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BemmecTBeHHBII, KOMIUIEKCHBIH M GYHKIMOHAJILHBII aHAJIN3
Real, Complex and Functional Analysis

B CpaBHCHUH CO BCEM OTPE3KOM. BBC}ICHBI KJIaCChbI q)yHKHPIﬁ, KOTOPBIE MOXHO B HCKOTOPOM CMBICJIC aCCOIIMMPOBATH
C TIPOU3BOHOM COTIPSDKEHHOM (DYHKIINHU Ha OTPE3Ke [—1, 1], 1 M3y4YeHBI TPHOIMHKEHUS (PYHKINH U3 STHX KJIACCOB YacTH-
HbIMU cymmamu psiioB @ypre — Yebbimesa. Haiiieno nHTerpanbHoe npeacrasienue npudimmxkenuid. [Ipu miotHocTn
fe w'H (o) [—1, 1], ae (0, 1], YCTaHABJIMBAIOTCS TIOPSIKOBBIE OIEHKH MPUOIMKEHUH, TaKXKe 3aBUCAIINE OT MOJOKEHHS
TOYKH Ha OTpe3ke. PaccMoTpeH citydaif, Korjga IIOTHOCTD f (t) = |t|s, s > 1. IIpu 3TOM moITy4eHB! HHTErPAIbHOE IPE-

CTaBJICHUE MPHOIKEHNH, OLEHKN TTOTOYEYHBIX ¥ PABHOMEPHBIX MPUOIMKEHUH, aCHMITOTHYECKAsI OLICHKAa paBHOMEP-
HBIX TpHONIIKeHni. OTMEYEHO, YTO MOPAIKH PABHOMEPHBIX MPUONMKEHUH H3ydaeMon (DyHKIIMH 9aCTUYHBIMH CyMMaMHU
psna @ypbe — UebblmeBa 1 COOTBETCTBYIOIIEH €1 CONMPSKEHHON (DYHKIIMN CONPSKEHHBIMU CYMMaMH COBIAIAIOT.

Knrwouegvie cnoea: cuHrynspHBIN MHTErpajl HA OTPE3Ke; CONpshKeHHas QyHKuus; yciaosue Jlunmmua; psag @ypee —
UYeObImeBa; paBHOMEPHBIE OIEHKH; aCHMIITOTHYECKHE OIICHKH.

brazooapnocme. ABTOPBI BEIPAKAIOT UCKPEHHIOW OJIarofiapHoCTh podeccopy, T0KTOpy (HU3MKO-MaTeMaTHYECKUX
Hayk A. [Tekapckomy 3a psiJi IEHHBIX 3aMEUaHUI U COBETOB, KOTOPBIC OBIIM YYTEHBI B OKOHYATEIHLHON PEIaKIMK CTAaThH.

ON THE APPROXIMATION OF CONJUGATE FUNCTIONS
AND THEIR DERIVATIVES ON THE SEGMENT
BY PARTIAL SUMS OF FOURIER — CHEBYSHEV SERIES

P. G. PATSEIKA', Y. A. ROUBA®, K. A. SMATRYTSKI*

*Yanka Kupala State University of Grodno, 22 Azheshka Street, Grodna 230023, Belarus
Corresponding author: K. A. Smatrytski (k_smotritski@mail.ru)

Abstract. In this paper, we study the approximation of conjugate functions with the density f e /) [-1,1], ae(0,1],
on the segment [—l, 1] by the conjugate Fourier — Chebyshev series. We establish the order estimations of the approxima-

tion depending on the location of a point on the segment. It is noted that approximation at the endpoints of the segment
has a higher rate of decrease in comparison with the whole segment. We introduce classes of functions, which, in a cer-

tain sense, can be associated with the derivative of a conjugate function on the segment [—1, 1], and the approximation
of functions from these classes by partial sums of the Fourier — Chebyshev series is studied. An integral representa-
tion of the approximation is found. In the case when the density fe W'H (“)[—1, 1], oe (0, 1], the order estimations of
the approximation, depending on the location of the point on the segment, are established. The case, when the density
f (t) =, s >1, is considered. In this case, an integral representation of the approximation, estimations for pointwise and

uniform approximations, as well as an asymptotic estimation for the uniform approximation are obtained. It is noted that the
order of the uniform approximations of the function under study by partial sums of the Fourier — Chebyshev series and
the corresponding conjugate function by conjugate sums coincide.

Keywords: singular integral on a segment; conjugate function; Lipschitz condition; Fourier — Chebyshev series; uni-
form estimations; asymptotic estimations.
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Introduction
The integral (in the sense of the Cauchy principal value) with a Cauchy-type kernel

WJ' tx\/? [ L 1] (1)

plays an important role in various fields of rnathematlcs and physics (see, for example, [1; 2]). For its existen-
ce it suffices to assume that the density f ( ) satisfies the Lipschitz condition of any order on the segment [ 1, 1]
It is known (see [3]) that the transformation f can be considered as one of the ways for defying the conjugate
function on the segment [ 1, 1]. We also associate f with the conjugate Fourier — Chebyshev series (this series
converges under the above said constrains):
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+o0
~

f(x) = Z c, sin(n arccos x), 2)

n=1

where
c, = %H 7 ()T, (t)i T, (1) =cos(narccost), n=1, 2
n Tcl n l_tz, n > 9 Sy ey
are the Fourier — Chebyshev coefficients. Note that f (cos 6) can be expressed in terms of the conjugate func-
tion to f (cos 6) using the singular integral with a Hilbert kernel

-0

2n
f(cos8) = _ZL I /(cost)ctg dt, 6 €[0, n].
T
0
Also it can be associated with the corresponding conjugate trigonometric Fourier series.
The study of conjugate functions in the trigonometric case began with the works of J. Priwaloff [4; 5],

A. Kolmogoroff [6], M. Riesz [7; 8]. Here we put special emphasis on the following result. Let A (“), 0<a<l,
be a class of conjugate functions with a density that satisfies the Lipschitz condition of order a.. The exact up-
per bounds of the deviations of partial sums of the conjugate 2n-periodic Fourier series from the functions of
classes 7'®) were found by S. Nikol’skii [9].

V. Motorny (see, for example, [10; 11]) studied approximations of singular integrals of the form (1) with
a density belonging to certain classes of continuous functions on the interval [—1, 1]. V. Misiuk and A. Pekar-
skii [12] solved the classical problem of N. Bari [13] and S. Stechkin [14] about the best approximation of
functions and their conjugates on a segment by algebraic polynomials.

The method of approximation of continuous functions on the segment [—1, 1], based on the Fourier — Che-
byshev series, has wide applications. Here we should mention the works of S. Nikol’skii [15], A. Timan [16],
I. Ganzburg [17], Yu. Rusetskii [18], I. Ganzburg and A. Timan [19]. At the same time, the study of the appro-
ximation properties of the conjugate Fourier — Chebyshev series (2) was episodic. For example, pointwise and
uniform approximations of the singular integral with a Hilbert kernel with a density having a power singularity
by partial sums of the conjugate Fourier — Chebyshev series were studied in [20].

In the first part of this work, we study the approximation of the conjugate functions of form (1) with the

density fe H (o) [—1, 1], 0 < a <1, by partial sums of the conjugate Fourier — Chebyshev series

2 2% dt
5.(f, x)=) ¢;sin(karccosx), ¢, == | f ()T, (¢ , xel-11].
()= Businlharcoss). o= [ FOR () xe o0
Let the series .
> ke, cos(karccosx), xe[-1,1],
k=1

be the Fourier — Chebyshev series of a summable on the segment [—1, 1] function. We consider the class of
functions that can be represented as follows:

+00

f(x)==3" ke, cos(karccosx), x e [-1, 1]. 3)
k=1

Interest in the study of such functions is due to their relationship with conjugate series (2). Indeed, in this
case (2) and (3) clearly imply the relation

f(x)lel—xzf’(x), xe[-1,1]

Functions of form (3) have, in a certain sense, a periodic analogue. Let » and  be fixed real numbers (» > 0)

and the series
+00 . TEB . TEB
D k| a;cos kt+? + b, sin kt+7 , 4)

k=1

be a Fourier series of some summable function. Then this function is called (r, B)-derivative of the function f
in the Weyl — Nagy sense, it is denoted by fﬁr() (see, for example, [21; 22]), and in addition, a,, b, k € N, are
Fourier coefficients of the function /. The set of functions f that satisfy such a condition is denoted by ;.. If, in
addition, fﬁ’ eH (“), 0 < a < 1, that is, it satisfies the Lipschitz condition of order o, then we say that f belongs

8
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to the class WBFH (%) The classes WBV, r> 0, were introduced by S. Stechkin [23]. Approximation problems on

them were the subject of research by many specialists in the theory of functions [24]. For example, the ap-
proximation properties of various summation methods of the trigonometric Fourier series on classes W were
studied by the representatives of the Ukrainian mathematical school (see [25; 26]).

The conjugate function (2) can be written as follows:

+o0
f(x) = Z CkCOS(karccosx— gj

k=1
Taking into account the expression (4) we say, that functions of form (3) are algebraic analogue of its (1, —1)—de—
rivatives in the Weyl — Nagy sense on the segment [—1, 1].
In the second part of the paper, approximations of functions from class (3) by partial sums of the Fourier —
Chebyshev series

. G & _ 2t di
sn(f, x)=?°+kz::16ka(x), ck:EJ.f(t)Tk(t)—2> k=0,1,..., n,

are considered. Integral representations of the approximation are established. Also, we obtain estimations of
the approximation when the density /e W'H*) [-1,1], o€ (0, 1]. It should be mentioned that here we use the
methods proposed by O. Besov (see, for example, [27; 28]). The obtained estimations depend on the location
of the point on the segment [—1, 1]. Moreover, it appears that approximation at the endpoints of the segment is

better in order than on the entire segment.
In the third part of the work, approximations of individual functions belonging to functional class (3), when

the density f (t) = |t * s> 1, are investigated. For the study of the asymptotic behaviour of integrals the Laplace
method [29; 30] is used.

Approximation of conjugate functions
with a density satisfying Lipschitz condition

Let
g, (/> x)=f(x)— 5,(f, x), xe[-1,1], (5)
8,(/)=]/(x)-3,(7. %)

where §n( £ x) are partial sums of its conjugate Fourier — Chebyshev series defined in (2).

L’ neN, (6)

Theorem 1. For approximation of conjugate function (1) with the density f e H(a)[—l, 1], O0<a<l,onthe
segment [—1, 1] by partial sums of its conjugate Fourier — Chebyshev series the following estimation holds for
sufficiently large n:

o 20| | 2
2n“(\/1—x2) ln_an+7t |x| + " Inn (xe(O,l),

T+a 20’
n 2an® it Ay

2
Inn 7w |x Inn
752\/1—x2—+J nz—, a=1.

n 4n?

+
2n

8,(/, x) < (7)

Proof. Let us consider the deviation

&.(f, x)=f(x)=5,(f x)= f ¢, sin(karccosx), x e[-1,1],

k=n+1

of partial sums of conjugate series (2) from conjugate function (1). It is well-known (see [20]) that for the se-
ries remainder the following integral representation holds:

8,(/ %) =$_j 7(cos7) B, (v - 8)dx, x=cosb, xe[-1,1],
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where
COS(I’Z + lj’t
b,(1)=——2 (8)
s —
It is not difficult to see that
&,(f x)= if[f(cos(e +1)) = f(cos(0 — 7)) | D,(x)dx, x=cos0, xe[-1,1] ©9)

27:0

Here the integrand is even, 2n-periodic with respect to the integration variable. Therefore
2n

£, (/. x) :4%5 I Vo (T)coshtdt, hy=n+ %,
0

where

f(cos(e + r)) - f(cos(e - r))

. T
sin —
2

Wo(1)=

For the further proof we use the methods proposed by O. Besov (see, for example, [27; 28]). Taking into
account the properties of the integrand, the latter representation can be written as

. 1 2n 1
e, (/. x)=§j l:\ue(r) — Yy {r + %Hcosklrdr, M(n)=n+ 5
0

1

Further for brevity we will write simply A, assuming that A, depends on n.
We split the integral in the right-hand side into three integrals over the segments {0, %}, LT»[ , 21 — %}
1 1 1

and |:27t — %, 2m |, so that
1

g, (/. x)zgi[ll +1, +I;], x=cos, xe[-1,1], (10)
T

where

Ml
L= I Wo(T) —wo| T+ % cos A, tdr,
ho i
2n 7
I = j Wo(1) = Wo| T+ == | |cosATd.
- L 7\'1 .
»

Since (%Jr <sint<T,T€E [0, g}, for the function yg(t) we have

2% ni[sin 6|a |sin r|a

|\Ife(T)| < p
Then for the integral /; the following estimation holds:
iy iy -
I|<2%xlsin0]*| [ * 'dt+ [t+£J dt|=
<2 sindf| [ taes f| e

10
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(] (-2 )

2% ' %|sin "
alf
Substituting T+ 27 — 7 in the integral /5 and applying the same considerations we obtain
22l *|sin 6|"
AT
Now we pay attention to the integral /,. Since the integrand is 2n-periodic, estimations of the integrals over

,ae(O,l],?»lszr%. (11)

|I5] < , ae(0,1], X1=n+%. (12)

the segments Lvl, n} and {n, 2n — l} coincide. We have
1 1

J[\ve(r)—\ue(wr%ﬂcosklrdrzlptls, (13)
z 1
where
. f(cos(@ + 1:)) - f(cos(@ - r)) - f(cos[e +T+ 7:]] + f[cos[e -7- ):B
1= I cosA,tdT,
LS T+ T
i ' 1
sin
2
[ 1 1
I = I [f(cos(@ +1)) - f(cos(6 - r))] — - — |coshyrd.
LA sin — T+ —
M 2. A
sin
L 2 ]

Taking into account that f'e H(a)[—l, 1], 0 <o <1, we obtain

‘f(cos(e +1)) - f(cos(G +1+ %B

1

<

a 03

sin(9 + r)sin% + 2cos(6 + r)sin2 %
1 1

<

2,)7 2,

ZSin(Oiri T jsinzi

o

IA

) T .. L, T
sin@cosTsin— + cosOsintsin— + 2cos(0 + 7:)s1n2 —
| 1 |

. ) . . T
< |sm 6|OL sin* =~ + |cose|OL t*sin® =~ + 2% szaﬁ. (14)
1 1 1

Therefore, for the integral /, the following estimation holds:

o 20\ 1 4
IAES 21{|sin9|u[7\‘llj + 2“[%} Ji? + 2Tc|cos6|a[x£J !r“_ldr <
M

N

200 +1 a
alniLl . 21! |cos ) Lol l+ 2 In2, (15)

32n1+°‘|sin9| — —
oA, A

1

11
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Consider the integral /5. Since

‘f(cos(@ +71)) - f(cos(6 - T))‘ < 2%/sin o[ ¢

and
| 1 o
sm% Sinr + nl Zht
we get 2
15| < Zil |sin 0] fr“_zdr.
1 n
The last relation leads to the estimation "
M, ae (()’ 1),
<y 2 0 e (16)
=1

1
Substituting (15) and (16) into (13), we obtain for the integral 7,

olndy SRSt | ezt o (o)

81'c”°‘|sin9| S
|[ | < 7\,(]1 OLNT la (17)
| <
4 3
4n3|sin6| Ik, + T |cos9| + 21 %, a=1.
1 A A
Using inequalities (11), (12) and (17), it follows from (10)
Ot . o 20 o 20
|sm9|Ot In?, |sm9| + " |COS6| + mInk, , o E(O, 1),

22 BRrey iy 2005 2l r e a18)

1

InA, msin6| m |cosB]  ,InA,
+ +7

A, 2, 43

8, (f %)<

b

n |sm 9|
1
. 1 . . ..
Finally, we choose n that A, =n + — satisfies the following conditions: InA, > W, ae (0, 1), and
a

InA, > E, o = 1. Then, taking into account that x = cos 0, from estimation (18), we get (7). Theorem 1 is proved.

Approximation of functions £ (x)

Let

én(f)—Hf )—s fx” neN,

see also (5) and (6).
Theorem 2. For approximation of function (3) with the density feW e )[ 1, 1], oe (O, 1], by partial

sums of its Fourier — Chebyshev series, the following integral representation holds for n € N:

g, (f, x)=— j [/'(cos(0 +7))sin(0 + ) = #"(cos(6 — 7))sin (6 — 1) | D, (7)d, (19)

where x = cos0 and Dn(r) is from (8).
Proof. Letususe the integral representation of approximation (9). We assume that the density f e c [—1, 1]

and f'e H (a)[—l, 1], e (0, 1]. Therefore, the integral in the right-hand side can be differentiated with respect
toxe (-1, 1), x = cos6. Then

12
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W(fs x)= . FI[ cos 9+‘C s1n(6+r)—f’(cos(@—t))sin(@—t)}f)n(r)dr.

In addition, from the previous considerations it follows that
g, (f, x) =J1-x* g (f, x), xe (—1, 1).
Since the integrand is 2n-periodic, we get representation (19). Theorem 2 is proved.
Now we apply theorem 2 for the approximation of functions f, defined by (3), whose density f satisfies the
condition f'e H* [ 1,1], o€ (0, 1], on the interval [-1, 1].

Theorem 3. For approximation of function (3) with the density W' i [ 1, 1] o E(O 1] by partial
sums of its Fourier — Chebyshev series, the following estimation holds for sufficiently large n:

L ) | |
471;0‘(1_)(;2) 2 _(x+ o a 2o’ ( )
£, (/. %)< oo X (20)
2n2(1—x2)m—”+@+ il |x|, a=1,
n n* 2n?

where
e n2oc |x|1 +a

20 [ 2 o
ca(x)z—n 120cx |x| + n“(«/l—xz )a|x| +

Proof. We get from (19)

1+ o

g,(f. x) :i[sin(ﬂé +2c0s0; |, x=cos6, xe[-1,1], (21)

where

I, = 2JZI[]“(COS(E) + ’C)) —f’(cos(e - r))]cosr[—zjdr,

T
0 sin—
2

1 =20JF[f'(cos(9 + ’E)) + f’(cos(@ - t))]cos;cos(n + 2)‘56]’5

Let us study each of these integrals. To estimate the integral /; we use the same idea as for the proof of
theorem 1. So, for sufficiently large n we have

200+ 1
8n1+a|sine|aln_an+w 21 a 1+2a ll'lzl’l’ E(O, 1)’
il " e " “
4n3|s1n9| I, 2 |cos6) 3h1_2n’ o=l
n

We represent the integral /, as follows:
1
17=5[171 + 1], (23)

where ,
L, = I [f’(cos(e +1)) + f'(cos(0 - r))}cosnrdt,
0

2n
L, = I [f’(cos(@ +71)) + f'(cos(6 - r))} cos(n +1)tdr.
0
We estimate integrals /,, and /,, similarly. Bearing in mind the properties of the integrand, we have for the
integral 7,

:_I( [ cos 6+r))+f'(005(9_1))]_

13
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oo o) oo

Taking into account estimation (14), we obtain from the latter representation
2n'*fsin0" 2" n! T |cosf”  2lep!t2e

n* (1 + (x)n“ n**

|17] <

Similarly,
2nl+oc|sine|0t N 21+anl+2cx|cosg|0ﬂ .\ 21—an1+20t
(n+1)*  (L+a)(n+1)* (ne1)

Substituting the estimations for integrals /,, and 7,, into (23), we get

|15,] <

2! +OL|sin 6|OL plropls 20‘|cos(9|°‘ ol-a l+2a
+ +
n* (1+a)n” n*®
Let us return to the proof of theorem 3. Estimation (20) follows directly from (21), if we use inequalities (22)
and (24). Theorem 3 is proved.
Remark. Tt is important to note that approximation of functions of classes (3) with the density /e W'H (<) [—1, 1],

oe (O, 1], by partial sums of their Fourier — Chebyshev series depends on the location of a point on the segment.

Moreover, the approximation at the endpoints of the segment has a higher rate of decrease than on the whole
segment.

|1;] <

, x=cos6, xe[-1,1]. (24)

Approximation of the function £ (x) with the density |¢’, s > 1
In paper [20], the authors studied the approximations of conjugate functions (1) with the density f (t) = |t %

s >1, by partial sums of their conjugate Fourier — Chebyshev series. Here we consider a similar problem on
classes of functions (3). Since there is a certain relationship between the elements of these functional classes,
it is interesting to compare the orders of their approximations and the corresponding constants. For these ap-
proximations we have (see also (5) and (6))

52” (| S’ )C) = i(x) - S2n (]" X), X e [_1: 1], (25)
(1) =17 () s ()], o e (26)
Theorem 4. Approximation of the function f(x) with the density |t|s, s> 1, on the segment [—1, 1] by partial

sums of its Fourier — Chebyshev series satisfies the following properties.
1. Integral representation:

‘8’2n (|

_ n+1 1 ;
’ x)=( Bz sin [ (1-22) 23 Polt. x) _dt, xe[-1,1], @7)
2 2 (14277, (x) + £*)

where
P (2, x) = nt6T2n(x) + 1! (21/1T2n+2 (x) + (n + l)Tznf2 (x)) +
+ tz(n7"2”+4(x) +2(n+1)T,, (x)) +(n+1)T,,,,(x), (28)

T, () are Chebyshev polynomials of the first kind.
2. Estimations for pointwise approximation:

~ s 1 s 272 23— pe(t, x)|
-1, < ———fsin—||({l—¢ t —dt, -1, 1f. 29
€2n(| x) i 6[( ) (1_12)2 xe[-1,1] (29)
3. Representation for uniform approximation:
1
€y, (||S) = ZS_l—zrc sinE !(1 - tz)S‘thHsﬂ [(n + 1) - ntz]dt, s>1,neN, (30)

4. Asymptotic estimation for uniform approximation:

14
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sF(s - 1)

(2(n+ 1)
where F() is a gamma function.
Estimation (29) is exact. It turns into equality when x = 0.
Proof. From representation (3) it follows that approximations (25) have the form

+o0
£, (| ° x):— Z kcszzk(x), xe[—l, 1], neN, (32)

k=n+1
where c,, are polynomial Fourier — Chebyshev coefficients of the function |x|", s > 0. It is known (see [31, theo-
rem 5]) that for c,, the following integral representation holds:

() ms ey
= sin7j(1—z2) A k=1,2,
0

.S e(l, +oo)\N, n— oo, (31)

Applying the Laplace method (see, for example, [29; 30]) for the study of integrals’ asymptotic behaviour, we
can show that

(<) omsT(s+1)
2S_1TC 2 ks+1

F() is a gamma function. The series

Cop ~ ,s>Lk=n+L,n+2,..., k—> o,

I'(s+1 =
(Sl )sinE Z i,s>1,
27 2,50k
is a convergent majorant series to the series on the right-hand side of (32), which converges uniformly on the
entire segment [—1, 1]. Then plugging the integral representation for coefficients ¢, into (32) and interchanging

the summation and the integration, we have

g;2n (|

1
" x)= ﬁsm%o (1-2) 10, (1 x)dr, xe[-1,1], neN, (33)

where
+00
®,(1n,x)= Y (—1) k> Ty, (x), Ty (x) = cos (2k arccos x).
k=n+1
The following equality follows from the properties of the sum of the geometric series

+00 ; 1)qn+1+nqn+2
kgt = (cry :
k:Zn:Jrl( ) ( ) (1+q)2

Assuming here g = 2¢*®, x = cos0 and separating the real and imaginary parts we obtain

- t2n+2p6(t’ X)

(1 + 27T, (x) + ¢4 )2,

g|<1. (34)

@, (1. x)=(-1)

where py (7, x) is defined in (28).
The integral representation (27) follows from the last relation and (33). Note, that

Pe(6,0)=(=1)" (¢ 1) [ nt* + 208 = 2 = 2(n+ 1)t = (n +1) |

In other words, the polynomial py (t, 0) has # =1 as a zero of the second order. Thus, (29) immediately follows
from this fact and inequality

J1+27c0s20+ 14 21—, 1e[0,1], 0eR.

