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MHNOSICHUTEJBHASA 3AIINCKA

Hacrosmuii  37eKkTpoHHBIN  yueOHO-MeToandeckuid  komiuieke (DYMK)
pa3paboTaH B COOTBETCTBHUU C OOpa30BaTENIbHbIM CTAHJIAPTOM TEPBOW CTYIEHU
BbICIIEr0 oOpa3oBaHus sl crenranbHocTH  6-05-0533-06 «Marematuka» u
npeaHa3HayeH JUisi MH()OPMAIMOHHO-METOAMYECKOT0 00€CleueHus MpernojaBaHus
TUCHUIUIMHBL  «AHanumuyeckas  ceomempusi»» s CTYIEHTOB  JIaHHOM
CHEIUATBHOCTH.

OVYMK Bxitogaet B ceds pa3zaensl: «lloscHuTenbHas 3anuckay, « TeopeTuaeckuii
paznen» (kpaTkuil kKypc Jekiui), «l[Ilpaktuueckuii pazgen» (Marepuaibl K
7a00paTOpPHBIM 3aHATUSIM), «Pa3zien KOHTpoJid 3HaHWi» U «BcnomorarenbHbIN
pazzen».

«IlosicHUTENTbHAS 3aMMMCKaY COMEPKUT aHHOTAIMIO M KPaTKyr0 nH(popMainoo oo
OVMK. «Teopernueckuil paszznen» MNpeacTaBisieT cOOOM KpaTKHM Kype JEKLHH,
OXBAaTHIBAIOIIMKA Bce paszjenbl yuyeOHou mporpammbl. B «IIpakTudeckom pazmerne»
coJiep KaTcsl MaTepHalIbl K JJA0OPATOPHBIM 3aHATHSAM (3a/1a4u ¢ pa30MBKOM 1O TeMaMm)
¥ COOTBETCTBYIOIINE 3aJaHUS 111 CAMOCTOSITEIbHON PabOTHI.

B «Pa3nene KOHTpOJIsi 3HAHUID MIPEACTABICHBI TPUMEPHBIE BAPUAHTHI 3a/1aHUM
M0 YIIPaBJISIEMO CaMOCTOSTEILHON paboTe CTYACHTOB, a TAakXKe MPUMEPHbBIC 3a/1a4u
JUTSL KOHTPOJIBHOM paboThl. « BcrmomoraTenbHbIi pa3aen» COAEPKUT PEKOMEHIYEMYIO
0 KypCy JIUTEPaTypy U JIEKTPOHHBIE PECYPCHI.

«Ananumuuecxkas eeomempusi» TPATUIUOHHO SIBISETCS OJHOM W3 OCHOBHBIX
JTUCLUIUINH, KOTOPbIE U3Yy4aroTCs CTYJICHTaMH-MaTeMaTUKaMu B Hadajle OOy4eHHS B
yHuBepcutere. [loHATHSS W OCHOBHBIE (haKThl JUCHUIUIMHBI «AHanumuyeckas
2eomMempus» UCTONb3YIOTCS MPU U3YUYEHUH MHOTMX MaTEeMaTUYECKUX IUCIMIUIMH, B
NEPBYIO OYepelb TaKuX, Kak «/Jugpepenyuanvras 2ceomempus u monoiocusy,
«/lughgepenyuanvnvie ypasnenus», «Aneebpa u meopus uucen», «Mamemamuyeckuil
ananu3y». Bce 9T0 ompenenseT BaXKHOCTh YYeOHOW TUCIUIIIUHBI «AHanumuieckas
ceomempus» B Y4EOHOM TIpollecce, a TakkKe OOYyCIIaBIMBaeT HEOOXOJIMMOCTh
CBOEBPEMEHHOTO BHECEHUS U3MEHEHUH U JOMOJHEHHI B €€ COACPIKAHUE.

['maBHBIMU 00pazosamebHbIMU yenamu yueOHOU JUCLUTUINHBI
«Ananumuuecxkas 2eomempusty> ABIASIOTCS:

¢ yr1yOJeHHOE M3y4YeHHe (UTyp MepBOro M BTOPOrO MOPSAJKOB B TPEXMEPHOM
€BKJIMJIOBOM ITPOCTPAHCTBE M HA €BKJIUOBOM MJIOCKOCTH;

® OCBOEHHE HOBBIX MO CPABHEHUIO C JIEMEHTAPHOU reOMETpHel MPOCTPAHCTB:
MHOTOMEPHBIX €BKIUAOBBIX U ap(UHHBIX U W3y4deHUE (PUTYp MEPBOTO U BTOPOTO
MOPSIIKOB B 3TUX MPOCTPAHCTBAX;

e wu3ydeHrne apuHHBIX mpeoOpa3oBaHUd U JBWKEHUNA B apPUHHBIX U
€BKJIMJIOBBIX POCTPAHCTBAX;

® OBJIaJICHUE OCHOBHBIM METOJOM HCCIIEJIOBaHUS B aHAJIUTUYECKOU
reOMETPUN — METOJIOM KOOPIUHAT;

e TpuOOpeTeHHE CTYJACHTaMU JOCTATOYHOro oObemMa 3HAHUM, HAaBBIKOB U
yMEHUH B 00JIaCTH aHATMTHYECKOW T€OMETPUH TSl X UCTIOJIB30BAHUS TIPU U3yUCHUH
JIPYTUX MaTEeMaTHUYECKUX JTUCIIUTLIINH.

Pazeusarowas yenv: GhopMupoBaHHE Y CTYJIEHTOB OCHOB MAaTE€MaTHYECKOTO
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MBIIIICHUS, CIOCOOHOCTH MPUMEHSATh T€OMETPUIYECKHNE METOJIbI MPU MOCTAHOBKE H
PELIEHUH TEOPETUYECKUX U MPUKIATHBIX MATEMATUYECKUX 3a/a4.

JI71st TOCTHKEHUS ATHX LEJIeH pelaroTcs CIeayone 3a0auu:

e Ormpenensercda  MOHATHE  TEOMETPUYECKOIO  BEKTOpAa KAk  Kjacca
HKBUBAJICHTHBIX HAIPaBICHHBIX OTpE3KOB. M3maraercs BekTopHas anrelpa,
UCIIONb3yeMasi B JAJbHEWIIEM KAaK OCHOBHOM HMHCTPYMEHT HOCTPOCHUS
AHAJIMTUYECKOU Ir€OMETPUN;

e Bcecroponne wusydaroTcsi (GUTYpsl [EpPBOTO W BTOPOTO  MOPSAKOB,
SBJIAIOIINECS OCHOBHBIMUA OOBEKTaMU MCCIIEIOBAHUS B AHAIUTUYECKON T€OMETPUH;

e BBOJsTCS OCHOBHBIE THUIIBI T€OMETPUUECKUX PEOOPa30BaHUN U MPOBOJAUTCS
uJes PaCCMOTPEHUS PA3JIMYHBIX TEOMETPUIN KaK COBOKYITHOCTH UHBAPUAHTOB TOW WU
WHOM TPYIIIHI TPe0Opa30BaHUM.

B nHavane u3ydeHus IUCUUIUIMHBI C LIEJBIO COXPAHEHUs MPEEMCTBEHHOCTH CO
IIKOJIbHOM T€OMETPUEN PACCMOTPEHHUE OTPAaHUYMBAETCS TPEXMEPHBIM E€BKJIMIOBBIM
IIPOCTPAHCTBOM E°. [Ipu 3TOM BEKTOPHI B TPEXMEPHOM EBKJIMAOBOM IPOCTPAHCTBE E*
, IPSIMBIE Ha €BKJIMJIOBOM IUIOCKOCTH E’, TIJIOCKOCTH M IPSAMBIE B IIPOCTPAHCTBE E°
M3y4alOTCsl BCECTOPOHHE C TOYKH 3pCHHUS BBICHIEH MaTEMAaTUKU. 3aTeM
paccMaTpHuBarOTCs PUIypbl BTOPOIO MOPsI/IKA HA TUIOCKOCTU E® ¥ B IPOCTPAHCTBE E°.

Jlanee paccmarpuBaroTcs ad@uHHBIE MPEe0OPa30BAHMS U ABUKEHUS MIIOCKOCTH
E’ ¥ IPOCTpaHCTBA E® IMIMPOKO MCIIONb3YyEMbIE B HACTOSALIEE BpEMS B PA3IHYHBIX

rpaduueckux nporpaMMax KOMIbIOTEPHON T€OMETPHUH.

3aKIrounTeNbHAS YACTh JUCUUIUIUHBI «AHanumuieckas 2eomempusiy NOCBSIIEHA
MHOTOMEPHBIM a(p(UHHBIM ¥ EBKIHUIOBBIM MpOoCcTpaHcTBaM. Onpenensrorcs u
U3y4yarTcsl (GUTYphl MEPBOTO M BTOPOTO MOPSIKOB B BEIIECTBEHHBIX aPUHHBIX U
€BKJIUJIOBBIX MPOCTPAHCTBAX; appuHHBIE MpeoOpa3oBaHUs U ABMKEHUS; apPuHHAS U
€BKJIUJIOBA T€OMETPHSI.

B teuenue Bcero nponecca 00ydyeHHsI IPOUCXOAUT CUCTEMATUUECKOE U3YUEHHE
reOMETPUUECKUX MpeoOpa3oBaHUil, MPOBEICHUE TECOPETUKO-TPYIIOBOrO B3TJsAa Ha
I€OMETPHUIO.

VYyebHas nucUUIUTUHA «AHaAnUumMu4eckas 2eomempus» OTHOCUTCS K MOOYVIO
«Aneebpa u 2ceomempusy 1rocynapcTBEHHOTO KOMIIOHEHTA.

N3yuenne MUCHUIUTUHBI «AHarumuyeckas ceomempus» B T€YCHUE BCETO CPOKa
OOy4YEHHS TTPOXOJUT BO 83AUMOCE53U C U3YHAEMBIMH TApAIUIEIbHO JTUCIUILTMHAMU:
«Bseoenue 6 cneyuanbHocmvy», «Ancedbpa u meopus uucen», «Mamemamuueckuu
AHATU3Y.

B cootBeTcTBUM ¢ 00pa3oBaTeNbHBIM CTaHAAPTOM B pe3yJbTaTe HU3YUYEHUS
JTVCHUTIUIMHBI 00yUYarOIIUNCS TOJKEH:

3HATh:

—BEKTOPBI B E°, Ollepaluy HaJl BEKTOpamu,

—3JITUTICH, TUIIEPOOIIBI, MapadoJIbl, AIUTUIICOUIBI, TUIIEPOOION/IBI, TapadOIOU/IHI,
WX KAaHOHMYECKUE YPABHECHHS M CBOMCTBA,

—MoHATHS N-MepHOTO apGUHHOTO U EBKIUJOBA MPOCTPAHCTB; addUHHBIC
penepsl U KOOPJAUHATHI TOYEK; K-MEPHBIE TJIOCKOCTH U (DUTYpHI BTOPOTO TOPSJIKA,
TPYNIBI TEOMETPUUECKHUX MTPe0oOpa30BaHUIA;
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yMeTh:

—BBINOJIHSATH ONEpaIMU Ha/l BEKTOPAMU; 3alMUCHIBATH OOIIKE U MapaMeTPUIECKUE
YPaBHEHUS IUIOCKOCTEW B Pa3MYHBIX MPOCTPAHCTBAX, ONPEACISATh MX B3aUMHOE
PacCION0KEHUE; HAXOAUTh PACCTOSIHUS MEKY TIIIOCKOCTSIMH;

—10 00IIeMy ypaBHEHHUIO (PUTYPBI BTOPOTO MOpsiKa B E? U E* onpenensaTh ee
THII, pa3MEPBbI, PACIIOJI0KEHHE OTHOCUTEIBHO CUCTEMBI KOOPAMHAT; IPUBOIUTH O0IIEee
ypaBHEHUE (QUTypbl BTOPOTO MOpsaka B apPUHHOM MPOCTpaHCTBE K HOPMAIBHOMY
BUJLY,;

BJIA/IeTh:

—METOJIOM KOOpAMHAT IPU pEUICHUU OCHOBHBIX 33Jlad AHAIUTUYECKON
TE€OMETPUH.

JucuunnuHa uzydaercs B 1 u 2 cemecTpax 04HOM (OPMBI MOTYIESHUS BBICIIETO
oOpa3oBaHus. Bcero Ha wu3yuyeHue ydeOHOW AMCHUUIUIMHBI «AHarumuueckas
eeomempus» otBesieHo 240 yacos, B ToM uncie 140 aymuToOpHBIX YaCOB, U3 HHUX:

- B 1 cemectpe — 72 ayAMTOPHBIX Yaca, U3 HUX: JIEKIMH - 36 4acoB, JJabOpaTOpHbIE
3aHATusA — 30 yacos, ynpasisemMasl caMOCTOsSTeNbHas paboTa — 6 4acos;

- BO 2 cemecTpe 68 ayTuTOPHBIX YacoOB, U3 HUX: JIEKIIUU - 34 yaca, TabopaTopHbIe
3aHATusA — 30 yacos, ynpasisiemMasl caMOCTOsITeNIbHas paboTta — 4 Jaca.

TpynoeMkocTh yueOHON AUCIUIUIMHBI COCTABISAET 6 3aUE€THBIX EAUHULL.

®opmMa NpOMEKYTOUYHOM aTTeCTAllMU — 3a4€T U DK3aMEH — | cemecTp, dK3aMeH —
2 ceMecTp.



1. TEOPETUYECKHWMA PA3IEJI

1.1. BBEAEHUE

O6menpu3HaHo 0co00€ MOJIOKEHHE MAaTEeMAaTHUKU CPEelU JPYTUX HayK, KOTOpPOe
3aKJII0YAETCsl B CTPOTOCTHU €€ ONpeIeNIeHU U MOCTPOCHUI, a0COIIOTHOM UCTUHHOCTH
MaTeMaTUYECKNX YTBEPKICHUM — HMMEHHO OTO IPUBJIEKAET K IOCTHKEHUIO
MaTeMaTUKU MHOTUX Jrojei. CTporocTb MaTeMaTUYECKOM HAayKH JOCTUTAETCS TEM,
YTO TEOPEMbI TOM WJIM WHOW 00JIacCTU MaTEMaTUKH BBIBOJSTCS (JI0KAa3bIBAIOTCS) 1O
ONPEIEICHHBIM JIOTUYECKHMM 33aKOHAM M3 HEKOTOPBIX CPaBHUTEIBHO HPOCTHIX
YTBEPXKACHU, KOTOpPBIE B ATOW 00JACTH CUMTAIOTCS UCTUHHBIMH, T.€. U3 akcuom. B
HauOOJIbIIIEH CTETIEHU 3TO OTHOCUTCS K TEOMETPHUH, U3JI0KeHHEe KoTopoi B "Havanax"
Esximmpa (II1 B. 10 H.3.) OBLIO MEPBBIM B MCTOPUH YEJIOBEUECTBA AaKCHOMATHICCKUM
noctpoeHueM HayyHoit Teopun. Coaepsxkanue "Havan" 1o cux mop ocraercs OCHOBOM
IIKOJIBHOM 3JIEMEHTApHOU reoMeTrpur. [IIOCKOCTh M POCTPAHCTBO, TAE Pa3BUBACTCS
IIKOJIbHAsI TEOMETPHS, HA3bIBAIOTCS e8KIUd08biMU. B nanbHeieM akcuoMbl EBkiuaa
ObUIM BCECTOPOHHE U3YyY€Hbl U JomnoyiHeHbl. HauOosiee u3BECTHON sBIsSETCS
akcruoMaruka JI. Tuns6epral, Brmrouaromas 20 akcHOM.

[Io MHOTMM NpHYMHAM IOJHOE M CKPYITYJIE3HOE aKCHOMATHYECKOE M3JI0KEHHE
€BKJIM0BOM T€OMETPHUU B IKOJIE HEBO3MOXKHO. TaKo# MOJIX0/1 peain3yeTCs B BHICILICH
MaTeMaTUKe B paMKax aucuuIiuinHbl "OcHoBaHus reomerpuun’. Ilpu nmpenomaBanuu
TUCHUTUTUHBL «AHanumuyeckas 2eomempusy» Mbl He OyJIeM pacCMaTpUBaTh CUCTEMY
akcroM ['mibbepra.? TeM He MeHee, MCIONB3ys B Hadalle HANIETO Kypca MaTepHall
AIIEMEHTAPHOM IIKOJBbHON T'€OMETPUH, Mbl MOKEM OBITh YBEPEHBI B €70 BO3MOKHOM
CTpOroM 0OOCHOBAaHHMH B paMkax akcuomaTuku ['mnbOepra. Kpome runbbepToBcKoi
CYLIECTBYIOT M IPYTUE CUCTEMbI AKCUOM €BKJINI0BOM reomeTpun. Cpeau HUuX, Ipexie
BCETO, CIENYET YIIOMAHYTh akcuoMaTuky I'. Beins?®,

AKCHOMaTHYECKOE TOCTPOEHUE TEOPUM MPENINOiaraeT HaJIWYUEe HEKOTOPBIX
nepsuuHblx (HEONPENEISIeMbIX) NHOHAMUL N NEPEUYHLIX OMHOUWEHULl MEXIy HUMHU,
CBOICTBA KOTOPBIX OINUCHIBAIOTCS akcuoMamu. B akcuomatuke ['unnOepra
€BKJIMJIOBOM TE€OMETPUM TEPBUYHBIMU MOHSTUSIMH SIBIIIOTCA MOYKA, NPAMAs,
NJI0CKOCMb, TIEPBUYHBIMU OTHOLUEHUSIMU — UHYUOEHMHOCMb, JeHCAmb MedHcoy,
Konepysumuocms. B axkcuomatuke Belnsi nNepBUYHBIMU MOHSITUSMH  SBISIOTCS
HOHSTUS MOYKA U 6eKMOpP, IEPBUUHBIMU OTHOLIEHUSIMHU — onepayuu Hao 6eKmopamu
U MOYKAMU.

AHanuTuyeckas TeoOMETpUsl H3ydaeT T'e€OMETPUYECKHE (PUIypbl € MOMOILBIO
anreOpbl, UCIOIB3Yd MemoO KoopouHam. BrHepBble 3TOT METOJ MNPUMEHUI
dbpannysckuii Mmarematuk u ¢uinocod Pene [ekapt (1596 — 1650). B ero uectsb
HamOoJIee YacTO UCMOJIb3YEMbIE CUCTEMbl KOOPAMHAT HA3BIBAIOTCSA dekapmosbimu. B
oOlIeM ciy4yae BBEJIEHHE KOOPAMHAT B HEKOTOPOM MHOKECTBE O3HAYAET 3aMEHY

! Nasux I'ums6ept (1862 — 1943) — HeMeKHMit MaTEMATHK.

2 [logpo6HOE M3T0XKEHNEe akcHoMaTuku I unpbepra umeerca B kuurax:[7],[8]. TunpbepToBcKas
aKCHOMAaTHKa TUTAaHUMETpHUH 00CyxkaaeTcst B kaure [10].

3 T'epman Beitnn (1885 — 1955) — nemenkuii MmaTemaruk. I1ocTpoeHHe 3/1eMEHTapHOM TeoMeTpUr
Ha OCHOBE akcmomaTuku Beilnst mpoBeneHo, Hanpumep, B kaurax [11], [12].
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3JIIEMEHTOB 3TOTO MHOXXECTBA JJIEMEHTAaMHU Jpyroro, Oojee ymoOHOro asis
UCCJIEIOBaHUSI, MHOXKECTBA. B reoMeTpun MeTo]l KOOpAMHAT IMO3BOJSET 3aMEHSTh
TOYKM TMPOCTPAHCTBA TPOMKAMHU BEIIECTBEHHBIX uYuced H  (GOPMYIUPOBATH
r€OMETPUYECKUE YTBEPKACHUS C TOMOUIBI0 YpPAaBHEHHM, HEPABEHCTB M APYIrHX
dbopMallbHBIX BhIpaXKeHUM. Pemnasi ypaBHEHHUS WIM HCCIEAys MX anreOpandecKuMU
METO/IaMH, TOJIYYaloT pelieHue T€OMETPUUECKOM 3aJjaul WM ONMUCHIBAIOT CBOMCTBA
uryp.

Hanee B pamkax Teopetrnueckoro pasaena YMK Oyaer uznokeH marepual,
OTHOCALIMHCA K OCHOBaM  JUCUUIUIMHBI  «AHanumuyeckas — 2eomempusiy,
MOKPHIBAIOIIUN COAEpKAaHUE BOIIPOCOB, MPEMJIaraloluxcsi Ha TOCy/1apCTBEHHOM
PK3aMEHE 10 OKOHYaHWW y4deObl Ha MeXaHWKO-MaremarumueckoMm (akymbrere. B
MOJTHOM 00BbEME C COAECPKAHUEM JTUCHMIUIMHBI MOKHO O3HAKOMHUTHCS M0 YYECOHOMY
OCOOHIO [2], TOCTYITHOMY B 3JIEKTpOHHOM Onbnmoreke bI'Y.

1.2. BekTOopbl

1.2.1. IlousiTue BekTOpa

BekTop — 01HO U3 BaxHEHIINX MaTeMaTUYeCKUX NOHATUN. [TomruMo reomeTpun
BEKTOPbl HCIIOJIB3YIOTCS B JIPYrHX paszzienax marematuku. Kpome Toro, MHorue
(¢u3NUecKue BEIMYUHBI, TaKuWe, HAlpuUMep, KaK CKOPOCTb, YCKOPEHHE, CHIIa,
MHTEPIIPETUPYIOTCST KaK BEKTOpHl. B MaHHOW TrinaBe paccMaTpUBAIOTCA BEKTOPHI B
AIIEMEHTAPHON €BKJIMIOBOM F€OMETPHUH, ONPEACIIIeMble HAIPABICHHBIMUA OTPE3KaMU
npsMbeIX. B oOmeM ciydae BEKTOp — 3TO AJIEMEHT TOTO WM HWHOTO BEKMOPHO20
npOCMpancmea v ero Npupoaa MOKET ObITh Pa3HOOOPA3HOMW: B POJIM BEKTOPOB MOTYT
BBICTYIATh yncia (Habopbl uucel), GyHKUNUHA, MHOTOWIECHBI, Mampuysl U T.J.

Onpeodenenue 1. HanpagsieHHbIM OMPEIKOM HA3bIBACTC OMPE30K NPSAMOIL, 015
KOMOPO20 00HA U3 €20 2PAHUYHBIX MOYeK 8blOpaHa 6 Kavecmee Hayala, a opyeas — 8
Kauecmee KOHYa ompe3Kd.

HamnpaBiieHHbIi 0Tpe30K OyaeM 00o3HauaTh cuMBosiom AB; 3mecs A— Hagaino
oTpe3ka, B — koneu. HanpaBneHHbI 0Tpe30K U300pakaeTcs B BUIE MPSAMOJIMHEHHON
CTpEJIKH, HallpaBJIEHHOM OT Havyasia K KoHiy (puc. 1.1).

B

4 C/I‘)' A/ F/

Puc. 1.1 Puc. 1.2

Cnyuait, xorma A=B, He wuckmouyaercs, HampaBiIeHHBIH OTpe3ok AA
Ha3bIBACTCS HYJ1e6bIM. HanpaBieHHBbIIH OTpPE30K BA Ha3bIBACTCS
HPOMUGONONIONCHBIM IS HampaBieHHOTo otpe3ka AB . Jlanmee Hac OyayT
WUHTEPECOBATh TOJBKO HAMPABJICHHBIC OTPE3KH, MOATOMY HHOT/A JUI KPATKOCTH
HanpaesieHuvlll ompe30k 0yIeM Ha3bIBaTh MPOCTO Ompe3Kom. JIuHy mponu3BOIHLHOTO
orpe3ka AB Gynem o6o3nauars | AB|.

Ecnu ecTh 1Ba HEHYJCBBIX HAMpaBJICHHBIX OTPE3Ka, KOTOpPbIC JeXarT Ha
napauIeJbHBIX MPSIMBIX WM HAa OJHOW MPSIMOM, TO BBIMOJHACTCS OIHO U3 JABYX
YCJIOBHit: THOO OHU O0OUHAKOBO HANPABTIEHbL, THOO NPOMUBONOJIONCHO HANPAGLECHDL.
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Ha pucynke 1.2 orpe3ku AB u CD opunakoBo HampasieHbl (AB ™ CD), OTpE3KH

AB u EF mnporusomonoxuo Hampasiaeus ( AB TN EF ). OGBUHO HampaBieHHbIE
OTPE3KH 3aJal0TCSl TAKUM 00pa3oM, YTO MBI MOXKEM OTJIUYHUTH MEPBYIO CUTYAIHIO OT
BTOPOM.

Onpeodenenue 2. Hanpasnennwvii ompesox AB nazvieaemcs Ikeueanenmuvim
nHanpasnennomy ompesxy CD (o6o3nauenne AB~CD), eciu onuna ompeska AB

pasna Oonune ompeska CD (|AB|=|CD|) u ompesku AB u CD oounaxoso

nanpasnenvt ( AB ™ CD). Bce HYJlesble OMpe3KU IKBUBATIEHMHbL MedHcoy cobou
(V AABeE* AA~BB) u nuxaxoii uynieeoii ompe3oxk He 5KEUSALeHMeH HUKAKOMY

HEHYIe6OM) .
Onpeodenenue 3. Bekmopom nazvieaemcs kiacc 3K6UBANEHMHBIX HANPAGIEHHbIX
Ompe3Kos.
BekTopbl 0003Ha4arOTCs CTPOYHBIMH JIATHHCKUMHU OYKBAaMU CO CTPEJIKOM

HaBEpPXY: a,b,c, ... Takum o0pa3oM, KaxAbli BEKTOp & MpeICTaBisieT coOoi
OECKOHEYHOE MHOYKECTBO HAIIPABJIICHHBIX OTPE3KOB, SKBHBAJICHTHBIX MEXITy COOON:
a={AB,CD, EF,..|AB~CD~EF ~..}. Kaxnpiii HampaBIeHHBI OTPE3OK,
COCTaBIISIONINI TaHHBIM BEKTOP, HA3bIBACTCSI npedcmasumesiem 3TOro Bekropa. Ecim
AB — mpencraBuTeNb BEKTOpa & , TO JUISI BEKTOpa a WCIOJB3YIOT TaKke

obo3nauenue AB . HM300pa3uth BEKTOp, T.6. BCE HANPABIEHHBIE OTPE3KH,
COCTaBIISIIONINE JAaHHBIA BEKTOpP, HEBO3MOXKHO, OOBIUHO ISl M300paKEHUSI BEKTOpa
PHCYIOT €r0 MPEJCTaBUTEINS U CTaBIAT 0003HaueHHe BeKTopa (puc. 3).

g
Puc. 3

[lo ompeneneHuto, BCe HYJEBbIE OTPE3KH 00pa3ylOT OAMH  KJIacc
DKBUBAJICHTHOCTH, T.€. OJMH BEKTOpP. ODTOT BEKTOP HA3BIBACTCS H)/1€6blM WU

o6o3nauaercs 0. MHOXKECTBO BCeX BEKTOPOB MPOCTpancTBa o6o3Haunm V(E3).

—

ITycte 8, b — nenynesbie BekTOphl. OTIOKUB UX OT HEKOTOPOM Touku O, T.€.

nocrpouB Toukn A m B takme, uro d=0A, b =0B, moxn0 roBOpHTL 0 uMCIE O,
0 <@ <, BeIpaxkaromieM (B paguanax) Beauuuny yria AOB. OTMeTHM, YTO YHCIIO @

—

HE 3aBHCHUT OT BbIOOpa Touku O. J[efCTBUTEIBHO, €CIIM OTJIOKHTH BEKTOPHI &, D oT

o ’ = g rnp'
npyroit Toukn O' (a=0A,b=0B"), o yrmet AOB u AOB" umeror nmomapno
HapaieNbHbIe ¥ OJMHAKOBO HAMIPABICHHBIC CTOPOHEL, TIOYTOMY MX BEJIMYMHBI PABHBI.

—

Yucno ¢ Ha3bIBAETCA GeIUMUHON y2ia Mexay Bexktopamu da e b. Henynesble

BEKTOpBI a € D HasbiBaroTCs opmozonansubimu (WU HEPREHOUKYNAPHBIMU), €CIH
T (06 - 31Db). H i

BEJIMYMHA yIJla MEXJIy HUMHU paBHa > (o0o3Hauenue: a ). HyneBoii BekTOp

CUMTAETCS OPTOTOHAJIBLHBIM JTIOOOMY BEKTOPY.
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Onpeoenenue 4. Ilycmo 8,0,C, ... — nexomopas cucmema eexmopos. Bexmopwi

a,b,C .. naswieaomes Konnuneapuvimu  (KOMRIAHAPDHBIMU),  eciu  NpU
omknadvieanuu ux om Hekomopou mouxku O nonyuaiowuecs mouku A,B,C,... neacam
Ha oonou npamou A, npoxoosuyeu uepes mouxky O (68 o00uou niockocmu T,
npoxoosawet uepez mouky O ). B ciyuae Koanuneaprocmu uiu KOMNIAHAPHOCMU

2o060psm makoice, umo eexkmopul @, 0, C, ... napannenvnvt npsmon A (&, 0,C...||A)

wnu naockoemu @ (&, b, C...|| ).

