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Abstract. Our initial data is a transfer operator L for a continuous,
countable-to-one map ¢ : A — X defined on an open subset of a lo-
cally compact Hausdorff space X. Then L may be identified with a
‘potential’, i.e. a map o : A — X that need not be continuous unless
 is a local homeomorphism. We define the crossed product Co(X) x L
as a universal C*-algebra with explicit generators and relations, and
give an explicit faithful representation of Co(X) x L under which it is
generated by weighted composition operators. We explain its relation-
ship with Exel-Royer’s crossed products, quiver C*-algebras of Muhly
and Tomforde, C*-algebras associated to complex or self-similar dynam-
ics by Kajiwara and Watatani, and groupoid C*-algebras associated to
Deaconu—Renault groupoids. We describe spectra of core subalgebras of
Co(X) x L, prove uniqueness theorems for Co(X) x L and characterize
simplicity of Co(X) x L. We give efficient criteria for Co(X) X L to be
purely infinite simple and in particular a Kirchberg algebra.
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1. Introduction

Since 1970s transfer operators are indispensable tools in thermodynamical
formalism and ergodic theory [7], and even earlier such operators, named av-
eraging operators, played an important role in the study of Banach spaces
C(X) of continuous functions on a compact space X, see [49]. They are also
crucial in the study of spectrum of weighted composition operators, see [2,3].
Transfer operators as a tool to construct C*-algebras, were explicitly used
for the first time by Exel in [18] to present Cuntz—Krieger algebras as crossed
products associated to topological Markov chains. Since then a number of gen-
eralizations and modifications of such crossed products were introduced, see
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for instance [9,11,21,22, 44]. Their general structure as Cuntz—Pimsner alge-
bras is now quite well-understood, see [10,39]. However, the detailed analysis
of the associated C*-algebras is usually limited to the case where the under-
lying mapping is a local homeomorphism on a compact Hausdorff space, see
[9,11,15,22,23]. The exceptions are C*-algebras associated to rational maps
[27] or maps whose inverse branches form self-similar systems [28,29]. All
these C*-algebras can be viewed as crossed products by transfer operators
for finite-to-one maps admitting at most finite number irregular points. How-
ever, in many problems there is a natural need to study transfer operators for
partial continuous maps that are countable-to-one. This concerns in particu-
lar infinite graph C*-algebras [9,11,39,51] or thermodynamic formalism for
countable Markov shifts, interest in which has been growing in recent years,
see [5,6,20,57]. In the present paper we give a general, comprehensive account
of the main structural results for crossed products by transfer operators for
arbitrary partial continuous maps that are countable-to-one.

More specifically we consider a continuous map ¢ : A — X defined on
an open subset A of a locally compact Hausdorff space X. We assume that
¢~ Y(y) is countable for all y € A. Then every bounded transfer operator for
pisamap L: Cy(A) — Cy(X) given by the formula

La(y)= Y olz)a(z)

r€p~1(y)

where ¢ : A — [0,00) is a map that we call a potential. A potential o is
in general only upper semi-continuous and the main role in our analysis is
played by the following two sets:

Apos :={z € A p(z) >0}, Aoy :={x € Apos : 0 iIs continuous at x}.

S0 Aveg € Apos € A C X. As we show A, is an open subset of X and the
restricted map ¢ : Ayee — X is a local homeomorphism. We define the crossed
product Cy(X) x L as a universal C*-algebra generated by the C*-algebra
Co(X) and weighted operators at, for a € Cy(A), subject to relations

L(a) = t*at, a € Cy(A), aZuZKtt*uiK =a, a € Cc(Areg)
i=1

where uf’s is a suitably normalized partition of unity on K := supp(a),

see (12) below. Apart from the case of covering maps on compact spaces
treated in [23] this is the first general description of the crossed product
Co(X) x L in terms of explicit relations coming from L. In other works
the corresponding crossed product is usually defined and analyzed as the
Cuntz-Pimsner algebra O, associated to a C*-correspondence M. We
prove that Co(X) x L is isomorphic to Oy, (Theorem 4.8). We do not know
whether in general Cy(X) x L can be naturally modeled by a topological
quiver of Muhly and Tomforde [46]. One of our main structural result is the
following the following version of (Cuntz—Krieger) uniqueness theorem (see
Theorems 8.5, 8.7) that generalizes the corresponding results from [11,15,22,
23].
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Theorem A. The following conditions are equivalent:

(i) Ewvery representation of Co(X) x L is faithful provided it is faithful on
Co(X).

(ii) The orbit representation of Co(X) x L on ¢*(X) is faithful; this rep-
resentation sends function in Co(X) to operators of multiplication and
the generator t to the weighted composition operator Th := \/oh o ¢,

(i) The map ¢ : Aweg — X is topologically free, that is the set of periodic
points whose orbits are contained in A,eg has empty interior.

If in addition Apos = Areg the above conditions are further equivalent to

(iv) Co(X) is a mazximal abelian C*-subalgebra of Co(X) x L.

In general we characterize faithful representations of Co(X) x L in terms
of a canonical generalized expectation G for the inclusion Cy(X) C Co(X)x L
(Theorem 5.9). We construct G using a regular representation of Co(X) x L
on (2(X XZ). If Apos = Areg, then G is a genuine conditional expectation and
Co(X) x L is naturally isomorphic to the C*-algebra of the Renault-Deaconu
groupoid for the partial local homeomorphism ¢ : Ayeg, — X (see Theorem
6.4). Then (iv) in Theorem A says that Cp(X) is a Cartan subalgebra of
Co(X) x L in the sense of Renault [55]. We show by example that if A,q #
Areg, then topological freeness of ¢ : Ao — X is not sufficient for maximal
abeliannes of Cy(X) in Cy(X) x L.

We say that L is minimal if there are no non-trivial open subsets U C X
such that @(UNApes) C U and o H(U)NAeg C U. As a corollary to Theorem
A we get the following characterization of simplicity (see Theorem 8.11):

Theorem B. If A, is infinite, then Co(X) x L is simple if and only if L is
minimal.

Inspired by notions of locally contractive groupoids [1] and contractive
topological graphs [33] we define contractive transfer operators, see Definition
9.1. For such operators we get (see Theorem 9.5 and Corollary 9.6):

Theorem C. If L is minimal and contractive, then Co(X)x L is purely infinite
and simple. If in addition X is second countable, then Co(X) x L is a UCT-
Kirchberg algebra (and so it is classifiable by its K-theory).

We illustrate the power of Theorem C by showing that it covers and uni-
fies all purely infinite results in [27,28], [1, Section 4], [19] (Examples 9.7, 9.8, 9.9).

Another fundamental C*-algebra associated to L is the fixed point al-
gebra of the canonical circle gauge action on Cy(X) x L. It is a direct limit
As = U2 Ay of C*-algebras

A, =spain{at*t™*b: a,b € Co(Ar),k=0,...,n}

where Ay, = ¢ %(A) is the natural domain for ¢*. The algebras A,, are inter-
esting in their own right, see [36], and the C*-algebra A, has important dy-
namical interpretations. For special self-similar maps A, was studied in [29].
When A, = A, so that ¢ is a local homeomorphism, then A, is a groupoid
C*-algebra of a generalized approximately proper equivalence relation on X.
This is a crucial tool in the study of Gibbs states via the Radon—Nikodym



25 Page 4 of 45 K. Bardadyn et al. IEOT

problem [6,54]. Also stable C*-algebras for irreducible Smale spaces are natu-
rally Morita equivalent to algebras of the form A, (see Remark 7.10 below).

Putting Apos.n = {z € A, : [[, ' o(¢i(x)) # 0} we describe the spectra of
An,n €N, and A, as follows (see Proposition 7.2 and Theorems 7.6, 7.11):

Theorem D. For eachn € N the algebra A,, is postliminary (Type 1) and up to
unitary equivalence all its irreducible representations are subrepresentations
of the orbit representation on ¢2(X). Namely, we have a bijection

An = <|_| ‘P Apos,k \Areg> U™ (Apos,n), (1)

where a representation corresponding to y € cpk(Apos7k) is the restriction of
the orbit representation to the subspace (*(o~*(x)) C ¢*(X). The Jacobson
topology on En in general is finer than the pushout topology on the right-hand
side of (1). But the two topologies coincide for instance when the potential
0 is continuous, and if in addition X is second countable, then the primitive
ideal space of As is homeomorphic to the quasi-orbit space:

Prim(Ay) & X/ ~

where © ~ y iff O(x) = O(y) and the orbit of x € X is O(x)
“F(2).

The paper is organized as follows. In Sect. 2 we discuss transfer operators
for partial maps and the properties of the associated potential p. Covariant
representations for transfer operators are introduced in Sect. 3. The crossed
product Cp(X) x L and its relationship with previous constructions modeled
by Cuntz—Pimsner algebras are discussed in Sect. 4.

S
- Uk:O,wEApos,k ¥

In Sect. 5, based on the well known gauge-invariance uniqueness for
Cuntz—Pimsner algebras we prove faithfulness of the regular representation
of Cy(X) x L, which in turn leads us to a generalized expectation-invariance
uniqueness theorem. We use the latter in Sect. 6 to prove that Reanult—
Deaconu groupoid C*-algebras associated to a local homeomorphism ¢ is
naturally isomorphic to C(X) x L. Section 7 is devoted to description of the
spectrum of algebras A,, and A, and it contains the proof of Theorem D.
Section 8 introduces topological freeness for transfer operators and contains
proof of Theorems A and B. Finally in Sect. 9 we give criteria for pure
infiniteness for Cy(X) x L (we prove Theorem C).

2. Transfer Operators for Partial Maps and Potentials

Throughout this paper ¢ : A — X is a continuous map defined on an open
subset A of a locally compact space X. We refer to (X, ) as to a partial
dynamical system. In addition we will fix a bounded transfer operator for
(X, ¢), which we will interpret as a potential for the system (X, ). Namely,
let us denote by Cp(X) the C*-algebra of continuous functions on X that
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vanish at infinity. We treat Cy(A) as an ideal in Co(X). By a transfer operator
for (X, ) we mean a positive linear map L : Co(A) — Cp(X) satisfying

L((ao@)b) = aL(b), ae€ Co(X), be Co(A). 2)

Remark 2.1. We could allow the transfer operator L to attain values in the
bounded continuous functions Cy(X), but then (2) forces L to take values in
Co(X) anyway. Indeed, if b € C.(A) is compactly supported with the support
K then taking a € C.(X) such that al,x) =1 we get L(b) = L((a o p)b) =
aL(b) € C.(X). Thus transfer operators map compactly supported functions
to compactly supported ones.

Transfer operator could be defined in purely C*-algebraic terms as fol-
lows. Let I be an ideal in a C*-algebra A (by which we always mean a closed
two-sided ideal). Let « : A — M(I) be a non-degenerate *-homomorphism
from A to the multiplier C*-algebra M (I) of I. Such maps are called partial
endomorphisms of A in [22, Definition 1.1], [31, Definition 3.12]. A (bounded)
transfer operator for « is a positive linear map L : I — A satisfying

L(a(a)b) = aL(b), ac A, bel. (3)

Positivity implies that L is bounded and #-preserving. In addition the transfer
equality (3) implies that L(I) is an ideal. Transfer operators introduced in
[22, Definition 1.2] are defined on a not necessarily closed ideal in I, and thus
in general they are unbounded.

Having the triple (A, «, L) as above and assuming that A = Cy(X), we
necessarily have I = Cy(A), for an open set A C X, and

ala) =ale(x)), €A, acA,

for a continuous map ¢ : A — X. Accordingly, M(I) = Cy(A) consists
of continuous bounded functions and « : Cy(X) — Cy(A). In particular,
a: Cy(X) — Cp(A) C Ch(X) is an endomorphism of Cy(X) if and only if
the map ¢ : A — X is proper, i.e. the preimage of every compact set in X
is compact in A. Furthermore, denoting by M (X)) the space of finite regular
Borel measures on X equipped with the weak™ topology, a transfer operator
L:Co(A) — Co(X) for a is of the form

M@= [ i@, ec0@), yeX. @

where X 3 y — p, € M(X) is a continuous map such that supp p, C
¢~ !(y) for every y € X and sup,c x py(X) = ||L|| < o0, cf., for instance, [2,
38,39]. If the preimages of ¢ are countable, then this measure valued function
can be replaced by a number valued function. We assume this throughout the
paper.

Standing assumption

o~ (y) < Vg forall ye X, (5)
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Under this assumption, the measures {/i, },cx € M(X) appearing in (4) are
discrete and putting o() := pe2)({2}), € A, we get that the corresponding
transfer operator is given by

L(y)= Y olz)a(z). (6)

z€p~H(y)

We refer to the map o : X — [0,00) as to the potential associated to L, and
we put

Apos := A\o 1 (0) = {x € A : go(x) > 0}.

Obviously, every map admits a zero transfer operator (so that A,qs = 0), but
there is a large and important class of maps that admit a transfer operator
with Apos = A. This concerns essentially all local homeomorphisms, see
Theorem 6.4 below, and all open finite-to-one maps on compact spaces. This
last claim follows from a result of Pavlov and Troitsky [47, Theorem 1.1]—we
thank Magnus Goffeng for pointing this to us:

Theorem 2.2. (Pavilov and Troisky [47]) Let ¢ : A — X be a continuous
surjection where A is a compact open subset of X. There exists a transfer
operator L : C(A) — C(X) with a strictly positive potential o : A — (0, +00)
if and only if ¢ is an open map with sup,¢ x |~ (z)| < co.

Proof. Under our assumptions the endomorphism « : C(X) — C(A), given
by composition with ¢, is a unital monomorphism — an inclusion. Condi-
tional expectations F for the inclusion « are in bijective correspondence with
transfer operators L for ¢, given by £ = a o L. Thus the assertion follows
from [47, Theorem 1.1] (in fact the ‘if part’ follows from the proof of [47,
Theorem 4.3]). O

We fix a transfer operator L of the form (6). In general, ¢ has the
following properties.

