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MHNOSICHUTEJBHASA 3AIINCKA

Hacrosmumii  37eKkTpoHHBIN  yueOHO-MeToandeckuid  koMmiuieke (DYMK)
pa3paboTaH B COOTBETCTBUU C OOpa30BaTENIbHbIM CTAHJIAPTOM TEPBOW CTYIEHU
BbICIIEr0 oOpa3oBaHus sl crenranbHocTH  6-05-0533-06 «Marematuka» u
npeaHa3HayeH JUisi MH()OPMAIMOHHO-METOAMYECKOT0 00€CleueHus MpernojaBaHus
TUCHUIUIMHBL  «AHanumuueckas — 2eomempus»  JJId  CTYJIEHTOB  JIaHHOM
CHEIUATBHOCTH.

OYVMK  Bxmouaer B cebs  pazmensl:  «llosicHuTenpHAs — 3ammCcKay,
«Teopetnueckuil paznen» (kpaTkuid Kypc naekumid), «IIpakruueckuil pazgen»
(MaTepuanbl K JA0OpaTOPHBIM 3aHATUSAM), «Pa3nen KOHTpOJsl 3HaHU» U
«BcnoMoraTenbHbIN pa3aem.

«IlosicHUTENTbHAS 3aMMMCKAY COMEPKUT aHHOTAITUIO U KPATKyI0 HH(POpMaIuio 00
OVMK. «Teopernueckuil paszznen» MNpeacTaBisieT cOOOM KpaTKHM Kype JEKLHH,
OXBAaTHIBAIOIINIA Bce pa3jenbl yueOHou mporpammbl. B «IIpakTudeckom paznesne»
coJiep KaTcsl MaTepHalIbl K JIA0OPATOPHBIM 3aHATHSAM (3a/1a4u ¢ pa30MBKOM 1O TEMaM)
Y COOTBETCTBYIOIINE 3aaHUS 111 CAMOCTOSITEIbHON PabOTHI.

B «Pa3nene KOHTpOJIsi 3HAHUID MIPEACTABICHBI TPUMEPHBIE BAPUAHTHI 3a/1aHUM
M0 YIIPaBJISIEMO CaMOCTOSTEILHON paboTe CTYACHTOB, a TAakXKe MPUMEPHbBIC 3a/1a4u
JUTSL KOHTPOJIBHOM paboThl. « BcrmoMoraTenbHbIN pasien COAEePKUT PEKOMEHTYEMYIO
0 KypCy JIUTEPaTypy U JIEKTPOHHBIE PECYPCHI.

«Ananumuuecxkas eeomempusi» TPATULIUOHHO SIBISETCS OJHOM U3 OCHOBHBIX
JTUCLIUIUIMH, KOTOPbIE U3Yy4aroTCs CTYJEHTaMH-MaTeMaTUKaMu B Hadajie OOy4eHUs B
yHuBepcutere. [loHATHS W OCHOBHBIE (haKThl JUCHMIUIUHBI «AHAIUmMUYeckas
2eomMempus» VCTIONb3YIOTCS MPU U3YUYEHUH MHOTHX MaTEMaTUYECKUX IUCIMIUIMH, B
NEPBYIO OYEpellb TaKuX, Kak «/Jugppepenyuanvras 2ceomempus u MmMONOLOUD,
«/luggdepenyuanvnvie ypasnenus», «Aneebpa u meopus uucen», «Mamemamuyeckuil
ananuszy». Bce 3T0 ompenenseT BaXKHOCTh YYEOHOW MUCHUIIIUHBI «AHAnIUmuiecKast
ceomempus» B Y4EOHOM TIpollecce, a TakkKe OOYyCIIaBIMBaeT HEOOXOJIMMOCTh
CBOEBPEMEHHOTO BHECEHUS U3MEHEHUH U JOMOJHEHHI B €€ COACPIKAHUE.

['maBHBIMU 00pazosamebHbIMU yenamu yueOHOU JUCLUTUINHBI
«Ananumuuecxkas 2eomempusty ABIASIOTC:

¢ yr1yOJeHHOE M3y4YeHHe (UTyp MepBOro M BTOPOrO MOPSAJKOB B TPEXMEPHOM
€BKJIMJIOBOM ITPOCTPAHCTBE M HA €BKJIUOBOM MJIOCKOCTH;

® OCBOEHHE HOBBIX MO CPABHEHUIO C JIEMEHTAPHOU reOMETpHel MPOCTPAHCTB:
MHOTOMEPHBIX €BKIUAOBBIX U ap(UHHBIX U W3ydeHUE (PUTYp MEPBOTO U BTOPOTO
MOPSAJIKOB B 9TUX MPOCTPAHCTBAX;

e wu3ydeHrne apuHHBIX mpeoOpa3oBaHUd U JBWKEHUNA B apPUHHBIX U
€BKJIUIOBBIX MPOCTPAHCTBAX;

® OBJIaJICHUE OCHOBHBIM METOJOM HCCIIEJIOBaHUS B aHAJIUTUYECKOU
reOMETPUN — METOJIOM KOOPIUHAT;

e TpuOOpeTeHHE CTYyJACHTaMU JOCTATOYHOro oObeMa 3HAHWMN, HAaBBIKOB U
yMEHUH B 00JIaCTH aHATMTHYECKOW T€OMETPUH TSl X UCTIOJIB30BAHUS TIPU U3yUCHUH
JIPYTUX MaTEeMaTHUYECKUX JTUCIIUTLIINH.



Paszsusarowas yenv: popmupoBaHHEe Yy CTYJEHTOB OCHOB MaT€MaTUYECKOTO
MBIILJICHUS, CIOCOOHOCTH MPUMEHSATh T€OMETPUUYECKUE METOJIbI MPU MOCTAHOBKE U
pELIEHUN TEOPETUUECKUX U IPUKIIAAHBIX MATEMaTUYECKUX 3a1ay.

JI71st TOCTHKEHUS ATHX LEJIeH pelaroTcs CIeayoIne 3a0auu:

e Ormpenensercd  INOHATHE  TEOMETPUYECKOIO  BEKTOpAa KAk  Kjacca
OKBUBAJICHTHBIX HANpaBICHHBIX OTpe3KOB. I3maraercs BekTopHas anredpa,
UCIIONB3yeMasi B JAJbHEWIIEM KAaK OCHOBHOM HHCTPYMEHT IIOCTPOCHHS
AHAJIMTUYECKOU IT€OMETPUN;

e Bcecroponne wusydaroTcsi (GUTYpsl IEpPBOrO W BTOPOTO  MOPSAKOB,
SBJISIOIIMECS OCHOBHBIMU OOBbEKTaMU MCCIIEIOBAHUS B AHAIMTUYECKON T€OMETPHH;

e BBOJsTCS OCHOBHBIE THUIIBI T€OMETPUUECKUX PEOOpa30BaHUN U TPOBOJIUTCS
UJiesl paCCMOTPEHHUs PA3JIUYHBIX I'€OMETPUM KaK COBOKYIIHOCTU WHBAPUAHTOB TOU
WJIM UHOW TPYIIIBI MPeoOpa3oBaHU.

B Hauvasie M3ydeHMs NMCIUIUIMHBI C LEJIBI0 COXPAaHEHUS INPEEMCTBEHHOCTH CO
IIKOJIBHOM T€OMETPUEN PACCMOTPEHHUE OTPAaHUYMBAETCS TPEXMEPHBIM E€BKJIMIOBBIM
IIPOCTPAHCTBOM E*. IIpu 3TOM BEKTOPHI B TPEXMEPHOM €BKJIMIAOBOM IIPOCTPAHCTBE E*
, IpSIMBIE HA €BKJIMJOBOW IUIOCKOCTH E?, IJIOCKOCTH W NPSIMBIE B MPOCTPAHCTBE E°
M3y4alOTCsl BCECTOPOHHE C TOYKH 3pPCHHUS BBICHIEH MAaTEMAaTHUKU. 3aTeM
paccMaTpHUBarOTCs PUIypbl BTOPOIrO MOPsAKA HA TUIOCKOCTU E? M B IPOCTPAHCTBE E°.

Hanee paccmarpuBatorcst adpuHHbIE MpeoOpa3oBaHUs U JABMKEHUS MJIOCKOCTH
E’ ¥ MPOCTPAHCTBA E° IIUPOKO MCIIOJIL3YEMBIC B HACTOSIIECC BPEMs B Pa3IMYHBIX

rpauyecKkux mporpaMMax KOMIIbIOTEPHON T€OMETPUH.

3aKIIOUNTENbHAST  4YacTb  JUCLUIUIMHBL  «AHanumuyeckas  2eoMempusy
MOCBSILIIEHA  MHOIOMEPHBIM  ap(UHHBIM M  €BKJIHUJOBBIM  MPOCTPAHCTBAM.
OnpenenstoTcss W U3y4aroTcss (QUIypsl TEpBOrO M BTOPOro MOPSIKOB B
BEIIECTBEHHbIX  a@UHHBIX W  EBKJIMAOBBIX  NpOCTpaHCTBaxX;  ad@uHHBIC
npeoOpa3oBaHus U JBUKEHUS; apPUHHAS U €BKIIMI0BA TEOMETPHUSI.

B Teuenne Bcero mponecca OOydeHHsS MPOUCXOAUT CHUCTEMATHYECKOE
U3y4YeHHE T€OMETPUYECKUX MpeoOpa30BaHMM, MPOBEIECHUE TEOPETUKO-TPYIIOBOTO
B3IJIs7]a HA TEOMETPHUIO.

VYyeOHass NUCUUIUVIMHA «AHanumuueckas 2eomempusi» OTHOCUTCS K MOOYIIO
«Ancebpa u ceomempusy 1lrocy1apcTBEHHOIO KOMIIOHEHTA.

N3yueHnue NUCUUIUIMHBI «AHanumuueckas ceomempus» B TEYEHUE BCETO CPOKa
Oo0y4YeHUsI MMPOXOTUT BO 83AUMOCEA3YU C U3yYaeMbIMHU NapajuIeIbHO JTUCHUIUIMHAMU:
«Bseoenue 6 cneyuanbHocmvy», «Aneebpa u meopus uucen», «Mamemamuyeckuii
aHanu3».

B cooTtBercTBUM € 00pa3oBaTeNbHBIM CTAHAAPTOM B PE3YNIbTATE H3YyUCHHUS
JUCUUTUIMHBI 00YYaroUunCs JOJKEH:

3HATD:
—BEKTOPBI B E°, ONlepaIiui HaJl BEKTOPAMH;
—BJUTUTICHI, runepoosbl, napadoJIbl, SJITUATICOU/IBI, TUTIEPOOJIOU/IBI,

napaboIouIbl, UX KAHOHUYECKUE YPABHEHUS U CBONCTBA,;
—MoHATHS. N-MepHOTO apGUHHOTO U EBKIUJOBA MPOCTPAHCTB; addUHHBIC
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penepsl U KOOPAWHATHI TOYEK; K-MEPHBIE TJIOCKOCTH U (DUTYpHI BTOPOTO TOPSJIKA,
IPyNIbl TEOMETPUUECKUX MTPe0oOpa30BaHUIA;

yMeTh:

—BBIMOJHATH ~ ONEpallid  HaJ  BEKTOpaMH;  3alUChbiBaThb  0OIIKME U
napamMeTpUYecKre YpaBHEHHUS MIIOCKOCTEN B Pa3IMUHBIX MPOCTPAHCTBAX, ONPENEISATh
WX B3aMMHOE PACMOJI0KEHNUE; HAXOAUTh PACCTOSIHUS MEXIY TUIOCKOCTSIMU,

—10 00IIeMy ypaBHEHHUIO (PUTYpbI BTOPOTrO MOPSAKAa B E2 U E® ONPENessITh e
THUII, Pa3MEpbl, PACIOJOKEHUE OTHOCHUTEIBHO CHCTEMbl KOOPJIMHAT; IPHUBOJIUTH
oOmiee ypaBHeHHE (HUTYpBl BTOPOTO TOpsnka B ap@GUHHOM TIPOCTPAHCTBE K
HOPMaJIbHOMY BUIY;

BJIA/I€Th:

—METOJIOM KOOpAMHAT IPU pEUICHUU OCHOBHBIX 33Jlad AHAIUTUYECKON
TE€OMETPUHU.

HucnunnuHa u3ydaercs B 1 u 2 cemecTtpax O4HOM (DOpMBI TOTyUEHHUS
BhICIIETO0 0Opa3oBaHusa. Beero Ha u3yuenue yueOHON TUCHUTUTUHBI «AHAIUmMu4ecKast
eeomempus» otBenieHo 240 yacoB, B ToM uuciie 140 ayTuTOPHBIX YacOB, U3 HUX:

- B 1 ceMecTpe — 72 aymuTOPHBIX Yaca, U3 HUX: JeKIUU 36 4acoB, TaOOpaTOpHbIE
3ansTHs — 30 yacoB, ympasisiemasi CaMOCTOSITeNIbHas paboTa — 6 4acos;

- BO 2 cemecTpe 68 ayIuTOPHBIX YacOB, U3 HUX: JieKIuu 34 yaca, 1abopaTopHbIe
3ansaTHs — 30 yacoB, yrpasisieMasi CaMOCTOsITeNIbHAs paboTa — 4 yaca.

TpynoemMkocTh yueOHOM JUCIUILTAHBI COCTABIIACT 6 3a4ETHBIX STUHUII.

dopma NpOMEKYTOUYHOM aTTeCTAllMU — 3a4€T U DK3aMEH — | cemecTp, dK3aMeH —
2 ceMecTp.



1. TEOPETUYECKHWMA PA3IEJI

1.1. BBEAEHUE

O6menpu3HaHo 0co00€ MOJIOKEHHE MAaTEeMAaTHUKU CPEelU JPYTUX HayK, KOTOpPOe
3aKJII0YAETCsl B CTPOTOCTHU €€ ONpeIeNIeHU U MOCTPOCHUI, a0COIIOTHOM UCTUHHOCTH
MaTeMaTUYECKNX YTBEPKICHUM — HMMEHHO OTO IPUBJIEKAET K IOCTHKEHUIO
MaTeMaTUKH MHOTUX Jrojie. CTporoctb MareMaTUYECKOW HAayKH JOCTUTAETCS TEM,
YTO TEOPEMbI TOM WJIM WHOW 00JIacCTU MaTEMaTUKH BBIBOJSTCS (JI0KAa3bIBAIOTCS) 1O
OMPENICICHHBIM JIOTHYECKUM 3aKOHAM U3 HEKOTOPBhIX CPABHUTEIBHO MPOCTHIX
YTBEPXKACHU, KOTOpPBIE B ATOW 00JACTH CUMTAIOTCS UCTUHHBIMH, T.€. U3 akcuom. B
HAauOONbIIEH CTEMEHH 3TO OTHOCHTCA K TEOMETPUHU, U3JIOKEHHUE KOTOpPOH B
"Hauanax" Esxmupa (III B. 1o H.3.) ObUIO MHEPBBIM B HCTOPUU YEJIOBEYECTBA
aKCHOMAaTUYECKUM IMOCTpoeHueM HaydHoil Teopuu. Conepxkanue "Hawan" no cux
IIOp OCTaeTCss OCHOBOM IIKOJBHOM JJE€MEHTapHOW reomeTpuu. Ilmockocts wu
MPOCTPAHCTBO, IJI€ pa3BUBACTCS MIKOJIbHAS TEOMETPHS, HA3bIBAIOTCS e8KIUO06bIMU. B
nanbpHeieM akcuoMmbl EBKIMa ObUIM BCECTOPOHHE U3YYEHBI U JIOMOJIHEHBI.
Haunbonee m3BecTHOM sBIsIeTCS akcumomaTuka /Jl. FHJIL6epTal, BKIroyaromniasa 20
aKCHOM.

[Io MHOTMM NpUYHMHAM TOJHOE M CKPYIYJIE3HOE aKCMOMATHYECKOE W3JI0KECHHE
€BKJIMJOBOM T'E€OMETPUM B IIKOJE HEBO3MOXHO. TakoW NOAXOJ peanus3yercs B
BBICIIE MaTeMaTUKE B paMkax JIuclMIuiMHbl "OcHoBaHusi reomerpuun’. Ilpu
NPEeNoJaBaHUK  AUCHUIUIMHBL  «AHanumuyeckas 2eomempus» Mbl He Oyaem
paccMaTpuBaTh cMCTeMy akcuoM I 'mimbbepra.? Tem He MeHee, UCHONB3ysl B Hadale
HaIllero Kypca MaTepuai 3JIEMEHTapHOW IIKOJILHON TeOMETpPUU, Mbl MOXEM OBITh
YBEpPEHbl B €ro BO3MOXHOM CTPOroM OOOCHOBAaHMM B paMKaxX aKCHOMAaTHUKH
['mnbbepra. Kpome runb0epTOBCKOM CYHIECTBYIOT W JIPYTM€ CHUCTEMBI aKCHOM
eBKJINI0BON reoMerpuu. Cpeau HHUX, MPEXKAE BCEro, CIEeAyeT YINOMSIHYTh
akcuomatuky I'. Beiins®,

AKCHOMAaTHYECKOE TOCTPOCHUE TEOPUM MPEANOJIAraeT HaIudue HEKOTOPBIX
nepsuuHblx (HEONPENEIsIeMbIX) NHOHAMUL U NEPEUYHLIX OMHOUWEHULl MEXIy HUMH,
CBOICTBAa KOTOPBIX OINUCHIBAIOTCS akcuoMamu. B akcuomatuke ['unpOepra
€BKJIMJIOBOM TE€OMETPUHM TNEPBUYHBIMU TOHSTUSMH SIBIISIIOTCA MOYKA, NPAMAs,
NJI0CKOCMb, TIEPBUYHBIMU OTHOLUEHUSIMU — UHYUOEHMHOCMb, JeHCAmb MedHcoy,
Kouepysumuocms. B akcuomaTtuke Beiisi NepBUYHBIMU TMOHSTUSMH  SIBJISIIOTCS
MOHATHUS MOYKA U 6eKMOp, IEPBUUYHBIMU OTHOIICHUSIMU — ONEpayul Hao 6eKMopamu
U MOYKAMU.

AHaJIUTUYECKasi TEOMETPUsl M3Yy4aeT T'eoMeTpUYecKhe (GUTypbl C MOMOIIBIO
anreOpbl, UCIOIB3Yd MemoO KoopouHam. BrHepBble 3TOT METOJ MNPUMEHUI
dbpannysckuii Mmarematuk u ¢uinocod Pene [exapt (1596 — 1650). B ero uectsb

! Nasuz I'ums6ept (1862 — 1943) — HeMeKHMii MaTEMaTHK.

2 Tlompo6HOE M3/I0KEeHNe akcHoMaTuKu I uinpbepra umeerca B kuurax:[7],[8]. TuasbepToBckas
aKCHOMAaTHKa TUTAaHUMETPHUH 00CykaaeTcst B kaure [10].

3 T'epman Beitnn (1885 — 1955) — nemenkuii MmaTemaruk. I1ocTpoeHHe 3/1eMEHTapHOM TeoMeTpUr
Ha OCHOBE akcmomaTuku Beilnst mpoBeneno, Hanpumep, B kaurax [11], [12].
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HanOoJIee YacTO MCIOIb3YEMbIE CHCTEMbl KOOPAMHAT HA3BIBAIOTCSA dekapmosvimu. B
oOIeM ciiy4yae BBEJIEHHE KOOPAMHAT B HEKOTOPOM MHOXKECTBE O3HAYAET 3aMEHY
AJIEMEHTOB O3TOTO0 MHOXXECTBa DJJIEMEHTaMHM Jpyroro, Oosiee yAOOHOTO s
UCCJIEIOBAHUSI, MHOXKECTBA. B reoMeTpuu MeTo] KOOpAMHAT IMO3BOJISET 3aMEHATH
TOYKM TMPOCTPAHCTBA TPOMKAMHU BEIIECTBEHHBIX 4Yuced H  (GOPMYIUPOBATH
r€OMETPUYECKUE YTBEPKACHUS C TIOMOUIBIO YpPAaBHEHHM, HEPABEHCTB M APYIHX
dbopMallbHBIX BhIpaKeHUW. Pemasi ypaBHEHUS WIM HCCIEQysl UX anreOpandecKuMu
METOJIaMH, MOJYYaOT PElIEHUEe IreOMETPUUYECKON 3a/jauyu WM OMUCHIBAIOT CBOMCTBA
¢duryp.

Hanee B pamkax Teopernueckoro paszaena YMK Oyaer uznokeH marepual,
OTHOCSIIIIMICS K  OCHOBaM  JUCHUIUIMHBI  «AHanumuueckas — 2eomempusy,
MOKPHIBAIONIUN COAECPKAHUE BOIPOCOB, MNPEHJIAraloIMXCsl Ha TOCYAapCTBEHHOM
HK3aMEHE 10 OKOHYAHWU y4eObl Ha MEXaHUKO-MaTeMaTH4ecKoM (Qakyibrere. B
MOJIHOM 00BbEME C COJEPKAHHEM JUCIMIUIMHBI MOKHO O3HAKOMHTHCS IO YYEOHOMY
noco6wuto [3], TocTymHOMY B JIEKTpOHHOM Oubanoreke bI'Y.

1.2. BekTOpbI

1.2.1. IlonsiTHe BeKTOpA

BekTop — 04HO W3 BaXXKHEUIIMX MATEMATUYECKUX MOHATUH. [lomrMo reomerpun
BEKTOPHI HCIIONB3YIOTCA B JPYTrUX pasaeiax MareMatukud. Kpome Toro, mMHoTrHe
bu3MYeCKUe BEIWYWHBI, TaKWe, HampuMep, KaK CKOPOCTh, YCKOPEHHE, CHIIA,
WHTEPIPETUPYIOTCS KaK BEKTOpPHl. B JaHHOW TJIaBe pacCMaTpUBAIOTCS BEKTOPHI B
DJIEMEHTAPHON €BKJIMIOBOM T€OMETPHH, ONPEACIIIEMbIC HAIIPABICHHBIMUA OTPE3KaMU
npsaMbeIX. B o0meM ciydae BEKTOpP — 3TO AJIEMEHT TOTO WM WHOTO BeKMOPHO20
NPOCMPAHcmea N ero MpUpoIa MOXKET OBbITh Pa3HOOOPA3HOM: B POJIM BEKTOPOB MOTYT
BBICTYTIATh yncia (Ha0opbl yrceln), GyHKIUHA, MHOTOWICHBI, Mampuysl U T.J1.

Onpeoenenue 1. HanpagieHHbIM OMPEIKOM HA3bIBACMCS OMPE3OK NPIMOLU,
0J151 KOMOPO20 OOHA U3 €20 SPAHUYHBIX MOYeK 8blOPaHa 6 Kawecmee Hauald, a opyeas
— 8 Kauecmee KOHYa ompe3sKd.

HanpasiienHsiii otpe3ok Oyaem obo3Hadath cuMBosioM AB; 3mech A— Hauano
oTpe3ka, B — koHel. HanpaBieHHbIN 0Tpe30K n300pakaeTcsi B BUJIEC MPSIMOJIUHEHHOM
CTpEJIKH, HallpaBJIEHHOM OT Havyasia K KoHiy (puc. 1.1).

B

4 c/[‘)' A/B' F/

Puc. 1.1 Puc. 1.2

Cayuyait, korma A=DB, He wuckiIrouaeTcsi, HampaBJICHHBI OTpe3ok AA
Ha3bIBAETCSA HY/1€6bIM. HampasneHusrii OTPE30K BA Ha3bIBAETCS
HPOMUBONOI0JCHBIM JIISl  HampaBieHHOTO otTpe3ka AB . Jlagee Hac Oyayt
UHTEPECOBATh TOJBKO HANpaBJICHHBIE OTPE3KH, MOATOMY HHOIJAA IS KPAaTKOCTH
HanpasienHvlll ompe30k 0yaeM Ha3bIBaTh MPOCTO ompe3kom. JITMHY TPOU3BOILHOTO
otpe3ka AB Oymem oGo3Hauats | AB].



Ecnmu ectb 11Ba HEHYJNEBBIX HAIPABJICHHBIX OTPE3Ka, KOTOPBIE JIEKAT Ha
MapaAJUICIIbHBIX TPSIMBIX WM HA OJHOW NIPSAMOM, TO BBIIOJHAETCA OJHO U3 JBYX
YCIIOBUI: JTMOO OHU 0OUHAKOBO HANPABIEHbl, TUO0 NPOMUBONONONCHO HANPABIEHDYL.

Ha pucynke 1.2 orpe3ku AB u CD oauHakoBo HamparieHbl (AB ™ CD), otpesku

AB u EF mporusononoxso Hanpasiessl ( AB T EF ). O6brdHO HanmpapieHHBIE
OTPE3KH 337al0TCA TaKUM 00pa3oM, YTO Mbl MOKEM OTJIMYUTH MEPBYIO CUTYAIUIO OT
BTOPOM.

Onpeodenenue 2. Hanpasnenunviii ompe3ox AB nazvieaemcs IKeueaneHmHbvim
HanpasenenHomy ompesky CD (o6o3nauenue AB~CD), eciu onuna ompesxa AB

pasnua onune ompeska CD (|AB|=|CD|) u ompesxu AB u CD o00unakogo

nanpasnenvt ( ABTTCD). Bce nynesvie ompesku SKkeusanienmubl Mexcoy cobol
(Vv ABeE® AA~BB) u nuxaxoii Hyneeoii ompe3ok He >K6UEANEHMEH HUKAKOMY

HEHYIe60M)).

Onpeoenenue 3. Bekmopom nazvieaemcs Knacc 9K6UBAIEHMHbIX HANPABICHHbIX
Ompe3Koa.

BekTopbl 0003Ha4arOTCs CTPOYHBIMH JATUHCKUMH OYKBAaMHU CO CTPEJIKOM

HaBEPXY: a,b,c, ... Takum 0o0pa3oM, KaKIblii BEKTOp d MPEICTaBIISIET COOOH
OECKOHEYHOE MHOYKECTBO HAIIPABJICHHBIX OTPE3KOB, SKBHBAJCHTHBIX MEXIy COOOI:
a={AB,CD, EF,...|AB~CD~EF ~..}., Kaxnplii HampaBiICHHBIA OTPE30K,
COCTABJISIONINI TAHHBIN BEKTOP, Ha3bIBACTCS npedcmasumenem 3TOro Bekropa. Eciu
AB — mpencraBurenb BeKTOpa d , TO JJI1 BEKTOpAa & WHCIOJIB3YIOT TaKXKe

o0o3HaueHue AB . HM300pa3suTh BEKTOp, T.€. BCE HaIpaBJICHHBIE OTPE3KH,
COCTaBIISIIONINE JAaHHBIA BEKTOpP, HEBO3MOXKHO, OOBIUHO ISl M300paKEHUSI BEKTOpa
PHCYIOT €ro MPeJCTaBUTEINS U CTaBIAT 0003HaueHHe BekTopa (puc. 3).

=
Puc. 3

[Io ompenenenuto, BCe HyJEBbIE OTPE3KHM OOpa3yloT OJMH  Kiacc

OKBUBAJIICHTHOCTH, T.€. OJWH BEKTOpP. OTOT BEKTOP HAa3bIBACTCS H)YJIE€GbIM W
o6o03Hauaercss 0. MHOXkECTBO BCEX BEKTOPOB IpocTpaHcTBa 06o3HaunM V(E3).

—

IIycte &, b — HenysneBbie BeKTOpbl. OTIIOKHB MX OT HEKOTOPOW TOYKH O, T.€.

noctpouB Touku A u B rtakwe, uro d=O0A,b =0B, M0XHO TOBOPHUTH O YHCIE ¢,
0<@<m, BelpaxaromieM (B paauaHax) BeauuuHy yria AOB. OTMeTUM, 4TO YHCIIO

—

¢ HE 3aBUCHT OT BbIOOpa TOYKU O. JIEHCTBUTENBHO, €CIM OTIOXKUTH BEKTOPHI &, b
ot apyroit Touku O’ (a=0'A',b=0B"), o yrnmet AOB u AO'B" umeror monapro
IapajulesIbHbIE U OJMHAKOBO HAIPABJIIEHHBIE CTOPOHBI, TOATOMY MX BEJIMYUHBI PABHBI.

Yucno ¢ HasblBAETCA GeIUuUHOU y2na Mexay Bexktopamu a € D. Henynesbie

—

BeKTOpLI d € D HaswBaroTCsa opmozonanvhvimu (MM NEePREHOUKYIAPHLIMU), €CIH

10



BEJIMYMHA YIJIa MEXIy HUMU paBHA % (o6o3nauenue: a L b). HymeBoit BekTOp

CUMTAETCA OPTOTOHAJIBLHBIM JTIOOOMY BEKTOPY.

—

Onpeoenenue 4. I[lycmo 8,0,C, ... — nexomopas cucmema eexmopos. Bexkmopwi

a,b,C,.. wnasviearomes KonnuHneapuvimu  (KOMHIGHAPHBIMU),  eCclu  Npu
omKaadvléanuu ux om Hekomopou mouxku O nonyuarowuecss mouxku A, B,C,...
nedcam Ha o0Hou npamou A, npoxodsuweti uepes mouxy O (6 oOHoul niockocmu T,
npoxooawet uepez mouxky O ). B ciayuae xonnuneapHocmu uiu KOMNJIAHAPHOCMU

2o6opsam maxoice, umo eekmopul @, 0,C, ... napannenvnvt npsmou A (8,b,C...||A)

wnu nockocmu @ (8, b, €...|| ).

1.2.2. Cymma BekTopoB. [Ipon3BeneHue BeKTOPOB HA YUCJIA

Onpeoenenue 5. Cymmoii gexmopa a = OA u sexkmopa b = AB  naswisaemcs
éexmop d+b =0OB (Puc. 4).
Taxum o6pazom, st mo0bix Touek O, A, B € E3 BepHO paBeHcTBO

OA + AB = OB, (1)
KOTOPOC HA3BLIBACTCS paéeHCcmeom mpeyzo/ibHUKA.

a b
o B
a+bh
Puc. 4
CyMMa JABYX HEKOJUIMHEApHBIX BEKTOPOB d=0A u b=0B wmoxer ObITb
BBIYKCIICHA T10 CIEAYIOUIEMY HPAGUJIY RAPAL1en0ZPAMMA: CyMMa BEKTOPOB-CTOPOH
napajuiesiorpaMmMa, BBIXOJSIIMX W3 OJIHOM BEPIIMHBI, paBHA BEKTOPY-IHArOHalH,

BBIXOJISIIIEMY U3 3TOM K€ BEPLINHBI: OA+0B=0C (puc. 5).