1.2.2. Cymma BekTOpoB. IIpou3BeneHne BEKTOPOB HA YHCJIA

—

Onpeoenenue 5. Cymmour eexkmopa a= OA u sekmopa b = AB  Hasvieaemcs
exmop d+b =0B (Puc. 4).
Taxum obpaszoM, s mo6sIx Touek O, A, B € E® BepHO paBeHCTBO

OA + AB = OB, (1)
KOTOPOC HA3BIBACTCA pAGEHCHIBO0M MPEYZO/IbHUKA.

a b
0] B
i+h
Puc. 4
CYMMa ABYX HCKOJUIMHCAPHBIX BCKTOPOB a= 6& u 6 = 63 MOKET 6I>ITB
BBIYHUCJICHA 110 CIEAYIOUIEMY HPAsuly napanieaioZpamma;. CyMma BEKTOPOB-CTOPOH

[apajuiesIorpaMMa, BBIXOJSAIIMX W3 OJHOM BEPUIMHBI, PABHA BEKTOPY-IHATOHAIIH,

BeIXOsIIEMY 13 310l ke Bepumuel: OA+OB =0C (puc. 5).
B C

—

0) A
Puc.5

OTMETHM CIIEAYIOIINE OCHOBHBIE CBOMCTBA CIIOKEHHS BEKTOPOB, CIIPABEIJIMBEIE
11 MoOBIX BekTopos a, b,C € V(E?).
Teopema 1. (i) @+b= b +a (kommymamuenocms crosicenus 6ekmopos);

(i) (A+b)+C= a+(b+€) (accoyuamusnocms crosrcerus sexmopos);

—

(i) d+0=a (wyresoii eexmop 0 sensiemcs HeEUMPATbHBIM IJIEMEHMOM
OMHOCUMENLHO CTIONCEHUSL);

(iv) ona mobozo eexmopa A€ V(E®) cywecmsyem npomueononoycuwiii 6exmop
(—a) € V(B?), T.e. Takoii, uro a+(—a)=0.

C anreOpanueckoil TOYKH 3peHHUs Teopema | O3Ha4aeT, YTO MHOMCECmB0 BCEX
BekTopoB mpoctpanctBa V(E®) oTHOCHMTENBHO oOmepanuM CIOKEHHS SBJISETCS

abenesou epynnoii.
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Onpeoenenue 6. ITycmb @— npouzsoNbLHLIIL BEKMOD, A — HPOU3EOIBHOE
gewjecmeennoe yucno. Ilpoussedenuem eekmopa a Ha 4UCO ). HA3LIEACTICS 6EKMOD,
xomopwiil 0603navaemcs M u onpedensemcs ciedyouuMy YCA0GUAMIL:

() [2a]|=|2 ] al;

AaT™a ecu >0,

1 2at d,ecmu 1<0.

Teopema 2. 151 106bix exmopos a,b e V(E®) u ona mobeix uucer h,peR
6epHbl PAEHCMEA

(i) Ma+b)=Aa+\b;

(i) 0+ )a = A8 + ia;

(iii) (Ap)a="Ar(pa);

(iv) 1d=4

Tor (akT, YTO OmepanMu CIOKEHHUS BEKTOPOB M YMHOKEHHUS BEKTOPOB Ha
BELIECTBEHHLIE 4YHUCJIA YAOBJIETBOPSIOT YTBEPKACHUSAM TeopeM 1 M 2 Ha S3BIKE

3 o
anreOpsl osnavaer, uro V(E®) sBnsercsa sewecmeennvim eexmopuviv (munetinoim)

NpoOCMpaHCmeoM.
IlycTh
gil ey a:k - (2)
KOHEYHasi CUCTEMa BEKTOPOB,
}\'l""s}\‘k_ (3)
IIPOU3BOJIBHBIE BEILIECTBEHHbIE yncia. BekTop
a=Aa +..+A4, 4)

Ha3bIBACTCS JIUHEIHOU KOMOUHAWUell CUCTeMbI BEKTOPOB (2) ¢ koddurrentamu (3).

[OBOPAT TaKKe, UTO 8 JIUHEIHO 8bIPAIHCAENICA YEPE3 CUCTEMY BEKTOPOB (2).
Jlunentnass  xkomOumHarusi  (3) Ha3bIBACTCS  MPUBUANbHOU, €CIA  BCE

KO(QQHUIUECHTH paBHBI HYmMO: A, =...=A, =0. SIcHO, 4TO TpUBHaNbHas JIMHEHHAs

—

KOMOHMHAITH JTF000 CHCTEMBI BEKTOPOB paBHA HyseBoMmy Bektopy: 08, +...+ 08, =0.

Jluneinass xomOuHarusi (3) HA3BIBACTCS  HEMPUGUANbHOU, €CIU  CPeIu
k03 dunreHToB (2) ecTh HEHYJICBbIC YHCTIA.

Onpeoenenue 7. Cucmema eexkmopos (1) nazvlieaemcsi TUHERHO 3A8UCUMOIL,
ecnu cywecmeyem Hempueuaibhas aunetnas komounayus cucmemst (1), pasnas
Hynesomy eexmopy. Cucmema 6eKmopos, He SGNANWAACA JUHEUHO 3A8UCUMOL,
Ha3v18aemcsi TIUHEUHO He3a8UCUMOU.

Jpyrumu cioBamu, CUCTEMa BEKTOPOB (4) JIMHEMHO HE3aBUCHMA, €CIIA TOJIBKO
TpUBHAJIbHAS JIMHEHHAS KOMOMHAIUS 3TUX BEKTOPOB paBHAa HYJEBOMY BEKTOpY, T. €.

—

u3 paBeHcTBa A8, +..+A, 8 =0 cremyer, uto A, =..=A, =0.
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1.2.3. Ba3ucel

Onpeoenenue 8. Basucom wmnoncecmea V(E') sexmopos npamoti E'
nasvieaemcsa nenynesoli gexmop € € V(EY).

Teopema 3. ITycms € — 6asuc mmoocecmea V(E'). Tozoa nwboii eexmop

d e V(E') auneiino svipasicaemcsi uepes €
a=xe, xeR. (5)

Yucno X onpedensemcsi 0OHO3HAYHO U HA3bIBAEMC s KOOPOUHAMOU 8eKmopa a
8 0anHom ba3zuce.

Onpeoenenue 9. Bazucom mnoocecmsa V(E?) eexmopos niockocmu E?
Hazvieaemcs ynopsooyennas napa (€,€,) HEKOIIUHEAPHBIX BeKMOPO8 MOl
NJIOCKOCMU.

Teopema 4. ITycmo (€,,€,) — 6asuc mnoxcecmea V(E?). Tozoa noboii eexmop
d e V(E?) auneiino svipasicaemces uepes 6asuc (packnadvieaemes no 6asucy):

a=xg +YeE, Xx,yeR. (6)

Yucna X u Yy onpeodensiomcs OOHO3HAYHO U HA3bIBAIOMCS KOOPOUHAMAMU
eéekmopa a 6 0aHHoM ba3suce.

Onpeoenenue 10. Bazucom mnoocecmsa V(E®) eexmopos npocmpancmea E®
Hazvieaemcs ynopsioovennas mpoiika (€,,€,,6,) HeKOMIIAHAPHBIX 8EKMOPOS.

Teopema 5. ITycmo (€,€,,6;) — 6asuc mHodxCeCmsea 6eKmMopo8 NpoCmMpancmed

V(E®). Tozoa mioboii eexmop aeV(E®) auneiino ewvipascaemcs uepes 6asuc
(packnaovieaemcst no basucy):

a=X€ +Ye +26;, X Y,zeR. (7)

Yucna X,Y,7 onpedenaomcsi OOHO3HAYHO U HA3bLIBAIOMCS KOOPOUHAMAMU

seKkmopa a 6 OaHHoM basuce.

Cpenn  MHOXecTBa  Bcex  0a3MCOB  BBIACJSIOT  TaK  Ha3bIBaeMbIe
OPMOHOPMUPOBAHHble 6A3UChl, KOTOPbIE YTOOHBI TPU BBIUMUCICHUSX.

Onpeodenenue 11. OpmonopmuposanHvim 0Oa3UCOM Ha3vleaemcs 0OA3uc,
8EKMOPbI KOMOPO20 NONAPHO OPMOLOHATIbHbL U UMEIOM eOUHUYHYIO OTUHY.

OOBIYHO OPTOHOPMHPOBAHHBIC 0a3MCHl Ha IUIOCKOCTH obOo3Havarorcs (I, ]), B

npoctpauctae — (i, J, |Z) (puc. 6).

Puc. 6
- o 3 - o
ITycte (€,€,,6,) — Gasuc B mpoctpanctee E° . Otioxum Bektops! €,€,,6, OT
HeKoTopol Touku O, MOIydUM COOTBeTCTBeHHO Touku E,E,,E,. Obo3nauum =
IIOCKOCTB, poxosutyto yepes Touku O, E, E, (puc. 7).
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Puc. 7
ITockonbKy BEKTOPHI, COCTABISAIONIME Oa3uc, He KOMIUIAHAPHbI, TO TOUka E, He

JISKUT B TIOCKOCTH T, a JICKHUT B OJHOM M3 JIBYX IOJYNPOCTPAHCTB, Ha KOTOPHIC
IPOCTPAHCTBO pa3OHBaeTcs IIIOCKOCThIO 7. basuc (€,€,,€;) Ha3bIBacTCS npasvim,
ecnu, IISAS Ha IUIOCKOCTh 7T M3 To4ukM E, (M3 «KoHIa» BekTopa €, ), Mbl BUAUM
KpaT4alIInid TOBOPOT BEKTOpa € 10 BeKTOopa €, MPOMCXOISIINM B HAIpaBICHHH,
MPOTUBOIOJIO)KHOM HAIPaBJICHUIO MOBOPOTa 4acoBoM cTpenku (puc. 7, a). bazuc
(€,,€,,€;) Ha3bIBacTCs Jiesblm, €CIU, TSN U3 «KOHI@» BEKTOpa €, , MBI BHIHUM
KpaTdaimmii OBOPOT BEKTOpa € IO BeKTopa €, MPOHMCXOIAIINM B HAIlPaBICHHN

JBUKEHUS YaCOBOM cTpeiku (puc. 7, 6). MoensiMu npaBoro v JeBoro 06a3ucoB MOTyT
CIIy’)KUTb TIEpPBBIC TPU Mablla PYKH UYEIOBEKAa, COOTBETCTBEHHO MPABOW M JICBOW,
PACIIOJIOKEHHBIX B €CTECTBEHHOM TOJIOKEHHH (puC. 8).

Puc. 8
OTUM 00BSACHSCTCS YIIOTPEOICHHE TEPMUHOB npaswiil U aesviil. Ilpasoi (nesoir)

opuenmayueii npoctpaHcTBa E° HasbiBacTcs BBIOOp Kiacca MPaBbIX (JICBBIX)
0a31uCcOB MHOXKECTBAa BEKTOPOB MPOCTpaHCTBA. JIETKO yOEIUThCS, YTO CIIPaBEIUBBI
CJIEAYIOIINE CBOMCTBA OPUEHTAIUU:

(1) nepecmanosxka nmobLIx 08YX BEKMOPO8 6 YNOPSAOOUEHHOU MPOlKe
HEKOMNJIAHAPHBIX 8EKMOPO8 MEHsen OPUESHMAYUIO HA NPOMUBONONONCHYIO;

(if) samena oono2o uz 6ekmopoé 6 ynopsOOuUeHHOU MPOUKE HEKOMNIAHAPHBIX
B8EKMOPO8  HA  NPOMUBONOJIONCHBIUL — GEKMOpP  MEHsem  OpUeHmayuro  Ha
NPOMUBONOIONCHYIO.

1.2.4. CxansipHoe npou3BeAeHUEe BEKTOPOB

—

Onpedenenue 12. Ilycmv @ u b — npoussorvhvie sexmopvl. CransapHvim

npouseedenuem sexmopa d Ha eexmop b mazvieaemcsi uucno (ckansp), komopoe

obosnauaemcs ab u onpedensemcs credyrowum oopasom:
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o~ |a||b|cose, eciu @#0ub #0 (¢—seruuuna yena mexncoy au b),
ap = -
0, ecnu xoms 6vl 00UH U3 8eKMoOpos a unu b nynesoii.

CkanspHbIil KBajpaT BeKTOpa d, T.e. HEOTpHLATEILHOE uKcio aa =|ad [ Oynem

0003HAYaTh é:z. U3 OIIPCACIICHUA BBITCKAIOT CICAYIOIINC q)OpMy.TIBI JJI51 BBIYUCIICHUA
JJIMHBI ITPOU3BOJIBHOI'O BEKTOPA d W BEJIMYUHBI yria MCEK1y HCHYJICBBIMU BCKTOpaMH

a u b depes ckamsipHOE IPOU3BEICHUE:!

—
—

|a|= \/éi_2 , (p=arccos “ab* : (8)
lallb]

Ymeeporcoenue 1. /[ns n1106v1x 6exmopos 5,6,6 EV(E3) u 106020 yucna A €R

8epHbL CledyIouUe PABeHCmea.

(i) ab =ba — ceoiicmeo KommymamueHocmu cKaiAPHO20 NPOU3BEOCHUS,

(i) (A@)b =a(ib)=A(ab);

(i) (b +C)a=ba-+ca,

1 - -
d(b+Cc)=ab +ac.

Cnpaseonueocmo pasencms (1) u (i) o3nauaem, umo ckansproe npoussedenue
oununeiino.

(iv) ab=0<=4da Lb.

Ceoticmeo (V) o3nauaem, 4umo paseHcmeo Hyo CKAIAPHO20 NPOU3EEOCHUS O8YX
BEKMOPOE ABSeM sl KpUMepUuem ux opmo2oHaIbHOCHU.

Tycrs (i, ], |2) — OPTOHOPMHPOBAHHEIH Oasuc MHOxecTBa BekTopos V (E?),

a(x,y,,2),b(%,y,,2,) — mnpousBoNBHBIL BEKTOPBI, 3aJ@HHBIE CBOUMH

KOOpAMHATaMU B 3TOM Oasuce. B 3ToM ciydae ckajsipHOE MpOM3BEIEHHE BEKTOPOB
BBIYUCTsICTCS 10 popMyIie:

ab =xx,+V,Y,+22,
a ¢popmybl (1) Uit IIMHBI BEKTOPA ¥ BETUYMHBI YTIIa MEXTY BEKTOPAMU UMEIOT BUI:
_ X, + +212
|a|=X + Yy’ +22, @=arccos . )(122 Zlyz Lz (9)
\/Xl +Y t4 '\/Xz +Y, tZ,

Ecim  Bekropsr a(x,y,) u DB(X,,Y,) 3amaHsl CBOMMH KOOpIWHATAMH B

oproHopMupoBaHHoM Oasuce (i, J) miockoctu, To moay4yaem aHanoru Gpopmyi (1'):

|a|=X>+ Y7, @=arccos Xo+ W (10)
VE+ Y2+ Y

1.2.5. BekTopHoe npou3sBe/ieHHe BEKTOPOB

Onpeoenenue 13. I[lycmv @ u b — nexonnuneapuvie eexmopvl. Bekmophnovim

npouszeedenuem eekmopa A Ha eekmop b nazvieaemca eexmop, Kkomopuwii
obosnavaemcs axb u onpeodensemcs credyrowumu ycrosusimu:
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(i) |axb|=|a|[b]sing:

(ii) axb L & axb Lb;

(iii) ynopsioouennas mpoiika eexkmopos (&, b, dx B) — npasasi.

Ecnu @ u b — Konnuneaphvie 6ekmopbi, mo ux 6eKmopHOe RPOU3EedeHue

noaazaom pasHvim Hyresomy eekmopy. axhb =0,
OTmeTuM, 4TO B CiIy4yae HEKOJUTMHEAPHBIX BEKTOPOB JJI ONPEIEICHUS BEKTOPa

dxb myxubl Bee Tpu yenous (i), (i) u (iii): yenosue (i) onpeaenser TOIBKO JUIHHY
(HeHyJIeBYI0) BEKTOpa dxb . Venosusim (1) u (ii), OYEBUIHO, YOBJICTBOPSIOT JIBA
B3aMIMHO IPOTHBOIIOJIOKHBIX BekTopa. M Tonbko Bee Tpu yemosus (i), (ii), (iil) 3amaror
BekTOp axb oxHO3HAUHO (puc. 9).

dxb

a a
Puc. 9 Puc. 10

3aMeTHM TaKKe, UTO IS HEKOJUIMHEAPHBIX BEKTOPOB dnuna |ax D | eexmoprozo
NPOU36EOCHUs. YUCTICHHO DPABHA NIOWAOU NAPALICL02PAMMA, NOCMPOEHHO20 HA
gexmopax & u b (puc. 10).

Ymeepcdenue 2. s no6wvix ekmopos a,0,C € V(E®) u mio6ozo uucia A e R
BEPHbL CEOYIOUUE PABCHCMEA.

() axb=—(bxa) — ceolicmso ammuxommymamuenocmu eexmopnozo
NPOU38E0eHUS;

(i) (M@)xb =ax(Ab)=A(axDb);
ax(b+¢)=(axb)+(axc)
(b+¢)xd=(bxa)+(Cxa)

(iv) axb=0<d||b.

Cnpaseonusocms pasencms (i) u (iii) oznauaem, umo sexkmoproe npouseeoenue
(kax u ckanspnoe) oununeiino.

Csoticmeo (IV) o3nauaem, wmo paseHCcmeo HyJo 6eKMOPHO20 NPOU3EEOCHUSL O8YX
BEKMOPO8 SA61emCsl Kpunepuem ux KoJuliuHeapHocu.

(iii)

IIycts (i, J,K) — mpaBblii OpTOHOPMHUPOBAHHBIA 0a3UC MHOKECTBA BEKTOPOB

V(E®) , a’(xl,yl,zl),ﬁ(xz,yz,zz) — NPOU3BOJILHBIE BEKTOPHI, 3aJ@HHBIE CBOMMHU

KOOpJMHATAMH B 3TOM Oasmce. B 3TOM ciiydae ckajspHOE MPOW3BEICHHUE BEKTOPOB
BBIYHCIIICTCS 110 (hOpMyTIE:
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1.2.6. CmemianHoe NMpou3BeeHNE BEKTOPOB

Onpeoenenue 14. IIycmo (8,0,C) — ynopaoouennas mpoiixa npouszsonvhwix
sexkmopos. Cmewannvim npouseedenuem mpotixu eexmopoé (8,0,C) nasvieaemcs

yucno (@xb)C. Cuewannoe npouseedenue o6osnauaemcs abe.

IIycts 8,b,C — HekomITaHapHBIE BEKTOPHL. OTIIOKHMB UX OT HEKOTOPOH TOYKH
A, mony4uM TOYKH COOTBETCTBEHHO B, D, A, He jexamuye B OJHON IUIOCKOCTH C
toukon A. CnemoBarenbHo, otpe3kun AB, AD, AA MOXHO cUuTaTh Tpems peOpamu
napamtenenunena ABCDAB,C,D,, BeIxonsmmMu U3 oxHo# Bepimuasl A (puc. 11).

o D,
B/\ 4
O\,
\/
B a A
Puc 11

9T10T mapajjiCJaCIimIca 6y2[€M Ha3bIBATh napaﬂﬂeﬂenuneOOM, NOCNMPOEHHBIM HA

gekmopax  @,b,C. O6o3HaumM V  uYmClO, BBIpAXKaromee O00BEM  ATOTO

napaenenunena. BeeneHHoe 0003HaueHHE OyJEM HCIONBb30BaTh B CIEAYIOLIEH
TeopeMe, BhIpaXKarolle reoMeTpUYeCKU CMBICT CMEIIAHHOTO MPOU3BEICHUS.

Teopema 6. [Tycmo a, b,¢ - HeKomniaHapHvle gekmopul. Tocoa
Shc = V, ecnu mpoiika (a ,5 ,C) npasas;
- -V, eciu mpoiika (5,5 ,C) 1e6as.
Tycrs (i,],K) — mpaBbiit OpTOHOPMUPOBAHHBIH Ga3HC MHOKECTBA BEKTOPOB
V(E®), a(x,y,.z), 5(x2,y2,22),6(x3,y3,23) — NPOU3BOJIbHBIE BEKTOPHI, 3aJaHHbIE
CBOMMH KOOPJIUHATAMH B 3TOM 0a3uce. Torna

Cxonoa
abC = X, Yo 4y (12)
X3 Y3 43
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Cneocmeue 1 (kpumeputi komnaanaprocmu). Bexrtoper a@,b0,C  sBusercs
KOMIUTAHAPHBIMU TOT/Ia U TOJIBKO TOT/a, Koraa onpeaenuTens (1), cocTaBlieHHbIN U3
KOOpAMHAT BEKTOPOB, PABEH HYJIIO.

CrnencTBue 04€BUIHO, €CIIM KOOPAUHATHI 33JaHbl B OPTOHOPMUPOBAHHOM Oa3uce.
Bmecte ¢ TeM OHO BepHO M B cily4yae, KOrja KOOPJMHATHI BEKTOPOB B3SITHl B
MPOU3BOJIBHOM (HE 00s13aTeThHO OPTOHOPMHPOBAHHOM) Oasmce. Jlemo B TOM, 4TO
3HAUCHUE ONPENETUTENs] M3 KOOPJAUHAT BEKTOPOB OTJIMYAETCS OT 3HAYCHUs
CMEIIAaHHOTO TPOM3BEJACHHUS 3TUX BEKTOPOB Ha OTJIMYHBIA OT HYJS YHUCIOBOU
MHOkUTeNb. Eciu 6a3uc opTOHOPMUPOBAH U MPaBbIi, TO ’TOT MHOKHUTENb paBeH 1.

1.3. YpaBHeHus NPSIMbIX HA IJIOCKOCTH E?, IJIOCKOCTEH U NMPSAMBIX
B IpOCTpaHcTBe E®

1.3.1. Appunnbie penepsbl U ypaBHeHusi puryp

B amamuTmdeckoil reomeTpun (GUTYpPHI Ha TUIOCKOCTH WM B IPOCTPAHCTBE
3a/1al0TCsl OOBIYHO YpPAaBHEHUSIMHU WM TMapaMeTpudeckd mpu (UKCUPOBAHUU
HEKOTOPOM CHUCTEMBbl KOOpAMHAT, yamie Bcero, adduHHoro penepa. Aggunnsie
penepul SIBASIOTCS 0000IIEHHEM U3BECTHBIX U3 CPEHEH IIKOJIBI CUCTEM KOOPAMHAT Ha
IJIOCKOCTH U B mpocTpaHcTBe. UToObI 3amaTh ad@uHHBIN perep Ha MpsSMOM, Ha
IUIOCKOCTH WJIM B TPOCTPAHCTBE, HalO 3aUKCHUPOBATH TOYKY W BBIOpaTh 0Oazuc
COOTBETCTBYIOIIETO  MHOXeCTBa  BekTopoB. Ilomumo adduaHBIX penepos
UCIIOJIB3YIOTCSl TAKXKE NOJAPHAS CUCmeMa KOOpouHam Ha IUIOCKOCTH U cghepuuecKast
VI YUIUHOpU4eCcKas CUCTEMbl KOOPJIMHAT B IPOCTPAHCTBE.

Onpeoenenue 1. Appunnvim penepom na npamoii E' nasvieaemcs nabop

(0,€), 20e O — mouxa, € — 6asuc muoacecmea N (E') eexmopoe npsmoii, m.e.
nenynesoti sekmop npsmoii (puc. 2.1). Koopounamoii mouxu M € E' 6 penepe (O,§,)

Hasvieaemcs koopournama paouyc-eekmopa OM ¢ basuce €.

Ez E 2
0

Puc..1 Puc. 2

[
>

Takum obpazom, xkoopauHata Toukn M B penepe (O,€) — 310 uncino XeR,

KOTOPOE OTPECIISIETCS] PABEHCTBOM OM = X€,. [IpsiMyro ¢ PUKCHUPOBAHHBIM PEIIEPOM
(O,€) Oynmem Ha3bIBaTh KoopOuHammuou ocvio u o6o3Hauate OX. Ecmm X —
KOOpAuHaTa Toukr M, To ncmob3yror 3amuchk M (X).

Onpeodenenue 2. Agppunnvim penepom na naockocmu E? nasvisaemes nabop
(O,€,E,), 20e O —mouka nnockocmu, (€,,€,) — 6azuc mHodcecmea V (E?) BEKMOPO8
NJIOCKOCMU, M.e. YNOPAOOYEHHAS Napa HEKOJLIUHEAPHbIX 8eKMOpos niockocmu (Ppuc.
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2). Koopounamamu mouku M €E? ¢ penepe (O,€,,8,) nazvieaemcs koopounamol

paouyc-eéekmopa OM mouxku M ¢ basuce (€,,E,).
Takum obpazom, koopauHaTel Touku M B penepe (O,€,€,) — 3To mapa uucel

(x,¥), X,y eR, takux, uto OM = x€, + Y€,. Ecim (X,y) — koopauHaThl TOUkn M, TO
ucnonp3ytor 3amuck M(X,y). Te jke aprymMeHThl, 4TO W B CIlydae MpPSIMOM,

MOKAa3bIBAIOT, YTO KOOPAMHATHI TOYKU B JAHHOM pernepe OnpeesioTcs OJTHO3HAYHO.
Nwmes penep (O,€,€,) Ha INIOCKOCTH, MOYKHO TOBOPHUTH O IByX KOOPJHHATHBIX OCAX.

Koopaunaraas ock ¢ penepom (O,€) HaspIBaeTCa 0cbio adcyucc ¥ 0003HAYACTCS
Ox, koopauHatHas ocb c penepoM (O,€,) Ha3bIBaeTCd 0CbIO OpOUHamM WU
obo3nauaercs Oy. IlepBas X u BTOpas Y KOOpAMHATHl TOYKH HA3BIBAIOTCS

COOTBETCTBEHHO @OCUUCCOU U OPOUHAM Ol STON TOUYKH.
Jlis HaxoKJeHHs abcuuccsl X TOUKU M HY>KHO CIIPOEKTHPOBaTh €€ Ha ock OX
napamiensHo ocu Oy. Ecim M, = pr, M, 10 X — KoopauHaTta Touku M, Ha ocu

abcmuce. AHaOru4Ho, Y —KoopauHara Touku M, = pry, M Ha ocu opaunat (puc. 3).

M(x,y)

O\ Ml(x)‘;

Onpedenenue 3. Apuunvim penepom 6 npocmpancmee E° nazvisaemcs
nadop (0,€,6,,8,), 20e O — mouxa, (€,6,,6) — 6asuc mnoxcecmea V (E°)
8EKMOPO8 NPOCMPAHCMEBA, M. €. YNOPAOOUEHHASI MPOUKA HEKOMNIAHAPHBIX BEKMOPOS.
Koopounamamu mouxku M €E® g penepe (O,€,€,,€,) nazvieaemcs KOOPOUHAMbL

paouyc-eekmopa OM mouku M 6 basuce (€,,E,,E,).
Takum oOpaszom, xkoopauHatsel Touku M B penepe (O,€,E,,6,) — 3T0 Tpoiika

yucen (X,Y,2), X,¥,z€eR, rakux, yro OM =X€ + VY€, +2€6,. Ecm (X,y,2) —
KOOpAMHATHI TOYKH M, To mcmonb3ytot 3amuck M (X,Y,z). Jlanee MOXKHO TTOBTOPHTH

BCE TO, YTO TOBOPHUJIOCH BBIIIE B CIIy4ae IIIOCKOCTH C OYEBUIHBIMH JTOTIOJTHEHUSIMH.
[Tomumo koopawHaTHBIX ocell abcmucc OX wm opamrar Oy B mpocTpaHCTBE

nobasnsiercss ocv annaukam Oz. Kpome TOro, B MNpPOCTPAHCTBE HMMEIOTCS TpHU
KOOpOUHamHbvle NJ10CKOCHLU, OTIpEIeTIIeMbIe TTapaMHu Ocei: 3To mrockocTu OXy, Oxz

n Oyz. Kaxnas u3 koopauHaT X,Y,Z Toukn M ecTh KOOpAWHATa MPOCKIIUHA TOUYKH

M Ha COOTBETCTBYIOIIYIO OCh MapPAJUICIIBHO JOMOJHUTEIBHON KOOPAWHATHOU
miockoctu  (puc. 4). KoopauHaTel TOYKM B JA@HHOM pemepe OmpeaessroTCs
OJIHO3HAYHO.
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M(x,y,z z

Puc. 4

AdunHbIe penepbl HA3BIBAIOTCS Takke ag@uunbvimu (WM 0eKapmosevimu)
cucmemamu Koopounam v o6o3Haqarotcs: OX (ms mpsimoii), OXY (11715 TUIOCKOCTH),

Oxyz (mms mpocrtpanctBa). Touka O, BXomsiias B pemep, Ha3bIBACTCS HAUAIOM
cucmemvt koopounam. B ciyuasx, xorma (i, J) wm (i, J, k) — OPTOHOPMHPOBAHHBIE
6a3KChl, TOBOPAT 00 opmonopmuposannom penepe mwiockoctu (O,1,]) (puc. 5) u
OPMOHOPMUPOBAHHOM  penepe IIPOCTPAHCTBA (O,1,], IZ) (puc. 6).

OpTOHOPMHUPOBAHHBIE PEIIEPBI HA3BIBAKOTCS TAKKE 0EKAPMO6bIMU NPAMOY20/1bHHIMU
cucmemamu KOopounam.

