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ABSTRACT
This Chapter overviews the physics of non-Hermitian degeneracies at the so-called ex-
ceptional points. We consequentially give an introduction to theoretical aspects of non-
Hermitian physics and fundamentals of exceptional points supporting our conclusions
with specific examples borrowed from optics and photonics studies. In particular, we
consider exceptional points on the ground of both passive components and active media
containing loss and gain. In the latter case, the optical PT symmetry, an especially
fruitful notion, is feasible. Exceptional points in PT -symmetric systems can be also
defined as a border between symmetric and symmetry-broken phases. The Chapter em-
braces discussion of topological properties of exceptional points observed under static
and dynamic encircling and the basics of enhanced sensing near exceptional points able
to detect single molecules. Finally, we show that the exceptional points are useful for
studying the strong light-matter coupling in polariton physics.

KEYWORDS
Non-Hermitian photonics, Exceptional point, PT symmetry, Lasing, Optical sensing,
Topological charge, Strong coupling

1.1 INTRODUCTION

Among the recent trends in optical science, non-Hermitian photonics seems to
be one of the most intriguing and promising. Generally speaking, it considers
interaction of photonic structures as open dynamic systems with light. This ap-
proach allows one to look at the problem of light-matter interaction from another
angle providing a different treatment even for well-known optical systems, such
as lasers and coupled resonators. On the other hand, the non-Hermitian photon-
ics has put forward the structures (for example, PT -symmetric ones) that were
not even imagined before. As a result, a number of unusual, entirely unexpected
features and effects due to the non-Hermiticity of photonic structures has been
predicted and experimentally observed.

Non-Hermitian matrices describing Hamiltonians and scattering operators
are in the heart of the non-Hermitian physics. They admit a distinctive type of
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FIGURE 1.1 Roadmap on exceptional points (EP) within this Chapter. Inner blue ring demon-
strates four types of systems often used for investigation of EPs. In the Chapter, we discuss the
EP-based sensors, lasers and coherent perfect absorbers (CPA), as well as perspectives of the EPs
for polaritonic physics and topology.

degeneracy at the exceptional point (EP) when both eigenvalues and eigenvec-
tors coalesce, so that the set of eigenfunctions becomes defective. It should be
stressed that this type of degeneracy is impossible in the Hermitian case. The
principles of non-Hermitian physics and exceptional points as their manifesta-
tion proved to be fruitful in various branches of classical and quantum physics
including optics, acoustics, mechanics, electronics, and even biophysics [1].

In this Chapter, we start with the basic theoretical premises for the EPs,
describe their properties, and then illustrate them with the examples of EPs in
nanophotonics. In particular, we demonstrate the appearance of EPs in passive
systems with purely radiative losses and in structures with spatially distributed
gain and loss including PT -symmetric ones. We discuss topological properties
of EPs, their application for sensing, and connection with the strong-coupling
physics (Fig. 1.1). There is a number of books [2–4] and review articles [5–
8] on non-Hermitian physics and its application to photonics, while different
aspects of EPs are discussed in [9,10]. We do not aim to compete with this
literature in completeness and breadth of coverage. Instead, we try to make a
general educational introduction to the subject of EPs for the dielectric photonics
community and, especially, for beginners in non-Hermitian photonics. A reader
interested in more details and examples may consult references herein.
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1.2 GENERAL THEORY OF EXCEPTIONAL POINTS

1.2.1 The eigenvalue problem

Many physical systems are governed by a set of linear differential equations of
the first order in the form of the non-stationary Schrödinger equation

𝑖
𝑑𝜓

𝑑𝜏
= �̂� ( ®𝛼)𝜓, (1.1)

where 𝜏 is the evolution variable (either time or coordinate), 𝜓(𝜏, ®𝛼) and �̂� ( ®𝛼)
are 𝑛-dimensional vector (wave function) and matrix (Hamiltonian), respectively,
and ®𝛼 = (𝛼1, . . . , 𝛼𝑚) is a vector of 𝑚 parameters. Here we assume that the
Hamiltonian �̂� can be either Hermitian (�̂� = �̂�†, where the superscript †
stands for the Hermitian conjugate) as in quantum mechanics or non-Hermitian
(�̂� ≠ �̂�†). Equation (1.1) emerges in many areas of physics spanning quantum
mechanics, acoustics, photonics, and classical electrodynamics. The simplest
type of a system obeying Eq. (1.1) is the two-state one. It is described by the
2 × 2 Hamiltonian as follows

𝑖
𝑑

𝑑𝜏

(
𝜓1
𝜓2

)
=

(
𝐻11 𝐻12
𝐻21 𝐻22

) (
𝜓1
𝜓2

)
. (1.2)

Such an equation describes evolution of two coupled optical or acoustic modes
with the diagonal elements of the Hamiltonian corresponding to the complex res-
onant frequencies and the non-diagonal elements representing coupling strength
between the modes. Generalization of Eq. (1.2) to higher dimensions is straight-
forward.

In electrodynamics of complex media, the propagation of stationary electro-
magnetic waves can be often considered in one dimension and described by the
four-dimensional vector comprising independent transverse field components H𝑡

and E𝑡 as
𝑑

𝑑𝑧

(
H𝑡

E𝑡

)
= 𝑖

𝜔

𝑐

(
𝑀11 𝑀12
𝑀21 𝑀22

) (
H𝑡

E𝑡

)
, (1.3)

where 𝑀𝑖 𝑗 are the 2 × 2 block matrices depending on material parameters, 𝜔 is
the angular frequency and 𝑐 is the speed of light in vacuum.

Fundamental solution of Eq. (1.1) can be formally written as

𝜓(𝜏, ®𝛼) = exp[−𝑖�̂� ( ®𝛼)𝜏]𝜓(0, ®𝛼). (1.4)

Here exponential of matrix �̂� is defined through a corresponding Taylor series.
The Hamiltonian matrix can be spectrally decomposed,

�̂� =

𝑛∑︁
𝑗=1

𝜆 𝑗 �̂� 𝑗 , (1.5)
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where 𝜆 𝑗 are the eigenvalues of �̂� forming its spectrum and �̂� 𝑗 = v 𝑗 ⊗u 𝑗 are the
projectors onto the corresponding eigenvectors with the property �̂�2

𝑗
= �̂� 𝑗 . The

tensor product of two vectors u and v is defined as a matrix 𝑛 × 𝑛 with elements
(u ⊗ v) 𝑗𝑘 = 𝑢 𝑗𝑣𝑘 , where 𝑗 , 𝑘 = 1, . . . 𝑛. Right v 𝑗 and left u 𝑗 eigenvectors are
defined in accordance with

�̂�v 𝑗 = 𝜆 𝑗v 𝑗 , u 𝑗 �̂� = 𝜆 𝑗u 𝑗 (1.6)

and satisfy the orthonormality condition u 𝑗v𝑘 = 𝛿 𝑗𝑘 providing orthogonality of
the projectors �̂� 𝑗 �̂�𝑘 = �̂� 𝑗𝛿 𝑗𝑘 . Here 𝛿 𝑗𝑘 is the Kronecker delta defined as usual:
𝛿 𝑗𝑘 = 1 for 𝑗 = 𝑘 and 𝛿 𝑗𝑘 = 0 for 𝑗 ≠ 𝑘 . If the matrix is symmetric, �̂� = �̂�𝑇 ,
then the right and left eigenvectors coincide, v 𝑗 = u𝑇

