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O HEKOTOPBIX CBOI‘/'ICTBAXUPEIJ.IETKI/I TOTAABHO
6-AOKAABHBIX ®OPMAIINUN KOHEYHBIX I'PYIIII
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1)Ee/lopycclcuﬁ 2ocyoapcmeennblil ynusepcumem, np. Hesasucumocmu, 4, 220030, e. Munck, benapyco

Bce paccmarpuBaeMble B CTaThe TPYHIIBI SIBISIOTCS KOHEUHBIMHU. IIycTh G = {Gi|i el } — HEKoTopoe pazOueHue

MHOXECTBA BCex mpocThix uncen P. Ecim 7 — uenoe uncno, G — rpynma 1 § — Kiace rpynit, 1o 6 (n) = {(5,. | o, N m(n)# @},
6(G)=0(|G|) 1 6(F) =Ug;6(G). Pynxuns fBuna f: 6 — {hopmanyn rpyrnmn} HaspiBaeTcst GOPMALHOHHOI G-yHK-
mueit. Jins Besikoil popmannonHoi 6-dyHkuu f xiace LE ( I ) olpesiersieTcs CIAEAYIOIIM 00pa3oM:

LF,(f)=(G|G =1 wm G # 1 u G/O,, ,(G)e f(o;) ans Beex 0, € 6(G)).

Ecnu i HekoTopoll (popMaliiOHHON G-(pyHKIUM f UMeeT MecTo § = LI ( f ), TO KJIACC § Ha3bIBAIOT G-JIOKAJIbHBIM,
a hopMaLMOHHYIO G-(DYHKIHIO f — G-JIIOKaIbHBIM olpeieneHueM §. Beskyro gopmario cuntaroT 0-KpaTHO G-JIOKaJIBbHOM.
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MaremaTH4eckasi JT0THKa, aJredpa H TeOpHUs YNCeT
Mathematical Logic, Algebra and Number Theory

ITpu n > 0 dopmanmio § Ha3BIBAIOT 7-KPATHO G-JIOKAIBHOH, €CIU § =(1) — KJIacC BCE€X EIAMHMYHBIX TPYyNI WIH
§ =LF,(f), tme f(o;) sensercs (n —1)-kparHo G-10KaIbHON popmanueii 1 Beex O, € 6(F). DopMaimio Ha3BIBAIOT

TOTaJbHO G-JIOKAJIBHOM, €CIIM OHA N-KPaTHO G-JIOKaJIbHA JJISl BCSKOTO L[EJIOr0 HEOTPULATENbHOro yncia n. Llens nanHoi
pa0oTHI — M3yUeHHE CBOMCTB PELIETKH TOTAIFHO G-JIOKAIBHBIX (hopMalMii. B 4acTHOCTH, MBI I0Ka3bIBaEM, UTO PEIIeTKa
BCEX TOTAIBHO G-JIOKATBHBIX (hOPMAIHi SBISIETCS anreOpandecKkoil u TUCTpuOy THBHOM.

Kniouesnle cnosa: xonednas rpyra; GopMannoHHas G-QpyHKIHs; (GopMalisi KOHSYHBIX TPYIIT; TOTAIBHO G-JIOKabHast
(opmaryst; perietka popmaryi.

ON SOME PROPERTIES OF THE LATTICE OF
TOTALLY o-LOCAL FORMATIONS OF FINITE GROUPS

I. N. SAFONOVA’, V. G. SAFONOV*

*Belarusian State University, 4 NiezalieZnasci Avenue, Minsk 220030, Belarus

Throughout this paper, all groups are finite. Let ¢ = {Gi |i el } be some partition of the set of all primes PP. If # is an in-

). and (3) = Ug o5 6(G).
A function f of the form f: ¢ — {formations of groups} is called a formation o-function. For any formation c-function
S the class LF,(f) is defined as follows:

teger, G is a group, and § is a class of groups, then 6 (n) = {Gl—|0'l- N 1(n)# @}, 6(G)= (5(|G

LF,(f)= (G is a group|G =1or G #1and G/O, , (G)e f(o;) for all 6, € G(G)).

If for some formation o-function f'we have § = LFG( f ), then the class § is called c-local and f'is called a ¢-local
definition of §. Every formaton is called 0-multiply 6-local. For n > 0, a formation § is called #n-multiply c-local provided
either § = (1) is the class of all identity groups or § = LF; (f), where f(Gi) is (n - 1)-multiply o-local for all ¢, € 0(8).
A formation is called totally G-local if it is n-multiply c-local for all non-negative integer n. The aim of this paper is to

study properties of the lattice of totally c-local formations. In particular, we prove that the lattice of all totally c-local
formations is algebraic and distributive.

Keywords: finite group; formation c-function; formation of finite groups; totally c-local formation; lattice of formations.

Introduction

All groups under consideration are finite. The notations and definitions we use are borrowed from [1-3].
The basic properties and various applications of 6-local formations can be found in the articles [4—10].

A. Skiba presented [4] the concept of generalised locality or 6-locality of formations as a tool for studying
the o-properties of groups, i. e. properties depending on some partition ¢ of the set of all primes. In [4], using
o-local formations, A. Skiba studied (weakly) S°-closed and (weakly) M/?-closed classes of finite groups.
Some general properties of 6-local formations as well as their applications for studying X?-closed classes of
meta-G-nilpotent groups [5] and (weakly) T -closed classes of finite groups [6], were obtained Ch. Zhang and
A. Skiba. Applications of the theory of G-local formations were obtained by A. Skiba [7] for a lattice charac-
terization of 6-soluble PGT-groups, and also for constructing new sublattices of the lattice of all subgroups of
the group generated by formation Fitting sets [10].

In [8; 9] Ch. Zhang, V. Safonov and A. Skiba described some general properties and examples of n-multi-
ply o-local formations and also consider one application of such formations in the theory of finite factorisable
groups. In particular, in their paper [9] it was proved that the lattice of all n-multiply c-local formations of
finite groups is algebraic and modular.

A. Tsarev [11] proved that every law of the lattice of all formations is fulfilled in the lattice of all n-multiply
o-local formations of finite groups and that the lattice of all n-multiply c-local formations of finite groups is
modular but is not distributive for any non-negative integer .

At the same time, the question on the algebraicity, modularity or distributivity of the lattice of all totally
o-local formations was an open problem. Note that the question on the distributivety or modularty of the lattice
of all totally o-local formations of finite groups was discussed by A. Tsarev in [11, question 3.2].
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In this paper we will prove that the set I2 of all totally 6-local formations of finite groups is a complete al-
gebraic and distributive lattice. In the work, we study also some general properties of totally 6-local formations
of finite groups.

We also note that the concept of generalised locality of formations was developed in papers [12; 13], where
the main properties and some examples of Baer-G-local formations were considered.

Definitions and notations

The basic definitions, notations and general properties of G-local formations were discussed in the pa-
pers [4—10]. Recall some of the basic concepts of the theory of 6-local formations.

Leto= {Gi|i el } be some partition of the set of all primes IP. If  is an integer, G is a group, and § is a class
of groups, then 6(n) ={o,|0;, N 7(n) @}, 6(G)=0(|G]), and 6(F) = Ug . 50(G).

A group G is called [14]: 6-primary if G is a 6,-group for some i; -nilpotent if every chief factor H/K of
G is o-central in G, that is, the semidirect product (H /K ) X (G/ Cq (H IK )) is o-primary; G-soluble if G =1 or
G # 1 and every chief factor of G is 6-primary.

We write G to denote the class of all 6-soluble groups and 91, to denote the class of all 6-nilpotent groups.
A class of groups § is called a formation if: (1) G/N € § whenever G € §, and (2) G/N N R € § whenever

G/N e §and G/R € §.
Any function f of the form f:6 — {formations of groups} is called a formation o-function. For any for-

mation o-function f the class LF;(f) is defined as follows:
LFc(f):(G is a group|G =1or G#1and G/O,, ,(G)e f(o,) for all 5, € G(G)).

If for some formation o-function f we have § = LF ( f ), then the class § is called 6-local and f"is called
a o-local definition of §. We write Fy;1(G) instead of Oy, 5 (G)=Gg_s, -

Every formation is called 0-multiply c-local. For n > 0, the formation § is called n-multiply c-local pro-
vided either § =(1) is the class of all identity groups or § = LF,(f), where f(o;)is (n—1)-multiply o-local
for all 0, € G(S ) A formation is called totally 6-local if it is #z-multiply 6-local for all non-negative integer 7.

The symbol 2 denotes the set of all totally 6-local formations. Formations from [° are called /2 -forma-
tions.
For any collection of groups X, [2 form (%) denotes the totally c-local formation generated by X, i. e.

IS form (X) is the intersection of all totally 6-local formations containing the collection of groups X. If X ={G}
for some group G, then § =12 form (G) is called a one-generated totally 6-local formation. For any two clas-
ses of groups M and §) we put M v H =12 form (MU H).

If f is a formation o-function, then the symbol Supp( /) denotes the support of f; that is, the set of all o,
such that f (Gi) # . A formation o-function f is called /2-valued if f (61.) is a totally o-local formation for
every G, € Supp( f); integrated if f(o;) < LF(f) for all i.

If m and h are [2-valued formation o-functions, then m v h is a formation o-function such that
(m ve h)(csi)z m(q) ve h(Gi) for all i; we use also m M & to denote the formation o-function such that

(mvh)(o;)=m(o;) N h(o;) for all i.

Every sequence a.,, 0., ..., 0, from G is called a 6-sequence. For any G-sequence o, O, ..., 0, and for
any collection of groups X, the class of groups 3.’-‘(ocloc2 ...ocn) is defined recursively in the following way:
(1) X(00) = (G/Fy(6)|G e X): @) X (@0, ...t,) = GIFy,, (G)] G e X000t .., )}

For any [2-formation ¥, we set &f(ci ) =/ form (S(Gi )), if o, € 6(F), and &f(c,- ) =@, if 6, € 6(X).

If § €12, then the symbol F denotes the smallest /-valued definition of §, i. e. T2 =, ., f;, where
{ /j‘ jedJ } is the set of all /2-valued definitions of .

We say that a 6-sequence o, 0., ..., 0., is suitable for § (or §-suitable), if o, € (5(8" ) and forany je {2, ey n}
we have o ; € G(S(ocloc2 ...ocj_l)).

8
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Let o, O, ..., 0, be an F-suitable o-sequence. Then the /2-valued o-function oo, ... o, is defined re-
(¢

cursively as follows: (1) oo, = (&S(OLI))G ;(2) Flo, .. 0, = (&focl e O,y (Otn)) .
For any group G and a non-empty formation § by G° denote the F-residual of G, i. e. the intersection of all

subgroups N of G such that G/N € §. If § and $) are formations, then §$ = {G|G’a es } is called the Gaschiitz
product of formations § and ).

Auxiliary results

We need some well-known results, which we present in the form of the following lemmas.
Lemma 1 [9]. If the class of groups §; is an n-multiply G-local formation for all j € J, then the class
N ;e is also n-multiply 6-local formation.

Recall that if f'is a formation 6-function, then the symbol Supp( f ) denotes the support of £, that is, the set
of all o, such that f(o,)= .

Lemma 2 [5; 9]. Let f and h be formation 6-functions and let 11 = Supp(f). Suppose that § = LF (f) =
= LF,(h).

(1) T=0o(F).

2)F= (moi enﬁo;ﬁcif(ci )) N &y. Hence § is a saturated formation.

(3) If every group in § is 6-soluble, then § = (ﬁcl_ . HGG;GGif(Gi )) NSy

(4)Ifo,€ 1, then &, (f(0,) N &)=, (h(c;)N§) <3

(5) §=LFg (F) where F is the unique formation G-function such that F(Gi ) = QjciF(Gi ) c§ forallo, eIl
and F(o,)=@ for all 6; € II'. Moreover;, F(o,)= &, (f(Gi )) NS foralli.

Lemma 3 [9]. If § is a non-empty formation and f(Gl. ) =35 for all i, then LFG(f) =MN,5.

Lemmad [9].[f §=n,;_,, and §; = LF,( f;) forallj € J, then § = LF,(f), where f(0,)=0,, f;(o;)
forall 6, € (5(3) = r\jeJG(Sj) and f(G[ ) = forall o, e G\G(%’). Moreover, if f:is integrated for all j € J,
then fis also integrated.

Lemma 5 [2, p. 41]. Let A be a monolithic group and let Soc(A) be a non-abelian group. Let M be some

homomorph. If A € |, form 9N, then A € M.
Lemma 6 [2, p. 152]. Let G be a group such that Op(G)zl, let Ny X ...x N, =Soc(G), where N, is

a minimal normal subgroup of G (k = 2). Let M, denote a maximal normal subgroup of G, which contains
N, X ... X N,_| X N;, | X ... X N, and does not contain N;, i €{}, ..., k}. Then

(a) the group G/M; is a monolithic and Soc(G/Ml- ) =N,M;/N; forany ie {l, cees k};

(b) N,M;/N, is G-isomorphic to N;

(c) 0,(G/M;)=1;

(d Min...NM,=1.

The main results

Let X be some collection of groups, 6, € 6(X), then the class of groups X (Gi) is defined as follows:
%(0,)=(G/F, ()G e x).

Lemma 7. Let § =12 form (%) = LFG( f ) be the totally 6-local formation generated by X, where fis an
I%-valued definition of §, and let T1 = (5(.’%:) Let h be the formation G-function such that h(Gi ) =12 form (%(Gi ))
for all o; € 11 and h(o‘,.)z D forall 6, €Il Then

(1) =0(F);

(2) his an 12 -valued definition of 3,

(3) h(ci) c f(cl.) N § and for all i.

Proof. Since X ¢ § we have IT < 6(F). In view of [9, remark 2.4 (ii)], the class of all IT-groups &y; is
a totally 6-local formation. Hence § € ;. Therefore, G(S ) c IT and statement (1) holds.
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Let H= LFG(h). Then it is clear that X < §). On the other hand, since 4 is an [2-valued, which implies that
$ is a totally o-local formation. Therefore, § C 9.

Since %(Gi) c f(ci) and the formation f(Gl-) is totally 6-local we have h(Gi) c f((sl.) N § forallo; e o.
Therefore, $ < §. Hence § = $ and so statements (2) and (3) hold. The lemma is proved.

Lemma 8. Let §; = LFG(/g ) be a totally o-local formation, where f; is the smallest I2-valued definition of

S.j€ J Then vg(f] ‘j € J) is the smallest I-valued definition of § = VZ(SJ‘]' € J).

Proof. Let/be the smallest /°-valued definition of §, f = vg(]ﬂ] I J), and I1= G(ujejsj) = quJG(ﬁj).
Then 6(F) =11 by lemma 7 (1). Now we show that I(G,. ) = f(Gl-) forall o; € ©.

Let 6, € o\Il. Then for any j € J we have /j.(csi ) = by lemma 7. Hence f (Gl- ) =(J. Similary, in view of
lemma 7, /(o,)=@. Therefore, I(o;) = f(o;).

Now suppose that o; e Il. Then there exists j, € J such that ¢, € 0(3’ ) ) From lemma 7 it follows that
jﬁl(ci) # & and

I(0,) =12 form (GIF, (GG € U, ., ;) =12 form(ujejz:j form (G/F,(G)|G € 3, )) _

=12 form (U, (o) e ) =(vV2(flieT))(o,)=1(5)).
Therefore, / (Gi ) =f (Gi) for all o; € II. Thus, / = /. The lemma is proved.
Lemma9. Let §; = LFG(hj), where h; is integrated I2-valued definition of $;, j=1,2. Then $ = $, VI, 9, =
= LF_(h),where h=h, Vv h, is integrated.

Proof. Let/be the smallest /°-valued definition of §) and let H be the canonical -local definition of §.
Let /; be the smallest [°-valued definition of $ ;and let H; be the canonical 6-local definition of ), j =1, 2. In view

of lemmas 2 (5) and 7 we have lj(oi ) c hj(di) c F@(Gi) for all o,. Besides, lemmas 2 (5) and 7 imply also that
I(0,) =12 form (($5, U $,)(0;)) = 12 form ($),(0;) L $,(0;)) = 12 form (4 (5,) L (0, ) <
c I2 form (Iy(0,) U Iy(0;)) = h(0,) € &, (o) = H(o,).

Hence /(o;) < h(o;) < H(o;) for all 6, Therefore, §) = LFy(h). The lemma is proved.
Lemma 10. Let § be a non-empty formation. Then the formation G 3§ is totally 6-local.

Proof. Let M = &,F. By lemma 3 the formation ) = M 9N is o-local and § = LF,(k), where h(c,)=M
for all 0, € 6. Since the Gaschiitz product of formations is associative,

H=NM =N (64F)=(Ns64)F =6,F =M.

Therefore 91 is a 6-local formation. On the other hand, h(ci ) =90 forall 6,€ 6. Hence M = § =LF,(h)is
2-multyply o-local. Therefore, the formation 971 is n-multiply c-local for any positive integer n. Consequently 91
is totally -local. The lemma is proved.

Lemma 11. [f § = LF () and G/O, (G) € f(0,) N § for some ;€ 6(G), then G € .

Proof. Since G/O, (G)e f(0;) N F, we have f(c;,)# . But then 6, € 6(F) by lemma 2 (1). Moreover,
GI0,(G)e f(o;) N § imply also that G’ "F c 0, (G) € &, . Hence G € &, (f(5,)NF). In view of lem-
ma 2 (4) we have G € & (f(Gl- ) N {3’) C §. The lemma is proved.

Lemma 12. Let §; = LFG(J? ) where f; is an integrated 12-valued definition of SpjeLIf§=n (Sj‘j € J),
then f=n ( flie J) is an integrated 1°-valued definition of 3.

Proof. First note that §; is an n-multiply c-local formation for all positive integer n. Then in view of
lemma 1, N, ;§; is an n-multiply o-local formation for all positive integer n. Therefore N, . ; §; is totally
o-local. Besides, since f=nN ( ]j‘ jeJ ) and f; is an I2-valued definition of S, we see that f'is an 12 -valued
o-function.

10
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Let H=LF,(f). Now we show that $)=3F. First assume that Ge § and let 6,€6(G). Then
G/Fci}(G)ef(Gi): N e, fi(0;). Hence GIF4,(G) € f;(o;) for all j € J. Therefore for all 6;€6(G) we
obtain G/F{c,.}(G) ejj.(csi). But then G € §, for all j € J and consequently, Ge N, §; = §. Thus $ C 3.

Now suppose that G € F=, ., §; andlet 0; € 6(G). Then G € §; forall j € J. Therefore, G/F{G’_}(G) e f(o;)
forall j e J. Hence G/F{o,.}(G) €N, ., f,(0;)=f(o;) for all 6; € 6(G). Consequently, G € § and § < 9.

Finally, since f; is integrated for all j € J, we have f(o;)= mjejj;(ci) c j;.((si) c §, forall 6, € 6. Hence
f (Gi) €N, 8; =7 and fis an integrated I2-valued definition of §. The lemma is proved.

Algebraicity of the lattice of all totally c-local formations

Theorem 1. The set I of all totally 6-local formations is a complete algebraic lattice in which, for any set
upper bound of{gj‘j € J} inlS.

Proof. Itis clear that the set [ is partially ordered with respect to set inclusion. Since by [9, remark 2.4 (ii)],
the formation of all groups & is totally o-local we have & is the largest element in 2. It follows from lem-

{Sj‘j € J} C 12, the intersection N, _ ;T is the greatest lower bound and I form (ujeJSj) is the smallest

ma 12 that N e IS € [°. Therefore, N e IS j is the greatest lower bound of {3 j‘ jedJ } in [2, which implies
that /2 form (U, ., ;) is the smallest upper bound of {§,| j €/} in /2.

Now we show that for every group A the one-generated totally o-local formation /2 form (A) is a compact
element in /2. Let 4 is counterexample minimal order and

§=1° fonn(A)gleform(quJEJ),
where §; is a totally c-local formation, j € J. If 4 is a 6;-group for some 7, then §=&;. Since §c
c I° form (ujejsj), we have 6(F) G(UJEJSJ.) = ujeJG(Sj) by lemma 7. Therefore, there is j, such that

K

o, € G(% i ) But then §=&; < §; by lemma 2. This contradiction shows that 4 is not G-primary.

Now we show that 4 is monolithic. Suppose that it is false and let N, N, be minimal normal subgroups
of 4, where N, # N,. Let £=1[C form (4/N,), M =12 form (4/N, ). It is clear that § = £ v 9. By inductive
hypothesis for groups 4/N, and A/N, our statement is true. Then since

£=1%form (4/N,) € § < IS form (U; ., F, ). M =12 form (A/N,) € § < IS form (U ., 5, ).
there are j, ..., j, and s, ..., s, such that

£ci2form(§;U...UF, )and M2 form (§, U...UF, )
But then we have

F=LvimclSfom(§,U...UF, U U...UF, ),
a contradiction. Hence 4 is a monolithic group.

Let P=Soc(A4). Assume that P is not a G-primary group. Since A€ /° form(uiejsj) we have Ae
SICH form(quJSj) by lemma 10. But P is not a 6-primary group, therefore, 4 € form(ujejgj). Using
lemma 5, we obtain 4 € U, 3 Hence there is j,, € Jsuch that 4§ I This contradiction shows that P is
a 6,-group for some 7. Therefore, F{ c,.}(A) =0, (4).

Let f, 1, h are smallest /2-valued definitions of formations Sj, Fand $H=1° form(uj 8 j), respectively.
In view of lemma 8 we have h=vC (jj‘] € J). Since OG[(A) = F{c,-}(A) and 4 € $, we have

oo

410, ()= AlF\(4)€ h(o) =V ( f(o))| /e 7).

Since ‘A/Oci(A)‘ <|4|, by our inductive hypothesis there are j, ..., j, € J such that

11
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19 form (4/0, (4)) < £,(0,) V2 ...v2 £, (5,)-
By lemma 8, /= f, VARR VAL /f; is the smallest [7-valued definition of £=7F,vZ...v2F,. But then
410, (4)el(c;)= f,(o;) v ...v2 £, (0,). Since [ is integrated, 4 € £ by lemma 11.
Thus, §=1/2 form (4) < 2=3J~IVZ Ve 3, This contradiction shows that every one-generated totally

o-local formation /2 form (4) is a compact element in /2.
It is clear that for any totally 6-local formation § we have § =2 form (u, 7S ), where {8’,|t eT } is the set

of all one-generated totally o-local formations contained in §. Hence the lattice 0 is algebraic. The theorem
is proved.

In the classical case, when 6 =¢' = {{2}, {3}, } we get from theorem 1 the following known results.

Corollary 1 [15]. The lattice [, of all totally local formations is algebraic.
Corollary 2 [2, p. 180]. The lattice of all soluble totally local formations is algebraic.

Distributivety of the lattice of all totally c-local formations

Recall that if § is a totally o-local formation, then F° denotes the smallest /°-valued definition of F.
If o, 0, ..., 0, is an F-suitable G-sequence, then the 2 -valued 6-function F2o,00, . .. o, is defined recursively

as follows: (1) §%0,=(32 (o)) () 80y .01, = (3001, t,  (ax, )"
Let §, 2, and X be totally 6-local formations. Let ., ..., o, be some suitable 6-sequence for §, 9, and X.
Then by EZ, .%z, EZOLI, .%ZOLl, ee E:OLI... o,, 52(11...(1,1 we denotes formation ¢-functions such that

€2 =(X2n ) v (M FT), HI=(%2 v M) 32,

~0 ~0
Lo, = (3620(1 N &fjocl) ve (E).”Ttﬁf,oc1 8 &Socl), o0y = (3620(1 ve ZDIZ(XI) N ooy,

~0

£.0,0,...0, = (%Zalaz...an N Sjoclaz...ocn) ve (Sﬁioclocz...ocn N 3jocloc2...ocn),
~0O
9000, ... O, = (%Z(xlocz...ocn ve imfo(xlocz...ocn) N 200, ... O,

Lemma 13. Let £ = (% 8 S) ve (sm N 3), H= (% ve 93?) N §, where M, X, and § are totally 6-local for-
mations. Then

() o(L)=o(%);
(2) if o, ..., 0, is a suitable 6-sequence for X, M, and §, then the formation G-functions
£2, Doy LI, Dol ooy Lolly... 0, Ho0... 0L,
are integrated [2-valued definitions of the formations
£, 9, Ei(ocl), 52(0(1), . EZocl...ocn_](ocn), 520(1...ocn_1(ocn),

respectively.

Proof Let 5, =XVIM, £, =XNF, L, =MNF, h=X2 VI M, [ =X NF2, and [, =M N F2.
By lemmas 8 and 12, it follows that §), :LFG(hl), £,=LF,(l), & =LF,(L,), and hy, I, I, are integrated
[°-valued o-functions.

(1) Since the inclusion £ < § is obvious, we obtain 6(£) < 6($). Let 6, € 6(H)\6(£). Since o, € 6($,),
we have hl(ci);t@ by lemma 7. If 6; ¢ 6(X) U (M), then it follows from lemma 7 that X2(o;)=2
and M?(o,)=2D. Consequently, /,(c;)=0, a contradiction. Hence o, € 6(X) LU o(M). But in this case
c,ec(XnF)uc(MnF)=0(L). Thus, 6(L)=0(H).

(2) Since £= £, v2 £, and H=H, N F, it follows from lemmas 9 and 12, that

Eo=hviL=(X2NE2) Ve (ML AGT), Hl=h N F2=(X2 VI M) A 52
are integrated [2-valued definitions of the formations £ and $), respectively.

12
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Let o, ..., o, be a suitable sequence for X, 91, and §. Since by the definition XZo, 0, Mo, i
320,...0 ; are smallest /°-valued definitions of the formations
XZoy...00 ( ) Moy .00 1( ) and Foa, .. 1(ocj)

( j=1, n), respectively, it follows from lemmas 9 and 12 that

a° _ o o
Smoclocz...ocj—(%moclocz 0 N B0, ) (sm o0, .. ocjmgmoclocz...ocj),

?)Zoclocz...(xj = (%Zoclocz 0 v Mo, ...ocj) N Foou0,... 0
are integrated [°-valued definitions of the formations
~0 ~O0
Lol ...ocj_l(ocj) and .0, ...ocj_l((xj),
respectively. The lemma is proved.

Lemma 14. Let N, X, and § be totally 6-local formations. Let G be a monolithic group and Soc(G) is not
o-primary. If Ge F N (% ve sm) then Ge(XNF)ve (M F).

Proof.Let Geg N (% ve E)ﬁ) It follows from lemma 10 that & form (X U 901) is a totally -local for-
mation. Therefore, /2 form (3€ v, sm) c &, form (.’f v EITZ) Since G is a monolithic group and Soc(G) is not
a o-primary group, we have G € form (X U 901) and Soc(G) is a non-abelian group. But then by lemma 5, it
follows that G € X L 9. Since G € §, we obtain G € (X N F) U (M N F). Hence,

Gellform((XNF)U(MNF))=(XNF) v (MAF).

The lemma is proved.
Theorem 2. The lattice I of all totally 6-local formations is distributive.
Proof. Suppose that this theorem is false. Then there exist totally 6-local formations 97, X, and § such that

(XN ) VI (MAF)=(XvE M)A F.

Let £=(XnN S) C(MANF)and 9 =(% ve ‘.ITI) N §. Since the inclusion £ < § is obvious, we obtain

H & £. Let G be a group of minimal order in $H\ L. In view that 2 is a o-local formation, we see that G is
a monolithic group with a unique minimal normal subgroup P = G*.
If P is not 6-primary, then G € £ by lemma 14. This contradiction shows that P is a 6;-group for some

c; € 6(9). It follows from lemma 13 that 6, € 6(£), £= LFG(E:), 9 =LFG(5~§Z,), and £, $. are integrated
[°-valued definitions such that

Zf"(ci): ("{Z(Gi) N 3§ (s; )) Ve (mg(ci) N3 (s; ))’ 52(01'): (%: (0;) v2 mZ (o, )) N §2(o:)-

Since £ is a 6-local formation and 6, € 6(£), we see that G is not a 6,-group and £<. (0;)# @. On the other

hand, since P is a 6;-group, O, (G)=1 and F{G_}(G) = OG[(G).
Since £ < $ we have EZ(Gi ) c 52( ) and since G € H\L, we claim that Ez(ci)c ?):(Gi). Indeed, by
lemma 2, it follows that G/F{G_}(G) € Y)Z( ) If Sw( ) Sﬁw( ) then

G/0,(G)= G/Fc,.}(G) e 92(0,) < 9(0;) = £(o;)
and G € £ by lemma 11. It is a contradiction. Therefore, E:(Gi)c E)Z(Gi). Note also that the condition

EZ(Gi)C,%:(Gi) implies X2 (0;)#@ and M2 (o;)# D, since otherwise Z:Z(o,.)zs%i(ci). Hence o; €

€o(X) N o(M). Thus, ~ N _
Gi= Gl (G)e 9.(0,)\ £=(c;). £=(0,) 2 2.

It follows from lemma 13 that
G(EZ(G,. ))- 6(5:(0,. ) E(0)=1F, (2%, ) 7 (c,)= LFG(g%ZGi),

13
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and EZGi, 520,- are integrated /2-valued definitions such that

~0 ~0
£..0, =(3€§ch[ N &fjcsi) ve (zmgq 8} &fjc), $..0; =(3EZG,- ve am:c,.) N 520,

Since G; £ EZ(GI- ), there exist o, € 6(G, ) such that
Gi/Fo\(G)) & £20; (o).

Note that since o, € 0(52 (Gl-)), we have o, € G(EZ(GI- )) and E:Gi (0, ) = @. Obviously,

£, (0y)= (%:Gi (o) N §2o; (o )) 2 (imgq (o) N 3o, (0‘1)) =
c 9.0, (o) = (%Zci (o) vZ MZo, (“1)) N30, (oy).
Besides, since G, /F{(XI}(G1 )e ?)ZG,. (o )\E:Gi (o), we have EZGi (o)) c 52@ (o). Therefore, X2, (a, ) # &
and Mo, (o, ) # D. Hence o, € 6(%2(@)) N G(Dﬁi(q)).

Suppose that F{GI}(GI) =1 and let N be a minimal normal subgroup of G,. Then N is not 6-primary. If G, is
a monolithic group, then since

G e $Ho(c,)= (%Z(Gi) ve imfj,(ci)) N§2(o;),
by lemma 14, it follows that
~0

Gie(x2(0,) N 52(o;)) va (M2(0;) M 32(0;)) = £2(a,).

This contradiction shows that the group G, is not monolithic.
Let Soc(Gl) =N, X ... X N, where N, is a minimal normal subgroup of G, and let M; denote a maximal
normal subgroup of G, such that M, contains N, X...XN;_; X N, X... X N, and does not contain N,

J=12, ..., k Bylemma 6, it follows that G,/M; is a monolithic group with a non-G-primary minimal normal
subgroup NJMJ/M and Z\GMJ/NJ is G,-isomorphic to N. Set B; = GI/Mj, j=1,2,..., k Since

B e 52(01') = (%Z(Gi) Ve imz(@)) M &S(Gi)’
we have B, € EZ(Gi) by lemma 14. It follows from lemma 6 (d) that G, is a subdirect product of B, ..., B,.

Hence G, € EZ(GZ. ) This contradiction shows that Ff{al }(G1 ) #1.

%Ill the other hand F{al}(Gl) # Gy, since otherwise G, /F{al}(Gl) =1e£20;(a,) = Q.
us,

Gi/Fy)(G)) € H20,(0)\E20, (o), £20,(0,) %D, 1 F, ,(G) =G,
Let G, =G, /F{%}(G] ) It follows from lemma 13 that
G(EZG,- (o, )) = G(.%Zp(al)),
£26,(0y )= LF, (Z}Zciocl ), fo0,(o )= LF, (?):ciocl ),
and £26,0,, $..0,0, are integrated /°-valued definitions such that
£o0,0,= (%Zqocl N &fjciocl) ve (imfooiocl N &quocl),

Ho0;01, = (%Zciocl ve E)thooiocl) N F2o;0,.
Since G, & EZGZ. (o), there exists a, € 6(G, ) such that

G, /F{%}(Gz) & £20,0,(0L,).

14
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Hence,
G, /F, 1(Gy) e 9.6,04 (0, )\ E20,00 (0t ).

Considering G, in the same way as the group G,, we obtain

o, € 0(362@ (ocl)) N G(S)JT:Gi (ocl)), G, /F, 1(G,) € 90,0, (0, )\ E20,00, (1, ),

£26,04(0,) %D, and 1% F{%}(Gz) cG,.

Put G;=G, /F{%}(Gz). According to the same argument, we see that the group G; satisfies the analogous

conditions: there exists
o, € c(%iciocl (o, )) N G(Qﬁfoci o, (ocz))
such that
G, /F{%}(G3) € 9.6,040, (00 )\ £26, 04,00, (03 ),

~c
Le0,040,(0) # D, and 1# F, 4 (G;) € G
Continuing this line of reasoning, we construct the groups
Gy=Gy/Fyy(Gy), -, G, = Gn_l/F{aH}(Gn_l),

such that for any j the following conditions are satisfied:

(o} (&
oy ec(%woiocl...ocj_3(ocj_2)) mc(?)ﬁwcioc, ...ocj__,,(ocj_z)),

~0 ~0
j_l)eS’jmciocl...ocj_z(ocj_l)\)lwc,.ocl...ocj_z(ocj_l),

szGj_l/F{aj_l}(G

EZG,.OLI ...ocj_z(ocj_l);t@, and 1 iF{aj_l}(Gf—l

)CG]-_I.

) # 1, we see that for the constructed sequence of the groups
G, G, Gy Gy oo, Gy

WY

Since F{aj }(G

it follows that
G| >|G|>|G,|>|Gy|>...>|G,|>....

Since the group G is finite, we obtain G, = 1 for some number k. But

szGk_l/F{aH}(Gk_l).

This implies that E{a | (Gk -1 ) =G, _,, a contradiction.
k

-1
Thus, our assumption is not true and ) < £. Hence $) = £. The theorem is proved.
Note that theorem 2 gives an affirmative answer to question of A. Tzarev on distributivety of the lattice of
all totally c-local formations of finite groups [11, question 3.2].
Let § and 9 be totally 6-local formations such that 9 < §, then F/S 9 denotes the lattice of all totally
o-local formations between 21 and §.
Corollary 3. Let § and $) be totally 6-local formations. Then the lattice isomorphism holds

SVeHEH=F2FNH.

In the case when 6 = 6,, we get from theorem 2 the following known results.

Corollary 4 [16]. The lattice , of all totally local formations is distributive.

Corollary 5 [2, p. 169]. The lattice of all soluble totally local formations is distributive.

Corollary 6 [17]. The lattice |, of all totally local formations is modular.

Recall that if § and 91 are totally local formations, 91  §, then by the symbol F/_ 9 denotes the lattice
of all totally local formations between 9t and §.

Corollary 7 [17]. Let § and I be totally local formations. Then we have

SV, M/ IM=F /5N M.
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Regularisation consists in reducing a given optimisation problem to an equivalent form where certain regularity con-
ditions, which guarantee the strong duality, are fulfilled. In this paper, for linear problems of semidefinite program-
ming (SDP), we propose a regularisation procedure which is based on the concept of an immobile index set and its
properties. This procedure is described in the form of a finite algorithm which converts any linear semidefinite problem
to a form that satisfies the Slater condition. Using the properties of the immobile indices and the described regularisation
procedure, we obtained new dual SDP problems in implicit and explicit forms. It is proven that for the constructed dual
problems and the original problem the strong duality property holds true.
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Introduction

In this paper, we consider semidefinite programming (SDP) problems which are particular case of semi-
infinite programming (SIP) and conic optimisation. The interest to SDP problems stems from their numerous
applications [1; 2].

In conic optimisation, optimality conditions and duality results are usually formulated under some regula-
rity conditions, so-called constraint qualifications (CQ) (see e. g. [2—5]). Such conditions should guarantee the
fulfillment of the Karush — Kuhn — Tucker (KKT) type optimality conditions and the strong duality property
consisting in the fact that the optimal values of the objective function in the primal problem and its Lagrangian
dual problem are equal and the objective function in the dual problem attains its maximum.

If a given SDP problem does not satisfy CQs then, in general, the optimality conditions in the KK T form de-
generate (i. e. are satisfied for all feasible solutions and, hence, are not helpful for the search for optimal solu-
tions) and the strong duality relations are violated. This makes it difficult to solve such problems numerically.
To avoid these obstacles, regularisation procedures are applied to the original irregular problems. The purpose
of such procedures is to obtain equivalent formulations satisfying some CQs.

One of the most commonly used CQ is the Slater condition that consists in non-emptiness of the interior
of the feasible set. For SDP problems that do not satisfy this CQ, several regularisation procedures based on
a so-called facial reduction approach (FRA) were proposed in [6-9]. Being very general (they are designed
for a wider class of problems than SDP), these procedures are not detailed.

In [6; 10], the authors used the FRA to construct an explicit dual SDP problem which satisfies the strong
duality property without any CQ.

For the study of SIP problems not satisfying CQ, we proposed (see [11; 12]) other approach which is based
on the concept of immobile indices, i. e. indices of the constraints that are active for all feasible solutions.
In this paper, we will apply this approach to SDP problems.
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The main aim of this paper is to show that the concept of immobile indices is an efficient tool that can be
used in SDP:

1) to design and justify a new regularisation procedure;

2) formulate explicitly dual SDP problems satisfying the strong duality relations.

Linear semidefinite programming problem:
problem statement and basic definitions

Given an integer p > 1, denote by R” the set of all p vectors with non-negative components, by S” and S”
the space of real symmetric p X p matrices and the cone of symmetric positive semidefinite p X p matrices,

respectively. The space S” is considered here as a vector space with the trace inner product 4 B := trace(AB).
Consider a linear SDP problem in the form

minc 'x, s.t. A(x) e S?, (1)
X
where x = (xl, oo X, )T is the vector of decision variables and the constraints matrix function A (x) is defined as
n
A(x)=Y A.x; + 4, )
j=1
matrices A € S, j=0,1, ..., n, and vector ¢ € R" are given. Here and below, for a given vector or matrix v,

we denote by v its transpose.
It is well known that the SDP problem in the form (1) is equivalent to the following convex SIP problem:

minc'x, s.t. £ A(x)r 20 VieT, 3)
with a p — dimensional compact index set
T:= {t eR”: = 1}. “4)
Denote by X the feasible set of the equivalent problems (1) and (3):
X::{xeR”:A(x)eSf} = {xeR" Dt A(x)E =0 ‘v’teT}.

Evidently, the set X is convex.

Remark 1. In what follows, we will suppose that X # . Then there exists a feasible solution y € X and, without
lost of generality, we can consider that 4, € S”. In fact, having substituted x by a new variable z := x — y, we can
replace the original problem (1) by the following one in terms of z:

mine'z, s.t. A(z) e S,
with A(z):=Y 4,z;+ 4y, Ay=A(y) e S’
i=1

According to the commonly used definition, the constraints of the SDP problem (1) satisfy the Slater con-

dition if 3 x € R” such that

A(F)eintS! ={D e S(p): "Dt >0 Vi eR?, 1£0}. (5)

Here int B stays for the interior of a set 5.
Following [11; 12], let’s define the set of immobile indices R;, and the set of normalised immobile indi-
ces T, in problem (1):

R, = {teR" (' A(x)t=0 ‘v’xeX},
T, ={teT:1'A(x)i=0 Vxe x}={reR,, || =1}.

The following proposition is a consequence of the well know fact: if 4 € S +( p), then 7' At = 0 if and only
if At =0.

Proposition 1. If 7 € R, then A(x)r =0 forall x € X.

The lemma below can be proved following the scheme of the proof of lemma 1 and proposition 1 in [13].

Lemma 1. Given the linear SDP problem (1), the following statements are true:

1) the Slater condition (35) is satisfied if and only if R, = {0}
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2) the set of immobile indices R,, either contains a single zero vector or is a subspace in R.
Here in what follows, 0 denotes a null vector of a given finite dimensional vector space.
It follows from lemma 1 that if 7, = &, then the constraints of problem (1) satisfy the Slater condition. This

im
case is well studied in literature. In this paper, we will consider a general case, where we do not suppose that
T,,, = < and concentrate our main attention on the case 7, # &.

Let us consider any finite non-empty set of indices

v={t(i)eT,, iel}, 1<|I| <o, (6)
Lemma 2. Given any set V in the form (6), the feasible set X of problem (1) coincides with the set
X()={xeR": A(x)1(i)=0.iel, (A(x)t 20 VieT(V)},

where T (V)= {t eT:t'1(i)=0,i e]}.
Proof. It follows from proposition 1 that X < X(V). Let us show that X(V) c X. Suppose that x € X(V)
whereform

A(X)t(i)=0,iel, (7

t'A(X)t 20 VeeT (V). (8)
It is evident that any vector ¢ € R” can be presented in the form
t=1/+U, where /e span{’c(i), ie I}, ne (span{’c(i), ie 1})L.
Here for S ¢ R?, we denote by S* the orthogonal complement to S in R”. Then, it follows from (7) that
A(X)! =0 and hence
t'A(x)t = p'A(x)p. ©)
If L =0, then it follows from (9) that ¢ \A(¥)¢ =0.
Suppose that i # 0. Then, by construction, for L =p/ ||u|| it holds ueT (V) Taking into account this in-

clusion and relations (8), (9) we conclude that "4 (X)# > 0. Thus we have shown that, for any x € X (V) and

any ¢ € R”, the inequality #'A(X)z = 0 holds true. This implies that ¥ € X, and hence X (V')  X. The lemma
is proved.
Notice that, by construction, we have span{V} NT (V) =d.

A regularisation procedure based on immobile indices
In this section, we will describe a regularisation procedure which constructs an SDP problem that is equiva-
lent to the original problem (1) and satisfies the Slater condition. At the beginning of the procedure we suppose
that the matrix function A(x), x € R”, defined in (2) is known. Remind that 4, € S?.

Let us describe and justify the regularisation procedure in steps.
Step #0. Given the SDP problem in the form (1), consider the following SIP problem:

SIP,: (min)u, s.t. tA(x)t+p>0,r€eT,
X, 1

with the index set 7 defined in (4).
If there exists a feasible solution ()_c , ﬁ) of this problem with @ < 0, then set m. := 0 and go to the final step.

Otherwise the vector (x = 0, i = 0) is an optimal solution of the problem SIP,.
It should be noticed that the problem SIP, is regular since the index set 7" is a compact set, and the con-
straints satisfy the Slater condition. Hence, (see e. g. [14]), it follows from the optimality conditions for the

vector (x = 0, {1 = 0) in problem SIP, that there exist indices and numbers t(i)e T, y(i)>0,i el,, ||| < n+1,

such that
> v(i)(e(i) 4(i) =0, j=0.1,....m > y(i)=1

ie]l iE[1

It follows from the relations above that /, # @ and ©(i)e T, c T, i€ ;.
Go to the next step with the data y(i)>0, t(i)eT,,, i € I, and I, = &.