B C

e

0] A
Puc.5

OTMETHM CIEYIONIME OCHOBHBIE CBOMCTBA CIIOKEHHUS BEKTOPOB, CIIPABEIUBhIE
711 0GBIX BekTopos &, b, € e V(E?).

Teopema 1. (i) a+b= b +a (kommymamusnocms croscenus eexmopos):

(ii) (A+b)+C=a+(b+€) (accoyuamusnocms croxcenus 6exmopos);

(i) 8+0=a (wynesou eexmop 0 seremcs HEUMPATLHBIM IJIEMEHHIOM
OMHOCUMETIbHO CNIONCEHUS);

(iv) o mobozo sexkmopa a € V(E®) cywecmeyem npomueononoxicuwlii éexmop
(—a) € V(E®), T.e. Taxoii, uto d+(—a) =0.
11



C anreOpanueckoit Touku 3peHust Teopema 1.1.1 o3HayaeT, 4TO MHOIHMCECEO
Bcex BEeKTOpoB mpoctpancTtsa V(E®) oTHOCHTENBHO ONepamyyu CIO0XKEHHs SBISETCS
abenesoll 2pynnoil.

Onpeoenenue 6. I[lycmo 8— npouseonvHbiii 6eKMOp, A — NPOUEONbHOE

seulecnieeHHoe 4Yuciuo. HpOlL’f@édéH”éM eéeKkmopa d Ha Yucio A Hazvl8aemcs

gexmop, komopwiii oboznavaemcs M u onpedensemcs credyiouuMU YCL06UAMU
() [Aa]=|n[lal;

Aa T a ecu >0,
ra ™ a, ecu A<O.

Teopema 2. /[us n06bix sexkmopos &, b e V(E®) u ona mobbix uucen h,peR

(if)

BEPHbL PABEHCMEA.

(i) (8 +b)=2a +1\b;

(i) (A +p)a=»nrd+pa;

(i) (Ap)a=r(pa);

(iv) la =a.

Tor ¢akrt, 4T0 Omepanuu CIIOKEHHS BEKTOPOB M YMHOXKCHHS BEKTOPOB Ha
BCIIICCTBECHHBIC YHCJIAa YIOBJICTBOPSIOT YTBEPXKACHUSAM TeopeM | W 2 Ha s3bIKE
anre6pel o3Hauaet, uto V(E®) sBusercs sewecmeennvim gexmophvim (nuHeliHbiIm)

NPOCMPAHCMBOM.
IlycTth
&, 8y — (2)
KOHEYHAsl CUCTEMA BEKTOPOB,
}\417...,}\4k_ (3)
IIPOU3BOJIBHBIE BEIIECTBEHHBIE Yncia. BekTop
a=na +..+A,4 4)

HA3bIBACTCS JIUHEHUHOU KOMOUHayuell CUCTeMbl BEKTOpOB (2) ¢ kKoddduimeHramu

(3). FoBOpAT Takxke, UTO & JUHEHUHO 8bIPANHCACHCA YEPE3 CUCTEMY BEKTOPOB (2).
Jluneitnass koMOuHanusi (3) Ha3bIBaCTCA  MPUBUATIbHOU, €CIU  BCE

k03 dunmeHTsl paBHbl HYMO: A, =...=A, =0. SIcHO, 4TO TpUBHAaNbHAs JIMHCHHAS

KOMOMHAIHsI TF000# CHCTEMBbI BEKTOPOB paBHA HyseBomy Bektopy: 0d, +...+ 03, =0.

Jluneiinass koMOuHanus (3) Ha3bIBACTCS  HEMPUBUATIbHOU, €CIU  Cpelu
K03 puieHToB (2) ecTh HEHYJIEBbIE YHCTA.

Onpeoenenue 7. Cucmema sexkmopos (1) nazvieaemcsi TUHEHHO 3A8UCUMOIL,
ecnu cywecmeyem HempueuaibHas aunetinas komounayus cucmemst (1), pasuas
Hynegomy eexmopy. Cucmema 6eKmopos, He AGNAWAACA JTUHEUHO 3a8UCUMOL,
HA3b16aemcst IUHEUHO He3A6UCUMOU.

Hpyrumu cioBaMu, CUCTEMA BEKTOPOB (4) JTUHEWHO HE3aBUCHUMA, €CJIM TOJIBKO
TpUBUATbHAS JIMHEWHAsT KOMOWHAIIUS ATUX BEKTOPOB PaBHA HYJIEBOMY BEKTODY, T. €.

—

u3 paBeHctBa A4 +...+A, 8 =0 caenyer,ytro A, =..=A, =0.
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1.2.3. Ba3ucsl

Onpeoenenue 8. basucom mnoocecmsea N(EY) eexmopos npswoi E'
Haszvieaemcs nHenynegoii éekmop € € V(E').

Teopema 3. ITycmv € — 6asuc muooncecmsa V(E'). Toeda nwoboii eexmop
a e V(E") nuneiino svipascaemcs uepes €

a=x€, xeR. (5)

Yucno X onpedensiemcst 0OHO3HAYHO U HA3bIBAEMC sl KOOPOUHAMOU 6eKkmopa a
8 0anHom ba3zuce.

Onpeoenenue 9. Basucom mnoocecmea N (E?) sexmopos nnockocmu E?
Hazvieaemcesi  ynopsioouennas napa (€,€,) HeKoLIuHeapHbIX BEKMOPO8 MOl
NIOCKOCMU.

Teopema 4. ITycmo (€,€,) — 6asuc muoxcecmsa V(E?). Toz0a moboii éexmop
a e V(E?) auneiino svipasicaemces uepes 6asuc (packiadvieaemes no 6asucy):

a=Xxe + Ve, Xx,yeR. (6)

Yucna X u Y onpeoensitomcs OOHO3HAYHO U HA3BIBAIOMCS KOOPOUHAMAMU
sekmopa a 6 OaHHoM basuce.

Onpeoenenue 10. Basucom mnoxcecmsa V(E>) eexmopos npocmpancmea E®
Hasvieaemcs ynopsioouennas mpouka (€,€,,6;) HexoMnIaHapHbIX 6eKMOpPos.

Teopema 5. Ilycmo (€,€,,6;) — basuc mMHodiCECMEa 8eKMOPO8 NPOCMPAHCMEA
V(E®). Tozoa nioboii eexmop @eV(E®) nuneiino ewipasicaemcs uepes 6asuc
(packnaovieaemcst no basucy):

a=Xxe +YeE, +26, X, ¥, zeR. (7)

Yucna X,Y,7 onpedenstomcss OOHOZHAYHO U HA3LIGAIOMCS KOOPOUHAMAMU

séekmopa a 8 OaHHoM basuce.

Cpenn  MHOXecTBa  Bcex  0a3MCOB  BBIACJSIOT  TaK  Ha3bIBaeMbIe
OPMOHOPMUPOBAHHble 6A3UChl, KOTOPbIE YTOOHBI TPU BBIUMUCICHUSX.

Onpeodenenue 11. Opmonopmupoeannvim 0a3ucom Hazvleaemcs 0Oazuc,
8EKMOPbI KOMOPO20 NONAPHO OPMO2OHAILHbL U UMEIOM eOUHUYHYIO OTUHY.

OOBIYHO OPTOHOPMHUPOBAHHBIE 0a3MChl HA IUIOCKOCTH oOo3Havarotes (1, ), B

npocrpanctee — (i, ,K) (puc. 6).

Puc. 6
ITycts (€,€,,6,) — Gasuc B MPOCTpPaHCTBE E® . Ornoxum BeKTOpHI €,€,,6, oT

HEKOTOpoi Touku O, MONydyuM CcOOTBeTcTBeHHO Touku E;,E, E;. O0Go3nHaunmm mn
IUIOCKOCTD, mpoxoasilyto uepes Touku O, E , E, (puc. 7).
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Puc. 7
[TockombKy BEKTOPBI, COCTaBIIOMME Oas3uc, He KOMIUIAaHAPHBI, TO Touka E, He

JICKUT B IUIOCKOCTH T, & JISKUT B OJHOM M3 JIBYX IOJYIPOCTPAHCTB, HA KOTOpHIE
IPOCTPAHCTBO pa3dMBacTCs MIOCKOCThIO T . basuc (€,€,,6,) Ha3pIBacTCs Mpaswim,
ecH, TS Ha IUIOCKOCTh T M3 TOYKH E; (M3 «xoHIa» Bekropa €;), MBI BHIUM
KpaTyaiimumii moBOpOT BekTopa € 10 BekTopa €, MPOMCXOJSAIIMM B HAIpaBJICHUH,
IPOTUBOINOJIOXKHOM HAIpaBJIEHUIO MOBOPOTa 4acoBOW cTpenku (puc. 7, a). baszuc
(€,,€,,6;) Ha3pIBacTCs JIeGbLM, CCIH, TSI U3 «KOHIA» BEKTOpa €, , Mbl BUIUM
KpaT4allmii MOBOPOT BEKTOpa € 1O BEKTOpa €, MPOUCXOJSIIUM B HAIPaBICHUU

JBIDKCHUS 4acoBOM cTpenku (puc. 7, 6). MonensMu mpaBoro u JeBOro 0a3ucoB
MOTYT CIIYXXHUTh TIEPBBIC TPU Tajblla PYKH UYEJIOBEKA, COOTBETCTBEHHO TPABOU H
JICBOM, PACIIOIOKCHHBIX B €CTECTBEHHOM ITOJIOKCHUH (puc. 8).

Puc. 8
DTUM 00BSACHSACTCS YIIOTPEOICHHE TEPMUHOB npasbiil U aesviil. Ilpasoi (nesoir)

opuenmayueii npocTpaHcTBa E° HaspiBaeTCs BBIOOp Kiacca MPaBbIX (JICBBIX)
0a31uCcOB MHOXKECTBAa BEKTOPOB MPOCTpPaHCTBA. JIETKO yOEaUThCS, YTO CIIPaBEIUBBI
CJIEAYIOIINE CBOMCTBA OPUEHTAIUU:

(1) nepecmanoexa n06LIX 08YX 6eKMOPO8 6 YNOPSIOOUEHHOU MPOLKe
HEKOMNIAHAPHBIX 8eKIMOPO8 MEHAEm OPUEHMAYUIO HA NPOMUBONOT0NACHYIO;

(if) samena oono2co u3 6ekmMopo8 6 YnopsiOOUEeHHOU MPOUKE HEKOMNIAHAPHBIX
BEKMOpPO8  HA  NPOMUBONONONCHBIL  8EKMOp  MeHsem  OpUeHmayuro  Ha
NPOMUBONOIOHCHYIO.

1.2.4. CxansipHoe npousBe/ieHHe BEKTOPOB

—

Onpeoenenue 12. Ilycmv & u b — npouseonvnvie sexmopwvl. CKanapHvim

npouseedenuem eéexmopa a na sexkmop b nazvisaemcs uucno (ckansp), komopoe

obosznauaemcs ab u onpedensemces ciedyoumum o6pasom:.
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56 |a||b|cosq, eciu @#0ub =0 (¢—seruuuna yena mexcdy au b),
0, ecnu xoms 6vl 00UH U3 8EKMOPOB A UNU b HY1e8O.

CkanspHblii KBagpaT BEKTOpa 8, T.e. HeoTpulaTeabHoe Yucio aa =|a[* 6yaem

0603Ha4aTh a°. U3 ompeeieHus BBITEKAIOT CIEMAYyIOmuUe (POPMYIbI [/ BEIYUCICHHS
JUIMHBl TIPOM3BOJIBHOTO BEKTOpa d M BEIMYUHBI yria MEXIy HEHYJIEBBIMU

BeKTOpamu a u b yepes ckansipHOE MPOU3BEICHHUE:

—
—

|a|= \/51’72 , (=arccos #aba : (8)
lallb]

Ymeepowcoenue 1. /[ns 1106wix 6exmopos ab,ce V(E®) u mob6oeo uucna » e R

8epHbL CledYIouUe PABeHCEA.
(i) ab =ba — ceoticmeo Kommymamuenocmu cransprozo npouseedenus;
(i) (A@)b =a(Ab) =1(ab);
(i) (b j‘ C)a= bzi+ ca,
d(b+C)=ab+ac.
Cnpaseonueocmo pasencme (1) u (iil) oznauaem, umo ckansaproe npoussederue
oununeiino.

(iv) ab=0«<4a Lb.

Ceoticmeo (V) o3nauaem, umo pasencmeo Hyo CKAIAPHO20 NPOU3EEOCHUSL OBYX
BEKIMOPOB SA6NIACMCA KPUMEPUEM UX OPMOZOHAILHOCHIU.

Iycts (i, j,K) — opronopmupoBanHkIii 6a3uc MaokecTBa BekTopos V (E°),

acx,y,,z),b(x,,y,,2,) — mnpousBonbHBIt BEKTOPHI, 3aJaHHBIC CBOWMH

KOOpAMHATaMU B 3TOM Oasuce. B 3ToM ciydae ckajsipHOE MPOM3BEIEHHE BEKTOPOB
BBIYUCTIsIETCS 10 popMyIie:

ab = XX, + VY, +2,2,,
a ¢opmynbl (1) I IIUHBI BEKTOpPA W BEJIIMYMHBI YIJIa MEXKIY BEKTOPaMH HMEIOT

BUI:
_ X, + V.Y, + 2,2
|al=\X + Y +2, @=arccos—— Xlz"‘ 2’13’2 L2 (9)
\/x1+y1+zl-\/x2+y2+zz

Ecmu  Bektopel d(x,Yy,) u Db(X,,Y,) 3amaHel CBOMMH KOOpIAMHATAMH B

OpPTOHOPMHUPOBAHHOM Oazuce (I, ])WIOCKOCTH, TO MoJTyyaeM aHanoru ¢popmyi (1'):

|d|=+/x2+y2, @=arccos Xot W (10)
G+ X+ Y

15



1.2.5. BekTopHOe npou3BeaeHNe BEKTOPOB
Onpeoenenue 13. ITycmo @ u b — nexonnuneapuvie eexmopuvl. Bexmopnvim
npouseedenuem eexmopa a na eexmop b uasvieaemcs eexmop, Komopuiii

obosnauaemcs A xb u onpedensemcs cnedyrowumu ycrosusmu:
(i) [axb|=|al[b[sing;
(i) axb 1L &, axb Lb;
(iii) ynopsoouennas mpoiika sexkmopos (a,b,axb) — npasas.
Ecnu 8 u b — kommuneapnvie éexmopwi, mo ux eéekmopnoe npousgedenue

nonazarom pasHvim Hynegomy eekmopy. axb =0.
OTMeTHM, YTO B ClTy4ae HEKOJUIMHEAPHBIX BEKTOPOB JJIsSI ONPEACIICHUSI BEKTOpa

axb myxusl Bce Tpu yexosus (i), (i) u (iii): yenosue (i) ompenensier TonbKo JUIHHY
(HeHyJIEBYI0) BEKTOpa dxb . Venosusm (1) u (i), 0OYEBHIHO, YTOBICTBOPSIOT JIBa
B3aMMHO IPOTHBOIIOJIOKHBIX BekTopa. M Tompko Bce Tpu ycmous (i), (i), (iii)
3a1a10T BeKTOp 4 X b oxHO3HAuHO (pHc. 9).

axb

a a
Puc. 9 Puc. 10

3aMeTHM TakXKe, YTO JUIS HEKOJUIMHEapHBIX BEKTOPOB Onuma |axD |

BEKMOPHO20  NPOU3BEOCHUS  YUCICHHO PA6HA  NIOWAOU  NAPANLEI02DAMMA,
nocmpoennoz2o na éexmopax a u b (puc. 10).

Ymeeparcoenue 2. s niobwix eexkmoposg a,b,¢ € V(E®) u mo6oeo uucia » e R
6epHbL Ce0YIOuUe PABEeHCNEA.

(i) dxb=—(bxad) — ceolicmeo ammuxkommymamuenocmu 6eKmopHO20
NPOU38e0eHUs;

(i) (\@)xb =ax(Ab)=A(axb);
ax(b+¢)=(axb)+(axc) _
(b +C)xd = (bxd)+(Cxa)

(iv) axb=0<4||b.

Cnpaseonusocms pasencme (ii) u (iil) oznauaem, umo sexkmoproe npouseeoenue
(kax u ckanaproe) oununeiino.

Csoticmeo (IV) o3nauaem, umo paseHcmeo HYNO BEKMOPHO20 NPOU3BEOCHUS.
08YX 8eKMOPOB A8I1emcsi Kpumepuem ux KoJLIUHeapHoCmu.

(iii)

Iycts (i, J,K) — mpaBelii oproHOpMHpOBaHHBIM Ga3MC MHOKECTBA BEKTOPOB

V(E®) , a(X,Y,,2),0(X,,Y,,Z,) — NpOM3BONbHBIC BEKTODBI, 3aJaHHBIE CBOMMH
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KOOpAMHATaMU B 3TOM 0Oasuce. B 3ToM ciydae ckaisipHOE MpPOM3BEIEHUE BEKTOPOB
BBIYHCIIIETCS 110 (hOpMyJIE:

i
axb = X
X2

<

K
Z,|. (11)
Y 4,

1.2.6. CMemiaHHOe IPOU3BeAeHNEe BEKTOPOB

Onpeoenenue 14. Ilycms (@,0,C) — ynopsoouennas mpotika npouzéonvHwix
sexmopos. Cmewannvim npouseedenuem mpotiku eexmopos (4,0,C) naswieaemes
yucno (@axb)C. Cmewannoe npoussedenue obosznauaemes ahc.

ITycts ab,c - HEKOMILUIaHapHbIE BEKTOPHI. OTIOKNUB UX OT HEKOTOPOU TOUKH
A, momyuum ToukM cooTBeTcTBeHHO B,D,A, He nexamue B OJHOH IIOCKOCTH C
toukoi A. CnenoBatenbHo, oTpe3kun AB, AD, AA MOXHO cuuTaTh Tpems peOpamu
napamenenmnena ABCDA B,C,D,, BEIXOASIIMME U3 OAHOW BepuHbl A (puc. 11).

o D,
B/\ 4
AN,
\/
B a A
Puc 11

OTOoT MapaJuICICIIUIIC 6y,[[€M Ha3bIBATb napaﬂﬂeﬂenunedww, NOCMPOEHHbIM HA

sekmopax  a,b,C. OO6o0o3HauuM V  YHCIIO, BBIpaXKamwIIee O00BEM  ATOrO

napaienenunena. BeenenHoe o6o3HaueHue OyJeM HCIONIB30BaTh B CIEAYIOMICH
TEOpEME, BBIPAXKAIOIIECH r€OMETPUUECKUI CMBICT CMEIIAHHOTO MPOU3BEICHUS.

Teopema 6. Ilycmo 5,6,6 — HeKoMnaaHapHvle sekmopul. Toeoa
Shc — V, ecnu mpoiika (a b, ¢) npasas;
- -V, ecau mpoiika (d ,Z; ,C) 11e6asi.
Ilycth (T, ],IZ) — TIpaBbli OPTOHOPMHUPOBAHHBIN 0a3UC MHOMKECTBA BEKTOPOB
V(EY), é(xl,yl,zl),5(x2,y2,22),6(x3,y3,z3) — MPOM3BOJILHBIE BEKTOPHI, 3aJaHHBIC
CBOMMU KOOpJMHATaMHu B 3ToM 0a3zuce. Torma

Ckowoa
abc=x, vy, 7| (12)
X3 Y 43
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Cneocmeue 1 (kpumepuit xomnianaprocmu). BeKTOpbI a,b,¢ seusercs
KOMIUTAaHapHBIMU TOTJIa M TOJBKO TOTJa, KOTaa onpenaenutens (1), cocTaBIeHHBIN U3
KOOpIMHAT BEKTOPOB, PaBEH HYIIIO.

CrneacTBue OYEBUIHO, €CIM KOOPJAWHATHI 3aJaHbl B OPTOHOPMHUPOBAHHOM
6azuce. BMecTe ¢ TeM OHO BEpPHO M B Cllydae, KOTJa KOOPJAUHATHI BEKTOPOB B3SITHI B
IIPOM3BOJIHLHOM (HE 0053aTeTbHO OPTOHOPMHUPOBAHHOM) Oasuce. Jleno B TOM, 4TO
3HAUYCHHUE ONPEICTUTENISI W3 KOOPAWHAT BEKTOPOB OTIMYACTCS OT 3HAYCHUS
CMEIIAaHHOTO TPOMW3BEICHHUSI 3TUX BEKTOPOB HA OTJIHMYHBIA OT HYJS YHCIOBOU
MHOUTENb. Ecii 6a3uc OpTOHOPMHUPOBAH U MPaBbIi, TO ’TOT MHOKHUTENb paBeH 1.

1.3. YpaBHeHusI NpPAMBIX HA IUIOCKOCTH E?, IJIOCKOCTEH M
NPSAMBIX B IPOCTPAHCTBE E*

1.3.1. Apdunnble penepsl U ypaBHeHus1 GUryp

B ananutuyeckoid reomeTpuu (puUrypel Ha IUIOCKOCTH WJIM B IMPOCTPAHCTBE
3a/1al0TCsl OOBIYHO YpPAaBHEHUSIMU WM MapaMeTpuyecku Mpu (UKCUPOBAHUU
HEKOTOpPON CHUCTEMBbI KOOpAWHAT, yamie Bcero, adhduuHOrO pemnepa. Aggunnvie
penepul ABISIIOTCA 0000IIEHUEM M3BECTHBIX M3 CPEHEN IIKOJIbl CUCTEM KOOPJHUHAT
Ha IUIOCKOCTH U B NpocTpaHcTBe. YToObI 3a1aTh ad@UHHBIA pernep Ha NpSAMOM, Ha
IJIOCKOCTH WJIM B MPOCTPAHCTBE, HAIO 3a(MKCHPOBAaTH TOYKY M BBIOpaTh 0Oazuc
COOTBETCTBYIOILIETO ~ MHOXecTBa  BekTopoB. llomumo adduuHBIX penepos
VCIIOJIb3YIOTCSI TAKIKE NOJAPHAA CUCmeMa KoopOuHam Ha IIIOCKOCTH U cgepuueckas
WIH YuiuHOpu4eckas CACTEMbl KOOPIUHAT B POCTPAHCTBE.

Onpeoenenue 1. Appunnvim penepom na npamoii E' nasvieaemcs nabop
(0,€), 20e O — mouxa, & — 6asuc mmoxcecmea \ (E') sexmopoe npsmoii, m.e.
nenynesoii eexmop npamoii (puc. 2.1). Koopounamoii mouku M cE' ¢ penepe
(O,€)) Hazvisaemcs koopounama paouyc-6eKmopa OM ¢ 6asuce €,.

Ez E 2
0

Puc..1 Puc. 2

Taxkum obOpazom, koopaunHata Touku M B penepe (O,€) — 3to umcio XeR,

KOTOpOE€ OIPEAeNeTCS PaBEHCTBOM OM = X€. Ilpsamy0o ¢ (QUKCHPOBAHHBIM
penepom (O,€) OyneM Haz3bIBaTh KOOpOUHAmHoii ocvio U 0603Hayath OX. Eciin X —
KoopauHaTa Touku M, To ncmose3ytor 3amuck M (X).

Onpeoenenue 2. Appunnvim penepom na naockocmu E> nasvisaemes nabop
(0,€,8,), 20e O — mouxa nnockocmu, (8,8,) — 6asuc muoxcecmea V(E”)
8EKMOpPO8 MNIOCKOCMU, M.e. YNOPAOOYEHHAs Napa HEeKONIUHEAPHLIX BEeKMOpos
nnockocmu (puc. 2). Koopounamamu mouku M cE®> 6 penepe (0,E,E,)

Hazvieaemcs Koopouramul paouyc-eexkmopa OM mouxu M 6 b6azuce (€,€,).
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Taxkum obpa3om, koopauHatsl Touku M B penepe (O,€,€,) — 3T0 mapa uucen

(X,Y), X,y €R, takux, uro OM = X€, + Y€,. Eciu (X, y) — xoopauHatsl Touku M, TO
UCIONB3yI0T 3amuch M (X,y). Te ke apryMeHTsl, 4TO M B Cllydac IPSMOM,

MOKA3bIBAIOT, YTO KOOPANHATHI TOUYKU B IAHHOM PENepe ONMpeAesIOTCs] OAHO3HAYHO.
Nwmes penep (O,€,,€,) HA INIOCKOCTH, MOKHO T'OBOPUTH O IBYX KOOPAMHATHBIX OCSIX.

KoopnunatHasa oce ¢ penepom (O,€) HasbBaeTcsa ocblo adcyucc 1 0003HAYAETCA
Ox, xoopmmHatHas ocbk c penepom (O,€,) Ha3pIBacTCd o0CbI0 OpouHam W
obo3navaercss Oy. IlepBas X W BTOpas Y KOOPAMHATHI TOYKH HA3BIBAIOTCS

COOTBETCTBEHHO afOCUUCCOU VI OPOUHAM O YTOU TOUKH.
Jnst HaxokeHust abCUCChl X TOYKM M HYKHO CIIPOEKTHUPOBATH €€ Ha och OX
napamiensHo ocu Oy. Ecim M, = pr, M, To X — koopauHata Toukn M, Ha ocu

abcuuce. AHanoru4Ho, y — koopauxara touku M, = pr, M Ha ocu opaunar (pwuc.

3).

M(x,y)

O\ Ml(x)‘;

Onpedenenue 3. Apunnvim penepom ¢ npocmpancmee E* nazvisaemcs
nabop (0,€,E,,6), 20e O — mouxa, (€,€,8) — 6asuc mmuoxcecmea V(E®)
BEKMOPO8  NPOCMPAHCMBA, M.e. YHOPAOOYEHHAS] MPOUKA  HEeKOMNIAHAPHBIX
eexmopos. (puc. 2.4). Koopounamamu mouxu M cE’ ¢ penepe (O,€,E,,E,)

Ha3zvlgaemcs Koopounamul paduyc-eekmopa OM mouku M 6 6asuce (€,€,,€;).
Takum obOpazom, xoopaunatel Toukn M B penepe (O,€,€,,6,) — 3T0 TpoiKa

gucen (X,Y,z), X,¥,zeR, Ttakux, uro OM =x€ + VY€, +2z€,. Ecim (X,y,z2) —
KOOpAMHATHI TOYKH M, To mcmonb3ytot 3amuck M (X,Y,z). Jlanee MOXHO TTOBTOPHTH

BCE TO, YTO TOBOPHUJIOCH BBIIIE B CIIy4ae IUIOCKOCTH C OYEBUIHBIMH JTOTOJTHEHUSIMH.
[Tomumo koopaumHaTHBIX oceit abcuucce Ox u opauHat Oy B MPOCTpaHCTBE

noGasngercst ocv annaukam Oz. Kpome TOro, B MNpPOCTPAHCTBE HUMEIOTCS TpH
Koopounammwvle RnJIOCKOCmU, OIpEAeNseMble MapaMu oceil: 3To miockoctu OXy,

Oxz n Oyz. Kaxxmas u3 koopauHaT X,Y,Z ToOukd M ecTh KoopaumHATa IPOCKIIUH

TOYKM M Ha COOTBETCTBYIONIYIO OCh MAPAJIEIBbHO JOMOJIHUTEIBHON KOOPAUHATHOM
miockoctd  (puc. 4). KoopaumHaTbl TOYKM B JAHHOM perepe OMpeiestoTCs
OJIHO3HAYHO.
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M(x,y,z z

Puc. 4

AdunHbIe penepbl HA3bIBAIOTCS TaKXKe agguunbvimu (WM deKapmoevimu)
cucmemamu Koopounam W ob6o3Havatorcs: OXx (mna  opsimoit), OXy (mis

wiockoctn), OXyz (ana mpoctpancTtBa). Touka O, BXopsmias B pernep, Ha3bIBACTCS

nauanom cucmemvl Koopounam. B cuyuasx, xorma (i,j) wm (i,],k) -
OPTOHOPMUPOBAHHBIC 0A3UCHI, TOBOPST 00 OPHOHOPMUPOBAHHOM Penepe TIIIOCKOCTH
(O,1,]) (puc. 5) u opmonopmuposannom penepe npocrparctsa (O, ], k) (puc. 6).
OpTOHOPMUPOBAHHBIC pernepbl Ha3bIBAIOTCS TaKKe OoeKapmoevimu
NPAMOY20IbHBIMU CUCHIEMAMU KOOPOUHAM .

Puc. 5 Puc. 6
Ymeepacoenue 1. ITycmo (0,8,,8,) — appuunviii penep na niockocmu E?,
A(X, Y,), B(X,,Y,) — npoussonrbHble mouku NAOCKOCMU, 3A0AHHbIE  CEOUMU
KoopouHamamu 8 0anHom penepe. Tozoa.
(i) eexmop AB ¢ 6asuce (6,,6,) umeem credyrowue KOOpPOUHAMDbL.
AB(Xz —Xn Yo~ yl);
(i) cepeouna C ompeska AB umeem cnedyrwowue KoOOPOUHAMBL:

C(Xﬁxz y1+yzj.
2 2 )

(iii) ecu (O,i,]) — opmonopmuposannviii penep, mo paccmosnue Mexcoy

moukamu A u B eviuucisemcs no gpopmyne:

d(AB) =J(% — %) +(¥, — Y,)°. (1)

@Duzyponi Ha3bIBACTCS IPOU3BOJIBLHOE MHOKECTBO TOUYEK @ B MPOCTPAHCTBE, HA
MJIOCKOCTH WJIM Ha MPSAMOM. AHaIUTHYECKasi TeOMETPUs U3ydyaeT (PUryphl, UCHOIb3Ys
mMemoo kKoopounam. Ero CyThb 3aKkiro4aeTcsi B TOM, 4YTO (DUKCUPYS HEKOTOPYIO
CUCTEMY KOOpAMHAT, TOUYKM 3aMEHSIIOT MX KOOPAMHATAMHM M 3aJal0T (QUrypy Kak
MHOKECTBO PEIICHUI ypaBHEHHs (CUCTEMbI YpaBHEHUI) UM HEPABEHCTBA (CHUCTEMBI
HepaBeHCTB). Jlanee ypaBHEHUsI WM HEPABEHCTBA aHAIM3UPYIOT METOAAMH alIreOpsbl
U pe3yJbTaThl aHAJIN3a UHTEPIIPETUPYIOT T€OMETPUUECKH KaK CBOMCTBA (PUTypHI.
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Onpeoenenue 4. Ilycmv (0,€,€,) — apunnvii penep na niockocmu E?,
F:D—>R, (X,y)—> F(X,y) — sewecmeennosnaunas ¢hynkyus 08yx apeymeHmos,

3a0annasn na noomnoxcecmee D mnoxcecmea R*. Bydem 2oeopumv, umo ypasnenue

F(x,y)=0 1)

aensiemcs ypasnenuem guzypst ® — E? 6 Oannom penepe, eciu MHOICECME0
pewenuii ypasuenus (1) coenadaem ¢ mnodxcecmseom koopounam mouex gueypwt O.