Puc. 5 Puc. 6
Ymeepacoenue 1. Ilycmv (O,€,8,) — agppunnviii penep na niockocmu E?
A(X,Y,), B(X,,Y,) — npoussonvbubie mouku NAOCKOCMU, 300GHHbIE CEOUMU
Koopounamamu 8 oanHom penepe. Tozoa.
(1) eexmop AB 6 6asuce (€,€,) umeem credyrwwue KOOPOUHAMUL.
AB(X, =X, ¥, = Ya);

(i) cepeouna C  ompeska AB umeem credyowue KOOPOUHAMDL:

C(&+&,m+wj;

2 2
(iii) ecau (O,1,]) — opmonopmuposannvlii penep, mo paccmosmue Meicoy
mouxamu A u B ewviuucnsiemces no gpopmysne:

d(A B) = /(% —%)? + (¥, — V)%

@Duzypoit Ha3bIBAETCS MTPOU3BOJIBHOE MHOKECTBO ToUueK @ B MPOCTPAHCTBE, HA
MJIOCKOCTH WJIM Ha MPSIMOM. AHAIUTHYECKAsi TEOMETPHS U3ydaeT (GUTyphI, UCTIONB3YS
Memoo koopounam. Ero CyTh 3aKJIIO4aeTCsl B TOM, 4YTO (DUKCUPYS HEKOTOPYIO
CUCTEMY KOOPAHMHAT, TOYKH 3aMEHSIIOT MX KOOPAMHATAMH W 3aJal0T (GUrypy Kax
MHOECTBO PEIICHUN YpaBHEHUS (CUCTEMbl YPAaBHEHUI) WM HEPABEHCTBA (CHCTEMBI
HepaBeHCTB). /lanee ypaBHEHUS WM HEPABEHCTBA AHAJIM3UPYIOT METOJIAMU aJTreOphI U
pe3yJbTaThl aHAJIM3a UHTEPIPETUPYIOT TEOMETPUUECKU KaK CBOMCTBA (PUTYPHI.
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(2)

Onpeoenenue 4. Ilycmo (O,€,8,) — apunnviii penep na niockocmu E?,
F:D-o>R, (X,y)— F(X,y) — sewecmeennosnaunas Gyukyus 08yx apeymeHmos,

3a0annasn na noomuoxucecmee D muoscecmea R’. Bydem zoeopumv, umo ypasHeHue
F(xy)=0 (1)
aensemcs ypaenenuem guzypsr ® — E* 6 oannom penepe, eciu MHONCECMBO
pewenuii ypasuenus (1) coenadaem ¢ mnodcecmseom koopounam mouek gueypor O.
Hpyrumu cinoBamu, ypaBHeHue (1) siBnsiercs ypaBHeHueM ¢urypel @ B pernepe
(O,€,,€,), ecim 5Ta purypa MOKeT OBITh OIPENENIEHA CACAYIOIIUM 00pa3oM:

® ={M(c,c,) e E*| F(c,c,)=0}.

Eciu @ umeer ypaBuenue (1), To ToBopAT Taxxke, uto ¢purypa @ 3adana 3tum
YPaBHEHHUEM.

JIs  HaXOXJEHUS ypaBHEHUsS QUIYpHl B JIAaHHOM peIepe CleayeT s
IPOU3BOJILHONW TOYKHM TUIOCKOCTH M (X,Y) depe3 ee KOOpPAMHATHI X W Y 3alKcaTth

XapaKTepUCTUUECKOE CBOMCTBO 3TOW  (QUTyphl, T.€. YCIOBHE, KOTOPOMY
YAOBJIETBOPSIOT TOYKH (PUTYPHI U TOJIBKO OHH.

Onpeoenenue 5. ITycmv ®— ¢ueypa na niockocmu E?, T — nexomopoe

MHOJMHCECMB0, 2JleMeHMbl KOmopo2o 6ydem Hazvieamsb napamempamu. CIopbeKkmueHoe
omobpadiceHue

f:T 5>®,t f(t) )

Hazvieaemcs napamempusayueit pucypor O.

1.3.2. YpaBHeHus IPAMOI HA IIIOCKOCTH

[IpssMy!0 Ha IUIOCKOCTH E° MOMHO 3a/aBaTh Ppas3AMYHBIMU CIOCOOAMH.
Hampumep, Ha npsAMOH A MOXHO 3a()MKCHMPOBATh HEKOTOPYIO TOUYKy M,, KOoTOpyIo
Oy/ieM Ha3bIBATh HAYAIbHOU MOYKOU TIPSMOW, Y BBIOPATh HEHYJICBOW BEKTOP & 3TOU
npsIMOM, KOTOpBIA OyJneM Ha3bIBaThb Hanpaeaarwuwium eéekmopom upsmoin. Torma
HEOOXO0JMMOE U JOCTATOYHOE YCIOBUE TOrO, YTO Touka M JeXuT Ha mpsMoil A,
dbopmynupyeTcs CIeayOMNUM 00pa3oM:

(M eA) & (sekmopor MyM u @ konnuneapmuwt) (puc. 7).

M A
M, a

Puc. 7
[lycte O — ¢ukcupoBanHas Touka miockoct, I =0M, — paanyc-BekTop

HadaybHOM TOYkM M, F =OM — paaMyc-BEKTOp NPOM3BONBHONW TOYKM (MHOIIA

roBopst mekyweti Touku) M tutockoctu. KommmueapHocts BektopoB MM u &

o3Hauyaet, uto M M =td mna mekortoporo teR. VuureBas, uro MM =F -1,

UMEEM CIICAYIOLIYIO [IETI0YKY SKBUBAJICHTHOCTEH:
MeA) & (Fr-r,=td) < (r=r,+ta),teR.
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Takum 00pa3oM, Mbl IOJIYUHIIU 6EKMOPHO-RAPAMempuyecKoe 3a0anue npsMoin
A
r=r+ta, teR (3)
[To popmyne (1) MOXKHO HAWTH paguyc-BeKTOp I M00ON TOUKH MpsSMONl A B
3aBUCUMOCTH OT 3HaueHus napamerpa te R (puc. 8).

M

Puc. 8
PaBencTBo (3) Ha3pIBalOT Takke (IOMyCKash BOJBHOCTh PEUH) GEKMIOPHO-
napamempuuecKkum ypagHeHuem npsmMon A .
ITpucoenmanm k touke O Oasuc (€,€,) MHOXKECTBA BEKTOPOB ILIOCKOCTH

V(E?), nonyunm adduunbii penep (O,€,€,) Ha miockoctu E’. Tlycts (X,Y) u
(X, Y,) — KOODAMHATBI COOTBETCTBEHHO ToYeKk M m M, B nannoM penepe. CormacHo
onpeznenenuro 3, (X,y) u (X,,Y,) — KOOPAUHATEI COOTBETCTBEHHO PaJlyC-BEKTOPOB
r u r, B 6asuce (€,€,). Ilycts (I,m) — KoopaMHATBI HANPaBIAIOLIETO BEKTOpPa
npsmoit @ B Gasuce (€,€,). Torna BeKTOpHOE paBeHCTBO 13) PaBHOCHIBHO IBYM
CKaJIIPHBIM PaBEHCTBAM:

X=X, +1l,

(4)

dopmyisl (4) BeIpaXKatOT KOOPJAUHATHO-TAPAMETPUUECKOE 3a]JaHUE TIPSIMO, OHU
HA3BIBAIOTCS TAKXKE KOOPOUHAMHO-RAPAMEMPUYECKUMU YPAGHEHUAMU TIPIMOU A.
[IpunaBas mapamerpy t momaxojsinee 4ucioBoe 3HaUYeHUE, 110 hopmynam (4) MOKHO
HaNTH KoopauHaThl (X,Y) Jr000H TOUKH IPSIMOH A .

y=y,+tmteR.

Ecnu mpsimast A mapamiensHa KoopAuMHATHON ocu OX, TO y HampaBIsIOINIETO
BEKTOpa BTOpasi KOOpAUHATA M paBHA HYJIIO U YpaBHEHUS 24) IPUHUMAIOT BUJ:
X=X, +tl, "
y=y, teR. #)
[Tockombky | #0, TO paBeHcTBa (2') O3HAYAKOT, YTO y TOYEK MPSIMOU TEepBas
KOOPJMHATA MOXET OBITh JIFOOBIM BEIIECTBCHHBIM YHCJIOM, B TO BpeMsl KaK BTOpasi —
¢dukcupopana. CiiefoBarenbHo, Touka M (X, Y) nexut Ha mpsimort A, A||Ox (puc. 9)
TOTJ]a ¥ TOJIGKO TOT/a, KOT/1a BHITIOJIHICTCS YCIIOBUE

Y=Y

y\yo Mo(xooyo) A Y Mn(xt):yn)
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Amnanoruuso, npamas A', mpoxozsmas depe3 Touky M, (X,,Y,) U HapaleabHa
koopauHaTHOM ocu Oy (puc. 10), 3amaercs yciaoBueM
X=X, (5)
[Tycte mpsimas A He mapamienbHa KoopauHaTHeIM ocsMm Ox u Oy, Tte.
| #0,m=0. B sTom ciydae W3 CHUCTEMBI (2) MOXXHO HCKIIOYUTH I W TMOMYyIUTH
cienyroniee ypaBHeHHe MpsaMon A :
X=% _ Y=Y, ®)
I m

Ecmu (6) paccmaTpuBaTh Kak MPOMOPIMIO, T.€. CYHUTaTh, YTO paBeHCTBO (6)
DKBUBAJICHTHO PaBEHCTBY (X—X,)M=(y—Y,)|, To ypaBHeHusmu Buia (6) MOXKHO

3aJaBaTh BCE MpsAMbIE 0€3 HCKIIOUEHHUs, T.€. MOXKHO 3aJaBaTh U MpPsMBIE,
X=X — Y=Y
0 m
03Hayaer, 4To (X—X,)M=(y —Y,)0, T.e. X=X, (mockonpky m=0). Takum 00pazom,
Oynem cuuTaTh, YTO JIFOOAsI TIpsiMasi MOXKET OBITh 3a/laHa ypaBHeHHEM (6), KoTopoe
HA3bIBACTCS] KAHOHUUECKUM YPAGHEHUEM TIPSIMOIA.
Ecnu npsimass A He napamienbHa koopauHatHoit ocu Oy, t.e. | #0, TO MOXHO

IapajulelibHble  KOOpAMHATHBIM ocAM. Hanpumep, ypaBHEHUE

m
OIpeNeNnTh 4uciao K :T, KOTOPOE HAa3bIBACTCS Yeln06bIM KoI(ppuyuenmom

npsimoil. Hazpanue 00bACHSIETCS TEM 00CTOATEIBCTBOM, UTO B CIIydae MPSIMOYTOIbHOM
cucteMbl koopauHaT OXy Ha 1utockocTH K =1g@, rae ¢ — BeIWYHMHA yIila MEXKIY

ockto OX u npsimoit A (yerna makiouna npsmoit A k ocu OX) (puc. 11).

y
A N
¢ X 0 ¥
o\ N
Puc. 11 Puc. 12

Pasymeercs, B ciydae oOIIel EeKapTOBOW CHUCTEMBI KOOpIWHAT, 4ucio K He
HMEET TaKOoTo reoMeTpuueckoro cmeicia. IIpeoOpa3zoBaB ypaBHeHue (6), moirydaem
cIelyIolee ypaenenue npamoii no mouxke M (x,,Y,) u yenoeomy korpgpuyuenmy

k:

Y= Yo =k(X=X,). (7)
B cBoto ouepenp, ypaBHeHUE (6) OUYE€BUIHBIM 00pa30M MPUBOJUTCS K BUIY
y =kx +Db. (8)

Yucao b 31ech — BeIMUMHA OTpe3Ka, oTcekaeMoro mpsimoid A Ha ocu Oy, T.e
koopauHaTa (Ha ocu OY ) Touku mepeceueHust MpsMoii A ¢ ockio (puc. 12).
Teopema 1. I[Tycmo (0,8,,€,) — agpdpunmnviii penep na niockocmu E?.

(i) JTwbas npsamas na niockocmu E* moocem 6vims 3a0ana 6 0anHom penepe
JIUHEUHbIM YPABGHEHUEM 8UOd
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Ax+ By +C =0. 9)
(if) Obpammno, noboe ypasuenue (10) npu ycnosuu, umo uucia A u B ne pashul

HYJII0 0OHOBPEMEHHO, 3a0aem 8 OAHHOM penepe NPIMyIo.
VYpaBuenue (9) Ha3bIBACTCS 00MUM YPAGHEHUE NPIMOU.

Puc. 13 Puc. 14
byneM Ha3bIBaTb HOPMANbHHIM 6eKMOPOM RPAMOIL THOO0N HEHYJIEBOU BEKTOP,
neprneHauKy sipabpiii  npsimoid.  [lycte (9) — oOmee ypaBHeHWe mpsiMOH A B

oproHopMupoBanHoM pernepe (O,1, J). ITokaxeM, uTo B 3TOM ciiydae BekTop fi(A, B)

— HOpPMAaJIbHBIA BEKTOp mpsiMoil A. JIeHCTBUTENBHO, BBIIIE OBUIO OTMEYCHO, HYTO
BekTop a(—B,A) — HampaBmstomuii BekTop npsimod, T.e. d||A. Tak Kkak

na=-AB+BA=0,To A(AB) LA
Ecnn  nmna  mpsamoi A 3amanel  HavanbHad Touka M (X,,Y,) cBOMMHU
KOOPJMHATAMH B OpTOHOpMHpoBaHHOM pemnepe (O,i,]) M HOpMambHBIA BEKTOp

npssimori A(A,B) cBoumu koopmunaramu B Oasuce (i, ]), TO MOXKHO 3ammcaTh
YPaeHeHue nPAMOI O MOYKe U HOPMAIbHOMY 6eKHOPY B BUJIE:

AX=%) +B(y—Y,) =0. (10)

B camom pnene, odeBHAHO, 4TO Touka M (X,Y) JeXHT Ha mpsMOil A Toria |
TOJIbKO Torna, koraa BekTopsl A(A,B) u MM (X—X,,y—Y,) mepneHAuKyISIpHBI.

PaBenctBo (10) Kak pa3 u BeIpa)xaeT 3TO yCIOBUE.

1.3.3. YpaBHeHHS IUI0CKOCTH B IPOCTPAHCTBE

IlycTh T — MIOCKOCTH B pocTpancTBe E°, M, — QukcupoBaHHas (HadanbHasi)
TOYKa IUIOCKOCTH, (&,d8,) — 6azuc mMHOxkecTBa V (1) BEKTOpOB miockoctH (&,,d, —
HanpasiAwue 6ekmopsbl MIOCKOCTH 7). OYeBUAHO, YTO TOUYKa M HPOCTpaHCTBA

NPUHAUICKUT IUIOCKOCTM T TOrjJa M TOJbKO Toraa, korga Bektop MM
NPUHAUICKUT MHOXKECTBY V (T) , T.€. IPEACTABISACTCS B BUJIC

M,M =t +t,d, (11)
U1 HeKOTOphIX t,t, € R. 3adukcupyem B mpoctpancTBe TouKy O m 0003Ha4YMM T, U

I pamgmyc-BeKTOpHl coOTBeTCTBeHHO Touek M, m M. Torma MM =r-r, u
paBeHCcTBO (11) MOXHO mepenucaTh B BUAC
r=r+ta +ta, t,t,eR. (12)
®opmyna (12) Ha3bIBaeTCS 6EKMOPHO-RAPAMEMPUYECKUM YPDAGHEHUEM
MJIOCKOCTH TT .
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0

Puc. 15
Ipucoermunm k Touke O Gasuc (€,6,,6,) wmuoxectsa V(E®) Bextopos
npocTpaHcTBa, nodyunM adduuubii penep (O,€,€,,6,) B mpoctpanctse E°. Iycts
(X,¥,2) 1 (Xy,Y,y,2Z,) — KOOpAUHATBEI COOTBETCTBEHHO To4ek M u M, B JdaHHOM
penepe. CormacHo ompenenenuo 3, (X,Y,Z) u (X,,Y,,Z,) — KOOPAMHATHI TaKXke
paguyc-BekTopoB I u [, B Oasuce (€,€,,6,). Ilycts (I,m,n) u (I,,m,,n,)
KOOPJMHATBI COOTBETCTBEHHO BEKTOPOB &, u &, B 0asuce (€ ,€,,€,). Torma BekTopHOE

paBeHCcTBO (12) paBHOCUIIBHO TpEeM CKAJISIPHBIM PaBEHCTBAM.
Eme oauH cmoco® 3amaHus IUIOCKOCTH B TMPOCTPAHCTBE IOJIY4aeTCs, €CIU
3aMETUTb, YTO HEOOXOIUMBIM U IOCTATOYHBIM YCIOBHUEM MPUHAIICKHOCTUA TOUKU M

INIOCKOCTH TU ABJIACTCA KOMILIAHAPHOCTb BCKTOPOB MOM ’51’52' Ilocnennee YCII0OBHC

MO>KHO BBIPA3UTh Y€pe3 KOOPJIUHATHI BEKTOPOB (credcmesue 1 B 1.2.6) u TeM cambiM
3aMucaTh YPaBHEHHUE MIIOCKOCTH:

X—=% Y—-Y, Z—-12,
I, m, n, |=0. (13)

PackpeiBas ompenenurtens, MmoaydyuM, 4To ypaBHeHue (13) ecTh JuHEHHOE
ypaBHEHUE C TPEeMsI HEM3BECTHBIMU BUJIA
Ax+By+Cz+D=0. (14)

VYpaBuenue (14) HazwsiBaeTcsa 00uium ypasHenuem miocKoCTU Ti.

XOopoIIo MU3BECTHO, UYTO Jt00ask TNIOCKOCTh OJTHO3HAYHO OMPEIEISETCS CBOUMH
TpeMsi TOYKaMH, HE JIeKallMMHU Ha ojaHOM mnpsamoin. Ilycte 310 OyayT TOUKH
M, (X, Y:,2), M,(X,,Y,,2,) 1 M;(X,,Y,,Z,). BeiOepem B kauecTBe Ha4aIbHOW TOYKH

miockoctd M, (X, Y;,Z) , @ B KauecTBe Oa3UCHBIX BEKTOPOB MHOxecTBa V(m) —
HEKOJUTMHEAPHBIC BEKTOPHI

Cch :W(Xz =X, Y, ~ Y12, —2) n & =W(X3 =X, Y3 = Y1, 2= Z)-
B sTom CJIydac MOKHO 3aIiMcaTb 061]_[66 YPaBHCHUC ITIIIOCKOCTH 110 TPEM TOUYKAM:
X=X Y=Y, -1,
X, =% Y=Y Z,—7|=0. (15)
=X Ys= Y 43774

Jlst citydasi mpoCTpaHCTBa CIpaBeIjiuBa Cleayrolas Teopema.
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Teopema 2. I[Iycmo (O,€,€,,6,) — agpunnviii penep 6 npocmparncmee E°.

(i) Jlobas naockocmv 6 npocmpancmee E* moocem 6vimov 3a0amna 6 oanmnom
penepe TUHEeUHbIM YPasHeHUeM 8U0d

Ax+By+Cz+D=0. (16)

(i) O6pammno, moboe ypasuenue (16) npu ycnosuu, wmo uucia A, B u C ne

PAasHbL HYTI0 0OHOBPEMEHHO, 3a0aem 8 OAHHOM penepe NI0CKOCb.
ByneM Ha3bpIBaTh HOpMANbHBIM 6E€KMOPOM HA0CKOCHMU 000N HEHyIeBOU
BEKTOp, NePIEHANKYISIPHBIN TuTockocTH. [Tycth (16) — olriee ypaBHEHHE IIIOCKOCTH

7t B oproHopmupoBanaom perepe (O,1, j,k). B atom ciyuae Bekrop fi(A,B,C) —
HOPMAaJbHBI BEKTOP IUIOCKOCTH 7. YTOOBI yOEAuThCSs B O3TOM, JAOCTATOYHO

IPOBEPUTH, UTO 3TOT BEKTOP OPTOroHasieH Bekropy M;M,, noctpoeHHOMY 110 JIF0OBIM
toukam M,;,M, mnockoctu . Ilycte toukm M,(X,Y;,2) u M,(X,,Y,,Z,) 3a1aHbI
CBOMMH KOOPJIMHATAMH B periepe (O,T, T, IZ) Tornma WI\/I;(X2 — X, Y, — Y1, Z,—Z) ®
ﬁ'm= A(X, = %) +B(Y, = ¥,) +C(z,-2) =

= (sz +By, + sz) - (AX1 + By, + Czl) =(-D)-(-D)=0,

T.e. N(AB,C) L

Ecou nms miockoctw 7 3amaHel HadanbHasd Touka M, (X,, Y, Z,) CBOMMH
KOOpIMHATAMH B opToHOpMupoBanHOM pemepe (O,1, ], K) u HOpPMAaJIbHBI BEKTOD

wiockoctu fi(A,B,C) cBoumu koopauHatamu B 6asuce (i, J,K), To MOKHO 3ammcaTh
ypaBHEHUE IUIOCKOCTH T B JJAHHOM pEIepe B BUJIE:

A(X— %) +B(Yy —¥,) +C(z—-72,) =0. (17)
B camowm nene, oueBuaHO, uTo Touka M (X,Y,Z) J€XUT B IIIOCKOCTH TT TOTJAa U

TONBKO  TOrAa, Kkorma Bekropel MA(AB,C) u MMX—=X,y-Y,2Z-2)
nepneHauKyIapHbl (puc. 16). PaenctBo (7) Kak pa3 v BeIpa)kaeT 3TO YCIOBHE.
ii(4,B,C)
A

"

0

T

Puc. 2.16

1.3.4. YpaBHeHus IPSAMOIl B IPOCTPAHCTBE

[IpsiMasgs B mpocTpaHCTBE MOKET OBbITh 3aJlaHa BEKTOPHO-TIapaMEeTPUUECKUM
YPaBHEHUEM:

r=r+ta,tekR. (18)

Iycts (O,€,,€,,6,) — addunnbii penep B npoctpanctse E°. Iycts (X,Y,2) u

(X5, Yo, Z,) — KOOpIOMHATBI COOTBETCTBEHHO Touek M u M, B JaHHOM perepe,

(I,m,n) — KoOOpAMHATHI HAMpABJSIONIETO BEKTOpa HpsMmoil d B Gasuce (€,E,,E,).
Torna BekTopHOE paBeHCTBO (18) paBHOCWIEHO TpEeM CKaISIPHBIM PaBEHCTBAM:
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X=X, +1l,
y=Yy,+tm, (19)
z=17,+tn,teR.
®opmyibl (19) BeIpakaloT KOOPAWHATHO-TIAPAMETPUICCKOE 3aJaHHE MPSIMOM,
OHH Ha3bIBAIOTCS TAKKE KOOPOUHAMHO-NAPAMEMPUYECKUMU YPAGHEHUAMU TIPSIMOU

A.
Hckmouas u3 ypaBHenuii (9) mapamerp t, moixydaem paBeHCTBa

X_Xo:y_yo :Z_Zo
I m n ’

KOTOpPbIE HA3bIBAIOTCS KAHOHUYECKUM ypaeHeHuem TPSMOU B NPOCTPAHCTBE.
[Tockonpky Hanmpasistonuii Bektop a(l,m,n) npsaMoit HeHyIeBOH, TO XOTS OBl OJTHO

(20)

u3 uucen |,MN uwe pasno Hymo. Jomyctum, uto | #0 . Torma pasenctsa (20),
DKBUBAJICHTHBI CUCTEME YPABHEHUH
X=X Y=Y,
- ’
I m

Kaxnoe u3 ypaBHEHMIl cHCTEeMbl (Kak W B cCiydyae NpsIMOM Ha TJIOCKOCTH,
paBeHCTBa JpoOeil paccMaTpUBAIOTCS KaK MPOMOPIUU) SBISETCS JIMHEHHBIM
ypaBHEHUEM, 33JAI0IIUM IJIOCKOCTh. TakuMm oOpa3zoM, mpsmasi A 3a7aeTcs 37eCh Kak
nepecevyeHne JByX IockocTel. B o0ieM citydae, eciu npsiMasi paccMaTpUBAETCs Kak
IEPECEYEHUE JIBYX IUIOCKOCTEH m, U 7, ¢ ypaBHeHMaMU AX+BYy+Cz+D =0 u
AXx+B,y+C,z+D,=0 cOOTBETCTBEHHO, TO OTa IpsMas 3a7aeTCsi CUCTEMOMU

YpPaBHEHUM BUJA:
Ax+By+Cz+D, =0,
AXx+B,y+C,z+ D, =0.
[Ipu »sTom, cormacHo Teopeme 2.4.2, K0I(PGUIMEHTHI TPU HEU3BECTHBIX B

YpaBHEHUSX CUCTEMBI HE MPOIOPIIMOHATLHEL. Y paBHEeHUsI (21) HAa3BIBAIOTCS 00uuMuU
YPagHeHUAMU TIPSIMOM.

(21)

1.4. danunc, runepooJia, napadosa, uX ypaBHeHUs M CBOIiCTBA

1.4.1. Daamnc

Onpeoenenue 1. Innuncom nasvisaemes guzypa na niockocmu E?, komopas 6
HeKOmopou NpsaMoy20ibHol cucmeme koopournam OXYy moodcem Ovimb 3a0aua
VpasHeHuem

X2 y2
?4_?:1. (1)
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30eco a u b — ¢urxcuposannvie nonodcumenvuvie uucna, npusem a>b.
VYpaBuenue (1) Ha3bIBACTCS KAHOHUYECKUM YPAGHEHUEM DILTUTICA.
byaem cuutath, uTo cucrtema koopauHaT OXY pacmojiokeHa Ha IJIOCKOCTH

CTaHJApTHBIM OOpPa30M OTHOCUTENBbHO HabmojaTens: ocb OX TOpU3OHTAIbHA U
HampaBlieHa clieBa HampaBo, och Oy BepTHUKalbHA M HalpaBiieHa CHHU3Y BBEpX.

ITockonbKy B ypaBHeHHUE (1) HEM3BECTHBIE X M Y BXOJAT B KBajpaTax, TO BMECTE C
moboi Touko M (X,,Y,), MPHUHAUISKAILEH DJUIMICY, €My NPHHAAIEKAT TOYKH
M, (=%, ¥o), M, (%:—Y): Ms(=X%,,—Y,). DTO 0O3Hayaer, 4TO SIUIMIC CHMMETPHYEH

OTHOCUTEJIBHO OCEH KOOPJIMHAT M Hayana koopauHat. [loaTomy, 4TOOBI HapHUCOBaTh
3JUIMIIC, TOCTaTOYHO M300pa3UTh €ro 4acTb, JIEXKAIYI0 B BEPXHEH MOJIYMIOCKOCTH
OTHOCUTENBHO ocu OX , W 3areM JOCTPOUTh HENOCTAIOLIYI0 4YacCTh, IIOJIB3YACH
cummMmetrpueil. U3 ypaBHenus (1) nmomydyaem, 4To B BEpXHEW MOJIYIUIOCKOCTH, T.€. MPU
ycioBuH, uto Y >0, snnurc 3agaetcs rpadguxom GyHKINUN

b
y=—+a’ —x°.
a
O6nacth ompeseneHus >Toil GyHkuumm — ortpesok [-a;a] ; y(-a)=y(a)=0.
Taxum 06pasom, smmunc nepecekaer ock Ox B Toukax A (—a,0) u A, (a,0). Tak kxak

, b X .
y' = —— —————, TO (YHKIIHS BO3pAcTaeT Ha OTPE3KE [-a;0] n yOBIBa€T Ha OTPE3KE

a ,a2 _ X2
[0;a]; Touka x =0 — Touka makcumyma u y(0) =b. B Toukax X == & npousBoanas
He onpeneneHa, limy'(X)=+c , limy'(X)=—c . DTO o03Ha4aer, YTO DIUIMIIC
X—>—a X—a
nepecekaer och OX B Toukax A u A, nepneHaukyaspHo npsaMon OX . ITockonbky
2
y” — _Ea—
a ,(aZ _ X2)3

Iyra KpPUBOW, BBIIYKJION BBEpX, coeauHsAomed Touku A u A, . IlomydeHHoi

<0 nHa unHTepBasie (—a;a) To rpaduk UccaeayeMon QYHKIIMHA —

uH(OpMAIUU JTIOCTATOYHO JJIsl TOTO, YTOOBI HApPHCOBATh IpadHK paccMaTpuBaeMon
bynkuuu. Mcnons3ys CUMMETPHUIO OTHOCUTENbHO ocu OX, ToJiydaeM H300pakeHue
Bcero aurca (puc. 1).

YA B,
M
I E
Ay F (0] F, \4 >
X
B,
Puc. 1
Takum 00pa3oMm, OJUIMIC — OrpaHWYeHHas (Qurypa, Jexarias BHYTPH

NpsIMOYrOJIbHUKA pa3MepamMu 2ax2b co cTopoHamMu napaiedbHBIMH  OCAM
KOOpJIMHAT U C LIEHTPOM B Haydaje KOOPAMHAT. DTOT MPSIMOYIOJIbBHHK Ha3bIBAETCS
OCHOGHBIM RPAMOY2ONbHUKOM DIUIUICA. OJUIUIC KacaeTcsi CEepeJuH CTOPOH
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OCHOBHOIrO IpsMoyroipHuka B Toukax A (—a,0), A(a,0), B,(0,-b),B,(0,-b) ,
KOTOPBIC HA3bIBAIOTCS eGepuwunamu d>umnca. Yucia a u b Ha3bIBalOTCH
COOTBETCTBEHHO 00/1buiell nOIy0ChI0 U MEHbULEll ROIYOChIO SIUTUIICA, TIpsiMble A A,
u BB, — ocamu >mnnca.

Tak kak B ypaBHeHuu (1) nsmurnca a>Db , MOXHO ONpeNeNUTh YHCIIO
2

C b
C=+ a’—b® >0. Ornomenne e =—=,[1—-| — | Ha3sBacrcs IKCUECHMPUCUMEMOM.
a a

OKCLUEHTPUCUTET JJUIMIICA — I[OJIOKUTEIBHOE YHUCIIO, MEHBIIEE €IUHUIBL,
xapakTtepusywomee ero ¢opmy. Ecim & crpemurcs k 0, To momyocu b u a
OTIMYAIOTCA MaJo, U AIUIUIC MPUOIMKAETCS K OKPY>KHOCTH, €CJIM & CTpeMHUTCH K 1,
TO MOJTYOCh D 3HAYHMTENBHO MEHBIIIE A W AJUIUIIC MPHOIIKACTCS K OTPE3Ky (pHc. 2).

Q
¢=0,016 e=0,987

Puc. 2
Touku F,(—c,0) u F,(c,0) na3eBatorcst gpokycamu >nmunca. Eciu M (X,y) —

NPOM3BOJIbHAA TOYKa djumnca, 1o orpeskn MF m MF,, a Takke HMX UIMHBI
I,=|MF|, r,=| MF, | HassIBatoTCa ghoxkanvuvimu paduycamu touku M. Beraucium
3HaYCHUS (POKATBHBIX PATUYCOB:

2 2

=y (xX+Cc)’+y*> = [(x+c)* +b’ 1—% = |(x+c)*+(@*—c?) 1—% =

2

2
X X
\/x{+2xc+}2\+a2—&—x{+02¥: a2+2xc+c2¥:
2
c 2
a+—x| ={(a+ex)’ =a+ex
a

[Tpu K3BIICYCHUH TOCIICIHETO KBAAPATHOTO KOPHS CIIEAYET y4ecTh, 4To 0 <g <1
1 U1 Touku M (X, y) ammurca BepHO HEpaBeHCTBO: | X | < a. AHalIOTH4HO, I, =a —&X.