𝑗
, where the superscript 𝑇

stands for the transpose.
Eigenvalues 𝜆 meet the characteristic equation det(�̂� − 𝜆𝐼𝑛) = 0 and can

be written by means of 𝑛 matrix invariants, e.g., the traces of matrix powers
tr(�̂�) =

∑𝑛
𝑗=1 𝜆 𝑗 , . . . , tr(�̂�𝑛−1) =

∑𝑛
𝑗=1 𝜆

𝑛−1
𝑗

and the determinant det(�̂�) =

𝜆1 . . . 𝜆𝑛, where 𝐼𝑛 is the 𝑛 × 𝑛 unit matrix. The projectors can be determined
from the system of 𝑛 equations including the completeness condition 𝐼𝑛 =∑𝑛

𝑗=1 �̂� 𝑗 and the condition for the Hamiltonian powers: �̂� =
∑𝑛

𝑗=1 𝜆 𝑗 �̂� 𝑗 , . . . ,
�̂�𝑛−1 =

∑𝑛
𝑗=1 𝜆

𝑛−1
𝑗

�̂� 𝑗 .
Using the spectral decomposition, we arrive at the fundamental solution (1.4)

in the following form

𝜓(𝜏, ®𝛼) =
𝑛∑︁
𝑗=1

exp[−𝑖𝜆 𝑗 ( ®𝛼)𝜏]�̂� 𝑗 ( ®𝛼)𝜓(0, ®𝛼). (1.7)

The spectral decomposition can be used for solving the Schrödinger differ-
ential equation with a source J, e.g., a dipole. For the stationary wave function
𝜓 and the source J proportional to exp(−𝑖𝜆𝜏), this equation reads

�̂�𝜓 + J = 𝜆𝜓. (1.8)

Substituting decomposition 𝜓 =
∑

𝑚 𝑎𝑚v𝑚 into the above equation and account-
ing for �̂�v𝑚 = 𝜆𝑚v𝑚, we arrive at the equation for 𝑎𝑚:

∑
𝑚 𝑎𝑚 (𝜆 − 𝜆𝑚)v𝑚 = J.

The wave function takes the form

𝜓 = 𝐺J, 𝐺 =
∑︁
𝑚

1
𝜆 − 𝜆𝑚

v𝑚 ⊗ u𝑚

(u𝑚v𝑚)
. (1.9)

Here 𝐺 is the dyadic Green function.

1.2.2 Definition of exceptional points

When we change the parameters ®𝛼, some eigenvalues may turn out to be equal.
Generally we can have 𝑀 sets of equal eigenvalues as 𝜆1 = . . . = 𝜆𝑛1 = �̃�1,
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𝜆𝑛1+1 = . . . = 𝜆𝑛2 = �̃�2, . . . 𝜆𝑛𝑀−1 = . . . = 𝜆𝑛 = �̃�𝑀 . A unique eigenvalue �̃�

corresponds to a block in the matrix �̂�. It is instructive to focus further on the
Hamiltonian possessing a single degenerate eigenvalue.

Assume that the eigenvalues of the 𝑛-dimensional matrix �̂� at the point ®𝛼0 in
the parameter space (𝛼1, . . . , 𝛼𝑚) are equal, 𝜆1 = . . . = 𝜆𝑛 = 𝜆. Depending on
the Hamiltonian Hermiticity, the point ®𝛼0 is called either diabolic or exceptional.

(i) At the diabolic point, the matrix �̂� is diagonalizable, so that it can be
represented as

�̂� ( ®𝛼0) = ℎ𝐼𝑛. (1.10)

The degenerate eigenvalues 𝜆 = ℎ correspond to the orthogonal eigenvectors and
the fundamental solution 𝜓(𝜏, ®𝛼0) = exp(𝜆𝜏)𝜓(0, ®𝛼0) is trivial.

(ii) At the exceptional point, the matrix is non-diagonalizable, so that

�̂� ( ®𝛼0) = ℎ𝐼𝑛 + �̂�, (1.11)

where �̂� is a nilpotent matrix defined as �̂�𝑛 = 0 with �̂� 𝑗 ≠ 0 for 𝑗 < 𝑛. Adding
the nilpotent matrix to the diagonal one does not affect the degenerate eigenvalue
𝜆 = ℎ, but drastically influences the eigenvectors. As well as the eigenvalues,
the eigenvectors at the EP are degenerate, i.e., there is a single eigenvector at the
EP satisfying the equation �̂�v1 = 𝜆v1, the left eigenvector being orthogonal to
it as u1v1 = 0. As a result, the basis set of orthogonal eigenvectors cannot be
established, but one can introduce the set of non-orthogonal generalized eigen-
vectors using the following procedure. Equation for the degenerate eigenvector
(�̂� − 𝜆)v1 = 0 can be rewritten as �̂�v1 = 0 after substitution of Eq. (1.11).
Generalized eigenvectors do not meet this equation, that is �̂�v2 ≠ 0. Instead,
the first generalized eigenvector satisfies equation

�̂�v2 = v1, or (�̂� − 𝜆)v2 = v1. (1.12)

After multiplying both sides of this equation by the nilpotent matrix �̂� , we obtain
�̂�2v2 = 0 or (�̂� − 𝜆)2v2 = 0. The second generalized eigenvector is defined in
the similar manner as

�̂�v3 = v2, or (�̂� − 𝜆)v3 = v2. (1.13)

Multiplication by the matrix �̂�2 yields �̂�3v2 = 0 or (�̂� − 𝜆)3v2 = 0. Thus,
the generalized eigenvectors are defined by the chain rule �̂�v 𝑗 = v 𝑗−1, where
𝑗 = 2, . . . , 𝑛. This chain rule allows us to determine the form of the nilpotent
matrix �̂� . It is quite easy to notice that the chain rule is valid, if

�̂� =

𝑛−1∑︁
𝑗=1

v 𝑗 ⊗ u𝑛− 𝑗 , (1.14)

where u𝑛− 𝑗v𝑘 = 𝛿 𝑗 ,𝑘−1 or u 𝑗v𝑘 = 𝛿𝑛− 𝑗 ,𝑘−1. Generalized left eigenvectors u 𝑗

can be found from the chain rule u 𝑗 �̂� = u 𝑗−1 ( 𝑗 = 2, . . . , 𝑛) consistent with the
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dyadic decomposition (1.14) of �̂� . The degenerate left eigenvector meets the
equation u1�̂� = 0.

The Hamiltonian matrix can be presented in the Jordan canonical form as-
suming non-zero elements on the superdiagonal (𝑘, 𝑘 +1) of the nilpotent matrix
(𝑘 = 1, . . . , 𝑛 − 1) as follows

�̂� ( ®𝛼0) =
©«

𝜆 1 0 0 0 . . .

0 𝜆 1 0 0 . . .

0 0 𝜆 1 0 . . .

. . . . . . . . . . . . . . . . . .

ª®®®¬ . (1.15)

In order to obtain other forms of the Hamiltonian matrix at the EP, one
should exploit a similarity transformation 𝑆 in the 𝑛-dimensional space. Then
the Hamiltonian reads �̂� ′( ®𝛼0) = 𝑆(ℎ𝐼𝑛 + �̂�)𝑆−1 = ℎ𝐼𝑛 + �̂� ′, where �̂� ′ = 𝑆�̂�𝑆−1.