Hpyrumu cinoBamu, ypaBHeHHe (1) siBnsieTcs ypaBHeHHeM (urypsl @ B pemepe
(O,€,,€,), eciu 312 (hurypa MOXKET OBITh OIPEIEIICHA CIELYIOINUM 00pa3oMm:

2 _
®={M(c,,c,) eE"|F(c,c,) =0}
Eciu @ umeer ypaBuenue (1), To roBopAT Takxke, uto ¢urypa @ 3adana 3tum
yYpaBHEHHUEM.
Jlns HaxoXIeHWsl ypaBHEHUsT (GUTYpBl B JaHHOM perepe Cieayer Jyis
IIPOM3BOJILHONW TOYKH IIOCKOCTH M (X,Yy) 4epe3 ee KoOpauHATBl X W Y 3amucarh

XapaKTepUCTUUECKOE CBOMCTBO 3TOW  (QUTyphl, T.€. YCIOBHE, KOTOPOMY
YAOBJIETBOPSIOT TOYKH (PUTYPHI U TOJIBKO OHH.

Onpeoenenue 5. Ilycmo ® — Queypa na ninockocmu E?, T — uexomopoe

MHOJMCECMB0O,  JNeMEeHmbl  KOmopo20  OyoeM  HA3bleamv  RAPAMEMPAMU.
Cropvexmuenoe omoopadicenue

f:T >t f(t) )

Haszvleaemcs napamempuszayueil ucypol O.

1.3.2. YpaBHeHusI NPsIMOii HA MJIOCKOCTH

[IpsaMyr0 Ha IUIOCKOCTH E’ MOXHO 3aJaBaTh Ppas3IMYHBIMM CIIOCOOAMH.
Hanpumep, Ha mpsMoi A MOXKHO 3a()MKCHUPOBAaTh HEKOTOPYIO TOYKYy M, KOTOpyIO

OyneM Ha3bIBaTh HAYAAbHOU MOYKOU TIPSIMOH, M BBIOpaTh HEHYJICBOH BEKTOp a
ATOM TMPSAMON, KOTOPHIH OyJeM Ha3bIBaTh HANPAGIAIOUWUM 6EKMOPOM TIPSIMOMU.
Toraa Heo6XxoAMMOE U TOCTATOYHOE YCIOBUE TOTO, YTO TOUKa M JIEKUT Ha MPAMOH
A, GopmynupyeTcs caeayomuM o0pa3om:

(M eA) & (sexkmopvr MM u @ xoanuneapnwt) (puc. 7).

M A
M, a

Puc. 7
[Tyctb O — ¢urcupoBaHHas Touka Iuiockoctu, Iy =OM, — pamuyc-BekTop

HavyanpHOW TOukH M, r =OM — paguyc-BEKTOp IPOU3BOJIBHOM TOYKH (MHOTAA

roBopsT mexyuerl Toukr) M mmockoctu. KommmueapHocts BekTtopoB MM u a

o3Hauaet, uro M M =td ana mexoroporo teR. VuureiBas, uto MM =7 -1,

UMEEM CIICAYIOLIYIO [IETI0YKY SKBUBAJICHTHOCTEH:
MeA) & (Fr-r,=td) < (r=r,+ta),teR.
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Takum 00pa3oM, Mbl TONYYWIH 6EKMOPHO-RApAMEmpPUYEcKoe 3a0anue
pssMon A
r=r+ta, teR. (3)

[To popmyne (1) MoxxHO HallTH paanyc-BeKTOp I 000N TOUYKK MpsIMOW A B
3aBUCUMOCTH OT 3HaueHus rnmapamerpa te R (puc. 8).

M

Puc. 8
PaBencTBo (3) Ha3pIBalOT Takke (IOMyCKash BOJBHOCTh PEUH) GEKMIOPHO-
napamempuuecKkum ypagHeHuem npsmMon A .
ITpucoenuaum k Touke O Oasuc (€,€,) MHOKECTBA BEKTOPOB IIJIOCKOCTH

V(E?), nonyuum addunnsii penep (O,€,€,) Ha mmockoctu E’. Ilycts (X,Y) u
(X, Y,) — KOOpPIMHATBI COOTBETCTBEHHO Touek M m M, B gaHHOM penepe.
CoruacHo omnpenenenuio 3, (X,Y) u (X,,Y,) — KOOpAUHATHI COOTBETCTBEHHO pauyc-
BeKTOpoB I u I, B Oaszuce (€,€,). Ilycts (I,m) — xoopamMHATEI HampaBIAIOLIETO
BeKTOpa mpsiMoii & B Oasuce (€,,€,). Torma BeKTOpHOE paBEeHCTBO 13) paBHOCHIIBHO
JIBYM CKaJIIPHBIM PaBEHCTBAM:

X=X, +1l,

(4)

@opmynbl (4) BBIpAKAIOT KOOPAMHATHO-TIAPAMETPUYECKOE 3aJlaHUE TMPSIMOM,
OHU Ha3bIBAIOTCA TAKXKE KOOPOUHAMHO-RAPAMEMPUYECKUMU YPAGHEHUAMU TIPIMON
A. TlpunaBas mapamerpy t moaxopsiiee 4HMciaOBOe 3HaueHUe, 1Mo Qopmynam (4)
MOKHO HaWTH KOOpAUHATHI (X,Y) Jr000M TOYKH IPAMOM A .

y=y,+tmteR.

Ecnu npsmass A mapannenbHa KoopaAuHATHOM ocu OX, TO y HaMpaBJISIFOILIETO
BEKTOpa BTOpasi KOOpAMHATA M paBHA HYJIO U YpaBHEHUS 24) IPUHUMAIOT BUJ:
X=X, +1l,

(4%)

[Tockombky | #0, To paBeHcTBa (2) 03HAYAIOT, YTO Y TOYEK MNPSIMOW TepBas

y=y, teR.

KOOpJMHATA MOYET OBITh JIFOOBIM BEIICCTBCHHBIM YHCJIOM, B TO BPeMsl KaK BTOpas —
¢dukcupopana. CiiefoBarenbHo, Touka M (X, Y) nexut Ha npsimor A, A||Ox (puc. 9)

TOrAa U TOJBKO TOT'd, KOT'Ja BBIIIOJIHACTCA YCIIOBUC

Y=Y

M()(x[)’y(l)
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Amnanoruuso, npsiMast A', mpoxozsmias yepe3 Touky M, (X,,Y,) ¥ mapanienbHa
koopauHaTHOM ocu Oy (puc. 10), 3amaercs yciaoBueMm
X = X,. (5)
[lycts mpsimass A He mnapaienbHa KoopAuHaTHeIM ocsim OX u Oy, T.e.
| #0,m=0. B stoM ciyyae u3 cucteMbl (2) MOXHO HCKIIOUUATH [ U TOMYy4uThH
clenyroniee ypaBHeHHe NpsMon A :
X_ony_yol (6)
I m

Ecmu (6) paccmaTpuBaTh Kak MPOMOPIMIO, T.€. CYHUTaTh, YTO paBeHCTBO (6)
SKBUBAJIEHTHO PaBEHCTBY (X—X,)M=(y—Y,)|, To ypaBHeHUsMH Buzaa (6) MOKHO

3alaBaTh BCE TIpsAMbIe 03 WCKIIOUEHHUs, T.€. MOXKHO 3a7aBaTh U IIPSIMBIC,

X=X _ Y=Y
m

O3Hayaer, 4To (X —X,)M=(Yy —Y,)0, T.e. X=X, (mockonbky M = 0). Takum obpazom,

IapajuleNIbHble  KOOPAMHATHBIM OcsaM. Hampumep, ypaBHeHuHe

Oynem cuuTaTh, YTO JIFOOAsI TIpsiMasi MOXKET OBITh 3a/laHa ypaBHeHHEM (6), KoTopoe
HA3bIBACTCS] KAHOHUUECKUM YPAGHEHUEM TIPSIMOIA.
Ecnu mpsimast A He nmapayuienbHa koopauHatHoi ocu Oy, 1.e. | #0, TO MOXHO

m
OIPENCIINTE YHCIo K :I—, KOTOPOE HA3bIBACTCS Y2106bIM KOIPPuuuenmom

npsmoii. HazBanuwe oOBsicHA€TCSI TEeM OOCTOSITENHCTBOM, UTO B  Clydae
IPSIMOYTOJIBHOHM cucTeMbl koopauHaT OXY Ha MIockocTu K =1tg @, Te ¢ — BeTu4nHa

yriia Mexy ocbio OX u nipsimoit A (yena naxnona npsimorr A k ocu OX) (puc. 11).

y
A N
¢ X 0 ¥
o\ N
Puc. 11 Puc. 12

Pazymeercs, B ciydae oOIieil JekapTOBOM CUCTEMBI KOOPJWHAT, YUCIO K HE
UMEET TaKOro reOMETPUYECKOro cMbicia. [IpeoOpa3oBaB ypaBHenue (6), momyuaem
CIIeAyIOLIEe ypagHeHue npamou no mouke M (X,,Y,) u yanoeomy kosgpguyuenmy

k:

Y= Yo =k(X=X,). (7)
B cBoto ouepenp, ypaBHeHUE (6) OUYE€BUIHBIM 00pa30M MPUBOJUTCS K BUIY
y =kx+b. (8)

Yucao b 31ech — BeuuMHA OTpe3Ka, oTcekaeMoro mpsmoit A Ha ocu Oy, T.e
koopauHaTa (Ha ocu Oy ) TOukH HepeceueHust MpsMoii A ¢ ockio (puc. 12).
Teopema 1. ITycms (O,€,,€,) — appdpunnvui penep na nrockocmu E*.

(i) JIobas npsmas na niockocmu E* moacem 6vimv 3a0ana 6 0aHHOM penepe
JIUHEUHbIM YPABHEeHUEM 8UOA
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Ax+By+C =0. 9)
(i1) Obpammno, moboe ypasnuenue (10) npu ycnosuu, umo uucna A u B ne pasuwbi

HYJII0 0OHOBPEMEHHO, 3a0aem 8 OAHHOM penepe NPIMyIo.
Ypasuenue (9) Ha3bIBaCTCS 0OU4UM YpAGHEHUE NPSAMOU.

N
0 a X
Puc. 13 Puc. 14
Bynem Ha3bIBaTh HOPpMAIbHBIM 6€KMOPOM RPAMOU THO00W HEHYJIEBOU BEKTOP,
NepIeHIUKYIApHbIA  nipsmoi. Ilyete (9) — ofmiee ypaBHeHHWe TpsiIMOH A B

oproHopmupoBanHoM penepe (O, 1, ). ITokaxkem, uTo B 3TOM cirydae BekTop f(A, B)

— HOPMaJIbHBIA BEKTOp mpsaAMou A. [leHcTBUTENbHO, BBINIE OBUIO OTMEYEHO, YTO
BekTop a(—B,A) — HampaBmAroumid BeKTOop npsAsMoM, T.e. dl||A. Tak kak

na=—AB+BA=0,T10 (A B) LA.

Ecniu s npsmoir A 3amaHel  HadanbHass Touka M (X,,Y,) CBOMMH
KOOpIMHATAMH B OpTOHOpMHpoBaHHOM perepe (O,i,]) M HOPMAaIbHBIH BEKTOp
npsiMoii (A, B) cBomMu KoopauHaTamu B Oasuce (i,]), TO MOXHO 3allHCaTh
YPasHeHue nPAMOIL no mouKe U HOPMAbHOMY 6€KmOpy B BUJIE:

AX—=X,) +B(y —¥,) =0. (10)

B camoMm nene, oueBuAHO, 4TO Touka M (X,Y) JEXUT Ha mMpsMOM A Toraa u
TOJIbKO TOTAa, Korma BekTopbl N(A,B) u W(X—Xo,y—yo) MEPIICHIUKYJISIPHBI.
PaBenctBo (10) Kak pa3 u BeIpa)xaeT 3TO yCIOBUE.

1.3.3. YpaBHeHHS IUIOCKOCTH B IPOCTPAHCTBE

IlycTh T — maockocTsh B mpoctpancTse E°, M, — dukcupoBanHas (HauaibHast)
TOYKa IJIOCKOCTH, (8,,8,) — 0a3uc MHOxecTBa V () BeKTOpoB IuiockocTH (d,d, —
HanpaenAlOuue 6eKmMopsl MIOCKOCTA T ). OYeBUIHO, YTO TOYka M mpocTpaHcTBa

NPUHAIISKUAT IUIOCKOCTH T TOrJa H TOJbKO Toraa, korma Bektop MM
NPUHAJISKUAT MHOXKECTBY V () , T.€. IpeACTaBIsIeTCS B BUIC

MM =ta +1t,3, (11)
Ui HeKOTOphIX t,t, € R . 3adukcupyem B npoctpancTse Touky O u 0003HaUUM [ U

I paamyc-BeKTOpHI cooTBeTCTBeHHO Touek M, m M. Torma MM =r-F un
paBeHCcTBO (11) MOXHO mepenucaTh B BUAC
r=r+ta +tda, t,t,eR. (12)
®opmyna (12) Ha3bIBaeTCs 6EKMOPHO-NAPAMEMPUUECKUM YPAGHEHUEM
TUTOCKOCTH T .
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0

Puc. 15
[pucoemuuum k Touke O 6asuc (€,€,,6,) wmHuoxectsa V(E®) BekTopos
npocTpancTBa, nonyuyum apduuusii penep (0,€,€,,8,) B npoctpanctse E°. Ilycts
(X,¥,2) u (X,,Y,,2,) — KOOPIUHATBHI COOTBETCTBEHHO TOo4eK M um M, B maHHOM
periepe. CormacHo ompenenenuto 3, (X,Y,z) u (X,,Yy,2Z,) — KOOPIHHATHI TaKXkKe
paguyc-BekTopoB I u T, B Oasuce (€,€,,6,). Ilycts (I,m,n) u (I,,m,,n,) —
KOOPAMHATBl COOTBETCTBEHHO BEKTOpOB &, M d, B Oasuce (€,€,,6). Torma

BEKTOpPHOE paBeHCTBO (12) paBHOCHIIBHO TPEM CKaJISIPHBIM PaBEHCTBAM.
Eme oauH cmoco® 3amaHus IUIOCKOCTH B TMPOCTPAHCTBE TMOJIYYAETCs, €CIIH
3aMETUTh, YTO HEOOXOJUMBIM U JOCTATOYHBIM YCIIOBHEM MPUHAIICKHOCTA TOUYKU

M IUIOCKOCTH T sBJsSIETCA KOMIUTaHAapHOCTh BekTopoB M M,d,,da,. Ilocnennee

YCJIOBHE MOKHO BBIPAa3UTh YEPE3 KOOPIMHATHI BEKTOPOB (ciedcmeue 1 B 1.2.6) u Tem
CaMbIM 3allUCaTh YPaBHEHUE MJIOCKOCTH:

X=X Y=Y 2-%
I, m, n, |=0. (13)

PackpeiBas ompenenurtens, MmoaydyuM, 4To ypaBHeHue (13) ecTh JuHEHHOE
ypaBHEHUE C TPEeMsI HEM3BECTHBIMU BUJIA
Ax+By+Cz+D=0. (14)

VpaBuenue (14) Ha3piBaeTCs 00uiuM ypasHenuem miocKoCTH T.

XOpoIIO U3BECTHO, YTO JIt00ask MIOCKOCTh OJHO3HAYHO OMNPEAENseTCS CBOMMU
TpeMsi TOYKaMH, HE JIeKallMMHU Ha ojaHOM mnpsamoin. Ilycte 310 OyayT TOUKH
M, (X, Y1, 2), M,(X,,Y,,2,) 1 M,(X,,Ys,2,). BeiOepeM B kauecTBe Ha4aIbHOM TOUKU

mwiockoctd M, (X, Y;,2,) , @ B KadecTBe Oa3HMCHBIX BEKTOpOB MHOecTBa V() —
HEKOJUTMHEAPHBIE BEKTOPBI

& =MM,(%—X,¥, = ¥1,2,-2) n & =MM;(X; =X, ¥; = V1,2, — 7).
B stom CJIydac MOKHO 3aIiMcaTb 061_[[66 YPaBHCHUC ITIIIOCKOCTH 110 TPEM TOUYKAM:
X=X Y=Y, ZI-17
X, =X Y=Y Z,—%|=0. (15)
X=X Y=Y 434
Jlist citydast mpoCTpaHCTBa CIPaBEIIMBa CASAYIOas TeopeMa.
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Teopema 2. ITycmo (0O,€,,8,,8,) — agpdpunnviii penep ¢ npocmpancmese E°.

(i) Jlobas niockocms 6 npocmpancmee E* moocem 6vimv 3a0ana 6 oanmnom
penepe TUHEeUHbIM YPasHeHUeM 8U0d

Ax+By+Cz+D=0. (16)

(i) O6pammno, nwboe ypasnenue (16) npu ycnosuu, umo uwucna A, B u C ne
PAaBHbL HYII0 0OHOBPEMEHHO, 3a0aem 6 OAHHOM penepe NI0CKOCMb.

Bynem Ha3bIBaTh HOpMAIbHBIM 6E€KMOPOM NAOCKOCHMU JIO00W HEHYJIEBOM
BEKTOp, NePIEHANKYISIPHBIN TuIocKocTH. [IycTh (16) — obriee ypaBHEHUE TIOCKOCTH
T B OPTOHOPMHUPOBAHHOM pEIEpe (0,1, IIZ) B stom cnywae Bektop fi(A,B,C) —
HOPMaJbHBIA BEKTOpP IUIOCKOCTH 7. UTOOBI yOemuThcs B 3TOM, JOCTATOYHO

IPOBEPUTh, YTO ITOT BEKTOp OpTOroHaineH Bekropy M;M,, mocrpoeHHOMy IO
100bM ToukaM M, M, miockoctu w. Ilycts Touku M, (x,V,,Z) u M,(X,,Y,,Z,)

3a1aHBI CBOUMH KOOpAUHATaMH B perniepe (O,1,7.k). Torna
MM, (% =X, Y, = Y12, -2,) 1
n-M;M, = A(X, —x) +B(y, - ¥,) +C(z, - 7)) =
= (AX, + By, +Cz,) - (Ax, + By, +Cz) = (-D) - (-D) =0,
t.e. N(AB,C) L
Ecnu juis 1uiockocTn T 3ajaHbl HaudaibHas Touka M(X,,Y, Z,) CBOMMHU

KoopauHatamu B optoHopmupoBanHoMm perepe (O,i, J,K) u HOopmanbHBIH BekTOp

mwiockoctu N(A,B,C) cBoumu koopaunaramu B Oasuce (i, J,K), To MOkHO 3anmcaTsh
ypaBHEHHE IUIOCKOCTU T B JaHHOM PEIEPE B BUJIE:

A(X—X,)+B(y-vYy,)+C(z-2z,)=0. (17)

B camom nene, oueBuaHO, uTo Touka M (X,Y,Z) JIEKUT B INIOCKOCTH T TOIAa U

TONbKO ~ Torga, korma Bektoper N(A,B,C) u MM(X—=X,Y—-Y,2-2,)
nepneHauKyIsapHsl (puc. 16). PaenctBo (7) Kak pa3 v BeIpa)kaeT 3TO YCIOBHE.
7i(4,B,C)
A

"

0

s

Puc. 2.16

1.3.4. YpaBHeHuUs1 NPSIMOil B IPOCTPAHCTBE

[Ipsimass B mpocTpaHCTBE MOKET OBbITh 3aJlaHa BEKTOPHO-TIapaMEeTPUUECKUM
YPaBHEHUEM:

r=r+ta,teR. (18)
Iycts (0,€,€,,6,) — apunnbii penep B npoctpancte E°. Tlycts (X,Y,2)
(X1 Yo12,) — KOOpAMHATHI COOTBETCTBEHHO To4yeK M um M, B nmaHHOM perepe,
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(I,m,n) — KOOpAMHATHI HANpPABJIAKOIIETO BEKTOpa mpsAMol d B Oasuce (€,€,,E,).
Torna BekTopHOE paBeHCTBO (18) paBHOCHIBHO TPEM CKAJIIPHBIM PaBEHCTBAM:

X=X, +1l,
z=7,+tn,teR.

®opmynst (19) BeIpakarOT KOOPAMHATHO-TIApPAMETPUYECKOE 3aJaHhe MPSIMOH,
OHH HA3bIBAIOTCS TAKKE KOOPOUHAMHO-NAPAMEMPUYECKUMU YPAGHEHUAMU TIPSIMO
A.

Wckimrouast u3 ypaBHeHui (9) mapametp t, mojrydacM paBeHCTBA

X—X — 71—12
0 — y yO — 0 ’ (20)
I m n
KOTOpBIe Ha3bIBAIOTCA KAHOHUYECKUM YPAasHeHUuem HpﬂMOﬁ B HpOCTpaHCTBe.

[Mockonbky Hanpassstonmii Bekrop a(l,m,n) mpsmMoi HeHyneBOH, TO XOTs ObI OJTHO

u3 gmcen |,m,n we paBuo mymo. Jomyctum, uro | =0 . Torma pasenctsa (20),
HKBUBAJIEHTHBI CUCTEME YPaBHEHUI

X=% _ Y=Y
I m

Kaxnoe u3 ypaBHeHMH cucTeMbl (Kak M B cllydae MNpsSMON Ha IUIOCKOCTH,
paBeHCTBa JpoOed paccMaTpUBAIOTCS Kak MPOMOPLMU) SBISETCS JIMHEHHBIM
ypaBHEHHUEM, 3aJIal0LUM IJIOCKOCTh. Takum oOpa3zom, npsiMast A 3a7aeTcsl 3eCh Kak
nepeceyeHre IByX IUIOCKocTeil. B obmieM ciydae, ecnu mpsimasi paccMaTpUBaeTCs
KaK IepecedyeHue JIByX IUIOCKocTel m, U 7, ¢ ypaBHeHusMu AX+By+Cz+D, =0
u AXx+B,y+C,z+D,=0 cooTBeTcTBEHHO, TO 3Ta MNpsMas 3aAACTCS CUCTEMOU

YpPaBHEHUM BUJA:
Ax+By+Cz+D, =0,
Ax+B,y+C,z+ D, =0.
[Ipu »sTom, cormacHo Tteopeme 2.4.2, KOI(PGUIMUEHTHI TPH HEU3BECTHBIX B

YpaBHEHUSX CUCTEMBI HE MPOIOPIIMOHATILHEL. Y paBHEeHUs (21) HA3BIBAIOTCS 00uuMuU
YPAGHEeHUAMU TIPSIMOM.

(21)

1.4. Dnaunc, runepoosaa, napadosia, UX ypaBHeHHUs U CBOMCTBA

1.4.1. dnaunc

Onpeoenenue 1. dnnuncom naswvisaemes Queypa na niockocmu E?, komopas
8 HeKOmOopoU NpsAMOY20ibHOU cucmeme KoopourHam OXYy moodicem Ovimb 3a0aHa
ypaeneHuem
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2 2
X
LS, (1)
a“~ b
30ecb a u b — @ukrcuposannvlie nonodcumenvHvle Hucia, npudem a>b.

VYpaBuenue (1) Ha3bIBACTCS KAHOHUYECKUM YPAGHEHUEM DILTUTICA.
byaem cuurtarh, uto cucrema koopauHaT OXY pacmojio’keHa Ha IJIOCKOCTH

CTaHJApTHBIM 00pa30M OTHOCHUTEIBHO HaOMomarens: och OX TOPU3OHTAbHA H
HalpaBjeHa clieBa HampaBo, och Oy BepTHKAJbHA W HaIpaBieHAa CHHU3Y BBEPX.

[Tockonbky B ypaBHeHHe (1) HeM3BEeCTHBIC X M Yy BXOJAT B KBajpaTax, TO BMECTE C
mo0oi Toukoit M (X,,Y,), TPUHAUISKAIIEH SIUIMICY, €My NPHHAIICHKAT TOUKH
M, (=X, Yo): M,(X—Yo), My(=X,,—Y,). OTO 03HAYaeT, YTO IIIMIC CUMMETPHUYCH

OTHOCUTEJIBHO OCEH KOOPJIMHAT W Hayana koopauHat. [loaTomy, 4TOOBI HapHUCcOBaTh
DIJIUIIC, JOCTATOYHO M300pa3UTh €ro 4acTb, JIEKALIYI0O B BEPXHEW MOJYINIOCKOCTH
OTHOCHUTENBHO OCH OX , W 3aT€EM JOCTPOUTH HEAOCTAIOLIYI0 4YacCTbh, ITOJIb3YAChH
cummMmetrpueil. U3 ypaBHenus (1) nmomydyaem, 4To B BEpXHEW MOJIYIUIOCKOCTH, T.€. MPU
yCIIOBUH, YTO Y >0, smurc 3agaercs rpadukoM (pyHKIIMU

y= b=e.
a
OGnacts ompenenenus >toi (yHkuuu — orpesok [—a;a]; y(-a)=y(a)=0.
Takum ob6pa3zom, smumnc nepecekaer ocb Ox B Toukax A (—a,0) u A,(a,0). Tak kax

,_ b X .
y' =———=——, 10 (yHKIMs Bo3pacraer Ha otpe3ke [—a;0] u yObiBaeT Ha oTpeske

a/a*-x?
[0;a]; Touka x =0 — Touka makcumyma u y(0)=b. B Toukax X == a mpousBoaHas
He ompenenena, limy'(x)=+w , limy'(xX)=—0 . DT0 o03Hayaer, YTO DIUIUIC

X——a X—a
nepecekaer ocb OXx B Toukax A M A, mepneHauKyisipHO npsmou Ox . ITockonbky
y” — _Ea—z
a , (a2 _ X2)3

Iyra KpUBOM, BBINIYKIOW BBepxX, coemusstomen touku A u A, . IlomyueHHon

<0 Ha unTepBaie (—a;a) To rpaguk ucciaeayeMoil QpyHKIUU —

uH(pOpMAIUU JTIOCTATOYHO JJIsl TOTO, YTOOBl HApPUCOBATh IpaduK paccMaTpruBaeMon
bynkuuu. Mcnons3yss CHMMETPUIO OTHOCUTENHEHO OcH OX, TIOJIydaeM U300pakeHue
Bcero aurca (puc. 1).

yABZ

St

o

9 /

Puc. 1
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Takum o0pa3oM, »>uMIC — OrpaHUuYeHHas Qurypa, Jnexaiias BHYTPU
NpSIMOYTOJIBHUKA pasMepaMu  2ax2b CO CTOPOHAMH MMApaJUICIBHBIMU  OCSM
KOOpJMHAT U C IIEHTPOM B Hadalie KOOPAMHAT. DTOT MPSIMOYTOJLHUK HAa3bIBACTCS
OCHOGHbIM NPAMOY20JIbHUKOM DJUTATICA. OJUTMIIC KacaeTcsi CEepeIuH CTOPOH
OCHOBHOTO TmpsiMmoyroipHuka B Toukax A (-a,0), A(a,0), B,(0,-b),B,(0,-b) ,
KOTOpBbIE HA3BIBAIOTCA @epuwiunamu »d>imnca. Yucaa a u b Ha3bIBalOTCA
COOTBETCTBEHHO 00s1bUlell NOIYOCHIO U MeHbUiel ROJIYOChIo dIIUICa, IpsiMble A A,

u BB, — ocamu >nnumnca.
Tak kak B ypaBHeHuu (1) smaunca a>b , MOXHO ONPENEIUTH YHUCIO

C
c=+va’—b® >0. OrHomenue €=— =

a

OKCUEHTPUCHUTET BJUIMICA — T[OJOXUTEIbHOE YHCIO, MEHbIIEE EAUHULIBI,
xapaktepusymoiiee ero ¢opmy. Eciu € crpemurcs k 0, To momyocu b u a
OTIMYAIOTCSA MaJjlo, ¥ AJUIUIIC MPUOJIMKAETCS K OKPYKHOCTH, €CIIM € CTPEMHUTCH K 1,
TO MOJIyOCh b 3HAYNTETHLHO MEHBIIIE & M AJUTUIIC MPHOIMKACTCSA K OTPE3Ky (pHc. 2).

Q
£=0,016 £=0,987

Puc. 2
Touxu F,(—c,0) u F,(c,0) naswiBatotca ghoxycamu >mmnca. Ecmu M(X,y) —

Ha3bIBACTCSA IKCUEHMPUCUMENOM.

IIPOM3BOJIbHAA TOYKAa dyummnca, To orpesku MF u MF,, a Takke HX IJIUHBI
I,=|MF,|, r,=| MF, | Ha3biBatoTcs ¢pokansneimu paduycamu touku M. Brraucoum
3HAYCHUsS (POKATBHBIX PAJNYCOB:

2 2

r=yJ(x+C)2 +y? = |(x+C)? +b? 1—% = [(x+c)?+ (a2 —c?) 1—% -

2

2
X X
\/)({+2xc+}<+a2—&—x‘{+c2?= a2+2xc+c2¥:
2
c 2
a+—x =«/(a+z-:x) =a+&ex.
a

[1pu u3BICUECHUH MTOCIICIHETO KBAJAPATHOTO KOPHS CIEAYET y4ecTh, 4To 0 <e <1
u 715 Touku M (X, y) aimunca BepHO HEpaBEHCTBO: | X | < a. AHaJIOTHYHO, I, = a — &X.