3ameTnM, 4TO I, 4+, =24, T.e. [UId J1I000H TOYKH 3IUIMICA ¢ ypaBHEHHEM (1) cymma

paccTossHUi 10 (OKYCOB MOCTOSIHHA M paBHa 2a. OTMEUEHHOE CBOWCTBO SIBIISICTCS
Xapakmepucmudyeckum ISl DIJUIMIICA. JTO O3HA4YaeT, 4YTO BEPHO CIIEAYIOLIEE
YTBEPKJICHUE.

Teopema 1. Ilycme F u F, — 06e mouxu niockocmu, paccmosHue menrcoy
komopvimu pasrno 2C, C>0. Toeoa d¢ueypa ® , cocmosawas us e6cex mouex
niockocmu, 01 Komopvix cymma paccmoanuu 0o F u F, nocmosuna u pasna

2a, a>c, ecmb annunc. Touku F u F, aeraromesn ¢poxycamu smozo snnunca.
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/Jlokazamenvscmeo. BpiOepeM Ha IUIOCKOCTH MPSMOYTOJbHYIO CHUCTEMY

xoopauHat OXy Tak, 4roObl ochb OX mpoxonuiua uepe3 Touku F, m F,, a Haudano
CHCTEMBI KOOpAMHAT COBNajano ¢ cepeauHon orpeska FF, . B oroit cucreme
xoopauHat Touku F u F,

[Tycte M (X,y) — npou3BojibHast TOUKa ImIockoctu. Torma

IMF, [=J(x+0)% + 2, MR, | =(x—0)* + ¥,

CrnenoBatenbHO, ypaBHEHHE QUTYpHl O UMEET BUJL:

\/(x+c)2+y2 +\/(x—c)2+y2 =2a. (2)

[lepeHecem BTOpOIl KOPEHB B MPABYIO YacTh U BO3BEIEM 00€ YaCTU YpaBHEHUS B
KBajpat. PackpbiBast CKOOKH 1 PUBO/IS TIOTI0OHBIC, TIOTYIUM YpaBHEHHUE:

UMeIoT crenyromue koopauHatel: F(—c,0), F,(c,0).

a\/(x —c)’ +y*=a’—xc.
Eme pa3 BO3BOAUM B KBAJApaT 00€e yactu YPaBHCHUSA U IIPUBOJUM HOI[O6HBIC:
x*(a®—c?) +y’a®*=a’(a* -c?).
Tax kak mo YCIOBHUIO a>C, TO MOXHO OIPCACIUTHh YHCIIO b = az - C2 > O,

2|2
b<a. PasmenuB 0b6e yacTH MOCIEIHEr0 ypaBHEHUs Ha ab°, mosmydmm, 4ro Bee

TOYKHU (GUTrypbl @ yIOBIETBOPSIIOT YPABHEHUIO JILIUIICA!
2 2

X Y

7 + Pl

Tak kak C=+/a° —b®, 10 Touku F, n F, sBnsotcs ero Gokycamu.

Hapsiny ¢ kaHoHHMYeCcKUM ypaBHeHUEM (1), 4acTo UCIOIb3YIOT NapaMeTpHUUecKoe
3aJjaHUe DJIIIMICA, KOTOpOe ToiydaeTcss cieayiommm obpaszom. Ilycte OXxy —
OpsIMOYTOJIbHAsE ~ CHCTeMa KoopAuHAaT. PaccMOTpuM  [1Be€  KOHIIEHTPHUYECKHE
OKPY)KHOCTH ¢ IIeHTpoM B Touke O u paguycamu a u b (puc. 3).

M

Y A

Puc. 3

Ilycts t mpou3BOJBHOE BelleCcTBEHHOE uucio. M3 touku O mnposexgeMm iyd,
oOpazyronuii yrojl t C TOJOXUTEIbHBIM HampaBiieHneM ocu Ox . DToT Jyd
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niepeceKaeT OKpy:KHOCTH B Toukax M, (acost,asint) u M,(bcost,bsint) . Yepes
TouKy M, mpoBezieM npsiMyto, mapaniensHyto ocu Oy, a yepes Touky M, mposenem

npsMyto, TapauieabHyto ocu OX . DOTH mpsAMbIE TIEPEeCceKaroTCs B  TOYKE
M (acost,bsint), xoTopas, o4eBumIHO, JIKUT HA dyutHIIce ¢ ypaBHeHHEeM (1). Jlerko

BUJCTH, YTO €CJIM { IPHHUMACT BCC BCIICCTBCHHBIC 3HAYCHUA, TO M npo6eraeT BCC
TOYKH 3JUIUIICA, CIICAOBATCIIbHO, ITAPpAMCTPUIYCCKUC YPABHCHUA 3JIJIMIICA UMCIOT BHU:

X = acost,
y=bsint, teR.

OTMETHM YTO 3JUTUIIC MOXKET OBITh MOJIyUYEH U3 OKPYKHOCTU MpeoOpa3zoBaHUEM
corcamusi K TMaMETPy OKPYKHOCTH.

2 . .
Onpeoenenue 2. Cocamuem niockocmu E° x npamoii Ox eoonv npsamou Oy

B2 2
nasvieaemcs omobpascenue . E°—>E" | xomopoe mna npouszeonvnyro mouxy
niaockocmu M (X,Y) , 3a0annyio ceoumu koopounamamu, Oetucmsyem no npasuy:.

M(x, y) = M’(x,ky). 3)
30ecv k — ukcuposannoe eewecmeennoe uucio, 0<k <l , komopoe
Ha3zvleaemcst Ko puuuenmom cocamus (puc. 4).
YAy
.M' x
- N’
T
Puc. .4

2
Ymeepcoenue 1. [Tycmo © — ¢pucypa na nnockocmu E°, sadannas ypasnenuem
F(X,y)=0 omuocumenvrno npsmoyeonvnoii cucmemvt xoopounam OXy . Toeoa

Queypa @' = f (D), nonyuennas uz ® cocamuem (3), umeem ypasnenue F(X,%) =0.

Hokazamenscmeo. OueBUIHO, YTO TOUYKA MIockocTu M (X,,Y,) IPUHAIIEKHUT
¢durype @' Toraa v TOJIBKO TOT/Ia, KOT/Ia OHA MOJyYeHa MpeoOpa3oBaHUEM CKATHUS U3

TOYKH MO(XO,%) ¢urypsr @ . Ciie10BaTeIbHO,

M3 (X, Yo) €' & F(x,,32)=0.p

B kauecTBe CHeACTBUSI ITOrO YTBEPXKIACHUSA TMOJy4aeM, YTO MPUMEHSS
2,2 _ a2

npeoOpa3oBaHue CKATHS K OKPY>KHOCTH @ ¢ ypaBHeHUEM X° + Y° =a" OTHOCHUTEIHHO

PSAMOYTOJIbHON cucTeMbl koopauHat OXy , monmydaem ¢urypy @' ¢ ypaBHCHHEM

2 2 2
x> + b a’ umm —+ y—2 =1, T.e. ayumric ¢ moyocsimu a U b=Kka.
k a”  (ka)
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1.4.2. I'mnep6osa
Onpeoenenue 3. 'unepbonoii nasvisaemes ¢ueypa na niockocmu E?, komopast
8 HEeKOmMOpOoU NpAMOY20ibHOU cucmeme roopounam OXY moocem Ovimb 3a0aua
ypaeHeHuem
2 2
X Y1 (4)
a~ b
30ecy a u b — guxcuposanmuvie nonodxcumenvhsle yucua.

YpaBHeHwue (4) HA3bIBACTCSI KAHOHUYECKUM YPABHEHUEM TUTIEPOOITHI.
Ecmn M,(X,,Y,) — Touka rumepOoiibl, TO M3 ypaBHEHHsA (4) BBITEKAET, YTO

| X, |=a. Oto o3Hauaer, uyto runepbona — Qurypa, jnexaiias BHE IOJIOCH NIMPUHOM
2a , KoTopas ompejaensercs HepaBeHCTBOM: | X|<a . Ilockoibky B ypaBHeHHE (4)
HEHM3BECTHBIE X M Y BXOAAT B KBagparax, TO THIEp00Ja, TaKKe KaK 3IUIMIIC,

CUMMETPUYHA OTHOCUTENIBHO OCEHl KOOpAMHAT U Hadaja koopauHaT. [loatomy, 4To0b!
HapHUCOBaTh T'MIEPOOTYy, JOCTAaTOYHO H300pa3UTh €€ YacTh, JICKALIYI0 B IEpPBOU
YEeTBEPTH, U 3aTEM JJOCTPOUTH HEJOCTAIOIUE YACTH, OIb3YsCh cuMMeTpuel. Cunras
x>0, y>0, u3 ypaBHenus (4) moiydaem, 4TO B TEpPBOW YeTBEpTH TurepOoIa

3ajiaeTcs rpagukoM Bo3pacTaroiiei QyHKIMH
b
y=—+/x"—a’.
a
VY sroro rpaduka ecTh HaKJIOHHAsI ACUMIITOTA ¢ ypaBHeHHEM Y =KX+ Db, rae
k= lim—= y(x) _ I|m ,

X—>+00 X X—>+0©0 a

_I|m(y(x)——x)_I|m( \/ -a’ ——x) 0.

Jlanee HETpPyOHO YCTaHOBHUTH, YTO rpacpmc (byHKuHH MpeACTaBiIseT coO0OM
BBIITYKJIYIO BBEPX KpPHUBYIO, BBIXOJMINYI0 BepTUKanbHO u3 Touku A, (a,0) u

ACUMIITOTHYECKH MPUOIMKAIOUIYIOCS K MPSIMOM Y =—X, HO HE MEepPEeCeKaroulyto 3Ty
a

npsiMyto. Microb3yst CHMMETPHIO, IToJIydaeM H300pakeHue Beeil runep0osibl (puc. 5).

YA
M
/ A 2\ F
FI 1 2 2 -
X
Puc. 5
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['umepbona @& cocroutr w3 JABYyX 4acTteld (BeTBed), OOO3HAUUM HX:
O ={M(X,y)e®@|x>0t u ® ={M(X,y) e ®| X <0} — coOTBETCTBEHHO IpaBas u
neBass BeTBU Ha pucyHke 6. Touku A (—a,0), A (a,0) npunaanexar runepooie u

Ha3bIBAIOTCS €€ gepuiunamu. Ynciia a u b Ha3bIBAIOTCS nOYOCAMU TUTIEPOOITBI, a —
oeiicmeumenvhaa 1oinyocb, b — muumas mnonyocs. Ilpsmas OX Ha3bIBaeTCA
oeiicmeumenvHoil ocsio, ipsimMasi Oy Ha3bIBACTCS MHUMOU OCbIO TUTIEPOOITBI.

Jlnst m3o0pakeHUsT TUNEPOOSBI HAa JHCTe OyMmMarn WM Ha JOCKE OOBIYHO
NOCTYMAIT CIEIYyOIUM 00pa3oM. BHavaile pucyroT NpSAMOYTOJIBHHK pa3MepaMu
2ax2b co cropoHamu mapaUIeIbHBIMH OCSIM KOOPAMHAT U C LIEHTPOM B Hauaje
KOOpJIMHAT, TaKoM ke, Kak JJsl yunca ¢ ypaBHeHueM (1). DToT mpsiMOyrojibHUK
HA3bIBACTCSI OCHOGHBIM NPAMOY2071bHUKOM TUTIEPOOIIBI. 3aT€M MPOBOJIAT ACUMITOTHI

b
runepOonbl Y =t—X . DTO mpsMble, Ha KOTOPBIX JIEKAT JAHArOHaIM OCHOBHOIO

TIPAMOYTONbHUKA. M HakoHell, pucyloT BeTBH runep6oisl @ u @ tak, 4To6bl OHU
Kacaluch OCHOBHOTO TpsiMoyronpHMka B BepmmHax A(-a,0) u A(a,0) u

ACUMIITOTHYECKH NPUOIMKAIIUCH K MPAMBIM Y =+ —X.
a

b 2

C
Onpenenum uncio C= a’+b’ . Ornomenne e=—=,[1+| = | , Tawxke Kak
a a

JUIS DJUTUTICA, HA3BIBACTCS IKCUEHMPUCUMEmOM. DKCICHTPHUCUTET THUIEPOOIbl —
I0JI0’KUTEIILHOE YHCII0, OOJIbILIEE €ANHUIIBL, XapakTepusymomiee ee popMmy (&, <g, <&,

Ha puc. 6). Eciu & crpemurcs k 1, To MHUMas MOJIyOCh D 3HAUYUTEILHO MEHBIIE
JNEHUCTBUTENLHON MOJMyOoCH a W runepOosia npubnmxkaerca K ABYM Jiydam. Eciu €
CTPEMHTCSI K +o0, TO MHUMAs MOJyoch D 3HaumTenbHO OOJbIIE ACHCTBUTEIBHOU
NOJIyOCH a U runep0oia npudarmKkaeTcs K nape napamuieabHbIX MPSMBbIX.

83

VA &2
g
0 >
X
Puc. 6

VY rumnep6oibl ¢ KAHOHMYECKUM ypaBHEHUEM (4) UMEIOTCS @hoKycwvl, 3TO IBE
touku: F(—c,0) u F,(c,0) (puc. 3.5). Ecniu M(X,y) — mnpousBonbHas Touka
runepbonsl, To orpesku MF u MF,, a taxke mux mmamel r=|MF|, r,=|MF,|
Ha3bIBAIOTCS (hoKanbHbiMu paduycamu To9ku M. Berauciaum 3HadueHUs (OKATbHBIX
paanycoB:
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2

2

[ =(X+C)?+y* = (x+c)2+b2(x—2—1j= (x+c)2+(c2—a2)[x—2—1j:

a a

x? NG
\/)<{+2xc+}2\+02¥+a2—\&—)([:\/a2+2xc+32¥:
2
a+ ex, x>0,

(a+§xj :\/(a+sx)2:|a+sx|:{ o et

—(a+¢x), eciu x<0.

[Tpr packpeITHH MOAYJS ClIeAyeT ydecTh, 4To € >1 m g Touku M (X,Y)
runepooJIbl | X|>a. AHaJIOTHYHO,
—(a—ex), eciu x>0,
r,=la—ex|=
a—eX, ecnu X<0.

3aMeTuMm, 410 I —I, =23, €CIH X € D", u n—r,=—2a, ecmXe® , t.e. nud
0001 TOUKM THUMEpOOJIbI ¢ ypaBHEeHHWEM (4) aOCONIOTHAs BEJIMYMHA Pa3HOCTH
paccrosiHu# 10 (POKYCOB MOCTOSIHHA M paBHA 2a. OTMEUYEHHOE CBOMCTBO SIBISIETCS
xapaxmepucmudeckum sl TUNepOOJbl. DTO O3HA4YaeT, YTO BEpHA CleAyIolas
TeopeMma.

Teopema 2. Ilycmv F u F, — 06e mouxu niockocmu, paccmosuue menrcoy
komopvimu paeno 2C, ¢>0. Toeoa dueypa ® , cocmoswas uz 6cex mouex
naockocmu, 0l KOMopwvix abCONOMHASA 6eudUHA pasHocmu paccmosnuii 0o F u F,
nocmosnHa u pasna 2@, a<C, ecmb cunepbona. Touxu F u F, asnaomca

goxycamu smoti eunepoobl.

Jokazamenvcmeo. BpibepeM Ha IUIOCKOCTH MPSMOYTOJIBHYIO — CHUCTEMY
xoopauHat OXy Tak, uyToObl ock OXx mpoxoauna 4epe3 Touku F u F,, a Hayano
CHCTEMBI KOOPJMHAT COBIIaIaJIo ¢ cepeanHon orpeska FF,. B oroii cucreme Toukn F
u F, umeror cnenyromue koopaunatel: F(—C,0), F,(c,0). Ilycte M(X,y) -
IPOM3BOJIBHAS TOYKA MIIOCKOCTU. Torma

IMF, [=J(x+0) + 2, MR, | =(x—0)* + ¥,

CnenoBatenbHO, ypaBHeHHE Qurypsl O uMeeT BU:

‘\/(x+c)2 +y? —\/(x—c)2 +y?

=2a (5)

500041

\/(x+c)2+y2 —\/(x—c)2+y2 =+ 2a.

[lepenecem BTOpOI KOPEHB B MPaABYIO YacTh U BO3BEIEM 00€ YacTH ypaBHEHUS B
KBajpat. PackpbiBas CKOOKH ¥ MPUBO/IS TI0I00HBIC, TTOJTyYUM YPAaBHECHHUE:

+a./(x—c)? +y? =a® — xc.

Emie pa3 Bo3BoAMM B KBaJIpaT 00€ 4acTU ypaBHEHUS U PUBOJIUM MOJAOOHBIE:
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XZ(CZ N aZ) . y2a2 — aZ(CZ i aZ).
Tak Kak MO YyCJIOBUIO C>a, TO MOXHO ONPEACIUTHh YHCIIO b= \/C2 — a2 > 0.

2182
PaSIICJ'II/IB 00e yacTtu IMOCJICAHCTO YPAaBHCHUA Ha ab y IIOJIYYHUM, 4YTO BCC TOYKHU

burypsl @ ynoBICTBOPAIOT YPAaBHEHUIO TUIIEPOOIIBI:
2 2

Y _

a’ b?

OueBnpHo, Touku F n F, sapisarorces Goxycamu 3Toi runepOoiist. P

Hapsiny ¢ runmepOosiolt, 3agaHHO ypaBHeHUEM (4), MOXKHO paccMaTpuBaTh

runepooy, KoTopast 3a71aeTcs ypaBHCHUEM
2 2
X
KLY
a- b
OTU JIB€ TUIEPOOJIbl HA3BIBAIOTCS COMPAMNCEHHbIMU JPYT 11 apyra. Y
COHp)I)KeHHBIX FI/IHCp6OJ'I OIVWH U TOT XKC OCHOBHOﬁ HpﬂMOYFOJ’IBHI/IK h COBIIAAAarOT

ACHUMIITOTHI, TOJIBKO HGﬁCTBHTGHBHBI@ U MHHUMBIC OCHU MCHAIOTCA MECTaMU (pI/IC 7)

\\ Y A ~
~. rd
~ 2 s
N\ ! M

Y

/’ F; \\

Puc.7

['unepOosty MOXHO 3aaarh mnapamerpuueckud. CoOTBETCTBYIOIINUE (HOPMYJIBI
0JIOOHBI T€M, KOTOPbIE MCIIOJIB30BAIMCH MPU 3aJaHUM AJUIUICA, TOJBKO OOBIYHBIE
CHUHYC ¥ KOCHHYC 3aMEHSIOTCSl Ha TUIIepO0InYecKue:

Xx=a cht,
y=Dbsht, teR.

OtmetuM, uto opmynsl (6) 3a7al0T TOJBKO OJHY BETBH TMIEPOOJIBI, BTOpas
BETBb 33/1acTCs (hOpMyIamMu:

(6)

X=-a cht,
y=bsht, teR.

B cpenneii mkone eunep6o.10ti HazbiBaeTcs rpaduk 0OpaTHO MPOTOPIIMOHATIBHOM
k

3aBUCHMOCTH, T.€. rpaduk pyukuun Y =—, K # 0. Vcrons3yst MaTepral CIIeayroIero
X

naparpada, MOXKHO MOKa3aTh, 4YTO 3TOT rpaduK SBISETCS TUNEpOOIOl B CMBbICIE
onpenenenuss 1.3.3. Jlnsg 3Toil rumepOO0Jibl MCXOAHBIE OCH KOOPJAWHAT SIBISIOTCA
ACHMIITOTAMH, a MPSIMbIE ¢ ypaBHeHUAMHU Y =X — ocsimu. UTOOBI 3TO T0Ka3aTh, HAJI0

OT TPSMOYTOJIbHOW cHuCTeMbl KoopauHaT OXy mepeiTu K JApyrod, MOBEPHYB
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HCXOIHYI0 CHCTEMy KOOpIWHAT BOKpyr Toukun O Ha 45° . B HOBoO# cucreme
2 2

_y

KOOpJIMHAT pacCMaTpUBaeMblii rpaMK 331a€TCsl ypaBHEHUEM 2(k| 2(k|

1.4.3. Ilapa6osa

[TapaGona m3BecTHa W3 MIKOJBHOTO KypCca MaTeMAaTHKH. 3€Ch MBI MPHUBEIACM
HEKOTOpbIE TEPMHUHBI, MPHUHATHIC MPH PACCMOTPEHUU Mapaboibl B aHAIUTUYECKOU
TE€OMETPHH.

Jlrobast mapabonia TpH MOAXOMASIIEM BBIOOPE MPSIMOYTOJBHON CHCTEMBbI
koopauHat OXy (Hayasllo CHCTEMBbI KOOPAMHAT CJIEIYyEeT COBMECTUTh C BEPIIUHON

napaboJiel, ock Oy — ¢ KacarenpHOM K napadosie B BepiIuHe, ocb OX HampaBUTh B TY
MOJTYTIOCKOCTh OTHOCUTENbHO OY, B KOTOPOH JiexKaT BETBU MapaboIibl) MOKET OBITh
3aJlaHa ypaBHEHUEM:

2
y =2px, p>0, (7)
KOTOPOC HA3bIBACTCA KAHOHUYECKUM ypDABHEHUem Hapa60JIBI. Yucno P HA3BIBACTCA

doxanvHviM napamempom napadoIIbl, TOUKa F (20] — ghokycom. J1;1s1 mapaboJibl ¢

ypaBHeHHeM (7) ocbk Ox siBisieTcst ocbio cummeTpuu, Touka O(0,0) — BeprmHONA.

[TpunsTO CunTaTh, YTO IKCUEeHmpucumem 000 MapaboNbl paBeH €IUHULE,
e =1. DKCIEHTpUCUTET NapaboJibl, TAKXKE Kak B CIydyasx dJUIMIICA U TUIEpOOJIb,
xapakrepusyer ¢Gopmy ¢urypsl. I[lockonabky y Bcex mnapaboia 3KCUEHTPUCUTET
MOCTOSIHEH, TO 3TO 03HAYAET, UTO Yy BCeX mapadoit popma oauHakoBa. B maTemaTtuke B
TaKOM CITy4ae TOBOPST, 4TO (DUTYpbl KOH@opmubl. Boliee TOUHO, 3TO 03HAYAET, UTO
J00yI0 Tapaboiy MOXKHO TEPEBECTH B JIIOOYIO IPYTyI0 MpeoOpazoBaHUEM HO00OuUs,
T.€. TAKMM TpeoOpazoBaHUEM, P KOTOPOM PACCTOSHUS MEXKIY COOTBETCTBYIOIIUMU
TOYKaMU YBEJIIMYMBAETCS (MM YMEHBIIAETCS) B OJJHO U TOXKe 4yucio pa3. [Ipumepom

.2 2
npeoOpa3oBaHus MOJOOUS MOXKET CIYKHTh Ipeobpasosanue mwiockoctu f1E°— E°,
KOTOpOe Tpou3BoJbHYI0 Touky M (X,Y) mepeBoaut B Touky M'(kx,ky), k >0, Takoe
npeoOpazoBanne HasbiBacTcs zomomemueii ¢ uyeumpom 6 mouke 0O(0,0) u

KoIhpuyuenmom K . OueBHIHO, UYTO MPU TOMOTETUU PACCTOSHHUS MEKIY
COOTBETCTBYIOIIMMH TOYKaMM yBenuumBarorca B K pas. Ilycte @, m @, — nBe

napa®onsl ¢ (oKaJbHBIMM TapaMeTpaMH [, M P, , 3aJaHHbIE YypaBHEHUSAMHU

2 2
COOTBETCTBEHHO Y  =2pPX u Y  =2p,X . Uuraremo mnpepiaractcs B KavyecTBe
yOpaKHeHUsT yOemuThCSs B TOM, YTO TiepBas mapaboJia MEepEeBOJUTCS BO BTOPYIO
P,

1

roMoreTueit ¢ kodduimeHTom Kk =
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.
&1
v

Puc. 8

Jliis mpousBoibHOM Touku M (X, Y) mapabounsl orpe3ok MF | a Takke ero ajMHa
r =|MF | Ha3bBatoTcs ghokanvhvim paduycom Touku M . BerucnauM 3HaueHHe

dbokanpHOTO paauyca:

2

1.4.4. HexoTopble o01ue CBOCTBA JLIHIICA, THIIEPOOJIbI M TapadoIbl

2 2
r= (X—Ej +y’ = xz—px+p7+2px:x+g.

B »TOM myHKTE MBI UCIIOJIB3yeM 0003HAUYEHMsI, BBEICHHBIC BBIIIE, B YACTHOCTH,
MBI CUUTAEM, YTO DJUIMIIC, TuniepOoIa U mapaboiia 3a/1aHbl B IPSIMOYTOJILHON CUCTEME
KOOPJIMHAT KAHOHUYECKUMH YpaBHEHUAMH COOTBETCTBEHHO (1), (3) u (6).

Onpeodenenue 4. /Jupekmpucamu innunca u 2unepooibl HA3LIBAIOMCS 08e

a a .
npamvle A, u A, ¢ ypasuenuamu coomeemcmeenno X =—— n X=—. lupekmpucoii
€ €

napaoovl Ha3vleaemcs npamas A ¢ ypasnenuem X = —g (puc. 9).

y y
A R‘O ‘é o of F |x
A, /A,‘ AZ\ A
Puc. 9

ByneM roBoputs, 4To B Cllydasx 3JIMIICca U runepOoisl pokyc F u npupexrpuca
A, 1=12, coomeemcmeyrom ppyr npyry. Ilepsoe oOmee cBoilcTBO Tpex
YIIOMSIHYTBIX (PUTYP BBIPAXKACTCS CISAYIONUM YTBEPIKICHUEM.

Ymeepoicoenue 2. J[na nioboti mouxku snanunca, eunepbonvl uiu napadovl
OomHOWeHUue ee paccmosnull 00 oxKyca u 00 coomeemcmayiowei 3momy Gokycy
OUPEKMPUCHL NOCIOSIHHO U PABHO IKCYESHMPUCUMENTY.

Jlokazamenvcmeo. Ilycte M (X,Y) — npou3BojIbHAs TOYKA DIUIMIICA, I = a + eX

al| ex+a
X+—|=
€

— paccrosinue or M 1o nesoro dokyca F, , d = — pacctosinue ot M
€
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r
1o neBo aupektpuchl A, . Torma Eze. Jist mpaBbeIX QoOKyca M JUPEKTPHUCHI

JI0Ka3aTeabCTBO aHAJOTHYHO.
[Tycte M (X,Y) — mpou3BoJibHAsE TOYKaA rumepOoIIbl, I =|a—&eX| — paccTosHue
a| |ex—al

X ——
€ €

or M o npasoro ¢okyca F,, d = — paccrosiHue oT M 10 mpason

r
aupexTpuchl A, . Toraa q =¢. JIns neBbIx (oKyca M AUPEKTPUCH TOKA3ATEIHCTBO

AHAJIOTHUYHO.

[lycte M(X,y) — mpousBoiibHasi TOYKa MmapaboIbl, TOTIA r:|x+£| —

2

pacctosiHue oT M 110 pokyca F , d =

X + g‘ — pacctostHue OT M 10 TUPEKTPUCHT A.

Tornma gzlzs.b

I[OKa?)aHHOC CBOMCTBO SIBJISICTCS XApPaAKTCPUCTUUCCKUM IJIS TPCX (l)I/Il“yp

Ymeepocoenue 3. I[lycmv A — npamas uma niockocmu E*, F — mouka
na0CKOCmuU, He excauias Ha A, € — nojodcumenvbHoe Yucio.

Tozoa ¢ueypa ® , cocmosawas uz 6cex mouex HIOCKOCMU, 0N KOMOPHIX
omHowenue paccmosHuti 0o mouku F u 0o npsmoti A nocmosiHno u pagHo €, cymo.
annunc, eciu € <1; eunepbona, eciu € >1; napabona, eciu € =1.

KopoTko 3akitoueHre yTBepKICHHUS MOKHO 3aIlliCaTh CICAYIOMHUM 00pa3oM:

aunc, ecau €<1,
d(M,F)

®={M eE?| TONS

=g} — | cunepbona, eciu €>1,
napabona, eciu € =1,

Hokazamenvscmeo. BribepeM MNpsIMOYroiibHYIO cucTeMy KoopauHaT OXy Ha

mockoctr E* Tak, uto ocy Oy coBmamaer ¢ npssMori A, a och OX MPOXOAMT Uepe3
touky F mepnenaukymnspao A. Torma koopauHatel 3ananHon Touku: F(K,0), roe k
— paccrosiuue oT F 1o A. Ecam M (X,y) — mpou3BosibHass TOYKA IUIOCKOCTH, TO
ypaBHeHHE GUrypsl @ MMeeT BHULI:

2 2
o |k)| Y e (x—K)? +y? = X%,
X
IIpeoGpa3oBeIBas ypaBHEHUE Jaliee, MOTYIHUM:
X*(L—g?) —2xk + k> + y* =0. (8)

[lycte € #1. BriHeceM MHOkUTEIH 1— g’ W3 claracMbix, coliepxKalux X, u
JIOTIOJIHUM OCTaBIIMECS YICHBI O MTOJHOIO KBaapara:

2 2
2 T kz 2 +y2:k—2_
1-¢° (1-¢9) @-¢9)

(1-&?)| x* —2x k? nmm
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k 2 y2 k22
X2 | T 2T 2y
l-¢ 1-¢° (1-¢)

k2g?
BeemeM o00o3naueHume a’ = (1 ) U pasfeauM 00€ dYacTH IOCIIEAHEro
€
YpaBHEHUS Ha a’. [Tommyuum B uTOTE Clieayromiee ypaBHeHUE GUrypsl @ :
2
k
(X - 1-¢? y2
> +— —~=1. (9)
a a“(1-—¢%)

OueBugHO, uTo (9) sABNSETCA YpaBHEHUEM dJUIMICA, €ClM € <1, U YypaBHEHHUEM
runepOobl, eciu € >1.