Proposition 2.3. The potential o is upper semi-continuous, and so @ is con-
tinuous at every point in o~ 1(0). If g € Apos = A\ 1(0), then the following
are equivalent:

(i) o is continuous at xg,
(ii) ¢ is locally injective at xg, i.e. there is open U C A with xg € U such
that ¢|y : U — X injective,
(iii) xo s a local homeomorphism point for ¢, i.e. there is open U with
xo € U such that ¢ : U — o(U) is a homeomorphism and o(U) is open
m X.

Moreover, ¢ restricted to Apes 15 an open map.

Before we get into the proof of Proposition 2.3, we first prove a couple
of lemmas.

Lemma 2.4. Restriction of ¢ to Apes is an open map.
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Proof. Every open set in Apqs is of the form U N Ayos where U C A is open
in A. Let yo € ¢(U N Apos) so that yg = ¢(zo) for some xg € U N Apgs. Take
any continuous function 0 < a < 1 supported on U and such that a(zg) = 1.
Then fiy(0)(a) > o(xo) > 0 and p,(a) = 0 for every y ¢ ¢(U). Since the
map X 3y — py(a) is continuous the set V := {y € X : p,(a) > 0} is open
in X. Clearly, yo = ¢(z0) € V C (U N Apos)- O

Lemma 2.5. For any o € A and € > 0 there is a neighbourhood Uy of xg
such that for any open U C Uy, with xoy € U, there is a neighbourhood V' of
w(xz0) such that

Z o(x) —o(zg)| <e forall yeV. (7)

zeUNY~1(y)

Proof. Fix e > 0. Since the measure p,(,,) is regular there is a neighbourhood
Uy of g such that piyz0)(U1) < fgze)({z0}) + €, which translates to

S o) < olwo) +e.

z€U1Ne 1 (¢(z0))

Let Uy be any neighbourhood of zg such that Uy C U;. Now for any neigh-
bourhood U C Uy of xg take two continuous functions such that

, zev . =
0Sf17f2§15 fl(‘r)_{é i;UO’ fQ(x)_{g) z¢;0

Set V= {y : py(f1) < o(zo) + € and py(f2) > o(xo) —c}. Clearly, p(zg) € V
and for any y € V we have o(zo) — & < py(f2) < Xopepng-1(y 0(@) =

1y (U) < pia(f1) < 0l0) + & - 0

Corollary 2.6. For any neighbourhood U of xg € A and any € > 0 there exists
a continuous function 0 < h < 1 supported on U such that h(x) =1 on an
neighbourhood of xo and o(xo) < Maxyex >, c,-1(y) 0(@)(z) < o(x0) + €.

Proof. We may assume that U C Uy where Uy is as in Lemma 2.5 and
then find V' corresponding to U in this lemma. Take any continuous function
0 < h < 1 supported on an open set contained with a boundary in UNe (V)
and such that h(z) = 1 on an open neighbourhood of . Then
< < =
olwg) < D el@)h(x) < max Y. ol@h(x) = |L(h)]
z€p~1(p(x0)) zep~t(y)
and [|L(h)|| = maxyey 3 cp-1(y) 0(@)N(z) < maxyey 3o, cp o(z) < o(zo) +
E. g

Proof of Proposition 2.3. Let o € X and € > 0. Let U and V be open sets
as in Lemma 2.5. Then U N ¢~ (V) is an open neighbourhood of xq, and for
any x € UN ¢~ (V) we have g(z) < 2 yeUne-1(o(x)) 0) < o(zo) + . Hence
o is upper continuous at xg.

Now let 79 € A\o~1(0).
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(i)=(ii). Suppose that p is lower continuous at zp. Then for any £ <
0(z0)/3 there is a neighbourhood U of z( such that

o(x) > o(xg) —e >0 forall zeU. (8)

By Lemma 2.5 we may assume that there is an open neighbourhood V' of
¢(z0) such that (7) holds. Then for W := U N (V) we get

0(x0) — € < plp@y(W) < o(xo) +¢ forall zecW.
We claim, that ¢ is injective on W. Indeed, assume on the contrary that W

contains two distinct points 1, z such that ¢(x1) = ¢(z2). Then by (8) we
get

0(xo) + & > pop(ay) (W) = o(x1) + o(x2) > 2(0(20) — £).
which contradicts € < o(z¢)/3.

(ii)=-(iii). This follows from Lemma 2.4.

(iii)=-(i). Suppose that xq is a local homeomorphism point, and let U
be a neighbourhood of xg such that ¢ : U — ¢(U) is a homeomorphism.
Let ¢ > 0. By Lemma 2.5 we may assume that there is a neighbourhood V
of ¢(z0) such that (7) holds. But for any = in U N ¢~ (V) we have have
o He(z))NU = {x} and thus

o(z0) — € < 0(2) = prp(e)({2}) = pip(@)(U) < o(z0) + &

Hence p is continuous at xg. O

3. Covariant Representations and Regular Points

Throughout the paper, we fix a transfer operator L : Cyp(A) — Co(X) of
the form (6) where ¢ : A — X is a partial map and ¢ : A — [0,00) is
the associated potential. We write A := Co(X) and I := Cp(A), and let
a: Cy(X) — Cp(A) be given by a(a) = a o ¢.

Definition 3.1. A representation of the transfer operator L is a pair (7,T)
where 7 : A — B(H) is a non-degenerate representation and 7" € B(H)
satisfies
m(L(a)) =T*nm(a)T, a€l=ChA). 9)
We say that (7, T) is faithful if 7 is faithful. We denote by
C*(m,T) :=C*(w(A)Un(I)T)
the C*-algebra generated by w(A) U (I)T.

Remark 3.2. Without loss of generality, we could additionally assume in Defi-
nition 3.1 that TH C 7(I)H (as composing T with the projection onto 7(I)H
does not affect (9) and the C*-algebra C*(w,T)). Assuming this we have
7|l < ||L||z, with the equality when 7 is faithful. Indeed, since L : I — A is
positive, we have ||L|| = lim, ||L(uy)|| for an approximate unit {uy} in I, see
for instance, [39, Lemma 2.1]. Hence

IT1* = 7T} = Y | 777 (o) T = i || (L ()| < Y [[ L) | = (1]
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and the inequality is equality when 7 is injective. However, in what follows,
we will not assume that TH C «w([)H, as we will be mainly concerned with
operators of the form 7(a)T, for a € I, and then we always have ||m(a)T| <
lall1L]2.

Remark 3.3. The C*-algebra C*(w,T) is not affected if we replace A by any
open set U such that Apes € U C A, as then n(Co(A)T = w(Co(U))T.
Indeed, [|7(a)T|* = [|w(L(a*a))|| and ||[L(a*a)|| = sup,cx Yoep-1(na
la]?(z)o(x), so the norm of 7(a)T depends only on values of a on Apgs.
In particular, we may always assume that A = ¢ 7' (p(Apes)), as the set
0 1 (p(Apos)) is open because the map ¢ : Apos — X is open.

pos

Lemma 3.4. Let (w,T) be a representation of L. We have the following com-
mutation relations

7(b)Tr(a) = n(bafa))T, a€ A, bel.
If in addition TH C w(I)H and ¢ is proper, then Tm(a) = w(a(a))T, a € A.

Proof. Putting ¢ := 7(b)T'n(a) and d := w(ba(a))T one sees, that each of the
expressions c¢*d, d*d, c*c, d*c is equal to W(L(a(a*)b*ba(a))). Thus using the
C*-equality we get |lc—d||* = || (¢* —d*)(c—d)|| = ||c*d+d*d+c*c—d*c|| = 0.
If ¢ is proper, then « takes values in I = Cy(A) (rather than in
M(I) = Cy(A)) and hence we may put ¢ := Tn(a) and d := w(a(a))T
in the calculations above. Then all the terms c¢*d, d*d, c*c,d*c are equal to
m(a*)TT*7(a). For instance, if {u)} is an approximate unit in I, then

cd=7(a")T*r(a(a))T = s- liin m(a*)T*m(px)m(a(a)T
= s 1i)r\n7r(a*)7r(L(uA)a(a)) = s Ii}\nw(a*)w(L(uA))w(a) =7(a")TT*r(a).
Here s-lim stands for a limit in strong operator topology. O

Corollary 3.5. If (w,T) is a representation of L, then
7(I)TT*n(I) =span{n(a)TT*m(b) : a,b € I}
is a C*-algebra, and so w(A) Nw(I)TT*w(I) is an ideal in w(A).

Proof. By Lemma 3.4, m(a)TT*m(b) - w(c)TT*m(d) = w(a)TT*m(a(L(bc))d)
for a,b,c,d € I. Thus span{m(a)TT*m(b) : a,b € I} is a x-algebra. O

Remark 3.6. In view of Lemma 3.4, we have w(I)TT*n(I) = w(I)Tw(A)T*n(I),
and if TH C w(I)H and ¢ is proper, then w(I)TT*n(I) = w(A)TT*w(A).

The spectrum of the ideal in Corollary 3.5 is related to the set of regular
points that we define as follows.

Definition 3.7. The set of reqular points for o is
Aveg :={z € A: p(x) > 0 and p is continuous at = }.

Clearly, A,eg is an open set, and by Proposition 2.3, a point x € A is regular
if and only if p(x) > 0 and z is a local homeomorphism point for .
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Remark 3.8. We have a hierarchy of sets Ayeg € Apos € A where Apos need
not be open nor closed in X. The map ¢ is open on Ayys and in addition
locally injective on Ayeg.

Proposition 3.9. Let (7,T) be a faithful representation of L. Then
7(A)N7(L)TT*n(I) € 7(Co(Areg))-

Proof. To lighten the notation we will suppress m and we will write A C
B(H). Let us fix a € A such that a ¢ Co(Ayeg). That is, there is zy €
X\Areg # 0 with a(z) # 0. We need to show that a ¢ ITT*I and to this
end it suffices to show that for any a;,b; € I,i=1,...,N € N, we have

N
a— Z a; TT*b;

i=1

> |a(xo)|- (10)

We first show a weaker inequality, which holds for an arbitrary y € A though,

a—ZaZTT b;

=1

> laly Z [l [110:]]- (11)

Let ¢ > 0 and put U := {z € A : |a(z) — a(y)| < €}. By Corollary 2.6 there
is a continuous function 0 < h < 1 supported on U such that A(z) = 1 on an
open neighbourhood of y and

o(y) < LW < oly) +e.
Thus for any b € Cy(X) one has
1h6* T = ITbAl* = [ L(BI*R*) | < BIPI LRI < Bl (e(y) + ).

Using this we get
N N N
a— Z a; TT*b; h <a - Z aiTT*bZ) h - Z ha; TT*b;h
=1 =1 =1
N
> [lah®|| = [|has T[T bih||

i=1

N
— V(e +e) Y llaallllb:]-
=1

Passing with € to zero, we get (11). Now we consider two cases.

(I). Suppose first that for each § > 0 every neighbourhood of z( contains
a point x with o(z) < §. Equivalently, there is a net {z,} C A such that
Xy, — xo and o(z,) — 0. Applying (11) to y = x,, we have

N
a—ZaiTT*bi

i=1

N
> la(zn)| — Vo(zn) Z [l [11:],

which by passing to the limit, gives (10).
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(II). Finally, suppose that there is 6 > 0 and an open neighbourhood U
of xg such that

inf > .
mlgUQ(l‘) >6>0

Clearly it is enough to consider the case when a(zg) # 0. Let € > 0. We may
assume that U C {z € A : |a(x) — a(xo)| < €}. Also, since g € Ayeg, 0 is 10t
continuous at zy. Therefore, by Proposition 2.3, there exist two distinct points
x1, x2 in U such that o(z1) = ¢(x2). Let Uy, Uz C U be two open disjoint
sets with 1 € Uy and x4 € Us. By Corollary 2.6, for each i = 1,2, there are
continuous functions 0 < h; < 1 supported on U; such that h;(x;) =1 and

o(zi) < |IL(hy)|| < o(xi) +e, and  o(zi) < [[L(hY)]| < o(xi) + <.
Put h:=hy — ggg; ho. Using that h is supported on U we get
[ahT|| > |RT||(Ja(zo)| — &)

2\ 2
On the other hand, |72 = [L(h)|| = [ L(h) + (42 ) L) = [ L(k3)| >

o(z1) > 8. Moreover, for any b € Cy(X) we have

\T*BT]) = (kB < LR - ] = ||Z (k) — 2220 Lns)| - oy
o(w2)
Q(331) )
< T1)+€)— T -|b]| = € - ||b]|.
((eten) +2) = 228 ) - i = - o
Using all this, we get
v o] Jem s o)
a— ;aiTT b; T
N *
> 19Tl _ = JouT| - IT"biAT |
= nT] T
=1
a; T b;
> (la(z0) &_ZH I- || I
Passing with ¢ to zero, we get (10). O

Definition 3.10. We say that a representation (w,T) of L is covariant if
T(Co(Areg)) € (1) TT*m(1).
Thus a faithful representation (m, T') is covariant iff 7(Co(Aveg)) = 7(L)TT*w(I).

Remark 3.11. Every transfer operator admits a faithful covariant represen-
tation (see Example 3.14). If A, is non-empty, then there are faithful rep-
resentations that are not covariant. Indeed, if (7, T) is any representation of
L on a Hilbert space H, then putting H:=H® 2(N), 7 := 7 ®id and
T := T ® U where U is the unilateral shift on ¢2 (N), we get a representa-
tion (7,7T) of L with 7(A) N F(I)TT*7(I) = 0, because UU* is a non-trivial
projection.
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3.1. Characterizations of Covariant Representations

Let K be a compact subset of A,ey. Then we may find a finite cover {U;}7,
of K such that |J!'_, U; is contained in a compact subset of A, and ¢y, is
injective for every i = 1,...,n. Take a partition of unity {v;}7_; C Co(Areg)
on K subordinated to {U;}?_;. Then

uiK::,/ﬂ, i=1,....,n, (12)
o

are well defined functions in C.(A,eg) because g is bounded away from zero on
U7, U;. We will use these functions to characterize covariant representations.

Proposition 3.12. Let (7, T) be a representation of L. The following are equiv-
alent:
(i) (m,T) is covariant.
(i) for every a € Cc(Areg) supported on a set where ¢ is injective we have
m(a)TT*m(u) = w(a) for some u € Cy(X).
(ili) for every a € Co(Areg) supported on a set where @ is injective we have
m(a)TH =n(a)H.
(iv) For every a € C.(Ayeg) supported on K we have
n
W(a)Zw(uf{)TT*ﬂ(ulK) =7(a). (13)
i=1
(v) for every g € Az and € > 0 there is a neighbourhood U of xo such
that for every a,b € Co(U) with ||a|, ||b]] < 1 we have

|l (@) TT*m(b) — o(zo)w(ad)| < e.