Step #m, m > 1. By the beginning of the iteration, we have numbers, indices and vectors
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Y(l) >0’ T(i)E Tt"m’

iel,, X" '(i)eR”, iel,_,, (10)
which satisfy the relations

> v()(x0) 4xl) + Y (A1) 43(0) =0, =0, 1, .. (11)

iel, iel,
Notice that if m =1, then /,,_; =I,=@. Hence Y ...=0 and we do not need vectors A" (i), i €1, _.
Consider a SIP problem: i€l

SIP, : (min)u, s.t. A(x)t(i)=0,iel,, t A(x)t+n=>0,teT,,
x

with the index set T, := {t eT:t'1(i)=0,ie ]m}.
By construction, in this problem the index set 7, is a compact set, there is a finite number of linear equa-

lity constraints, and there exists a feasible solution (x* = 0, u* = 1) such that tTA(x*)t +W>0 forallte T,
Hence, problem SIP,, is regular.

Notice that it follows from lemma 2 that for u = 0, the set of feasible solutions in the problem SIP,, coincides
with the set of feasible solutions X in the original problem (1).

If there exists a feasible solution ()_c , ﬁ) of SIP, with L <0, then set m. := m and go to the final step.

Otherwise the vector (x = 0, i = 0) is an optimal solution of the problem SIP,,. Since this problem is regular,
it follows from the optimality of (x = 0, L = 0) (see [14]) that there exist indices, numbers and vectors

1(i)eT,, y(i)>0,ie AL, |AL,|<n+1,A(i)eR?, iel,,

such that

3 (@) (@) 430) + Y (M) 45() =0, j=0,1,.om Y, y(i)=1. (12)
ieAl iel, ieAl,
It follows from the relations above that AL, # &, (i) e T,, N T,,, i € Al,, and
rank(‘c(i), iel,
From (11) and (12), we have

> v()(0) 41l) + F (A(0) 43() =0, j=0.1, .. m, (14)

iel, .| iel,
A (i)=A()+ A" (i), ied,, ).
Go to the next iteration #(m + 1) with the new data

v(i)>0,t(i)e T, iel, ;\"(i)eR?,iel,, (15)

im>

1) zrank(x(i), i€l,)+1, 1, =1, UAL, (13)

m+1:

where km(i)zk(i), iel \I

m'‘tm—1°

which satisfies (13) and (14).
Final step. It follows from (13) that the algorithm consists of a finite number m. of steps and m. < p. Hence,

for some 0 < m. < p, the problem SIP,, has a feasible solution (X, [t) with [L <0.

If m. =0, then the constraints of the original SDP problem (1) satisfy the Slater condition. Hence, this
problem is regular.

Suppose that m. > 0. By the beginning of the final step, the immobile indices T(i), iel, , have been con-
structed. Consider a problem

min ¢ 'x, s. t. .A(x)‘c(i) =0,iel,, ZT.A(x)t >20,teT,, (16)

xeR”
where 7, = {t eT:t't(i)=0,iel, } Since 1(i) € T, i €1,,, it follows from lemma 2 that the problem above

is equivalent to problem (1) and can be considered as its regularisation since, by construction,
A(x)t(i)=0,iel,, t' A(X)t=2-1>0,1€T,,

and the index set 7, is a compact set. The regularisation procedure is described.
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The described in this section regularisation procedure has the form of the algorithm whose iterations are
described in all details and, therefore, it is more constructive than other regularisation procedures proposed for
SDP problems in [6; 8]. It should be noted also that unlike the procedures from [6; 8] which are based on the
FRA, the presented here procedure is based on the properties of the set of immobile indices that proves once
again the important role that the immobile indices play in the study of optimisation problems.

Dual SDP formulations based on the immobile indices

In this section, for the linear SDP problem (1), we formulate several types of dual problems and discuss
their properties.
The standard Lagrangian dual problem (SLD). For the SDP problem (1), the SLD has the form (see [10])

SLD: max —U e 4, s.t. Ue A, =c;, j=1,2,...,mUe SP.

Given a pair of mutually dual optimisation problems, the deference between the optimal values of the pri-
mal and dual objective functions is called the duality gap.

For the pair of dual problems (1) and SLD, the following results are known:

* weak duality (the duality gap is not negative);

* strong duality (if the constraints of problem (1) satisfy the Slater condition, then the duality gap vanishes);

«if the Slater condition is not satisfied, then the duality gap may be positive.

Let us now formulate for problem (1), two new dual problems (one in an implicit and another in an explicit
form), for which the duality gap vanishes without any additional assumptions.

An implicit dual problem (IDP). Suppose that for problem (1), the set of immobile indices R,, is known.
By lemma 1, the set R, either consists of a unique zero element: R, = {0}, or it is a subspace in R”. Denote by

{€(i), i€, }, where 0 < |I,| < p, any basis of the subspace R,,,. In the case R,, = {0}, we consider that , := @.
Define a matrix V), = (é(z), i e[b) eR”*?, p,=|I,

, and consider a problem
IDP: max —U o 4, s.t. (U+AVb) °d;=c, j=1,...,mUe S, AeRP*P,

Note that in the case R,,, = {0}, the problem IDP coincides with the problem SLD.

Based on lemma 2, we can prove the following theorem.

Theorem 1. The problem IDP is dual to problem (1) and the strong duality relations hold true.

To formulate the dual problem IDP, we have to know a basis of the subspace R;,. Hence this dual formula-
tion can be considered as an implicit one.

A dual problem in the explicit form (EDP). Evidently, we are interested to have a dual SDP problem in
an explicit form, where only data of the original primal problem (1) is used.

For a given finite integer k. = 0, let us consider the following problem:

max —(U+ Wk*) 4,

s.t.(U+Wm*)0Aj:cj,j:1,2,...,n;UeSf,WO:([DP;

EDP(k.): (U, + W, _,)e4;=0, j=0,1,....n, (17)
Um Wm 2
e R L (18)

where U, € S%, D, € S*, W, e R?*?, m=1, ..., k., and O, stays for the p X p null matrix.
Notice that in the case k.« = 0, the index set {1, ooy kv} is supposed to be empty and then constraints (17)
and (18) are missing in the problem EDP(k*). Hence, the problem EDP(O) coincides with the problem SLD.
Lemma 3 [weak duality]. Let x € X be a feasible solution of the primal linear SDP problem (1) and

v, w, D, m=1, .., kg Ube a feasible solution of the problem EDP(k* ) Then the following inequality
holds

cx2—(U+W, )4, (19)
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Proof. Givenm =1, ..., k., it follows from the condition (18) that there exists a matrix B,, in the form
Vv u, w, |24
B,=| " |eR*” " such that | " =B,B,=| " | L)

The matrix B,, above is composed by the blocks containing matrices
V,=(x"(i).iel,)and L, = (A"(i), i€1,), (20)

m

where (i) e R?, A" (i) e R”, iel,,, k(m):=|I,|.

Hence, form =1, ..., k., the matrices U,,, W,, D,, in EDP(k*) admit representation
Uy =VV's Wy =V, Ly, D, =L, L, 1)
Let us prove, first that for all m =1, ..., k., it holds
A(x)t"(i)=0,iel,, Vxe X. (22)

Consider the following constraints of the problem EDP (k* ):
Ued4;=0,;=0,1,...,n
Due to (20) and (21), these constraints can be rewritten in the form
T
Y (7)) 47()=0,7=0,1,....n
i€l
It follows from these equalities that for any x € R", we have
T
Y (7)) A(x)7'()=0. (23)
iel
Taking into account that the inequalities

t'A(x)t =0 VteR?, Vxe X, (24)

. . . 1/ 1/. .
should be fulfilled, equality (23) implies (T (z)) A(x)t'(i)=0,iel, VxeX.
Thus, one can conclude that '(i) € T,,,, i € 1, and, consequently (see proposition 1), it holds A (x)t'(i) =0,
i € I, Vx € X. Hence, equalities (22) are valid for m = 1.

Suppose that for some m > 1, equalities (22) are proved. Due to (20) and (21), the constraints (Um gt
+ W,'n) ) Aj =0,7=0,1, ..., n, of the problem EDP (kx) can be rewritten in the form

S () 470 2 (00) 4T =0. =01

iEIerl ie[m

It follows from the latter equalities that for any x € R”, we have

Y (@) AR @)+ 3 () A =0, 25)
ie]m+1 ielm
By the hypothesis above, equalities (22) are satisfied. Then, taking into account inequalities (24), we con-

clude from (25) that
(v (@) A" () =0, i€, ie],, VxeX.

Hence, 1" *'(i)eT,,, i€, , and, according to proposition 1, it holds

A(x)t"*'(i)=0,iel, ., VxeX.

m+1°

Replace m by m + 1 and repeat the considerations for all 1 < m < k..
Let m = k.. In this case, relations (22) have the form
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A(x)t™(i)=0,iel,, Vxe X, (26)
and for U = Z’C(i)(’c(i))T, ’c(i) e R?, i e, the constraints (U + Wk) *4;=c;, j=1, ..., n, of the problem

iel

EDP(k*) can be presented in the form
S (e(i) 4s3l) + 3 (A1) 475 () =cp j=1 o
iel ie Ik*
Then, it follows from the equalities above and relations (24), (26) that

ZC x = 3 (1) A@)T() = (U + W, ) o 4y 2=(U + W, ) o 4,

iel

The lemma is proved
Theorem 2 [strong duality]. Suppose that the linear SDP problem (1) admits an optimal solution x°. Then

there exists a finite integer k., 0 < k. < mln{p, n}, such that the problem EDP(k*) is dual to problem (1) and
the strong duality relations are satisfied, i. e. the dual problem has an optimal solution

(U w0 DY m=1, ... k; U°) 27)
and the following (the strong duality) equality holds
== (U+ W) e 4, (28)

Proof. To prove the theorem, we will construct the number 4. and matrices (27) using the regularisation
procedure described in section 3. This procedure consists of the steps numbered from 0 to m., where m. < p.
At the beginning of each step #m, we have indices ‘c(i), iel,. Denote

Ax(i), j=1,...,
r(m):zrank[ jt(l)_][ annforle,r(O):O.
ie

By construction, r(m+1) 2 r(m), m=0, ..., m,— 1.
Let m(k), k=0,1,..., k,, be the numbers of the steps on which the following relations are satisfied:

m(k)=m(k—1)+ s(k), where s(k) 21, k=0, 1, ..., k;
m(=1)=-1, m(k.)=m, < p,
r(m(k=1)+1)=r(m(k-1)+2)=...=r(m(k-1)+s(k)), k=0,1,..., k; (29)
r(m(k+1))>r(m(k)), k=0,1,.... k —1.

These relations and the conditions 7(m) < n, m(k,) = m, < p, imply k, < min{p, n}.

Let us group together the steps of the procedure described in section 3, into iterations that have the numbers
k=0,1, ..., ki, as follows: the iteration #k consists of the steps with the numbers m(k —1) + 1, m(k —1) +
+2,..., m(k —1) + s(k) = m(k)

For 0 < k <k, —1, let us consider iteration #k and its endmost step, i. e. the step with the number m = m(k)
This step starts having the initial data (10) and ends having new data (15) that satisfies the relations (14). It can
be shown, taking into account the equalities (29), that relations (14) with m =m (k) can be rewritten in the form

~ T
Y ov@)EE) 4@+ Y (@) 41(1)=0. j=0.1,....m, (30)
i€l T€ L (k141
where ik(i)eR”, iel (k1) 41
with m = m(k). Denote I, =1 (®)

are some vectors which can differ from the vectors 7»'”(1'), iel

m—1°

in (14)

+1

Vk+13:( Y(i)T(i) ~k+1) (kk /F )

I, = L -1y and set

24



Juddepennnanbubie ypaBHeHHsI H ONITHMAJIbHOE YIPABIeHHE
Differential Equations and Optimal Control

W = AL Up =V Vi DE = AA. (31)

v, ul w
(5w 2 e
A, WkOT D,?

where V), was constructed at the previous iteration #(k - 1). Relations (30) take the form

By construction,

U]?+10Aj+WkOoAj=0,j=O,l,...,n. (32)

Notice that for k =0, the set ] = Im( k-1)+1= 1, is empty, by construction. Hence at the step with the number
#m(O) of the iteration #0, we construct only a matrix U’ by the rule

U=V, where ] ::( (i)t (i), iefl). (33)

Then relations (30) with £ = 0 can be rewritten in the form
U'ed;=0,j=0,1,...,m U €S’
Consider the (last) iteration #k.. According to the regularisation procedure, this iteration ends on the step

#m(k*) = m, after which we pass to the final step. Notice that, by construction, 0 < k. < m..

Let us consider the final step of the regularisation procedure.

If m. = 0 and, consequently k. = 0, then the constraints of the original SDP problem (1) satisfy the Slater
condition. In this case, according to the well-known optimality conditions (see e. g. [1; 2]), if x” is an optimal
solution of problem (1), then there exists a matrix U’e S 7 such that

0 . . 0\ _
Uled,=c;, j=1,2,...mU OA(x )—0.

It follows from the relations above that U° is a feasible solution of the dual problem EDP (0) and equality (28)
holds.

Suppose that m. > 0. By the beginning of the final step, the immobile indices and numbers ’c(i), y(i) >0,
iel, , are found and it was shown at the final step that problem (16) is regular and equivalent to the original
problem (1).

Let x° be an optimal solution of the problem (1). Then vector x° is optimal in problem (16) as well. Hence,
taking into account the regularity of this problem, we concluder that there exist indices, numbers and vectors

t(i)eT,, v(i)>0,ie ; X" (i)eR?, i, , such that

N W\T (s L .
ZY(Z)(T(Z)) Aj‘c(z) + z (k ' (z)) Aj‘C(l) =c, j=1....m,
iel iel,, (34)
(1) A(x")t())=0.ie 1 (X" (i))TA(xo)t(i) =0,iel,.
Suppose that k. = 0. Then, from equalities (29) with k£ = 0, it follows Aj'c(i) =0,,/=1,...,n,i€el,, and,
consequently, relations (34) take the form

. NY . . NY . .
2 ’Y(Z)(’C(Z)) Ajr(z) =c;, j=1,...,n, (’C(l)) .A(xo)r(z) =0, iel
iel
0 . N 0 0(10\" : .

Let us set V"= (‘c(z) v(i),ie I), U'=v (V ) € S?. Then it follows from the above relations that
U'e 4;=c;,j=1,...,n,and U’ Ay= ¢"x°. These equalities and inequality (19) imply that the matrix U°
is an optimal solution of the problem EDP(O) and the strong duality relation holds.

Now suppose that k. > 0. Notice that in this case we have found the matrices

-

UL W, DY k=1, k=1 Wy =0, U) =1, (1)

where the matrix ng was constructed using the index set k= Im( ko —1)+1° Taking into account equalities (29)
with k = k., it is easy to show that the optimality relations (34) can be rewritten in the form
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Sv0)(0) )+ Y (A1) 43(6)=cp j=1 o, (35)

iel iel,

(1) A(0)e(i)=0.ie s (R()) A(x)e(i) =0, i€l =1, .. (36)
Let us set
e
yo.= (r(i) y(i),ie]), L(,]C* = A (l), iefk* ,
v(i) 37)

U= () we = ()L Db = (12,

m, M,

Then, equalities (35) take the form

(U +mw)ed;=c; j=1.....n, (38)
and relations (36) imply

(U0 + ) e A(x)=0. (39)

It follows from (32) and (38) that the constructed set of matrices (27) is a feasible solution of the problem
EDP(k, ), where 0 < k, < min{n, p}. Taking into account (38) and (39), we obtain

icjxj‘?z(U°+ W) o A(x") = (UO+ W) o dy=—(U+ W, ) o 4.
Jj=1

It follows from these relations and inequality (19) that the constructed set of matrices (27) is an optimal
solution of the problem EDP(k,:: ), and the strong duality relation holds. The theorem is proved.

The dual problem EDP(k*) is explicit and similar to the dual problem, which was obtained on the base of
the FRA in [10]. There is only one difference in the formulations of these two problems, namely, in the dual
problem in [10], all matrices D,, are equal to the identity matrix. Notice that the dual problem EDP (k*) is more
general than the dual one in [10] since it is evident that any feasible solution of the dual problem from [10] is
feasible for EDP(k*) as well.

In this paper, the dual problem EDP (k*) was obtained, using the concept of immobile indices and, as result,
we have relations (31), (33), and (37), which provide us with additional information about matrices U,, W,

m> m>
D,,m=1, ..., k.« U that form a feasible solution of this dual problem and illustrate how these matrices can be
expressed via immobile indices. This information can be used for constructing new and possibly less complex

forms of dual SDP problems.

Conclusion

The main contribution of the paper consists of derivation of new theoretical results and algorithmic pro-
cedure for regularisation of the linear SDP problems, which permits to obtain new explicit dual formulations
satisfying the strong duality property. This regularisation is based on the properties of immobile indices and is
more constructive than the previously suggested in [6—8] procedures based on the FRA.

The results of the paper justify the fact that the concept of immobile indices plays an important role in the
study of optimisation problems not satisfying regularity conditions and can be used for other classes of opti-
misation problems.
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This work considers algorithms of outlier detection based on the Chebyshev inequality. It compares these algorithms
with such classical methods as Tukey’s boxplot, the N-sigma rule and its robust modifications based on MAD and FQ
scale estimates. To adjust the parameters of the algorithms, a selection procedure is proposed based on the complete
knowledge of the data distribution model. Areas of suboptimal parameters are also determined in case of incomplete
knowledge of the distribution model. It is concluded that the direct use of the Chebyshev inequality implies the classical
N-sigma rule. With the non-classical Chebyshev inequality, a robust outlier detection method is obtained, which slightly
outperforms other considered algorithms.
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The problem of outlier detection is one of the oldest in statistics. However, despite the large number of
publications on this topic, there is no general method for solving this problem in mathematical statistics. In this
work, we suggest one more novel method of outlier detection, in this case based on the classical Chebyshev
inequality [1].

This method performs quite well in the processing of data from laser ranging of the Moon [2]. Therefore, it
seems possible to effectively apply it to the classical problem of one-dimensional outlier detection. In [2], this
method is proposed for data of a specific structure when the data points are two-dimensional (the mean and its
standard error), and it is impossible to apply it to a one-dimensional problem in its original form. Thus, it is
required to adapt it for such data.

The aim of the work is to develop an algorithm based on the Chebyshev inequality for one-dimensional
data and compare its performance with such classical methods as the N-sigma rule, its robust modifications
based on the highly robust median absolute deviation (MAD) and the fast On-scale (FQ) estimates of scale [3],
Tukey’s boxplot at the standard normal distribution with its «shift» and «scale» contaminated versions and at
the Cauchy distribution.

As a rule, according to the Neyman — Pearson approach to outlier detection, the performance evaluation of
outlier detection is associated with the power of the detection rule and the probability of its false alarm. How-
ever, it is difficult to keep these both parameters stable simultaneously in Monte Carlo studies, especially the
small value of the false alarm probability. Therefore, the H-measure proposed in [4] is chosen as a comparison
criterion, which naturally combines the power of detection and the probability of a false alarm.

The Chebyshev inequality

The classical Chebyshev inequality. The classical Chebyshev inequality [1] estimates the probability of
deviation of a random variable from its mean by a certain value through the moment characteristics of a dis-
tribution.

For a random variable X from an arbitrary distribution with the known mean [ and standard deviation G, the
Chebyshev inequality has the form

2
P{x—u|>e}< :—2,

where € is an arbitrary positive number.
Based on this estimate with € = Ao, a confidence interval for a random variable X is constructed:

A(M)=(n-Ao, u+Ao).

The observations lying within this confidence interval are declared regular, and outside it as outliers. How-
ever, in cases where the distribution parameters are unknown, we estimate the mean and standard deviation by
the sample mean and square mean deviation, and thus we arrive at the classical N-sigma rule.
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Robust version of the Chebyshev inequality

Now we use another probability metrics in the Chebyshev inequality derivation scheme:

D, =_z|x—u|pf(x)dx2 f |x—u|” f(x)dx = €” I f(x)dxzapP{|x—u|2€}.

[x—u|=ze [x—u|=e

The sought probability is of the form
D
P{|X—M|ZE}S£—5

For p =2, we get the classical Chebyshev inequality. For p = 1, the distance D; in the inequality is the mean
absolute deviation. Here, the median is a natural estimate of location as it is the solution minimising the mean abso-
lute deviation. The obtained outlier detection rule is of the same structure as in the classical case. It is worth noting
that the median and the mean absolute value are robust estimates of location and scale, respectively.

H-measure of performance evaluation

In the case of research on model data in the form of a mixture of two distributions, we will call regular
observations from F or the «main» distribution, and anomalous from F

F=(1-0)Fy(x)+ oF(x),

where o is the fraction of contamination. Here, we identify the concepts of anomalous value and outlier.

The problem of outlier detection can be reduced to the problem of binary classification, when it is neces-
sary to determine which of the two distributions the observation belongs to: regular data (hypothesis H,)) or
anomalous (hypothesis H,).

In order to compare algorithms with each other, you need to select the comparison criteria. The power of
the criterion (P;,) and the probability of the false alarm (Py) are classical for statistics

TN

D™ total number of otliers’

_ FN
" total number of regular points’

where TN (true negative) is the number of outliers that have been classified as outliers; FN (false negative) is
the number of regular points that have been classified as outliers.

To assess the quality of the classification results, we use the H-measure (the harmonic mean between P, and
1 — P;) introduced in [4] and calculated by the following formula:

(2 2002 (0)

B PD(Z)+1_PF(Z)

b

where ¢ is a parameter of an outlier detection algorithm.
The higher is the value of the H-measure, the better the quality of the classification. One can also calculate
the parameter at which the maximum of the H-measure is reached:

t'= argmaxH(t).
t

Comparison study
The following methods are compared:
* N-sigma rule [4];
* robust N-sigma rule (MAD estimate of scale) [4];
* robust N-sigma rule (FQ estimate of scale) [4];
* Tukey’s boxplot [5].
The following distributions are considered:
» mixture of normal («shift»): (1 - OL)N(x, 0, 1) + OLN(x, k, 1);
* mixture of normal («scale»): (1 - (X)N(x, 0, 1) + OLN(x, 0, k);

* mixture of normal and Cauchy: (1 - OL)N(x, 0, 1) + OLC(x, 0, 1).
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The main interest is the dependence of the quality of detection on such parameters of contamination as the
«shifty, «scale» and percentage of contamination.

The quality of outlier detection strongly depends on the parameters of the algorithms, for example, N in the
N-sigma rule. We adjust the parameters by iterating over the grid, choosing the parameter with the maximum
H-measure.

In order to reduce the influence of randomness on the processes under consideration, the study will be car-
ried out by the Monte Carlo method, averaging the values over all repetitions.

Algorithm

1. The distribution and parameters of the studied algorithms are selected.

2. For each cycle of repetition of the Monte Carlo method:
a) a sample is generated with automatically marked «regular» and «anomalous» points;
b) outlier detection methods are applied to the sample;
¢) the information is collected about the results of this application.

3. Further, the data for all repetition cycles are averaged and analysed.
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Choice of algorithm parameters

Based on the full knowledge of the data model, we calculate the value of the H-measure for various para-
meters of algorithms on a certain distribution: the optimal one we take is the argument for which the H-measure
is maximal.

Next, instead of choosing the parameter according to the maximum of the H-measure, we consider all para-
meters that differ from the optimal value by no more than 5 % (the larger the percentage, the wider the area, and
the lower the detection quality). In this case, we get a certain area of suboptimal parameters. Such an area can be
calculated for each distribution of interest, and the parameter of the algorithm can be chosen so that it falls into
the maximum number of areas.

For example, fig. 1 exhibits the regions of suboptimal parameters for the robust modification of the method
based on the Chebyshev inequality for contamination of the «shift» type: F' (x) =0,9N (x, 0, 1) +0,1N (x, k, 1).

Appendix shows the areas of suboptimal parameters of the considered methods for some contamination
models.

Performance evaluation: results

Dependence on the sample size. The statistics computed in each method can be highly dependent on the
sample size. As a rule, with its growth, the value of statistics stabilises. Consequently, the detection quality is
also stabilised. This is observed in fig. 2.

With an increase in the sample size, the performance of the method based on the Chebyshev inequality
does not deteriorate and stabilises at a certain level. When dealing with the contamination types of «shift» and
«scaley, it shows results similar to the robust modifications of N-sigma. On contamination with the Cauchy
distribution, it works much better than the classical N-sigma method and Tukey’s boxplot, but is slightly infe-
rior to the robust modifications of the N-sigma rule.

Dependence on the values of shift and scale

All of the above methods behave in almost the same way. The quality of detection monotonically increases
and with a shift of about 5 it practically reaches 1. The classical N-sigma method is slightly inferior in quality
to the robust method based on the Chebyshev inequality in outlier detection (see fig. 3).

When dealing with the contamination of the «scale» type, the situation is similar to the contamination of
the «shift» type: the algorithm based on the Chebyshev inequality gives similar results as the classical N-sigma
rule and its robust modifications, which are much better than the results of Tukey’s boxplot.

Dependence on the contamination fraction

It can be seen in fig. 4 that in case of contamination of the «shift» type, the Tukey and N-sigma methods
are less resistant to an increase in the contamination fraction than the robust modification of the Chebyshev
inequality, the rejection quality of which fluctuates at the same level as the robust N-sigma modifications.
A similar situation occurs with contamination of the «scale» type.

Slightly different behaviour can be seen in contamination of the Cauchy distribution type (see fig. 5).
The method based on the Chebyshev inequality lags behind the robust modifications of the N-sigma rule in
the quality of detection, but it still shows results significantly better than the boxplot method or the classical
N-sigma rule.

Conclusion

1. Based on the classical Chebyshev inequality, an outlier detection algorithm is obtained, which, accor-
ding to its classification rule, coincided with the N-sigma rule. Using the non-classical robust version of the
Chebyshev inequality with p = 1, an outlier detection method is proposed, which proved to be very effective.

2. Based on the results of the comparative analysis, one can draw conclusions about the effectiveness of the
method based on the Chebyshev inequality. It manifests itself as a fairly robust algorithm. On contamination
such as «shift» and «scaley, it is not inferior, and sometimes even outperforms the robust modifications of the
N-sigma method. For all considered samples, it works better than Tukey’s boxplot and the classical N-sigma
rule. However, when the contamination is with the Cauchy distribution, it can give slightly worse results than
robust modifications of the N-sigma rule.

3. It should be noted that the computational complexity of the statistics of the mean absolute deviation used
in the method based on the Chebyshev inequality is slightly lower than the computational complexity of MAD
or F'Q scale estimates.

4. Practical recommendations are given on the choice of algorithm parameters on certain data models.
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Appendix
Table 1
Boundary of suboptimal parameters area with «shift» contamination
k N-sigma N-sigma robustness (MAD) N-sigma robustness (FQ) . Chebyshev
inequality robustness
1 [0.606, 1.010] [1.010, 1.414] [0.606, 1.010] [0.808, 1.212]
2 [0.808, 1.212] [1.212,2.020] [0.808, 1.212] [1.010, 1.616]
3 [1.010, 1.414] [1.616, 2.828] [1.010, 1.818] [1.212,2.020]
4 [1.010, 1.616] [2.020, 3.434] [1.212,2.020] [1.414,2.424]
5 [1.010, 1.818] [2.222, 4.444] [1.414,2.626] [1.414, 2.828]
6 [1.010, 1.818] [2.222, 5.455] [1.414, 3.232] [1.414,3.232]
7 [1.010, 2.020] [2.222, 6.667] [1.414, 4.040] [1.212, 3.636]
8 [1.010, 2.020] [2.222, 8.080] [1.414, 4.848] [1.212, 4.040]
9 [0.808, 2.020] [2.222, 8.889] [1.414, 5.450] [1.212, 4.040]
10 [0.808, 2.222] [2.424, 10.303] [1.414, 6.262] [1.212, 4.444]

Note. Data distribution model: F(x)=0,9N(x, 0,1) + 0,1N(x, &, 1).

Table 2
Boundary of suboptimal parameters area with «scale» contamination
k N-sigma N-sigma robustness (MAD) N-sigma robustness (FQ) . Chebyshev
inequality robustness

1 [0.606, 0.808] [0.808, 1.212] [0.606, 0.808] [0.606, 1.010]
2 [0.808, 1.010] [1.212, 1.818] [0.808, 1.212] [1.010, 1.414]
3 [0.808, 1.212] [1.212, 2.424] [0.808, 1.414] [1.010, 1.818]
4 [0.808, 1.212] [1.414, 2.626] [1.010, 1.616] [1.010, 1.818]
5 [0.606, 1.212] [1.616, 3.030] [1.010, 1.818] [1.010, 2.020]
6 [0.606, 1.212] [1.616, 3.232] [1.010, 2.020] [1.010, 2.020]
7 [0.606, 1.212] [1.818, 3.636] [1.212,2.222] [1.010, 2.020]
8 [0.606, 1.212] [1.616, 3.636] [1.010, 2.222] [1.010, 2.020]
9 [0.606, 1.010] [1.818, 3.838] [1.212,2.222] [1.010, 2.020]
10 [0.606, 1.010] [1.818, 3.838] [1.212, 2.424] [1.010, 2.222]

Note. Data distribution model: F(x)=0,9N(x, 0,1) + 0,1N(x, 0, k).

Table 3
Boundary of suboptimal parameters area with Cauchy contamination
. . . Chebyshev

o N-sigma N-sigma robustness (MAD) | N-sigma robustness (FQ) inequality robustness
0.01 [0.606, 1.000] [1.010, 1.616] [0.808, 1.010] [0.808, 1.414]
0.031 [0.606, 0.808] [1.010, 1.616] [0.606, 1.010] [0.808, 1.212]
0.052 [0.606, 0.606] [0.808, 1.616] [0.606, 1.212] [0.606, 0.808]
0.073 [0.404, 0.808] [1.010, 1.616] [0.606, 1.010] [0.808, 1.212]
0.094 [0.404, 0.808] [1.010, 1.818] [0.808, 1.212] [0.808, 1.212]
0.115 [0.404, 0.606] [1.010, 1.616] [0.606, 1.010] [0.808, 1.010]
0.136 [0.404, 0.606] [1.010, 1.818] [0.808, 1.212] [0.606, 1.212]
0.157 [0.404, 0.606] [1.010, 1.818] [0.606, 1.212] [0.606, 1.010]
0.178 [0.404, 0.404] [1.010, 1.818] [0.606, 1.010] [0.606, 1.010]
0.2 [0.404, 0.404] [1.010, 1.616] [0.606, 1.010] [0.606, 1.010]
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CTATUCTUYECKOE ITPOTHO3UPOBAHUE AMUHAMUKU
SAIMMUNAEMHNOAOINMYECKUX ITOKA3ATEAEN
3ABOAEBAEMOCTHU COVID-19 B PECITYBAUKE BEAAPYCbH

10. C. XAPHH""?, B. A. BOJIOIIKO"?,
0. B. IEPHAKOBA", B. H. MAJIFOTHH”, A. 0. XAPHH""?

1 .
) Hayuno-ucciedosamensckuii uncmumym npuxkiadusix npotnem mamemamuxu u ungopmamuxu BI'Y,
np. Hesasucumocmu, 4, 220030, 2. Munck, Berapyco

2 . .
)Benopycckuii 2ocydapemeennviii ynusepcumem, np. Hesasucumocmu, 4, 220030, 2. Munck, Berapyce

PaCCManHBaeTCH aKTyaJIbHad 3aa4a CTaTUCTUYCCKOI'oO MIPOrHO3UPOBaAHNA JTUHAMHUKN OCHOBHBIX ITUAEMHUOJIOTMYCCKUX
mokazareneit mangemMun COVID-19 B Pecriyonmke Benapych Ha 6a3e HaOIIOMaeMbIX BpeMEHHBIX psIoB. [11st permeHust 3Toi
3a/1a4¥ TIPEAJIAratoTcsl ISTh METOA0B: METO/] IPOrHO3MPOBAHMS HA OCHOBE «CKOJIB3SIINX TPEH/IOBY; JIOKAJIbHO-MEANAHHbIN
METOJ IPOTHO3UPOBAHMUS; METO/ IPOTHO3MPOBAHMS HA OCHOBE AUCKPETHBIX BPEMEHHBIX PSII0B; METO IPOTHO3UPOBAHUS
Ha OCHOBE BEKTOPHOW YKOHOMETPHUUECKONH MOIEIH KOPPEKIIMK OMIHNOO0K; METOJ] OCIIE0BATEILHOTO CTATHCTHIECKOTO
aHaJin3a. Pa3pa60TaHI)I AJITOPUTMBI BBIYUCJICHUA TOUYCYHBIX 1 HHTEPBAJIbHBIX IPOTHO30B JJI KIIFOYEBBIX SITUACMHOJIOTU-
YecKUX nokasareneil. [IpencrapieHbl YHCICHHBIE PE3yNbTaThl KOMITBIOTEPHOTO POrHO3MPOBaHKs Ha mpuMmepe Pecrry-
6nmku benapych.

Knruesvie cnosa: mporHO3UPOBaHNE; BEPOSTHOCTHAS. MOJICNIb; BPEMEHHOH PAJI; TOUCUHBIH MPOTHO3; UHTEPBAIbHBIN
mporao3; COVID-19.

FBnazooaprnocms. VicciienoBanue BIIOIHEHO PpU (pUHAHCOBOM noiepxke MuHHCTepcTBa 00pazoBanus Pecyomu-
ku benapych. ABTOpBI BbIpaXKaloT OllarofiapHocTh Kauauaary ¢usuko-maremarnyeckux Hayk C. H. CraneBckoii 3a pas-

paboTKy mporpaMMBI K paszeny «MeTox IpOoTrHO3HUPOBaHHUS Ha OCHOBE “‘CKONB3SIINX TPEHAOB » JaHHOW CTAaTHH.
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The paper is devoted to the urgent problem of statistical forecasting for the dynamics of the main epidemiological in-
dicators for the COVID-19 pandemic in the Republic of Belarus based on the observed time series. To solve this problem,
five methods are proposed: forecasting method based on «moving trends»; local-median forecasting method; forecasting
method based on discrete time series; forecasting method based on the vector econometric error correction model; method
of sequential statistical analysis. Algorithms for computation of point and interval forecasts for the main epidemiological
indicators have been developed. The numerical results of computer forecasting are presented on the example of the Re-
public of Belarus.
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BBenenune

Ha naHHBI MOMEHT UMEETCsl OOIIUPHBIN KJTacC MaTeMaTHUECKUX MOJIeIIeH, pa3paO0TaHHBIX ISl IIPOTHO-
3UPOBAHUS PACIIPOCTPAHCHUS 3a00JICBAHUM, CMEPTHOCTH U BBI3IOPOBIICHUS. VX MOXHO Ki1acCU(UIIUPOBATH
CJEIYIONIUM 00pa30oM: UCKYCCTBEHHBIC HEMPOHHBIC CETH U MAITMHHOE 00YUYCHHE; MPOCTPAHCTBEHHO-BPEMEH-
HbIC aBTOPETPECCUOHHBIC PMUACMUOIOTUYCCKUE MOJICTH; aHATIMTUICCKUE U CMEIIAHHBIC MTPOCTPAHCTBEHHO-
BpeMeHHbIe Mozaenu (SIR-mozenu u UX aHajIoru); AUCKPETHHIC YCIOBHO aBTOPEIPECCHOHHBIC BPEMEHHEIC
PAIBI C JUIMHHON MTaMSIThIO; MApKOBCKHE MPOIECCHI; TPOTHO3UPOBAHKNE HA OCHOBE MMUTALIMOHHOTO MOJICIIUPO-
BaHus. O030p CyIIECTBYIOIIUX MMOIXO/IOB TpeACTaBiIeH B padote [1]. AKTyalibHOM MPoOJIeMOii YeioBeuecTBa
SIBIISIETCS IIpeooyienre nanaemuit, Bkaouass COVID-19 B HacTosiee Bpems [2; 3].

IIporuosupoBanue MUASMHOIOTHISCKUX TOKA3aTENCH B YCIOBUAX MAHACMUHN XapaKTePU3YeTCsl CIETyTO-
IIUMUA 0OCOOCHHOCTIMU: 1) CTOXaCTUYHOCTHIO MPOIIECCOB; 2) HECTAIIMOHAPHOCTHIO MPOLIECCOB; 3) CYIIECT-
BEHHOU 3aBUCHUMOCTBHIO OT COCTOSIHUSI CUCTEMBI 3[IpAaBOOXPAHEHUSI U TMPUMEHSIEMBIX CTPATETUN JICUCHHUS;
4) onepaTUBHOCTBIO MOITYYCHUS U NIpeicTaBlIeHus MPOrHo30B. C y4eToM dTHX 0COOCHHOCTEH B JaHHOU CTaThe
HCTIONB3YIOTCSI BEPOSITHOCTHO-CTATUCTUYECKUE MOISTTH TUHAMUKY MTHUIEMUOJIOTHUECKUX MTPOILIECCOB U METO-
JIbI POOACTHOTO CTATUCTUYECKOTO MIPOTHO3UpOBaHus [4—9].

Perucrpupyembie craTucTH4ecKHe JaHHbIE
U MOCTAHOBKA 32/1a4 MPOTrHO3UPOBAHNS THHAMHUKH
IMMUAEMHOJIOTHYECKUX MOKa3aTesiei

Bgenem cieayroiiue 0003HaYEHUS: ¢ — TUCKPETHOE BpeMst (HOMep JiHs (TOUHEee — CYyTOK), CUMTast OT HEKO-
TOPOTO HAYAJILHOTO J1HA); 1 — ATUTENTFHOCTH HAOMIOCHNS 0 Hadajia MPOrHO3WPOBAaHUS; T — IJIMHA UHTEpBaa
(ropu3oHTa) MPOrHO3UPOBAHUS; T, = {T +L,T+2,...,T+ ’c} — BPEMEHHOM NMPOMEKYTOK (TOPU30HT MPOTHO-
3UpOBaHHs Ha OCHOBE 1 eMHMUI HaOIoAeH!S); &, — 3apErUCTPUPOBAHHOE K MOMEHTY ¢ YHCIIO YENIOBEK (C Ha-
YaJia BCIBIIIKN) C MOJIOKUTENHBIM aHamn30M TecToB Ha COVID-19 (koin4ecTBO BBISIBIGHHBIX 3aPayKCHHBIX
COVID-19), &, € N; M, — 3aperucTpupoBaHHOE K MOMEHTY ¢ YUCIIO MALUEHTOB (C Hayasa BCIIBIIIKH), BBIIH-
CaHHBIX C OTPHUIATEIBHBIM aHAIN30M TECTOB, Y KOTOPBIX paHee Obul moaTBepxkaeH auar€o3 «COVID-19y,
M, € N; {, — 3aperucTpupoBaHHOE C Ha4aia BCIIBILIKK KOIMYECTBO YMEPIIHNX MAlUEHTOB C BBISBICHHOH HH-
¢exmueit COVID-19, {, € N; u,=¢&, - (le + Z;t) — 3apETUCTPUPOBAHHOC YUCIIO 3aPAKCHHBIX HA MOMEHT f;
v,=&,—&,_ | — 3aperucTpUPOBAHHOE YKCIIO HOBBIX 3aPAXKCHHBIX B JICHB ! (&0 :::0), V,e Ny=NuU {0};

Vt

— — OTHOLICHHUE 4YHncCjia BHOBb I/IH(i)I/ILII/IPOBaHHLIX K 4YHCJTy BBIIIMCAHHBIX B JICHb t (HOKaBaTCJ'IB
N, — M,

o, =
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HarpysKu Je4eOHbIX yupexaeHuii); B, = % — OTHOILIEHUE YMCIIa 3aPaXKEHHBIX HA MOMEHT / K UHUCIIy BCEX BbI-
t

3/10pPOBEBILUX.
3aperucTpupoBaHHbIE K MOMEHTY TIPOrHO3UPOBaHUs 1’ CTaTUCTHYECKHUE AaHHbIE MIPEACTABIAIOT COO0W Bpe-
MEHHBIE PsJIbL:

E'1T: {éls S &T}ﬂ Zf = {C.,p Casvves CT}s Hf = {Tlla LIPTIRER T]T}s N1T: {Vb Vo, oens Vr}- (1

[To mocTpoeHuIo cpeau BCeX yKa3aHHBIX BPEMEHHBIX PsIOB (YHKIHMOHAIBHO HE3aBHCHUMBI TOJIBKO TPHU
pana: Elr , HIT , ZIT, a BPEMEHHBIE PsALIbI N]T , {ut}, {oct}, {B,} (YHKIIMOHAIILHO BBIpaXKaroTcs uepe3 Hux. Orme-
THM, 9TO &, 1, {, IpencTaBisioT co00il HAKOIUICHHBIC C HAYAILHOTO MOMEHTA BPEMEHH BEIUYHHBL, TI0ITOMY

BpeMenHbie pssl =, , HY Z[ ABNAI0TCS HEyOBIBAIOIMME OTHOCHTEIBHO BpEMEHH .

3anaua 3aKiIr04aeTcs B MOCTPOSHUH TOUYEYHBIX M MHTEPBAIbHBIX MPOTHO30B JAJsl BpeMEeHHbIX psiaoB (1)
U CBSI3aHHBIX C HUMH Ha 1, 2, ..., T II1aroB BIIE€pe] CAEAYIOIIEro BUAA.

1. ToueuHble MPOTHO3BI:

-7 Z z T P P4
‘:‘T:‘lt :{E.>T+l’ e §T+'r}’ ZT:T Z{CT+1’ cee C.»T+T}’

THt_ o A THt_ [g 3
Hr 4 —{nr+1> “ nT+‘c}’ Nz _{VT-H’ e VT+T}‘

2. InTepBasibHbIE TIPOTHO3BL:

§T+1 € (§;+1’ §;+1)’ R §T+T€ (§;+T’ ;+T)’ T]T+1 € (n;+]’ n;r'+l)’ e T‘|T+‘Ee (n;+‘[’ n;+‘[)’

- + - + - + - +
C.:T+1e (CT+1’ CT+1)= tee CT+'re (CT+1’ CT+1:)7 VT+le (VT+1’ VT+1)’ M VT+1:E(VT+1’ VT+1)7

1€ 3HaKaMu -+ B BCPXHEM HMHIACKCEC MOMCEYCHBI HVWIXHASA W BCPXHAA I'PAHUIBI IPOTrHO3HOIO MHTCPBAJIA
COOTBETCTBCHHO.

