ñòîðîíû x = 0 è y = 0 ïîääåðæèâà-
þòñÿ ïðè íóëåâîé òåìïåðàòóðå, à â ïëàñòèíå âûäåëÿåòñÿ òåïëî ñ ïëîòíîñòüþ
Q = const.

Ðåøåíèå. Áóäåì ðåøàòü íåîäíîðîäíóþ êðàåâóþ çàäà÷ó

∂2u

∂x2
+
∂2u

∂y2
= − Q

K
,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=a

= 0,

u|y=0 = 0,
∂u

∂y

∣∣∣∣
y=b

= 0,
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ãäå K � êîýôôèöèåíò òåïëîïðîâîäíîñòè. Ðàññìîòðèì çàäà÷ó Øòóðìà �
Ëèóâèëëÿ ïî íàïðàâëåíèþ x äëÿ ñîîòâåòñòâóþùåãî îäíîðîäíîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ {

X ′′ + λ2X = 0,

X(0) = X ′(a) = 0.

Åå ñîáñòâåííûå ôóíêöèè Xk(x) = sin
(2k + 1)πx

2a
, k = 0, 1, . . . Áóäåì

èñêàòü ðåøåíèå â âèäå ðÿäà Ôóðüå

u(x, y) =
∞∑
k=0

uk(y) sin
(2k + 1)πx

2a
.

Êîýôôèöèåíòû ðàçëîæåíèÿ uk(y) îïðåäåëèì òàê, ÷òîáû ðÿä óäîâëåòâî-
ðÿë óðàâíåíèþ è ãðàíè÷íûì óñëîâèÿì ïðè y = 0 è y = b. Ïðàâóþ ÷àñòü
òàêæå ðàçëîæèì â ðÿä ïî ñîáñòâåííûì ôóíêöèÿì

− Q

K
=

∞∑
k=0

fk sin
(2k + 1)πx

2a
,

ãäå êîýôôèöèåíòû fk âû÷èñëÿþòñÿ ïî ôîðìóëàì

fk =
2

a

a∫
0

(
−Q

K

)
sin

(2k + 1)πx

2a
dx = − 4Q

K(2k + 1)π
.

Ïîäñòàâëÿÿ ðÿäû â äèôôåðåíöèàëüíîå óðàâíåíèå, ïîëó÷èì

∞∑
k=0

{
u′′k(y)−

[
(2k + 1)π

2a

]2
uk(y)− fk

}
sin

(2k + 1)πx

2a
= 0.

Ýòî ñîîòíîøåíèå áóäåò âûïîëíåíî, åñëè âñå êîýôôèöèåíòû ðàçëîæåíèÿ
ðàâíû íóëþ

u′′k(y)−
[
(2k + 1)π

2a

]2
uk(y) = fk, k = 0, 1, . . .

Èç ãðàíè÷íûõ óñëîâèé u|y=0 = 0,
∂u

∂y

∣∣∣∣
y=b

= 0 âûòåêàþò ðàâåíñòâà

uk(0) = 0, u′k(b) = 0.
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Â èòîãå ïðèõîäèì ê ñåìåéñòâó êðàåâûõ çàäà÷ äëÿ íåîäíîðîäíîãî îáûêíî-
âåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êî-
ýôôèöèåíòàìè îòíîñèòåëüíî ôóíêöèé uk(y). Â êà÷åñòâå ÷àñòíîãî ðåøåíèÿ
âîçüìåì ũk(y) = Ck. Ïîäñòàâëÿÿ â óðàâíåíèå, ñ ó÷åòîì çíà÷åíèé fk ïîëó÷èì

ũk(y) =
16a2Q

K(2k + 1)3π3
.

Òîãäà îáùåå ðåøåíèå ìîæíî ïðåäñòàâèòü â âèäå ñóììû

uk(y) =
16a2Q

K(2k + 1)3π3
+ Ak ch

(2k + 1)π

2a
y +Bk ch

(2k + 1)π

2a
(b− y).

Èç ãðàíè÷íûõ óñëîâèé ñëåäóåò, ÷òî

Ak = 0, Bk = − 16a2Q

K(2k + 1)3π3 ch
(2k + 1)πb

2a

.

Òàêèì îáðàçîì, äëÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ èìååì

uk(y) =
16a2Q

K(2k + 1)3π3

1− ch
(2k + 1)π

2a
(b− y)

ch
(2k + 1)πb

2a

 .
Îêîí÷àòåëüíî ïðèõîäèì ê ðåøåíèþ êðàåâîé çàäà÷è

u(x, y) =
∞∑
k=0

16a2Q

K(2k + 1)3π3

1− ch
(2k + 1)π

2a
(b− y)

ch
(2k + 1)πb

2a

sin (2k + 1)πx

2a
. J

1.5.4. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ
êðóãîâûõ è öèëèíäðè÷åñêèõ îáëàñòåé

Ðàññìîòðèì âíóòðåííþþ çàäà÷ó Äèðèõëå äëÿ êðóãà:

1

r

∂

∂r

(
r
∂u

∂r

)
+

1

r2
∂2u

∂φ2
= 0, 0 6 r < a, 0 6 φ 6 2π, (10)

u|r=a = f(φ), 0 6 φ 6 2π. (11)

Íåòðèâèàëüíûå ðåøåíèå ýòîé çàäà÷è áóäåì èñêàòü ìåòîäîì ðàçäåëåíèÿ
ïåðåìåííûõ, ïîëàãàÿ

u(r, φ) = R(r)Φ(φ). (12)
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Ïîäñòàâëÿÿ ïðåäïîëàãàåìóþ ôîðìó ðåøåíèÿ â óðàâíåíèå (10) è ðàçäåëÿÿ
ïåðåìåííûå, ïîëó÷èì

−
r
d

dr

(
r
dR

dr

)
R(r)

=
Φ′′(φ)

Φ(φ)
= −λ2.

Äëÿ ôóíêöèè Φ(φ) ïîëó÷èì çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ{
Φ′′ + λ2Φ = 0,

Φ(φ+ 2π) = Φ(φ).
(13)

Çàäà÷à (13) èìååò íåòðèâèàëüíûå ïåðèîäè÷åñêèå ðåøåíèÿ òîëüêî ïðè
λ = λn = n, n = 0, 1, . . . Ýòè ðåøåíèÿ èìåþò âèä

Φn(φ) = An cosnφ+Bn sinnφ,

ãäå An è Bn � ïðîèçâîëüíûå ïîñòîÿííûå.
Ðàññìîòðèì óðàâíåíèå äëÿ ðàäèàëüíîé ôóíêöèè ïðè n > 1 :

r2
d2R

dr2
+ r

dR

dr
− n2R = 0. (14)

×àñòíûå ðåøåíèÿ óðàâíåíèÿ èùåì â âèäå ñòåïåííîé ôóíêöèè R(r) = rp.
Äëÿ îïðåäåëåíèÿ p ïîëó÷èì ñîîòíîøåíèå

r2p(p− 1)rp−2 + rprp−1 − n2rp = 0,

îòêóäà p2 − n2 = 0 èëè p = ±n. Ñëåäîâàòåëüíî, óðàâíåíèå (14) èìååò äâà
ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ Rn(r) = rn è Rn(r) = r−n.

Åñëè n = 0, òî óðàâíåíèå (14) ïðèíèìàåò âèä

rR′′ +R′ = 0 ⇒ R0(r) = A0 +B0 ln r.

Ðåøåíèå âíóòðåííåé çàäà÷è Äèðèõëå äîëæíî áûòü îãðàíè÷åíî â öåí-
òðå êðóãà ïðè r = 0. Ïîýòîìó èç íàéäåííûõ ðåøåíèé ñëåäóåò âçÿòü ëèøü
Rn(r) = rn, n = 0, 1, . . .

Òàêèì îáðàçîì, â ñîîòâåòñòâèè ñ ðàâåíñòâîì (12) ÷àñòíûå ðåøåíèÿ óðàâ-
íåíèÿ (10) ìîæíî çàïèñàòü â âèäå

un(r, φ) = rn(An cosnφ+Bn sinnφ), n = 0, 1, . . .

Â ñèëó ëèíåéíîñòè è îäíîðîäíîñòè óðàâíåíèÿ (10) ñóïåðïîçèöèÿ ÷àñòíûõ
ðåøåíèé

u(r, φ) =
∞∑
n=0

rn(An cosnφ+Bn sinnφ) (15)
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òàêæå áóäåò óäîâëåòâîðÿòü èñõîäíîìó óðàâíåíèþ. Âûïîëíÿÿ ãðàíè÷íûå óñëî-
âèÿ (11), ïîëó÷èì

∞∑
n=0

an(An cosnφ+Bn sinnφ) = f(φ). (16)

Ñðàâíèâàÿ (16) ñ ðàçëîæåíèåì ôóíêöèè f(φ) â ðÿä Ôóðüå ïî òðèãî-
íîìåòðè÷åñêîé ñèñòåìå ôóíêöèé, ïðèõîäèì ê ðåøåíèþ âíóòðåííåé çàäà÷è
Äèðèõëå (10), (11):

u(r, φ) =
α0

2
+

∞∑
n=1

(
r

a

)n
(αn cosnφ+ βn sinnφ), (17)

α0 =
1

π

π∫
−π

f(φ) dφ, αn =
1

π

π∫
−π

f(φ) cosnφdφ,

βn =
1

π

π∫
−π

f(φ) sinnφdφ, n = 1, 2, . . . (18)

Çàìå÷àíèå 1. Ðåøåíèå êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (10) ñ ãðàíè÷-

íûì óñëîâèåì
∂u

∂r

∣∣∣∣
r=a

= f(φ) (çàäà÷à Íåéìàíà) äàåòñÿ ðÿäîì

u(r, φ) =
∞∑
n=1

rn

nan−1
(αn cosnφ+ βn sinnφ) + C, (19)

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Óñëîâèåì ðàçðåøèìîñòè çàäà÷è Íåéìàíà

ÿâëÿåòñÿ ðàâåíñòâî α0 =
1

π

π∫
−π

f(φ) dφ = 0.

Ðåøåíèå òðåòüåé êðàåâîé çàäà÷è ñ ãðàíè÷íûì óñëîâèåì

(
∂u

∂r
+hu

)∣∣∣∣
r=a

=

= f(φ) èìååò âèä

u(r, φ) =
α0

2h
+

∞∑
n=1

rn

(n+ ah)an−1
(αn cosnφ+ βn sinnφ). (20)

Ïðè ðåøåíèè êðàåâûõ çàäà÷ äëÿ âíåøíîñòè êðóãà âìåñòî (15) ñëåäóåò

èñïîëüçîâàòü ðÿä u(r, φ) =
∞∑
n=0

r−n(Cn cosnφ+Dn sinnφ).
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Äëÿ êðàåâîé çàäà÷è âíóòðè êðóãîâîãî êîëüöà a < r < b ãàðìîíè÷åñêàÿ
ôóíêöèÿ ïðèíèìàåò âèä

u(r, φ) = A0 +B0 ln r +
∞∑
n=1

rn(An cosnφ+Bn sinnφ) +

+
∞∑
n=1

r−n(Cn cosnφ+Dn sinnφ).

Ïðåîáðàçóåì íàéäåííîå ðåøåíèå âíóòðåííåé êðàåâîé çàäà÷è ê áîëåå ïðî-
ñòîìó âèäó. Ïîäñòàâëÿÿ âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ αn è βn â ôîðìóëó
(17) è ìåíÿÿ ïîðÿäîê ñóììèðîâàíèÿ è èíòåãðèðîâàíèÿ, ïîëó÷èì

u(r, φ) =
α0

2
+

∞∑
n=1

(
r

a

)n
(αn cosnφ+ βn sinnφ) =

=
1

2π

π∫
−π

f(ψ)dψ +
1

π

∞∑
n=1

(
r

a

)n π∫
−π

f(ψ) cosnψ dψ · cosnφ+

+
1

π

∞∑
n=1

(
r

a

)n π∫
−π

f(ψ) sinnψ dψ · sinnφ =

=
1

π

π∫
−π

f(ψ)

[
1

2
+

∞∑
n=1

(
r

a

)n
cosn(φ− ψ)

]
dψ. (21)

Íàéäåì ñóììó ðÿäà, ñòîÿùåãî â ñêîáêàõ. Îáîçíà÷àÿ ÷åðåç t =
r

a
, α =

= φ− ψ, ïîëó÷èì

1

2
+

∞∑
n=1

tn cosnα = Re

(
1

2
+

∞∑
n=1

tneinα
)

= Re

(
1

2
+

teiα

1− teiα

)
=

=
1

2
Re

(
1 + teiα

1− teiα

)
=

1

2
Re

(
1− t2 + 2it sinα

1 + t2 − 2t cosα

)
=

=
1− t2

2(1 + t2 − 2t cosα)
. (22)

Ïîäñòàâëÿÿ (22) â (21) è âîçâðàùàÿñü ê ïåðåìåííûì r, φ è ψ, ïðèõîäèì
ê ðàâåíñòâó

u(r, φ) =
1

2π

π∫
−π

f(ψ)
a2 − r2

a2 + r2 − 2ar cos(φ− ψ)
dψ. (23)
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Ôîðìóëà (23), äàþùàÿ ðåøåíèå çàäà÷è Äèðèõëå â êðóãå r < a, íà-
çûâàåòñÿ èíòåãðàëîì Ïóàññîíà äëÿ êðóãà . Ïðè r = a ïðåäñòàâëåíèå
(23) òåðÿåò ñìûñë. Íî ïîñêîëüêó ðÿä (17), èç êîòîðîãî ïîëó÷åí èíòåãðàë
Ïóàññîíà, ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé â çàìêíóòîì êðóãå r 6 a, òî

lim
r→a,φ→φ0

u(r, φ) = f(φ0). Òàêèì îáðàçîì, ôóíêöèÿ, îïðåäåëÿåìàÿ ôîðìóëîé

u(r, φ) =


1

2π

π∫
−π

f(ψ)
a2 − r2

a2 + r2 − 2ar cos(φ− ψ)
dψ, r < a,

f(φ), r = a,

óäîâëåòâîðÿåò óðàâíåíèþ Ëàïëàñà ∆u = 0 ïðè r < a, íåïðåðûâíà â çà-
ìêíóòîì êðóãå r 6 a è ïðèíèìàåò íà ãðàíèöå r = a çàäàííûå çíà÷åíèÿ
f(φ).

Ïðèìåíåíèå ìåòîäà Ôóðüå äëÿ ðåøåíèÿ ýëëèïòè÷åñêèõ óðàâíåíèé, îïè-
ñûâàþùèõ ñòàöèîíàðíîå ðàñïðåäåëåíèå òåìïåðàòóðû â êîíå÷íîì öèëèíäðå,
òðåáóåò èñïîëüçîâàíèÿ öèëèíäðè÷åñêèõ ôóíêöèé Áåññåëÿ.

Ðàññìîòðèì çàäà÷ó î ñòàöèîíàðíîì ðàñïðåäåëåíèè òåìïåðàòóðû â êðóãî-
âîì öèëèíäðå ðàäèóñîì l è âûñîòîé h, åñëè òåìïåðàòóðà íèæíåãî îñíîâàíèÿ
è áîêîâîé ïîâåðõíîñòè ðàâíà íóëþ, à òåìïåðàòóðà âåðõíåãî îñíîâàíèÿ çàâè-
ñèò òîëüêî îò ðàññòîÿíèÿ òî÷êè äî îñè öèëèíäðà:

∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
= 0, 0 6 r < l, 0 < z < h, (24)∣∣u|r=0

∣∣ <∞, u|r=l = 0, 0 6 z 6 h, (25)

u|z=0 = 0, u|z=h = f(r), 0 6 r 6 l. (26)

Â ñîîòâåòñòâèè ñ ìåòîäîì Ôóðüå áóäåì èñêàòü ðåøåíèå â âèäå ïðîèçâåäå-
íèÿ u(r, z) = R(r)Z(z). Ïîäñòàâèì åãî â óðàâíåíèå è ðàçäåëèì ïåðåìåííûå:

R′′ +
1

r
R′

R
= −Z

′′

Z
= −λ2.

Ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé (25) îòíîñèòåëüíî ðàäèàëüíîé ôóíêöèè
R(r) ïîëó÷èì çàäà÷ó Øòóðìà � Ëèóâèëëÿ â îñîáîé ïîñòàíîâêåR′′ +

1

r
R′ + λ2R = 0,∣∣R(0)∣∣ <∞, R(l) = 0.

Ââîäÿ íîâóþ ïåðåìåííóþ x = λr, ïðèõîäèì ê óðàâíåíèþ

d2R

dx2
+

1

x

dR

dx
+R = 0,
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îáùåå ðåøåíèå êîòîðîãî çàïèñûâàåòñÿ â âèäå R(x) = C1J0(x)+C2N0(x), èëè

R(r) = C1J0(λr) + C2N0(λr).

Ïîäñòàâëÿÿ R(r) â ãðàíè÷íûå óñëîâèÿ è ó÷èòûâàÿ, ÷òî ôóíêöèÿ N0(r)
íå îãðàíè÷åíà â òî÷êå r = 0, ïîëó÷èì

λk =
µk
l
, Rk(r) = J0

(
µkr

l

)
, k = 1, 2, . . . ,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0.
Îáðàòèìñÿ ê äèôôåðåíöèàëüíîìó óðàâíåíèþ äëÿ ôóíêöèè Z(z). Ñ ó÷å-

òîì íàéäåííûõ λk èìååì

Z ′′
k (z)−

(
µk
l

)2
Zk(z) = 0.

Ðåøåíèå ýòîãî óðàâíåíèÿ çàïèøåì â âèäå ëèíåéíîé êîìáèíàöèè ãèïåð-
áîëè÷åñêèõ ôóíêöèé

Zk(z) = Ak ch
µk
l
z +Bk sh

µk
l
z.

Îáðàçóåì ðÿä

u(r, z) =
∞∑
k=1

(
Ak ch

µk
l
z +Bk sh

µk
l
z

)
J0

(
µkr

l

)
è ïîäñòàâèì åãî â ãðàíè÷íîå óñëîâèå u|z=0 = 0 :

∞∑
k=1

AkJ0

(
µkr

l

)
= 0.

Îòñþäà ñëåäóåò, ÷òî Ak = 0, k = 1, 2, . . . Èç ãðàíè÷íîãî óñëîâèÿ íà
âåðõíåì îñíîâàíèè öèëèíäðà íàõîäèì

∞∑
k=1

Bk sh
µkh

l
J0

(
µkr

l

)
= f(r).

Èç ïîñëåäíåãî ðàâåíñòâà âûòåêàåò ôîðìóëà äëÿ êîýôôèöèåíòîâ Bk :

Bk =
2

l2J2
1 (µk) sh

µkh

l

l∫
0

rf(r)J0

(
µkr

l

)
dr.
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Ñ ó÷åòîì íàéäåííûõ çíà÷åíèé êîýôôèöèåíòîâ îêîí÷àòåëüíî ïðèõîäèì
ê îòâåòó:

u(r, z) =
2

l2

∞∑
k=1

sh
µk
l
z

J2
1 (µk) sh

µkh

l

J0

(
µkr

l

) l∫
0

rf(r)J0

(
µkr

l

)
dr.

Ïðèìåð 5. Íàéòè ôóíêöèþ, ãàðìîíè÷åñêóþ â êîëüöå 1 < r < 2 è
òàêóþ, ÷òî u|r=1 = A, u|r=2 = B sin 2φ, A,B = const.

Ðåøåíèå. Èìååì êðàåâóþ çàäà÷ó
∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
= 0, 1 < r < 2,

u|r=1 = A, u|r=2 = B sin 2φ.

Åå ðåøåíèå ïðåäñòàâëÿåòñÿ ðÿäîì

u(r, φ) = A0 +B0 ln r +
∞∑
n=1

rn
(
An cosnφ+Bn sinnφ

)
+

+
∞∑
n=1

r−n
(
Cn cosnφ+Dn sinnφ

)
.

Ïîäñòàâèì ýòîò ðÿä â ãðàíè÷íûå óñëîâèÿ:

A0 +
∞∑
n=1

(
An cosnφ+Bn sinnφ

)
+

∞∑
n=1

(
Cn cosnφ+Dn sinnφ

)
= A,

A0 +B0 ln 2 +
∞∑
n=1

2n
(
An cosnφ+Bn sinnφ

)
+

+
∞∑
n=1

2−n
(
Cn cosnφ+Dn sinnφ

)
= B sin 2φ.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñîáñòâåííûõ ôóíêöèÿõ,
ïðèõîäèì ê ñîîòíîøåíèÿì:

A0 = A, An + Cn = 0, Bn +Dn = 0, n = 1, 2, . . . ,

A0 +B0 ln 2 = 0, 2nAn + 2−nCn = 0, n = 1, 2, . . . ,

4B2 +
1

4
D2 = B, 2nBn + 2−nDn = 0, n ̸= 2.
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Îòñþäà ñëåäóåò, ÷òî

A0 = A, B0 = − A

ln 2
, An = Cn = 0, n = 1, 2, . . . ,

B2 =
4B

15
, D2 = −4B

15
, Bn = Dn = 0, n ̸= 2.

Òàêèì îáðàçîì, ãàðìîíè÷åñêàÿ â êîëüöå ôóíêöèÿ èìååò âèä

u(r, φ) = A− A ln r

ln 2
+

4B

15

(
r2 − 1

r2

)
sin 2φ. J

Ïðèìåð 6. Íàéòè ôóíêöèþ u(r, φ), ãàðìîíè÷åñêóþ â êðóãîâîì ñåêòîðå
0 < r < a, 0 < φ < α, è óäîâëåòâîðÿþùóþ ãðàíè÷íûì óñëîâèÿì u|φ=0 = 0,
u|φ=α = 0, u|r=a = f(φ).

Ðåøåíèå. Êðàåâóþ çàäà÷ó
∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
= 0, 0 6 r < a, 0 < φ < α,

u|φ=0 = 0, u|φ=α = 0, u|r=a = f(φ),

áóäåì ðåøàòü ìåòîäîì Ôóðüå, ïîëàãàÿ u(r, φ) = R(r)Φ(φ). Ïîäñòàâëÿÿ ýòî
ðåøåíèå â äèôôåðåíöèàëüíîå óðàâíåíèå, ðàçäåëÿÿ ïåðåìåííûå è èñïîëüçóÿ
ãðàíè÷íûå óñëîâèÿ u|φ=0 = 0, u|φ=α = 0, ïðèõîäèì ê çàäà÷å Øòóðìà �
Ëèóâèëëÿ äëÿ óãëîâîé ôóíêöèè Φ(φ){

Φ′′ + λ2Φ = 0, 0 < φ < α,

Φ(0) = 0, Φ(α) = 0,

è äèôôåðåíöèàëüíîìó óðàâíåíèþ äëÿ ôóíêöèè R(r)

R′′(r) +
1

r
R′(r)− 1

r2
λ2R(r) = 0.

Îáùåå ðåøåíèå óðàâíåíèÿ äëÿ ôóíêöèè Φ(φ) èìååò âèä

Φ(φ) = A cosλφ+B sinλφ.

Èç ïåðâîãî ãðàíè÷íîãî óñëîâèÿ íàõîäèì, ÷òî B = 0. Ïîäñòàâëÿÿ ðåøå-

íèå âî âòîðîå ãðàíè÷íîå óñëîâèå, ïîëó÷èì ñîáñòâåííûå çíà÷åíèÿ λn =
nπ

α
,
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n = 1, 2, . . . Èì ñîîòâåòñòâóþò ñîáñòâåííûå ôóíêöèè Φn(φ) = An sin
nπφ

α
,

îðòîãîíàëüíûå ñ âåñîì ρ(φ) = 1 íà îòðåçêå [0, α] :

α∫
0

sin
nπφ

α
sin

kπφ

α
dφ =

0, n ̸= k,∥∥∥ sin nπφ
α

∥∥∥2 = α

2
, n = k.

Óðàâíåíèå äëÿ ðàäèàëüíîé ôóíêöèè

r2R′′(r) + rR′(r)− λ2nR(r) = 0

ïðè íàéäåííûõ ñîáñòâåííûõ çíà÷åíèÿõ λn ñ ó÷åòîì óñëîâèÿ îãðàíè÷åííîñòè

â öåíòðå êðóãà r = 0 èìååò ðåøåíèÿ Rn(r) = r
nπ
α . Ñîñòàâëÿÿ ïðîèçâåäå-

íèÿ óãëîâûõ è ðàäèàëüíûõ ôóíêöèé, ïîëó÷èì íàáîð ÷àñòíûõ ðåøåíèé âèäà

un(r, φ) = Anr
nπ
α sin

nπφ

α
.

Îáðàçóåì ðÿä

u(r, φ) =
∞∑
n=1

un(r, φ) =
∞∑
n=1

Anr
nπ
α sin

nπφ

α

è ïîòðåáóåì âûïîëíåíèÿ ãðàíè÷íîãî óñëîâèÿ ïðè r = a :

∞∑
n=1

Ana
nπ
α sin

nπφ

α
= f(φ).

Îòñþäà âûòåêàåò ñîîòíîøåíèå äëÿ êîýôôèöèåíòîâ An :

An =
2

αa
nπ
α

α∫
0

f(φ) sin
nπφ

α
dφ.

Îêîí÷àòåëüíî ïðèõîäèì ê îòâåòó

u(r, φ) =
2

α

∞∑
n=1

(
r

a

)nπ
α
sin

nπφ

α

α∫
0

f(φ) sin
nπφ

α
dφ. J

Ïðèìåð 7. Ðåøèòü êðàåâóþ çàäà÷ó
∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
= −r2 cos 2φ, 0 6 r < a,

u|r=a = 0.
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Ðåøåíèå. Ïðåäñòàâèì ðåøåíèå çàäà÷è â âèäå u(r, φ) = v(r, φ)+w(r, φ),
ãäå w(r, φ) � ÷àñòíîå ðåøåíèå óðàâíåíèÿ Ïóàññîíà. Â êà÷åñòâå ôóíêöèè
w(r, φ) âîçüìåì w(r, φ) = W (r) cos 2φ. Òîãäà

W ′′(r) cos 2φ+
1

r
W ′(r) cos 2φ− 4

r2
W (r) cos 2φ = −r2 cos 2φ,

èëè
r2W ′′(r) + rW ′(r)− 4W (r) + r4 = 0.

Â èòîãå ïðèõîäèì ê óðàâíåíèþ Ýéëåðà, ðåøåíèå êîòîðîãî èùåì â âèäå
W (r) = Cr4. Ïîäñòàâëÿÿ W (r) â óðàâíåíèå, íàõîäèì

12Cr4 + 4Cr4 − 4Cr4 + r4 = 0 ⇒ C = − 1

12
.

Òàêèì îáðàçîì, ÷àñòíûì ðåøåíèåì íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî

óðàâíåíèÿ áóäåò ôóíêöèÿ w(r, φ) = − 1

12
r4 cos 2φ.

Îòíîñèòåëüíî ôóíêöèè v(r, φ) íåîáõîäèìî ðåøèòü êðàåâóþ çàäà÷ó äëÿ
óðàâíåíèÿ Ëàïëàñà:

∂2v

∂r2
+

1

r

∂v

∂r
+

1

r2
∂2v

∂φ2
= 0, 0 6 r < a,

v|r=a =
a4

12
cos 2φ.

Ðåøåíèå âíóòðåííåé çàäà÷è Äèðèõëå èìååò âèä

v(r, φ) =
∞∑
n=0

rn
(
An cosnφ+Bn sinnφ

)
.

Èç ãðàíè÷íîãî óñëîâèÿ âûòåêàåò ñîîòíîøåíèå

∞∑
n=0

an
(
An cosnφ+Bn sinnφ

)
=
a4

12
cos 2φ,

îòêóäà íàõîäèì, ÷òî

Bn = 0, n = 1, 2, . . . , A2 =
a2

12
, An = 0, n ̸= 2.

Ñëåäîâàòåëüíî, v(r, φ) =
a2

12
r2 cos 2φ, è ðåøåíèåì èñõîäíîé êðàåâîé çà-

äà÷è áóäåò ôóíêöèÿ

u(r, φ) =
a2

12
r2 cos 2φ− 1

12
r4 cos 2φ. J
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Ïðèìåð 8. Íàéòè ñòàöèîíàðíîå ðàñïðåäåëåíèå òåìïåðàòóðû â öèëèí-
äðå Ω =

{
(r, φ, z) : 0 6 r 6 l, 0 6 φ 6 2π, 0 6 z 6 h

}
, ê íèæíåìó îñíîâàíèþ

êîòîðîãî ïîäâîäèòñÿ ïîñòîÿííûé òåïëîâîé ïîòîê q, à áîêîâàÿ ïîâåðõíîñòü è
âåðõíåå îñíîâàíèå ïîääåðæèâàþòñÿ ïðè íóëåâîé òåìïåðàòóðå.

Ðåøåíèå. Ñôîðìóëèðîâàííàÿ òåêñòîâàÿ çàäà÷à ýêâèâàëåíòíà êðàåâîé
çàäà÷å äëÿ óðàâíåíèÿ Ëàïëàñà

∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
= 0, 0 6 r < l, 0 < z < h,∣∣u|r=0

∣∣ <∞, u|r=l = 0, 0 6 z 6 h,

∂u

∂z

∣∣∣∣
z=0

= − q

K
, K = const > 0, u|z=h = 0, 0 6 r 6 l.

Â ñîîòâåòñòâèè ñ ìåòîäîì Ôóðüå áóäåì èñêàòü ðåøåíèå â âèäå ïðîèçâåäå-
íèÿ u(r, z) = R(r)Z(z). Ïîäñòàâèì åãî â óðàâíåíèå è ðàçäåëèì ïåðåìåííûå:

R′′ +
1

r
R′

R
= −Z

′′

Z
= −λ2.

Ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé îòíîñèòåëüíî ðàäèàëüíîé ôóíêöèè R(r)
ïîëó÷èì çàäà÷ó Øòóðìà � Ëèóâèëëÿ â îñîáîé ïîñòàíîâêåR′′ +

1

r
R′ + λ2R = 0,∣∣R(0)∣∣ <∞, R(l) = 0.

Ââîäÿ íîâóþ ïåðåìåííóþ x = λr, ïðèõîäèì ê óðàâíåíèþ

d2R

dx2
+

1

x

dR

dx
+R = 0,

îáùåå ðåøåíèå êîòîðîãî çàïèñûâàåòñÿ â âèäå R(x) = C1J0(x) +C2N0(x) èëè

R(r) = C1J0(λr) + C2N0(λr).

Ïîäñòàâëÿÿ â ãðàíè÷íûå óñëîâèÿ è ó÷èòûâàÿ, ÷òî ôóíêöèÿ N0(r) íå
îãðàíè÷åíà â òî÷êå r = 0, ïîëó÷èì

λk =
µk
l
, Rk(r) = J0

(
µkr

l

)
, k = 1, 2, . . . ,
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ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J0(µ) = 0. Îòìåòèì, ÷òî ñîá-

ñòâåííûå ôóíêöèè J0

(
µkr

l

)
îáðàçóþò îðòîãîíàëüíóþ ñ âåñîì r íà îòðåçêå

[0, l] ñèñòåìó ôóíêöèé.
Îáðàòèìñÿ ê äèôôåðåíöèàëüíîìó óðàâíåíèþ äëÿ ôóíêöèè Z(z). Ñ ó÷å-

òîì íàéäåííûõ λk èìååì

Z ′′
k (z)−

(
µk
l

)2

Zk(z) = 0.