At the EP, the fundamental solution (1.4) of differential equations (1.1) reads

𝜓(𝜏, ®𝛼0) = exp(−𝑖𝜆𝜏) exp(−𝑖�̂�𝜏)𝜓(0, ®𝛼0). (1.16)

Exponential of the nilpotent matrix is defined as a truncated Taylor series due to
�̂� 𝑘 = 0 for 𝑘 ≥ 𝑛. Therefore, we get

𝜓(𝜏, ®𝛼0) = exp(−𝑖𝜆𝜏)
[
𝑛−1∑︁
𝑘=0

(−𝑖𝜏)𝑘
𝑘!

�̂� 𝑘

]
𝜓(0, ®𝛼0). (1.17)

This means that the solution is not just an exponential at the EP. Using decom-
position over the basis of generalized eigenvectors for the initial wave function
𝜓(0, ®𝛼0) =

∑𝑛
𝑗=1 𝑐 𝑗v 𝑗 , we can notice that the action of the nilpotent matrix

reduces to �̂�𝜓(0, ®𝛼0) =
∑𝑛

𝑗=2 𝑐 𝑗v 𝑗−1 =
∑𝑛−1

𝑗=1 𝑐 𝑗+1v 𝑗 and the solution (1.17)
reads

𝜓(𝜏, ®𝛼0) = exp(−𝑖𝜆𝜏)
𝑛−1∑︁
𝑘=0

(−𝑖𝜏)𝑘
𝑘!

𝑛−𝑘∑︁
𝑗=1

𝑐 𝑗+𝑘v 𝑗 . (1.18)

The EPs are known to exist for electromagnetic waves in (bi)anisotropic
crystals, which evolution is described with 4× 4 Jordan matrices as in Eq. (1.3).
Since the nilpotent matrix is 4-dimensional, one is able to distinguish waves
with exponential-linear (Voigt waves), exponential-quadratic and exponential-
cubic dependence on the coordinate instead of regular plane-wave solutions
[11]. Recently, it was introduced a concept of Dyakonov-Voigt surface waves
propagating only in certain directions at the interface of anisotropic medium and
decaying away from the interface as a product of linear and exponential functions
[12].

Hermitian Hamiltonians with degenerate spectrum can support only diabolic
points, so that the set of orthogonal eigenvectors can be always found. Since
the Hamiltonian at the EP (1.15) is clearly non-Hermitian, the EPs emerge
exclusively for non-Hermitian Hamiltonians. Although non-Hermiticity can be
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arbitrary, the most curious cases correspond to certain symmetries, for example,
PT and anti-PT symmetries as it will be discussed further.

The Green function at the exceptional point 𝜆𝐸𝑃 can be found as follows (see
[13,14]). Subtracting the term 𝜆𝐸𝑃𝜓 from the left and right hand sides of Eq.
(1.8), we write

(�̂�0 − 𝜆𝐸𝑃 𝐼𝑛)𝜓 + J = (𝜆 − 𝜆𝐸𝑃)𝜓 (1.19)

or

𝜓 =
1

𝜆 − 𝜆𝐸𝑃

(
𝐼𝑛 −

�̂�

𝜆 − 𝜆𝐸𝑃

)−1

J. (1.20)

Exploiting the Taylor series of this matrix function, the Green function defined
as 𝜓 = 𝐺𝐸𝑃J can be presented in the form

𝐺𝐸𝑃 =
1

𝜆 − 𝜆𝐸𝑃

∞∑︁
𝑘=0

�̂� 𝑘

(𝜆 − 𝜆𝐸𝑃)𝑘
. (1.21)

The series is truncated due to the property of the nilpotent matrix �̂�𝑛 = 0
yielding

𝐺𝐸𝑃 =
1

𝜆 − 𝜆𝐸𝑃

𝑛−1∑︁
𝑘=0

�̂� 𝑘

(𝜆 − 𝜆𝐸𝑃)𝑘
=

𝐼𝑛

𝜆 − 𝜆𝐸𝑃

+ �̂�

(𝜆 − 𝜆𝐸𝑃)2 + . . .+
�̂�𝑛−1

(𝜆 − 𝜆𝐸𝑃)𝑛
.

(1.22)
Note that the leading-order term of the Green function at the EP is the last one,
proportional to (𝜆 − 𝜆𝐸𝑃)−𝑛, if 𝜆 is close to 𝜆𝐸𝑃 .

1.2.3 Exceptional points of two-state Hamiltonians

Consider a non-Hermitian Hamiltonian �̂� ( ®𝛼) that can be described by the 2 ×
2 matrix. It governs evolution of the system given by Eq. (1.2) with the
fundamental solution (1.4). Spectrum of the Hamiltonian �̂� consists of a couple
of eigenvalues 𝜆1 and 𝜆2 and the Hamiltonian can be presented as �̂� = 𝜆1�̂�1 +
𝜆2�̂�2 with the projectors �̂�1 and �̂�2. The eigenvalues can be written by means
of the matrix invariants tr(�̂�) = 𝜆1 + 𝜆2 and det(�̂�) = 𝜆1𝜆2 as

𝜆1,2 =
tr(�̂�) ±

√︁
[tr(�̂�)]2 − 4 det(�̂�)

2
. (1.23)

The equations �̂�1+�̂�2 = 𝐼2 and 𝜆1�̂�1+𝜆2�̂�2 = �̂� yield the projecting matrices

�̂�1 =
1

𝜆1 − 𝜆2

(
�̂� − 𝜆2𝐼2

)
, �̂�2 =

1
𝜆2 − 𝜆1

(
�̂� − 𝜆1𝐼2

)
. (1.24)

At the point ®𝛼0 of the parameter space, where the square root in Eq. (1.23)
vanishes, the eigenvalues coalesce, 𝜆 = 𝜆1 = 𝜆2 = tr(�̂�)/2. If the eigenvectors
also coalesce at this point, we have the EP of the second order. The eigenvalues
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FIGURE 1.2 The EP of a two-state Hamiltonian. The real (a) and imaginary (b) parts of
the normalized eigenvalues (1.23), 𝜆1,2/

√︁
det(�̂�) , as a function of complex parameter 𝜂 =

tr(�̂�)/2
√︁

det(�̂�) . The EP is observed at Re(𝜂) = 1 and Im(𝜂) = 0.

of a generic two-dimensional system are shown in Fig. 1.2. One can see that in
order to reach the EP, one has to tune two parameters – the real and imaginary
parts of the value 𝜂 = tr(�̂�)/2

√︁
det(�̂�).

In the case of real-valued tr(�̂�) and det(�̂�), the eigenvalues are real at the
EP independent of Hermiticity. The EP then lies on the line [tr(�̂�)]2 = 4 det(�̂�)
separating two phases, the first one being symmetric ([tr(�̂�)]2 > 4 det(�̂�)),
while the second one being symmetry-broken ([tr(�̂�)]2 < 4 det(�̂�)). There is a
single real-valued parameter 𝜂 to be tuned as shown Fig. 1.3. In the symmetric
phase of the non-Hermitian Hamiltonian, the evolution of the system resembles
that of a Hermitian system characterized by real eigenvalues. Symmetric phase
requires symmetry of the non-Hermitian Hamiltonian and, hence, of the system
itself. In the symmetry-broken phase, the eigenvalues are the complex-conjugate
pair corresponding to the amplifying and decaying solutions. For the complex
invariants tr(�̂�) and det(�̂�), the eigenvalues are complex in both phases, but the
Hamiltonian matrix still has the Jordan form at the EP, when [tr(�̂�)]2 = 4 det(�̂�).