MeTton MPOTrHO3UPOBAHUA
Ha OCHOBE «CKOJIB3AIIIIUX TPEH/IO0B»

W3zBectHo [1], uTo pacnpocTtpaneHre WHGEKINH OMUCHIBAETCS SKCIIOHEHIIMAIBHBIM POCTOM YHCIIA 3apa-

KEHHBIX O(Q’), rae p = 0 — cpeHee YUCIIO YeIOBeK, 3apakaeMbIX OONBHBIM B TE€YEeHHE CYTOK (mpu p > 1

MH(EKIHs SKCIIOHEHIMAIBHO pacteT). B cBsi3u ¢ aTum npoueccst &, M, {, Ha HaYaIbHOM 3Tare SMUIEMUH
1esecoodpa3Ho paccMaTpuBaTh B JOrapu(pMuieckoi IKae.
OnwuieM npeanaraeMblii METOJl MPOTHO3UPOBAHMS Ha MpUMeEpe 3aJa4yd MPOTHO3UPOBAHUS BPEMEHHOIO

psina {€, } Ha HauanbHOM STare SmuAeMuH. BBeeM B pacCMOTPEHHE STOT Ps B IOrapH(MUIECKOi MmKare:
x,=In§,eR, teN.
B cBsi3u ¢ TeM 4TO HH(EKIHsI IPOUCXOAUT B YIIPABISIEMOM OOILECTBE, [e IPABUTEIBCTBO IPSAIPUHIMACT
I1ary 10 MOIAaBICHUIO ATHIEMHUH, TTApaMeTpP P OKa3bIBAETCS 3aBUCSILIUM OT BpEMEHH: P = p(t) (nannas QyHK-

U, K COXKAICHHUIO, HEU3BECTHA U, TIO-BUIUMOMY, CIIOKHO ITOIIACTCS CTAaTUCTHICCKOM oreHKe ). [1o aToit mpu-
YMHE MOJIETIb CTOXACTUUECKOH 3aBUCUMOCTH X, OT { MEHSETCS C TEUEHUEM BPEMEHHU. Y UUThIBasi OTMEUEHHbBIE
0Cc00eHHOCTH, OyZieM CTPOUTh MaTeMaTHUECKYIO0 MOAENb X, IS «CKOJIB3SIIEro (hparMeHTa» BpEMEHHOIO psja

X1T=(x1, e x,)eRT.

BaesieM 0603Hauenns: 2 < s < T'— JTMHA «CKoMb3s1ero ¢pparmentay; X; = (x, DU P ) ER -
«CKOJB3SIIUHA (pparMeHT» K MOMEHTY BpeMeHu ¢, t = s + 1, ..., T. Bynem mpezmonarars, 4To JUIMHA § «CKOJIb-
3411ero (hparMeHTa» JA0CTaTOYHO Majla U Ha 3TOM (hparMeHTe cIpaBe/UInBa TPEHI0Basi MOJEIb

X;=0,+0,i+u, t—s+1<i<t, 2)

SIBJISIFOILIASsICSI IIPOCTOM JMHENHOM perpeccueid, rue 0, 0, € R — mapaMerpsl perpeccuu, 6, — yroji HakJIoOHa
TPEH/a K OCH BPEMEHH, XapaKTEPHU3YIOIIHI CKOPOCTh IKCIIOHEHIMAIBHOTO (eciu x, = In& ) uiu nuHeiHOro

'B HAcTOAIEM HCCIEIOBAHNMM CTATHCTHYCCKHUC AAHHBIC 10 yKA3aHHBIM MEPEMEHHBIM MONYUCHBI C CAiiToB MEHHCTEpCTBa
3npaBooxpaneHus Pecryonuku benapyce (Attp://minzdrav.gov.by), Yausepcurera [Ixonca Xonkunca (https.://www.jhu.edu), Worldo-
meter (https://www.worldometers.info/coronavirus/#countries). B Bune TabmuIil 3TH JaHHBIE MOXKHO CKadaTh 110 CCBUIKE: https://
github.com/CSSEGISandData/COVID-19.
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(ecn x, = &,) pocra; u, € R — ciydaiiHast OTPEIIHOCTD C HYJICBBIM MaTEMaTHICCKUM OXHUIaHHEM E {”t} =0
o o 2
Y KOHEYHOU JHUCIIEPCUEN O~ = D{ut }

o BBIGOpKE X WCTIONB3Ysl CTAaHIAPTHOE CTAaTHCTHYECKOE IMporpaMMHOE oOecrieueHue (Harpumep,

—-s+1°

!
_ X;
A3BIK R M €ro GMONMOTEKH), BBIMUCIMM CIETYIOUME CTATUCTHKM: X (¢)= 2 5~ — BBIOOpOUHOE Cpemee;
i=s+1
A7) A N N 2
81, 81" — MHK-onenku napamerpos 6, u 6, coOTBETCTBEHHO; ran(t)= D, (x,. O th)i) — ocTaTou-
Has cyMMa KBa/IpaToB; i=t=stl
2
~ v\t
Gz(t)= mm( ) (3)

Lo 2
> (668 -x(0)
i=s+1
! 2
Z (xi ~X(r ))
i=s+1
nemn. Yem Omke R? (1) k ennHuMILIe, TeM afeKBaTHEe MOAEID (2). DTO MO3BONSET BHIOPATH JIHHY (parMeHTa s us

2
— HECMETIICHHAsI OTICHKA TUCTIEPCHH; R (t) = — K03 (DHUIMEHT AeTepMUHAITIH MO-

yciioBus 3aJJaHHOM aJeKBaTHOCTU MOJICIIN:

R*(1)=0,9.
Toueunsle oueHKN Ui OyAyIIUX 3HAYEHUH X7, |, ..., X7, . C YUETOM (2) UMEIOT BU]
£T+j=é£)T)+é£T)(T+j), j=12,...,1, (4)

¥ OCHOBBIBAIOTCS Ha OIIEHKAaX MapaMeTpoB (60, 91) 10 «CKOMB3AMmeMy GparMenty» X, _ . ;.

IToctpoum Temeps MHTEpBAIbHBIE NPOTHO3bI I OyIyHNIMX HEM3BECTHBIX 3HAYEHHH Xy, |, ..., Xy, o
[Ipumem cnemyrommue oOo3HaueHHs: 1 —€ — MOBepUTENbHAS BEPOSTHOCTH MHTEPBAIBHBIX MPOTHO30B, TIE

ge (0; 1) — 3aJaBaeMblii IOBEPHUTEJILHBIA YPOBEHb (OOBIYHO €€ {O, 05; 0,10}); t _2(1 - 8) >0 — KBaHTHIIb

a, a
11 12
ypoBHS 1 — € crangapTHOTO f-pacnpenenenns CTprofenTa ¢ s — 2 creneHsmMu cBo0ossl [10]; 4= n=
a, a
21 Ay
T

T

21 X
i=T-s+1 i=T-s+1
T
>

—3a/1aHHas KBajapaTtHas (2 X 2)-MaTpuia, KOTopasi UMeeT CIIeAYIOINH IBHBIN B

T
i 2 i
i=T—-s+1 i=T—-s+1
S s(2T - s +1)
A= 2 . )
s(2T—s+1) T(T+1)(2T+1)—(T-s)(T—s+1)(2T-2s+1)
2 6

) v -1 — o
C nomompio (5) MOKHO TIOJIYYUTb SIBHBIM BUJ 0OpaTHON Marpuubl 4~ = (aij ), KOTOPBIN 371€Ch HE TPHBO-
JIATCSI U3-32 TPOMO3/IKOCTH.
T
Teopema 1. Eciu umeem mecmo noxkanvhas mpenooeas mooens (2) ons ppaemenma Xy_ 1 € R ¢ nesa-

BUCUMBIMU CTTYUAUHBIMU NOSPEULHOCTIAMU Uy, |, - .., Uy, 1, OOUHAKOBO pACNPEOeNeHHbIMU N0 HOPMATbHOMY
3aKOHY
_ 2
7{u,}=N(0. *) (6)
. ) o
¢ HeusgecmHou oucnepcueli G-, mo (1 - 8) -100 %-unmepsanvrvle npoOCHO3bL ONA X, 1, ..., Xy . UMEIOM Clle-

oyiowutl 6u0. ¢ geposimuocmopio 1 — €
xT+je(x;+j, x;ﬂ),j:l,...,’c, (7

20e 0osepumenbHvle 2PaAHUYbL BLIYUCTAIOMCA NO opmynam
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x;ij =%, ts—Z(l - g)a(T)\/l +ay, + 2a, (T + j) + ‘_’22(T+j)2’ ®)

X7y , onpedensemcs gvipasiceruen (4), a 6(T ) — popmynoii (3).
JoxaszarenbcTBo. I NOCTpOEHUS (1 - 8) -100 %-10BEPUTENLHOrO UHTEPBANA JUIS X7, ; TIPH HEU3-

BECTHOM IMCIEPCUN o’ MPUMEHUM MeTOJ cThioneHTu3amuu [11]. [[ms sToro BBemeM BCcrioMoTaTeabHbIC CITy-
YaliHbIE€ BEJTUUYMHBI

M(7)= S i >
\/1 +ay, +2a,(T+ )+ an(T+ )

ran () _ (5 =2)8%(T)

7\‘2 (]) = (52 = 02 ’ (9)

b

Cormacho [11] A, ( j), Ay ( j) HE3aBHCHUMBI, IPHYEM A, ( j) MMEET CTaHAApTHOE Xz-pacnpe,ueneﬂne cs—2
CTEIEHSAMHU CBOOOIBI:

PPa(} =1 (10)

B ey (2), (4), (6) n Teopembt o muncitnoctn MHK-ouenox 817, 817 [11] nonyuacew
W3rs, =2, = N(0,67(5)),
B (j)=D{&r,; ~ 5} :D{éﬁf) + éﬁT)(T+j)} +D{x, )=
= {8} +2(7 + j)Cov{), 87} + (7+ j) D"} + o2 (11)

Cornacho pabote [11] u matpuue (5) KoBaprallMOHHAast MAaTPHULIAa OLEHOK égT), @gT) paBHa

[loncrasnss »to BelpakeHue B (11), momydyaem
b(j)= 0% (1+ @+ 2a,(T + ) + (T + ) ) (12)
U3 (11), (12) 3axmrogaem, 4To
7 [ (i)} =N (0. 1)

Torma u3 (9), (10) u (12) cnexyer, 4To ciy4yaiiHas BeIHMYUHA k( j) HMMEET CTaHJIAPTHOE f-paclpeie]iCHNe
CrprofieHTa ¢ s — 2 creneHsiMu cBooosl. [loaTromy

P{—ts_z(l—gj<k(j)<+ts_2(1—§)}:l—e. (13)

[oacrasnss B (13) BMecTo uneHa 7\.( J ) ero BelpaxkeHue u3 (9) u pasperiast 1ByCTOpOHHEE HEPaBEHCTBO OT-
HOCHTEJIBHO IIPOTHO3UPYEMO#L CIIy4aiiHOM BEIMYHUHBI X7, ;, IpuxoauM K (7), (8).
JUist MIuTIoCTpaluy Ha puc. 1 IpencTaBieHbl pe3yabTaThl IPOrHO3UPOBAHUS ITOKa3aTels v, s s = 12,

JIokaJIbHO-MeAHaHHbII MeTOo/ NMPOTHO3UPOBAHUSA

JlokanpHO-MeIMaHHBI METOJI MPOTHO3UPOBaHUs pa3paboran B MoHorpaduu [12] kak poOacTHBIH MeTO.
MIPOTHO3UPOBAHUS BPEMEHHBIX psfoB [13—15].
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24 aprycra 31 aBrycra 7 ceHTsA0ps 14 ceHTsA0pst 21 ceHTA0ODPA 28 ceHTA0pS
JHata
@ PeTpocCneKTUBHBIHN MIPOTHO3 M0 S-pparMeHTam — Craructuyeckue JaHHbIE
WHTepBanbHBI IPOTHO3 Ha NTyOHHY T =9
Puc. 1. Pe3ynsTarsl MPOrHO3UPOBAHHS IS 3apETHCTPHPOBAHHOTO
YHUCIA V, HOBBIX 3aPA)KEHHBIX B JCHb / C IOMOIIBIO METO/d CKOJIB3SIIUX TPEHIOBY
Fig. 1. Forecasting results for the registered number v,
of new infections on day ¢ using the «moving trends» method

o o T _ s

Bribepem Omkaiiimii K MOMeHTY nporHo3upoBanus 1’ ¢gparmMent X,_ . = (xT_S 1 X g s eees xT) eR

IUTAHEL 5, THe 2 < s < T (ecmu s = T, TO paccMaTpUBaETCs BECh HAOMIOOAaeMBI BPEMEHHOHN Psif XlT ), u Oynem
CUUTAaTh, YTO JIJIS HETO aJIeKBaTHA JIMHEHHas TpeHpoBas Mojensb (2). [Ipennonoxenue (6) o raycCOBCKOM pac-

MIpeJIeNIeHNH CITyYailHbIX TOTPENTHOCTEN {ut} 3/1eCh UCTIONIb30BaTh He Oymem. [Ipumem criemyromniie o003Haqe-

HuA: N, = {T -s+1,...,T } — MHOXECTBO § UCII0JIb3YEMbIX MOMEHTOB BPEMEHHU; l"(l) = {tl([), tgl), ey tf,f)} CN, -

! I
MOAMHOMKECTBO 71 (2 < m < §) YNOPSAOUEHHBIX 110 BO3PACTaHHIO MOMEHTOB BpeMeHH T — s +1 < f1( )< tg) <...

’
... < t,(,i) <T,l=1,2,...,L; L=C)" — 4ucio Bcex pa3IM4HbIX HOIMHOXKECTB 1"(1); xW= {xz(’)’ X () +ees xt(,)} -
1 2 m
4
" " oo _[ L1 ]
[-# m-BexTOp-CTONOCI HAOMIONCHHUH TSt MOMEHTOB Bpemenu [/ WV = o0 () | — TPaHCIOHK-
4 t e f

2 m

poBanHas (m X 2)-mMarpuria.
JU71st HOCTPOEHHs TOYEUHBIX ¥ MHTEPBAJIbHBIX IPOTHO30B UIA X1, 1, - .., X7,  IPUMEHUM JIOKAIbHO-MEINAH-
HbIi MeTof [ 12]. Mcronb3yst mpuHSTHIE BBIIIIE 0003HAUEHUS, BBEIEM BHaYaJle CEMEHCTBO L JIOKAIBHBIX OIICHOK

rmapamMeTpoB 0 = (90, 0, ), Monenu (2):

b

g0 = | % =(\P(’)'\P(’)) g xO) 121, L. (14)

ITo nokanbHbIM orieHkam (14) ¢ yaetom mozaenu (2) mOCTPOUM Jajiee CeMEeHCTBO L TOKaTbHBIX IPOTHO30B

OyIyIIero COCTOSHUS:
&0 =80+ 8T+ ), 1=1,..., L. (15)

T+j
.HOKaJ'ILHO-Me,I[HaHHBIﬁ IMPOrHO3 OMPEACTIACTCA KaK BLI60pO‘lHa$I MCINaHa JIOKAJIbHBIX IIPOTHO30B (15)

Sy =S (KT )r=mea{ 3, 3 (16)
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3ametuM, 4yTo oOpareHne Marpuil B (14) KOPpEeKTHO, TaK KaK IO MOCTPOCHHUIO MaTpHUIia P yveer paur 2.
[TapameTp anroput™a m ompenesieT MOITHOCTh MOJMHOXKECTB ). Ot Hero 3aBHCAT TOUHOCTD M BBMHCIH-
TeJbHAS CIOKHOCTH anroputma (14)—(16).

Hns nocrpoenust (1 - g) - 100 %-UHTEPBAJIbHBLIX IIPOTHO30B I X7, |, ..., X7, ; YIOPSAJIOYUM MOJIYYCHHYIO
coracHo (16) BIOOPKY L JTOKaJIhHBIX TPOTHO30B B MOPSIKE BO3PACTAHUS UX BEIHYWH U C(HhOpMUpPYEM BapHa-
IIMOHHBIN PsiT

Rra ) S S S S Ry

Menuana (16) ABIAETCA «CPETHUMY YIEHOM B 3TOM BapHALIMOHHOM PSIY:
)?T+j(k 1) L =2k +1 (ueuetHoE),

. .=< =4 a
T+J i) T %14k +1)

, L =2k (uetnoe).

2
JU1 HaX 02K IeHUs TPAHHULL (1 - 8) -100 % -10BepUTEIBHOIO HHTEPBANIA JUIS X7, ; OTOPOCHM
el
K=|—+1
2
HaMMEHBIINX U K HauOONBIINX YWICHOB BapHAMOHHOTO psifaa. OcTaBmiviecs B BAPHALMOHHOM Sy KpaiHue
YJICHBI U ONPEAEIISFOT TPAaHULBI (1 - 8) -100 %-pmoBeputensHOro MHTEpBaNa st X7, ; (=1, ..., T): ¢ BeposIT-

HOCTBIO 1 — €

X1+ € \X14 )5 X1+ ) X145 = X4k +1)> X7+ T X174 j(L- k)
(1) )?(L) MOYXHO TTOCTPOUTH TUCTOTPAMMY pac-
T+j> 0 2T+ p P yp

TIPEJIEIICHNS IPOTHO30B | C €€ IIOMOIIBI0 ONPEAEIISATh KIIaHChDy KaXKI0TO MTPOTHO3a X, T. €. TOCTPOUTH BEPOSIT-
HOCTHBIH MPOTHO3.

J1 iIuTroCTpaIiy JIOKaTbHO-MEIMaHHOTO METO/1a Ha PHC. 2 MPEICTABICHBI PE3yIbTaThl IPOTHO3UPOBAHUS
HoKasarens vV, i s = 7, m = 5.

OTMeTHM, YTO TIO BBIOOPKE JIOKAJIBHBIX MPOTHO30B X

7
;
;
o 200 s
a |
g :
2 :
5 '
o] ! Wurepsan
=z : IIPOrHO3UPOBAHUS
=) i
= "
2 400 | '
Q i
Q‘ 1
E 1
I |
Q 1
S i
E 1
s ;
= i
= |
® L :
g 300 :
[=2]
o i
I ;
O *
5 i
5] 1
= :
i
i
200 ;
1 1 L 1
22 nioHs 29 uroHst 6 urost 13 urons

Jlara
® PerpocnexTuBHbIA TporHo3 @ CraTncTUuecKHe JaHHbIC
I VinTepBasbHBI TPOTHO3 HA MIY6HHY T = 7

Puc. 2. Pe3ynbTaThl IPOTHO3MPOBAHMS JUTS 3aPETHCTPHPOBAHHOTO YUCTA V,
HOBBIX 3apa’KEHHBIX B J€Hb / C TTOMOIIBIO JIOKAIbHO-MEIHMAHHOTO METO1a

Fig. 2. Forecasting results for the registered number v,
of new infections on day ¢ using the local median method
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IIporHo3upoBanue HA OCHOBE
MO eJIeH JUCKPETHBIX BPEMEHHbIX Psi10B

Bgenem B paccMoTpeHme BEpOSITHOCTHYIO Bepcrto m3BecTHON SIR-Momenn [16]. Bynem ncmonb3oBath 000-
3HAYEHUsS: ¢ € Z — QUCKPETHOE BpeMs (HoMep CyToK); N € N — ulCIeHHOCTb HACEJIEHNs CTPaHbl (CUMTAEM €€
MOCTOSIHHOM, BUTAJIbHAs JUHAMUKA (CMEPTHOCTD, POJKAAEMOCTb) HE YUUTHIBAETCS, YTO CONIACYETCS ¢ HU3KOM
cmeptHOCTBIO 0T COVID-19 B Pecniybnuke benapycs); x, € N — oOmee uncio nHGUIUPOBAHHBIX K MOMEH-
Ty ¢ (x, £ N); y, — o011ee YuCIO0 BBI3IOPOBEBLIMX K MOMEHTY f (¥, < X,). COOTBETCTBEHHO, Pa3HOCTh X, — ),
paBHa YMCIIy aKTMBHBIX HH()DULIUPOBAHHBIX B MOMEHT /. B 00603nauenusx SIR-mopenu S, =N —x,, [,=x,—y,
R, =y, ByneM Tax:ke UCIONB30BaTh OIEPATOP JIEBOIO AUCKPETHOrO AU PEpPEeHIMPOBAHNUS (COCEAHUX PAa3HO-
creit) Ax,=x,—x, ;. Torma Ax, — 4ncio MHQUIMPOBAHHBIX 3a CYTKH, A}, — UUCIIO BBI3I0OPOBEBLINX 3a CYTKH.
OrnpenenumM Cleayroulyro BEposiTHOCTHYIO Bepcuto SIR-moznenu:

Axt+1‘F;NBi(N_xf’BXt]_Vyt)zH B(N_XIB\(Ixt_yI) ’ (17)
Ayt+l F;~Bi(xt—yt, 'Y)zl_[('y(xt—yt)), (18)
sz+1 J-Ayt+1 Ft" (19)

rae A ~ B o3HauyaeT «cilyuaiiHas BelMunHa 4 pacipesiesieHa 110 3aKoHy By; F, — curma-aireopa, HOpoxJIeHHasI

CIy4YallHbIMM BEJIMUMHAMU (xt, yt) (mpenpIcTOpYS B MOMEHT {); A|F, — YCIIOBHOE PaclpeeIeHUE BEPOSIT-

T<1
HOCTEW ciy4ailHOH BeaH4uHBl 4 MpU (PUKCUPOBAHHOM MPEABICTOPUH B MOMEHT #; A L B|F, O3HA4aeT «ClILy-
YaifHble BEJIMYMHBI A U B yCIIOBHO HE3aBUCUMBI IPH (PUKCUPOBAHHON TPEIBICTOPUN B MOMEHT 1] Bi(n, p) -
OMHOMHAJIPHOE paclpelesieHHe ¢ MapaMeTpaMu p € [0, 1] une N; H(k) — IIyaCCOHOBCKO€ pacIpe/ie]IeHHe

¢ napametpom A > 0. TIpubnuskennbie pasenctsa Buna Bi(n, p)=1I1(np) Mexay GUHOMHATBHBIM U Myacco-
HOBCKUM pacnpenesneHus MU B ypaBHeHuUsX (17), (18) npumeHnMBI B cilyyae BBIIOIHEHHS COOTBETCTBYIOLLCH
ACHIMITTOTHKH: /1 JIOCTaTOYHO BEITUKO, p JOCTaTodHO Maiio. Mozens (17)—(19), B kKoTOpOIt HCIONB3YIOTCS TOIBKO
OMHOMUAITEHBIE paclpesieneHus, OyaeM Ui KpaTkocTH Ha3biBath Moaenbio BBSIR, rae nmepsas OyxBa B otHO-
curcs K ypaBHeHuto (17), Bropas — k ypasaenuro (18). Ecnu B omHOM U3 ypaBHEHHH BMECTO OMHOMUAIHLHOTO
pacnpeneneHus UCIOIb3yeTCs €ro MyacCOHOBCKAs allPOKCUMALUS, COOTBETCTBYIONIYIO OYKBY B Ha3BaHUU
Mozenu OyneM 3amensTh Ha P. Eciin B 06oux ypaBHenusx (17), (18) mpumeHsieTcs myacCOHOBCKOE MPUOIH-
JKEHHe, MoTydaeM, COOTBETCTBEHHO, Mozesib PPSIR. Tlapamerp B xapakTepusyeT HHTCHCHBHOCTD 3apayKEHHI,

rapaMeTp Y — HHTEHCUBHOCTD BBI3IOPOBIECHUH. Benmuuny 7 TIPUHATO UHTEPIIPETUPOBATE KaK CPETHIOO TPO-
JIOJDKUTEIBHOCTH 3a00JICBaHUS YEI0BEKA — OT 3aPakKCHUS JI0 BBI3JOPOBIICHHSL.
o 12
[lycth Tenepb HAOMIOMACTCS AMHIEMHUOIOTHUSCKHNA MPOIECC (x,, ¥ ) tz_ , AmurensHocThio T'=1, — ¢ + 1
|

nuei. [loctpoum norapudmudeckyro GyHkIuo npamomnomxodus momenn BBSIR Ha ocHOBE MapKOBCKHX
cBoiicT (17), (18):

1 N-x

X =W
L ,Y)= In "I+ |’ + A Iny +(x, — In(1-v)+
sesie (B ) tg;] Ax,., Ay, Yiwr 0y (t y,+1) (1-v)
+Axt+11n(ﬁ%j+(N—xt+1)ln(1—ﬁ%) . (20)

U3 (20) cuenyer, uto GyHKIMs ABYX HepeMeHHBIX Lypgr (B, ¥) pacnanaercs Ha cymmy (yHKiwmii, 3aBucs-
LMX OT K&KIOI1 [IEPEMEHHOI B OT/EIBHOCTH, U 3a1a4a Makcumu3aunu Lypgr (B, ¥) pasusaercs a ase mox-
3a]a9l MAaKCUMHU3AIIH OJJHONIapaMeTpHUYeCKUX QYHKIMA. MakcuMu3anus 1o Y JaeT OIIEHKY MaKCUMAJILHOTO
npasaomnonoous (OMII):

~ M
Y:ytz_ o1 ! H . (21)

PIEEID I

t=1 t=4+1

3aBucsiiee ot 3 cimaraemoe B (20) MOXeT ObITH MPHOIMKEHHO MAaKCHMH3HPOBAHO, HAIPUMEP, MOJTHBIM
nepedopoM 1O TUCKPETHON CETKE Ha OTPE3Ke JIOMYCTUMBIX 3HAUCHHIA:
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Belo, N .
max{x,—yt :tISt<t2}

B cirygae mogenu PBSIR norapudmudeckas hyHKINS TPaBIOIOA00MS TPUMET BUT

f—1 X~y
LPBSIR(B’ 'Y)= z IHLAt IJ_ln(AxtH!)+Ayt+11ny+(xt_yt+1)ln(1_Y)+

t=t Ye+1

+Ax,+1ln(B(N_xt3\([xt_yt)]—B(N_xtz\(fx’_y’) : (22)

OMII napametpa y ast mogenu PBSIR Berunciisiercs tak xe, kak u s moaeian BBSIR, mo gopmyse (21).
OMIT napamerpa 3 aust mozieni PBSIR mostydyaeTcs mpupaBHUBaHUEM K HYJTIO TIPOM3BOIHOM 110 B hyHKImu (22):

x,] - )Ctz

BPBSIR =N 1

S (V) n)

t=1

o ananoruu ¢ paccmotpenubivu MoaensiMu BBSIR u PBSIR moryT ObiTe moctpoenst OMIIT mapameTpos
mozeneir BPSIR u PPSIR.

Paccmorpum teneps Moaudukanuio mozenu PBSIR, B koTopoit mapameTpsl 3 1 Y (HHTEHCUBHOCTH 3apaxe-
HUH U BBI3IOPOBICHHH COOTBETCTBEHHO) 3aBUCST OT BPEMEHH JCTEPMUHUPOBAHHBIM 00Pa3oM:

LEEE

AxtH‘F;NH[BHI N

A)’HI‘F; NBi(xt — Ve 7t+1)9

" (23)
B=exp(b,). b= wP(r)a? = (). o),

i=1

Y 1
Yt ZA(CI)’ ct :z\l‘[ly<t)aly = <WY<I), aY>, A(Z)Z 1 N e_z )
i=1

e b, ¥ ¢,— KaHOHHYECKHUE [TapaMeTPhl yCIOBHBIX ITyaCCOHOBCKOTO M GMHOMHUAIBHOIO pactpenenenuii (17), (18),

JIBOMCTBEHHBIE Mapamerpam [3, W 7, COOTBETCTBECHHO; A() — Joructuyeckas (YHKIHS paclipe/iesiCHuUs;
m;
. B

(u, V)= u;V; — CKaIsIpHOE POM3BEICHNC ICHCTBUTEILHO3HATHBIX BEKTOPOB U = (u;) mv= (v:); {W,B } -
i=

7
6asuc u3 my € N JIMHEHHO HE3aBUCHMBIX HA HCCIEAyeMOM OTpe3ke /) < ¢ < ¢, pyHKUMi \I’? :Z — R nns 3a-
m
v o v
JaHVs] MHTEHCUBHOCTH 3apa)keHHi [3, (AHTEHCHBHOCTD 3apaykeHUH Y, 3/1aeTCs aHAIOTMYHO 6a3icoM {\uiY } 1);
i=

m m
\|!B (t) = (lplB (t)) Bl — Mp-BEKTOP OJJHOBPEMCHHBIX 3HA4YCHHIT 6A3UCHBIX (yHKLMIH {\I’,B } Bl B MOMEHT ¢ (aHaJIo-
1= 1=

ruano Wy (¢) = (wly (t))iyl); BeKTOpbI K03 uiuentos af = (af’ )m[3 ,a'= (al-Y )m_yl — mapameTpbl MOAUDHUIIHPO-

i=1 i=
BanHoi Mozienu PBSIR (19), (23), kotopyto aanee Oyaem HasbiBath Mojieibio TPBSIR (nmpucraeka T o3Havaer
3aBUCHMOCTb [TapaMeTPOB [3 U Y OT BpeMEHH).
Jlorapupmuueckas Gynkius npasaonompodus s mozaenu TPBSIR ananornuno (22) pacnamaercst Ha CyMMy
Tpex ciaraeMplx:

Lrepsir (“Bv a’ ) = Lrppsie + LBTPBSIR(aB) + Lipgsik (0’Y )a

f-1 B B )
LOTPBSIRZZ 111[)9 yt)—ln(Ax,+l!)+Axt+lln[(N x,)(xt y’)j ’

(=1 Aytﬂ N

24
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-1 N — —
LBTPBSIR("B)= Z Axt+1bt+l_( xz?f,Xt yt)eXp(le) .

t=1

11
Y )= —(x —
LTPBSIR(a )— 2 (Ayt+lct+1 (x — ¥ )ln(l + exp(c,+1))).
i=1
CornacHo CBOMCTBaM KaHOHHYECKUX MAPaMETPOB SKCIIOHEHIMAIBHBIX PACIIPEEICHNH KaKI0€ CllaraeMoe
B (24) ecTb BbIyKIIas (YHKIHUS OT COOTBETCTBYIOLIETO KAHOHMYECKOTO Mapamerpa b, , |, @ CIIe0BATENbHO,

B

U OT a", HOCKOIIBKY b, , | IMHEIHO 3aBUCHUT OT aP. Tlosromy dynkrms LBTPBSIR (aB ) BBIITYKJa, O0JIee TOro, OHa

v oo o mg
CTPOr0 BBIITYKJIA B CUJIY IMHECMHOW HE3aBUCUMOCTH 0a3nCHBIX (I)YHKI_II/II/I {W;B } = ", 3HAYUT, LQFPBSIR (ClB) UMECT
i=

CIMHCTBEHHBIN JIOKATBHBIA 1 TII00ATHHBIN MaKCUMyM, KOTOPBI MOJKET OBITH HAMIEH METOIOM TPaIUECHTHOTO
rmorbeMa. AHaJIOTMYHO BBIBOIWTCS CTPOTasi BBITYKIOCTh ¥ €IMHCTBEHHOCTH JIOKATBHOTO M TII00ATEHOTO MAKCH-

myma GyHKIHH Lppor (ay )

Mogens TPBSIR npumenunma st pa3oueHus: HaOIHOIAeMOT0 SIHISMUOIOTHYECKOTO Mmpoliecca Ha (asbl,
TaKue KaK pOoCT, TIaTo, ciaj. [|Jis 3TOro MOTyT HCIOIB30BaThCS KYCOYHO-33[aHHbIC 0a3UCHBIE (PYHKITHN {W,B },
{wiy }, paBHBIC HYITIO 32 ITpe/ieiaMu cBoel (pasbl. ['paHuIlb! a3 mpu STOM CTAHOBSITCS AUCKPETHBIMU ITapaMeT-

paMu MOJEIH, TSI KOTOPBIX METOMIOM Tiepedopa CTPOSITCS OIICHKH MaKCHUMAalIbHOTO TIpaBrononoous. st co-
KpallleHus mepedopa HaJlararoTCs TOTIOTHUTEIIBHBIC OTPaHUICHUS, HAaIIPHMED 3alpeT CIUITKOM KOPOTKHX (a3.

IIpornosupoBanue Ha ocHOBe onucanHoi Mozaenu TPBSIR npousBoautcs ¢ UCONb30BaHUEM UMUTALIMOH-
HOTO MojieTupoBaHusl. J{Jisi MOCTpOeHUs MPOrHO3a Ha T JIHEH Briepel He00X0uMO, 4TOOb! 0a3uCHbIC ()YHKIIUU

{W,-B }, {\|I,Y } ObuTH ompenienieHsl pu t =1, + 1, ..., ¢, + T. Torna cormtacHo mozenu (23) crpositcst K TpaeKTopuit
. NHh+T

{x,’ Y }:_t o i=1, ..., K. IIporxos sHa4eHus x, , .-, 1 < T'< T, MOXKET OBITh IIOCTPOCH KaK [OTPACKTOPHOE
-2

CpeaHee Wik MearaHa (JIst Vi, +v aHaJIOTUYHO):

S (1%72)
N _ i ~ _
xtz +17 T K th2+17” xt2+‘r' - xt2+‘r' ’
i=1
rae [Z] O3Ha4vacT LCJIYIO 4acCThb Z; x(l) < X(z) < < )C(K) — Ba HaLIPIOHHI:IfI s1JI, COCTABJICHHBIN U3 3HA-
y R T L AR A p pAn,

. K —
YeHUi {x’ } . JloBepuTENbHBIN HHTEPBAJ [x,z s x;; M,] AU X, v © ypOBHEM 3Hadmmoctn 0 < o < 1

tHh+1 i1
+ ([k(1£a)2])
MMEET TPAHMIBL X, | o =X, " o .
Teopema 2. Ilpu puxcuposannoil npedvicmopuu yCio6Hslll CPpeOHeKeadpamuieckKuli puck RPOSHO3UPO6a-

Hust Ha 1 Oenw eneped na ocnose moodenu TPBSIR umeem 6uo

E{(2f2+1_xt2+1)2 (N_xtl)(xfz_ytz)

E2}=Bt2+1 ,
E{(j}t2+l _y12+1)2‘F;2} = (xz2 -, )Yt2+l(1_Yt2+l)'

N
Hoxa3zarenbcTBo. Jlocraroano Bocmonb3oBatkes (17)—(19) un cBoiicTBaMu OMHOMHAIIEHOTO U TTyacco-
HOBCKOT'O pacIpeeseHNuH.
OneiT npuMmenenus moaenu TPBSIR st nmpornosuposanus napamerpos pactpocrpanenus COVID-19
B PecnyOnuke benapych Ha pasHbIX dTamax snujaeMud, HaunHas ¢ anpess 2020 r., mokasai, 4To MpH IMpo-
THO3MPOBAaHWU Ha Hezento (T =7 JIHeH) cpelHeKBajJpaTHUecKas OIMMOKa, KaK MpaBWIIO, HE TMpEeBbIIIaia
50 genoBek. Ha puc. 3 mpencramieHsl MpoTrHO3EI mapameTpoB pacmnpoctparermss COVID-19 B Pecmy6mm-

ke benapycw Ha ocroBe monenu TPBSIR ¢ 6a3ucom adduuubX (yHKUIMI {\plﬁ} = {1, t}, mg = 2, JUisL MH-

TEHCHBHOCTH 3apakeHWH W Oa3zncoMm ad(UHHBIX (QYHKIWH C HEACTHLHOW MEpHOAMYECKON KOMITOHEHTON
v . [ 2mt 27t .
{\Ifi }= 1, ¢, sin T , COS T , My = 4, nis UHTEHCUBHOCTHU BBI3MOpOBICHHH. [lobaBneHue nepuoau-

YeCKOH KOMIIOHEHTBI 00YCIIOBIEHO 0OHapy)KEHHOW HEeNeIbHOH MEePpUOAMYHOCTHIO B HAOIIOHAeMON MHTEH-
cuBHOCTH BbI3oposnennii or COVID-19 B Pecniy6nuke benapycs. Jonrocpounslii mporHo3, n300pakeHHBIH
Ha puc. 3, Obl1 mocTpoeH 29 aprycra 2020 1. Ha AaThl 10 KoHIA ceHTI0pst 2020 1.
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Puc. 3. Jlonrocpo4Hblif IPOTHO3 HapaMeTpoB
pacnpocrpanenuss COVID-19 B Pecniy6inike benapycs
Ha ocHoBe Monenu TPBSIR no 30 centsiOpst 2020 T. BKIIOYHATETHHO
(mara nporaosuposanus — 29 asrycta 2020 r.)

Fig. 3. Long-term forecast of the dynamics for COVID-19 dissemination
in Republic of Belarus based on the TPBSIR model for the dates
up to 30 September 2020 (forecast is made on 29 August 2020)

IIporno3upoBaHue Ha OCHOBE
IKOHOMETPUYECKOH MO/IeJIH KOPPEKIIMH OLINO0K

st MogenupoBanus snuaemMuonoruyeckoro npouecca COVID-19 B benapycu pazpaborana 3KOHOMETpU-
YyecKasi BEKTOPHAsI MOJICTb KOPPEKIMU omuO0K (vector error correction model) VECM COVID-19 RB. Ona
0a3mpyeTcs Ha TEOPHH KOMHTETPAIlii HECTAIIMOHAPHBIX MHTETPUPOBAHHBIX BPEMEHHBIX PSJIOB, IPEITOJIarar-
el CyIecTBOBaHUE MEX/1y HUMU NP ONPEAEICHHBIX YCIOBHSIX JIOJTOCPOUHON PAaBHOBECHOW 3aBUCUMOCTH,
KOTOpasi YIUTBIBACTCS MPU TIOCTPOSHUN KPATKOCPOIHBIX TIPOTHO30B [17].

Mopgens VECM COVID-19 RB ocHoBaHa Ha OIM3KUX C H3BECTHOW MOJICIBIO SMUEMHOIOTUYSCKOTO TPO-
necca SIR (susceptible — infectious — recovered ) [ 18] peAnonoKeHusIX, IIIABHBIM U3 KOTOPBIX SIBJISICTCS MPEJI-
MIOJIOKEHHE O CYIIECTBOBAHUH JIOJITOCPOYHON paBHOBECHOW 3aBHCHMOCTH JIJISI YCTOMYUBOTO COCTOSTHHUS JITH-
JIEMHOJIOTMYECKOT0 TIpollecca BUaa

I(1)+R(t)+ S(¢)=N, (25)

rae (st MoOMeHTa BpeMeHH ) 1 (t) — YUCIICHHOCTh WH(QHUINPOBAHHBIX HHANBUIOB; R(t) — YHCJIEHHOCTb Tepe-

0OJIEBIINX UHIUBUIOB, S (t) — YHUCIEHHOCTh BOCHPUMMYHBBIX K MHPEKIUU UHIAUBUIOB; N — YUCIEHHOCTb
BCEM MOMYJISALUH.

Mogens VECM COVID-19 RB otnmuaercs ot SIR-mMozemnu ciaemyromuMin OCHOBHBIMUA 0COOCHHOCTSIMH:

1) ona siBHsieTCS HE JETSPMUHUPOBAHHOMN, a CTOXaCTUYECKOM U HE MPEAIoiaracT HaJu4Ke yIpaBIsIeMbIX
apameTpoB;

2) B culy He3HAUMTEIbHOH onu ymepiux (Menee 1 % ot oOriero uucia 3apakeHui 3a Bech Mepruoj Ha-
OMroNIeHNs ) IepeMEeHHAs R(t) COOTBETCTBYET UHCIY BCEX 3aKPBITHIX CIIyYaeB 3apaKECHHUs, T. €. BKIIOYACT BbI-
3I0pOBEBIINX U yMepmuX. C yu4eToM 3TOT0 TOXIECTBO (25) moIrycKaeT HHTEPIPETAINI0

I(1)+R(1)=N-S(t)=T(¢),

e T (t) — obuiee uncno ciyyaes sapaxenus (fotal infected) B MOMEHT t;

3) ycJI0BHE TOJITOCPOYHON KOMHTETPAIIMOHHON 3aBUCUMOCTH, CBSI3BIBAIOIICE TIEpeMEHHbIC | (t), R(t), orre-
HUBAETCS H TECTUPYETCS B IPOIECCe TOCTPOCHUS MOJICIIH;
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4) MOIENMPOBAHHIO U TIPOTHO3HPOBAHMUIO MOJJIEKAT eXKeHEBHbIC u3MeHeHus nepemennbix (1), R(?),
T. €. UX IepBble pasHOoCTU A (t), AR(t), a COOTBETCTBYIOILME UM YPABHEHHUS UCIIOJIB3YIOTCS JUIsl [IOCTPOCHUS
KPaTKOCPOUHBIX IIPOTHO30B;

5) Bce mapaMeTpbl MOAEIN HEU3BECTHBI M OLIEHUBAIOTCS B IIPOLIECCE TOCTPOEHUS MOJIEIIH MO €KEIHEBHBIM
3HAYEHUSIM MIEPEMEHHBIX [ (t), R(t).

[ToMHMO KpaTKOCPOUHBIX TPOrHO30B, ¢ oMol1nbto Moaenn VECM COVID-19 RB nposoauics gonrocpou-
HBIW aHAJIM3 JTUHAMHUKH 3UAEMHUOIOTHYECKOTO MPOIecca B LEIAX OLUCHUBAHUS «[IOBOPOTHON TOUKM» (KOTraa
TEKyLIEee YHCIIO 3aPa’KeHHBIX PAaBHO YHMCIY 3aKPBITBIX CIy4aeB 3apakeHHs), a TAK)KE BO3MOXKHBIX CPOKOB 3a-
BEPLICHUS OCTPOI cTaanu npouecca (KOoraa YMciIo 3aKphIThIX CllydaeB OJM3KO K OOIIEMY YHCITY 3apakKeHH).
O06a 3Tu coObITHs OB MTPEACKa3aHbl HA OCHOBE pa3pabOoTaHHON MOJIENN IPUMEPHO 3a MECSI] 10 UX HACTYII-
nenust. B qaHHO# cTaThe Ui WILTIOCTpaluy NpeacTaBieHa Moaens i nepBoid BoaHsl COVID-19 B benapycu.