Ðåøåíèå ýòîãî óðàâíåíèÿ óäîáíî çàïèñàòü â âèäå ëèíåéíîé êîìáèíàöèè
ãèïåðáîëè÷åñêèõ ôóíêöèé

Zk(z) = Ak sh
µk
l
z +Bk sh

µk
l
(h− z).

Îáðàçóåì ðÿä

u(r, z) =
∞∑
k=1

[
Ak sh

µk
l
z +Bk sh

µk
l
(h− z)

]
J0

(
µkr

l

)
è ïîäñòàâèì åãî â ãðàíè÷íîå óñëîâèå u|z=h = 0

∞∑
k=1

Ak sh
µkh

l
J0

(
µkr

l

)
= 0 ⇒ Ak = 0, k = 1, 2, . . .

Èç ãðàíè÷íîãî óñëîâèÿ íà íèæíåì îñíîâàíèè öèëèíäðà èìååì

−
∞∑
k=1

Bk
µk
l
ch
µkh

l
J0

(
µkr

l

)
= − q

K
.

Îòñþäà âûòåêàþò ôîðìóëû äëÿ êîýôôèöèåíòîâ Bk :

Bk =
ql

Kµk ch
µkh

l

2

l2J2
1 (µk)

l∫
0

rJ0

(
µkr

l

)
dr =

=
2q

lKµkJ2
1 (µk) ch

µkh

l

l2J1(µk)

µk
=

2ql

Kµ2kJ1(µk) ch
µkh

l

.

Ñ ó÷åòîì íàéäåííûõ çíà÷åíèé êîýôôèöèåíòîâ îêîí÷àòåëüíî ïðèõîäèì
ê îòâåòó:

u(r, z) =
2ql

K

∞∑
k=1

1

µ2kJ1(µk) ch
µkh

l

sh
µk
l
(h− z)J0

(
µkr

l

)
. J
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Ïðèìåð 9. Íàéòè ñòàöèîíàðíîå ðàñïðåäåëåíèå òåìïåðàòóðû â öèëèí-
äðå Ω =

{
(r, φ, z) : 0 6 r 6 l, 0 6 φ 6 2π, 0 6 z 6 h

}
, åñëè òåìïåðàòó-

ðà íèæíåãî îñíîâàíèÿ ðàâíà íóëþ, áîêîâàÿ ïîâåðõíîñòü öèëèíäðà ïîêðûòà
íåïðîíèöàåìûì äëÿ òåïëà ÷åõëîì, à òåìïåðàòóðà âåðõíåãî îñíîâàíèÿ ðàâíà
u|z=h = f(r). Ðàññìîòðåòü ÷àñòíûé ñëó÷àé, êîãäà f(r) = u0r

2.

Ðåøåíèå. Íåîáõîäèìî ðåøèòü êðàåâóþ çàäà÷ó

∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
= 0, 0 6 r < l, 0 < z < h,∣∣u|r=0

∣∣ <∞,
∂u

∂r

∣∣∣∣
r=l

= 0, 0 6 z 6 h,

u|z=0 = 0, u|z=h = f(r), 0 6 r 6 l.

Ïîäñòàâëÿÿ ïðîèçâåäåíèå u(r, z) = R(r)Z(z) â èñõîäíîå óðàâíåíèå è
ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì äâà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèÿ îòíîñèòåëüíî ðàäèàëüíîé R(r) è êîîðäèíàòíîé Z(z) ôóíêöèé

R′′ +
1

r
R′

R
= −Z

′′

Z
= −λ2.

Èç ãðàíè÷íîãî óñëîâèÿ
∂u

∂r

∣∣∣∣
r=l

= 0 ñëåäóåò, ÷òî R′(l) = 0. Ñ ó÷åòîì

óñëîâèÿ îãðàíè÷åííîñòè íà îñè öèëèíäðà
∣∣R(0)∣∣ < ∞ ïðèõîäèì ê çàäà÷å

Øòóðìà � Ëèóâèëëÿ R′′ +
1

r
R′ + λ2R = 0,∣∣R(0)∣∣ <∞, R′(l) = 0.

Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè ýòîé çàäà÷è èìåþò âèä

λk =
µk
l
, Rk(r) = J0

(
µkr

l

)
, k = 0, 1, . . . ,

ãäå µk � íåîòðèöàòåëüíûå êîðíè óðàâíåíèÿ J1(µ) = 0. Ñîáñòâåííîìó çíà÷å-
íèþ λ0 = 0 ñîîòâåòñòâóåò ñîáñòâåííàÿ ôóíêöèÿ R0(r) = 1, îðòîãîíàëüíàÿ ñ

âåñîì ρ(r) = r ôóíêöèÿì J0

(
µkr

l

)
, k = 1, 2, . . . , íà îòðåçêå [0, l].

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ôóíêöèè Z(z)

Z ′′
k (z)−

(
µk
l

)2

Zk(z) = 0.
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Ïðè k = 0 ïîëó÷èì óðàâíåíèå Z ′′
0 = 0, ðåøåíèåì êîòîðîãî ÿâëÿåòñÿ

ìíîãî÷ëåí ïåðâîé ñòåïåíè

Z0(z) = A0z +B0.

Äëÿ çíà÷åíèé k = 1, 2, . . . , îáùåå ðåøåíèå ìîæíî çàïèñàòü â âèäå

Zk(z) = Ak sh
µk
l
z +Bk sh

µk
l
(h− z).

Ñîñòàâèì ðÿä èç ïðîèçâåäåíèé Zk(z) íà ôóíêöèè Rk(r) :

u(r, z) = A0z +B0 +
∞∑
k=1

[
Ak sh

µk
l
z +Bk sh

µk
l
(h− z)

]
J0

(µkr
l

)
.

Ïîäñòàâëÿÿ åãî â ãðàíè÷íûå óñëîâèÿ íà íèæíåì è âåðõíåì îñíîâàíèÿõ
öèëèíäðà, ïîëó÷èì

B0 +
∞∑
k=1

Bk sh
µkh

l
J0

(
µkr

l

)
= 0 ⇒ Bk = 0, k = 0, 1, . . . ,

A0h+
∞∑
k=1

Ak sh
µkh

l
J0

(
µkr

l

)
= f(r) ⇒ A0 =

1

h∥R0(r)∥2

l∫
0

rf(r) dr =

=
2

hl2

l∫
0

rf(r) dr, Ak =
2

l2J2
0 (µk) sh

µkh

l

l∫
0

rf(r)J0

(
µkr

l

)
dr.

Òàêèì îáðàçîì, ïîëó÷èì ðåøåíèå êðàåâîé çàäà÷è â âèäå ðÿäà

u(r, z) =
2z

hl2

l∫
0

rf(r) dr +
2

l2

∞∑
k=1

sh
µkz

l
J0

(
µkr

l

)
sh
µkh

l
J2
0 (µk)

l∫
0

rf(r)J0

(
µkr

l

)
dr.

Â ÷àñòíîì ñëó÷àå, êîãäà f(r) = u0r
2, èìååì

A0 =
2u0
hl2

l∫
0

r3dr =
u0l

2

2h
, Ak =

2u0

l2J2
0 (µk) sh

µkh

l

l∫
0

r3J0

(
µkr

l

)
dr =

=
2u0l

4µ−4
k

l2J2
0 (µk) sh

µkh

l

[
2µ2kJ0(µk) + (µ3k − 4µk)J1(µk)

]
=

4u0l
2

µ2kJ0(µk) sh
µkh

l

.
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Îêîí÷àòåëüíî ïðèõîäèì ê îòâåòó

u(r, z) =
u0l

2z

2h
+ 4u0l

2
∞∑
k=1

sh
µkz

l

sh
µkh

l
µ2kJ0(µk)

J0

(
µkr

l

)
,

ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ J1(µ) = 0. J

Ïðèìåð 10. Íàéòè ñòàöèîíàðíîå ðàñïðåäåëåíèå òåìïåðàòóðû â öèëèí-
äðå Ω =

{
(r, φ, z) : 0 6 r 6 l, 0 6 φ 6 2π, 0 6 z 6 h

}
, åñëè íèæíåå

îñíîâàíèå öèëèíäðà èìååò íóëåâóþ òåìïåðàòóðó, âåðõíåå îñíîâàíèå òåïëî-
èçîëèðîâàíî, à òåìïåðàòóðà áîêîâîé ïîâåðõíîñòè ðàâíà u|r=l = f(z). Ðàñ-

ñìîòðåòü ÷àñòíûé ñëó÷àé, êîãäà f(z) =
Az

h
, A = const.

Ðåøåíèå. Â äàííîé ñèòóàöèè èìååì äåëî ñ êðàåâîé çàäà÷åé

∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
= 0, 0 6 r < l, 0 < z < h,∣∣u|r=0

∣∣ <∞, u|r=l = f(z), 0 6 z 6 h,

u|z=0 = 0,
∂u

∂z

∣∣∣∣
z=h

= 0, 0 6 r 6 l.

Ïîëàãàÿ u(r, z) = R(r)Z(z) è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì

−
R′′ +

1

r
R′

R
=
Z ′′

Z
= −λ2.

Çäåñü íåîáõîäèìî ðàññìîòðåòü çàäà÷ó Øòóðìà � Ëèóâèëëÿ äëÿ êîîðäè-
íàòíîé ôóíêöèè Z(z) {

Z ′′ + λ2Z = 0, 0 < z < h,

Z(0) = 0, Z ′(h) = 0.

Ðåøàÿ åå, íàõîäèì ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè:

λk =
(2k + 1)π

2h
, Zk(z) = sin

(2k + 1)πz

2h
, k = 0, 1, . . .

Â ñâîþ î÷åðåäü, äëÿ ðàäèàëüíîé ôóíêöèè R(r) ïðèõîäèì ê äèôôåðåí-
öèàëüíîìó óðàâíåíèþ

R′′ +
1

r
R′ − λ2R = 0,
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êîòîðîå ñ ïîìîùüþ çàìåíû x = λr ïðèâîäèòñÿ ê âèäó

d2R

dx2
+

1

x

dR

dx
−R = 0.

Ðåøåíèå ýòîãî óðàâíåíèÿ ìîæíî ïðåäñòàâèòü êàê ëèíåéíóþ êîìáèíàöèþ
ëèíåéíî íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé

R(x) = AI0(x) + BK0(x),

ãäå I0(x) = J0(ix) � öèëèíäðè÷åñêàÿ ôóíêöèÿ Áåññåëÿ íóëåâîãî ïîðÿä-
êà îò ÷èñòî ìíèìîãî àðãóìåíòà, K0(x) � ôóíêöèÿ Ìàêäîíàëüäà, ïðè÷åì
I0(0) = 1, K0(x) → ∞ ïðè x→ 0. Âîçâðàùàÿñü ê ïåðåìåííîé r è ó÷èòûâàÿ
íàéäåííûå çíà÷åíèÿ λk, ïîëó÷èì

Rk(r) = AkI0

[
(2k + 1)πr

2h

]
+BkK0

[
(2k + 1)πr

2h

]
.

Òàêèì îáðàçîì, ïîñòðîåíû ÷àñòíûå ðåøåíèÿ

uk(r, z) =

{
AkI0

[
(2k + 1)πr

2h

]
+BkK0

[
(2k + 1)πr

2h

]}
sin

(2k + 1)πz

2h
,

óäîâëåòâîðÿþùèå îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì íà íèæíåì è âåðõíåì
îñíîâàíèÿõ öèëèíäðà. Èç óñëîâèÿ

∣∣uk(0, z)∣∣ <∞ è íåîãðàíè÷åííîñòè ôóíê-
öèè Ìàêäîíàëüäà â îêðåñòíîñòè òî÷êè r = 0 ñðàçó ñëåäóåò, ÷òî Bk = 0,
k = 0, 1, . . .

Ñîñòàâèì ðÿä

u(r, z) =
∞∑
k=0

AkI0

[
(2k + 1)πr

2h

]
sin

(2k + 1)πz

2h

è ïîòðåáóåì âûïîëíåíèÿ ãðàíè÷íîãî óñëîâèÿ íà áîêîâîé ïîâåðõíîñòè öèëèí-
äðà

∞∑
k=0

AkI0

[
(2k + 1)πl

2h

]
sin

(2k + 1)πz

2h
= f(z).

Ïîñëåäíåå ñîîòíîøåíèå ïðåäñòàâëÿåò ñîáîé ðàçëîæåíèå çàäàííîé ôóíê-
öèè f(z) â ðÿä Ôóðüå ïî îðòîãîíàëüíîé ñèñòåìå ôóíêöèé {Zk(z)} íà îòðåçêå

[0, h], ïðè÷åì ∥Zk∥2 =
h

2
. Êîýôôèöèåíòû Ak âû÷èñëÿþòñÿ ïî ôîðìóëàì

Ak =
2

hI0

[
(2k + 1)πl

2h

] h∫
0

f(z) sin
(2k + 1)πz

2h
dz, k = 0, 1, . . .
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Îêîí÷àòåëüíî áóäåì èìåòü

u(r, z) =
2

h

∞∑
k=0

h∫
0

f(z) sin
(2k + 1)πz

2h
dz

I0

[
(2k + 1)πl

2h

] I0

[
(2k + 1)πr

2h

]
sin

(2k + 1)πz

2h
.

Ðàññìîòðèì ÷àñòíûé ñëó÷àé, êîãäà f(z) =
Az

h
. Ïðèìåíÿÿ ôîðìóëó èí-

òåãðèðîâàíèÿ ïî ÷àñòÿì, ïîëó÷èì

h∫
0

Az

h
sin

(2k + 1)πz

2h
dz = − 2A

(2k + 1)π

h∫
0

z d

[
cos

(2k + 1)πz

2h

]
=

=
4Ah

(2k + 1)2π2
sin

(2k + 1)πz

2h

∣∣∣∣h
0

=
4Ah(−1)k

(2k + 1)2π2
.

Òàêèì îáðàçîì, ðåøåíèå çàïèøåòñÿ â âèäå

u(r, z) =
8A

π2

∞∑
k=0

(−1)k

(2k + 1)2

I0

[
(2k + 1)πr

2h

]
I0

[
(2k + 1)πl

2h

] sin
(2k + 1)πz

2h
. J

1.5.5. Ðåøåíèå êðàåâûõ çàäà÷ äëÿ øàðîâûõ îáëàñòåé

Ðàññìîòðèì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â øàðå ðàäèóñîì a
ñ öåíòðîì â íà÷àëå êîîðäèíàò:

1

r2
∂

∂r

(
r2
∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
+

1

r2 sin2 θ

∂2u

∂φ2
= 0, (27)

u|r=a = f(θ, φ). (28)

Ñëåäóÿ ñõåìå ìåòîäà Ôóðüå, èùåì ðåøåíèå óðàâíåíèÿ (27) â âèäå

u(r, θ, φ) = R(r)Y (θ, φ).

Ïîäñòàâëÿÿ ýòî ðåøåíèå â (27) è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì óðàâíå-
íèå â ÷àñòíûõ ïðîèçâîäíûõ

1

sin θ

∂

∂θ

(
sin θ

∂Y

∂θ

)
+

1

sin2 θ

∂2Y

∂φ2
+ λY = 0 (29)
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è îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå

r2R′′ + 2rR′ − λR = 0. (30)

Ïîäðîáíåå îñòàíîâèìñÿ íà óðàâíåíèè (29). Ïîòðåáóåì, ÷òîáû ôóíêöèÿ
Y (θ, φ) áûëà îãðàíè÷åííîé â îáëàñòè 0 6 r 6 a è óäîâëåòâîðÿëà óñëîâèþ
ïåðèîäè÷íîñòè ïî ïåðåìåííîé φ : Y (θ, φ+2π) = Y (θ, φ). Ïîëàãàÿ Y (θ, φ) =
= Φ(φ)W (θ), ïîëó÷èì

−
sin θ

d

dθ

(
sin θ

dW

dθ

)
+ λ sin2 θW

W
=

Φ′′

Φ
= −µ2. (31)

Äëÿ ôóíêöèè Φ(φ) ñ ó÷åòîì óñëîâèÿ ïåðèîäè÷íîñòè ïðèõîäèì ê çàäà÷å
Øòóðìà � Ëèóâèëëÿ {

Φ′′ + µ2Φ = 0,

Φ(φ+ 2π) = Φ(φ).

Íåòðèâèàëüíûìè ðåøåíèÿìè ýòîé çàäà÷è ïðè µ = m ÿâëÿþòñÿ ôóíêöèè
Φm(φ) = cosmφ, m = 0, 1, . . . , è Φm(φ) = sinmφ, m = 1, 2, . . .

Âòîðîå èç óðàâíåíèé (31) çàïèøåòñÿ â âèäå

1

sin θ

d

dθ

(
sin θ

dW

dθ

)
+

(
λ− m2

sin2 θ

)
W = 0. (32)

Ïðèñîåäèíèì ê óðàâíåíèþ (32) óñëîâèÿ îãðàíè÷åííîñòè∣∣W (0)
∣∣ <∞,

∣∣W (π)
∣∣ <∞. (33)

Ñäåëàåì çàìåíó ïåðåìåííûõ x = cos θ. Òîãäà
dW

dθ
= − sin θ

dW

dx
è óðàâ-

íåíèå ïðèíèìàåò âèä

− d

dx

(
− sin2 θ

dW

dx

)
+

(
λ− m2

sin2 θ

)
W = 0

èëè ñ ó÷åòîì ðàâåíñòâà sin2 θ = 1− x2

d

dx

[
(1− x2)

dW

dx

]
+

[
λ− m2

1− x2

]
W = 0. (34)

Ïðè ýòîì ãðàíè÷íûå óñëîâèÿ ïðåîáðàçóþòñÿ ê âèäó∣∣W (−1)
∣∣ <∞,

∣∣W (1)
∣∣ <∞. (35)
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Êðàåâàÿ çàäà÷à (34), (35) ïðåäñòàâëÿåò ñîáîé çàäà÷ó Øòóðìà � Ëè-
óâèëëÿ äëÿ ïðèñîåäèíåííûõ ôóíêöèé Ëåæàíäðà. Åå îãðàíè÷åííûå ïðè λn =
= n(n+ 1) ðåøåíèÿ çàïèñûâàþòñÿ â âèäå

Wn(x) = Z(m)
n (x) =

(
1− x2

)m2
P (m)
n (x),

ãäå P
(m)
n (x) � ïðîèçâîäíàÿ m -ãî ïîðÿäêà îò ìíîãî÷ëåíà Ëåæàíäðà Pn(x).
Âîçâðàùàÿñü ê ïåðåìåííîé θ, íàõîäèì ñîáñòâåííûå ôóíêöèè çàäà÷è

(34), (35):

Wn(θ) = Z(m)
n (cos θ), n = 0, 1, . . . , m = 0, n. (36)

Òàêèì îáðàçîì, äëÿ êàæäîãî çíà÷åíèÿ n íàéäåíû n+ 1 ðåøåíèé óðàâ-

íåíèÿ (32): Z
(0)
n (cos θ), Z

(1)
n (cos θ), . . . , Z

(n)
n (cos θ).

Ñîñòàâëÿÿ ïðîèçâåäåíèÿ ôóíêöèé (36) íà ôóíêöèè Φm(φ), ïîëó÷èì ìíî-
æåñòâî ðåøåíèé óðàâíåíèÿ (29):

Y (m)
n (θ, φ) = Z(m)

n (cos θ) cosmφ, Y (−m)
n (θ, φ) = Z(m)

n (cos θ) sinmφ,

n = 0, 1, . . . , m = 0, n. (37)

Ýòè ðåøåíèÿ íàçûâàþòñÿ ñôåðè÷åñêèìè ôóíêöèÿìè . Îíè îáëàäàþò
ñâîéñòâîì îðòîãîíàëüíîñòè íà ïîâåðõíîñòè ñôåðû:

π∫
0

2π∫
0

sin θ Y (m1)
n1

(θ, φ)Y (m2)
n2

(θ, φ) dφ dθ = 0, n1 ̸= n2 èëè m1 ̸= m2.

Ïðèâåäåì ÿâíûé âèä íåêîòîðûõ ñôåðè÷åñêèõ ôóíêöèé:

Y
(0)
0 (θ, φ) = 1, Y

(0)
1 (θ, φ) = cos θ, Y

(1)
1 (θ, φ) = sin θ cosφ,

Y
(−1)
1 (θ, φ) = sin θ sinφ, Y

(0)
2 (θ, φ) =

1

2

(
3 cos2 θ − 1

)
,

Y
(1)
2 (θ, φ) = 3 sin θ cos θ cosφ, Y

(−1)
2 (θ, φ) = 3 sin θ cos θ sinφ,

Y
(2)
2 (θ, φ) = 3 sin2 θ cos 2φ, Y

(−2)
2 (θ, φ) = 3 sin2 θ sin 2φ,

è ïðè ëþáîì n èìååì

Y (n)
n (θ, φ) = Cn sin

n θ cosnφ, Y (−n)
n (θ, φ) = Cn sin

n θ sinnφ,

ãäå Cn � íåêîòîðàÿ êîíñòàíòà.
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Ïåðåéäåì ê äèôôåðåíöèàëüíîìó óðàâíåíèþ (30). Åãî ðåøåíèå èìååò âèä
ñòåïåííîé ôóíêöèè R(r) = rp. Ïîñëå ïîäñòàíîâêè èìååì

p(p− 1)rp + 2prp − n(n+ 1)rp = 0

èëè
p2 + p− n(n+ 1) = 0.

Îòñþäà íàõîäèì, ÷òî p1 = n, p2 = −(n+ 1) è, ñëåäîâàòåëüíî,

Rn(r) = rn, Rn(r) = r−(n+1).

Òàêèì îáðàçîì, ïîëó÷åíû ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ (27):

un(r, θ, φ) = rnY (m)
n (θ, φ), un(r, θ, φ) = r−(n+1)Y (m)

n (θ, φ),

n = 0, 1, . . . , m = 0,± 1, . . . ,±n.

Ïîñêîëüêó ðàññìàòðèâàåòñÿ âíóòðåííÿÿ êðàåâàÿ çàäà÷à, òî åå ðåøåíèå
èùåì â âèäå ðÿäà ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè

u(r, θ, φ) =
∞∑
n=0

n∑
m=−n

Anmr
nY (m)

n (θ, φ). (38)

Äëÿ íàõîæäåíèÿ Anm èñïîëüçóåì ãðàíè÷íîå óñëîâèå (28):

f(θ, φ) =
∞∑
n=0

n∑
m=−n

Anma
nY (m)

n (θ, φ). (39)

Ñîîòíîøåíèå (39) ïðåäñòàâëÿåò ñîáîé ðàçëîæåíèå çàäàííîé ôóíêöèè

f(θ, φ) â ðÿä Ôóðüå ïî ñôåðè÷åñêèì ôóíêöèÿì Y
(m)
n (θ, φ).

Êîýôôèöèåíòû ðàçëîæåíèÿ Anm âû÷èñëÿþòñÿ ïî ôîðìóëàì

Anm =
1

an
∥∥Y (m)

n

∥∥2
π∫

0

2π∫
0

sin θ f(θ, φ)Y (m)
n (θ, φ) dφ dθ, (40)

ãäå ∥∥Y (m)
n

∥∥2 = π∫
0

2π∫
0

sin θ
[
Y (m)
n (θ, φ)

]2
dφ dθ.

Åñëè m = 0, òî ïîñëåäíåå âûðàæåíèå ðàâíî
∥∥Y (m)

n

∥∥2 =
4π

2n+ 1
. Ïðè

|m| > 1, òî ñïðàâåäëèâà ôîðìóëà∥∥Y (m)
n

∥∥2 = 2π

2n+ 1

(
n+ |m|

)
!(

n− |m|
)
!
.

192



Òàêèì îáðàçîì, ðåøåíèå çàäà÷è Äèðèõëå äëÿ øàðà (27), (28) äàåòñÿ ôîð-
ìóëîé (38), â êîòîðîé êîýôôèöèåíòû Anm âû÷èñëÿþòñÿ ñîãëàñíî (40).

Çàìå÷àíèå 2. Íà ïðàêòèêå â êà÷åñòâå ôóíêöèé Y
(m)
n (θ, φ) â ðàâåíñòâå

(38) áåðóòñÿ òîëüêî òå ôóíêöèè, êîòîðûå ïðèñóòñòâóþò â ðàçëîæåíèè f(θ, φ)
â ðÿä ïî ñôåðè÷åñêèì ôóíêöèÿì.

Çàìå÷àíèå 3. Ïðè ðåøåíèè âíåøíåé çàäà÷è Äèðèõëå, êàê è äðóãèõ
âíåøíèõ êðàåâûõ çàäà÷, âìåñòî ñîîòíîøåíèÿ (38) íåîáõîäèìî èñïîëüçîâàòü
ðÿä

u(r, θ, φ) =
∞∑
n=0

n∑
m=−n

Bnmr
−(n+1)Y (m)

n (θ, φ).

Ôóíêöèþ, ãàðìîíè÷åñêóþ â øàðîâîì ñëîå a < r < b è ïðèíèìàþùóþ
çàäàííûå çíà÷åíèÿ íà ãðàíèöå ñëîÿ, ñëåäóåò èñêàòü â âèäå

u(r, θ, φ) =
∞∑
n=0

n∑
m=−n

[
Anmr

n +Bnmr
−(n+1)

]
Y (m)
n (θ, φ).

Ïðèìåð 11. Íàéòè ôóíêöèþ, ãàðìîíè÷åñêóþ âíóòðè øàðà ðàäèóñîì a
è òàêóþ, ÷òî u|r=a = cos 2θ.

Ðåøåíèå. Ïîñêîëüêó ãðàíè÷íîå óñëîâèå íå çàâèñèò îò ïåðåìåííîé φ,
òî ðåøåíèå çàäà÷è òàêæå íå çàâèñèò îò φ, ò. å. u = u(r, θ). Â ýòîì ñëó÷àå
íåîáõîäèìî ðàññìîòðåòü êðàåâóþ çàäà÷ó

1

r2
∂

∂r

(
r2
∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
= 0, 0 6 r < a,

u|r=a = cos 2θ.

Ïîëàãàÿ u(r, θ) = R(r)W (θ), ïîñëå ïîäñòàíîâêè â óðàâíåíèå è ðàçäåëå-
íèÿ ïåðåìåííûõ, ïîëó÷èì

−

d

dr

(
r2
dR

dr

)
R

=

1

sin θ

d

dθ

(
sin θ

dW

dθ

)
W

= −λ,

ïðè÷åì äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ôóíêöèè W (θ) ðåøàåòñÿ ïðè óñëî-
âèÿõ îãðàíè÷åííîñòè â îáëàñòè 0 6 θ 6 π. Òàêèì îáðàçîì, äëÿ W (θ) ïðè-
õîäèì ê êðàåâîé çàäà÷å

1

sin θ

d

dθ

(
sin θ

dW

dθ

)
+ λW = 0,∣∣W (0)

∣∣ <∞,
∣∣W (π)

∣∣ <∞.
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Ââåäåì íîâóþ íåçàâèñèìóþ ïåðåìåííóþ x = cos θ. Òîãäà îòðåçîê [0, π]

ïåðåõîäèò â îòðåçîê [−1, 1],
d

dθ
= − sin θ

d

dx
, è óðàâíåíèå ïðèíèìàåò âèä

1

sin θ
(− sin θ)

d

dx

[
sin θ(− sin θ)

dW

dx

]
+ λW = 0,

èëè ñ ó÷åòîì ðàâåíñòâà sin2 θ = 1− x2

d

dx

[
(1− x2)

dW

dx

]
+ λW = 0.

Ãðàíè÷íûå óñëîâèÿ ïðåîáðàçóþòñÿ ê âèäó∣∣W (−1)
∣∣ <∞,

∣∣W (1)
∣∣ <∞.

Ïîëó÷åííîå äèôôåðåíöèàëüíîå óðàâíåíèå è êðàåâûå óñëîâèÿ ñîñòàâëÿ-
þò çàäà÷ó Øòóðìà � Ëèóâèëëÿ äëÿ óðàâíåíèÿ Ëåæàíäðà. Îãðàíè÷åííûå íà
îòðåçêå [−1, 1] ðåøåíèÿ ýòîé çàäà÷è ñóùåñòâóþò òîëüêî ïðè λ = n(n+ 1) è
èìåþò âèä

Wn(x) = Pn(x) =
1

2nn!

dn

dxn
(x2 − 1)n, n = 0, 1, . . .

Ïðèâåäåì ÿâíûé âèä íåêîòîðûõ ìíîãî÷ëåíîâ Pn(x) :

P0(x) = 1, P1(x) = x, P2(x) =
1

2
(3x2 − 1),

P3(x) =
1

2
(5x3 − 3x), P4(x) =

1

8
(35x4 − 30x2 + 3).

Ìíîãî÷ëåíû Ëåæàíäðà îáðàçóþò îðòîãîíàëüíóþ ñ âåñîì ρ(x) = 1 ñè-
ñòåìó ôóíêöèé íà îòðåçêå [−1, 1] :

1∫
−1

Pn(x)Pm(x) dx = 0, n ̸= m, ∥Pn∥2 =
1∫

−1

P 2
n(x) dx =

2

2n+ 1
.

Âîçâðàùàÿñü ê ïåðåìåííîé θ, íàõîäèì ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåí-
íûå ôóíêöèè:

λn = n(n+ 1), Wn(θ) = Pn(cos θ), n = 0, 1, . . .

Ïåðåéäåì ê çàäà÷å äëÿ ðàäèàëüíîé ôóíêöèè R(r), êîòîðóþ ìîæíî çà-
ïèñàòü â âèäå

r2
d2R

dr2
+ 2r

dR

dr
− n(n+ 1)R = 0.
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Ýòî äèôôåðåíöèàëüíîå óðàâíåíèå èìååò äâà íàáîðà íåòðèâèàëüíûõ ðå-
øåíèé: Rn(r) = rn è Rn(r) = r−(n+1).

Ïåðåìíîæàÿ ôóíêöèè Rn(r) è Wn(θ), ïîëó÷èì ÷àñòíûå ðåøåíèÿ óðàâ-
íåíèÿ Ëàïëàñà

un(r, θ) =
[
Anr

n +Bnr
−(n+1)

]
Pn(cos θ),

ãäå Pn(cos θ) � ìíîãî÷ëåíû Ëåæàíäðà. Ïîñêîëüêó ðàññìàòðèâàåòñÿ âíóòðåí-
íÿÿ çàäà÷à Äèðèõëå, òî ãàðìîíè÷åñêóþ âíóòðè øàðà ôóíêöèþ íåîáõîäèìî
èñêàòü â âèäå

u(r, θ) =
∞∑
n=0

Anr
nPn(cos θ).