Ecmu B ypasHeHHH (8) £ =1, TO ero MOKHO mepenucaTh B Buae Y = 2K (X — E) :

[Tocnennee ypaBHeHHEe, OUEBUIHO, 3a7aeT napadoiy. P

Yurarento npearaeTcs B KauecTBE yIpaXXHEHUs] yOeAUTbCsa B TOM, yTo F u A
ABISAIOTCA )11 GUrypbl @ COOTBETCTBYIOIIMMU APYT APYTY (POKYCOM U TUPEKTPUCOH.

Jlanee Mbl HaliileM ypaBHEHHUS KacaTelbHBIX MPSAMBIX K 3JUIAICY, rUnepOoie,
napabosie.

Ecnu orpaHMuuThbCs NEPBOM KOOPAMHATHOM YETBEPTHIO, TO Jyra 3JUIMIICA,
Jexallas B 3TOM YeTBEPTH, ABIIACTCA rpapuKoM (DyHKIIHH

yzgxlaz — X2,

M3 mKOJBHOTO Kypca MaTeMaTHKW W3BECTHO, YTO YPaBHEHHUE KacaTeIbHOU K
rpaduxy ¢pynkuuu y = f (X) B Touke M, (X,,Y,) UMeeT BUL:

Y =Yoo= F'00)(X=%) -

B paccmarpuBaemom citydyae

F0) = bx,  bx __b2xO
" afar-x .2 /1_x§ a’y,
aZ

CrnenoBatesibHO, YPABHEHHE KAaCcaTEIIbHOM:

Y—Y, :—b2X° (X —X,) umn —°+ y{‘J _X—§+y—§.
a’y, a®> b> a’ b
Tak kak —%+ h =1, moJy4aeM OKOHYATENFHO YpaBHEHHE KacaTelbHOW K
siuuncy B Touke M, (X, Y,):
X + Yo _ 1. (10)
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Y4uuThiBas, 4TO JJUIAIIC CHUMMETPUYEH OTHOCHUTEIHHO KOOPJIWHATHBIX OCEH,
HETpYyAHO yoeauThes, uyTo ypaBHeHueM (10) 3amaeTcs kacaTenabHasl K AJUIMIICY B €70
MIPOM3BOJIHHON TOUKE.

AHAJOTHYHO MOTYYar0TCsl YpaBHEHHI KacaTelbHBIX K THIIEpOoIIe:

XX
a_;_%zl (11)
U mapaboJie:
Yo = P(X+X)- (12)

Ternepb MOKHO YCTAaHOBUTH TaK Ha3bIBAEMbIE «ONTHUYECKHUE» CBOMCTBA ILIUIICA,
runepooJIbl U mapadoJIbI.
Ymeepowcoenue 4. Kacamenvnas 6 w060t mouke siiunca uiu 2unepoo.ivl

cocmasusiem pasuvie yeivl ¢ pokanvuvimu paouycamu smou mouxu (puc. 10).
Y A

Puc. 10
Hokazamenscmeo. Ilycte M (X,,Y,) — Touka smiunca. PaccMOoTpuM BEKTOPBI
FEM, (%, +C,Y,)u M,F,(C—X,,—Y,), a Takike HarpaBISIOIIHI BEKTOP rﬁ(%,—%)

KacaresbHOM. I1ycThb ¢ ¥ (p, — BEJIMYMHBI YIIIOB COOTBETCTBEHHO Mexay F M, n M

, umexny MF, u M.Torxa:
(% +C)Y _ %Yo

050, = b? a2  _ %Yo(@ —b*)+oya’ _cy(@’+oxy) _ ey,

1 — — _

M1y +0)° +¥¢ a’b®|mlr, a’b’|mlr,  b?|m|
(C—%) Yo +X0y0 , , ,

056, = h? a® XY (b"-a)+cya’ cy,(@’—cx) ey, |

mlJe—x)+y;  abimir, a’®mlr,  b*|m|

Takum obOpaszoMm, ¢, =@, . JloKa3aTeabCTBO B CiIydae TUMNEpPOOSbl IPOBOAUTCS

aHaJoruyHo. P

Ecnu cuntaTh, 4TO MOJAENH 3JUIUIICA U TUIEPOOIIBI BBHITIOJIHEHBI U3 3€PKaIbHOTO
MaTepHaa, TO MOKHO c(hopMyInpoBaTh PU3NYECKYIO (ONITUYECKYIO) HHTEPIIPETAILIUIO
JIOKa3aHHBIX CBOMCTB:

JYY, BBLINYUWIEHHBL U3 00HO020 (DOKYyca 3IIUNCa, Ompasu8UcCh, om 3JIUNCA,
nonaoaem 8 opy2otl poKyc;

JIYY, 8LINYWEHHBIU U3 00H020 (OKYCa, OMpA3USUUCHL OM 2unepboivl, uoem no
nPAMOU, Npoxoosauleli yepe3 6Mmopou (YOKyC U MoUKy OMPaH#CEeHUs..
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Ymeepiwcoenue 5. Kacamenvrnas 6 110601 mouke napabo.ivl cocmasisem pasHvie

yell ¢ (hoKanbHbIM PAOUyCcom 3motl mo4ku u ocvio napabonwt (puc. 11).
Y4

\

Puc. 11
Hoxkazamenscmeo. Ilycte M (X,,Y,) — Touka napad®oisl. PaccMoTpuM BEKTOp

P

FM, (X, y Y,) 1 HampaBJISIOMUil BEKTOP rﬁ(yo, p) KacarenbHOu. IlycTs @ 1 @, —

_
—

BeJIMYHMHBI YIJIOB COOTBETCTBEHHO Mexay FM, u M, u Mexxay M u ockro mapaGosbL.
[TockonpKy B paccMaTpuBaeMOM Cyyae OChb MapaloJibl COBMAJAET C KOOPIAMHATHOM
ocbio OX, TO @, — BeJIMUKMHA yriia Mexay M 1 6asuCHBIM BEKTOPOM i (1,0) cucremsl
koopauHat. Torna:

(Xo_E)yo'i'yop X0y0+£y0
rrm = m

Xi+—)m

(% + ) I

COSQ, = |yﬁo| Takum obpaszom, ¢, =¢,.»>

®duznueckas (onTHYECKasi) WUHTEPIpPETAlHs TOKa3aHHOTO CBOWCTBA MapaboJibl
CIIEYIOIAs: 1YY, 8bINYUEHHbIL U3 (OKYCA, Ompasusuucs om napadousl, uoem no
npAMOU, NApaileibHou ocu napaboisi. Ha 3TOM CBOMCTBE OCHOBaHbI KOHCTPYKIIMH
MPOXKEKTOPOB, (¢ap, MNepelarouux W MNPUHUMAIOIIMX AaHTEHH, B TOM YHCIIE
napadoJIMUEeCKUX TEICBU3UOHHBIX.

OTMeTHM, 4TO TOMUMO TPUBEJICHHOTO, CYIIECTBYIOT U JAPYIrUe JA0Ka3aTeIbCTBA
ONTUYECKUX CBOMCTB, B TOM YMCJIE U YUCTO TN€OMETPUUYECKHUE, HE HCIIOIb3YIOIIHE
YpPaBHEHUN. 3aMHTEPECOBABIIMNCS YUTATENb MOKET MPEIJIOKUTH CBOM BApHUAHT, a
TaKkkK€ HAWTHU pa3IMyHbIE JOKAa3aTelIbCTBA B MATEMAaTHYECKOW JHMTEpAType WU
UHTEpHETE.

1.5. llonsiTne adppunnoro npocrpancrsa. [lnockocru B adppunnom
MPOCTPAHCTBE U UX YPABHEHMS

1.5.1. Onpenesienue, npuMepsbl U NPOCTEHIIME CBOMCTBA aP(PHUHHOTO
NPOCTPAHCTBA

[Tonsitue agguunoco npocmpancmea BO3HHKAET Kak OOOOIICHHE TMOHSTHIA
%) 1
npoctpanctea E°, miockoctn E” u mpamoit E'. Tlpu 3ToM moCTynmaioT OOBIYHO
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CIEAYIOIMIMM  00pa3oM: BBIAEISIOTCS HEKOTOPhIE  CYIIIECTBEHHBIE CBOMCTBA
0000111aeMbIX TIOHSTHM, 3TH CBOWCTBA (POPMYIHPYIOTCI KaK aKCHUOMBI M HOBOE
MOHSTUE BO3HUKAET KaK OOBEKT, YJOBJICTBOPAIONIMM JaHHBIM akcuoMaM. B Haiem

KOHKPETHOM CJIydae Mbl OTMEYaeM Cledyloliie obIue cBoicTBa mpocTpaHcTsa E°,
mwiockoctd E? u mpsamoi E' ;

(1) KaXIbIl U3 3TUX OOBEKTOB SBISACTCS MHOKECTBOM TOYCK;
(i) xaxmas ynopsaodeHHas Iapa TOYCK OIPEACIsSeT BEKTOpP, MHOMXECTBO

KOTOPBIX COCTaBIIsIeT BekTopHOe npocTpanctso V (E"),n=12,3;

(iil) ot MO0O¥ TOYKH €AMHCTBEHHBIM 00Pa30M MOKHO OTJIOXKHTH JIIOOOH BEKTOP,
TOJIYYHB MPH 3TOM TOUYKY (KOHEIl COOTBETCTBYIOIIIETO HAPABICHHOTO OTPE3Ka).

AKCHOMAaTH3aIUs 3TUX CBOMCTB MPUBOJIUT K CIIEAYIOIIEMY ONPEIACICHHIO.

Onpeoenenue 1. Ilycmv A — Henycmoe MHONCECMBO, DJleMEHNblL KOMOPO2O
OVOym Ha36l6amvbCsi MOUKAMU U 0003HAYAMBCS NPONUCHBIMU JIAMUHCKUMU OYK8aAMU
A={A,..}. I[lycmov V ={8a,...}— 6exkmopnoe npocmpancmeo nao nonrem F. [lycmp,

oanee, Kaxcoou ynopsioouennou nape mouex (A,B) nocmaenen ¢ coomeemcmesue

8eKMOp, KOmMopwlil 6Oyoem 0003Ha4amo AB . Muoacecmeo A: nasvieaemcs
agpunnvim npocmpancmeom, ceA3AHHLIM C GEKMOPHLIM npocmpancmeom V,
ecau 8bINOIHAIOMCS 08€ AKCUOMDL.

A,. na moboit mouku A€A u mwoboco eexkmopa deVN cywecmsyem

eouncmeennas mouka B € A maxas, umo AB =34,
A,,. na nobwix mouex A,B,C € A sepro coomnowenue Illana:

AB +BC =AC.

Tot (axT, uro Kaxxaoi ynopsnoueHHou nape touek (A, B), A,B €A, ctaBurcs B

COOTBCTCTBHC BCKTOP ATB eV O3Ha4yacT, 4TO 3aJaHO 0T06pa}K€HI/Ie
®:AxA -V, (A B)— ®(A B)= AB. (1)

Axcuomel A U A, OIIUCBIBAIOT CBOKMCTBA 3TOr0 OTOOpakeHHsA. OTMETUM, YTO

akcuoma A, 03HadaeT (PAaKTUYECKH, YTO 33JaHO OTOOpaKeHHE
AxV—->A,

comocrassromee mape (A,d) Touky B Takyro, uto d = AB. Urak, B abpduHHOM
MIPOCTPAHCTBE JIOOOM BEKTOP MOXHO OTJIOXKUTH OT JIF0OOW TOYKHM M TOJIYYHUTh
OJIHO3HAYHO OTPECIICHHYIO TOUKY.

Onpeoenenue 2. Pazmepnocmoio apgpunnozo npocmpancmea, céi3anno2o ¢
KOHEYHOMEPHLIM BEKMOPHbIM npocmpancmeom N, Hazvieaemcsi pasmepHoCmb
npocmpancmea V', N -mepnoe apgunnoe npocmparncmeo obosnauaemes A" . Eciu
V beckoneunomepno, mo aggunnoe npocmpancmeo A maxodice Hazvieaemcs
deckoneunomepuvin. Hyno-mepnoe apgunnoe npocmpancmeo A° nazvisaemcs

« « 1
appunnont moukour, l-mepnoe agpduunoe npocmpancmeo A°  Hazvieaemcs
agppunnoil npamoii.
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3ameuanue. O603nauene AB s Bekropa @ (A, B), mo Buay coBmagaroliee ¢

0003HAaUYEHUEM KJlacca DSKBUBAJCHTHBIX OTPE3KOB, €CThb HA CamMOM Jele JIHIIb
YCIIOBHOCTb, MTO3BOJISIONIAs MOAYEPKHYTh OJIM30CTh 3TUX MOHATHI B ONPEIEICHHOM
KOHTEKCTe (HO He ux coBmajeHue). Hmke Oymer mokaszaHo, 4yTo ISl JIFOOOTO
BEKTOPHOT'O MPOCTPAHCTBA CYIIECTBYET ap(UHHOE MPOCTPAHCTBO, CBI3AHHOE C HUM.
[ToaTomMy BeKTOpEI, onpezenseMble mapaMu Touek ap(UHHOTO MPOCTPAHCTBA, MOTYT
MMETh PA3JIUYHYI0 MPUPOIY, OHM MOTYT SBIATHCA YUCIAMH, MHOTOYICHAMH,
GyHKUMSIMHU, MAaTPULIAMU U T.J.

[IpuBeneM HEKOTOpBIE CIEACTBUSA, HEMOCPEACTBEHHO BBITEKAIOIIME U3
onpezenenus ahGUHHOTO MPOCTPAHCTBA.

Ymeepocoenue 1. ITyemv ABeA . Tocoa AB=0 mozda u moavko mozoa,

koeoa A=B.
Joxazamenvscmeo. llonaras A=B=C wu3 cootHomenus lansg noiydaem:

AA+ AA = AA, orkyna AA=0. U3 10Ka3aHHOTO BBITEKAET, UTO Y(A0)=A, Te.
OTKJIaJIbIBasi OT TOYKM A HYJEBOW BEKTOp, MOJIydyaeM UCXOAHYI0 TOouky A. Ecmu
Teneps il Touek A,B BepHO paBEeHCTBO ﬁ:ﬁ, T.C. ‘P(A,@):B, TO B CHIY
OJTHO3HAYHOCTH OTKJIAJBIBAaHUS BEKTOpa OT TOYKH Nojiydaem A = B. «
Ymeepoicoenue 2. J[na nobvix mouex A,B e A gepro paserncmeo AB =—-BA

Jlokazamenvcmeo. AB + BA=0 BBuay cootHouienus Ilans u yrBepxiaeHus 1.

CnenoBarteibpHO, AB=—-BA.»>
B otobpaxkennn @ 3aukcupyeM NepBblid apryMeHT, moioxkuB A =0 . [Tomyunm
oTOOpaxeHue

®,:A >V, M OM. ()

Bexrop OM Ha3bIBACTCS paouyc-6eKmopom Touku M .

Ymeeporcoenue 3. J[na nodot mouku O € A omobpacxcenue (2), cmassawee 6
coomeemcmeue Kaxcool mouke ee paouyc-6eKmop, s6Nsemcs ouexyuel mexncoy
MHOJCECMBOM B8CeX moueK aghghunnoco npocmpancmea A U MHONCECBOM 6Cex
8EKMOPO8 8eKMOPHO20 npocmparncmea V .

Jlokazamenvcmeo. Ilycts acV, torma mis M =¥ (0,d) umeem: W:é,
cleloBaTeNbHO, oToOpaxkeHne @, cropbekTtuBHO. Ecmu @ (A) =D, (B), Tt.e.
OA = OB, To npumesisi cootsomenue Lllas, noxydaem: OA+AB=0A, t.c. AB=0.
VrBepknenue 1 reneps Bueuer, uro A= B, T.e. @, nHBEKTUBHO. 4

Takum o6pasom, orobpaxenne @, OTOXKAECTBIAET TOYKH C BEKTOpAMH,
noatomy @, OyIeMm Ha3bIBaTh geKmopusayueii ahGUHHOTO MpocTpaHcTBa A |

Ilpumepol aghpunnvix npocmpancme

1. IIpexne Bcero, mpumepamu adGUHHBIX TPOCTPAHCTB CIY>KAT MPOCTPAHCTBO
E}, mmockocte E® npsamas E' MOCKOJIBKY HMMEHHO HUX CBOMCTBa
aKCHOMAaTU3UPOBAIUCH B onpeneneHuu 1.4.1. Otu agdpuHHBIC MPOCTPAHCTBA CBSA3AHBI
¢ BEKTOPHBIMH IpocTpaHcTBamu cootBerctBenHo V (E®),V (E?),V (E'). Otobpakenue
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® 37mech BO3HHMKAET, €CIU Ui KaXIOW ymnopsgodeHHoW mapbl todek (A, B)
NIOCTPOUTHh BHAuaje HampaBlIeHHBIH OTpe30K AB, a 3aTeM Kjacc SKBHUBAJIEHTHOCTH
9TOrO OTpe3Ka, T.e. BeKTop AB.

2. Hycrs {A}— oxHodinementHoe MHOXectBo, V ={0}— HyleBoe BeKTOpHOE

npocTpancTBO Haja mojieMm F. 3amagum otoOpaxenne @ ciaeayromuM (€IUHCTBEHHO
BO3MOXKHBIM) 00pa3oM:

O(A A) =0.

OueBnnHO, BBINONHAIOTCA akcuoMel A, um A, . CienosarenbHo, J11000€

OOHO2JIEMEHMHOE  MHONCECMBO  MOJHCEM  PACCMAMPUBAMbCS  KAK — HYIbMEPHOe
agunnoe npocmpancmeo (agppunnas mouxa), césa3anHOe C HYIEGbLIM BEKMOPHLIM
NPOCMPAHCMBOM HAO NPOU3BONbHLIM nosiem F.

[TokaxkxeM Temepb, 4TO ISl JIOOOTO BEKTOPHOTO MPOCTPAHCTBA CYIIECTBYET
adpuHHOE MPOCTPAHCTBO, CBSI3aHHOE C HUM, B YaCTHOCTH, CYIIECTBYIOT ap(HUHHBIC
MPOCTPAHCTBA JIIOOOW pa3MEpPHOCTH, a Takxke OeckoHeuHoMepHbie adUHHBIC
POCTPAHCTBA.

3. IIycts V — mpou3BOIBHOE BEKTOPHOE MPOCTpaHCTBO HaJ mojeMm F. Tlomoxxum
A =V, T.e. OyaeM paccMaTpuBaTh KaKIblil 3JIEMEHT MHOKECTBAa V U KakK BEKTOp, U
Kak Touky. PaccmoTpum cnenytoiee oroOpaxeHue:

O:AxA >V, (@Eb)—b-a

Ynpasicnenue. Ilposepome, umo evinonnsiomes axcuomol A, u A, .

Takum o0Opazom, 11000€ BEKTOPHOE MPOCTPAHCTBO MOKET pACCMAaTPUBATHCS KaK
adpuHHOE TPOCTPAHCTBO, CBA3AHHOE C CAMUM COOOM.

B yacTHOCTH, €ciii B Ka4eCTBE BEKTOPHOIO MPOCTPAHCTBA V B3SITh BEKTOPHOE
npoctpanctBo crpok F' ={(a,a,,...,a,)|a;, €F}, 10 MHOKecTBO F" MOXHO
paccmaTpuBaTh Kak ad@UHHOE TPOCTPAHCTBO, CBSI3aHHOE C BEKTOPHBIM
npoctpanctBoM F". B atom ciyuae F" HaspiBaeTCst N -mepubim apupmemuyueckum
appunnvim npocmpancmeom Han nojem F. B sToM mpumepe BeEKTOp AB |
IIOCTPOEHHBIM 1Mo mape Touek A=(ay,,,..,a,), B=P.B,,....B,) HMeeT Bux:

E:(Bl_al’ sy Bn _an)'

1.5.2. IlnockocTu (MOANPOCTPAHCTBA) B Aap(PUHHOM NPOCTPAHCTBE

OnpenenuM BaKHOE TOHSATHE noonpocmparcmea ahPUHHOTO MPOCTPAHCTBA,
00001aroIIee MOHATHS IPAMBIX U IJIOCKOCTEH B IIPOCTpaHCcTBE E°.

Onpeoenenue 3. Ilycmv A — agpgunnoe npocmpancmeo, cesa3anHoe ¢
gexkmopHvim npocmpancmeom V; M, — nekomopas mouka npocmpancmea A ; W —
noonpocmpancmeo  eekmoptozo  npocmpaucmea .  Iloonpocmpancmeom
agunnoco npocmpancmea A HazvIBaAEMC MHONMCECTEO

B ={M €A |M,M e W}. (3)
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Hns noonpocmpancmea B mouxka M, nasvieaemcs nawanvnou moukou, a \W —

HanpagIAIWUM NPOCMPAHCHIEOM.
Wrak, moanpocTpancTBO apPUHHOTO MPOCTPAHCTBA COCTOUT M3 BCEX TOYEK,
HOJIyYaloNMXCsA OTKJIAAbIBAHUEM OT (DUKCHPOBAaHHOW TOYKM M, BCEBO3MOXKHBIX

BEKTOPOB HEKOTOpOTO noanpocTpancta W BekTopHOTro npoctpanctsa V (puc. 1).

Puc. 1
[ToanpocTtpanctBo B addunnoro mpocrpanctsa A, onpenensiemoe Ghopmysioi
(1), T.e. MOAIIPOCTPAaHCTBO C HAYaJIbHOM TOYKOM M, €A ¥ HaIPaBIAIOIUM
npoctpaictBom W <V Oynem obo3Hadate M, + W.
[IpumepamMu moanpocTpancTs B E° kak B ad@UHHOM IPOCTPAHCTBE CIIYKAT
IPAMBIE M IIIOCKOCTH. JefCTBUTENBHO, ecit A — mpsiMas B E® ¢ HauanbHO#M TOUKOi
M, ¥ HaIpaBIAONIMM BEKTOPOM &, TO A cOCTOMT U3 Beex Touek M e E® Takux, uto

M,M =ta,teR . Dro o3nauaer, yro A =M, +W*', rie W=L(&) — OJITHOMEPHOE
noxnpoctpanctso V (E®) , mopoxnerHoe BexkTopoM @ . TOUHO TakixKe, IIOCKOCTh T B
2
E® MOXHO onpeenuTh Kak noanpoctpanctso: ©=M,+W?. 3nece M, — HauanbHas
2
Touka IutockocT 7T, W*=V(T) — aBymepHOEe MOAMPOCTPAHCTBO IMPOCTPAHCTBA

3
V (E®), cocrosiiee u3 BceX BEKTOPOB IJIOCKOCTH TT.

YuuTbiBas CKa3aHHOE BHINIE, MOJANPOCTpaHCTBA adPUHHOTO MNPOCTPaHCTBA
NPUHATO Ha3bIBaTh Takxke nrockocmsamu. llognpocrpancteo B =M, + W, xotopoe

3amaercs hopmyroit (5), Ha3pIBACTCS MAOCKOCHbI0 B aUHHOM TpOCTpaHCTBE A C
HauanvHoit moukou M, u nanpasnarwum npocmpancmeomn W. Ecin dimW =Kk,

To B HaseBaercs K -mepuoit minockocmuvio B apdunHOM mpoctpaHcTtBe A. B
JaJBHEUIIIEM MbI OyZeM TpPHIEPKUBATHCS 3TOM TEPMHHOJIOTHH, HOCSIICH Oosee
reoMeTpuveckuii xapakrep. B n -meprom addunHOM mpocTpancTBe A" CYIIECTBYIOT
mIockocTH J06o# pasmepHocTH K, 0 <k <n. D10 ciaeayer U3 TOro, 4To B CBI3aHHOM

¢ A" N -MepHOM BEKTOPHOM MPOCTpaHCTBE V' CYIIECTBYIOT MOIIPOCTPAHCTBA
COOTBETCTBYIOIIUX PAa3MEPHOCTEH.
Baxxnyto posib B ahuHHOM TIPOCTPAHCTBE UTPAIOT SUNEPHIOCKOCHIU.
Onpeodenenue 4. Ilycmv A — agguunoe npocmpancmeo, cesa3anHHOe C
gexkmopHvim npocmpancmeom V. Ilnockocms B = M, +W 6 npocmpancmee A

Ha3bl8aemcsi 2UREPRAOCKOCHbIO, ecliu ee Hanpasaaouiee npocmpancmeo W uveem
Kopasmepuocms 1 6 npocmpancmee V.
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B wactHOCTH, THIIEpPIIIOCKOCTh B N -MepHOM ah(OUHHOM MPOCTPAHCTBE — ITO
(n —1) -MepHas MIOCKOCTb.

Ymeepscoenue 4. Ilycmo (B),_, — cemeiicméo niockocmeti 6 agpgunnom
npocmpancmee A u W, —nanpaensiowee npocmpancmeo niockocmu B, 011 1106020
iel . Toeoa nubo ﬂBi =, aubo B:__ﬂBi — naockocmb 6 npocmpancmee A ¢

iel iel
nanpasnsaowum npocmparncmeom W = ﬂVV.
iel
Hokazamenvcmeo. 1lyctp B=—-ﬂBi = n M, eB. Toraga BepHBI cienyromue

iel

3KBHUBAJICHTHOCTH.
(Me[)B)<(Viel MeB)< (Viel MM eW) < (MM e[ |W).
iel il

CpaBHHBaﬂ Ha4daJl0O M KOHCL B ICIIOYKC BKBHBaJIGHTHOCTCﬁ, IMojay4acM, 4TO B:

SBISIETCSl TUIOCKOCTBIO B A ¢ HayaubHOW TOYKOM M, ¥ HanpapIAHOILUM
npoctpanctBoM W = ﬂ W..
iel
YkaxeM He0OXO0AUMBIE U JOCTATOYHBIE YCIOBHUS JJISI TOTO, YTOOBI ABE INIOCKOCTH
HMIMEJIA HEITYCTOE IEPECCUCHUE.
Ymeepowcoenue 5. Ilycme B = My+W u P = N,+U- nrockocmu 6

agpunrom npocmpancmee A.
(i) Ecau BNP =3, mo ons mobvix mouek MeB u NeP  sepno:

MN e W+ U.
(i1) Ecau cywecmsyriom mouku M € B u N e P makue, ymo MN e W +U, mo

BNP = .

[Tone3na cnoBecHast POpMyIHPOBKA 3TOTO YTBEPKICHHUS:

0ge niockocmu  aggunnoco npocmpancmea nepecekaiomces (m. e. ux
nepeceuenue He Nycmo) moz20a u moabko mo2od, Ko20a eekmop-mocmuk (sexmop,
KCOCOUHAIOWUTD)  MOYKU  NAOCKOCME) NPUHAONEHCUM  CYMME  HANPASISIOUWUX
NPOCMPAHCME SMUX NIIOCKOCHEU.

Mokazamenvcmeo. (i) Ilycte PeB(1P. Torma MP e W, PN e U.
CaenoBareiapHo, MN = MP + PN e W + U.

(i) ycts MN € W+ U. Do osnauaer, uto MN =a+b, rze daeW, beU.
Boi6epem Touku P,=M +deB u P,=N-beP. Torna PP,=PM +MN + NP, =

1

—a+(@+b)-b=0, 1. e. P=P,. Takum oGpazom, miockoctd B u P wumeror
HEMyCTOC MnepeceucHue. »
ITycte A" — n -mepHoe adduHHOE MPOCTPAHCTBO, CBSI3AHHOE C BEKTOPHBIM

npoctpanctBom V" Hax mosem F.
Onpedenenue 5. A@@uunvim penepom (unu appuunoit cucmemoit

Koopounam) 6 N -mepHom apguunom npocmpancmee A" Hazvieaemcs
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ynopaodouennvii Habop (O, €,...,6), cocmoswuti u3z @urcuposannou mouxku O
npocmpancmea A" u  6basuca (€,...,6) eexmopnoco npocmpancmea V"
Koopounamamu mouxu M € A" ¢ penepe (O, €,...,6 ) Hazvlearomcs KOOPOUHAMbL
ee paouyc-eekmopa OM 6 basuce (E,...,€,).

Takum o6pazom, koopaunatsl Touku M € A" B manHom pemnepe (O, €,...,€6.) —
3TO yHOPSI0YEeHHBIH HA00DP (X,...,X,) 2JIEMEHTOB Noys F Takoi, 4To

OM =Xg€ +...+XE,.

Ecmm Toyka M wumeer koopauHatel (X,...,X,), TO HCHOIB3YIOT 3allHCh
M (X,..., X,)-

PaccMoTpuM crocoOsl 3a7aHus MIocKocTed B mpoctpancte A". Ilycts BY =
M, + W* — k -mepras mockocts B N -MepHOM ahdurHOM npoctpanctse A", k> 0.

Bapukcupyem B A" Touky O wum oGosmaumm: fj=OM,— paauyc-BekTop
HavanbHOH Touku M, miockoctd BY; F=OM — pamuyc-BeKTOp MPOH3BOIHHOI
Touku M € A". Iycts (4,4,,..,8,) — 6a3uc HampaBisIONIeEro TpocTpaHcTBa W*
nnockoctu B¥. Jlanee, ucxons u3 ompejeneHus MIOCKOCTH, 3aIMIIEM HECKOJIBKO
DKBUBAJICHTHBIX YTBEPKIICHUIA:

MeB" & MM =F-F,eW"< 3t t,,...t eF, F—F, =td +1,a, +..+1 4.