3ametumM, 4To I, + I, =24, T.e. A1 1000 TOUYKM IIUIca ¢ ypaBHeHueM (1) cymma

paccTostHuid 10 (POKYCOB MOCTOSIHHA M paBHA 2a. OTMeueHHOE CBOMCTBO SIBJISIETCS
xXapakmepucmuyyeckum JUIsL DJUIANICA. DTO 03HAYaeT, YTO BEpHO CIeayrolee
yTBEpXKACHHUE.

Teopema 1. Ilycmv F, u F, — 0se mouxku nnockocmu, paccmosinue medxncoy

komopvimu paeno 2C, ¢>0. Toeoa d¢ueypa ® , cocmoswas u3z 6cex moyex
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niockocmu, 01 Komopvix cymma paccmoaunun 0o F u F, nocmoswna u paena
2a, a>c, ecmv annunc. Touxu F, u F, aeraiomea pokycamu smoeo snnunca.

/okazamenvscmeo. BpiOepeM Ha IUIOCKOCTH HPSMOYTOJBHYIO CUCTEMY
koopauHaT OXy Tak, 4ToObl ochb Ox mIpoxonamna udepe3 Touku F, m F,, a Hayano

CUCTEMBI KOOpJAMHAT COBIIAJAlI0 C cepenuHon orpe3ka FF, . B 3T0i cucreme
koopauHat Toukn F m F, wumeror cnemytomme koopauHatel: F(—c,0), F,(c,0).
[Tycte M(X,Yy) — Ipou3BoJIbHAS TOYKA MJIOCKOCTH. Torma

|MF1|:V(X+C)2+y21 |MF2|:\/(X_C)2+y21

CrnenoBaTenbHO, ypaBHEHHE PUTYpbl O UMEET BUI:

\/(x+c)2+y2 +\/(x—c)2+y2 = 2a. (2)

[lepenecem BTOPOI KOPEHB B MPABYIO YaCTh U BO3BEIEM 00€ YaCTU YPaBHCHUS B
KBaJpaT. PackpbiBasi CKOOKH U MPUBO/IS TOI00HBIE, MOJYYUM ypaBHEHUE:

a(x—c)? +y? =a’ - xc.

EHIG pa3 BO3BOAUM B KBaJApaT 00¢ yacTu YPaBHCHUSA U IIPUBOJUM HOI[O6HBI€I

x’(a*—c?)+y’a*=a’(a* -c?).
Tak KaK IO YCIOBHIO a>C, TO MOXHO ompexenuth umcio b=+/a’—c? >0,

b<a. PasnenuB 06e YacTH IOCIEIHETO ypaBHEHHS Ha a’b°, MOIyduM, YTO BCe

TOYKHU (UTYphl @ yAOBIETBOPSAIOT YPABHEHUIO 3JUIUIICA:

X2 2

y
?4_?:1.

[42 _ |12
Tak kak C=+a" —b” , To Toukn F, u F, sBusrorcs ero pokycamu. P

Hapsiny ¢ xaHonumuyeckum  ypaBHeHueM (1), 4Yacto  HCHOJB3YIOT
napamMeTpuuecKoe 3aJaHue JIUTUIICA, KOTOPOE MOJIYyHaeTCs CIEIYIONUM 00pa3oM.
[Iyctb Oxy — mnOpsMoyroibHas cucremMa KoopauHaT. PaccmoTpum — 1iBe

KOHIICHTPUYECKHE OKPYKHOCTH C IIEHTPOM B Touke O U paauycamu a u b (puc. 3).

M

Y A

Puc. 3
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IlycTe t mpOM3BOJIBHOE BEHIECTBEHHOE 4uncino. M3 Ttoukum O mpoBeneMm iy,
oOpa3yromuid yroia t ¢ TIOJOKUTEIBHBIM HampaBlieHueM ocu Ox . OToT Jyd
nepecekaeT OKpyxkHocTH B Toukax M,(acost,asint) u M,(bcost,bsint) . Yepes

TOuKy M, mposenem npsmMyro, napayensayo ocu Oy, a uepes Touky M, nposenem

npsMylo, MapajUieibHyto ocu Ox . OTH TNOpsMble MEpPeceKaroTcsi B  TOUKE
M (acost,bsint), koTopas, 0o4eBUIHO, JIEKUT Ha TUICce ¢ ypaBHeHueMm (1). Jlerko

BUIETH, YTO €CJIH t IMPUHUMACT BCC BCIICCTBCHHLIC 3HAYCHUA, TO M Hp06eraeT BCC
TOYKH 3JUIUIICA, CIICAOBATCIIBHO, MAPaAMCTPUUICCKUC YPABHCHUS SJIJIUIICA UMCIOT BHU/:

X = acost,
y =bsint, teR.
OTMETUM UTO 3JUIUIIC MOXKET OBITh MOJYUYEH U3 OKPYKHOCTH IIpeoOpa3zoBaHUEM
corcamusi K TMaMeTpy OKpPY>KHOCTH.
Onpedenenue 2. Cocamuem niockocmu E* k npsmoii Ox edons npamoii Oy

=2 2
Hazvieaemcs omobpadicenue f . E°—>E", xomopoe na npoussonvhyio mouxy
naockocmu M (X,Y), 3a0annyto ceoumu Koopounamamu, Oeucmayem no npasuy.

M(x,y) > M'(x,ky). 3)
30ecv k — @ukcuposannoe eewjecmeennoe uucno, 0<k<l , komopoe
Ha3vleaemcs Ko puuuenmom cocamus (puc. 4).
YAy
v
l_M x
N
T
Puc. .4
Ymeepacoenue 1. Ilyemv ® — ueypa na niockocmu E? | 3adannas

ypasnernuem F(X,y) =0 omnocumenvrno npsamoyeonvrotl cucmemsi koopournam OXy .
Tozoa ¢ueypa @' = f(®D), nomyuennas uz ® cocamuem (3), umeem ypasHeHue

Yy_
F(X,E)—O.

Hokazamenscmeo. OueBugHO, YTO TOUKA MIOCKOCTH M (X,,Y,) TPUHAICKHUT
¢urype @’ Toraa U TONBKO TOTA, KOTAa OHA MOIydYeHA MPeoOpa3OBaHUEM CKATU

U3 TOUKH MO(XO,%) ¢urypsr @ . CiieqoBaTeiibHoO,

My (X, Y,) €D < F(xo,%)zo.b

B kaudecTtBe CHEACTBHS JTOrO YTBEPKAECHUSA MOJYy4aeM, YTO MPUMEHSS

2 2 2

npeoOpa3oBaHue CXKaTusg K OKpykHoctTH @ ¢ ypaBHeHMeM X +Y =a
OTHOCHUTENIFHO MPSIMOYTOJbHOU cucTemMbl KoopauHat OXy, moiyuyaem ¢urypy @’ c
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2 2

2
y 2 X y
aBHeHueM X’ +| = | =a® wm — + =1,
7P (kj a2 (ka)?

T.C. DJUIMIIC C IOJYyOCSIMH a U

b=ka.

1.4.2. 'unep6oga
Onpeoenenue 3. Tunepbonou nasvieaemcs ueypa na niockocmu E?,
KOmMopas 8 HeKOMOpOU NpAMOY20JbHOU cucmeme Koopounam OXY moowcem Ovbimb
3a0ana ypagneHuem
2 2
! (4)
a~ b
30ecv a u b — @uxcuposanuvie nonrodxicumenvhvie Yucia.
VYpaBHeHue (4) HAa3bIBACTCA KAHOHUYECKUM YPAGHEHUEM TUTIEPOOIIbL.
Ecmn M,(X,,Y,) — Touka TrumepOoibl, TO U3 ypaBHEHUS (4) BBITEKAaeT, YTO

| X, |=a. D10 o3Hauaer, uro runepbona — ¢purypa, jgexaiasi BHE M0JOCHl HTMPHUHON
2a, KOTOpas ompejensercs HepaBeHCTBOM: | X|<a. ITockonmbky B ypaBHeHHE (4)
HEU3BECTHBIE X W Yy BXOJAT B KBajJparax, TO THIEpOOa, TakkKe KakK JIUIHIIC,

CUMMETPUYHA OTHOCHUTEIBHO OCEH KOOpJAMHAT W Haudala KoopauHaT. [losTomy,
yTOOBl HApUCOBATH TUNEPOOTY, AOCTATOYHO H300pa3uTh €€ 4YacTh, JIEKAIIYI0 B
MEPBOM YETBEPTH, U 3aTEM JOCTPOUTH HEJAOCTAIOUINE YACTHU, MOJIB3YSICh CHMMETPHUEH.
Cuuras x>0, y>0, u3 ypaBHeHus (4) mnoysydyaeM, 4YTO B IIEPBOM YETBEPTU

ruriepOoia 3a1aercs rpadukoM Bo3pacTaromeil pyHKIumn
b
y=—+/x"-a’.
a
VY atoro rpaduka ecTh HaKJIOHHAS aCHMIITOTa C ypaBHeHHEeM Yy =Kx+Db, rae

k= lim y()—llm ,

x>+ X X—>+00 a

_I|m(y(x)——x)_I|m( \/ ~a’ ——x) 0.

Jlanee HETpyOHO YCTaHOBHUTH, YTO rpacpmc (byHKuHH MpeAcTaBiIseT coOoM
BBIITYKITYIO BBEPX KPHBYIO, BBIXOMANIYI0 BepTHUKaIbHO U3 Touku A,(a,0) u

ACUMIITOTHYECKH MPUOIMKAIOUIYIOCS K MPSIMONA Y =—X, HO HE MEePeCceKarouryto 3Ty
a

npsimyto. Mcnone3ysi cuMMeTpuio, mojydyaeM H300pakeHue Bced rurepOosbl (puc.
5).
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o

Puc. 5

['mmepboma @ cocTouT W3 JBYX YacTed (BeTBeH), 0OO3HAUMM WX:
O ={M(X,y) eD|x>0} u @ ={M(X,y) e®| X <0} — COOTBETCTBEHHO IpaBas U
neBass BeTBU Ha pucynke 6. Toukm A (—a,0), A,(a,0) mpunaanexar rumepbone u

HA3bIBAIOTCS €€ gepuiunamu. Yucna a u b Ha3pIBalOTCS HoOJIyocamu TUTIepOOIHI, a
— OdelicmeumenvHasa TONYyoCb, b — muumaa nonyocw. IIpsmas Ox Ha3bpIBaeTcA
oeiicmeumensvhoil ocvio, ipsiMast Oy Ha3bIBACTCSI MHUMOU OCbIO TUTIEPOOIIBL.

Jns m3o0pakeHus rurepOoJibl Ha JMCTe OyMard WM Ha JOCKE OOBIYHO
NOCTYNAIOT CIEAyomUM 00pa3oM. BHavalle pucyroT NpsSMOYTOJIBHHK pa3MepaMu
2ax2b co cropoHamu MapauIEIBHBIMHA OCSIM KOOpPAHWHAT U C LIEHTPOM B Hayaje
KOOpAMHAT, TaKOW ke, KaK JUIs dJuindIca ¢ ypaBHeHHeM (1). DTOT mpsAMOyrojabHUK
HA3bIBACTCSI OCHOBHBIM NPAMOYZOIbHUKOM TUTIEPOOIIBI. 3aTEM NMPOBOJSAT ACUMITOTHI

b
runepOonbl Y =+—X . OTO mpsMble, HA KOTOPBIX JIEXKAT AMArOHAIM OCHOBHOIO
a

IpAMOYroJbHMKa. Y HakoHell, pucyroT BeTBH Tumepbosnsl @ u @ tak, 4ro0bI OHU
Kacalluch OCHOBHOTO mpsiMoyrosbHMKa B BepmuHax A(-a,0) n A,(a,0) u

ACUMIITOTHYECKH MPUOTMKAIUCH K MPIMBIM Y =+ —X.
a

C b\’

Onpenenum 4uciao C= a’+b* . Ormomenne e ===, [1+| — , TaKXXC€ Kak
a a

JUIS 3JUTUIICA, HA3BIBACTCA IKCUEHMPUCUMEmOM. DKCIEHTPUCUTET TUINEepOOobl —
MOJIOKUTENIBHOE YHCI0, OOJblIee €IUWHULBI, XapakTepusywomiee ee ¢opmy (
g, <&, <g, Ha puc. 6). Eciu € ctpemurcs Kk 1, To MHUMas 1oJIyock b 3Ha4YNUTENBHO
MEHbIIE JIEHCTBUTEIBHON MOJIyOCH & WM rUrepoOosia mpuOIMKaeTcss K JABYM JIydaM.
Ecim €& crpemurcs kK +00 , TO MHMMas Moiyock b 3HauurenbHO Oosiblie
JeMCTBUTENIBHOW MOJIYyOoCH & W rumnepboia mpubimxkaercs K Iape MNapajjielbHbIX
PSIMBIX.
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Puc. 6
VY runep06oibl ¢ KAHOHWUYECKHM ypaBHEHUEM (4) uMeroTcs ¢hoxycwt, 3TO JBE
toukn: F(—c,0) u F,(c,0) (puc. 3.5). Ecnim M(X,y) — mpou3BojbHas TOYKa
runep6onel, To otpesku MF, u MF,, a Tawke ux mmHsl I =|MF|, r,=|MF, |
Ha3bIBAIOTCS (hoKanbHbiMu paouycamu To9ku M. BerauciauMm 3HaueHUsT (HOKAIBHBIX
paanycoB:

2 2

L=y(x+c)’+y* = [(x+c)* +b’ X—2—1 = [(x+¢)* +(c*—a?) X_2_1 -
a a
2 2
\/x{+2xc+&+czx—2+a2—&—x‘{=\/a2+2xc+czx_2:
a a
2
a+ ex, x>0,
(a+£x) =w/(a+ax)2:|a+gx|:{ et
a

—(a+ex), eciu x < 0.

[Ipu packpeiTuKi MOAYJS CIEAyeT y4decTb, uTo £ >1 u nus touku M(X,Y)
runepoosIbl | X |>a. AHaIOTUYHO,

r2=|a—gx|={

3amerum, uto I, —r, =23, ecmuXe®d', u ,—r,=-2a, ecmuXed, T.e. A

—(a—ex), eciu x>0,

a—eX, ecnu X<0.

m000M TOUYKM TunepOosibl ¢ ypaBHeHHWEeM (4) aOcCoJiioTHas BEIMYMHA Pa3HOCTH
paccTossHui 10 (POKYyCOB IOCTOSIHHA M paBHA 2a. OTMEUEHHOE CBOMCTBO SIBISETCS
xapakmepucmuyeckum 75 TUNEpOOSbl. DTO O03HAYaeT, YTO BEpHA CIeXyromas
Teopema.

Teopema 2. Ilycmv F u F, — dse mouxku nnockocmu, paccmosnue medxncoy
komopvimu  pasno 2C, C>0. Toeda ¢ueypa ® , cocmoswas u3z 6cex mouex
NI0CKOCMU, O KOMOPbIX aOCOMOMHASA 8eIUYUHA pazHocmu paccmosinui 0o F u
F, nocmosnna u pasna 2a, a<c, ecmv cunepdoona. Touxu F, u F, asnaromcsa
gokycamu smoti cunepooibi.

Jokazamenvscmeo. BrpibepeM Ha IUIOCKOCTH MPSIMOYTOJIBHYIO — CHUCTEMY
koopauHaT OXy Tak, 4ToObl ochb Ox mpoxonamna udepe3 Touku F m F,, a Hawano
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CUCTEMBI KOOPAMHAT COBIAAANO C cepenuHoi orpeska FF,. B sroii cucreme Touku
F, u F, umeror cnenyromue koopaunatel: F(-c,0), F,(c,0). Ilycte M(Xx,y) —
IIPOU3BOJIbHAS TOUYKA MJIOCKOCTH. Torna

|MF [=y/(x+¢)* +¥°, MR, |=(x-C)" + Y7,

CrnenoBatenbHO, ypaBHeHHE (PUrypsl O UMEET BU:

‘\/(x+c)2 +y? —\/(x—c)2 +y°

=2a (5)

500041

\/(x+c)2+y2 —\/(x—c)2 +y® ==+2a.

[lepeHecem BTOpOIl KOPEHB B MPABYIO YacCTh U BO3BEIEM 00€ YaCTU YpaBHCHUS B
KBajJpaT. PackpbiBas CKOOKH ¥ MPUBO/IS TOI00HBIE, MOJYYUM ypaBHEHUE:

+ay(x—c)*+y’> =a’—xc.

Emte pa3 Bo3BogMM B KBajipaT 00€ 4acTH YpaBHEHUS U IPUBOJUM MOJIOOHBIE:
x*(c* —a%) —y*a® =a’(c* —ad).
Tak Kak [0 YCIOBHMIO C>a, TO MOXHO ONpenenuTh umcio b=+/c*—a’ >0,

Pa3nenuB 06e 9acTW TOCIEIHEr0 ypaBHeHHs Ha a’h’, MomyduM, 4To BCE TOUKH
urypsl @ yIOBIETBOPSIOT YPABHEHHIO THIIEPOOIBI:

X2 y2_
—

a~ b
OueBunHo, Toukn F u F, saBmstoresa pokycamu 3Toi runepOoIIsbl.

Hapsiny ¢ rumepOosiolt, 3amaHHOW ypaBHeHUEM (4), MOXKHO paccMaTpuBaTh

runepooITy, KOTopast 3a71aeTcs ypaBHCHUEM
2 2
X
a~ b
OTH JBe TUINEPOOJIbI HA3BIBAIOTCS COMPAMNCEHHbIMU JPYT I japyra. Y
CONPSDKEHHBIX TUIEPOO] OJMH U TOT )K€ OCHOBHOW MPSMOYTOJIBHUK M COBIAIAOT

ACHMIITOTBI, TOJBKO JCHCTBUTEIIbHBIC U MHUMBIC OCH MCHSIFOTCS MecTaMu (puc. 7).

\ ‘lF /,’
~ 2 e
N M

~«Y

Puc.7
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['unepbony MoxHO 3amarh mnapamerpuuecku. CoOTBETCTBYIOIIHE (HOPMYIIBI
NOJIOOHBI TE€M, KOTOpPbIE HMCIIOJIB30BAINCH NMPU 3aJaHUM AJUIUICA, TOJBKO OOBIYHBIE
CUHYC ¥ KOCHHYC 3aMEHSIOTCSl Ha TUIIepO0InYEeCKue:

Xx=a cht,
(6)
y=bsht, teR.
OtmetuM, uto hopmynsl (6) 3a7al0T TOJBKO OJHY BETBH THIEPOOJIBI, BTOpAs
BETBb 3a7aeTcs (OpMyIamMu:
Xx=-a cht,
y=Dbsht, teR.
B cpemneii  mkone  eumepbonoti  HasbiBaeTcs  rpaduk  oOpaTHO

y K
IPOMOPIHOHATILHON 3aBUCUMOCTH, T.¢. rpaduk ¢yHkuuu Yy =—, K # 0. Mcnons3ys
X

MaTepuai Cleayrolero naparpada, MOXHO MOKa3aTh, YTO ITOT Ipa@uK sBIAETCA
runep6osnoii B cmeicie omnpexaeneHus 1.3.3. J{ns 9Toil rumepOoIsl HCXOIHBIE OCH
KOOpPJIMHAT SIBJIAIOTCS aCUMIOTOTAMM, a HpPSIMbIE C ypaBHEHUSIMU Y =1EX — ocsMu.

UToOBI 5TO JT0OKa3aTh, HAJIO OT MPSIMOYTOJIBHON cucTeMbl KoopauHaT OXy mepelTu K

JPYTOi, TOBEPHYB UCXOJIHYIO CUCTEMY KOOpIUHAT BOKpYT Touku O Ha 45°. B HOBOIf
2 2

y

CHCTEME KOOP/JHHAT PacCMaTpHBacMBblil IpaduK 3a1aeTcsl ypaBHCHHEM 21k| 2|K| =1

1.4.3. [1apa6o.Ja

[TapaGona W3BeCTHAa W3 IIKOJBHOTO Kypca MaTEeMaTHKH. 37€Ch MBI MPUBEIEM
HEKOTOpbIE TEPMHUHBI, MPHUHITHIE MPH PACCMOTPEHUU Mapaboibl B aHAIMTUYECKOU
T€OMETPHH.

JIrobass mapaboyia mnpu MNOAXOJALIEM BBIOOPE MPAMOYTOJIBHOM CHUCTEMBI
koopauHat OXy (Hadajao CHCTEMBI KOOPIWHAT CIIEAYyeT COBMECTHTHh C BEPUIMHOU

napabossl, ock Oy — ¢ KacarenbHOHM K mapabose B BepiinHe, ocbh OX HampaBUTh B TY
MOJIYIUIOCKOCTh OTHOCUTENRHO OY, B KOTOPOH Jie’KaT BETBU MapaloJibl) MOKET OBIThH
3a/1aHa YPABHEHUEM:
2
y =2px, p>0, (7)

KOTOPOC HA3LIBACTCA KAHOHUYECKUM YypABHEHUEeM Hapa6OJ'IBI. Yucio p HaA3bIBACTCA

P

dokanvHvim napamempom 1apadboIbl, TOUKa F (E’Oj — ¢hokycom. J11is mapaboIibl C

ypaBHeHHEeM (7) ock Ox siBisieTcs ocbto cummerpur, Touka O(0,0) — BepmmHOH.

[IpuHsATO CuMTaTh, UYTO IKCUEeHmMPUCUmMem TO00N Mapadoibl PaBEH CIUHUIIE,
g =1. DKCHEHTPHUCHUTET Mapabojbl, TAKXKE KaK B CIy4asx DJUIMICAa U THUIEPOOJIHI,
xapaktepu3yetr ¢opmy Gurypsl. Ilockonmbky y Bcex mnapadoi 3KCIHEHTPUCHTET
MOCTOSIHEH, TO 3TO O3HAYaeT, YTO y BCeX mapadboi popMa oguHakoBa. B maTemaTunke
B TaKOM CIIy4ae TOBOPSIT, UTO (GUTYPHI KOHpopmHbl. Bojiee TOYHO, 3TO O3HAYAET, YTO
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T00yI0 mapaboily MOXKHO TEPEBECTH B JIIOOYIO APYTYIO0 IPeoOpa3oBaHuEeM HO00OuUs,
T.C. TAKUM TIpeoOpa30BaHUEM, IIPH KOTOPOM PACCTOSHHS MEXKITY COOTBETCTBYIOIIUMHU
TOYKAMU YBEJIMYMBACTCS (MJIM YMEHBIIIACTCS) B OJHO M TOXE YHCII0 pa3. [Ipumepom

TpeoOpa3oBaHys MOJ00US MOKET CIyXKHUTh TIpeodpasoBanue miockoctu f :E> —E?,
KOTOpOE MPOU3BOJIbHYIO TOUKy M (X,y) mepeBoaut B Touky M'(kx,ky), k >0, Takoe
npeoOpa3oBaHue Ha3bIBacTCs 2omomemueil ¢ uyeumpom 6 mouke 0O(0,0) u

KoIhpuyuenmom k . OYeBUIHO, YTO TMPU TOMOTETHH PACCTOSHUS MEKIY
COOTBETCTBYIOIIMMHU TOYKaMHu yBenuuuBaworca B k pas. Ilycte @, u @, — nBe

napabonbl ¢ (OKaJIbHBIMU HapaMeTpamMu P, U P, , 3aJaHHbIE YpaBHEHUSIMU

COOTBETCTBEHHO Y =2pP,X u Yy’ =2p,X . Unrarento mnpemjaraercs B KadeCTBE
yOpakHEeHUsT yOenuThCs B TOM, YTO TepBas Mapabolia MEepeBOJUTCS BO BTOPYIO

romoteTuel ¢ koapduuuentom K = P

Py
y

M
of /r

\4

Puc. 8

Jlst mpownsBosibHOM Touku M (X, Y) mapabossl orpe3ok MF , a Takxke ero ajiuHa
r =| MF | Ha3bIBaoTCsS ¢hokanvHbim paouycom Toukd M . BerawciuMm 3HaYeHHE
dbokanpHOTO paauyca:

pY p’ p

r X—— | +y> =, [X*—pX+-—+2pX =X +—.
2 y P 4 P 2

1.4.4. HexoTopble 001IH€e CBOICTBA JIIHIICA, TUNIEPOOJIBI M TAPa00IbI

B 3TOM myHKTE MBI HCTIOJIb3yeM 0003HAUYCHUSI, BBEICHHBIC BbIIIE, B YACTHOCTH,
MBI CUATAEM, YTO BJUIMIIC, runiepOoIa v napaboiia 3a1aHbl B IPSMOYTOJIbHON CUCTEME
KOOpAMHAT KAHOHUYECKUMH YPaBHEHUSMH COOTBETCTBEHHO (1), (3) u (6).

Onpeodenenue 4. /Jupexmpucamu innunca u 2unepoonvl HA3bIBAIOMCA 08€

a a .
npamvie A, u A, ¢ ypaguenusamu coomeemcmeenno X =—— u X=—. lupekmpucoii
€

napaoonwl Hazvieaemcs npamas A c ypagnenuem X = —g (puc. 9).
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2 A

Puc. 9

ByneM roBopuTh, 4TO B CiTy4asx 3JUIMIICA U THIIepOoitsl Gpokyc F, u mupexTprca
A, 1=12, coomeemcmeyiom papyr npyry. IlepBoe oOmiee CBOWCTBO Tpex

YIOMSHYTHIX (PUTYP BBIPAKAETCS CICAYIONIUM YTBEPKICHUEM.

Ymeepowcoenue 2. /{na noboti mouxu snnunca, eunepbonvl uiu napadonvl
omHoOweHue ee paccmoanull 00 oxKyca u 00 coomeemcmayowei 3momy Gokycy
OUPEKMPUCHL NOCMOSIHHO U PABHO IKCYEHMPUCUENT).

Jlokazamenvcmeo. 1lycte M (X,y) — Npou3BOJIbHAS TOYKA AJUIUICA, I = A+ X

a| &X+a
X+—|= — paccrosinue ot M

€ €

— pacctostHre oT M 710 1eBoro ¢okyca F, , d =

o r
no nesonl pupekrpucsl A, . Torma azs. Jnst mpaBbIX (oKyca U AUPEKTPHUCHI

JI0Ka3aTeIbCTBO aHAJIOTHYHO.
[Tycts M (X,y) — ipou3BOJIbHAST TOYKA THUIEPOONBI, I =|a—eX| — paccTosHHE
a| |ex—al

X ——
€ €

or M no mpasoro ¢okyca F, , d = — pacctosinie oT M 10 mpaBoi

r
nupekTpucsl A, . Toraa q =¢. Jlna neBpix doKyca U JUPEKTPUCHI JTOKA3ZATEIHCTBO

AHAJIOTHUYHO.

[Iycte M(X,y) — mnpousBoibHasi Touka Tmapaboibl, TOTIa r:|X+§|

paccrossHue oT M 10 ¢okyca F , d =

x+g‘ — paccrosiHie OT M 10 JUPEKTPUCHI

r
A.Tornoa azlze.b

JlokazaHHOE CBOMCTBO SIBJISICTCS XapaKTEPUCTHUCCKUM JIJISI TpeX QHryp.

Ymeepucoenue 3. Ilycmv A — npamas na niockocmu E° | F — mouxa
NJI0CKOCMU, He Jedxcawjas Ha A, € — NOI0MHCUMenNbHoe Yucio.

Tocoa ¢ueypa ® , cocmoswas uz 6cex mMoueKk NAOCKOCMU, Ol KOMOPbIX
OMHOWEeHUe paccmosHull 00 mouku F u 00 npamou A nocCmosiHHO U pagHO € , CYMb.
aaunc, eciu € <1; eunepbona, eciu € >1; napabona, eciu € =1.

KopoTko 3akitoueHne yTBep>KAeHUs MOKHO 3aicaTh CICIYIONTIM 00pa3oM:
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d(M E annunc, ecau €<l
®={M e E? |W =g} — | eunepbona, eciu €>1,
’ napaboaa, ecaiu €=1.

Jlokazamenvscmeo. BpibepeM MpsSIMOYrolibHYyI0 cucteMmy KoopauHat OXy Ha

mockoctH E? Tak, uTo och Oy COBMAmaeT ¢ MpsAMOi A, a och OX IIPOXOIHUT Yepe3
Touky F mepnenmuxynsapHo A. Torma koopauHaTh! 3aganHoi Touku: F(k,0), rae k
— paccrosiaue oT F mo A. Eciu M(X,y) — mpou3BOJbHAs TOYKAa IJIOCKOCTH, TO
ypaBHeHHE GUTYpbl @ UMEET BUL:

_ k 2 2
\/(X | )| Y ¢ wm (x—K)? +y* = x’¢%.
X
[IpeoOpa3oBbiBasi ypaBHEHHE Jaliee, MOTYIHM:
X*(1—g*) —2xk + k* + y* =0. (8)

HYCTB € #1. BeiHEceM MHOXUTEIb 1— 82 M3 ClIara€MbIX, coAcpiKaluX X, H
AOIIOJIHUM OCTAaBHIMCCA YJICHBI A0 IIOJIHOI'O KBaaparta:

2 2 k k2 2 k2 2
(1—8) X —2X1_82+(1_82)2 +y :m—k nIIn

k 2 yz kzgz
X—= 2 | T 2 = N2 "
l-¢ 1-g° (1-¢9)
k?g?

Beenem 0003HaUeHHUE 3.2 = H pasacinmm 00e vacTH IIOCJICAHCT O

(1-¢%)’
ypaBHeHHs Ha a° . [Toay4ynM B UTOTE Clieyromee ypaBHeHne Gurypsl @ :

Y
[X_l—szj y’
32 + a2(1—82) = 9)

OueBugHO, uTO (9) sBISIETCA YpaBHEHUEM DJUIMICA, €CIIU € <1, U YpPaBHCHUEM
runepOoIbl, eciiu € >1.