The above conditions hold whenever n(I)TH = H (which is equivalent to

m(A)TH = H when ¢ is proper).
Proof. Clearly, (ii) implies (iii). Since C¢(Areg) is dense in Cy(A,cq) and every
element in C(Aeg) is a finite sum of functions supported on sets where ¢
is injective, we see that (ii) also implies (i). For converse implications, let
a € C¢(Ayeg) have support K such that ¢|k is injective and let u € Ce(Ayeg)
be such that u|x = (o|x)~". For every b € Cy(A) and z € A,e, we have
a(@)a(L(ub))(z) = a(z) D2icp-1(p()) 0(H)u)b(t) = a(z)b(z). Hence
(w(a)TT*w(u))w(b)T = n(aa(L(ub)))T = 7(a)m(b)T.
Thus 7(a)TT*n(u) = w(a) whenever 7(a) is determined by its action on
m(I)TH. Both (i) and (iii) imply this. Indeed, if (i) holds then =w(a) €
m(I)TT*w(I), and if we assume (iii) we get
m(a)H = n(a)TH = w(a)T7(A)H = n(a)m(a(A))TH = w(a)n(I)TH.

Hence (i), (ii), (iil) are equivalent and they follow from the condition 7(I)TH =
H.1If ¢ is proper, then 7n(I)TH = n(Aa(A))TH = n(A)Tn(A)H = n(A)TH.

Since Ce(Areg) is dense in Co(Ayeg), (iv) readily implies (i). Conversely,
if we assume (i), then for every a € C.(Aeg) the operator 7(a) € m(I)TT*m(I)
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is determined by its action on w(I)TH. Moreover, for every b € I we have
ay .y ula(L(ufb)) = ab. Thus

(W(a) Zw(uff)TT*w(uf)> (0T =m <azu§<a(L(u§<b))> T.
i=1

i=1

= 7(a)m(b)T.

This implies (13). Hence (i)=(iv).

(iii) = (v). Let U be a neighbourhood of zg € A,e, such that ¢|y is
injective and U C {x € Ayeq @ |0(z) —0(x0)| < €}. Take any a,b € Cy(U) with
lall, [|b]] < 1. Note that ga € Co(U) and ||eab — o(xo)ab|| < €. The argument
in the proof that (iii) implies (i), shows that 7 (a)TT*7(b) = m(eab). Hence
(v) holds.

(v) = (ili). Let a € C.(Ayeg) have support K such that ¢|x is in-
jective. Without loss of generality we may assume that [ja]] < 1. By (v)
and compactness of K there is a partition of unity {u;}’ ; on K subor-
dinate to an open cover {U;}?; of K such that for every i = 1,.
there is a point x; € U; such that for every b € Cy(U;), ||b|| < 1, we have
|7 (w;a)T*Tw(b) — o(x;)7(ab)|| < o(x;)/2. Clearly, a satisfies (iii) iff each u;a
satisfies (iii). Hence we may assume that a € Cy(U) where @[y is injective
and there is o € U such that

[ (a)T"Tw(b) — e(xo)m(ab)|| < o(20)/2,

for any b € Cy(U), ||b]| < 1. Now let {px} be an approximate unit in Cy(U)
and let P := s-lim(uy) be the projection given by the strong limit. Then
we have

[PT*TP — o(x0) P|| < e(z0)/2.

Thus ||1/0(zo)PT*TP — P|| < 1/2 < 1 and therefore the operator 1/o(zo)
PT*TP : PH — PH is invertible. In particular, PyTH = PyH and this
gives m(a)TH = n(a)PyTH = w(a)PyH = w(a)H. O

Remark 3.13. Assume X = A,es. Equivalently, ¢ : X — X is a local home-
omorphism and g > 0 is strictly positive. Then condition (iv) in Proposition
3.12 reduces to

S w(w)TT(uf) =1,
i=1
which is the condition identified by Exel and Vershik in [23]. Also conditions

in Proposition 3.12 are equivalent to the condition 7(A)TH = H, which is
called axiom (A3) in [3].

Ezample 3.14. (Orbit representation) There is a natural faithful covariant
representation (7,,7,) of L on the Hilbert space £2(X). We will call it the
orbit representation. Namely we define a faithful representation 7, : Co(X) —
B(*(X)) by

(mo(a)h)(z) := a(x)h(z), a€ Cy(X),h e *(X).
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Let {1, }.cx be the standard orthonormal basis of £*(X). Since D weo—1(y) 0(@) <
|L|l, vy € X, there is T, € B(¢*(X)) such that T,1, := Drep-1(y) Vo(z)la,

y € X. Its adjoint is given by T;1, = \/o(2)1y(y), for x € A, and T;1, =0
for x ¢ A. Equivalently,

<Toh><x>={ovg(x)h(@<x))’ T @ = Y Ve,
’ ’ z€p~1(y)

for h € £?(X). Clearly (m,,T,) is a faithful representation of L. To see that
it is covariant we show condition (ii) in Proposition 3.12. Let a € Ce(Ayeg)
be supported on a set K such that ¢|x is injective and let u € Co(Ayeg)
be such that u|x = (o|x)~!. Then (7,(a)T,Tm,(u)h) (x) = a(x)\/o(r)
(ztwl(w(z)) \/@u(t)h(t)) = a(@)h(z) = (r.(a)h) (z). Hence mo(a) =
To(a) T, T o (u).

4. The Crossed Product

Recall that L : Cy(A) — Cy(X) is a transfer operator for a partial map
v: A — X, A=CyX), I =Cyo(A), and o : A — M(I) is given by
composition with ¢. Let us consider a universal x-algebra A(L) generated by
C.(X) (viewed as a x-algebra) and an element ¢ subject to relations

L(a) =t*at, atb=aca(b)t, forall aec C.(A),be C.(X), (14)

and for every compact K C A,es and a € Co(A,eg) supported on K

n
aZutht*uiK =a (15)
i=1
where uf’s are given by (12). Note that these relations are satisfied by oper-

ators coming from covariant representations of L, see Lemma 3.4 and Propo-
sition 3.12.

Definition 4.1. The algebraic crossed-product Co(X)XagL is the s-subalgebra
of A(L) generated by C.(X) and C.(A)t.

To describe the structure of C.(X) Xa L we need to iterate partial
transfer operators. Let
Ay = QD_n(X)a I, = CO(An)v n € N.
We put Ag := X and Iy := A = Cy(X). So A, is a natural domain for
the partial map ¢"; the composition @ o--- o @ makes sense on A,,. Define
—_————

ntimes
o™ : A — M(I,) to be the partial endomorphism of A given by composition
with ¢™ : A, — X. Having the map o : A — [0,00), that defines L via (6),
for each n € N we define g, : A,, — [0,00) by
n—1
on(x) = H o('(x)), xe€A,.

=0
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We also put gg = 1. Then the formula
L'(a)(y) ==Y on(x)alz), a€Co(An)yeX,
z€p~"(y)
defines a transfer operator L™ : I,, — A for o™ : A — M(I,,). To describe the
maps L™ and a” more algebraically, note that
I° .= span{aia(aza(---ap)--- )t a1,...,a, € Co(A)} (16)

is a dense *-subalgebra of I,, (we put IJ := C.(X)). Thus L™ and o™ are
determined by the following formulas, for ay, ..., a, € C.(A) and a € C.(X):

" (ala(a2a(...an)...)) = L(L(--- L(L(ay)az)as -~ )an)  (17)

aa(aza(---ap)---)-a"(a) = ara(aza(-- - apala)---). (18)

Lemma 4.2. The algebraic crossed-product is the following linear span
Co(X) Xalg L = span{at"t*"b:a € I2,b € I%,n,m € Np}. (19)
Moreover, for all n,m,k,l € Ng and a € I,b€ I?,,c € I,g,d € Ilo, we have

at"t* ™=kl (L (be))d  m >k,

20
aa™ (L™ (be))th—m+nexld  m < k. (20)

(at™t*™b) - (ct*t*'d) = {

Proof. Using (17) and (18) we get that (14) generalizes to
L"(a) = t™"at™, at"b=aa™(b)t", forall acI’bc AnecN. (21)
For instance, for n = 2, and a1, a2 € I, we have

L? (ala(ag)) (1D L(L(a1)a2) (4D t*(t*artaz)t (4D t*2a1a(a2)t?,
(ala(ag))tzb =" aitasth

(D = artaza(b)t = ajafaza(b))t? 1 (ala(a2)> -2 (b)t2.

Using (21) one readily gets (20). In turn (20) implies that the self-adjoint
linear space span{at"t*™b : a € I2,b € I n,m € Ny} is closed under
multiplication. Hence it is a *-algebra, and clearly it is generated by I3 U I?.
This proves (19). O

By universality every covariant representation (7, T') of L induces (uniquely)
a representation m x T' of the s-algebra C.(X) Xag L where 7 X T'(a) = 7(a),
a € Co(X),and mxT'(at) = aT for a € C.(A). Namely, 7T (3 1, a;t™it*™ib;) =
S a T T for a; € IN, by € ID, i =1,...,n. We put

|2l max = sup{||m x T'(x)|| : (m, T) is a covariant representation for L}.

It is easily verified that || - || max is @ C*-seminorm (a submultiplicative semi-
norm satisfying the C*-equality). It is finite because || Y0 | @it "™ b;||max <
iy Naalll[os [ (1L ]| L™ )2, of. Remark 3.2. Restriction | - |lmax to Ce(X)
coincides with the unique C*-norm on A, because there exists a faithful co-

variant representation, see Example 3.14. In other words, the (self-adjoint
and two-sided) ideal

N = {z € C(X) Xaig L : [|2]/max = 0}
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intersects C.(X) trivially.

Definition 4.3. The crossed product of A by the transfer operator L is the
C*-algebra A x L obtained by the Hausdorff completion of C.(X) X1 L in

|| : ||maX~

At L= Cu(X) stmg LN,

Remark 4.4. Since C.(X) NN = {0}, we may and we will treat C.(X) as a
k-subalgebra of A x L. The closure of C.(X) in A x L will be identified with
A. We will also abuse the notation and write at™, a € I, for their images in
A x L. In fact we extend this notation to any a € I,, = Co(A,) by writing
at™ for the limit in A x L of a sequence a,t" where {a,,}32, C I converges
uniformly to a. So by Lemma 4.2 we have

A x L =span{at"t™b:a € I,,b € I,,n,m € Ny}

Proposition 4.5. Assume that A x L C B(H) is represented in a faithful and
non-degenerate way on a Hilbert space H. The crossed product A x L is the
universal C*-algebra for covariant representations of L:
(i) Ax L contains A as a C*-subalgebra, and is generated by A and It for
t € B(H) such that L(a) =t*at, a € I and Co(Ayeg) C Itt*1.
(ii) Ewery covariant representation (7, T) of L induces a representation mxT
of Ax L where m xT(a) =m(a), a € A, and m x T(at) =n(a)T, a € 1.
Every C*-algebra possessing properties (1), (i) is isomorphic to A x L by an
isomorphism which is identity on A.

Proof. (i) and (ii) follow by construction. To see the last part, assume that
C = C*(AUIs) C B(K) is a C*-algebra, represented on a Hilbert space
K, that satisfies analogues of (i), (ii). Then (ii) for A x L and C give *-
epimorphisms ¥ : A x L — C and ® : C — A x L which clearly are inverse
to each other. 0

Remark 4.6. Proposition 4.5 shows that A x L depends only on L : I — A,
or equivalently on ¢ : A — X (it depends only on p up to continuous factors,
see Corollary 5.6 below).

4.1. Cuntz—Pimsner Picture and Other Constructions

Let L : I — A be a transfer operator for the partial endomorphism « : A —
M (I). The C*-correspondence M, associated to L, cf. [18,22], is a Hausdorff
completion of the A-bimodule I where a - ¢ -b = axa(b), for £ € I, a,b € A,
in the A-valued pre-inner product given by ({,m)4 = L(*n), &,n € 1. A
representation of M, is a pair (7, 1) where 7 : A — B(H) is a non-degenerate
representation and ¢ : M, — B(H) is a (necessarily linear) map such that

m(a)P(§)m(b) = ¥ (agb) and Y (§)*y(n) = w((§,m)a) for a,b € A, &, € M.

Lemma 4.7. Every representation (w,¢) of My, comes from a representation
(m,T) of L in the sense that ¥(q(§)) = n(§)T, £ € I, where q¢ : I — M,
is the canonical quotient map. This gives a bijective correspondence between
representations (w, ) of My, and representations (w,T) of L satisfying TH C
m(I)H.
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Proof. If (w,T) is a representation of L, then 1 (q(€)) := w(§)T, € € 1, is well
defined because |r(&)T|? = [w(LE ) < ILEE)] = Ig(€)], and clearly,
(m,%) is a representation of Mj,. Let (m, 1) be a representation of Mj, and
let {ux} be an approximate unit in I = Cy(A). We claim that the net of
operators Ty := 1(q(uy)) is strongly Cauchy. Indeed, let h € H and A < X,
in the directed set A. Then

I(Ty — T )hl[? = (hy L (s — pa)*)h) < (hy L(ps — pa)h).

Since the net {L(ux)}ren is strongly convergent the last expression tends
to zero. Hence T := s-limyca T) defines a bounded operator. For every a €
Co(A) we have

T*aT = s-lim TxaTy = lim L = L(a).
a s-lim TXaT} = lim (xapy) (a)

Thus (7, T) is a representation of L satisfying TH C «(I)H. O

Theorem 4.8. The crossed product A x L is naturally isomorphic with Kat-
sura’s Cuntz—Pimsner algebra Oy, . In particular, A x L is always nuclear,
and satisfies the Universal Coefficient Theorem (UCT) if A is separable
(equivalently X is second countable).