The exactness of estimation (29) can be verified directly by substituting x = 0 into (27).
Relation (30) for the uniform approximations (26) can be easily established with the help of integral rep-
resentation (33). Indeed, it is obvious that

(1 e L | PERE.
82n(|.| )gzs_2n51n%b|‘(l—t2)tl k§+1kt2kdt,neN.

15
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Using (34), we get

(1) 52

25721

1 2
s n+1)—nt
sinE“(l - 12) prelss %dt, neN.
2105 (1 - 12)
Then, relation (30) follows from the last inequality and the exactness of estimation (29).
In order to establish asymptotic estimation (31) we study the behaviour of the integral on the right side of (30)

when n — . To solve this problem, we again use the Laplace method [29; 30]. We write the integral as fol-

lows: .

[(1=22) 2 [(n+1) = nJdt = (n +1)J; + T, neN, (35)

0
where

lej(l B tz)s‘ltl—sez(nﬂﬁnzdt’ J,= Jl‘(l B tz)s_2t3_se2("+l)1“’dt.
0 0

The asymptotic behaviour of these integrals is studied similarly. Consider the first of them. The function
S (t) =In7 monotonically decreases for 0 < ¢ < 1 and reaches its maximal value for 7= 1. Since In¢ ~ (t — 1) and

s—2 §— .
(1—1‘2) tl_s~2s_2(1—t) 2Whent—>1,forsufflclentlysrnalls>0andn—>ooweget
|
Jy~ 2571 j (1=7) " Ngy,
1-¢

After the substitution 2(n +1)(1—7) > u, we have

2(n+1)e r
2(n+1) 3 2(n+1)
Similarly,
T —
J, ~ (S—l)_l, n— oo,
2(n+1y
Taking into account the obtained results, from (35) we find that

1 - T'(s—1

j(l 1) 212”+3_S[(n +1) - ntz]dt~ LS}I n—s .
0 2(7’1 + 1)

The last asymptotic equality, representation (30), and the accuracy of estimation (29) lead us to relation (31).
Theorem 4 is proved.
It is interesting to compare asymptotic estimation (31) for uniform approximations of function (3) with the

density |t *, s >1, by partial sums of its Fourier — Chebyshev series with the corresponding uniform estimation
for the approximation of function (1) by the conjugate Fourier — Chebyshev series established in [20]:
s sin 2u sT(s—1
§2”(|' ’ x)‘ﬁ% (—s)—l’
(2(n+1)

Conclusions

. TS
sin —
2

x=cosu, s € (1, +0)\2N, n — oo

In this paper, approximations on the interval [—1, 1] of conjugate functions (1) with the density /e H (o) [—1, 1],
oe (0, 1], by the conjugate Fourier — Chebyshev series are studied. Order estimations of the approximation
depending on the location of a point on a segment are established. It is noted that the approximation at the ends
of the segment has a higher rate of decrease in comparison with the whole segment.

Classes of functions (3), which can be associated in a certain sense with the derivative of conjugate func-
tion (1) are introduced. Approximations of functions from these classes by partial sums of the Fourier — Cheby-
shev series are studied. An integral representation of the approximation is found. In the case when the density

feWw'H (o) [-1,1], o€ (0, 1], the order estimations of the approximation are established, also depending on

the location of the point on the segment. Similarly, approximations at the endpoints of a segment have a higher
rate of decrease compared to the whole segment.
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The case when the density f (t) = |t *, s >1, is considered. An integral representation of the approximation,

estimations for the pointwise and uniform approximation, and an asymptotic estimation for the uniform ap-
proximation are obtained. It is noted that the order of uniform approximations of the function under study by
partial sums of the Fourier — Chebyshev series and the corresponding conjugate function by conjugate sums
coincide.
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Abstract. In this paper, we investigate the derivation algebras of simple three-dimensional anticommutative algebras
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Introduction

The study of derivation algebras is an important aspect of modern mathematics [1-9]; when discussing al-
gebras, it is assumed that they are considered over an algebraically closed field even if it is not explicitly stated.
It is well known that any derivation of a simple finite-dimensional associative algebra is internal [8]. Si-
milar results are valid for simple finite-dimensional alternative, Jordan and Lie algebras [5—7]. For a simple

algebra A from the indicated classes, the Lie algebra Der(A), which is a derivation algebra for A4, is simple.

In particular, the derivation algebra Der(A) of a simple split three-dimensional Lie algebra 4 is isomorphic
to the algebra 4.

In this paper, we study the derivation algebras of simple three-dimensional anticommutative algebras over
algebraically closed fields. Additionally, algebraic structures on finite-dimensional algebras, similar to those
examined in this paper, are studied, for example, in [9].

Any one-dimensional anticommutative algebra has zero multiplication, thus, it is not simple. Let us first
demonstrate that there are no two-dimensional simple anticommutative algebras.

Let 4 be such an algebra, in particular. Consider a € 4 such that its right multiplication operator R, : 4 — A4,

xR, = xa is non-zero. In some basis (el, e, ), this operator is either diagonal or a Jordan block, i. e.,

a 0 Al
Mepez(Ra):(Ol azJ or Mepez(R“):[o ?\‘j.

Examine each of these cases:
o 0
HM, . (R,)= ( 01 j One of the scalars o, a, is non-zero; let a,; # 0. Then, due to anticommutativity,
. o,

the vectors e, a are not proportional. Consequently, they form a basis for 4, and the linear span <e1> is a proper
ideal in A4, contradicting the simplicity of algebra 4;

Aol
)M, . (R,)= [0 }J. If A # 0, then (e, ) is a proper ideal in 4. If A = 0, then ¢,a = e,. Decompose a along

the basis (e, e,): a=oe, + Pe,. Due to anticommutativity, B # 0 and e, = e,a = ¢/( e, + Be, ) = Beje,. Thus,
<e2> is a proper ideal in 4.

The main goal of this paper is to prove the following theorem.

Theorem. Let M be a simple three-dimensional anticommutative algebra over an algebraically closed field

of a characteristic different from 2. Then its derivation algebra, denoted as Der(M ) has a dimension of 0, 1
or 3. If dim Der(M ) =3, then the algebra Der(M ) is isomorphic to the simple three-dimensional Lie algebra sl,.

It is known [10] that every simple three-dimensional anticommutative algebra is isotopically simple and
isomorphic to one of the algebras with basis (a, b, ¢):
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A=A(7», a, 3, y):baz?»bJrc, ca=Aic, bc=0a+Bb +yc, ah#0,
B=B(A, p, a, B, v): ba=Ab, ca=pc, bc=oa+ b+ yc, alp 0.

Lemma. The algebra A = A(?\., o, B, y) is not a Lie algebra. The algebra B = B(?», U, o, B, y) is a Lie al-
gebra if and only if B=y=A+pn=0.
Proof. Let us calculate the Jacobian in the algebra A for the basis elements:
J(a, b, c) =(ab)c + (bc)a + (ca)b = —(kb + c)c + (oca +Bb+ yc)a + (Xc)b =
=—Abc + Bba + yca + (Xc)b =—2Abc + Bba + yca.
Since in the algebra 4, the elements bc, ba, ca are linearly independent, it follows from J (a, b, c) =0 that

A = 0. However, according to the condition, A # 0, which means that 4 is not a Lie algebra.
The second statement is proved in a similar manner:

J(a, b, c) =(ab)c + (bc)a + (ca)b =—(kb)c + (aa + Bb + yc)a + (uc)b =
=—\bc + Bba + yca + pch =Bba + yea + (A + p)cb.
Therefore J(a, b, ¢)=0 ifand only if B=y =% +p=0.
Remark. All simple three-dimensional Lie algebras over an algebraically closed field are isomorphic to s/,.
o X
Let the derivation D in the basis (a, b, ¢) have the form D=| y, y, ;|

. 2 5 A
Algebra Der(A4). Let us consider the algebra

A=A(A, o, B, v): ba=Lb +c, ca=Mc, be=oa + Pb + ye, ad #0.

We shall now write down the right multiplication operators in this algebra:

0 0O 0 A -1 0 0 -
R,=0 A 1,R={0 0 O R=la B vy
0 0 A -a B -y 0 0 O

We observe that the linear mapping D is a derivation if and only if

|:Rv9 D:I = RvD
for any basis element v. Writing down this equation for v =a, b, ¢, we obtain the following system of equations:

—ox;+ Ay, + 2, =0, =Ax; —Bx; +2, =0, —x; —yx; =y, + 23 =0,
ox, + Az, =0, Bx, =0, —Ax; +yx, —z, =0,

oxy;— Ay —z, =0, Ax; + Bx; — 2z, =0, x, + yx5 + ¥, — 2, =0,
—ox, — By, + o, — vz, + 0z = 0, —ox, + Azp — Yz, + Bz; =0,
—oy — Ay + 7y, — By; +2, =0,

—ox, — Az; =0, —Bx, =0, Ax; — yx, + 2, =0,

ox, + By — o, + vz - azy =0, ox, — Az + vz, - Pz; =0,

oxy + Ay — W, + Pyy—z=0.

By removing the obvious consequences of the equations, we obtain an equivalent system of nine equations:
ox, + Az; =0, Bx, = 0, —Ax; + yx, — z, =0,

—ox; + Ay, +2,=0, =Ax; = Bx; + 2z, =0, x, + yx; + ¥, — 23, =0,
20z, =Yz, + PBz3 =0, 20y, — vy, + By =0,

—ayx; + By, — 20, — vz, = 0.

Let us recall that oA = 0.
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LIfB#0,thenx, =0,z =0and
A+ 2, =0, 005 =2y =0, Ax; + Bxy— 2z, =0, x; + yx3 + ¥, — 23, =0,

—¥zy + Bz3 =0, 20y — vy, + By; =0, vz, - P23 =0,
—ayx; + By, — 2ay, = 0.

After the transformations, we have

—oyxs + By — 20, =0, vz, — Bz3 =0, 2hy; — vy, + Py3 =0.
The determinant of this system with respect to the variables x;, x5, y|, 5, 3, Z,, z31s equal to OLB3(B +2M0).
If the system has nontrivial solutions, then 3 = —2A and we obtain the following system of equations:

{kxl+22=0,ax3—ky1=0,Bx3—222=0,x1+yx3+y2—z3=0,

A+ 2z, =0, 00, — Ay, =0, —2hx; — 22, =0, x; + x5 + ¥, — 23, =0,
—ayx; — 2hy, — 20y, = 0, 2hy, — vy, — 2hy3 =0,
¥z, + 2Azy = 0.
Continuing with z, = —\x,, we have
ox; — Ay, =0, 20x; — 2hx; =0, x; + yx; + ¥y, — 23, =0,
—ouyxy = 2hy; = 20, = 0, 2Ay; — 7y, — 243 =0,
—Ayx; + 2hzy = 0.
Note that x5 = x; and Ayx; = 2z;, yx; = 2z;, hence,
{ocxl -, =0, (2 + y)xl +2y,=0,
oyx; + 20, + 200, =0, 24y, — vy, — 2hy; = 0.

The rank of the fundamental matrix of this system with respect to variables x,, y;, ¥,, y; is 3, since its de-
terminant is 0, and

A 0 0
0 2 0 |=422=0.
20—y 2A

The last homogeneous system of linear equations depends on four variables and has a rank of 3, indicating
it has one free variable. Thus, it is proved that the original system of equations has a unique free variable. This

implies that dim Der(A) =1.
IL. If B = 0, we obtain the system
ox, + Az, =0, —=Ax; + yx, — z, =0,
ox;—A —z =0, A, =2, =0, x, + yx5 + ¥, — 2z, =0,
20z, — vz, =0, 2hy, + 1y, =0,
—oUyx; — 20, + vz, = 0.
There is no y; among the variables. After transformations, we have
ox, + Az, =0, yx, — 2z, =0,
oxy — Ay, —z=0,Ax; — 2z, =0, x; + 13 + y, — 23 =0, 0
2hz, =Yz, =0,
—oyxy — 20, + vz, =0, 2Ay, — vy, = 0.
A. If y # 0, then the matrix P of the system with respect to the eight variables x;, x,, x5, ¥, ¥, 2, Z3, 23
has a determinant equal to oA’ (y2 + 4a)2. If this determinant is non-zero, then system (1) has only the trivial
solution, and dimDer(4)=0.
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If 40 = —y*, then the rank of matrix P is 6 since it has a non-zero minor of order 6:

0 0 2 41 0 4

—4. 0 0 0 0 0
—4 0 -4y 0 -4 0 g
2 - v

0 —y* 0 0 0 4

—4n 4 0 0 0 0

v 0 0 0 —yF -4y

Let us consider a special case with o =—1, B =0, y =2, A = 1 (the general case is examined following the
same procedure). Thus, 4 has the multiplication:

ba=b+c,ca=c,bc=—a+2c.
System (1) takes the form

X, +2=0,x,-2,=0,
X+ +2=0,x-2,=0,x+2x+y,—2;=0, 2
z,—2z,=0,
X+ +2=0,y-y,=0.
It is easy to verify that system (2) has a general solution:
=X N=N =X~ X3, 1= 2, =X, 23 = X3,

where x,, x5 are free variables. Therefore, the general form of the derivation algebra is

X X X3
D=|(-x-x) (-x-x) ¥ |
X X X3

Then the algebra Der(4) has an additive basis of elements
X=ej+tep—e—epteyteyn Y=e3-e)—eptey Z=ey.
It can be readily verified that [XY|=-2X+Y - Z, [XZ]=Y - Z, [YZ]=-2Z. Since these specified com-
mutators are linearly independent, Der(A) is isomorphic to the algebra s/,.
B. If y = 0, then system (1) takes the form
ox, + Az, =0, z, =0,
oxy;—z=0,Ax,—z, =0, 3)
X+ y,—2,=0,
z,=0,y,=0, =0.
Thus, y, =y, =0wuz, =z, = 0. Then x| = x, = x; = z; = 0, meaning system (3) has only the trivial solution
then, D = 0 and dimDer (4)=0.
Algebra Der (B). Let us recall that
B=B(A, p, a, B, v): ba=Ab, ca=pc, bc=aa+ b + yc, akp # 0.

Let us write down the right multiplication operators in the algebra B:

0 00 0 - 0 0 0 —u
R,=0 A O,R={0 O O R=la B vy
0 0 u -a —p -y 0 0 0

The linear mapping D is a derivation if and only if [RV, D} =R, for any basis element v. Writing down

this equation for v = a, b, ¢, we obtain the following system of equations:
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—our; + Ay =0, —Ax; = By = 0, Ay; — 13 — wy3 =0,

ox, + pz, =0, Bx, — Az, + pz, =0, —px; + yx, =0,

oxy — Ay, =0, Ax; + Bxy =0, —Ay; + yx; + puy, =0,

—ox; — By, + oy, — vz + 0z =0, —ox, + Az, — vz, + Bz, =0,
—oury — Wy + 7y, — By; =0,

—ox, —pz =0, =Bx, + Az, —puz, =0, px; — yx, = 0,

ox; + By, — o, + vz, —0azy; =0, ox, — Az, + vz, — Bz, =0,
oxsy + [y — Yy, + Byy = 0.

This system is equivalent to the following system of nine equations:

oxy — Ay =0, Ax; + Px; =0, yo; —Ays + w3 =0,

ox, + pz, =0, Bx, — Az, + pz, =0, px; — yx, =0,

ox; + By, — oy, + vz, —azy =0, 4)
ox, — Az, + Yz, — Bz, =0,

X + Wy = 7y, + Pys = 0.

I. Let us assume that 3 = 0. Then system (4) takes the form

oy — Ay =0, A =0, yx3 = Ays + py; =0,

ox, + puz; =0, —Az, + puz, =0, px, — yx, =0,

ox; — oy, + vz, — azy =0, (5)
ox, — Az, + vz, =0,

o + Wy — vy, = 0.

1. If y = 0, taking into account aip # 0, we obtain

ox; —Ay; =0, x, =0,

ox, + pz; =0, (A —pn)z, =0, ©)
Y, +2,=0,
ox, —Az; =0, oxy + py, = 0.

A. If A =, then system (6) takes the form
ox; — Ay, =0, ax, + Az, =0,
YV +23=0, (7)
ox, —Az; =0, ax; + Ay, =0.

In (7) we have x, = x, =x; =y, =z, =0, z; =—),. There remain three free variables y,, y;, z,, indicating that
the mapping has the form

0 O 0
D={0 y, s
0 z, -»n

This implies that the algebra Der(B) is isomorphic to the algebra s/,.
B. If L # p, then system (6) takes the form

ox; — Ay =0, y; =0,
ox, +uz=0,z,=0, y, + z; =0, t))
ox, —Az; =0, axy + py, = 0.

In (8) y; =z, =0, zy = —y,, indicating that
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V3=2,=0,z3=-,,
ox; — Ay, =0, ax, + pz, =0, 9)
ox, —Az; =0, oxy + py, = 0.

It is worth noting that if B is a Lie algebra, then it is isomorphic to the algebra s/,, and every derivation of
B is inner, meaning it coincides with the right multiplication operator R, by a suitable element a € B. In this
case Der(B) = sl,.

Let the algebra B not be a Lie algebra. Then, according to lemma and the conditions 3 =y = 0 we have
A+ # 0. Then from (9) ax; — Ay, =0, ox; + py, = 0. Hence it follows y; = 0. Similarly, z, = 0. Consequently,
we have

0 =X=x3=0,=y;=0,2,=2,=0,2z; =-,.

In this case, there is one free variable y,. This implies that the derivation algebra is one-dimensional.
2. Let y # 0, then taking into account that ayAp # 0, from (5) we obtain

oy = Ay =0, 3, =0, 13 = Ays + Wy = 0,

ax, +pz, =0, (l— u)z2 =0, px; — yx, =0,

-0y, + Yz, — azy =0, (10)
ox, — Az + 7z, =0,

o + Wy — 7y, = 0.

A. If & =, then system (10) takes the form

ox; —Ay; =0, x =0, yx; =0,
ox, + pz; =0, yx, =0,

-y, + vz, —oz; =0,

ox, — Az, + vz, =0,

o + pyy — vy, = 0.

It is easy to understand that this system has only the trivial solution.
B. If A # p, then from the equations ox, + pz; = 0 and ox, — Az, = 0 follows x, =z, = 0. Then

x=x,=0,2=2,=0,y, +2z,=0,
oy — Ay =0, 5 + (L —=2) 3 =0, ax; + py, — vy, =0.

It is easy to understand that all variables are expressed in terms of x,, indicating that the algebra Der(B) is
one-dimensional.
IL. Let B = 0.
1. If y = 0, then system (4) takes the form

oxy; — Ay =0, Ax; + Bx; =0, (l—u)y3=0,

ox, +puz =0, Bx, — (A—p)z, =0, x, =0,

ox; + By, — oy, —az; =0, (11)
ox, — Az —Bz; =0,

oxs + wy + By; =0.

Assuming that x; = 0 in the equation Ax, + Bx; = 0, we obtain x; = 0. From the last equation in system (11), we
can find y, = 0. Assuming in (11) that x; =x; =y, = 0, we have z; = —y,. In this case, system (11) takes the form

(A =n)ys=0,
ax, +pz; =0, Bx, — (A —p)z, =0,
Z3="V2> (12)

ox, —Az;—Pzy =0,

axsy + wy + Byy =0.
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A. If A = p then it is easy to understand that system (12) implies the following equalities:
X=X =X3 =) =), =y;=2=23=0,
meaning the solution space of system (12) is one-dimensional.
B. If A # p, then x; = x3 =y, = y; = 0. Thus, system (12) takes the form

ox, +pz =0, Bx, — (A —p)z, =0,
Vo +2y=0, ax, —Az; —Pz; =0,
X =x3=y=y;=0.

It can be easily verified that the rank of this system is 8§, as

a 0 p O

B o 0 O )
=—Pn=0.

01 0 1 bu

a 0 A -B

It means that D = 0 and dimDer(4)=0.
2. If y # 0, then afyAp # 0 and it can be verified that the rank of system (4) is 8. It also means that D = 0
and dimDer(A) =0.

Conclusions

It is proved that derivation algebras of simple three-dimensional anticommutative algebras over algebrai-
cally closed fields have limited dimension variability, and in the case when the dimension is 3, they are isomor-
phic to a simple three-dimensional Lie algebra. In connection with the obtained result, the question arises: what
numbers can be realised in the form of the dimension of the derivation algebras of a simple anticommutative
n-dimensional algebra? In particular, can the dimension of the derivation algebra be greater than the dimension
of a simple anticommutative algebra?
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Abstract. In this paper, we further develop well-known approaches to modelling the functioning of Ponzi schemes and
generalise them using stochastic differential equations in the Ito form. The applied models take into account the depen-
dence of the scheme’s existence time on the accrued interest rate and the growth of the number of clients, as well as diffe-
rent variants of the advertising campaign. The obtained formulas and results of the corresponding experiments are given.
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BBenenune

HUccnenoBanuro AesTenbHOCTH PUHAHCOBBIX ITMPAMU/I MOCBSILIEHO MHOXKeCTBO padoTt. [Ipu sToM cymiecTByer
HECKOJIBKO MOAXOI0B K MAaTeMaTHYeCKOMY MOJCINPOBAHUIO ACATEIBHOCTH (PMHAHCOBBIX MHUPAMHMI: TOIXO]
«3KOHOMHMYECKH PALMOHANIBHBIN CyOBEKT», UTPOBOH noaxoxn u noaxox Jly6osckoro. Kpome Toro, oqan Moaenu
BBIP@)KAIOTCSI IETEPMUHUPOBAHHBIMH YPAaBHEHUSIMHU, a JPYTHe — CTOXaCTUYECKUMHU.

B paborax [1-3] nmpeasioykeHb! JUCKPETHBIE M HETIPEPhIBHBIE IETEPMHUHUPOBAHHBIE MOJIEIIH, JIUIICHHBIE HE-
nocrarkoB mozaenu JlyboBckoro [4; 5], B KOTOpOH OTCYTCTBOBAJI YUET TaKUX 3aTpaT, KaK 3aTparhl Ha peKIiamy.

B crarbe [6] ans onucanus cxemsl [loHnm ucnonssyercs auHeiHoe quddepenunansHoe ypaBHeHue 1-ro mno-
psaka. Moznesb ocHOBaHa Ha 00CIaHHOM (HepealuCTHYHON ) MPOLIEHTHOM cTaBKe, (haKTHIeCKON (peaan30BaH-
HOI) HOMUHAJIBLHOM MPOLICHTHOH CTaBKe, CKOPOCTH HAKOIIJICHHUS HOBBIX JICTIO3UTOB M CKOPOCTH CHATHS CPEACTB.
Oo6napyxenne cxembl [ loHIM U3y4aroT U COBpEMEHHBIE aBTOPHI (CM., Hanpumep, [7-9]).

Jainee paccMoTpuM paOOThI, YUUTHIBAIONIUE CITYYaTHOCTb.

BepositTHocTHas Moaenb (PMHAHCOBOI NMpaMHIbl, onMcanHas B crathe [10], meMoHCTpupyeT, 4To MOTeH-
LMAJIbHBIE BBITOJIbI OT MHBECTULIMI UCKaXKAIOTCS yupeauTeasiMi. OCHOBHBIE IOCIIEICTBUS 3aKIIIOUAIOTCS B TOM,
YTO y MOAABISIOIIETO0 OOJIBIIMHCTBA YYACTHUKOB €CTh MEHEE YeM JICCATHIPOLECHTHBIN aHC OKYIHTh CBOH
IIepPBOHAYAJIbHBIC MHBECTUIIMH, KOTZA TOCTUraeTcss HeOOobIIasi MPUObLIb, KaK TOJIBKO OHM HAHMMAIOT TPEX
YeJIOBEK, ¥ UTO B CPEIHEM I10JIOBUHA YYAaCTHUKOB OO0JIbIlIE HUKOI'O HE HAUMYT U IOTEPSIIOT BCE CBOU ICHBIH.