Ecnu B ypaBHenuu (8) € =1, To ero MoHO Tepenucarh B Bujae Y- = 2K(X _E)

[locnennee ypaBHEeHHUE, OYEBUIHO, 33/1a€T Mapadoiy. P

Yurarento mpearaeTcs B KauecTBe ypaxHEeHHUs! yOeAUTbes B TOM, 4To F 1 A
ABIAIOTCA 11 Gurypsl @ COOTBETCTBYIOIIMMHU JIpyr Jpyry (OKycoM H
JIAPEKTPUCOU.

Jlanee Mbl HailieM ypaBHEHHS KacaTelIbHBIX MPSAMBIX K AIUIUIICY, runepoole,
napabouie.

Ecnyn orpaHu4uThCs MEPBOM KOOPAMHATHOW YETBEPTBHIO, TO Jyra dJUIMIICA,
Jexallasi B 3TOM 4eTBePTH, SABIIAECTCA rpaduKoM (PyHKIIMH

y:E\/az—xz.

a
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W3 mKOIBHOTO Kypca MaTeMAaTHKH W3BECTHO, YTO ypaBHEHHE KacaTeIbHOU K
rpaduky Gynknuu y = f (x) B Touke M,(X,,Y,) UMeeT BUI:

Y=Y = f'(XO)(X - Xo) .

B paccmarpuBaemoM ciryyae

bx b b®x

frix)=——m - % 0%

0 \/ 2 2 2 azy

ayJa’ —xg 22 1 x% 0

a
CJ'ICI[OB&TCJIBHO, YPaBHCHHUC KacaTeJILHOU:
b?x X%, Wo _ %o, Yo
Y= Yo =——52(X=X%y) W —>+ "0 =—+

a‘y, a b> a® b’

Tak kak % +-% y° > =1, MmojydaeM OKOHYATECIIbHO YPaBHEHHE KacaTelbHOW K
a’

srmncy B Touke M (X, Y,) :

a—+%_1. (10)

YuuTeiBasg, 4TO 3JUIAIIC CHUMMETPUYEH OTHOCHUTEIBHO KOOPAMHATHBIX OCEH,
HETpyAHO yOoenuthbes, uro ypaBHeHueM (10) 3agaercs kacarenbHast K 3JUIMIICY B €r0
IIPOU3BOJIBHON TOYKE.

AHaNOruYHO MOJYYalOTCsl YPAaBHEHUS KacaTeNbHBIX K THIIEpOOIIE:

XX,
PO )
U napaboJie:
= p(X+X,)- (12)

Ternepb MOKHO YCTAaHOBUTH TaK Ha3bIBAEMBIE «ONTHUYECKHUE)» CBOMCTBA IUIUIICA,
rUnepOoIIbl U MapadoIbl.
Ymeepowcoenue 4. Kacamenvnas 6 noboil mouke sniunca uiu 2unepoo.ivl

cocmassiem pasuvie yeivl ¢ okanvuvimu paouycamu smou mouxu (puc. 10).
Y A

F
F, : 0 >
X
Puc. 10
Hoxazamenscmeo. 1lycts M (X,,Y,) — Touka smiurnca. PaccMoTpuM BEKTOPHI
X
FM o(X +C,y,)m I\/I F,(C—X,,—Y,), @ TakKe HANpPaBISIOINA BEKTOP m[% ——gj
a
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KacaresbHO. [TycTh ¢, ¥ (p, — BEJIMYHMHBI YIIIOB COOTBETCTBEHHO Mexay FM, u M,

u Mexay M,F, u M.Torxaa:
(% +C)Ye %Yo

050, = b2 a’  _ XYo(@® —b*)+cya’ _cy,(@t+ex) ey,
1 — — |
|| (% +€)7 + Y2 a’b®|m|r, a’b’|mlr,  b*|m]|
(C_XO)yO +Xoyo ) ) ) )
cosg, = b2 a2 :xoyo(b —a“)+cy,a :cyo(a —cxo): &
M —%) + Y a’b®[m|r, a’’|mlr, b*|m|

Takum ob6pazom, ¢@,=¢, . [loka3aTenbCTBO B ciy4ae THIEpOONbl MPOBOIUTCA

aHaJIOTU4HO. P>

Ecnu cuntaTh, 4TO MOJAENHU 3JUIUIICA U TUIIEPOOIIBI BHITIOJIHEHBI U3 3€PKaIBLHOTO
Marepuaia, TO  MOXHO  cpopMynupoBath  (U3UYECKYyI0  (ONTHYECKYIO)
WHTEPIIPETALNIO JOKA3aHHBIX CBOMCTB:

JIYY, BbINYWEHHbIL U3 00H020 (OKyca IIIUNCA, OMpA3USUIUCL Om ILIUNCA,
nonadaem 8 opy2otu (hoKyc;

JIYY, 8bINYWEHHbIU U3 00H020 (DOKYca, ompa3usuiucs om cunepoonvl, uoem no
NPAMOU, NPoxXoosauell uepe3 6Mmopol hoxyc u MmouKy OMpartCeHusl.

Ymeepowcoenue 5. Kacamenvnas 6 nobou mouke napabonvi cocmasisem

pasmuwvie yenvl ¢ YOKATbHBIM PAOUYCOM IMOU MOUKU U 0cblo napaboast (puc. 11).
Y4

\

Puc. 11
Hoxazamenscmeo. Ilycte M, (X,,Y,) — Touka mapabomnsl. PaccMoTpuM BeKkTOp

FM,, (X, —g, Yo) U Hanpasisomwmii Bektop M(Y,, P) KacarensHoit. Ilycts ¢, u @, —

[RE—

BEJTMYUHBI YTIIOB COOTBETCTBEHHO Mexkay FM, u M, u Mexxmy M U ockro MapaGobL.
[TockoJibKy B paccMaTpUBaEMOM Cllydae OCh MapadoJibl COBIAIAET C KOOPAUHATHOM
ocbto0 OX, TO (p, — BEIUYMHA yIjla MEKIY M 1 6a3sUCHBIM BEKTOPOM T(l, 0) cucrembl
KoopauHar. Toraa:

(Xo_B)yo+yop Xoyo+£y0
T TRy

X, +—)|m

(%+) M|
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COSQ, = |yﬁo|.TaKI/IM obpazom, @, =¢,.»

dusnueckas (ONTUYECKas) UHTEPIPETALMS JOKA3aHHOTO CBOMCTBa MapadoIibl
CIICYIOIIAs: JIVY, 8bINYUEHHbI U3 (OKYCA, OMPas3usuucs om napadousl, udem no
npAMOU, napaiieibHou ocu napabonvl. Ha 3ToM CBOMCTBE OCHOBaHbI KOHCTPYKIIMU
MPOXKEKTOPOB, (ap, mepemarmmx W NPUHAMAOIINX aHTEHH, B TOM YHCIIC
napaboIMIEeCKUX TeIEBU3NOHHBIX.

OTmeTuM, 9TO TOMHMO TIPUBEIACHHOTO, CYIIECTBYIOT M JIPyTHe JOKa3aTeIhCTBA
ONTUYECKUX CBOWCTB, B TOM YHCJE W YHUCTO TC€OMETPHUYCCKHE, HE HCIOJIB3YIOIINE
ypaBHEHUHN. 3aMHTEPECOBABIIUNCS YUTATETh MOXKET MPEIJIOKUTh CBOW BapHaHT, a
TaK)K€ HaWTHU pa3jIUYHbIe J0Ka3aTeIbCTBA B MAaTEMaTUYECKOM JUTEpaType WIH
UHTEpHETE.

1.5. Tlousitue addunnoro mnpocrpancrea. IliockocTn B
a(ppuHHOM NPOCTPAHCTBE U UX YPABHEHUA

1.5.1. Onpenenenne, npuMepbI U NpocTeiinue cBoiicTBa agpuHHOTO
MPOCTPAHCTBA

[lonsarue aggunnoco npocmpancmea BO3HUKAET Kak OOOOIICHUE MOHATHIMA
npoctpanctsa E°, mmockoctu E® m mpamoit E'. Ilpu 3ToM HOCTYHAroT OOLIYHO
CIIEIYIOMKUM  00pa3oM: BBIIEJISIOTCS HEKOTOpbIE  CYIIECTBEHHBIE CBOWCTBA
00001IaeMbIX MOHSATUH, 3TU CBOICTBa (QOPMYJIUPYIOTCS KaK aKCUOMBI U HOBOE
MOHSTHE BO3HHUKAET KaK OOBEKT, YAOBIETBOPSIOLIUI JaHHBIM akcMoMaM. B Hamiem
KOHKPETHOM CJIydae Mbl OTMEYaeM cieyloliue odume cBoiicta npocrpancTsa E°,

miockoctd E? u npsimoii B ;

(1) KaXIpIi U3 3TUX 0OBEKTOB SBIACTCS MHOKECTBOM TOYCK;

(i) kaxmas ymopsiodeHHas Iapa TOYCK OMpPECNIAeT BEKTOP, MHOMXECTBO
KOTOPBIX cOCTaBIIsgeT BekTopHoe npoctpanctso V (E"),n=12,3;

(ili) or mr00OW TOYKM EIWHCTBEHHBIM OOpPa30M MOXKHO OTJIOXKHTBH JIHOOOH
BEKTOp, TOJYYUB IPH OTOM TOYKY (KOHEI COOTBETCTBYIOIIETO HAIMPABICHHOTO
OTpPE3KA).

AKcHOMaTHU3aIUs dTHX CBOMCTB MPUBOJIUT K CIICTYIOIIEMY OIPEICICHHIO.

Onpeodenenue 1. Ilycmv A — nHenycmoe MHOdCECMB0, I1eMeHMbL KOMOPO2O
OyOym Ha3b16amMbCsi MOYKAMU U 0003HAUAMBCA NPONUCHBIMU JTAMUHCKUMU OYKE8AMU
A={A,..}. Ilycmv V ={8,...}—6exmopnoe npocmpancmeo nao nonem F. Ilycmp,

oanee, Kaxcoou ynopsioouennou nape mouex (A,B) nocmaenren ¢ coomeemcmesue

eéekmop, Komopwlili 6Oydem obo3Havame AB . Mnoowcecmseo A: nazvieaemcs
apunnviM RPOCMPAHCIMEOM, CEA3AHHBIM C BCKMOPHBLIM RpOCMpancmeom V,

eciu 8bINOIHAIOMCS 08€ AKCUOMDL.
A,. /na moboi mouku A€A u mobozo eexmopa d€ NV cywecmgyem

eouncmeennas mouka B € A maxas, umo AB=a;
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A,,. [na mobwix mouex A,B,C e A eepno coomnowenue lllana:

AB+BC =AC.
ToT dakT, uTo ka0 ynopsiioueHHou mape todek (A, B), A,B € A, craButcs B

COOTBCTCTBUC BCKTOP KB eV o03HayaeT , 4TO 3a1aHO 0T06pa)KeHI/IC
®:AxA >V, (AB)— ®(A B) = AB. (1)

Axcuomsl A, 1 A,, OIMCHIBAIOT CBOMCTBA 3TOro oroOpakeHus. OTMETHM, YTO
akcuoMa A, o3HadaeT (paKTUYECKH, UTO 33JaHO OTOOpaKEHHE
AxV A,
conocrapsomee nape (A,ad) Touxky B Takyto, uto d = AB. Urak, B abpuaHOM

MPOCTPAHCTBE JIOOOM BEKTOP MOXKHO OTJIOXKHUTh OT JIIOOON TOYKHM W TMOJYYUTh
OJIHO3HAYHO OIPEACIICHHYIO TOUKY.

Onpeoenenue 2. Pazmepnocmoio agpgunnozo npocmpancmea, cei3anno2o c
KOHEUHOMEPHbIM 8EKMOPHbLIM npocmpancmeom \, Hazvieaemcsa pazmepHOCmb

npocmpancmea V; N -mepnoe aggunnoe npocmpancmeo obosnauaemes A" . Eciu
V beckoneunomepro, mo aggunnoe npocmpancmeo A  makdce Hazvleaemcs
deckoneunomepuvim. Hynv-mepnoe aggunnoe npocmpancmeo A° nazviéaemcs
agppunnoit  mouxoii, 1-mepnoe apdunnoe npocmpancmso A’ nazvieaemcs
agpunnon npamoi.

3ameuanue. O603naueHue AB s Bektopa @ (A, B), mo Buay coBmazaroliee ¢

0003HauUeHHWEM KJlacca SKBUBAJIEHTHBIX OTPE3KOB, €CTh HAa CAaMOM JIeJie JIMIIb
YCIIOBHOCTD, TTO3BOJISIONIAS TOAYEPKHYTh OJIM30CTh 3TUX MOHATHI B OMpEEICHHOM
KOHTEKCTe (HO He uX coBmajaeHwe). Hmke OyaeT mokazaHo, 4TO Jig JIFOOOTO
BEKTOPHOTO MPOCTPAHCTBA CyIIecTBYeT ad(UHHOE MPOCTPAHCTBO, CBSI3aHHOE C HHM.
[ToaTOMYy BEKTOPBI, ONpeACIIeMbIe TTapaMH TOYEeK ap(GUHHOTO IPOCTPAHCTBA, MOTYT
UMETh Pa3JUYHYI0 TPUPOTY, OHU MOTYT SIBISITHCS YHCIAMH, MHOTOYJICHAMH,
GYHKIUSIMA, MATPUTLIAMHA | T.1.

[IpuBeneM HEKOTOpBIC CIEACTBHS, HEMOCPEICTBCHHO BBITCKAIONIUE U3
onpenenenust ahGUHHOTO MPOCTPAHCTBRA.

Ymeepocoenue 1. Ilycmo ABeA . Tocoa AB=0 mozda u moavko mozda,

ko20a A=B.
Joxazamenvcmeo. llomaras A=B=C wu3 coorHomenus Illans nomydaem:

A—A+A—A=A—A, OTKYyJa AA=0. U3 JIOKA3aHHOTO BBITEKAET, UTO ‘I’(A,@):A, T.C.
OTKJIaJbIBasi OT TOYKM A HYJIEBOM BEKTOp, MOJIydyaeM UCXOAHYI TO4YKy A. Eciu
Tenepb mia Touek A,B BepHO paBEeHCTBO AB=0, T.e. ‘I’(A,6)=B, TO B CHIY
OJIHO3HAYHOCTH OTKJIAJbIBAaHUS BEKTOpPA OT TOUKM nosiyyaeM A = B.

Ymeepoicoenue 2. J[na noovix mouex A, B e A sepno pasencmeo AB =—-BA

—

Jloxazamenscmeo. AB+BA=0 Beuay cootHomenus Illans u yTBep:KacHHS
6.1.1. Caenosarenpno, AB=-BA.
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B oroOpaxkenun @ 3adukcupyeM NEpBBIA apryMeHT, moioxuB A=0
[Momy4yrm oToOpakeHue

®,:A >V, M- OM. (2)

Bektop OM Ha3wIBacTcs paouyc-eekmopom 1ouxu M .

Ymeeporcoenue 3. /[ns nioooi mouxu O € A omobpascenue (2), cmasswee 6
coomeemcmaue Kaxcoou mouke ee paouyc-6eKmop, A6ifemcs Ouexyueu mexncoy
MHOJCECmBoOM cex mouexk aggunnoco npocmpancmea A u MHOdNCecmeom 6cex
8EKMOPO8 8eKMOpPHO20 npocmparncmea \ .

Jlokazamenvcmeo. Ilycte deV, torma mis M =W(0,d) umeem: OM =4,
cllefIoBaTeNIbHO, oToOpaxkeHne @, cropbektuBHO. Ecmu @D, (A)=D,(B), T.c.
OA=0B, 1o npumenss cootHomenue Illams, momywaem: OA+ AB=0A, T.c.

AB =0. VrBepxnenue 1.4.1 teneps Bieder, uto A= B, T.e. ®, HHBEKTUBHO. 4

Takum oOpasom, oroOpaxkeHue @, OTOKAECTBIAECT TOYKH C BEKTOpPaMH,
nostomy @, OyaeM Ha3bIBaTh 6ekmopusayueii ahHUHHOTO MpocTpaHcTBa A |

Ilpumepol aghpunnvix npocmparncme

1. IIpexne Bcero, mpumepamu adpGUHHBIX TPOCTPAHCTB CIYKAT MPOCTPAHCTBO
E°, mmockocts E? u  mnpamas E', 1mockodbKy MMEHHO MX  CBOMCTBaA
aKCHMOMAaTU3UPOBAIUCH B onpeneneHuu 1.4.1. Otu appuHHBIE NPOCTPAHCTBA CBSA3AHbI
C  BEKTOPHBIMHM  mpocTpaHcTBamu  cooTserctsenHo  V (E®),V(E?),V(E))
OTtobpaxkenue @ 371ech BOZHUKAET, €CJIU [T KAKIOW YHNOPSJOUYEHHOW Mapbl TOUYEK
(A,B) mocTtpouTh BHaJalle HalpaBJICHHBIM oOTpe3ok AB , a 3arem Kiacc

SKBUBAJICHTHOCTH 3TOTO OTpE3Ka, T.€. BeKTop AB.
2. TIycte {A}— omnosnementHoe muOiecTBOo, V ={0}— HymeBoe BekTOpHOE

MPOCTPAHCTBO Haj moJjieM F. 3amanum otobpaxkenue @ cieayromum (€IUHCTBEHHO
BO3MOXKHBIM) 00pa3oM:

@ (A, A)=0.

OueBuzHO, BBINONHAIOTCS akcuoMmbl A, n A, . CrnenoBarenbHO, JH000€

OOHOINEMEHMHOE  MHOMCECMBO  MOJCEM  PACCMAMPUBAMbCA  KAK — HYJIbMepHOe
aggunnoe npocmpancmeo (apunnas mouka), cés3aHHOE C HYIEBLIM BEKMOPHbIM
NPOCMPAHCMBOM HAO NPOU3BOTbHBIM nonem F.

[TokaxkxeM Tenepb, 4TO ISl JIIOOOTO BEKTOPHOIO MPOCTPAHCTBA CYIIECTBYET
adpuHHOE MTPOCTPAHCTBO, CBSI3aHHOE C HUM, B YaCTHOCTH, CYIIECTBYIOT apHUHHBIC
MPOCTPAHCTBA JIIOOOW pa3MEpPHOCTH, a Takke OeckoHeuHoMepHble addUHHBIC
MPOCTPAHCTBA.

3. ITycTth V — npou3BOJIbHOE BEKTOPHOE MPOCTpaHCTBO Haja nosieM F. Tlonoxum
A =V, T.e. OyneM paccMaTpuBaTh KaKIIbIi SJIEMEHT MHOXKECTBa V U Kak BEKTOp, U

Kak TouKy. PaccMoTpum crieyroree oToopakeHue:
O:AxA >V, (ab)—>b-a
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Ynpasicnenue. Ilposepome, umo svinonnsiomes akcuomol A u A, .

Takxum 06pazom, J1F000e BEKTOPHOE TIPOCTPAHCTBO MOXKET PACCMATPUBATHCS KaK
ah(GUHHOE TTPOCTPAHCTBO, CBA3AHHOE C CAMUM COOOM.
B wactHOCTH, ecnu B KayecTBE BEKTOPHOTO MPOCTPAHCTBA V B3STh BEKTOPHOE

npoctpanctBo crpok F"={(oy,0,,..., )| o €F}, TO MHOXKecTBO F" MOKHO
paccmarpuBarth Kak a@@UHHOE MPOCTPAHCTBO, CBA3aHHOE C  BEKTOPHBIM
npoctpanctBoM F". B atoM ciayuae F" HaspIBaeTCs N -MepHbIM apumemuueckum

agppunnvim npocmpancmeom nHan noinem F. B srom mnpumepe Bexktop AB
IOCTPOEHHBIM mo mnape Todek A= (oy,o,, ..., ), B=B,B,, ..., B,) HuMeeT BUA:

AB=(B, 0y, .. B, —at,).

1.5.2. IlnockocTHu (MoaANpocTpancTBa) B appUHHOM NPOCTPAHCTBE

OnpenenuM BaKHOE MOHSATHE noonpocmparcmea ahPUHHOTO MPOCTPAHCTBA,
00001IaroIIee MOHATHS IPAMBIX U ITIOCKOCTEH B IIpocTpaHcTBe E°.

Onpeodenenue 3. Ilycmv A — agdunnoe npocmpamncmeo, cesazannoe ¢
gexkmopnvim npocmpancmeom \; M, — nekomopas mouka npocmpancmea A ; W —
noonpocmpancmeo  @ekmopHoz2o  npocmpancmeéa N .  Iloonpocmpancmeom
appunnoco npocmpancmea A HaA36IBACNCI MHOMCECTBO

B ={MeA MM eW}. (3)

Hns noonpocmpancmea B mouxa M, nazvieaemcs nauanvnoit mouxoit, a \W —
HAnPAasIAIWUM NPOCMPAHCHIEBOM.

Wrak, mognpocTpancTBO aQpUHHOTO MPOCTPAHCTBA COCTOMT W3 BCEX TOYEK,
NOJTYYaroIIUXCAd OTKJIAJbIBAHUEM OT (UKCUPOBAHHOM TOYKM M, BCEBO3MOMKHBIX

BEKTOPOB HEKOTOpOro noanpoctpanctBa W BekTopHOTO mpocTpancTBa V (puc. 1).

Puc. 1
[ToampocTtpanctBo B addurHOrO mpocrpancTsa A, onpeaensemoe hopMysIon
(1), T.e. moAmpOCTpaHCTBO ¢ HadaubHOW TOUKOM M, €A U HampaBIAIOILIAM
npoctpanctBoM W <V Oynem obo3Hadate M, +W.

[Tpumepamu nopnpocTpancTd B E® kak B ap(MHHOM NIPOCTPAaHCTBE CIyKaT
IpsAMbIE M IIOCKOCTH. JlefiCTBUTENBHO, eclit A — npsiMas B E° ¢ HauanbHOM TouKoi
M, W HampaBIAIOIMM BEKTOPOM &, TO A COCTOMT M3 Beex Todek M € E° Takux,
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4To Wzté,teR . Drto osmawaer, uto A=M,+W' , rne W'=L(E) -
onHOMepHOe moanpoctpanctso V (E®), mopoxneHHoe BektopoMm a . TouyHO Takxke,
TIOCKOCTh T B E° MOKHO ONpeseiuTh Kak MoampocTpancTso: ©= M, +W?. 3nech
M, — HadanbHas Touka miockocTd 1T, W’ =V (1) — JByMepHOE MOANPOCTPAHCTBO

3
npoctpanctBa V (E”), cocTosiee u3 BceX BEKTOPOB IJIOCKOCTH T .

Y4uuThiBas CKa3aHHOE BHINIE, MOINPOCTPaHCTBA aPpGUHHOTO MPOCTPAHCTBA
IPUHATO HAa3bIBATh TaKxke niaockocmamu. Iloanpocrpancrso B = M, +W, xortopoe

3amaercs hopmyroit (5), Ha3pIBaeTCs Maockocmbio B ahhUHHOM TIPOCTpaHCTBE A C
Hauanvhou moukoii M, U wnanpaenawuwum npocmpancmeom \W. Ecnu

dimW =Kk, to B Ha3bBaercs K -mepHoii naiockocmoio B apPuHHOM TPOCTPAHCTBE
A. B nanpHeiimeM MbI OyneM MpHIEPKUBATbCA 3TOM TEPMHHOJIOTUH, HOCAIICH

Oosee reomeTpuueckuii xapaktep. B n -mepHom adduuHOM mpoctpanctBe A
CYILIECTBYIOT IUIOCKOCTH JTt000# paszmepHoctH K, 0 <k <n. 310 cnexyeT u3 Toro, 4to

B cBs3anHOM ¢ A" N -MEpHOM BEKTOPHOM mpocTpaHcTBe V" CYIIECTBYIOT
MOJNPOCTPAHCTBA COOTBETCTBYIOLIUX Pa3MEPHOCTEH.
Baxxuyro posib B ah(pUHHOM MPOCTPAHCTBE UTPAIOT cUNEPHIOCKOCHI.
Onpeoenenue 4. Ilycmv A — agdunnoe npocmpancmeo, cesazannoe ¢
gexkmopuvim npocmparcmeom . Ilrockocms B = M, +W 6 npocmpancmee A

HA3b18AEMCsl 2ZUNEPRIOCKOCHbIO, eciu ee Hanpaesasiowee npocmpancmeo W umeem
kopasmeprocms 1 ¢ npocmpancmee V.,

B gacTHOCTH, THIIEPIUIOCKOCTh B N -MepHOM ad(GHHHOM IPOCTPAHCTBE — ITO
(n—1) -MepHast MIOCKOCTb.

Ymeeporcoenue 4. Ilycmv (B),_, — cemeticmeo nnockocmeii 6 agghunnom

iel
npocmparncmee A u Wi —Hanpaeadrouee npocmparcmeo niocKkocmu Bi 01 1106020

iel . Tocoa nubo ﬂBi =, aubo B=—-ﬂBi — naockocmo 6 npocmpancmee A ¢
iel iel
Hanpasasarowum npocmparncmeom W = ﬂWi.
iel
Hokazamenvcmeo. 11yctb B=—-mBi # n M, eB. Toraa BepHbl cieayromue

iel

3KBHUBAJICHTHOCTH:
(Me[B)=(Viel MeB)< (Viel MM eW,) < (MM [ |W).
icl iel

CpaBHUBasi Ha4ajio M KOHEI[ B IIEMOYKE IKBUBAJICHTHOCTEH, MOIydaemM, 4To B:
ABISETCS IUIOCKOCTBIO B A ¢ HavanbHOW Toukod M, ¥ HanpapJIsIOLIUM
npoctpancTBoM W = ﬂVV.

iel

YkaxeM HEOOXOIMMbIE M JIOCTaTOYHBIE YCIOBUSI JJII TOTO, YTOOBI JIBE

MJIOCKOCTH UMEJI HEMYCTOE MEepPECEUCHHE.

46



Ymeeporcoenue 5. IIycmv B = My+W u P = N,+U-— nrockocmu ¢

agunnom npocmpancmee A.
(1) Eciu BNP #0, mo ons modvix mouek M e B u Ne P eepho:

MN e W + U.
(i1) Ecu cywecmeyiom mouku M €B u N € P makue, umo MN € W+ U, mo

BNP = .

[Tonesna cioBecHast GOPMYITMPOBKA ATOTO YTBEPKICHHUS:

0g6e niaockocmu aggunnoco npocmpancmea nepecekaiomces (m. e. ux
nepeceuenue He Nycmo) moz2oa u moibKo moz2od, ko2oa eekmop-mocmuk (sexmop,
KCOCOUHAIOWUTD)  MOYKU  NIOCKOCME) NPUHAONEHCUM  CYMME  HANPASISIIOUUX
npocmpancme omux mzocxocmeﬁ.

Hokazamenvcmeo. (i) Ilyctre PeB(1P. Torma MP e W, PN e U.
Cnenosareapno, MN =MP + PN e W + U.

(i) Mycrs MN e W +U. D10 o3mauaer, uto MN =d+b, rae deW, beU.
BriGepem Toukn P=M +3eB u P,=N—-beP. Torma PP,=PM +MN + NP, =

—d+(@+b)-b=0, 1. e. P,=P, TakuM 00pasoM, IIIOCKOCTH B H P HMEHOT

HEIyCTOE NepeceyeHue.
ITycte A" — n -mepHoe apPUHHOE MPOCTPAHCTBO, CBSA3aHHOE C BEKTOPHBIM

npoctpanctBoM V" Hag monem F.
Onpeoenenue 5. A@guunvim penepom (uiu agunnoii  cucmemoi

Koopounam) 6 N -mepHom apguunom npocmpancmee A" Hazvieaemcs
ynopaodouennwviii Habop (O, €,...,6.), cocmoswui u3z ¢uxcuposannou mouxku O

npocmpancmeéa A" u  6asuca (€,..,6) eexmopnoco npocmparncmea V"
Koopounamamu mouxu M € A" ¢ penepe (O, €,...,€.) nazvisaiomesi KOOpOUHamol
ee paouyc-eéexkmopa OM 6 6azuce (€,...€,).
Takum o6pasom, koopauHatel Toukd M € A" B nannom penepe (O, €,...,6.) —
3TO YHOPSAAOYEHHBINH HA0Op (X,...,X,) BJIEMEHTOB noist F Takoi, uyTo
OM =x§€ +...+ X €.
Ecim touka M wumeer xoopauHatbl (X,...,X. ), TO HCIONb3YIOT 3aIUCh

M (X[, X))
PaccMOTpHM cocoObl 3aaHus MiockocTeld B mpoctpancte A". IMycts B* =
M, + W — k -MepHas miockocts B N -MepHOM adduaaOM mpoctpancTee A", kK >0

Bapukcupyem B A" Touky O wu o6oszmaumm: Ty =OM,— paguyc-BeKkTOp
HavaapHON Touku M, mmockoctu BY; F=OM — paamyc-BeKTOp IPOM3BONLHOM

Touku M € A". Tlycrs (4,,48,,...,d,) — 6asuc Hampapisiomero mpoctpaactBa W-
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IIIOCKOCTH Bk. I[anee, HUCXO0Os1 U3 OHNPCACIICHUA INNIOCKOCTH, 3allMIIEM HCECKOJIBKO
OKBUBAJICHTHBLIX YTBep>KI[€HI/II713
k IVE VS k S = =
MeB" & MM =r-r,eW" < 3t t,,. .t eF r-r=ta +ta +..+ta,.

Takum o0pazoM, paanyc-BeKTOp I MpPOU3BOJIBLHON TOYKM M MIIOCKOCTH MOXKET
OBITh 3aMKcaH B BUJIE:
r=r+ta +ta, +..+t4a,. 4)
Bo3HukaeT OMEKTUBHOE OTOOpaKEHHE

F:Fk_)g,(tiatzv-"!tk)|_)rg)+t1§1+t2§‘2+"'+tk§k (5)

k -ii mexapToBOii crenenn FXocHOBHOro mosis F Ha MHOXKECTBO pajldyC-BEKTOPOB

—. ) .
B Bcex Touek mmockoctn BY. Ortobpaxenne (5) sBnsercs mHapameTpH3aLyeil

—_—

MHOXecTBa BY, OHO HAsBIBACTCS 6eKmOpHO-napamempuueckum —3aJaHHEM
mnockocti BY. Jlomyckas BomeHOCTH peun, paBeHCTBO (5) HA3BIBAIOT TaKke
6eKIMOPHO-napamempuieckum ypasuenuem miockocta BY, cumBonsr t,t,,...,t, u3
3TOTO PAaBEHCTBA — HAPAMEMPAMU.