Proof. By [32, Propositions 3.3 and 4.9] there is the largest ideal Jy;, in A
such that for every faithful representation (m,) of Mj, we have

{ae A:7(a) € p(ML)Y(ML)*} S Jn, -

The faithful representation (7, ) of My, is called covariant if the above inclu-
sion is an equality. Hence by Lemma 4.7 and Propositions 3.9 (and Example
3.14) we have Jy;, = Co(Areg) and we have a bijective correspondence be-
tween covariant representations (m, 1) of My, and covariant representations
(m,T) of L satisfying TH C «n(I)H. By definition Oy, is generated by the
range of a universal covariant representation of M. By Proposition 4.5 and
Remark 3.2, Ax L is generated by a universal covariant representations (7, 7")
of L satisfying TH C w(I)H. This gives a natural isomorphism Ax L = Oy, ,
cf. the last part of Proposition 4.5.

Since A is commutative (and hence nuclear), A x L = Oy, is nuclear
by [32, Corollary 7.4]. If A is separable, then satisfies the UCT by [32, Propo-
sition 8.8]. O

Remark 4.9. We have seen in the above proof that Katsura’s ideal Jyy, for
My, is Cp(Ayeg). It also follows from the proof of Lemma 4.7 that the C*-

correspondence M, is naturally isomorphic to It with operations coming
from the C*-algebra A x L.

Corollary 4.10. The crossed product A x L is naturally isomorphic to the
crossed product O(A, a, L) by the partial endomorphism o defined in [22].

Proof. The crossed product O(A, a, L) in [22] is defined to be Oy, . O

Corollary 4.11. If A = X and o > 0 on a dense subset of X, then A x L is
naturally isomorphic to the Exel’s crossed product A x4 1, N [18], generalized
to the non-unital case in [11].
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Proof. The assumptions mean that « : A — A is non-degenerate and L is
faithful. Thus the assertion follows from [39, Proposition 4.9]. O

We naturally associate to L a topological correspondence in the sense of
[13, Definition 2.1], see also [14, Subsection 9.3]. The underlying topological
directed graph (E°, E,s,7) is the graph of ¢:

E': =X, E':=A, r() =2 s):=q¢).

It is equipped with the continuous family of measures p = {u,}yex along
fibers of ¢ given by py(a) = L(a)(y), a € Cq(X). Note that we only
have supp sy, € s~ '(y), y € X. Thus the topological correspondence Q :=
(X, A,id, ¢, p) is a topological quiver in the sense of [46] iff supp p, = s71(y),
y € X iff A = Apes (note that we use a convention where s and r play the
opposite role in [46]).

Lemma 4.12. The C*-correspondence Mg associated to the topological corre-
spondence Q = (X, A,id, @, ) in [13, Definition 2.4], cf. [46, 3.1], coincides
with ML.

Proof. This follows immediately from the constructions (definitions). O

Corollary 4.13. If A = Apos, so that Q = (X, A,id, o, 1) is a topological
quiver, then the crossed product A x L is naturally isomorphic to the quiver
C*-algebra associated to Q by Muhly and Tomforde [46].

Proof. By definition the quiver C*-algebra is the Cuntz—Pimsner algebra of
Mg, which by Lemma 4.12 is equal to Mp. Hence the assertion follows from
Theorem 4.8. 0

Remark 4.14. Note that if Ape is locally compact, then Qpos =
(X, Apos, id, , 1) is a topological quiver. Moreover, if Apos € A is open,
we may apply Corollary 4.13 to the restricted map ¢ : Apos — X, to con-
clude that A x L is the quiver algebra associated to Qpos. If Apos is closed
in A and A is normal, one may show that the C*-correspondences My and
Mg, . are isomorphic and hence A x L is again the quiver algebra of Q.
We do not know whether A x L has a natural topological quiver model in
general.

Ezample 4.15. (Maps on Riemann surfaces) Let ¢ : A — X be a non-
constant holomorphic map defined on an open connected subset A of a Rie-
mann surface X (so that A is a Riemann surface as well). Let x € A. By
branching lemma, ¢ locally at = looks like z — 2¢, and then m(z) :=d € N
is called the multiplicity of ¢ at 2. In particular, ¢~ !(y) is a discrete subset
of A, for every y € X. Assume that ¢ is proper. Then it is surjective and
the number d := ergrl(y) m(z), called the degree of ¢, does not depend on
y € X and is finite. In particular,

L(a)(y) :== Z m(z)a(z), a€ Cyo(A)
z€p~1H(y)

defines a transfer operator for ¢, and ||L|| =d. f A = X = C=Cu {0} is
the Riemann sphere, then ¢ is a rational function R : C — C and the crossed
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product C(C) x L is isomorphic to the C*-algebra Og(C) associated to R
in [27] (which is Opy, by definition). If R is of degree at least two and has
an exceptional point, then R is conjugated either to a polynomial or a map
z — 2% for some d € Z\{0}, [4, Theorem 4.1.2]. The rational map R (and
the transfer operator L) restricts to the Julia set Jr and Fatou set Fr and
the crossed products C(Jg) x L and Cy(Fr) x L to the C*-algebras studied
in [27].

Ezample 4.16. (Branched coverings with finite system of branches) Let ¢ :
A — X be a continuous surjective partial map such that ¢~! has a finite
system of branches, i.e. there is a finite collection of partial maps {v;} Y,
such that each ; : X — A is continuous injective and ¢~ 1(y) = {v;(y) : i =
1,...,N}. Then o(x) := |{i : © € v;(X)}| defines a potential for ¢ as clearly

L@)(y) =Y alu() = Y o@a(x), acC(d),

i=1 wep—(y)

defines a transfer operator L : Co(A) — Co(X) for ¢. If X = A is compact
and ~y; is a proper contraction, for all 7, the crossed product A x L is naturally
isomorphic to the C*-algebra associated to the self-similar set X in [28] (it is
defined there as Oy, ). The model example is the tent map ¢ : [0,1] — [0, 1]
where ¢(z) =1 — |1 —2z| and L(a)(y) = a(%) + a(1 - %).

If a map has infinitely many branches one may define a transfer operator
by using a scaling function that will make the sums converge:

Ezample 4.17. Let X =[0,1], A = (0,1] and ¢(x) = sin % On may define a

transfer operator for ¢ by the formula L(a)(y) = 2v=+1 D reo-1(y) e Y%a(z).

5. Invariance Uniqueness Theorems and the Regular
Representation

An important consequence of universality of A x L is that it is equipped
with a circle gauge action v : T — Aut(A x L). Namely, for each A € T
the pair (id4, At) may be treated as covariant representation of L. Hence by
Proposition 4.5(ii) there is a x-epimorphism vy : A x L — A x L such that

Yala =ida, and ~y(at) = Aat, a € 1.

Moreover, we clearly have 71 = idaxz and v, © Ya, = Yax, fOr A1, A2 €
T. Thus v : T — Aut(A x L) is a group homomorphism. Its fixed points
form a C*-algebra Ao, = {&# € AL : y\(x) = zforall A € T}. We
call Ay, the core C*-subalgebra of A x L. It is well known, see, for instance
[51, Proposition 3.2], that the formula E(z) := [ ya(z) dX defines a faithful
conditional expectation onto A.,. That is, F is norm one projection onto
A, which is necessarily a completely positive A..-bimodule map, see [60,
ITI, Theorem 3.4, IV, Corollary 3.4]. Faithfulness here means that E(a*a) = 0
implies a = 0 for all a € A x L.



25 Page 20 of 45 K. Bardadyn et al. IEOT

Proposition 5.1. We have
A =span{at™t™b: a,b € I,,n € Ny},

and the conditional expectation E : A x L — Ao is the unique contractive
projection onto As, such that E(at™t*™b) =0 forn#m (a € I, b € I,,).

Proof. We have E(at™t*™b) = at™t*™b [, \"~™ d\ which is zero when n #
m and at™t*™b when n = m. This determines F and implies that A, =
span{at"t*"b: a,b € I,,n € Ny}. O

The gauge-invariance uniqueness for Cuntz-Pimsner algebras implies
the following

Theorem 5.2. Let (7,T) be a faithful covariant representation of L and let
C*(m,T) be the C*-algebra generated by w(A) Un(I)T. Then m x T is faith-
ful on the core subalgebra A, of A x L, and the following conditions are
equivalent:

(i) m x T is an isomorphism, i.e. Ax L= C*(m,T);

(ii) C*(m,T) is equipped with a circle gauge action, i.e. a group homomor-
phism vy : T — Aut(C* (7, T)) where v.|r(a) = idr(a) and v.(7(a)T) =
zm(a)T, for z €T, a € I;

(iii) There is a conditional expectation from C*(mw,T) onto (m x T)(Ax) C
C*(m,T) that annihilates all the operators of the form w(a)T™T*"m(b)
withn #m, a € I,,,, b € I,.

Proof. Faithfulness of 7 x T on A, follows from Theorem 4.8 and [32, The-
orem 6.4]. Implications (i)=-(ii)=-(iii) are obvious, cf. Proposition 5.1. As-
sume (iii) and denote by E, the conditional expectation from C*(7,T’) onto
(mxT)(As). Then EromxT = 7 xToFE, and this composite map is faithful
because E is faithful and 7 x T is faithful on the range of E. This implies
that 7 x T is faithful on the whole of A x L. O

Corollary 5.3. For each n € N, A x L™ is naturally isomorphic to the C*-
subalgebra of A x L generated by AU I,t".

Proof. By (21) we see that (id,t™) is a faithful representation of L™ into
A x L. We use Proposition 3.12(ii) to show that the representation (id,t™)
is covariant. To this end note that the set of regular points for g, is Af,, =

{r e Apap@),..., 0" () € Awg}. Let a € C.(ALL,) with support K
contained in an open set U C A, where ¢"|y is injective. Put ag := a and
for each k = 1,...,n — 1 let a € Co(¢"(U)) be such that ag|,r) = 1,
so that then we have a=1TII_ 304 (ag). For each k = 0,...,n — 1, the map
¢l,k () is injective. Hence by Proposition 3.12(ii) there is uy € Co(X) such
that ar, = agtt*uy. In particular, since ag = a € Cy(4A,,) we may assume that
ug € Co(Ay,). Then u := HZ;S a¥(uy,) is well defined and using (21) we get

at™t™u = ag(tart - - ap_1tt up_q - - - tuqt™) H a”(ag) = a.
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Hence (id, t") is a covariant representation of L™. It is equipped with a circle
gauge action. Indeed, if 7 : T — Aut(A x L) is the gauge action 4" on A x L,
then the desired gauge action on span{at™t*™b : a € I, b € I,,n,m €
No} can be defined by the formula 7} (b) := 7.(b), for any A € T and z €
T such that z™ = A. Hence we have the natural isomorphism A x L™ &
spanf{at™ t*™"b : a € I,,b € I,;,n,m € Ny} by Theorem 5.2. d

5.1. Regular Representation and Generalized Expectations

The orbit representation (r,, T, ) defined in Example 3.14 in general does give
a faithful representation of A x L. Tensoring it with the regular representation
A of Z guarantees that:

Definition 5.4. The regular representation of the transfer operator L is the
pair (7, T) where 7 : Co(X) — B(H) and T € B(H) act on H := (*(X) ®
(Z) = (X x Z) by # = 7T, @ idp2(z) and T = T, ® A. Thus using the
standard orthonormal basis {1, }zex nez of H we have

() lon = a(@)lan, Tlyn= Y  Vo@)lsn

z€p~1(y)

Proposition 5.5. The reqular representation (7, T) s a faithful covariant rep-
resentation of L that extends to a faithful representation @ X T of A x L, so

Ax L=C*7,T).

Proof. Using that (m,,T,) is a faithful covariant representation of L, one
readily concludes that (7, T ) is also a faithful covariant representation of L.
By Theorem 5.2, to prove that 7T is faithful it suffices to show that C* (7, T)
has the appropriate gauge action. To this end, for each z € T we define a
unitary operator U, € B({*(X xZ)) by the formula U, 1, ,, := 2"1,.,, z € X,
n € Z. Putting ~.(b) := U,bU*, b € C*(7,T), we get Vzln(ay = idg(a) and
v.(7(a)T) = zm(a)T for z € T and a € I. Hence v : T — Aut(C*(7,T)) is
the desired homomorphism. O

Corollary 5.6. Let L and L' be transfer operators for a fized partial map
v : A — X and let 9,0 : A — [0,+00) be the corresponding potentials.
Assume that there is a continuous strictly positive map w : A :— (0,00) such
that o' = pw. Then

C*(%,T) = C*(7,T),
where (7, T) and (7, T") are regular representations of L and L' respectively.
Thus Co(X) x L and Co(X) x L' are naturally isomorphic.

Proof. For any a € C.(A) we have aw?,aw™2 € C,(A), 7#(a)T" = #(aw?)T
and 7(a)T’ = ﬁ(aw‘é)Ti. Hence 7(C.(A))T" = 7(C.(A))T which implies
7(Co(A))T" = 7(Co(A))T and this gives the assertion. O

Using the regular representation we prove the existence of a canonical
faithful completely positive map from Cy(X)x L to the C*-algebra B(X) of all
bounded Borel complex valued maps on X. We denote by d; ; the Kronecker
symbol.
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Lemma 5.7. There is a faithful completely positive map G : Co(X) x L —
B(X) such that

G(atkt*lb) = (5]@’1 . abgk

foralla € I;,b € I; and k,l € Ny. In particular, G is a (genuine) conditional
expectation from Co(X) x L onto Co(X) iff 0: A — [0,+00) is continuous.

Proof. In view of Proposition 5.5 we may identify A x L with C*(7(A) U
#(INT). Let P,., be the one-dimensional orthogonal projection onto the sub-
space spanned by 1., € H := (?(X) ® (*(Z), for (z,n) € X x Z. Since
the projections { Py n}(zn)exxz are pairwise orthogonal and sum up, in the
strong topology, to the identity operator, we get that the formula

G(b) = Z sz.bpm,na be B(H)’
(z,n)EXXZ

defines a faithful, completely positive, contractive map (the series is strongly
convergent). For any a € I, b € I}, k,l € Ny (z,n) € X X Z we get

G(atkt*lb)ﬂm,n: zynatkt*lb]lmm: x,natkb(aj) 01(2) it (2),

=P Y. a®)Ver®Ob@) Vo) Lt npk
tep—F(pl(x))
= 67€7l : a(x)b(aj)@k(xﬂlx,n = 5k,l : (abé)k')]lx,n-
O

Remark 5.8. The above map G is an identity on A = Cy(X) C B(X). There-
fore G is a generalized expectation for the C*-inclusion A C A x L in the
sense of [42, Definition 3.1].