B pa6ore [11] (huHaHCOBBIC THPAMUIBI MOJICIUPYIOTCS KaK CTOXaCTUYECKasi UTpa MPU HENoJHOU HHDOP-
Manuu Mexny ¢upmoit [ToHm — npennonaraeMplM CTPOUTEIEM MMUPAMUABI — U TPYIIION Pa3HOPOJHBIX MH-
JTUBUAYaJIbHBIX HHBECTOPOB. [loka3zaHo, 4TO, XOTS PaBHOBECHBIE CTpaTErny, BKIIOYAIOINE HHANBHYaIbHOE
pelIeHre HHBECTUPOBATh, MOTYT CYIIECTBOBATh B CLIGHUUECKUX UTPAX, BO BCEH JMHAMUUYECKON UTPE HET paB-
HOBecHUs, KpOME TPUBUAIBHOIO, B KOTOPOE HUKTO HE MHBECTHPYET, U, CIEI0BaTEIbHO, MMPaMUAa HE PacTeT.
Takum 00pa3oM, UHAMBUYaJIbHBIE PELICHUS HHBECTUPOBATh O0OBICHIOTCS JINOO HAMBHOM BEPOI B U€CTHOCTD
(upmbl, 1100 HeaeKBaTHBIMH MTapaMeTpaMy 3a/1aud JUHAMUYECKON ONTHMU3AIINH.

B crarbe [12] aBTOpHI peaararoT MaTeMaTHYECKYI0 MOZIEIb MPOLIECCOB MPUTOKA M OTTOKA KaluTaa B CTPYK-
Type (PMHAHCOBOM MUPAMHIIBI, YUUTHIBAIOIIYIO BOZMOKHOCTD IIPUBJICUEHHS HOBBIX KIMEHTOB C TIOMOIIBIO Pe-
KJIaMbl U capa(aHHOro paano. PesynsraraMu sIBISIOTCS OKOHYATENIBHBIC PAcIpee/iCHNUs] IPUTOKA U OTTOKA
KanuTana, a Takxke rpaguieckoe npeacrapieHue NpuobliM GUHAHCOBOI MUpaMUIbI B KaXKAblii MOMEHT BPEMEHU.

CroxacTnuyeckoe MoJeJHMPOBaHUe NPUOBLIN (PMHAHCOBBIX MTUPAMM/L

B nmanHo# paboTre mpesyiararoTcsi CTOXacTHYECKHE MOJIENH, COAepIKaIlie MPEUMYIIECTBA HETPEPHIBHBIX
MOJIeTIeH U YUHUTBIBAIOIINE KaK JeTEPMUHUPOBAHHEIE, TaK U cilydaiiHbie ¢akTopsr [13].

O6mast monesb. O0mast popmyina B HEIPEPHIBHOM JETEPMUHUPOBAHHOM CIIydae B TEKYILUl MOMEHT Bpe-
MEHH ¢ UIMEET BU]
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S(1)*™ =S, — mN, + mN (z ja dr—ﬁmjzv )dt, >0, (1)

det o
e S (t) — npuObUTL (PUHAHCOBOM KOMITAHUM B TEKYILIUI MOMEHT BpEMEHH ; S, = § (0); m — (pukcupoBaHHas
CyMMa BKJIaJa (IIperonaraeM, 4To HCHOIb3yeTCs OUH THII BKIaaa); N, =N (O); N (t) — KOJIMYECTBO KIIMEHTOB

B TEKYILIMI MOMEHT BpeMEHHU #; mN (t) — JICHEXKHBIE MTOCTYIUIEHUS OT KIIMEHTOB; OL (t) — pacxozel Ha PpeKIIaMy B Te-
KyLIMH MOMEHT BPEMEHH ; [3 — MPOLIEHT MO BKJIA/Y, KOTOPBIM HAYMCIISETCS ©KEMECIYHO (TIpearoaaraeM Mecsil

t
B KauecTBe 0a30BOTO TIEPHOA); BmJ-N (r)a’r — BBIIIJIATA JUBHICHIOB KIHCHTAM.

0
VYpaeuenue (1) B nuddepeHInanbHON popMe 3aMChIBACTCS CIEAYIONIMM 00pa3oM:

dS _ dN
- a(r) - BmN(1). )

Y4ureMm npaByro 4acTh ypaBHEHUS (2) Kak JeTePMHUHAPOBAHHBINA KO (DUITUEHT CHOCa a(S, t) o011ero npo-
necca Uto

ds=a(S, t)dt+b(S, 1)dW,

rae O — OecKOHEYHO MaJiblii BUHEPOBCKHIA 1yM. [lomyunm o61ryto Gpopmyiy ais rnpouecca Mto, onuceiBaro-
Iero MPUOBLTG (PUHAHCOBBIX ITUPAMUL:

s {mi{—f —a(r) - BmN(t)jdt + (S, 0O, 3
YpasHeHue (3) B MHTETpaILHON PopME 3aITUCHIBACTCS KaK
t
S(£)="S, = mNy + mN (t) - [o( dr—ijN dr+_[b ), T) 3,
0
)

Ecnn kooduument ponarunbHoctu b(S, 1) 3aBUCHT TONbKO OT BpeMeHn, T. e. b(S, 1) =b(t), To nmeem
TOYHOE peIIeHUE B HESIBHOH opme:

S(t)=Sy—mNy + mN () Ia dT—BmIN )dt + J.b2 )dr - &,

I7Ie € — CITydaifHas BEeIMUWHA, paclpeielieHHas IO HOPMaJTbHOMY 3aKOHY pacipe/IeICHIs ¢ HyJIeBBIM MaTeMa-
TUYECKUM OXKHUJAHUEM U eIMHUYHON JTUCIIepCUei.

XapakTepucTUKH Npouecca. CpenHee 3HaueHUE nporecca (3) MOXXHO TOTYUNUTh U3 CIACAYIONIEro TUHA-
MUYECKOTO YPABHEHUS ISl CPETHUX 3HAUCHUI:

(S)=(a(s.1)).
Tax xax a(S , t) He 3aBUCHT OT .S, TO CpeHee 3HaYeHNe Tporiecca S pH F000M Kod(hHUITHEHTE BOIATHIIh-
HOCTHU b(S, t) COBMAJACT C JCTCPMUHUPOBAHHBIM ypaBHeHHEM (1):

(s) :<m6;—];] —afr) - BmN(t)>,
($)=m ~ a(e) - pmN (r),

th t t
=m|—dt— |o(t)dt—Bm|N(t)dt+ C,,
2 e futoae- pmf ()

(S)=mN(t) — mN, —(.)f(x(t)dr - ijN(r)dt + S,

[Hanee, nonarasi, 4ro C,| = S, MOIy4aeM peIIeHUE, aHAJTOTHYHOE JETEPMHUHIPOBAHHOMY:
t t
<S>=mN(t)—mN0—Ia(t)dt—BmJN(r)dt+S0. 4)
0 0
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BonarunsHOCTE mpouecca Mmojiydnum 13 CJIICAYIOMICTO COOTHOUICHUS:

o5=o3 = (87}~ (s)". 5)

UYTtoObI BBIYUCIUTH BhIpaskeHue (5), TpedyeTrcst HanTu <S 2 >, JUIsL 3TOTO MOXKHO BOCIIOJIb30BaThCs JieMMon 1To

d{F(S,t 2 2
U D _[OF _ (s, 2, SN0
dt ot oS 2 oS

IToacraBum F(S, t) =52

<S2>= 0- ZS(mCZ—];] - a(t) - ﬁmN(Z)J + 2@ )

(8?)= <2S(mc;—];[ —a(r) - BmN(t)j < B(s, t)>,

($2)= Z(mi]—];[ ~a(r) - BmN(t))<S> +(b(8. 1)), (6)

e b (S, t) — mddysus.

Jlig mocenyronero HHTErpupoBaHus ypaBHeHuUs (6) HaZl0 y4ecTb SIBHBIN BH]T b(S , t) U NO/ICTABUTh <S >
u3 popmyisl (4).

Metonbl anaym3a. OQuH U3 pacIpOCTPAHEHHBIX TOAXOI0B MPH HCCIICI0BAaHUH IpoLieccoB MTo 3akmouaercst
B aHAJIN3€ TUIOTHOCTH BEPOSTHOCTH, KOTOpask ylnoBiIeTBopseT ypaBHeHnio Moxkepa — [lmanka. OgHako JaHHBINA
TIOJIXOJT COZIEPKUT PsIJT HEAOCTATKOB: ypaBHeHHe Dokkepa — [lnaHka ci10kHO permTh (Kpome JJMHEHHOIo U Tpa-
JMEHTHOTO CJIy4aeB), ITIOTHOCTH HE AaeT MHPOPMALUH O KOPPEJSILHAX BO BPEMEHH, U OTJCIbHBIC TPACKTOPUU
MOT'YT CHJIBHO OTKJIOHSATBCS OT CpeHero npouecca. I1o 3Toil npuunHe B AaHHON paboTe AenaeTcst yrnop Ha KOpUaop
BOJIATHIIBHOCTH 1 TPAEKTOPHOE OIMTHUCAHNE MTPOIIECCOB, MOACTHPYIOIINX IS TETbHOCTh (PMHAHCOBBIX MUPAMU/I.

[Tox KOpPHAOPOM BOJNATUILHOCTH Oy/ieM IOHMUMATh 001acTh BHYTPU BepXHEl (G ) U HIKHEH (O ) TpaHHuLl
KOPU0pa, KOTOPBIE ONPEAENAIOTCS CISAYIOIUMU (GOpMyIaMu:

o5 =(S) + o5,
oy =<S> - Oy

Onpenesienne mapamMeTpoB MoaeJieid. J[1s onpeneneHns napaMeTpoB Mojiesiel U POBeIeHUs IKCIIepH-
MEHTOB B KauecTBe IpuMepa GUHAHCOBON nMupaMuabl Oynem ncnonb3oBate MMM-2012. OcHOBHOM NpUHLINI
B MMM-2012 rmacut: 4eM OOJIbITe CPOK BIOKECHHUS, TEM OOJIBITE TOXOTHOCTD.

VYKkazaHHas cucTeMa MPeI0CTaBIAeT BKIIaAbl TPEX THIIOB.

1. OcHoBHOI BKJIa (MPOIEHT MO BKiIany coctasisieT 30 % B MecsiIl, CHATUE IEHEKHBIX CPEICTB MOXKHO
OCYIIECTBUTH B JIFOOO MOMEHT).

2. [Ipocroit nemo3ut (MoxeT ObITh Ha 3 Mec. (40 %), 6 mec. (50 %) u 12 mec. (60 %), TO3BOIIAET MOITYINTH
MHUHHUMaJTbHEIE TPOTIeHTHI (30 % B MecsII) Jake IPU TOCPOIHOM CHSTHN).

3. CBepXZOXOIHBIN ACTIO3UT (TaKke MOXKET ObITh Ha 3 Mec. (55 %), 6 mec. (65 %) u 12 mec. (75 %), kak
BUHO, UMeeT OoJiee BBICOKHE ITPOLCHTHI 110 BKJIa1y, YeM IIPOCTOM ACTIO3HT, HO IIPH AOCPOYHOM CHATHUH ydacT-
HUK TepseT BCE HAKOTUIEHHBIE TTPOIIEHTHI U TIOTYYaeT TOIBKO BIIOKEHHYIO CYMMY).

YyactHrk MMM-2012 npoxoaui perucTpaIiio Ha CIIeHalIbHOM CaifTe, 3a HUM 3aKPeIUISIUCH ASCATHUK
(IpsAMOI pyKOBOJIUTENb) U COTHUK (PYKOBOAMUTEIh PyKOBOJAUTENS). Bece AeHbIM KOHBEPTUPOBAINCH B BUP-
TyanbHyto Bamoty MABPO. Onepanun ¢ MABPO yunThIBaJIMCh B JINUHOM KaOMHETE, @ TAKXKE COITIACOBbIBA-
JUCH ¢ AecaTHUKOM. Kypcbl MeHsich o Bropaukam u gersepram B 00:00 o ['puaBuay (04:00 mo Mockse).

Taxum oOpazom, IJIsT MOACITUPOBAHIS B HACTOSIICH paboTe OyaeM HCImonb30BaTh ocCHOBHOU BKIad (30 %
B Mecs) MMM-2012, 1. e. mapametp P = 0,3 (30 %). Ilepron mopenupoBaHus BbIOEpeM HCXOIs U3 MPO-
JOJDKUATEINBHOCTH JiesTelbHOCTH MMM-2012: ¢ utons 2012 o staBaps 2013 r. (8 mec.). [Ipennonoxum, 4yTo
YYaCTHUKY CHUMAIOT HaKOTIJICHHBIE TIPOIIEHTHI B KOHIIE KaKI0ro Mecsia. OcTalbHble TapaMeTphl OIpeersieM
WICXOJISl M3 3IPaBOT0 CMBICIIA U CTIENNATBHOMN JTNTEPaTyPhI.

Kypc moxynku MABPO-RUR st BkimagoB mon 30 % na 31.05.2012 1. cocrasisun 1,0 py6. C yuetom atoro,
9T00OBI HE MPOMU3BOAUTH KOHBEPTALMIO BAJIIOT U YIPOCTUTH BBIYMCICHUS, IPUOBUIL (PMHAHCOBOW MHUPaMUIbI
Oynem cuntath B Baimote MABPO-RUR.
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ITo nanueiM Poccrara, cpeqHemMecsyHasi HOMHHAJIbHAs HAYMCJIEHHAs 3apaboTHas mijara pabOTHHKOB IO
oJTHOMY KpyTy opranu3aiuii B 2012 r. cocraBuna 26 629 py6. Ha ocHoBanuu 3T0r0 Oy/em mpeanoiararh, 4To
cpenHsst cymma Bkiana (m) B MMM-2012 nocturana npuommsutensao 30 000 py6., T. e. Obuta copasMepHa
OJIHOH HaKOTUICHHOH 3apabOTHOH mJiare.

IIpumepsnI Mojieieii U IKcepuMeHThbI. PaccMOTpHM MOZETTh C TOCTOSTHHBIM KOJTMYECTBOM KITUEHTOB U T10-
CTOSTHHBIMHU PacXoJlaMH Ha peKJiamy.

HyCTI) YHCJIO KJIIMEHTOB HE MCHSCTCA:

d—N=O, N(t)=N"=const.
dt

OG603HaYNM PacXo/ibl Ha PEKIaMy:
o(r)=const=R,.

Torga nerepmMuHMpOBaHHOE ypaBHeHue (1) mpuMeT BUI

t t
S(t)det =S, —mN"+mN"— IROdT - BmIN*dr,
0 0

d x
()" =S+ (~Ry — BmN" ).
B dopme mportecca VTo ¢ MOCTOSTHHON BOJIATHITHHOCTHIO b(S, t) = G ToIy4aeM

ds = (—RO ~ BmN" )t + GBIV (7)

IIpomecc (7) mpencrasisieT coO0H BHHEPOBCKOE Oy KIaHHUE CO CHOCOM.

3ameTuM cpasy, 4To M3-3a OTpULIATeILHOTO Kod(duiuerTa cHoca npouecc (7) Oyner yobIBaTh, XOTs CTapT
IPOLIECCa MOXKET HAXOAUTHCS B IIOJIOKUTEIBHOM 00/1acTH (3aBUCHT OT S)).

Tounoe pemenne ypaBHeHUs (7) UMeeT BU

S(1)=S, + (—R0 — BN )t + o\t <& (8)
Cpennee 3nauenue mporecca (7) paccuuthIBaeTcs o popmyiie
(S)=S(r)" =Sy + (~Ry — BmN" )z

Hucniepcust mporiecca (7) ompenensercs Kak
t
Gé(l) = Icz(r)dr =c’t.
0

Torma BomatuiasHOCTH Tporiecca (7) paBHa
Og= o1

st peanuzanyu GopMys U IPOBEACHUS SKCIIEPUMEHTOB ObLIa pazpaboTaHa mporpaMmma «AHaIN3 CToxac-
THYECKUX (PMHAHCOBBIX Tupamu (StochasticF PyramidsBuilder)» Ha s3b1ke Python.

Jlnst MozieupoBanus mporecca (7) 3a1aHbl CISYIONIHE HCXOIHBIC JaHHbIe: CyMMa BKaga m = 10° MABPO,
npoueHT 1o Bkaaxny = 0,3 (30 %), KoTMuecTBO YYaCTHUKOB JI0 Ha4aja AATEIbHOCTH (pHHAHCOBOM MUpaMu-
161 N, =10 genoBek (opraHu3aToOpsl pacipoOCTPAHSIIN CBOU (PUHAHCOBBIC HHCTPYMEHTHI CPEIH 3HAKOMBIX HIIH
«HYKHBIX» JIIO[IE}1), TOCTOSIHHBIE PACXOJbl HAa peKiIaMy R, =15 - 10° MABPO, HHTEHCHBHOCTH IITyMa TOTO XKe
OpsiIKa, 9T 1 Kod(GHUIHEHT CHOCa, T. e. & = 10°, cyMMa BKJIa10B Ha HA4ao AeSTelbHOCTH (PHHAHCOBOIL ITH-
paMupbl, onpenenseMast Kak JeHEKHbIE TOCTYIUICHHUS OT MEPBbIX KINEHTOB (OIM3KUX, 3HAKOMBIX, «HYKHBIX)»
JroNIeit) MUHYC CyMMa, TIOTpaYeHHast GUHAHCOBOW MHPAMHUJION Ha peKIIaMHYI0 KaMIIAaHHIO IO Hadalla IesTeNb-
HOCTH, T. €. Sy = mN, — R ), HauaJIbHbIIl MOMEHT BpeMEHH MOJEINPOBaHUs npoLecca f, = 0, KOHeUHbI MOMEHT
BpEeMEHH MozIeIMpoBanus npouecca ¢, =18 mec. (1,5 roxga), mar mopenupoanus / = 0,1 (1ocraToueH, Tak Kak
UCIIONIb3yeM TodHoe perrenue (8)). s MomenmpoBaHus OMMCAHHBIX HIDKE MPOIIECCOB 3aTaf0TCS TaKUE KE
HayaJbHbIE TApaMeTPBI, ECIIH HE OTOBOPEHO UHOE.

Pesynbrarer MonenupoBanus B iporpamme StochasticF PyramidsBuilder 1000 TpaekTopuid Ui TOYHOTO pe-
nieHus (8) B ciyyae MOCTOSHHOTO KOJMYECTBA KJIMEHTOB, MOCTOSHHBIX PAcXo/l0B Ha peKIaMy U MOCTOSHHOMN
BOJIATMJIPHOCTH TIPEJICTABICHEI Ha pHC. 1.

Kak BugHO U3 puc. 2, KOTOpBIN aHamorudeH puc. 1 (Ho yBenndeH MacTad u OrpaHUYeHBl HHTEPBAIIBI OTO-
OpaskeHHs 10 OCSIM a0CLMCC M OPAMHAT), BEPXHSIS TPaHUIla KOPHIIOPa BOJIATWIBHOCTH AOCTHraeT 3HadyeHus
mo ¢t =0,8. To ecTh 0aHKPOTCTBO HACTYTIHT paHbIIE, ueM 3a 1 Mec.
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Puc. 1. lnramnka npuObsum GpUHAHCOBOM MTHPaMUIBI
IIPH TIOCTOSIHHOM KOJIMYECTBE KIIMEHTOB, TIOCTOSIHHBIX PAcX0aX Ha peKiiaMmy
1 TIOCTOSIHHOW BOJIATHJIBHOCTH (TOYHOE PELICHNUE)

Fig. 1. Profit dynamics of a financial pyramid
at constant number of clients, constant advertising costs
and constant volatility (exact solution)
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Puc. 2. Tunamuka npuObuH GUHAHCOBOW MUPAMU/IBI
TIPY MTOCTOSTHHOM KOJIMYECTBE KIIMEHTOB, IIOCTOSTHHBIX PAcX0ax Ha peKiiaMmy
1 TIOCTOSIHHOH BOJIATHJIBHOCTH (TOYHOE PEIICHHE)
(yBenuyeH mMaciuTad U OrpaHHYCHbI HHTEPBAJIbI
0TOOpaKEHHMS 110 0CSIM AOCIUCC ¥ OP/IMHAT)

Fig. 2. Profit dynamics of a financial pyramid
at constant number of clients, constant advertising costs
and constant volatility (exact solution)
(the scale is enlarged and the display intervals
on the abscissa and ordinate axes are limited)

I[anee paccMOTpUM MOJEIIb C TOCTOAHHBIM IIPHUPOCTOM KIIMEHTOB U ITOCTOAHHBIMHU pacXogaMU Ha PEKIIaMy.
HYCTB IIPUPOCT KIIMCHTOB OIPEACTIACTCA (bOpMyJ'IaMI/I
dN
72(], N(I)ZN*ZNO + qt
t

OG603HAYUM PAcXO/Ibl Ha PEKIaMYy:
o(r)=const=R,.
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Torna nerepMUHUPOBAaHHOE YpaBHEHHE TPUMET BUJL
det 1 2 RO
S(t) :_Equt +m| q—BN,— s So-
B dopme npouecca Mto ¢ mocTOsIHHON BOIATHILHOCTBIO b(S, t) =0 NOoJly4aeM
R,
dS(t) =|—-Bmgt + m| q — BN, — - dt + cdW. )
Tounoe pemenue ypasHenus (9) npu ¢, = 0 umeeT BUI
1 2 R,
S(t)z—Equt +m| q—PNy—— " |t + S, + oVt -&. (10)
Cpennee 3HadeHue npouecca (9) paccunTsiBaeTcs Mo Gopmyie
det 1 2 RO
<S>=S(t) =—5qut + m| q — BN, — o et S,-

Jucnepcust ¥ BoIaTUILHOCTB Tporiecca (9) onpenenstorest Kak
o3(t)=ct,

GS = G\/;.

Jlyist Moz TpoBaHus nporiecca (9) 3a1a1MM CIIeAYIOIIe HCXOIHBIE JAHHBIC: IPHPOCT YYAaCTHHKOB ¢ = 107 de-
JIOBEK, MHTEHCHBHOCTH IIyMa TOTO e MOPAJKA, 4To M Kod(hHIHeHT cHoca, T. . 6 = 107 (0,3 -10° - 10%).
OcranbHble MapaMeTpbl He U3MEHUIIHCH.

Pesynwrarer MmonenupoBanus B iporpamme StochasticFPyramidsBuilder 1000 TpaekTopuit 111 TOUHOTO pe-
menns (10) B cyyae MOCTOSTHHOTO TTPUPOCTA KIMEHTOB, TOCTOSTHHBIX PAacXO0B Ha PEKJIaMy W MOCTOSHHOU
BOJIATWJIBHOCTH MPECTABJICHBI Ha PHC. 3.

Kak BuzmHO U3 puic. 4, KOTOPBIH aHAJIOTHYEH pUC. 3 (HO yBEJIMYEeH MaclITad U OrpaHUYEHBl HHTEPBAJIbI OTO-
OpaskeHHsI 10 OCsIM a0CIIMCC M OPAMHAT), BEPXHSIS TPaHUIIA KOPHIIOPA BOJNIATHIBHOCTH AOCTHTaeT 3HaueHus ()
no ¢t =9. To ecTh B ciydae MOCTOSHHOTO IPUPOCTA KIIMEHTOB OAaHKPOTCTBO HACTYTIHT 3a 9 Mec.