At the EP, the Hamiltonian may be written in the canonical Jordan form

�̂� ( ®𝛼0) = 𝜆𝐼2 + �̂� =

(
𝜆 1
0 𝜆

)
, (1.25)

The two-dimensional nilpotent matrix satisfies �̂�2 = 0. Using the similarity
transformation 𝑆 = diag(𝑠1, 𝑠2), we can present the nilpotent matrix as �̂� ′ =

𝑆�̂�𝑆−1 = (𝑠1/𝑠2)�̂� . Using an orthogonal matrix 𝑆(𝛼) =
(

cos𝛼 sin𝛼
− sin𝛼 cos𝛼

)
to

transform the nilpotent matrix yields a wide class of non-Hermitian Hamiltoni-



Exceptional Points Chapter | 1 9

0.0 0.5 1.0 1.5 2.0

-1

0

1

2

3

4

EP

Im 2

Im 1

Re 2N
or

m
al

iz
ed

 

Re 1

FIGURE 1.3 The EP of a two-state Hamiltonian. The normalized eigenvalues (1.23),
𝜆1,2/

√︁
det(�̂�) , as a function of real-valued 𝜂 = tr(�̂�)/2

√︁
det(�̂�) . The EP is observed at 𝜂 = 1.

ans, which at the EP has the form

�̂� ( ®𝛼0) = 𝜆𝐼2 + 𝑆(𝛼)�̂�𝑆−1 (𝛼) =
(
𝜆 + sin𝛼 cos𝛼 cos2 𝛼

− sin2 𝛼 𝜆 − sin𝛼 cos𝛼

)
. (1.26)

When 𝛼 = 𝑖𝛽, the Hamiltonian at the EP is

�̂� ( ®𝛼0) =
(
𝜆 + 𝑖 sinh 𝛽 cosh 𝛽 cosh2 𝛽

sinh2 𝛽 1 − 𝑖 sinh 𝛽 cosh 𝛽

)
, (1.27)

being a symmetric matrix, when cosh 𝛽 = sinh 𝛽. The fundamental solution
(1.17) at the EP can be written for any Hamiltonian we mentioned before. In the
case of Hamiltonian (1.25), the fundamental solution at the EP reads(

𝜓1 (𝜏)
𝜓2 (𝜏)

)
= 𝑒−𝑖𝜆𝜏

(
1 −𝑖𝜏
0 1

) (
𝜓1 (0)
𝜓2 (0)

)
= 𝑒−𝑖𝜆𝜏

(
𝜓1 (0) − 𝑖𝜏𝜓2 (0)

𝜓2 (0)

)
.

(1.28)
Now we determine the generalized eigenvectors of the Hamiltonian (1.25).

In the case of two coalescing eigenvectors, 𝑛 = 2 and the nilpotent matrix
�̂� = v1 ⊗ u1 defined by Eq. (1.14) is a dyad. The normal right eigenvector
v1 = (1, 0)𝑇 follows from the equation (�̂� − 𝜆𝐼2)v1 = 0. Single generalized
eigenvector v2 = (𝑎2, 𝑏2)𝑇 for the 2 × 2 Hamiltonian satisfies equation(

0 1
0 0

) (
𝑎2
𝑏2

)
=

(
1
0

)
, (1.29)
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yielding v2 = (𝑤, 1)𝑇 , where 𝑤 is a constant that can be found from a normaliza-
tion condition. Similarly, we can determine the left eigenvector u1 = (0, 1) and
the generalized eigenvector u2 = (1,−𝑤) consistent with orthonormalization
conditions u1v1 = 0, u1v2 = 1, u2v1 = 1, and u2v2 = 0. One can directly verify
that a kind of completeness condition v1 ⊗ u2 + v2 ⊗ u1 = 𝐼2 holds true.

1.2.4 Symmetry and the EP order

The EP of the 𝑟th order emerges, when 𝑟 eigenvalues become equal. The order
of the EP is limited not only by dimensionality 𝑛 of the system of equations
(1.1), but also by the number of parameters. Suppose we have the EP of the
𝑟th order and 𝑚 parameters ®𝛼 = (𝛼1, . . . , 𝛼𝑚)𝑇 . Then we have 𝑟 − 1 equations
𝜆1 ( ®𝛼0) = 𝜆2 ( ®𝛼0), . . . , 𝜆1 ( ®𝛼0) = 𝜆𝑟 ( ®𝛼0) for real (imaginary) eigenvalues, which
can be consistently satisfied only if the number of equations is not greater than
the number of parameters, i.e., 𝑟 − 1 ≤ 𝑚. The statement that the order of the
EP is limited by the number of parameters as 𝑟 ≤ 𝑚 + 1 is similar to the Gibbs
phase rule for the systems in thermodynamic equilibrium. In the case of a single
parameter 𝛼, 𝑚 = 1 and the maximal order of the EP is 𝑟 = 2 even if 𝑛 > 2. In
the case of complex eigenvalues, the number of equations doubles and the order
of the EP should be within the range 2 ≤ 𝑟 ≤ 𝑚/2 + 1. Thus, the EP can exist
only if the number of parameters 𝑚 ≥ 2.

Since, generally (for the complex eigenvalues), the minimal number of pa-
rameters is 2(𝑟−1) for the 𝑟-th order EP, one should simultaneously tune 2(𝑟−1)
parameters that might be inconvenient and hardly realizable in practice. If the
system satisfies some symmetries, the parameter space can be significantly re-
duced [15,16]. The most popular symmetries are parity (P), parity–time (PT ),
and charge-conjugation–parity (CP) ones able to decrease the number of tuned
parameters to 𝑟 − 1 [16]. For example, for the second order EP one has to
tune a single parameter instead of two parameters. The higher-order EPs can be
realized due to increasing the number of channels in the system. In the optical
context, this means that one should increase the number of coupled waveguides
or cavities [17,18] or excite additional modes [19]. The order of EPs can be also
doubled in the system consisting of two subsystems with identical degenerate
eigenvalues. In this case, the merger of two individual EPs occurs only if the
unidirectional coupling takes place [20].

Symmetric non-Hermitian Hamiltonians attract particular attention, because
they can also provide a real spectrum of eigenvalues. If the symmetry is described
by the linear operator 𝑆, then it should commute with a symmetric Hamiltonian
as [�̂�, 𝑆] = �̂�𝑆 − 𝑆�̂� = 0. In the case of an anti-symmetric Hamiltonian, one
should write the anti-commutation relation, {�̂�, 𝑆} = �̂�𝑆 + 𝑆�̂� = 0.