Mopnenb KOppeKUMH OUIMOOK MPH CICIAHHBIX MPEANON0KEHUSIX BKIIOUAET TPH YPAaBHEHHS: KOMHTErpa-
LMOHHOE ypaBHEHUE (cointegration equation), ONUCHIBAIOLIEE AOJITOCPOUYHYIO 3aBUCUMOCTE (long run rela-
tion) mMesxty BpeMennbivu psatamu 1 (¢), R(f), u 1Ba ypaBHeHHs KPaTKOCPOUHBIX 3aBUCHMOCTEH (short run
relations) 1Sl X TMIEPBBIX Pa3HOCTEH, KOTOPBIE COOTBETCTBYIOT €KETHEBHBIM N3MEHEHHUSIM U UCTIONB3YIOTCS TSI
TOCTPOEHHS KPATKOCPOUHBIX IIPOTHO30B BpeMeHHbIX psijios I (¢), R (t) [Iporuo3sl 11t 00IIero YuCia ciyyaeB
3apakeHus1 T BBIYUCIISIOTCS CYMMHUPOBAHUEM TIPOTHO3HBIX 3HAYCHHH 1uist | (t), R (t) .

st mocTpoeHuss BEKTOPHOIN MOeNin KOPPEKIIUK OMUO00K puMensieTcs noaxoy Moxancena [19]. Hus

BPEMEHHBIX PAOB x, ,=R(7), x, ,=I() c momompro pacmmpernoro tecta Iuku — dymiepa (augmented
Dickey — Fuller (ADF) unit root test) ycTaHOBJICHA HHTETPUPOBAHHOCTH BTOPOTO TOPSIKA, T. €. HAJTHIHUE KaK
CTOXaCTUYECKUX TPEHJIOB, TaK U JICTEPMUHUPOBAHHOTO KBaJpaTHYHOTO TpeH a. [1o 3Toi nmpu4uHe Jyis TecTu-
posanus kounterpuposannoctd R(¢) u I (1) ucnonssyercs cnenmbukarus monenn VECM, npeanonararomast
HaJlMyue KBaJAPAaTUYHbIX TPEHJOB BO BPEMEHHBIX PsIax R(t), 1 (t) [20]. IIpu TecTupoBaHMM KOMHTETpaLUU

BPEMEHHBIX PAJOB M OLEHHUBAHUK MOJAEIH 3TO YYUTHIBACTCS JOOABIEHHUEM JTMHEWHOTO TPEeHJA ! U KOHCTaH-
THI ¢ B YPaBHEHUS JUJISl IOJITOCPOYHOM M KPATKOCPOUHBIX 3aBUCUMOCTEN. II0CKOIBKY BPEMEHHBIE PSbI €XKe-

JIHEeBHBIX M3MEHEHHH (mepBble pasHoCTH) Ax, , =AR(r), Ax, ,=AI(f) HMCIOT CEMHIHCBHBIC IMKIMICCKIE

KoneOanusi, TO B ypaBHeHus Ui Ax; ,, Ax, , BKIIOYEHBI JIATOBbIE NIEpEMEHHbIE ¢ aroM 7. Ilpu noctpoennn
1 IPUMEHEHUH MOJIENIU MCIIOIB3YIOTCS CIeyIolIie BPeMEHHbIE HHTEPBAIbl: MAKCUMAaJIbHbIN [IEPHUOJ] OLleHHU-
BaHMA — ¢ 18 mast o 20 aBrycra; mporHO3HbIH Iepro (KpaTKocpouHble MporHo3bl) — ¢ 21 mo 31 aBrycra; aHa-
T3 JOJITOCPOYHON AuHAMUKH — ¢ 21 aBrycra o 21 cents0ps. OueHeHHble ypaBHEHUSI MOJEIH 1711 MOMEHTOB
BpeMmeHu ¢ (=1, 2, ...) UMEIOT CIICAYIOIIHIA BU]I.

1. Omxnonenus om doneocpouroul 3asucumocmu (disequilibrium errors) ons naea t — 1

& _1=x.,_1—0,3113x, ,_, — 679,101 + 21 857,73.

2. Kpamxkocpounvie 3a8ucumocmu

Ax,,=—0,094 2, — 1,627 0Ax, ,_, — 0,790 5Ax, ,_, —
~1,918 7Ax, ,_, — 0,585 5Ax, ,_, + 0,360 7Ax, ,_, — 0,152 8Ax, ,_, — 30,937 + 4244,80,

Ax, ,=0,0734E,_, + 1,830 4Ax, ,_, + 0,851 0Ax, ,_, —

—2,1121Ax, ,_, + 0,637 4Ax, ,_, — 0,4513Ax; ,_, + 0,068 1Ax, ,_, + 23,967 +3284,57.

2 o
3Ha4YCHUs] CKOPPEKTHPOBAHHOTO KOd(hULMCHTA JeTePMUHALINI R, JUIsl ypaBHeHUH Ax, ,, AX, , paBHBI

0,701471 u 0,695933 cootBercTBeHHO. Ha ocHOBaHMM MomudunmpoBaHHoro tecta JIbtonra — bokca (residual
portmanteau test for autocorrelations) 0CTaTKU HE KOPPEIMPOBAHBI BIUIOTH JI0 Jlara 6 (Uit 000uX ypaBHEHUH )
Y UMEIOT HOPMAaJTbHBIN 3aKOH (/17151 IepBOTO ypaBHEeHHs ). JKUpHBIM MIpr(TOM B ypaBHEHUSX BBIJICIICHBI OIICHKH
napaMeTpoB, CTATUCTHYECKU HEe 3HaYnMble Ha ypoBHE 0,05.

Honrocpounas nuHaMuka snuaemMuoioruueckoro npouecca COVID-19 uccnenyercst ¢ moMoIbio MOIETH,
OIICHEHHOW Ha pacIIMPEHHOM BPEMEHHOM HHTepBaie ¢ 18 mas mo 20 aBrycra, yuuThIBalOUIeil B3aUMOCBS3b
IIEPEeMEHHBIX 3a 0oJiee JOJITHI Nepro], YeM B cllydae KpaTKOCPOYHOTO MpOrHO3upoBaHus. [IpencraBiennas
Ha puC. 4 MPOTHO3HAS JMHAMUKA MOJIEIUPYyeMOro mporecca ¢ 21 aBrycra mo 21 ceHTsIOps CBUACTEIbCTBYET
0 TOM, YTO B MOMEHT MOCTPOEHHs TporHo3a (20 aBrycra) 0KuUAaIOCh 3aTyXaHUE IMHEMHUH C OTHOCHTEIBHO
HEBBICOKHM YPOBHEM HOBBIX 3apaKeHUH 10 Hauasa ceHTI0ps. Co BTOPOii AeKa bl CEHTOPS IIPOTHO3UPOBAIICS
HE3HAYMTENBHBIA POCT YKCIIa HOBBIX 3apaxkeHuil. [Ipu aToM mpesnmonaranock, 4To B paccMaTprUBaeMbIi TIEPHOJT
BpEMEHU Oy/IyT OTCYTCTBOBATh HOBbIC (haKTOPBI POCTA AMUIEMUOIOTHYECKOTO TIPOIIECCca.
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Puc. 4. JlonrocpodHasi AMHAMUKA HAIECMHOJIIOTHYECKOTO
nponecca COVID-19 ¢ 21 asrycra mo 21 centsa6pst 2020 .

Fig. 4. Long-term dynamics of the epidemiologic process
for COVID-19 from 21 August to 21 September 2020

HpI/IMeHeHI/Ie MoCJaea0BaATCJAbHOI0 CTATUCTHYECCKOI'O aHAJIN3a
AJIA UCCJIEA0OBAHUSA TEKYIUX TeHIeHIuI 3200J1€BaeMOCTH

ITocnenoBaTenbHbIN CTATUCTUYECKUNA aHAJIU3, TTPEIJIOKEHHBIN aMEepUKaHCKUM MareMaTukoM A. Banbaom,
MO3BOJISIET CTPOUTH CTAaTHCTUYECKHE BBHIBO/IbI, OCHOBBIBASICH JIUIIIb HA MUHMMAaJIbHO HEOOXOANMOM KOJIMYECT-
Be HaOIIOJICHNH, KOTOpoe He (PUKCHPYETCs 3apaHee, a ONpeIesieTcs B 3aBUCUMOCTH OT IOCTYIAIONINX CITy-
YaliHBIX HAOMIONCHUH TaK, 4TOOBI 00ecIieunBaTh TpeOyeMyIo TOUHOCTh MeTo/ia (HapruMep, Majble 3HaYeHUs
BEPOSTHOCTEH OIIMOOUYHBIX PEIICHUN), U, KaK CJIEJCTBHE, CaMO SIBISETCS CIydyaiiHON BenmnuuHOU [21]. D10
00CTOSITENNECTBO 3aTPYAHSET TEOPETHUECKUH aHaIN3 d()(PEKTUBHOCTH MOCIEOBATENFHBIX CTATUCTHIECKUX
MPOLEAYP, OJHAKO MO3BOJISIET «IKOHOMHO» HCIIOIb30BaTh HAOMIOACHUS M OCTAHABIHMBATH MPOLECC MPUHATHUS
pelreHuii cpasy, Kak TOJIBKO 00ecIiedrBaeTCs 3aJjaHHasi TOYHOCTD 10 TeM JaHHBIM, KOTOpbIe HaONIOAaroTCs
B KOHKPETHOH HCCIIeNyeMOl CUTyallnu.

PaccmoTpum npuMeHeHre noCieI0BaTeIbHOT0 CTATUCTUYECKOIO aHAIM3a AJIsl PELLICHUS 3a/1a4 UCCIeI0Ba-
HUs guHaMuKH 3a0oneBaemoct COVID-19.

JIJiss MOHUTOPUHTA TEKYIIUX TEHJICHIIUH 3a00ieBacMOCTH Oy/ieM IoJiarath, 4yTo ClydaiiHble HAaOIOICHUS
Vi, V,, ... 3apPETUCTPUPOBAHHBIX UHCEI HOBBIX 3apPAKEHHBIX B AHU 1, 2, ... OIMCHIBAIOTCS CJIEAYIOILEH Ipoc-
Tel1Iel BepOsITHOCTHOW MOJIEIBIO:

V,=Vv+0t+A,1=1,2, .., (26)

TJie V — 3aJ]aHHbBII YPOBEHB JIJISl «CTAllMOHAPHOW» cuTyarmu; 6 = 0 — mapameTp (€ro 3Ha4eHHE HEU3BECTHO),
OTBEYAIOIIUH 32 TPEH/] — TEHICHINIO Pa3BUTHUS SITHIEMUOIOTHIECKOH CUTYaIH Ha PacCMaTpUBAEMOM KOPOT-
KOM MTPOMEXYTKE BPEMEHH; / = | — MOMEHT HaJasla MOHHUTOPHHTA; A, f € N, IPEACTABISIIOT CO00i He3aBUCH-
MBbIE€ OIMHAKOBO PACIIpe/IeIeHHbIC CIyYaifHble BEINYMHBI, OMMCHIBAIOIINE ClTydaiiHble KojeOaHus 3a0oieBae-
MOCTH C HyJIEBBIM MaTeMaTHYECKUM OXKHJIaHUEM £ {kt} = 0. OTHOCUTENHHO 3HAYCHHUSI TapameTpa O umerorcst
nBe runoressl: H, : 0 = 0 (3nmaeMuonornyeckas CUTyalusi HAXOAUTCSI B «CTALIMOHAPHOW» CTaJNU IUIATO),
H, :0=0,>0 (ypoBeHb 3a001€BacMOCTHU Hauall pacTy, Iae O, onpeaeseTcs, HalpuMep, U3 yCIOBUS JOCTH-
YKSHHS TPEHJIOM KO JIHIO T HEKOTOPOTO KPUTHYECKOTO YpOBHS 3a0oneBaemMocTH). [lycTh 3amaHbl MakcuMalb-
HO JIOIyCTUMBIE 3HAUCHUs BEPOSATHOCTEN oIMOOK 1-ro pona (pussrta /4, npu crpaseniuBoil runorese /1)
u 2-ro poaa (mpunumaetcs H,, korna sepHa ;). CooTBETCTBYIOMIMI NOCIEJ0OBATEIbHbIA CTATUCTHYECKUI
TECT NMPOBEpKH rumnore3 H, H, B 3TOM ciIydae IIOCTPOCH U uccienoBaH B padote [22]. Kpome Toro, Teopus,
MIPEJICTaBIICHHAs B CTaThe [22], MO3BOJSET pACCMOTPETh B (26) 3aBUCUMOCTHU, OTIIMYHBIE OT JIMHEHHBIX. AHA-
1u3 3((HEeKTUBHOCTH YKa3aHHOTO TECTa JaeT BO3MOXKHOCTH HCITONI30BaTh ONMMCAHHBIN TIOAXO/ [T OTCIICKH-
BaHUsI HAMETUBIINXCS OTKIIOHCHHI OT «CTAllMOHAPHOW) CUTYAIIUU U OBICTPOTO pearupoBaHus Ha HUX.
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B o0miem ciryuae, koria HeoOXouM OoJiee IeTalbHbIN aHaIN3, MOXKET MOTpeOoBaThest (POPMYIHPOBKA TH-
H0TE3 B CIIEIYIOIIEM BHJIE:
H,:0€[0,0,], H,:026, (8,<6,).

B Taxoii mocTaHOBKEe METOAOJIOTHSI TIOCTPOCHHUSI COOTBETCTBYIOLIETO MOCIEJ0BATEILHOIO TECTA U aHAIN3a
ero 2 peKTUBHOCTH TpeacTaBieHa B padote [23]. Bmecto TpenmoBoii Monenu (26), mpernonararomnien JTUib
abcTparupoBaHHbBIM OT MPUYMH aHAJIM3 YMCIIA CIy4yaeB 3a001eBa€MOCTH, MOKHO NMPUMEHHUTH MOCTPOCHHbIE

B MoHOrpaduu [21] mocneaoBarebHbIE TECTHI AJISI MOJEITU MapPKOBCKOW 3aBUCHMOCTH {Vt} HopsiKa p.
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VIIK 539.3

AHAAN3 CBOBOAHBIX KOAEBAHUIN COHABUY-TIAHEAU
C SAEKTPOPEOAOI'MYECKHUM CAOEM HA OCHOBE
ABYX MOAEAEN CAOUCTBIX OBOAOYEK

I H. MUXACEBY, M. I. BOTOI'OBAY, A. 1. MUXHEBHY"

1)Bejzopyccmu”t 2ocyoapcmaennulil ynugepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, benapyco

Ha ocHoBe 1ByX Moziesieii CIIOMCTBIX 000JI0UEK UCCIEAYIOTCSI CBOOOIHBIC HU3KOUACTOTHBIE KOIEOAHHsI TPEXCIOWHON
LWINHPUYECKON MaHEeNU ¢ BHYTPEHHUM CIIOEM, U3TOTOBIEHHBIM U3 AEKTPOPEOIOrHuecKoro komnosuta. Paccmarpunae-
MBbI€ MOJIENN MIPUBOAAT K OJMHAKOBBIM PA3pEHIAIOIINM YPABHEHUSM, YUUTHIBAIOIIAM C/IBUTH B CJIOSIX, HO Pa3jInyaloTCs
COOTHOIICHHUSMH IS BEIYUCIECHUS 3 (PEKTUBHOTO TTapaMeTpa CIBUTA, KOTOPBIN 3aBHCHUT OT HANPSDKEHHOCTH IIEKTPH-
YEeCKOTO TOJIsl ¥ TEMIEepaTypbl KOMIO3UTa. B ciydae mapHUPHOTO onupaHus BCEX KPaeB B SBHOM BHUJE HOydeHa (op-
MyJa JUis KOMIIEKCHOW COOCTBEHHOM 4acToThl KojeOaHuil. Vcciie1oBaHO BIMSIHUE HANPSHKEHHOCTH 3JIEKTPUUECKOTO
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IOJISL ¥ TEMIIepaTyphl AIEKTPOPEOTOrMYECKOTO KOMITO3UTA HAa HANMEHBIIIHE COOCTBEHHbIE YaCTOTHI U COOTBETCTBYIOIINE
JIEKPEMEHTHI KojJeOaHuil. YCTaHOBIEHO, YTO UCIOIb3yEMbIe MOJENU AT OYEHb ONM3KUE PEe3yNbTaThbl Ul HArPETOro
KOMIIO3UTa ITPH HAIPSDKEHHOCTH 3JIeKTprudeckoro mnoist 6onee 1,5 kB/MM. Takke rmokazaHo, 4To 4acToTa COOCTBEHHBIX
KOJIEOAHUH IIEKTPOPEOIOTMIECKON TTaHE SIBIISICTCS MOHOTOHHO BO3pacTaroniel (GyHKIMEH HAapsKEHHOCTH JJIEKTPH-
YECKOTO IOJIS, B TO BPEMsI KaK KpUBAsL OeKpeMeHm — HAnpsAsiCeHHoCMb TIOKa3bIBaeT HAJIWYHE JIOKATBHOTO MaKCHMyMa,
COOTBETCTBYIOILETO HAMITYUIIEMY 3aTyXaHHIO BSI3KOYIIPYTUX KoeOaHHH.

Knrouesvie cniosa: coHIBUY-TIAHEIB; YJICKTPOPEOTIOTHUCCKUI KOMIIO3UT; COOCTBEHHBIC YaCTOTHI; IEKPEMEHT KOJICOAHUSI.

ANALYSIS OF FREE VIBRATIONS OF SANDWICH PANEL
WITH ELECTRORHEOLOGICAL LAYER BASED
ON TWO MODELS OF LAMINATED SHELLS

G. I. MIKHASEV®, M. G. BOTOGOVA*, A. P MIKHIEVICH®

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus
Corresponding author: G. I. Mikhasev (mikhasev@bsu.by)

Based on two models of laminated shells, free low frequency vibrations of a three-layered cylindrical panel with the
internal layer fabricated of an electrorheological composite are studied. Both models lead to the same governing equations
accounting for shears in layers, but differ in equations for calculating the reduced shear parameter which depends on the elec-
tric field strength and the temperature of a composite. In the case of a simple support of all edges, the formula for the complex
natural frequency is obtained explicitly. The influence of the electric field strength and the temperature of the electrorheo-
logical composite on the lowest natural frequencies and associated vibration decrements is investigated. It was detected that
both models give very close results for the heated composite at an electric field strength of more than 1.5 kV/mm. It is also
shown that the frequency of natural vibrations of the electrorheological panel is a monotonically increasing function of
the electric field strength, while the decrement — strength curve shows the presence of a local maximum corresponding to
the best damping of viscoelastic vibrations.

Keywords: sandwich panel; electrorheological composite; natural frequencies; decrement of vibrations.

BBenenue

Onextpopeosnornueckue kKomno3uTsl (OPK), B yacTHOCTH 3IIEKTPOPEOTIOTHYeCKHEe KOMIIO3UTHBIE KUAKOC-
TH, Hapsily ¢ MarHUTOPeOJIOTHYecKuMu anactoMepamu (MPD) oTHOCSTCS K Klaccy MHTEIIEKTYalbHBIX Ma-
tepuanos [1]. [lox meiicTBHEM MPUIOKEHHOTO IEKTPUUECKOTO TOJISI OHU MPAKTUUECKH MTHOBEHHO MEHSIOT
CBOM YIIPYTHE U PEOJIOTHYECKUE XapaKTePUCTHKH, TIEPEXOsl U3 BA3KOYIPYTOoro COCTOSHUS (BBICOKOKOHIIEHT-
PUPOBaHHOM CYCHEH3WH) C HU3KUM MOJYJIEM HAaKOIUIEHUS B COCTOSHHE IICEBIOTBEPJIOTO TEa C BHICOKHMMHU
3HAYEHUSMHU MOJYJel HakoIIieHus u noTeps [2]. brarogaps 3TuMm yHuKaiabHBIM cBoiictBaM MPD u OPK na-
XOJISIT IIMPOKOE MTPUMEHEHHUE TIPH MPOCSKTUPOBAHUHM TOHKOCTEHHBIX CIIOMCTBHIX KOHCTPYKIHN C alalTUBHBIMHU
(HacTpaMBaeMbIMH) KECTKOCTHBIMU U JIEMIIPHUPYIOMINMH XapakTepucTiukamu [3—6]. [IpuMepom Takoit yMHOM
KOHCTPYKIIMHU SBJISIETCS TpEeXcIolHas 000JI0uKa WIH IWINHAPHUYEcKas maHe b (COHIABUY), BHYTPEHHUH CIION
koTopoii uzrotossieH u3z DPK [6] mu6o MPD [7]. B wactHocTH, B pabore [7] moka3aHo, 4TO CUTHAI MAIrHUTHO-
TO TIOJISI TIO3BOJISIET 3HAYUTENBFHO CMEIIaTh BIIPABO aMIIUTYJHO-4aCTOTHYIO XapaKTePUCTHKY TOHKOCTEHHON
COHJIBUY-TIaHENH, copepkaiieit MPD, ¢ ofHOBpeMEHHBIM YMEHBIIIEHHEM aMIUIUTY (bl PE30HAHCHBIX ITHKOB.

OnHoli U3 po06sieM, BO3HUKAIOIINX MPH JUHAMHYECKUX PacuyeTax CIOUCTHIX TOHKOCTEHHBIX JIEMEHTOB, CO-
Jep KaIuX Yepeayroumecs KecTkue u «Markue» (Hanpumep, MPO nmm OPK) crnom, siBisiercs BBIOOp cOOT-
BETCTBYIOIIIEH MaTreMaTHYeCKOH MOJICNH, KOTOpasi, C OJHOW CTOPOHBI, ObLIa OBl IPOCTa B WHIKEHEPHBIX pacde-
Tax, a C IPyrod CTOPOHBI, MPABIJIBHO OTpa)kaja KWHEMATHKy COCTaBISIOMUX ciioeB. CleayeT OTMETUTbh, YTO
K HACTOSIIEMY BPEMEHH HAKOMHMJIOCh OTPOMHOE KOJIMYECTBO PAOOT, MOCBSIIEHHBIX BBHICOKOTOUHBIM TEOPUSIM
CIIOUCTBIX 000JI0YEK, KOTOPHIC YUUTHIBAIOT Pa3IMUHbIC YTOUHSIOMHE PPEKThI, B TOM uucie 3Q(EKTh CIBUTOB,
BBI3BAHHBIX TPAJUEHTHBIM pacTpeIefieHUEM YIIPYTUX CBOWCTB IO TOJIIIMHE 000IIOYKH (CM. 0030p JIUTEpaTyphl,
HanpuMmep, B [4]). Cpenu oOmmns momoOHBIX TEOPHH MOAXOBI, 0a3UPYIOIIHECs Ha 3aMEHE HCXOTHOU CIIOUCTON
000JIOUKH Ha «IKBUBAJICHTHYIO» OHOCIOWHYIO TPaHCBEPCABHO-U30TPOIHYIO0 00O0JIOUKY, [IPE/ICTABIISIOTCS HaH-
6oee nipocTbiMu U A dexTuBHbIME. Tak, B MoHOrpaduu [8] 3. U. I'puromtoxom u I. M. KynrkoBbIM nipesiokeHa
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MOJIeJIb MHOTOCJIONHBIX YIPYTHUX HWIMHAPUUYECKUX 000JI0ueK, OCHOBaHHAS Ha BBEIEHUH 000OIEHHBIX KIHE-
MaTU4YeCKUX THMOTe3 THMOIIEHKO, KOTOPhIE YUYUTHIBAIOT CIABUTH WHTETPAIBHO IS BCETO CIOMCTOTO MakeTa
ob6onouku. BriocieacTBuu ganHas Moaenb Oblia 0000IeHA Ha CITydail CIIOMCTON O000JIOUKHU, COMEpKaIeit
BSI3KOYIIPYyTHMEe MarHUTOYYBCTBUTENBHBIC MaTepuaibl [9], a B HeJlaBHO BhIeamIeil padore [7] ucmonb3oBa-
Ha JUTSI ACTAIGHOTO aHaJIN3a HU3KOYACTOTHBIX KOJCOAHMH IIMIMHIPUICCKON COHABUY-TIaHen ¢ MPO-sapom.
B xadectBe BTOPOH, adbTePHATHBHOM, MOMEIH «IKBHUBAJIICHTHOW» OMHOCIOWHON OOOJIOUKH YKaKEM MOJEIH
tumna Tumomenko — Peiiccuepa, pa3sutyio 11. E. ToBctukom [10; 11] mutst cirydasi TpaARCHTHOTO pacmpeseiie-
HUASI MEXaHUYECKUX CBOMCTB IO TOJIIMHE TIACTHHBI (0007109KK). Ha3oBeM Takke MareMaTHIEeCKYI0 MOJEIH
HEOITHOPOMHBIX TUIACTHH, TpeuiokeHayio FO. A. YernnoBbeIM [12] 1 OCHOBaHHYIO HA TIPEICTHHOM IEPEXO0/Ie
ot 3D-3ama4y Teoprn yIpyrocTH K IByMEPHBIM 33/1a49aM.

OdeBHIHO, YTO BCE MOJIENH, BKJIIOUAsi YIOMSHYTbHIE, UMEIOT CBOW AMANa3oH MPUMEHUMOCTH, O YeM IOJI-
poOHee OyzeT cka3aHO HIDKE. 3/1eCh OTMETHM, YTO MOJEIb YCTHHOBA [12] npeaHa3HaueHa B OCHOBHOM ISt
pemrenus cratmdeckux 3anad — onpexnenennst HJC mmactuH, ynpyrue cBOWCTBa KOTOPBIX OMHCHIBAIOTCS KY-
COYHO-HETIPEPHIBHBIMU (PYHKIUSIMH TIOTIEpeYHON KoopauHatel. Momens 'puromioka — Kynukosa [8] xopotio
3apeKoMeH IoBaIa ce0s I pelIeHus 3a/1a4 YCTOMYNBOCTH U KOJIEOaHUH YIIPYTHX M BSI3KOYIIPYTHX CIIOMCTBIX
UMIMHIPAYECKUX 000JI0UeK CpelHell IIMHBI, KOTa MOBEPXHOCTh 00OJOYKH TOKPHIBAETCSA OOIBIINM KOJIH-
YECTBOM BOJIH XOTs OBbI B OZTHOM HarpaBieHuH [13], a Takxke B cirydae, KOrja KeCTKOCTHBIE XapaKTePUCTUKN
CJIOEB Pa3IUYAIOTCS HE3HAUYNUTEIHHO (YTO UMEET MECTO, HampuMep, eclid cIIouCcTyt0 MP3D-0605104Ky mmomec-
TUTH B CHIIBHOE MarHuTHoe mofie [4]). Ecnu ke neMnupyronymM 3J7eMeHTOM B COHABUY-000JI0UKE SIBIAETCS
ANEKTPOPEOIOTHIECKasi KOMIIO3UTHAS KHUIKOCTh, TO TIOTPEUTHOCTH Mojienu | puromroka — Kynukosa [8] cuimpHO
BO3pacTaeT. B maHHOM citydae ajs McclelOBaHHUA JMHAMUKH CIOUCTON OOOJOYKH MPECTABISETCS IETIeco-
00pa3HBIM HCITONB30BaTh MONENb THIa TumomeHko — PeiiccHepa, KoTopas BepupuIiupoBaHa MyTeM CpaBHE-
HUS ¢ TOYHBIM pertenneM 3D-3amaun Teopun ynpyrocta [10; 11].

Lenbto HacTOsIIEH pabOTHI SBISETCS CPABHUTENBHBIN aHATIN3 IBYX MOJIENEH Ha ITpUMepe CBOOOTHBIX HU3KO-
YaCTOTHBIX KOJICOAHWN MUJIMHIPHUSCKOW COHABUYI-TIaHeH, coaepkamieii OPK B kagecTBe cpemnero cimos. Ak-
TyaJlbHOCTb MCCIIEJIOBaHMS 00yCIIOBJIeHa TeM, 4TO Monenb [ puromoka — KynukoBa, B oTinune OT MOAENIH
tumna TumoreHko — PeficcHepa, MOkeT OBITh MCIIONB30BaHA IS TIOOOTO BapHaHTa TPAHUYHBIX YCIOBUW Ha
KpOMKax TTaHeJIH.

Pa3pemaroumue ypapHenust

PaccMOTpUM TpPEXCiIOiHYI0 KPYroByHO LMJIMHAPHYECKYIO OOOJIOUYKY AJIMHOM L,, KOTOpas He 3aMKHY-
Ta B OKPY’KHOM HallpaBieHUH (LUIUHIPpUYECKas COHIBUY-IIAHENb) U UMeeT WupuHy L, (puc. 1). Bepxuuit
U HWXHUU CJIOU C TOJILMHAMM /1, U hy COOTBETCTBEHHO M3TOTOBJIEHBI U3 YIPYIOro U30TPOIHOIO Marepua-
J1a, MEXaHMYECKUE CBOMCTBA Kotoporo (Momynu [Oura £ 5 n koo duumnentst [lyaccona v, ;) HE 3aBUCAT OT
IEKTPUYECKOTO 10JIs1, & BHYTPEHHUH CII0H (s14p0) ToMuHOM /1, — u3 OPK, Bsa3koynpyrue CBOHCTBA KOTOPOTO
(momyns FOHra E,, moxyns casura G, u ko3¢ ¢unuest Ilyaccona v,) ecTb (pyHKIUH HANIPSKEHHOCTHU TIPUIIO-
JKEHHOTO DIICKTPUYECKOTO ToJist ¢ U Temiieparypsl 7. BeIOOp MCXOMHON MOBEPXHOCTH M CUCTEMbI KOOPIHUHAT
3aBHUCHUT OT NPUHSITON MOJIENIN CIIOUCTON 000JIOUKH. 3/1€Ch MBI PACCMOTPHM JIBE MOJEIIH: MOJIENb [ purontoka —
Kynukosa (manee — Moaensb 1) CIIOUCTHIX TPaHCBEPCATEHO-HU30TPOITHBIX 000JI049EK, OCHOBAHHYIO HAa MPUHSATUN
0000IIeHHBIX KHHEMaTHYECKUX TUMOTe3 TUMOIIEHKO /I TAHT€HIIHAIBHBIX TIepeMEIIeHUI 1 YUUTHIBAIOIIYIO
ToriepeyHbIe CABUTH B ci1osixX [8], u Moxens Tuna Tumornenko — PeficcHepa (f1anee — Moaemns 2), IpeaokKeH-
uyto [1. E. ToBctukom [10] mist 0601049€eK ¢ TPOU3BOIBHBIM paCTIPEACICHUEM YIPYTUX CBOMCTB MO TOJIITUHE.
B pamxax mozenu 1 B KauecTBe HCXOJHON MOBEPXHOCTH IPUHUMAETCS CPEAMHHAS TOBEPXHOCTh BHYTPEHHETO
CJ10s1, ULl MOJIETIM 2 — BHELIHAS [I0BEPXHOCTb, @ OCU KPUBOJIMHEHHON cucTeMsl koopauHat O, 0,0l C opra-
MH e,, €,, N OpPUEHTHPOBAHBI I 00enx Mozenel Tak, kKak noka3aHo Ha puc. 1. 3xecs 0, 0, z = 0y — KOOp-
TUHATBI, OTCUNTHIBAEMbIE B 0CEBOM, OKPYKHOM M HOpPMaJbHOM HAlpPaBIE€HUSAX COOTBETCTBEHHO, ITPH 3TOM

h h <
0<o,=£L,0<50,<L,mu _72_111 < 2372+h3(,HJ'IHMOI[eJII/I 1), OSzShzzhk (s mozenu 2).
k=1
CornacHO MPUHUMAEMbIM MOJEIISIM HCXOJHAsl CIOHCTasi 000I0YKa 3aMEHSETCSI «IKBUBAJICHTHOW) OJTHO-
CJIOWHON TpaHCBEPCAIBHO-U30TPOINHON 000JIOUKOM TOJIIMHON /i ¢ mpuBeAeHHbIMH MOAyisiMu FOHra E
u cnsura G, a takxke kodddunuentom Ilyaccona v, KoTopble, OHAKO, BBOASATCS MO-Pa3HOMY B 3aBHCUMOCTH
OT KOHKPETHOM MOJENH.

Mopneasn 1. B cooTBeTCTBUM ¢ JaHHOM MOJETBIO [ 8] MPUBEACHHBIE MOTYIH
-1
1-Vv*[ & Eh S Ehv, [ Eh
E 2 K v= 2 k% Vi k

_ k
2 2 2
h \[Zil-v im L=V e l— v
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L,

Mopens 2
€

Monens 1

\ ........................

Puc. 1. llnnuaapudeckast COHABUI-TIAHEb C BHYTPEHHHIM CJIOEM,
M3TOTOBJICHHBIM U3 3JIEKTpopeosioruyeckoro kommnosuta (OPK).
KpuBonuHeiinas cucrema KOOPIMHAT C OPTAMU €, €,, N 171 Mozeneit 1 u 2

Fig. 1. Cylindrical sandwich panel with the internal layer made of electrorheological composite (ERC).
Curvilinear coordinate system with the unit vectors e, e,, n for models 1 and 2

TaxsKe BBEIEM B PACCMOTPEHHE TIPHBEICHHBIC [IMIIMHAPHIECKYIO KECTKOCTh D, )ECTKOCTh KaXKI0To CIIOS Y
U mapaMeTpsl cisura 3 u 0:

2
po_EH N, ¥ _1-V Edy =12(1_V Jaus oo1- M ey
12(1_\)2) 3> ik Eh 1_\//3’ Ehnl s n1n39
e
- ki 3, A2 %
a4 = 3k ] 2 +2TmGk’ kk: Jﬁf(z)dz’ )
A Ao G ke 8,
2 T |
k=1
3, 31 Y S Y
A, = _[ ﬁ{(z)fn(z)dz (n:O, k), n = z S LLE S 30122, n, = z % — 3¢50,
8 k=1 Sk k=1 Sk

3
N3 :42(&1% + 3Ck—1Ck)Yk =3¢y, he = Iy, hG, =3, (n=0, k),

k=1
5o 3
€= Zé; T3 Ys 13 = z (Ck—l + Ck)Yk’
k=1 k=1
5 5 5
12 ¢ 12 ¢ 12 ¢
Ty =—3 JgZ(z)dz, Ty =—% ng(z)dz, Ty =— Ig(z)dz.
e e e

3nece G = qf — IIpUBEJCHHBII Moaynb caBura [4]; f, (z) — HeTIpepbIBHBIC Ha KAKIOM clioe (pyHKITHH, KO-

TOpbIe B IPUHUMAEMbIX THIIOTE3aX 3aJal0T 3aKOH PacIpe/IeTICHHUs KacaTelIbHbIX HAIPSHKCHNH, HeTPEePhIBHBIX
1o ToJuHe 000704KH [4, hopmyna (2.2)]. B Hamewm cinyqae

folz)= h%(z —8)(85 — z), ecm z € [, 8],
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filz)= hiz(z - Sk_l)(Sk— z), ecnn z € [Sk_l, Sk],

k

fi(2)=0, ecn z ¢ [Sk_l, Sk:l,
a 0, — KOOPAMHATHI BHEIIHNX M UHTEP(HEHCHBIX MOBEPXHOCTEH, OTCUMTHIBAEMBIC OT HCXOAHOM MOBEPXHOCTH
. 1 1 1 1
(CpeANHHOI MOBEPXHOCTH BHYTPEHHETO CI10s1): 8 = —/y — Ehz’ o, = _Ehz’ o, = Ehz’ O =h+ Ehz. 3amerum,

49TO (PYHKIHH fn(z) MOTYT OBITH BBEICHBI MHAYe, HapuMep depe3 noauHoMbl JIexxkanapa. OgHako JaHHOE

MIpEICTAaBIEHNE, BHOCS JOMOJHUTEIbHBIE CI0KHOCTH B PacyeThl, HE MPUBOJUT K 3aMETHOMY YTOUHEHHIO
Pe3yaBTATOB JJIsl TOHKUX 00omouek [8]. [TomyTHO MHIIb yKaskeM, 4TO BBEJCHHUE TIOJIMHOMOB 00JIee BBICOKOTO
MOPsI/IKA IPECTABIISIETCS 1eTIecO00pa3HbIM ISl 000JI0UEK CpeJHEN TOIIUHBI IPU HATTMYUH TOTOTHUTEIBHBIX
YCIOXKHSIOIMX (aKTOPOB, TAKMX KaK CUIBHOE PAa3INuMe MEXaHUUECKUX CBOMCTB CIIOEB, AEHCTBHE TOPLIEBBIX
CHJI, TPAAMEHTHO pacIpeeNICHHBIX 10 TOJIIINHE 000JI0UYKH, U JIp.

[Iyctes w — HOpManbHBINA nporud obonouku (B HampasiaeHuu ocu Oz); F' — QyHKUuMs HanpspKeHUH Dipu;

3
Py = z P&, — IpUBEICHHAs IUTOTHOCTB BCETO MaKeTa COH/BIYA; { — BpeMsl, a R — paJinyc CpeJuHHOMN MOBEpX-
k=1
HOCTH BHYTpPEHHET0 cios. bynem nanee uccienosarh KoneOaHus maHenu cpequeit umHsl (R ~ L), compoBoXk-
Jaronecst 00pa3oBaHHEeM OOJBLIOT0 KOJMYECTBA BOJIH XOTs ObI B OHOM HampasiieHHH. Torna ypaBHEHHUS
JBIDKCHHS COHJBHY-TIAHENN B IPUHATHIX 0003HAUYCHUAX UMEIOT BU [ 8]

on* , 10°F 9’w
Di1-—A A+ —— + poh—5=0,
B LR oo} P 5P &
2 2
AZF—E—ha—f:O, w=1-" Ay,
R Ja, B
1-v? K?
—Ap=0, 4)

rae A — oneparop Jlatuiaca B KpUBOJIMHEHHOHN cHUCTEMe KOOPAMHAT Oy, Oy, a X, ® — QYHKLIUHN HEepeMELICHUS
U C/IBUTa COOTBETCTBEHHO. Eciu ciion 000104KHM M3rOTOBJICHBI U3 YIPYTOro Marepuaia, Bce KodQGULNEHTHI
B ypaBHEHUsIX (3), (4) ABISIOTCS BEILIECTBEHHBIMU U (PMKCUPOBAaHHBIMU NapameTpaMu. B Hamiem ciyyae, T. €.
A7 3IEKTPOPEOTOTHUECKOro coHaBuya, E, = E] +iE}, G, =G, +iG) — KOMIUIEKCHbIE MORYIH (i = J-1 -
MHHUMasl €IMHHLIA), 3aBUCSIIUE OT HAMPSDKEHHOCTH DIIEKTPUUECKOro mojisl &. Takum 06pa3om, Kak clieayeT 13
cootHotenuii (1), (2), nprBeIeHHBIC IUITHHAPHYECKAs )KeCcTKOCTh D, Mmoayns FOura E u mapametpsi f3, 0, co-
JeprKaluecs B pa3pelaroiux ypaBHeHusx (3), (4), ecTb KOMIUIEKCHO3HaYHbIe (YyHKIUH apryMmeHTta &. O6o-
CHOBaHHE HCIIOJIb30BAHMS JAHHBIX YPAaBHEHUH ¢ KOMIIEKCHBIMHU KO3((QUIIEeHTaMu AJIS1 CTIOUCTBIX 000JI0UEK,
COZIepIKaIlMX MarHUTO- MU AJIEKTPOPEOTOTNIECKHI KOMITO3UT, OBbLIO JaHo B padote [9].

3ameTuM, 4TO ypaBHEHHUE (4) onpeessieT MHTerpajbl KpaeBoro 3 dexra — GyHKIHMN, ONMMCHIBAIOIINE CIBUTH
y KpaeB MaHeH U ObICTPO 3aTyXarolue mpu ynaieHuu ot Hux [4]. Kak BuaHO, JaHHOE ypaBHEHHE HE CBA3aHO
C OCHOBHBIMH ypaBHeHUsIMH (3). Bompoc ydera ero uHTerpaaoB pu HOCTPOSHUH OOIIETo PELIeHUs 3aBUCUT OT
BapHaHTa TPaHMYHBIX YCIOBHA. B 4acTHOCTH, ecii Bce KPOMKH 3allieMJICHBI M €CTh JadparMbl, IPeTsTCTBYIO-
M€ OTHOCUTEIBHOMY CIBMIY CJIOEB, WJIU €CJIM UMEIOTCS LIAPHUPHO ONepThie Kpas 0e3 auadparm, ypaBHe-
uus (3), (4) pematorcs coBmecTHO [14].

3z1ech paccMaTpUBaeM Cilydaid, Korzia BCe KPOMKH LIAPHUPHO ONEPThl U UMeroT auadparmy. COOTBETCTBYIO-
L€ TPAaHWYHBIE YCIOBUS 33Jal0TCS BBIPAKEHUAMH [§]

szszzsz,FzAon,%zonpmocjzo,Lj(j=1,2). (5)
J
Torga ypaBHeHHe (4) MOXKHO OIYCTHUTh. 3aMETHM, YTO y4YeT KpaeBbIX dQQEKTOB /Ui JaHHOTO BapHaHTa
IPAaHUYHBIX YCJIOBUH B paMKax MOfeNIH | MOXeT OBITh OCYIIECTBICH C HCIIOJNB30BAHUEM ITOJIHOW CHCTEMBI
IIATH ypaBHeHI/Iﬁ OTHOCHUTECJIbHO TPEX KOMIIOHECHTOB BEKTOpPa HepeMeH_[eHI/Iﬁ " IByX IMapaMe€TpoOB, ONMCBIBAIO-
X CJABUTH B «3KBUBAJICHTHOI» OJHOCIONHOM oOonouke [4; 7].
Moneas 2. B aToii Moieny mpuBeeHHBIE TapaMeTPhl «IKBUBAJIEHTHOI» OHOCIOWHONW 000JI0UYKH OTIpese-
JISIIOTCS clienyrommM odpasom [10; 11]:
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K,= jE(Z)dZ, D= E*(Z)(Z — a)2 dz, K = JE*(z)dz,

B PG i [ 012)= [5G o)
a= —J}ZE*(Z)zdz, Po = pr(z)dz

3necs E (z), G(z), V(Z), po(z) — 3a/TaHHbBIC KyCOUHO-HETPePhIBHBIE (PYHKIINH, OTIPEIEIIAEMbIE HA KaXKIOM
CJIOE COHJBUYA CBOMM 3HauyeHueM. Hanpumep,
E,0<z<h,
E(Z)= E,, h<z<h+h,,
Ey,, h+h,<z<h

JIBmxeHne 000JI0UKH OMTUCHIBACTCS ypaBHEHUAMH [ 11]

1 °F 9’w
DAty -~ Lo n2 Yy,
R do.; P or ©
2 Ky ’w 2
AF+?8—2_0, W=(1—gR A)X
o

Kak BugHO, mepBoe u3 ypaBHennii (3) B Mmogenu 1 nmeeT 6osiee BEICOKHH MOPSIIOK, YeM MIEPBOE YPaBHEHNE
cucTeMbl (6), U COIEPIKUT wiieH ¢ kodddurenTom 0, koTopeiid Mman. Tak, Uit OHOCIOWHON H30TPOITHON 000-

nouku [8] 6 =—. C TOYHOCTHIO JI0 JAHHOTO CJIaraeMoro M BILIOTH J0 CO0c0o0a BBIYUCICHHS Oe3pa3MEepHBIX
2
NapamMeTpOB CIBHIa —— M g B MOIEIX | M 2 COOTBETCTBEHHO yKa3aHHbBIE CHCTEMbI YPABHEHUH COBIA/IAIOT.