Theorem 5.9. Let (w,T) be a faithful covariant representation of L. Then
mxT:AxL— C*(mw,T) is faithful if and only if there is a bounded linear
map F : C*(m,T) — B(X) such that F(m(a)T*T*'7(b)) = Sk, - abox, for all
a € lp,be Ikl €Ng.

Proof. If mxT is faithful, then F exists by Lemma 5.7. Conversely, if F' exists,
then for any b € A x L with m xT'(b) = 0, we have G(b*b) = F(m x T'(b*b)) =
F(mr xT(b)*m x T (b)) = F(0) = 0, which by faithfulness of G implies that
b= 0. Hence m x T is faithful. O

6. Local Homeomorphisms and the Groupoid Model

In this section we assume that ¢ : A — X is a local homeomorphism. We
show that the groupoid C*-algebra associated in [53] to (X, ) is naturally
isomorphic to the crossed product of Cy(X) by a transfer operator. We first
discuss the existence of a transfer operator for (X, ).

Lemma 6.1. (cf. [22, Lemma 2.1]) Let ¢ : A — X be a local homeomorphism.
For any continuous function ¢ : A — [0, 400) with Supycx >, c,-1(y) 0(x) <
0o, the formula L(a)(y) = ,c -1, 0(@)a(x) defines a transfer operator
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L: Cyo(A) — Co(X) for ¢. Moreover every transfer operator for ¢ is of the
above form (even if we drop our standing assumption (5)).

Proof. For each a € Co(A) and y € Y we have |L(a)(y)| < X cp-1(y)
lo(z)a(z)| < |la]| - M where M := supycx > ,c, -1, 0(z). Hence L is a
well defined bounded linear operator from Cy(A) to the space of bounded
functions on X. Clearly, L is positive and satisfies the transfer identity (2).
Thus it suffices to show that L(a) is continuous on X for any a € C.(A), see
Remark 2.1(1). Let K be the compact support of a and take any y € X. If
y ¢ o(K), then L(a)(y) = 0 and as X \p(K) is open, L(a) is continuous at y.
Assume then that y € ¢(K). Since ¢ is a local homeomorphism, ¢~ (y) N K
is finite, and we may find pairwise disjoint, non-empty open sets {U;}™ ,
covering ¢~ 1(y) N K and such that |y, is injective for any i = 1,...n. By
[22, Lemma 2.1 claim] we may find open V' C (!, ¢(U;) containing y and
such that =1 (V) N (K\ Ui, U;) =0. So 1 (V)NK C U/, U;. Using this
we see that L(a)|y = > i (00 <p|{,1) (ao @\51) Since the latter sum is finite
and involves only continuous functions, L(a)|y is continuous. This finishes
the proof of the first part.

For the second part note that since ¢ is a local homeomorphism, for ev-
ery y € X, o~ 1(y) is discrete. Hence the measures in (4) have to be discrete,
here we do not need our standing assumption (5). Thus every transfer oper-
ator L for ¢ is of the form (6) and the associated potential ¢ is continuous
by Proposition 2.3. In addition, sup,cy > (x) = ||L|| < oc. O

vep1(y) ¢

The important question is whether we can find a strictly positive con-
tinuous o : A — (0,+00) with supyex >-,c,-1(,) 0(z) < co. Note that a
necessary condition for this is our standing assumption (5). We answer this
question in the affirmative in two important cases.

Ezample 6.2. If ¢ : A — X is a proper local homeomorphism, then for
each y € X the preimage ¢~ !(y) is finite and in fact the map X > y —
|~ (y)| € Ny is continuous (locally constant), see [11, Lemma 2.2] where it
is assumed that A = ¢(A) = X but the proof works in our setting. Thus
putting o(z) := |~ (p(z))|7!, z € A, we get a continuous strictly positive
function ¢ > 0 such that }- -1, 0(z) = 1 for every y € ¢(A). The
corresponding transfer operator is given by the formula

L(a)(y) = - Y alz), acCo(A). (22)

-1
e Wl =)

If ¢ is not proper, (22) fails to define a transfer operator even if we assume
-1 . . .
sup,ex l¢ ™" (y)| < oo (the function L(a)(y) may be discontinuous).

Ezxample 6.53. Let ¢ : A — X be any local homeomorphism, but assume
that there is a partition of unity {f,}5; subordinated to a countable cover
{Un}5 of A such that |y, is injective. Such a partition exists if A is second
countable or more generally if A is o-compact. Then

o)=Y gfule). wEA,
n=1
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defines a continuous strictly positive function g : A — (0, 400) such that for
every y € X we have er¢,1(y) o(z) < 1. Thus p yields a transfer operator.

For an introduction to the theory of étale, locally compact, Hausdorff
groupoids we recommend [59]. For any such a groupoid G the groupoid C*-
algebra C*(G) is the maximal C*-completion of the x-algebra C.(G) with
operations:

(f=9)(v)= > flmg and  f*(y) = f(y7Y),

Y1iv2=Y

where v,71,72 € G, f,g9 € C.(G). Then the embedding C.(G) C Cy(G) ex-
tends to a contractive embedding C*(G) C Cy(G), so that we may view
elements of C*(G) as functions on G and the formulas for algebraic oper-
ations remain valid. Also, identifying X with G° := {(2,0,2) : z € X},
Co(X) C C*(G) is a non-degenerate C*-subalgebra and there is a conditional
expectation F' from C*(G) onto Cy(X) given by restriction of functions. This
conditional expectation F' is faithful if G is amenable.

The transformation groupoid or Renault—Deaconu groupoid associated
to (X, ¢) is an étale, amenable, locally compact, Hausdorff groupoid, see [53],
where

G:={(z,n—m,y) :n,meNg,z € A,y € A, 0" (2) = " (y)},
the groupoid structure is given by (z,n,y)(y, m, z) := (v, n+m, 2), (z,n,y) " :
= (y, —n, x), and the topology is defined by the basic open sets {(z,n—m,y) :
(x,y) e U x V,o"(x) = ¢™(y)} where U C A,,, V C A,, are open sets such
that ™|y and ™|y are injective. For full local homeomorphisms on compact
spaces the isomorphism in the following theorem is well known, see [3,21,23].

Theorem 6.4. Assume ¢ : A — X is a local homeomorphism and let o : A —
(0, +00) be any strictly positive continuous map with sup, e x -, c-1(,) 0(x) <
oo (such a map always exists when @ is proper or A is o-compact). Then
L(a)(y) = X pep-1(y) 0(x)alz) is a well defined transfer operator L : Co(A) —
Co(X) for ¢, and we have an isomorphism

C*(G) 2= Cy(X) % L

where G is the Renault—Deaconu groupoid associated to ¢. This isomorphism
is determined by the formula

‘b(an@)bm) = anQni%tnt*QOiébmy an Gcc(An)7 be CC(Am),TL,mGNo,
where (an @ b ) (@, k,Y) = Okn—m * n ()b (y).

Proof. Let us assume that C*(G) C B(H) is represented in a faithful and

non-degenerate way on some Hilbert space H. Let {ux}rea € Ce(A) be

an approximate unit in I and consider the net of functions {Th}rea € C.(G)
. 1 .

given by Th\(z, 1, o(x)) = pa(z)e(z)? and T (z,n,y) = 0if (n,y) # (1, ().

We claim that {Th}xea is strongly Cauchy. Indeed, let a € A, h € H and
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A < X, in the directed set A. We have T5aT\ = L(paapy ) in the x-algebra
C.(G). Thus

(T = Tx)ah|* = (h, L (a(a”)(ur — px)?ela)) h)
< (h,a"L(px — par)ah)
= (ah, L(px — px )ah).

Since the net {L(px)}rea is strongly convergent the last expression tends
to zero. Hence T := s-limycp T defines a bounded operator. For every a €
Co(A) we have

T*aT = s- ilgl\TAaTA = /I\IGHZI\ L(pxapy) = L(a).

If a is supported on a set K such that o|x is injective, then taking u €
Ce(Areg) such that u|x = (o|lx)~! we get aTT*u = s-limyep aThThu =
limyecp paa = a. Hence (id, T) is a covariant representation of L by Propo-
sition 3.12. Thus we have a x-homomorphism id xT : Cy(X) x L — B(H).
It takes values in C*(G) because if a € C.(A), then aT € C.(G) where
al(x,k,y) = O(ky),(1e(2) ~a(m)g(x)%. More generally, one readily checks
that for a, € C.(A,), b € C.(A,,) we have angn’%T”T*mgm*%bm =
an @ by, € C(G). Since functions a, ® b, span C.(G) we conclude that
id xT : Co(X)x L — C*(G) is a surjective *-homomorphism that intertwines
the conditional expectations G : Co(X) x L — Cy(X) and F : C*(G) —
Co(X). Hence id xT is an isomorphism by Corollary 5.9. Its inverse is as
described in the assertion. d

Ezample 6.5. (Deaconu—Muhly C*-algebras associated with branched cov-
erings) We consider a slightly more general situation than in [16] and by
a branched self-covering we mean a continuous open and surjective map
¢ : X — X of a locally compact, o-compact space, for which there is a
closed set S C X such that ¢|x\s is a local homeomorphism. The C*-
algebra DM (X, ) associated to o in [16] is by definition the C*-algebra
of the Renault—Deaconu groupoid associated to the partial local homeomor-
phism ¢ : X\S — X. Thus by Theorem 6.4 we have

DM(X, ) = Co(X) x L.

where L : Cyp(X) — Cy(X) is any transfer operator for ¢ : X — X given by
continuous ¢ : X — [0,+00) with S = p~1(0). If in addition, S has empty
interior, then Cy(X) x L is Exel’s crossed product.

Ezample 6.6. (Graph C*-algebras) Let E = (E°, E',r, s) be a countable di-
rected graph (r,s : B! — E° are range and source maps). The boundary
space OE = E* U E; U B}, of E, cf. [61], [9, Subsection 4.1] or [39], as a
set consists of all infinite paths and of finite paths that start in sources or
in infinite emitters. It is a locally compact Hausdorff space with topology
generated by cylinder sets and their complements. The one-sided topologi-
cal Markov shift associated to E is the map o : JE\E? — OFE defined, for
W= pipz - € OE\E, by the formulas

o(p) = popz--- if p ¢ EY,  and o(p)=s(um) if p=pm € EL
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This is a countable-to-one local homeomorphism. So we have a partial en-
domorphism « : Co(OE) — M(Cy(dE\E®)). One may always find strictly
positive numbers A = {\.}.c g1, such that the formula

L= Y Acalen)
e€EEY, ep€dFE
defines a bounded map L : Co(OE\E®) — Co(9FE) ([39, Proposition 5.4]
characterizes when this happens), and then L is a transfer operator for o. By
[39, Theorem 5.6] we then also have

C*(E) = Cy(dE) x L,

where C*(E) is the graph C*-algebra - the universal C*-algebra generated
by partial isometries {s. : e € E'} and mutually orthogonal projections
{py : v € E'} such that sis. = Ps(e)s 555 < Pr(ey and p, = Zr(e):v SeSE
whenever the sum is finite.

Ezample 6.7. (Exel-Laca C*-algebras) Let I be any set and let
A = {A(i,§)ijer} be a {0,1}-matrix over I with no identically zero rows.
The Exel-Laca algebra O, is the universal C*-algebra generated by partial
isometries {s; : ¢ € I'} with commuting initial projections and mutually or-
thogonal range projections satisfying s;s;s; 3= A(i,j)sjs;f and

I sis [T =538 => [T AG.k) [ = AG.E))sksi
i€E jEF kel icE jEF
whenever E, I C [ are finite sets such that [[,cp A(i, k) [[;c (1 — A(j, k)
is non zero only for finitely many k € I.
For any word & = a1 - - - oy, in I admissible by A we put so = Sa; -+ - Sa
Then

"

Dy := span {sa( H sksg)sh o E C I is a finite set, a is a finite WOI’d}
i€E

is a commutative C*-subalgebra of O,. The spectrum X of this algebra is
a second countable totally disconnected space described in [20], as a certain
subset of {0, 1} where F is a free group generated by I. It is also described in
[53] as a spectrum of a certain Boolean algebra that models a Markov shift.
In particular, there is a naturally associated partial local homeomorphism
¢ : A — X defined on an open dense subset A C X. The space of infinite
admissible words

Xy ={wel: Awp,wni1) =1 for n € N}
embeds naturally into X (and is dense in X when A is irreducible), in a way
that

plwiws -+ ) =wowz -+, for we XyNA.

Moreover, by [53, Proposition 4.8] O, is isomorphic to the C*-algebra C*(G)
of the Renault—Deaconu groupoid associated to ¢. Thus by Theorem 6.4, Oy
is isomorphic to the crossed product Co(X) x L for a certain transfer operator
L for ¢. Such an isomorphism is described in [22, Proposition 2.13] for an
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unbounded transfer operator, and one can make the operator bounded by
choosing appropriate potential p. For instance, as in Example 6.6, it suffices
to choose positive numbers A = {\;};cr, such that the formula

T)\ = Z \/)\781-
il

converges strictly in Oy, cf. [39, Proposition 5.4]. Then L(a) := T\(a)Tx
defines a bounded transfer operator for ¢ and Oy = Cy(X) x L.

7. Spectra of the Core Subalgebras

We now proceed to the analysis of the internal structure of the core subalgebra
A of A x L. The fundamental fact is that Ao, = UnGNo A, is a direct limit
of algebras that can be further decomposed into ‘liminary pieces’. Namely,
for each n € Ny we put

K, =TT, A, =Ko+ K+ + Ky,
= span{atkt*kb:a,belk,kj:O,...,n}.

Proposition 7.1. For each n € Ny, A, and K, are C*-subalgebras of A .
Moreover, K,K,, = Ky, forn < m and A, N Kpy1 = K, N Ky =
Int”CO(Areg)t*nIn.