Ïîäñòàâèì ðÿä â ãðàíè÷íîå óñëîâèå è âîñïîëüçóåìñÿ òðèãîíîìåòðè÷å-
ñêîé ôîðìóëîé äâîéíîãî àðãóìåíòà:

∞∑
n=0

Ana
nPn(cos θ) = 2 cos2 θ − 1.

Ïðàâàÿ ÷àñòü ýòîãî ðàâåíñòâà ïðåäñòàâëÿåò ñîáîé ëèíåéíóþ êîìáèíàöèþ
ìíîãî÷ëåíîâ Ëåæàíäðà P0(cos θ) è P2(cos θ) :

2 cos2 θ − 1 = C1P0(cos θ) + C2P2(cos θ) = C1 +
C2

2
(3 cos2 θ − 1).

Îòñþäà âûòåêàåò, ÷òî C1 = −1

3
, C2 =

4

3
. Òàêèì îáðàçîì,

∞∑
n=0

Ana
nPn(cos θ) = −1

3
P0(cos θ) +

4

3
P2(cos θ).

Ó÷èòûâàÿ ñâîéñòâî îðòîãîíàëüíîñòè ìíîãî÷ëåíîâ Ëåæàíäðà, ïðèðàâíÿ-
åì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñîáñòâåííûõ ôóíêöèÿõ:

A0 = −1

3
, A2 =

4

3a2
, An = 0, n ̸= 0, n ̸= 2.

Îêîí÷àòåëüíî ãàðìîíè÷åñêàÿ âíóòðè øàðà ôóíêöèÿ èìååò âèä

u(r, θ) = −1

3
+

4

3a2
r2P2(cos θ). J

Ïðèìåð 12. Íàéòè ôóíêöèþ, ãàðìîíè÷åñêóþ âíå åäèíè÷íîãî øàðà è

òàêóþ, ÷òî
∂u

∂r

∣∣∣∣
r=1

= sin

(
π

4
− φ

)
sin θ.
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Ðåøåíèå. Ðàññìîòðèì âíåøíþþ êðàåâóþ çàäà÷ó
∆u = 0, r > 1, 0 6 θ 6 π, 0 6 φ 6 2π,

∂u

∂r

∣∣∣∣
r=1

= sin

(
π

4
− φ

)
sin θ,

ãäå îïåðàòîð Ëàïëàñà

∆u =
1

r2
∂

∂r

(
r2
∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
+

1

r2 sin2 θ

∂2u

∂φ2
.

Åå ðåøåíèå çàïèñûâàåòñÿ â âèäå ðÿäà

u(r, θ, φ) =
∞∑
n=0

n∑
m=−n

Bnmr
−(n+1)Y (m)

n (θ, φ).

Ïîäñòàâëÿÿ ðÿä â ãðàíè÷íîå óñëîâèå, ïîëó÷èì

−
∞∑
n=0

n∑
m=−n

(n+ 1)BnmY
(m)
n (θ, φ) = sin

(
π

4
− φ

)
sin θ.

Ïðåîáðàçóåì ïðàâóþ ÷àñòü ýòîãî ðàâåíñòâà:

sin

(
π

4
− φ

)
sin θ =

√
2

2

(
cosφ sin θ − sinφ sin θ

)
=

√
2

2
Y

(1)
1 −

√
2

2
Y

(−1)
1 .

Ñëåäîâàòåëüíî, òîëüêî êîýôôèöèåíòû B1,1 è B1,−1 áóäóò îòëè÷íû îò
íóëÿ. Èìååì

−2B1,1 =

√
2

2
, −2B1,−1 = −

√
2

2
⇒ B1,1 = −

√
2

4
, B1,−1 =

√
2

4
.

Òàêèì îáðàçîì,

u(r, θ, φ) = −
√
2

4
r−2Y

(1)
1 +

√
2

4
r−2Y

(−1)
1 = −1

2
r−2 sin

(
π

4
− φ

)
sin θ.

Îêîí÷àòåëüíî ïîëó÷èì, ÷òî èñêîìàÿ ãàðìîíè÷åñêàÿ âíå åäèíè÷íîãî øà-
ðà ôóíêöèÿ èìååò âèä

u(r, θ, φ) = −1

2
r−2 sin

(
π

4
− φ

)
sin θ + C,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. J
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Ïðèìåð 13. Íàéòè ðåøåíèå êðàåâîé çàäà÷è â øàðîâîì ñëîå{
∆u = 0, 1 < r < 2, 0 6 θ 6 π, 0 6 φ 6 2π,

u|r=1 = 3 sin 2φ sin2 θ, u|r=2 = 3 cos θ.

Ðåøåíèå. Îáùèé âèä ãàðìîíè÷åñêîé â øàðîâîì ñëîå ôóíêöèè äàåòñÿ
ðÿäîì

u(r, θ, φ) =
∞∑
n=0

n∑
m=−n

[
Anmr

n +Bnmr
−(n+1)

]
Y (m)
n (θ, φ).

Ïîñêîëüêó

3 sin 2φ sin2 θ = Y
(−2)
2 (θ, φ), cos θ = Y

(0)
1 (θ, φ),

òî âñå êîýôôèöèåíòû, êðîìå A2,−2, B2,−2, A1,0, B1,0, áóäóò ðàâíû íóëþ. Ðåøàÿ
äâå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèéA2,−2 +B2,−2 = 1,

4A2,−2 +
1

8
B2,−2 = 0,

A1,0 +B1,0 = 0,

2A1,0 +
1

4
B1,0 = 3,

ÿâëÿþùèåñÿ ðåçóëüòàòîì ïîäñòàíîâêè ðÿäà â ãðàíè÷íûå óñëîâèÿ, íàõîäèì

A2,−2 = − 1

31
, B2,−2 =

32

31
, A1,0 =

12

7
, B1,0 = −12

7
.

Â èòîãå ïðèõîäèì ê îòâåòó

u(r, θ, φ) =

(
12

7
r − 12

7
r−2

)
cos θ +

(
96

31
r−3 − 3

31
r2
)
sin 2φ sin2 θ. J

1.5.6. Óðàâíåíèå Ãåëüìãîëüöà

Óðàâíåíèå âèäà

∆v + λv = −f(x, y, z), λ ̸= 0, (41)

íàçûâàåòñÿ óðàâíåíèåì Ãåëüìãîëüöà . Óðàâíåíèå Ãåëüìãîëüöà èãðàåò âàæ-
íóþ ðîëü â ìàòåìàòè÷åñêîé ôèçèêå ââèäó çíà÷èìîñòè çàäà÷, ïðèâîäÿùèõ ê
ýòîìó óðàâíåíèþ.

Óñòàíîâèì ñâÿçü óðàâíåíèÿ Ãåëüìãîëüöà ñ óðàâíåíèÿìè ãèïåðáîëè÷åñêî-
ãî è ïàðàáîëè÷åñêîãî òèïîâ. Ðàññìîòðèì âîëíîâîå óðàâíåíèå

∂2u

∂t2
= a2∆u+ f(x, y, z)eiωt (42)
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è áóäåì èñêàòü ñïåöèàëüíûå ðåøåíèÿ ýòîãî óðàâíåíèÿ, èìåþùèå òó æå ÷à-
ñòîòó êîëåáàíèé, ÷òî è âíåøíèå ñèëû, ò. å. ðåøåíèÿ âèäà

u(x, y, z, t) = v(x, y, z)eiωt,

ãäå v(x, y, z) � àìïëèòóäà óñòàíîâèâøèõñÿ êîëåáàíèé. Ïîäñòàâëÿÿ u â óðàâ-
íåíèå (42), ïîëó÷èì

− ω2veiωt = a2∆veiωt + f(x, y, z)eiωt,

îòêóäà ñëåäóåò, ÷òî

∆v +
ω2

a2
v = − 1

a2
f(x, y, z).

Â èòîãå èìååì óðàâíåíèå Ãåëüìãîëüöà ñ ïîëîæèòåëüíûì êîýôôèöèåíòîì

λ =
ω2

a2
. Òàêèì îáðàçîì, ðåøåíèå óðàâíåíèÿ Ãåëüìãîëüöà ïðè ïîëîæèòåëüíîì

λ åñòü àìïëèòóäà óñòàíîâèâøèõñÿ êîëåáàíèé .
Ïóñòü òåïåðü äàíî óðàâíåíèå äèôôóçèè

∂u

∂t
= a2∆u+ f(x, y, z, t),

â êîòîðîì ôóíêöèÿ u(x, y, z, t) èìååò ñìûñë êîíöåíòðàöèè âåùåñòâà, à ôóíê-
öèÿ f(x, y, z, t) åñòü ïëîòíîñòü èñòî÷íèêîâ äèôôóçèè. Åñëè ðàññìàòðèâàòü
ïðîöåññû äèôôóçèè, ñîïðîâîæäàþùèåñÿ ðàñïàäîì ìîëåêóë ãàçà, òî ïðè ôîð-
ìóëèðîâêå óðàâíåíèÿ äèôôóçèè ýòî ýêâèâàëåíòíî íàëè÷èþ îòðèöàòåëüíûõ
èñòî÷íèêîâ: f(x, y, z, t) = ku(x, y, z, t), k < 0.

Â ñëó÷àå ñòàöèîíàðíîãî äèôôóçèîííîãî ïðîöåññà ïðèõîäèì ê óðàâíåíèþ
Ãåëüìãîëüöà ñ îòðèöàòåëüíûì êîýôôèöèåíòîì

∆u+ λu = 0, λ =
k

a2
< 0.

Òàêèì îáðàçîì, óðàâíåíèå (41) ñ îòðèöàòåëüíûì λ îïèñûâàåò ñòàöèî-
íàðíûé ïðîöåññ äèôôóçèè, ñîïðîâîæäàåìûé ðàñïàäîì âåùåñòâà.

Ðàññìîòðèì ðåøåíèÿ óðàâíåíèÿ Ãåëüìãîëüöà, îáëàäàþùèå ñôåðè÷åñêîé
ñèììåòðèåé. Ñîîòâåòñòâóþùåå óðàâíåíèå ïðèíèìàåò âèä

1

r2
d

dr

(
r2
du

dr

)
+ λu = 0 èëè

1

r

d2(ru)

dr2
+ λu = 0.

Ââåäåì íîâóþ ïåðåìåííóþ, ïîëàãàÿ u =
w

r
. Òîãäà óðàâíåíèå ïðåîáðàçó-

åòñÿ ê âèäó
d2w

dr2
+ λw = 0.
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Ïðè λ = −k2 < 0 ýòî óðàâíåíèå èìååò äâà ëèíåéíî-íåçàâèñèìûõ ðå-
øåíèÿ w = e−kr è w = ekr. Ñîîòâåòñòâóþùèå ôóíäàìåíòàëüíûå ðåøåíèÿ
óðàâíåíèÿ Ãåëüìãîëüöà ïðèíèìàþò âèä

u1(r) =
e−kr

r
, u2(r) =

ekr

r
.

Â îêðåñòíîñòè òî÷êè r = 0 îáà ðåøåíèÿ âåäóò ñåáÿ ýêâèâàëåíòíûì îá-
ðàçîì, ò. å. îáðàùàþòñÿ â áåñêîíå÷íîñòü. Ïðè r → ∞ ðåøåíèå u1(r) ýêñïî-
íåíöèàëüíî ñòðåìèòñÿ ê íóëþ è â òåðìèíàõ äèôôóçèîííîãî ïðîöåññà èìååò
ñìûñë êîíöåíòðàöèè âåùåñòâà, âîçíèêøåé çà ñ÷åò èñòî÷íèêà äèôôóçèè â
òî÷êå r = 0. Âòîðîå ðåøåíèå u2(r) ýêñïîíåíöèàëüíî âîçðàñòàåò è åãî ìîæíî
èíòåðïðåòèðîâàòü êàê êîíöåíòðàöèþ âåùåñòâà, âîçíèêøóþ çà ñ÷åò èñòî÷íèêà
íà áåñêîíå÷íîñòè.

Ñëó÷àé λ = k2 > 0 ñîîòâåòñòâóåò óñòàíîâèâøèìñÿ âîëíîâûì ïðîöåñ-
ñàì. Òîãäà w = e−ikr è w = eikr è ôóíäàìåíòàëüíûå ðåøåíèÿ óðàâíåíèÿ
Ãåëüìãîëüöà èìåþò âèä

u1(r) =
e−ikr

r
, u2(r) =

eikr

r
.

Àìïëèòóäå u1(r) ñîîòâåòñòâóåò óñòàíîâèâøååñÿ êîëåáàíèå

u(r, t) = u1(r)e
iωt =

1

r
ei(ωt−kr),

êîòîðîå ïðåäñòàâëÿåò ñîáîé ñôåðè÷åñêóþ âîëíó, ðàñõîäÿùóþñÿ îò èñòî÷íèêà
â òî÷êå r = 0. Àìïëèòóäå u2(r) ñîîòâåòñòâóåò óñòàíîâèâøååñÿ êîëåáàíèå

u(r, t) = u2(r)e
iωt =

1

r
ei(ωt+kr),

êîòîðîå îïðåäåëÿåò ñôåðè÷åñêóþ âîëíó, ñõîäÿùóþñÿ èç áåñêîíå÷íîñòè â òî÷-
êó r = 0.

Ñâîéñòâà ðåøåíèÿ óðàâíåíèÿ (41) ñóùåñòâåííî çàâèñÿò îò çíàêà êîýô-
ôèöèåíòà λ. Ðàññìîòðèì çàäà÷ó Äèðèõëå äëÿ îäíîðîäíîãî óðàâíåíèÿ (41):{

∆u+ λu = 0, P = (x, y, z) ∈ G,

u|Γ = µ(P ),
(43)

ãäå G = G ∪ Γ � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé Γ.

Òåîðåìà 2 (ïðèíöèï ìàêñèìóìà äëÿ óðàâíåíèÿ Ãåëüìãîëüöà).
Ïðè λ < 0 äëÿ ðåøåíèÿ çàäà÷è (43) ñïðàâåäëèâ ïðèíöèï ìàêñèìóìà, ò. å.
ðåøåíèå u(P ) íå ìîæåò äîñòèãàòü íàèáîëüøåãî ïîëîæèòåëüíîãî (íàè-
ìåíüøåãî îòðèöàòåëüíîãî) çíà÷åíèÿ âî âíóòðåííèõ òî÷êàõ îáëàñòè G.
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Ñëåäñòâèå 3. Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ãåëüìãîëüöà{
∆u+ λu = −f(P ), P ∈ G, λ < 0,

u|Γ = µ(P ),

èìååò åäèíñòâåííîå ðåøåíèå.

Çàìåòèì, ÷òî â ñëó÷àå λ = 0 èìååì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ
Ïóàññîíà, åäèíñòâåííîñòü êîòîðîé ðàíåå áûëà äîêàçàíà. Ïðè λ > 0 çàäà÷à
Äèðèõëå äëÿ óðàâíåíèÿ Ãåëüìãîëüöà íå îáëàäàåò ñâîéñòâîì åäèíñòâåííîñòè.
Ðàññìîòðèì, íàïðèìåð, êðàåâóþ çàäà÷ó â ïðÿìîóãîëüíèêå

∂2u

∂x2
+
∂2u

∂y2
+ λu = 0, 0 < x < a, 0 < y < b, (44)

u|Γ = 0, (45)

ãäå Γ � ãðàíèöà ïðÿìîóãîëüíèêà. Áóäåì ðåøàòü ýòó çàäà÷ó ìåòîäîì ðàçäå-
ëåíèÿ ïåðåìåííûõ. Èùåì ðåøåíèå â âèäå u(x, y) = X(x)Y (y). Ïîäñòàâëÿÿ
åãî â (44) è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì

− X ′′ + λX

X
=
Y ′′

Y
= −µ2.

Ïîäñòàâèì òåïåðü ðåøåíèå â ãðàíè÷íûå óñëîâèÿ (45):

X(0) = X(a) = 0, Y (0) = Y (b) = 0. (46)

Ïðèñîåäèíÿÿ âòîðóþ ïàðó óñëîâèé (46) ê ñîîòâåòñòâóþùåìó äèôôåðåí-
öèàëüíîìó óðàâíåíèþ äëÿ êîîðäèíàòíîé ôóíêöèè Y (y), ïðèõîäèì ê çàäà÷å
Øòóðìà � Ëèóâèëëÿ {

Y ′′ + µ2Y = 0,

Y (0) = Y (b) = 0.

Ðåøåíèÿìè ýòîé çàäà÷è ÿâëÿþòñÿ

µk =
kπ

b
, Yk(y) = sin

kπy

b
, k = 1, 2, . . .

Äàëåå, ïðèñîåäèíÿÿ ïåðâóþ ïàðó ãðàíè÷íûõ óñëîâèé (46) ê äèôôåðåí-
öèàëüíîìó óðàâíåíèþ äëÿ ôóíêöèè X(x), ïîëó÷èì çàäà÷ó Øòóðìà � Ëè-
óâèëëÿ {

X ′′ + (λ− µ2k)X = 0,

X(0) = X(a) = 0.
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Êàê ìû çíàåì, íåòðèâèàëüíûå ðåøåíèÿ ýòîé çàäà÷è ñóùåñòâóþò òîëüêî
ïðè λ− µ2k > 0. Îíè èìåþò âèä

X(x) = C1 cos
√
λ− µ2k x+ C2 sin

√
λ− µ2k x.

Èç ãðàíè÷íûõ óñëîâèé ñëåäóåò, ÷òî C1 = 0, C2 sin
√
λ− µ2k a = 0. Ïî-

ëàãàÿ C2 = 1, ïîëó÷èì√
λ− µ2k =

nπ

a
⇒ λ

(n)
k =

(
kπ

b

)2
+

(
nπ

a

)2
, k, n = 1, 2, . . .

Ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè èìåþò âèä

Xn(x) = sin
nπx

a
, n = 1, 2, . . .

Òàêèì îáðàçîì, îêîí÷àòåëüíî ïîëó÷èì ðåøåíèå çàäà÷è (44), (45):

λ
(n)
k =

(
kπ

b

)2
+

(
nπ

a

)2
, u

(n)
k (x, y) = sin

kπy

b
sin

nπx

a
, k, n = 1, 2, . . .

Âòîðûì ðåøåíèåì çàäà÷è ÿâëÿåòñÿ òðèâèàëüíîå ðåøåíèå u(x, y) ≡ 0,
ò. å. ïðè λ > 0 çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ãåëüìãîëüöà äåéñòâèòåëüíî
íå îáëàäàåò ñâîéñòâîì åäèíñòâåííîñòè.

1.5.7. Îá îñîáåííîñòÿõ ðåøåíèÿ êðàåâûõ çàäà÷
äëÿ óðàâíåíèå Ãåëüìãîëüöà

Ðàññìîòðèì âíóòðåííþþ êðàåâóþ çàäà÷ó äëÿ øàðà r 6 a, ðåøåíèå êî-
òîðîé îáëàäàåò ñôåðè÷åñêîé ñèììåòðèåé:

d2u

dr2
+

2

r

du

dr
+ k2u = 0, r < a,

u|r=a = A, A = const ̸= 0.

(47)

Îáùåå ðåøåíèå óðàâíåíèÿ Ãåëüìãîëüöà (47) èìååò âèä

u(r) = C1
eikr

r
+ C2

e−ikr

r
,

ãäå C1 è C2 � ïðîèçâîëüíûå êîìïëåêñíûå ïîñòîÿííûå. Äëÿ òîãî ÷òîáû
ðåøåíèå çàäà÷è áûëî îãðàíè÷åííûì â òî÷êå r = 0, íåîáõîäèìî ïîëîæèòü
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C2 = −C1 (ýòî óñëîâèå ÿâëÿåòñÿ è äîñòàòî÷íûì). Ñëåäîâàòåëüíî, îáùåå ðå-
øåíèå ìîæíî çàïèñàòü â âèäå

u(r) =
C1

r

(
eikr − e−ikr

)
, (48)

ãäå êîíñòàíòà C1 îïðåäåëÿåòñÿ èç ãðàíè÷íîãî óñëîâèÿ.
Ðàññìîòðèì ñëó÷àé äåéñòâèòåëüíûõ çíà÷åíèé k. Òîãäà

u(r) = B
sin(kr)

r
, B = 2iC1. (49)

Ïîäñòàâëÿÿ â ãðàíè÷íîå óñëîâèå, ïîëó÷èì, ÷òî ïîñòîÿííàÿ B äîëæíà
óäîâëåòâîðÿòü ñîîòíîøåíèþ

B
sin(ka)

a
= A. (50)

Ýòî âîçìîæíî, åñëè çíà÷åíèÿ k íå ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ

sin(ka) = 0. (51)

Â òîæå âðåìÿ äëÿ kn =
nπ

a
, k = 1, 2, . . . , ðàâåíñòâî (51) áóäåò âûïîëíå-

íî è, ñëåäîâàòåëüíî, ïðè A ̸= 0 íå ñóùåñòâóåò ÷èñåë B, óäîâëåòâîðÿþùèõ
ñîîòíîøåíèþ (50).

Íàðÿäó ñ çàäà÷åé (47) ðàññìîòðèì ñîîòâåòñòâóþùóþ åé îäíîðîäíóþ çà-
äà÷ó 

d2u

dr2
+

2

r

du

dr
+ k2u = 0, r < a,

u|r=a = 0.

(52)

Ïðè çíà÷åíèÿõ k, óäîâëåòâîðÿþùèõ óñëîâèþ (51), îíà èìååò íåíóëåâûå ðåøå-

íèÿ B1
sin(k1r)

r
, B2

sin(k2r)

r
, . . . , ãäå B1, B2, . . . � ïðîèçâîëüíûå êîìïëåêñíûå

÷èñëà. Ïðè âñåõ äðóãèõ çíà÷åíèÿõ k èç ôîðìóëû (50) ñëåäóåò, ÷òî B = 0,
ò. å. îäíîðîäíàÿ çàäà÷à (52) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå u(r) ≡ 0.

Òàêèì îáðàçîì, ïðèõîäèì ê ñëåäóþùåé àëüòåðíàòèâå: ëèáî îäíîðîäíàÿ
çàäà÷à (52) ïðè äàííîì çíà÷åíèè k íå èìååò ðåøåíèé, îòëè÷íûõ îò òðèâè-
àëüíîãî, è òîãäà íåîäíîðîäíàÿ çàäà÷à (47) èìååò åäèíñòâåííîå ðåøåíèå, îïðå-
äåëÿåìîå ôîðìóëàìè (49), (50), ëèáî îäíîðîäíàÿ çàäà÷à (52) èìååò íåòðèâè-
àëüíîå ðåøåíèå, è òîãäà íåîäíîðîäíàÿ çàäà÷à (47) íåðàçðåøèìà.

Ôóíêöèè

un(r) =
sin(knr)

r
, r = 1, 2, . . . ,

202



ÿâëÿþùèåñÿ íåòðèâèàëüíûìè ðåøåíèÿìè êðàåâîé çàäà÷è (52), íàçûâàþòñÿ
ñîáñòâåííûìè ôóíêöèÿìè çàäà÷è (47), à ÷èñëà k2n, ïðè êîòîðûõ çà-
äà÷à (52) èìååò íåòðèâèàëüíûå ðåøåíèÿ, � ñîáñòâåííûìè çíà÷åíèÿìè
çàäà÷è (47).

1.5.8. Ìåòîä Ôóðüå äëÿ óðàâíåíèÿ Ãåëüìãîëüöà
â ïîëÿðíûõ è ñôåðè÷åñêèõ êîîðäèíàòàõ

Ïóñòü äàíà çàäà÷à Íåéìàíà äëÿ óðàâíåíèÿ Ãåëüìãîëüöà â êðóãå

∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
+ k2u = 0, 0 6 r < a, (53)

∂u

∂r

∣∣∣∣
r=a

= f(φ). (54)

Ïðåäïîëàãàåòñÿ, ÷òî ÷èñëî k íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îäíî-
ðîäíîé êðàåâîé çàäà÷è

∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
+ k2u = 0,

∂u

∂r

∣∣∣∣
r=a

= 0.

Áóäåì èñêàòü íåòðèâèàëüíûå ðåøåíèÿ óðàâíåíèÿ (53) â âèäå ïðîèçâåäå-
íèÿ u(r, φ) = R(r)Φ(φ), ó÷èòûâàÿ îãðàíè÷åííîñòü â òî÷êå r = 0 ðàäèàëüíîé
ôóíêöèè è 2π -ïåðèîäè÷íîñòü óãëîâîé ôóíêöèè. Ïîäñòàâèì u(r, φ) â óðàâ-
íåíèå (53) è ðàçäåëèì ïåðåìåííûå:

−
r
d

dr

(
r
dR

dr

)
+ k2r2R

R
=

d2Φ

dφ2

Φ
= −λ2.

Ïðèñîåäèíÿÿ ê äèôôåðåíöèàëüíîìó óðàâíåíèþ äëÿ óãëîâîé ôóíêöèè
Φ(φ) óñëîâèå 2π -ïåðèîäè÷íîñòè, ïðèõîäèì ê çàäà÷å Øòóðìà � Ëèóâèëëÿ{

Φ′′ + µ2Φ = 0,

Φ(φ+ 2π) = Φ(φ).

Íåòðèâèàëüíûå ðåøåíèÿ ýòîé çàäà÷è èìåþò âèä

λn = n, Φn(φ) = An cosnφ+Bn sinnφ, n = 0, 1, . . . ,

ãäå An è Bn � ïðîèçâîëüíûå ïîñòîÿííûå.
Äëÿ ðàäèàëüíîé ôóíêöèè ïîëó÷èì óðàâíåíèå

r2R′′ + rR′ + (k2r2 − n2)R = 0.
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Åãî ëèíåéíî íåçàâèñèìûìè ðåøåíèÿìè ÿâëÿþòñÿ

Rn(r) = Jn(kr), Rn(r) = Nn(kr), n = 0, 1, . . . ,

ãäå Jn(x) è Nn(x) � öèëèíäðè÷åñêèå ôóíêöèè Áåññåëÿ è Âåáåðà � Íåéìàíà
ñîîòâåòñòâåííî. Ïîñêîëüêó ðàññìàòðèâàåòñÿ âíóòðåííÿÿ êðàåâàÿ çàäà÷à, òî
äëÿ âûïîëíåíèÿ óñëîâèÿ îãðàíè÷åííîñòè â îêðåñòíîñòè òî÷êè r = 0 íåîáõî-
äèìî âçÿòü òîëüêî ôóíêöèè Rn(r) = Jn(kr).

Òàêèì îáðàçîì, ïîëó÷åíû ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ Ãåëüìãîëüöà

un(r, φ) = Jn(kr)(An cosnφ+Bn sinnφ).

Çàïèøåì èñêîìîå ðåøåíèå â âèäå ðÿäà

u(r, φ) =
∞∑
n=0

Jn(kr)(An cosnφ+Bn sinnφ) (55)

è ïîòðåáóåì âûïîëíåíèÿ ãðàíè÷íîãî óñëîâèÿ (54):

f(φ) =
∞∑
n=0

kJ ′
n(ka)(An cosnφ+Bn sinnφ).

Ðàññìàòðèâàÿ ïîñëåäíåå ðàâåíñòâî êàê ðàçëîæåíèå çàäàííîé ôóíêöèè
f(φ) â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå, ïðèõîäèì ê âûðàæåíèÿì äëÿ êîýô-
ôèöèåíòîâ An è Bn :

A0 =
1

2πkJ ′
0(ka)

π∫
−π

f(φ) dφ, An =
1

πkJ ′
n(ka)

π∫
−π

f(φ) cosnφdφ,

Bn =
1

πkJ ′
n(ka)

π∫
−π

f(φ) sinnφdφ, n = 1, 2, . . .

(56)

Ôîðìóëû (55), (56) äàþò ðåøåíèå âíóòðåííåé çàäà÷è Íåéìàíà äëÿ óðàâ-
íåíèÿ Ãåëüìãîëüöà â êðóãå.

Ðàññìîòðèì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ãåëüìãîëüöà â øàðå{
∆u+ k2u = 0, 0 6 r < a,

u|r=a = f(θ, φ),
(57)

ïî-ïðåæíåìó ñ÷èòàÿ, ÷òî ÷èñëî k íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì ñîîò-
âåòñòâóþùåé êðàåâîé çàäà÷è ñ îäíîðîäíûì ãðàíè÷íûì óñëîâèåì.
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Çàïèøåì èñõîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå â âèäå

1

r2
∂

∂r

(
r2
∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
+

1

r2 sin2 θ

∂2u

∂φ2
+ k2u = 0.

Ïîëàãàÿ u(r, θ, φ) = R(r)Y (θ, φ), ïîñëå ðàçäåëåíèÿ ïåðåìåííûõ ïîëó÷èì
äâà äèôôåðåíöèàëüíûõ óðàâíåíèÿ:

−

d

dr

(
r2
dR

dr

)
+ k2r2R

R
=

1

sin θ

∂

∂θ

(
sin θ

∂Y

∂θ

)
+

1

sin2 θ

∂2Y

∂φ2

Y
= −λ.

Ðåøàÿ óðàâíåíèå äëÿ ôóíêöèè Y (θ, φ) ïðè óñëîâèÿõ îãðàíè÷åííîñòè
ïî θ è 2π -ïåðèîäè÷íîñòè ïî φ, ïðèõîäèì ê ñôåðè÷åñêèì ôóíêöèÿì ïðè
λn = n(n+ 1) :

Y (m)
n (θ, φ) = Z(m)

n (cos θ) cosmφ, Y (−m)
n (θ, φ) = Z(m)

n (cos θ) sinmφ,

n = 0, 1, . . . , m = 0, n.

Îòíîñèòåëüíî ðàäèàëüíîé ôóíêöèè èìååì äèôôåðåíöèàëüíîå óðàâíåíèå

R′′ +
2

r
R′ +

[
k2 − n(n+ 1)

r2

]
R = 0.

Ââåäåì íîâóþ ôóíêöèþ W (r) =
√
rR(r). Òîãäà

R′ =
(
Wr−1/2

)′
= W ′r−1/2 − 1

2
Wr−3/2, R′′ = W ′′r−1/2 − 1

2
W ′r−3/2 −

− 1

2
W ′r−3/2 +

3

4
Wr−5/2 = W ′′r−1/2 −W ′r−3/2 +

3

4
Wr−5/2.

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â äèôôåðåíöèàëüíîå óðàâíåíèå, ïîëó÷èì

W ′′r−1/2 −W ′r−3/2 +
3

4
Wr−5/2 +

2

r

(
W ′r−1/2 − 1

2
Wr−3/2

)
+

+

[
k2 − n(n+ 1)

r2

]
Wr−1/2 = 0

èëè

W ′′r−1/2 +W ′r−3/2 − 1

4
Wr−5/2 +

[
k2 − n2 + n

r2

]
Wr−1/2 = 0.