Cremyer OTMETHUTB, YTO PAMKH IPUMEHUMOCTH 00€UX MOeIel orpaHnyeHHbl. Mozenb 1 MOKeT UCHOb30BaThCs
111 000J104€K C JIIOOBIMU IPAaHUYHBIMH YCIOBHSIMU M TIO3BOJISIET YUUTHIBATh KpaeBble d(PEKThI, TOpoKaae-
MBI€ JJONOJIHUTEILHBIMHI TPAHUYHBIMHU YCIOBUSIMH, KOTOpPBIE 00YCIIOBICHBI OBBIILICHUEM MOPSIIKA ypaBHEHUH
[0 CpaBHEHUIO ¢ ypaBHeHUsAMU (6). HenocraTtkom mMonenu 1 sBisieTcs To, 4TO OHA IPUMEHUMA AJIS CiTydasi,
KOTJla MEXaHW4YeCKHE CBOICTBA CJI0EB, COCTABIIAIONINX 000JIOUKY, Pa3IMualoTcsl He3HauuTesIbHO. Hanporus,
MOZIETIb 2 CIIPaBEAIUBA ISl HUIMHAPUIECKUX 000I0UYEK, CHIIbHO HEOJAHOPOAHBIX B HANPABICHUH TOJILUHBI,
C MPOU3BOJIBHBIM (IPAaJHEHTHBIM) pacupeaeieHrueM Moayiell ynpyroctu. OHaKo pas3periaoinye ypaBHe-
HU (6) ObLIM BBIBEACHBI ISl TUIACTHH M 000JI0UEK, Y KOTOPBIX KPOMKH HOAYMHSIOTCS YCIOBUSM IIAPHUPHOTO
onupanus (ycnoBus Tuma (5)), U, TAaKUM 00pa3oM, UX TPUMEHUMOCTD JUIS APYTHX BApUAHTOB I'PAaHUYHBIX YyC-
JIOBUH, Pa3MYaAIOIINXCS, HAIPUMED, HAUINYUEM MM OTCYTCTBHEM AuadparM, HeOOOCHOBAaHHA.

CoOcTBeHHbIE YACTOTHI M IEKPEMEHThI KoJIe0aHu i

PaccMoTpuMm 3a1a4y 0 COOCTBEHHBIX HU3KOYACTOTHBIX KOJICOAHUSIX IICKTPOPEOTIOTHUYESCKON COH/IBUY-TTAHEITH
B paMKax BBIIICOMHCAHHBIX Mojieneil. B ciyuae npunsaTus Mojenu 1 ypaBHeHueM (4) MOXKHO npeHeOpeys, U pe-
HICHHE Pa3pelIaloNINX YpaBHEHHH (JI71s 00eHX MOJIENei), YIOBISTBOPSIOIICE IPAHUYHBIM YCIOBUSM (5), HIIIETCS
B BH/IC
(x, F)= (x", F°)sin o, sinnm—aze_"m. 7

Ll L2

3nech °, F° — aMuuTyabl QyHKIUIA IEpEMEICHHs] B HAPSDKSHUH; /1, 1 — YUCIIO BOJTH B OCEBOM U OKPYXK-
HOM HaIpaBJICHUSIX COOTBETCTBEHHO; () = ® + i, TJic ® — COOCTBEHHAS YacTOTa, a (0 — COOTBETCTBYIOIINI
JIEKPEMEHT BSI3KOYIPYTHX KOJICOAHHIA.

[ToncranoBka (7) B ypaBHeHUS (3) 1 (6) IPUBOIUT K CIETYIONTIM COOTHOIIIEHUSAM IJISI KOMIUIEKCHOTO CO0-
CTBEHHOT'O 3HAYEHUsI KpPacBOH 3a/1a4un:

E mn,n? (1+6x8,,)8.,  at
+
poR’ 12R2(1 - Vz) 1+x8,, 1's;,

Q=Q(n, m)= (Mozens 1),
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K 4D 62 4
Q=Q(n, m)= L n2 wn__ 4n2 (Monens 2),
pohR*\ R°K,1+gb,, '8,
e K = il ; [ = L, ) n + m’ [0} Ly yTOJI pacTBOPA TAHEITH
= 5 =—, wm = — —; 2 = —— — .
pr® " R Pooe R

3ameTuM, 4TO mapameTpsl £, 1, X, D, K, a Takxke npuseaeHHbI ko3¢ duuuent Ilyaccona v (a1 moze-
an 1) ABAAI0TCSA KOMILUIEKCHO3HAYHBIMH (DYHKLIUSIMHU KOMILTIEKCHOTO Moftyiisi cisura G; OPK, cBolicTBa koToporo,
B CBOIO OUEPElb, 3aBUCST OT HANPSHKEHHOCTH AJIEKTPUYECKOro Mo ¢ U TeMreparypsl 7 komnosuta [4; 9].
Takum oOpa3om, MeHsIs napameTpbl ¢ U T, Mbl MOXKEM «HAaCTPAaUBATh» BSI3KOYNPYTHE CBONCTBA «MHTEIICK-
TyaJbHOW» MaHeIN M, KaK CIEeICTBHE, CMEIIaTh CHEKTP YacTOT BIPABO U YBEIWYMBATh €€ JeMI(UpPYIOIINe
CBOMCTBA.

Jlanee HaiileM HAMMEHBIITYIO YaCTOTY U COOTBETCTBYIONINH IEKPEMEHT Kak (PyHKIHH & 1 7

m*:minReQ(n, m) = a)(n*, m*), o, = ImQ(n*, m*)

YucaeHHLIN aHAJIN3

PacueTsl BBINOIHEHBI IS TAHENM, BHELIHUE CJIOU KOTOpo nu3rotosneHsl 3 ABC-mnactuka SD-0170. 3nech
MIOCJIETHUH TPAKTYETCs KaK yIPyTHi MaTepHall ¢ XapaKTepucTHKamu £, = F; = 1,5 - 10° MITa; v, =v;=0,4;
p=p;=14- 10° kr/m’. TeomeTprueckue pasMeps! coHBry-Tanems: L =R = 1 m; hy=hy=0,5Mm; hy =10 mm;
¢, = T. S1Apo cOIHABHYA M3TOTOBJICHO U3 BBICOKOKOHLICHTPUPOBAHHOHN 3JIEKTPOPEOTOTHUYECKOM KUAKOCTH,
cocrosimelt n3 yacturl rétuta (45 %), TpancdopmaropHoro macia (51 %) u mmmepuHa MoHoojeara (4 %).
BemecTBeHHas 1 MHUMAas 4acTH MOAy/s casura, G u G) COOTBETCTBEHHO, KaK (DYHKI[MH HAINpPsHKCHHOCTU
AIIEKTPUYECKOTO TIOJIS M TEMIIEpaTyphl, IpUBEACHEI B padoTte [4, puc. 2.13]. Ha puc. 2 moka3zaHbsl 3aBUCUMOCTH
HauMEHbIIEH COOCTBEHHOH 4acTOThl M« OT HanpskeHHOCTH ¢ npu Temneparype DPK 0; 60 u 100 °C, a Ha
pHcC. 3 — aHAJIOTUYHBIC 3aBUCUMOCTHU AJIS IEKpEMEHTa (.. CIUIOIIHBIC JIMHUK COOTBETCTBYIOT AAHHBIM, MOJTY-
YEHHBIM C HCIIOJI30BAHNEM MOJICNH 1, a MyHKTHPHBIE — pe3yabTaTaM B paMkax moaenu 2. Ilpu pacuerax Biaus-
HUE TeMIepaTypsl Ha YIIPyrue CBOMCTBA IUIACTHKA, PABHO KaK U JOIOJIHUTENIbHBIC HAIIPSKEHUSI B 000JI0UKE,
00yCIIOBJICHHBIE HATPEBOM, BO BHUMaHHE HE IPUHUMAJIOCh.

Bunno, uto mis senarperoro OPK (pu 7'= 0 °C) KpuBBIe vacmoma — HANPAHCEHHOCMb U OeKPeMeHm —
HANPAICEHHOCMb UMEIOT SIBHO BBIPa)KCHHbBIE MAaKCUMYMBbI. B 4acTHOCTH, NpH HAPSDKEHHOCTH ANIEKTPUYECKOTO
monst &= 1,1 kB/mm DPK obnanaer HanGompiieit cmocoOHOCTRIO AeMIT(pUPOBaTh HU3KOYACTOTHBIE KOJICOaHUs
paccMaTrpuBaeMoi COHABHY-TIAHENH. B ciydae HarpeToro KOMIo3uTa pocT HaNpsDKEHHOCTH IPUBOANT K OXKH-
naeMoMy 3G eKTy — yBeTUUEHHUIO YaCTOThl COOCTBEHHBIX KOJICOAHUH Y YMEHBIICHHUIO JeMII(pUPOBAHUS.

|

0 0,5 1,0 1,5 2,0 2,5 3,0

&, kB/Mmm

Puc. 2. 3aBUCUMOCTD HaMEHBIIIEH COOCTBEHHOM YaCTOTHI
OT HANPSHKEHHOCTH AJIEKTPUUESCKOTO OIS IPU Pa3THIHBIX
Temmneparypax komnosura: / —0 °C; 2 - 60 °C; 3 - 100 °C.
CIUTOIIHBIC JIMHUU COOTBETCTBYIOT MOJIENTH |, MyHKTHPHBIC — MOJIEITH 2
Fig. 2. The lowest natural frequency versus electric field strength
for different temperatures of the composite: / — 0 °C; 2 — 60 °C; 3 — 100 °C.
Solid lines — model 1, dash lines — model 2
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0,8 7

0,6

&, kB/MMm

Puc. 3. 3aBUCHMOCTH JIEKPEMEHTA OT HAIPSHKEHHOCTH JIEKTPHYECKOTO OIS
IPH pa3sInuHbIX TemIeparypax komnosura: / —0 °C; 2 — 60 °C; 3 — 100 °C.
CIUTOITHBIEC JIMHUHM COOTBETCTBYIOT MOJIETH 1, MyHKTHPHBIC — MOJIENH 2

Fig. 3. The logarithmic decrement versus electric field strength
for different temperatures of the composite: / — 0 °C; 2 — 60 °C; 3 — 100 °C.
Solid lines — model 1, dash lines — model 2

AHanu3 KpUBBIX TaKkKe CBUAETEILCTBYET, UTO MOJIENb | AAaeT 3aBBILIEHHYIO OLIEHKY HAUMEHbBIIIEH YaCTOTHI
npu J1I000H TemIeparype Mo CpaBHEHHIO C MOJEINbIO 2, KOTOpas paHee MoKasaja XOpollee COBMaJeHHe pe-
3yJIBTaTOB C TOYHBIMH PELICHUSIMHE 15 CIOUCTBIX TuiacTuH [10]. Y Hao0opoT, morapudMudecKkuii AEKpPEeMEHT,
olpeniensieMblil 110 MoAenu 1, oka3bIBaeTCsl HIKE AEKPEMEHTA, HAWIEHHOTO B paMKax Mozaenu 2. JlaHHble
pPacXoXkAEHNUs B pe3yJbTaTax, MOJIy4eHHBIX Ha OCHOBE 3TUX JIBYX MOJIEJIEH, OKa3bIBAIOTCS 3HAYUTEIbHBIMU MTPH
MaJIbIX BEJIMYMHAX HANPSKEHHOCTH 3JIEKTPUUIECKOTO MOJIs, HO JUId HArpeTOro KOMITO3UTa MPH HAMPSKEHHOCTH
é > 1,5 xB/MMm mMozenu 1 1 2 1aloT mpakTUYECKH OJUHAKOBBIC PE3YJAbTaThl. YKa3aHHbIN 3 QeKT 00bsIcHIeTC S
TEM, UYTO C POCTOM TEMIIEpaTyphl U HAMPSKEHHOCTH SIEKTPUUECKOTO OIS KECTKOCTHBIE XapaKTePUCTUKH
yIpYroro MaTepuasa BHEIIHUX CJIOEB COHBHYA U 3JICKTPOPEOIOTHUYECKOTO SiApa COMMKAIOTCS, YTO IPHUBOIUT

K YBGJ'II/I"ICHI/IIO TOYHOCTU MOACIN 1
3akJroueHue

B pabote paccMOTpeHBI ABE MOJIEJIN CIOUCTHIX 000JI0YEK, YUNTHIBAIOIME CABUIH: MOJENb [ purontoka —
KynuxkoBa [8], ocHoBaHHas! Ha BBEIEHMH 000OLICHHBIX KWHEMAaTUYECKHUX THIT0Te3 THMOILIEHKO, K MOZIENb TUIIa
Tumorienko — PeticcHepa, pa3sutasi 1. E. ToBctukom [10] s 00omodex, HEOAHOPOIHBIX B HAITPABIEHUH TOJ-
muHbL. Ha 0cHOBE 3THX MoJesel, 3aMeIaroIX CIOUCTYIO0 000JIOUKY «IKBHBAJICHTHO» OZHOCIOHHON TpaHC-
BEPCaJIbHO-U30TPOITHON 000JIOUKOM, HCCIIEIOBAHBl HU3KOYACTOTHBIC BA3KOYIIPYTUE KojeOaHusl TPEXCIOHHON
LWIMHIPAYECKON MMaHEeNH CpeAHEN AIUHBI, BHYTPEHHUH cioil koTopoil n3rotosneH n3 JPK. Iloka3ano, uto
TEeMIepaTypa U NPUIOKEHHOE AIEKTPUUECKOE 0JI€ CHIIBHO BIUSIOT HA BA3KOYNPYTHE CBOHCTBA JIEKTPO-
PEOJIOrnUecKOi MaHes ! 1, KaK CIeICTBHE, Ha €e TMHAMUYECKHE XapaKTePUCTHKH. B 4acTHOCTH, yCTaHOBJIECHO,
YTO YaCTOTA COOCTBEHHBIX KOJICOAHMH HArpeToi MEeKTPOPEOIOrHYeCcKol TTaHeH SABIIeTCS MOHOTOHHO Bo3pac-
TaroleH QyHKIUEeH HANPSHKEHHOCTH 3MIEKTPUYECKOTO TOJIsl, B TO BPEMs KaK KpUBAsi OeKpeMeHm — HaAnPsiCeH-
HOCMb TIOKA3bIBAET HAJIMUYUE JIOKAJTHHOTO MaKCHMyMa, COOTBETCTBYIOLIETO HAMIYUIIEeMYy 3aTyXaHHUIO BSI3KO-
YOPYTHX KOJICOaHHIH.

BeinonHeHHbIH CpaBHUTENBHBIN aHAJIN3 COOCTBEHHBIX YAaCTOT M IEKPEMEHTOB KoJieOaHui, HaliJIeHHBIX Ha OC-
HOBE JIBYX MOJIeJIeH, TO3BOJISIET CAENIaTh BBIBOJ O TOM, YTO MOJENb |, mpe/mnonaraoiias paccMOTpeHUE Jr000ro
BapUaHTa IPAHUYHBIX YCIOBUH, MOJKET OBITh HCIIOIB30BaHA JUIsl pacyeTa HU3KOYaCTOTHOTO CIIEKTPa BA3KOYIPY-
I'UX KOJICOaHUH CIHIBUY-000IOUKH TOJBKO B CIydae OJIM30CTH KECTKOCTHBIX XapaKTepUCTHK cioes. [Ipu pac-
4eTe COHABUY-TIaHeNH, conepxkameil OPK, nannoe TpeOoBaHNE BBINOIHACTCS, €CIIM KOMIIO3UT XOPOIIO HarpeT
U TIPUIIOKEHO JIEKTPUUECKOE ToJIe OOIIbIIoN HanpsbkeHHocTH (Oonee 1,5 kB/mm).
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YCTONUYUBOCTh HEMPOHHbBIX CETEN
K COCTA3ATEABHBIM ATAKAM ITPU PACIIO3HABAHUU
BUOMEAULIMHCKNX N30BPAJKEHUN

JI. M. BOHHOB", B. A. KOBA/IEB®

1)Ee/zopycacuzl 2ocyoapemeennblil ynusepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, Berapyce
DO6veounennvlii uncmumym npotnem ungopmamurxu HAH Benapycu,
yn. Cypeanosa, 6, 220012, 2. Munck, berapyce

B Hacrosimuii MOMEHT OONBIIMHCTBO MCCICIOBAHUI U pa3paboTOK B 00JIACTH MIYOOKOTro O0y4YeHUS! KOHLECHTpPH-
PYIOTCSI HA TIOBBILICHHH TOYHOCTH PacIO3HABaHUs, B TO BpeMs KaK IPo0iieMa COCTA3aTeNIbHBIX aTaK Ha ITyOOKHe HeHpOoH-
HBIE CETU M UX MOCIEACTBUII I10Ka HE MOTyYHiIa JOJDKHOTO BHUMAHHMS. [laHHAS CTaThs MOCBSLIEHA YKCIIEPUMEHTAIBHOH
OIICHKE BIIMSIHUS Pa3IMuHBIX (PAKTOPOB HA YCTOMYMBOCTh HEMPOHHBIX CETEH K COCTS3aTeNIbHBIM aTrakaM IpH PelIeHUN
3aj1a4 paclo3HaBaHUs OMOMEAUIMHCKUX H300paxeHuil. Ha obmupHoM Marepuale, BiIrodaronieM oonee ueM 1,45 miun
PaIMOIIOTHYECKHUX U IMCTOJIOTHYECKUX N300pakeHnH, uccienyercst 3pQeKTHBHOCTD aTak, MOArOTOBICHHBIX C TOMOIIIBIO
aJToOpUTMA CIIPOCIIMPOBAHHOTO rpagreHTHoro cmycka (PGD), anmroputma «rmy6okoro oomana» (DeepFool) n anropurma
Kapmuan — Baraepa (CW). AHaIH3UpyOTCS pe3yabTaThl aTak 000MX THIOB (110 MeToaaM OeJIoTo W YepHOTo SIIHKa) Ha
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HeWpoHHBIE ceTH ¢ apxuTekTypamu InceptionV3, Densenet]121, ResNet50, MobileNet u Xception. OcHOBHOIi BBIBOJ pa-
0OTBI 3aKIIFOYAETCsI B TOM, YTO Mpo0JieMa COCTS3aTeNIbHBIX aTaK aKTyalbHa JUls 3a/1ad Paclio3HaBaHHUsT OMOMEIUIIMHCKIX
n300paKeHHH, TOCKOJIBKY IPOTECTUPOBAHHBIC AJITOPUTMBI YCIELTHO aTaKyloT 00yueHHbIe HEHPOHHBIE CETH TaK, YTO MX
TOYHOCTH MajaeT Hwxke 15 %. YcTaHOBIIEHO, UTO MPH TEX K€ BEIWYMHAX 3JI0HAMEPEHHBIX BO3MYIICHHH N300pakeHHs
anroput™ PGD wmenee spdexruBeH, ueM anroputmsl DeepFool u CW. TIpu ucmons30BaHNN B Ka9e€CTBE METPUKHU CPaB-
HeHUs n300paxkeHnit L,-HopMel anroputmbsl DeepFool 1 CW renepupyror aTakyromnye n300paxeHus OJIN3K0ro KauecTna.
B Tpex u3 ueThipex 3aj1au pacrno3HaBaHUs PaAUOIOrMYECKUX M TUCTOJIOTHUECKUX U300paKeH I aTaky 110 METOY YePHO-
TO SLIMKa ¢ UCIoIb30BaHneM anropurma PGD nokazanu Hu3Ky0 3G QeKTHBHOCTS.

Knroueswie cnosa: FJ'Iy6OKO€ 06y‘I€HI/I€; COCTA3AaTCIIBHBIC aTaKH, 6I/IOMGHI/IHI/IHCKI/I€ I/I306pa)K€HI/I$I.

THE STABILITY OF NEURAL NETWORKS
UNDER CONDITION OF ADVERSARIAL ATTACKS
TO BIOMEDICAL IMAGE CLASSIFICATION

D. M. VOYNOV?, V. A. KOVALEV®

*Belarusian State University, 4 NiezalieZnasci Avenue, Minsk 220030, Belarus
®United Institute of Informatics Problems, National Academy of Sciences of Belarus,
6 Surhanava Street, Minsk 220012, Belarus

Corresponding author: V. A. Kovalev (vassili.kovalev@gmail.com)

Recently, the majority of research and development teams working in the field deep learning are concentrated on
the improvement of the classification accuracy and related measures of the quality of image classification whereas the
problem of adversarial attacks to deep neural networks attracts much less attention. This article is dedicated to an experi-
mental study of the influence of various factors on the stability of convolutional neural networks under the condition of
adversarial attacks to biomedical image classification. On a very extensive dataset consisted of more than 1.45 million
of radiological as well as histological images we assess the efficiency of attacks performed using the projected gradient
descent (PGD), DeepFool and Carlini — Wagner (CW) methods. We analyze the results of both white and black box at-
tacks to the commonly used neural architectures such as InceptionV3, Densenet121, ResNet50, MobileNet and Xception.
The basic conclusion of this study is that in the field of biomedical image classification the problem of adversarial attack
stays sharp because the methods of attacks being tested are successfully attacking the above-mentioned networks so that
depending on the specific task their original classification accuracy falls down from 83-97 % down to the accuracy score
of 15 %. Also, it was found that under similar conditions the PGD method is less successful in adversarial attacks com-
paring to the DeepFool and CW methods. When the original images and adversarial examples are compared using the
L,-norm, the DeepFool and CW methods generate the adversarial examples of similar maliciousness. In addition, in three
out of four of black-box attacks, the PGD method has demonstrated lower attacking efficiency.

Keywords: deep learning; adversarial attacks; biomedical images.

BBenenune

OaHUM U3 aKTUBHO PA3BUBAIOIIUXCS U TTOBCEMECTHO MPUMEHIEMBIX HHCTPYMEHTOB COBPEMEHHOTO Ma-
LIMHHOTO 00yuYeHHS SBJIIETCS TITyOOKoe 00ydeHHE — HCIIOIb30BaHUE TITyOOKHX HEHPOHHBIX CETEH B Ka4ecTBE
o0Oy4yaemoro airopurMa. [ Ty0OOKKe HeWPOHHBIC CETH MOKa3bIBAIOT BEICOKHE PE3YJIBTATHI B IIMPOKOM CIIEKTPE
3aJ1a4 MAITMHHOTO O0YUYESHHsI, TAKUX KaK aHaJIN3 H300paKeHUH (KJIacCU(PUKAIIHSI, CETMEHTAIINS, OOHAPYKECHUE
(um geTeKTHpOBaHKE) OOBEKTOB), aHAIHM3 TeKcTa (ONpeaeIeHue COAEPKaHMs, BbICIIEHUE CMbIcTa), 00padoT-
Ka 3ByKa (pacrio3HaBaHue pedn) u Jp. [IpuamHaMu 3Toro MOXKHO Ha3BaTh, BO-IIEPBBIX, UX CIIOCOOHOCTH BBISIB-
JSITh CIIO’KHEUIITNE 3aBUCUMOCTH B JAHHBIX, & BO-BTOPHIX, KOJIOCCAIBHYIO «BMECTUMOCTBY, UTO IMO3BOJISIET KaK
YYEHBIM, TaK U HHKCHEpaM HE 33 yMbIBasiCh BEIOUPATh HEHPOHHBIE CETH, €CIIU pa3Mep JaHHBIX OUCHb BEIUK.

Ha ceropssmHwmii 1eHb OOJBIIMHCTBO pa3padaThIBAEMBIX METOJIOB U aJTOPUTMOB HAIIPABIICHBI HA JIOCTH-
KCHHE MAKCHUMAaJIbHOW TOYHOCTH paboThl 00yuaeMbix Mojenel [1]. OgHako Takol MOAXOMA MPHUBEN HAYYHOE
co0011eCTBO K cepbe3Hoi npodaeme. OOHAPYKUITOCh, YTO TITyOOKHE HEHPOHHBIEC CETH YPE3BBIYaiHO HEYCTOM-
YUBBL. BBIIM HaWJCHBI CHCIHANIbHBIC AJITOPUTMBI, KOTOPbIE MUHAMAJIBHO M3MEHSIOT BXOJHOE M300paKeHHE,
MOCJIE Yero OHO 10 KaKUM-TO TIPHYMHAM HEMpaBUIILHO pacriozHaeTcsi ceThio [2]. Ilpu sToM n3ameHenus nzodpa-
JKEHMsI HACTOJIBKO MaJIbl, YTO 3a4acTyl0 HEpa3JIMYMMBI YeJIoBedecKnM ra3oM. [Iporecc, mpu KoTopom Takoe
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n300pakeHne TeHePUPYETCs U MTOIaeTCs Ha BXOJI CETH, Ha3bIBAETCS COCTA3ATENbHOM arakoil. Pazymeercs, yka-
3aHHas MPoOJeMa CO3/acT Cephe3Hyro Opellb B 0€30MacHOCTH HEHPOHHBIX CETEH M CTaBUT O]l COMHEHHE
11e1ecoo0pa3HoCTh MX MCIIONB30BAHMS B 33/1a4aX C BHICOKOM OTBETCTBEHHOCTHIO. [l0aTOMY KpaliHe Ba)KHBIM
SIBIISICTCSI M3YUYCHUE U YCTpaHEeHUe JTaHHOTO dddekra.

B nacrosmeit pabore ncciemyercs Takasi 00nacTh MPUMEHEHUS ITyOOKUX HEHPOHHBIX CEeTeH, KaKk aHaju3
OMOMEIUIIMHCKUX M300pakeHui. Vcronb30BaHe MAIIMHHOIO OOYy4eHHs B 3TOW 00IacTH HEOOXOAUMO IS
pemieHust MHOXKeCTBa 3aj1ad [3; 4], Ha OCHOBE KOTOPBIX pa3padaThIBaOTCs TaK HAa3bIBAEMbIE CHCTEMBI aBTOMa-
TUYECKOTO JINarHOCTUpOBaHMs. Ha MmocieAHnx JIEKHUT KOJIoCCalIbHAsl OTBETCTBEHHOCTh, IOCKOJIBKY OT UX pa-
OOTBI MOYKET 3aBUCETh YelOBeUeCcKasi )ku3Hb. KpoMme Toro, Kak u jro0ast ipyrast IpeiMeTHast 00JacTh, aHaIN3
OMOMETMITMTHCKHUX N300paKeHU, TOMUMO OOIINX 33/1a4 M XapaKTepUCTHK, UMeeT cBolo crieruduky. [Toaromy
MIPOBEZICHNE MCCIIEIOBAHNI Ha MMpUMepe 3a/1ad U3 yKa3aHHOW 00JacTH HE TOJNBKO TIOMOTAeT U3y4yarb OOIIyIo
mpobneMy aTak Ha HEMpPOHHBIE CETH KaK TaKOBYIO, HO U IMO3BOJISET MOJYYUTh HOBBIE HKCIIEPUMEHTAIHHBIC
JTAaHHBIE HETTOCPEACTBEHHO 110 3TOMY KJIACCY TMPUIOKEHHUH.

CocTa3aTeabHbIe ATAKH

IonsiTHe cocTA3aTe/ILHBIX aTaK. [1oj1 cocTs3aTenpHOM aTakoil TOHMMaeTCs MPOLECC, B pe3ysibTaTe KOTOpo-
0 araKyeMbli Kiaccu(UKaTop Mpeacka3biBaeT Kiiace H300pakeH sl HEBEPHO KaK C TOUKH 3PCHUSI YeIOBEKa, TaK
U C TOYKHU 3peHUsI O0yYCHHOH U NMPOTECTUPOBAHHOW HelpoceTreBoi Mozenu. [lon ommoKoii npeackazanus mo-
HUMAETCS TOT (PaKT, 4YTO H300paKEHHUsI, KOTOPBIE KIacCU(PHUKATOP WACHTU(DHUIUPYET HENPABHUIBHO, SIBISTIOTCS, HA
MIePBBII B3IVISL]], BIIOJIHE AOITYCTUMBIMH JUIsi COOTBETCTBYIOIIEH NPEIMETHOM 001IaCTH, HO OTHOCSITCS K IPyTrOMY
knaccy. [Ipu aToM paszHuIa MeXIy TaKUMHU OIIMOKaMHU U MPOCTBIMU OIIMOKAMHU paclio3HABAHUS 3aKIFOYaeTCs
B TOM, YTO JUIS JAHHBIX M300paskeHNH OOBIYHO €CTh TPAKTUYECKH HE OTIIMYAIOIINECs OT HUX MapHble, KOTOphIe
TEM HE MEHEe PACIIO3HAIOTCS CETHIO MPABMIIBHO.

B Hacrosiiieit pabore HccieoBaHne coCTA3aTeNbHBIX aTtak Oy/IeT MPOBOANTHCS Ha MpUMepe 3a/1a4 KIlacCu-
¢dukanmm (pacro3HaBaHus) OHOMEIUIIUTHCKUX N300pakeHui. OJJHAKO CTOUT OTMETHTH, YTO aTaKH TAKOTO poja
MOKHO TIPOBOJIMTH M B paMKax JIPYTHX 3a/1ad MallMHHOTO 00ydeHus (Hampumep, B 00JacTy aHamu3a M pac-
TI03HABAHMSI 3BYKA).

I'enepanms atakyromux usodpaskenuii. [IepBsIM 1 10 X MTOP OCHOBHBIM CITOCOOOM MPOBECHHS COCTS-
3aTeNBHBIX aTaK SIBIIICTCS TeHEepaIlUs aTaKyIONIIX H300paxeHuii (adversarial examples), T. €. UCKyCCTBEHHBIX
M300paKeHUH, C1a00 OTIMYAIOIINXCS OT KHOPMATBHBIX)» N300paKEHUH ONPEeIeICHHON MPEIMETHON 00IacTH.
Artakyrole u300pakeHus] TeHEPHPYIOTCS C MOMOINBIO CTEeNHaIbHBIX alrOpuTMOB. brarogaps moctpoeHuio
JIAHHBIX AJITOPUTMOB M HEKOTOPBIM JPYrHM (akTopaM (0 HUX Oy/IeT CKazaHOo IO3Ke) Mojiaua Takux U300paxe-
HUH Ha BXOJl HEHPOHHOM CETH 3a4acTyl0 3aKaHYMBAETCA OIIMOKOI MpecKa3anusl.

I'enepanust atakyromux n300pakeHNH 3aKITI0YAETCs B MTOCIIEI0BATEILHOM BBIIIOJIHEHUH TPEX IIaroB:

* BBIOOpA N300pakeHns U3 MPEAMETHON 001acTH aTakyeMOoi HEMPOHHOM CeTH;

* FeHepaIKi 0COO0TO NIYMOTIO00HOTO BO3MYIIICHUS TIPH MOMOIIH CIEIUAIBHOTO allTOPUTMA;

* IPUMEHCHUS TTOTYHYEHHOTO BOBMYIICHHUS K BBIOPAaHHOMY U300paXKEHHIO ITyTeM OOBIYHOTO TIOMTUKCEITHHOTO
CIIO’KEHHUSI.

B pesynbrare mosmydaeTcst HICKOMOE aTakyloliee n300pakeHne, KOTOpoe, BEPOSITHO, OyAeT OIHO0YHO Mpe-
CKa3aHo KJIacCH(DUKAIIMOHHOM ceThio. JlaguM hopMaabHOE ONpeielieHHe aTaKy UM H300paKeHUSIM.

ATaKyoIHe H300pasKeHust
Onpenenenne arakyionero n3odpaxenns. [Iycts x € RY — HopMaIi3oBaHHOE BXOIHOE H300PaKEHHE;
y:R?—(0,1)” — BrIXOT KiTacCHbUKAITMOHHOI HEHPOHHOH ceTH Kak (YHKIMH OT BXOTHOTO H300paKeHHs
¢ komuectBoM Kiaccos p; F:(0,1)” — {1, ..., p} — pemaromas pynxuus knaccuduxarmu (B raHHOH pabote

paccmarpuBaetcs GyHkuus argmax). [lonoxum € > 0 — HekoTOpoe HeOOIIBIIOE MOJIMKUTENIbHOE urcio. Torna
€-aTaKyIoLIMM U300pakeHHEM Ha3bIBACTCS TAKOE N300pakeHHE, 17151 KOTOPOTO CIPABEIIMBO HEPABEHCTBO

F(y(x));tF(y(x*)) (1)

IIpU BBINIOJIHCHUN OT'PAHUYCHUA

= x| <e )

B MNOCJICAHCM YPAaBHCHUU B KAYCCTBC HOPMbI paCCMaTpuUBarOT, KaK MMPaBUJIO, L2 nin Lw, HO, pasyMecCTcCH,
AO0IMyCTUMaA mooast HOpMa.

ypaBHCHI/IC (1) TMOKa3bIBACT, YTO pE3yJIbTaT KJ'IaCCI/I(i)I/IKaLII/II/I aTaKyromiero I/I306pa)K€HI/I$I OTJIMYCH OT TaKO-
BOI'0 Y UCXOAHOT'O I/1306pa)KeHI/I}I. Ho 310 00bIuHAas CUTyauusi, HalipuMep, 1JIs1 I/1306pa)KCHI/II71, MMPpUHAIJICIKAIIUX
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JIpyromy kmaccy. Jljisi Toro 4TtoObl MPOJAEMOHCTPUPOBATh HECCTECTBCHHOCTh 3(deKTa, BBOAUTCS OrpaHUYe-
Hue (2) Ha Manyro Benn4nHy €. [IpuemiiemMoe 3HaueHHe mapameTpa (Takoe, 9ToObl aTaKyrollee n300pakeHue
OBLIO JIOCTATOYHO OJM3KO K MCXOJHOMY) BBIOMPAETCS aTakyroIUM CyObekToM. OObIYHO, YTOOBI 3aCTAaBUTh
KIaccuGuKaTop OMMUOUTHCS, JOCTATOYHO BRIOpATh HEOONBIIOE €. DTOT MapaMeTp Ha3bIBACTCS MAarHUTYION
MOJIU(UKAIUH, TTOCKOJIBKY YCIOBHUE (2) MOXKHO MEPENUCaTh B BHJIE

||Ax|| <g, x'=x+Ax.

B Takom citydae € siBisieTcsl MarHUTYIOH Moaudukanun n3o0paxenus x. Pasymeercs, npu pa3HbIX 3Ha-
YEeHUIX € MoauduKanus n300pakeHusI BEIPAKCHA B PA3IMYHON CTeNeHH. MHOTHe paboThl MMOKA3bIBAIOT, YTO
4acTo M300pakeHNE MOKHO U3MEHUTh HE3aMETHBIM JUTA IJ1a3a YeJoBeKa 00pa3oM U Bce PAaBHO 3aCTaBHUTh Kilac-
cudukarop onmOUTHCS.

AJITOPUTMBI TeHepaluu ATAKYIOIIMX H300pasKeHn i

Ha cerognsmauii neHp pa3paboTaHo JOCTAaTOYHO MHOTO aJIFOPUTMOB I'eHEPAIlH aTaKyIoLUIUX W300paxe-
Hui. Cpear HUX BBIACISIOTCS KaK YHUBEPCAIbHbBIE KOHIICTIITNHI, TaK 1 MHOXKECTBO Pa3HOOOPA3HBIX dBPHUCTHUK.
Jist Hauana paccMOTPHUM OOIYIO HJICI0 CYIIECTBYIOIINX aJITOPUTMOB, & 3aT€M MPHUBEIEM HECKOJIBKO KOHKPET-
HBIX METOHOB.

Knaccnpukanus aaropuTMoB reHepamuu aTakyomnx n3odpaxenuii. [1o nadpopmanmm, HeoOXoanuMoi
JJIsL pa6OTI)I, AJITOPUTMBI TCHEpAIIUU ACIIAT HA aTaK! 110 METOLY 6CJ'IOFO SAUKa U aTaKu 10 METOAY Y€pHOIo
SATIAKA.

Jnist mpoBeieHMsI aTaky 10 METOLy OeJoro SInKa He0OXOIUMO 3HAaTh KOH(UTYpaIHIO CETH, BKIIOUas ee
apXHUTEKTYpPy M BCE TapaMeTphbl, MOJTy4YeHHbIE B pe3ynbrate o0ydeHus. Kpome Toro, Tpebyercs: Hajaudue opu-
THHAIILHOTO H300paXeHUsI COOTBETCTBYIONICH IPEAMETHOM 00JIACTH JIJIsl TeHEPAIy CaMOTO aTaKyHOIIETo U30-
OpakeHusI.

Jts mpoBeieHNs aTaky 110 METO/TY YEPHOTO SIIHKA JOCTAaTOYHO MIMETh JOCTYTI KO BXOJY CETH, Ky/a ITOJAf0TCs
M300paKCHUsSI, M K pe3ylbTaTaM MPeACKa3aHus, B TO BpeMs KaKk KOH(HUTYpalysi CETH MOXKET OCTaBaThCs HEU3-
BeCcTHOM. Pazymeercs, Takke Hy)kHa HHGOPMAITHS O TIPEIMETHON 00JIaCTH PAacIioO3HABAEMBIX N300paskeHHUH.

[lo HanM4MIO MM OTCYTCTBHUIO NPEAONPENCICHHOTO Kilacca, KOTOPbIH HE0O0X0muMo (abCUPHINPOBATH
aTakymoleMy HM300paKCHHUIO, AITOPUTMBI TEHEpaIlMy aTak JICSITCs Ha HalpapJCHHbIC W HEHAIlPaBJICHHBIC.
[Ipu mpoBefeHNN HANpPaBIIEHHOW aTakW KJacc, K KOTOPOMY JOJDKHO OBITh OIIMOOYHO OTHECEHO aTaKyrollee
n300pakeHue, 3apaHee onpejelicH. HeHanpaBieHHbIE aTaKH, B CBOIO O4epe/lb, MPU3BAHbI JIMIIb OOMaHYTh
CeTh BHE 3aBHCHMOCTH OT TOTO, K KAKOMY OITMOOYHOMY KJlaccy OyJeT OTHeCeHO M300paKeHHe B pe3yJbrare
pacro3HaBaHusl. BONbIIMHCTBO aNrOpUTMOB F'eHEPALH aTaKyIOUIMX H300paKeHHI MTO3BOJIAIOT CKOHPHUTYPH-
poBaTh MX IS MTPOBEACHHUS aTaku JII000TO M3 IByX YKa3aHHBIX THUIIOB. B maHHOI paboTe paccMaTrphBaroTCS
WCKITIOYMTEIIEHO HEHaNpaBJieHHbIe aTaku. OYeBUIHO TaKKe, YTO B cllydyae OMHApHOW KiacCH(HUKAIUM THIIA
«HOpMa/TIATOJIOTHsT» HATIpaBIICHHBIC U HEHAIPABJICHHbBIC aTaKW COBIA/IAIOT.

AJITOPUTM CHIPOEIMPOBAHHOI0 IPAIMEHTHOrO ciycka (projected gradient descent, PGD). [lannbliii me-
TOZ €CTh HE YTO WHOE, KaK MPUMEHEHHE KIaCCHUECKON TEXHUKU TPaJUCHTHOTO CITyCKa C Y4eTOM OrpaHuYeH-
HOCTH BO3MYyIIeHUS [5—7]. B kauecTBe meneBoit PyHKIINT MOKHO PAaCCMOTPETh k-F0 KOMITOHEHTY BEKTOpa
BeposiTHOCTEH . Torna MUHUMHU3AIHS TaKoi (yHKIUH OyJeT MPUBOANTH K CHIKCHHUIO BEPOSITHOCTH TIPHHA/I-
JISKHOCTH aTaKyIOIIEro N300paKeHHUS 3TOMY KJIacCy, @ MAKCUMH3AIIHs — K TIOBBILICHUIO.

B pesynbrare reHepalnius HarpaBIeHHOTO Ha KJIacc { aTaKyIoIIero H300paXeHHs TI0 ITOMY METOJY 3aBHCHUT
ot ko3 dunuenta odyuenus o > 0, konmuuecTBa utepanuii # € N, MarHUTYAbl BO3MYIICHHUH € U OTPEEIISETCSI
CJICITYIOIITIM 00pa30M:

Xp 41 = clip, s(xk + O‘V)’z(xk ))’

raex,=x, ke [0, n-— 1], X" =x,, a pynxims clip, . «oOpe3aeT Te IEMEHTBI €€ apryMEHTa, KOTOPbIC OTIMYAIOTCS

OT T€X KE DJIEMEHTOB X 0oJjice YeM Ha €. FeHepauI/m HCHaIPaBJICHHOTO aTaKyIOLICIo I/I306pa)K6HI/I$I 110 3TOMY
METOAY 3aBHUCUT OT UCXOJAHOTO Kj1acCa m 1 ONPCACIIACTCA CIACAYOINUM O6p330MI

X1 = clip,, s(xk — oV, (%, ))

[TockonbKy Ha Kax 104 nrepamuu npumensercs gpyukuus clip, ., T0 B pe3ysbrare paboThl aIropuTMa moy-
YUTCS M300paXKeHHE X*, AaBTOMATHYESCKH YAOBICTBOPSIOLIEE OTPAaHUUYCHUIO (2) st L_-HOPMBI.

Aaroputm «riry6okoro oomana» (DeepFool). JlanHsiii anroput™ 0CHOBaH Ha Wee JTMHeapu3any QyHK-
MU BBIXO/Ia HEHPOHHOW CETH M UTEPATUBHOM BBIYHCIICHUN aTaKyIOIIET0 H300paXeHUs KaK TOUYKH MTPOCKIIUU
Ha HEKOTOPYIO MCEBONONYIIOCKOCTh [8; 9]. OnHa uTepalus 3Toro ajiropurMa 3aaaercs Gopmynoi
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Vi (xk) - ym('xk)

2
[ =l

Xev1 =X — (Wl_wm)’

e w=Vy(x; ), Xy =X; m — MCXOMHBII K1acC 00beKTa X, a [ — Kilacc, BhIOMpaeMblii Ha K10l HTepaluy Tak,
4TOOBI BO3MYIIECHUS 00hEeKTa ObLITM MUHMMAJIBHBL B KauecTBe aTakyroIero H300paxkeHus HCTIONb3yeTCs 3Ha-
genne x*=(1+M)x, TOi HTEpaIHH, HA KOTOPOIT aTaka OKa3aach yCICUIHO.