“1-10°

1) 5 0

-3-10°

-4-10°

1 1 1 1 1 1 Il
0 2,5 5,0 7,5 10,0 12,5 15,0 17,5
t

Puc. 3. Tunamuka npu6butn GUHAHCOBOW MUPAMUIBI
[PH TIOCTOSIHHOM [PHPOCTE KIIMEHTOB, MIOCTOSHHBIX PACX0/aX Ha PeKiiaMy
Y TIOCTOSTHHOW BOJIATHJIBHOCTH (TOYHOE PEIICHHE)

Fig. 3. Profit dynamics of a financial pyramid
at constant growth of clients, constant advertising costs
and constant volatility (exact solution)
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Puc. 4. Tunamuka npuObUH GUHAHCOBOW MUPAMU/IBI
TIPY MTOCTOSIHHOM IIPHPOCTE KIIMEHTOB, MOCTOSIHHBIX PacXo/iaX Ha peKiIaMy
U TTOCTOSTHHOI BONATIMIIBHOCTH (TOYHOE PEIICHHE)
(yBenuueH mMaciuTad ¥ OrpaHHYCHbI HHTEPBAJIbI
0TOOpaXKEHHMs 110 0CSIM AOCIUCC ¥ OP/IMHAT)

Fig. 4. Profit dynamics of a financial pyramid
at constant growth of clients, constant advertising costs
and constant volatility (exact solution)
(the scale is enlarged and the display intervals
on the abscissa and ordinate axes are limited)

Teneps paccMOTPHUM MOZEINH C THHEHHBIM MPUPOCTOM KIMEHTOB U TIOCTOSHHBIMH PACXO/IaMH Ha PEKIIaMYy.
ITyctb cucteme ynaercs yaepxarh JMHEHHbIN NIPUTOK KJIMEHTOB. B 3TOM cityyae mpupoCT KJIMEHTOB OIpe-
nemsieTcs: popMyIamMu

dN 1 ,
—=q,+ qt, N(t) =N, + gt + —qt".
ar do T 4 () 0T 9 26]

O0603HaYNM pacXofIpl Ha PEKIaMy:
o(t)=const =R,.

Torma neTepMHUHUPOBAHHOE YPABHEHUE IPUMET BHT
R PO 2 Ry
S(t) :—gﬁmqt + Em(q —Bgy )t° + m[q — BNy = — - |1+ S,
B dopme npouecca Mo ¢ 0CTOSHHOI BONaTHIBHOCTBIO b(S, 1) = 6 nomyyaem
1 2 RO
dS(t)z —Equt +m(q—[3q0)t+m q_BNo_W dt + cdW. (11)
Tounoe pemenue ypasaenus (11) mpu £, = 0 umeer Bux
1 3,1 2 R,
S(t)=—g[3mqt + Em(q— qu)t +m| q—BN,— s S, + oVt - & (12)
Cpennee 3Hauenue nporecca (11) paccuntsiBaercs no Gopmyie
det 1 3 1 2 RO
<S> =S(t) =—g[3mqt + Em(q - qu)t +m| q— BN, — w11t So- (13)

Jucniepcust u BomatuiibHOCTH Tporiecca (11) onpenensrorest kKak

6_29(1) = 021,
Og — ot
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Jst monenpoBanus npouecca (11) mapamerpst m, B, Ny, R, t, 1 h He m3MeHMHUCh. KoHeuHbIii MOMEHT
BpEeMEeHU MojenupoBaHus ¢, =9 mec. s pacuera napameTpoB ¢, U ¢ COCTaBUM CUCTEMY U3 IBYX ypaBHe-
Huii. [{ns storo noacraBuM B ypaBHenue (13) mpemmnonaraemyro npuObuib 1 Mapsa py0. depe3 4 mec., T. €.

gdet (t =4, q, %) =10°, u npubHLIL U3 COOOpaXKeHNs GAaHKPOTCTBA Yepes 8 Mec., T. €. gdet (t =8, g, q, ) =0.Bce

200 245
OCTalIbHBIE TTApaMETPHI yXKe 3a7aHbl. B pesynbsrarte pemeHnst CHCTeMbI TOTyIiM KO OUITHEHTH ¢ = ————,

899 185 . 104
qp= =0 VHTEeHCUBHOCTH LITyMa UMEET TOT K€ MOPAIOK, 4TO U K03 (UIHMEHT cHoca, T. €. G = 10°.

Pesynbrarel MonenupoBanus B mporpamme StochasticFPyramidsBuilder 10 TpaekTopuii AJ1sl TOYHOTO pe-
menus (12) B cirydae TMHEHHOTO MPUPOCTa KIMEHTOB, TOCTOSHHBIX PACXO0B Ha PEeKJIaMy M MMOCTOSIHHON BO-
JaTUILHOCTH MPECTaBIeHBI Ha puC. 5.

1,5-10°

1,0-10°F

05-10°F

-0,5-10 |-

-1,0-10 |-

“1,5-10°F

Puc. 5. lnnamnka npu6su GUHAHCOBOW MMPAMUIEI
IIPU TUHEHHOM TIPUPOCTE KIMEHTOB, MOCTOSIHHBIX PacXojax Ha peKIamy
U TIOCTOSIHHOM BOJIATUJIBHOCTHU (TOUHOE PEIICHHE)

Fig. 5. Profit dynamics of a financial pyramid
with a linear growth of clients, constant advertising costs
and constant volatility (exact solution)

J1s copazMepHOCTH TITyMa M UCCIISTyEeMOTo Tiporiecca yA0OHO 3a1aTh JINHEHHYO BOJIATHIILHOCTE b (S, t) =oS.
Torma BMecto mozenu (9) monydnm

R
ds(t)=| ~Bmgt + m| g — BN, — 7‘) dt + oSSW. (14)

MOKHO ITPETIONIOKHUT, YTO CITydaifHbIe (DAaKTOPhI, TAKHUE KaK 3aHHTEPECOBAHHOCTh TIOTEHIMABHBIX y4acT-
HUKOB U JOBEPUE HACTOSIIMX YYaCTHUKOB, JIMHEHHO 3aBUCST OT NPUOBLIN U, Hanlpumep, coctasisiioT 30 % ot
Hee, T. €. 6 = 0,3. Jly1s mpoBeICHUs SKCIIEPUMEHTOB B pa3paboTaHHo nporpamme StochasticF PyramidsBuilder
peanu3oBaHa cxema Pynre — KyTTbl 4-ro nopsiaka YMCICHHOTO PELICHHsI CTOXaCTHYeCKUX AU (epeHIHaTbHBIX
ypaBuenuii (C1Y). Pesynsrarsl Mogenuposanus 1000 Tpaekropuii nporecca (14) ¢ napamerpom ¢ = 0,3 nipe-
CTaBJICHBI Ha pHC. 6.

Takum 00pa3oMm, eciy y9acTHUKU OyAyT IPUHUMATh CTy4aiHbIe PEHICHUS C YIeTOM NpUObUIN (PMHAHCOBOM
MUPaMUIBI (YTO BIIOJHE BEPOSATHO), TO, UCXOS U3 pUC. 6, MOKHO CAENATh CIEAYIONINE BHIBOJIBI:

® B CaMOM HauaJe JesTeIbHOCTH (PMHAHCOBOW MUPAMUABI BIUSHHUE CIyJalHBIX (JaKTOPOB MUHHMAJIbHOE
(B otimume ot npeapAymx moaeneit (7), (9) u (11));

® OT/IEJIbHBIE TPACKTOPUH NPUOBUIN MOTYT CYLIECTBEHHO OTIMYATHCS OT OOJIBIINHCTBA (BBILIE MaKCUMaJlb-
Has TPUOBLIb);

® BEpXHsIs TPaHMIIA KOPHUI0pa BOJATHIILHOCTH Tiporiecca (9) mocturaer 3nadenus 0 rmocune ¢ = 8, B TO BpeMs
Kak B Mozenu (14) BepXHsisi rpaHUIla KOPHIOPA BOJATHIILHOCTH JOcTUraeT 3HaueHus 0 BOmu3u ¢ = 7.

[IpuBeneHHBIE BEIBOJIBI TOBOPST O TOM, UTO CIIy4YaiHbIe ()aKTOPBI MOTYT CYIIIECTBEHHO BIHUSATH Ha MpOIecc,
TaK KaK M3MEHWIACh CTPYKTypa MOJEIIN U AETCPMUHUPOBAHHAS YacTh CTajla 3aBUCETh OT BOJIATHIIBHOCTH.
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Puc. 6. Jlnnamnka npu6sum GUHAHCOBOW IMPAMUIEL
[PH TIOCTOSIHHOM HPHPOCTE KIIMEHTOB, MOCTOSHHBIX PACX0/aX Ha PEKJIaMy
1 TUHENHHOH BonatwibHOCTH (cxeMa PyHre — KyTThl 4-ro mopsiika)

Fig. 6. Profit dynamics of a financial pyramid
at constant growth of clients, constant advertising costs
and linear volatility (Runge — Kutta scheme of 4™ order)

Hanee BeiBegem CJY mist Moielu ¢ MOCTOSTHHBIM MPUPOCTOM KIIMEHTOB, MPOLIEHTHBIMHU pacxojaMu Ha
peKiaMy U JJUHEHHOU BONATUIIBHOCTBIO.
B ommume oT npeapiAyIIel Moen B JAHHOW MOJIETH PacXo/bl Ha PeKIIaMy 3aIaroTcst (pOPMyIIOin a(t) =

=gm c;_];” rmeg(0<g<l)— HI;OI_IeHT, KOTOPBIN OIPEJEIsIeT CyMMY PACXOI0B Ha PEKJIaMy OT BHOBB ITOCTYITHB-
mmx cpeacts. Torma S(t) = —Equz‘2 + m((l - g)q - BNO)I +S,-
B dopme niporiecca Mto ¢ THHEHHBIM IIYMOM TTOJTy4acM
ds (t)=(~Bmat + m((1 - g)q — BN, ))dt + SSW. (15)

Pe3ynbraTer MmogenupoBanus B mporpamme StochasticF PyramidsBuilder 1000 TpaexTopwuii mporecca (15)
C TIPOIIEHTOM Ha peKjaMy OT BHOBb MOCTYNHBIINX cpencTB g = 0,2 mpeacTaBiieHsl Ha puc. 7.
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Puc. 7. Junamuka npuObuid GUHAHCOBOW MHUPAMUIBI
IIPY TIOCTOSIHHOM [PHPOCTE KIIHEHTOB, IIPOLICHTHBIX PACXO/aX Ha PeKIaMy
W JIMHEWHOU BONATWIBHOCTH (cXema PyHre — KyTThI 4-r0 opsiika)

Fig. 7. Profit dynamics of a financial pyramid
at constant growth of clients, interest expenses on advertising
and linear volatility (Runge — Kutta scheme of 4™ order)
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W3 puc. 7 MOXKHO c/ienaTh BBIBOJI O TOM, YTO MPOIIEHTHBIE 3aTpaThl HA peKJiaMy MPHUBOJAT K Ooliee OBICTPO-
My Kpaxy nmupaMuasl. OMHAKO B JAHHOW MOJICNIH HE YITEHO, YTO, BO3MOXKHO, TIPU TAKOW PEKIIAMHON KaMIIaHUH
yJlacTcsl yepKaTh HE MOCTOSHHBIN, a TMHEHHBINA TPUPOCT KIUEHTOB.

CrnenoBaresibHO, B clIy4yae JUHEHHOTO MPUPOCTa KINEHTOB

dN 1 5
E:qo + gt, N(t)zN0 + qot+§qt .

Ilocne MMpUBEACHUSA HO}_'[O6HI:IX HUMEECM

S(t):—éﬁmqf + %m((l - g)q - qu)t2 + m((l - g)q - BNO)t + S,

B dopme CY momygaem mporiecc s TUHEHHOTO MPUPOCTa KIMEHTOB U MPOIEHTHBIX PacXoIoB HA pe-
KJIaMy:

dS(t)=(—%qut2 + m((l - g)q — BqO)H- m((l — g)q — BNO)Jdt + cSOW. (16)

Pesynbrarel MonenupoBanus B iporpamme StochasticF PyramidsBuilder 1000 Tpaekropuii nporiecca (16)
C JINHEWHBIM IIPUPOCTOM KIIMEHTOB M IIPOLEHTHBIMHU PacXolaMy Ha pekiIaMy IIpU g, =1 IpeacraBieHbl Ha
puc. 8.
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Puc. 8. Tunamuka npuObutd GUHAHCOBOW MUPAMUIBI
[IpU JINHEHHOM NIPUPOCTE KIMEHTOB, IPOLIEHTHBIX pacXoax Ha peKIaMy
W JIMHEWHOHU BOJIATWIIBHOCTH (cxema PyHre — KyTThI 4-r0 mopsiika)

Fig. 8. Profit dynamics of a financial pyramid
under linear growth of clients, interest expenses on advertising
and linear volatility (Runge — Kutta scheme of 4" order)

Kak rmokaspiBaeT puc. 8, MpoleHTHBIE 3aTpaThl Ha PeKJIaMy ONpaBIbIBAIOTCS (MaKCHMalIbHas IPHOBLIT BhIIIE
U MIPOJIOJDKUTEIHLHOCTD (DYHKIIMOHMPOBaHUS ()MHAHCOBOM NMUpPaMHIBI IOJIBIIE), €CIH NPU TAKOH PEeKIaMHOM
KaMITAHUM YJAETCs yAepkKaTh JUHEHHBIN IPUPOCT KIIMEHTOB.

3akaoueHune

TakuMm 00pazoM, CO3JaH MPOTPaMMHBIN TPOAYKT, KOTOPBIH MO3BOJISIET MOJICIUPOBATH MPHOBLIL (HHAHCO-
BOI MpaMubl ¢ ucnoib3oBanueM CAY B gopme mporeccoB UTo ¢ TOMOIIBIO TOYHOTO PELICHUSI U CXCMBI
Pynre — KyTTs! 4-ro nopska unciaennoro pemenust C/1V.

B nporpamme peanu3oBassl CIEYOLUIUE MOAEIN C IIOCTOSSHHOM BOJIATHILHOCTBIO:

® MOJIEJIb C IIOCTOSIHHBIM KOJIMYECTBOM KJIMEHTOB U ITOCTOSSHHBIMU PACXOJaMH HA PEKJIamy;

® MOJIEJIb C IIOCTOSIHHBIM IIPUPOCTOM KIMEHTOB U IIOCTOSIHHBIMU PAaCcXOJaMU Ha PEKIaMYy;

® MOJIEJIb C JIMHEWHBIM IIPUPOCTOM KIIMEHTOB U IIOCTOSHHBIMU PACXOAAMU HA PEKIIAMYy.

Taxxke B mporpaMMe peaJM30BaHbl MOJENH C TMHEHHONW BOJIATUIBHOCTBIO:

® MOJIEJIb C IIOCTOSIHHBIM IIPUPOCTOM KIMEHTOB U IIOCTOSIHHBIMU PAaCcXOJaMHU Ha PEKIaMy;

® MOJIEJIb C IIOCTOSIHHBIM IIPUPOCTOM KIMEHTOB U IIPOLEHTHBIMU PAaCXOJaMHU HA PEKIAMY;

® MOJI€JIb C JIMHEWHBIM IIPUPOCTOM KIIMEHTOB U IIPOLICHTHBIMU PACXOAAMH HA PEKIIaMYy.
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Pesynbrarel aHanu3a TpaekTopuil MpuObUIH GUHAHCOBOW MUPaMUIBI TIO3BOJISIOT CIIENATh CICAYIONIUE
BBIBOJIBL:

e cirydaiiHbie (PaKTOPBI MOTYT CYHIECTBEHHO BJIMSTH Ha JIETEPMHUHUPOBAHHYIO 4acTh ()OPMUPOBAHHUS
npuObLIHN;

® OT/ICJIbHBIC TPACKTOPUH TAaKUX MOJIETICH MOTYT CYIIECTBEHHO OTIMYATHCS OT OOJNBIIMHCTBA.

Bbubnauorpaduyeckne ccblIKU

1. KoBanrerko AB, YprenoB MX, Yarapos PX. Maremarideckoe MOJICITMPOBaHUE ACATEINFHOCTH (pUHAHCOBOI pamuoii. Yacts 1,
OcHOBHBIE TOHATUS. [lonumemamuueckuti cemegoll 2M1eKMpPOHHBIIL HAYYHBILL JHCYPHAL KYOaHCcKo2o 20Cy0apcmeento2o azpapHo2o YHu-
sepcumema [Onexrponnsiii pecypc]. 2012 [mpormtrposano 17 nrons 2023 r];8. Joctynao mo: http://ej.kubagro.ru/2012/08/pdf/29.pdf.

2. Kopanenko AB, YprenoB MX, Yarapos PX. Maremariueckoe MOICIMPOBAHUE ACATEITEHOCTH (pUHAHCOBOI THpamuoii. YacTts 2,
Juckpernsie Monenu. [lorumemamuueckuii cemegot 21ekmponnblLl Hayunblll JcypHal Kybanckoeo eocydapcmeenno2o azpapioeo yHu-
sepcumema [Onexrponusiii pecypc]. 2012 [mpormtuposano 17 ntons 2023 r];8. Joctynao mo: http://ej.kubagro.ru/2012/08/pdf/30.pdf.

3. Koanenko AB, Yprenos MX, Uarapos PX. Martemarndeckoe MOIEITMPOBAHUE ICSTEILHOCTH (PUHAHCOBOI mupamuioit. YacTs 3,
HemnpepsiBubie Mozenu. ITonumemamuieckull cemesoil 21eKmpOoHHbIIL HAYYHbIIL HCYpHAL KyOancko2o 20cy0apcmeeno2o azpapHo2o yHu-
sepcumema [Dnexrponusiii pecypc]. 2012 [mpormtuposano 17 utoss 2023 r];8. JoctymnHo no: http://ej.kubagro.ru/2012/08/pdf/31.pdf.

4. Ny6osckuit CB. IIpocrnozuposanue ungaayuu u 0OmenHo20 Kypca pyoisi 6 pOCCUtiCKOl HeCmayuoHapHou 3koHomMuke. MOCKBa:
YPCC; 2001. 40 c. (Tpynst UnactutyTa cucremnoro anannsza PAH).

5. dy6osckuii CB. O6MeHHbIH Kypc pyOiIst Kak pe3yJIbTar JeHEeKHOW SMUCCHH, BHEITHEH TOPTOBIN U OJIyKAAIOIIMX (PHHAHCOBBIX
MMOTOKOB. DKOHOMUKA U Mamemamuyeckue menmoowvl. 2002;38(2):84-96.

6. Artzrouni M. The mathematics of Ponzi schemes. Mathematical Social Sciences. 2009;58(2):190-201. DOI: 10.1016/j.mathso
¢s¢i.2009.05.003.

7. Huynh PD, Dau SH, Li X, Luong P, Viterbo E. Improving robustness and accuracy of Ponzi scheme detection on Ethereum
using time-dependent features. arXiv:2308.16391 [Preprint]. 2023 [cited 2023 August 31]: [17 p.]. Available from: https://arxiv.org/
abs/2308.16391.

8. Fan S, Fu S, Xu H, Cheng X. AI-SPSD: anti-leakage smart Ponzi schemes detection in blockchain. Information Processing &
Management. 2021;58(4):102587. DOI: 10.1016/j.ipm.2021.102587.

9. van de Voort J, Coneys S. Classifying bitcoin Ponzi schemes with machine learning [Internet]. Shanghai: New York University
Shanghai; 2018 December 1 [cited 2023 July 17]. [about 8 p.]. Available from: http://dx.doi.org/10.13140/RG.2.2.13091.58405.

10. Gastwirth JL. A probability model of a pyramid scheme. The American Statistician. 1977;31(2):79—-82. DOI: 10.1080/00031
305.1977.10479200.

11. Belianin A, Issoupova O. Financial pyramids in transitional economies: a game-theoretic approach. Moscow: EERC; 2001.
70 p. (Education and research consortium working paper series; number 2K/10).

12. HoeukoB AK, Ocanunit AA. Mamemamuueckoe mooenuposaniie npoyeccos npUmoKa u Ommoxa Kanumaid 6 Cmpykmype Qunan-
cos0tl nupamuovl u peanuzayusi modenu na IBM [Natepuer]. Mocksa: MOCKOBCKUIA TOCYIapCTBEHHBIN yHUBEpcUTeT nMeHn M. B. Jlomo-
HocoBa; 7 ssuBaps 2022 1. [mpoumtrpoBano 17 uroms 2023 1.]. 41 c. HoctymHo mo: https://www.researchgate.net/publication/358771924
Matematiceskoe_modelirovanie processov_pritoka i _ottoka kapitala v_strukture finansovoj_piramidy_i realizacia_modeli_na EVM.

13. Kecusia T'A, YprenoB MX, Koanenko AB. Mamemamuueckue mooenu yeHoobpazoeanus Ha poccutiCKoM pblHKe YeHHbIX 0)-
mae. Kpacaonap: Kybanckuii rocynapcTBeHnblid yauBepeuret; 2014. 158 c.

References

1. Kovalenko AV, Urtenov MKh, Chagarov RH. Mathematical modeling of financial pyramid scheme. Part 1, Definitions. Poly-
thematic Online Scientific Journal of Kuban State Agrarian University [Internet]. 2012 [cited 2023 July 17];8. Available from: http://
¢j.kubagro.ru/2012/08/pdf/29.pdf. Russian.

2. Kovalenko AV, Urtenov MKh, Chagarov RH. Mathematical modeling of financial pyramid scheme. Part 2, Discrete models.
Polythematic Online Scientific Journal of Kuban State Agrarian University [Internet]. 2012 [cited 2023 July 17];8. Available from:
http://ej.kubagro.ru/2012/08/pdf/30.pdf. Russian.

3. Kovalenko AV, Urtenov MKh, Chagarov RH. Mathematical modeling of financial pyramid scheme. Part 3, Continuous models.
Polythematic Online Scientific Journal of Kuban State Agrarian University [Internet]. 2012 [cited 2023 July 17];8. Available from:
http://ej.kubagro.ru/2012/08/pdf/31.pdf. Russian.

4. Dubovsky SV. Prognozirovanie inflyatsii i obmennogo kursa rublya v rossiiskoi nestatsionarnoi ekonomike [Forecasting in-
flation and the ruble exchange rate in the Russian non-stationary economy]. Moscow: URSS; 2001. 40 p. (Trudy Instituta sistemnogo
analiza RAN). Russian.

5. Dubovsky SV. Ruble exchange rate as a result of money issue, foreign trade and wandering financial flows. Economics and
Mathematical Methods. 2002;38(2):84—96. Russian.

6. Artzrouni M. The mathematics of Ponzi schemes. Mathematical Social Sciences. 2009;58(2):190-201. DOI: 10.1016/j.math-
socsci.2009.05.003.

7. Huynh PD, Dau SH, Li X, Luong P, Viterbo E. Improving robustness and accuracy of Ponzi scheme detection on Ethereum
using time-dependent features. arXiv:2308.16391 [Preprint]. 2023 [cited 2023 August 31]: [17 p.]. Available from: https://arxiv.org/
abs/2308.16391.

8. Fan S, Fu S, Xu H, Cheng X. Al-SPSD: anti-leakage smart Ponzi schemes detection in blockchain. /nformation Processing &
Management. 2021;58(4):102587. DOI: 10.1016/j.ipm.2021.102587.

9. van de Voort J, Coneys S. Classifying bitcoin Ponzi schemes with machine learning [Internet]. Shanghai: New York University
Shanghai; 2018 December 1 [cited 2023 July 17]. [about 8 p.]. Available from: http://dx.doi.org/10.13140/RG.2.2.13091.58405.

38



Teopust BeposiTHOCTel M MaTeMaTHYecKasi CTATHCTHKA
Probability Theory and Mathematical Statistics

10. Gastwirth JL. A probability model of a pyramid scheme. The American Statistician. 1977;31(2):79-82. DOI: 10.1080/00031

305.1977.10479200.

11. Belianin A, Issoupova O. Financial pyramids in transitional economies: a game-theoretic approach. Moscow: EERC; 2001.
70 p. (Education and research consortium working paper series; number 2K/10).