One of the most studied symmetries is the parity–time (PT ) symmetry
𝑆 = �̂�𝑇 , where �̂� and 𝑇 are the parity and time operators, respectively. The
parity operator inverts spatial coordinates r → −r. The time operator reverses
time 𝑡 → −𝑡, what is equivalent to the complex conjugate. The PT -symmetric
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Hamiltonian �̂� (r, 𝑡) satisfies the commutation condition �̂�𝑇 �̂� (r, 𝑡)𝜓(r, 𝑡) =

�̂� (r, 𝑡)�̂�𝑇𝜓(r, 𝑡) for an arbitrary wave function 𝜓(r, 𝑡). Since operators �̂�

and 𝑇 act on the right-standing quantities, we arrive at �̂� (−r,−𝑡)𝜓(−r,−𝑡) =

�̂� (r, 𝑡)𝜓(−r,−𝑡). Excluding arbitrary wave function 𝜓, we conclude that the
Hamiltonian is PT -symmetric, if �̂� (−r,−𝑡) = �̂� (r, 𝑡). For time-independent
Hamiltonians, this condition reads �̂�∗ (−r) = �̂� (r). For a quantum particle in
potential 𝑉 (r), the condition of PT symmetry is valid, when 𝑉∗ (−r) = 𝑉 (r).
The Maxwell equations can be recast in the form of the Schrödinger equation
(1.1) with the Hamiltonian

𝐻 (r) =
(

0 −𝑖𝜇−1 (r)∇×
𝑖𝜀−1 (r)∇× 0

)
, (1.30)

𝜏 = 𝑐𝑡, and the wave function 𝜓(r, 𝑡) = (H(r, 𝑡),E(r, 𝑡))𝑇 . Here H and E
are the magnetic and electric field strengths and 𝜀 and 𝜇 are the permittivity
and permeability tensors, respectively. PT symmetry then demands spatial
distribution of material parameters according to 𝜀(r) = 𝜀∗ (−r) and 𝜇(r) =

𝜇∗ (−r), i.e., the permittivity and permeability play similar role as the potential
in the context of quantum mechanics. Practical realization of the optical PT
symmetry imposes severe restrictions on the choice of materials with gain and
loss. To relax these requirements, an approach of the gain-free PT symmetry
for input evanescent electromagnetic waves is proposed in Ref. [21].

Using the Fourier sum, a wave function in the box 𝐿×𝐿×𝐿 can be decomposed
over countable number of orthogonal functions 𝑓k = 𝐿−3/2 exp(𝑖kr) as 𝜓(r) =∑

k 𝜓k 𝑓k. Then the wave function in the basis { 𝑓k} can be presented as a vector
𝜓 = (𝜓k𝑛

, 𝜓k𝑛−1 , . . . , 𝜓−k𝑛
)𝑇 , where 𝑛 is any integer number including infinity.

From two expressions 𝜓(−r) = �̂�𝜓(r) and 𝜓(−r) = ∑
k 𝜓k 𝑓−k =

∑
k 𝜓−k 𝑓k we

can define the parity operator �̂� as a matrix that should exchange the components
𝜓k𝑚

and 𝜓−k𝑚
of the wave function. That is why the parity operator for the two-

state Hamiltonian reads
�̂� =

(
0 1
1 0

)
. (1.31)

The PT -symmetric two-state Hamiltonian satisfies �̂�𝑇 �̂�𝜓 = �̂��̂�𝑇𝜓, or
�̂��̂�∗𝜓∗ = �̂��̂�𝜓∗ for any wave function 𝜓. Therefore, �̂��̂�∗ = �̂��̂�. For the
two-dimensional matrices �̂� and �̂�, PT -symmetry imposes the restrictions on
the Hamiltonian matrix elements as 𝐻12 = 𝐻∗

21 and 𝐻11 = 𝐻∗
22. The invariants

tr(�̂�) = 2Re(𝐻11) and det(�̂�) = |𝐻11 |2 − |𝐻12 |2 appear to be real-valued as well
as the eigenvalues of the non-Hermitian Hamiltonian shown in Fig. 1.3.

Anti-PT symmetry arises, when �̂�𝑇 �̂� = −�̂��̂�𝑇 . For the two-state Hamil-
tonian, we have �̂��̂�∗ = −�̂��̂�, so that the matrix elements are 𝐻12 = −𝐻∗

21
and 𝐻11 = −𝐻∗

22. This drastically changes the invariants of the matrix �̂�:
tr(�̂�) = 2𝑖Im(𝐻11) and det(�̂�) = |𝐻12 |2− |𝐻11 |2. The eigenvalues are no longer
real, but the EP still exists at det(�̂�) = (tr(�̂�))2/4 as demonstrated for a generic
system in Fig. 1.2.
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FIGURE 1.4 Types of resonators lacking a symmetry with the possible parameters for tuning.
(a) Two cylinders, (b) two-dimensional array of cylinders, (c) three cylinders, and (d) spheroidal
particle.

Although the discussion in this section concerns the EPs in the spectra of
Hamiltonians, the similar regularities hold true for other matrices describing
physical systems, too. One of such matrices is the scattering matrix widely
used in photonics. In particular, the scattering matrix is highly convenient for
the analysis of optical multilayer structures. The study of EPs using scattering
matrices can be found in many publications, see, e.g., Refs. [22,23].

1.3 EXCEPTIONAL POINTS IN ISOLATED AND COUPLED DIELEC-
TRIC RESONATORS

We start discussion of specific realizations of exceptional points with the photonic
systems consisting of ordinary dielectric materials. Although non-Hermitian
effects are usually associated with the presence of loss and gain, the non-
Hermiticity can be provided solely by the radiative energy exchange with envi-
ronment, without intrinsic absorption or amplification of radiation. In general,
the eigenvalues (frequencies or wavevectors of the eigenmodes) remain complex
even at the EP due to uncompensated radiative losses.

One of the first examples of the EPs in such all-dielectric structures was
reported in Ref. [24]. The authors considered a pair of infinitely-long circular
waveguides of different radii. In accordance with the discussion above, the lack
of symmetry in such a system implies that one has to tune two independent
parameters in order to reach the EP of the second order in the complex plane.
For the two cylinders, one can use the radius of one of the cylinders (another
has a fixed radius) and the distance between them as the tuned parameters [Fig.
1.4(a)]. For the rectangular lattice of four identical cylinders, it is convenient
to exploit the distances between the cylinders in two orthogonal directions [Fig.
1.4(b)]. The third-order EP can be found in the system of three different cylinders
by tuning four independent parameters, for example, two radii (eigenfrequencies
of resonators) and two distances between the cylinders (coupling coefficients)
[Fig. 1.4(c)].
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It was shown further that a single dielectric resonator is enough to observe
the EP, if it has an asymmetric (non-spherical) shape. For example, in the
dielectric spheroidal particle [Fig. 1.4(d)], the EP can be caught in tuning the
permittivity of the material and the aspect ratio of the radii along two orthogonal
axes [25]. The same reasoning is true for the dielectric disc with the permittivity
and the thickness-to-radius ratio as the parameters [26]. A system of dimers
composed of discs can be more practical for observation of the EPs, because
distances between the dimers and between the separate discs in the dimers are
the parameters allowing easier control [26]. Note that in all cases mentioned
above, the quality (𝑄) factor is strongly enhanced at the EP, what is important
for various applications.

It seems that introduction of the asymmetry or deformation is the general
method for reaching EPs in dielectric resonators caused by the control of modes
evolution. As further examples, we mention the whispering-gallery modes
cavities either having non-circular (quad-cosine [27] or limaçon [28]) shape or
perturbed by additional scatterers [29].