[lycts temepy (O, €,...,6,)— abdunnpii pemep B mnpoctpanctee A';
(X,...,X)) — KOOpIAMHATHI B 3TOM perepe HadaabHOH Touku M, mmockoctu B
(coBnazaronye ¢ KOOpAMHAaTaMH pajauyc-Bekropa I, B Oasuce (€,...,€.)); (X,...,X,)

— KOOpAMHATBHI MPOU3BOJNbHOM Toukn M € A" (coBmagaromme ¢ KOOPAMHATAMHU
pamuyc-Bektopa T B Gasuce (€,..,€,)); (oy,...,a ), Jje{l2,..,k}, —xoopmunarst

BekTOpa &; B Oasuce (€,...,€,). Hcmomp3ys 5TH  00O3HAYEHHs, MEPENHULIEM
BEKTOPHOE paBeHCTBO (4) B koopauHatax. [Tomyunm:

0
X =X +to, +to, +...+toy,,

0
X, =X, +ta,, +Lo,, +...+o,,,

(6)

Y0
X, =X, +to, +Lo,+..+ta,.

BosHukaeT 6ueKkTHBHOE oToOpaxkeHue K -if mexkaproBoii crenenn F* ocHoBHOTO
nonst F Ha MHOkecTBO B¥  Koopamuat Bcex Touek mmockoctu B

X F 5B t=(t,t,,....t,) = (% (), X, (1), ..., X, (1)),
rae X (t), X, (t),...,x,(t) onpenensrorcs u3 paBeHCTB (6):
X (t) =% +to, +toy, +..+tay,, ie{l2,...,n}

PaBencTBa (6) Ha3bIBAIOTCS TAKXKE HApAMEMPUUECKUMU YPAGHEHUAMU 6

Koopounamax nnockoctd B . Hambomee uacTo BcTpeuaeTcs KOOPIMHATHO-
napameTpuuecKoe 3a/laHue MPSIMOM, OHO UMEET BUJL:
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_ O
X, =X +tl,
L0
X, =X, +1l,,
_ O
X, =X, +1l.
3 0 0 ) 2 I I
neck (X ,...,X,) — KoopaumHaTtbl HavanbHOW TOoukHM mpsmoit; (,...,1)) —
KOOPAWHATBl  Hanpasisaouwe2o  eekmopa TpsIMOM —  0a3sUCHOrO  BEKTOpa

HaIpaBJISIOILEro MPOCTPAHCTBA.
Ecmu (O,€,...,6.)— addunnsiii penep B mpoctpanctBe A", TO 060

ypaBuenue f(x,...,x )=0 ¢ N HemsBecTHbIMHU 331acT B A" Gurypy, COCTOSIIYIO 13
BCEX TOYEK MPOCTPAHCTBA, KOOPAMHATHI KOTOPBIX SIBISIOTCS PEIICHUSMU HSTOTO
ypaBHEeHUs. BeIsicHUM, Kakyto (GUTrypy 3aJaeT JIMHEWHOE ypaBHEHUE BUAA
ax, +a,x, +..+ax =b, (7)

rue a;,a,,....a,,beF.

Msl cunTaem, 4Tto XOTA Obl OJMH M3 KO3(DPUIMEHTOB MPU HEU3BECTHBIX B
ypaBHeHuH (&) orimueH ot Hyhs. [lycts nis onpenenennoctu a, = 0. Torna

b ai anfl

X, =———=X —w.——=X , —
n a a Xl a n—1

n n n
obmiee pemenue ypaBHeHus (6), 3aech X,..., X, , — CBOOOJHBIE HEU3BECTHBIE,
KQKJIBIM U3 KOTOPBIX HE3aBUCUMO OT JIPYTUX MOKET MPUHUMATD JIFOObIe 3HAUCHUS U3
nons F. Oty HensBecTHbIE IPUMEM 3a NapaMeTpsl, 0003HauuB t =X, 1 €{l,...,n—1}.

Teneps Bce pemieHus ypaBHeHUs (6) MOKHO TIPECTaBUTh B BUJIE:

-

X =1,
Xn—l = tn—l’ (8)
LR PR ST

an an an

CpaBuuBas (6) ¢ (8), MOXHO yTBepxkaarh, 4YTO paBeHCTBA (8) SBISAIOTCS
napaMeTpUYECKMMHM  yPaBHEHUSMHM  Tunepmiockocts 7, =M/ +W" B

b y
npoctpanctee A". 3mxecs M, (0,...,0,—) — HauambHasE TOYKa 3TON THIICPIUIOCKOCTH,
a

n

a  Oasuc  HampaBnusiomero — mpoctpaHcTBa W' 00pasyloT  BEKTOpPBI

61(1105""01_%)’ 62(0511"'101_%)1 ey Bn_l(ol"'lolll_ an71

) 17001 BEKTOPHI

n

¢(,,o,..,0,-a), c(0,a,..0,-a,),..C ,0,..04a,-a, ).

3aMeTuM, YTO COOTBETCTBYIOIIEE (8) OTHOPOAHOE YPaBHEHUE
axX +a,X, +..+ax, =0 9)
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3amaer moampocTpancTBo W' BekropHOoro mpoctpanctBa V" (eciam
3adukcuposars B V" 6asuc (€,...,6 )). Takum 00pa3oM, MbI JOKa3aJH CIEMYIOIICe
YTBEPXKICHHE.

Ymeepowcoenue 6. Ilycmo (O,€,...,6 ) — appunnvii penep 6 npocmparcmee

A". Kaxcooe nunetinoe ypasmenue (1), 6 KOmMopom ecmb OMIUYHBIE OM HYIISL
KO2(hhuyuenmol npu Heuzgecmuuix, 3a0aem 2UNEpuIOCKOCmy T, | 8 NPOCMPAHCMGE
A". Hanpasnsiowee npocmpancmeo W'  zunepniockocmu m,, 3adaemcs 6
basuce (€,...,6.) coomsemcmeyrouum 00HOpoOHbIM ypasHeHuem (9).

VpaBHeHue (7) Ha3bpIBacTCS 00U{UM ypagHeHuem TUIEPIUIOCKOCTH T, , B
penepe (O, €,...,€.).

PaccmoTpum Teneprs cucTeMy JTUHEWHBIX YPABHEHUMN:

A X X+ X, = b1’

Ay X +8,,X, +...+a, X =D, (10)

a X +a X +.+a X =b .

Ota cucteMa MOXET ObITh Hecoémecmnoul (He umeTh pernenuit). Torma (10)
3aJ1aeT myctoe MHOecTBO. [lycTh cucteMa coBMmecTHa. Torna Kaxioe u3 ypaBHEHUN
CHCTEMbI 3aJa€T IUIOCKOCTh B mpocTpadctBe A" (THIEPIUIOCKOCTh JHOO BCe
npoctpanctBo  A"). Cuenosarensno, cucrema (10) 3amaer nepecedenme M
MJIOCKOCTEH M TTOCKOJIBKY OHO HEMYCTO€, TO B COOTBETCTBHE C YTBEpXAcHUEM 4,
cuctema (10) 3amaer mmockocTs B B mpoctpamctBe A", Hampasnsomee
TIPOCTPAaHCTBO KoTopoi W* ecTh mepeceueHre HANpaBIAIONMX POCTPAHCTB
MJIOCKOCTEH, 3a/1aBaeMbIX KakIbIM U3 ypaBHeHuidl cuctembl (10). Takum oGpaszom,
noanpoctpasctBo W 3amaercs (mpu ¢ukcupoammn B V" 6asuca (,...,€,))
COOTBETCTBYIOIIEH OJHOPOJIHON CUCTEMOM:

A X +aX, ...+, X, = 0,

Ay X Fa,X, +..+a, X, =0, (1)

a X +a X, +..+a X =0.
W3 Teopum cucteM IWHEWHBIX ypaBHEHWH W3BECTHO, 4YTO dHCIO K, T. e.
pasmepHocTs W (a Tarke mnockocta BY), Beramcisercs mo gpopmye:
K=n-r,
rae I' — panr Matpuisl (;) .
Onpeoenenue 6. [Tycmo (O, €,,...,€.) — appunnwiii penep 6 npocmpancmee A".
Ecnu cucmema ypasnenuti (10) 3a0aem nnockocms B 6 npocmpancmee A", mo

2o6opsam, umo (9) — o6ugue ypasnenus niockocmu B* ¢ penepe (O, §,,...,€.).

50



[Toxaxkxem, 4TO BepHO M OOpaTHOE, T.e. Jit00as MJIOCKOCTh B JAHHOM perepe
(O,€,...,6,) adbounnoro mnpocrpanctBa A" MoxkeT ObITh 3agaHa OOIUMH

ypauenusmu. Ilycts B¥ = M, +W“— Kk -mepnas miockocTh B N -MepHOM

apdunroM mpoctpanctee A". M3 TeopuH CHCTEM JMHEHHBIX YpaBHEHHI W3BECTHO,
uro mpu (uxcupoBanuu OGasuca (€,...,6 ) BekrTOopHOro mpoctpanctBa V' s

moboro moampoctpaHcTBa W cymecTByeT OJHOpOJHAs CHCTEMA JIMHEHHBIX
. k k
ypaBHenui (10), 3amaromas W". Ilycts HauanpHas Touka M, ruiockoctu B umeer

B penepe (O, €,...,€ ) KOOpAUHATHI (Xfxr?) s xaxnaoro | e{l,...,m} onpenennm
3JIeMeHT b, € F paBeHCTBOM:
b, =2, X +a,%, +...+ 8%,

U PaCCMOTPHUM CHCTeMY JUHEHHBIX ypaBHeHUH (10), B mpaBbIX 4yacTsAX KOTOPBIX
CTOST ompeseeHnble Bbime 0. [Tomyuennas cuctema (10) coBmectra ((X,...,X°) —
pEIICHUE CHUCTEMBI), CIEAOBATEIbHO, KAK OTMEYEHO BBIIIE, OHA 33Ja€T HEKOTOPYIO
IUIOCKOCTh B MPOCTPaHCTBE A", HampapisIOINIee MPOCTPAHCTBO KOTOPOM 3a/1aeTCs
COOTBETCTBYIOIIEH OTHOPOJHON CHCTEMOH, T. e. coBmagaer ¢ W*. Ecim 3ameTuts,
YTO 3Ta IJIOCKOCTh NPOXOAUT uepe3 Touky M, ((X,...,X°) — pellleHre CHCTeMbI), TO
MOKHO yTBepkaaTh, uto cucrema (10) 3amaer mmockocts BY. IIposeneHHbIE
pacCyXJI€HHs  IIOKa3bplBalOT,  4YTO  CHpaBeUIMBa  CIEAYyIOIIAas  Teopema,

YCTAHABIMBAKOIIAS TECHYIO CBSI3b MEXKAY IUIOCKOCTSIMU B KOHEYHOMEPHBIX
ad(GUHHBIX MPOCTPAHCTBAX U CUCTEMAMHU JIMHEHHBIX YpaBHEHUH.

Teopema 1. [lycmo (O,€,...,6.)— penep 6 agpunnom npocmpancmee A".
Tozoa:

(i) xaorcoas cosmecmuas cucmema nunetinvix ypassenuti (10) 3a0aem 6 oannom
penepe naockocmvy B,  uanpasnsiowee npocmpancmeo komopoii  3adaemcs
coomsemcmsyiowei.  00nopoonot  cucmemou  (11).  Paszmepnocmv  niaockocmu
onpedensemcs popmynou K =n-rang(a;);

(ii) mobas naockocmv 6 npocmpancmee A" modicem Gvimb 3a0ana 6 OAHHOM
penepe cucmemoii qunetinvix ypasnenui (10).

Ynpascuenue (1) Joxadxcume, umo MuHuMaibHoOe YUCIO YPAGHEHUL 8 CUCTEME
(9), zaoarowen kK -mepuyro niockocmo 6 N -mepHom ag@uuHom npocmpancmee,
pasro N—K.

(i) Ilycmo (O,€,,...,6,)— penep 6 apgpunnom npocmpancmee A". 3anuwume
napamempuyeckue u oouue ypagHeHusi KOOPOUHAMHBIX NIOCKOCEl, ONPeOesieMblX
SMUM penepom.

1.5.3. ApPpunnas 000;104Kka MHOKECTBA TOUYeK. B3anMHoOe pacnosio:xkeHune
ABYX IIOCKOCTeH B a@pGUHHOM MPOCTPAHCTBE A",

B addurHOM mpocTpaHCTBE MOXKHO OMPEIETUTh AHAJIOT JTUHEHHOW 000J0UYKH
MTOJIMHOKECTBA BEKTOPOB BEKTOPHOTO ITPOCTPAHCTBA.
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Onpeoenenue 1. Ilycmv S— Henycmoe NOOMHONCECMBO — APPUHHO2O
npocmpancmea A . Apunnoin obonouxoit Aff (S) mmnoowcecmea S nazvisaemcs
HaUMeHbUas no 8KII0YEHUI0 NI0CKOCmb 8 A, codepacawas S.

TepMmuH naumenvwas no exmouenuto o3Hadaer, uro Aff (S) comepxwurcs B
KQKJI0M MIIOCKOCTH, cojepxKaiieil MHOXecTBO S. AddunHas 000j0UKa CyIIeCTBYET
Ui JII000r0  HEMmycToro  MHoJMHOXkecTBa S.  JIeHCTBUTEIBHO, CEMEHCTBO
(B)..,» ScB Viel, Bcex miockocreit B A, comepKammx S, HE IyCTO, MOCKOJILKY

Bce adduUHHOE MPOCTPAHCTBO A COAEPXKHUT S, T.C. SABISACTCS OJHOW W3 TaKHX
IJI0CKOCTer. PaccMOTpuM mepecedeHue 3Toro cemenctsa B= ﬂBi. ITockombky

iel

MHOXECTBO S COIEpKUTCS B Kaxmou miockoctu B, To S < B wu, cienoBarensHo,

B # . CornacHo ytBepxkacauio 4, B= ﬂBi — TUIOCKOCTh B A , coaepxkamias
iel
MHOeCTBO S. KpoMe Toro, mo mocTpoeHHIo, TIOCKOCTh B comepUTCsl B KaKIou
IUTOCKOCTH, COJepKamied S, T.e. SIBJISETCS HaWMEHBIICH M3 TaKUX IIJIOCKOCTEH.
Takxum ob6pazom, B= Aff (S).
Paccmotpum noapobHee adduHHYI0O 000J0UYKY KOHEYHOTO MHOXECTBA TOYEK,
comepxkaimero k+1 touky: S={M,,..,M, }, ke{0,1...}. Ilycte B — miockocts ¢

HavaJbHON TOYkoW M| m HampasistroruM moampoctpancteoM L(MM,,...,MM,),

SBIISIONIMMCSL JIMHEeWHOW o00omoukoit BekropoB M M,,...,M M,. Ilnockoctu B ,
OYEBUHO, TpUHAIekKAT Bce Touku M, ...,M,, a cama oHa comepxurcs B a000M
IJIOCKOCTH, coepxkamei Ttoukun My, ...,M,. Cnenosarensno, B = Aff(S), B
YaCTHOCTH, HampasJjstoniee npoctpanctBo apdunnon odonouku Aff (M, ...,M,)

COBIANAeT ¢ JMHelHoi ob6omoukoit L(M,M,,...,M,M,). Orcioma cnexyer, uro
dimAff (Mg, ...,M,)<k. Tlpu makcuManrbHO BO3MOXHOM 3HAYEHHH OTOH

pa3sMEpHOCTH, T.€. B ciiydae, koraa Bekropel M M,,..., M M, nuHeliHO HE3aBHCHUMBEI,
HCTMOJIB3YIOT CJIEAYIONIYI0O TEPMUHOJIOTHIO.

Onpeoenenue 8. Touxu Mg, ..M, agpdununoco npocmpancmea A
Hazvleaiomces: agppunno nezasucumovimu (Ui MOUKAMU 00ULE20 NOJIONHCEHUSA), eClU
dim Aff (M, ...,M,) =Kk.

Ecau B u P — miockoctu B ahpuHHOM MPOCTPAHCTBE, TO, KaK JIETKO BUJICTh,
ux o0benuuerne BUP B o6mem ciyuae He sBIsieTcs IUIOCKOCTBIO. Hampumep,

00beIMHEHNE BYX Pa3IMYHBIX IIPAMBIX B IPOCTpaHCTBEe E° He sABIseTCS HU NpAMOM
HU TJIOCKOCTHIO, HM COBMAJAET CO BCEM MPOCTPAHCTBOM. JTa CUTyalMs Takas Ke,
kak ais noanpoctpancts W, U BekTopHoro npocrpanctsa V. B nuHeiiHol anredpe

oobpequaenne WU 3amensiercs omeparueii cymmbl moampoctpancts W+ U, B

pe3yapTare KOTOPOM IOJIydYaroT HAWMEHBIIEE I10 BKIKOYEHHIO IOANPOCTPAHCTBO,
conepxamee W u U. TogHO Tak e IOCTyNarT B TEOMETPUH.
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Onpeoenenue 9. Ilycme B u P — naockocmu 6 agpgpunnom npocmpancmee A.
Cymmon nnockocmu B u npockocmu P nazwieaemcs nnockocms B+P,

aensiowasncs agpgunnoil obonouxoli obwveounenus BUP :
B+P=Aff(BUP¥

Wrak, cymma mmiockocted B+P — 3T0 HaummeHplmasg 10 BKIIOYEHUIO
IUTOCKOCTh, comepikarias obe mrockoct B u P . TTockomsky BUP <« B+P, 10 B

KaueCcTBE HaYaJbHOW TOYKHU MJIOCKOCTH B + P =Mo0xHO OpaTh J1100yI0 TOUKY OJTHOM U3
miockoctei, B uiu P. YUto kacaercss HampaBlMIONIETO MPOCTPaHCTBA IIOCKOCTU
B + P37 To 0HO onuckIBaeTCs B CIEAYIOLIEM YTBEPKICHUU.

Ymeepowcoenue 7. [lycmoe B u P — naockocmu 6 agppunnom npocmpancmee
A ¢ Hanpasnsiiowumu npocmparncmeamu coomeemcmeenno W wm U;  T-—
Hanpasaaiouee npocmparncmeo cymmol B + Pz

(i) Ecau BNP =&, mo T=W+U.

(ii) Ecau BNP =, mo T=W+U+ L(MN), 20e M u N — npPOU3BOIbHbLE
mouKku coomeemcmeenHo niockocmeti B u P.

Cneocmeue 1. I[lycmo B=M +W u P=N +U - xoneunomepnwvie niockocmu
6 agpunnom npocmpancmee A ; k =dimB, m=dimP, d =dim(WNU).

Toeoa nnockocmv B+P  makowce koneunomepna u ee pazmepHocmo
s=dim(B +P) sviuucnsiemcs cneoyrowum obpasom:.

(i) eciu BNP =, mo s=k+m—d;

(ii) ecnru BP =&, mo s=k+m—d +1.

Hokazamenvcmeo. 110CKONbKY pa3MEPHOCTH IUIOCKOCTEW OIPENEIISIIOTCS Kak
Pa3sMEpPHOCTH MX HAIPABIISIONINX MPOCTPAHCTB, TO Gopmyisl (i) u (i) BRITCKAIOT W3
COOTBETCTBYIOMUX (OPMYJ JIMHEWHOW anreOpsl C y4eTOM JIOKa3aHHOTO BBIIIIE
yrBepxkaeHus 1.4.7. B ciyuae (i) pabotaer ¢hopmyna

dim(W +U) =dimW +dimU —dim(W 1 U) .

B cinydae (ii) mpuHUMaeM B pacyeT TO, 4TO MN ¢ W + U , creoBatelsHo,
W+ U+ L(MN) = (W +U)® L(MN) .»

Onpeoenenue 10. Ilycmv B u P — ninockocmu 6 agpgunnom npocmparcmee
A; k,m,s,d, (k<m)— uucna, onpedenennvie 6 popmyaruposke creocmeus 1.
Vnopsioouennas uemeepka uucen (K,m,s,d) nazvisaemcs xapakmepucmukou napol
naockocmeti (B,P).

[Myctb B = My +W u P = Ny + U — miockoctu B ah(UHHOM MPOCTPAHCTBE

A.

[Ipoananu3upyem HX BO3MOXXHOE B3aMMHOE pacrojiokeHue. byneM paznuyarb
HECKOJIBKO CIly4yaeB, IPUHKMAas B pacyer nepecedenne B (P camux rurockocreii u
nepecedenne W(\U ux HampaBisiomux MpocTpaHCTB. OTMETHM, IMPEXIE BCETO,
YTO €CJIM IUIOCKOCTH Iepecekarorcs, T. €. B(1P =, 10, ux nepeceueHue ecTh
IUTOCKOCTH C HampassroIuM poctparnctsom W[ U.

53



ITycTh IIOCKOCTH He mepecekarotes, T.e. B[P = . PaccmoTpum nepeceueHme
uXx Hampapistomux npoctpadcts W (U, kotopoe Bceria He mycTo.

Ecnu mepecedyeHre HANpaBiSIOMIKAX HPOCTPAHCTB MAaKCHUMAalbHO BO3MOXHOE,
t.e. WNU=W mwm WU=U, (470 5KBHBAJEHTHO COOTBETCTBEHHO YCIIOBHIM
WcU wim UcW), To OyaeM roBOpuUTh, 4TO IJIOCKOCTU B u P napannenshot.
MoKHO, IS HArJdSAHOCTH, II0 aHAJIOTMM C HPOCTPaHCTBOM E° cuumrars, 4TO
HEHYJIEBOM BEKTOP HAIPABIISIOLIETO IPOCTPAHCTBA 3a1a€T B INIOCKOCTH HANPAGIeHUe
. Torma miuockocTy nmapaiesibHbl, €CJIM OHU HE MEPECEKAIOTCs, HO BCE HANPABJICHUS
OJIHOU TUTOCKOCTH SIBJISIFOTCS] HAITPABIICHUSIMU JPYTOM TIJIOCKOCTH.

Ecnim  mepecedeHue  HaAMpaBIAIONMX  MPOCTPAHCTB ~ MUHUMAJIBHO, T.€.

WNU={0} (y mnockocteit B u P Her 00mux HampaBieHuii), To OyJ1eM TOBOPUTbH,

YTO IUIOCKOCTH B u P ckpewusaromces.
Bo3moxHast aibTepHATHBA IS ABYX OIKMCAHHBIX BBIIIE CUTYAIlUM CIEIYOIIAS:
JUTS HAIPABJISIIOIIUX IIPOCTPAHCTB BBIMIOJIHIETCS YCIOBUS:

WNU={0} WNU=W,WNU=U

(y Hemepecekarommxcs Iuiockocteii B m P ectp oOmue HampaBlIeHHS, HO
MHO>XECTBO TAaKWUX HaIIPaBJICHUI HE COBIAJAET C MHOXKECTBOM HAIIPaBICHUN HU
OJIHOM M3 miIockocTeil). B Takom ciyuyae Oyaem roBopuTth, YTO IUIOcKoctd B u P
YACMUYHO NApPAIebHbl.

Ormerum, uro mo xapakrepuctuke (k,m,s,d) mapet B u P xoHeuHOMEpHBIX

IUIOCKOCTEH ONPENE/ISIOTCS Pa3MEPHOCTH IUTIOCKOCTeH (K m m), a Takke THII HX
B3aMMHOT'O PACITOJIOKCHHS:

® IIIOCKOCTH TepecekaroTcs, ecnmu S=K+M-—d u He mepecekaroTcs, eciu
s=k+m-d+1

®  IIOCKOCTH MapajuielbHbl, ecii d =K 1 S=m+1;

®  IUIOCKOCTH YacTWYHO mapayienbHbl, ecim 0<d <k m s=k+m—d +1;

e TuIOoCKOCTH cKpemmBaroTes, eciim d =0 m S=K+m+1.

Ynpaoicnenue. Jloxasxcume, umo cywecmeyem wecms paziudHulx 6apuanmos (c
PA3IUYHBIMU  XAPAKMEPUCTMUKAMU) 63AUMHO20 PACHONONCEHUS. NAPbL 08V MEPHbLIX
nIOCKOCmel U Ymo 68ce OHU Peanusyromcs 6 NAMUMEPHOM  a@p@uHHOM
npocmpauncmee. Bulnuwume xapakmepucmuxu nap niockocmell 8 KaAdCOOM U3
wecmu ciydaes.

1.6. EBKIMI0BBI TOYeUYHbIE POCTPAHCTBA

1.6.1. IlonsiTHe €BKJIMI0BA TOYEYHOI0 MPOCTPAHCTBA

JIns moHMMaHUsI 3TOTO pasjiesia HYy>KHO 3HATh MOHSATHE U OCHOBHBIE CBOMCTBA
€BKJIMI0BA BEKTOPHOIO MpocTpaHcTBa. HeoOxomumelii mMaTepuanl MOXXHO HaWTHU B
y4eOHBIX MTOCOOUSX MO JIMHEHHOM anreope mmbo B [2], §7.1.

Onpeoenenue 1. E6Kknuooevim moyeuHviM RPOCMPAHCHIBOM HA3bIBACMCS
seujecmeaennoe agppunnoe npocmparncmeo E, ceazannoe ¢ e8KIUO08bIM 6EKMOPHBHIM
npocmpancmeom V .
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[Ipumepamu €BKIMAOBBIX TOUEUHBIX POCTPAHCTB SIBJSIOTCS PacCCMaTpPUBAEMBbIE

. 1 2 3
B MEpBOW YacTH Kypca npsimas E°, mmockocts E° u mpoctpanctBo E°, cBsizanHbIe
COOTBETCTBEHHO C €BKJIMOBBIMH BekTopHbIMH mpoctpadctBamu V(EY) , V(E?) u

V(E®) . Eme omHMM BakHBIM HpHUMEpOM siBseTcs apudmermdeckoe apdUHHOE

IMPOCTPAHCTBO Rn BCHICCTBCHHBIX CTPOK JJIMHBI n, CBA3aHHOC C BCKTOPHBIM
npoctpancTBoM V = R", B KOTOPOM CKaJsIpHOE TIPOM3BEACHUE 3a1aeTCs (POPMYIIOi:
a((,....1),(m,...m))=Im +...+1 m_.
[Iycte E" o006o3Hauaer npoM3BOABHOE N-MEPHOE EBKIMIOBO TOYEUHOE
INpOCTPAHCTBO, CBA3AHHOC C CBKIIMAOBBIM BCKTOPHBIM IIPOCTPAHCTBOM Vn

[TockoabKy mpocTpancTBo E" sBiseTcst BemecTBeHHBIM aQGUHHBIM IIPOCTPAHCTBOM
CHEIMATFHOTO THIMA, K HEMY OTHOCHTCA BCE TO, YTO H3JIOKEHO B IJaBe 6 s
IIPOU3BOJIBHBIX N-MEPHBIX aQPUHHBIX TPOCTPAHCTB, B TOM yucie B § 6.8. Jlanee mbl

OyZeM TOBOPUTH O JOMOJHUTEILHBIX CBOMCTBAX IMPOCTpaHCTBa E", BhITeKarommx u3
ero crneuu@uku. [ KpaTKOCTU eKIuUd080 moueyHoe npocmpancmeo Oynem
Ha3bIBATh MPOCTO €6KAUOOBLIM NPOCHPAHCIBOM.

[Ipexae Bcero, B €BKIMAOBOM mpocTpancTBe E" MoxHO —onpenenuts
paccTosiHUE.

Onpeoenenue 2. /{na nodvix mouexk A,BeE" paccmoanuem om mouxu A oo

mouku B uasvieaemcs uucno d(A,B), pasnoe onune éexmopa AB:
d(A.B)=|AB| (1)

Ymeepacoenue 1. Muoocecmso E" ¢ paccmosnuem, 3adannuvim ¢popmynoii (1),
ABIAEMCA MEMPUUECKUM RPOCHMPAHCHEOM. DMO 03HaAYaem, 4mo 0/ 1H00bIX MOUeK
A, B,C e E" gepHo:

(i) d(A,B)>0; (d(AB)=0)< (A=B);

(i) d(A,B)=d(B, A);

(iii) d(A,B)+d(B,C)>d(A,C).

CrpaBemmuBocTh cBoricTB (1) — (iil) It pacCTOSIHUS CIIEAYET U3 CBOMCTB JTUHBI
BEKTOpA.

Cpenu MHOXecTBa Bcex adGUHHBIX penepoB B E" MOXHO BBLIEIHTEH
opmonopmuposannsie penepovr. (O,1,,...,1 ). 3nech O — (DUKCHPOBAHHAS TOYKA
npoctpanctea E", (E,,E]) — OPTOHOPMHPOBAHHBIN 0a3UC EBKIM0BA BEKTOPHOTO

npoctpanctea V". Eciu A(X,...,X.), B(Y,...,¥,) — TOUKH €BKIHJIOBA MPOCTPAHCTBA,
3aJJaHHbIC CBOMMH KOOpJMHATAMH B OPTOHOPMHPOBAHHOM peErepe, TO PacCTOSHHE

mexy Humu pasHo d(A,B) = \/(y1 — %)+ (Y, —X)%

[Mycte B"=M,+W" B2 =N,+W™ — miockocTh B  €BKIHIOBOM

npoctpanctee E" . HamoMHUM, MBI pasinyaeM 4YeTbIpe Ppa3IMYHBIX THIA HX
B3aMMHOTO pacmojokerus. Oau Moryt nepecekarbest (B™ (1B™ =) u torma mx
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HiepeceueHre eCTh IUIOCKOCTh ¢ Hampasisommm mnpoctpancteom W™ (YW ™ | Ecin
’Ke TUIOCKoCTH He mepecekarorcst (B™ (1B™ =OJ), To oHM MOTYT CKpEIMBaThCs, JTHO0O

OBbITh TapajIelbHBIMU, JIMOO0 YacTUYHO MapajuleibHbiMu. B mpocrpanctee E"
n00aBIIsIeTCs €11l OJMH TUIl B3aUMHOTO PACTIONOKEHUSI TNIOCKOCTEH.