12. Novikov AK, Osadchii AA. Matematicheskoe modelirovanie protsessov pritoka i ottoka kapitala v strukture finansovoi pi-
ramidy i realizatsiya modeli na EVM [Mathematical modelling of processes of inflow and outflow of capital in the structure of the
financial pyramid and realization of the model on the computer] [Internet]. Moscow: Lomonosov Moscow State University; 2022
January 7 [cited 2023 July 17]. 41 p. Available from: https://www.researchgate.net/publication/358771924 Matematiceskoe mode-
lirovanie processov_pritoka i ottoka kapitala v_strukture finansovoj piramidy i realizacia_ modeli na EVM. Russian.

13. Kesiyan GA, Urtenov MKh, Kovalenko AV. Matematicheskie modeli tsenoobrazovaniya na rossiiskom rynke tsennykh bumag
[Mathematical models of pricing in the Russian securities market]. Krasnodar: Kuban State University; 2014. 158 p. Russian.

Tlonyuena 02.05.2024 / ucnpasnena 12.06.2024 / npunsma 12.06.2024.
Received 02.05.2024 / revised 12.06.2024 / accepted 12.06.2024.

ABTOPpBI:

I'panm Apymoeuu Kecusan — crapivii npenogasareis kKadeapst
aHaJU3a JaHHBIX U HCKYyCCTBEHHOTO MHTEIUICKTA (haKysbTeTa
KOMIIBIOTEPHBIX TEXHOJIOT Uil U IPUKIIAHOW MaTeMaTHKH.
Anna Bnaoumuposna Kosanenko — 1oOKTop TEXHUUECKUX HaYK,
JIOLICHT; 3aBeyrolnii Kadenpoil aHanmu3a JaHHBIX U UCKYCCT-
BEHHOTO MHTEJIEKTA (paKyJIbTeTa KOMIBIOTEPHBIX TEXHOJIOT Uit
W TIPUKJIQJTHON MaTeMaTHKH.

Maxamem Anu Xyceeeuu Ypmenoe — noxtop Gpuznko-marema-
THYECKHX HayK, mpodeccop; mpodeccop Kaheapbl MPUKIaTHON
MaTeMaTHKH (haKyJIbTeTa KOMITBIOTEPHBIX TEXHOJOTHH M IIPH-
KJIaJIHOM MaTeMaTHKH.

3ynvgha Mucapoena Jlaiinanosa — xanaunar GU3UKO-MaTeMaTH-
YECKHX HayK, JOLCHT; 3aBeLyIONIHiT KadeIpoii MaTeMaTHIeCcKoro
aHanM3a QU3MKO-MaTEeMaTHIECKOro (haKysbTeTa, HCIOMHSIOIINH
00s13aHHOCTH JeKaHa (pU3NKO-MaTeMaTHIeCcKoro (akynsrera.
Anna Bauecnasoena Oecannuxoea — KaHANWIAT Nearoruye-
CKMX HayK, JIOLICHT; JIOLCHT KadeaApbl MaTeMaTHKH (aKyIbTeTa
MH(POPMALMOHHBIX TEXHOJIOTHH M aHaIM3a OOJIBIINX AaHHBIX.

Authors:

Grant A. Kesiyan, senior lecturer at the department of data ana-
lysis and artificial intelligence, faculty of computer technology
and applied mathematics.

grant.kesiyan@mail.ru
https:/lorcid.org/0009-0001-1635-110X

Anna V. Kovalenko, doctor of science (engineering), docent;
head of the department of data analysis and artificial intelligence,
faculty of computer technology and applied mathematics.
savanna-05@mail.ru

https:/lorcid.org/0000-0002-3991-3953

Makhamet Ali Kh. Urtenov, doctor of science (physics and
mathematics), full professor; professor at the department of ap-
plied mathematics, faculty of computer technology and applied
mathematics.

urtenovmax@mail.ru

https:/lorcid.org/0000-0002-0252-6247

Zulfa M. Laipanova, PhD (physics and mathematics), docent;
head of the department of mathematical analysis, faculty of phy-
sics and mathematics, and acting dean of the faculty of physics
and mathematics.

laipanovazulfa@mail.ru
https:/lorcid.org/0000-0003-3051-6078

Anna V. Ovsyannikova, PhD (pedagogics), docent; associate
professor at the department of mathematics, faculty of informa-
tion technology and big data analysis.
anna_ovsyannikov@bk.ru
https:/lorcid.org/0000-0002-1716-3100

39



Kypnaa Besopycckoro rocyrapcTBeHHOro yaupepcurera. Maremaruka. Uadopmaruka. 2024;2:40-53
Journal of the Belarusian State University. Mathematics and Informatics. 2024;2:40-53

VIIK 519.872

AHAANTUYECKOE MOAEANPOBAHUE
CUCTEM C 9AEKTPOHHOUM OYEPEABIO

0. C. IV IHHAV

])Eeﬂopyccwit eocyoapcemeennwlil ynusepcumem, np. Hezasucumocmu, 4, 220030, . Munck, Berapyce

Annomayusn. PaccmarpuBaercsi cuctemMa MaccoBoro oocimyxusanus tana MAP/GPH/N/K kak Moaenb CHCTEMbI
C 2NIEKTPOHHOI ouepenbto. [Ipenmonaraercs, 4To NpHOBIBAIOIIIE TTOIH30BATEINH ITOCIIE MOIYYEHHNS TAJIOHA HA 00CITy)KUBaHHIE
(HoMepa B o4epean) MOTYT HOKHAATh CHCTEMY C BEpPOSTHOCTBIO, 3aBUCSIIEH OT KOJIMYECTBA MTOIb30BaTEIICH Iiepe ] HUMH,
€CIIH COUTYT OUYepeb CINIIKOM JUIMHHONW. KpoMe Toro, mosp30BaTey MOTYT ITOKH/IATh CHCTEMY BO BPEMs OXKMIAHUS H3-3a
HeTeprenuBocTy. CHcTeMa He 3HaeT 0 IPUCYTCTBUH (OTCYTCTBHHM) BBI3BIBAEMOT'O TIOJIB30BATENS M TPATUT HEKOTOPOE BpEMs
Ha 00CIIy)KHUBaHUE, JaXe €CIIU COOTBETCTBYIOIIMHI MOJIb30BaTellb yXKe IOKUHYJI CUCTeMy. BbluucideTcs cranuoHapHOe
pacripezienieHre paccMarpruBaeMoii cucteMsl. [IpuBosaTCs hOPMYITBI IS HAXOXKICHNSI OCHOBHBIX XapaKTEPUCTHK ITPOH3-
BOAUTEIHHOCTH CHCTEMBI, @ TAKKE YHCIICHHBIN SKCIIEPHMEHT, TOKa3bIBAIOIINI BO3MOXXHOCTH HCIIOJIb30BAHHS PE3YJIETATOB
pabOTHI B ONTHMU3AIIMOHHBIX HEIIX.

Knioueswie cnosa: >nekTpoHHas 04€pe/ib; KOPPEIUPOBAHHBIN BXOHOH MOTOK; HETEPIIEIMBHIC 3aIIPOCHI; 0000IEHHOE
pacripeznenenue $pa3oBoro THUIa.

ANALYTICAL MODELLING
OF SYSTEMS WITH A TICKET QUEUE

0. S. DUDINA®

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus

Abstract. A queuing system of MAP/GPH/N/K type as a model of a ticket queue is herein considered. It is assumed
that arriving users, after receiving a service ticket (place in the queue), can leave the system with a probability based on
the number of users in front of them if they find the queue too long. In addition, users may leave the system during waiting
due to impatience. The system does not know about the presence (absence) of the called users for service and spends some
time servicing them, even if the corresponding user has already left the system. The stationary distribution of the system
under consideration is calculated. Formulas for finding the main characteristics of the system performance are given.
The presented numerical experiment shows the possibility of using the results for optimisation purposes.

Keywords: ticket queue; correlated arrival process; impatience customers; generalised phase-type distribution.
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BBenenune

Teopust MaccoBOT0 0OCITYKMBAaHUS ITUPOKO HCIIONB3YETCA ISl OLEHKH MPOU3BOAUTEIHLHOCTH M OITUMHU3a-
MU Pa3JIMYHBIX TPOMBIIUICHHBIX, JOTHCTUYECKUX, TEIEKOMMYHHKAITMOHHBIX CHCTEM U ceTel cBs3u. Kimaccn-
YeCKHe MOJIEITH MacCOBOTO OOCITYKMBAaHUS MIPEAITONAraroT, YTO KayKIbIi BXOJSIINI MOIh30BaTENb TPUHIMACTCS
B CHCTEMY IIPH HAJIUYHUU XOTSI OB OTHOTO CBOOOAHOTO MECTa B OYEPENN M OOCITYyKUBAETCS B OMPEIECICHHOM
ropsiake. CyImecTBYIOT TaKXKe CUCTEMBI MaccoBoro oocyxuBanus (CMO) ¢ Tak Ha3pIBAEMOU BUIAMMOM Ove-
penpio, B KOTOPBIX MPHUXOSAIINI TOTb30BaTeNlb HAOMIOAAET JTMHY OYepead M IPUHUMAET pEIIeHHe MPUCOETH-
HHTBHCS K OUepear WU YUTH, Jake eciu Oydep He mosoH (cM., Hapumep, [1]).

B kmaccnuecknx CMO mpeanosaraeTcsi, 9T0 MPUHSTHIE MTOIB30BaTEIH BCETAa KAYT CBOCH ouepeu U 00s-
3arenbHO OymyT 06cmyxeHbl. OJHAKO B peaTbHBIX CUCTEMaX IOJIb30BATEN YaCTO MOTYT MPOSIBIISATH HETEpIIe-
JUBOCTD U MOKUAATH CUCTEMY TIOCIIE HEKOTOPOTO BPEMEHHU OXKHUIAHWS, €CIIA UX 00CITy)KHBaHUE HE HAYaJIOCh.
JluTeparypa, OCBSIICHHAS HCCIICAOBAHUIO TAKUX CHCTEM, JOCTATOYHO O0ImMpHa (CM., Harpumep, [2—4]).

Eme ogue BUA MpakTHYecKu BaKHBIX U HHTEpecHBIX CMO — 310 Tak Ha3zeBaeMbie CMO ¢ Taionamu (tic-
ket systems), KOTOpbIE MOTYT HCIIOIL30BaTHCS 1T MOACITUPOBAHMS AJIEKTPOHHOU odepenu. B manaeix CMO
KKIIBIM TIPHUIICIIINA TT0JE30BaTENb MOTydaeT HOMEPHOU OWIIeT (TajoH, )KeTOH U T. 11.) M HaOIogaeT 3a Ho-
MEepOM 00CITy’KHBAEMOTO TI0JIH30BATEISA, KOTOPBIN TpaHciupyeTcs Ha Tabio. Korga obcmy)uBaHue Moab30Ba-
TeJsI ¢ 0TOOpaKaeMbIM HOMEPOM 3aBEpIIIAeTCs, CHCTeMa (OTIepaTop) BHI3BIBACT MOIB30BATENS CO CIEIYIOIINM
HOMEpPOM, T. €. 00CITy’)KHBaHHE OCYIIECTBISIETCA 110 MPUHIIMITY «IIEPBBIM MPHUIIEN — IepBhIM ymiem». B CMO
C TAJIOHAMH TTOJTb30BATENb MOYKET BUIETh TOIBKO CBOM HOMED TaJIOHA M HOMEP 00CITYKHBAEMOTO ITOJTb30BATEIS.
Ha ocHoBaHNM pa3HUIIBI MEXKTY HUMH MTOJIB30BATENb PEIIaeT YHTH HIIN JOXKAATHCs 00CIyKnBaHus. B oTnmuane
oT 00prgHEIX CMO B CMO ¢ TaloHaMU OTKa3bIBAIONTUICS OT OKUIAHHUS IOJb30BaTEIh TIOKUIACT CHCTEMY
(hm3udecky, HO cucTeMa (oTeparop) He UMeeT HUKakoi nHpopManun 06 3ToM. J[amee moCTyIalomuX mMoIb30-
Barernei Oy/ieM Ha3bIBaTh aKTHBHBIMH ITOJTH30BATEIISIMH, A TIOJIb30BATENEH, TOKHMHYBIITIX CHCTEMY, HE TOKIaBIIIHCh
00CITy)KUBaHWS, — HEAKTUBHBIMH TTOJTb30BaTeIsIMA. Bo Bpemsi 0)KHIaHWSI aKTHBHBIH TIOJIb30BATENh TAKKE MOXKET
TIPOSIBUTH HETEPIIEINBOCTD M YUTH U3 CUCTEMBL. TaknuM 00pa3oM, OH CTAHOBUTCS] HEAKTUBHBIM TT0JIb30BaTEIIEM,
HO €r0 TaJIOH OCTAETCS B OUEPEIH.

CMO c¢ TanoHamM# pacCMaTPHUBAIOTCA B IUTEPATYypPE M3-3a2 UX BBICOKOI MPAKTUIECKOH 3HAYMMOCTH U MHO-
JKECTBa MPEUMYIIECTB (CM., HampuMep, [5]). DIEeKTPOHHBIC OYEPETU TOIYUMIH ITUPOKOE PaCIpOCTpaHEeHNE
B (DMHAHCOBBIX M TOCYAAPCTBEHHBIX YUPEKACHUAX, OPTAaHU3ANNAX 3IPABOOXPAHECHUS U POSHUYHBIX Marasu-
Hax. bonee moapoOHy0 HHPOPMAITHIO I KOHKPETHBIC TIPUMEPHI MOYKHO HAWTH B cTaThsX [5; 6]. B HUX mpen-
CTaBIJIEHBI XOPOIIIE 0030pbI COOTBETCTBYIONINX MCCIIeNOBaHMA 1 ipoaHanu3znpoaHna CMO ¢ TanoHamu Tuma
MIM/1.

B peanbHBIX crcTeMax yXOp IONb30BaTeNe M3-3a OTKa3a YKAaTh W (W) HETEPIeTMBOCTA HETaTUBHO BIIHS-
eT Ha JI0XO/I, IoNTydaeMblii cucteMoil. Kpome Toro, cnctemMa MOXeT TIOHECTH PEemyTallMOHHBIE TIOTEPH M3-3a
HEJOBOJILCTBA TMOJB30BATENEH, MIOKMHYBIINX €€, He MOMyduB oOcmykuBaHue. [1o 3Toil mpudrHe cucTeMHBIC
aJIMMHUCTPATOPHI JOJDKHBI TOCTAPAThCS CBECTH K MUHUMYMY HETaTUBHBIC MTOCIIEACTBUSA, CBI3aHHBIC C TAKUM
MTOBEIEHUEM TToNIb30BaTeneil. Hammane BuanMoil ouepeny, HeTepIeTuBOCTH U HEOOXOANMOCTH 00CTyKUBATh
3aIpoChl YIIEAIINX OIb30BaTelel co3aaeT Oobliie mpo0ieM T YIpaBIeH!S CHCTEMOM, 4eM B KJIACCHYECKUX
CMO, u Tpebdyet OoJiee TIIATEIHPHOTO aHATHN3a.

B crarpe [5] npenmonaraercs, 4To MPUIIEANIN TOIH30BaTEIh OTKA3bIBACTCS JKIAaTh, €CIIN PA3HUIIA MEXKITY
€ro HOMEpPOM M HOMEPOM OOCITYKHBAEMOTO TOJIH30BATENSI TIPEBHIIIACT 3apaHee OMPEACTICHHBIN MOPOT. YXO/I
TIOJTB30BATENICH M3-3a HETEPIIEINBOCTH HE JOIMyCKaeTCsA. ABTOPBI UCCIenyIoT Iiens Mapkosa (1IM), ommchl-
BaromIyto mporecc ¢pyakironuposanns CMO ¢ tamoHamu, B pa3padareiBaioT d(h(HEKTUBHEIC HHCTPYMEHTHI
JUTSE TPHOJIMKEHHOM OT[EHKH MPOU3BOAUTEIHHOCTH CHCTEMBI.

[Toxorkast Moziens onricaHa ¥ IPOaHaIM3HpOBaHa B pabote [7], HO aBTOPHI JOMOIHUTEIHEHO TO3BOJISIOT TIOJTb-
30BaTeNsM YXOIUTh U3 ouepean. B cTarhe comeprkarcs anmpoKCUMAINX ToKa3aTeneld pOu3BOIUTEIFHOCTH
CHCTEMBbI, OCHOBaHHBIE HA MHTEHCUBHOM Tpa(uKe, M NX CPAaBHEHHE C aHAJTOTMYHBIMHU TIOKa3aTEISIMA COOTBET-
cTByIoIIeH kiraccnaeckoit CMO.

B pabore [8] ananms, mpeacTaBICHHBIN B cTaThe [7], pacIIupeH ISl HCIIOB30BAHUS B YIIPABICHUCCKUX
nessix. [peamonaraeTcs, 9To CymecTByeT ABa YPOBHS padOTHI MpHOOpa, OTINYAIOIMINXCS HHTCHCUBHOCTHIO
00CITy’)KMBaHHUS ¥ BEPOATHOCTHIO OTKa3a B 3aBUCUMOCTH OT TEKYIIIETO YPOBHSL.

B mry6mukarim [9] pacecmorpena CMO ¢ tamoramu tunia MAP/M/1/K. B oTiimaune oT paHee UCCIIeIOBaHHBIX
MoIerieil B JaHHOW CHCTEME YUUTBIBACTCS BpeMsI 00CITYKHBaHUS HEAKTHBHBIX MOJIH30BATEIEH, PEATIONaraeTcs,
YTO 1000 MOTE30BaTEh MOXKET TIOKHHYTH CHCTEMY C BEPOSTHOCTHIO, IIPOU3BOIBHO 3aBHUCAIIECH OT pa3HHUIIBI
MEX]Ty COOCTBEHHBIM HOMEPOM MOJIH30BAaTENs K 0TOOpaskaeMbIM Ha TabI0 HOMEPOM, a TAK)KE PacCMaTprBaeTCs
Oosee 00IIast MOIETh BXOMHOTO MOTOKa (MAP-TIOTOK) BMECTO CTAITMOHAPHOTO ITyaCCOHOBCKOTO MOTOKA. B Ha-
CTOSIIEH CTaThe MOIENb U3 PaboTHI [9] cymecTBeHHO 006001IeHa ClIey oM 0opazomM. [Ipeamnonaraercs, 9To
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crcTeMa SIBIISIeTCS MHOTOIMHEIHOM, a BpeMeHa 00CITyKUBaHNS aKTUBHBIX 1 HEAKTUBHBIX MTOJIb30BaTeNe NMEIOT
pacrpenenenne (HazoBoro THIIA, TOTIA Kak B padoTe [9] paccMarpuBaInch OJHONMHEHHAS CUCTEMa M 3KCIIO-
HEHIIMAILHOE pacIpe/ieiieHue BpeMeH 00CTyKuBaHus. JJaHHbIe 0000IIeHNs CYIIECTBEHHO YCIOKHSIOT aHAIH3
CHCTEMBbI 1 MOBBIIIAIOT €€ aJIeKBaTHOCTh PEaTbHBIM CHCTEMaM.

Maremarnueckas Moaejb

Paccmorpum mHOTOIMHEHHYI0 CMO, cocTosryto u3 N nmpuOopoB 1 KOHEUHOTO Oydepa eMKocThio K, CTpyK-
Typa KOTOPOii IIpecTaBIeHa Ha puc. 1.

(B> 51)

(B>, S>)

Bunumas ouepens

MAP(D,, D,)
aaea | |- 9000 ——
0000 !

?a

O HeakTuBHEIH 10IH30BaTEIIb

‘ AXKTHBHEIU TTOJIb30BaTEIb

SROIOIGIO

Puc. 1. CtpykTypa CUCTEMBI
Fig. 1. The structure of the queue

B cucremy noctymaer MAP-TIOTOK MOJIb30BaTeNeii. DTOT BXOTHON ITOTOK 3aIa€TCsl YIIPABIIIONINAM MTPOIIEC-
COM V,, t > 0, KOTOpBIii IpeAcTaBiseT co0o0ii HenpuBoaUMYI0 LIM ¢ HenpepbIBHBIM BPEMEHEM 1 KOHEUHBIM I1PO-
CTPAHCTBOM COCTOSIHUH {1, 2, .., W}, u Marpuuamu D, D,. CpeaHss HHTEHCUBHOCTb IIOCTYIUIEHHS TI0JIb30Ba-
Teleil 0003HaYaeTCs Yepes A M paccuuThiBacTCs Kak A = 0D,e, rae 0 =(0,, ..., 6, ) — nHBapHAHTHBII BEKTOP
BepostHocTeld LIM v, ¢ > 0. OH omnpeensercs Kak eAMHCTBEHHOE PELIEHUE CUCTEMBI G(DO + D, ) =0,0e=1
3nech U Jajnee e — BEKTOP-CTOJIOeT] COOTBETCTBYIOIIETO pa3Mepa, COCTOSINE 3 eauHull, a () — BEeKTOp-CTpoKa
COOTBETCTBYIOIIETO pa3Mepa, COCTosIasi u3 Hynel. bonee noxpodHoe onucanue MAP-oTtoka U GOpMYIbI JIs
OTIPEICIICHAS €T0 XapaKTePUCTHK (HarmpuMmep, KodhHUIIMEHTOB KOPPEISAIINN U BapHAIIMK ) MOKHO HAWTH B pa-
oorax [10-13].

Ecnu npumenmmii monp30BaTens 0OHAPYKUBAET, UTO OAWH M3 MPUOOPOB MPOCTAMBAET, OH 3aHUMAET €r0
Y HaunHaeT oOcinyxuBanue. Eciii B MOMEHT nmocTyIuieHus Oydep 3aroIHeH, M0JIb30BaTeih MOKUIAET CUCTEMY
HaBcerjga. B mpoTHBHOM ciydyae oH OepeT TajoH W MPHCOeAUHSETCs K cucteMe. [locne aToro mons3oBareib
MOYKET HaOIoIaTh JTUHY ouepean. [IpenmnonaoxumM, 9To T0Ih30BaTENb PEIIALT, YTO UTMHA OYePEeH IS HETO
CITUIIIKOM BEJIMKA, U CTAHOBUTCSI HEAKTUBHBIM I10JIb30BATENIEM C BEPOATHOCTBIO ¢, 0 < g, <1, rie k — xonuue-
CTBO TIOJIb30BaTelIel (AKTUBHBIX M HEAKTUBHEIX) B Oy(depe B MOMEHT IpHUOBITHsI. C JOTIOTHUTEITHLHON BEPOSIT-
HOCTBIO 1 — g, IpuIle Ml Monb30BaTesb 0CTaeTcs B Oyepe Kak akTUBHBIN. AKTHBHBIX 110J1b30BaTelei Oynem
Ha3bIBaTh 3alIPOCAaMU TIEPBOTO THUIA, & HEAKTUBHBIX MOJIB30BATENEH — 3alIpOCaMy BTOPOTO THUIIA.

HeakTuBHBII TIOTB30BaTENh 3aHUMAET MeCTO B Oydepe, HO He TpeOyeT MOTHOTO 00CTyKHBaHNUs, U CHCTEMa
HEC IOJIy4acT HpI/I6LIHI/I oT O6CJIy)KI/IBaHI/ISI TAKOTI'O ITOJIB30BAaTECIIA. OGpaTI/IM BHHUMAaHHC, YTO CUCTEMA HC MOXET
pacrio3HaTh, HEAaKTHBEH JIH [TOJI30BaTeNb, JI0 Hadala ero o0cmykuBanus. CauTaeM, 9To BpeMsi 00CTy )KUBaHHA
aKTHBHOTO M0OJIb30BaTelst uMeeT pa3oBoe pacrpezaencuue (PH) ¢ HENPUBOAUMBIM TPEACTABICHHEM (Bl, S ),
a Bpems 00CITy)KHBaHHsI HEaKTHBHOTO TI0JIb30Barelisi UMeeT (pazoBoe pacmpeiesieHrne ¢ HeNPHUBOAUMBIM IPE/ICTaB-
JICHUEM (Bz, S, ). @asoBoe pacnpesiercHIe BpeMEHH 00CITy)KUBAHKI 3aIpoca THITa /, [ = 1, 2, 03HaYaeT ClIeIyrolee.