Takum oOpazoM, paanyc-BeKTOp I MPOU3BOIBHON TOYKH M IIJIOCKOCTH MOXKET
OBITH 3aIIiCAaH B BUJIE:

r=r+ta +ta,+..+t4a,. 4)
Bo3nukaeT OMeKTUBHOE OTOOpaKeHUe

r:F —>§,(t1,t2,...,tk) T +td +td, +..+ 18 (5)

. . —
K -t nexapToBoii cTenenu F*ocHoBHOro mosist F Ha MHOKECTBO pajnyc-BEKTOpOB B

k o
BCeX Touek miockoctu B*. OtobOpaxenue (5) saBisieTcs napameTpusaiueil MHOKECTBa

—_—

B, oHO HasmIBacTCS 6eKmOpHO-napamempuueckum 3amaHueM IUTOCKocTH B
Jlomyckasi ~ BOJIBHOCTh pe€ud, pPaBEHCTBO (D) HAa3bIBAIOT TaKXKE GEKMOPHO-
napamempuuecKum ypaeHeHuem IUI0CKOCTH B¥, cumBoIBI t,t,,...,1, u3 osroro
paBEHCTBA — RAPAMEMPAMU.

[Tycte Ttenepy (O, €,..,6)— abdunnslii penep B mnpoctpancte A';
(X,...,X)) — KOOpAMHATBHI B 3TOM perepe HauaibHOH Touku M, mnockoctu B
(coBmazarolye ¢ KOOpAUHATAMU paJuyc-BeKTOpa I, B 6asuce (€,...,6 )); (X,...,X,) —
KOODPIMHATHI POM3BOJIBHOM Touk M € A" (coBmagaromye ¢ KOOpAHHATAMHU PaInuyC-
BekTOpa I B Oasuce (€,...,€)); (o;,...,ay), Je{l2,..,k}, —koopmunaTe BekTOpa
d; B Oasuce (€,..,€). Hcmomp3ys ot 0003HAYEHMs, TMEPENUIIEM BEKTOPHOE
paBeHCTBO (4) B koopauHatax. [lomyunm:
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0
X =X +to, +to, +...+toy,,

L0
X, =X, +ta,, +ta,, +..+ta,,,

(6)

)
X, =X, +to, +to, +..+{a,.

Bo3HuKaeT 6MeKTHBHOE oToOpaxkeHue K -ii 1ekapToBoii creneHn FX 0CHOBHOTO
nons F Ha MHOkecTBO B KoopauHar Bcex Touek miiockoctu B

X:F 5B 1=t b t) 2 (4 (0, X% (0), X, (1),
rae X (t), x,(t),...,x, (t) onpenensatorcs u3 paBeHCTB (6):
X (t) = Xi0 +to, +to, +..+to,, 1€{1,2,...,n}.

PaBenctBa (6) Ha3pIBAIOTCS TaKXKe HAPAMEMPUUECKUMU YPABGHEHUAMU 6

k
Koopounamax tiiockoctu B" . Haubonee wacTto BcTpewaeTcs KOOPAMHATHO-
napaMeTpUyYECcKoe 3aJaHNE MPSMOM, OHO UMEET BHI:

o
X, =X +tl,
_ 0
X, =X, +1tl,,
o
Xy =X, +
31ech 0 ..X%) — koopmuuatsl HauampHOW TOouku mpsmoit; (I,...1) —
n 1 n
KOOPJIMHATHI  Hanpaeisouieco  6ekmopa TNpsAMOW —  0a3UCHOrO  BEKTOpa

HaTPAaBIISAIOINIETO TIPOCTPAHCTBA.
Ecmu (O, €,..,6)— addunnbii penep B mnpoctpanctBe A", TO Ioboe

ypaBHenne f(x,...,X )=0 ¢ N HemsBecTHbIME 3amacT B A" Qurypy, cocrosiuryro u3
BCEX TOYEK IPOCTPAHCTBA, KOOPAWHATHI KOTOPBIX SBISIOTCS PEIICHUSIMH JTOTO
ypaBHeHUs. BeisicHuM, kakyro Gurypy 3agaeT JIMHEHHOE ypaBHEHHE BUIA
aX +a,x, +..+ax =b, (7)
rue a;,a,,...,a,,bekF.
Mgl cuntaem, 4Tto XOTA Obl OJMH M3 KOA(DPHUIIMEHTOB MPU HEU3BECTHBHIX B
ypaBHeHuH (8) orinueH ot Hyns. Ilycts muis onpenenennoctu a, = 0. Torna

X zg_ﬁxl_ _hx

n n—1

a a a

n n n
obmee pemeHne ypaBHeHus (6), 30€chb X,..., X , — CBOOOIHBIE HEH3BECTHBIE,

KaKIBIH U3 KOTOPBIX HE3aBUCHUMO OT JPYTUX MOXKET MPUHUMATH JTIFOObIC 3HAYCHUS U3
nons F. DTy HensBecTHbIE IpUMEM 3a MapaMeTpbl, 0003HauuB t =X, ie{l...,.n—-1}.

Teneps Bce perieHns ypaBHeHUs (6) MOKHO MTPEJICTaBUTH B BUJIE:
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Xn—l = tn—l’ (8)
Xn_R_i _"'_htn—l
a a d

CpaBuuBas (6) ¢ (8), MOXHO yTBepxkaarTh, 4YTO paBeHCTBa (8) sBISAIOTCS
-1
apaMeTPUYECKUMHA  YPaBHEHHMAMH  THUIIEpIUIOCKOCTH T, , = M, +W" B

n b y
npoctpanctBe A". 3neck M, (0,...,0,—) — HauanpHas TOYKA ITOM rUNEPIIOCKOCTH, a
aﬂ
0a3zuc HAIPABJISIFOIIETO MPOCTPAHCTBA wnt o0Opa3zyioT BEKTOPBI

E)’1(]#0’-"!0’_&)! 62(0!11"'101_i)l reny Bn_l(o’m’o’l’_an—l
a a a

) 170071 BEKTOPHI

n
¢(,0o..0-a), ¢(4a,..0-a),..C¢c,(0,...,0a,-a ).

3aMeTuM, 4TO COOTBETCTBYIOLIEE (§) OAHOPOJHOE YpaBHEHUE

ax +aX, +..+ax =0 9)

3agaer mopmpoctpanctBo W' pekropHoro mpoctpanctea V"  (eciam
3adukcuposars B V" 6asuc (€,...,€,)). Takum o6pa3oM, MbI JOKa3allH CIeIyIOIIee
YTBEPIKJICHHUE.

Ymeepowcoenue 6. Ilycmo (O,€,...,6 ) — apdunnvlii penep 6 npocmparncmee
A". Kaowcooe nuneiinoe ypasuenue (1), 6 Komopom ecmb OMiuuHble OM HYJS
KO3 puyuenmovl npu Heu38eCMHbIX, 3a0aem 2UnepniocKocms T, , 6 NPOCHMPAHCMEE
A". Hanpaenrsiowee npocmpancmeo W'  2unepniockocmu ., 3adaemcs 6
basuce (€,...,6) coomeemcmsyowum 00HOpoOHbIM ypasHeruem (9).

VYpasuenue (7) Ha3pIBACTCA 00UUM YPAGHEHUEM TUTIEPILUIOCKOCTH Tt , B peIepe
(O,¢&,...,&.).

PaccMoTrpum Tenepb cuctemy JIMHENHBIX YPAaBHEHUN:

A X +apX, .t A X, :bl’

X +a,,X, +...+a, X =b,, (10)

QX +8,,X, +o+ 3 X =D .

OTta cucteMa MOXET ObITh Hecoemecmuou (He uMeTh pemenuii). Torma (10)
3amaeT mycroe MHOXecTBO. [lycTh cuctema coBmecTHa. Toraa Kaxaoe U3 ypaBHEHHN
CHCTEMBI 3a/aeT IUIOCKOCTh B mpocTpancTBe A" (THIEPIUIOCKOCTH JIHOO BCe
npoctpanctBo  A"). CrenosarensHo, cucrema (9) 3amaer mepecedeHue M
TUTOCKOCTEH M TIOCKOJBKY OHO HEIMyCTOE€, TO B COOTBETCTBUE C YTBEpKICHUEM 4,
cucrema (10) 3amaer miockocte B B mpocrpancTBe A", Hampasisiolee
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) k
MpOCTPaHCTBO KoTopod W' ecTh mepecedeHue HampaBISIONMIUX MPOCTPAHCTB
IJIOCKOCTEH, 3a7aBaeMbIX KaxabiM U3 ypaBHeHui cuctemsbl (10). Takum oOpazom,

noanpoctpanctBo W 3amaetca (mpu dukcuposanmun B V" Gasuca (§,...,€.))
COOTBETCTBYIOIIEH OJHOPOJIHON CUCTEMOM:
X +8X, +.+8,X, =0,

X +8,X, +...+a, X, =0, 1)

a X +a X +..+a X =0.

W3 Teopum cucTeM JHMHEHHBIX YpaBHEHUH H3BECTHO, 4YTO 4Hcio K, T. e.

pasmeprocTs W (a Takske mrockoctu BY), Beramcsercs mo dopmyme:
K=n-r,

rae I' — panr matpuus ().

Onpeodenenue 6. I[lycmo (O, €,...,6.) — agpunnviii penep 6 npocmpancmee A",
Ecnu cucmema ypasuenuii (10) 3adaem nnockocms B* 6 npocmpancmee A", mo
cosopam, umo (9) — ob6wue ypasnenus niockocmu B* 6 penepe (O, &,...,€.).

[TokaxxeM, 4TO BepHO U OOpaTHOE, T.€. JI0Oas IJIOCKOCTh B JAHHOM pemnepe
(O,€,...,6) addunnoro mpocrpanctBa A" Moxer OBITh 3amaHa OOUIUMH
ypaBHenusiMu. Ilycts B = M, +W*— Kk -mepHas miockocth B N -MepHOM
apdurrOM mpoctparcTBe A". W3 TeOpUH CHUCTEM JIMHEHHBIX YPAaBHEHHI HU3BECTHO,
uTo npu hukcupoBanuu G6asuca (€,...,6 ) BEKTOPHOro mpocTpancTsa V' s 1060ro
noxnpocTpancTBa W* cylecTByeT oqHOpOIHAS CHCTEMA TMHEHHBIX ypasHeHuiA (10),
3aJ1aromas wk, ITycts mavanpHas Touka M, mockocTH B* umeer B penepe
(O,€,...,6) xoopauHathl (X/,...,X,). dns xaxmoro i €{l,...,m} onpemenum s1eMeHT
b e F paBencTBOM:

0 0 0
b =a,x +a,X +..+a_ X

in°"'n

U PaCCMOTPHUM CHCTeMY JTHHEHHBIX ypaBHeHUH (10), B mpaBbIX 4acTsaX KOTOPBIX
crosT onpenenennbie Boimie b. Tonydennas cucrema (10) coBmectra ((X,..., X)) —
pELICHUE CHCTEMBI), CIEAOBATEIBHO, KAK OTMEYEHO BBIIIE, OHA 3a4a€T HEKOTOPYIO
IUIOCKOCTh B MPOCTpaHCcTBEe A", HampaBIsIoOIIee MPOCTPAHCTBO KOTOPOU 3a7aeTcst
COOTBETCTBYIOLIEN OJTHOPOJHOM CUCTEMOM, T. €. COBIIAIAET C W¥. Eciu 3aMeTHTB, 4TO
3Ta TIOCKOCTb TPOXoauT depes Touky M, ((X,...,X))— pelleHHe CHCTEeMbI), TO
MOKHO yTBepXkaaTh, uTo cuctema (10) 3amaer mmockocts BY. TlpoBenenHsie
pacCyXKJIeHus  IOKa3blBalOT, 4YTO  CHpPaBeJIMBA  CIEAyollas  Teopema,

yCTaHABJIMBAIOIIAS TECHYIO CBSI3b MEXKTY MIJIOCKOCTSIMU B KOHEYHOMEPHBIX ad) (PUHHBIX
IIPOCTPAHCTBAX U CUCTEMAMU JIMHEUHBIX YPABHCHUM.

Teopema 1. Ilycms (O,€,...,€ ) — penep 6 apgunnom npocmpancmee A".
Tozoa:
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(1) xaorcoas coemecmuas cucmema nunetinvix ypasnenuti (10) 3aoaem 6 oannom
penepe nnockocmu BY,  manpaenaiowee npocmpancmeo xomopoii  3adaemcs

coomsemcmayowei.  00nopoonou  cucmemou  (11).  Paszmepnocmv  niaockocmu
onpeoensemcs popmynoi K =n-—rang(a;);

(ii) mobas naockocmo 6 npocmpancmee A" modcem Ovimb 3a0aHA 6 OAHHOM
penepe cucmemoti aunetinvix ypasnenuti (10).

Ynpaxncuenue (1) Joxasicume, umo MuHuManvbHoe Yucio YpasHeHull 8 CUcmeme
(9), 3ao0aroweii K -mepnyio niockocms 6 N -meprom agppunnom npocmpancmee,
pasno n—K.

(i) Ilycmo (O, €,,...,6.) — penep 6 agppunnom npocmpancmee A". 3anuwume
napamempuueckue u oowue ypasHenus KOOPOUHAMHbIX NI0CKOCmel, onpeoesiembix
IMUM Penepom.

1.5.3. ApPpunnas 000;104Ka MHOKECTBA TOUEK. B3anMHoOe pacnosio:xxenune
ABYX IU1I0CKOCTel B adppuHHOM npocTpaHcTBe A",

B addunHOM mpocTpaHCTBE MOXKHO OMPENETUTh AHAJIOT JTUHEHHOW 000J0YKH
MOJIMHOKECTBA BEKTOPOB BEKTOPHOTO MTPOCTPAHCTBA.

Onpeodenenue 7. Ilycmv S— Henycmoe nOOMHOICECMBO —ahPuHHO2O
npocmpancmea A . Appunnoit obonouxoit Aff (S) mnoowcecmsa S nazvisaemcs
HauMeHbULas no KI0YeHUI0 N10cKkocms 8 A, codeporcawas S.

Tepmun naumenvwias no exmouenuto o3Hadaet, uto Aff (S) comepxkurcs B
KaKIOM TTIOCKOCTH, COAepIKaIieil MHOXKeCcTBO S. AdduHHAsT 0007I09Ka CYIIECTBYET
U TF000T0  HEMyCTOro  TMOJAMHOXecTBa S.  JIeHCTBUTENBHO, CEMEHCTBO
(B)..,» ScB Viel, Bcex mnockocteit B A, comepkaiiux S, He MyCTO, MOCKOIBKY
Bce addUHHOE TPOCTPAHCTBO A COACPKHUT S, T.€. SABIACTCA OJHOM M3 TaKUX
IUIOCKOCTEN. PaccMoTpuM TepecedeHue 3TOro CEeMeucTBa B—:ﬂBi. [Tockonbky

iel
MHOXECTBO S COJCpXKHTCA B Kaxaoi miockoctu B, To S < B wu, cnenosarensHo,
B #. CormacHo ytBepxknenuro 4, B= ﬂBi — TUIOCKOCTh B A , cojaepxarnas
i€l
MHOecTBO S. KpomMe Toro, mo mocTpoeHuro, MIOCKOCTh B comepkutca B Kaxkaoi
MJIOCKOCTH, COJIepkKalied S, T.e. SBJIsSeTCS HauMEHBIIEH U3 TaKUX IMIOCKOCTeN. Takum
obpaszom, B= Aff (S).

Paccmotpum monpoOHee adhPuHHYIO 000JI0YKY KOHEYHOTO MHOMXECTBA TOYEK,

comepxantero K+1 touky: S={M,,...,M }, ke{0,1...}. Ilycts B — mmockocTh ¢

HavyaJIbHON TOoukoit M, m HampasistomuM noanpoctpanctsom L(MM,,...,M;M,),

SBJISTIOIUMCS  JIMHEHHOW oOomnoukoit BektopoB M M,,..,MM,. Ilnockoctn B ,
OYeBHJIHO, TpUHAANEKAT Bce Touku M,...,M,, a cama ona comepxurcs B 000
IUTOCKOCTH, cojepxkamieii toukd Mg, ...,M,. Crenosarensno, B = Aff(S), B
YaCTHOCTH, HarpasJjstoniee npoctpanctBo apdunuoit odomouku Aff (M, ...,M,)
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coBmazaeT ¢ JuHeHHo# obonoukoit L(M,M,,..,M/M,). Orcrona cnenyer, 4to
dimAff (M,...,M,)<K. Tlpu MakcuMaibHO BO3MOXXHOM 3HAUCHHH ITOU

pa3MepHOCTH, T.€. B cityyae, koraa Bektopsl M M,,..., M(M, nuneiiHO He3aBUCUMBL,
UCTIOJIB3YIOT CIEAYIONIYI0 TEPMUHOJIOTHUIO.

Onpeoenenue 8. Touxu My, ...,M, apgunnoco npocmpancmea A naszvieaiomes
apppunno nezaseucumvimu (Ui MOUKAMU  00WE20  NONOMNHCEHUA), eClU
dimAff (M, ...,M, ) =k.

Eciu B u P — miockocT B appuHHOM MPOCTPAHCTBE, TO, KaK JIETKO BUACTh, UX
oobenunenne BUP B o0mem ciydae He sBIsSeTCs IUIOCKOCThIO. Hampumep,

00beIMHEHNE JIBYX PA3IMUYHBIX NIPAMBIX B IIpocTpaHcTBe E° He sBngeTca HU IpaMOii
HU TUIOCKOCTBIO, HU COBIAJIAET CO BCEM MPOCTPAHCTBOM. DTa CUTYAIIUs TaKas ke, KakK
s nognpoctpancts W, U BekTtopHoro mpocrpanctsa V. B nuHeiiHoW anreOpe
oobenunerne W U U 3amensiercss omepanmedt cymmbl momanpoctpancte W+ U, B
pe3ynapTaTe KOTOPOW MOJMy4YalOT HAMMEHBIIEE MO BKIIOUEHHUIO TMOIIPOCTPAHCTBO,
conepxamee W u U. TodHO Tak e MOCTyNarT B TEOMETPHH.

Onpeoenenue 9. Ilycme B u P — nanockocmu 6 agpgpunnom npocmparncmee A.
Cymmou nnockocmu B u nnockocmu P nazwieaemcsa naockocms B +P,

aensowasncs agpgunnoil obonrouxoti oowveounenus BUP :
B+P=Aff(BUP¥

Hrak, cymma mmockocterd B + P — 3T0 HanmeHbIast 1o BKJIIOUYEHUIO TIIIOCKOCT,
comepxarntas 0b6e miockoctd B u P . TTockomsky BUP < B+P, 1o B KauecTBe

HayaJbHOH TOYKM TUIOCKOCTH B +P= MoxxHO OpaTh 00y TOYKY OJHOM U3
miockocterd, B umm P. UTo kacaeTcs HampaBISIIOLIETO MPOCTPAHCTBA IUIOCKOCTH
B + P+ TO 0OHO ONHUCHIBAETCS B CAEAYIOLIEM YTBEPKICHUH.

Ymeepowcoenue 7. Ilycmo B u P — naockocmu 6 agpgunnom npocmpancmee
A ¢ nuanpasnsiiowumu npocmpancmeamu coomeemcmeenno W o u U; T -
Hanpasaaouee npocmpancmeo cymmuol B +P =

(i) Ecau BNP =3, mo T=W + U.

(i) Ectu BNP =&, mo T=W+U+L(MN), 20¢ M u N — npouseonsisie

MOYKU COOmMEemcmeeHHo niockocmeu B u P.
Cneocmeue. [lycmo B=M +W u P=N +U — xoneunomepmuvie niockocmu 8

agp@unnom npocmpancmee A ; k =dimB, m=dimP, d =dim(WNU).

Toeoa nnockocmv B+P  maxoce KoneunHomepna u ee pasmepHocmb
s=dim(B + P) sviuucnsiemcs cneoyrowum obpasom:.

(i)ecoru BNP =&, mo s=k+m-d;

(ii) ecnru BNP =, mo s=k+m—-d +1.

Hokazamenvcmeo. 110CKOJIBKY Pa3MEPHOCTH IUIOCKOCTEN OMNPEAECIAIOTCS Kak
pPa3MEPHOCTH MX HAMPABJIIONUX MPOCTPAHCTB, TO Gopmyibl (i) u (i) BeITEKAIOT H3
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COOTBETCTBYIOIIUX (HOPMYIT JIMHEHHON anreOphl C y4ETOM MPEABIIYIIErO CIACSICTBUS.
B ciyuae (i) paboraet hopmyiia
dim(W+U) =dimW +dimU —dim(WNU).

B ciyuae (il) mpuHEMaeM B pacdeT TO, YTO MN ¢ W +U , cregoBateisHo,
W+ U+ L(MN) =(W+U)®L(MN).»>

Onpeoenenue 10. Ilycmo B u P — naockocmu 6 agpgpunnom npocmpancmee
A; kym,s,d, (k<m)— uucna, onpedenennvie 6 ¢hopmyruposke cireocmeus U3
yTBepxkaAeHus 7. Vnopaodouennas uemeepka uucen (K,m,s,d) wazvieaemcs
xapaxkmepucmuxoii napul niockocmeti (B,P).

[Mycte B = My +W u P = N, +U— miockoctu B adhduHHOM TIpOCTpaHCTBE
A.

[Ipoananu3upyem HX BO3MOXXHOE B3aHMMHOE pacrojoxkeHue. byneM pasnuyarsb
HECKOJIbKO CITy4aeB, MPUHUMAsi B pacueT nepecedenue B (1P camux miockocrteit u
nepeceuerre W (U ux HampapisioOnx mpoctpaHcTB. OTMETHM, TIPEXK/IE BCETO, UTO
€CJIM IUIOCKOCTH Tiepecekarores, T. €. B(1P # O, To, ux nepeceueHue eCThb IIOCKOCTh
C HampaBisONMM poctpadcteoM W (| U.

[TycTh IOCKOCTH He mepecekarotes, T.e. B[ 1P =& . PaccmoTpum nepeceuenue
UX Hanpasisttomux npoctpancts W (U, koTopoe Bceraa He mycTo.

Ecnu nepeceyenne HanpapIIOMIMX TPOCTPAHCTB MAKCUMAIbHO BO3MOXHOE, T.€.
WNU=W wmwm W(U=U, (4r0 SKBUBAJEHTHO COOTBETCTBCHHO YCIIOBHAM
WcU mwmm Uc W), To Oyaem roBoputb, 4To IUIOCKOCTU B u P napannenshur.
MOoXHO, Ui HArJISIHOCTH, 110 AHAJIOTHM C IpocTpaHcTBoM E° cuurarts, uto
HEHYJIEBOW BEKTOP HAMPABIIAIONIETO MPOCTPAHCTBA 3a/1a€T B IUNIOCKOCTU HANpAGIeHUe
. Torga muockocTH mapasienbHbl, €CJIU OHU HE MEePeCceKaroTCs, HO BCE HaNpaBICHUS
OJIHOM TUIOCKOCTH SIBJISIFOTCS] HAPABJICHUSIMU IPYTOM TIOCKOCTH.

Ecnu mepecedyeHre  HampaBiSIOIIMX  MPOCTPAHCTB ~ MHUHUMAIBHO, T.€.

WNU ={0} (y miockocreii B u P Her o6uiyx HanpasieHuii), To GyAeM FOBOPHTD,

4yTO TIOCKOCTH B u P ckpewmuearomes.
Bo3MoxkHas anbTepHaTUBa ISl IBYX OMMCAHHBIX BBIIIE CUTYAllUd CIIETyIOIAs:
JIJIS1 HAIIPABJISIFOUTUX MPOCTPAHCTB BBITIOJIHSIETCS YCIOBUSL:

WNU={0}, WNU =W, WNU=U
(y Hemepecekaromuxcsi miockoctei B u P ectp oOmue HampaBiieHUs, HO
MHOECTBO TAKUX HAIPABJICHUN HE COBIAIAET C MHOXKECTBOM HAIIPABJICHUN HUA OJHOMU
U3 mIockocteit). B Takom citydae Oyznem roBOpuTh, UTO 1iiockoctd B u P wacmuuno
napannenbHol.
Otmerum, uto 1o xapakrepuctuke (K,m,s,d) maper B u P koHeuHOMEpHBIX
IUTOCKOCTEH OMpeAeAOTCS pa3sMEepHOCTH IUTOCKocTel (K W M), a Takke THI HX

B3aMMHOI'O PACIIOJIOKCHU A

® INIOCKOCTH mepecekarorcs, ecaid S=K+mM-—d u He mepecekaroTcs, eCIH
s=k+m-d+1
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®  ITUIOCKOCTH MapayuiesibHbI, eca d =K m s=m+1;

®  INIOCKOCTH YaCTUYHO MapajutenbHbl, eciii 0<d <k m s=k+m—-d +1;

®  IIOCKOCTH cKpemmmBatoTes, ecan d =0 u s=k + m+1.

Ynpascuenue. /Joxasxicume, umo cyuecmayem uiecms pasiudhslx eapuanmos (c
PA3IUYHbIMU  XAPAKMEPUCTIUKAMU) B3AUMHO20 PACNONONCEHUSL NAPbL  O8YMEPHBIX
NIIOCKOCIeEN U YMO 8Ce OHU Pealu3yIOmcs 8 NAMUMEPHOM adOUHHOM NPOCMpPancmae.
Buinuwume xapaxmepucmuku nap niocKkocmeti 8 Kaxcoom u3 ulecmu ciyiaes.

1.6. EBKJII/IIIOBI)I TOYCYHbIC IPOCTPAHCTBA

1.6.1. IlonsiTHe eBKJIMA0BA TOYEYHOI0 NPOCTPAHCTBA

JIJ1si MOHUMaHuUs ATOrO pasjiesia Hy»KHO 3HaTh MOHATHE U OCHOBHBIE CBOWMCTBA
€BKJIUJIOBA BEKTOPHOTO MpocTpaHcTBa. HeoOxoaumblii Matepuan MOXKHO HaWTH B
y4eOHBIX MMOCOOMSIX 10 JIMHEWHOU anreope mmbo B [2], §7.1.

Onpeoenenue 1. EeKkiuooevim moyeuHvlM RPOCMPAHCHIEOM HA3bIBACMICS
seujecmeennoe appunnoe npocmpancmeo E, ceizannoe ¢ e8K1008bIM 8eKMOPHLIM
npocmparcmeom V .

[Ipumepamu €BKIMAOBBIX TOUEUHBIX MPOCTPAHCTB SIBJISIOTCS pacCMaTpUBaEMbIe
B IepBOil yactu Kypca mpsimasi E', miockoers E 1 npoctpancrso E°, ceszannbie

1 2
COOTBETCTBEHHO C €BKJIMIOBBIMH BeKTOpHBEIME mpoctpanctBamu V(E) , V(E®) u
3
V(E®) . Eme omHUM BaXHBIM IHPUMEPOM SBISETCS aprdmMeTHdecKoe apPpUHHOE

MMPpOCTPAHCTBO Rn BCHICCTBCHHBIX CTPOK MJIMHBI N, CBA3AaHHOC C BCKTOPHBIM
npocTpancTBoM V = R", B KOTOPOM CKalISpHOE MIPOM3BEIAEHHUE 3a1aeTCs (POPMYIION:
a(d,....L.),(m,...m))=Im +...+1.m_.
Iycts E" o0603Hauaer npousBonbHOE N-MepHOE EBKIMIOBO TOYEYHOE
IPOCTPAaHCTBO, CBS3aHHOE C €BKIMIOBBIM BEKTOPHBIM MpocTpaHcTBoM V'
[TockonBKY MPOCTPAHCTBO E" sBnsercs BemiecTBEHHBIM ahGUHHBIM TTPOCTPAHCTBOM

CHEUHUAIBHOTO THIIA, K HEMY OTHOCUTCS BCE TO, YTO HU3JIOKEHO B I1aBe 6 i
MPOU3BOJIBHBIX N-MEPHBIX aPUHHBIX TPOCTPAHCTB, B TOM uucie B § 6.8. Jlanee mbl

) n
OyJeM FOBOPHUTH O JOMOJHHUTEILHLIX CBOMCTBAX MMPOCTpaHcTBa E | BhITEKarOmuMX U3
ero crneuu@uku. [ns KpaTKOCTU eBKIud080 moueyHoe npocmpancmeo Oynem
HA3bIBATh MPOCTO €6KAUOOBLIM NPOCHPAHCMBOM.

n
[Ipexxae Bcero, B EBKIMIOBOM TPOCTpaHcTBE E°  MOXHO —omnpenenutsb
paccTosIHHE.
Onpeoenenue 2. /[na nobwvix mouex A BeE" paccmoanuem om mouxku A 0o

mouku B nazvieaemcs uucno d(A,B), pasnoe onune sexkmopa AB:
d(AB)=| AB| (2)

n «
Ymeepcoenue 1. Mnooicecmeo E° ¢ paccmosnuem, 3adannvim gpopmynoi (1),
A6715eMCsi MEMPUHECKUM RPOCHPAHCIMEOM. DMo 03Hayaem, 4mo 0is J1i00blX mouex
A B,C cE" sepro:
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(i) d(A,B)>0; (d(A,B)=0)<=(A=B);

(ii) d(A,B) =d(B, A);

(iii) d(A,B)+d(B,C)>d(AC).

CnpaBeyuBocTb cBOMCTB (1) — (111) 711 pacCTOSHUS CIICAYET U3 CBOWCTB JJTUHBI
BEKTOpA.