Onpeoenenue 3. Ilnockocmu B™ =M, +W"™ u B™ =N, +W™ ¢ egxmuoosom

npocmpancmee E" naswisaromcs opmozonansnvimu (uiu nepnenouxynapmusimu),
eciu opmo2oHanbHbl ux Hanpasusiowue npocmpancmea, m.e. W™ LW™ . Jlus

NepneHOUKYIAPHBIX NIOCKOCMeU UCRoIb3yem obo3nauenue B™ 1 B™ .
OOpaiiaeM BHUMaHHE YATATENS HA TO, YTO B JAHHOM CJIy4ae TEPMHUHOJIOTHS HE
BO BCEX CllyyasX COBIIaJlaeT C TOM, KOTOpas NpHUHATAa B CpEJHEH IIKoje s

3
IMPOCTPAaHCTBA E® . Ilomaruss corjacoBaHbl B Clydasiax, Korma pcub HICT O
NCPICHIUKYIIAPHOCTH OBYX IIPSAMBIX mmbo o IMCPIICHAUKYJEIPHOCTHU HpHMOﬁ )51

(1ByMepHO#) IwiockocTd B E° . OnHako aBe NEpIEHIMKYISAPHBIEC JByMEPHBIC

3 o
mIockoctu B E (B IIIKOJIbHOH TepMI/IHOJIOFPII/I) HC ABJIAIOTCA TAaKOBBIMH B CMBICIIC
OIpCACICHHNA 3. I[aﬂee MbI YTOUHUM 3TO pa3jIUIuC, OIPCACIINB IMOHATHC BCIIMYMHLI

yria MeXIy IByMs IockocTsamu B E" .

Ymeeparcoenue 2. Jlse opmozonanvuvie niockocmu 6 npocmpancmee E" aubo
CKpewusaromcsi, 1ubo nepecekaromcs 8 0OHOU MouykKe.

Hokazamenvcmeo. Ecim B™ =M, +W™ u B™ =N, +W"™ — oproronansHsie
maockoctd, To W™ LW™ u W™ W™ ={0}. CnenoBarensno, eciu B B™ =,
10 B" (N1B™ — 1m10cKOCTh HYJIEBOM pa3sMepHOCTH, T.€. Touka. Ecim sxe B" NB™ =,
TO IUIOCKOCTH CKPEIIUBAOTCS.

1.6.2. PaccTosinne MexKay MIOCKOCTSIMU
PaccMOTpuM BakHYIO 3aady O BBIUYMCIICHUU PACCTOSHUS MEXIY JABYMS

mwiockoctsimu B® =M, +W"™ u B™ =N, +W™ B eBximgosom npocrparcree E" .
CoriacHo TeopeMe JTHHEWHOM aiareOpsl €BKIHIOBO BEKTOPHOE MPOCTPaHCTBO V'
ecTb mnpsMas cymma moxnpocrtpanctBa W™ +W™ um  ero  opTOroHaabHOTO
nononnenuss (W™ +W"™)*:

VI =(W"+W™)@ W™ +W™)". (2)

PaccmoTpuM aist maHHBIX 1IockocTed Bekrop-mMocTtHK M N, . B coorBercTBhm

C paszioxkeHueM (2) 3TOT BEKTOp (€IWHCTBEHHBIM OOpa30M) pacKIaJIbIBaCTCS B
CYMMY:

M,N,=b+C, beW™ +W™, Ee W™ +W")". 3)
IMokaxem, uro d(B™,B™)=|C|. IIpexne Bcero, OTMETHM, YTO CYLIECTBYIOT

Touku PeB™, QeB™ raxue, uro PQ=C. Tax xak beW™ +W™ 10 6=61+6 ,

—

rae b eW™ b, eW™. B nmnockoctn B™ cymectByer Touka P takas, uro M P =D,
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B 1Iiockocth B™ cymectByer Ttouka Q Ttakas, uyro N,Q= —62 . Torma
PQ=PM, +M,N,+N,Q=-b + (b +¢)-b,=¢ (puc. 1)

Puc. 1
IIycte M eB™,NeB™ — npousBoibHBIE TOYKH  paccMaTpHBaeMBbIX

wiockocteir. Torma MN =MP +PQ+QN =a +C+4d,=a+C. 3aech

MP =3 eW" QN=&,eW", a=4+a,cW" +W".
Nmeewm:

=@ +¢ =6 =|¢|=d(P.Q).

[Tpu BbluMcaeHHsX Mbl yumd, uyto a L C , Te. a =0 . Takum oGpasom,
paccTossHHE MeEXIy JHOOBIMH TOukaMu IUIockocteii B™ u B™ He wMeHbie
paccrosiHus MekIy Toukamu P u Q. Dto u o3nauaer, uro d(B™,B™)=d(P,Q) =|C|

YuuThbiBass ~ NPOBEACHHBIE  BBINIE  PACCYXKAEHUS,  MOXHO  KOPOTKO
chOopMyIUPOBATh TOPSAIOK NEUCTBUM IS BHIYUCICHUS PACCTOSHUS MEXIY IBYMS
IJIOCKOCTSIMU:

1) mo aBym Toukam M, N, mmockocreii ctpoutcs Bektop-mMocTuk M N ;

2) nns Bektopa M N, Haxoautcs cocrasnsiomas C B ero pasnoxenuu (3);

3) BeluMcisercs AnMHa BekTopa C . IlolydeHHOe YMCIO U €CTh HMCKOMOE
pacCTOsIHUE.
PaccmoTpum monpoOHee 4YacTHBIM ciydyail, KOrja OJHa U3 IUIOCKOCTEH

. k k
HyJbMEpHa, T.e. ABiserca Toukoi. Ilycte B® =N, +W" Kk -mepHas miockocTe u

(b,,...,b,) — 6asuc manpasnsromero npoctpancTsa W . JIns BBIUMCIEHNS PACCTOSHHUS

oT Touku M, 10 miockocti B¥ mocrymaror o6bdHO cnemyromum obpaszom. IlycTs

paznoxenue (3) Bekropa-moctrka umeet Bux: M N, =a = b+¢ beWX Ce (W)
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IpexcrasisieM BekTop b B BHjE b= oclﬁl +...+ock6k, o € R u 3amuceiBaem ycioBus
TIEPIEHANKYIAPHOCTH BekTtopa C=a-— oclﬁl —— ockﬁk U 0a3sHMCHBIX BEKTOPOB
EI : 66, =0,1e{l,...,k}. Takum oGpaszom, uucia a,...,0l, YIAOBICTBOPSIOT YCIOBUSIM:

OL1612+ O‘2(5162) T 0y (616k) = 615’
o, (0,)+a,b’+...+0,(bb)=h,a,

(4)

O‘1(6k61) + 0‘2(6k62) Tt akBkz = Bké:'

COBOKYITHOCTh PaBEHCTB (4) MOXHO paccMaTpuBaTh KaK CHUCTEMY JIMHEHHBIX
YPaBHEHMI ¢ HEU3BECTHBIMU O, ..., 0, . MaTpuLa 3TON cucTeMbl ecTh MaTpuua I'pama

G(Hl,...,ﬁk) = (6,61)I i1k ) TOMAapHBIX CKaJISAPHBIX IPOU3BCICHHUHM JIMHCHHO-
HE3aBHUCHMBIX BEKTOPOB 61,...,6k. DTa MaTpHUIla HEBBIPOKICHHAS (detG(Bl,...,Bk) >0)
¥, CIIeZI0OBaTENIFHO, cUcTeMa (4) MMeeT eqUHCTBEHHOE pemenue. Beraucnus o,..., ., ,
HaXOJUM BEKTOp C , €ro JUIMHA M €CTh PAcCTOSHHE OT TOYKM M, 10 IUIOCKOCTH
B=N,+W*.

Tpusenem emie GopMyIty JJisl BEIYUCIEHUS paccTosHus oT Touku M, (x7,..., X))

A0 TUIICPINIOCKOCTHU 7T, 3aJaHHBIMKU COOTBCTCTBCHHO KOOpAWHATAMHU U YPAaBHCHHUCM
O(,1X1+...+OLanIB (5)

B HEKOTOPOM OPTOHOPMHUPOBAHHOM peEIepe:

0 0o
d(Mo’n):|a1X1+"'+aan Bl

: (6)
Joi +. ol

Orta (popmysa moxyyaeTcs 1Mo aHaJIOTHH CO CIydasiMu pazMepHocTH 2 U 3 (TiaBa

2). Cnavama 3ameruM, 4ro Bekrop f(ay,...,0,) — HOPMaJbHBI BEKTOD
THIIEPIUIOCKOCTH T , T.€. OPTOTOHAIBHBIA HAMPABISIONIEMY IOANPOCTPAHCTBY
wiockoctd 1 . Jlanee 3amuchIBaeM MapaMETPUYCCKHE YpPaBHEHUS TPSIMOW,
IIPOXOJAIIEH yepe3 TOUuKy M, U nepneHauKyIsaspHOu T :

X, =X +ta,

..................... (7)

X, =X +ta,.

Pemiast cuctreMy ypaBHEHUM, COCTaBIeHHYIO U3 ypaBHeHUH (5) u (7), HaXoauM

0 0
S ouX et oX, —B
2
n

3Ha4YeHHE Tapamerpa t, = , COOTBETCTBYyIOIIee ocHOBaHMIO N,

o+t
HEePHEeHUKYIIApa, OMyIEHHOT0 U3 TOUkd M, Ha runepmiockocTs 7. PaccTosiHue OT
TOYKH M, 10 TMIIEPINIOCKOCTH T PABHO PACCTOSHMIO Mexay Toukamu M, m N, .
DTO pacCTOsIHUE BRIUUCIIECTCS 110 opmyrie (6).
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2. MIPAKTUYECKHH PA3JIEJI

2.1. ®urypsl U ypaBHeHHS
3ausarue 1.

@uzypa — noboe mHoxcecmso mouex ® npocmpancmea E3, ¢ mom uucne u
nycmoe. Auanumuyeckas ceomempusi uzyyaem Quaypbl ¢ HOMOWbIO ancedpbl,
UCNONbL3ys Memoo Koopounam. Duypa naszvieaemcs NAOCKOU, eClu Cyujecmeyem
HIIOCKOCMb, 8 KOMOPOLL Jlexcam 8ce mouKu gueypoi.

Brauasne OyneM paccMaTpuBaTh IUIOCKHE (UIYpHI, Jexkamuye B miockocta E2,

Ecnu OXy — cucmema xoopounam ma niockocmu, mo nwobas guzypa d cE?
Modicem bbimb 3a0aHA YPAGHEHUEM C 08YMS HEU3BECHHBIMU.

F(x,y)=0. 1)

3nech F - QyHKIMS IBYX BEIIECTBEHHBIX TEPEMEHHBIX X, Y €Ll |, T.e. HEKOTOpOE
[PaBUIIO, MO0 KOTOPOMY YIIOPSJIOYEHHOM Tape BellecTBeHHbIX uymcen (X,Y) us3
oomact  ompenenenns D(F) ¢ynkumm F craBUThCS B COOTBETCTBHE YHCIIO

F(Xx,y) elJ. Tor dakr, uro (1) — ypaBHeHHE Gurypsl @ o3Ha4YaeT, MO ONMPEACICHHMIO,

9yT0 @ COCTOMT H3 BCEX TOYEK IUIOCKOCTH, KOOPAMHATHI KOTOPBIX SIBISFOTCS
pereHusiMu ypaBaenus (1), 1.e.

®={M(c,c,) e E?| (c,,c,) - pemenue (1)}.

Joboe ypasnenue (1) 3a0aem ma niockocmu eénoime onpeoeieHnyio guaypy,
00HAKO 00HA U Ma Jice pucypa modxcem Oblmv 3a0aAHA PA3TIULHLIMU YPAGHEHUSMU.

Jlanee Oyzaem pemiath 3aJaud JBYX THUIIOB: UMesl ypaBHeHHe (1), ompeaensTsb
(pucoBaTh) COOTBETCTBYIOIIYIO (PUTYpPY U HA0OOPOT JIJIsl JAHHOW (PUTYPBI COCTABIISATh
ypaBHenue (1), koTopoe ee 3aaer.

Hapucytime ¢ueypul, komopwie 3adaromcesi ypasHeHusMu.
1. X+y-2=0;

2. y> —4y —2x+4=0;

3. X+ Yy +x+y=0;

4, xy+2=0.
Cocmasbme ypasHenus cieoyroumux guayp:

1. BEPTUKAJILHON (TOPU30HTAIBHON) MNPSIMOM, MPOXOMSIIEH Yepe3 TOUKY
M,(2,-3);
2. IPOM3BOJILHON OKPY’KHOCTHU C LIEHTpOM B Touke M, (X,,Y,) 1 paguycom

r>0.
3. Touku M,(2,-3).

3aoanue na oom.

1. Hapucyime gueypsi, komopule 3a0aromcs YC108UAMU.
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Dx—2)2+(y+2)=4
2) [x=2|+|y+2[=2
3) max{|lx—-2|,|y+2|}=2.
2. Cocmasvme ypasHeHue 080emoyusi.

3. Ilycmov F, u F, — mouku niockocmu, paccmosinue mexicoy KomopbiMu paeHo

2c¢ > 0. Cocmasbme ypagneHue ueypul, cocmosawell u3 6cex mouex nioCKocmu, OJisl
Komopuix paznocms paccmoanuii 0o F, u F, pasna 2a, a < c. Hapucyiime oanmyio

Puzypy.
Ocnosnasa 3aodaua. Illycmv F u F, — mouku niockocmu, paccmosuue mexncoy

komopvimu pasro 2c¢ >0 . Cocmagvme ypagueHue @ueypvl, cocmosuel u3 cex
mouex NA0CKOCMU, 0 KOMopwix cymma paccmosnuti oo F, u F, pasua 2a, a>C.

Hapucyiime oannyio gueypy.
3aoanue Ha 0OM.
1. Hapucyiime gpucypwi, komopwle 3a0aromcs YCao8UsIMu.
D=2+ +2)?=4
2)|x=2|+|y+2] =2
)ymax{|x — 2|, |y + 2|} = 2.
2. Cocmagbme ypasHenue 080emoyusl.

3. IIycmv F u F, — mouxu ninockocmu, paccmosnue mexncoy KOmopulMu pasHo
2¢ > 0. Cocmasbme ypagneHue uzypol, cocmosawell u3 6cex mouex nioCcKocmu, OJisl
Komopwix paznocmuv paccmosnuu 0o F u F, pasna 2a, a < c. Hapucyiime odannyio
puzypy.

3ansaTue 2.

1. IIposepra domauine2o 3a0anusi.

2. Onpedenums NOJAPHYIO cUCmeM) KOOpOuHam. 3anucamo cC653b MeHCOy
ROJSIPHBIMU U Oekapmosbimu Koopounamamu. (cM. § 6.1 [6]).

3. 3aoauu.

1) Hanumure B MOJISIPHOM CUCTEME KOOPJWHAT YPAaBHEHUS a) OKPYKHOCTHU C
LHEHTPOM B Haydajle KOOpAWHAT, 0) BEPTUKAIbHOW (TOPU3OHTAILHON) MPSMOIA,
npoxojsieit yepe3 Touky M, (2,-3) ;

2) Hapucyiite ¢urypsl, 3agaHHble ypaBHEHUSIMU B TOJIPHOM cHCTEME
KoopAuHaT: a) 7 = @; 0)r =sinng; n=1,2,34.

4. Onpeodenums cucmemvl KOOPOUHAM 8 NPOCMPAHCMBE. O0eKaApmosy
NPAMOY20NIbHYI0, Cheputeckylo U YUIuHOpuYeckyro. 3anucams C613b  MeHCOy
cpepuueckumu (YurunoOpuueckumn) u oekapmosvimu koopounamamu. (cMm. § 6.2 [7]).

3aoanue na oom.
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1. Hapucyime gueypy, komopas 3a0aemcsi 6 nospHol cucmeme KoOpOuHam
ypasnenuem v = 2(1 — cos @).

2. Ilycmv F, m F, — mouxku naockocmu. Cocmaevme ypaeuenue @ueypul,

cocmosiyell U3 6cex mouex NiIOCKOCmu, OJisi KOMOPbX OMHOWEHUE PACCMOSHUNL 00
F, u F, pasno k > 0. Hapucyiime oannyio gpuzypy.

3. Kaxasa queypa 6 npocmpancmee 6 0ekapmosou NpsamMOy20NbHOU Cucmeme
KoopouHam 3adaemcs ypaeuenuem x>+y? = z=2?

2.2. BekTopbl
3anstue 3. B aynuropuu: [7], Ne 1; 4; 11; 19; 14... Ha gom: [7], Ne 8; 22; 15;

3ansitue 4. B ayautopuu: [7], Ne 23; 25; 28; 32; 43... Ha nom: [7], Ne 26; 42;
29

BansTue 5. (ckanaprnoe npoussedenue eexmopos). [6], Ne 419; 420; 424; 445;
M.IL.: 144(!); 148... Ha nom: [6], Ne 423; 428; 446; M.I1.: 145; 149...

Bauatua 6 m 7. (sekmopnoe u cmewannoe npoussedenus 6ekmopos). B
aynutopuu: [6], Ne 461; 465; 468; 470; 489; 490; M.IL.: 175; 196; 209... Ha nowm:
[6], No 467; 472; 474; 491; 501; [7], Ne 177; 197; 208...

3aunsTue 8. — KOHTpoOJIbHAS pabOTa MO BEKTOPAM.

2.3. IIpsiMmble U MJIOCKOCTH

Bansamusa 9 — 11. (npsimas na nnockocmu). B aynmuropun: [7], Ne 363; 367; 383;
391; 405; 416; 423; 431; 433; 446; 450; 465; 473... Ha gom: [7], Ne 364; 368; 387,
406; 418; 424; 434, 451;457; 460; ...

Bansaus 12 — 14. (niockocmo u npsimas 6 npocmpancmee). B aymutopun: [7],
Ne 491; 492; 500; 504; 530; 534; 539; 567; 580; 578; 606; 585; ... Ha nom: [7], Ne
514; 512; 520, 532; 537; 569; 582; 583; 604;621; ...

3ansTue 15. — koHTposIbHAS pabOTa MO MPSIMBIM U TNIOCKOCTSIM.

2.4. @urypsl 2 NOPSAKA HA IVIOCKOCTH

3auatus 16 — 17. B ayguropum: [7], Ne 759; 760; 769; 805 (1, 6, 8, 10);
807(1,.14). Ha mom: [7], Ne 761; 762; 733; 805 (3, 7, 11); 807 u np. (kaxmaomy
CTYJCHTY HHIMBUAYAJIbLHOC 3aaHuUE).

2.5. @urypbl BTOPOro Nopsijika B NpOCTPAHCTBE
3ansarue 18. B ayautopun: Ne 945, 946, 976, 981, 985, 987, 997, 1001, 1102.

Ha nom: Ne 950, 947, 975, 979, 986, 988, 998, 1009, 1071, 1149.

2.6. AppuHHbIe MPeoOPA30BAHUS U IBUKEHUS
B aygutopuu: Ne 1159, 1153, 1163, 1166, 1175, 1187, 1229, 1234, 1102.

Ha nom: Ne 1158, 1154, 1171, 1167, 1177, 1188, 1232, 1237.

2.7. IlimockocTu B ap(pMHHBIX M €BKJIMIOBBIX MPOCTPAHCTBAX
PaGortaem B adPuHHOM (EBKJIMIOBOM BEKTOPHOM, EBKJIUIOBOM TOUYEYHOM)
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npoctpanctBe cTpok R" (n=4.5,...)
1. Beiscuure, nexar i touku A,B,C Ha ogHOI mpsamoi.
1) A=(2,1,-2,0),B=(1,-3,-3,1),C=(4,9,0,-2);
2) A=(-10,2,2),B=(2,1,0,4),C=(-2,-13,0).

2. Haiinure pasmeprocts tiockoctu Aff (M,,M;,M,,...) , sBisromeiics
adduuHOlt 060n0uKOM TOuek My,M,M,,....

1) M,=(0,-11,2), M, =(-1,4,0,1), M, =(-2,1,-3,-1),M, =(-1,12,2,2);
2)
M,=(0,1,3,-3),M,=(-10,2,2), M,=(2,1,0,4),M,=(-2,-1,3,0),M,=(-11,2,-2).
3. BeisicauTe B3aumMHOEe pacrnosniokeHue I1iockocteii B=Aff(A,B,C) wu
P = Aff (A,B,,C):
A=(2,-10,4),B=(-12,0,3),C =(3,0,11),
A=@01111),B =(8-4,-4,6),C =(-3,3,3,0).
Omeem: yacmuyHo NapaiienbHbl.
4. BBISCHHTE B3aMMHOE pACIOJOKEHHE IUIoCKocTel B” = M, +L(&,8,) u

P?=N,+L(b,b,):
M, =(11210), & =(2,1,-1,13),a, = (-3,-1,2,2,-1),
N, =(0,2,7,7,4), b, =(-1,2,31,1),b, = (1,-1,1,2,1).

Omeem: nepecexaromes ¢ mouxe Q, =(0,1,3,4,2).

B aymutopuu: Ne 1612, 1614, 1616, 1166, 1630, 1633 mnepBbiii BEKTOP
1,2,2,-1), 1640, 1644, 1657, 1662, 1666.

Ha nom: Ne 1621, 1613, 1615, 1617, 1641, 1646, 1658, 1659, 1673.

2.8. KBaapuku B appMHHBIX M eBKJIHI0BBIX NPOCTPAHCTBAX
Ne 1052, 1046.
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3. PA3JIEJI KOHTPOJISI SHAHUI

3.1. [IpumepHbIe BAPHAHTHI KOHTPOJIbHBIX padoT
Konmponvuaa paooma Ne 1. Tema: BeKTOPbBI; ONlepaliii HAl BEKTOPaMH

1. Tlycts M — Touka mepeceuenms menman tpeyronpanka ABC | Bripasurte

BekTopel MA,MB,MC uepe3 Bektoper & =AB ub =BC
2. Tlycers (i, ], k) — MpaBblii OPTOHOPMUPOBAHHBIM Oa3uc. JlaHbl BEKTOPHI

5 —4j +k, b=31 +2] +k, € =-37 + ] — 2k. Haiigure: 1) KOOpAUHATE BEKTOPA

a=
d=a-2+¢ B Gasuce (i,j,k) 2) BenmumHy yria MeXIy BEKTOpaMH b uc
3)wmHy Bextopa € xb  4) cMemannoe npoussenenne bed

3. Haiimure mymay BekTopa p =a +b —¢ ecnu d,b,¢ KOMILTAaHAPHBIE BEKTOPBI
‘6 ‘ 5, a BeJMUYMHBI YITIOB MEXIy Bekropamu @ u b a

—34&:

TaKue, 4TO ‘E:T‘ =

TAKXE MEXIY buc paBHBI 3

4. Oovem mnapamienenunena ABCDA'B'CD' pasen 10. E,F,G - ToYku
HE TIPOXOJAIIUX Yepes3

IICPCCCUCHUA I[PI&I‘OH&J'IGIZ rpaHeﬁ ImapaJuICIICIIUIICaa

BepmiiHy A Haiiogute o6bem nupamuast AEFG
5. ABC — paBHOCTOpPOHHUM TPEYTOJBHUK, BIIMCAHHBIA B OKPYKHOCThH pajinyca
2 2

R, M — touka okpyxHocTH, oTiinuHasg oT A, B, C Haiinure ‘MA‘Z + ‘MB‘ + ‘MC ‘

Koumpononas paboma Ne 2. Tema: npsimble U INIOCKOCTH
X =-1+3t,
1. Jlana npsimast A :
y=2-2t.
1) Jns opsimoit A HaliauTe: HANpPaBISIOLIUMN BEKTOP; HOPMAaJIbHBIA BEKTOP;

yTJI0BOM K03 UIIMEHT; 0011Iee YpaBHEHUE.
2) Hanummre ypaBHeHUs NpsMBIX A, U A,, TapaJUIEIbHBIX A U OTCTOSIILIUX OT

A Ha paccrosinue d = \/1_3
3) Haiigure Touky, cummerpuuryro Touke M (6,6) orHOCHTENBEHO MpsiMOit A
2. Janbl Toukn A(3,5) u B(-1,-2). Ha npamoii 7X—6Y+1=0 maiigure TouKy

C takyto, 4To momaaes TpeyroibHuka ABC pasHa 1.
6x+2y-2-9=0,
C

3 Haiinure TOukM  mepecedyeHUs  MIPSIMOU
8 P P {3x+2y+22—12:0

KOOPJIMHATHBIMH TIOCKOCTSIMH.
4. Jlya cBera mpoxomutr uepe3 Touky M,(1,-1,—-1) u, oTpa3uBIIMCH OT

mwiockoct T:X—Y—2—-6=0, npoxomut uepe3 Ttouky M,(—1,2,0). Hamummre

YPaBHEHHUS IPSAMBIX, COAEPHKAIIUX COOTBETCTBEHHO JIYUYH NMAJAF0IIUNA U OTPAXKEHHBIN
Tema: addunHbIe NpeodpPa3oBaHUA U

Koumpononaa paooma Ne 3
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JIBMKEHMSI TIJIOCKOCTH E’ M mpocTpaHceTBa E°
1. B xakue npsiMble IepeiayT KOOpAWHATHBIE OCH MPHU MOBOPOTE TUIOCKOCTH Ha

yTo % BOKpyT Touku M,(-1,3)?

2. Haiimute naBapuaHTHbIe psiMbie apdunaHorO ipeodpazopanus f:
X'=y-9,
y'=9x+1.
Kak 3amumercss mnpeoOpazoBaHHE B CHCTEME KOOPIMHAT, B KOTOPOil

KOOPJAMHATHBIMU OCSIMH SIBJISIFOTCSI UHBAPUAHTHBIE MPSIMBIE?
3. ITyctp OXy — mpsiMoyTroJibHAsI CHCTEMa KOOPAMHAT Ha IutockocTr. Hanurmre

dopmynbl, 3ajarole KOMIO3MIMIO JBYyX aABwkeHuil: f=f,of , rme f —
CUMMETpPHUS IUIOCKOCTH OTHOcuTenbHO ocu Ox , f, — cummerpus miockocTu
OTHOCUTEJIBHO NPAMOM, MPOXOIAIIEH 4Yepe3 Hadyajao KOOPAMHAT M COCTaBIAIOIIEH

yroixt 120° ¢ ockro OX.
4. Jloxaxwure, uro IIockocTh X—Y=0 mepecekaeT MOBEPXHOCTH

2y? + 7% — 2x =0 1o okpyxHocTH. HaiiiiTe IEHTp U paguyc 3TOH OKPYKHOCTH.

5. Iycts f1, f, f3, f4 — cummerpum mnockoctu E2 OTHOCHTENBHO NPAMBIX.
Kommoszuius atux orobpakenuit f = f; f, f3 4 MmoxkeT ObITE OTHUM W3 chemyrommx
npeoOpa3zoBaHuU:

1) napannenvuwiii nepenoc;

2) n08OpOmM NIOCKOCMU 8OKPY2 HENOOBUICHOU MOYKUL;

3) cummempusi OMmHOCUMENLHO NPAMOTL,

4) cronv3swas cummempust,

5) moowcoecmeennoe omodpasxicenue.

Koumpononaa paboma Ne 4. Tema: cucreMbl KOOpAUHAT B adGuHHOM
NPOCTPAHCTBE; YPABHEHH IUIOCKOCTEl; B3aMMHOE PACNOJ0KeHHe II0CKOCTel

1. Hanmmure mapaMeTpUYECKUEe YPAaBHEHUS IUIOCKOCTH, SIBJISFOILEHCS
adpuHHON 00070UKOM TOUEK

A=(11-2,2),B=(-314,4),C=(-12,36),D=(0,2-13), E=(-1012)

2 _ 2 2 2
2. JIaHbBI MIIOCKOCTH B* =M, +W*, P"=N,+U", a(pUHHOM MPOCTPAHCTBE

R*.

M, =(2,5,15), W*=((1,3,-1,2), (2,4,-3,5));

N, =(0,-3,-1,-2), U*=((1,5,3,5), (2,4,-6,1)).
Onpenenure B3auMHOE PACIIONIOKEHHUE ITUX ITIOCKOCTEM.

3nech

4 .
3. B eBKIMIOBOM MNpPOCTPaHCTBE R HaiiuTe pACCTOAHHE OT TOYKH
M, =(8,10,-9,-1) 710 TIOCKOCTH B | 3amannoii cucTeMolt ypaBHEHMiA:
4x, —6X, ++3X, + 5%, =21,
—2X, + X3+ X, = 3.

a TAKKe OPTOTOHATBHYIO IPOEKIMIO JAHHON TOYKH HA TIOCKOCTh B .
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(0,,....C.)

4. Ilyctb — OpPTOHOPMMPOBAHHBIM pENEp B E€BKIMIOBOM

n ~
IMPOCTPAHCTBEC E . HaI/IIlHTC PaCCTOAHUC OT Ha4YaJlda KOOPAHUHAT OO THIICPIITIOCKOCTH,

KOTOpasi OTCEKAeT Ha KOOPIMHATHBIX OCSAX OTPE3KH BEITMYHMHOM b,...,1o, :

3.2. BapuanTbl MHIAMBHAYAJbHBLIX 3aJaHUH 1O TeMe: KPHUBBIE BTOPOIo
NMOPAIKA HA IVIOCKOCTH

1. Omnpenenute THI, pa3Mepbl W PaACHONIOKEHHE (UTYpPhI BTOPOTO IMOPSAKA,
3aIaHHOM TaHHBIM ypaBHeHUEM. ClienaiiTe pUucyHOK.

6xy +8y* —12x— 26y +11=0.

2. OnpenenuTe THUT, pa3Mepbl W PACIONOKEHUE (DUTYpBI BTOPOTO TOPSIKA,
3aIaHHOM TaHHBIM ypaBHeHUEM. ClenaiiTe pUucyHOK.

4X* +12xy —y* —8x—12y -5=0.