Ðàçäåëèâ íà r−1/2, ïðèõîäèì ê óðàâíåíèþ

W ′′ +
1

r
W ′ +

[
k2 − (n+ 1/2)2

r2

]
W = 0. (58)
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Óðàâíåíèå (58) çàìåíîé x = kr ñâîäèòñÿ ê óðàâíåíèþ Áåññåëÿ ïîëóöå-
ëîãî ïîðÿäêà

d2W

dx2
+

1

x

dW

dx
+

[
1− (n+ 1/2)2

x2

]
W = 0.

Åãî îãðàíè÷åííûìè â îêðåñòíîñòè òî÷êè x = 0 ðåøåíèÿìè ÿâëÿþòñÿ
ôóíêöèè Wn(x) = Jn+ 1

2
(x) èëè Wn(r) = Jn+ 1

2
(kr). Òîãäà

Rn(r) =
1√
r
Jn+ 1

2
(kr), n = 0, 1, . . .

Óìíîæàÿ íàéäåííûå ðàäèàëüíûå ôóíêöèè Rn(r) íà ñôåðè÷åñêèå ôóíê-

öèè Y
(m)
n (θ, φ) è Y

(−m)
n (θ, φ), ïîëó÷èì íàáîð ÷àñòíûõ ðåøåíèé óðàâíåíèÿ

Ãåëüìãîëüöà

umn(r, θ, φ) =
1√
r
Jn+ 1

2
(kr)Y (m)

n (θ, φ), n = 0, 1, . . . , m = −n, n.

Ñîñòàâèì ðÿä ñ ÷èñëîâûìè êîýôôèöèåíòàìè

u(r, θ, φ) =
∞∑
n=0

n∑
m=−n

Anm
1√
r
Jn+ 1

2
(kr)Y (m)

n (θ, φ) (59)

è îïðåäåëèì êîýôôèöèåíòû Anm òàê, ÷òîáû âûïîëíÿëîñü ãðàíè÷íîå óñëîâèå
u|r=a = f(θ, φ) :

∞∑
n=0

n∑
m=−n

Anm
1√
a
Jn+ 1

2
(ka)Y (m)

n (θ, φ) = f(θ, φ).

Îòñþäà ïîëó÷èì

Anm =

√
a

Jn+ 1
2
(ka)

1∥∥Y (m)
n

∥∥2
π∫

0

2π∫
0

sin θf(θ, φ)Y (m)
n (θ, φ) dφ dθ.

Ïðè íàéäåííûõ çíà÷åíèÿõ êîýôôèöèåíòîâ Anm ðÿä (59) ÿâëÿåòñÿ ðåøå-
íèåì êðàåâîé çàäà÷è (57).

1.5.9. Îáúåìíûé ïîòåíöèàë è åãî ñâîéñòâà

Ïóñòü â îãðàíè÷åííîé îáëàñòè òðåõìåðíîãî ïðîñòðàíñòâà Ω ñ ãðàíèöåé
S ïîìåùåí ýëåêòðè÷åñêèé çàðÿä ñ ïëîòíîñòüþ ρ(P ) = ρ(x, y, z). Îïðåäå-
ëèì ïîòåíöèàë ýëåêòðîñòàòè÷åñêîãî ïîëÿ â ïðîèçâîëüíîé òî÷êå P0 (òî÷êå
íàáëþäåíèÿ). Äëÿ ýòîãî ðàçîáüåì îáëàñòü Ω íà äîñòàòî÷íî ìàëûå îáëàñòè
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τk. Ñäåëàåì åñòåñòâåííîå ïðåäïîëîæåíèå, ÷òî äåéñòâèå çàðÿæåííîé îáëàñòè
τk ýêâèâàëåíòíî äåéñòâèþ òî÷å÷íîãî çàðÿäà âåëè÷èíîé ρ(Pk)dτk, Pk ∈ τk,
k = 1, n, çàêëþ÷åííîãî â ìàëîì îáúåìå dτk. Ïîòåíöèàë ïîëÿ, ñîçäàííîãî
òàêîé ñèñòåìîé òî÷å÷íûõ çàðÿäîâ, ðàâåí

un(P0) =
n∑

k=1

ρ(Pk)

rPkP0

dτk, (60)

ãäå rPkP0
=
√

(xk − x0)2 + (yk − y0)2 + (zk − z0)2. Âûðàæåíèå â ïðàâîé ÷àñòè
(60) åñòü èíòåãðàëüíàÿ ñóììà äëÿ òðîéíîãî èíòåãðàëà

u(P0) =

∫∫∫
Ω

ρ(P )

rPP0

dxdydz =

∫∫∫
Ω

ρ(P )

rPP0

dτP . (61)

Ôóíêöèÿ
1

rPP0

=
1√

(x− x0)2 + (y − y0)2 + (z − z0)2
, ïðåäñòàâëÿþùàÿ

ñîáîé ïîòåíöèàë ïîëÿ òî÷å÷íîãî çàðÿäà, ïîìåùåííîãî â òî÷êå P0(x0, y0, z0),
ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Ëàïëàñà, çàâèñÿùèì îò ïàðàìåòðîâ x0, y0, z0.
Èíòåãðàë ïî ïàðàìåòðàì âèäà (61) íàçûâàåòñÿ îáúåìíûì èëè íüþòîíîâ-
ñêèì ïîòåíöèàëîì . Îí äàåò ïîòåíöèàë ðàñïðåäåëåííûõ îáúåìíûõ çàðÿ-
äîâ â òî÷êå íàáëþäåíèÿ P0. Òî÷êà P0 ìîæåò áûòü âçÿòà êàê âíóòðè, òàê è
âî âíåøíîñòè îáëàñòè Ω.

Èññëåäóåì ñâîéñòâà îáúåìíîãî ïîòåíöèàëà â ïðåäïîëîæåíèè, ÷òî ïëîò-
íîñòü çàðÿäà ρ(P ) � îãðàíè÷åííàÿ êóñî÷íî-íåïðåðûâíàÿ â îáëàñòè Ω ôóíê-
öèÿ:

∣∣ρ(P )∣∣ 6M.

1. Îáúåìíûé ïîòåíöèàë íåïðåðûâåí ïî êîîðäèíàòàì òî÷êè P0 âî âñåì
òðåõìåðíîì ïðîñòðàíñòâå.

Äåéñòâèòåëüíî, åñëè òî÷êà P0 ̸∈ Ω, ãäå Ω = Ω ∪ S, òî èíòåãðàë (61)
ÿâëÿåòñÿ ñîáñòâåííûì. Ïîñêîëüêó ïîäûíòåãðàëüíàÿ ôóíêöèÿ, êàê ôóíêöèÿ
òî÷êè P, íåïðåðûâíà â òî÷êå P0, òî â ýòîé òî÷êå íåïðåðûâåí è ñàì èíòåãðàë.

Ïóñòü P0 � âíóòðåííÿÿ òî÷êà îáëàñòè Ω. Â ýòîì ñëó÷àå èíòåãðàë u(P0)
ÿâëÿåòñÿ íåñîáñòâåííûì. Âîçüìåì øàð Ω(P0; δ) ðàäèóñîì δ ñ öåíòðîì â òî÷-
êå P0, Ω(P0; δ) ⊂ Ω. Ïóñòü P1 ∈ Ω(P0; δ). Ðàññìîòðèì ðàçíîñòü

u(P0)− u(P1) =

∫∫∫
Ω(P0;δ)

ρ(P )

rPP0

dτP −
∫∫∫
Ω(P0;δ)

ρ(P )

rPP1

dτP +

+

∫∫∫
Ω \Ω(P0;δ)

ρ(P )

(
1

rPP0

− 1

rPP1

)
dτP = I1 + I2 + I3. (62)
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Îöåíèì èíòåãðàë I2 ñ ó÷åòîì âêëþ÷åíèÿ Ω(P0; δ) ⊂ Ω(P1; 2δ) :

|I2| 6
∫∫∫
Ω(P0;δ)

∣∣ρ(P )∣∣
rPP1

dτP 6M

∫∫∫
Ω(P0;δ)

dτP
rPP1

6M

∫∫∫
Ω(P1;2δ)

dτP
rPP1

.

Ïåðåõîäÿ â èíòåãðàëå ê ñôåðè÷åñêèì êîîðäèíàòàì x = r sin θ cosφ, y =
= r sin θ sinφ, z = r cos θ, ïîëó÷èì

M

∫∫∫
Ω(P1;2δ)

dτP
rPP1

=M

2δ∫
0

π∫
0

2π∫
0

rPP1
drPP1

sin θ dθ dφ = 8πMδ2.

Òàêèì îáðàçîì, |I2| 6 8πMδ2. Äëÿ ïåðâîãî èíòåãðàëà àíàëîãè÷íî ìîæíî
óñòàíîâèòü, ÷òî

|I1| 6 2πMδ2.

Çàôèêñèðóåì òåïåðü δ òàê, ÷òî 10πMδ2 <
ε

2
èëè δ <

√
ε

20πM
. Åñëè

P ∈ Ω \Ω(P0; δ), òî, âûáèðàÿ òî÷êó P1 äîñòàòî÷íî áëèçêî ê P0, ìîæíî
ïîëó÷èòü íåðàâåíñòâî ∣∣∣∣ 1

rPP0

− 1

rPP1

∣∣∣∣ < ε

2MV (Ω)
,

ãäå V (Ω) � îáúåì îáëàñòè Ω. Òîãäà

|I3| 6M

∫∫∫
Ω \Ω(P0;δ)

∣∣∣∣ 1

rPP0

− 1

rPP1

∣∣∣∣dτP < ε

2
.

Ïîäñòàâëÿÿ ïîëó÷åííûå îöåíêè â (62), íàõîäèì, ÷òî∣∣u(P0)− u(P1)
∣∣ < ε

äëÿ ëþáîãî íàïåðåä çàäàííîãî ε > 0. Òåì ñàìûì óñòàíîâëåíà íåïðåðûâíîñòü
îáúåìíîãî ïîòåíöèàëà âíóòðè îáëàñòè Ω.

Íàêîíåö, ïóñòü P0 ∈ S. Ïîñòóïèì ñëåäóþùèì îáðàçîì. Âîçüìåì áîëåå
øèðîêóþ îáëàñòü Ω1 ⊃ Ω è ïîëîæèì

ρ1(P ) =

{
ρ(P ), P ∈ Ω,

0, P ∈ Ω1 \Ω.

Òîãäà îáúåìíûé ïîòåíöèàë ïðèíèìàåò âèä

u(P0) =

∫∫∫
Ω1

ρ1(P )

rPP0

dτP .
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Òî÷êà P0 áóäåò óæå âíóòðåííåé ïî îòíîøåíèþ ê îáëàñòè Ω1 è, ñëåäîâàòåëü-
íî, îáúåìíûé ïîòåíöèàë â ýòîé òî÷êå íåïðåðûâåí.

2. Îáúåìíûé ïîòåíöèàë èìååò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ïåð-
âîãî ïîðÿäêà ïî êîîðäèíàòàì òî÷êè P0 âî âñåì òðåõìåðíîì ïðîñòðàíñòâå.

Â ñàìîì äåëå, â êàæäîé òî÷êå P0 ÷àñòíûå ïðîèçâîäíûå âû÷èñëÿþòñÿ
ïóòåì äèôôåðåíöèðîâàíèÿ ïî ïàðàìåòðó ïîä çíàêîì èíòåãðàëà:

∂u

∂x0
=

∫∫∫
Ω

ρ(P )
x− x0
r3PP0

dτP ,
∂u

∂y0
=

∫∫∫
Ω

ρ(P )
y − y0
r3PP0

dτP ,

∂u

∂z0
=

∫∫∫
Ω

ρ(P )
z − z0
r3PP0

dτP . (63)

Îïóñòèì ïîäðîáíîå äîêàçàòåëüñòâî è îãðàíè÷èìñÿ ëèøü ïðîâåðêîé ôàêòà
ñóùåñòâîâàíèÿ èíòåãðàëîâ âèäà (63). Èìååì∣∣∣∣ ∫∫∫

Ω

ρ(P )
x− x0
r3PP0

dτP

∣∣∣∣ 6M

∫∫∫
Ω

∣∣∣∣x− x0
rPP0

∣∣∣∣ 1

r2PP0

dτP 6M

∫∫∫
Ω

dτP
r2PP0

6

6M

∫∫∫
Ω(P0;R)

dτP
r2PP0

=M

R∫
0

π∫
0

2π∫
0

sin θ dθ dφ drPP0
= 4πMR.

3. Îáúåìíûé ïîòåíöèàë ÿâëÿåòñÿ ãàðìîíè÷åñêîé ôóíêöèåé ïî êîîðäè-
íàòàì òî÷êè P0 âíå îáëàñòè Ω.

Äåéñòâèòåëüíî, åñëè P0 ̸∈ Ω, òî èíòåãðàë (61) ÿâëÿåòñÿ ñîáñòâåííûì.
Ïîýòîìó îïåðàòîð Ëàïëàñà ìîæíî âíîñèòü ïîä çíàê èíòåãðàëà:

∆u(P0) = ∆

(∫∫∫
Ω

ρ(P )

rPP0

dτP

)
=

∫∫∫
Ω

ρ(P )∆

(
1

rPP0

)
dτP = 0,

ïîñêîëüêó äëÿ òî÷åê P0 ̸∈ Ω èìååì ∆

(
1

rPP0

)
= 0.

4. Åñëè ïëîòíîñòü çàðÿäîâ ρ(P ) èìååò íåïðåðûâíûå ïðîèçâîäíûå ïåð-
âîãî ïîðÿäêà, òî îáúåìíûé ïîòåíöèàë èìååò âòîðûå ïðîèçâîäíûå ïî êîîðäè-
íàòàì òî÷êè P0 â îáëàñòè Ω è óäîâëåòâîðÿåò óðàâíåíèþ

∆u(P0) =
∂2u

∂x20
+
∂2u

∂y20
+
∂2u

∂z20
= −4πρ(P0), P0 ∈ Ω.

5. Ïðè ñòðåìëåíèè òî÷êè íàáëþäåíèÿ P0 ê áåñêîíå÷íîñòè îáúåìíûé
ïîòåíöèàë ñòðåìèòñÿ ê íóëþ.
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Ïðèìåíÿÿ ê èíòåãðàëó (61) òåîðåìó î ñðåäíåì çíà÷åíèè, ïîëó÷èì

u(P0) =
1

r
PP0

∫∫∫
Ω

ρ(P )dτP =
m

r
PP0

, (64)

ãäå P ∈ Ω, m =

∫∫∫
Ω

ρ(P )dτP � ñóììàðíûé çàðÿä. Èç ôîðìóëû (64) íåïî-

ñðåäñòâåííî âûòåêàåò ñâîéñòâî 5.

Çàìå÷àíèå 4. Â äâóìåðíîì ñëó÷àå (íà ïëîñêîñòè) ðîëü îáúåìíîãî ïî-
òåíöèàëà âûïîëíÿåò ëîãàðèôìè÷åñêèé ïîòåíöèàë

u(x0, y0) =

∫∫
Ω

ρ(x, y) ln
1√

(x− x0)2 + (y − y0)2
dxdy.

Äëÿ ëîãàðèôìè÷åñêîãî ïîòåíöèàëà âûïîëíÿþòñÿ âñå ïåðå÷èñëåííûå ñâîé-
ñòâà. Â ÷àñòíîñòè, èìååò ìåñòî ðàâåíñòâî

∂2u

∂x20
+
∂2u

∂y20
= −2πρ(x0, y0), (x0, y0) ∈ Ω.

1.5.10. Ïîâåðõíîñòíûå ïîòåíöèàëû ïðîñòîãî è äâîéíîãî ñëîÿ

Ïóñòü íà äîñòàòî÷íî ãëàäêîé ïîâåðõíîñòè S ðàñïðåäåëåíû çàðÿäû ñ
ïëîòíîñòüþ ρ(P ). Â ðåçóëüòàòå âîçíèêàåò ýëåêòðîñòàòè÷åñêîå ïîëå, ïîòåí-
öèàë êîòîðîãî ðàâåí

u(P0) =

∫∫
S

ρ(P )

rPP0

dsP , (65)

ãäå P0 � òî÷êà íàáëþäåíèÿ. Èíòåãðàë âèäà (65) íàçûâàåòñÿ ïîòåíöèàëîì
ïðîñòîãî ñëîÿ .

Ïåðå÷èñëèì ñâîéñòâà ïîòåíöèàëà ïðîñòîãî ñëîÿ.

1. Ïîòåíöèàë ïðîñòîãî ñëîÿ íåïðåðûâåí âñþäó â òî÷êàõ ïîâåðõíîñòè S.

2. Ïîòåíöèàë ïðîñòîãî ñëîÿ ÿâëÿåòñÿ ãàðìîíè÷åñêîé ôóíêöèåé ïî êîîð-
äèíàòàì òî÷êè P0 âíå ïîâåðõíîñòè S.

Äåéñòâèòåëüíî, äëÿ òî÷åê P0 ̸∈ S èíòåãðàë (65) ÿâëÿåòñÿ ñîáñòâåííûì,
ïîýòîìó

∆u(P0) = ∆

(∫∫
S

ρ(P )

rPP0

dsP

)
=

∫∫
S

ρ(P )∆

(
1

rPP0

)
dsP = 0.
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3. Íîðìàëüíûå ïðîèçâîäíûå ïîòåíöèàëà ïðîñòîãî ñëîÿ èìåþò ðàçðûâ
ïåðâîãî ðîäà â òî÷êàõ ïîâåðõíîñòè S ñî ñêà÷êîì, ðàâíûì 4πρ(P ).

4. Åñëè ïîâåðõíîñòü S îãðàíè÷åíà, òî ïîòåíöèàë ïðîñòîãî ñëîÿ ñòðåìèò-
ñÿ ê íóëþ ïðè ñòðåìëåíèè òî÷êè íàáëþäåíèÿ ê áåñêîíå÷íîñòè.

Ïðèìåíèì ê èíòåãðàëó (65) òåîðåìó î ñðåäíåì çíà÷åíèè:

u(P0) =
1

r
PP0

∫∫
S

ρ(P )dsP =
m

r
PP0

,

ãäå P ∈ S, m =

∫∫
S

ρ(P )dsP � ñóììàðíûé çàðÿä. Îòñþäà ñëåäóåò ñâîéñòâî

4.
Ïåðåéäåì ê îïðåäåëåíèþ ïîòåíöèàëà äâîéíîãî ñëîÿ. Ïóñòü â òî÷êàõ P1

è P2 ðàñïîëîæåíû çàðÿäû âåëè÷èíîé −e è +e (òàê íàçûâàåìûé ýëåêòðî-
ñòàòè÷åñêèé äèïîëü), ðàññòîÿíèå ìåæäó êîòîðûìè ðàâíî ∆l. Âåëè÷èíà
N = e∆l íàçûâàåòñÿìîìåíòîì äèïîëÿ . Ïîòåíöèàë, ñîçäàâàåìûé äèïîëåì
â òî÷êå íàáëþäåíèÿ P0, ðàâåí

u(P0) =
e

rP2P0

− e

rP1P0

=
N

∆l

(
1

rP2P0

− 1

rP1P0

)
.

Åñëè ∆l ìàëî ïî ñðàâíåíèþ ñ ðàññòîÿíèåì äî òî÷êè íàáëþäåíèÿ P0, òî
â ïîñëåäíåì ðàâåíñòâå ìîæíî çàïèñàòü

u(P0) = N
d

d⃗l

(
1

rPP0

)
,

ãäå ïðîèçâîäíàÿ áåðåòñÿ ïî êîîðäèíàòàì òî÷êè P â íàïðàâëåíèè îñè äèïîëÿ,
P (x, y, z) � íåêîòîðàÿ ñðåäíÿÿ òî÷êà îòðåçêà ∆l.

Ïóñòü òåïåðü íà ãëàäêîé äâóõñòîðîííåé ïîâåðõíîñòè S ðàñïðåäåëåíû
çàðÿäû: íà îäíîé ñòîðîíå � ïîëîæèòåëüíûå, íà äðóãîé � îòðèöàòåëüíûå.
Ôàêòè÷åñêè ýòî îçíà÷àåò, ÷òî â êàæäîé òî÷êå ïîâåðõíîñòè èìååòñÿ äèïîëü,
è ýòà òî÷êà õàðàêòåðèçóåòñÿ çàäàíèåì ïëîòíîñòè ðàñïðåäåëåíèÿ äèïîëüíîãî
ìîìåíòà ν(P ). Ïðè ýòîì îñè äèïîëåé íàïðàâëåíû ïî íîðìàëè ê ïîâåðõíîñòè.
Ïîòåíöèàë òàêîãî ïîëÿ ðàâåí

u(P0) =

∫∫
S

ν(P )
∂

∂n⃗P

(
1

rPP0

)
dsP . (66)

Èíòåãðàë âèäà (66) íàçûâàåòñÿ ïîòåíöèàëîì äâîéíîãî ñëîÿ . Â ñëó-
÷àå çàìêíóòûõ ïîâåðõíîñòåé ïîä íîðìàëüþ n⃗P áóäåì ïîíèìàòü âíóòðåííþþ
íîðìàëü ê ïîâåðõíîñòè S.
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Ïåðå÷èñëèì ñâîéñòâà ïîòåíöèàëà äâîéíîãî ñëîÿ.

1. Ïîòåíöèàë äâîéíîãî ñëîÿ îïðåäåëåí âñþäó.

2. Ïîòåíöèàë äâîéíîãî ñëîÿ ÿâëÿåòñÿ ãàðìîíè÷åñêîé ôóíêöèåé âñþäó
âíå ïîâåðõíîñòè S. Äåéñòâèòåëüíî, åñëè P0 ̸∈ S, òî

∆u(P0) = ∆

∫∫
S

ν(P )
∂

∂n⃗P

(
1

rPP0

)
dsP =

=

∫∫
S

ν(P )∆

[
∂

∂n⃗P

(
1

rPP0

)]
dsP =

∫∫
S

ν(P )
∂

∂n⃗P

[
∆

(
1

rPP0

)]
dsP = 0.

3. Ïîòåíöèàë äâîéíîãî ñëîÿ ìîæíî ïðåäñòàâèòü â âèäå

u(P0) =

∫∫
S

ν(P )
cos
(−−→
PP0, n⃗P

)
r2PP0

dsP .

4. Åñëè ïëîòíîñòü ìîìåíòîâ ν(P ) íåïðåðûâíà íà ïîâåðõíîñòè S, òî
ïîòåíöèàë äâîéíîãî ñëîÿ èìååò ðàçðûâ ïåðâîãî ðîäà â òî÷êàõ ïîâåðõíîñòè S
ñî ñêà÷êîì 4πν(P ).

Â ñëó÷àå äâóõ íåçàâèñèìûõ ïåðåìåííûõ ïîâåðõíîñòíûå ïîòåíöèàëû ïðî-
ñòîãî è äâîéíîãî ñëîÿ ïðèíèìàþò âèä êðèâîëèíåéíûõ ïîòåíöèàëîâ ïðî-
ñòîãî è äâîéíîãî ñëîÿ :

u(x0, y0) =

∫
Γ

ρ(x, y) ln
1√

(x− x0)2 + (y − y0)2
dγP ,

u(x0, y0) =

∫
Γ

ν(P )
∂

∂n⃗P

(
ln

1

rPP0

)
dγP =

∫
Γ

ν(P )
cos
(−→
PP 0, n⃗P

)
rPP0

dγP ,

ãäå ρ(x, y) � ïëîòíîñòü ðàñïðåäåëåíèÿ äâóìåðíîãî çàðÿäà, ν(P ) � ïëîò-
íîñòü ðàñïðåäåëåíèÿ äèïîëüíîãî ìîìåíòà, P0 = (x0, y0) � òî÷êà íàáëþäåíèÿ.
Ýòè ïîòåíöèàëû ñâÿçàíû ñ îïèñàíèåì ýëåêòðîñòàòè÷åñêèõ ïîëåé, ñîçäàííûõ
çàðÿäàìè, ðàâíîìåðíî ðàñïðåäåëåííûìè íà áåñêîíå÷íûõ öèëèíäðè÷åñêèõ ïî-
âåðõíîñòÿõ.

1.5.11. Ïåðâàÿ è âòîðàÿ ôîðìóëû Ãðèíà

Ïóñòü òðåõìåðíàÿ îáëàñòü Ω îãðàíè÷åíà êóñî÷íî-ãëàäêîé ïîâåðõíîñòüþ
S, a⃗ � ïðîèçâîëüíîå âåêòîðíîå ïîëå, n⃗ � âåêòîð âíåøíåé íîðìàëè ê ïîâåðõ-
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íîñòè S. Òîãäà ñïðàâåäëèâà ôîðìóëà Îñòðîãðàäñêîãî � Ãàóññà∫∫
S

(
a⃗ · n⃗

)
ds =

∫∫∫
Ω

div a⃗ dτ, (67)

ãäå ds � ýëåìåíò ïîâåðõíîñòè, dτ � ýëåìåíò îáúåìà.
Â ïðÿìîóãîëüíûõ äåêàðòîâûõ êîîðäèíàòàõ ôîðìóëà (67) èìååò âèä∫∫

S

(ax cosα + ay cos β + az cos γ) ds =

=

∫∫∫
Ω

(
∂ax
∂x

+
∂ay
∂y

+
∂az
∂z

)
dτ, (68)

ãäå cosα = cos(n⃗, i⃗), cos β = cos(n⃗, j⃗), cos γ = cos(n⃗, k⃗) � íàïðàâëÿþùèå
êîñèíóñû âíåøíåé íîðìàëè.

Ïóñòü u = u(x, y, z), v = v(x, y, z) � ôóíêöèè, íåïðåðûâíûå âìåñòå ñî
ñâîèìè ïðîèçâîäíûìè äî âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî â çàìêíóòîé îáëà-
ñòè Ω = Ω ∪ S. Âîçüìåì ñïåöèàëüíîãî âèäà âåêòîðíîå ïîëå, êîãäà

ax = u
∂v

∂x
, ay = u

∂v

∂y
, az = u

∂v

∂z
.

Òîãäà ñ ó÷åòîì ðàâåíñòâ

∂v

∂n⃗
=
∂v

∂x
cosα +

∂v

∂y
cos β +

∂v

∂z
cos γ,

∇u · ∇v =
∂u

∂x

∂v

∂x
+
∂u

∂y

∂v

∂y
+
∂u

∂z

∂v

∂z
,

grad u = ∇u =

(
∂u

∂x
,
∂u

∂y
,
∂u

∂z

)
, grad v = ∇v =

(
∂v

∂x
,
∂v

∂y
,
∂v

∂z

)
,

èç ôîðìóëû (68) ïðèõîäèì ê ïåðâîé ôîðìóëå Ãðèíà∫∫
S

u
∂v

∂n⃗
ds =

∫∫∫
Ω

(u∆v +∇u∇v) dτ, (69)

ãäå ∆v =
∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2
� îïåðàòîð Ëàïëàñà.

Ìåíÿÿ ìåñòàìè ôóíêöèè u è v, áóäåì èìåòü∫∫
S

v
∂u

∂n⃗
ds =

∫∫∫
Ω

(v∆u+∇v∇u) dτ. (70)
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Âû÷èòàÿ èç (69) ðàâåíñòâî (70), ïîëó÷èì âòîðóþ ôîðìóëó Ãðèíà∫∫
S

(
u
∂v

∂n⃗
− v

∂u

∂n⃗

)
ds =

∫∫∫
Ω

(u∆v − v∆u) dτ. (71)

Àíàëîãè÷íûå ôîðìóëû èìåþò ìåñòî äëÿ ôóíêöèé äâóõ ïåðåìåííûõ u =
= u(x, y), v = v(x, y). Â ÷àñòíîñòè, âòîðàÿ ôîðìóëà Ãðèíà èìååò âèä∫

Γ

(
u
∂v

∂n⃗
− v

∂u

∂n⃗

)
dl =

∫∫
Ω

(u∆v − v∆u) dxdy,

ãäå Γ � çàìêíóòàÿ êóñî÷íî-ãëàäêàÿ êðèâàÿ, îãðàíè÷èâàþùàÿ îáëàñòü Ω, dl

� ýëåìåíò äóãè êðèâîé Γ, ∆u =
∂2u

∂x2
+
∂2u

∂y2
,
∂v

∂n⃗
=
∂v

∂x
cosα +

∂v

∂y
cos β �

ïðîèçâîäíàÿ ïî íàïðàâëåíèþ âíåøíåé íîðìàëè ê Γ.

1.5.12. Èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ
ãàðìîíè÷åñêèõ ôóíêöèé

Íàïîìíèì, ÷òî ôóíêöèÿ u = u(P ), óäîâëåòâîðÿþùàÿ óðàâíåíèþ Ëà-
ïëàñà ∆u = 0 â îáëàñòè Ω, íàçûâàåòñÿ ãàðìîíè÷åñêîé ôóíêöèåé . Ðàíåå
íàìè áûëè ïîëó÷åíû ãàðìîíè÷åñêèå âñþäó, êðîìå òî÷êè r = 0, ôóíêöèè

u =
1

r
è u = ln

1

r
. Îíè ïðåäñòàâëÿþò ñîáîé ôóíäàìåíòàëüíûå ðåøåíèÿ óðàâ-

íåíèÿ Ëàïëàñà â ïðîñòðàíñòâå è íà ïëîñêîñòè ñîîòâåòñòâåííî. Íàðÿäó ñ ýòèìè
ôóíêöèÿìè áóäåì ðàññìàòðèâàòü òàêæå èõ ñäâèãè

1

rPP0

=
1√

(x− x0)2 + (y − y0)2 + (z − z0)2
,

ln
1

rPP0

= ln
1√

(x− x0)2 + (y − y0)2 + (z − z0)2
,

êîòîðûå ãàðìîíè÷íû âñþäó, êðîìå òî÷êè P = P0.
Íàéäåì èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ôóíêöèè u = u(x, y, z) = u(P ),

íåïðåðûâíîé âìåñòå ñî ñâîèìè ïðîèçâîäíûìè äî âòîðîãî ïîðÿäêà âêëþ÷è-
òåëüíî â çàìêíóòîé îáëàñòè Ω = Ω ∪ S ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé S.
Ïóñòü P0 ∈ Ω � âíóòðåííÿÿ òî÷êà îáëàñòè Ω. Âîçüìåì øàð Ω(P0; δ) ðàäèó-
ñîì δ ñ öåíòðîì â òî÷êå P0, S(P0; δ) � ñîîòâåòñòâóþùàÿ ïîâåðõíîñòü øàðà.
Ïðèìåíèì âòîðóþ ôîðìóëó Ãðèíà (71) â îáëàñòè Ω\Ω(P0; δ), ïîëàãàÿ â êà-

÷åñòâå v(P ) ôóíêöèþ v(P ) =
1

rPP0

è ó÷èòûâàÿ ïðè ýòîì, ÷òî ∆

(
1

rPP0

)
= 0
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âñþäó â Ω\Ω(P0; δ) :∫∫
S

[
u
∂

∂n⃗

(
1

rPP0

)
− 1

rPP0

∂u

∂n⃗

]
ds+

+

∫∫
S(P0;δ)

[
u
∂

∂n⃗

(
1

rPP0

)
− 1

rPP0

∂u

∂n⃗

]
ds =

∫∫∫
Ω\Ω(P0;δ)

(
− 1

rPP0

∆u

)
dτ. (72)

Óñòàíîâèì, êàêîé âèä ïðèìåò ðàâåíñòâî (72), åñëè â íåì ïåðåéòè ê ïðåäå-
ëó ïðè δ → 0. Âû÷èñëèì ïðîèçâîäíóþ ïî âíåøíåé íîðìàëè íà ïîâåðõíîñòè
S(P0; δ). Ïîñêîëüêó âíåøíÿÿ íîðìàëü ê ãðàíèöå îáëàñòè Ω\Ω(P0; δ) íàïðàâ-
ëåíà âäîëü ðàäèóñà âíóòðü øàðà Ω(P0; δ), òî

∂

∂n⃗

(
1

rPP0

)∣∣∣∣
S(P0;δ)

= − ∂

∂r

(
1

rPP0

)∣∣∣∣
r=δ

=
1

δ2
.