Cpemn MHOXecTBa BceX a(QUHHBEIX pernepoB B E'  MOXKHO BBHIIETHTH
opmonopmuposannsie penepwr: (O,1,...,1 ). 3nech O — (UKCHPOBAHHAS TOUKA

n = R o
npoctparctea E', (i,...,I,) — opTOHOpMHUPOBaHHBIN 0a3UC €BKIHMIOBA BEKTOPHOTO

npoctparcta V". Ecmu A(X,...,X,), B(Y---, Y,) — TOUKH €BKJINIOBA IPOCTPAHCTBA,
3aJJaHHBIC CBOMMH KOOPJIWHATAMH B OPTOHOPMHUPOBAHHOM pEIepe, TO PACCTOSHHE

Mexay Humu pasHo d(A,B) = \/(Y1 — %)+ (Y, —X)7.

ycte B"=M,+W" B =N,+W™ - nmockoctu B  €BKINI0BOM
npoctpanctee E' . HamomHuM, MBI pasiuuaeM 4YeThpe pasiUyHBIX THIA HX
B3auMHOro pacmoiokeHuss. Ouu mMoryt mepecekarscs (B™ (V1B™ #J) u torma mx
HIepECeUCHUE eCTh TNIOCKOCTh ¢ HarpaBysironum npoctpancteoM W™ (YW ™. Eciu xe
wiockoctu He mepecekatoTes (B™ (B™ =J), To oHM MOTYT CKpeIIMBaThCs, JTHOO

OBITH TApAJUIENBHBIMH, JHOO YACTHYHO TapamieabHeIMH. B mpocTtpanctse E"
n00aBIIIeTCs €1lle OJMH TUIl B3aUMHOTO PACTIOJIOKEHHUS INIOCKOCTEMN.

Onpeoenenue 3. Ilnockocmu B™ =M, +W"™ u B =N, +W"™ 6 esxmuoosom
n
npocmpancmee E" nazeliearomes opmozonanvnuvimu (unu nepnenouxynspuvimu),

L} N2
ecjliu Opnio2OHAJIbHbL UX Hanpaejaarnwue npocmpaHcmeda, ni.e. W"r1W . ﬂfl}l

0 1 O B™ L B™
NepneHoOUKyIApHbIX NI0CKOCMeEU UCNOIb3yemM 0003Ha4eHue :

OOpaiiaeM BHUMaHWE YATATENS HA TO, YTO B JAHHOM CJIy4ae TEPMUHOJIOTHS HE
BO BCEX CJy4dasx COBIIAJAECT C TOM, KOTOpas MPUHATA B CPEIHEW IIKOJE JJIs

3
npocrpaictBa E° . TlomsTust cormacoBaHsl B Cily4asX, KOrZa pedb HIET O
NEPHEHANKYJIAPHOCTH ABYX MPSAMBIX JIMOO O MNEPHEeHIUKYISIPHOCTU MPSAMOM U

(IByMEpHOI) TIOCKOCTH B E°® . Omnako aBe MEPICHAUKYJISIPHBIE JIByMEPHBIE

3 o
IINTOCKOCTH B E (B IIIKOJIbHOH TepMHHOHOFI/II/I) HC SABIAIOTCA TAKOBBIMH B CMBICJIC
OIpCACICHUA 3. I[EU'ICG MBI YTOYHHUM 3TO PA3JIUMYIUC, OINMPCACINB IMOHATHUC BCINYHHBI

YIIa MeX]y JByMs IIockocTamu B E'

n
Ymeepicoenue 2. Jlce opmozonanvuvie niockocmu 6 npocmparncmee E° 1ubo
CKpeuusaromcsi, 1ubo nepecexaromcs 8 00HOU moyke.

Jokazamenvcmeo. Ecnim B™ =M, +W"™ u B™ =N, +W™ — oproronanbusie
nockocti, To W™ LW ™ »p W™ W™ ={0}. CnenonarensHo, eciu B™ B™ =, To

B™ N B™ — m1ockocTs HyJI€BOI pa3sMEepPHOCTH, T.€. Touka. Eciu sxe B™ (B™ =, 10
IUTOCKOCTH CKPEIIHBAIOTCA.
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1.6.2. PaccTosiHne MexX1y IIIOCKOCTAMU
PaccMoTpuM BakHYIO 3aJady O BBIUMCICHUU PACCTOSHUS MEXIY JABYMS

miockocTsimu B™ =M, +W™ u B" =N, +W™ B epxmmumosom mpoctpanctee E" .

CornacHo TeopeMe JIMHENRHO# anreOpbl EBKIINI0BO BEKTOPHOE MPOCTpaHcTBO V" eCTh
npsmas cymma noxamnpocrpadctea W™ +W™ 1 ero opToroHansHOro JOMOJHEHHS

(anl +Wn2)J_:
Vi =(W" +W™)@ W™ +W™)*, (2)

PaCCMOTpI/IM JJI JaHHBIX IUIOCKOCTEH BCKTOP-MOCTHUK MONO . B cootBeTCTBUH C

paszioxeHueM (2) 3TOT BEKTOp (€AMHCTBEHHBIM 00pa30M) pacKiIaJbIBaeTCsl B CYMMY:

M,N,=b+C, beW™ +W™, ceW™+W™)", (3)

[Toxaxewm, uro d(B™,B™)=|C|. IIpexxae Bcero, OTMETUM, YTO CYIIECTBYIOT
touku P €B™, Qe B™ rakue, uto PQ=C. Takkak b eW™ +W™ 1o b=b +b,,rne
b eW™ b,eW™. B mockoctu B™ cymecryer touka P takas, uro M,P=b,, B
mwiockocth B™  cymecrByer Touka Q rtakas, uro NQ=-Db, . Torma

PQ=PM,+M,N, + N0Q=—61+(5+5)—62 =C (puc. 1)

o—~b5"

Puc. 1
[Iycte M €B™, N € B — npon3BobHbIE TOYKH pacCMAaTPUBAEMBIX IIIOCKOCTEH.

Tormza MN =MP+PQ+QN =4 +C+4d, =a+C. 3mech
MP =& eW", QN =4a,eW", da=4 +4a,cW" +W".
Nmeewm:
d(M,N):|W|=W:\/(a’+E)2:\/§2+256+62:
=a? +¢? >c? =|¢|=d(P,Q).

[pu Beluucnenusx Mbl yumu, yto a L C , Te. aC=0. Takum oGpazom,

paccTosIHUE MEXKIY JIF0OBIMK TOYKaMU T1ockocTeld B™ u B™ He MeHbIIe paccTosHus
Mexay Toukamu P u Q . DT0 u o3nauaer, uro d(B™,B™)=d(P,Q)=|C].
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YuuThiBas MPOBEICHHBIC BBIIIE PACCYXKACHUS, MOKHO KOPOTKO CHOPMYITUPOBATH
IOPSIOK JAEHUCTBUM JUIS1 BBIYUCIIEHUS PACCTOSIHUS MEXKIY IBYMS ILIOCKOCTSMMU:

1) mo nBym Toukam M, N, mnockocreii crpourcst Bekrop-moctuk M N, ;

2) nns Bekropa M N, Haxomurcs cocrasisitomas C B ero pasnoxenud (3);

3) Beumcisiercss nnuHa BekTopa C . IlosydyeHHOE YHCIIO W €CTh HCKOMOE
paccTosIHUE.
PaccmoTpuMm monpoOHee dYacTHBIM ciydail, KOrja OJHAa U3 IUIOCKOCTEH

. k k
HynbMepHa, T.e. sBisercs Toukoi. Ilycte B" =N, +W" k -mepnas mmockocts u

- - k
(bl,,bk) — 0asuc HaIpaBJIIOLIECTO IIPOCTPAHCTBA W*. J1J1s1 BEIYMCIIEHUSA paccTossHUs

OT TOYkH M, 10 IIOCKOCTH B* mocTymaroT 06BIMHO clexyommM obpasoM. IlycTs

pasnoxenne (3) BexTopa-MocTuka umeer Bt M,N, =d=b +¢, b eW*, ¢ e(W")".
[IpencrasisieM BekTop b B BHzme Bzoclﬁl +...+ock6k, o. €R u 3anmceBaem ycosus
TepIeHNKYIAPHOCTH BekTopa C=a— oclﬁl —.. —ockﬁk ¥ OasHMCHBIX BEKTOPOB
6: : Eﬁl =0,ie{l...,k}. Takum oGpasom, uncna o,...,0, yAOBICTBOPSIOT YCIOBHSM:

’ 0L1612‘|' 0L2(6162) Tt oy (616k) = 61‘;’[’
o, (Bh) + 0,2 +...+ o, (b,b,) =b,a,

(4)

(o, (bb) +a,(Bb,)+...+obi=ba.

COBOKYITHOCTh PaBEHCTB (4) MOXHO paccMaTpuBaTh KaK CHUCTEMY JMHEHHBIX
YPaBHEHMH C HEU3BECTHBIMH O, ..., 0, . MaTpuua 3Toil cuctemsl ecTh MaTpuua I'pama

HE3aBHCHMBIX BeKTOpoB D, ...,0, . D1a Marpuua nessipoxaennas (detG(b,,...,b, ) >0)
H, CIEI0BaTebHO, cucTeMa (4) HMeeT eMHCTBEHHOE pelleHne. Boruucius o,..., o,
HaxXoauM BekTop C, ero JIMHa M eCTh PacCTOSHHE OT TOYKH M, 10 IUIOCKOCTH
B¥ =N, +W*.
[MpuBenem erie Ghopm 1 BEIIHCIICHUS paccTosHus oT Touku M (X7,..., X°)
PHUBEN m pMyJTy I 1 p o\ s Ay
10 THIIEPIUIOCKOCTH 7T, 33JaHHBIMUA COOTBETCTBEHHO KOOPAMHATAMH U YPAaBHEHHEM
ouX +...+a X, = (5)
B HEKOTOPOM OPTOHOPMHPOBAHHOM PETIEPE:

0 0
d(MO,TE)Zlalxi +...+OLan Bl

: (6)
Jou +.. ol

Ota popMmyra mosydyaercs 1Mo aHaJIOTHH CO CIYYasMHU pa3MepHOCTH 2 1 3 (T1aBa
2). Chagana 3ameruMm, uTo BekTop M(a,...,0,) — HOPMAaJbHBIA BEKTOP

TUIEPIUIOCKOCTA 7T , T.€. OPTOTOHAIBHBIM HAIPABIISIOMIEMY IOANPOCTPAHCTBY
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wiockoctd 7 . Jlamee 3amMchlBaéM MapaMeTPUUYECKHWE YpPaBHEHUS MPSIMOI,
IPOXOJAILEH Yyepe3 Touky M, ¥ neprneHIuKyIsIpHON 7t
X =X +ta,,
..................... (7)
X =X +tat, .
Pemiast cuctreMy ypaBHEHUM, COCTaBlIeHHYIO U3 ypaBHeHuH (5) u (7), HaxXoaum
X +..+a X — B

2
n

SHAUYCHHUC IIapaMCTpa tO =— , COOTBCTCTBYIHOIICC OCHOBAHHIO NO

o+t
NEPIEHINKYIIAPA, OMYIIEHHOIo U3 ToYkM M, Ha runepockocts . Paccrosnue ot
TOYKH M, 10 TUIIEPILIOCKOCTH 7T PABHO PACCTOSHUIO Mexkay ToukamMu M, u N, . 910
paccTosiHie BeIUUcCIsieTcs o ¢popmyie (6).
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2. MIPAKTUYECKHH PA3JIEJI

2.1. ®urypsl U ypaBHeHHS
3ausarue 1.

@uzypa — noboe mnodxcecmeéo mouek ® npocmpancmea E3, 6 mom uucne u
nycmoe. Aumanumuveckas eeomempusi uzyyaem Quaypbl ¢ noMmowplo aneedpwl,
UCNnonbL3ys mMemoo Koopounam. Duzypa nazvieaemcsi NAOCKOU, eciu Cyujecmeyem
HIIOCKOCMb, 8 KOMOPOLL Jlexcam 8ce mouKu gueypoi.

Brauasne OyneM paccMaTpuBaTh IUIOCKHE (UIYpHI, Jexkamuye B miockoctu E2,
2
Ecnu OXy — cucmema koopounam na niockocmu, mo mobas ¢ueypa ® < E* moocem
ObIMb 3a0aHa YpagHeHuem ¢ 08YMsl HeU38eCMHbIMU

F(x,y)=0. 1)
3necy F — dyHKIIMSA IBYX BEUIECTBEHHBIX MEPEMEHHBIX X, Y €Ll | T.e. HEKOTOpOE
PaBUIIO, IT0 KOTOPOMY YITOPSIIOUYEHHOM Mape BENIECTBEHHBIX urcel (X, Y) u3 obmactu

onpenenenus D(F) ¢ynkuuu F craButhes B coorserctBue umcno F(X,y)ell. Tor

dakT, uro (1) — ypaBHeHue Gurypsl @ o3HadaeT, Mo ONpeACICHUIO, YTO @ COCTOUT

13 BCEX TOUYEK TUIOCKOCTH, KOOPJWHATHI KOTOPBIX SBJISIIOTCS PEUICHUSIMU ypaBHEHUS
(1), T.e.

® ={M(c,c,) e E*|(c,,c,) - peruenue (1)}.
Joboe ypasnenue (1) 3a0aem na niockocmu eénonne onpeoenennyio gueypy,
00HAKO 00HA U Ma dHce hucypa moxcem Oblmb 3a0aHA PA3TUYHBIMU VPAGHEHUIMU.

Jlanee Oyzaem pemiath 3aJadd JBYX TUIIOB: uUMesi ypaBHeHue (1), onpeaensTs
(pucoBaTh) COOTBETCTBYIOIIYIO (PUTYpPY U HA0OOPOT JIJIsl JAHHOU (PUTYPBI COCTABIISATh
ypaBHenue (1), koTopoe ee 3aaer.

Hapucyiime ¢ueypol, komopwie 3adaromces ypagHeHusamu.
1. X+y—-2=0;

2. y>—4y —2x+4=0;

3. X +y?+X+y=0;

4, xy+2=0.
Cocmasvme ypagneHus ciedyrouux gueyp:

1. BEPTUKAJIBHON (TOPU3OHTAIBHON) MNpsIMOM, MPOXOASIIEH Yepe3 TOUYKY
M,(2,-3);

2. IPOU3BOJIBHON OKPYXKHOCTH C HEHTPOM B Touke M (X,,Y,) ¥ paauycom
r >0.

3. Ttouku M, (2,-3).
3aoanue na oom.

1. Hapucyiime gueypsi, komopule 3a0aromcs yCcio8UusimMu’
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Dx—2)2+(y+2)=4
2) [x 2|+ |y +2[=2
3) max{|lx—-2|,|y+2|}=2.
2. Cocmasvme ypasHeHue 080emoyusi.

3. IIycmv F, n K, — mouxu niockocmu, paccmosmnue mexcoy KOmopbimu pasHo

2¢ > 0. Cocmasbme ypagnenue gueypul, cocmosweti U3 8cex mouex nioCKoCmu, 0
Komopbix pasHocms paccmosinuii 0o F u F paena 2a, a < c. Hapucyiime oannyto

Puzypy.
Ocnognasn 3aoaua. Illycmv F u F, — mouxu niockocmu, paccmosnue mexncoy

komopwimu pasno 2¢ > 0. Cocmasbme ypasnenue gueypsl, cocmosuell u3 6cex mouex
niockocmu, 01 KOmMopwlx cymma paccmosmuiti oo F, u F pasna 2a, a>cC.

Hapucyiime oannyio gueypy.
3aoanue Ha 0OM.
1. Hapucyiime gpucypwi, komopwle 3a0aromcs YCao8UsIMu.
D=2+ +2)?=4
2)|x=2|+|y+2] =2
3)max{|x — 2|, |y + 2|} = 2.
2. Cocmagbme ypasHenue 080emoyusl.

3. Ilycmv F, u F, — mouku nnockocmu, paccmosnue mexncoy KoOmopbimMu pasHo

2¢ > 0. Cocmasbme ypagnenue gueypul, cocmosueti u3 cex mouex nioCKocmu, ojis
Komopbvix pasHocms paccmosnui 0o F u F paena 2a, a < c. Hapucyiime dannyio

puzypy.
3ansarTue 2.
1. Ilposepra domawinezo 3a0anusl.

2. Onpedenumv RNOAAPHYIO cuUcmemy KOOPOUHAmM. 3anucame C6513b MedHcoy
NOJAPHBIMU U OEKAPMOBLIMU KOOPOUHAMAMU.

3. 3aoauu.

1) Hanumure B MOJISIPHOM CUCTEME KOOPJWHAT YPAaBHEHUS a) OKPYKHOCTHU C
LHEHTPOM B Haydajle KOOpAWHAT, 0) BEPTUKAIbHOW (TOPU3OHTAILHON) MPSMOIA,
npoxozasmeil yepes Touky M, (2,-3) ;

2) Hapucyiite ¢urypsl, 3agaHHble ypaBHEHUSIMU B TOJIIPHOM cHCTEMeE
KoopAuHaT: a) 7 = @; 0)r =sinng; n=1,2,34.

4. Onpeodenums cucmemvl KOOPOUHAM 8 NPOCMPAHCMBE. O0eKaApmosy
NPAMOY20NIbHYI0, Cheputeckylo U YUIuHOpuYeckyro. 3anucams C613b  MeHCOy
cpepuueckumu (YUUAUHOPUYECKUMW) U OEKAPMOBLIMU KOOPOUHAMAMU.

3aoanue na oom.
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1. Hapucyiime ¢hueypy, komopas 3a0aemcsi 6 NOJAPHOU cucmeme KOOpOuHam
ypasnenuem v = 2(1 — cos @).

2. Ilyemv F, u K — mouxu nnockocmu. Cocmasvme ypagnenue ¢hueypul,
cocmosuetl u3 6cex mouex NIOCKOCmu, 015l KOMOpblX OMHOUleHue paccmosinull 00 F
u F, pasuo k > 0. Hapucyiime danmnyio gueypy.

3. Kaxasa queypa 6 npocmpancmee 6 0ekapmosou NpsmMoy20ibHOU cucmeme
KoopOuHam 3adaemcs ypaeuenuem x>+y? = z2?

2.2. BexkTopbl
3ansTtue 3. B aynuropun: [6]: Ne 1;4; 11; 19; 14... Ha mom: [6], Ne 8; 22; 15; ...

3ansitue 4. B aynuropun: [6]: Ne 23; 25; 28; 32; 43... Ha gom: [6]: Ne 26; 42; 29
Banstue 5. (ckanspruoe npouseedenue sexkmopos). [5]: Ne 419; 420; 424; 445;
[6]: 144(1); 148... Ha mom: [5], Ne 423; 428; 446, [6]: 145; 149...

Bauatua 6 m 7. (6exmopnoe u cmewanHoe npouszeedenusi 6eKkmopos). B
aymutopui: [5]: Ne 461; 465; 468; 470, 489; 490; [6]: 175; 196; 209... Ha nom: [5], Ne
467; 472; 474; 491; 501, [6]: Ne 177; 197; 208...

3ansTue 8. — KOHTpOJBHASA pabOTa MO BEKTOPAM.

2.3. [Ipsimble ¥ INIOCKOCTH

Banstus 9 — 11. (npsamas na niockocmu). B aynuropun: [6]: Ne 363; 367; 383;
391; 405; 416; 423; 431; 433; 446; 450; 465; 473... Ha mom: [6], Ne 364; 368; 387;
406; 418; 424; 434; 451;457; 460; ...

Bansausa 12 — 14. (nrockocmo u npsimas 6 npocmpancmee). B aynuropun: [6]:
Ne 491, 492; 500; 504; 530, 534; 539; 567, 580; 578; 606; 585; ... Ha nom: [6]: Ne 514;
512; 520; 532; 537; 569; 582; 583; 604;621; ...

3ansTue 15. — KoHTposIbHAS pabOTa MO NPSIMBIM U IJIOCKOCTSIM.

2.4. @urypsbl 2 NOPSAKA HA IVIOCKOCTH

Bansitus 16 — 17. B aymutopun: [6]: Ne 759; 760; 769; 805 (1, 6, 8, 10);
807(1,.14). Ha nom: [6]: Ne 761; 762; 733; 805 (3,7, 11); 807 u ap. (kaxxa0My CTYACHTY
WHJMBUAYAJILHOE 3a7]aHue).

2.5. @urypbl BTOPOro Nopsijika B NPOCTPAHCTBE
3anstue 18. B ayaqutopun: [6]: Ne 945, 946, 976, 981, 985,987,997, 1001, 1102.

Ha nowm: [6]: Ne 950, 947, 975, 979, 986, 988, 998, 1009, 1071, 1149,

2.6. AppuHHbIE NPe0OPA30BAHUSA U IBUKECHUS
B aynuropun: [6]: Ne 1159, 1153, 1163, 1166, 1175, 1187, 1229, 1234, 1102.

Ha nowm: [6]: Ne 1158, 1154, 1171, 1167, 1177, 1188, 1232, 1237.

2.7. IliiockocTu B ap(pMHHBIX M €BKJINJA0OBBIX POCTPAHCTBAX
PaGortaem B adPuHHOM (EBKJIMIOBOM BEKTOPHOM, EBKJIUIOBOM TOUYEYHOM)
npoctpanctse ctpok R" (n =45, ...)
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1. Beisacuaure, nexxar i Toukd A,B,C Ha ogHOI TIpsMoi.
1) A=(2,1,-2,0),B=(1,-3,-3,1),C =(4,9,0,-2);
2) A=(-10,2,2),B=(2,10,4),C =(-2,-1,3,0).

2. Haiimure pasmepHocts miockoctn  Aff (My,M,M,,...) , sBirsromeiics
addunHoii 06010UKOM TOUEK My, M, M,,....

1) M,=(0,-11,2), M, =(-14,0,2), M, =(-2,1,-3,-1),M, =(-112,2,2);
2)
M,=(0,1,3,-3),M,=(-10,2,2), M,=(2,1,0,4),M,=(-2,-1,3,0), M,=(-11,2,-2).
3. Briicuute B3auMmHOe pacrnonoxenue 1ockoctet B =Aff(A,B,C) u
P = Aff (A,B,.C):
A=(2,-1,0,4),B=(-12,0,3),C=(3,0,11),
A =(1111),B,=(8,-4,-4,6),C,=(-3,3,3,0).
Omeem: yacmuuHo napaiienvHol.
4. BelACHHTE B3aMMHOE pacronoxenue miockocteii B =M, +L(3,d,) u

P2=N,+L(b,b,):
M,=@1210),8 =(21-113),d =(-3,-12,2,-1),
N, =(0,2,7,7,4), b, =(-1,2,311),b, = (1,-1,1,2,1).
Omeem: nepecexaromcs 6 mouxe Q, =(0,1,3,4,2).

B aymurtopun: [6]: Ne 1612, 1614, 1616, 1166, 1630, 1633 mnepBbiii BEeKTOp
1,2,2,-1), 1640, 1644, 1657, 1662, 1666.

Ha nom: [6]: Ne 1621, 1613, 1615, 1617, 1641, 1646, 1658, 1659, 1673.

2.8. KBaapuku B aQ(puHHBIX H eBKJIMI0BBIX MPOCTPAHCTBAX [6]:
Ne 1052, 1046.
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3. PA3JIEJI KOHTPOJISI SHAHUI

3.1. [IpumepHbIe BAPHAHTHI KOHTPOJIbHBIX padoT
Konmponvnaa paooma Ne 1. Tema: BeKTOPBI; ONlepaliH HAl BEKTOPaAMH

1. IlycTh M — touka nepeceucHuss Meawan TpeyroibHuka ABC . Bripasute
BEKTOPBI WA’,W,W:' yepe3 BEeKTOpsl d = AB u b=BC.

2. Iycrs (i,],K) — mpaBeiii opronopMupoBaHHBIM 0asuc. JlaHBl BEKTOPBI

a=51 -4+ kK, b=3i + 2] + k, C=-30 + j- 2K. Haiinure: 1) KoopJIMHATHI BEKTOPA

d=a-2b+¢ B Gasuce (i, T,E); 2) BeNMUMHY yria Mexay Bektopamu b u C; 3)

nmiHy Bektopa C xD; 4) cmemannoe nponssenenne bed.

3. Hajimure ammuy Bekropa P=a+b—C, ecmm 8,b,C— xommmanapubie

BeKTOpHI Takue, uto |a|=3, [b|=2, |C|=5; penuunnsr yrnos mexay Bexropamu d
T

u b, arawke mexay b u ¢ pasab 3
4, O6wvem mapamnenermunena ABCDAB'C'D’ pasen 10. E,F,G— toukn

repeceueHust uaroHaneii rpaneii mapauiesenureaa, He IPOXoAAIIuX Yepe3 BEpUINHY
A. Haiinure oobem mupamuasl AEFG.
5. ABC — paBHOCTOpPOHHHMI TPEYTOJIbHUK, BIMCAHHBIA B OKPY)KHOCTH pajuyca

R, M — touka oxpyxuoctn, oramunas ot A, B,C. Haiigure ||V|A|2 + ||\/|B|2 + |MC|2-
Koumponwvnaa paooma Ne 2. Tema: npsimbie U IJIOCKOCTH

X=-1+3t,

y=2-2t.

1) Jnst mpsimoit A HaiiauTe: HaANpaBJSIOIMIMNA BEKTOP; HOPMAJBbHBIH BEKTOD;

YII0BOM KO3 (ULIMEHT; 0011Iee ypaBHEHUE.
2) Hanummre ypaBHEHHA NPAMBIX A, B A

A na paccrosuue d = J13.

3) Haiigure Touky, cummerpuunyro Touke M (6,6) orHocuTensHo npsmoit A 2.
Hansr Touku A(3,5) u B(-1,-2) . Ha npsamoit 7X—6y+1=0 naiigure touxy C
TaKylo, 4YTO IUIOIIAlb TpeyroibHuka ABC paBHa 1.

1. Jlana npsimast A : {

5y HapaJlICJIbHBIX A H OTCTOAIIIUX OT

6x+2y-z-9=0,
3. Haiinute TOukM mepecedeHHs  MPSAMOii c
P P 3X+2y+22-12=0
KOOPAWHATHBIMH TUIOCKOCTSIMHU.

4. JIyu cBeta npoxoaut uepe3 Touky M, (1,—1,—1) u, oTpa3uBLINCH OT IIOCKOCTH
m:X—Yy-2-6=0, npoxomur uepe3 Touky M,(—1,2,0). Hanummre ypaBHEeHH:
NPSIMBIX, COAEPKAIINX COOTBETCTBEHHO JIy4YH MAJAOIINN 1 OTPasKEHHBIN.

Koumpononaa paboma Ne 3 . Tema: adduHHble npeodpasoBaHust U
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JIBUKEHHUs IUIOCKOCTH E° M mpocTpancrBa E°
1. B xakue npsMble eper1yT KOOpAUHATHBIE OCH IIPU IOBOPOTE MJIOCKOCTU HA

yTo % BOKpYyr Touku M,(-1,3)?

2. Haiinute naBapuanTHbie npsmbie adGuHHOTrO npeodpaszoBanus f:
X'=y-9,
y' =9x+1.

Kak 3anumercs mnpeoOpa3oBaHHE B CHUCTEME KOOpPAMHAT, B KOTOPOM
KOOPJIMHATHBIMU OCSIMH SIBJISIFOTCSI HHBAPUAHTHBIE TIPSIMBbIE?
3. ITycte OXy — mpsiMoyToJibHASI CHCTEMA KOOPAMHAT Ha TUIOCKOCTH. Hamummre

GopMynbl, 3ajnaromme Kommosuuuto AByX nBwkeHuil: f=f,of , rone f -

CUMMCTpPUS IINIOCKOCTH OTHOCHUTCJIBHO OCH Ox ) f2 — CHMMCTpHUA IIJIOCKOCTHU

OTHOCHUTEJIBHO MPAMOM, MPOXOAALICH YEPE3 HAYAJIO KOOPAUHAT U COCTABIISAIOLIEH YT Ol
120° ¢ ocpro OX.
4. Jloxkaxwure, uTO IUIOCKOCTH X—Y=0 IIEPECCKACT IOBCPXHOCTH

2y? +2* - 2x =0 o okpyxuocti. Haiimre HEHTp U pafuyc 3Toil OKPY’KHOCTH.

5. Iycts f1, fo, f3, f4 — cummerpun mnockoctn E? OTHOCHTENBHO NPAMBIX.
Komnosuius stux oroopakenuii f = f; f, f3 f4 Moxker ObITH OTHMM U3 ClEAYIONINX
npeoOpa3oBaHUM:

1) napannenvuwiii nepenoc;

2) nosopom niOCKOCMuU 80KPY2 HENOOBUNCHOU MOUKU,

3) cummempusi omuocumenvbHo NPIMOIL,

4) ckonvzswas cummempus,

5) moocoecmeennoe omobpadicenue.

Koumpononaa paooma Ne 4. Tema: cucrembl kKoopAuHAT B adg¢uHHOM
NMPOCTPAHCTBE; YPABHEHUSI IJIOCKOCTE; B3AUMHOE PACI0JI0OKeHHE IMI0CKOCTel

1. Hanuimute napaMeTprudecKue ypaBHEHUS III0OCKOCTH, siBJstolencs adhuHHON
000JIOUKOH TOUEK

A=(11-22),B=(-314,4),C=(-1236),D=(0,2-13), E=(-1012)

B2=M,+W? P2=N,+U*

2. JlaHBI TTOCKOCTH B ap()MHHOM TIPOCTPAHCTBE

R*.

M, =(2,5,15), W? =((1,3,-1,2), (2.4,-3,5));

NO = (01 _31 _11 _2)1 U ? = <(1’ 5! 31 5)! (2’ 41 _611)>-
OHpeI[eJII/ITe B3aMMHOC PACIIOJIOKCHUC 3TUX IIJIOCKOCTEMH.

3nech

4 o
3. B eBkimmoBoM mpocTpaHcTBe R HaiiiuTe paccTOSHHE OT TOYKH

M, =(810,-9,-1) JI0 IIJIOCKOCTH B , 3aJTAaHHOM CHUCTEMOM YPaBHEHUI:
B_4&—6@+43&+5&=2L
| =2%, + X, + X, =3,
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a TaKKe OPTOrOHATBHYIO IPOCKIIMIO JaHHOM TOYKU Ha IIOCKOCTH B .
4. Tlyctp ©,6,...C) _ OPTOHOPMHUPOBAHHBIM pernep B  €BKJINI0BOM
n .
npoctpanctBe E . Haiiaure pacctosHue OT Hayaga KOOPAMHAT JI0 THIIEPILIOCKOCTH,

KOTOpasi OTCEKAET Ha KOOPJIMHATHBIX OCSAX OTPE3KH BEIMUUHON by, 10,

3.2. BapuaHThl MHAUBHAYAJBLHBIX 33JaHMii N0 TeMe: KpPUBbIE BTOPOIO
NMOPAIKA HA IVIOCKOCTH

1. Onpenenure TUN, pa3Mepbl U PACHOJIOKEHUE (UTYPBl BTOPOTrO TMOPSJIKA,
3aIaHHON TaHHBIM ypaBHeHUEM. CenaiTe puCcyHoOK.

6xy +8y* —12x — 26y +11=0.