[Tycte ectb LIM ¢ HenmpepbIBHBIM BpeMEHEM ngl), ¢ 2 0, uMeroIas IPOCTPaHCTBO cocToAnui 1, 2, ..., M), M, +1,
[=1,2. Cocrosiaus 1, 2, ..., M, Ha3pIBalOTCS HECYIIECTBEHHBIMHU, a COCTOsIHUE M, + 1 cuMTaeTcs Momomaro-
M. HaganeHoe cocrostare nanHoW [IM BeIOMpaeTcss u3 MHOXECTBA HECYIIECTBEHHBIX COCTOSHUI B COOT-
BETCTBUU C BEPOSITHOCTHBIM BEKTOPOM [3,. IHTEHCHUBHOCTH BBIXOJOB U3 TEKYIIUX COCTOSHHUH U IEPEXOAO0B
MEX]y HECYILIECTBEHHBIMH COCTOSHUSIMU 3aJ1at0Tcs cyOreHeparopoM S, MTHTeHCUBHOCTH 11€PEX00B B MIOIVIO-
LIAIOLIEE COCTOSHUE 3aJJal0TCs AJIEMEHTAMU BEKTOPa SOI) =—S§,e. Bpems 00cCiy:KuBaHUs WHTEPIPETUPYETCS
Kak BpeMmsl, 3a Koropoe ganHas LIM nocturner nommomaroiero coctostaus. [logpodnas nadopmamus o pac-
npeJiesieHuu (a30BOro TUIA M €ro CBOWCTBAaX MpejcTaBiieHa B padote [12].
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AKTHUBHBIE TIOJIB30BaTEINU, HAXoasHecss B Oydepe, MOTYT MPOSIBIISATh HETEPIIEIUBOCTh. TO €CTh KaXK b
AKTHBHBIH TTOJIb30BaTENb HE3aBUCHUMO OT JIPYTHX MOJIb30BaTesIel U COOCTBEHHOTO MECTa B OUEpET MOXKET CTaTh
HEaKTUBHBIM Yepe3 IKCIIOHEHIIMATFHO pacIipe/ielIeHHOe BpeMs C IapaMmeTpom o, o > 0.

HccenenyeM onvcaHHyO CUCTEMY.

IIpouecc u3MEeHEHUsA COCTOSIHUI CHCTEMBI
U ero CTAallMOHAPHOE pacupeaeaeHue
Jyist o0JierdyeHus HCCIIEA0BAaHUS CHCTEMbBI BMECTO OTACIbHBIX PACIIPEICIICHUH BPEMEHH 00CITY)KUBAHUS aK-
THUBHBIX U HEAaKTUBHBIX ITOJIE30BaTEIICH IIpeayiaraeM BBECTH 0000IIeHHOE pacipenenenue dhazoBoro tumna (GPH)
C HETIPUBOIIMBIM ITPEACTABICHHEM (ﬁl, B,, S ), noapoOHas nHQopMaIs 0 KOTOPOM TIpecTaBieHa B padote [14].

JlaHHBIN IpHEM TI03BOJISIET CYIIECTBEHHO YIPOCTUTH MPOLECC U3MEHEHHSI COCTOSHUI CHCTEMBI U O0JIeTYHUTh
€ro UCCIIEeJ0BaHHE.
O06001eHHOE BpeMs 00CITYKMBaHUS MOKHO MHTEPIIPETUPOBATH KaK BpeMsl 0 TeX IMOp, MOKa YIpaBIIsiio-

IIUHA MapKOBCKUH Ipouecc m,, ¢ = 0, ¢ KOHEUHBIM IIPOCTPAHCTBOM COCTOSHUMH {1, e, M, M+ 1} JIOCTUTHET

€IMHCTBEHHOT0 Tomiomaromero coctosuust M + 1. 3nece M = M, + M,, tne M, u M, — pa3mep mpocTpaHCTBa
COCTOSTHHI (pa30BOTO pacIpeesieHus] BpeMEeHH 00CITy)KUBaHHsI aKTHBHBIX M HEAKTHBHBIX TTOJIB30BaTeNei co-

oTBeTCTBEeHHO. McxonHoe cocTosiHue mpouecca m,, ¢ > 0, BBIoupaeTcs cpeu COCTOsIHUI {1, e M } B 3aBHUCH-

MOCTH OT THITa 00CITY»KHBaeMOTO 1osib3oBaTens. Eciu g o0cmykuBaHus BEIOpaH aKTHBHBIN MOJIH30BATEINb,
TO HAYaJIbHOE COCTOSIHME ATOTO IpoIiecca BHIOMPAETCS B COOTBETCTBHUHU C BEPOSTHOCTHOM BEKTOP-CTPOKOU

B, = (Bl, 0,, ), a ecnu i 00CIy>KUBaHUsI BEIOpaH HEAKTUBHBIN 10JIb30BATENb, TO COINIACHO BEPOSATHOCTHON

BEKTOp-CTpoke B, = (OMI, Bz)- VHTeHCHMBHOCTH MEpeXo0B mpouecca 1, ¢ = 0, BHyTpH MHOXeCTBa {1, e M }
S, O
OTIpEJIEeISIIOTCS cyOreneparopom S = , @ MHTCHCUBHOCTH IIE€PEXOZ0B B IOMIONIAIONICE COCTOSHHE
2
(ato HpI/IBO,I[I/IT K 3aBEPLICHUI0 00CIIYKUBaHUS) 3a1a10TCS IIEMEHTAaMU BEKTOp-cTonbua S, = —Se.

Ilycts i, i, =0, N + K, — xonu4ecTBO Tojb30Bareneil B cucteme (B Oydepe u Ha mpubopax); k,, k, =

=0, maX{O, i —N }, — KOJIMYECTBO aKTHBHBIX IOJIb30BAaTEICH B 6y(bepe; vV, V, = 1, W, — cocrosiHue yIpaB-

/ PE—— . .
nsomero npouecca MAP, a m"), 1=1, M, m") =0, min{i, N} min { Z m, mln{zt, N} — KOIHYECTBO HPHUGOPOB,
=1
o0ecrneunBaronux 00CcTy>)KuBaHue Ha /-ii (haze 0000IIIEHHOTO TTpOoIecca 00CTyKUBaHsI, B MOMEHT BPEMEHH £,

t>0.
. N . 1 M
MHoroMepHbIi CiyyaliHbli mpouece &, :{zt, k., v, mt( ), oo mt( )}, t 20, ABIAETCS HEMAPKOBCKHUM, I10-

CKOJIbKY pacrpe/ielicHne BpeMEHH 00CITYKHBAHUS CIISTYIONIET0 TOIb30BaTellsl 3aBUCHT OT TOTO, aKTUBEH HITH
HEaKTHBEH 3TOT MMOJb30BaTesb. Cle0BaTebHO, YTOOBI MONYYUTh MAPKOBCKHUI CITydYaifHbIN Mpoliecc, BBECH-
HbIE KOMITOHEHTBI HEOOXOJIMMO JIOTTOTHUTH KOMITOHEHTAMH, ONPEACIISIFOIIUMHE CTaTyC KaXI0TO IMOJIb30BaTENs
B Oydepe. CaMblii TPOCTO# cITOCO0 — SBHO yKa3aTh CTaTyC KaKIOTO IMOJb30BaTesl. TakuM 00pa3oM, MOKHO
HCKJIIOYUTh KOMIIOHEHTY k,. IIpu i, > N xaxaplii u3 i, — N nonb3oBareseil B Oydepe nomeuaercs HOMEpoM 1,
€CJIM OH aKTUBEH, 1 HoMepoM 0 B TPOTUBHOM citydae. [IpocTpaHCTBO COCTOSHUI 3TOr0 HAOOpa KOMITOHEHT JIJTsI

Kax0ro i, > N paBHo 2", CoOTBeTCTBEHHO, pasMep ypaBHEHMIi CHCTEMBI PABHOBECHS OyJeT GOIBIINM
JUISL CKOJB-JIN00 O0JbIIero 3HaYeHus K, U pelieHHe ATOH CUCTEMBbI CTaHET HEBO3MOKHBIM.

Jpyroii BO3MOXHBIH CIIOCOO MOTyYUTh MApKOBCKUI IpOLECC — AOMOIHUTD mpolecc &, ¢ > 0, ykazaHueM
MecT B Oydepe, 3aHMMaeMbIX aKTUBHBIMH I10JIb30BATEISIMU, M KOJIMYECTBOM HEAKTHBHBIX I10JIb30BaTeiel B Oy-
(epe, ocTalomMXCs B OUEPEH MOCIE JII0O0T0 aKTUBHOIO MOJIb30Barend. Takoil crocod odcykaaercs B cTa-
ThsX [5; 6]. OnHako, Kak ynoMuHaeTcsi B padore [5], ee aBTOpaM HE yAaJIOCh CIIPABUTHCS C BHIYUCICHUAMHU
npu K > 9. HarmoMHuM, 4TO MOJENb, PACCMOTPEHHAsI B CTaThe [5], CYLIECTBEHHO MPOLIE AJSA aHAIN3a, YeM
nccienyeMasi MOJIelib, MOCKOJIBKY MPEATOaracT HyJlIeBoe BpeMsl 00CITyKUBAHUSI HEAaKTUBHBIX MOJIb30BaTeIeH
u napamerp W, paBHbIi eAMHULIE, TOTAA KaK B JaHHOW padoTe AOMyCKaoTCs IPOU3BOJIbHOE KOHEYHOE W 1 pac-
IIpeiesIeHHE BpeMeH 00ciykuBaHus Ga3oBoro tumna. [1o 3Toi npruyurHe AenaeM caeayolee yIpoIaroee mpea-
nosoxkenue. Eciu koindecTBo nosb3oBaresneid B Oydepe Ha MOMEHT 3aBEpILCHHUS 0OCITyKMBAaHHS TI0JIb30BaTEIs
paBHO i, i =1, K, a KOJIMYECTBO aKTHBHBIX I0JIb30BaTE/ICH paBHO k, k =1, k, TO ¢ BEpOSATHOCTHIO E CITey10-
MM OyJeT 00CTy)KUBAThCSl aKTUBHBIM MOJIB30BaTelb, a C JIOTIOJHUTEIBHONW BEPOSTHOCTHIO 6YI[6T1060JIY}KI/I-

N 0 P ) N (701
BaThCsl HEAKTUBHBIN MOb30Barels. [Ipu aToM npexnonoxenun npouece &, =1i, k,, v,, m,”’, ..., m," ", t 20,
CTaHOBUTCS HenmpuBoguMoi [IM ¢ HempepbIBHBIM BPEeMEHEM.
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ITycts coctosuust LIM E,, ¢ > 0, mpoHYMepOBaHbI B JIEKCHKOTPAaGHIECKOM MOPSIIKE KOMITOHEHT.
Teopema 1. 'enepamop Q LM &,, t > 0, umeem cnedyrowyro 6104HO-mMpexoOuUazoHaibHyI0 CMPYKMypy:

Qo Q1 O .. 0 0 0

Qo0 91 Q2 - o o 0
O O Oy - 0 0 0

o= . : o : : . ,
0 0 O . Okinkiv-2 xenvorkenvt Dxiv-nken
o o o .. o Ok N, K+ N-1 Ok ink+N
20e
Qo,o =D,

Q. =Dy ®I + 1), ® (4, +A,), 1<i<N,

O i=lina®Dy® Iy + 1y, ® (Ay+Ay) -

1

—aC_ 1 ®lyp +0aC_ By, ®lyy, i=N+L, N+K -1,
Okn ken =l ®(Dy+ D) ®Ip + Loy ® (Ay+Ay) -
—0Cx @ Ly, +oCy  Eg ) @ Ly,

Q,iv1=D ®B(B1)’ i=0,N-1,

Qi1 2(1_ qj—N)EiJr—NH ® DIy + G- vEi -y ®D, ®Ip,i=N,N+K-1,

0,1 =1y ®L,i=1,N,

O :Hi—N+1E;—N+l ® Iy ®LNPN—1(B1) +

(Lo —Hi oy )E o ® 1, ®LyPy ((B,), i=N+1, N+K.

30eco ® — cumson Kpomekeposa npoussedenusi mampuy, C, = diag{O, L2 ....k—2 k- 1}, k=2, K+1;
diag{...} —  OUA2OHANBHASL MAMPUYA ¢ OUAROHABHBIMU DNIEMEHMAMY, NePEeqUCIeHHbIMU 6 CKOOKAX,

E,, k=2, K+1, — keadpamnas mampuya pazmepa k co ecemu mynesvimu d1eMeHmami, Kpome 1eMenmos

(E,: )1 L [ =1, k — 1, komopowie pasnor edunuye; E;, k= LK, - mampuya pasmepa k x (k + 1) co ecemu Hy-

J1eBbIMU DIIeMEeHmMamu, Kpome 21eMeHmos (E,:) , =0, k =1, komopuwie pasnvl eounuye; E,, k=1, K, —
1,1+1 _
mampuya pazmepa k x (k + 1) €O 6CeMuU HYNebIMU INEMEHMAMU, KPOME EMEHMO8 (Ek )1 r =0, k-1, xo-

mopule pasnul eounuye; E,, k=2, K +1, — mampuya pasmepa k x (k - 1) €O 6CeMU HYNLeBbIMU ITleMEeHMaMU,

Kpome 3lleMeHmos (E,; )[ Ly =1, k —1, kxomopvle pasnvl eounuye; Ek, k=2, K+1, — mampuya pasmepa

k x (k - 1) CO BceMU HYNeBbIMU deMEeHMAaMU, KPoMe dIeMeHMO8 (Ek )1 E =0, k —1, xomopuvie pasuvt edu-

~

) 1 2 k-2 — (i+M-1)
nuye; H, = diag40, R Y eens 10 k=2, K+1; T, =~—————~,i=1, N, — mownocmo npocm-
k=1 k-1 " k-1 i(M-1)!
PaHCcmea cocmosiHutl npoyecca {m(l) m(M)} t > 0, npu 00HOBPEMEHHOM OOCYICUBAHUU | NOTIL30BAMEILE
t o v My s b=, .
3ameuanue 1. Marpuubl 4;, i =1, N, onpeaensoT MHTEHCUBHOCTH IIEPEX010B KOMIIOHEHT {mt(l), . m,(M)},

KOTOPBIC HEC BJICKYT 3a c000¥ OKOHYAHHE OGCJ’IY)KI/IBaHI/IFI IIpu yCJIOBUHU, YTO B ,Z[aHHBIfI MOMEHT 3aHSThI I npu-
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6 M L i 1 N (1) (M)

opoB. Matpuuel L, j =1, N, OIpenensatoT UHTEHCUBHOCTH IIEPEXOA0B KOMIIOHEHT /M, , ..., M, ’;, KOTOpPbIE
MIPUBOAST K OKOHYAHHWIO OOCITY)KMBaHUSI B OHOM W3 3aHSTHIX NMPUOOPOB MPU YCIIOBUH, YTO B JAaHHBIA MO-
MEHT 3aHATHI [ MpuOopoB. Marpuusr P, (ﬁz), i=0, N—1, onpenensaroT BEpOATHOCTH NEPEXOJOB KOMIIOHEHT

1 M . .
{m,( ), oo mt( )} IIPU YCIIOBUH, YTO B JIAHHBII MOMEHT 3aHSTHI I IPUOOPOB U 3anpoc Tumna /, / = 1, 2, HaunHaet

obcnyxuBanue. JlnaroHaabHble 211€MEHTBI IMaroHanbHOM MaTtpulibl A,, i =1, N, Ope/iestoT ¢ TOYHOCTHIO 10

1 M
3HaKa MHTCHCUBHOCTHU BbIXOAA IIpoHecca {mt( ), ceey m,( )}, t> O, 13 COOTBETCTBYIOLICTO COCTOSIHHA. AIIFOpI/IT-

MBI BblUMCIeHUs Matpul 4;, L, A;, i=1, N, P, (BZ), i=0, N-1,1=1, 2, npencrasneHsl B padote [15].

JokaszartenscTBo. Teopema nokaspIBaeTcs MyTEM aHAJIN3a MHTEHCUBHOCTEN BCEX BO3MOMKHBIX IIEPEXO-
1o LIM &, ¢ > 0, 3a 6eckoHeUHO Masiblii HHTEpBaJ BpeMeHU. biouno-TpexaunaroHanbHas opma reaeparopa QO
JIETKO OOBSICHAETCS TE€M, UTO MOJIH30BATEIN OCTYNAIOT B CHCTEMY M YXOIST U3 HEE MO OAHOMY.

Ecnu cucrema mycra (Oydep myct, 1 Bce nprOops! npocTausarot), noseaenue LIM &, ¢ > 0, onpenensercs
TOJIBKO IIPOLECCOM V,, ¢ > 0. IHTEHCUBHOCTH €r0 EPEXOL0B, KOTOPBIE HE NPUBOIAT K U3MEHEHUIO YNCIIA 3a-
IIPOCOB B CUCTEME, 3a[AI0TC HEAUATOHAIBHBIMU JIIEMEHTaMH MaTpULbl 1)), a UHTEHCUBHOCTH BBIXOJA U3 CO-
OTBETCTBYIOIIUX COCTOSHUH OMNPEAEISAIOTCS ¢ TOUHOCTHIO J0 3HaKa AMArOHaJIbHBIMH AJIEMEHTAMH 3TOM Mar-
PUIIBL, CIIENOBATENBHO, Oy o = D,

Hanee nosicaum Buz 6mokoB @, ;, i=1, N + K. Tak Kak 5T0 qMaroHanbHblii OJIOK reHeparopa, TO BCE €ro
JIMaroHaJbHbIE AJIEMEHTHI OTPHULATENBHBI, & MOAYJIM ATHX HJIEMEHTOB ONPENEISIFOT HHTEHCUBHOCTH BBIXO/A
IIM &,, t 2 0, u3 coorBeTcTBYIOIUX cocTosiHUI. Boixon LIM &, ¢ > 0, u3 TeKyIero cocTosHus: BO3MOXKEH B CIe-
QYIOIUX CIydasX.

1. Ynpasnstomuil npouecc V,, ¢ = 0, DOCTYIIEHUS I0Jb30BaTelIed BBIXOOUT U3 TeKylero cocroganus. Co-
OTBETCTBYIOIIME WHTEHCHUBHOCTH MEPEXOAOB OINPENEISIIOTCS ¢ TOYHOCTBIO 10 3HAKA JUArOHaJIbHBIMU 2JIe-

MeHTaMu Matpui Dy @ I, ecin i =1, N, ¥ 1uaroHanbHbIMU deMeHTaMi Matpuil [; _ y  ® Dy ® I, , eciu
i=N+1, N+K.
2. Ipouecc {m(l) m(M)} ¢t >0, B OTHOM U3 3aHATHIX IPUOOPOB COBEPIIAET BBIXOJ U3 CBOETO TEKYILIETO
. AR ERRES] 1 s b=

cocrosiHusl. COOTBETCTBYIOLINE HHTCHCUBHOCTH IIEPEXO0B OIPEAEIISIOTCS C TOUHOCTBIO IO 3HAKA JUArOHaJb-
HBIMU 3JIeMEHTaMu Marpul [, ® A,, ecnu i = 1, N, ¥ AMArOHAILHBIMH YIEMEHTAMH marpuil [, v DAy,
ecmmi=N+1, N+K.

3. AKTHBHBI MOJIK30BATEINb, HAXOMSIIUICS B Oydepe, MOKUIAeT CHCTeMY M3-3a HETEPIIETMBOCTH (CTAHOBHUTCSI
HeakTHBHBIM). COOTBETCTBYIOIINE HHTCHCUBHOCTH 3a1at0Tcst Marputiamu a.C;_ y, ® Iyr ,i=N+1, N + K.

Henunaronanbsuele anemenTs! Matpuy O, ;, i=1, N + K +1, onpenesnsitor uHTeHCUBHOCTU nepexonos LIM
&, t 20, 6e3 u3MEHEHUsI 3HAYEHUS | nepBoﬁ KOMITOHEHTBI. DTH TE€PEXO/IbI ONPENEISIOTCS CIEAYIONIINMHA 3JIe-
MEHTAMH: S —

® HEJIMArOHAJIBHBIMU dJIEMeHTaMu MaTpul Dy @ ITi, i=1,N,ul,_5, ,®D, ®[TN, i=N+1, N+ K, xornma
yIpassomuii npouecc v,, ¢ > 0, copepiiaeT nepexos 6e3 reHepanuy MoJIb30BaTeNs;

e njieMeHTaMu Marpull [, ® 4, i=1, N, u I(i—N+1)W ® A4y, i=N+1, N+ K, xorna npouecc o0y uBa-
HUS B OJIHOM U3 3aHATHIX IPUOOPOB COBEPIIIAET NIePEXo]], He MPUBOIAIINN K OKOHYAHUIO OOCITY)KUBaHUS;

o onemenTamu Matpuil o.C; _ y By, @ Ly, i=N+1, N+ K, Koria akTHBHBIA [OIB30BATE/b CTAHO-
BUTCSI HEaKTUBHBIM U3-3a HETEPIIEIUBOCTH;

® JIIEMEHTaMH MaTpulbl [, ® Dy ® I , ecin [OIB30BaTesb [OCTYNAeT B CHCTEMY HPH 3all0JTHCHHOCTH
oydepa (korma i = N + K) 1 TOKAJACT CHCTEMY, HE TTOTYIHB TaJIOH.

B pesynbrare umeem 6noku Q, ;, i =0, N + K, Ipe/icTaBIE€HHBIE BBIIIE.

®opma OnoxoB O, i=0, N+ K -1, oObscHsieTcs cieayromuM obpa3om. JlanHble OIIOKH cofepikaT WH-
TEeHCUBHOCTH nepexonoB LIM &, ¢ > 0, KoTopble IPUBOIAT K YBEINYEHHUIO KOJTHIECTBA IOJIb30BaTeNeH B CH-

i+1

creme (B Oydepe u Ha mpubopax) Ha enuHUIly. Ecin i =0, N —1 (ecTb X0Ts1 ObI OTUH CBOOOIHBIN IPUOOP), ITH
[IePEeX0Abl IPOUCXOAAT, KOT/A MOJIb30BaTeb IPUXOAUT B CUCTEMY U HAaUMHAeT o0cmyxuBaHue. COOTBETCTBYIO-
IIM€ UHTEHCUBHOCTHU OIIPEeIIIoTCs ieMeHTaMu Matpull D, ® P (Bl) Ecmm i=N, N + K —1 (Bce mpubopsr

3aHATbI, HO €CTh XOTs ObI OTHO CBO6OZ[HO€ MCCTO B 6}7(1)6136), TO YBCJIMUCHUC KOJIMYCCTBA TI0JIH30BATEJICH B CHUCTE-
M€ Ha SAMHULLY IIPOUCXOAUT, KOTda HOBBIH IT0JIE30BaTENb MPpUCOCANHACTCA K CUCTEMEC U CTAHOBHUTCS B 6y(1)ep JUIA
OXXHIaHUsA O6CJ'Iy}KI/IBaHI/I$I. HaTencuBHOCTH HACTYIJICHHUA 3TOrO COOBITHS OIPCACIIAOTCA SJICMCHTAMU MAaTPUI]
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+ 9 o
(1 -qi_n )El._ N+1 ® Dy @I, , eciy MOCTYNUBIINIL I01b30BATENb IIPHCOCANHACTCS K Oyepy Kak akTHBHBIA

TIOJTb30BATETb, M SNEMEHTAMU MaTpull ¢;_ v E; _ | ® Dy ® Iy, , ecin IpHIIe il OIb30BaTelh CTAHOBHTCS
HEaKTHBHBIM.