Îòñþäà èìååì

I1 =

∫∫
S(P0;δ)

u
∂

∂n⃗

(
1

rPP0

)
ds =

1

δ2

∫∫
S(P0;δ)

u ds =
1

δ2
u(P ) · 4πδ2 = 4πu(P ),

ãäå P ∈ S(P0; δ). Çäåñü ìû ïðèìåíèëè òåîðåìó î ñðåäíåì çíà÷åíèè ôóíêöèè
íà ïîâåðõíîñòè ñôåðû. Î÷åâèäíî, ÷òî

lim
δ→0

I1 = lim
δ→0

4πu(P ) = 4πu(P0).

Â ñâîþ î÷åðåäü, äëÿ âòîðîãî èíòåãðàëà ïî ñôåðå â ëåâîé ÷àñòè ðàâåíñòâà
(72) â ñèëó îãðàíè÷åííîñòè íîðìàëüíîé ïðîèçâîäíîé èìååì

|I2| =
∣∣∣∣ ∫∫
S(P0;δ)

(
− 1

rPP0

∂u

∂n⃗

)
ds

∣∣∣∣ 6 ∫∫
S(P0;δ)

1

rPP0

∣∣∣∣∂u∂n⃗
∣∣∣∣ds 6

6M

∫∫
S(P0;δ)

1

rPP0

ds =
M

δ
4πδ2 = 4πMδ.

Ïîñêîëüêó ïðàâàÿ ÷àñòü ïîñëåäíåãî ðàâåíñòâà ñòðåìèòñÿ ê íóëþ ïðè
δ → 0, òî lim

δ→0
I2 = 0.

Òàêèì îáðàçîì, ñóùåñòâóåò ïðåäåë ëåâîé ÷àñòè ðàâåíñòâà (72). Ñëåäîâà-
òåëüíî, ñóùåñòâóåò è ïðåäåë ïðàâîé ÷àñòè. Ïî îïðåäåëåíèþ íåñîáñòâåííîãî
èíòåãðàëà èìååì

lim
δ→0

∫∫∫
Ω\Ω(P0;δ)

(
− 1

rPP0

∆u

)
dτ =

∫∫∫
Ω

(
− 1

rPP0

∆u

)
dτ.
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Â ðåçóëüòàòå óêàçàííîãî ïðåäåëüíîãî ïåðåõîäà ïðè δ → 0 ïðèõîäèì
ê îñíîâíîìó èíòåãðàëüíîìó ïðåäñòàâëåíèþ äëÿ ôóíêöèè â ïðî-
ñòðàíñòâå

u(P0) =
1

4π

∫∫
S

[
1

rPP0

∂u(P )

∂n⃗
− u(P )

∂

∂n⃗

(
1

rPP0

)]
ds− 1

4π

∫∫∫
Ω

∆u

rPP0

dτ.

Â ÷àñòíîñòè, åñëè u(P ) � ãàðìîíè÷åñêàÿ â îáëàñòè Ω ôóíêöèÿ, òî èí-
òåãðàëüíîå ïðåäñòàâëåíèå ïðèíèìàåò âèä

u(P0) =
1

4π

∫∫
S

[
1

rPP0

∂u(P )

∂n⃗
− u(P )

∂

∂n⃗

(
1

rPP0

)]
ds. (73)

Çàìå÷àíèå 5. Ïóñòü S � íåêîòîðàÿ îáëàñòü íà ïëîñêîñòè (x, y), îãðà-
íè÷åííàÿ çàìêíóòîé êðèâîé Γ, à n⃗ � âíåøíÿÿ ïî îòíîøåíèþ ê îáëàñòè S

íîðìàëü ê ýòîé êðèâîé. Ïîëàãàÿ âî âòîðîé ôîðìóëå Ãðèíà v = ln
1

rPP0

, ãäå

rPP0
=
√
(x− x0)2 + (y − y0)2 è ïðîâîäÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ìîæíî

ïîëó÷èòü îñíîâíîå èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ãàðìîíè÷åñêîé ôóíêöèè
íà ïëîñêîñòè

u(P0) =
1

2π

∫
Γ

[
ln

1

rPP0

∂u(P )

∂n⃗
− u(P )

∂

∂n⃗

(
ln

1

rPP0

)]
dl.

1.5.13. Îñíîâíûå ñâîéñòâà ãàðìîíè÷åñêèõ ôóíêöèé

1. Åñëè u(P ) � ãàðìîíè÷åñêàÿ â îáëàñòè Ω = Ω ∪ S ôóíêöèÿ, òî∫∫
S

∂u

∂n⃗
ds = 0. (74)

Äåéñòâèòåëüíî, ïîäñòàâëÿÿ âî âòîðóþ ôîðìóëó Ãðèíà (71) êàêóþ-ëèáî
ãàðìîíè÷åñêóþ ôóíêöèþ u(P ) è ôóíêöèþ v(P ) ≡ 1 , ïîëó÷èì∫∫

S

(
0− 1 · ∂u

∂n⃗

)
ds =

∫∫∫
Ω

0 · dτ,

îòêóäà è âûòåêàåò ôîðìóëà (74).

2. Òåîðåìà î ñðåäíåì çíà÷åíèè. Åñëè ôóíêöèÿ u(P ) ãàðìîíè÷åñêàÿ
â îáëàñòè Ω, à P0 � êàêàÿ-ëèáî òî÷êà, ëåæàùàÿ âíóòðè îáëàñòè Ω, òî èìååò
ìåñòî ôîðìóëà

u(P0) =
1

4πδ2

∫∫
S(P0;δ)

u(P ) ds, (75)
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ãäå S(P0; δ) � ñôåðà ðàäèóñîì δ ñ öåíòðîì â òî÷êå P0, öåëèêîì ëåæàùàÿ â
Ω.

Äîêàçàòåëüñòâî. Èñïîëüçóåì èíòåãðàëüíîå ïðåäñòàâëåíèå (73) äëÿ øà-
ðà Ω(P0; δ) :

u(P0) =
1

4π

∫∫
S(P0;δ)

[
1

rPP0

∂u(P )

∂n⃗
− u(P )

∂

∂n⃗

(
1

rPP0

)]
ds.

Ïðèíèìàÿ âî âíèìàíèå, ÷òî íà ñôåðå S(P0; δ)

1

rPP0

=
1

δ
,

∂

∂n⃗

(
1

rPP0

)
= − 1

r2PP0

= − 1

δ2
,

ñ ó÷åòîì ñâîéñòâà 1 ïîëó÷èì

u(P0) =
1

4πδ

∫∫
S(P0;δ)

∂u(P )

∂n⃗
ds+

1

4πδ2

∫∫
S(P0;δ)

u(P ) ds =
1

4πδ2

∫∫
S(P0;δ)

u(P ) ds,

÷òî è òðåáîâàëîñü äîêàçàòü.

3. Ïðèíöèï ìàêñèìóìà. Åñëè ôóíêöèÿ u(P ) ̸= const ãàðìîíè÷íà
â îáëàñòè Ω è íåïðåðûâíà â îáëàñòè Ω = Ω ∪ S, òî îíà äîñòèãàåò ñâîå-
ãî íàèáîëüøåãî ïîëîæèòåëüíîãî (íàèìåíüøåãî îòðèöàòåëüíîãî) çíà÷åíèÿ íà
ãðàíèöå S.

Îáîçíà÷èì ÷åðåç MΩ íàèáîëüøåå çíà÷åíèå ôóíêöèè u(P ) â Ω, à ÷å-
ðåç MS � íàèáîëüøåå çíà÷åíèå ôóíêöèè u(P ) íà S. Íåîáõîäèìî äîêàçàòü,
÷òî MΩ = MS. Ïðåäïîëîæèì, ÷òî MΩ > MS è ìàêñèìóì äîñòèãàåòñÿ â
íåêîòîðîé òî÷êå P0, ò. å. u(P0) =MΩ.

Ðàññìîòðèì âñïîìîãàòåëüíóþ ôóíêöèþ

v(P ) = u(P ) +
MΩ −MS

6d2

[
(x− x0)

2 + (y − y0)
2 + (z − z0)

2
]
,

ãäå d � äèàìåòð îáëàñòè Ω. Î÷åâèäíî, ÷òî äëÿ âñåõ òî÷åê P ∈ Ω

(x− x0)
2 + (y − y0)

2 + (z − z0)
2 < d2,

v(P0) = u(P0) =MΩ. Ñ äðóãîé ñòîðîíû, íà ãðàíèöå îáëàñòè S

v(P ) < MS +
MΩ −MS

6
=

5MS

6
+
MΩ

6
< MΩ.

Ñëåäîâàòåëüíî, íåïðåðûâíàÿ â Ω ôóíêöèÿ v(P ) äîëæíà äîñòèãàòü íàè-
áîëüøåãî çíà÷åíèÿ â íåêîòîðîé âíóòðåííåé òî÷êå P1 îáëàñòè Ω. Â ýòîé òî÷êå
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∆v 6 0, ïîñêîëüêó â òî÷êå ìàêñèìóìà íè îäíà èç ïðîèçâîäíûõ
∂2v

∂x2
,
∂2v

∂y2
,

∂2v

∂z2
íå ìîæåò áûòü ïîëîæèòåëüíîé. Â òî æå âðåìÿ

∆v = ∆u+
MΩ −MS

d2
=
MΩ −MS

d2
> 0.

Ïîëó÷åííîå ïðîòèâîðå÷èå ñâèäåòåëüñòâóåò î òîì, ÷òî MΩ = MS. Ïðè-
ìåíÿÿ ýòîò ðåçóëüòàò ê ôóíêöèè −u(P ), äîêàçûâàåì âòîðóþ ÷àñòü òåîðåìû.

4. Åñëè ôóíêöèÿ f(z) àíàëèòè÷íà â îáëàñòè Ω , òî åå äåéñòâèòåëüíàÿ è
ìíèìàÿ ÷àñòè ãàðìîíè÷íû â îáëàñòè Ω .

Â ñàìîì äåëå, ïóñòü f(z) = u(x, y) + iv(x, y), ãäå ôóíêöèè u(x, y) è
v(x, y) èìåþò ïðîèçâîäíûå ëþáîãî ïîðÿäêà. Çàïèøåì óñëîâèÿ Êîøè � Ðè-
ìàíà

∂u

∂x
=
∂v

∂y
,

∂u

∂y
= −∂v

∂x
.

Äèôôåðåíöèðóÿ ïåðâîå ðàâåíñòâî ïî x, âòîðîå ïî y è ñêëàäûâàÿ ïîëó-
÷åííûå ñîîòíîøåíèÿ, èìååì

∂2u

∂x2
+
∂2u

∂y2
=

∂2v

∂x∂y
− ∂2v

∂x∂y
= 0, (x, y) ∈ Ω.

Äèôôåðåíöèðóÿ ïåðâîå ðàâåíñòâî ïî y, âòîðîå ïî x è âû÷èòàÿ îäíî èç
äðóãîãî, íàõîäèì

∂2v

∂y2
+
∂2v

∂x2
= 0, (x, y) ∈ Ω.

1.5.14. Ðåøåíèå êðàåâûõ çàäà÷ ìåòîäîì ôóíêöèé Ãðèíà

Ïóñòü îáëàñòü Ω îãðàíè÷åíà äîñòàòî÷íî ãëàäêîé ïîâåðõíîñòüþ S è
ïóñòü ôóíêöèÿ u = u(P ) íåïðåðûâíà âìåñòå ñî ñâîèìè ïðîèçâîäíûìè äî
âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî â çàìêíóòîé îáëàñòè Ω = Ω∪S. Òîãäà èìååò
ìåñòî îñíîâíîå èíòåãðàëüíîå ïðåäñòàâëåíèå (ñì. � 7.2)

u(P0) =
1

4π

∫∫
S

[
1

rPP0

∂u

∂n⃗
− u

∂

∂n⃗

(
1

rPP0

)]
ds− 1

4π

∫∫∫
Ω

∆u

rPP0

dτ, (76)

ãäå P0 � âíóòðåííÿÿ òî÷êà îáëàñòè Ω. Ñ äðóãîé ñòîðîíû, ñîãëàñíî âòîðîé
ôîðìóëå Ãðèíà èìååì∫∫

S

(
u
∂v

∂n⃗
− v

∂u

∂n⃗

)
ds =

∫∫∫
Ω

(u∆v − v∆u) dτ.
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Â ÷àñòíîñòè, åñëè v(P ) � ãàðìîíè÷åñêàÿ â Ω ôóíêöèÿ, òî ïîñëåäíåå
ñîîòíîøåíèå ïðèíèìàåò âèä∫∫

S

(
u
∂v

∂n⃗
− v

∂u

∂n⃗

)
ds+

∫∫∫
Ω

v∆u dτ = 0. (77)

Âû÷èòàÿ (77) èç (76), ïîëó÷èì

u(P0) =

∫∫
S

[(
1

4πrPP0
+ v

)
∂u

∂n⃗
− u

∂

∂n⃗

(
1

4πrPP0

+ v

)]
ds−

−
∫∫∫
Ω

(
1

4πrPP0

+ v

)
∆u dτ, (78)

ãäå v(P ) � ïðîèçâîëüíàÿ ãàðìîíè÷åñêàÿ â îáëàñòè Ω ôóíêöèÿ.

Îïðåäåëåíèå 1. Ôóíêöèåé Ãðèíà çàäà÷è Äèðèõëå íàçûâàåòñÿ
ôóíêöèÿ G(P, P0), óäîâëåòâîðÿþùàÿ óñëîâèÿì

G(P, P0) =
1

4πrPP0

+ v(P ), (79)

G(P, P0)|S = 0, (80)

ãäå v(P ) � ãàðìîíè÷åñêàÿ â Ω ôóíêöèÿ.

Î÷åâèäíî, ÷òî íàõîæäåíèå ôóíêöèè Ãðèíà G(P, P0) äëÿ îáëàñòè Ω ýê-
âèâàëåíòíî ðåøåíèþ ñïåöèàëüíîé çàäà÷è Äèðèõëå

∆v = 0, P ∈ Ω, (81)

v(P )|S = − 1

4πrPP0

. (82)

Ñ ó÷åòîì ðàâåíñòâ (79), (80) ïðåäñòàâëåíèå (78) ïðèíèìàåò âèä

u(P0) = −
∫∫
S

u
∂G

∂n⃗
ds−

∫∫∫
Ω

G∆u dτ. (83)

Åñëè ïðåäïîëîæèòü, ÷òî äëÿ äàííîé îáëàñòè Ω íàéäåíà ôóíêöèÿ Ãðèíà
G(P, P0) (èëè, ÷òî òî æå ñàìîå, ðåøåíà ñïåöèàëüíàÿ çàäà÷à Äèðèõëå (81),
(82)), òî ðåøåíèå îáùåé çàäà÷è Äèðèõëå

∆u = −f(P0), P0 ∈ Ω, (84)

u|S = φ(P0), (85)
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ñðàçó îïðåäåëÿåòñÿ ñ ïîìîùüþ ôîðìóëû (83):

u(P0) = −
∫∫
S

φ(P )
∂G

∂n⃗
dsP +

∫∫∫
Ω

f(P )G(P, P0) dτP . (86)

Çäåñü èíòåãðèðîâàíèå âåäåòñÿ ïî êîîðäèíàòàì òî÷êè P.

Çàìå÷àíèå 6. Àíàëîãè÷íî ìîæíî ââåñòè ôóíêöèþ Ãðèíà íà ïëîñêîñòè.
Îíà îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè

G(P, P0) =
1

2π
ln

1

rPP0

+ v(P ), G(P, P0)|Γ = 0,

ãäå v(P ) = v(x, y) � ãàðìîíè÷åñêàÿ â Ω ôóíêöèÿ äâóõ ïåðåìåííûõ. Ôóíê-
öèÿ Ãðèíà ïîçâîëÿåò âûïèñàòü ðåøåíèå çàäà÷è Äèðèõëå (84),(85) â âèäå

u(P0) = −
∫
Γ

φ(P )
∂G

∂n⃗
dlP +

∫∫
Ω

f(P )G(P, P0) dτP .

Äàäèì ôèçè÷åñêóþ èíòåðïðåòàöèþ ôóíêöèè Ãðèíà äëÿ çàäà÷è Äèðèõëå.
Ïóñòü S � ïîâåðõíîñòü, îãðàíè÷èâàþùàÿ îáëàñòü Ω. Ïîìåñòèì â òî÷êå P0

âíóòðè Ω åäèíè÷íûé çàðÿä âåëè÷èíîé
1

4π
, èíäóöèðóþùèé íåêîòîðîå ðàñ-

ïðåäåëåíèå çàðÿäîâ íà ïîâåðõíîñòè S. Ïîòåíöèàë ýëåêòðîñòàòè÷åñêîãî ïîëÿ

â îáëàñòè Ω áóäåò ðàâåí ñóììå ïîòåíöèàëà ñàìîãî òî÷å÷íîãî çàðÿäà
1

4πrPP0

è ïîòåíöèàëà v(P, P0) çàðÿäîâ, èíäóöèðîâàííûõ íà ïðîâîäÿùåé ïîâåðõíî-
ñòè. Òàêèì îáðàçîì, ôóíêöèþ Ãðèíà ìîæíî èíòåðïåðåòèðîâàòü êàê ïîòåíöè-
àë ïîëÿ, ñîçäàâàåìîãî òî÷å÷íûì çàðÿäîì, ïîìåùåííûì âíóòðè çàçåìëåííîé
ïðîâîäÿùåé ïîâåðõíîñòè. Â ðàìêàõ äàííîé èíòåðïðåòàöèè ôóíêöèþ Ãðèíà
íàçûâàþò ôóíêöèåé òî÷å÷íîãî èñòî÷íèêà .

1.5.15. Ïîñòðîåíèå ôóíêöèè Ãðèíà äëÿ ïðîñòåéøèõ îáëàñòåé

Ïðèìåð 14. Ïîñòðîèòü ôóíêöèþ Ãðèíà è ðåøèòü çàäà÷ó Äèðèõëå äëÿ
óðàâíåíèÿ Ëàïëàñà â ïîëóïðîñòðàíñòâå.

Âîçüìåì â êà÷åñòâå îáëàñòè Ω âåðõíåå ïîëóïðîñòðàíñòâî, îãðàíè÷åííîå
ïëîñêîñòüþ xOy. Ïîìåñòèì â òî÷êå P0 = (x0, y0, z0) åäèíè÷íûé çàðÿä, ñîçäà-

þùèé ïðè îòñóòñòâèè ïðîâîäÿùåé ïëîñêîñòè ïîëå ñ ïîòåíöèàëîì
1

4πrPP0

. Ïî-

ñêîëüêó G(P, P0) =
1

4πrPP0

+v(P ), òî çàäà÷à ñâîäèòñÿ ê îòûñêàíèþ ôóíêöèè
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v(P ), ãàðìîíè÷åñêîé â ïîëóïðîñòðàíñòâå z > 0 è ðàâíîé − 1

4πrPP0

íà ãðà-

íèöå z = 0. Òàêîé ôóíêöèåé, î÷åâèäíî, ÿâëÿåòñÿ ôóíêöèÿ v(P ) = − 1

4πrPP ′
0

,

ãäå P ′
0 � òî÷êà, ñèììåòðè÷íàÿ òî÷êå P0 îòíîñèòåëüíî ïðîâîäÿùåé ïëîñêîñòè

z = 0. Ñóììàðíûé ïîòåíöèàë äâóõ òî÷å÷íûõ çàðÿäîâ, ïîìåùåííûõ â òî÷êàõ
P0 è P ′

0, è áóäåò ðàâåí ôóíêöèè Ãðèíà äëÿ ïîëóïðîñòðàíñòâà

G(P, P0) =
1

4πrPP0

− 1

4πrPP ′
0

. (87)

Äåéñòâèòåëüíî, ôóíêöèÿ G(P, P0) ãàðìîíè÷íà âñþäó â ïîëóïðîñòðàí-
ñòâå z > 0, êðîìå òî÷êè P0, à â òî÷êàõ ïëîñêîñòè z = 0 èìååì rPP0

= rPP ′
0

è, ñëåäîâàòåëüíî, G(P, P0)|S = 0.
Ðàññìîòðèì òåïåðü çàäà÷ó Äèðèõëå

∆u = 0, z > 0, −∞ < x, y <∞, (88)

u|z=0 = φ(x, y). (89)

Ñîãëàñíî ôîðìóëå (86), åå ðåøåíèå çàïèøåòñÿ â âèäå

u(P0) = −
∫∫
S

φ(P )
∂G

∂n⃗
dsP . (90)

Ó÷èòûâàÿ ñîîòíîøåíèÿ

rPP0
=
√
(x− x0)2 + (y − y0)2 + (z − z0)2,

rPP ′
0
=
√
(x− x0)2 + (y − y0)2 + (z + z0)2,

âû÷èñëèì ïðîèçâîäíóþ ïî íîðìàëè â òî÷êå z = 0. Ïîñêîëüêó

∂G

∂n⃗
= −∂G

∂z
=

1

4π

(
z − z0
r3PP0

− z + z0
r3PP ′

0

)
,

â ðåçóëüòàòå áóäåì èìåòü

∂G

∂n⃗

∣∣∣∣
z=0

= − z0

2π
[
(x− x0)2 + (y − y0)2 + z20

]3/2 .
Âîçâðàùàÿñü ê ðàâåíñòâó (90), îêîí÷àòåëüíî ïîëó÷èì ðåøåíèå çàäà÷è

(88), (89)

u(x0, y0, z0) =
z0
2π

∞∫
−∞

∞∫
−∞

φ(x, y)[
(x− x0)2 + (y − y0)2 + z20

]3/2 dxdy.
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Ïðèìåð 15. Ïîñòðîèòü ôóíêöèþ Ãðèíà äëÿ øàðà.

Ïóñòü P0 � âíóòðåííÿÿ òî÷êà øàðà ðàäèóñîì R, P � ïðîèçâîëüíàÿ
òî÷êà íà ñôåðå S. Ïîìåñòèì â òî÷êå P0 åäèíè÷íûé çàðÿä. Òîãäà íà ïðîâî-
äÿùåé ñôåðå èíäóöèðóåòñÿ çàðÿä, ïîòåíöèàë êîòîðîãî ðàâåí ïîòåíöèàëó òî-
÷å÷íîãî çàðÿäà, ïîìåùåííîãî â èíâåðñíîé òî÷êå P ′

0 îòíîñèòåëüíî ñôåðû, òàê

÷òî âûïîëíÿåòñÿ ðàâåíñòâî OP0 ·OP ′ = R2 èëè
OP0

OP
=
OP

OP ′
0

. Òðåóãîëüíèêè

OPP0 è OPP
′
0 èìåþò îáùèé óãîë, ïðè ýòîì âûïîëíÿþòñÿ óñëîâèÿ ïðîïîðöè-

îíàëüíîñòè ñòîðîí, ñîäåðæàùèõ ýòîò óãîë. Ñëåäîâàòåëüíî, ýòè òðåóãîëüíèêè
ïîäîáíû è ìîæíî çàïèñàòü

OP0

OP
=
OP

OP ′
0

=
PP0

PP ′
0

.

Îáîçíà÷èì OP0 = ρ0, PP0 = rPP0
, PP ′

0 = rPP ′
0
è âûäåëèì ïåðâîå è

òðåòüå ñîîòíîøåíèÿ. Âî âñåõ òî÷êàõ ñôåðû âûïîëíÿåòñÿ ðàâåíñòâî

ρ0
R

=
rPP0

rPP ′
0

⇒ rPP ′
0
=
R

ρ0
rPP0

. (91)

Òîãäà ôóíêöèþ Ãðèíà äëÿ øàðà ìîæíî çàïèñàòü â âèäå

G(P, P0) =
1

4πrPP0

− R

ρ0

1

4πrPP ′
0

. (92)

Äåéñòâèòåëüíî, ôóíêöèÿ v(P ) = −R

ρ0

1

4πrPP ′
0

ãàðìîíè÷íà âñþäó â çà-

ìêíóòîì øàðå. Åñëè æå P ∈ S , òî ñ ó÷åòîì (91) èìååì

G(P, P0)|S =
1

4πrPP0

− R

ρ0

1

4π
R

ρ0
rPP0

= 0.

Êàê è â ñëó÷àå ïîëóïðîñòðàíñòâà, ôóíêöèÿ Ãðèíà äëÿ øàðà (92) ïðåä-
ñòàâëÿåò ñîáîé ñóììàðíûé ïîòåíöèàë äâóõ òî÷å÷íûõ çàðÿäîâ, ïîìåùåííûõ â
òî÷êàõ P0 è P ′

0.

Ïðèìåð 16. Ïîñòðîèòü ôóíêöèþ Ãðèíà äëÿ êðóãà.

Ó÷èòûâàÿ, ÷òî ôóíêöèÿ Ãðèíà íà ïëîñêîñòè çàäàåòñÿ ôîðìóëîé

G(P, P0) =
1

2π
ln

1

rPP0

+ v(P )
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è ïðîâîäÿ àíàëîãè÷íûå ïðåäûäóùåìó ïðèìåðó ðàññóæäåíèÿ, ïðèõîäèì ê
ôóíêöèè Ãðèíà äëÿ êðóãà

G(P, P0) =
1

2π
ln

1

rPP0

− 1

2π
ln

(
R

ρ0

1

rPP ′
0

)
,

ãäå P ′
0 � èíâåðñíûé îáðàç òî÷êè P0 îòíîñèòåëüíî îêðóæíîñòè Γ.

Îïèñàííûé â ïðèìåðàõ ñïîñîá ïîñòðîåíèÿ ôóíêöèè Ãðèíà ïîëó÷èë íà-
çâàíèå ìåòîäà ýëåêòðîñòàòè÷åñêèõ èçîáðàæåíèé .
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2. ÏÐÀÊÒÈ×ÅÑÊÈÉ ÐÀÇÄÅË

2.1. Çàäà÷è ïî òåìå ¾Êëàññèôèêàöèÿ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà¿

Îïðåäåëèòü òèï è ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèÿ âòîðîãî
ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

1.
∂2u

∂x2
+ 2

∂2u

∂x∂y
− 3

∂2u

∂y2
+ 2

∂u

∂x
+ 6

∂u

∂y
= 0.

2. 2
∂2u

∂x2
+ 6

∂2u

∂x∂y
+ 5

∂2u

∂y2
− ∂u

∂x
− ∂u

∂y
= 0.

3. 4
∂2u

∂x2
+ 4

∂2u

∂x∂y
+
∂2u

∂y2
− 2

∂u

∂y
= 0.

4. 2
∂2u

∂x2
− 6

∂2u

∂x∂y
+ 4

∂2u

∂y2
+
∂u

∂x
− u = 0.

5.
∂2u

∂x2
− 2

∂2u

∂x∂y
+
∂2u

∂y2
+ 2

∂u

∂x
+ 2

∂u

∂y
− 2u = 0.

6.
∂2u

∂x2
+ 4

∂2u

∂x∂y
+ 5

∂2u

∂y2
+
∂u

∂x
+ 2

∂u

∂y
= 0.

7.
∂2u

∂x2
− 6

∂2u

∂x∂y
+ 10

∂2u

∂y2
+
∂u

∂x
− 3

∂u

∂y
= 0.

8. 2
∂2u

∂x2
+ 3

∂2u

∂x∂y
+
∂2u

∂y2
+ 7

∂u

∂x
+ 4

∂u

∂y
− 2u = 0.

9.
∂2u

∂x2
− 4

∂2u

∂x∂y
+ 4

∂2u

∂y2
− 2

∂u

∂x
− u = 0.

10.
∂2u

∂x2
+ 2

∂2u

∂x∂y
+ 2

∂2u

∂y2
+ 4

∂2u

∂y∂z
+ 5

∂2u

∂z2
= 0.

11.
∂2u

∂x∂y
+

∂2u

∂x∂z
+

∂2u

∂y∂z
− ∂u

∂x
+
∂u

∂y
= 0.

12.
∂2u

∂x∂y
− ∂2u

∂x∂z
+
∂u

∂x
+
∂u

∂y
− ∂u

∂z
= 0.

13.
∂2u

∂x2
+ 2

∂2u

∂x∂y
− 4

∂2u

∂x∂z
− 6

∂2u

∂y∂z
− ∂2u

∂z2
= 0.

14.
∂2u

∂x2
+ 3

∂2u

∂y2
+ 3

∂2u

∂z2
− 2

∂2u

∂x∂y
− 2

∂2u

∂x∂z
− 2

∂2u

∂y∂z
− 4u = 0.
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Îïðåäåëèòü òèï è ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèÿ âòîðîãî
ïîðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè.

15.
∂2u

∂x2
− 2 cos x

∂2u

∂x∂y
− (3 + sin2 x)

∂2u

∂y2
= y

∂u

∂y
.

16. y2
∂2u

∂x2
+ 4xy

∂2u

∂x∂y
+ 4x2

∂2u

∂y2
= 0.

17. (1 + x2)
∂2u

∂x2
+ (1 + y2)

∂2u

∂y2
= −x ∂u

∂x
− y

∂u

∂y
.

18. e2x
∂2u

∂x2
+ 2ex+y ∂2u

∂x∂y
+ e2y

∂2u

∂y2
= xu.

19. y2
∂2u

∂x2
+ 2xy

∂2u

∂x∂y
+ 2x2

∂2u

∂y2
= −y ∂u

∂y
.

20.
∂2u

∂x2
− (1 + y2)2

∂2u

∂y2
= 2y(1 + y2)

∂u

∂y
.

21. xy2
∂2u

∂x2
− 2x2y

∂2u

∂x∂y
+ x3

∂2u

∂y2
= y2

∂u

∂x
.

22. (1 + x2)2
∂2u

∂x2
+
∂2u

∂y2
= −2x(1 + x2)

∂u

∂x
.

Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèÿ âòîðîãî ïîðÿäêà â êàæäîé
èç îáëàñòåé, ãäå ñîõðàíÿåòñÿ òèï óðàâíåíèÿ.