1.4 EXCEPTIONAL POINTS IN NON-HERMITIAN SYSTEMS WITH GAIN
AND LOSS

Although the non-Hermitian physics describes any open photonic system, it
has been proved to be especially fruitful, when applied to active systems con-
taining loss and gain components. Perhaps, the most intriguing class of such
non-Hermitian systems possesses PT symmetry. The idea of the optical PT
symmetry was adopted directly from quantum mechanics. In the pioneer work
[30], it was shown that the PT -symmetric Hamiltonian commuting simultane-
ously with the parity and time reversal operators have real eigenvalues. Since
the stationary Schrödinger equation

𝑑2𝜓

𝑑𝑥2 − 2𝑚
ℏ2 [𝑉 (𝑥) − 𝐸] = 0 (1.32)

for the quantum particle in the potential 𝑉 (𝑥) is mathematically equivalent to
the Helmholtz equation

𝑑2𝑢

𝑑𝑥2 + 𝜔2

𝑐2 𝜀(𝑥)𝑢 = 0 (1.33)

for electromagnetic field in the medium with permittivity 𝜀(𝑥), the transfer
of PT -symmetry to the optics domain is straightforward [5]. Obviously, the
permittivity in optics plays the role of the potential in quantum mechanics.
The PT symmetry condition for the potential 𝑉 (𝑥) = 𝑉∗ (−𝑥) is then recast to
𝜀(𝑥) = 𝜀∗ (−𝑥). This means that PT symmetry can be realized in photonic
structures with specific distributions of loss [Im(𝜀) > 0] and gain [Im(𝜀) < 0]
over the media. The PT -symmetric optical systems were realized using coupled
waveguides [31,32], coupled cavities [33,34], and multilayer structures [35,36].
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An EP in a PT -symmetric photonic system can be defined as a point of
spontaneous symmetry breaking. In other words, despite the condition 𝜀(𝑥) =
𝜀∗ (−𝑥) always holds true, the commutation of the Hamiltonian with the �̂� and
𝑇 operators is violated at the EP. One can introduce two phases touching at
the EP: the first phase is PT -symmetric with real eigenfrequencies and PT -
symmetric eigenmodes characterized by the balanced distribution of light energy
over loss and gain components; the second phase is PT -symmetry-broken with
the complex eigenfrequencies and asymmetric eigenmodes demonstrating either
strong amplification or attenuation of light. Exactly such a behavior of the modes
is presented in Fig. 1.3. We should also emphasize that, as already discussed
above, the PT symmetry diminishes the number of parameters needed for tuning
the system towards the EP.

Let us consider the archetypal case of a loss-gain multilayer structure. Inter-
action of light with such non-Hermitian structures can be conveniently described
with the scattering matrix formalism. The proper expression for the scattering
matrix can be derived from the Hamiltonian similar to (1.30) and reads [23]

𝑆 =

(
𝑡 𝑟𝑅
𝑟𝐿 𝑡

)
, (1.34)

where 𝑡, 𝑟𝑅, and 𝑟𝐿 are the transmission and reflection coefficients which can
be readily calculated with the well-known transfer matrix approach [37]. The
eigenvalues of the matrix (1.34) are 𝑠1,2 = 𝑡 ±√

𝑟𝑅𝑟𝐿 , so that the EP corresponds
to the situation when either 𝑟𝑅 or 𝑟𝐿 vanishes and |𝑡 | = 1 (Fig. 1.5). This
is exactly the condition for the so-called anisotropic transmission resonances
with the unitary transmission and the one-sided reflectionlessness [22]. If the
multilayer structure is PT -symmetric, i.e., consists of the balanced sequence of
loss and gain layers, then the EP lies at the border between the PT -symmetric
phase with |𝑠1,2 | = 1 and thePT -symmetry-broken phase with |𝑠1 | = 1/|𝑠2 | < 1.

Another definition of the scattering matrix used in literature [22] reads as

𝑆′ =

(
𝑟𝐿 𝑡

𝑡 𝑟𝑅

)
. (1.35)

The exchange of matrix elements in comparison to Eq. (1.34) may seem to be
inessential, but actually it results in a dramatic change of the eigenvalues which
now take the form 𝑠′1,2 = (𝑟𝑅+𝑟𝐿)/2±

√︁
𝑡2 + (𝑟𝐿 − 𝑟𝑅)2/4. The exceptional point

also changes its position being observed at |𝑟𝐿+𝑟𝑅 | = 2. Since 𝑆′ does not follow
from the PT -symmetric Hamiltonian, the corresponding EP is not a true EP, but
it is not meaningless as well. It makes sense as a lasing predictor showing the level
of loss and gain just below the lasing threshold (Fig. 1.5). This interpretation was
proved with the calculations based on the Maxwell-Bloch equations for realistic
loss and gain media [23]. The Maxwell-Bloch approach as opposed to the usual
phenomenological consideration based on complex permittivity allows taking
nonlinear saturation into account and describing behavior in the lasing regime
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FIGURE 1.5 The EP of a PT-symmetric multilayer structure. The EP corresponds to the unity
transmission and zero reflection from one side. The lasing predictor corresponds to sharp increase
of reflection and transmission. The ratio of output power in the cases corresponding to lasing and
CPA reaches maximum between the EP and lasing predictor.

with the intriguing propagation locking effect [38]. It should be also noted that
the EP as a lasing prethreshold was discussed in Ref. [39].

PT symmetry in photonic systems imposes tough limitations on loss and
gain distribution raising a question of practical realization. That is why the non-
Hermitian systems possessing EPs with relaxed demands on loss and gain are of
extreme interest. As an example, we can spotlight anti-PT -symmetric systems.
In one-dimensional case, the anti-PT -symmetry implies the permittivity of the
form 𝜀(𝑥) = −𝜀∗ (−𝑥). Since the imaginary part of the permittivity is either
positive or negative in the entire space, the variety of passive materials can be
employed in practice. However, this platform has a noticeable flaw preventing
from the real-life application: it requires the utilization of exotic negative-
refractive-index media [40]. More popular approach is based on the dissipative
coupling of optical elements such as waveguides or cavities [41]. The dissipative
coupling brings us to the special form of the Hamiltonian matrix that has real
frequencies on the diagonal and complex coupling coefficients off the diagonal.
The EPs in such anti-PT -symmetric systems behave in the same way as for
PT -symmetric systems demarcating symmetric and symmetry-broken phases.
The anti-PT -symmetric EPs were reported in electric circuit resonators [42],
optical fibers [43], and integrated-optics structures [44].

Passive analogue of the PT -symmetric system is a promising paradigm for
getting around the gain issues. Absorption modulation may emulate the true
PT symmetry, if a constant shift of permittivities of all components in the
system is made [5]. In this case, the less absorbing parts of the structure play
the role of gain, whereas the more absorbing parts can be considered as loss.
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In other words, the Hamiltonian matrix can be treated as a sum of the constant
matrix and PT -symmetric one. However, dissipative systems are dramatically
different from those with balanced loss and gain, since the EPs are not necessary
for PT -symmetry-breaking transitions anymore [45]. A curious design of the
passive PT -symmetric structure is proposed in Ref. [46], where a mirror image
supplements a passive structure instead of the real gain.

The unique features of EPs turned out to be extremely relevant for lasing
as one of the typical non-Hermitian phenomena justified for the new class of
PT -symmetric lasers [47]. When the PT symmetry breaking at the EP violates
balance between the modes, one of the modes becomes amplified and the other
is attenuated. As a result, above the EP, which in this case is simultaneously
the lasing threshold, the robust single-mode lasing is established. This idea
being of high demand for applications was experimentally demonstrated with
the microring lasers [48,49]. If the EP is above the lasing threshold, additional
intriguing features emerge. For instance, the laser is able to turn off at the EP
due to the coalescence of attenuating and amplifying modes [50,51]. The EP
was predicted to be an on-off switching point also in the anti-PT -symmetric
lasing systems [52].