Teneps pacemorpum Onoku @, ; 1, i =1, N + K. DT O110KH conepKar HHTEHCUBHOCTH TiepexooB LIM &,
t> 0, U3 COCTOSHUSI CO 3HAUCHHEM I MEePBOil KOMIIOHEHTHI B COCTOSIHUE CO 3HaueHHWeM I — | MaHHOW KOMIIO-
HeHThI. Takue mepexo/ibl BO3MOXKHBI TOJBKO B ClIydae 3aBeplieHus 00cTyKuBaHus. Eciu B MOMEHT 3aBepiiie-
HUS 00cykuBaHus Oydep MycT, ”HTEHCUBHOCTH HACTYIUICHHS 3TOTO COOBITHS OTIPEICIISIOTCS dJIEMEHTAMU
marpun I, ® L,. B mpoTHBHOM Cllydae COOTBETCTBYIOLINE MHTEHCHBHOCTH 3aJal0TCS 3IEMEHTaMH MAaTPHI]

H vy By ®L,®L,Py_, (ﬁ l), €CJIM aKTUBHBIH M0JIb30BATEIh HAYMHAET 00CITY)KUBAHHE, U DJICMCHTAMU

MaTpHIL (I,'_NJrl -H,_y, )El._N+1 1, ® LNPN_I([SZ), €CIIM HEeaKTUBHBIH MOJIb30BATENb UJIET Ha 00CITYKH-

BaHME. YUHUTBIBAs BCE OTH MOACHEHUS, 1oTyyaeM popMyibl i 610koB O, ;_, i =1, N + K, npeacTaBieHHbIE
BhllIe. Teopema okaszana.

. . 1 M . T
O4eBUIHO, UTO CTAIHOHAPHBIE BEPOSTHOCTH COCTOSIHAN CHCTEMBI Tc(l, k,v, m( ), oo m( )), i=0, K+ N,

. M
k =0, max {O, i— N}, v=1, W, m([) =0, min{i, N}, Z m([) = min{i, N}, /=1, M, cymecTBYyIOT JJIsl BCEX BO3-

=1
MOJKHBIX 3HAUCHUH mapamerpoB cucteMsl. ChopMupyeM BEKTOP-CTPOKHU T, = (n(i, k), k=0, max{O, i—-N })

o 1 M
13 9TUX BEPOSITHOCTEH, MPOHYMEPOBAHHBIX B JIEKCUKOIPa(hUUECKOM MOPSIIKE KOMIIOHEHT k, V, m' ), ey m™M),
XO0po1I0 U3BECTHO, YTO TAaHHBIE BEKTOPHI yIOBIETBOPSIOT CIEAYIOIIEH CUCTEME JIMHEHHBIX alreOpandeckux
YpaBHEHUI:

(no, Ty oo nK+N)Q=0, (no, Ty «ees nK+N)e=1,

rae O — uHpuHUTe3uManbHbI reneparop LM &,, ¢ > 0. JIns pemeHns 3Toi cucTeMbl MOXKET OBbITh UCITIOIIb30-
BaH 3(p(pEeKTUBHEIN U YHCICHHO YCTOWYHMBBIN allTOPUTM, pa3pabOTaHHEIH B cTarbe [2].

XapakTepucTHKH NMPOU3BOAUTEIbHOCTH

CpeﬂHee KOJIMYECTBO IOJIb30BaTelIeil B CUCTEME pacCUnUTHIBACTCA 11O (I)opMyne
K+ N

Lsystem = z lnie'

i=1
CpeI[Hee KOJIMYCCTBO 3aHATBIX HpI/I60pOB BBIYHCJISICTCS CIICAYIOIIUM 06pa30M:
K+N

Nger = 2, min{i, N}me.

server
i=1

CpenHee KOJIMYECTBO 110JIb30BaTelell B Oy(dhepe onpeaesieTcst Kak
K+N

Nbuffer = Z (l - N)ﬂ:ie = Lsystem - Nserver‘

i=N+1
CpenHee KOMMUECTBO aKTUBHBIX ITOJTB30BaTesicii B Oydepe BEIUHCIIeTCs 10 hopMye
K+N i-N

Nbuffer-active = Z Z kTC(i, k)e

i=N+lk=1
CpenHee KOMMYECTBO HEAKTHBHBIX ITOJIB30BaTeNIcH B Oydepe pacCUNTHIBACTCS CICAYIOIMINM 00pa3oM:

K+N i—-N-1
N, buffer-inactive — Z Z (l -N-k )TC(Z, k )e =N buffer — N buffer-active*
i=N+1 k=0
CpeI[Hﬂﬂ HNHTCHCUBHOCTH 06C.Hy)KI/IBaHI/Iﬂ aKTUBHBIX II0JIb30BaTEICH OIIpEACIACTCA KaK
K+ N

1
Moutactive = Z ni(l(max{o,i—N} + W ® L(m)in{i, N} )e.

i=1
CpenHsiss MHTEHCHBHOCTH 00CITY)KUBaHHSI HEAKTUBHBIX TIOJIB30BaTeNell HAXOMUTCS IO hopMyIre

K+N
_ 2)
)\‘out—inactive = Z T (I(max{o, i- N+ I)W ® LEnin{i, N} )e'

i=1
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3ameyanue 2. Matpuusl Lgl) ZLE'Z)(S(()[))» i=1,_N, /=1, 2, BBIYHCISIOTCS TIO TOMY € aITOPUTMY, YTO

. T .
n Matpunsl L. 31ech S(gl) — BEKTOp-cToJIOCI pasmepa M Buaa ((S(()l)) , 0 sz , a S(()z) — BEKTOP-CTOJIOCIT

N
pasmepa M Buia (0 e ( S(gz)) j )

BepOﬂTHOCTB TOTO, YTO B Hp0H3BOHBHBIﬁ MOMCHT CHUCTEMaA IIPOCTAUBACT, OIIPCACIIACTCA CIICAYIOIINM O6pa30MZ
Pdle = TCOC.

1
BeposTHOCTB TOTO, 4TO PUTICANINI TIOTH30BATEh HAYHET 00CTYKHBAaHUE MO MPUOBITHHN, BEIYUCIISETCS KaK
e
Pimm =7 zni(Dl ® PI(B]))e
A iso
BepostHOCTH OTEpH IPOU3BOILHOTO AKTHBHOTO MOJIE30BaTeNs U3 Oydepa n3-3a HETepIeITNBOCTH PACCUH-
THIBaeTCS 0 popmyrie

K+Ni-N
P _E Z z kTC(l k) e= aV, buffer-active
imp-loss — A B = N .
i=N+lk=1

BeposTHOCTB TIOTEpH MPOU3BOIILHOTO MOJIL30BATENs HA BXOJIE U3-32 OTKa3a MPUCOCANHATHCS K JUTMHHON
o4epey BEIUUCIISETCS CIEAYIOINM 00pa3om:
1 K+N-1
Pbalk—loss:X qi—Nﬂ:i([i—NJrl@Dl ® I, )e.
i=N
BeposiTHOCTB MOTepH MPOU3BOJILHOTO IMOJB30BaTENsl Ha BXOZE M3-3a MEPErolHeHHOCTH Oydepa onpee-
nsieTcst mo popmylie 1

Fruilbuffer-loss = X T+ N (1 k1 ®D® Iy, )e.

06]1_[3}1 BCPOATHOCTD IMOTCPU MMPOU3BOJILHOI'O IMOJIB30BATC/IA PACCHUTBIBACTCA KaK

A .
— 1 — _“outactive _
Ploss =1 N — % imp-loss + Pbalk-loss + 5 full-buffer-loss*

Ilocnennee BBIPaAKCHHUE MOYXHO UCIIOJIB30BaTh IJIA IIPOBEPKU TOUHOCTH IIPH OTIIAAKE IIPOTpaMMBEI, a TaAKXKE
BBIYHCJICHUA CTAllUOHAPHBIX BCpOHTHOCTeﬁ CHCTEMEBI U TIOKa3aTeJIeH ee IMPOU3BOAUTEIIBHOCTH.

YuciieHHBIA YKCIIEPUMEHT

B uncrneHHOM 3KCTIeprMEHTE HCCIIeyeM 3aBHCHUMOCTh OCHOBHBIX XapaKTEPUCTHK CHCTEMBI OT YHCIA MTPH-
6opoB (N) u emroctu Oydepa (K), a Takke KOCHEMCS BOIIPOCa BEIOOpA ONMTHUMAIBHEIX ITapaMETPOB CHCTEMEI.
IIpeamnonoxum, 4To BXOAHOU MAP-TIOTOK MOIB30BATEICH B CHCTEMY 3aJ1a€TCsl MaTPULIAMU

_156 0 1,5 0,1

D, = , D, = .
0 -0,4 0,02 0,38

Cpennsist ”HHTEHCHUBHOCTD ITOCTYIIICHUS [ToJIb30Baresel coctapisier 0,6, KoaQPpHUIHUEHTHI KOPPEISIHUY 1 Ba-
pHaIuy MociIeA0BaTeNbHbIX BpeMeH Mexay noctymiueHusiMu paBHbl 0,170673 n 1,625 coOTBETCTBEHHO.

[Tycth Bpems oOCITy’)KHBaHUSI aKTUBHOTO TIOJIB30BATENS UMEET pactpeziesieHne (pa3oBoro THIA ¢ HETIPUBO-

-0,5 0
JUMBIM IIPEJICTaBIEHUEM (Bl, S, ), rae B, = (0, 7, 0,3), as| = o1 —0.2) Cpennee BpeMst 00CITy>KUBaHUS
AKTHBHOTO IOJb30BaTENs PaBHO 3,2. T

HYCTL BpeMs O6CJ'Iy)KI/IBaHI/ISI HCAKTHUBHOT'O MTOJIb30BaTCIId UMCCT PACIIPEACIICHUEC (1).’:13OBOI‘O TUIIA C HETIpU-

BOIUMBIM TIpesicTaienneM (B,, S, ), e B, = (1,0) u S, = 0 44 . Cpennee BpeMs 00CITyKMBaHUS HEaK-
THUBHOTO TOJIb30BaTest paBHo 0,5.

IIpeanonoxum, 4TO UHTEHCUBHOCTD YXOJa TIOJIB30BaTENIEN U3-3a HETEPNENUBOCTH cocTasisieT o = 0,05.

B naHHOM YHCICHHOM dKCIIEpUMEHTE Oy/ieM U3MEHSITh eMKOCTh Oydepa B MHTEpBaIIe [1, 30] U YUCJIO IIpU-
0OOpOB B MHTEpBAJC [l, 5] ¢ marom 1.

BepositHOCTH yX0na monb30BaTeNNel M3-3a HEKEIAHUS PUCOCAUHATHCS K ITUHHOM Ouepenu OmpeaeIuM

k+1 —
Kak qk=3—+1, k=0, 29.

N,

Ha puc. 2—6 npezcTapieHsl 3aBUCUMOCTH 3HAYEHUH L servers NVoufiers NVoufrer-active B Vouffer-inactive 0T Ta-

system?
pametpoB N u K.
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Fig. 2. Dependence L on N and K
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Puc. 3. 3aBucuMOCTb Nyypyor OT N 1 K
Fig. 3. Dependence N, on N and K
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Puc. 4. 3aBucuMocTh Ny 4, OT N U K

Fig. 4. Dependence N, .. on N and K
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/ 3,0
30 A 25
R 2,0
1,5
1,0
g 0,5
= 0
Puc. 5. 3aBUCHMOCTD Ny ¢ aciive OT N 1 K
Fig. 5. Dependence Ny gser-aciive ON N and K
// ;
W\ 6
A 5
or 4
> 3
H A 5
i 1
= 0
2
1

Puc. 6. 3aBUCUMOCTD Ny frer-inactive T N 1 K

Fig. 6. Dependence Ny gerinactive 01 V and K

Kax BuaHO 13 puC. 2, 3HAYCHHUE L., PACTET C YBEIHUICHUEM ITapamMeTpa K, MOCKOMIBbKY B PE3ysbTaTe poc-
Ta eMKOCTHU Oydepa yBeIMIUBAETCSI EMKOCTb CHCTEMBI U YMEHBIIIAETCs BEPOATHOCTD TOTO, YTO M0JIb30BATEND
NOKHHET CHCTEMY M3-3a 3aHsATocTH Oydepa. CienoBarenbHO, B Oydepe HaxomuTcst 0oJbllee KOJINIeCTBO MOJTb-
30BATENCH, YTO NPUBOMMT K YBEJMYCHUIO 3HAYEHUS L., B TO e Bpems mpu (puKCMpOBaHHOH €MKOCTH
Oydepa 3HauCHUE Ly, MOXKET KaK yBEINIMBATHCS, TAK M yMEHBIIATBCS ¢ pocToM N. C OZHOI CTOPOHBI, IPH
yBEJIMUEHUH Hapamerpa N pacTeT eMKOCTb CUCTEMbl M CHH)KAETCsI BEPOSITHOCTh HOTEPH IOJb30BaTeel Ha
BXOJI€, CIICZA0BATEIIFHO, B CUCTEME HaX0qUTCs Oonblue 3anpocoB. C APYroi CTOPOHBI, IPY YBEIMYCHUH YUCIa
IpuOOPOB MOJIb30BATEIN MEHBIIIE KAYT B OYEPEH, UTO IPUBOAUT K COKPAILIEHHUIO UX KOJIUYECTBA B CUCTEME.

Kak cnenyer u3 puc. 3, 3HaueHue N, ... PacTeT Kak C yBeIMYEHUEM Ilapamerpa N, Tak U ¢ yBEIMUCHUEM

napaMerpa K. B 10 ke BpeMs 3HA9€HUA Ny, ers Nousrer-active B Nouffer-inactive YMEHBIIAIOTCS IIPH pocTe N, HO yBEIH-

YUBAKOTCSI PU pocTe K, YTO MOKHO OOBSICHUTH, UCIIOJIB3YSI IIPUBEJICHHBIC BBIIIC paccyxaeHus. 13 puc. 4—6
CTAHOBUTCSI OYCBUIHO, YTO TIPH MAJBIX 3HAYCHUSAX N U OONBINNX 3HAYCHHUSIX K CYIICCTBEHHAS YacTh 3aIpo-
COB, HAXOIATITUXCS B OYCPEIH, SIBISIIOTCS HEAKTHBHBIMH, 2 COOTBETCTBEHHO, ITPH TaKHUX MapaMeTpax CHCTEMa
paboTaer 1uI0XoO.

Ha puc. 7 noka3zana 3aBUCUMOCTB BeposiTHOCTH P, oT mapameTpoB N u K. OueBHUHO, YTO JaHHAsI BEPOSIT-
HOCTb YBEJIMYUBACTCS C POCTOM YHMCIIa TPUOOPOB M YMEHBIIIAETCS C POCTOM €MKOCTH Oydepa.

Ha puc. 8—11 npencraBieHsl 3aBUCUMOCTH BEPOSTHOCTEH B,y o5 Pimp-loss Phull-buffer-loss # Floss OT TTAPAMET-

poB NuKk. 1
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1
¢ poctoM K. B To ke BpeMs, Kak clienyeT u3 puc. 10, BEpOATHOCTD Py pyfer-loss YMEHBIIAETCS IIPY YBEINYEHUH

3HadeHud N n K. BeposaTHocTs B ABIAETCS CyMMOW TPeX IEPEUUCIICHHBIX BEPOSATHOCTEN. B oTimume ot
kiaccuaeckux CMO, tre ¢ poctoM emKocTH Oydepa o0masi BEposSTHOCTh IOTEPH TPOU3BOIBHOTO MOJIb30Ba-
TeJsl yMEHbIIAETCs, B JAHHOM CJIydae IpH yBEINYEeHHU 3HaueHus K BEpOATHOCTh P BeJeT cebs HEMOHO-
ToHHO. Hanpumep, npu ¢puxcupoBanHom 3HaueHuu N = 1 ee Bennuuna cocrasiset B = 0,61631 mpu K =1,
B =0,57908 mpu K = 10 u B = 0,61101 mpu K = 30. Poct 0611eii BEpOATHOCTH MOTEPU IPOU3BOIBHOIO
MOJIE30BATENSI C YBEITUICHUEM EMKOCTH Oydepa 0ObsICHIETCS cleayomuM oopazom. [lpu caumkom 60bIroit
eMKocTH Oyhepa 1 MajioM YrcIie TPHOOPOB MHOTHE IIOJIb30BATEIN IIPUCOSTUHSIOTCS K OUePer U HEe TOKUIAF0TCSI
Havasa 00CITyKUBaHUS, PAKTUIECKH YXO/IS M3 CUCTEMBI N3-3a HETEPIIEIMBOCTH, IIPH STOM OCTABIISAA CBOM TaJIOH.
B nanHoM cityyae uimHa odepei He yMEHbIIAaeTCsl, a CUCTEMa BBIHYXK/IEHa TPATUTh PECYPCh HAa 00CTYKUBaHHE
0O0JIBIIIOTO YKCIIa HEAKTUBHBIX MOJIb30BaTeNel. J[pyruMu ciioBaMH, €Ciiu KOIMIeCTBO TOIb30BaTeNel B O4epein
A0CTAaTOYHO BEJIMKO U BBICOKA BEPOATHOCTD TOI'O, YTO HpI/IHIeJlHII/Iﬁ IIOJIB30BAaTEJIb HE JOXKIACTCA 06CJIY)KI/IB3HI/I$I,
UMEeT CMBICII OTKa3aTh B 00CIyKUBaHUH cpa3y. B paccmarpuBaeMoM npumepe BepOATHOCTb B IPUHUMAET
vuaIManbHOe 3HadeHue 0,040371 mpu N =5 u K = 18. C Toukn 3peHns MHHIMH3AIINN 001Iel BEpOITHOCTH
IMOTCPU IMPOU3BOJIBHOTO MOJIB30BATCIIA JAHHBIC MAPpaMETPhI ABJIAKOTCA OITUMAJIbHBIMU. O,[[HaKO B pCaJIbHBIX
CHCTEMaXx CoJiepyKaHue Kax10To mprdopa TpedyeT 3aTpart. K Tomy ke mrpadbl 3a moTepro moinp30BaTels u3-3a
Ppa3HbIX NPUYUH MOTYT OTiIM4aThCcs. Harpumep, pernyTallMOHHbIE TOTEPU CUCTEMBI B CIydae, KOra I10JIb30-
BaTeNb HE 3aXOTell JKJIaTh OOCITY)KUBAaHHUS IO MPUXOJYy B CUCTEMY, OTIIMYAIOTCS OT TOTEPh B Ciy4ae, Korua

Kax BuaHo u3 puc. 8 u 9, BEPOATHOCTH By joss U By joss YMEHBLIAIOTCS ¢ POCTOM N U YBEINYNUBAIOTCS
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TI0JIB30BATENh JKJIa7T OOCTYKUBAHUS, HO TaK M HE MOXKAANCS. UTOOBI yuecTh MaHHBIC aCTICKTHI, TPEITOI0KNM,
YTO Ka4eCTBO (DYHKIIMOHUPOBAHMS CUCTEMBI 331a€TCs CIICAYIONIUM SKOHOMHUUCCKUM KPUTCPUEM:

E=E (N s K ) = akout—active - b)\‘out—inactive - clx‘R)alk—loss - 027\‘P full-buffer-loss 637\‘ - dlK - dZN .

Rmp—loss

3nech a — MPUOBLTE, MOTydaeMas CHCTEMOH 3a 00CITy)KHBaHHE OIHOTO aKTHBHOTO TIOJL30BATEINs; b — 3aTpa-
Thl CUCTEMBI Ha OOCIIy’KUBAHHUE HEAKTUBHOI'O IIOJIb30BATENS; ¢, C, U ¢; — WITPaQBbl, yIJIauuBacMble CUCTE-
MOI 3a MOTePIO MOIH30BATEINS N3-3a 0TKa3a MPUCOSANHATHCS K JITMHHON Oodepe/n, IepenoIHeHHOCTH Oydepa
1 HETEPIEIMBOCTH COOTBETCTBEHHO; ¢/, — IJIaTa 3a COIEpKaHWe OJHOM ennHHLbI Oy(hepHOrO MIPOCTPAHCTBA,
a d, — Iara 3a UCIOJIb30BaHUE OJHOTO NPUOOpa. DKOHOMUYECKUN KpUTEpHid £ (N, K ) ONPENCIISIET CPEIHIO0
pUOBLIb, OJIYYaeMyI0 CUCTEMON B €IMHUILY BpeMeHH. Halna 1iesb — HaiiTh onTUMalibHbIC 3HAYCHUS YUCIIa
npubOpoB 1 eMKOCTH Oydepa, P KOTOPBIX CPEeIHsS MPHOBLIL CUCTEMBI ObllIa Obl MAKCUMAIIBLHOM.

3adukcupyeM cieyromue 3HaueHUsI CTOMMOCTHBIX KodddunnentoB: a=5;b=0,5;¢,=1;¢,=1,2; c;=1,4;
d,=0,001;d,=0,2.

3aBUCUMOCTH 3HAYCHUN YKOHOMUYECKOTO Kputepus £ (N , K ) oT napameTpoB N u K mipesicTapieHa Ha puc. 12.
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Puc. 12. 3aBUCHUMOCTb S5KOHOMHYECKOTO KpUTEepus £ (N, K ) ot mapameTpoB N u K
Fig. 12. Dependence of the economic criterion £ (N, K ) on parameters N and K

Kak Bugno u3 puc. 12, 3Ha4eHUsT SKOHOMUYECKOTO KpUTEpHs £ (N, K ) BE/yT ce0si HEMOHOTOHHO KaK 10 NV,
Tak u 1o K. OnTuMansHOoe 3HaUCHIE KPUTEPHS KadecTBa cocTaBisieT 1,864 15 u nocturaercsa mpu N=4u K = 10.
Jpyrumu cnoBaMu, IpHOBLUTH OMTMCAHHON CHCTEMBI Oy/IeT MaKCHMaIbHOH, €CITH MBI 3a(DUKCHPYEM YHCITO TIPH-
0opoB, paBHOE 4, 1 eMKOCTh Oydepa, paBHyto 10.

3ameuanue 3. BEIUUCICHAS TIPOBOAMIINCH Ha TTEPCOHAIBHOM KoMITbIoTepe ¢ mporeccopom Intel Core 17-8700
(CPU, 16 RAM) ¢ ucnomp3oBanueM nporpammel Wolfram Mathematica (Bepcus 13.2). Bpems pacueToB B maH-

HOM YHCJIEHHOM JKCIIEpUMEHTE cocTaBmiIO 232 ¢ Ha 150 pa3iauuHBIX BapUaHTOB Iap (N, K ), UJIU B CPEHEM
1,57 c na 1 nmapy.