Aaroput™m Kapnaunu — Barnepa (CW). JlaHHBIN adTrOpuTM TeHEpAIMH aTAKyIOMNX W300paKeHUH oc-
HOBaH Ha Momudukanuu npumeHeHus anroputMa L-BFGS k cienmanbHo mocTaBieHHO# 3a1ade ONTHMH3a-
rmu [10]. [i1a reHepanyy HampaBIeHHBIX Ha KIJIACC ¢ aTaKyIOIMINX W300pakeHUi aBTopamMu padboTs! [11] dop-
MYJIHPYETCs CIEAYIoIas 3a/1a9a MUHIMH3AIAN:

—(tanh(w) + 1) —x

1
2

T7e ¢ — KOHPUTYPUPYEMBIN TTapaMeTp, a QYHKITHSI f,(x) 3amaercs popmyoi

fix)= max(rl?g(( 31 () = (). -Kj.

@OyHKIUA f, TAKXKE 3aBUCHUT OT IapaMeTpa K, MOKa3bIBAIOIIETO JKEeJIaeMyI0 CTEIICHb YBEPEHHOCTH B Kilac-
cuduKanmu atakyroiiero nzoopaxenus. [Ipu K = 0 7ocTaTO9HO HAWTH yCIIENTHOE aTaKylolee H300paKeHne,
BEPOSITHOCTh MPUHAJIICKHOCTH 1IEJICBOMY KJIACCY KOTOPOTO MPOCTO OOJIbIIE BEPOSITHOCTEH MPHHAIICKHOCTH
JPYTHM KJIaccaM, HO MPH YBEIHYCHUH K moBbimaetcs. Jlanee 3Ta QyHKIHS MUHHUMUA3HPYETCS U3BECTHBIM
ontumu3aropom Adam, U B pe3yibTare Mocie OrpaHHueHHOTO KOJIMYECTBA UTEPAIi TOTYJYaeTCsl aTaKkyrolee
M300pakeHue.

+cf, (%(tanh(w) + 1)] — min, we R,

Hcnonb3yembie HAG0PBI JaHHBIX

Hcxonnbie Ha0OpbI H300pakeHnid. B mpoBeIcHHOM HCCIICIOBAHUH HCIIOJIb30BAIMCH IISITh Pa3JIMYHbIX Ha-
0OpOB OHMOMETUITMHCKUX W300paskeHUH, IPECTABICHHBIX B Ta0muIe. Huxke naercs nux KpaTkoe OmucaHue.

3amaun KIaccH(PUKALMHE U TOYHOCTH UX PeLIeHust
Image classification tasks and their classification accuracy

3anaua KonnuectBo n300pakeHui
HaGop naHHBIX AKpoHUM TouHOCTB
KIaccHuKaLin Oo0ree Mo xnaccam
l'ucronorust ¢ MmeTactazaMu H-MT | Hopma/yuactku ¢ meractazamu | 100 000 | 50 000/50 000 0,97
H.oy | Bswimmax: 96000 | 48000/48000 | 0,92
HOpMa/OIyX0Jb
THCTONOrHS ¢ OITYXOJAMH H-TH | B mwmouamoi xenese: 96 000 | 48 000/48 000 0,94
HOpMa/OITyX0JIb
B SIMIHHUKAX FITH
IIATOBUIHOM JKeTe3e SluaHEKT — HOpMa /
SIMYHAKH — OTTYXOJIb / 48 000/48 000/
H-OV-TH IIUTOBUHAS JKeJle3a — HopMa/ 192.000° 1 48 000/48 000 0,91
LIMTOBUIHAS JKEJIE3a — OIyXO0JIb
: JIBe BO3paCTHBIE IPYIIIIbL:
X-NR2 20-35/50—70 ner 200 000 | 100 000/100 000 0,98
Pentren nerkux (HOpMa) - 183 360/183 360/
E PH BO3PACTHBIE TPYIIIIEL:
X-NR3 17-24/25-41/42—-80 net 330 080 183 360 0,83
Kowmmpiorepras CT | Hopma/ty6epkynes 149248 | 111990/37258 | 0,96
TOMOTpaus JTETKUX
|uerororwuecate Mperaparsi: 59 568/37 488/
B H-ST | CD31/CD105/D240/ 267984 | 55296/35280/ | 0,95
ArCHTAMI FRES/H & E/Ki67 24 192/56 160
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Tucmonoeuueckue uzobpadicenuss mrauel AuUM@poy3nos, nopaxceHnvlx memacmazamu. llepBoHAYAIBEHO
UMEJIICA Ha6op HOHHOCJ’IaﬁJJ;OBBIX OBETHBIX TUCTOJIOTHYCCKHUX I/I306pa)I<CHI/II>'I, OKpalI€HHbIX C HCIIOJIb30Ba-
HUEM IIUPOKO PACIIPOCTPAHEHHON METOIMKH T€MAaTOKCHIIMH — 303WH. Pa3zmepbl M300paKeHWH AOCTUTAIH
100 000 x 100 000 mk. ITockompKy M300paKEHUST TAKOTO pazMepa OOBITHO HE TIOABEPTAIOTCS aHAIHU3Y IIETH-
KOM, OHU OBUIM pa3pe3aHbl Ha HeTepeceKaronecs IIUTKU pazMepoM 256 x 256 nk. [lomyyeHHbIE TITUTKH
OBUTM OYMIIIEHBI OT YYAaCTKOB YHCTOTO CTEKJIAa M apTe(aKTOB, KOTOPBIE HE HECYT HUKaKoi nH(popmanmu. B utore
6511 chopmupoBad Habop m3 100 000 mBETHBIX M300paKeHUI pazMepoM 256 X 256 MK, IPEACTABISIONINX 1B
KJIacca — HOpMY M yYacTKH ¢ MeTacTazamMu. Habop 0L MOTHOCTRIO cOaTaHCHPOBaH M0 KilaccaM: KaKIBIN U3 HIX
Bkitodat 50 000 nzo0paxeHuii.

Tucmonozuueckue u300pascenuss mranel AUYHUKOS U WUMOBUOHOLL Hcele3bl, HOPANCEHHbIX ONYXONAMU.
OpurunaneHbii Ha00p maHHBIX cocTosn u3 4000 m3o0pakennii Onorncun 26 manneHToB. M300paxenus pas-
MepoM 2048 x 1536 mk mpeacTaBIsuIN THO0 HOPMY, JTHOO YUACTKH 3JIOKAaYECTBEHHBIX OMYXOJICH B KaXKIOM
W3 YIOMAHYTHIX OpraHoB. [[puMeHNB TEXHUKY, aHAJIOTUYHYIO OMUCAHHOM BBIIIE, MBI MONXYYIIIA HAOOp U3
192 000 riBeTHBIX M300paXkeHUI pazmepoM 256 x 256 1K, pa3aeeHHBIX Ha YeThIpe Kilacca: SMYHUKH — HOpMa,
SIMIHUKH — OTYXOJIb, IIIUTOBUIHAS JKeJIe3a — HOpMa, IIUTOBUIHAS JKejle3a — OMmyXoib. JlaHHbI HAOOp Takke
ObLT cOaTaHCUpPOBaH: KaKIbli Kiace Bkiodan 48 000 n300paxeHHH.

Penmeenosckue uzobpasicenus neexux. OpuruHaIBHBIA HAOOP comepska okoso 2 MitH (Toaro — 1 908 926)
PEHTTEHOBCKHX N300paKeHNH TPYyJHON KIETKH Pa3HOTO pa3Mepa, CHATBIX C TIOMOIIBIO Pa3IHIHBIX IH(POBBIX
PEHTTCHOBCKUX alliapaToB B IIPOLECCC CKPMHWHTA HACCJIICHHUA B LEIAX BbIABJICHUA 3a00JIeBaHu JICTKUX, CEp-
JIEYHO-COCYIUCTON CHCTEMBI 1 ckeleTa. Kaxoe n3o0paxeHue conpoBOkKIaI0Ch TEKCTOBBIM OTUETOM Bpada-
panuonora, KOTOpbId BKIIFOYAN TIEPBUYHBINA JHATHO3, a TaKXKe WHPOPMAIMIO O TI0JIe U BO3pacTe MallMeHTa.
N3ob6pakenust ObUIM HOPMAIM30BaHBI MO IPKOCTH U TIPUBEACHBI K OAMHAKOBOMY pasmepy (512 x 512 nk) my-
TEM IMPUMCHCHUS NMEPCAOBLIX AJITOPUTMOB HHTCPIIOJIALIUHA. 4 3 IOJIY4YE€HHOT'0 MacCUBa JaHHBIX ObLITO BBI6paHO
MTOIMHOXKECTBO, cocTosmiee u3 6oiee 0,5 miaH (Touro — 550 080) m300pakeHU# TPYIHOW KICTKH MYKIUH
1 KEHIMWH B Bo3pacTte oT 17 mo 80 ser BrimountenbHO. OTOOP OCYIISCTBIUICS C YCIOBHEM 00OeCIICUeHUS
PaBHOMEPHOTO TIPEICTAaBUTENHCTBA MAIMEHTOB TI0 IOy ¥ BO3PACTHBIM TPYIIIaM.

Komnvromepnaa momoepagus neekux. llepBonaqanbHo HA0Op TaHHBIX COCTOSIT U3 MHO)KECTBA TPEXMeEp-
HBIX KOMITBIOTEPHO-TOMOTpaHIeCcKuX U300pakKeHUH MAIMeHTOB, OOJMBHBIX TYOCPKYIe30M JICTKUX. BBHIY
OompITIoN pa3MepHOCTH 3D-m300paxeHus ObUTH pa3OnTHI Ha akcuanbHbIe 2D-cimou pazmepom 512 x 512 mk.
3areM B MENAX COXpaHEHUS MPOCTPAHCTBEHHONW HH(POPMAINHU KaK0€ MOTyYeHHOE MMOIyTOHOBOE JIByMep-
HOE m300pakeHne OBLIIO TIPEOO0Pa30BAHO B IIBETHOE ITyTEM pa3MEIIeHUS H300paKeHHsI TEKYIIETO CJIos B 3€-
JICHBIN KaHaJI, TTOCIeTyIOIIEro HIKHETO CJI0s — B KPACHBIN KaHall, a IPEIbIYIIET0 BEPXHETO IO — B CHHU.
WNHbIMEU clioBaMH, Tladuka W3 TPEX CIIOEB, OTOOpakaromas BapuadbelbHOCTh CTPYKTYphl 3D-n300paskeHus M0
OCH z, TIPE/ICTABISIaCh B BUE TCEBIOIBETHOTO M300paskeHus ¢ Tpems kKaHaimamu — R, G n B. Ilockombky
Pa3MEPHOCTH ITHX M300pakeHUI BCe elle 0cTaBajach OONBINONW, OHM OBUTM Hape3aHbl Ha TUTUTKH Pa3MepoM
256 x 256 nik. B pe3ynprare momyunioch 149 248 mBeTHBIX H300pakeHMH pa3MepoM 256 X 256 nk. OmnucaH-
HBIM HaOOp MaHHBIX OBUT HecOaTaHCHpOBaH, Tak kKak Btrodal 111 990 m3obpaxeHwii co 3MOPOBBIMH ydacT-
Kamu JeTKuX 1 37 258 m300pakeHni, IPEICTABIMIONINX JIETKHE C HOBOOOPA30BAaHUSAMHU PA3THMYHBIX BHIIOB,
BBI3BAHHBIX TYOCPKYJIe30M (KaBEPHBI, (POKYCHI, TUIEBPUT H ZIP.).

Tucmonozuueckue usobpadxceHuss mxkameu, OKpauleHHble uecmuio 2ucmoxumudeckumu npenapamamu. Opu-
TUHAIBHBIA HA0OP MAaHHBIX COCTOSUT M3 TTOJTHOCIANTOBBIX THCTOJIOTHUSCKAX M300paKCHUH TKaHEH, OKpaIcH-
HBIX IECTHIO PA3TMIHBIMA UMMYHOTHCTOXUMHYECKUMH TIperaparaMu (aHTUTEIaMH ), IMUPOKO NCTIONB3yEMBIMU
TIPY TUArHOCTHKE OHKOJIOTHYECKUX 3a00IeBaHNi. AHAJIOTMYHO BBIIIEONMICAHHBIM THCTOIOTHIECKHM Habopam
JTAHHBIX OTH N300pa)keHNs Tarkoke OBUTH Hape3aHbl Ha THTUTKH pazMepoM 256 X 256 k. B pesynsrare 0511 cop-
MHpOBaH Habop u3 267 984 MBETHBIX W300paKEHUH, pa3NeeHHBIX Ha IECTh KiaccoB. JlaHHBIE o0 OamaHce
KJIACCOB MIPHUBEICHBI B TAOIHIIE.

Takum 00pa3oM, HCCIETOBATIOCH OONBITOE KOMMIECTBO OMOMEIUIIMHCKAX M300payKeHUH Pa3IMIHbIX MO-
JATBHOCTEH, KOTOPBIE ABJISIOTCS BEChMa PacpOCTPaHEHHBIMU M 9aCTO MCTIOJIb3yeMBIMH B MeTuITHe. B gacT-
HOCTH, TUCTOJIOTHYECKHE M300PAKEHHSI CITY>KaT 30JI0THIM CTaHJAPTOM B THATHOCTHKE paKa MSATKUX TKaHEH,
a PEHTTEeHOBCKHE W KOMITBIOTEPHO-TOMOTpaynIeCcKie — OJHIM M3 OCHOBHBIX HHCTPYMEHTOB IIPH THATHOCTHKE
3a00IeBaHM JIETKUX W BBISBICHWH 1e(DEKTOB CKETeTa.

BoruncianreiabHbIe IKCIIEPUMEHTBI

IocTpoennbie 3anaun kiaaccupuranuu. Ha ocHOBe NSTH BBIMIETIPUBEICHHBIX HA0OPOB OMOMETUITHH-
CKHX M300paskeHUH OBUIH TOCTPOEHBI BOCEMb 3aj1a4 Kiaccupuxanuu (cM. Tabiuity). {1 HeKoTopsIx HabopoB
JIAHHBIX CYIIECTBOBAJIa BO3MOXXHOCTh KOH(PUTYpUPOBAHHS HECKOJIIBKHX 3aJ1ad KiaccH(pHUKaInu, 4To T03BO-
JIAJIO U3YYUTh dPPEKT COCTA3ATENBHBIX aTak Oornee JieTanbHo. Kak BUIHO U3 TabNHIIbI, B HACTOSIIIEH paboTe
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paccMarprBaloTCsl B OCHOBHOM 3aJladu OMHApHOH Kilaccu(UKaIMK, KOTOpBIe HanOoJee 4acTo BCTPEYaroTes Ha
MPaKTUKe, JTNOO Te, K KOTOPHIM OOBIYHO CBOJSTCS Oojiee ClIoXHbIE 3a1a4n quddepeHnanbHol TMarHoCTHKA
3a00JIeBaHMIH.

OOyuenue HelipoHHBIX ceTeii. 1151 KaxI0# 3a1auu Kiaccudukayu Obita 00ydeHa CBepTOYHast HEHpPOH-
Has ceTh. B kauecTBe apxuTeKTyphl cetu BeiOpana InceptionV3. [IpenoOyueHHble Beca CBEPTOK HE HCIIOIb30-
Bauch. [ oOyueHus cereid n300pakeHus HOPMUPOBAIUCH J10 oTpe3ka [0, 1]. TpeHHpOBOYHBIM ONITHMHU3A-
TOpoM BhICTyIa Adam ¢ 0JMHAKOBBIM IS BCEX 3ajiad o0ydaroiuM koddduimrentom. Bo Bcex ciaydasx mis
JTOCTHKECHUS TIPUEMIIEMBIX JUIS MCCIEI0OBAHNSA TOYHOCTEH KilacCU(pHUKaIuKu nmoTpedoBasock mMenee 50 amox
oOyueHMsl. Brrancinenus: npoBonmimch Ha Komrbtotepe ¢ mporeccopoM Intel® Core™ i7-6700K u aBymst
Buzeokapramu Nvidia GeForce GTX 1080 Ti. B xauectBe 0nbnmorex juist 00ydeHnsi HSHPOHHBIX CETel HcC-
nojib3oBanuck Keras n Tensorflow.

HUccaenoBanue aTak mo MeToay 0eJ10ro SAIuKa

Teneps onuieM MPOBOJUMEBIC SKCTIEPUMEHTHI. [l KaXI0H mapbl 3adaua Kiaccugukayuu — aneopumm
2eHepayuy BBITIOMHAIOTCA CIEAYIONIUE IeHCTBHS.

1. Ha HelipoHHYIO ceTh, OOYUYCHHYO JUJIsl PEIICHUs 3a7a4y KJIACCHU(PUKAIMH, IS KaXKI0T0 U300paskeHUs
W3 TECTOBOM BHIOOPKH MPU TIOMOIIX BBIOPAHHOTO aJrOpUTMa IIPOBOAMTCS araka. B pesynbrare reHepupyercs
arakyroiee n3oopaxenue (puc. 1). Jns nansreiimei onenku kauectsa aroputmoB DeepFool u CW L,-u L_-
HOPMBI Pa3HOCTH CTEHEPHPOBAHHOTO U UCXOIHOTO M300pakeHH coxpaHsitorcs, a anroput™M PGD 3amyckaercst
JUTSI HECKOJIBKMX 3HAYEHUH €.

2. Araxyroliee n300pakeHue MoJaeTCs Ha BXO 3TOM ke CETH (araka Imo MeToay Oesoro sMKa), a mojy-
YEHHbIE BEPOATHOCTH MPUHAJUICKHOCTH KIaccaM COXPAHSIOTCS IS NadbHENIIero aHann3a.

B mensix oneHkr 3QEeKTUBHOCTH PabOTHI AITOPUTMA M Ka4eCTBa TEHEPUPYEMbIX aTaKyIOUIMX U300paxke-
HUH BBIUKCISIETCA J10JIs YCTEIIHBIX aTak, B pe3ylbTare KOTOPhIX HOpMa Pa3HOCTH aTaKyIOIIEro U UCXOTHOTO
n300pa’keHU orpaHnYeHa HEKOTOPBIM YHcIoM. B HacTosme pabore paccMaTpuBamuch Ly- U L_-HOPMBI.

3aBHCHMOCTD YCHENIHOCTH aTak oT L_-HopMbl Bo3myiieHusi. [loctponmM rpadyk 3aBUCHMOCTH 10U
YCIICUIHBIX aTakK OT L_-HOPMBI IPUMEHSIEMOT0 Bo3MyIeHust. Kak OblI0 cka3aHo BbILIE, ISl BO3MOKHOCTH I10-
CTPOMTH TaKyto 3aBUcUMOCTb anroput™ PGD 3amyckaercs otaensHo s €, pasHoro 0,02—0,20 ¢ mrarom 0,02
(COOTBETCTBEHHO, HANIPSIMYIO OrpaHuuuBas L _-HopMmy), a i anroputMoB DeepFool u CW L_-HOpMEI BO3-
MYILIEHHUS BBIYUCISIOTCS 110 3aBEPIIEHUH UX paboThl. Pe3ynbrarsl mpeacTaBieHsl Ha puc. 2.

e $etia 4 e

Puc. 1. TIpumepsl painonorndeckux (BepXHUN psi) ¥ THCTOJIOTHUECKUX (HIDKHUE PsiT) M300pakeHU.
B xaskzoii mape ciieBa oka3aHO HCXOJHOE H300pakeHwHe,
a CcIpaBa — €ro aTaKyoIas Bepcus, OMy4IeHHas! ¢ TOMOIIbI0 anroputMa CW

Fig. 1. Examples of radiological (top row) and histological (bottom row) images.
In each image pair the original image is given on the left whereas
its adversarial version is presented on the right side
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Puc. 2. Jlonst yCrienIHbIX aTaK JUlsl HCIIOJIb30BaHHBIX HA0OPOB JaHHBIX
npu orpannyeHunu L_-nopmsl Bo3mytienus B 0,02; 0,08 u 0,20

Fig. 2. The fraction of successful attacks for each classification task
under condition of limit of L_, perturbations equal to 0.02; 0.08 and 0.20

[Ipu ucnonszoBanuu L_-HopMbl anroputm CW mokaszan ceds Jrydlie HO4TH BO BCEX Clydasx (KpoMe &,
pasuoro 0,08 u 0,20 va Hadope gannabix H-TH, rne apdexruBnee ceds nposimn anroputm DeepFool). Takxe
MOKHO OTMETHTb, YTO IIPY MUHIMAJILHOM PaCCMOTPEHHOM 3HaueHuH € anroput™ PGD gacto HemHoro Gosee
a¢pexrusen, yem DeepFool. Onnako yxe npu € He Huxe 0,08 kauecTBO pabOTHI MTOCIIEAHETO 3aMETHO Ipe-
BoIaet pesynsrar PGD. B nenom, kak u oxxuganocs, anroput™m PGD noka3seiBan cedst xyxe, yem DeepFool
u CW, HecMOTpsl Ha TO UTO MOCIEIHUE ONTUMHU3HUPYIOT L,-HOpMYy. IIpu 9TOM 3HauMTENBHON 3P PEeKTUBHOCTH
(xots Ob1 80 %) PGD He nocturaer B ECTH U3 BOCBMH CIIY4aeB Ja)ke IPU MaKCUMaJbHOM aHaJIM3UPYeMOM
BO3MYILIEHUH.

3aBHCHMOCTD YCIEIIHOCTH aTaK 0T L,-HOpMBbI BO3MYyLIeHHs1. [[0CTpoNM aHaJIOrMYHYO OIIMCAHHOM BBILLIE
3aBHCHMOCTb, OTPAaHUYMBAs BO3MYyIIEHHE L,-HOPMOH. JlaHHYyI0 3aBUCHUMOCTb OyZieM CTPOUTH IJIsl alTOPUTMOB
DeepFool u CW, nmockomnbKy, kak ObUIO IOKa3aHO paHee, anroput™M PGD paboraet 3ameTHO Xyske TIpH cpef-
HUX 1 OONBIINX BO3MYILEHHUSX, a 3AITyCKast €ro TOJIBKO I MaJIEHBKOTO €, Mbl HE ITOJIYYHM BBICOKOH HTOTOBOM
sddexruBHOCTH. Pe3ynbTarel npuBeeHbI HA PUC. 3.

W3 mpencTaBiaeHHBIX TaHHBIX BUIHO, YTO B 1esioM anroputmbl DeepFool 1 CW 6mu3ku o a¢gdhexTus-
HOCTH: s €, paBHOTO 1,0 11 2,0, B 4eTHIpEX U3 BOCHMU CJIyUaeB JIOJTH YCICIIHBIX aTaK 3TUX aJTOPUTMOB
MOYTH PaBHBI, B OCTABLIUXCS CIIy4asX OJHO3HAYHOTro (haBopuTa He HaOmogaeTcsi. OJHAKO CTOUT OTMe-
TUTb, UTO AJI U300paxeHui pazmepom 256 x 256 nk g, pasusblil 2,0, 11 L,-HOPMBI BO3MYILEHUS sIBIIS-
eTcsi BecbMa HeOonbmol BennunHon. [Ipu yka3aHHOM 3HAYEHHH KaXKIbIH MHUKCEN B CPEIHEM MEHSETCS
Ha 0,007 8 (B ycnoBusix HopmupoBkH [0, 1]), uto cocraBnser MmeHee | % OT MakCUMalIbHO 1OIYCTHUMOTO
3HAYCHUSI.
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Puc. 3. Jlons yCHEIIHBIX aTak Jyisi BOCBMU HAOOPOB JaHHBIX
IIpU orpaHn4eHnu L,-Hopmbl Bo3myienus B 0,1; 1,0 u 2,0

Fig. 3. The fraction of successful attacks for each classification task
under condition of limit of L, perturbations equal to 0.1; 1.0 and 2.0

HcceaenoBanue aTak mo MeToay Y€PHOIo sIAKA

MeTonuka npoBeaeHust aTaK. ATaky 110 METO/Ly YEPHOT'O SIIIUKA OCYLIECTBIISIIOTCS O€3 UCII0Nb30BaHMs HH-
(dopmauuu 00 apXuUTEeKType Wi oOy4eHHBIX Becax HEWpOHHOU ceTd. HeTpyaHo 3aMeTHTbh, YTO B TaKUX yCJIO-
BUSIX TEHEpaLMs aTaKyloIUX M300pakeHUH 10 MPEICTABICHHON BBIIIE METOIUKE CTAHOBHUTCS HEBO3MOXKHOM,
IIOCKOJIbKY BCE PACCMOTPEHHBIE AITOPUTMbI UCHONB3YIOT TPajMeHT (QYHKIUH BbIXOJa HEMPOHHON CETH, KO-
TOPBIN HANPSAMYIO 3aBUCUT OT OOYYECHHBIX NapaMeTpoB. B nanHOM ciiyyae TpeOyeTcsi NpUHIMITNAIBLHO HOBast
METOJIMKA [TPOBEICHUS aTaK.

Ha ceromusimnuii eHb NpeIo:KeHO HECKOIBKO CIIOCOOO0B OCYIIECTBIECHHS aTak Mo METOLY YEpHOIro SIIU-
Ka. BONBIIMHCTBO M3 HUX OCHOBAaHBI Ha CBOMCTBE NEPEHOCHMOCTH, 3aKJIIOYAIOIIEMCS! B TOM, YTO aTaKyloliee
n300paskeHne, CreHepUPOBAHHOE JUIsl aTaKKU OJHOW CETH, YacTO YCIICIIHO aTakyeT U JPYIYIO CeTh, 00yUEHHYIO
KIaccuumupoBath n300pakeHus Toro xe tuna [ 12]. HecMoTps Ha TO 4TO B HACTOALINI MOMEHT TEOPETHIECKUE
000CHOBaHUS TAKOTO SIBJIICHUSI OTCYTCTBYIOT, OHO HEOAHOKPATHO Habmonanock Ha npakTuke. [lonarasce Ha 310
CBOMCTBO, MOXHO C(HOPMYJIMPOBATh METOJUKY ACHCTBUI, COCTOAIILYIO U3 TPEX OCHOBHBIX ILIArOB:

* Ha HEKOTOPO! BbIOOpKE M300pakeHUH M3 MPEAMETHOI 00JacTH KiIacCU(pUKALUK LEIEBOH ceTH o0yuaem
CBOIO MHCTPYMEHTAJIbHYIO (MMUTHPYIOILYIO) CETh (B JaHHOW padoTe paccMaTpUBaETCsl PEXUM, IPH KOTOPOM
JOCTyITHa TPEHUPOBOUHAsI BEIOOPKA M300pa’KeHNH aTaKyeMOH LIEIeBOM CETH);

* IPOBOJMM aTaKy Mo METOAY OeJIoro SMKKa Ha 00yYeHHYI0 HHCTPYMEHTAJIBHYIO CETh M B UTOTE TIOJIy4aeM
arakyoluiee n300paxeHue;

* [I0JJacM CTCHEPUPOBAHHOE aTaKylollee N300paKeHNE Ha BXO] LIEJIEBOM aTaKyeMol CETH 1 OLICHHBAeM I0-
Jy4aeMbI€ pe3y/IbTaThl.

Takum 00pazomM, LiesieBast CETh aTaKyeTcsl 10 METOAY YEPHOTO SIIUKA, IIOCKOJIBbKY HH(pOpMaLus 00 apXUTEK-
Type U Becax IIeJIeBOH CeTH HUKAK HE HMCIOJb30Balach, IOTPeOOBaIach TOIBKO HH(POPMAILUS O COOTBETCTBYIO-
LIMX HapaMeTpax 00yueHHOH MHCTPYMEHTAJIbHON CETH, UTPAIOLIEH POJIb BCIOMOTaTeJIbHOTO HHCTPYMEHTA.

68



(9) wiou pue siso[noraqn Jo 1)) 1osejep agewn Aydeidowoy pandwoo jo
UOT)BIIJISSE[O ATRUlq pue (») SISSE[d 921y} JO FUNSISU0 soFewl 1Soyd AeI-X JO
jasejep aSewt CYN-X J0J SYOBIIE X0q Jor[q [NFssadons Jo afejusorad oyl ‘4 S17
(9) 1D xmt1orr uuHMKedQOoEN XINOIRU(PERdIOWOL-0HAOLOITIINOY
edOQBH 0109000BIMXALY U (V) CYN-X WML HOHTAI nuHOXKedgoen XUMogoHAILHOd
edogeH o1ogoooeinxodL nuHedeneouoed udn exumy 010HdOR ATOLOW OL Mele XITHIMIOUOA UIOY] ‘% "ONng

< [4 PNR[IQON
[4 [4 E:@zwmso 19 vl 4 bl 11 PNOIIQON
4 4 0SIONSTT 0¢ 9¢ 9¢ 1€ 0€ 1Z13NRsUq
¥ uondooy Ll Y4 0S 81 81 0SIONSTY
€ gAuondaou] [ 8 [ 8 [ ¢ | % | « SOndEX
NSO [T [IONPSUS(|0GION S | uondaox [cAuondaouy|  yoepe : S1 L1 61 6T 99 g Auondoouy
NND d1seg 1opun NND 1ONPIIGOIN |1 T 1IONDSUL(I|0SIONSY| uondaoy |g Auondaou]|  yoepe
. NNDO diseq Topun NND

i

% <
S
co

MBLE XI9HIMOm) A KIroy7
S
~

I9LHOUITRII SI9ITOIOJA]

q/9

69




(g) se1poquIUE [BITWAYO0ISTY-OUNTUWI JUSISIJTP XIS Jo d[ay oy} yiim
paure)s soew £30703S1Y Sururejuod josejep 1S-H 2y} JO SaSewl UONBIIJISSe[O PuB
(v) Areao o) pue spue[3 proIAy) ul SIowWn) jueuIfew pue WLIOU Ay} JO
sagewr £30[01S1Y JO HI-AO-H 19seiep a3ewl I0J S)or)e X0q Jor[q [NJssadons Jo a8ejudorad oYy ¢ 31
(9) nweredenadin HWIDIOORUWHXOLOUIOHAWNY MINITHRUIreRd XITHHAMEAMO
‘UMHDKRAQOEH XMNOIRHIOIOLOUT 00J0Ir HLOJM U (1) 1969 HOHIUEOLHITT 1
9OMUHRUE UHOLI0MQ WeleldrAedd o yed/ewdoH nuHOXedQOEH XMMOORHIOLOLOUI
HL-AO-H edogen nnHegeneonded udi exunms 010HdOR ATOLOW OI MeLe XITHIIUOA UIOYf ¢ "ong

be 53 €€ 53 1OUR[IQOIN KeRHEOLH]] L L L 9 1ONSIIGON
0S [Z1IdNEsUg = $)3 oy 9 9 9 S [Z1IdNEsUg
[43 0GIONSIY = 7 | 14 S €€ 14 14 0SINSY
14 14 i4 Ly uondaoy > ¥ S 14 uondeoy
7S ¥S (39 ¥S gAuondadu] 11 Cl 1T 1T gAuondaduy
JONR[IGOIN |1 Z [IONPSUR(|05IONSY | uondaoy |¢ Auondoouy yoepe JONPIIGOIA |1 Z [IONSUR(|0SIONSY | uondaoy |¢ Auondosuf yoepe
NND d1segq 1opun NNO NND d1seg opun NND
&.98
&
E
2o,
“ §.§.\Q
I~
g BEIIAN 5
8 8
< <
5 g
g £
£ g
% =
0
: S o]
= W =
N IDIMHhUE .
ey calaearg <08

o/

49/9

70



TeopeTuyeckne 0ocHOBBI HH(pOpMATHKH
Theoretical Foundations of Computer Science

s mpoBenieHrs aTak Mo JaHHOW METOAMKE B HACTOSIIEH paboTe paccMaTpUBAIOTCA MATh apXUTEKTYP
m1yOOKuX HeHpoHHBIX cetert — InceptionV3, DenseNet121, ResNet50, MobileNet u Xception. M3 mocTpoeHHbBIX
paHee 3a1a4 kinaccuuKanuy ObUTH BHIOPAHBI JIBE 3a/1a4d pacIio3HaBaHUs (KiIaccH(UKAIMN) paJnoIorHye-
CKHX U300paskeHHH 1 ABe — rucToNornyeckux. C yueToM MpeacTaBlIeHHOW METOUKH aTaK Mo METOLy YePHOTO
SAITUKA JUTS KaKIOW BRIOPAHHOM 3a/1auy BBITTOJHSIIACH CIEAYIONAs OCIeI0BATEIbHOCTD IEHCTBHM.

1. OGydaeM KakIyto U3 IPUBEICHHBIX IISITH aPXUTEKTYp CETeH.

2. Kaxxtyro u3 00yueHHBIX CeTei aTakyeM 0 METOy OeJIoro SIIuKa, TCHEPUPYs COOTBETCTBYIOIIEE aTaKy -
11ee n300pakeHne IS KaXKJI0TO NCXOTHOTO N300paKeH!s U3 TECTOBOM BBIOOpKH. CreHepupoBaHHBIE H300paxKe-
HUSI COXPaHSIEM.

3. B xaxpoit mape 00y4eHHBIX CeTel OJJHYy CETh Ha3HA4aeM IIeJIEBOMH, APYTyI0 — HHCTpyMeHTanbHOH. [1po-
BOJUM aTaKy Ha IEJEeBYIO CETh IyTeM MOAa4dH aTaKyIoINX W300pakeHUil, CTeHepUPOBAHHBIX JJIsI HHCTPY-
MEHTaJIbHOH. Pe3ynbTaThl mpencka3aHuii KI1acCoB, BEITIOJTHEHHBIX IIEJIEBOM CEThIO, COXpaHsIeM. 3aTeM MEHSIEM
LIEJIEBYI0 M HHCTPYMEHTAJIBHYIO CETH MECTAMHU U TIPOBOANM aHAJIOTUYHYIO aTaKy.

B kauecTBe anropuT™Ma reHepannu aTaKyonmx n3o0paxennit Obi1 BeIOpan anroput™ PGD c €, pasabv 0, 1.

Pesyabrarbl npoBenennsi arak. [locie BBIIIOTHEHUS] ONTMCAHHOMN TOCJIEI0BATELHOCTH AEUCTBUM NI
Ka)XI0M BBIOpaHHOM 3ajauu Kiaccu(HKaInY 1mojydaeM 25 HaOOpOB BEPOSITHOCTEH KIaccoB M300paKeHUH
(pe3ynbTaToB npencka3anuii), Bkmrodas 20 HabOpOB I KAKIIOH MMaphI yenesds (amaxyemas) cemv — UHCmpy-
MeHmanbHas cemv U 5 HAOOPOB IS TIap, CETH B KOTOPBIX cOBMaaatoT. CieayeT OTMETHTbD, YTO B TIOCTIETHEM
CIIy4ae Mbl IMEEM aTaKu M0 METOIy OeJIoTo SIIUKa, TOCKOJIBKY aTakoBajach Ta jK€ camasi CeTbh, ISl KOTOPOi
TeHEPUPOBAIUCH aTaKyrolue n3oopaxenus. [1o momydeHHBIM TakkuM 00pa30M JTaHHBIM BBIYUCIISUIACH JIOJIS
YCTIEITHBIX aTak.

Ha puc. 4 u 5 rpadudeckn npoMILIIOCTPUPOBAHBI PE3YIBTATHI TIPOBEJACHUS DKCIIEPUMEHTOB C aTaKaMH Ha
PaAMOIOTUYECKHE U TUCTOJIOTHYECKHE N300PAKEHHSI COOTBETCTBEHHO. MOXKHO BHUIETh, UTO IS IBYX 3a7a4
knaccudukarnmy — CT u H-OV-TH — nons ycrenrHeix atak mo METOAY YEpPHOTO SIUKa He3HAIUTeNIbHA, J[71s1
3amaun X-NR3 3amMeTHO BIMsTHUE TaKuX atak, a s 3amadd H-ST ux cuta cpaBHUMA ¢ CHITION aTak 1o METOIY
0emoro smuKa (X0Ts, pasyMeeTcs, Bce e MeHbIe). Takke CTOUT OTMETHTb, YTO JI0JIsI YCTICITHBIX aTaK 1o Me-
TOJy YEPHOTO SIIIHKA OTPENEIAeTCS TEM, Ha BXOJ CETH C KaKOH KOHKPETHO apXUTEKTYpPOU MOJaBauCh CTEHE-
pUpoBaHHbBIE N300pakeHus. [Ipr 5TOM 3aBUCIMOCTH OT TOTO, JIUIsl KAKOHM CETH N300pakeHusI TeHepHUPOBAJIHCH,
He HaOIomaeTcs.

BriBoabI

B nanHoit paboTe ObLI0 MPOBEICHO IKCIIEPUMEHTATIBLHOE UCCIISIOBAHIE COCTS3aTENbHBIX aTak Ha IITyOOKne
HEHPOHHBIE CETH NPH PEIICHUU 33134 KiIacCU(PHUKAIUU OMOMEITUIIMHCKUX W300paKeHUH pa3indyHbIX THIIOB
B 000MX peXUMax JOCTYIMHOCTH HHPOPMAIIMU: B PEKUME OEJIOTo SIIHKa M B PeXKUME uepHoro siuuka. [1o pe-
3yJabTaTaM MCCIIeIOBAaHUS MOYKHO C/AETATh CIEAYIOINE BHIBOIBI.

1. ITpoGniema cocTsa3aTenbHBIX aTak aKTyaJlbHa JUTSI 3a7a4 Paclio3HaBaHUs OMOMETUITMHCKIX N300pakeHnH,
MIOCKOJIbKY IIPOTECTUPOBAHHBIE AJITOPUTMBI YCTICHTHO aTakyloT 00y4YeHHbIe HEHPOHHBIE CeTH TaK, YTO MX TOU-
HOCTH Iajaet Humke 15 %.

2. Anroput™ CpoenrpoBaHHOTO TpaareHTHoro ciycka (PGD) npu tex e BeanmumHaX 3J0HAMEPEHHBIX
BO3MYILIEHHI M300pakeHusE MeHee 9 PEKTHBEH, YeM alropuT™M «rmybokoro oomaHa» (DeepFool) u anroputm
Kapmuau — Baraepa (CW).

3. IIpu ucnonp30BaHUU B Ka4eCTBE METPUKU CPAaBHEHUS M300pakeHnil L,-HOopMBbl anroputMsl DeepFool
u CW reHepHpyIOT aTakyolye n300pakeHus: OJIM3KOro KauecTra.

4. B Tpex 3 YeThIpex 3a/au paclio3HaBaHUs PaJAUOIOTHYECKUX U THCTOJIOTMYECKHX U300paKeHUH aTaku
0 METOJIy YEPHOTO SIIUKa C UCTIONb30BaHUeM anropuTMa PGD nokaszanu HU3KYI 3QEKTUBHOCTS.
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CKPBITASL MAPKOBCKASI MOAEAD AA{ OITPEAEAEHUSA
BPEAOHOCHBIX Y3A0OB KOMITBIOTEPHOUM CETA

A. B. BYFHOBY, H. H. HBAHOB"

DBenopycckuii 2ocydapemeennbiii ynusepcumen ungpopmamuxi u paouod1eKmpoHux,
ya. Illempycs bposku, 6, 220013, 2. Munck, Berapyco

PaccmarpuBaetcst mpo0ieMa onpeieieHus] BpeIOHOCHBIX Y3JI0B B KOMIIBIOTEPHON ceTH. AKTUBHOCTH y3JIOB CETH
(puKcHpyeTcst ¢ MOMOIIBIO 3aIIyMJIEHHOTO JETEKTOpa C MPUBSI3KOH KO BpeMeHu. B pabore mpemiaraercss METO HICH-
TH(QUKANN TTOJOOHBIX Y3JI0B ITyTeM KIAacCH(MKAIMM BPEMEHHBIX PSIOB AaKTMBHOCTH Y3JIOB CETH. MeTox OCHOBaH Ha
MIOCTPOGHUH CKPBITOI MapKOBCKOI MOZIENH [UISl aHAIM3UPYEMOr0 BpEMEHHOTO Psifia U IMOCIIeAYIOLIeM ITOucKe Hauboee
BEPOSITHOTO KOHEYHOTO COCTOSIHUSI MOJIeNIn. D(PPEKTHBHOCTH TO/IX0/1a Oa3upyeTCst Ha MPEIOI0KEHUH, YTO 1IeJIeBbIe
K1OepaTaky JIOKaJIM30BaHbl BO BPEMEHH, a 3HAUUT, aKTHBHOCTH BPEJOHOCHBIX Y3JI0B CETH OTIIMYAETCS OT OE30MaCHbIX.
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HIDDEN MARKOV MODEL FOR MALICIOUS HOSTS
DETECTION IN A COMPUTER NETWORK
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6 Pietrusia Brouki Street, Minsk 220013, Belarus

Corresponding author: Y. V. Bubnov (girokompass@gmail.com)

The problem of malicious host detection in a computer network is reviewed. Activity of computer network hosts
is tracking by a noisy detector. The paper suggests method for detection malicious hosts using activity timeseries
classification. The approach is based on hidden Markov chain model that analyses timeseries and consecutive search of the
most probable final state of the model. Efficiency of the approach is based on assumption that advanced persisted threats
are localised in time, therefore malicious hosts in a computer network can be detected by virtue of activity comparison
with reliable safe hosts.

Keywords: hidden Markov model; computer network; advanced persisted threat; timeseries classification.

Introduction

Malicious activity detection methods in corporate computer networks still remain an important problem in
computer science. To enforce the network security special instrument are embedded in operating systems and
ingenuity software are elaborated. Such applications intend to prevent cyberattacks against the local networks
and personal computers, theft of data, undesired spam-advertised products, dangerous drive-by hidden objects
infected a visitor’s machine with malware. As a result, the growing interest is observed in developing systems
to protect the end user from the potential attack.

Except of the information theft, infected hosts are exploit for distributed denial of service attacks through a botnet.
In such scheme DNS (domain name system) tunneling is commonly used to control the attack through central
server. Hosts usually access the central server through hardcoded IP address or domain name. Therefore,
networks protected with domain blocklists can easily prevent communication with remote adversary.

At this moment the most advanced method of botnet control is decentralised interconnection between
infected nodes. In this scheme, infected host acts as client and takes role of a central server. Considering that
decentralised approach does not exploit a single central server battling with these botnets becomes decently
complex problem. There are two most common approaches in the organisation of decentralised botnets exist:
(1) fast-flux networks and (ii) domain name generation algorithms.

The fast-flux approach assumes a peer-to-peer communication between the infected nodes of a botnet,
where an access to the central server is performed through domain name resolution into multiple IP addresses.
That means, multiple nodes in fast-flux networks act as proxies to the original central server. In this scheme
even after blocking of the infected hosts, botnet still operates as list of IP addresses constantly rotated.

The domain name generations algorithms target corporate policies where malicious domains are blocklisted.
In this scenario, malicious hosts exploit a generator of pseudo-random numbers to guess the current domain
name of the central server. The frequent rotation of domain names makes blocklist protection powerless against
this approach, since the amount of possible domain name combinations virtually infinite.