Proof. By Remark 4.9, Jys, = Co(Ayeg) and we have an isomorphism of C*-
correspondences My, = It. By Corollary 5.3, this implies that for any n € N
we have Mpn = T,t", and so also Mp» = MP™, see (16), (17) and (18).
In particular, K, is naturally isomorphic with compact operators on Mpn,
and the assertion follows from the corresponding facts for Cuntz—Pimsner
algebras, see, for instance, [32, Lemma 5.4, Propositions 5.9, 5.11]. 0

Recall that I,, = Cy(A,,), where A,, is the domain of ¢™, and [y = A =
Co(X). We put

Apos,n i= An\ggl(()) ={z e A, :on(x) >0}, neNy,

which is the natural domain for the n-th iterate of the partial map o|a,..
where Ao := {z € A : p(x) > 0}. Using the transfer identity, we see that
the closure of L™(I,) is an ideal in A. Its spectrum is

Lr(In) ={y € X : 97" ()\n ' (0) # 0} = ¢" (Aposin),
and in particular, this set is open in X. For any positive function p : Q —
(0,00) we denote by £2(2, p) the weighted ¢2-space consisting of those func-

tions f : Q — C for which [[f[l2 i= (Zpeq |/ (@)20(2))"* < oo. This is a
Hilbert space unitarily isomorphic to ¢2(€2) via the map %(Q,p) > 1,

Vo(x)l, € 2(Q).
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Proposition 7.2. For each n € N the algebra K,, is liminary (in fact it has a
continuous trace) and up to unitary equivalence all its irreducible represen-
tations are subrepresentations of the orbit representation. Moreover, we have
a homeomorphism

K, = @n(Apos,n)

under which the representation 7, of K, corresponding to y € ¢"(Aposn)
acts on H}} := 2(o~"(y)\0,, " (0), 0) and is defined by

mp (et h=a- | Y ou(@)b(@)h(z) |
zeP~"(y)

for a,b € I, and h € Hy. The map U > L, t"Co(U)t*"1,, is a bijection
between open subsets of @™ (Apos,n) and ideals in K,,.

Proof. As in the proof of Proposition 7.1, we may identify My~ with I,,t" and
then K, is identified with the algebra of compact operators on M~. Hence
I,t™ is a Morita—Rieffel equivalence bimodule between K,, = I,t"t*"1,, and
tn I t" = L"(I,) = Co(¢"(Apos,n)). Such an equivalence preserves spec-
tra and a number of other properties, see [52]. In particular K, has a con-
tinuous trace, because Co(¢™(Apos,n)) has it. The ideal in K, correspond-
ing via the equivalence Mp» = I,t" to an ideal Co(U) in Co(¢™(Apos,n)
is (Mpn,Co(U)Mpn) = I,t"Co(U)t*1,. This correspondence extends to a
homeomorphism K, =~ ©"(Apos,n) Where the representation m, of K,, corre-
sponding to y € ¢"(Apos,n) acts on the Hilbert space H, := Mpn®cy, C which
by construction is the Hausdorff completion of the algebraic tensor product
Co(A,,) ® C in seminorm coming from the sesqui-linear form determined by

<Cl &® Al, C2 X )\2> = TlL(CTCQ)(y)AQ = Z gn(:z:))\lcl (IZ’))\QCQ(%).
z€P~"(y)

Then 7, is determined by the formula 7, (at"t*b)[c ® A\] = [aL"(bc) ® A, for
a,b,c € Co(A,), A € C. Using this one readily sees that the map [c® 1] —
¢l p-n(y)\ ot (0) determines a unitary H, = H' = (o7 (y)\ o, 1(0), 0n) that
intertwines m, and . Moreover, the subspace Gy := % (¢ "(y)\o;,*(0)) of
£?(X) is invariant under the action of 7, x T,(K,), because for a € A and
z € ¢ "(y)\o,'(0) we have

To(a)ly = a(z)ly, TP, = > 0n () 09 () 1.
z'€p~(y)\on ' (0)

Thus we have a subrepresentation o, : K,, — B(G,) of m, x T,|x, where
oy(at*th) = m,(a)T,Tymo(b)|c,. The canonical isomorphism G, = H} is a
unitary equivalence between o, and . O

Remark 7.3. If A = X is compact, then t € A x L and the unique extension
of my to A+ K, is defined by the formulas 77 (a)h = a - h, 7, (t"t"")h =
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(Ezaa n(y) On(T)(z )) -1, fora € Aand h € H;}. Thus 7 (a) is a multipli-

cation operator and 7 " (t"t*™) is a rank one operator whose range consists of
constant functions.

Having a continuous map f : U — Y defined on an open subset U
of a topological space X, we may attach X to Y along f to get the space
XUpY = (XUY)/(z ~ f(z) for all z € U) equipped with the quotient
topology. This is the pushout of f: U — Y and the inclusion map U C X.
We may always identify X Uy Y with the disjoint union X U;Y := (X\U)UY
where the second summand Y is open in XU;Y and if the map f is open, then
the open sets in X Uy Y can be identified with pairs of open sets V C X,
W C Y satisfying ¢ 1(W) = VN U (then the corresponding open set in
X Uy Y is VAU U W). We use this construction to describe the spectrum of
the C*-algebras A,, as A, 11 = A, + K,, may be viewed as a pushout of 4,
and K, 41 via the C*-algebra A,, N K, ;1.

Lemma 7.4. For each n € N, we have continuous bijection form Knﬁn_H
onto the pushout of " (Aposn) and cp"“(ApOS,nH) along the partial home-
omorphism ¢ : " (Apos,n) N Areg — @ T (Aposnt1). We have a continuous
bijection

K, + K, — @n(APOS,n)\ArEg U ‘PnJrl(ApOS,n-H)a (23)

where the topology on the right hand side consists of sets Up\Ayeg U Upy1
where Uy, € 0™ (Aposn)s Unt1 C 0" T (Aposnt1) are open and o= (Upy1) =
Un N Areg-

Proof. Since K11 is an ideal in K, + K,y; we may identify
[A(n_H > " (Apos nt1) With an open subset of Knﬁnﬂ. Its complement
is naturally identified with the spectrum of the quotient K, /(K,+1 N K,,) =
(Kn+ Kpq1)/Kni1. By Proposition 7.1, K,, N K41 = Int"Co(Aveg )t I, is
an ideal in K. Hence using the homeomorphisms from Proposition 7.2 we
may identify I?n_,_l with "™ (Apos ni1) and K, N K1 with o™ (Apesn) N
Ayeg. Accordingly, we get the bijection (23) which restricts to homeomor-
phisms ¢ (Apes.ni1) and K, —i— Kn+1\Kn+1 ~ 0" (Apos,n) \Areg. Any rep-
resentation 7 that is in K,, + K7l+1\Kn+1 is a representation of K, that

vanishes on K,,11. Every ideal in K, is of the form It"Cy(U)t*"1, and the
ideal in K,, + K, 11 generated by the latter is

Tt Co (D)t + Tt 1Co (@(U N Aeg )t 1.

Hence the bijection (23) becomes continuous if L"( I )\Apeg U L”Jf/l(l\nﬂ) is
equipped with the pushout topology. O

The pushout topology on the right hand side of (23) is always Ty, and the
continuous bijection (23) might be a homeomorphism even when this topology
is non-Hausdorff, see [29] and Example 7.8 below. However, in general the
pushout topology is weaker than the topology of the spectrum Knﬁnﬂ,
and a general description of the topology of the latter requires more than
just the pushout data:
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Ezxample 7.5. Let us consider A1 = A + K1 = Ky + K, associated to the
transfer operator L(a)(y) = a(¥) for the tent map ¢ : [0,1] — [0, 1], ¢(x) =
1—[1—2z[. Then ¢ =1}y 17, Apos = [0, 3] and Ayeg = [0,1/2). So as sets we
have
A1 2 X\Aveg L o(Apos) = [1/2,1] 1[0, 1].

The pushout topology on the right hand side is the usual one with the only
exception that neighbourhoods of 1/2 in the first summand contain sets of
the form [1/2,1/2+¢)U(1—¢,1). So in particular the pushout topology is not
Hausdorff in this case (it is Tp though). The topology on 21\1 is larger and in
fact ;1\1 is homeomorphic to the direct union of two closed intervals. Indeed,

the operator tt* in the regular representation becomes the multiplication
operator by the characteristic function Lo, 1) So A; is generated by A =

C[0,1] and #t* = 1 1) and Ay = Att* @ A(1 — it*) = C[0,1/2] © C[1/2,1].
The extra open set in A\l (not seen by the pushout topology) comes from the
ideal generated by the element 1 — ¢¢* which is neither in Ky = A nor in K;.
Thus the precise description of A; seems to require some additional algebraic
data that is difficult to pin down.

Theorem 7.6. Let o : A — [0,+00) be a potential associated to a transfer
operator L : Cy(A) — Co(X) for ¢ : A — X. For each n € N the algebra A,
is postliminary and we have a natural bijection

= <|_| " ( Apos,k \Areg> U ‘Pn(APOS,n)- (24)

More specifically, for every irreducible representation w of A, there is a maxi-
mal k < n with 7(Ky) # 0 and a unique y € *(Aposk) (y € @k(ApOS,k)\Areg
if kK < m) such that m = 77’; where ’/TI; is a representation of
A, on (o7 (y)\ oy, 1(0), or) determined by

W’;(atit*ib)h =a- Z 0;(x)b(x)h(z) |, abel;, i=1,...k,
TEPT(y)

and w’;(KZ) =0 for all k < i < n. If we equip the right hand side of (24) with
the the topology that consists of sets (UZ;(I) Uk\Areg) U U, where Uy is an
open subset of " (Apos), for k=0,...,n, and Uy N Aveg = ¢~ 1 (Ug41) for
k < n, then (24) is continuous and its inverse is continuous when restricted
to each direct summand.

Proof. We prove this by induction. The assertion holds for n = 1 by Lemma
7.4. Assume that for certain n we have A\n = (|_|k 0¥ k(A pos’k)\Areg) U
©"(Apos,n) as iE thE assertign. Here |_|Z;é gpk(Aposﬂk)\Areg corresponds to
the closed set A, \K, and K, = ¢"(Aposn) is the homeomorphism from

Proposition 7.2.
By Proposition 7.1, K,, + K Cnt1 is an 1dea1 in A,+1. The correspond—

ing open subset of A, is K,L+Kn+1 = L”( In)\Aeg U L"+1(I +1) as
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described in Lemma 7.4. Its complement EHH\KnﬁnH o A\n\f( o
( Z;é LT(I\k)\A,eg). Since A, NK,,+1 = K,,NK, 1, see Proposition 7.1, we
conclude that the topology on A, 1 = (|_|Z:0 L/k(I\k)\Areg) U L"Jf/l(l\nﬂ) is
as described in the assertion. The ranges of all representations in En contain
compact operators. Hence A,, is postliminary. O

Remark 7.7. If 7 is an irreducible representation of A,,, there is a ‘dynamical
procedure’ of determining y and k for which m =2 ﬂfj. Namely, the set Z :=
{r € X : a(z) # 0 implies w(a) # 0 for all a € A} is closed and there is
k < n such that ¢*(Z) is a singleton. If there is a minimal & < n such that
" (Z) = {y} ¢ Areg, then m = 7f. Otherwise m = 7" where ¢"(Z) = {y}.

Example 7.5 shows that the continuous bijection (24) in general fails to
be a homeomorphism. Obviously, it is a homeomorphism when the pushout
topology on the right hand side of (24) is Hausdorff, and less obviously, when
o is continuous, see Theorem 7.11 below. This may also happen in a non-
continuous and non-Hausdorff case:

Ezample 7.8. Let us consider the standard transfer operator L(a)(y) = [a(%)+
a(l — 4)] for the tent map ¢ : [0,1] — [0,1], p(z) = 1 — |1 — 2z[. Then
0= 31x\(1y + L1y Apos = X = [0,1] and Ay = X\ {3} = [0, 3) U (5, 1]-
Accordingly,

n—1

A = | J{mf oy u{ny s a e 0,113

k=0
where the pushout topology on the right hand side can be described as follows:
{7 : x € [0,1]} is an open set homeomorphic to [0,1] and each 7r’f/2 has
a basis of neighbourhoods of the form {ﬂf/2} U{rl :xz € (0,6)}, if k <
n — 1, and {w?le}u{w;’ crx e (l—-e1)} ifk=n-1(s0 7r’f/2, k<
n — 1, cannot be separated from 7§ and W?/El can not be separated from

71"). This topology coincides with the standard topology of En, as using the
regular representation one can see that A, is naturally isomorphic the C*-
subalgebra of C([0, 1], Man (C)) consisting continuous matrix valued functions
a satisfying

a(l) S MQn—l((C) (&) MQn—l ((C)7

a(0) € Man-1,1(C) @ Myn-2(C) @ --- @ Mo(C) & C.

In particular, representations 7}* and WT'/_Ql are of dimension 2"~ ! = |p~"(1)|,

and 7 is of dimension 2"~ + 1 = |¢~"(0)|. This example is covered by the
main result of [29].

The algebra A, as a rule is not postliminary (the example of Glimm
algebras shows that A, will usually be antiliminary, cf. [48, Theorem 6.5.7]).
Accordingly, one can not hope to describe the spectrum /Too completely in a
reasonable way. However, the inductive limit of spaces A\n will give a dense
subset of ﬁoo, and when the continuous maps (24) are opens one can use
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them to describe the primitive ideal space Prim(As) of As. We show how
to do it in the case when p is continuous.

7.1. The Case of a Continuous Potential

When p is continuous then A, has a natural étale groupoid model. The
groupoid in question is a motivating example in the theory of approximately
proper equivalence relations [54], which recently has been generalized to cover
partial local homeomorphisms [6]. Namely, assume that ¢ : A — X is a local
homeomorphism. For each n € N consider the equivalence relation

Ry = {(z,y) € Ap x Ap 1 9" (2) = ¢"(y)}
as an étale groupoid with the product topology inherited from A, x A,,.

Then we get a generalized approximately proper (in short GAP) equivalence
relation on X x X

R := [j Ry,
n=0

equipped with the inductive limit topology, i.e. U C R is open iff U N R, is
open for every n € N, see [6, Proposition 5.6]. Similarly, each finite union
UZ:O Ry becomes an étale groupoid. All these groupoids are amenable (see
the proof of [53, Proposition 2.4]).