Sometimes aPT -symmetric system can be simultaneously a coherent perfect
absorber (CPA) and a laser. The CPA can be also called a time-reversed laser,
or anti-laser, in the sense that incoming waves are fully absorbed in the medium
due to their interference [53]. The CPA-lasing effect in PT -symmetric systems
was theoretically predicted in Ref. [54]. It shows up in the scenario of two
counter-propagating waves impinging the system that behaves as a CPA or a
laser depending on the phase difference between the waves [36]. The CPA-lasing
conditions are not directly connected with emergence of the EPs. However, the
optimal contrast between absorption and amplification appears to be reached
above the EP, but below the lasing predictor point, as it was shown for multilayer
structures (Fig. 1.5) [55]. This result supported by the time-domain Maxwell-
Bloch simulations means that the CPA-lasing does not imply true lasing, because
the latter is independent of the phase difference between the input waves [55].

1.5 TOPOLOGICAL PROPERTIES OF EXCEPTIONAL POINTS

Topology studies invariant, persistent properties of objects. These properties
remain intact under perturbations or deformations of the object. The topological
ideas penetrated first into condensed-matter physics being fruitful for explaining
the features of quantum Hall effect and topological insulators. They proved to be
extremely beneficial for description of optical systems (especially periodic, such
as photonic crystals and metamaterials) giving rise to the field of topological
photonics [56–58]. The key parameter characterizing the system from the view-
point of topology is the topological invariant. Perhaps, the most widely used
invariant is the Chern number which is the integral characteristic expressing the
properties of the band structure of a complex photonic system in just one integer
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[59].
Not pretending to cover all aspects of topological non-Hermitian systems

[60,61], we limit our discussion to the specific problem of topological properties
of EPs. The topology of any singular point including the EP can be characterized
by the phase change under encircling this point in the parameter (or phase) space.
The phase change under the closed path around the singular point defines the
winding number

𝑞 =
1

2𝜋

∮
𝑑𝜙. (1.36)

The winding number 𝑞 has the meaning of the topological charge of the singular
point, the point being topologically nontrivial, if 𝑞 ≠ 0.

The topology of EPs is governed by geometry of the Riemannian surfaces
formed by eigenvalues in the parameter space. An example of the Riemannian
surfaces for the second-order EP is shown in Fig. 1.2. One can note that a single
closed loop is not enough to return to the starting point on these surfaces and
the second loop is needed. In this case, the EP’s topological charge is 𝑞 = 1/2,
in contrast to the integer winding numbers in the topological systems supporting
edge states. For the 𝑟th-order EP, one has 𝑟 Riemannian surfaces and needs 𝑟
loops to return to the starting point.

Moreover, the result of encircling the EP depends on the way it is performed.
There are static and dynamic approaches to encircle the EP. For static encircling,
the eigenmode swaps with another one at the different Riemannian surface
gaining an additional (geometric) phase after returning to the starting point [62].
This is a direct consequence of the half-integer topological charge of the EP and
the geometry of the Riemannian surfaces discussed above, so that the system
does not return to the initial state in the end of the cycle. Perhaps, the first
experimental observation of such a topological behavior was reported in 2001
for the two coupled microwave cavities perturbed by the semicircle scatterer [63].
Changing the position of the scatterer and coupling between the cavities, one
can encircle the EP in the two-dimensional parameter space. The authors clearly
observed the interchange of eigenvalues (complex frequencies) and eigenmodes
(field distributions, see Fig. 1.6(a)) at the final point of the circle [63]. The
swap of the eigenvalues was reported also for the coupled waveguides with
purely radiative losses (see Section 1.3), including the case of higher-order EPs
with multiple participating eigenmodes [24]. Static encircling the EP was also
realized for the deformed optical microcavity [64] and the exciton-polariton
microcavity of changing dimensions [65].

Totally different situation occurs for dynamic encircling when the measure-
ments for the successive values of parameters are not independent. Changing
characteristics of the system (e.g., its geometrical parameters or coupling strength
with the environment) along the propagation direction provides the means to em-
ulate the EP encircling in the parameter space. In this case, the process turns out
to be non-adiabatic allowing jumps between the Riemannian surfaces [66,67].
Non-adiabaticity yields the chiral mode switching, when the final state depends
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FIGURE 1.6 Topological features of the EPs. (a) Change of the field distribution for static en-
circling the EP. Adapted with permission from Ref. [63]. (b) Final state of a system depends on
dynamic encircling direction (counter-clockwise for the two left panels, clockwise for the two right
panels), but not on the starting point. Non-adiabatic jumps between the surfaces are clearly seen.
Adapted with permission from Ref. [68].

on the encircling direction (clockwise or counter-clockwise), see Fig. 1.6(b).
This effect was experimentally observed as an asymmetric light propagation in
curved microwave waveguides [68] and in coupled photonic waveguides [69].
Dynamic effect of the moving EP and its encircling by the pair of waveguides
was realized in Ref. [70]. Interestingly, the chiral mode switching is possible
even if the loop does not encircle the EP itself, but is only situated nearby sens-
ing the details of Riemannian surfaces [71,72]. In the case of multiple EPs, the
dynamics of encircling become even richer, since the loops with the common
starting points and encircling direction are not always topologically equivalent
(homotopic) [73]. The multiple EP encircling was experimentally observed in
the non-Hermitian waveguide arrays fabricated in glass [74].

In the presence of symmetries (for example, PT symmetry) additional fea-
tures of encircling dynamics can be highlighted. In particular, the chirality of the
dynamics remarkably depends on the starting point of encircling. If the starting
point in the parameter space corresponds to the symmetric phase, the chiral
switching depends on the encircling direction. To the contrary, the dynamics
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are nonchiral (that is the final state is the same for any direction of encircling),
if the starting point is in the broken-symmetry phase. A pronounced role of the
starting point was demonstrated using a system of coupled waveguides made
of ferromagnetic material well controlled by magnetic field [75]. The chiral
switching in anti-PT -symmetric systems was reported in Ref. [76].

The chiral mode switching is able to control the state of radiation polarization.
It helps to design an optical omnipolarizer converting any input polarization into
the desired one [77]. One more type of the chiral polarizer performed on the
basis of anti-PT -symmetric platform for waveguides was reported in Ref. [78].

1.6 ENHANCED SENSITIVITY AT THE EP

One of the most deeply studied and practically appealing effects observed in
the EP vicinity is the sharp increase of system’s sensitivity to an external per-
turbation. This effect allows using non-Hermitian systems as sensors to detect
small changes of environment caused, e.g., by biomolecules. Enhanced sensi-
tivity near the EP can be readily proved for the two-state Hamiltonian. Consider
a non-Hermitian Hamiltonian �̂� ( ®𝛼) = �̂�0 ( ®𝛼) + 𝜀�̂�1 ( ®𝛼), where 𝜀 ≪ 1 is a
dimensionless small parameter and 𝜀�̂�1 is a perturbation operator. The eigen-
values (1.23) of the non-perturbed system are degenerate at the EP, ®𝛼 = ®𝛼0,
so that 𝑓 (0) = [tr(�̂�0)]2 − 4 det(�̂�0) = 0, where 𝑓 (𝜀) = [tr(�̂�)]2 − 4 det(�̂�).
When degeneracy is lifted due to the perturbation, the function takes the form
𝑓 (𝜀) ≈ 𝜀 𝑓 ′(0), where 𝑓 ′ = 𝑑𝑓 /𝑑𝜀, and the eigenvalues (1.23) are equal to

𝜆± =
tr(𝐻0) + 𝜀tr(�̂�1) ±

√︁
𝜀 𝑓 ′(0)

2
≈ 𝜆 ±

√
𝜀

√︁
𝑓 ′(0)
2

. (1.37)

Square root of the small perturbation parameter is the leading order for the
second-order EP. Owing to this fact, the sensitivity at the EP is enhanced in
comparison to the usual situation of the linear relation between perturbation and
response.