Mentioned prerequisites lead to the conclusion that exploit prevention of the corporate network nodes for
distributed denial of service attacks require blocking of the infected nodes instead of requesting domain names.

Industry-standard method for dealing with this problem is detector analysing packets passing through the
network. Such detector may collect system data from the packets [1] or reads system attributes from the nodes [2].
In monitoring system such as Prometheus, Zabbix, Nagios [3], these findings are stored as time series.

Activity of such systems needs tentative tuning of parameters ranges, that provide successful performance
of hard and soft components. An operator may use manual adjustment of the system.

Generally, feasible intervals are set by experiment [4], above all in some systems procedures are prescribed
and might be automated. The extreme option against harmful node is cutting out network fragment. The only
problem is to find point of time for connection breakage due to time and data loss.

That is, common challenge in information security is to determine the point of time when the manual
intervention in network activity is necessary.

This basic approach can separate malicious and infected hosts from the safe nodes. Malware is a standout
most thoughtful intimidations for the Internet.
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Hidden Markov model for malicious hosts detection

Let the detector estimates probabilities referring transmitted network packet as a malicious one. It is a binary
classifier. As a result of a detecting action a probability is assigned to each packet P, where ¢ is a point of time.
The observable events are a flow of packets P, the probability of the packet to be mahclous is estimated by the
detector as y, € [0, 1]. Markov chain is defined as the event sequence depicted in fig. 1, each observed event

may be at one of the two possible states that correspond to two classes 3, € {0, 1}.

X]lyl, XZ|y2 @
S/
S/ AN

i (y1|x1 \\ yzlxz \

2 \</ /(

\ N AN ’
\ AN / \ ’
AN ’ AN i \ /

Y 4 7 ’

Fig. 1. Markov chain fragment with 3 observed events

It is assumed the i state probability is normally distributed, therefore emission probability of the state can
be calculated with the standard formula

-l (522

where standard deviation is chosen as ¢ = 2.0 and function is parametrised with a class probability x;. In other
words, the most reliably hidden state is observed in situation when standard deviation of the detector output
signal lays inside the boundaries of the standard model.

In most cases observed events form ordinary flow of homogeneous events and mathematically are authentic
to Poisson stream. Based on this assumption the transition probability from state i to state j might comply with
density of exponential distribution:

-t

1
T\y|x;, y;|x; | = —expy——F———¢»
( | J‘J) 2 eXp(l—y,-(JByj)
where y; @ y, represents the Zhegalkin polynomial, which sets higher probabilities when Markov chain transi-
tions to the states with the same class, whereas class changing is penalised by a factor value e.

For any given ordered time # € T interval with NV elements the solution of the problem is on the base of
reliable events forming the most probable path from initial state #, to one of the final state #,. All intermediate
states have to belong to interval T.

Viterbi algorithm can be applied for the most probable way on Markov chain construction (see fig. 1).
The algorithm is specified by the following recurrent formulas:

Vl,n =E(yl|x1)’

N
V;,r; :miaX(E(yt|xt) ' T(yi|xi’ yn|xn) : Vtvfl,i)‘
Final hidden state is produced by the final solution:
Xy = arg];,nax( V,'N,i).

Initial problem statement is not getting hidden states of the Markov chain. The challenge is in associating
the event series to one of the classes. Direct solving of a classification problem through estimation of obser-
ving event sequence in the restored chain produces the result that ignores time locality. In fact, recent events
produce more significant effect in comparison with events from the past.

At last, two virtual finite states of Markov chain are defined, they denote that both states are equiprobable.
These states are intended for time series classification. Figure 2 represents updated Markov chain (compare
with fig. 1).
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Fig. 2. Extended Markov chain with two extra equiprobable states

Viterbi algorithm estimates two final states probabilities:
P(N; 37=0)=V,

1> Ny
P(N; 5’21) = ZN,N]'
Then the result specifying the time series class is calculated by the formula
Y=argmax| P(N; §=0), P(N; 7=1)]. (1)

That is, more probable final state defines the chain class.

Dijkstra path probability calculation algorithm

Formula (1) produces the solution of the time series classification problem. Mathematically it is the path in
a directed acyclic graph or the most probable path on Markov chain.

Direct solution assumes enumeration of full set of all possible paths from an initial Markov chain’s state S
to all final states and estimation of the final state probability for each path. It is time consuming approach since
due to binary branching at each current chain node an algorithm complexity is exponential, it is exactly equal
to power of 2:

P(N;7)=0(2")

Even with progress in processor industry such algorithms are useless. Nevertheless, the optimal path in
a given acyclic graph may be found by modified Dijkstra algorithm [5] that has polynomial time complexity.

Modified Dijkstra algorithm applied to Markov chain is described in following paragraphs. Let an orien-

ted graph G(V, E) presents a Markov chain model. Possible states and edges specify next node transitions.
The directed graph under consideration has single initial node and two terminal nodes, that indicate final states
with the probabilities pointing to a decision of time series classification. An edge weight here means transition
probability T (v1|v2) from an edge v, to edge v,. The weight of initial node of Markov chain path is set to —,

an internal node v, weight is defined as sum of products of entering node v, weight £ (vl) multiplied by transi-
tional edge weight T’ (v1|v2) (see PathProb(*) algorithm). The following algorithm specifies weight procedure
that calculates final nodes probabilities.

PathProb(G Vv,V )

> s e

D Je{y->P(v)}
2)0 «{v}

3) foreach vin G\yv,

4)  doJ[v]=0

5) do while Q # O

6) U Pop(q)

7) foreach v in G[u]

8) peJ[u]-T(u|v) E(u)
9) J[v] :Max(p, J[v])
10) ifve O

11) do Q < Push(Q)

12) return J[ve]
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Description of the main algorithm. The operator 1) initialises a hash table J that stores the graph nodes
with corresponding probabilities. Line 2) initialises a nodes queue @ of the nodes to be tested, it is an ordinary
FIFO line. Operators 5)—11) set weights to the graph nodes and edges. At each iteration current node is under
examination and the following operation proceeds from the current node along the edge with more probable
transition. As the result algorithm yields the most probable terminal node.

Actually, because of only forward transitions along nodes of acyclic directed graph the algorithm has poly-
nomial time complexity on nodes number:

P(N;7)=0(2N)=0(N).

Greedy path probability calculation algorithm
Dijkstra algorithm allows to reach polynomial time complexity of path probability calculation, while the
usage of a hash table results in the need to keep all nodes in memory till the final operator. This needs polynomial
amount of memory, or O(N )

Considering that state transitions are possible only between two neighbour states, the original graph G (V, E)
can be represented as the following matrix:

A= (tlaylaxl,) (t2’y27x£) (tnﬂynﬂx;t)
(62 ) (2o 325 %5) oo (15 20 x7) |

where the number of columns is equal to the amount of DNS tunneling detector observations, and each ele-

ment is a tuple of three elements: ¢, — observation timestamp, y, — observation probability, and x/, x{"e {O, 1} is
a probable class of an event.
Matrix construction assumes union of observation timestamps T altogether with observation probability X:

W= U {ti’ Vi }
ieN
Having a weight matrix W, matrix A is calculated using a cartesian product of the possible classes set:
AT =wTx {x’, x"}.
The greedy version of the path probability calculation algorithm is shown below. The algorithm is called
greedy as the decision of the next node in a path is taken considering only two current nodes.
MaxProb (A, s, i)
Dp=J- T(Al,i—l‘Al,j)'E(Al,i)

2) py=J- T(A2,i71‘A2,j) 'E(Az,i)
3)ifp,zp,

4) do return (pl, Al,i)

5) return (pz, AZ,i)

GreedyPathProb (A, s, e)

1) J« E(s)

2) N«|A]

3)fori=2to N

4) (p, s) «— MaxProb(A, S, i)

5) J—J-p

6) return J - T(sle)- E(e)

Greedy algorithm is divided into two functions: MaxProb and GreedyPathProb. The first function calcu-
lates the probability of the transition from the current state s to one of the states from column A;. Function
returns a tuple of the next state and its probability. The operator 1) in GreedyPathProb function calculates
emission probability of the start state. Operators 3)—5) perform calculation of the cumulative state probability

of transition from the start to final state. The operator 4) updates the state s on each iteration based on the joint
probability. Finally, operator 6) returns a joint probability of the path s — e.
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This described algorithm allows to reduce space complexity of the path probability calculation algorithm
from polynomial to constant:
P(N; 7)=0(1).

Timeseries classification results

The algorithm was tested by a problem of detecting DNS tunnel in a computing network. Numerous ma-
licious applications exploit such approach, e. g. programs that steal credit card data from payment termi-
nals [6; 7].

Initial information is a sequence of observed events Y ordered by discrete time T. The events occur as a re-
sult of DNS tunnels registration with binary classifier. Tunnel detector fixes client inquires to domain server.
A set of these events are interpreted as Markov chain, the final events are classified and nodes suspected as
malicious ones are found out. The principal problem is in detecting infected nodes.

The validation methodology uses a set of safe requests, consisting of the most popular Internet web-sites,
and a set of unsafe requests created by the popular tunneling programs, like iodine, tuns, DNScapy, etc. These
two sets are constructed based on etalon dataset for DNS tunneling binary classification [8].

Having these two sets, they are organised in series, where each of the series includes a certain percent of
unsafe requests. Additionally, it is assumed that attacks are localised in time, therefore unsafe requests are
always represented in a sequence. Figure 3 depicts a set of such timeseries, where 20 % of samples relate to
unsafe DNS requests. Each request from the timeseries is passed through the detector, described in [9], which
calculates the probability of the request being unsafe.

A
[/ 1 Unsafe DNS
41 |[] Safe DNS
5 34
O
E
g
5
e
5
a
=
0
1 -
0 -
T T T T T >
0 20 40 60 80 100

Number of DNS requests
Fig. 3. Ensemble of timeseries used in algorithm evaluation

For each of these ensembles precision and recall are calculated in order to evaluate the proposed algorithm
for timeseries classification. Table represents results of classification, where column «ratio» highlights the
percentage of unsafe DNS requests in each of the timeseries.

Results of classification estimation

Ratio Unsafe count Predicted count Precision Recall
0.00 0 0.000 1.000 1.000
0.01 1 0.950 0.860 0.890
0.10 10 9.989 0.987 0.985
0.30 30 30.000 0.995 0.994
0.50 50 50.000 0.994 0.994
0.70 70 69.903 0.999 0.997
0.90 90 90.091 0.999 1.000
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The results show high quality of the proposed classifier, which proves the original hypothesis that a se-
quence of DNS requests represent a Poisson point process, therefore the classification problem can be modeled
as hidden Markov model.

Conclusion

The article presents hidden Markov chain as an algorithm for timeseries classification. The algorithm does
not need extra infrastructure to store data for computer network analysis, existing system such as widespread
Prometheus system may be applied. Besides, algorithm has linear computational complexity and constant space
complexity.
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VIIK 519.4

D-OIITUMAADBHBIE ITAAHBI SKCITEPUMEHTOB
AASA TPUTOHOMETPNYECKOM PEITPECCUN
HA OTPE3KE C HEPABHOTOYHbBIMU HABAIOAEHUAMMN

B. I. KHPJTHIA"

YBenopycckuii 2ocydapemeennviii ynusepcumem, np. Hezasucumocmu, 4, 220030, 2. Muncx, Benapyco

HUccnenyercs mpodiema MOCTPOCHUsI HENTPEPhIBHBIX (UMCIIO0 HAOIIOACHUI He (UKCUpYeTCs) D-0NTHMAabHBIX TUIAHOB
HKCTIEPUMEHTOB JUIsl TPUTOHOMETPUYECKOH PErpeccuy B ciIydae, Korja JUCHepCHs OIIMOOK 3aBUCHT OT TOYKH, B KOTOPOU
npoBoUTCes Habmoaenue. OnpenerneH kiace QyHKIMH, ONUCHIBAIONINX U3MEHEHHE AUCIIEPCUN HEPAaBHOTOYHBIX HAOII0-
JCHHH, IUTSI KOTOPBIX MOYKHO TIOCTPOUTH HETPEPhIBHBIC D-ONTUMAaIbHBIC IDTAHBI SKCIICPUMEHTOB. J{JIs1 TpHTOHOMETprYe-
CKOH perpecchuu ¢ TpeMs (paKkTopaMu IMOCTPOCHBI HETPEPhIBHBIE D-ONTHMaIbHBIC TUTAHBI YKCTIEPUMEHTOB C PA3TUIHBIMA
TUTIAMH HEPaBHOTOYHBIX HaOmromenuii. [y KaXkq0oro U3 3TUX THIIOB BBIJCNICH CBOI COOCTBEHHBIN Kilace (DyHKINH, OMH-
CBIBAIOIMX U3MEHEHHE JIMCIIEPCUH HAOIOICHHU .

Knroueswie cnosa: HEMPCPBIBHLIC D-ontuManbHBIC TIaHED OKCIICPUMCEHTOB; TDPUTOHOMCTPHUYCCKAs pErpeCccusi; paBHO-
TOYHBIC Ha6JHO,I[CHI/I}I; HEPABHOTOYHBIC Ha6JIIO,II6HI/IH.

D-OPTIMAL DESIGNS OF EXPERIMENTS
FOR TRIGONOMETRIC REGRESSION ON INTERVAL
WITH HETEROSCEDASTIC OBSERVATIONS

V. P. KIRLITSA®

*Belarusian State University, 4 NiezalieZnasci Avenue, Minsk 220030, Belarus

In article the problem of construction continuous (number of observations is not fixed) D-optimal designs of experi-
ments for trigonometric regression in a case when variance of errors of observations depend on a point in which is made
is investigated. Class of functions which describe change variance of heteroscedastic observations is defined for which it
is possible construct continuous D-optimal designs of experiments. For trigonometric regression with three factors it is
constructed continuous D-optimal designs of experiments with different types heteroscedastic observations. For each of
these types the own class of functions describing change variance of observations is defined.

Keywords: continuous D-optimal designs of experiments; trigonometric regression; homoscedastic observations; hetero-

scedastic observations.
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PaccmoTrpum mMoziens HaOmoneHII

Y =0+ i(ezscos(sxj) + 625+1sin(sxj )) + e(xj), Jj=2k+1, (1)
s=1

I11e y; — HaOIIoNaeMbIe IEPEMEHHBIC; X; — KOHTPOINPYEMBIC [IEPEMCHHBIC, IIPHHAUICKALINEC HHTEPBAITY [O, 211:);
0,, 0,,, 0,,, | — HEU3BECTHBIE APAMETPBI, MOUIEKAIUE OLEHUBAHUIO; S(xj) — HEKOPPEIHPOBAaHHbIC OIIMOKH
HAOJTIOEHHUH CO CPeTHUM 3HAYCHUEM, PaBHBIM HYJIIO, M JUCIIEPCHE, 3aBUCAIIICH OT TOUKH HAOIIONEHUS:

D{e(xi)}=d(xi)>0,j22k+1. )

(DyHKLII/IH d (x ) — HCKOTOpas MOJIOKUTCIIbHAs (bYHKL[I/IFI.

B monorpadusx [1; 2] maias Monenn paBHOTOUHBIX HaOmoneHui (d (x) =067, 6° > 0) 1OKa3aHO, YTO IUIAH
IKCIIEPUMEHTOB

vees X
& =11 1 3)
ﬁ’ ceey E

SIBJISIETCS] HENIPEPBIBHBIM D-onTuManbHeIM. B (3) Touku criekTpa miana

x?=w,i=l,n,n22k+l. 4)

s gactHOTO Citywast n = 2k + 2 onTuManbHbIA TuiaH (3) BepBble ObLI MOCTpOeH B myOnukarmu [3].
B crarbe [4] anst Mopenn TPUrOHOMETpUUECKOW perpeccuu (1) ¢ paBHOTOUHBIMHM HAOMIOACHUSIMU, B KOTOPOH
OOBSICHSIONIAsI IEpEMECHHAs N3MEHSIETCS] B MHTEpBaJe [—a, a], 0 < a <7, paccMaTpuBaeTCs MOCTPOCHHUE OTTH-
MaJbHBIX TIAHOB SKCIIEPUMEHTOB ISl OLIEHKM HEM3BECTHBIX MapaMeTpoB Moend. B 3Toif craTthe oTMeueHo,
YTO CTPYKTypa ONTHMAIBHOTO TUTaHA SKCIIEPUMEHTOB CYIIIECTBEHHO 3aBUCHUT OT pa3Mepa HHTEpBalia IIIaHUPO-
BaHms1. Taxke B Hell mpuBeeHa 00mrpHas OnoIuorpadus padoT, ITOCBSIIEHHBIX UCCIICTOBAHIIO TPUTOHOMET-
PUYIECCKUX MOJICIICH HAOIIOICHHIA.

B mamHO# cTaThe MmokaXkeM, 9To TuTaH (3) octaeTcs D-oNMTHMAabHEBIM IS OTIpeIeICHHOTO Klacca HepaBHO-
TOYHBIX HAOJIIOICHUIA.

Teopema 1. /[n1 mooenu nabniooenuit (1), (2) nran (3) ocmaemcs nenpepulgnvim D-onmumanvhvim 011

HEPABHOMOYHBIX HAOIIOOEHUL, OUcnepcuu Komopuix d (x) VO0871€mMBOPAION HePABEHCMEBY

d(x)=06’° 620, )

20e paseHcmso 8biNoIHAemcs 6 moukax (4) cnexkmpa niawna (3).
HJoxkazarensctBo. Teopema Oyner noka3aHa, eciu OyJeT yCTAHOBJICHO, YTO JUIsI I1aHa (3) cripaBein-
BBl yCJIOBUS TeOpEeMBI 9KkBHBaneHTHOCTH Kudepa — Bonsdosuna [1] s D-onTumManbHbIX IIAHOB:

ﬁ S ()M (€)) £(x) < 2k +1, x [0, 2m), (6)
rae f (x) = (1, cosx, sinx, ..., coskx, sinkx) — BeKTOp Oa3ucHbIX (pyHKIMI; M (82) — nH(pOpMaIMOHHAs MaT-

pura 1urana (3). B HepaBeHcTBe (6) paBeHCTBO JOKHO BEITIONHATHCS B ToUKax (4) criekrpa miana (3).
Bragae mokaxeM, 9To HHGOPMAITHOHHAS MaTPHIIa IH1aHa (3) TIpu orpaHYeHNH (5) IMeeT THaroHaIbHBINA BU:

1 0 0 .. 0
o Lo o
2
M(eh)=c7 0 0 % 0l (7)
1
0 0 0 >
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B pabotax [1; 2] npuBoauTCs 10Ka3aTeIbCTBO YTBEPKACHHS (7) st paBHOTOYHBIX HaOmoneHuit. OqHako
oHO (parmeHTapHO U B MOHOTpaduu [1, c. 123] naHo ans yeTHbIX 3Ha4eHuit n. [IpencraBum momHoe goKasza-
TEeNsCTBO (7) ISt TIOOBIX 7.

Bynem ucnonb3oBars Gopmynbl Ditnepa 1 GopMyny sl CYMMBI TeOMETpHUYECKON nporpeccun. [1yctb m
1 / — HaTypasbHbIe YuCIa, IPUHUMAIOIINE 3HAaYeHUs OT 1 10 k, mpudem m # [. JlnaronanbHbBIE JIEMEHTHI HH-
(hopMaIMOHHON MaTPUIIBI, HAYMHASL CO BTOPOTO, BEIYMCIIMM, HCIIONB3Ys GopMyIisl Ditnepa.

0 . n F_ n (AmG=Dr_Am(j=D)r
jzzl%cosz—zmwn DL =21—HZ(1+COS—4m(Jn l)nj:%+i2[e T +te " ]=
_j4mm ;amn
(l _ ei4m1‘c)(1 —e 7 ] + (1 _ e—i4m1t)(1 —e ]

Jj=1

_l i 1_ ei4m7[ + 1_ e—i4m’l‘[ 3 l i 3
2 4n A Al 2 4n -9 4mm
—e " l—e n - COST

2 —2cos4mm — 2cos4m—n + 20054mn(1 - 1)
1 n n 1
P 4mn =E
2 4n 2—2COST

b

L2 2nU=0E L () A=) 1 L A=l L
n 2 2nZ n 2

HepauaronanbHble 21eMEHTHI paBHBI HYJIH0. Vcmonb3yst popmMyssl Diiiepa, mojiydaem

4 A ) 2mm ) 2mmn
71 Zm(j—l)n 11 1=¢2mm - pi2mn 1~ Cos?+ COoS———
ZECOS n - 2_1’1 .2mmn + 2mm = 2_1’1 T :07
/= l—e " l—e 7 2—2<:osT
. 2mm . 1
L1 2m(j-1)m 1 [ 1= 1T | 2SI +2s1n2m7c(1—nj
N =0,
/= —elT 1—6_1 n 2—2cosT

B cuny (5), (7) umeem

d(lx) f'(x)M_l(Sg)f(x) = %(1 + 2(sin2x + cos’x + ... + sin’kx + coszkx)) =

2
(&)
d(x)
MpuyeM B HepaBeHCTBE (8) paBEHCTBO JOCTUTAaeTCsl B TOUKax (4) crekTpa miana (3). YcioBus TeOpeMbl S9KBU-
BanenTHOCTH Kudepa — Bonbdosuna Beimonnensl. Teopema 1 nokazana.

MHoxecTBO (PyHKIUH, YIOBICTBOPSIOUINX HEPABEHCTBY (5), 001mpHO. EMy COOTBETCTBYIOT pABHOTOUHbBIC
HAOIONEHNS C IUCTIEPCHsIMA d (x) = G~ H, HanpuMmep, hyHKIMH

(1+2k) < 2k +1, @®)

,B>0; d(x)=0"+B - ((x)modA), B>0, Azz—n;

d(x)= 6’ +B- |sin(2nx) P

2 2 L
d(x):GZ\/AT—(x—sA+%j , xe[(s—l)A,sA], s=1, n, A:%_
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MOXXHO TIPEATTOKUTH U PSIIT APYTUX (PYHKIUHA.

3ameuanue. JlokazaHHas TeopemMa BepHa H JUIS TNIAHOB SKCIIEPUMEHTOB (3), B KOTOPBIX TOUKHU crieKTpa (4)
CABHHYTHI Ha yroi @, T. €.

x?zw+(p, i=l,n n=2k+1.

JlokazarenbCcTBO MPOBOAUTCS MO TOM K€ CXeMe ¢ HE3HAUNTEIbHBIMA N3MEHEHUSIMH.

Oco0eHHOCTh TOCTPOCHHBIX IIAHOB SKCHEPUMEHTOB (3) ¢ HEPaBHOTOYHBIMH HAOIIONCHUSIMH COCTOUT
B TOM, YTO B TOUKaXx (4) CIIEKTPOB ITUX IJIAHOB AUCTICPCUU HAOTIONEHUN TPUHUMAIOT OJTHU U T€ K€ 3HAYCHUS,
paBHble G°. Bo3HHKaeT BOMIPOC, MOXKHO JIU TOCTPOUTD TIAHBI SKCIIEPUMEHTOB JIJIsl HEPaBHOTOYHBIX HAOIIOe-
HUH, JUIT KOTOPBIX AUCIIEPCHH HAOMIONEHNH B TOUKaX CIEKTPa IUIAHOB AKCIIEPUMEHTOB TIPUHUMANHN OBl pas-
nuyHble 3HaueHus. OTBET yTBepANTENbHBIN. 1 yacTHOTO citydast Mmozenu HaOmoneHuit (1)

yj=91+Ozcosxj+93s1nxj+8(xj),]23, 9)
MOYXHO CKOHCTPYHPOBAaTh TaK Ha3bIBAEMbIC HACBINICHHBIC TUIAHBI SKCIIEPHUMEHTOB C TPEMs HAOIFOJCHUSIMH,

2n 4w
JJIs1 KOTOpBIX B TOUYKaxX CHCKTpa 0, ?, ? I[I/ICHCpCI/II/I Ha6J'I}O,Z[CHI/II/I 6YI[YT HpI/IHI/IMaTI: ITOJIOKUTCJIBbHBIC 3HA-

4yeHus d,, d,, d; COOTBETCTBEHHO.
Teopema 2. [Jns modenu nabnrooenuii (9) ¢ HeKopperuposanHbiMy OWUOKAMU HAOTIO0EeHUTl, UMEIWUMU
cpednee snauenue, pasnoe o, u oucnepcuu d(x), yoosnemeopsiowue Hepasencmey

d(x)= é((4a’1 +d, + dy )cosx +3(d,, + dy )sin’x + N3 (d; — d, )sin 2x +
+2(2d, — dy - dy)cosx + 243 (d, — dy )sinx + dy + d, + dy), (10)

21

4T
6 KOI’I’lOpOM paeeHcmeo Oocmuzaemc;z 6 moudKkax O, ?, ?, HACbIUJEHHbIU D—onmwwaﬂbelu NnJiaH 3Kcnepu—

MeHmMOo8 umeem 6uo

0

&, = 11

R P (11)
373 3

JdoxazaTenbcTBo. s D-onTUMaNbHOIO MjiaHa 82 1o TeopeMe dkBuBasieHTHOCTH Kudepa — Bonbdo-
BulIa [ 1] JOHKHO BBIIOTHATHCS HEPABEHCTBO

1
1 . “1( .0
——(1, cosx, sinx)M (83) cosx |<3, xe [0, 2m), (12)
d (x) .
sinx
npudem (12) T0mKHO obpamarkcsi B paBeHCTBO B TOUKax crekTpa miana (11). IIpoBepuM cripaBeaIHBOCTE
3TOTO YTBEPKICHHS.
Un(bopMalMOHHAs MATPHIIA TITAHA €3 PABHA

1 ! ! a b c
M(eg):li 1L 1,0)+ |1 1,—1,£ P 1,—1,—£ Uy ke,
3], Ll 2 272 ) dy| 2 2’ 2 3
C e m
3 3
2 2
e
11 1 11 1 NCIEENE) V3 B
g=— 4 —4 — b=~ =2 N NP N (13)
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1 1 1 3 3
d, 4d, 4d, 4d, 4d,

Marpuria, odoparHas Kk mMarpuiie M (8(3)), MMeEET BHJI
km—e*, ce—bm, be— ke
3

M (e = ce —bm, am—cz, bc — ae |. 14
( 3) akm + 2bce — ¢’k — &*a — b*m 5 (14)
be—kc, bc—ae, ak-b

Ucnons3ys (13), mpeobpazyem saemMeHTs MaTpuilbl (14).

3(dy+d,+d 3(2d,—d, - d 3V3(d,—d
km—ezz—( L2 3), ce —bm= ( L2 3), be—kc:—\/_( 2 3),
4d,d,d, 4d,d,d, 4d,d,d,
3(dy+4d,+d 3V3(dy—d 9dy+d
am —c¢*= ( 2 ! 3), c—ae=—f( > 2), ak—b2=—( 3 2), (15)
4d,d,d, 4d,d,d, 4d,d,d,
27

akm + 2bce — ¢*k — &*a —b*m = ————.
4d,d,d,

Paspemras HepaBencTBo (12) oTHOCUTENBHO (yHKIMU d (x) U yuutbiBasi cootHoureHus (14), (15), momydaem

Tpebyemoe HepaBeHCTBO (10). Jlerko mpoBepuTh, uTo HepaBeHCTBO (10) oOpammaercst B paBEeHCTBO B TOUKAX
crnekrpa tuiana (11). YenoBust Teopembl skBuBasieHTHOCTH Kudepa — Bonbhosuna BoimonneHsl. Teopema 2
JOKa3aHa.
EcTp npenmnonoxenne, 4To TOUYKH criekTpa miana (11) MOXKHO CIBUHYTH Ha YIoxI @, T. €.
0_ 0_2m o _4m
NEQ =m0, =m0, (16)

. T
npu 5ToM H3MeHutest B Gynkuumit d (x) B Hepasenctse (10). Pacuersl, mpoBeaeHHbIE U1 yIiIa () = —, IOX-
TBepkaaoT 310. Ilycts B coorBerctBuum ¢ (16) D, =d (xlo ), D,=d (xg ), Dy=d (xg ) [Monyuum BbIpakeHHE
anst uenepenn d (x) HaGMONEHUH, COOTBETCTBYIOMMX ONTUMANBHOMY IUIAHY SKCIIEPUMEHTOB C TOYKAMH

T
crekrpa (16), paBHBIMH BecaMH 3 U yIJIOM @ = g:

d(x)> é(3(D1 + D, )cos’x + (D, + D, + 4Dy )sin’x +
+\B3(D, - D,)sin2x + 24/3(D, = D,)cosx + 2(D, + D, = 2D; )sinx + Dy + D, + Dy ). (17)

L
B Toukax (16) cnexrpa miaHa ¢ yriioMm @ = 5 HepaBeHCTBO (17) oOparaercs B paBeHCTBO. bbuto ObI WH-

TEPECHO YCTAaHOBUTH 3aKOH NpeoOpa3oBaHus 3HauYeHUl d,, d,, d; B 3Hauenus D, D,, Dy 11 Npou3BOIbHBIX
YIJIOB (.

Temneps nccreayem BOpoc, MOXKHO JIH /i1t Moziei (9) ¢ 9eThIphbMs HAOMIOIEHUSIMH MTOCTPOUTH ONITUMAITb-
HBIN IJ1aH

Oﬁgi 33;

0

€, = 18

U T (o
4° 4 4 4

C HEPAaBHOTOYHBIMU HAOIIOACHHUSIMM, JUISI KOTOPOTO MUCIEPCUHU HAOMIOACHHN B TOYKax criekrpa miaHa (18)
Oy/IyT pa3TUUHBIMHU.

Beenem s mnana (18) o603Hadenust Juis qucnepcuii HabmroaeHuit: d,; = d(OO), d,= d(90°), dy= d(l 80°),
d,=d (2700). [poroas st mana (18) paccykaeHusl, aHAJIOTUYHBIC TEM, UTO OBUIN U3JIOKEHBI ITPH JI0KA3ATEITh-
CTBE TEOPEMBI 2, TIOTyYMM HEPABEHCTBO, KOTOPOMY JOJIKHA YIOBIETBOPSATE AUCTIEPCHS d (x) HaOJIIOCHUIA:
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d(x)> !
3(d,+ dy+ dy + d,

%Mﬂﬁ%%%+%@+%@+%@ﬁm%+

+ (4d,d, + did, + d,d, + d,dy + dyd, )sin’x + (dyd, — did, — dody + dyd, )sin 2x +
+2(didy — dyds + dyd, — dyd, ) cos x + 2(dyd, — dyd, + dydy — dyd, )sin x +
+did, + dydy + dyd,y + dud, ). (19)

Yenosus BeimonHerus B (19) paBercrsa B Toukax 0°, 90°, 180°, 270° nmpuBOIAT K cHCTEMe YpaBHEHUN

4(dy+dy+dy)=3(d,+ dy +dy+ d,), 4(d,+dy+d,)=3(d,+ dy + dy + d,),
(20)
A(dy+dy+d,)=3(d,+ dy + dy+ d,), 4(d,+ d,+ dy)=3(d, + dy + dy + d,).

Pemas cucremy ypasuennit (20), nonyvaem d, =d, =d;=d, = 67, 6 #0. Takum 06pa3om, HepaseHcTBO (19)
CBOJAMTCS K paHee MMoJy4YeHHOMY HepaBeHCTBY (5). CiienoBarenbHO, 47151 MoAenH (9) ¢ 4eThIpbMsl HAOIIOACHU -
MH MOXHO CTPOUTH ONITUMAJIbHBIE TIaHbI AKCIIEPUMEHTOB, TUCTIEPCUHU HAOJIIOEHIH KOTOPBIX YIOBIETBOPSIOT
HEpaBeHCTBY (5).
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BAUAHUE ITPOTAXKEHHOCTU NCTOYHUKOB TEIIAA
HA BHEIIITHEUN I'PAHUIIE HA PACITPEAEAEHUE TEMIIEPATYPbBI
B ITPOOUANPOBAHHBIX TITOASIPHO-OPTOTPOITHBIX KOABIIEBBIX
ITAACTUHAX C YYETOM TEITAOOBMEHA C OKPYJKAIOIIEM CPEAOM

B. B. KOPOJIEBHY", JI. I. ME/[BE/IEB®

Y Medrcoynapoonsiii yenmp cospemennozo obpasosanus, yi. Ilmenancka, 61, 110 00, 2. Ipaca 1, Yexus
D Benopycckuii 2ocyoapemeentwiii yrusepcumen, np. Hesasucumocmu, 4, 220030, 2. Munck, Benapyce

Uccnenyercsa snusiare N NPOTSHKCHHBIX MCTOYHHKOB TETIa HA BHEIIHUX TPAHUIAX HA HEOCECHMMETPHUYHOE pac-
Ipe/ieNieHHe TeMIIepPaTyphl B POGHIMPOBAHHBIX MOJISIPHO-OPTOTPOITHBIX KOJIBIEBBIX IIACTHHAX C YYETOM TEII000MeHa
¢ OKpyKarollei cpenoil. Pemenne cranoHapHoOd 3aa4ul TEIUIOMPOBOHOCTH ISl aHU30TPOMHBIX KOJBIEBBIX IIACTHH
MIPOU3BOJIFHOTO PO 3alHCHIBACTCS Yepe3 PEIICHHE COOTBETCTBYIOIIETO WHTETPaIbHOTO ypaBHEHUS Boibsreppsl
2-ro pona. [IpuBomutcst GpopMyrna pacdera TeMIIEpaTyp B aHU30TPOITHBIX KOJBIIEBHIX IUIACTHHAX MMPOU3BOIBHOTO IIPO-
¢, 3anmuchIBaCTCA TOYHOE PEIICHWE CTAIIMOHAPHOH 3a/1aud TETIONPOBOAHOCTH I 00PaTHOKOHUYECKOW MOJSIPHO-
OPTOTPOIHON KOJIbILIEBOM TuIacTUHBI. [loka3aHo, 4TO B Takoil aHM3OTPONHON IJIACTUHE pACHpPEEICHUE TeMIEepaTypbl
oT N TpOTSHKEHHBIX MCTOYHHUKOB TEIUIa HA €€ BHEIIHEH TpaHuIle UMEET 00JIee CIIOKHBINA XapaKkTep, UeM pacipeaeicHue
TeMIieparypbl OT N TOUEUHBIX HCTOYHHUKOB TEIJIa Ha BHEIIIHEM KOHTYpE.

Knrouegvie cnoea: noiasipHO-OPTOTPOIIHAS KOJIbIIEBAs TUIACTHHA; TEMIIEPaTypa; CTAlMOHAPHOE ypaBHEHHE TEILIONPO-
BOJHOCTH; MHTETpaJIbHOE ypaBHEHHE BonbTepprl 2-10 poaa; 00paTHOKOHMYECKAs KOJIbIIEBasl IUIACTHHA.

THE INFLUENCE OF THE LENGTH OF HEAT SOURCES
ON THE EXTERNAL BORDER ON THE TEMPERATURE
DISTRIBUTION IN PROFILED POLAR-ORTHOTROPIC RING PLATES
TAKING INTO ACCOUNT THERE HEAT EXCHANGE
WITH THE EXTERNAL ENVIRONMENT

U. V. KARALEVICH", D. G. MEDVEDEV"®

*International Center of Modern Education, 61 Stépdnska Street, Prague 1, PSC 110 00, Czech
®Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus

Corresponding author: U. V. Karalevich (v.korolevich@mail.ru)

We study the influence of N extended heat sources at external boundaries on the nonaxisymmetric temperature dis-
tribution on profiled polar-orthotropic ring plates and take into account heat exchange with the external environment.
The solution of the stationary heat conduction problem for anisotropic annular plates of a random profile is resolved
through the solution of the corresponding Volterra integral equation of the second kind. The formula of a temperature
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calculations in anisotropic annular plates of an random profile is given. The exact solution of stationary heat conductivity
problem for a reverse conical polar-orthotropic ring plate is recorded. The temperature distribution in such anisotropic
plate from N extended heat sources at its outer border is more complex than in the case of temperature distribution from
N point heat sources at their external border.

Keywords: polar-orthotropic annular plate; temperature; stationary equation of heat conductivity; Volterra integral
equation of the second kind; reverse conical ring plate.

BBenenune

JlaHHast CTaThsl TOCBSIICHA MCCIEAOBAHUIO HEOCECUMMETPUYHOTO PACIIPEACICHUs TeMIeparypsl 1’ (r, 9)
B TIOJISIPHO-OPTOTPOITHBIX KOJBIIEBBIX IIACTHHAX TIEPEMEHHON TOIIIIHEI h( ) C Y4€TOM TeTJI000MeHa C OKpy-

JKaromen cpez[on KOI7la Ha BHYTPEHHEM KOHTYpe (IIpU 7 = ;) IIJIACTUHBI OAJEPKUBACTCS IOCTOSIHHAS TEMIIE-
parypa 7", a Ha BHEIIHEM KOHTYpE (IIpH 7 = R) NpuiioskeHo N HCTOYHUKOB TEIUIa C TeMIEpaTypoil T, Kax i,

B otnrume ot pabotsl [1] B HacTOsIMIEH cTaThe IPU U3yUYCHUU PACIIPEACTICHUS TEMIIEPATyphI B npO(bHJm—
POBaHHOHM aHU30TPOIHOM KOJIBLIEBOH ITACTHHE YUUTHIBACTCS OUCKPEMHOCHb PACTIONOKEHUS NPOMANCEHHBIX
UCTOYHUKO8 Mena Ha BHEITHEM KOHType. [loimydeHHble pe3ynpraTsl HMMEIOT IPAKTHUECKYI0 3HAYUMOCTD MPH
MIPOEKTHUPOBAHUU U pacyeTe Ha MPOYHOCTh JUCKOB BBICOKOCKOPOCTHBIX T'a30TypOMHHBIX aBHALIMOHHBIX IBUTA-
TeJel, U3roTaBIMBAEMBIX U3 COBPEMEHHBIX KOMIIO3UTHBIX MAaTEPUANIOB, TaK KaK BOZHHUKAIOIIUE B HUX TEPMO-
YIOPYTHe HAPSDKEHHSI MOTYT CYIIECTBEHHO BIHSATH Ha HAMPSKEHHO-AS(POPMUPOBAHHOE COCTOSHUE AUCKA TYP-
Ounbl. PacuetHas cxema, yuuThIBarOIIas MPOTSHKEHHOCTh KOHEYHOTO YHMCIIa HCTOYHUKOB TeIljla Ha BHEIIHEH
rpaHyLe TPOPHUINPOBAHHBIX aHU30TPOIHBIX AMCKOB, O3BOJISIET PEAIbHO OLICHUTH BKJIAJ TEPMOYNPYTHX Ha-
NpsDKEHUH B 00IIYI0 KapTUHY paclpeesIeHus HapsDKEHUH BO BPALAIOLIEMCs IUCKE TYpOUHBI.

ITocTanoBKa 3a7a4l U OCHOBHbIE YpaBHEHUSA

B pabote uccnenyercs BIMsIHAE MPOTSHKEHHOCTH MCTOYHMKOB TEIUIa HAa BHELIHEH I'paHMLE HA paclpene-
JICHUE TEMIIepaTypbl B aHU30TPOITHON KOJIbIIEBOH IUIACTHHE MEPEMEHHON TOJIIMHBI C YYETOM TEIIO0OMEeHa
C OKpYy>Kaloliel cpenoii yepe3 o6a ocHoBaHMsA. TertooOMeH yepe3 OOKOBYIO HMIMHIPUYECKYIO TOBEPXHOCTD
MIpeHeOPEeKUMO MaJjl, U €ro MOKHO HE yYUTHIBATh B pacueTax. TemrepaTypa miiacTuHbI OOJIbIle TeMIIepaTyphbl
okpyxatomeii cpenst Ty (T, < T, < T, ). [Ipeanonaraercsi, 4To TeMIiepaTypa B TOHKO# KOJBIIEBOH TLIACTHHE HE
MEHSIETCS 110 TONIMHE. BHYTPEHHNX HCTOYHMKOB TeIljla B HEH He uMeeTcs. TernaoBoe 1ose B TAKOH MOJISIPHO-
OPTOTPOITHOH KOJIBIIEBOH IIacTHHE OyIET HEOCECUMMETPUYHBIM.

Terutoduznyeckue XapakTepUCTUKN MaTepraa IUIACTHHBI TOJIAraloTCsl HOCTOSHHBIMU U HE 3aBUCSIIUMHU
OT TEMIIEpaTypHl.

Koneuno, njieanbHbIX TOUEUHBIX HCTOYHHUKOB TEIUIA B IPUPOJIE HET. Bce OHM MMEIOT KaKylo-TO MPOTSAKEH-
HOCTb. YaCcTHYHO 3Ta 3a/1a4a paccMaTpuBasiach Hamu B padore [1]. Tak, B Hell ObUIO TOTyUEHO pacipeaeieHue
temmeparypbl 7" Ha BHEIIIHEM KOHTYpPE KOJIBIIEBOW ILUIACTUHBI, €ClIi N UCTOYHHKOB TEILIa MPUIOKEHbI Ha
PaBHOOTCTOSIILIMX OJAMHAKOBBIX Ayrax JUIMHOM / U ¢ HEHTpalbHBIM yriIoM @ (/ = QR) Kaxnas:

T""(R, 0, ¢)=NT, 1+22 S cos N |
n=1 NP

3nech yriom @ 6y,I[CT OMPEACTATHCA NPOTAXKECHHOCTh NICTOYHHKA TCILIA.

KonudecTBo N HCTOYHUKOB TEILTa HE MOXKET OBITH TPON3BOJIEHBIM, a OTPAHUYHNBAETCS TEMIIEPATypOil TTaB-

TIIaBJI
*

2

neausa T MarepHana IacTuHel: N, = , TTIe KBaJJpaTHhIE CKOOKH 03HAYAIOT IENIYI0 9acTh JPO0-

TIJ1aBJI

HOTO BBIPa)KEHUSI.