3. Omnpenenute TUI, pa3Mepbl U PACIOIOKEHHE (DHUTYPHI BTOPOTO IOPSIKA,
3aJJaHHOW JTaHHBIM ypaBHeHUEeM. CrenaiiTe pucyHOK.

16X* + 24xy +9y* +110x — 230y — 475=0.

4, Omnpenenure THIM, pa3Mepbl W PaCIOOXKEHHE (PUTYpPHI BTOPOTO IOPSIKa,
3aJJaHHOW JTAaHHBIM ypaBHeHUEM. ClenainTe pucyHOK.

5y +12xy —12x — 22y —19=0.

5. Omnpenenute TUI, pa3Mepbl U PaACHOIOXKEHUE (DUTYpPHI BTOPOTO MOPSAKA,
3aJJaHHOW JTaHHBIM ypaBHeHHUEM. CrienainTe pucyHOK.

5X* +4xy +2y* —8x -6y —1=0.

6. Omnpenenure TUI, pa3Mepbl U PACIOIOKEHHE (DHUTYPHI BTOPOTO IOPSIKA,
3aJJaHHOU JTaHHBIM ypaBHeHUEeM. CrenaiiTe pucyHOK.

6xy —8y’* +12x— 26y —11=0.

7. Omnpenenure THI, pa3Mepbl U PACIOIOKEHUE (UTYPBI BTOPOTO IOPSIKA,
3aJJaHHOU JTaHHBIM ypaBHeHUEeM. CrenaiiTe pucyHOK.

7X* —24xy —38X+ 24y +175=0.

8. Omnpenmenute THUT, pa3Mepbl W PACIONOXKEHUE (DUTYpBI BTOPOTO TOPSIKA,
3aJJaHHOW JTaHHBIM ypaBHeHHUEM. CrenaiTe pucyHOK.

9x* + 24xy +16Yy* —40x +30y =0.

9. Omnpenenute TUT, pa3Mepbl M PACIOJIOKECHHE (GUTYPHI BTOPOTO TMOPSJIKa,
3aJJaHHOW JTaHHBIM ypaBHeHUEM. CrenaiTe pucyHOK.

AX* —4xy +y? —2x—14y +7=0.

10. Ompenenure TUMN, pa3Mephl U PaACIONIOKEHUE (DUTYpBI BTOPOTO TMOPSIKA,
3a/IaHHON TaHHBIM ypaBHeHUEM. CliesaiiTe pUCyHOK.

AX* —Axy +y* —3x+4y—-7=0.

11. Omnpenenure TUN, pa3Mepbl W PaACIONIOKEHUE (PUTYpHI BTOPOTO TOPSIKA,
3a/IaHHOM TaHHBIM ypaBHeHUEeM. CleiaiTe puCyHOK.

6x° —4xy +9y* —8x+16y —2=0.
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12. Onpenenurte TUIl, pa3Mepbl U PACIOIOXKEHUE (PUTYpHI
3aJJaHHOW JaHHBIM ypaBHeHUEM. CrienaiTe pucyHoK.

6xy +8y* —12x— 26y +11=0.

13. Onpenenure TUI, pa3Mepbl U PaCOIOKEHUE (PUTYpHI
3aJJaHHOW JaHHBIM ypaBHeHUEM. CrienaiTe puCcyHOK.

4X* +12xy —y* —8x—12y -5=0.

14. Omnpenenurte TUI, pa3Mepbl U PACIOIOXKEHUE (PUTYPHI
3aJJaHHOW JaHHBIM ypaBHeHHeM. CrenaiiTe pucyHoK.

X* —4xy +4y* +4x-3y—-7=0.

15. Onpenenurte TUIl, pa3Mepbl U PACIOIOXKEHUE (PUTYPHI
3aJJaHHOW JaHHBIM ypaBHeHUEeM. CenaiiTe pucyHoOK.

5y +12xy —12x — 22y —19=0.

16. Onpenenure TUI, pa3Mepbl U PaCIOIOKEHUE (PUTYpHI
3aJJaHHOW JaHHBIM ypaBHeHUeM. Crenaiite pucyHoK.

7x° +16xy — 23y* —14x —16y — 218 =0.

17. Onpenenure TUIl, pa3Mepbl U PaCIOIOKEHUE (PUTYpHI
3aJJaHHOW JaHHBIM ypaBHeHUEeM. Crienaite pucyHoK.

5X? + 4xy +8y* —32x —56y +116 =0.

18. Ompenenurte THI, pa3Mepbl U PACIOIOKEHHUE (PUTYPHI
3aJJaHHOW JTaHHBIM ypaBHeHHUEM. CrienainTe pucyHOK.

25x° —14xy + 25y* + 64X — 64y + 224 =0.

19. Omnpenenurte THI, pa3Mepbl U PACIOIOXKEHUE (QUTYPHI
3aJJaHHOU JTaHHBIM ypaBHeHUEeM. CrenaiiTe pucyHOK.

3x* +10xy + 3y’ —2x—14y —-13=0.

20. OnpenenuTe THUII, pa3Mepbl U PACMOJIOKEHUE (UTYPHI
3aJJaHHOU JTaHHBIM ypaBHeHUEeM. CrenaiiTe pucyHOK.

9x* —24xy +16y* — 20X +110y —50=0.
21. Ompenenute THUM, pa3Mepbl U PacojOXKeHUE (UTYPHI
3aJJaHHOW JTaHHBIM ypaBHeHUEM. CrenaiTe pucyHOK.

3x° +4xy +12x +16y —36=0.

22. Ompenenute THUIM, pa3Mepbl U PaclojOXKeHUe (UTYPHI
3aJJaHHOW JaHHBIM ypaBHeHHeM. ClenaiTe pucyHOK.

6xy +8y* —12x— 26y +11=0.
23. Onpenenute THUII, pa3MEPbl U PACTOJIOXKEHUE (UTYPHI
3aIaHHON TaHHBIM ypaBHeHUEM. ClienaiTe pUCyHOK.

4X* +12xy — y* —8x—12y -5=0.
24. OnpenenuTe THUII, pa3MEPbl U PACTOJIOXKEHUE (UTYPHI
3aIaHHOM TaHHBIM ypaBHeHUeM. CaenailTe pucyHOK.

16X° 4 24xy +9y* +110x — 230y —475=0.
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3aJlaHHOM JaHHBIM ypaBHeHUEM. CrienaiiTe pucyHoK.

3aJlaHHOM JaHHBIM ypaBHeHUEeM. Crenaiite pucyHoK.

25. Ompenenute THUIM, pa3Mepbl U pacmoiokeHue (Urypsl BTOPOro MOpPsAKa,

5y* +12xy —12x —22y —-19=0.

26. OnpenenuTe THUII, pa3MEPbl U PACMOJOXKeHHE (UTYpPHI BTOPOro MOpPSJIKa,

5X® +4xy +2y* —8x -6y —1=0.

3.3. BapuaHThl  HMTOroBOro  TeCTHPOBaHMS MO  JUCIHHUILIMHE
«Ananumuueckasn zeomempus»
Bapuanr 1
Ne ConeprkaHue BOmpoca Bapuanter oTBeTa
n/m
1. Haner Toukm: A(1l; -3), B (5; 7). 1) C(0;0);
Haiinure cepennny C otpeska 4B. 2) C(3; 0);
3) C(-3; 4);
4) C(3; 2);
5) C(2; 5).
2. Hanbl nsa Bekropa: d(1;3;4) u B(— 1) X(3:5;10);
2:1;2). Haiigure BekTOp X TaKO#, YTO 2) X(6;11;14);
- N |
4d-b-x=0. 3) #(3:5,7);
4) %(6:5;9);
5) X(— 6;11;7).
3. Vron mexmy Bektopamu m (1;1;1) 3
u 71(2; 1; 3) pasen: 1)arccos2 14’
2) 90°;
3) 45°;
4) arccos %;
5) 60°.
4. Belunciure JIMHY BEKTOpa d X b, 1) V24;
ecn d(2;1;0), b(0;-1;2). 2) V37,
3y V53
4) \V75;
5) \/28.
5. [Tnomanp TPEyroJbHUKA C 1) 30;
BEPIIHHAMHU 2) 15:
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A(-5;0), B(-2;3) u C(6;1) pasna: 3) 10;
4) 20;
5) 25.

6. Breruuciure 00BeM 1) 112;
napajuiesielumea, IMOCTPOCHHOTO — Ha 2) 448:
BEKTOPAX é(9,1,4), b(7,-5,8), E:(4,0,0) : 3) 224:
OTJIOXKEHHBIX OT HEKOTOPOH TOYKH. ’

4) 117
5) 56.

7. B nekaproBoii cuctemMe KOOpJauHAT 1) 2x+y—-5=0;
OXy ofmiee ypaBHEHHE MPSAMOM, IS 2) X+2y—3=0:
xkoropoii wusBectasl Touka A(L-3) u
Hanpapmsonwii Bekrop a(2,1) , mmeer 3) x-2y-7=0;
BUJI: 4) x-2y-5=0;

5) x+2y-7=0.
8. Haiiiute ~ KOOpAMHATBI  TOYKH 1) (5,0,0);
IepeceyeHus IPSAMOn 2) (0,0,7):
x=1+2t,y=3-t,z=5-3t Y
3) (7101-4)1
C IUIOCKOCTBIO OXZ.
4) (9.1,0);
5) (3,0,—4).

Q. [TpsiMble HAa €BKIUIOBOM MJIOCKOCTH, 1) 4;
3aJ]aHHbIC B MPSIMOYTOJbHOW CHCTEME 2)— 4:
KOOpAMHAT ypaBHeHusIMH X+2Y —1=0 u 2 2 '
2X+ky—-5=0, mnapamrensusr, eciom K )2
paBHO: 4L

5) 3.

10. [InockocTs B mpocTpaHcTee K3, 1) (2,0,2);
3a7laHHasi B IIPSAMOYI'OJIBHOW CHUCTEME 2) (3 3,3);
KOOpAMHAT ypaBHeHMEM X—Y+Z=0 | N

3) (1,1,2);
NePIEHANKYIIpHA BEKTOPY c
KOOPJAMHATAMH: 4) (1,1,0);
5) (3,4,5).

11. Ecmmn paccTosHue MEXKITY 1) — 12 unm — 4;
napaieIbHbIMU IUTOCKOCTSIMH C 2) — 12 wn 4;
ypaBHCHHUSIMHU ’

3) — 16 wm 32;
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2X-y+2z+D=0 u 2x-y+2z-4=0

paBHO 4, TO 3HaueHHe D paBHO:

4) 8 nau — 16;
5) 12 vnu 4.

12. durypa Ha IMJIOCKOCTH, 3aJaHHAs B 1) 3yutuncom;
HEKOTOPOM adhduaHOM periepe 2) rHnep6oIoiL;
aBHCHHUEM
P ) ) 3) mapaboioi;
X“+2y*-2x+8y—-7=0, .
4) mapoi mepeceKaronuxcs
SIBIISICTCSL: PSIMBIX;
5) mapoil mapaeabHBIX
IPSIMBIX.

13. Ykaxure KOOPIUHATHI 1) (1,0);
HEIOABMKHOMN TOYKH adGuHHOTO 2) (1,4);
peoOpa3OBaHHUs 3) (5,-4);

{x’ = 3x + 4y + 6, 4) (3,4)
y = 4x + 3y- 12. 5) (4,5).
14, B eBKIMIOBOM IpoCTpaHCTBE E° 1) 0;
3aJlaHbl TunepIiockocts I1 u Touka Po. 2) 12:
II: 4X; +2X, +2X3 +2X4 +6 X5 3)3
+54=0 ’
4) 8;
Po(-3,3,1,5,-2) 5) 6
Yemy paBHO pacCTOSHHUE OT TOYKH '
Po 1o runepriockoctu 11?7

15. Ecmu B adduHHOM npOCTpaHCTBE 1) - 6;
A’ npsiMast 2)-3;
X, =—2+3t, X, =3-2t, X, =-1+4t, X, =4t 3) 6:

napasuieNbHa THTEPITIOCKOCTH 4) 3;
4x, —2X, +Cx;—8X,+1=0, To 3HaueHue e 1'2
C paBHO: ) 12.

16. B mpocrpanctee A°  cucreMoit 1) 0;

YPaBHEHHUM 3aJ1aHa TJIOCKOCTb. 2) 4:
KakoBa pa3MepHOCTb TUIOCKOCTH? 3) 2:

A X1+ 4 X3— X4 -2 X5 = -2 4) 3:

4 X1+ X3—X4— 3 X5 = -2 5) 1

8X1—3X3-X%X5=0
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17. Damunce 3amaH B [PSMOYTOJIBHOM 1) Fl(_\/ﬁ :0)nF, (\/g -0);
nekapToBoii cucteMe KoopauuHat OXy
2 2 2) F(0;-5) u F,(0;5);
X y 1 2
aBHeHUeM  —+-—=1, Haiigure
P 35 10 8 3) F,(-5:0) n F,(5;0);
(b oKyCHI druHIICa. 4) F,(0:- \/1—0) o (0: \/E);
5) F,(-3v5;0) u F,(34/5;0).
18. Qurypa B INPOCTPAHCTBE = 1) OIHOIIOJIOCTHBIM
3a7aHHass B JIEKQpTOBOM  CHCTEMeE THIIEPOOIONIOM;
KOOpAUHAT Oxyz YpaBHECHHUEM 2) mapoil mapaenbHBIX
x2 y? TUIOCKOCTEM;
— ——=0, aBisercs: .
5 10 3) napoi
nepeceKaAUUXCcs MI0CKOCTeH;
4) rUnepOoIMYECKUM
napaboJIouI0M;
5) runepOoJioii.
Bapuanr 2
Ne ConepxaHue Borpoca BapuanTsl oTBeTa
n/n
1. 3nas touku A(2; 3), C (5;7), rne C — 1) B(8; 11);
cepearHa oTpe3ka AB, HailliuTe TOUKy B. 2) B(- 2;1);
3) B(3; 4);
4) B(5; 2);
5) B(7; 10).
2. Jlansl 1Ba Bektopa: d(2;1:3) u b (- 1) X(8;5;- 2);
7;4;— 5). HaiinuTe BEKTOp X TaKOM, YTO 2) #(5;1:7);
4) %(1;9;3);
5) X(3;1;9).
3. Vron mexnay Bekropamu m (1;0; —1) 1) 30°;
u 71(2;1; 1) pasen: 2) 90°;
3) 120°;
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4) arcco s (%)
5) 60°.

Brlunciaure AaMHYy BeKTOpa d X b, 1) V9;
ecmu d(1;3;4), b(0;2;3). 2)Via:
3) V21,
4)/18;
5) V15.
[Tmomane TpPEyTroJbHUKA c 1) 40;
BEPIIMHAMHU 2) 14:
paBHa: ’
4) 18;
5) 44.
Brruncnure o6beM mapaienenuresna, 1) 38;
IOCTPOEHHOro Ha Bekropax a(2,-8,6) , 2) 19:
I . !
b(-5,7,4) , ¢(0,1,0) , ornoxeHHBIX OT 3) 26;
HEKOTOPOH TOYKH. 4) 74
5) 78.
B nekaproBodl cucteMe KOOPAMHAT 1) 2x+y-5=0;
OXy ofmiee ypaBHEHHE MNPAMOM, s 2) X+2y—3=0:
xotopoii wu3BectHel Touka A(L—-3) un
HOpManbHBI BekTop N(2,1), MMeeT BH: 3) x=2y-7=0;
4) 2x+y+1=0;
5) 2x-y+5=0.
Haiigure KOOPIMHATHI TOYKH 1) (5,2,0);
repeceyeHus IpsIMOn 2) (0,0,7):
Xx=1+2t,y=3—t,7=6-3t o
3) (7,0,0);
¢ mIockocThio OXY .
4) (-54,0);
5) (5,1,0).
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UeMy paBHO pacCTOsiHHE OT TOYKHU Py

9. [IpsiMbple Ha EBKJIMIOBOM IIJIOCKOCTH, 1) -1;
3alaHHBIE B MPSIMOYTOJBHOW  CHCTEME 2) 1;
KoopauHaT ypaBHeHmsMH X—Y=0 wu 3) 2-
X+ky+2=0, nepnenmuxynsapHusl, eciu K )2
paBHO: 4) =2,

5) 3.

10. [TnockocTs B mpoctpaHcte K2 1) (1,-4,1);
3alaHHasi B MPSIMOYTOJBHOW  CHCTEME 2) (= 4,1,0):
KoopauHaT ypaBHenmeM X+4y+2z+1=0, 3 (4 ’1’1 ’
NIEPIICHINKYJIAPHA BEKTOPY c ) (4= L.1);
KOOpAMHATAMHU: 4) (8-2,8)

5) (2,8,2).

11. Ecimn paccTossHue MEKITY 1) — 18 wmm — 7;
napauieIbHbIMU TJIOCKOCTSIMHU C 2) 4 o — 14:
ypaBHEHUSMU 3) - 19w 22:

X+ 2y-2z+D=0 u X+ 2y-2z-5=0 ’
4) 11 wm — 21;
paBHO 3, TO 3HaueHue D paBHO: 512 9
i 9.
12. ®durypa Ha IUIOCKOCTH, 3a/JaHHAs B 1) snnuncom;
HEKOTOPOM adphpuHHOM penepe 2) runep6o.ioii;
aBHCHHUEM
P 3) mapabooii;
2x%2—y? +8x+8y-16=0, .
4) mapoil nepecekaromuxcs
ABJIACTCA. MPSIMBIX;
5) mapoil mapauieNbHBIX
MPSIMBIX.
13. YKakuTe KOOPAWMHATHI HETTOABUKHOM 1) (5,-4);
TOYKH afb(bI/IHHOFO npeoOpa3zoBaHus 2) (2,1);
{X = 2x + 2y + 3, _
y = 2x + 2y- 6. 3) (1.2);
4) (3.3);
5) (-1,4).

14. B eBKIMIOBOM MOpOCTpaHcTBEe E° 1) 0;

3a/1anbl Turnepriockocts I1 u Touka Po: 2) 4:

II: 2X1+6 X2 +4X3+2Xs +2X5 + 3)6
14=0 ’
4) 8

Po(-1, 2, 3,-3, 1). 5) 2
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10 Tunepruiockoctu 11?

15. Ecu B addurrom mpoctpancree A’ 1)-1;
npsiMast 2) 2;
X, =—1+2t, X, =21, X, =-1+3t, X, =1+t 3) 3:
napaiesibHa THITEePILIOCKOCTH 4) 8:
X, +2X, + X, —Cx, ~1=0, T0 3nauenue C 5) ;5
PaBHO: '
16. B  npocrpanctee A®  cucremoi 1) 1;
YPaBHEHHUM 3a]1aHa TIIIOCKOCTb. 2) 2:
KakoBa pa3MepHOCTb MJI0CKOCTH? 3) 3:
4X1—2 X+ X3—4 Xg- X5 =3 4)4
X1-Xo—2X3—3X4=-3 5)5
I X1+3X-4X3+5X4+2X%X5=-9
17. Dmmunc  3alaH B IPSMOYTOJIBHOM 1)F, (_\/ﬂ; 0)uF, (\/ﬁ :0);
nekapToBoii cucreme KkoopauHat —OXy
X2 y? 2) F(0;-5) n F,(0;5);
—+—=1. Haii _ _
ypaBHCHHEM TR aiuTe 3) F,(-5:0) u F,(5:0) ;
(b oKycCHI AIuIHIICa. 4) F, (0;- \/ﬁ) uE, (0; \/ﬁ);
5) F.(—/41;0) u F,(\/41;0).
18. ®urypa B  NPOCTPAHCTBE E® 1) OJTHOTIOJIOCTHBIM
3aIaHHas B JICKapTOBOM cicTeme | TAIEpooIonIom;
KOOPAMHAT Oxyz ypaBHCHHEM 2) mapoil mapaleNbHBIX
X2 y? IJIOCKOCTEN;

— —=— =217, ABIAETCA:

5 10

3) AJUTUTITUYECKUM
napaboIouI0Mm;

4) THNEePOOIHYECKUM
napadoJI0u10M;

5) rUNepO0IMYECKUM
[IUTAHPOM.
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3.4. [IpumepHBIii NepedeHb BONPOCOB K IK3aMeHY
1 cemecTp

1. DOKBHBaJICHTHBIE HAITPABJICHHBIE OTPE3KHU.
. [lonaTtue BekTopa. KoymmHeapHble 1 KOMIUTAHAPHBIE BEKTOPBI.
. Onepanusi C10KEHUsI BEKTOPOB U €€ CBOMCTBA.
. Onepanusi yMHOKEHUSI BEKTOPOB Ha YKCJIA U €€ CBOMCTBA.
. JInHEeWHO 3aBUCHMBIE U JINHENHO HE3ABUCHUMbIE CUCTEMBI BEKTOPOB.
. 'eomeTprdeckue KpUTEPUHU JIMHEWHON 3aBUCUMOCTH.
. AnreOpandeckre KpUTEpUH JIMHEWHON 3aBUCUMOCTH.
. [Ipoekuuu 1 UX CBOKCTBA.
. bazucel. Koopaunarsl BekTopa B JaHHOM 0asuce.
10. ®opmyiibl peobpa3zoBaHUsl KOOPAUHAT BEKTOPOB MPH MEPEX0Jie OT OJHOIO
0a3uca K Ipyromy.
11. CxanspHoe mpou3BeieHUE BEKTOPOB U €T0 CBOKCTBA.
12. BekTOpHOE IPOU3BEICHUE BEKTOPOB U €0 CBOMCTBA.
13. CmemaHHOE TPOU3BENEHUE BEKTOPOB U €TI0 CBOMCTBA.
14. Kputepun KOMIZITAaHAPHOCTH TPEX BEKTOPOB.
15. Adpdunnsie penepsl. KoopauHatel TOYkM B AaHHOM perepe. Dopmyibl
npeoOpa3zoBaHus KOOPAMHAT TOUYEK IPH MEPEXOJIE OT OJHOTO perepa K Jpyromy.
16. ®opmyiibl npeoOpa3zoBaHMsl KOOPIAMHAT TOUYEK Ha IJIOCKOCTH IPH MEPEXOAE
OT OJITHOM IIPSIMOYTOJIBHOM CUCTEMBI KOOPAUHAT K IPYTOM.
17. Pasnuunble BUBI YpPaBHEHHIT IpAMOi Ha mockoct E2,
18. Onpenenenne B3aMMHOTO PACIIOIOKEHU IBYX NPAMBIX Ha IUIOCKOCTH IO MX
YPaBHEHUSIM.
19. Bennunna yria Mexay 1ByMs IpsIMbIMU. PaccTostHuE OT TOYKH 10 MPSMOM.
20. 'eomeTpuyeCcKnil CMBICI TUHEMHOTO HEPABEHCTBA C ABYMSI IEPEMEHHBIMU.
21. Inockocts B mpoctpancTse E3. Paznuunble BUABI ypaBHEHHMI IIOCKOCTH.
22. OrmpeneneHue B3aUMHOIO PACMHOJIOKEHUSI JBYX IUJIOCKOCTEM IO HX
YPaBHEHUSIM.
23. Ipsamas B mpoctparctse E3. Paznuunsle BUabI ypaBHeHuit mpsamoii B E3,
24. OmnpeneneHWe B3aUMHOTO PACIOJOXKEHHUS TPSAMBIX W IUIOCKOCTEW B
npoctpanctse E3,
25. PaccTosiHue OT TOYKHU JI0 TJIOCKOCTU U PACCTOSHUE OT TOYKHU IO MPSIMOMl B
npocrpanctse E3,
26. Dnuric.
27. I'umepbona.
28. [1apabomna.
29. ®urypsl BTOPOro nopsaka Ha miockoctu E2.
30. Enunoe ompenenenue aiurica, TUNEpOONbl W Mapaldoyibl ¢ MOMOIIBIO
dbokyca U TUPEKTPHUCHI.
31. KacaTtenpHble K 3/UIMIICY, TUIIEpOOIIe, mapabdore.
32. OnTtuyeckre CBOMCTBA AJUIHIICA, TUIIEPOOSIBI U MapadoIbl.

O 00 1O bW

33. @urypsl BpalleHUs B IPOCTPAHCTBE E°.

74



34, LlunuHapuyeckye 1 KOHUYecKne GUrypsl B IpocTpaHcTBe E°.
35. Dnnuncousl.

36. 'uniepOomonIbI.

37. DnnunTuyeckue napadoIOH IbI.

38. 'unepbonuueckue mapaboIouabl.

39. durypsl BTOPOro nopsijka B npoctpanctae E°,

40. ITnockue cedyeHus MpOCTPAHCTBEHHBIX (UTYP BTOPOTO MOPSAIKA.
41. IlpsmonuHeiHbIe 00pa3yIoIUe OJHOMOJIOCTHOTO TUIepOOIonIa 1
TUIEepOOTNIECKOr0 apadoiona.

2 cemecTp

1. Ionsarue apdurHOoro npeobpazosanus miockoct E? u mpoctpancta E3.
[Ipumepsl.

2. OrobOpaxenue, oOpatHoe s adduHHOrO TmpeoOpazoBaHusd. [pymnmsl
apdunHbIX peodpazosanuit Aff (E*) u Aff (E®).

3. O6pa3bl NpAMON U TIOCKOCTHU IpH adp(HPUHHOM ITPeoOpa30BaHUU.

4. JIuneliHbIN onepaTop, UHAYIUPOBAHHBIN ap(PUHHBIM TPEOOPA30BAHUEM.

5. IIpocroe OTHOWIEHWE TOYEK, COXPAHEHHE MPOCTOTO OTHOLIECHHSI TOYEK IPH
adhpuHHOM MTPEOOpPa30BAHUM.

6. Koopaunartnas 3anuck ahPuHHOTO NMpeodpa3zoBaHUs.

7. T'eomeTpuyeckwii  CMBICI  ONpeAenuTenss  Marpulbsl  adpGUHHOTO
npeoOpa3zoBaHus.

8. lVHBapmaHTHBIE TOYKM W  HHBAapUaHTHbIE MpsiMble  a@UHHOTO
npeobpazosanus miockoctr E2,

9. smwxenus miockoctu E2 u npocrpanctea E3. Tlpumepst.

10. KoopaunaTtHas 3anuck aBuxeHui. Kimaccudukanus IBMKEHUN TUIOCKOCTH
E? u mpoctpancrsa E3.

11. Tlonsitue apdunnoro nmpocrpanctsa. [Ipumepsr.

12. Pagmyc-Bextop Touek adPUHHOrO MpocTpaHcTBa, Ouekius ad@UHHOrO
MPOCTPAHCTBA M CBSI3aHHOTO C HUM BEKTOPHOI'O MPOCTPAHCTBA MpU (PUKCUPOBAHUU
TOYKH.

13. Addunnsle penepbl 1 KoopaAuHATH B adPUHHOM MpocTpancTBe. POpMyIIbl
npeoOpa3oBaHUs KOOPIUHAT.

14. Ilonstne miuockoctu B aduHHOM mpocTtpaHcTBe. HawanbHas Touka u
HaIpaBJISIONIEE TPOCTPAHCTBO MIIOCKOCTH.

15. Ilepeceyenme miockocteid B adduaHOM TpocTpaHcTBe. AdduHHas
000JI04Ka MHOKECTBA TOYEK.

16. Cymma mmockocteid B apuHHOM TPOCTPAHCTRBE.

17. AbdunrHO HEe3aBUCHMBIE TOYKH B a)(pUHHOM TPOCTPAHCTRBE.

18. B3anmHOe pacronoxeHue IByX IUIOCKOocTeld B ap(UHHOM MPOCTPAHCTBE.
XapakTepucTrKa Mapel MIOCKOCTEN.

19. Ilapamerpuueckrie H OOIIME YpaBHEHHUsA IUIOCKOCTE B addUHHOM
MPOCTPAHCTBE.
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20. OmnpenenieHre B3aUMHOIO PACHOJIOKEHUS JIBYX IUIOCKOCTEM MO HX
YpaBHEHUSIM.

21. bapunieHTpuyeckue JMHEHHbIE KOMOMHAIMKM TOYEK U OapHUIICHTPUYECKUE
KOOpJIMHAaThI B ah(UHHOM MPOCTPAHCTBE.

22. BeinykJibie (purypsl B BeleCTBEHHOM ahUHHOM MPOCTPAHCTBE.

23. Beoimyknas 000704YKa MHOXECTBA TOYEK B BEIIECTBEHHOM adPuHHOM
MPOCTPAHCTBE.

24. n-MepHBI MapajsieNenune]] B BeIEeCTBEHHOM ap(UHHOM U €BKJIHIOBOM
IPOCTPAHCTBAX.

25. N-MEpHBI CHUMIUIEKC B BEHIECTBEHHOM ad(UHHOM U EBKJIHIOBOM
IIPOCTPAHCTBAX.

26. CkansipHOE IPOU3BE/ICHUE B BEIICCTBEHHOM BEKTOPHOM MPOCTPAHCTBE U €TO
cBoricTBa. [Ipumepsl.

27. EBKIMIOBO BEKTOPHOE IPOCTPAHCTBO, OPTOrOHAIBHOCTH BEKTOPOB H
HOJIIPOCTPAHCTB, BEJIMYMHA YIJIa MEXKIY BEKTOpaMH, OPTOTOHAJIBHOE JIOTIOJHEHHE
HOJIIPOCTPAHCTBA, OPTOHOPMUPOBAHHBIE OA3KCHI.

28. Ilonarume eBKIMIOBa TOYEYHOro mpocTpancTBa K", oproroHanbHOCTH
iockocreii B E".

29. Paccrosaue mexay o¢urypamu B E", BBIUHNCIEHHE pacCTOSIHUS MEXIY
IUIOCKOCTSIMHU.

30. Hexotopsie ¢urypsr B E": cdepsl, mapsi, mapamienenurnesl, CAMIUICKCHI.
O0beM napasuienenuneia ¥ CHMILIEKCA.

31. @urypsl BTOpOro mnopsiika (KBaJpPWKH) B BEIIECTBEHHBIX adOUHHBIX
npocTtpaHncTBax. HopMmansHbIe 1 KaHOHHUECKHUE YPABHEHUS KBAJIPHK.
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