In general, the eigenvalues and eigenvectors can be presented as a Puiseux
series in the EP vicinity:

𝜆± =

∞∑︁
𝑘=0

(±1)𝑘𝜀𝑘/2𝜆𝑘 , v± =

∞∑︁
𝑘=0

(±1)𝑘𝜀𝑘/2ṽ𝑘 , (1.38)

where 𝜆0 and ṽ0 = v1 are the degenerate eigenvalues and eigenvectors at the EP,
respectively. As shown in Ref. [79], in the leading order, the perturbed quantities
can be written as 𝜆± ≈ 𝜆0 ±

√
𝜀𝜆1, v± ≈ v1 ±

√
𝜀𝜆1v2, and u± ≈ u1 ±

√
𝜀𝜆1u2,

where 𝜆1 =
√︁
(u1𝐻1v1) and v2 (u2) is the right (left) generalized eigenvector.

Adopting (u1v2) = (u2v1) = 1, the above approximations in the EP vicinity after
substitution to (1.9) bring us to the dyadic Green function at the EP

𝐺𝐸𝑃 =
v1 ⊗ u1

(𝜆 − 𝜆0)2 + v2 ⊗ u1 + v1 ⊗ u2
𝜆 − 𝜆0

. (1.39)
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FIGURE 1.7 Sensing applications of the EPs. (a) Enhancement of the perturbation-induced fre-
quency splitting of the cavity mode at the EP in comparison to the diabolic point (DP). Adapted
with permission from Ref. [86]. (b) Intensity profile of the lasing mode at the 3rd order EP of the
PT-symmetric system consisting of three (loss, gain, and neutral) cavities. Adapted with permission
from Ref. [87].

This equation is equivalent to the Green function at the EP in Eq. (1.22), because
v1 ⊗ u1 = �̂� and v1 ⊗ u2 + v2 ⊗ u1 = 𝐼2. Imaginary part of the Green function
can be used to calculate the local density of states that behaves as the squared
Lorentzian function being drastically different from the usual (non-degenerate)
resonances and ensuring stronger response with narrower spectrum.

As for the 𝑟th-order EP, the leading order of the response is 𝜀1/𝑟 [80]. Gener-
ally, the response strongly depends on the properties of perturbation Hamiltonian
�̂�1 and is proportional to 𝜀𝑘/𝑟 , where 𝑘 is an integer number up to 𝑟 . For details,
a reader is referred to literature on the perturbation theory near EPs [81–83].

Let us illustrate the general features discussed above with several specific
examples. First of all, we should mention the idea of single-particle detection
proposed and substantiated in Refs. [84,85]. The enhanced sensitivity at the
EP for the single-particle detection in comparison to the Hermitian degeneracy
at the diabolic point was experimentally demonstrated using the microtoroid
whispering-gallery-mode cavity, see Fig. 1.7(a) [86]. Coupled loss-gain mi-
croring cavities were reported to provide thermal sensing [87]. PT -symmetric
system with the gain, loss, and neutral cavities demonstrated in Fig. 1.7(b)
exhibits the cubic-root sensitivity to perturbation at the third-order EP [87].
Anti-PT -symmetric scheme based on cavity-waveguide coupling was realized
in Ref. [88] for detecting weak effect of mode anharmonicity. The EP-ehanced
sensing proved to be especially useful for detecting rotations. The non-Hermitian
gyroscopes exploiting the stimulated Brillouin scattering in the microresonator
[89] and the ring laser [90] were reported to enhance the Sagnac effect. The
anti-PT -symmetric gyroscopes can be advantageous compared to the PT -
symmetric ones in accuracy and ease of realization [91,92]. The most exotic
proposal being of fundamental importance is the search for the hypothetical
axions using the PT -symmetry-improved sensors [93,94].

We should note that the term “sensitivity” is used here to characterize the
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connection between the perturbation (input) and the response (output). However,
this does not guarantee the enhanced signal-to-noise ratio which is often more
important for sensing applications. This fact has stirred up a discussion on the
role of noise (both classical and quantum) in the non-Hermitian sensing. For
more information on these debates and examples of specific EP sensors, we refer
a reader to the recent papers [95,96].

1.7 EPS AND STRONG COUPLING

Let us look at Fig. 1.3 once again and think about it from the other side. The
real and imaginary parts of eigenvalues can be associated with the resonant
frequencies and widths of the resonances, respectively. Then, for 𝜂 < 1, we see
a single resonance, which splits into two resonances at 𝜂 > 1. Such a splitting
(so-called Rabi splitting) is characteristic for the strong-coupling regime of
light-matter interaction, when both radiation and matter cease to be independent
entities and exist in the form of part-matter–part-light polaritons [97,98]. From
this point of view, the EP is the point of transition between the weak- and strong-
coupling regimes or transition from modes crossing (overlap) to anti-crossing
(splitting). The parameter 𝜂 can be interpreted as the strength of the light-
matter interaction governed by system’s parameters, such as distances between
waveguides or cavities.

There is a number of reports on strong coupling in the non-Hermitian con-
text making emphasis on behaviors in the EP vicinity. One of the first such
reports has substantiated applicability of the PT symmetry to the polaritonic
domain by considering coupling between photonic and excitonic modes, e.g.,
in a semiconductor-quantum-well structure [99]. The EP originates from merg-
ing the polaritonic modes at some level of pumping below the lasing threshold.
Moreover, encircling the EP results in switching the content of polaritons from
pure photon to pure exciton and vice versa that seems to be intriguing for control-
ling light-matter interaction [99]. Polaritons may also stem from the plasmon and
phonon modes coupled in the structure containing graphene and polar dielectric
[100]. The transition between the weak and strong coupling regimes in these sys-
tems was shown to be controllable simply with light’s angle of incidence [100].
The strong coupling regime in the non-Hermitian context was experimentally
realized due to interaction of excitons with either photons or plasmons. In the
first case [101], the polaritons emerge due to the excitons in the semiconductor
GaN coupled to the whispering-gallery modes of the hexagonal microcavity. In
the second case [102], the excitons in the transition metal dichalcogenide (in
particular, tungsten disulfide WS2) monolayer were coupled to plasmons of the
silver nanogroove to form the polaritonic non-Hermitian system. The magnon-
photon coupling in the system composed of the nitrogen centers in diamond and
waveguide resonator was studied in Ref. [103].
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1.8 CONCLUSION

In this Chapter, we have outlined the range of issues essential for the area of
non-Hermitian photonics with the particular emphasis on the physics at the
exceptional points. We have limited our discussion to the most basic and general
properties of EPs originating from the non-Hermitian nature of Hamiltonian.
We have illustrated the physics of EPs with a variety of examples from the optics
and photonics literature. For the sake of brevity and clarity, we intentionally left
aside many advanced topics and generalizations, such as exceptional rings [104]
and surfaces [105,106] to mention a few. Nevertheless, we strongly believe that
this Chapter will be of interest for everyone (especially, for beginners) interested
in the non-Hermitian physics and its photonic applications.
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