23. x2
∂2u

∂x2
+ 2xy

∂2u

∂x∂y
− 3y2

∂2u

∂y2
= 2x

∂u

∂x
− 4y

∂u

∂y
− 16x4u.

24. sgn y
∂2u

∂x2
+ 2

∂2u

∂x∂y
+
∂2u

∂y2
= 0. 25. x2

∂2u

∂x2
+ y2

∂2u

∂y2
= 0.

26. y
∂2u

∂x2
+
∂2u

∂y2
= 0. 27. x

∂2u

∂x2
+ 2x

∂2u

∂x∂y
+ (x− 1)

∂2u

∂y2
= 0.

28. x
∂2u

∂x2
+ y

∂2u

∂y2
= −2

∂u

∂x
− 2

∂u

∂y
.

29.
∂2u

∂x2
+ 2 sin x

∂2u

∂x∂y
− cos(2x)

∂2u

∂y2
= − cos x

∂u

∂y
.
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2.2. Çàäà÷è ïî òåìå ¾Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà¿

30. Îäíîðîäíàÿ ñòðóíà äëèíîé l íàòÿíóòà ìåæäó äâóìÿ òî÷êàìè x = 0
è x = l. Â òî÷êå x = c ñòðóíà îòòÿãèâàåòñÿ íà íåáîëüøîå ðàññòîÿíèå h îò
ïîëîæåíèÿ ðàâíîâåñèÿ è â ìîìåíò t = 0 îòïóñêàåòñÿ áåç íà÷àëüíîé ñêîðîñòè.
Îïðåäåëèòü îòêëîíåíèå u(x, t) ñòðóíû äëÿ ëþáîãî ìîìåíòà âðåìåíè.

31. Îäèí êîíåö x = 0 ñòåðæíÿ çàêðåïëåí æåñòêî, à äðóãîé x = l çà-
êðåïëåí óïðóãî. Íàéòè ïðîäîëüíûå êîëåáàíèÿ ñòåðæíÿ ïðè ïðîèçâîëüíûõ
íà÷àëüíûõ óñëîâèÿõ.

Ðåøèòü ñìåøàííûå çàäà÷è.

32.



∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= sin
4πx

l
, 0 6 x 6 l.

33.



∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0, u|x=l = 0, t > 0,

u|t=0 = cos
πx

2l
,

∂u

∂t

∣∣∣∣
t=0

= cos
3πx

2l
+ cos

7πx

2l
, 0 6 x 6 l.

34.



∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=0

= 0, t > 0,

u|t=0 = sin
3πx

2l
,

∂u

∂t

∣∣∣∣
t=0

= sin
5πx

2l
, 0 6 x 6 l.

35.



∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=l

= 0, t > 0,

u|t=0 = x,
∂u

∂t

∣∣∣∣
t=0

= 1, 0 6 x 6 l.
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36.



∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=l

= 0, t > 0,

u|t=0 = 1 + cos
3πx

l
,

∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

37.



∂2u

∂t2
=
∂2u

∂x2
− 4u, 0 < x < 1, t > 0,

u|x=0 = 0, u|x=1 = 0, t > 0,

u|t=0 = hx(1− x),
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1.

38.



∂2u

∂t2
=
∂2u

∂x2
− 9u, 0 < x < 1, t > 0,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=1

= 0, t > 0,

u|t=0 = hx,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1.

39.



∂2u

∂t2
+ 4

∂u

∂t
=
∂2u

∂x2
− 2u, 0 < x < π, t > 0,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=π

= 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= x, 0 6 x 6 π.

40.



∂2u

∂t2
+ 2

∂u

∂t
=
∂2u

∂x2
− 5u, 0 < x < π, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=π

= 0, t > 0,

u|t=0 = cos(3x) + 2 cos(7x),
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 π.

41.



∂2u

∂t2
+ 2

∂u

∂t
=
∂2u

∂x2
− 5u, 0 < x < π, t > 0,

u|x=0 = 0, u|x=π = 0, t > 0,

u|t=0 = hx(π − x),
∂u

∂t

∣∣∣∣
t=0

= sin(2x), 0 6 x 6 π.
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42.



∂2u

∂t2
=
∂2u

∂x2
+ 2b, 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

43.



∂2u

∂t2
=
∂2u

∂x2
+ bx(l − x), 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

44.



∂2u

∂t2
=
∂2u

∂x2
+ b(l − x)t2, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0, u|x=l = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

45.



∂2u

∂t2
= a2

∂2u

∂x2
+ b sh x, 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

46.



∂2u

∂t2
=
∂2u

∂x2
+ cos t, 0 < x < π, t > 0,

u|x=0 = 0, u|x=π = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 π.

47.



∂2u

∂t2
=
∂2u

∂x2
+ x, 0 < x < π, t > 0,

u|x=0 = 0, u|x=π = 0, t > 0,

u|t=0 = sin 2x,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 π.
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48.



∂2u

∂t2
= a2

∂2u

∂x2
+ hxe−t, 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

49.



∂2u

∂t2
= a2

∂2u

∂x2
+ h sin t, 0 < x < l, t > 0,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=l

= 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

50.



∂2u

∂t2
= a2

∂2u

∂x2
+ he−t cos

πx

2l
, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0, u|x=l = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

51.



∂2u

∂t2
− 4u =

∂2u

∂x2
+ 2 sin2 x, 0 < x < π, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=π

= 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 π.

52.



∂2u

∂t2
− 10u =

∂2u

∂x2
+ 2 sin 2x cos x, 0 < x <

π

2
, t > 0,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=

π
2

= 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 π

2
.

53.



∂2u

∂t2
+
∂u

∂t
=
∂2u

∂x2
, 0 < x < 1, t > 0,

u|x=0 = t, u|x=1 = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 1− x, 0 6 x 6 1.
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54.



∂2u

∂t2
− u =

∂2u

∂x2
, 0 < x < 2, t > 0,

u|x=0 = 2t, u|x=2 = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 2.

55.



∂2u

∂t2
− u =

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = t, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

=
x

l
, 0 6 x 6 l.

56. Ñòåðæåíü äëèíîé l, êîíåö êîòîðîãî x = 0 æåñòêî çàêðåïëåí, íàõî-
äèòñÿ â ñîñòîÿíèè ïîêîÿ. Â ìîìåíò âðåìåíè t = 0 ê åãî ñâîáîäíîìó êîíöó
x = l ïðèëîæåíà ïîñòîÿííàÿ ñèëà Q, äåéñòâóþùàÿ âäîëü ñòåðæíÿ. Íàéòè
ñìåùåíèå u(x, t) òî÷åê ñòåðæíÿ ïðè t > 0.

57. Ðåøèòü çàäà÷ó î âûíóæäåííûõ ïîïåðå÷íûõ êîëåáàíèÿõ ñòðóíû, çà-
êðåïëåííîé íà êîíöå x = 0 è ïîäâåðæåííîé íà êîíöå x = l äåéñòâèþ
âîçìóùàþùåé ãàðìîíè÷åñêîé ñèëû, âûçûâàþùåé ñìåùåíèå, ðàâíîå A sinωt,
A = const. Èññëåäîâàòü âîçìîæíîñòü ðåçîíàíñà è íàéòè ðåøåíèå â ñëó÷àå
ðåçîíàíñà.

Ðåøèòü ñìåøàííûå çàäà÷è.

58.



∂2u

∂t2
=
∂2u

∂x2
, 0 < x < π, t > 0,

u|x=0 = t2, u|x=π = t3, t > 0,

u|t=0 = sin x,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 π.

59.



∂2u

∂t2
=
∂2u

∂x2
, 0 < x < π, t > 0,

u|x=0 = e−t, u|x=π = t, t > 0,

u|t=0 = sin x cos x,
∂u

∂t

∣∣∣∣
t=0

= 1, 0 6 x 6 π.
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60.



∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=l

= Ae−t, t > 0,

u|t=0 =
Aa ch

x

a

sh
l

a

,
∂u

∂t

∣∣∣∣
t=0

= −
Aa ch

x

a

sh
l

a

, 0 6 x 6 l.

61.



∂2u

∂t2
− 2

∂u

∂t
=
∂2u

∂x2
+ 4t(sin x− x), 0 < x <

π

2
, t > 0,

u
∣∣
x=0

= 3,
∂u

∂x

∣∣∣∣
x=

π
2

= t2 + t, t > 0,

u|t=0 = 3,
∂u

∂t

∣∣∣∣
t=0

= x+ sin x, 0 6 x 6 π

2
.

62.



∂2u

∂t2
− 3

∂u

∂t
− u =

∂2u

∂x2
− x(t+ 4) + cos

3x

2
, 0 < x < π,

∂u

∂x

∣∣∣∣
x=0

= t+ 1, u|x=π = π(t+ 1), t > 0,

u|t=0 = x,
∂u

∂t

∣∣∣∣
t=0

= x, 0 6 x 6 π.

63.



∂2u

∂t2
− 3

∂u

∂t
=
∂2u

∂x2
+ 2

∂u

∂x
− 3x− 2t, 0 < x < π, t > 0,

u|x=0 = 0, u|x=π = πt, t > 0,

u|t=0 = e−x sin x,
∂u

∂t

∣∣∣∣
t=0

= x, 0 6 x 6 π.

231



2.3. Çàäà÷è ïî òåìå ¾Óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà¿

Çàäà÷à 64. Ðàñòâîðåííîå âåùåñòâî ñ ïîñòîÿííîé íà÷àëüíîé êîíöåíòðà-
öèåé u0 äèôôóíäèðóåò èç ðàñòâîðà, çàêëþ÷åííîãî ìåæäó ïëîñêîñòÿìè x = 0
è x = h, â ðàñòâîðèòåëü, îãðàíè÷åííûé ïëîñêîñòÿìè x = h è x = l. Îïðåäå-
ëèòü ïðîöåññ âûðàâíèâàíèÿ êîíöåíòðàöèè, ïðåäïîëàãàÿ, ÷òî ãðàíèöû x = 0
è x = l íåïðîíèöàåìû äëÿ âåùåñòâà.

Ðåøèòü ñìåøàííûå çàäà÷è.

65.



∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = 0, t > 0,

u|t=0 = sin
7πx

l
, 0 6 x 6 l.

66.



∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = 0, t > 0,

u|t=0 =

{
x, 0 6 x 6 l/2,

l − x, l/2 6 x 6 l.

67.



∂u

∂t
= a2

∂2u

∂x2
, 0 < x < 1, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0, u|x=1 = 0, t > 0,

u|t=0 = x2 − 1, 0 6 x 6 1.

68.



∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=0

= 0, t > 0,

u|t=0 = sin
3πx

2l
+ sin

7πx

2l
, 0 6 x 6 l.

69.



∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0, u|x=1 = 0, t > 0,

u|t=0 = cos
πx

2l
+ cos

5πx

2l
, 0 6 x 6 l.
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70.


∂u

∂t
+ u = a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = 0, t > 0,

u|t=0 = 1, 0 6 x 6 l.

71.



∂u

∂t
=
∂2u

∂x2
+ sin x sin(2x), 0 < x <

π

2
, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0, u|
x=

π
2
= 0, t > 0,

u|t=0 = 0, 0 6 x 6 π

2
.

72.



∂u

∂t
− u =

∂2u

∂x2
+ 2 cos t, 0 < x < π, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=π

= 0, t > 0,

u|t=0 = cos(2x), 0 6 x 6 π.

73.



∂u

∂t
− 4u =

∂2u

∂x2
+ 1 + cos(2x), 0 < x < π, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=π

= 0, t > 0,

u|t=0 = 0, 0 6 x 6 π.

74.



∂u

∂t
− 9u =

∂2u

∂x2
+ 4 sin2 t cos(3t), 0 < x < π, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=π

= 0, t > 0,

u|t=0 = 2, 0 6 x 6 π.

75.



∂u

∂t
− 7u =

∂2u

∂x2
+

13

4
sin

3x

2
, 0 < x < π, t > 0,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=π

= 0, t > 0,

u|t=0 = sin
x

2
, 0 6 x 6 π.

76.


∂u

∂t
= a2

1

r2
∂

∂r

(
r2
∂u

∂r

)
+ q, 0 6 r < b, t > 0,∣∣u|r=0

∣∣ <∞, u|r=b = 0, t > 0,

u|t=0 = 0, 0 6 r 6 b, q = const > 0.
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Çàäà÷à 77. Äàí îäíîðîäíûé òîíêèé ñòåðæåíü 0 6 x 6 l ñ òåïëîèçî-
ëèðîâàííîé áîêîâîé ïîâåðõíîñòüþ, íà÷àëüíàÿ òåìïåðàòóðà êîòîðîãî ðàâíà

u|t=0 =
Ax

l
, A = const. Íà êîíöå ñòåðæíÿ x = 0 òåìïåðàòóðà ïîääåðæè-

âàåòñÿ ðàâíîé íóëþ, à íà êîíöå x = l èçìåíÿåòñÿ ïî çàêîíó u|x=l = Ae−t.
Íàéòè íåñòàöèîíàðíîå ðàñïðåäåëåíèå òåìïåðàòóðû â ñòåðæíå.

Ðåøèòü ñìåøàííûå çàäà÷è.

78.



∂u

∂t
− 4u =

∂2u

∂x2
+ x2 − 2t− 4x2t+ 2 cos2 x, 0 < x < π, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=π

= 2πt, t > 0,

u|t=0 = 0, 0 6 x 6 π.

79.



∂u

∂t
− u =

∂2u

∂x2
+ 2 sin(2x) cos x− x, 0 < x <

π

2
, t > 0,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=

π
2

= 1, t > 0,

u|t=0 = x, 0 6 x 6 π

2
.

80.



∂u

∂t
− 9u =

∂2u

∂x2
+ 4 sin2 t cos(3t)− 18x2 − 4, 0 < x < π, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=π

= 4π, t > 0,

u|t=0 = 2x2 + 2, 0 6 x 6 π.

81.


∂u

∂t
+ 2

∂u

∂x
=
∂2u

∂x2
+ u+ ex sin x− t, 0 < x < π, t > 0,

u|x=0 = 1 + t, u|x=π = 1 + t, t > 0,

u|t=0 = 1 + ex sin x, 0 6 x 6 π.

82.



∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0,[

∂u

∂x
− h(u− U0)

]∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=l

= 0, t > 0,

u|t=0 = 0, 0 6 x 6 l, h, U0 = const > 0.
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2.4. Çàäà÷è ïî òåìå ¾Ïðèìåíåíèå ñïåöèàëüíûõ ôóíêöèé
è îðòîãîíàëüíûõ ñèñòåì ìíîãî÷ëåíîâ ê ðåøåíèþ
çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè¿

Çàäà÷à 83. Äîêàçàòü ðåêóððåíòíîå ñîîòíîøåíèå

J ′
p(x) = −Jp+1(x) +

p

x
Jp(x).

Çàäà÷à 84. Âû÷èñëèòü èíòåãðàë

l∫
0

rJ0(ar)J0(br) dr, a, b = const.

Çàäà÷à 85. Íàéòè êîëåáàíèÿ îäíîðîäíîé êðóãëîé ìåìáðàíû ðàäèóñîì
l, çàêðåïëåííîé ïî êðàþ, åñëè íà÷àëüíàÿ ñêîðîñòü ðàâíà íóëþ, à íà÷àëüíîå

îòêëîíåíèå u|t=0 = h

(
1− r2

l2

)
, h = const.

Çàäà÷à 86. Äàí íåîãðàíè÷åííûé êðóãîâîé öèëèíäð ðàäèóñîì l. Íàéòè
ðàñïðåäåëåíèå òåìïåðàòóðû âíóòðè öèëèíäðà ïðè t > 0, åñëè íà ïîâåðõíîñòè
öèëèíäðà ïîääåðæèâàåòñÿ íóëåâàÿ òåìïåðàòóðà, à íà÷àëüíàÿ òåìïåðàòóðà

öèëèíäðà ðàâíà u|t=0 = AJ0

(
µnr

l

)
, A = const, ãäå µn � ïîëîæèòåëüíûé

êîðåíü óðàâíåíèÿ J0(µ) = 0.

Ðåøèòü ñìåøàííûå çàäà÷è.

87.



∂2u

∂t2
= a2

(
∂2u

∂r2
+

1

r

∂u

∂r

)
, 0 6 r < l, t > 0,∣∣u|r=0

∣∣ <∞, u|r=l = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= u0, 0 6 r 6 l, u0 = const.

88.



∂2u

∂t2
+ 2h

∂u

∂t
= a2

(
∂2u

∂r2
+

1

r

∂u

∂r

)
, 0 6 r < l, t > 0,∣∣u|r=0

∣∣ <∞, u|r=l = 0, t > 0,

u|t=0 = φ(r),
∂u

∂t

∣∣∣∣
t=0

= 0, h > 0 � ìàëîå ÷èñëî.
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89.



∂2u

∂t2
= a2

∂

∂x

(
x
∂u

∂x

)
, 0 6 x < l, t > 0,∣∣u|x=0

∣∣ <∞, u|x=l = 0, t > 0,

u|t=0 = f(x),
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

Çàäà÷à 90. Íàéòè êîëåáàíèÿ îäíîðîäíîé êðóãëîé ìåìáðàíû ðàäèóñîì
l ñ çàêðåïëåííûì êðàåì, åñëè ýòè êîëåáàíèÿ âûçâàíû ðàâíîìåðíî ðàñïðåäå-
ëåííûì ïîñòîÿííûì äàâëåíèåì p0, äåéñòâóþùèì íà îäíó ñòîðîíó ìåìáðàíû
ñ ìîìåíòà âðåìåíè t = 0.

Çàäà÷à 91. Íàéòè êîëåáàíèÿ îäíîðîäíîé êðóãëîé ìåìáðàíû ðàäèóñîì
l, âûçâàííûå äâèæåíèåì åå êðàÿ ïî çàêîíó u|r=l = A sinωt. Ïðåäïîëàãàåò-

ñÿ, ÷òî ω ̸= µka

l
, k = 1, 2, . . . , ãäå µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ

J0(µ) = 0.

Çàäà÷à 92. Íàéòè êîëåáàíèÿ îäíîðîäíîé êðóãëîé ìåìáðàíû ðàäèóñîì
l ñ çàêðåïëåííûì êðàåì. Êîëåáàíèÿ ñîâåðøàþòñÿ â ñðåäå ñ ñîïðîòèâëåíèåì,
ïðîïîðöèîíàëüíûì ñêîðîñòè, è âûçâàíû ðàâíîìåðíî ðàñïðåäåëåííûì äàâëå-
íèåì p = p0 sinωt, p0 = const, ïðèëîæåííûì ê îäíîé ñòîðîíå ìåìáðàíû.

Ïðåäïîëàãàåòñÿ, ÷òî ω ̸= µka

l
, k = 1, 2, . . . , ãäå µk � ïîëîæèòåëüíûå êîðíè

óðàâíåíèÿ J0(µ) = 0.

Çàäà÷à 93. Íàéòè ðàñïðåäåëåíèå òåìïåðàòóðû â áåñêîíå÷íîì êðóãîâîì
öèëèíäðå ðàäèóñîì l, åñëè íà÷àëüíàÿ òåìïåðàòóðà âíóòðè öèëèíäðà ðàâíà
u0r

2, u0 = const, à áîêîâàÿ ïîâåðõíîñòü ïîääåðæèâàåòñÿ ïðè ïîñòîÿííîé
òåìïåðàòóðå u1.

Çàäà÷à 94. Èìååòñÿ íåîãðàíè÷åííûé öèëèíäð ðàäèóñîì l, íà ïîâåðõ-
íîñòè êîòîðîãî ïîääåðæèâàåòñÿ ïîñòîÿííàÿ êîíöåíòðàöèÿ âåùåñòâà u0. Íà-
÷àëüíàÿ êîíöåíòðàöèÿ u(r, t) âíóòðè öèëèíäðà ðàâíà íóëþ. Îïðåäåëèòü êî-

ëè÷åñòâà âåùåñòâà Q(t) = 2π

l∫
0

ru(r, t) dr, ïðîäèôôóíäèðîâàâøåãî âíóòðü

öèëèíäðà â ìîìåíò âðåìåíè t, íà åäèíèöó äëèíû.

Ðåøèòü ñìåøàííûå çàäà÷è (µ1 è µn � ïîëîæèòåëüíûå êîðíè ñîîòâåò-
ñòâóþùèõ óðàâíåíèé Jp(µ) = 0, p = 0, 3.)
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95.



∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
+ sin t J0(µnx), 0 < x < 1,∣∣u|x=0

∣∣ <∞, u|x=1 = 0,

u|t=0 = 0,
∂u

∂t

∣∣∣
t=0

= 0.

96.



∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
, 0 < x < 1,∣∣u|x=0

∣∣ <∞, u|x=1 = cos 2t,

u|t=0 =
J0(2x)

J0(2)
,

∂u

∂t

∣∣∣
t=0

= 0.

97.



∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
, 0 < x < 1,∣∣u|x=0

∣∣ <∞, u|x=1 = t− 1,

u|t=0 = J0(µ1x)− 1,
∂u

∂t

∣∣∣
t=0

= 1.

98.



∂2u

∂t2
+ cos t =

∂2u

∂x2
+

1

x

∂u

∂x
, 0 < x < 1,∣∣u|x=0

∣∣ <∞, u|x=1 = 0,

u|t=0 = 1− J0(x)

J0(1)
,

∂u

∂t

∣∣∣
t=0

= 0.

99.



∂2u

∂t2
+ sin 3t =

∂2u

∂x2
+

1

x

∂u

∂x
, 0 < x < 1,∣∣u|x=0

∣∣ <∞, u|x=1 = 1,

u|t=0 = 1,
∂u

∂t

∣∣∣
t=0

=
1

3
− J0(3x)

3J0(3)
.

100.



∂2u

∂t2
− 2 cos 2t =

∂2u

∂x2
+

1

x

∂u

∂x
, 0 < x < 1,∣∣u|x=0

∣∣ <∞, u|x=1 = 0,

u|t=0 =
J0(2x)

2J0(2)
− 1

2
+ J0(µ1x),

∂u

∂t

∣∣∣
t=0

= 0.
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101.



∂2u

∂t2
= x

∂2u

∂x2
+
∂u

∂x
+ sin t J0(µ1

√
x), 0 < x < 1,∣∣u|x=0

∣∣ <∞, u|x=1 = 0,

u|t=0 = 0,
∂u

∂t

∣∣∣
t=0

= 0.

102.



∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
− u

x2
+ etJ1(µnx), 0 < x < 1,∣∣u|x=0

∣∣ <∞, u|x=1 = 0,

u|t=0 = 0,
∂u

∂t

∣∣∣
t=0

= 0.

103.



∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
− u

x2
, 0 < x < 1,∣∣u|x=0

∣∣ <∞, u|x=1 = sin 2t cos t,

u|t=0 = 0,
∂u

∂t

∣∣∣
t=0

=
J1(x)

2J1(1)
+

3J1(3x)

2J1(3)
.

104.



∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
− 4u

x2
+ cos t J2(µ1x), 0 < x < 1,∣∣u|x=0

∣∣ <∞, u|x=1 = 0,

u|t=0 = 0,
∂u

∂t

∣∣∣
t=0

= 0.

105.


∂u

∂t
=
∂2u

∂x2
+

1

x

∂u

∂x
+ tJ0(µ1x), 0 < x < 1,∣∣u|x=0

∣∣ <∞, u|x=1 = 0,

u|t=0 = 0.

106.


∂u

∂t
=
∂2u

∂x2
+

1

x

∂u

∂x
− u

x2
+ sin t J1(µnx), 0 < x < 1,∣∣u|x=0

∣∣ <∞, u|x=1 = 0,

u|t=0 = 0.

107.


∂u

∂t
= x

∂2u

∂x2
+
∂u

∂x
− 9u

4x
, 0 < x < 1,∣∣u|x=0

∣∣ <∞, u|x=1 = 0,

u|t=0 = J3(µn
√
x).
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Çàäà÷à 108. Íàéòè ðàñïðåäåëåíèå òåìïåðàòóðû â áåñêîíå÷íîì êðóãî-
âîì öèëèíäðå ðàäèóñîì l, áîêîâàÿ ïîâåðõíîñòü êîòîðîãî òåïëîèçîëèðîâàíà.
Íà÷àëüíàÿ òåìïåðàòóðà âíóòðè öèëèíäðà ðàâíà u0r

2, u0 = const.

Çàäà÷à 109. Ðåøèòü çàäà÷ó îá îñòûâàíèè áåñêîíå÷íîãî êðóãîâîãî öè-
ëèíäðà ðàäèóñîì l, åñëè íà÷àëüíàÿ òåìïåðàòóðà ðàâíà u0 = const, à íà åãî
ïîâåðõíîñòü ïîäàåòñÿ ïîñòîÿííûé òåïëîâîé ïîòîê ïëîòíîñòè q.

Çàäà÷à 110. Íàéòè ðàñïðåäåëåíèå òåìïåðàòóðû â áåñêîíå÷íîì êðóãî-
âîì öèëèíäðå ðàäèóñîì l, íà áîêîâîé ïîâåðõíîñòè êîòîðîãî ïðîèñõîäèò êîí-
âåêòèâíûé òåïëîîáìåí ñî ñðåäîé, èìåþùåé íóëåâóþ òåìïåðàòóðó. Íà÷àëüíàÿ
òåìïåðàòóðà âíóòðè öèëèíäðà ðàâíà u0r

2, u0 = const.

Çàäà÷à 111. Íà÷àëüíàÿ òåìïåðàòóðà âíóòðè áåñêîíå÷íîãî êðóãîâîãî
öèëèíäðà 0 6 r 6 l ðàâíà u0 = const, à íà áîêîâîé ïîâåðõíîñòè öèëèí-
äðà ïðîèñõîäèò êîíâåêòèâíûé òåïëîîáìåí ñî ñðåäîé, èìåþùåé òåìïåðàòóðó
u1 + bt, ãäå u1 è b � êîíñòàíòû. Íàéòè òåìïåðàòóðó öèëèíäðà ïðè t > 0.

Çàäà÷à 112. Íàéòè ðàñïðåäåëåíèå òåìïåðàòóðû â íåîãðàíè÷åííîé öè-
ëèíäðè÷åñêîé òðóáå l1 6 r 6 l2, åñëè ÷åðåç åå âíåøíþþ ïîâåðõíîñòü ïîäàåòñÿ
ñíàðóæè ïîñòîÿííûé òåïëîâîé ïîòîê ïëîòíîñòüþ q, à âíóòðåííÿÿ ïîâåðõ-
íîñòü òðóáû ïîääåðæèâàåòñÿ ïðè íóëåâîé òåìïåðàòóðå. Íà÷àëüíàÿ òåìïåðà-
òóðà òðóáû ðàâíà u|t=0 = 0.
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2.5. Çàäà÷è ïî òåìå ¾Óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà¿

Çàäà÷à 113. Íàéòè ïîòåíöèàë ýëåêòðîñòàòè÷åñêîãî ïîëÿ â ïðÿìîóãîëü-
íèêå Ω =

{
0 6 x 6 a, 0 6 y 6 b

}
, åñëè âäîëü ñòîðîíû x = 0 ïîòåíöèàë

ðàâåí v0, à òðè äðóãèå ñòîðîíû çàçåìëåíû. Ýëåêòðè÷åñêèå çàðÿäû âíóòðè
ïðÿìîóãîëüíèêà îòñóòñòâóþò.

Çàäà÷à 114. Íàéòè ñòàöèîíàðíîå ðàñïðåäåëåíèå òåìïåðàòóðû âíóòðè
ïðÿìîóãîëüíîé ïëàñòèíû Ω =

{
0 6 x 6 a, 0 6 y 6 b

}
, åñëè ê ñòîðîíå

y = b ïîäâîäèòñÿ ïîñòîÿííûé òåïëîâîé ïîòîê q, à îñòàëüíûå òðè ñòîðîíû
ïîääåðæèâàþòñÿ ïðè ïîñòîÿííîé òåìïåðàòóðå u0.

Çàäà÷à 115. Íàéòè ïîòåíöèàë ýëåêòðîñòàòè÷åñêîãî ïîëÿ â êîðîáêå ïðÿ-
ìîóãîëüíîãî ñå÷åíèÿ Ω =

{
−a 6 x 6 a, −b 6 y 6 b

}
, äâå ïðîòèâîïîëîæíûå

ãðàíè êîòîðîé x = −a è x = a èìåþò ïîòåíöèàë v0, à äâå äðóãèå y = −b è
y = b çàçåìëåíû.

Ðåøèòü êðàåâûå çàäà÷è.

116.



∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x < a, 0 < y < b,

u|x=0 = A, u|x=a = By,

∂u

∂y

∣∣∣∣
y=0

= 0,
∂u

∂y

∣∣∣∣
y=b

= 0, A,B = const.

117.


∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x < a, 0 < y < b,

u|x=0 = 0, u|x=a = Ay(b− y),

u|y=0 = 0, u|y=b = Bx(a− x), A,B = const.

118.



∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x < a, 0 < y < b,

u|x=0 = sin
2πy

b
+ sin

7πy

b
, u|x=a = 0,

u|y=0 = sin
πx

a
, u|y=b = 0.

119.



∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x < a, 0 < y <∞,

u|x=0 = 0, u|x=a = 0,

u|y=0 = A

(
1− x

a

)
, u|y=∞ = 0, A = const.

240



120.


∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x <∞, 0 < y < b,

u|x=0 = u0, u|x=∞ = 0,

u|y=0 = 0, u|y=b = 0.

121.


∂2u

∂x2
+
∂2u

∂y2
= −2, 0 < x < a, −b

2
< y <

b

2
,

u|x=0 = 0, u|x=a = 0,

u|y=−b/2 = 0, u|y=b/2 = 0.

122.



∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x < a, 0 < y < b,

∂u

∂x

∣∣∣∣
x=0

= −q
a
,

∂u

∂x

∣∣∣∣
x=a

= 0,

∂u

∂y

∣∣∣∣
y=0

= −q
b
,

∂u

∂y

∣∣∣∣
y=b

= 0, q = const > 0.

Çàäà÷à 123. Íàéòè ðåøåíèå êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ëàïëàñà
âíóòðè åäèíè÷íîãî êðóãà, åñëè çàäàíû ãðàíè÷íûå óñëîâèÿ:

1) u|r=1 = cos2 φ; 2) u|r=1 = cos4 φ; 3) u|r=1 = sin6 φ+ cos6 φ.

Çàäà÷à 124. Íàéòè ðåøåíèå êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ëàïëàñà
âíóòðè êðóãà ðàäèóñîì a, åñëè çàäàíû ãðàíè÷íûå óñëîâèÿ:

1)
∂u

∂r

∣∣∣∣
r=a

= A cosφ; 2)
∂u

∂r

∣∣∣∣
r=a

= A cos 2φ; 3)
∂u

∂r

∣∣∣∣
r=a

= sin3 φ.