B nmnunapuyeckoil cuctemMe KOOpAMHAT 7, 0, z ypaBHEHHE CTAlMOHAPHOM TEIIONPOBOAHOCTH AJIS TIO-
JIIPHO-OPTOTPOITHOM KOJIBIIEBOW TUIACTUHBI IEPEMEHHOM TOJIITUHBI h(r) C YYIETOM TEIUTIOOOMEHA C BHEITHEH
cpemoit uepes 00a OCHOBAHUS 3aITUIIETCS B BUE [2]

10 T, 1 9 oT dh |
——(rh(r)kr§)+r ae(h(r)xe%j—zH(T(r,e)—To) 1+— (drj =0, (1)

¥ or

1

rue T(r, 6) — (yHKUMS TeMrepaTypbl B aHH30TPOIHOM KOJIBIIEBOM IUIACTHHE; A, U Ay — PaJHaIbHBII U TaH-

TEHITNATBHBIA KOA(PPHUITUESHTHI TeTUIONPOBOIHOCTH COOTBETCTBEHHO; H — K03 GHUIMEHT TEIIIOOTIAYH. ITH
K03(hGUIHEHTHI MOJIAraIOTCs TOCTOSHHBIMK U HE 3aBUCSIIIIUMH OT TEMIIEPaTyphl.
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Brenem B paccMoTpeHHe HOBYIO (PYHKITHIO ®(r, 9), KOTOpasl TO’KE UMEET CMBICT (DYHKITUH TEMIICPaTyPHI:

O(r,0)=T(r,0)-T,. ()
C yuerom BeIpaxkeHus (2) ypaBHenue (1) 3amumieTcst B BUIE
1
2’0 (n(r) 0 Ay 19°©  2H 1 (dh )2 2
— | =t =t - 1+~ — O(r,0)=0. 3
o (h(r) o a2 wa| Tala) ) OO ©)
Pasnoxnm ¢pynkumio O(r, 0) B rpuronomerprueckuii psg Oypoe:
0(r,0)= 2 0 (r)cos Nnb + 2@2 sin Nn. 4)

n=1
Ilepesiit wen O(r) pasnoxenus (4) yuuTbIBaeT 0CECHMMETPUUHYIO cocTapnsomyio O (r, 8). Cnarae-

MbI€, coaeprkaline cos Nnb, COOTBETCTBYIOT CHMMETPHUYHBIM COCTABIISIONIUM (DYHKIIUH G)(r, G) OTHOCHUTENb-
HO miockocTH 0 = 0, a criaraemble, cosepikariue sin Nnb, — 00paTHOCUMMETPUIHBIM,

[ToncranoBka pasznoxkenus (4) B ypaBHeHHE (3) MPUBOIUT K OCCKOHEYHOHN CHCTEME OMHOPOIHBIX OOBIKHO-
BeHHBIX (B hepeHIMaIbHbIX YpaBHEHHI 2-T0 IOPSIJIKA C IEPEMEHHBIMU KO3 (DUITHEHTaMH:

1

2 ’ 2\
=0 O +(h(r)+;]d®o _2H (Hl(ﬁ) T@O(,,):O, )

dr’ h(r) dr Mh(r)| 4ldr

— a6V () 1)1V |, (Nn)  2H 1(dn ' P
>1, j=1, z S| | e 1+— = | 18V =0. (6
(n=1J ) i (h(r) T dr A " Ah(r) " 4(dr) () ©)

Huddepennuanpoe ypaBHeHHUE (5), OMUCHIBAIONIECE OCCCUMMETPUYHOES PACTIPE/ICIICHHE TeMIIepaTyphl
B MPO(WINPOBAHHBIX TIOJIIPHO-OPTOTPOITHBIX KOJIBIIEBBIX ITACTHHAX C YYETOM TEIJIOOOMEHA C BHEIITHEH Cpeion
MIPU HECKOJIBKO MHBIX TPAHUYHBIX YCIOBUSX, UCCIEAOBATIOCH HaMu B padote [3].

[Toy4mum Teneps TpaHUIHBIC YCIOBUS TSI PYHKIIMH TEMITePaTyphl G)(r, 6). W3 dpopmynsr (2) ciemyet
T(r,0)=0(r,0)+T,.
[loacraBuB B MOCiIeHEE PABEHCTBO Pa3liOKeHUE QYHKIHH @(r, 9) B TPUIOHOMETpUYECKUil pajx Dypbe
(cM. hopmyiy (4)), momydum
T(r,0)=T, + O,(r z 1 r)cos Nn + z G) 2 r)sin Nn. (7)
= n=1

VYnoBieTBoprM (QYHKIHUIO TEMIIEpaTyphbl T(r, 9) TPAHUYHBIM YCJIOBUSIM

T(ro, 0)="T, + O,( i 1 (r,)cos Nn6 + 2(92 (”o s1nNn9—

n=1

:TBHyTp(rO, 6) =T, + i 0 - cosNnb + i 0 - sin Nn@,

n=1 n=1

T(R,0)=T,+ O, 2 U(R)cos Nn + Y ©P(R)sin Nn =

n=1

« 8in n(p

cos Nnf + z 0 - sin Nn6.

n=1

=T"""(R, 8)= NT; + ZZNT

U3 cpaBHeHUsT KOOQPHUIMEHTOB TPUTOHOMETPHUYECKHX PSIOB TIPH OJMHAKOBBIX TAPMOHUKAX JIEBBIX H Mpa-
BbIX YaCTEH NPUBEIECHHBIX BBIPAKEHUN CIIEIyIOT TPAaHUYHbIE YCIOBUS
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(n=0) {60(“)):7; o ®)
O]

8(,,1)(1”0)20,

=1 1§ . sinmp ©)
0,’(R, ¢)=2NT, .
0%(r,)=0,

a1y 1O 1) (10)
e?(Rr)=0

[Ipu HyneBbIX rpannyHbIX yciaoBusax (10) ogHopoaHoe nuddepeHnrantbHoe ypaBHeHHE (6) UMEeT Tpu-
BUAJIBHOE PELICHHE, CIIeI0BATEIbHO, (DYHKLIUS (9(”2)(1”) paBHa HYJIIO, T. €. 00PaTHOCUMMETPHYHAs COCTABIISIIO-
11as B pasyokeHuu (4) ast PyHKIUU @(r, 6) OTCYTCTBYET.

Pemenune HeoceCMMMETPUYHOM 321a4M CTAMOHAPHOM TENJIOMPOBOAHOCTH
METO0M JIMHEIHBIX HHTEerPaJbHBIX ypaBHeHuil BoabTeppsl 2-ro pona
Jliist ipomIIMpPOBaHHOM aHU30TPOITHOM KOJIBIIEBOM IIJIACTUHBI O0IIME pelleHus ypaBHeHui (5), (6) cucte-
MBI BBIPA3UM Y€PE3 PEIICHUST COOTBETCTBYIONIUX UM MHTETPaIbHBIX ypaBHEHUH BoasTeppsl 2-ro poja:

r

@0(r)= I(r - S)T]O(s)ds + 90(r0)<r - ”0) + ®O(r0), (11)
O (r) = [ (= ) (s)ds + 6 () — ) + (1) (12)

Paspematomme dynxuun My (7) n ng) (¥, ¢) yIOBIETBOPAIOT CIIETYIOIMM HHTETPAIGHBIM yPABHEHUAM:

Mo(r) =AJ Ko s)ng(s)ds + £5(r), (2 @)= A K, ()0 (s, @) ds + 1,0 (r), (13)

o "o

’ ’ 2 ’
e A =—1 ecTh YMCIIOBOM Mapamerp; Ko(r, s) = h (r) + l — ﬁ\/i + [h (r)J (r - s),Kn(r, s) = U (r) +

h(r) 7 (MR () \A(r) h(r)
Nn)’ w(r)Y K
+ ; - ;t—(:( ;) + %\/h;zr) + [h((:))} (r—s) — snpa unterpanbHbIX ypasuenuii; fy(r)= ) 08(: s) X
X @0(r0) —Ko(r, ’”0)90 (}"O )s fn(l)(r) = aK,,a(r, ) @S)(ro) -K,(r, ro)(;)nl)(ro) — CBOOOJIHBIEC YJICHBI MHTETpallb-
N

HBIX YpaBHEHUH.
Pemenust uaTerpanbHbIX ypaBHeHu (13) ¢ MOMOILIBIO PE30IbBEHT ONMKUCaHbl B ctaThe [1]. YnoBneTBopum
pemrenus (11), (12) rpanngnbvM yenosusM (8), (9). B pesynsrate nmeem

R

A r—r « R—r V=T
GO(r)z;[(r—s)no(S)ds— R_;;;[(R—s)no(s)ds+Tl - + NT; R—:o - T, (14)
r R .
1) — (1) rF—n (m « V=1 M
e (r, (p)—rJ;(r—s)nn (s)ds - R—roi(R_s)n” (s)ds +2NT; a— (15)
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Ucxons u3 pemenuit (14), (15), mo dopmyne (7) monydum cleayroliee pacmpeneicHiue TeMIepaTyphl
T (r, 6) B TIPOMINPOBAHHON TIOISIPHO-OPTOTPOITHON KOJBIIEBOW INIACTHHE C YUETOM TEIUI00OMEHa C BHEII-
HEW cpenoi:

R
r—n

r % R-r A
T(r, 9):;[(r—s)n0(s)ds— R_ro;[(R—s)no(s)ds +T, - + NT; R_rz +
oo r R .
— () ds — L0 [ (R — O (s)ds + aNT L= To SI1QP b 16
+Z,1 ;[(r s)m, (s)ds Rr ;[( s)n,’ (s)ds + 2NT, r— cos Nn. (16)

o o o r
HJ’IH O6paTHOKOHI/ILI€CKOI/I KOJIbIICBOM IJIACTHUHBI, TOJIIMIMHA KOTOPOU MCHACTCS IO 3aKOHY l’l(l") = hO (r—],
0

e h,— TOJNIIUHA [UIACTUHBI Ha BHYTPEHHEM KOHTYpe (IIpU 7 = 1)), CUCTeMa ypaBHeHUi (5), (6) cTaunoHapHOM
3aJ1auy TETJIONPOBOIHOCTH UMEET TOYHOE perienue [1]:

0,(r)= %(61(0)11(2\/5\0) + VK, (2vb J?)) (17)

el(r)= %(C‘f”lu(zﬁﬁ) + égl)Ku(zJZ\/?)). (18)

H W2+ 47} ]y
3nech b:#; H:\/l"' 4AN? (k_ean; 11(2\/3\/;) — MomudunupoBanHas (yHkius beccens
r'o r
I-ro poxga 1-ro mopsiaka; K1(2\/Z\/; ) — moaudunupoBanHas QyHKuus beccenst 2-ro poxa 1-ro nopsijika
(pynxkums Maknounansna); I, (2\/3 Jr ) — MoxudunupoBanHas ¢yHkuus beccens 1-ro popa L-ro mopsiaka;

KH(Z\/Z Jr ) — moaudunupoBanHas GyHkius beccenst 2-ro pona [U-ro nopsiaka (GyHkIus MaknoHanba).
VYnosnerBopss pewenus (17), (18) rpanudnbIM ycinoBusaM (8), (9), momyduM cieayronme BeIpakeHus A

HEHM3BECTHBIX MOCTOSHHBIX C~'1(0), C§°), C'l(l), CS):

2

el Bt ) o B i)

= S bRt 3 >+To(%(mﬁ)—yﬁh<zm>],

AZ A2 2

(1) _ *ﬁ sinnQ  ~1) *E sin nQ
CW=_oNT; A K, (2D ry )—mp , CV=2NT; A 1,(2b 1) o

e Ay, A, — onpenenuTeNny 2-ro HopsiiKa:

A, = 1(24b 1y ) K, (2VBVR) = 1 (2VBVR ) Ky (24 ).
A, = 1,(2Vb 1y ) K, (2VBNR) - 1, (2vBR) K, (24B 1y ).

IToncrasisis BeIpaskeHUs JUIsl IOCTOSIHHBIX C (0), C~'§O), C~’1(1), C~’§1) B pemenus (17), (18) u 3arem ux B popmy-
ay (7), monydnM pacnpesnenaeHue TeMneparypsl 1’ (r, 6) B 00paTHOKOHUYECKOH MOJISIPHO-OPTOTPOIHOM KOJIb-

[IEBOH TUTACTHHE C YYETOM TEIJIOOOMEHA ¢ BHEIITHEH Cpemoii:
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T(r,0)=T; AL\/é(I,(%/Z\/;)K,(Z\/Z\/E)—1,(2\/5\/§)K,(2\/5\/;)) +
+ NI} Aiz\/g(ll(zx/@/%)lq(zﬁx/?)—11(2\/5\/?)&(2\/5@)) +
+ T, 1+Ai \/51{1(2\/5\/%)—\/@1{1(2\/5\/?) 1(24br) +
+Ai2 \/éll(Z\/l;\/E)—\/gll(zx/g\/g) K (2br) | -

s 5 B (4 (o) (2T ), (T s, 19

no

n=1

sin nQ

Cogepinas mpe/enbHbIi nepexoq ¢ — 0 ( lim
¢—0

= 1) B opmynax (16), (19), momyuyum HEOCECUMMET-

pUYHOE pacrpeieliCHue TeMIIEpaTypbl B aHU30TPOITHBIX KOJIBIICBBIX IUIACTHHAX MIEPEMEHHOHN TONIMHBI OT N
TOYEYHBIX NCTOYHHUKOB TEIIJIa Ha e¢ BHENIHEH rpanute [ 1].

3akayeHmne

3aMeTHM, 9TO B IPO(PUIMPOBAHHBIX aHU30TPOITHBIX KOJIBIIEBBIX TIACTUHAX PACTIPEICIICHIE TEMIIEPATYPhI
oT N IPOTSHKEHHBIX HCTOYHUKOB TEIlIa HA BHEITHEW IpaHuIle UMeeT Ooliee CIOKHBINA XapakTep, 4eM pacrpe-
JIEJICHIE TEMIIEPATyphl OT N TOUYEUHBIX NCTOYHUKOB TEIUTA Ha BHENTHEM KOHTYpe. [lockomsky Gopmysl (16)
u (19) comeprxar psIbl, B KOTOpbIE BXOJUT TPUTOHOMETpUYecKas GYHKIUS Sinz(Q, TO 3TH PSAABI OyAyT 3HAKO-

sin nQ
no

nepeMeHHbIMU. bonee Toro, BBULY OBICTPOro CTpEMIICHHS K HYJIIO OCUMILIMPYIOUIEH (QYHKINH C yBe-

aryeHueM n, B popmynax (16), (19) npu npakTH4ecKrux pacueTax MOXKHO OTPaHUUUTHCS TOJIBKO HECKOIBKUMHU
MEPBBIMHU YJIEHAMH PSIJI0B.
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BEL[[ECTBEHHBH?I, KOMITJIEKCHBIA
U ®YHKLMOHAJIBHBIN AHAJIU3

REAL, COMPLEX
AND FUNCTIONAL ANALYSIS

IINCHMO B PEAAKIIVIO
LETTER TO THE EDITORS

In my article [1] lemma 2 and theorem 2 should be reformulated as follows.
Lemma 2. There is a left invariant metric p° which is compatible with the topology of G such that every

automorphism A € Aut(G) is Lipschitz with respect to every left invariant metric p that is strongly equivalent
to p’. Moreover, one can choose the Lipschitz constant to be

L,= K, mod A4,
where the constant K, depends on the metric p only.

Theorem 2. Let a left invariant metric p be as in lemma 2 and the doubling condition holds for the corre-
sponding metric measure space (G, p, V). Under the assumptions of definition 1 let (Q, q, u) be 6-compact
quasi-metric space with positive Radon measure |\ and ® € Ll(ksu), where k(u):z Kp/modA(u). Then the
operator Hy, . is bounded on the space H 1(G/K ) and

- <C,|D
L L

The proof of lemma 2 above is exactly the same as in [2] and the proof of theorem 2 above is exactly the
same as in [1].
After these corrections, the statements of corollaries 3 and 4 of theorem 2 in [1] are correct.

L'(kxu)'

A. R. Mirotin'
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HAMHTI/I YYEHOTI'O

TO THE MEMORY OF SCIENTIST

bOBKOB

Vladimir Vasil'evich
BOBKOV

Barapumup BacuabeBnu

5 mas 2020 r. Ha 84-M rogy yuien U3 XKU3HU Jay-
pear lTocynapctBennoit npemun BCCP, noxrop du-
3MKO-MaTeMaTHUECKUX HaykK, mpodeccop Braaumup
BacwuibeBuu boOkoB.

Bnaguvup Bacunmsend pomuiicst 31 oktaops 1936 .
B 1. [lammopotHoe XKimobunckoro paitona ['omenbckoit
00y1acTH B ceMbe CeIbCKUX yuutenend. Oren morud
Ha (ponTe. OkOHUMB C cepedpsHoi Menanbio Ctpe-
LIMHCKYIO CpefHIolo mKony JKinoOuHCKoro paiiona,
Bnanumup BacunseBuu B 1954 . noctynui Ha oTae-
JICHWE MaTeMaTUKH (HPU3MKO-MaTeMaTHIecKoro (haxyiib-
tera BI'Y, koTopblil OKOHUUI ¢ oTiMureM B 1959 1.
CBOIO TPYAOBYIO JESTEIBHOCTD Hayal €lie CTYICH-
TOM B KauecTBe JlabopaHTa BbrluncauTensHOro neHTpa
BI'Y, a ¢ cenrsiOps 1959 1. nocrosiHHO paboTan Ha Kade-
JIp€ BBIYMCIUTEILHON MaTeMaTHKN YHUBEPCUTETA, CO3-
JaHHOH B 1957 1. ero Hay4YHBbIM PYKOBOAMUTEIIEM, U3BECT-
HBIM MareMaTukoM, akazieMukom B. M. KpbuioBbeiM.

ITon pykoBoactBom B. 1. KpsiioBa 1 B TeCHOM co-
TPYAHUYECTBE C HUM CIOXKHIIUCh HAYYHbIE HHTEPECHI
1 OPraHU3aTOPCKUE CIIOCOOHOCTH MOJIOZIOTO YUYEHOTO
B. B. bo6kosa. B 1961 1. on noctynui Ha o4HOE OT-

Q

JeneHne acnupantypsl BI'Y 1o crienuanbHOCTH «BBI-
YHCIUTENbHAs MaTeMaTukay, B arpene 1964 . 3amu-
TUJ KaHAMJATCKYI0 AMCCEPTALUIO HA TeMy «Merox
HMHTETPaJIbHBIX COOTHOIIEHNH AJIs1 ypaBHEHUH U CHC-
TeM runepoonuueckoro tuna». C 1965 r. padoran Ha
kagenpe B nomwkHoctu gouenta. C 1973 1. sBuscs
3aBeqyIOIUM Kadeapoil BEIYMCIUTEILHONH MaTeMa-
tuku, a ¢ 2003 1. 3aHUMAaN JOKHOCTH Mpodecco-
pa. YueHoe 3Banue npodeccopa nomyuun B 1989 r.,
B 1995 1. 3amuTHI AOKTOPCKYIO JMCCEpPTALUIO0 Ha
TeMy «OIHOIIArOBbIE METO/bI YUCIIEHHOTO PEIIEHNUs
KECTKUX CUCTEM.

C momenTa ocHoBanus B 1970 . B BI'Y daxynsre-
Ta MPUKJIAJHONH MaTeMaTHUKH, B TOM YHCiIe Ha Oa3e Ka-
(henpel BeruucIUTENEHOM MaTeMaTuku, B. B. boOokoB
MIpUHUMAJ aKTHBHEHIIee yyacTre B GOpMUPOBAHUH
00pa3oBaTeNbHBIX MIPOrpaMM M CIICHHAIN3aHUN B pe-
cnyonmuke u B CCCP B 1ienom. OH HEM3MEHHO BXOIHIT
B YHCJIO aBTOPOB MPOIPaMM OCHOBHBIX YUEOHBIX JHC-
LUIUTNH «MeTobI BBIYHCIIeHH» 1 «HUCTIeHHbIE METO-
IbD», pa3padaTbIBacMbIX U YTBEP)KAAEMbIX B Ka4€CTBE
TUIOBBIX MPOrPaMM M0 CNIEUUATIBHOCTH «IPUKIAIHAs
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MareMaTHKa» Uil BCeX YUpeKAeHUH BICIIEro oopa3o-
Banust CoBetrckoro Coroza. C 1991 1. sisiics mpece-
JlaTesieM Hay4yHO-MeTtonuyeckoit cekumu «I Ipukiaanas
MaTeMaTHKa» Y4ueOHO-METOIHYECKOI0 O0hEeIMHEHUS
By30B Pecrybnmku benapych 1o ecTecTBeHHO-HAYY-
HOMY OOpa30BaHHIO. 32 W3IaHHBIE B COABTOPCTBE
¢ B. 1. KpsuioBsiM u II. 1. MoHacTBIpHBIM JBYX-
TOMHBIE y4eOHbIe MmocoOus «Brpranciaurensubie Me-
TOJbI BBICIICH MareMaTUKu» U «BblYucCIUTEIbHBIC
Metoab» B 1978 . B. B. BoOkoBy Obli1a npucyskiacHa
Tlocynapcreennas npemus BCCP B oOnactu Hayku
Y TEXHUKHU. DTH CTaBIINE YK€ KIACCUYECKUMH yHH-
BEPCHUTETCKUE MOCOOMs, KaK U Apyrue KHUryu Brmaan-
Mupa BacunbeBuda, U B HacTosIIee BpeMst SIBIISIOTCS
OJTHIMH M3 OCHOBHBIX YUEOHBIX M3/IaHUH 10 COOTBET-
CTBYIOIIUM jaucuurinHaM. Crenyer OTMeTHTh, Ha-
MIpUMeEp, 9TO 32 MATUTOMHYIO MOHOTpaduio «Hauama
TEOPHH BBIUYMCIUTENBHBIX METO/IOBY, OITyOJNKOBAH-
Hyto B coaBTopctBe ¢ B. N. Kpbutossim u I1. . Mo-
HacCTBIPHBIM B HW3aaTenbcTBe «Hayka m TexHHKay,
npogeccop B. B. bookos B 1991 . ynocroeH repoit
MPEMHH B KOHKYPCE COBMECTHBIX HAy4YHBIX PadoT yde-
veIX bBI'Y 1 Axanemun Hayk bemapycu.

OcCHOBHOE HaIpaBiICHUE HAYIHOH paboThI mpodec-
copa B. B. boObkoBa OTHOCHTCS K TEOPUN YHCIICHHBIX
METOIOB peteHus MU epeHInaNIbHbIX YPaBHEeHUH,
B TOM Hncie kecTkux. OH SBISICS OPraHU3aTOPOM
Y PYKOBOJUTENEM HAyYHOW IIKOJIBI 110 JTaHHOMY Ha-
npasneHnio. Cpean OCHOBHBIX HAYYHBIX PE3YIBTATOB
Brnagnvmupa BacunbeBnua oco0o ciemnyer OTMETHTh
HOBBIE TIOAXOABI M TPeOOBaHMUA K MOCTPOCHHIO Me-
TOJIOB YHCJIEHHOTO PEMICHHUS KECTKUX CHCTEM IH(-
(hbepeHIaTbHBIX ypaBHEHUH (B YaCTHOCTH, TpeOoBa-
HUS JIOKAJIFHON B3aWMOCOTJIACOBAHHOCTHU OTIEPATOPOB
nepexoyia Ha mIare AUCKPETU3aINN) ¥ HOBBIE TIOHITHS
TEOPUH YHCIICHHBIX METOIOB (HAIpHMep, MOHATHS JI0-
KIHbHOW TPOM3BOJHON MPUONIKEHHOTO PEIICHUS
W €T0 HEBS3KM Ha MCXOMHOH muddepeHInatbHOl ch-
creme). HemocpencTBeHHO CBs3aHHBIE C HUMH Hayd-
HBIE pe3ynbTarhl podeccopa B. B. boOkosa mo pas-
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paboTke HOBBIX 3(h(DEKTUBHBIX CITOCOOOB TOCTPOCHUS
MHOTOATAIHBIX BBIYMCIUTEIBHBIX AITOPUTMOB U MO-
yAbHOTO THTIA METOMOB TMO3BOJISIIOT CYIIECTBEHHO
pacIMpuTh BO3MOKHOCTH YHCIEHHOTO MOAETHPOBA-
HUS CIIOKHBIX MHOTOKOMITOHEHTHBIX TIPOIIECCOB.

Crmcok Hay4yHBIX Tyonukaruit Bmagumupa Ba-
criibeBrYa BKIrodyaeT 6osiee 200 HaMMEHOBAHUM, B TOM
gucie 11 kaur (yaeOHbIX TocoOmii 1 MOHOTpadwmif).

Heonennm nwunsni Bkman B. B. boGkosa B cra-
HOBJICHHE W Pa3BHUTHE HAIIETo KypHaia. B Teuenne
MHOT'MX JieT Brnagumup BacunbeBud sIBIIsIICS 3amec-
TUTEJIEM OTBETCTBEHHOTO PEelaKTopa KypHaia (Toraa
eme m3masaincs noa HazBanueM «Bectamk BI'Y. Ce-
pus 1, ®usuka. Marematuka. MapopmMarnkay), mpo-
BOJISI OOIBITYI0 MHUIIHATHBHYIO U OPTaHU3aTOPCKYIO
pabory.

3a Beigatontuecs goctmwkenus B. B. bookoB Ha-
TpaXIeH MeIalbio «3a mo0IecTHRINA Tpyn. B o3HamMe-
HoBanue 100-netus co nus poxxaenus B. U. Jlenuna»
(1970), rpamotoit BepxoBaoro Coseta BCCP (1971),
HarpyIHbIM 3HAKOM «3a OTJIMYHBIE yCIIeXH B paboTe
B oOmactu Hapomuoro obpazoBanusi CCCP» (1982),
Menanpio «Betepan Tpyma» (1990), IloueTHOM Tpa-
MoToii KabuneTa MuHHCTpOB Pecmybnmukn benapych
(1996), ITouetHoit rpamoToii HarmionansHOTO cOOpa-
Hus Peciyonuku bemapycs (2001), HarpynHbIM 3Ha-
koM «OTimaanK 00pa3oBanus PeciryOnuku bemapyce»
(2000), a Takxke PSIOM TPaAMOT M TOYETHBIX TPaMOT
MUHHCTEPCTBa 00pa30BaHMS M WHBIX BeIOMCTB. He-
OJIHOKPATHO YIOCTauBaJCs MOYETHBIX rpamoT BI'Y,
OmaromapHoctu pekropa bI'Y, B 2011 1. emy mipucBoe-
HO 3BaHMe «3aciaykeHHbIH padoTHUK Bl V».

B. B. boOKoB 110:1530BaJICs1 OOJIBIIIIIM aBTOPUTETOM
Y CTYICHTOB M COTPYTHHKOB, €T0 OTIINYAIH TPY/IOIO-
6ne, 10OpOCOBECTHOCTh, MPUHITUITHATBHOCTD, YBAKH-
TEeIbHOE OTHOIIeHHe K KoJuteraM. CBeTiasi maMsTh
o Bnagumupe BacuibeBuue HaBcerma COXpaHUTCS
B HAIIIUX CepALax.

Konnezu u yuenuku



ITamsiTH y4eHoro
To the Memory of Scientist

MEABEAEB

MEDVEDEV

I'ennapnn AAeKceeBU4

Gennadiy Alekseevich

10 oxktss6ps 2020 1. yrmen w3 >ku3HH | eHHAIHA
AnekceeBud MeziBe1eB — M3BECTHBIN yUEHbIH-MaTEMa-
THK, TIEAaror, JOKTOp (PU3UKO-MaTeMaTHYeCKHX HayK,
npodeccop, oprann3aTop Kapenapsl TCOPUH BEPOSTHO-
CTeW M MaTeMaTHYeCKOl CTaTUCTHKH (haKyIIbTeTa MpH-
KJIagHOH MareMatuku u wHpopMaruku BI'Y (1974),
OCHOBOTIOJIOKHUK HAayYHOH IIKOJIBI 10 TEOPHH BEPO-
SATHOCTEW M MAareMaTHUYECKOM CTATHUCTUKE U HAYyYHOU
IIKOJIBI B 00JIACTH TEOPHH MAacCOBOTO OOCITY>KWBAHHUS
u ee npwiokeHni B Pecryonmke bemapycs.

T'ernammii Anekceesud pomuics 22 deppaist 1935 T
B L. Yccypuiicke IIpumopckoro kpast B ceMbe BOCHHO-
ciyxamiero. B 1957 r. okoHunn paauoduzndecKuit
(haxymsTeT TOMCKOTO TOCYIAPCTBEHHOTO YHUBEPCHTETA
(Tr'Y). B 1961 r. 3ammTnn xaHARAATCKYTO, a B 1967 1.
JOKTOPCKYIO Auccepranuio. Yepes rom eMy IprCcBOEHO
y4deHoe 3BaHue Tpoeccopa.

[Tocne nosiBieHNsT HOBOM y4eOHOM crenraabHOC-
TU «IIPUKJIaHas MaTeMaTuka» B 1969 r. ctan nHunma-
TopoMm ee oTkpeitus B TI'Y. B 1970 1., Oynyun nexa-
HOM pano(u3NIECcKOTO (aKyImbTeTa, OMHOBPEMEHHO
SIBIISAJICS. 3aBEAYIOMNM Kadeapoil BEIYUCIUTEITHHON
Y TPUKIAAHON MaTeMaTHKH, a TaKKe 3aBEeIyIOIINM
OTJeNIeHUeM MPUKIIaTHOW MaTeMaTHKH Ha MEXaHUKO-
MaTeMaThudeckoM QakynpreTe. B ToM ke romy crain
JlekaHOM opranuzoBaHHoro B TI'Y mpu ero yyactuu
(hakynbTeTa TPUKIAAHON MaTEeMAaTWKH U 3aBEIyIO-
M Kadeapoii MpUKIaHON MaTeMaTuKe Ha (haKyiThb-
tete. 3a BpeMsa padotel B TI'Y moaroroBun 12 xan-
JIU/IaTOB HayK, 8 W3 KOTOPHIX B HACTOSIIMIA MOMEHT
SIBIISIIOTCS TIpodeccopamMul WM IOKTOpaMH HayK.

C 1974 r. I'ennannii AnexceeBud padoran B bI'Y
Ha Kaeape Teopur BepOSITHOCTEH 1 MaTeMaTHIeCKoi
cTaTuCcTUKHU (3aBenmoBain kadenpoit B 1974-2000 rr.).
ITon pyxoBonctBom I. A. MengeneBa B BI'Y uepes
ACTMPAHTYPy U COMCKATEIILCTBO MOATOTOBIICHO 37 KaH-
JIUJIATOB HAyK, 8 M3 KOTOPBIX CTaIX MpodeccopamMu Wiin
JIOKTOpaMH, a OCTaIIbHBIE pa0dOTaIOT He TONBKO B be-
JapycH, HO ¥ 3a ee pezenamu (Amxup, BeetHam, Ka-
3axcraH, Kopes, JIutsa, Poccus, Cupus, ®pannms).

)

OCHOBHBIM HaIpaBIICHHEM HAyYHBIX HCCIIEIOBa-
Huil [. A. MenBenesa Obuta pa3paboTka BepOsSTHOCT-
HBIX W CTaTUCTHYECKUX METOJIOB aHAllM3a M CHHTE3a
CUCTEM, UCIOIB3YEMBIX B TaKUX MPUKIATHBIX 00-
JacTAX, Kak aHallu3 M pa3padoTKa MaTeMaTHYeCKUX
MoJieNiell (PMHAHCOBBIX BPEMEHHBIX PSIIOB; PA3BHTHE
METOJIOB TEOPHUH MAPKOBCKUX TIPOIIECCOB U MACCOBOTO
00CITy’)KMBaHUsI B MHTEPECaX HCCIEIOBAHUS CUCTEM,
B TOM YHUCJI€ JIOKAJIbHBIX HH(POPMAIMOHHO-BBIUNC-
JUTENBHBIX CeTel; pa3paboTka METOIOB aHalu3a
W ONTHMH3AINN CETeH CBSI3U U, B YACTHOCTH, CBSI3-
HBIX MH(OPMAIMOHHBIX CHUCTEM C WCIOJIh30BaHUEM
WCKYCCTBEHHBIX CITyTHHKOB 3eMJIM M IU(POBBIX ce-
TEH HMHTErpajJbHOTO OOCTY)KUBAHHWS, CO3aHUE METO-
JIOB OIIEHMBAHUS MAPaMETPOB CIIyYaHHBIX MPOIECCOB
U TI0JIEH, ONMHMCHIBAEMBIX PErPeCCHOHHBIMU U aBTO-
PErpeCCHOHHBIME MOJICIISIMH, BKIIOYAst pa3paboTKy
PEKYPPEHTHBIX OLIEHOK 110 3aBUCUMBIM HAOIOICHUSIM,
MOCTYMAIOIINM B TEMIIe TEKYIIEr0 BPEMEHH; CUHTE3
OINTHMAJIBHBIX CHCTEM aBTOMATHYECKOTO YIPABJICHUS;
pa3palboTKa aJalTHBHBIX AJTOPUTMOB YIPABICHUS
B CaMOHACTPAaMBAIOMIMXCA CHCTEMax M aHaJIMU3 HUX
3¢ PEKTUBHOCTH; MECTOONpPENCICHUE PAJUOTEXHHU-
YECKUX CPEICTB METOJaMH MaCCHBHOM MEJICHTalluH
C ABMXKYIIETOCS HOCUTEIIA.

I A. MezaBeneB npuHUMall y4yacTHE BO MHOTHMX
MEKIYHApOAHBIX HayYHBIX KOHIPECcax U CUMIIO3HY-
Max 1o mpodneMaM CTOXacTH4ECKOro (PUHAHCOBOTO
anaymmza (bupmunrem, bocton, Bproccens, Bena, Kpa-
koB, Maactpuxt, Mocksa, HropaOepr, Oxcdopa, Tomck,
Toponto, Tpomcé u np.). [Ipoxonun Hay4dHBIE CTaKuU-
poBkU B ATiante ((akynbTeT ynpaBieHHS OU3HECOM
B YHuBepcurere mrara Jlxopmkus) u Oxcdopae
(LlenTp akTyapHOro 00Opa3oBaHus).

IIpodeccop I'. A. MenseneB — opranuzarop 00Jb-
LIOTO YHCJIa HAYYHBIX KOH(PEPEHIMH C MEXIyHapo-
HBIM y4acTHEM B OOJIACTH CTaTHCTHYECKOTO aHAJIM3a,
CJTy4aiHbIX MPOLIECCOB, AaBTOMAaTHYECKOTO YITPABICHUS
1 (PMHAHCOBOW MaTeMaTUKH, B TOM 4HCiIe 16 KO 1Mo
Teopun MaccoBoro obcmyxuBanus (1985-2001). On
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ObuT Tipesicenarenem copera BI'Y mo mpucyxaeHuro
YUEHBIX CTETIEHEH 0 CIIEMaIbHOCTH «TEOPHSI BEPOSIT-
HOCTeH u Matemaruueckast craructukay (1994-2000).

l'ennanuit AnexceeBud sIBIsUICS mpe3uaeHToM be-
JIOpyCCKOro aktyapHoro ooiectsa (1995-1999), ue-
HOM coBeTa MexXITyHapOaHOH accolMauu (pUHAHCO-
BbIX HiDKeHepoB (Hbro-Mopk, CILIA) 1 npescenarenem
ee MuHCKoro komuteta (¢ 1996 r), mpencraBurenem
WncruryTta akryapueB BenmkoOpuranuu B benapycu
(1998-2000), uneHom eBpoOrpymiisl O (PHHAHCOBOMY
MojienpoBanuio (¢ 1994 r).

I A. MengeneB — aBrop 18 y4eOHUKOB 1 y4eOHBIX
MOCOOHI IO pa3TUYHBIM AUCIMIUIMHAM YYeOHBIX CIIe-
UAIbHOCTEH, 14 U3 KOTOPIX UMEIOT rpud MuHuctep-
crBa oOpazoBanus PecryOnuku benapych. Pesynsrarsr
€ro McciieloBaHui mpezcTaBieHsl B 12 kHurax (2 u3
HUX U3JIaHbI 3a pyOeskom) u 6omnee yem B 200 cTaTbsx
M0 Pa3IUYHBIM HANpPaBICHUSIM MaTeMaTHKH M Kuoep-
HETHKH.

HestenpHocTh [eHHAAMS ANlekceeBHYa OTMEUCHA
MHOTUMH Harpajamu, Cpeid HHUX — MeJallb «3a J0-
onectusiit Tpym» (1970), moyerHsie rpamotsl [Ipe3u-
nuyma BepxoBuoro Cosera bCCP (1982) u Bepxos-

Horo Coera Pecniyonmuku benapycs (1996). 3a paboty
Mo pa3BUTUI0 TOMCKOTO roCyaapCTBEHHOI'O YHHUBEp-
CHTETa OH HarpaXIeH Menanbio «B o3HameHOBaHUe
100-retus co aus ocHoBanua TT'Y» (1980), cepebps-
HOW Menainbio «B 6raromapHoCTh 3a BKJIa/1 B pa3BUTHE
TI'V» (2005), 30:10T0# Menanbio «B GmarogapHoCTh 32
Bkiax B pazsutre TT'Y» (2010), menansio 1. M. Men-
nemeesa TI'Y (2015). I. A. Mensenes nMeeT Harpai-
HBIC 3HAKHU MI/IHI/ICTepCTBa BBICIIETO U CPECIAHETO CIIc-
nuansHoro oopazosanusi CCCP «3a oTmudaHbIe ycriexu
B pabore» (1972) m MununcrepcTBa obpazoBanusi Pe-
ciyonmuku benmapych «OTnmuaHrK oOpazoBanmst Peciry-
omuku bemapyce» (2000), moyeTHOe 3BaHME «3aciy-
JKeHHBIN paboTHHK BI'Y» (2010).

Tennamnii AnexceeBrd oOamall THTAHUYECKUM
TPyIOJII00MEM, OeCTIpeaeIbHON MPETaHHOCTHIO Hay-
Ke, TpeOoBaTeILHOCTRIO K ceOe M yueHukaM. OH OT-
JTUYaJICS CIOCOOHOCTBIO TPEOI0JIeBATh TPYIHOCTH
¥ YMEHHEM TOJJIepKaTh KOJUIET U y4eHUKOB. CBeT-
mas maMaTh o [ eHHanum AnlekceeBU4e HaBCEraa Co-
XpaHUTCS B HAIIMX CEepAIax.

Konnezu u yuenuku
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VAK 519.2(075.8)

Teopusi BeposiTHOCTEH U MaTeMaTH4YecKasi CTATHCTHKA [ DJEKTPOHHBIN pecypc] : AIEeKTPOH. yued.-MeTOI.
komIuieke s crel.: 1-25 01 01 «OxoHomuueckas teopusi», 1-25 01 02 «Oxonomukay, 1-25 01 04 «Du-
HAHCHI U KpenuT», 1-25 02 12 «Oxonomuueckas undopmaruka», 1-26 02 02 «Menemxment» / E. 1. Bacen-
koBa [u 1p.] ; BI'Y. Dnexrpon. tekcroBble nan. Munck : BI'Y, 2020. 217 c. : Tabn. bubnuorp.: c. 207-209.
Pexxum noctyna: https://elib.bsu.by/handle/123456789/246460. 3arn. ¢ skpana. [len. B BI'Y 22.07.2020,
Ne 009522072020.

OneKTpoHHbIH yueOHO-MeToandeckuil komiuieke (DYMK) npennaznaueH anst CTyAeHTOB l-H cTyneHH
BhICIIEr0 oOpasoBanus crneuuansHocTeil 1-25 01 01 «OxoHOoMHueckast Teopus», 1-25 01 02 «DkoHOMHKAY,
1-25 01 04 «®unanck u kpeaut», 1-25 02 12 «Oxonomuueckas uHhopmatukay, 1-26 02 02 «MeHeKMeHT».
Conepxxanue Y MK npeanonaraet n3yueHue CIeAyIOMINX BOIPOCOB: AJIEMEHTHl KOMOMHATOPHKH, CITydaiiHble
COOBITHS M ICHCTBUS HAJ HUMH, CITyJaiiHble BETMYMHBI (OTHOMEPHBIC U MHOTOMEPHBIE), DYHKIMH CITyIalHbIX
BEJIMYMH, 3aKOH OOJIBIINX YHCEJI, LIEHTPaIbHAas MpeaeibHas TeopeMa, BBIOOPOUHBII METO/ B MaTeMaTHIECKON
CTaTUCTUKE, TOYEYHOE M MHTEPBAJILHOE OLICHUBAHUE IapaMETPOB, MPOBEPKA CTATUCTUYECKUX TUIOTE3, pe-
I'PECCHOHHBIN U TUCIIEPCUOHHBIN aHAJIH3.

VIIK 575.112(075.8)

Xaoaposuy A. FO. AaroputMbl B OnonH(oOpMaTiKe [ DIIEKTPOHHBINA pecypc] : IEKTPOH. yae0.-MeTOI. KOMII-
nexc st crer. 1-31 03 04 «Muadopmatukay / A. FO. Xamaposud ; BI'Y. D1ekTpoH. TekcTOBBIE 1aH. MUHCK :
BI'Y, 2020. 44 c. : Tabn. bubmmorp.: ¢. 40—41. Pexxum nocryma: https://elib.bsu.by/handle/123456789/246951.
3arn. ¢ okpana. [len. B BI'Y 30.07.2020, Ne 010730072020.

DNeKTPOHHBIN yaeOHO-MeToamueckuii komruieke (3YMK) nmpegHaszHadeH IJ1s CTyACHTOB CIEITHATBHOCTH
1-31 03 04 «1uadopmarukay. Comepxanue DY MK mnpenmonaraet n3ydeHiue MaTeMaTHIeCKOTO anmapara u Me-
TOJIOB, HEOOXOJAMMBIX ISl pelieHus OMOMH(POPMATUICCKHUX 33]1a4, BOSHUKAIOIIUX B MPAKTHUECKOMN JeSTeIb-
HOCTH B 001acTi 00pabOTKHM TeHEeTHYECKHUX JaHHBIX, METOAAaX KOMITBIOTEPHOTO MOAEITHUPOBAHMS OHOIOTHYE-
CKHUX TIPOIIECCOB.

VIK 517.9(075.8)
Konomnosa O. A. 3amena nepeMeHHBIX B Au(depeHnaNbHBIX YPABHEHUAX H BBIPAKEHHUIX [ DJICKTPOH-
HBIH pecypce] : yueb.-meton. pazpaborka / O. A. Kononosa, H. W. Unbunkosa, H. K. ®unumnmosa ; BI'Y.
OJeKTpoH. TekcToBbIe gaH. Munck : BI'Y, 2020. 23 ¢. bubmuorp.: ¢. 22. Pexum nocryna: https://elib.bsu.by/
handle/123456789/250635. 3aru. ¢ akpana. [en. B BI'Y 10.11.2020, Ne 014010112020.

B ydeOGHO-MeTOMMYIECKOM pa3paboTKe 00CYKIAIOTCS MPOOIEMBI, BOSHUKAIONIUE MTPH 3aMECHE TICPEMEHHBIX
B 1 depeHanbHpIX ypaBHEHUAX U BRIpaKeHHIX. PaboTa colepuT HeoOX0JMMbIe TEOPETUICCKHE CBEJle-
HUA U MCTOJAUYCCKUC yKa3zaHUs, WIIOCTPUPYEMBIC IIPpUMCPaAMU. PaCCMOTpeHLI pemieHrs OCHOBHBIX THUIIOB
3ajad.
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