Proposition 7.9. Assume ¢ : A — X is a local homeomorphism and let
o : A — (0,400) be any strictly positive continuous map with
SUp, e x Zzepfl(y) o(x) < 00. Equivalently, fix a transfer operator L : Co(A)
— Co(X) with continuous potential ¢ > 0. We have natural isomorphisms

KngC*(Rn)v Angc* (U Rk) ) TLGN, Aoo gCW(R)’
k=0

where K, = L,t"t*"I,, A, = Ko+ -+ K, Aus = U,—,An are core
subalgebras of A x L, and R is the GAP relation associated to .

Proof. We view R and |J;,_, Ry, as open subgroupoids of G with the same unit
space X. Then the inclusions C.({J;_, Ri) € C.(R) C C.(G) extend to -
homomorphisms C*(|J;_, Rx) — C*(R) — C*(G) that intertwine the canon-
ical faithful conditional expectations onto Co(X) (the groupoids in question
are amenable). Hence the aforementioned *-homomorphisms are faithful and
we may write C*(U;_, Rr) € C*(R) C C*(G). Now it is immediate that the
isomorphism from Theorem 6.4 restricts to isomorphisms C*(UJ;_, Rk) = A,
C*(R) =2 As.

The groupoid R,, can be viewed as the restriction of UZ:O Ry, to an open
invariant subset A,, C X. Hence C*(R,,) can be identified with an ideal in
C*(Uj_o Ri) generated by Co(A), see [59, Proposition 4.3.2]. Restriction of
the isomorphism C*(J;_, Ri) = A, gives C*(Ry,) = K. O

Remark 7.10. By [62], all irreducible Smale spaces (X, @) with totally dis-
connected stable sets are inverse limits for certain finite-to-one continuous
surjections ¢ : X — X satisfying Wieler’s axioms. By Proposition 7.9 and
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[17, Theorem 5.6], if ¢ is an open Wieler map, then the stable algebra S
and the stable Ruelle algebra R, of the Smale space (X, @), cf. [50], are
Morita-equivalent to the algebras A, and A x L, respectively.

The groupoids R, UZ:O Ry, R are not only amenable but also prin-
ciple (all the isotropy groups are trivial). In particular, inclusions Cy(X) C
C*(Ui_o Re) = A,,,C*(R) = Ay are C*-diagonals in the sense of Kumjian [37],
and the ideals in A,, and A, correspond to open invariant sets in UZ:O Ry,
and R, respectively (see [59, Theorem 4.3.3] or [8, Corollary 3.12]). Also the
primitive ideal spaces can be identified with quasi-orbit spaces, see [8, Corol-
lary 3.19] or [41, Theorem 7.17]. This allows us to improve Theorem 7.6 in
the case when g is continuous, as follows.

Theorem 7.11. If o : A — [0,+00) is continuous, then the continuous bijec-
tion in (24) is a homeomorphism, and we have natural homeomorphisms

A, ~ Prim(4,) 2 X/ ~,

where x ~y, y iff there is k < n such that x,y € Aposk and @ (x) = o*(y).
If in addition X is second countable, we have a homeomorphism

Prim(Ay) & X/ ~

where @ ~ y iff Op(a) = Or(y) and On(x) = g ea..., ¢ 5 (@) is
the orbit of x € X.

Proof. Since ¢ is continuous we may assume that A is equal to Apes =

Areg, so that ¢ > 0 and we may apply isomorphisms from Proposition 7.9.

The orbits of & for the groupoid Ry, := U;_o Rk are given by O, (z) =
n — .o .

Uk:O,zeApos,k 0 *(¢*(x)). We have a bijection

<|_| o ( Apos,k) \Areg> Spn(Aposm) = X/ ~p

that sends a point y in k-th summand to ¢~ *(y), which is an Ryg,n)-orbit.
Using this bijection one checks that open R|g ,-invariant subsets of X cor-
respond to open sets in the pushout topology of the right-hand side of (24).
Since ideals in A, = C*(U;_, Rr) correspond bijectively to open Rjyg -
invariant sets, this gives the first part of the assertion (we have A4,, = Prim(A4,,)
because A,, is postliminary, in fact Type Iy).

The second part follows because Og(x) is the orbit of x under the
groupoid R and the primitive ideal space Prim(As) = Prim(C*(R)) is home-
omorphic to the quasi-orbit space for R by [8, Corollary 3.19]. g

8. Topological Free Transfer Operators and Simplicity

A full map on locally compact Hausdorff space is called topologically free if
the set of its periodic points has empty interior. We will introduce topological
freeness for a partial map ¢ : A — X by reducing it to the case of a full map.
Namely, we will restrict ¢ to its essential domain As := (-1 Ap N@™(A),
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A, = ¢ "(A), n € N, which gives a full map ¢ : Ay, — A, see [40,
Definition 3.1]. As a starting step of defining topological freeness for transfer
operators we analyze this notion for open partial maps.

Definition 8.1. A partial continuous open map ¢ : A — X is topologically
free if the set of periodic points for ¢ : Ay, — A, has empty interior in A.

Lemma 8.2. Suppose that ¢ : A — X is a partial continuous open map of X.
The following conditions are equivalent:
(i) ¢ is topologically free;
(ii) for everym € N the set {x € A,, : " (x) = x} has empty interior in X ;
(iil) for every k,1 € Nog with | < k, {x € Ag : *(x) = ¢'(z)} has empty
interior in X.

Proof. Note that {z € A, : ¢"(z) = 2} C Ay is closed in Ay, because
A is Hausdorff and ¢ is continuous. Moreover, A, is a Baire space, as it
is a G5 subset of the locally compact Hausdorff space X. Thus {z € A :
Fnen @"(z) = 2} = eniz € Ay 2 @"(z) = x} has empty interior if and
only if each of the intersected sets has empty interior. This proves (i)<(ii).

The implication (ii)=-(iii) is immediate. For the converse assume that
there is a non-empty open set U C {z € Ay, : ¢*(2) = ¢'(z)} where [ < k.
Then V := ¢!(U) is non-empty open set contained in {x € A, : ¢"(z) = x}
where n:=k—-1eN. O

If we consider a transfer operator L associated to a partial map ¢ : A —
X, then the natural ‘domain of openness’ for ¢ is Apqs, see Proposition 2.3.
The next lemma shows that in the definition of topological freeness we can
equally-well use the smaller set A,eg.

Lemma 8.3. If L is a transfer operator for a map ¢ : A — X, then ¢ :
Areg — X is topologically free if and only if ¢ : Apes — X is topologically
free.

Proof. Since Areg C Apos, topological freeness of ¢ : Apos — X implies
topological freeness of ¢ : Aeg — X. Assume now that ¢ : Apes — X is not
topologically free. So there is a non-empty open set U C Apos n = Ap\ oy, 1(0),
for some n € N, such that for each x € U we have x = ¢"(x). Then ¢
is injective on each of the sets U, o(U), ..., ¢" }(U) and since they are
contained in Apes = A\p~1(0) it follows from Proposition 2.3 that they
are in fact contained in A,ee. Therefore ¢ : Aee — X is not topologically
free. ]

The foregoing observations naturally lead to the following definition,
which agrees with the version of topological freeness suggested in [14, Exam-
ple 9.14].

Definition 8.4. We say that the transfer operator L is topologically free if the
restricted open map ¢ : Ayeg — X is topologically free.

Theorem 8.5. Let L be a transfer operator for a partial map ¢ : A — X. The
following conditions are equivalent:
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(i) Bvery faithful covariant representation (w,T) of L extends to a faithful
representation w X T of the crossed product A x L.
(ii) A detects ideals in Ax L, i.e. ANN # {0} for any non-zero ideal N in
Ax L.
(iii) The orbit representation (m,,T,) introduced in Example 3.14 extends to
a faithful representation m, X T, of the crossed product A x L.
(iv) The map ¢ : Aeg — X is topologically free.

Proof. The equivalence (i)« (ii) is straightforward and implication (i)=-(iii)
is trivial. To prove (iii)=(iv) assume ¢ : A,; — X is not topologically
free. Then there is a non-empty open set U C A,,, such that ¢"|y = id|y and
O*(U) C Xyeg for k = 0,...,n—1. In particular, g,, is continuous and non-zero
at every point in U. Thus for any non-zero a € C.(U) C A we have a,/0, € A.
Using the regular representation one readily calculates that at™ — a,/0, is a
non-zero element of Ax L 2 C*(7(A)UR(I)T), but (mxTy)(at™ —a/oy) = 0.
Hence m, x T, is not faithful.

Tmplication (iv)=-(i) follows from [14, Example 9.14] as by Lemma 8.3
condition described there is equivalent to topological freeness as we define
it. O

Topological freeness for homeomorphisms appeared already in the work
of Zeller-Meier, see [63, Proposition 4.14], who used it to characterize when
Co(X) is maximal abelian in the associated crossed product. This result was
generalized to crossed products by local homeomorphisms by Carlsen and
Silvestrov [15]. However, it seems that there is no obvious generalization
of this fact if we allow irregular points (discontinuity points of ). More
specifically, let A" denote the commutant of A = Cy(X) in A x L. So A is
maximal abelian in A x L iff A = A’. Using the generalized expectation G
introduced in Lemma 5.7 we clearly have

Co(X) C{be AxL:G(b)=b} C Co(X).

It turns out that when p is discontinuous already the first inclusion might be
proper.

Ezample 8.6. For the tent map ¢ : [0,1] — [0, 1] where ¢(z) = 1—|1—2z| and
0 = g 1 we have the transfer operator L(a)(y) = a(§). Using the regular
representation one readily calculates that

Accordingly, Co(X) € {b € A x L : G(b) = b} as the latter contains some
functions that are discontinuous at points 5, n € N. Hence Co(X) # Co(X)’
even though the map ¢ is topologically free.

For the sake of completeness we will generalize the main result of [15]
(to partial, not necessarily surjective maps on locally compact spaces, and
arbitrary continuous p). The proof is based on Renault’s characterization of
Cartan subalgebras [55], see also [43, 7.2].



25 Page 36 of 45 K. Bardadyn et al. IEOT

Theorem 8.7. Suppose that the transfer operator L is given by a continuous
0. Then the equivalent conditions in Theorem 8.5 are further equivalent to
each of the following:

(i) The C*-algebra Co(X) is mazimal abelian in Co(X) % L.

(il) Co(X) is a Cartan subalgebra of Co(X) x L, in the sense of [55].

(i) The partial map ¢ : Aveg = Apos — X is topologically free.

Proof. The transfer operator L : I — A for ¢ : A — X restricts to the
transfer operator Lyeg : Co(Ayeg) — A for the partial homeomorphism ¢ :
Areg — X. Since we assume g is continuous we get Aoy = A\po~1(0) and
the crossed products A x L and A x L,cs are naturally isomorphic (their
regular representations coincide, see Proposition 5.5). Thus by Theorem 6.4
we may identify A x L with the groupoid C*-algebra C*(G) of the Renault—
Deaconu groupoid G associated to ¢ : Ayee — X. By the work of Renault’s
[55], Co(X) is maximal abelian in C*(G) if and only if Cy(X) is a Cartan
subalgebra of G if and only if the groupoid G is effective (Renault considered
second countable groupoids but his theory works without this assumption,
see [43, 7.2]) By [55, Corollary 3.3] and [53, Proposition 2.3] the groupoid G
is effective if and only if the map ¢ : Ay — X is topologically free (local
homeomorphisms satisfying (iii) in Lemma 8.2 are called essentially free in
[53]). This proves the desired equivalence. O

8.1. Simplicity

The following definition and lemma are compatible with
[22, Definition 3.1 and Proposition 3.2] where partial local homeomorphisms
are considered.

Definition 8.8. Let U C X. We say U is positively invariant if (U NApes) C
U, U is negatively invariant if o= (U) N Ayeg C U, and U is invariant if it is
both positively and negatively invariant. We say that L is minimal if there
are no non-trivial open invariant sets.

Lemma 8.9. Let U be an open subset of X and put J := Co(U) and recall
that T = Cy(A).
(i) U is positively invariant iff L(JNI) C J;
(ii) U is negatively invariant iff L= (J)NCe(Areg) € J iff L=H(J)NCo(Areg) €
J,.
Proof. (i). If U is positively invariant, then for any y ¢ U we have ¢~ !(y) N
Apos = 0, which implies L(a)(y) = 0 for any a € JNI. Thus L(JNI) C
J. If U is not positively invariant, then there is 2 € U\o~'(0) such that
p(z) ¢ U. Taking any positive a € I N J with a(x) # 0, we get L(a)(p(x)) =
D tep—1 (o)) 2(t)a(t) > 0 which shows that L(J N 1) Z J.
(ii). This follows from the equalities C.(¢ ' (U) N Ayeg) = L7H(J) N
Ce(Areg) and Co(p™(U) N Aveg) = L7H(J) N Co(Areg), which are readily
verified. 0

Ezample 8.10. (Directed graphs with one circuit) Suppose that ¢ : X — X
is a directed graph with one circuit, i.e. X is a countable discrete set and there
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is a point z € X such that for any y € X we have ¢"(y) = « for some n > 1,
cf. [12]. In particular, x is a periodic point and ¢ is a local homeomorphism.
Take any ¢ : X — (0,+00) with sup,ex >, e -1, 0(2) < o0, so that it
defines a transfer operator L for ¢. Then X = A = Aee and the transfer
operator L is minimal but ¢ is not topologically free. Hence, A x L is not
simple by Theorem 8.5.

Theorem 8.11. The following conditions are equivalent:

(i) the crossed product A x L is simple;
(i) L is minimal and ¢ : Nweg — X is topologically free;
(i) L is minimal and ¢ : Aveg — X is not a directed graph with one circuit.