Çàäà÷à 125. Íàéòè ðåøåíèå êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ëàïëàñà
âíå êðóãà ðàäèóñîì a, åñëè çàäàíû ãðàíè÷íûå óñëîâèÿ:

1) u|r=a = A+B sinφ; 2) u|r=a = sin3 φ; 3) u|r=a = A cos2 φ.

Çàäà÷à 126. Íàéòè ôóíêöèþ, ãàðìîíè÷åñêóþ â êîëüöå 1 < r < 2 è
òàêóþ, ÷òî âûïîëíÿþòñÿ ãðàíè÷íûå óñëîâèÿ:

1) u|r=1 = A cos 2φ, u|r=2 = B;

2) u|r=1 = 1 + cos2 φ, u|r=2 = sin2 φ;

3)
∂u

∂r

∣∣∣∣
r=1

= A cosφ, u|r=2 = A sin 2φ+B.
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Ðåøèòü êðàåâûå çàäà÷è.

127.


∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
= 0, 0 6 r < a, 0 < φ < α,

u|φ=0 = 0, u|φ=α = 0, u|r=a = Aφ, A = const.

128.


∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
= 0, 0 6 r < a, 0 < φ < α,

∂u

∂φ

∣∣∣∣
φ=0

= 0,
∂u

∂φ

∣∣∣∣
φ=α

= 0, u|r=a = sgn

(
φ− α

2

)
.

129.


∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
= −4r, 0 6 r < a,

u|r=a = 0.

130.


∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
= −1

2
r2 sin 2φ, 0 6 r < a,

u|r=a = 0.

131.


∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
= −12r2 cos 2φ, 1 < r < 2,

u|r=1 = 0,
∂u

∂r

∣∣∣
r=2

= 0.

Çàäà÷à 132. Íàéòè ñòàöèîíàðíîå ðàñïðåäåëåíèå òåìïåðàòóðû â öèëèí-
äðå Ω =

{
(r, φ, z) : 0 6 r 6 l, 0 6 φ 6 2π, 0 6 z 6 h

}
, åñëè íèæíåå

îñíîâàíèå öèëèíäðà èìååò òåìïåðàòóðó u0, à íà îñòàëüíîé ïîâåðõíîñòè òåì-
ïåðàòóðà ðàâíà íóëþ.

Çàäà÷à 133. Íàéòè ñòàöèîíàðíóþ òåìïåðàòóðó u(r, z) âíóòðåííèõ òî-
÷åê öèëèíäðà Ω =

{
(r, φ, z) : 0 6 r 6 l, 0 6 φ 6 2π, 0 6 z 6 h

}
, åñëè â

öèëèíäðå èìåþòñÿ èñòî÷íèêè òåïëà îáúåìíîé ïëîòíîñòè Q, à òåìïåðàòóðà
ïîâåðõíîñòè öèëèíäðà ðàâíà íóëþ.

Çàäà÷à 134. Íàéòè ïîòåíöèàë ýëåêòðîñòàòè÷åñêîãî ïîëÿ âíóòðè ïîëî-
ãî öèëèíäðà Ω =

{
(r, φ, z) : 0 6 r 6 l, 0 6 φ 6 2π, 0 6 z 6 h

}
, îáà

îñíîâàíèÿ êîòîðîãî çàçåìëåíû, à áîêîâàÿ ïîâåðõíîñòü çàðÿæåíà äî ïîòåíöè-
àëà v0.

Ðåøèòü êðàåâûå çàäà÷è.
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135.



∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
= 0, 0 6 r < l, 0 < z < h,∣∣u|r=0

∣∣ <∞,

(
∂u

∂r
+ h0u

)∣∣∣∣
r=l

= 0, 0 6 z 6 h,

∂u

∂z

∣∣∣∣
z=0

= −q, u|z=h = 0, 0 6 r 6 l, h0 = const > 0.

136.



∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
= 0, 0 6 r < l, 0 < z < h,∣∣u|r=0

∣∣ <∞, u|r=l = f(z), 0 6 z 6 h,

∂u

∂z

∣∣∣∣
z=0

= 0,
∂u

∂z

∣∣∣∣
z=h

= 0, 0 6 r 6 l.

137.

{
∆u = 0, 0 6 r < a, 0 6 θ 6 π,

u|r=a = cos2 θ.

138.


∆u = 0, r > a, 0 6 θ 6 π,(
u− ∂u

∂r

)∣∣∣∣
r=a

= sin2 θ.

139.

{
∆u = 0, 1 < r < 2, 0 6 θ 6 π,

u|r=1 = 1− cos 2θ, u|r=2 = 2 cos θ.

140.


∆u = 0, 0 6 r < 1, 0 6 θ 6 π, 0 6 φ 6 2π,

u|r=1 = (sin θ + sin 2θ) sin

(
φ+

π

6

)
.

141.

∆u = 0, 0 6 r < a, 0 6 θ 6 π, 0 6 φ 6 2π,

u|r=a = sin
(
3φ+

π

4

)
sin3 θ.

142.


∆u = 0, 0 6 r < a, 0 6 θ 6 π, 0 6 φ 6 2π,(
u+

∂u

∂r

)∣∣∣∣
r=a

= sin θ(sinφ+ cosφ cos θ + sin θ).

143.


∆u = 0, r > a, 0 6 θ 6 π, 0 6 φ 6 2π,(
u− ∂u

∂r

)∣∣
r=a

= sin θ cos2
θ

2
sin

(
φ+

π

6

)
.

144.

{
∆u = 0, r > a, 0 6 θ 6 π, 0 6 φ 6 2π,

u|r=a = sin 100φ sin100 θ.
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145.

{
∆u = 0, 1 < r < 2, 0 6 θ 6 π, 0 6 φ 6 2π,

u|r=1 = 7 sin θ cosφ, u|r=2 = 7 cos θ.

146.

∆u = 0, 1 < r < 2, 0 6 θ 6 π, 0 6 φ 6 2π,

u|r=1 = 12 sin θ cos2
θ

2
cosφ, u|r=2 = 0.

147.


∆u = 0, 1 < r < 2, 0 6 θ 6 π, 0 6 φ 6 2π,(
3u+

∂u

∂r

)∣∣∣∣
r=1

= 5 sin2 θ sin 2φ, u|r=2 = − cos θ.
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2.6. Ïëàí ïðàêòè÷åñêèõ çàíÿòèé

1. Ïðèâåäåíèå ê êàíîíè÷åñêîé ôîðìå óðàâíåíèé âòîðîãî ïî-
ðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

À.: 1�5.
Ä.: 6�9.

2. Ïðèâåäåíèå ê êàíîíè÷åñêîé ôîðìå óðàâíåíèé âòîðîãî ïî-
ðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè.

À.: 15�17, 26, 27.
Ä.: 18�20, 28, 29.

3. Ïðèâåäåíèå ê êàíîíè÷åñêîé ôîðìå óðàâíåíèé âòîðîãî ïî-
ðÿäêà ñ òðåìÿ íåçàâèñèìûìè ïåðåìåííûìè.

À.: 10�12.
Ä.: 13, 14.

4. Êîíòðîëüíàÿ ðàáîòà � 1.

5. Çàäà÷è Øòóðìà � Ëèóâèëëÿ â ïðîñòåéøåì ñëó÷àå.

À. Ðåøèòü ïðîñòåéøèå çàäà÷è Øòóðìà � Ëèóâèëëÿ ñ ðàçëè÷íûìè ñî-
÷åòàíèÿìè ãðàíè÷íûõ óñëîâèé ïåðâîãî, âòîðîãî è òðåòüåãî ðîäà.

1)

{
X ′′(x) + λ2X(x) = 0, 0 < x < l,

X(0) = 0, X ′(l) = 0.

2)

{
X ′′(x) + λ2X(x) = 0, 0 < x < l,

X ′(0) = 0, X ′(l) = 0.

3)

{
X ′′(x) + λ2X(x) = 0, 0 < x < l,

X ′(0) = 0, X ′(l) + hX(l) = 0, h = const > 0.

4)

{
X ′′(x) + λ2X(x) = 0, 0 < x < l,

X ′(0)− hX(0) = 0, X(l) = 0, h = const > 0.

Ä. Ðåøèòü ïðîñòåéøèå çàäà÷è Øòóðìà � Ëèóâèëëÿ ñ ðàçëè÷íûìè ñî-
÷åòàíèÿìè ãðàíè÷íûõ óñëîâèé ïåðâîãî, âòîðîãî è òðåòüåãî ðîäà.

1)

{
X ′′(x) + λ2X(x) = 0, 0 < x < l,

X ′(0) = 0, X(l) = 0.
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2)

{
X ′′(x) + λ2X(x) = 0, 0 < x < l,

X(0) = 0, X ′(l) + hX(l) = 0, h = const > 0.

3)

{
X ′′(x) + λ2X(x) = 0, 0 < x < l,

X ′(0)− hX(0) = 0, X ′(l) = 0, h = const > 0.

4)

{
X ′′(x) + λ2X(x) = 0, 0 < x < l,

X ′(0)− hX(0) = 0, X ′(l) + hX(l) = 0, h = const > 0.

6. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ îäíîðîäíîãî óðàâíåíèÿ
êîëåáàíèé ñòðóíû.

À.: 32, 34, 35.
Îäíîðîäíàÿ ñòðóíà äëèíîé l, æåñòêî çàêðåïëåííàÿ â êîíöåâûõ òî÷êàõ

x = 0 è x = l, èìååò â íà÷àëüíûé ìîìåíò âðåìåíè ôîðìó ïàðàáîëû, îñüþ
ñèììåòðèè êîòîðîé ñëóæèò ïðÿìàÿ x = l/2, à âåðøèíîé òî÷êà (l/2; q). Îïðå-
äåëèòü ñìåùåíèå u(x, t) òî÷åê ñòðóíû îò ïîëîæåíèÿ ðàâíîâåñèÿ, ïðåäïîëà-
ãàÿ, ÷òî íà÷àëüíûå ñêîðîñòè îòñóòñòâóþò.

Ä.: 30, 31, 33, 36.

7. Ìåòîä Ôóðüå äëÿ îäíîðîäíûõ ñìåøàííûõ çàäà÷ ñ ãèïåðáî-
ëè÷åñêèì îïåðàòîðîì îáùåãî âèäà.

À.: 37, 39.
Ðåøèòü ñìåøàííóþ çàäà÷ó.

∂2u

∂t2
+
∂u

∂t
=
∂2u

∂x2
, 0 < x < 1, t > 0,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=1

= 0, t > 0,

u|t=0 = qx,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1.

Ä.: 38, 40, 41.

8. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ íåîäíîðîäíîãî óðàâíåíèÿ
êîëåáàíèé ñòðóíû.

À.: 42, 44, 47, 49, 51.
Ä.: 43, 46, 48, 50, 52.

9. Ñìåøàííûå çàäà÷è äëÿ óðàâíåíèÿ êîëåáàíèé ñòðóíû ñ íåîä-
íîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè.
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À.: 53, 56, 57, 60.
Ä.: 54, 55, 58, 59.

10. Ñìåøàííûå çàäà÷è î âûíóæäåííûõ êîëåáàíèÿõ ñòðóí è
ñòåðæíåé â îáùåé ïîñòàíîâêå. I.

À.: 61, 63.
Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
+ 2

∂u

∂t
=
∂2u

∂x2
+ 4x+ 8et cos x, 0 < x <

π

2
, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 2t, u
∣∣
x=

π
2
= πt, t > 0,

u|t=0 = cos x,
∂u

∂t

∣∣∣∣
t=0

= 2x, 0 6 x 6 π

2
.

Ä.: 62.
Ðåøèòü ñìåøàííûå çàäà÷è:

1)



∂2u

∂t2
+ 2

∂u

∂t
=
∂2u

∂x2
+ 8u+ 2x(1− 4t) + cos(3x), 0 < x <

π

2
,

∂u

∂x

∣∣∣∣
x=0

= t, u
∣∣
x=

π
2
=
πt

2
, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= x, 0 6 x 6 π

2
.

2)



∂2u

∂t2
− 7

∂u

∂t
=
∂2u

∂x2
+ 2

∂u

∂x
− 2t− 7x− e−x sin(3x), 0 < x < π,

u|x=0 = 0, u|x=π = πt, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= x, 0 6 x 6 π.

11. Ñìåøàííûå çàäà÷è î âûíóæäåííûõ êîëåáàíèÿõ ñòðóí è
ñòåðæíåé â îáùåé ïîñòàíîâêå. II.

À. Ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ íàéòè âñïîìîãàòåëüíóþ
ôóíêöèþ W (x, t) äëÿ ñìåøàííûõ çàäà÷ ñ çàäàííûìè íåîäíîðîäíûìè ãðà-
íè÷íûìè óñëîâèÿìè.

1) I � III. u|x=0 = µ1(t),

(
∂u

∂x
+ hu

)∣∣∣∣
x=l

= µ2(t).
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2) III � I.

(
∂u

∂x
− hu

)∣∣∣∣
x=0

= µ1(t), u|x=l = µ2(t).

Íàéòè ïðîäîëüíûå êîëåáàíèÿ îäíîðîäíîãî ñòåðæíÿ, êîíåö x = 0 êîòî-
ðîãî çàêðåïëåí æåñòêî, à ê êîíöó x = l ïðèëîæåíà ñèëà F (t) = A sinωt,
A = const, äåéñòâóþùàÿ âäîëü ñòåðæíÿ. Íà÷àëüíûå óñëîâèÿ íóëåâûå. Èñ-
ñëåäîâàòü âîçìîæíîñòü ðåçîíàíñà è íàéòè ðåøåíèå â ñëó÷àå ðåçîíàíñà.

Ä. Ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ íàéòè âñïîìîãàòåëüíóþ
ôóíêöèþ W (x, t) äëÿ ñìåøàííûõ çàäà÷ ñ çàäàííûìè íåîäíîðîäíûìè ãðà-
íè÷íûìè óñëîâèÿìè.

1) II � III.
∂u

∂x

∣∣∣∣
x=0

= µ1(t),

(
∂u

∂x
+ hu

)∣∣∣∣
x=l

= µ2(t),

2) III � II.

(
∂u

∂x
− hu

)∣∣∣∣
x=0

= µ1(t),
∂u

∂x

∣∣∣∣
x=l

= µ2(t),

3) III � III.

(
∂u

∂x
− hu

)∣∣∣∣
x=0

= µ1(t),

(
∂u

∂x
+ hu

)∣∣∣∣
x=l

= µ2(t).

Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
, 0 < x < l, t > 0,(

∂u

∂x
− hu

)∣∣∣∣
x=0

= α,

(
∂u

∂x
+ hu

)∣∣∣∣
x=l

= −α, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l, h, α = const.

12. Êîíòðîëüíàÿ ðàáîòà � 2.

13. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ îäíîðîäíîãî óðàâíåíèÿ
òåïëîïðîâîäíîñòè.

À.: 64, 65, 68.
1) Äàí îäíîðîäíûé òîíêèé ñòåðæåíü äëèíîé l, íà÷àëüíàÿ òåìïåðàòóðà

êîòîðîãî ðàâíà u0 = const. Êîíåö x = l ñòåðæíÿ òåïëîèçîëèðîâàí, à íà
êîíöå x = 0 è áîêîâîé ïîâåðõíîñòè ñòåðæíÿ ïðîèñõîäèò òåïëîîáìåí ñ îêðó-
æàþùåé ñðåäîé, èìåþùåé íóëåâóþ òåìïåðàòóðó. Îïðåäåëèòü òåìïåðàòóðó
òî÷åê ñòåðæíÿ ïðè t > 0.

2) Äàí îäíîðîäíûé øàð ðàäèóñîì b, öåíòð êîòîðîãî ðàñïîëîæåí â íà÷àëå
êîîðäèíàò. Âíåøíÿÿ ïîâåðõíîñòü øàðà ïîääåðæèâàåòñÿ ïðè íóëåâîé òåìïå-
ðàòóðå, à íà÷àëüíàÿ òåìïåðàòóðà u|t=0 = b2 − r2. Îïðåäåëèòü òåìïåðàòóðó
u(r, t) âíóòðè øàðà ïðè t > 0.
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Ä.: 66, 67, 69, 70.
Ðåøèòü ñìåøàííóþ çàäà÷ó
∂u

∂t
+ 4u =

∂2u

∂x2
, 0 < x < π, t > 0,

u|x=0 = 0, u|x=π = 0, t > 0,

u|t=0 = x2 − πx, 0 6 x 6 π.

14. Ìåòîä Ôóðüå äëÿ íåîäíîðîäíîãî óðàâíåíèÿ òåïëîïðîâîäíî-
ñòè.

À.: 71, 72, 75.
Íàéòè íåñòàöèîíàðíîå ðàñïðåäåëåíèå òåìïåðàòóðû â ïëîñêîì ñëîå òîë-

ùèíîé l, âíóòðè êîòîðîãî ïðè t > 0 äåéñòâóåò èñòî÷íèê òåïëà ñ ïîñòîÿííîé
ïëîòíîñòüþ Q, à åãî ïîâåðõíîñòü ïîääåðæèâàåòñÿ ïðè íóëåâîé òåìïåðàòóðå.
Íà÷àëüíàÿ òåìïåðàòóðà âî âíóòðåííèõ òî÷êàõ ñëîÿ ðàâíà íóëþ.

Ðåøèòü ñìåøàííóþ çàäà÷ó
∂u

∂t
− 5u =

∂2u

∂x2
+ 5 sin(2x), 0 < x < π, t > 0,

u|x=0 = 0, u|x=π = 0, t > 0,

u|t=0 = sin x, 0 6 x 6 π.

Ä.: 73, 74, 76.
Ðåøèòü ñìåøàííóþ çàäà÷ó
∂u

∂t
− u+ 2

∂u

∂x
=
∂2u

∂x2
+ ex sin x, 0 < x < π, t > 0,

u|x=0 = 0, u|x=π = 0, t > 0,

u|t=0 = ex sin x, 0 6 x 6 π.

15. Ñìåøàííûå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ íå-
îäíîðîäíîñòÿìè â óðàâíåíèè è ãðàíè÷íûõ óñëîâèÿõ. I.

À.: 77�79.
Ä.: 80�82.
Ðåøèòü ñìåøàííóþ çàäà÷ó
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

∂u

∂t
− u =

∂2u

∂x2
+ 2xt(2− t) + 2 cos t, 0 < x < π, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 2t2,
∂u

∂x

∣∣∣∣
x=π

= 2t2, t > 0,

u|t=0 = cos(2x), 0 6 x 6 π.

16. Ñìåøàííûå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ íå-
îäíîðîäíîñòÿìè â óðàâíåíèè è ãðàíè÷íûõ óñëîâèÿõ. II.

À. 1) Ðåøèòü çàäà÷ó îá îñòûâàíèè îäíîðîäíîãî òîíêîãî ñòåðæíÿ äëèíîé
l, íà÷àëüíàÿ òåìïåðàòóðà êîòîðîãî ðàâíà u|t=0 = l−x. Êîíåö ñòåðæíÿ x = 0
òåïëîèçîëèðîâàí, à êîíåö x = l ïîääåðæèâàåòñÿ ïðè ïîñòîÿííîé òåìïåðàòóðå
u0 = const.

2) Ñôåðà ðàäèóñîì b ñîäåðæèò ðàñòâîðåííîå âåùåñòâî ñ íà÷àëüíîé êîí-
öåíòðàöèåé u0 = const. Êîíöåíòðàöèÿ íà ïîâåðõíîñòè ñôåðû ïîääåðæèâàåò-
ñÿ ïîñòîÿííîé, ðàâíîé u1 > u0. Íàéòè êîëè÷åñòâî àáñîðáèðîâàííîãî âåùå-
ñòâà ïðè t > 0.

3) Íàéòè ðàñïðåäåëåíèå òåìïåðàòóðû â îäíîðîäíîì øàðå ðàäèóñîì b,
íà ïîâåðõíîñòè êîòîðîãî çàäàí ïîñòîÿííûé òåïëîâîé ïîòîê q, à íà÷àëüíàÿ
òåìïåðàòóðà ðàâíà u|t=0 = u0, u0 = const.

Ä.Íàéòè ðàñïðåäåëåíèå òåìïåðàòóðû â ñòåðæíå 0 6 x 6 l ñ òåïëîèçîëè-
ðîâàííîé áîêîâîé ïîâåðõíîñòüþ, åñëè íà êîíöå ñòåðæíÿ x = 0 òåìïåðàòóðà
ðàâíà u|x=0 = At, A = const, à íà êîíöå x = l ïîääåðæèâàåòñÿ íóëåâàÿ
òåìïåðàòóðà. Íà÷àëüíàÿ òåìïåðàòóðà ñòåðæíÿ ðàâíà íóëþ.

Ðåøèòü ñìåøàííûå çàäà÷è:

1)


∂u

∂t
= a2

∂2u

∂x2
, 0 < x < 1, t > 0,

u|x=0 = u0, u|x=1 = u00, t > 0,

u|t=0 = Ax(l − x), 0 6 x 6 π.

2)



∂u

∂t
− u =

∂2u

∂x2
+ 2 sin(2x) cos x− x, 0 < x <

π

2
, t > 0,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=

π
2

= 1, t > 0,

u|t=0 = x, 0 6 x 6 π

2
.

17. Êîíòðîëüíàÿ ðàáîòà � 3.

18. Öèëèíäðè÷åñêèå ôóíêöèè è èõ ñâîéñòâà.
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À. 1) Óñòàíîâèòü ñïðàâåäëèâîñòü ðàâåíñòâà

d

dx

[
xνJν(x)

]
= xνJν−1(x).

Ñ åãî ïîìîùüþ äîêàçàòü ðåêóððåíòíîå ñîîòíîøåíèå

J ′
ν(x) = Jν−1(x)−

ν

x
Jν(x). (1)

2) Âû÷èñëèòü èíòåãðàëû

x∫
0

tνJν−1(t) dt,

x∫
0

tJ0(t) dt,

x∫
0

t2J1(t) dt,

x∫
0

t3J0(t) dt.

3) Âû÷èñëèòü èíòåãðàë

l∫
0

xJ0(ax)J0(bx) dx, a, b = const, a ̸= b. Ðàñ-

ñìîòðåòü ñëó÷àé, êîãäà a =
µk
l
, b =

µn
l
, ãäå µk è µn � ïîëîæèòåëüíûå

êîðíè îäíîãî èç óðàâíåíèé

J0(µ) = 0, J ′
0(µ) = 0, µJ ′

0(µ) + hJ0(µ) = 0.

4) Ïîêàçàòü, ÷òî ôóíêöèè

un(r, φ) = In(λr) cos(nφ), vn(r, φ) = In(λr) sin(nφ), n = 0, 1, . . . ,

ãäå In(x) � öèëèíäðè÷åñêàÿ ôóíêöèÿ ïîðÿäêà n îò ÷èñòî ìíèìîãî àðãóìåí-
òà, ò. å. In(x) = i−nJn(ix), óäîâëåòâîðÿåò óðàâíåíèþ

∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
− λ2u = 0.

Ä. 1) Óñòàíîâèòü ñïðàâåäëèâîñòü ðàâåíñòâà

d

dx

[
Jν(x)

xν

]
= −Jν+1(x)

xν
.

Ñ åãî ïîìîùüþ ïîëó÷èòü ðåêóððåíòíîå ñîîòíîøåíèå

J ′
ν(x) = −Jν+1(x) +

ν

x
Jν(x). (2)

2) Èñïîëüçóÿ ôîðìóëû (1) è (2), äîêàçàòü ðàâåíñòâà

Jν+1(x) = −Jν−1(x) +
2ν

x
Jν(x),

Jν+1(x) = Jν−1(x)− 2J ′
ν(x).
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3) Èñïîëüçóÿ ñâîéñòâà ãàììà-ôóíêöèè, äîêàçàòü òîæäåñòâà

J1
2

(x) =

√
2

πx
sin x, J

−1
2

(x) =

√
2

πx
cos x.

4) Âû÷èñëèòü èíòåãðàë

l∫
0

xJ2
0 (ax) dx, a = const. Íàéòè êâàäðàò íîðìû

öèëèíäðè÷åñêèõ ôóíêöèé Áåññåëÿ

∥∥∥∥J0(µkxl
)∥∥∥∥2, ãäå µk � ïîëîæèòåëüíûé

êîðåíü îäíîãî èç óðàâíåíèé

J0(µ) = 0, J ′
0(µ) = 0, µJ ′

0(µ) + hJ0(µ) = 0.

19. Ïðèìåíåíèå öèëèíäðè÷åñêèõ ôóíêöèé ê ðåøåíèþ îäíîðîä-
íûõ ñìåøàííûõ çàäà÷.

À.: 85, 86, 89.
Ä.: 87, 88.
Ðåøèòü çàäà÷ó î ñâîáîäíûõ êîëåáàíèÿõ îäíîðîäíîé êðóãëîé ìåìáðàíû

ðàäèóñîì l, çàêðåïëåííîé ïî êðàþ, åñëè íà÷àëüíûå ñêîðîñòè åå òî÷åê ðàâíû

íóëþ, à íà÷àëüíîå îòêëîíåíèå u|t=0 = hJ0

(
µnr

l

)
, h = const. Çäåñü µn �

ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ J0(µ) = 0.

20. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ íåîäíîðîäíûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé â öèëèíäðè÷åñêèõ êîîðäèíàòàõ. I.

À.: 90, 94, 109.
Ä.: 91, 93, 110.

21. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ íåîäíîðîäíûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé â öèëèíäðè÷åñêèõ êîîðäèíàòàõ. II.

À.: 95, 96, 98, 99, 106.
Ä.: 97, 100, 102, 103, 105.

22. Êîíòðîëüíàÿ ðàáîòà � 4.

23. Ðåøåíèå êðàåâûõ çàäà÷ äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé â
ïðÿìîóãîëüíûõ îáëàñòÿõ.

À.: 113, 116, 118, 119, 121.
Ä.: 114, 115, 117, 120, 122.

24. Ìåòîä Ôóðüå äëÿ êðóãîâûõ îáëàñòåé.
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À.: 123 (3), 124 (3), 125 (1), 126 (3), 127, 130.
Ä.: 123 (1,2), 124 (1,2), 125 (2,3), 126 (1,2), 131.

25. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ öèëèíäðè÷åñêèõ îáëà-
ñòåé.

À.: 132, 133.
Íàéòè ñòàöèîíàðíîå ðàñïðåäåëåíèå òåìïåðàòóðû â êîíå÷íîì öèëèíäðå

Ω =
{
(r, φ, z) : 0 6 r 6 l, 0 6 φ 6 2π, 0 6 z 6 h

}
, åñëè òåìïåðàòó-

ðà íèæíåãî îñíîâàíèÿ ðàâíà íóëþ, áîêîâàÿ ïîâåðõíîñòü öèëèíäðà ïîêðûòà
íåïðîíèöàåìûì äëÿ òåïëà ÷åõëîì, à òåìïåðàòóðà âåðõíåãî îñíîâàíèÿ ðàâíà
u|z=h = f(r). Ðàññìîòðåòü ÷àñòíûé ñëó÷àé, êîãäà f(r) = u0r

2.
Ä.: 134�136.

26. Ðåøåíèå êðàåâûõ çàäà÷ äëÿ øàðîâûõ îáëàñòåé.

À.: 137, 138, 140, 142, 143, 145.
Ä.: 139, 141, 144, 146, 147.

27. Êîíòðîëüíàÿ ðàáîòà � 5.
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3. ÐÀÇÄÅË ÊÎÍÒÐÎËß ÇÍÀÍÈÉ

3.1. Òðåíèðîâî÷íûé âàðèàíò êîíòðîëüíîé ðàáîòû � 1

1. Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèå

∂2u

∂x2
− 2 sin x

∂2u

∂x∂y
− cos2 x

∂2u

∂y2
= cos x

∂u

∂y
.

2. Ïðèâåñòè óðàâíåíèå ê êàíîíè÷åñêîé ôîðìå â êàæäîé èç îáëàñòåé, ãäå
ñîõðàíÿåòñÿ òèï óðàâíåíèÿ:

∂2u

∂x2
+ x

∂2u

∂y2
= 0.

3. Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèå ñ òðåìÿ íåçàâèñèìûìè
ïåðåìåííûìè

∂2u

∂x2
− 4

∂2u

∂x∂y
+ 2

∂2u

∂x∂z
+ 4

∂2u

∂y2
+
∂2u

∂z2
+ 3

∂u

∂x
= 0.
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3.2. Ïðèìåðíûå âàðèàíòû êîíòðîëüíîé ðàáîòû � 1

Âàðèàíò 1

1. Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèå

∂2u

∂x2
− 2 cos x

∂2u

∂x∂y
− (3 + sin2 x)

∂2u

∂y2
= y

∂u

∂y
.

2. Ïðèâåñòè óðàâíåíèå ê êàíîíè÷åñêîé ôîðìå â êàæäîé èç îáëàñòåé, ãäå
ñîõðàíÿåòñÿ òèï óðàâíåíèÿ:

x2
∂2u

∂x2
+ y2

∂2u

∂y2
= 0.

3. Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèå ñ òðåìÿ íåçàâèñèìûìè
ïåðåìåííûìè

∂2u

∂x2
+ 2

∂2u

∂x∂y
+ 2

∂2u

∂y2
+ 4

∂2u

∂y∂z
+ 5

∂2u

∂z2
= 0.

Âàðèàíò 2

1. Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèå

y2
∂2u

∂x2
+ 4xy

∂2u

∂x∂y
+ 4x2

∂2u

∂y2
= 0.

2. Ïðèâåñòè óðàâíåíèå ê êàíîíè÷åñêîé ôîðìå â êàæäîé èç îáëàñòåé, ãäå
ñîõðàíÿåòñÿ òèï óðàâíåíèÿ:

y
∂2u

∂x2
+
∂2u

∂y2
= 0.

3. Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèå ñ òðåìÿ íåçàâèñèìûìè
ïåðåìåííûìè

∂2u

∂x∂y
+

∂2u

∂x∂z
+

∂2u

∂y∂z
− ∂u

∂x
+
∂u

∂y
= 0.
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Âàðèàíò 3

1. Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèå

(1 + x2)
∂2u

∂x2
+ (1 + y2)

∂2u

∂y2
= −x ∂u

∂x
− y

∂u

∂y
.

2. Ïðèâåñòè óðàâíåíèå ê êàíîíè÷åñêîé ôîðìå â êàæäîé èç îáëàñòåé, ãäå
ñîõðàíÿåòñÿ òèï óðàâíåíèÿ:

x
∂2u

∂x2
+ 2x

∂2u

∂x∂y
+ (x− 1)

∂2u

∂y2
= 0.

3. Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèå ñ òðåìÿ íåçàâèñèìûìè
ïåðåìåííûìè

∂2u

∂x∂y
− ∂2u

∂x∂z
+
∂u

∂x
+
∂u

∂y
− ∂u

∂z
= 0.

Âàðèàíò 4

1. Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèå

e2x
∂2u

∂x2
+ 2ex+y ∂2u

∂x∂y
+ e2y

∂2u

∂y2
= xu.