2. Omnpenenute TUM, pa3MeEpbl U pacloyiokeHue (Urypbl BTOPOro MOPSIKA,
3aJlaHHOM JaHHBIM ypaBHeHUEM. CrenaiiTe pucyHoK.

4x* +12xy — y* —-8x-12y -5=0.

3. Ompenenute THM, pa3MEpPbl U PaACIONOXKEHUE (DUTYpBI BTOPOTO TIOPSIKA,
3aJJaHHOW JTaHHBIM ypaBHeHHUEM. CrienainTe pucyHOK.

16x* + 24xy +9y* +110x — 230y — 475=0.

4. Omnpenenute TUI, pa3Mephl M PACIOJIOXKEHHE (PUTYpBI BTOPOTO MOpPSJIKA,
3aIaHHON TaHHBIM yYpaBHeHUEM. ClelaiiTe pUCYHOK.

5y* +12xy —12x —22y 19 =0.
5. Onpenenute THUI, pa3Mepbl U PACIIOIOKEHHE (UTYPHI BTOPOTO IOPSIKA,
3aJJaHHOW JTaHHBIM ypaBHeHHUEM. CrienainTe pucyHOK.

5X? +4xy +2y* —8x -6y —1=0.
6. Onpenenute THM, pa3Mepbl U PaCIONOXKeHUE (UTYPHI BTOPOTO TOPSJIKA,
3aJJaHHOW JTaHHBIM ypaBHeHHUEM. CrenaiTe pucyHOK.

6xy —8y® +12x—26y —11=0.
7. OnpenenuTe THUII, pa3Mepbl U PACIOIOKECHHE (UTYPHI BTOPOTO IOPSAKA,
3aJJaHHOU JTaHHBIM ypaBHeHUEeM. CrenaiiTe pucyHOK.

7x% —24xy — 38X+ 24y +175=0.

8. Ompenenute THI, pa3Mepbl U PACIONOKEHHE (PUTYypbl BTOPOTO TMOPSAKA,
3aIaHHOM TaHHBIM ypaBHeHUEM. CenaiTe puCyHOK.

9x? 4+ 24xy +16y° —40x + 30y =0.

9. Ompenenute TUI, pa3MeEpbl U PACIONOKEHHE (PUTYypbl BTOPOTO MOpsAKa,
3aIaHHOM TaHHBIM ypaBHeHUEM. ClenaiiTe pUCyHOK.

4x* —4xy +y° —2x—-14y +7=0.

10. Onpenenure Tum, pa3Mepbl U PacHoiOKeHUE (PUTYpHI BTOPOTO MOPSIKA,
3aJlaHHOM JaHHBIM ypaBHeHUeM. CrenaiiTe pucyHoK.

4x* —4xy +y> —3x+4y-7=0.

11. Omnpenenure THM, pa3Mepbl U PaCHoOJIOKEHUE (PUTYypbl BTOPOTO MOPSAKA,
3aJlaHHOM JaHHBIM ypaBHeHUEM. CrenaiiTe pucyHoK.

6X° —4xy +9y* —8x+16y—2=0.
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12. Onpenenure TUm, pa3Mepbl U PaCHONIOKEHUE (PUTYPHI
3aJJaHHOW JaHHBIM ypaBHeHUEM. CrienaiTe pucyHoK.

6xy +8y° —12x—26y +11=0.
13. Omnpeaenure THI, pa3Mepbl U PACIOIOKEHHE (PHUTYPHI
3aJIlaHHOM TaHHBIM ypaBHeHUEeM. ClenaiTe prUCyHOK.

4x* +12xy — y* —8x-12y -5=0.

14. Omnpenenure TUI, pa3Mepbl U PACHONIOKEHUE (PUTYPHI
3aJJaHHOW JaHHBIM ypaBHeHHeM. CrenaiTe pucyHoK.

x> —4xy +4y? + 4x -3y -7=0.

15. Onpegnenure TUN, pa3Mepbl U PaCHONOXKEHUE (PUIYpHI
3aJJaHHOW JaHHBIM ypaBHeHUEM. CrenaiTe pucyHoK.

5y* +12xy —12x —22y —-19=0.
16. Onpenenure TUI, pa3Mepbl U PACHOOKEHUE (PUTYPHI
3aJJaHHOW JTaHHBIM ypaBHeHUEM. CrienainTe pucyHOK.

7x% +16xy — 23y* —14x—16y — 218 =0.
17. Ompenenurte THI, pa3Mepbl U PACIOIOKEHHE (UTYPHI
BaﬂaHHOﬁ JaHHBIM YPABHCHUCM. CnenaﬁTe PHUCYHOK.

5X* +4xy +8y* —32x —56Yy +116 =0.
18. Omnpenenure THUII, pa3Mepbl U PACIOJIOKECHHE (PUTYPHI
3aJJaHHOW JTaHHBIM ypaBHeHHUEM. CrienanTe pucyHOK.

25x% —14xy + 25y* + 64X — 64y + 224 =0,
19. Omnpenenure TUM, pa3Mepbl U PaCMOIOKEHHE (QHUTYPHI
3aJJaHHOW JTaHHBIM ypaBHeHUEM. ClienaiTe pucyHOK.

3x? +10xy + 3y* —2x—14y —-13=0.
20. Ompenenute TUM, pa3Mepbl U PACIONOKEHUE (PUTYPHI
3aJJaHHOU JTaHHBIM ypaBHeHUEeM. CrenaiiTe pucyHOK.

9x* — 24xy +16y° — 20x +110y —50 =0.
21. Ompenenute THI, pa3Mephl M PACIIONOKECHUE (UTYPHI
3aJJaHHOW JTaHHBIM ypaBHeHUEM. CrenaiTe pucyHOK.

3% +4xy +12x+16y —36=0.

22. OmnpenenuTe TUI, pa3Mepbl U PACIONOKEHUE (PUTYPHI
3aIaHHON TaHHBIM ypaBHeHUEM. CliesaiiTe pUCyHOK.

6xy +8y° —12x— 26y +11=0.
23. Ompenenute TUT, pa3Mepbl U PACIONOKEHUE (PUTYPHI
3aJJaHHOW JaHHBIM ypaBHeHHeM. ClenaiTe puCcyHOK.

4x* +12xy — y* —8x-12y -5=0.
24. OmnpenenuTe TUIN, pa3Mepbl U PACIOJIOXKEHUE (UTYPBI
3aJlaHHOM JaHHBIM ypaBHeHUEeM. CrenaiiTe pucyHoK.

16x% + 24xy +9y* +110x — 230y — 475 =0.
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25. Ompenenute THI, pa3Mepbl M PacloiokeHHe (UTypbl BTOPOro MOPsAKa,
3aIaHHON TaHHBIM ypaBHEHUEM. CleaiTe pUCYHOK.

Sy +12xy —12x —22y -19=0.

26. OmpeneianTe THII, pa3Mepbl M PACIONIOXKCHHE (UIYPHl BTOPOrO IOPSIKA,
3aJIlaHHOM TaHHBIM ypaBHeHUEeM. ClenaiTe prUCyHOK.

5X? +4xy +2y* —8x—6y—1=0.

3.3. BapHaHTbl HTOroBOIo TcCTUPOBAHUA IO TUCHUIIJIMHE «Ananumuueckasn

2eomempus
Bapuanr 1
Ne ConeprxaHue Bopoca BapuaHntel oTBeTa
n/m
1. Jaubr touku: A(1; -3), B (5; 7). 1) C(0;0);
Haiinute cepennny C otpe3ka AB. 2) C(3; 0);
3) C(-3; 4);
4) C(3; 2);
5) C(2; 5).
2. Janbl aBa BekTopa: d(1;3;4) u B(— 1) %(3;5;10);
2;1;2). Haiigure BeKkTOp X TAaKOM, 4YTO 2) %(6;11;14);
— N I
4a-b-x=0. 3) X(3;5;7);
4) X(6,5;9);
5) X(— 6;11;7).
3. Vron mexny sekropamu m (1;1;1) 3
u 1(2; 1; 3) pasen: l)arccos2 |
2) 90°;
3) 45°;
4) arccos g;
5) 60°.
4. Breluncnure JUIMHY BeKTopa d X b , 1) V24;
ecu d(2;1;0), b(0;-1;2). 2) V37,
3) V53;
4) V75;
5) \V28.
5. I[Tnomane TPEyroJbHHUKA C 1) 30;
BEpIIMHAMU 2) 15:
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A(-5;0), B(-2;3) u C(6;1) pasna: 3) 10;
4) 20;
5) 25.

Brerunciure 00beM 1) 112;
napanﬂene}mnezxa, IHOCTpOGHHIOFO Ha 2) 448:;
sekrTopax a(9,1,4), b(7,-5,8), ¢(4,0,0), 3) 224:
OTJIOKEHHBIX OT HEKOTOPOH TOYKH. ’

4) 117
5) 56.

B nekaproBoii cucTeMe KOOpJIWHAT 1) 2x+y-5=0;
OXy ofmee ypaBHEHHME MPAMOM, IS 2) X+2y—-3=0:
xkoropoii wusBectHel Touka A(L-3) u ’
HampaBIsHOIMil Bektop a(2,1) , mMeer 3) x-2y-7=0;
BU/I: 4) Xx-2y—-5=0;

5) x+2y—-7=0.

Haitnure KOOPIUHATHI TOYKH 1) (5,0,0);
repecevueHus NpsiMon 2) (0,0,7):

x=1+2t,y=3-t,z=5-3t ) (7’0’ 4)’

¢ IIIOCKOCTBHIO OXZ . B

4) (9,1,0);
5) (31 01 _4) .

[TpsiMbIc Ha E€BKJIMIOBOM IIJIOCKOCTH, 1) 4;
3aJlaHHble B MPSAMOYTOJBHOM CHCTEME 2) - 4:
koopauHat ypaBHeHusMH X +2Y—1=0 un 3 2- ’
2X+Kky-5=0, napamrensusl, ecau K )2
paBHO: 41

5) 3.

[Inockocts B mpoctpaHcTe K3 1) (2,0,2);
3aJaHHas B MPSAMOYTOJBHOM CHCTEME 2) (3 3,3):
KoOpAuWHAT ypaBHeHHeM X—Y+2=0 , 2 (1.1.9):
MEPIEHAUKYIISIPHA BEKTOPY c ) (1.1.2);
KOOPAMHATAMM: 4) (1,1,0);

5) (3,4,5).

Ecmu paccTosiHue MEXITY 1) — 12 v — 4;
HapajieIbHbIMU [IJIOCKOCTSAMU c 2) — 12w 4;
ypaBHCHHUSIMH 3) - 16 mmm 32
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2X-y+2z+D=0 u 2x-y+2z-4=0

paBHO 4, To 3HaueHue D paBHO:

4) 8 nau — 16;
5) 12 unu 4.

12. dwurypa Ha TUIOCKOCTH, 3a/laHHAsI B 1) ssuncom;
HEKOTOPOM ahpuHHOM perniepe 2) TUTep6oIIoiL;
ypaBHEHUEM ’

3) mapabo7oii;
X2 +2y%—2x+8y-7=0, .
4) mapoil mepeceKarnuxcs
SBIISCTCS: PSIMBIX;
5) mapoil mapaenbHBIX
TPSIMBIX.

13. VYkaxure KOOPIMHATHI 1) (1,0);
HETTOABUKHOM TOYKHU adHUHHOTO 2) (1,4);
peoOpa3oBaHuUs 3) (5,-4);

{X’ = 3x + 4y + 6, 4) (3.4)
y = 4x + 3y- 12. 5) (4,5).
14, B eBKIMIOBOM HpOCTpaHcTBe E° 1) 0;
3a/1aHbl TUIEPILTIOCKOCTH I 1 Touka Po. 2) 12:
II: 4X; +2X, +2X3 +2X4 +6 X5 3)3
+54=0 ’
4) 8;
Po(-3,3,1,5,-2) 5) 6
Yemy paBHO pacCTOsTHUE OT TOUKH Pg '
1o runeprtockoctu 1?7

15. Ecin B ahdurroM npoctpanctee A 1)-6;
npsimasi 2) - 3;

X =—2+3t, X, =3-2t, X, =—1+4t, x, =4t 3) 6:
napasienbHa THIEPIUIOCKOCTH 4) 3:

4%, —2X, +Cx,—8x%,+1=0, T0 3HaueHME : 1’2

C paBHoO: ) 12.

16. B npocrpanctee A°  cucreMoii 1) 0;

YpaBHEHUM 3aJ1aHa TUIOCKOCTb. 2) 4:
KakoBa pazMepHOCTb Mm1ockocTH? 3) 2;

A X1+ 4 X3—Xg-2X5=-2 4)3.

4 X1+ X3—X4— 3 X5 = -2 5) 1

8X1—3X3-X%X5=0
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17.

Omunc 3ajaH B MPSMOYTOJIbHOU

nekapToBoil cucteme KoopaumHaT OXy
X2 2

—+y—:1.
35 10

(b oKyCHI ArIHIICA.

YpPaBHEHUEM Haninure

1) F(—/35;0) n F,(35;0);
2) F(0;-5) n F,(0;5);
3) F(-5;0) n F,(5;0);
4) F,(0;—/10) u F,(0;+/10);
5) F.(-3v/5;0) u F,(3v/5;0).

18. durypa B mpoctpanctee E° ) OTHOTIOIOCTHBIM
3ajaHHas B JCKApTOBOH  cucrTeme | TATIEPOOIOMIOM;
KOOpAUHAT Oxyz YpaBHCHHUCM 2) mapoil mapaienbHbIX
X2y IJIOCKOCTEN;
— —-—=0, aBusercs: .
5 10 3) napoii
MepeceKAIMXCHA II0CKOCTEM;
4) rUnepOoIMYECKUM
apaboJIouI0M;
5) runepOoJIoi.
Bapuanr 2
No Conepsxanue Bompoca BapuanTtsl oTBeTa
o/
1. 3uas touku A(2; 3), C (5;7), rne C — 1) B(8; 11);
cepeanHa oTpe3ka AB, HailauTe TOuKy B. 2) B(- 2;1):
3) B(3; 4);
4) B(5; 2);
5) B(7; 10).
2. Jlansr 1Ba Bektopa: d(2;1;3) u b (- 1) X(8;5;- 2);
7;4;— 5). Haiigure BeKTOp X TaKoM, YTO 2) #(5;1;7);
4) %(1,9;3);
5) %(3;1;9).
3. Vron mexay sekropamu m (1;0; —1) 1) 30°;
" T_)l(z; 1; 1) PaBCH: 2) 90°:
3) 1209
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4) arccos (%)
5) 60°.

BeluncnuTe aaMHy BeKTOopa d X b, 1) V9;
ecmm d(1;3;4), b(0;2;3). 2)Vid:
3)V21;
4)V18;
5) V15.
[Tmomaae TpeyroapbHUKa ¢ BEPITMHAMU 1) 40;
A(=5;0), B(—2;4) u C(6;0) 2) 14,
paBHaA: 3) 22’
4) 18;
5) 44.
Brraucnure o6beM mapaiienenurena, 1) 38;
IOCTPOEHHOro Ha Bektopax a(2,-8,6) , 2) 19;
1 . !
b(-5,7,4), ¢(0,1,0), ornokeHHBIX OT 3) 26:
HEKOTOPOM TOYKHU. 4) 74
5) 78.
B nekaproBoii cHucTeMe KOOpIUHAT 1) 2x+y-5=0;
OXy ofmee ypaBHEHHE MPSIMOM, IS 2) X+2y—-3=0-
xkoTtopoii m3BectHel Touka A(L,-3) wu
HOpMaIBHEIH BekTop N(2,1), nMeeT B 3) x-2y-T7=0;
4) 2x+y+1=0;
5) 2Xx—-y+5=0.
Haiioure KOOPIMHATHI TOYKH 1) (5,2,0);
repecevyeHus npsiMon 2) (0,0,7):
X=1+2t,y=3-t,z=6-3t B
3) (7,0,0);
¢ iockocteio OXY.
4) (-5,4,0);
5) (5,1,0).
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9. [IpsiMbple Ha €BKJIMJIOBOM IJIOCKOCTH, 1) -1;
3aJJaHHbIe B TIPSIMOYTOJILHON cHCTEMe 2) 1;
KoopauHaT ypaBHeHusiMu X—Y=0 wu i 2j
X+Kky+2=0, nepnenaukysspusl, eciu K )2
paBHO: 4) =2,

5) 3.

10. IInockocts B  mpoctpaHcTBe K2 1) (1,-41);
3aJlaHHas B MPSIMOYTOJIBHOH  cHCTeMe 2) (= 4,1,0);
KoopauHaT ypaBHeHueM X+4y+2z+1=0, T

3) (41_ 111)1
MePIEHANKYIISIPHA BEKTOPY C
KOOpJMHATAMH: 4) (8-2,8)
5) (2,8,2).

11. Ecnu paccTtosiHre MEKITY 1)— 18w —7;
napayuieTbHbIMU TJIOCKOCTSIMHU C 2) 4 wn — 14;
ypaBHEHUSMHA ’

3) — 19 nnm 22;
X+ 2y-2z2+D=0 u X+ 2y-2z-5=0
4) 11 wmm — 21,
paBHO 3, TO 3HaueHue D paBHO: 512 9
wim 9.
12. @urypa Ha IUIOCKOCTH, 3a/JlaHHAasl B 1) snnuncom;
HEKOTOpoM ap(pUHHOM perepe ypaBHEHUEM 2) runep6o.oii;
2x% —y? +8x+8y—-16=0, 3) mapaboroii;
ABJIACTCAL. 4) mapoi nepeceKaronmxcs
PSIMBIX;
5) mapoli mapaieIbHBIX
IPSIMBIX.
13. YKaXkuTe KOOPAMHATH HEMOJABMKHOU 1) (5,-4);
TOYKHU afb(i)I/IHHOFO npeoOpa3zoBaHus 2) (2,1):
{x = 2x + 2y + 3, _
y = 2x + 2y- 6. 3) (1.2);
4) 3.3);
5) (-1,4).

14, B eBKIMIOBOM NpPOCTpaHCTBEe E° 1) 0;

3a/anbl Tunepriockocts I1 u Touka Po: 2) 4:

II: 2X1+6Xo+4X3+2X4 +2X5 + 3)6
14=0 ’
4) 8

Po(-1, 2, 3,-3,1). 5) 2

UeMmy paBHO paccTOsiHHE OT TOYKHU Py
10 runepriockoctu I1?
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15. Ecin B adduunoM mpocrtpanctee A 1) -1
npsiMast 2) 2;
X ==1+2t, X, =2~t, X; =—1+3t, x, =1+t 3) 3:
napasuiebHa THIEPIUIOCKOCTH 4) 8"
X, +2X, +X;—Cx, —1=0, To 3nHauenue C ; ;5
paBHoO: )5
16. B  npocrpanctee A®  cucTeMoi 1) 1;
YPaBHEHHM 33/1aHa TJIOCKOCT. 2) 2:
KakoBa pa3MepHOCTb IIIOCKOCTH? 3) 3;
4X1—2Xo+Xz—4 Xq-X5=3 4)4
X1-X2—2X3—3X4:-3 5)5
T X1+3Xo-4X3+5X4+2X%X5=-9
17. Ommunc  3alaH B IPSIMOYTOJIBHOM 1) Fl(—\/l_l;O) uF, (\/ﬁ :0):
nekapToBoii cucreme koopauHat OXy
22 2) F(0;-5) uF,(0;5);
ABHEHUEM —+—=1. Haitgure
P 25 36 ! 3) F(-5,0) uF,(50);
(b OoKyCHI AIIHIICA. 4) F,(0;- \/E)HFZ (0; \/ﬁ);
5)
F,(—/41;0) u F,(~/41;0).
18. ®urypa B ipoctpancTee E°, 3ananuas 1) OZTHOTIOJIOCTHBIM
B JiekapToBoil cucteme koopauHat OXyz THIEPOOIONIOM;

2 2

y

YPaBHEHUEM — — —— = 27, ABJISIETCSA:
5 10

2) mapoil mapauieTbHbIX
IIOCKOCTEH;

3) AIUTUITUYECKUM
napaboJIouI0M;

4) runepooIuIeCKUM
napadoJI0u10M;

5) TUTIEPOOTMUECKIM
IUJTUHAPOM.
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3.4. [IpumepHBIii NepeyeHb BONPOCOB K IK3aMeHY
1 cemecTp

1. DOKBHBaJICHTHBIE HAITPABJICHHBIE OTPE3KHU.
. [lonaTtue BekTopa. KoymmHeapHble 1 KOMIUTAHAPHBIE BEKTOPBI.
. Onepanusi C10KEHUsI BEKTOPOB U €€ CBOMCTBA.
. Onepanusi yMHOKEHUSI BEKTOPOB Ha YKCJIA U €€ CBOMCTBA.
. JInHEeWHO 3aBUCHUMBIE U JINHENHO HE3ABUCHUMBIE CUCTEMBI BEKTOPOB.
. 'eomeTprdeckue KpUTEPUHU JIMHEWHON 3aBUCUMOCTH.
. AnreOpandeckre KpUTEpUH JIMHEWHON 3aBUCUMOCTH.
. [Ipoekuuu 1 UX CBOKCTBA.
. bazucel. KoopauHatel BekTopa B JaHHOM Oa3zuce.

10. ®opmyiibl peobpa3zoBaHUsl KOOPAUHAT BEKTOPOB MPU MEPEX0Jie OT OJHOTO
0a3uca K Ipyromy.

11. CxanspHoe mpou3BeieHUE BEKTOPOB U €T0 CBOKCTBA.

12. BekTOpHOE IPOU3BEICHUE BEKTOPOB U €0 CBOMCTBA.

13. CmemaHHOE TPOU3BENEHUE BEKTOPOB U €TI0 CBOMCTBA.

14. Kputepun KOMIZITAaHAPHOCTH TPEX BEKTOPOB.

15. Adpdunnsie penepsl. KoopauHatel TOUYKM B JaHHOM periepe. DopMyiibl
npeoOpa3zoBaHus KOOPAMHAT TOUYEK IPH MEPEXOJIE OT OJHOTO perepa K Jpyromy.

16. ®opmyiibl npeoOpa3zoBaHMsl KOOPIAMHAT TOUYEK Ha IJIOCKOCTH IPH MEPEXOAE
OT OJHOU MPSIMOYTOJIBHOM CUCTEMBI KOOPAUHAT K APYTOH.

17. Pasnuunble BUBI ypPaBHEHHMIT IPAMOi Ha T10ckocTH E2,

18. Onpenenenne B3aMMHOTO PACIIOIOKEHU IBYX NPAMBIX Ha IUIOCKOCTH IO MX
YPaBHEHUSIM.

19. Bennunna yria Mexay 1ByMs IpsIMbIMU. PaccTostHuE OT TOYKH 10 MPSMOM.

20. 'eomeTpuyeCcKHil CMBICI TUHEMHOTO HEPABEHCTBA C ABYMSI IEPEMEHHBIMU.

21. Inockocts B mpoctpancTse E3. Paznuunble BUABI ypaBHEHHMI IIOCKOCTH.

22. OrmpeneneHue B3aUMHOIO PACMHOJIOKEHUSI JBYX IUJIOCKOCTEM IO HX
YPaBHEHUSIM.

23. Ipsamas B mpoctparctse E3. Paznuunsle BUabI ypaBHeHuit mpsamoii B E3,

24. OmnpeneneHue B3aUMHOTO PACIOJNOXKEHHUS TMPAMBIX M IUIOCKOCTEW B
npoctpanctse E3,

25. PaccTtosiHue OT TOYKM JI0 IIOCKOCTH M PACCTOSIHHE OT TOYKHU A0 MpPsIMOU B
npocrpanctse E3,

26. Dnuric.

27. I'umepbona.

28. [1apabomna.

29. ®urypsl BTOPOro nopsaka Ha miockoctu E2.

30. EnuHoe omnpezenenne uInIica, TUmepooIibl U mapaboiibl ¢ TOMOIIbI0 GoKyca
U TUPEKTPHUCHI.

31. KacaTtenpHble K 3/UIMIICY, TUIIEpOOIIe, mapabdore.

32. OnTtuyeckre CBOMCTBA AJUIHIICA, TUIIEPOOSIBI U MapadoIbl.

OO0 31O N = WK

33. @Ourypsl BpallleHUs B TPOCTPAHCTBE =
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34. I{umuHaprdeckye U KoHuYeckue Gurypsl B npoctpancTse E°,
35. DIIUIICOUIBI.

36. ['unepOomonIbI.

37. DnnunTuyeckue napadoIOH IbI.

38. 'unepbonuueckue mapaboIouabl.

39. durypsl BTOporo mopsaka B npoctpanctse E°.

40. [Tnockue ceyeHus: NpOCTPAHCTBEHHBIX (DUTYp BTOPOTO MOPSIKA.
41. [IpssmonuHeHbIe 00pa3yIoIue OAHOMNOIOCTHOTO THIepOoIonIa 1
runepooMyecKoro napadbooua.

2 cemecTp

1. Ionstue apdurnoro npeobpazosanus miockoct E? u mpocrpancrea E3.
[Ipumepsr.

2. OroOpaxenue, oOpatHoe 11 adduHHOrO mpeoOpazoBaHud. [pynmsl
addurHbIX npeodpasosanuit Aff (E®) u Aff (E®).

3. O6pa3bl npsaMoi U TI0cKoCTU TpHu adGUHHOM MTPeoOpa30BaHUU.

4. JIuneWHbIN onepaTop, UHAYIUPOBAHHBIN ap(HUHHBIM TPEOOPA30BAHUEM.

5. IlpocToe OTHONIEHHE TOYEK, COXPAHEHUE MPOCTOr0 OTHOIICHUS TOUYEK IpPH
adhuHHOM MTpeoOpa30BaHUU.

6. Koopaunartnas 3anuck ahPuHHOTO NMpeodpa3zoBaHUs.

7. T'eomeTpuyeckwii  CMbICI  ompeAenurenss  Marpulbl  adpPuHHOrO
npeoOpa3oBaHUs.

8. luBapuaHTHbIE TOUYKH U HHBApHAHTHbBIE NpsiMble ad(GUHHOTO TPeoOpa3zoBaHus
miockoct E2,

9. Ismkenus miockoct E2 u npoctpanctsa E3. TIpumepsl.

10. KoopaunaTHas 3anuch qsrkenuii. Kiaccupukauus asmkennii mockoctu E?
1 npocrpanctsa E3,

11. Tlonsitue apdunnoro mpoctpanctsa. [Ipumepsr.

12. Pagmyc-Bexktop Touek adPuHHOrO MpoCTpaHcTBa, Ouekius adGUHHOTO
IPOCTPAHCTBA U CBA3AHHOTO C HUM BEKTOPHOIO MPOCTPAHCTBa MpH (UKCUPOBAHUU
TOYKH.

13. Abdunnsie penepbl 1 KoopauHaThl B adPuHHOM MpocTpancTBe. PopMyIibl
npeoOpa3oBaHus KOOPAUHAT.

14. Ilonstne miuockoctu B aduHHOM mpocTtpaHcTBe. HawanbHas Touka u
HaIpaBJISAIoLIee TPOCTPAHCTBO IMIOCKOCTH.

15. TIlepeceuenue mnockocteit B ahpuaHOM pocTpancTBe. ApdrHHas 000104k
MHO>KECTBa TOYEK.

16. Cymma mnockocteid B ap(uHHOM POCTPAHCTBE.

17. AbdunrHO HEe3aBUCHMBIE TOYKH B a)(pUHHOM TPOCTPAHCTRBE.

18. B3anmHOe pacronokeHue AByX IUIOCKOCTed B ap(UHHOM MPOCTPAHCTBE.
XapakTeprucTuKa mapbl INIOCKOCTEH.

19. Tlapamerpuueckwie © OOIIME YypaBHEHUS IUIOCKOCTeH B addUHHOM
IPOCTPAHCTBE.
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20. OmnpenenieHre B3aUMHOTO PACHOJIOKEHUS JBYX IUIOCKOCTEM MO UX
YpaBHEHUSIM.

21. CkansipHOoe poOU3BEICHUE B BEIIECTBEHHOM BEKTOPHOM MPOCTPAHCTBE U €T0
cBouctBa. [Ipumepsl.

22. EBKIHMJIOBO BEKTOPHOE IMPOCTPAHCTBO, OPTOTOHAIBHOCTH BEKTOPOB U
MOJANPOCTPAHCTB, BEJIMYMHA YIJIa MEXAY BEKTOpPaMH, OPTOTOHAJIBHOE JOMOIHEHHE
MOJANPOCTPAHCTBA, OPTOHOPMHUPOBAHHBIE OA3UCHI.

23. Tlomsitme eBKIAMIOBAa TOYEeUHOro ImpocTpancTBa K", opToroHanbHOCTH
wiockocteit B E",

24. Paccrosinue Mmexnay ¢urypamu B K", BhIUMCIEHHE DPACCTOSHHUS MEXITY
TUTOCKOCTSIMHU.

25. Hekotopeie ¢urypsr B E": cdepsl, mapsi, mapanienenuneibl, CAMIIICKCHI.
O0beM napasuienenumneia ¥ CHMILIEKCA.

26. ®urypel BTOporo mopsjaka (KBaJpuKH) B BEIIECTBEHHBIX a(QhUHHBIX
npoctpaHcTBax. HopMasabHble 1 KAHOHMYECKUE YPAaBHEHUS KBAJPUK.
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