Proof. We first show that (1)< (ii). If ¢ : Ayeg — X is not topologically free,
then A x L is not simple by Theorem 8.5. So let us assume that ¢ : Ayee —
X is topologically free. Then for any non-zero ideal N in A x L the ideal
J := AN N in A is non-zero. Hence J = Cy(U) for some non-empty open
set U. Note that L(J NI) = t*INIt C K, so L(JNI) C J. Also for any
a€ L7Y(J)NC.(Areg), using (15), we obtain

n n
_ Koo, KK, K _ K K K\, K
a= g u; it uy aug ittty = E uj tL (ui au; )t uj

i,j=1 i,j=1
n
K K -1 K 1\ p, K
= g u; tL (a (u; o ply, ) ac (uj o g0|Uj)) t u;
ij=1

= Z ult (uff o (p‘E}) L(a) (u]K o <p|5]1> t*uJK e ItJt*I C N,
i,j=1

so a € J. Hence U is an invariant set by Lemma 8.9. If U # X then N # AxL
and A x L is not simple. Conversely, if N # A x L then U # X because
otherwise N would contain A and A x L = A(A x L) would be N.

Implication (ii)=-(iii) is clear and to prove the converse assume that
L is minimal but ¢ : A, — X is not topologically free. Then there is
a non-empty open set U C Ay, for some n > 1 such that ¢"|y = id
and U, p(U),...,o" Y(U) are pairwise disjoint. For any disjoint open sets
Vi, Vo C U the sets U; := U, enp=0...n @ ™ (p*F(V;)) are disjoint open and
invariant. Thus minimality of L forces U = {z} to be a singleton and ¢ :
Aveg — X to be a directed graph with one circuit. O
Remark 8.12. f A = Ay, then E := (X, Aid, ¢) is a topological graph
in the sense of Katsura [33] and Theorem 8.11 could be deduced from [34,
Theorem 8.12]. In this regular case, one could also get simplicity criteria for

A x L using the Renault—Deaconu groupoid model, see [42] and references
therein.

9. Locally Contractive Transfer Operators and Pure
Infiniteness

The following definition is inspired by [35, Definition 2.7].
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Definition 9.1. We say that an open set V' C X is contracting if there are
pairwise disjoint, non-empty open sets Uy C Ayegn, NV for k =1,...,m,
ng > 1, such that

VZ|JUs and VC ™).
k=1 k=1

We say that L is contracting if A = Apqs and there is g € A such that every

neighbourhood of z contains a contracting open set and [J,~, ¢
X.

A, (o) =

If A = Ayeg, then L is contractive iff the topological graph E :=
(X, A,id, ¢) is contractive in the sense of [35], and we could use [35, Theo-
rem A] to show that A x L is purely infinite simple whenever L is minimal
and contractive. A formally weaker result could be obtained using a groupoid
model and [1, Proposition 2.4], as L is contractive if the Renault-Deaconu
groupoid G is minimal and locally contractive in the sense of [1], but the
converse is not clear. We will now prove a general result allowing irregular
points, that is admitting the case when Apos # Apeg.

Lemma 9.2. If there is a contracting precompact open set V, then there are
b,c € A x L\{0} satisfying b*bb = b, b*bc = ¢, b*c = 0 and ab = b for all
a € Cy(X) which is1 onV.

Proof. Since Uy C Ayegn, and V C Ui, ™ (Ug) we may find ay, € Ce(Ux)™,
for k = 1,...,m, such that g = " | L™ (ay) € Cy(X) is 1 on V. Indeed,
each Uy = |J™, U} is a union of open sets where ™" v; is a homeomorphism

onto its range. Taking a partition of unity {hj },;""*_; € Co(X) on V subor-
dinated to {@"*(Uy)},2"h_, we may put ag := >37" 0,1 - hi, o (¢™ U;)*l.
Now define b = 7", \/art™ . Then for a € Cy(X) which is 1 on V we
have ab = b. Since the sets {Uy}}", are pairwise disjoint we get b*b =
oy U agy/at™ = 3L " agt™ = g. Since g is 1 on V, we have
b*bb = b. Take any non-zero ¢ € Co(V\J;—, Ux), then clearly, b*bc = ¢ and
b*c = 0. 0

Proposition 9.3. If L is minimal and there is a contracting open set, then
A x L is simple and contains an infinite projection.

Proof. If there is a contracting set, then ¢ : Aye — X can not be a directed
graph with one circuit. Hence A x L is simple by Theorem 8.11. By Lemma 9.2
there is b € A x L with b*bb = b, b*b # bb*. Such elements are called scaling,
and a simple C*-algebra has an infinite projection if and only if it has a
scaling element, see [30, Proposition 4.2]. O

Lemma 9.4. Assume that ¢ : Areg — X is topologically free, A = Apos and

there is g € A such that |J,—, o " (20) N Aveg,n = X. For any non-zero
positive b € A x L there is d € A x L and a € A which is 1 on some
neighbourhood of xy and ||d*bd — al| < 1/2.
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Proof. Put ¢ := ||E(b)||/5 where E is the conditional expectation onto the
core As. Choose a positive by € span{at™t*c: a € I,,,c € I,,,n,m € Ny}
such that ||b — bg|] < e. Since A = Ap, in view of Lemma 8.3, we see
that ¢ : A — X is topologically free, and this implies that the topological
quiver Q = (X, A, id, p, u) satisfies condition (L). By Corollary 4.13 the C*-
algebra associated to Q is isomorphic to A x L. Hence we may apply [46,
Proposition 6.14] to conclude that there is dg € A x L and ag € Co(X)*
such that [|do|| < 1, Jlao|| = |[[E(bo)| and ||dibodo — ao| < €. Since [lag|| =
IE(bo)|| > | E(b)|| — € = 4e, the open set

U:={ze€X:ap(r) >4}

is non-empty. As (o~ o ¢ "(20) N Ayeg,n is dense in X there is n € N and
an open subset Uy € U N A,eq , such that ¢”|y, is a local homeomorphism
onto an open neighbourhood Vy of xg. Take cg € C.(Vy)™T, |lcoll < 1, such
that ¢p is 1 on an open neighbourhood V' C V; of xg. Then ¢ := (agon)~
co o (p"y,) "t € C.(Up) is such that a := L"™(cage) is 1 on V and ||ct™||? =
L™ (c?)|] < max,ep, ao(z) ™! < (4¢)~!. Thus putting d := doct™ we get

|d*bd — a|| = ||t cdibdoct™ — t*"caget™|| < ||dibdo — aol| - [|ct™||?
< (Ild5 (b = bo)do]| + lldgbodo — aoll) - [let™[|* < (¢ +)(4e) ™" < 1/2.
O

Theorem 9.5. If L is minimal and contractive, then A X L is purely infinite
and simple.

Proof. By Proposition 9.3, A x L is simple and contains an infinite projec-
tion p. Hence it suffices to show that for each non-zero positive by € A x L,
the hereditary C*-subalgebra bo(A x L)by generated by by contains a projec-
tion equivalent to the infinite projection p. To this end, note that by The-
orem 8.11, ¢ : Az — X is topologically free. Let gy € A be such that
U o rcg( 0) = X and every neighbourhood of z( contains a non-empty
contracting open set. By Lemma 9.4 there is d € A x L and a € A which
is 1 on a neighbourhood V' of zy and ||d*bod — al| < 1/2. We may take V

to be a precompact open contracting set. By Lemma 9.2 there are non-zero
b,c € A x L such that

b*bb =0, b*bc=c, b'c=0 and ab=0b. (25)

Since A x L is simple and c¢*c # 0 there are by,...,b; € A x L such that
p = 22:1 by.c*cby, see [30, Lemma 4.1]. Set e := 22:1 bkcby,. Then using
(25) we get

! !
e*ae = e*e = Z b b bich; = Zbkc*cbk =p
kyi=1 k=1
In particular, |le|| = 1. Using all these we get
le*d"bode — pl| = [le" (d"bode — a)e|| < 1/2.

Let f be the characteristic function of the interval (1, 2). Then po := f(e*d*bode)
is a well defined projection with ||pg —e*d*bode|| < /2 cf. [56, Lemma 2.2.4].
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Hence ||po — p|| < 1 and therefore pg and p are equivalent, cf. [56, Proposi-
tion 2.2.5]. Then q := f(v/bodee*d*/by) is a projection in by(A x L)by which
is equivalent to py and hence to the infinite projection p. O

Corollary 9.6. If X is second countable and L is minimal and contractive,
then A x L is a Kirchberg algebra, i.e. a simple, separable, nuclear, purely
infinite C*-algebra satisfying the UCT.

Proof. Combine Theorems 9.5 and 4.8. g

Ezample 9.7. (C*-algebras of rational maps) Let R : C — C be a rational
map of degree at least two, and let X = A = Ji be the Julia set for R.
The transfer operator L : C(Jg) — C(Jgr) for ¢ : Jp — Jg, considered in
Example 4.15, is minimal and contractive. Indeed, A,os = Jg is uncountable
and Apos\Ayeg is finite by [4, Corollary 2.7.2, Theorem 4.2.4]. Moreover, for
any open V C Jg there is n € N such that R™ (V') = Jg, by [4, Theorem 4.2.5],
and |J;~, R~"(z) = Jg for every z € Jg, by [4, Theorem 4.2.7]. So one may
find zy € Jr whose inverse orbit | J;~, R~ "(z) does not contain any critical
point, and any open neighbourhood of zy contains a contractive open set.
Hence C(Jr)x L is simple and purely infinite. This recovers [27, Theorem 3.8]
as a special case of Theorem 9.5. Note that the Fatou set Fr = (C\J R is open
and invariant for R : C — C. Thus C(C) x L is simple if and only if C = Jx.

As a by product we also recover the main result of [24]. Namely, let
u" be the Lyubich measure. It is a ¢-invariant regular probability measure
whose support is Jg. Denoting by T, the composition operator on Lo(u*)
and identifying C(Jg) with operators of multiplication on Lo(u’) we get
L(a) = d - TjaT, where d is the degree of R, see [45, Lemma, p. 366]. Thus
using Proposition 3.12 one gets that (id, dv/ QT«») is covariant representation
of L : C(Jg) — C(Jr) and therefore the simple C*-algebra C(Jg) X L is
isomorphic to the C*-subalgebra of B(Ly(u*)) generated by C(Jg) and the
composition operator T,.

Ezample 9.8. (Branched expansive coverings) Consider the transfer operator
from Example 4.16, where ¢ : X — X is a continuous map on a compact
metric space X whose inverse has a finite number of continuous branches
v = {7 }}¥, that are proper contractions and X is self-similar for . In other
words, X is covered by compact sets A;, ¢ =1,..., N, such that ¢ : A; — X
is an expansive homeomorphism (v; = <p|:) As in [28] we assume the open
set condition for v, which in terms of ¢ says that there is a non-empty open
set V C X, such that = 1(V) C V and o=} (V)N A; NA; =0 for i # j.
Then ¢~ (V) is necessarily an open dense set in X not intersecting the set
of branching points B = [J,;{z € A; N A;} and we have A,y = X\B,
cf. [28, Proposition 2.6]. Using this one infers that each of the sets ¢™(B)
has empty interior. Thus X\ |J,~,¢"(B) is dense in X by Baire theorem.
For any z € X\U,~, ¢"(B) its negative orbit |J;~, ¢ "(z) lies entirely in
Areg. Every negative orbit is dense in X. Indeed, A = [J,—, ¢ () is a
closed set with ¢p~1(A) C A, which implies A = X by the uniqueness of the
self-similar set X, see [26]. Using expansiveness of ¢ we conclude that every
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neighbourhood of zy € X\U,—,¢"(B) contains a non-empty contracting
open set. Minimality is clear. Hence C'(X) x L is a unital Kirchberg algebra by
Corollary 9.6. This recovers [28, Theorem 3.8] when the systems of contractive
maps form inverse branches of a continuous map.

Recall that the Hutchinson measure p* is the unique regular probabil-
ity measure such that u/(A4) = 1/N Zi\il wH (v;(A)) for all Borel A C X. Its
support is X and so we may identify C'(X) with operators of multiplication on
Lo(pf). If 4 (B) = 0 (which is automatic when X C R? and v;’s are simili-
tudes, see [58]), then the composition operator T, is an isometry on Lo(pk)
satisfying L(a) = 1/N - T;aT,, see [25]. Thus using Proposition 3.12 one
sees that (id, N~1/2T,) is a covariant representation of L : C(Jg) — C(Jg)
and therefore C(X) x L is isomorphic to the C*-subalgebra of B(Lo(u'))
generated by C'(X) and the composition operator T,,. This recovers the main
result of [25].

Ezample 9.9. (Expanding local homeomorphisms) Assume ¢ : X — X is an
open continuous expanding map on a compact metric space, cf. [1,3] and
references therein. Then any continuous g : X — (0,00) defines a transfer
operator L for ¢ and C(X)x L = C*(G), by Theorem 6.4. By [3, Lemma 7.4],
© is topologically free if and only if X has no isolated periodic points. Clearly,
L is minimal if and only if ¢ is minimal, i.e. there is no non-trivial open set
U with ¢=*(U) = U. Thus assuming X is infinite, by Theorem 8.11, we get
that

C(X) x L is simple if and only if ¢ is minimal.

Assume now that there are no wandering points in X, or equivalently that
periodic points are dense in X. Then by spectral decomposition, cf. [3, Theo-
rem 2.5, ¢ is minimal iff ¢ is topologically transitive iff for every non-empty
open U C X there is N € Nsuch that U;ICV=1 ©*(U) = X. Thus if ¢ is minimal,
then every negative orbit |J7— ;¢ "(z) is dense in X and every non-trivial
open subset V' C X is contracting, so in particular L is contracting. Hence
by Corollary 9.6 we get

C(X) x L is a Kirchberg algebra, if ¢ is minimal and has no wandering points.

This last statement improves [1, Proposition 4.2] (in the minimal case) and
implies [19, Proposition 4.2]. If there are no wandering points, then by [3,
Proposition 3.8] there exists a p-invariant Borel probability measure p with
support X such that identifying C'(X) with operators of multiplication on
Lo(p) we have L(1)"'L(a) = T;aT,, for a € C(X), where T,, € B(La(p)) is
the composition operator with ¢. Also (id, L(1)7'/2T,) is a covariant repre-
sentation of L. Thus is if X has no isolated periodic points, then C'(X) x L
is isomorphic to the C*-subalgebra of B(L2(u)) generated by C(X) and the
composition operator T,,. If in addition ¢ is minimal (topologically transi-
tive) and In p is Holder continuous, then the above measure p is unique and
it is the Gibbs measure for ¢ and In p.
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