2. Ïðèâåñòè óðàâíåíèå ê êàíîíè÷åñêîé ôîðìå â êàæäîé èç îáëàñòåé, ãäå
ñîõðàíÿåòñÿ òèï óðàâíåíèÿ:

x
∂2u

∂x2
+ y

∂2u

∂y2
= −2

∂u

∂x
− 2

∂u

∂y
.

3. Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèå ñ òðåìÿ íåçàâèñèìûìè
ïåðåìåííûìè

∂2u

∂x2
+ 2

∂2u

∂x∂y
− 4

∂2u

∂x∂z
− 6

∂2u

∂y∂z
− ∂2u

∂z2
= 0.
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3.3. Òðåíèðîâî÷íûé âàðèàíò êîíòðîëüíîé ðàáîòû � 2

1. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=l

= 0, t > 0,

u|t=0 = sin
5πx

2l
+ 4 sin

7πx

2l
,

∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

2. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+ b(l − x)t2, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0, u|x=l = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 l.

3. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
− 2

∂u

∂t
=
∂2u

∂x2
+ 4t(sin x− x), 0 < x <

π

2
, t > 0,

u
∣∣
x=0

= 3,
∂u

∂x

∣∣∣∣
x=

π
2

= t2 + t, t > 0,

u|t=0 = 3,
∂u

∂t

∣∣∣∣
t=0

= x+ sin x, 0 6 x 6 π

2
.
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3.4. Ïðèìåðíûå âàðèàíòû êîíòðîëüíîé ðàáîòû � 2

Âàðèàíò 1

1. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= v0, 0 6 x 6 l, v0 = const.

2. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+ sin t sin

5x

2
, 0 < x < π, t > 0,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=π

= 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= sin
x

2
, 0 6 x 6 π.

3. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
− 3

∂u

∂t
=
∂2u

∂x2
+ 2

∂u

∂x
− 3x− 2t, 0 < x < π,

u|x=0 = 0, u|x=π = πt,

u|t=0 = e−x sin x,
∂u

∂t

∣∣∣∣
t=0

= x, 0 6 x 6 π.

Âàðèàíò 2

1. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < 1, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0, u|x=1 = 0, t > 0,

u|t=0 = h(1− x),
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1, h = const.
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2. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+ e−t cos(2x), 0 < x < π, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=π

= 0, t > 0,

u|t=0 = cos x,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 π.

3. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
− 7

∂u

∂t
=
∂2u

∂x2
+ 2

∂u

∂x
− 2t− 7x− e−x sin(3x), 0 < x < π,

u|x=0 = 0, u|x=π = πt,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= x, 0 6 x 6 π.

Âàðèàíò 3

1. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u
∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=l

= 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= v0, 0 6 x 6 l, v0 = const.

2. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+ cos t sin(4x), 0 < x < π, t > 0,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= sin x, 0 6 x 6 π.
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3. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
+ 2

∂u

∂t
=
∂2u

∂x2
+ 4x+ 8et cos x, 0 < x <

π

2
, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 2t, u
∣∣
x=

π
2
= πt, t > 0,

u|t=0 = cos x,
∂u

∂t

∣∣∣∣
t=0

= 2x, 0 6 x 6 π

2
.

Âàðèàíò 4

1. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
= a2

∂2u

∂x2
, 0 < x < π, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=π

= 0, t > 0,

u|t=0 = A cos x,
∂u

∂t

∣∣∣∣
t=0

= 1 + B cos(3x), A,B = const.

2. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+ e−t cos

7x

2
, 0 < x < π, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0, u|x=π = 0, t > 0,

u|t=0 = cos
x

2
,

∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 π.

3. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
+ 2

∂u

∂t
=
∂2u

∂x2
+ 8u+ 2x(1− 4t) + cos(3x), 0 < x <

π

2
,

∂u

∂x

∣∣∣∣
x=0

= t, u
∣∣
x=

π
2
=
πt

2
, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= x, 0 6 x 6 π

2
.
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3.5. Òðåíèðîâî÷íûé âàðèàíò êîíòðîëüíîé ðàáîòû � 3

1. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0, u|x=l = u0, t > 0,

u|t=0 = 0, 0 6 x 6 l, u0 = const > 0.

2. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
+ 2

∂u

∂x
− u =

∂2u

∂x2
+ ex sin x− t, 0 < x < π, t > 0,

u|x=0 = 1 + t, u|x=π = 1 + t, t > 0,

u|t=0 = 1 + ex sin 2x, 0 6 x 6 π.

3. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
− u =

∂2u

∂x2
+ t2(3− t)− 2x+ 2 sin x sin(2x), 0 < x <

π

2
,

∂u

∂x

∣∣∣∣
x=0

= 2, u|
x=

π
2
= t3 + π, t > 0,

u|t=0 = 2x, 0 6 x 6 π

2
.
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3.6. Ïðèìåðíûå âàðèàíòû êîíòðîëüíîé ðàáîòû � 3

Âàðèàíò 1

1. Ðåøèòü ñìåøàííóþ çàäà÷ó
∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = 0, u|x=l = u0, u0 = const, t > 0,

u|t=0 = 0, 0 6 x 6 l.

2. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
− 9u =

∂2u

∂x2
+ 4 sin2 t cos(3x)− 9x2 − 2, 0 < x < π,

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=π

= 2π, t > 0,

u|t=0 = x2 + 1, 0 6 x 6 π.

3. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
− 4u =

∂2u

∂x2
+ 2xt(1− 2t) + 2 sin(2x) cos x, 0 < x <

π

2
,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=

π
2

= t2, t > 0,

u|t=0 = 0, 0 6 x 6 π

2
.

Âàðèàíò 2

1. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=l

= q, q = const, t > 0,

u|t=0 = 0, 0 6 x 6 l.
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2. Ðåøèòü ñìåøàííóþ çàäà÷ó
∂u

∂t
+ 2

∂u

∂x
=
∂2u

∂x2
+ x+ 2t, 0 < x < 1, t > 0,

u|x=0 = 0, u|x=1 = t, t > 0,

u|t=0 = 2ex sin(πx), 0 6 x 6 1.

3. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
− u =

∂2u

∂x2
+ 2xt(2− t) + 2 cos t, 0 < x < π, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 2t2,
∂u

∂x

∣∣∣∣
x=π

= 2t2, t > 0,

u|t=0 = 2 cos(3x), 0 6 x 6 π.

Âàðèàíò 3

1. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= q,
∂u

∂x

∣∣∣∣
x=l

= q, q = const, t > 0,

u|t=0 = 0, 0 6 x 6 l.

2. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
− 6u =

∂2u

∂x2
+ 2t(1− 3t)− 6x+ cos x cos(2x), 0 < x <

π

2
,

∂u

∂x

∣∣∣∣
x=0

= 1, u
∣∣
x=

π
2
= t2 +

π

2
, t > 0,

u|t=0 = x, 0 6 x 6 π

2
.

3. Ðåøèòü ñìåøàííóþ çàäà÷ó
∂u

∂t
− u =

∂2u

∂x2
+ x(1− t) + sin(2x), 0 < x < π, t > 0,

u|x=0 = 0, u|x=π = πt, t > 0,

u|t=0 = 2 sin x, 0 6 x 6 π.
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Âàðèàíò 4

1. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
= a2

∂2u

∂x2
, 0 < x < l, t > 0,

∂u

∂x

∣∣∣∣
x=0

= −q, u|x=l = 0, q = const, t > 0,

u|t=0 = 0, 0 6 x 6 l.

2. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
− u =

∂2u

∂x2
+ xt(2− t) + cos t, 0 < x < π, t > 0,

∂u

∂x

∣∣∣∣
x=0

= t2,
∂u

∂x

∣∣∣∣
x=π

= t2, t > 0,

u|t=0 = 2 cos(2x), 0 6 x 6 π.

3. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
− 4u =

∂2u

∂x2
+ 2xt(1− 2t) + 2 sin(2x) cos x, 0 < x <

π

2
,

u|x=0 = 0,
∂u

∂x

∣∣∣∣
x=

π
2

= t2, t > 0,

u|t=0 = 0, 0 6 x 6 π

2
.
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3.7. Òðåíèðîâî÷íûé âàðèàíò êîíòðîëüíîé ðàáîòû � 4

1. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
+ (t2 + 1) J0(µnx), µn � ïîëîæèòåëüíûé

êîðåíü óðàâíåíèÿ J0(µ) = 0, 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1.

2. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
− 2 cos(2t) =

∂2u

∂x2
+

1

x

∂u

∂x
, 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 =
J0(2x)

2J0(2)
− 1

2
+ J0(µnx), µn � ïîëîæèòåëüíûé

êîðåíü óðàâíåíèÿ J0(µ) = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1.

3. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
=
∂2u

∂x2
+

1

x

∂u

∂x
− u

x2
+ sin tJ1(µnx), µn � ïîëîæèòåëüíûé

êîðåíü óðàâíåíèÿ J0(µ) = 0, 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 = 0, 0 6 x 6 1.
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3.8. Ïðèìåðíûå âàðèàíòû êîíòðîëüíîé ðàáîòû � 4

Âàðèàíò 1

1. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
+ (2t2 + t+ 1)J0(µ1x), µ1 � ïîëîæè-

òåëüíûé êîðåíü óðàâíåíèÿ J0(µ) = 0, 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1.

2. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
− 2 cos t, 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 = 2− 2J0(x)

J0(1)
+ 4J0(µ1x), µ1 � ïîëîæèòåëüíûé

êîðåíü óðàâíåíèÿ J0(µ) = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1.

3. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
=
∂2u

∂x2
+

1

x

∂u

∂x
− u

x2
+ (sin t+ cos t)J1(µ1x), µ1 � ïîëîæè-

òåëüíûé êîðåíü óðàâíåíèÿ J1(µ) = 0, 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 = 0, 0 6 x 6 1.
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Âàðèàíò 2

1. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
+ (t2 + t+ 2)J0(µ2x), µ2 � ïîëîæè-

òåëüíûé êîðåíü óðàâíåíèÿ J0(µ) = 0, 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1.

2. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
+ cos(3t), 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 =
J0(3x)

9J0(3)
− 1

9
+ 2J0(µ2x), µ2 � ïîëîæèòåëüíûé

êîðåíü óðàâíåíèÿ J0(µ) = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1.

3. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
=
∂2u

∂x2
+

1

x

∂u

∂x
− u

x2
+ (2 sin t+ cos t)J1(µ2x), µ2 � ïîëîæè-

òåëüíûé êîðåíü óðàâíåíèÿ J1(µ) = 0, 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 = 0, 0 6 x 6 1.
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Âàðèàíò 3

1. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
+ (2t2 + 2t+ 1)J0(µ3x), µ3 � ïîëîæè-

òåëüíûé êîðåíü óðàâíåíèÿ J0(µ) = 0, 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1.

2. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
+ 3 sin(2t), 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

=
3J0(2x)

2J0(2)
− 3

2
+ 2J0(µ3x), 0 6 x 6 1,

µ3 � ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ J0(µ) = 0.

3. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
=
∂2u

∂x2
+

1

x

∂u

∂x
− u

x2
+ (sin t+ 2 cos t)J1(µ3x), µ3 � ïîëîæè-

òåëüíûé êîðåíü óðàâíåíèÿ J1(µ) = 0, 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 = 0, 0 6 x 6 1.
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Âàðèàíò 4

1. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
+ (t2 + 2t+ 2)J0(µ4x), µ4 � ïîëîæè-

òåëüíûé êîðåíü óðàâíåíèÿ J0(µ) = 0, 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, 0 6 x 6 1.

2. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂2u

∂t2
=
∂2u

∂x2
+

1

x

∂u

∂x
− sin(4t), 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

=
1

4
− J0(4x)

4J0(4)
+ 4J0(µ4x), 0 6 x 6 1,

µ4 � ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ J0(µ) = 0.

3. Ðåøèòü ñìåøàííóþ çàäà÷ó

∂u

∂t
=
∂2u

∂x2
+

1

x

∂u

∂x
− u

x2
+ (2 sin t+ 3 cos t)J1(µ4x), µ4 � ïîëîæè-

òåëüíûé êîðåíü óðàâíåíèÿ J1(µ) = 0, 0 6 x < 1, t > 0,∣∣u|x=0

∣∣ <∞, u|x=1 = 0, t > 0,

u|t=0 = 0, 0 6 x 6 1.
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3.9. Òðåíèðîâî÷íûé âàðèàíò êîíòðîëüíîé ðàáîòû � 5

1. Ðåøèòü êðàåâóþ çàäà÷ó

∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x < a, 0 < y < b,

u|x=0 = sin
3πy

b
+ sin

4πy

b
, u|x=a = 0, 0 6 y 6 b,

u|y=0 = 0, u|y=b = sin
πx

a
+ sin

5πx

a
, 0 6 x 6 a.

2. Ðåøèòü êðàåâóþ çàäà÷ó
∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
= 0, a < r < b, 0 6 φ 6 2π,

u|r=a = A cosφ, u|r=b = B sin 2φ, 0 6 φ 6 2π.

3. Ðåøèòü êðàåâóþ çàäà÷ó

∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
= 0, 0 6 r < l, 0 < z < h,

∂u

∂z

∣∣∣∣
z=0

= −q, u|z=h = 0, 0 6 r 6 l,∣∣u|r=0

∣∣ <∞, u|r=l = 0, 0 6 z 6 h.

4. Ðåøèòü êðàåâóþ çàäà÷ó
∆u = 0, 1 < r < 2, 0 6 θ 6 π, 0 6 φ 6 2π,

u|r=1 = sin θ sinφ (5 + 6 cos θ),
∂u

∂r

∣∣∣∣
r=2

= 12 sin 2θ sinφ.
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3.10. Ïðèìåðíûå âàðèàíòû êîíòðîëüíîé ðàáîòû � 5

Âàðèàíò 1

1. Ðåøèòü êðàåâóþ çàäà÷ó

∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x < a, 0 < y < b,

u|x=0 = sin
πy

b
+ sin

6πy

b
, u|x=a = 0, 0 6 y 6 b,

u|y=0 = sin
2πx

a
, u|y=b = 0, 0 6 x 6 a.

2. Ðåøèòü êðàåâóþ çàäà÷ó
∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
= 0, 0 6 r < a, 0 6 φ 6 2π,(

u− ∂u

∂r

)∣∣∣∣
r=a

= A sin2 φ, A = const, 0 6 φ 6 2π.

3. Ðåøèòü êðàåâóþ çàäà÷ó

∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
= 0, 0 6 r < l, 0 < z < h,∣∣u|r=0

∣∣ <∞, u|r=l = 0, 0 6 z 6 h,

u|z=0 = 0,
∂u

∂z

∣∣∣∣
z=h

= q, q = const, 0 6 r 6 l.

4. Ðåøèòü êðàåâóþ çàäà÷ó{
∆u = 0, 1 < r < 2, 0 6 θ 6 π, 0 6 φ 6 2π,

u|r=1 = 2 cos 2φ sin2 θ, u|r=2 = 2 cosφ sin θ.

Âàðèàíò 2

1. Ðåøèòü êðàåâóþ çàäà÷ó

∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x < a, 0 < y < b,

u|x=0 = 0, u|x=a = sin
2πy

b
, 0 6 y 6 b,

u|y=0 = sin
7πx

a
, u|y=b = 0, 0 6 x 6 a.
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2. Ðåøèòü êðàåâóþ çàäà÷ó
∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
= 0, r > a, 0 6 φ 6 2π,

∂u

∂r

∣∣∣∣
r=a

= A cos 2φ, A = const, 0 6 φ 6 2π.

3. Ðåøèòü êðàåâóþ çàäà÷ó

∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
= 0, 0 6 r < l, 0 < z < h,∣∣u|r=0

∣∣ <∞, u|r=l = 0, 0 6 z 6 h,

∂u

∂z

∣∣∣∣
z=0

= 0, u|z=h = u0, u0 = const, 0 6 r 6 l.

4. Ðåøèòü êðàåâóþ çàäà÷ó{
∆u = 0, 1 < r < 2, 0 6 θ 6 π, 0 6 φ 6 2π,

u|r=1 = 3 cosφ sin θ, u|r=2 = 2 cos 2φ sin2 θ.

Âàðèàíò 3

1. Ðåøèòü êðàåâóþ çàäà÷ó

∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x < a, 0 < y < b,

u|x=0 = sin
3πy

b
, u|x=a = 0, 0 6 y 6 b,

u|y=0 = sin
2πx

a
+ sin

5πx

a
, u|y=b = 0, 0 6 x 6 a.

2. Ðåøèòü êðàåâóþ çàäà÷ó
∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
= 0, 1 < r < 2, 0 6 φ 6 2π,

∂u

∂r

∣∣∣∣
r=1

= A cosφ, u|r=2 = 1 + B sin 2φ, A,B = const.
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3. Ðåøèòü êðàåâóþ çàäà÷ó

∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
= 0, 0 6 r < l, 0 < z < h,∣∣u|r=0

∣∣ <∞, u|r=l = 0, 0 6 z 6 h,

∂u

∂z

∣∣∣∣
z=0

= −q, ∂u

∂z

∣∣∣∣
z=h

= 0, q = const, 0 6 r 6 l.

4. Ðåøèòü êðàåâóþ çàäà÷ó{
∆u = 0, r > 1, 0 6 θ 6 π, 0 6 φ 6 2π,

u|r=1 = sin θ (sinφ+ sin θ).

Âàðèàíò 4

1. Ðåøèòü êðàåâóþ çàäà÷ó

∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x < a, 0 < y < b,

u|x=0 = 0, u|x=a = sin
πy

b
+ sin

4πy

b
, 0 6 y 6 b,

u|y=0 = sin
3πx

a
+ sin

7πx

a
, u|y=b = 0, 0 6 x 6 a.

2. Ðåøèòü êðàåâóþ çàäà÷ó
∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
= 0, 1 < r < 2, 0 6 φ 6 2π,

u|r=1 = A, u|r=2 = B sin 2φ, A,B = const, 0 6 φ 6 2π.

3. Ðåøèòü êðàåâóþ çàäà÷ó

∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
= 0, 0 6 r < l, 0 < z < h,∣∣u|r=0

∣∣ <∞, u|r=l = 0, 0 6 z 6 h,

∂u

∂z

∣∣∣∣
z=0

= 0,
∂u

∂z

∣∣∣∣
z=h

= q, q = const, 0 6 r 6 l.

4. Ðåøèòü êðàåâóþ çàäà÷ó{
∆u = 0, 0 6 r < 1, 0 6 θ 6 π, 0 6 φ 6 2π,

u|r=1 = sin θ (sin θ + cosφ cos θ).
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3.11. Âîïðîñû ê ýêçàìåíó

1.Êëàññèôèêàöèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ äâó-
ìÿ íåçàâèñèìûìè ïåðåìåííûìè.

2. Òåîðåìà î õàðàêòåðèñòèêàõ. Ïðèâåäåíèå äèôôåðåíöèàëüíûõ óðàâíå-
íèé âòîðîãî ïîðÿäêà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè ê êàíîíè÷åñêîé
ôîðìå.

3. Êëàññèôèêàöèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñî
ìíîãèìè íåçàâèñèìûìè ïåðåìåííûìè.

4. Ïîñòàíîâêè çàäà÷ äëÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà.

5. Ìåòîä Äàëàìáåðà.

6.Êîððåêòíîñòü çàäà÷è Êîøè äëÿ óðàâíåíèÿ êîëåáàíèé ñòðóíû. Òåîðåìà
î íåïðåðûâíîé çàâèñèìîñòè ðåøåíèÿ çàäà÷è Êîøè îò íà÷àëüíûõ ôóíêöèé.

7. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ îäíîðîäíîãî óðàâíåíèÿ êîëåáàíèé
ñòðóíû. Ôèçè÷åñêàÿ èíòåðïðåòàöèÿ ðåøåíèÿ.

8. Äîñòàòî÷íûé ïðèçíàê ñóùåñòâîâàíèÿ êëàññè÷åñêîãî ðåøåíèÿ ñìåøàí-
íîé çàäà÷è ïî ìåòîäó Ôóðüå.

9. Ïîíÿòèå îáîáùåííîãî ðåøåíèÿ.

10. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ íåîäíîðîäíîãî óðàâíåíèÿ êîëå-
áàíèé ñòðóíû. Îáùèé ñëó÷àé íåîäíîðîäíîé ñìåøàííîé çàäà÷è.

11. Ñâîéñòâà ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé çàäà÷è
Øòóðìà � Ëèóâèëëÿ äëÿ óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ ïåðåìåííûìè êîýô-
ôèöèåíòàìè.

12. Îáùàÿ ñõåìà ìåòîäà Ôóðüå äëÿ óðàâíåíèÿ êîëåáàíèé ñòðóíû ñ ïå-
ðåìåííûìè êîýôôèöèåíòàìè.

13. Åäèíñòâåííîñòü ðåøåíèÿ ñìåøàííîé çàäà÷è äëÿ óðàâíåíèÿ êîëåáà-
íèé ñòðóíû.

14. Êîëåáàíèÿ ïðÿìîóãîëüíîé ìåìáðàíû.

15. Âûâîä óðàâíåíèÿ òåïëîïðîâîäíîñòè.

16. Ïîñòàíîâêè çàäà÷ äëÿ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà.

17. Ïðèíöèï ìàêñèìóìà äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè.

18. Ñëåäñòâèÿ èç ïðèíöèïà ìàêñèìóìà äëÿ óðàâíåíèÿ òåïëîïðîâîäíî-
ñòè.

19. Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîä-
íîñòè.
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20. Ìåòîä Ôóðüå äëÿ îäíîðîäíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè. Ôèçè-
÷åñêàÿ èíòåðïðåòàöèÿ ðåøåíèÿ.

21. Ìåòîä Ôóðüå äëÿ íåîäíîðîäíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè. Îá-
ùèé ñëó÷àé íåîäíîðîäíîé ñìåøàííîé çàäà÷è.

22. Ãðàíè÷íûå óñëîâèÿ òðåòüåãî ðîäà äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè.

23. Ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè.

24. Îñîáûé ñëó÷àé ïîñòàíîâêè çàäà÷è Øòóðìà � Ëèóâèëëÿ.

25. Öèëèíäðè÷åñêèå ôóíêöèè Áåññåëÿ.

26. Ðàñïðåäåëåíèå òåïëà â áåñêîíå÷íîì êðóãîâîì öèëèíäðå.

27. Ñîáñòâåííûå êîëåáàíèÿ êðóãëîé ìåìáðàíû.

28. Ìíîãî÷ëåíû Ëåæàíäðà.

29. Ïðèñîåäèíåííûå ôóíêöèè Ëåæàíäðà.

30. Ïðèìåíåíèå ìíîãî÷ëåíîâ Ëåæàíäðà ïðè ðåøåíèè ñìåøàííûõ çàäà÷.

31. Ìíîãî÷ëåíû ×åáûøåâà � Ýðìèòà.

32. Óðàâíåíèå Øðåäèíãåðà.

33. Ïîñòàíîâêè êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà.

34. Êîððåêòíîñòü çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà.

35. Ôóíäàìåíòàëüíûå ðåøåíèÿ óðàâíåíèÿ Ëàïëàñà.

36. Ðåøåíèå çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â ïðÿìîóãîëüíèêå.

37. Ìåòîä ðàçäåëåíèå ïåðåìåííûõ äëÿ êðóãîâûõ îáëàñòåé.

38. Èíòåãðàë Ïóàññîíà äëÿ êðóãà.

39. Ñòàöèîíàðíîå ðàñïðåäåëåíèå òåïëà â öèëèíäðå êîíå÷íûõ ðàçìåðîâ.

40. Ñôåðè÷åñêèå ôóíêöèè. Îðòîãîíàëüíîñòü ñôåðè÷åñêèõ ôóíêöèé.

41. Ðåøåíèå êðàåâûõ çàäà÷ äëÿ øàðîâûõ îáëàñòåé.

42. Óðàâíåíèå Ãåëüìãîëüöà. Ñâÿçü óðàâíåíèÿ Ãåëüìãîëüöà ñ óðàâíåíèÿ-
ìè ãèïåðáîëè÷åñêîãî è ïàðàáîëè÷åñêîãî òèïîâ.

43. Ôóíäàìåíòàëüíûå ðåøåíèÿ óðàâíåíèÿ Ãåëüìãîëüöà.

44. Ïðèíöèï ìàêñèìóìà äëÿ óðàâíåíèÿ Ãåëüìãîëüöà. Åäèíñòâåííîñòü
ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ãåëüìãîëüöà.

45. Îñîáåííîñòè ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ Ãåëüìãîëüöà.

46. Ìåòîä Ôóðüå äëÿ óðàâíåíèÿ Ãåëüìãîëüöà â ïîëÿðíûõ êîîðäèíàòàõ.
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47. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ óðàâíåíèÿ Ãåëüìãîëüöà â ñôåðè-
÷åñêèõ êîîðäèíàòàõ.

48. Îáúåìíûé ïîòåíöèàë. Íåïðåðûâíîñòü îáúåìíîãî ïîòåíöèàëà.

49. Ñâîéñòâà îáúåìíîãî ïîòåíöèàëà.

50. Ïîâåðõíîñòíûé ïîòåíöèàë ïðîñòîãî ñëîÿ è åãî ñâîéñòâà.

51. Ïîâåðõíîñòíûé ïîòåíöèàë äâîéíîãî ñëîÿ è åãî ñâîéñòâà.

52. Ïåðâàÿ è âòîðàÿ ôîðìóëû Ãðèíà.

53. Îñíîâíîå èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ãàðìîíè÷åñêèõ ôóíêöèé.

54. Ñâîéñòâà ãàðìîíè÷åñêèõ ôóíêöèé.

55. Ðåøåíèå êðàåâûõ çàäà÷ ìåòîäîì ôóíêöèé Ãðèíà.
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4. ÂÑÏÎÌÎÃÀÒÅËÜÍÛÉ ÐÀÇÄÅË

4.1. Ðåêîìåíäóåìàÿ ëèòåðàòóðà

Îñíîâíàÿ ëèòåðàòóðà

1. Åãîðîâ, À.À. Ìåòîä Ôóðüå ðåøåíèÿ ñìåøàííûõ çàäà÷ äëÿ íåîäíîðîä-
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ÁÃÓ, Ôèçè÷åñêèé ôàê., Êàô. âûñøåé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ôèçèêè.
� Ìèíñê: ÁÃÓ, 2021. � 58 ñ. � URL: https://elib.bsu.by/handle/123456789/
268377.

2. Åìåëüÿíîâ, Â.Ì. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. Ïðàêòèêóì ïî
ðåøåíèþ çàäà÷ : ó÷åáíîå ïîñîáèå äëÿ ñòóä. âûñøèõ ó÷åáíûõ çàâåäåíèé, îáó÷.
ïî íàïðàâëåíèÿì ïîäãîòîâêè ¾Òåõíè÷åñêàÿ ôèçèêà¿ è ¾Ïðèêëàäíàÿ ìåõàíè-
êà¿ / Â.Ì.Åìåëüÿíîâ, Å.À. Ðûáàêèíà. � Èçä. 4-å, ñòåð. � Ñàíêò-Ïåòåðáóðã;
Ìîñêâà ; Êðàñíîäàð : Ëàíü, 2024. � 213 ñ. � URL: https://e.lanbook.com/
book/390614.

3. Êàð÷åâñêèé, Ì.Ì. Ëåêöèè ïî óðàâíåíèÿì ìàòåìàòè÷åñêîé ôèçèêè :
ó÷åáíîå ïîñîáèå [äëÿ âóçîâ] / Ì.Ì.Êàð÷åâñêèé. � Ñàíêò-Ïåòåðáóðã; Ìîñêâà;
Êðàñíîäàð : Ëàíü, 2022. � 163 ñ. � URL: https://e.lanbook.com/book/321200.

4. Êîðçþê, Â.È. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè : ó÷åáíîå ïîñîáèå
äëÿ ñòóäåíòîâ âûñøèõ ó÷åáíûõ çàâåäåíèé ïî ìàòåìàòè÷åñêèì ñïåöèàëüíî-
ñòÿì / Â.È.Êîðçþê. � Èçä. 2-å, èñïð. è äîï. � Ìîñêâà : URSS : ËÅÍÀÍÄ,
2021. � 479 ñ.

5. Ïàëèí, Â.Â. Ìåòîäû ìàòåìàòè÷åñêîé ôèçèêè. Ëåêöèîííûé êóðñ :
ó÷åáíîå ïîñîáèå äëÿ âóçîâ, äëÿ ñòóäåíòîâ âûñøèõ ó÷åáíûõ çàâåäåíèé, îáó÷à-
þùèõñÿ ïî åñòåñòâåííîíàó÷íûì íàïðàâëåíèÿì / Â.Â.Ïàëèí, Å.Â. Ðàäêåâè÷ ;
ÌÃÓ èì. Ì.Â.Ëîìîíîñîâà. � 2-å èçä., èñïð. è äîï. � Ìîñêâà : Þðàéò, 2021.
� 222 ñ.

Äîïîëíèòåëüíàÿ ëèòåðàòóðà

1. Áóäàê, Á.Ì. Ñáîðíèê çàäà÷ ïî ìàòåìàòè÷åñêîé ôèçèêå / Á.Ì.Áóäàê,
À.À.Ñàìàðñêèé, À.Í.Òèõîíîâ. � Ì.: Ôèçìàòëèò, 2003. � 688 c.

2. Àðñåíèí, Â.ß. Ìåòîäû ìàòåìàòè÷åñêîé ôèçèêè è ñïåöèàëüíûå ôóíê-
öèè / Â.ß.Àðñåíèí. � Ì.: Íàóêà, 1984. � 367 c.

3. Êîøëÿêîâ, Í.Ñ. Îñíîâíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ìàòåìàòè-
÷åñêîé ôèçèêè / Í.Ñ.Êîøëÿêîâ, Ý.Á. Ãëèíåð, Ì.Ì.Ñìèðíîâ. � Ì.: Ôèç-
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ìàòãèç, 1962. � 767 c.

4. Êóðàíò Ð. Ìåòîäû ìàòåìàòè÷åñêîé ôèçèêè / Ð.Êóðàíò, Ä. Ãèëüáåðò.
� Ì.-Ë.: Ãîñòåõèçäàò. � 1951.

5. Ñîáîëåâ, Ñ.Ë. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè / Ñ.Ë.Ñîáîëåâ. �
Ì.: Íàóêà, 1966. � 474 c.

6. Âëàäèìèðîâ, Â.Ñ. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè / Â.Ñ.Âëàäè-
ìèðîâ. � Ì.: Íàóêà, 1981. � 435 c.
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Â.Á.Óâàðîâ. � Ì.: Íàóêà, 1974. � 470 c.
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119 ñ.
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12. Ëåáåäåâ, Í.Í. Ñïåöèàëüíûå ôóíêöèè è èõ ïðèëîæåíèÿ / Í.Í.Ëåáå-
äåâ. � ÑÏá.: Ëàíü, 2010. � 358 c.
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2006. � 245 c.
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¾Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè¿
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123456789/322321. � Äàòà ïóáëèêàöèè: 15-èþë-2024.
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