3akJrouenue

B nactosieit padore uccnenosana CMO ¢ KoppenupOBaHHBIM BXOIHBIM OTOKOM M HETEPIICIIUBBIMU 3a-
pocamu, MoJenupyomas (yHKIHOHUPOBAHUE CHCTEM C JEKTPOHHOM odepensio. Halineno cranmonapHoe
pacrpeneneHie COCTOSHUM CUCTEMBI, BBIYMCICHBl OCHOBHBIE XapaKTEPUCTHKU MPOU3BOAUTENBbHOCTH. [Ipu-
BE€/ICH YHMCJICHHBIA 3KCIEPUMEHT, WUTIOCTPUPYIOIINN 3aBUCUMOCTD XapAKTEPUCTUK MPOU3BOAUTEILHOCTH OT
quciaa npubopoB u eMkocTu Oydepa. [lomyueHHble pe3ynbraTbl MOTYT OBITh UCIIONB30BaHbl HA MPAKTHUKE AJIS
BbIOOpa ONTUMABHBIX APAMETPOB CUCTEMBI C TOUKHU 3PEHUSI 3aJaHHOTO KPUTEPHS Ka4eCTBa.
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O HEKOTOPBIX PE3YABTATAX MCCAEAOBAHUNA
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Annomayus. PaccmarpuBaeTcst U3BECTHAs pobiieMa F-HpperyisipHbIX rpad)oB NPUMEHHUTEIBHO K KI1accy JBYCBSI3-
HBIX TpadoB F. YcTaHaBIUBACTCS, YTO VIS JIFOOOTO HATYPaIbHOTO /1 > 8 CyIIECTBYeT K;-upperyisipHblil rpad nopsaaxa .
BBoauTcs MOHATHE MOYTH-NIOYTH F-HUpperyisipHoro rpada, Ha 0CHOBE KOTOPOTo Ul Kakaoro rpada F U3 yka3zaHHOTO
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ON SOME RESULTS OF THE STUDY OF F-IRREGULAR GRAPHS
IN THE CLASS OF BICONNECTED GRAPHS F
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Secondary school No. 30 of Gomel, 6 Piacdziasiat gadow BSSR Street, Gomiel 246032, Belarus
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Abstract. We consider herein the well-known problem of F-irregular graphs in relation to the class of biconnected
graphs F. It is established that for any natural n > 8 there exists a K;-irregular graph of order n. The concept of an al-
most-almost F-irregular graph is introduced, on the basis of which a sufficient condition for the existence of an infinite
number of F-irregular graphs is found for each graph F from the specified class. It is proved that for any biconnected
graph F, the minimum of whose vertex degrees is 2, there are infinitely many F-irregular graphs.

Keywords: F-degree of a vertex; F-irregular graph; biconnected graph; (K3, K, )-consistent graph; almost-almost F-ir-
regular graph; strong hypothesis about F-irregular graphs.
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BBenenune

Bynem paccMmarpuBath TOIBKO MTPOCTHIE KOHEUHBIE HEOPHEHTHPOBAaHHbIE Ipadbl HA ABYX M OOJIee BEPITHHAX.

Ha py0exe 1980—90-x rT. B Teopuu rpadoB BO3pOC HHTEPEC K UPPEryIsapHbIM rpadam (T. €. rpadam, B He-
KOTOPOM CMBICJIE TIPOTUBOTIONIOKHBIM PETYIIpHbIM). B Takux rpadax mo0bie 1B BEPIIHMHBI OTJIHYAIOTCS IPYT
OT ZIpyra Mo OJHOU M TOH ke XapakTepuctuke. Hanboee ectecTBeHHBIM OBUTO OBI BHIOPATh B KAUE€CTBE 3TOM
XapaKTepPUCTHKH CTENeHb BepnHbl. OAHAKO, KaKk U3BECTHO [1], He cymecTByeT HU OJHOrO rpada, cTeneHn
BCEX BEPIIMH KOTOPOTO MOTMApHO pa3nuyHbl. [lomoOHas cuTyanus mprBeia K pa3BUTHIO TEOPHU JIOKATHHON
upperyisipHocTu. B pabote [2] npeacraBieHsl 1 U3yYeHBI CHIBHO HeperyisipHbIe Tpadbl, B KOTOPBIX JTHOObIE
JIBE BEPIIMHBI U3 OKPY)KEHHUS TIPOU3BOJIHLHON BEPIITMHBI HMEIOT pa3Hble creneHu. [[pobaema onpenenenus up-
perynsipabIX TpadoB BIepBbIe OblIa nccienoBana B crathe [3]. B HacTosmiee BpeMs: HanOosee Mokl 0030p
PE3YJIBTaTOB 1O JAaHHOM TeMaTHKe cofiepkuTcs B KHure «lIrregularity in graphs» [4]. Cpenu MHOTOUMCIICHHBIX
TTOJTXOJIOB K PEIIEHHUI0 YKa3aHHOH MpoOIeMbl 0c000€ MEeCTO 3aHMMAeT KOHIICTITUS F-UPPEerysapHbIX TpadoB,
KOTOpasi OCHOBaHa Ha OoJiee 00IIeM B3IIISIZC HA IPUPOAY CTETIICHU BEPILUHBIL.

B 1987 1. 6p110 MpenioxkeHo ciemyroiiee 0000IIeHNe TTOHATHS CTENICHH BEPIIUHBI U BBE/ICH B PACCMOTpE-
HHE HOBBI Kiacc rpadoB — F-upperynspabie rpadsr [5].

Omnpenenenne 1. [Iycts /' u G — rpadsl. F-crenenpio BepinHbl v B rpade G Oyzaem Ha3bIBaTh YUCIO MOJI-
rpados rpada G, m30OMOPPHBIX F U comepiKainux BEPIIUHY V.

Onpenenenne 2. ['pad G HazoBeM F-perynsipHBIM, €CIIH BCE €ro BEPIIUHBI UMEIOT OJMHAKOBYIO F-CTETICHb.
Bynewm roBopurts, uto rpad G sBaseTcs F-upperysipHbIM, eCiu F-CTeTeH! BCeX BEPIIUH JaHHOTO rpada mo-
MapHO Pa3INYHBL.

[ycts K, u K, , | — monHbl rpad) 1 3B€31a Ha 71 BEPLUIMHAX COOTBETCTBEHHO. Kak ObLI0 OTMEUEHO paHee,
HU ofuH rpad He sBisieTcst K,-upperynsapHbIM rpadgom (T. €. rpadoM ¢ pasIMUHBIMU CTETIEHSIMHU BEPIIHH).
Onnako mpu F'# K, BONpoc CyIIeCTBOBaHUS [-UpperymsipHbIX rpadoB, 3a MaJbIM HCKIIOUEHHEM CITydaeB, OC-
TAeTCs OTKPBITHIM.

B pabore [5] ObLI0 ycTaHOBIEHO, UTO IS F00OOT0 HATYPAIBHOIO /1 > 3 CyLIeCTBYIOT K, -UpperyispHbIit
u K, , |-MppETYIAPHBIN rpadpl, a TakKe ObLIA BBIIBUHYTA CIIEIYIONIAs THIIOTE3A.

I'unore3sa 1. J{s mro6oro csizHOro rpada F Ha Tpex U 0oJiee BEpIIMHAX CYIIECTBYeT F-UpperyispHbli rpad.

B nanbueiimem kakux-mi00 Ipyrux OECKOHEYHbIX cepuii rpados, ommynbix 0T K, 1 K, |, KOTOpbIE Obl
MTOITBEPKIAIH TUTIOTE3y 1, paBHO Kak W rpad)oB, OMPOBEPTAOIINX €€, HAIeHO He Obu10. B cBsI3n ¢ 2THM
MIOCTPOEHHE TaKuX cepuil rpadoB, a Takxke pa3paboTka METOJOB AOKa3aTelbCTBa F-upperyaspHocty rpados
SIBJIIFOTCS] BAXKHOU 3aJ1auei Ha IyTHU JOKAa3aTeJIbCTBA TUIIOTE3HI 1.

Omnpenenenue 3. Bepimna rpada Ha3bIBaeTCsl TOUKOH COUIICHEHUS], €CIIU TIOCIIe YalleHusI M3 rpada 3Toi Bep-
IIMHBI CO BCEMH WHIUJICHTHBIMU € peOpaMy YBEITMIMBAETCSI YUCIIO KOMITOHEHT CBSI3HOCTH Tpada. J[ByCBsI3HBIM
rpadom OyzieM Ha3bIBaTh CBSI3HBIN rpad Ha Tpex U Oosee BeplInHAX, HE COJIEPKAIIHA TOUEK COUIICHEHHS.

B nannoii padote npoOiema F-upperynsapHbIX TpadoB HccieayeTcs B Kilacce ABYCBSI3HbIX TpadoB F.

B paznene «K;-upperyispHsie, (K3, K, )—COFJ'IaCOBaHHBIe rpads» BBOIMTCA HOHsTHE (K5, K, )—COFJ'IaCOBaH—

HOTO rpada U Ul KaXJ0Iro HaTypaJabHOIO 72 > 8 JOKa3bIBAETCS CYLIECTBOBaHUE K;-UPPETYISPHOIO, (K3, K, )—
COINIACOBAHHOTO Ipada nopsiika 7.
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B paznene «O 1ocTaTouHOM YCIIOBHHU CYIIIECTBOBAHHS OECKOHEUHOTO Yucia F-HpperysipHbIX TpadoB s
JIBYCBSI3HBIX I'padoB F» onpeaensieTcsi HOBBIH Kilacc rpadoB — MOYTH-TIOUTH F-upperyisipHsie rpadsl. B Ta-
KHX Tpadax 4ucio pa3iniHbIX F-CTeNeHel BepLIMH POBHO Ha 2 OTIMYAETCs OT YHMCIIa BCEX BEpLIMH rpada.
B TepMuHax nmo4Tu-mouTH F-UpperyispHbIX rpadoB I KaXKA0TO ABYCBA3HOTO rpada F HaxoIuTcs 10CTaTou-
HOE yCJIOBHE CYLIECTBOBAHUS OECKOHEUHOTO YHCIIa F-UpPeryIsipHbIX rpadoB.

B pasznmene «O OeCKOHEUHOCTH YHCciia F-HPPeTyIsIpHBIX TpadoB Il NBYCBA3HBIX TpadoB F C 6(F ) =2»

MTOKa3bIBACTCS, YTO IS JIFOOOTO IBYCBA3HOTO rpada F, MUHUMAaIlbHAS U3 CTETIeHeH BEpIINH KOTOPOTO paBHA 2,
CYIIIECTBYET OECKOHEUHO MHOTO F-HpperysapHbIX TpadoB. B gacTHOCTH, 7151 1F000TO HATYypaIbHOTO 77 > 3 MHO-
xecTBO C,-UpperyisipHeIX rpagos, rae C, — IpoCTOi LUK Ha 71 BEPILIUHAX, OECKOHEUHO.

[lycte G = (V(G), E (G)) — rpad ¢ MHO)KECTBOM BEPIIINH V(G) 1 MHOXECTBOM pebep £ (G) B pabore
UCTIOJIB3YIOTCS CIIeyIOLIe 0003HAUCHHMS:

° |M | — YHCIIO 3JIEMEHTOB MHOXKECTBA M,

° |G| = |V(G)| — gucio BepmuH B rpade G (mopsaok rpada G);

* (u, v) — peGpo rpada ¢ KOHLAMH B BEUIMHAX U, V, U # V;

° N, (v) — OKpY’)KEHHE BepIIMHBI v B Tpade G;

e deg,v, F'deg,Vv — crenens u F-cTeneHb BeplInHbl v B rpad)e G COOTBETCTBEHHO;

*3(G)= VIEnVi(I};)degGv, A(G)= vrenlfl(%)degG v.

K;-npperynsipusie, (K;, K, )-cornacoannbie rpagbi

Onpenenenne 4. ['pad G nazoseM (K, K, )-COrmacoBaHHEIM, eI uis T00bIX BeputuH i, j €V (G) ¢ pas-
HbIMU K;-cTenieHsiMu u3 yeiosus K; deg;i > K5 deg; j cinenyert, uto deg,i > deg, /.

Jlemma 1. Eciu cywecmeyem Ky-uppezynaphuiii, (K3, K, )—coaﬂacoeanublﬁ epag G, é komopom B(G) =2
U Kadcoas eepuiuna umeem nonodcumensvuyio Ky-cmenens, mo na |G| +1 sepwunax mooxcno nocmpoums Ki-
uppezynsapHulil, (K3, K, )—coa/zacoeaHHblzZ epagh G, maxoi, umo 8(G1)=1 u A(G1 ) < |Gl| -1

HoxazarenscTBo. [Ipeamonoxum, uto cymectByeT rpad G, yIOBIETBOPSAIONINI YCIOBUIO JIEMMBI 1.
Iockonbky 8(G ) =2, ToTpad G conepKUT BEpILUHY CTeeHH 2 (0003HaUYMM €€ Yepe3 V) ¥ HE COICPKUT BEPILUH
crenenu 0 unu 1. [lanee u3 ycnosus deg; v =2, K; deg; v >0 cnenyer, uto K, deg, v =1, a Tak kak G sBnsercs
K;-upperynsapHbIM rpadoM ¢ MOI0KUTEIbHBIMU K;-CTENIeHIMH BEpILIUH, TO Jr00as BEpPIINHA U € V(G), u+v,
YAOBIIETBOPSIET YCIIOBHIO

Kydeg,u=>2, deg,u>3. (1

JHo6asuM k rpady G BepimHy w 1 pedpo (v, w). [Tomyuennstii rpad HazoBeM G,. O4eBHIHO, UTO degsw=1,
Ky deg;w=0, deg;v =3, Kydeg;v=1,acrenenn u K;-crenenu scex BepiunH rpada G, OTIMIHBIX OT V, HE H3-
MeHWIHCh pH nepexozie oT Gk G,. Toraa ¢ yuetom ycnosus (1), a Takske B cuity K;-MpperyinspHOCTU U (K 3 K, )—
COITIacOBaHHOCTH rpada G MpUXOAUM K BbIBOAY, 4TO rpad G, siBusercs K;-UpperyispHbIM U (K3, K, )—corna-
coBaHHBIM. OCTaJIOCh 3aMETHUTh, YTO €CIIN A(G1 ) = |G1| —1, To B rpadhe G, ecThb BeplIMHA, CMEXHAasi CO BCEMU
OCTaJIbHBIMH BEPIIMHAMH, B YACTHOCTHU C BepIIHHOU w. [10 MocTpoeHHIO TaKkol BEPIIMHON MOXKET OBITH TOJh-

ko BepmuHa v. Ho Torna G = K, 4ro npotusopeunt K;-upperynspHocty rpadga G. 3Hauur, A(Gl) < |G1| -1
Jlemma 1 moxaszana.

Jlemma 2. Eciu cywecmsyem Ky-uppezynapHulii, (K3, K, )—coaﬂacoeauublﬁ epag) G maxkoti, umo S(G) =1
u A(G) < |G

epagh G,, 6 Komopom ES(G2 ) =2 u n0bas eepuiuna umeem nonodicumenvryro Ky-cmeneno.

-1, mo na |G| +1 sepuwunax moocrno nocmpoums Ks-uppeeynaphoiii, (K3, K, )-coa/zacoeaHHbzﬁ

HoxazarenbcTBo. [Ipennonoxkum, uto cymecTtByeT rpad G, yIOBICTBOPSIOIIUA YCIOBUIO JEMMBI 2.
Hob6aBum Kk rpady G BepLIMHY X U COEIMHUM ee pedpamu co Bcemu BepiunHamu rpada G. [lomyueHHsli rpad

Ha30BeM (,. JIerko BUJETh, YTO AJIs1 1F000M BEPIIMHBI U € V(G2 ), U # X, CIIpaBEJIUBHI PABCHCTBA
degg,u =deggu +1, Kydegg u = Kydeggu + deggu. )

B wactHOCTH, U3 paBeHCTB (2) 1 S(G) =1 nomyyaem, 4To S(G2 ) =2 u Bce BepinHbl rpada G, UIMEIOT 110-
JIO)KATENBEHYIO K;-CTETIEHb.
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PaccMoTpum ABE TPOU3BOIBHBIE BEPIIUHEI I, ] € V(G), i # j. B cuny Ks-upperynspHoctu rpada G umeem
Kideg;i+# Kydeg j. [lycts nna onpenenennoctu Kydeg,i > Kydeg, j. Torna u3 (K3, K, )-COFJ'IaCOBaHHO—
cru rpada G cnenyer, uro deg,i > deg j, U C ydeTOM paBeHCTB (2) moayyaeM

Kydegg i > Kydegg j, degg i 2degg . 3)

Jlaee paccMOTpUM MPOU3BOJIBHYIO BEPIIUHY U € V(G) U JIOKaXEM, YTO

Kydegg x > Kydegg u, degg x >degg u. 4)

JeiictBurensHo, mockonbky A(G) < |G| -1, To B rpade G Haiinercst Bepunna y takas, uro (u, y) ¢ E(G)
u, cienosarensHo, (u, y) ¢ E(G, ), otkyna

degg,u < G,|-1= degg, x.

Hanee st nokasarenbcrsa HepaBeHeTBa Kydeg, x > Kydegg, u 3amernym, 4to K;-CTeleHb BEPLIMHBI Ipa-

da cosnaznaer ¢ uuciaom pedep B noarpade, NOPOKACHHOM OKPY/KEHMEM 3Toil BepiuuHbl. I1ycTh BepivHa
zeV(G) rakoBa, uro (y, z) € E(G). Torna noarpady rpapa G, HOPOKICHHOMY OKPYKCHHEM BEPIUMHEI U,

He NPUHAIEKHUT pebpo (y, z), a Takke He npuHaIeKar deg;u peGep, MHIMACHTHBIX BepunHe u. Ciejto-
BarenbHO, Kydeg,u < |E(G)| —deg,u —1, otkyna Kydeg,u + deg,u < |E(G)| —1. Takum ob6pazom, ¢ yueTom

PaBeHCTB (2) BBIIONHSETCS HepaBeHCTBO Kydegq u < |E (G)| — 1. C mpyroii cropousl, Kydegg x = |E (G)| Cre-

noBarenbHo, Kydeg, x > Kydegq u uist mo0oii BepIINHBL U € V(G). Tem caMbIM 3aBEpILICHO J10Ka3aTEIbCTBO
HepaBeHCTB (4). Hakoner, n3 dopmyn (3) u (4) nomyuaem, 9rto G, sBisercst K;-MpperyispHbIM, (K3, K, )-co-
IJIacoBaHHBIM Tpadom. Jlemma 2 nokazaHa.

Teopema 1. [[ns nioboco namypanvrnozo n = 8 cywecmeyem Ky-uppeeynsapHulii, (K3, K, )-COZJzacoeaHHbzﬁ
epag nopsioxa n.

JNlokasaTtenbcTso. Pacevorpum rpad Dy ¢ MHOXKecTBOM BepimH {1, 2, 3, 4, 5, 6, 7, 8}, n300paxeHHblit
Ha puc. 1.

6 2

Puc. 1. T'pad Dy
Fig. 1. Graph Dy

JoxkaxeMm, 4To Dy siBHsieTCa K;-UppeETyIspHBIM, (K3, K, )-COI‘JIaCOBaHHI)IM rpagom.
B Tabnuue s kaxknoii BepimHbl v rpada Dy ykazaHsbl ee cTeneHb (deg p V) Ks-crenens (K, deg p,V)> @ TaKKe

BCce TpeyrosbHUKU (noarpadsel rpada Dy, nzomopdHbie K;), B KOTOpPbIe OHAa BXOIUT, IPU 3TOM TPEYTOIbHUK
C BEpIIMHAMU d, b, ¢ 3amuCchIBacTCA Kak abc.

Crenenu u K;-crenenn sepmun rpaga Dy

Degrees and K;-degrees of the vertices of the graph Dy

veV(Dy) TpeyronbHuku, Kydegpv | degpv
B KOTOPbIC BXOJAUT BEPIIUHA V
178, 348, 368, 458, 478, 568, 578, 678 8 6
178, 267,457,478, 567, 578, 678 7 6
236,267, 368, 567, 568, 678 6 5
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OKOHYaHHE TaOaHIBI
Ending of the table

Ve V(DS) B KOTopTIfeezigjg[;I;y;KeI;mHHa v = dengv dengv
5 457,458, 567, 568, 578 5 4
4 348, 457, 458, 478 4 4
3 236, 348, 368 3 4
2 236, 267 2 3
1 178 1 2

W3 tabnuupl cnenyet, uto Dy siBiseTcs K;-UpperyispHbIM, (KS, K, )-cornaCOBaHHLIM rpadom. 3amMeTum
TaKXe, 4YTO 8(D8 ) =2 u K;-crenenu Beex BepunH rpada Dg mosnoxutenbHel. Takum 00pa3oM, COTIacHO JIEM-
Me 1 cymecrByeT K;-UpperyisipHbIi, (K3, Kz)-cornacosaHHmﬁ rpad D, mopsiaka 9, B KOTOpOM 8(D9)=1
u A(Dg) < ‘Dg‘ —1. Torna u3 neMMsl 2 caenyeT CylnecTBOBaHUE K;-UPPEryIAPHOIO, (K3, K, )—COFJ'IaCOBaHHOFO
rpada D,, nopsiaka 10, B koTopom 5(D1o ) =2 n K;-CTeneHn Beex BEpIINH MOJI0KATENbHBI. [ Iponomkus yepeno-
BaTh IPUMEHEHHE JeMM | U 2, Hoy4uM, 4To IS JF000r0 HaTypaibHOTIO /1 > § CyIEeCTBYeT K;-UpperyiisipHblIi,
(K , K, )—COFHaCOBaHHBIﬁ rpad D, Ha n BepimHax. IIpy 3ToM A7 Ka’KA0T0 HEYETHOTO 71 BBIIIOIHACTCS YCIOBHE

S(Dn ) =ln A(Dn ) < |Dn| —1, a 171 KaXKI0T0 YETHOTO 7 IMEET MECTO PABEHCTBO S(Dn ) =2 n K;-cTenenu Beex

BepuH rpada D, nonoxurensHsl. Teopema 1 noka3aHa.

O 10€TaTOYHOM YCJIOBMH CYIIECTBOBAHUA 0€CKOHEYHOI0 YN CJIa
F-upperyaspabix rpagoB AJis1 ABYCBA3HbIX rpa¢gos F

Onpenenenne 5. ['pad G Ha30BeM MOUTH-NIOUTH F-UPPETYISIPHBIM, €CITH CPEIn F-CTENICHEH BEPIIHH 3TOTO
rpada ecTb pOBHO |G| — 2 pa3nuuHbIie F-CTENCHH.

Omnpenenenue 6. HazoBem BepunHy rpada F-npobiaeMHOM, eciu B 3TOM Irpade ecTh Apyras BepLInHa
C TOMH e F-CTeNneHsblo.

3ameuanue 1. lloutn-noutn F-upperynspusiii rpag nmeer 1100 pOBHO TpU F-IpoOIeMHBIE BEPILUHBI, IPU
9TOM HX F-CTeIleHH paBHBbI, IHOO POBHO ABE NMapbl /-IpoOIEMHBIX BEPLIMH, IPUYEM B KaX 101 1ape F-cTerneHn
BEPILIMH COBIA/IAIOT, @ BEPLIMHBI U3 Pa3HbIX ap UMEIOT pa3Hble F-CTEICHU.

Onpeneaenne 7. [lycts rpad G He sBiusiercs F-peryiasipasiM. Uepes d (G, F ) 0003HauNM MHUHUMAaJIbHBIN

W3 MOJIyJIel pa3HOCTEH MEXIly Pa3lMuHbIMU F-CTENICHSIMU BepIIuH rpada G.

B cnenyromeit Teopeme iist KaxI0ro IBYCBA3HOTO rpada F MoaydeHo JOCTaTOYHOE YCIOBUE CYIIeCTBOBA-
HUs OECKOHEYHOTO YUCIa F-UpperyispHbIX rpadoB.

Teopema 2. Ilycmo F — 0gycesznbiil epagh u ons moboeo uucaa p > 0 cywecmeyem nowmu-noumu F-up-
peaysipuvlil epap G, YO081emeopsrowuil YCao8usim:

1) a’(G, F)>p,'

2) F-cmenenu ecex sepuiun epaga G npesocxoosm p.

Tozoa cywecmeyem beckoneuno MHoeo F-uppezynapuvix epagos.

HoxaszarennctBo. [lycts p > 0. PaccMoTpuM mociieoBaTeIbHOCTh MTOYTH-TIOUTH F-UPPETYISPHBIX Tpa-
¢oB G, G,, ..., G\ F|+1 CTIEIYIOILIETO BUA:

Fdeggv>p VveV(G),

®)
d(G;,,, F)>2m, Fdegg v>2m, Vie(l,2, .., |F|}. veV(G,.,),
rie m; = max Fdeg;u.
. e V(G;) gGi
Cy1ecTBOBaHHE TAKOW MOCIEAOBATEIBHOCTH BBITEKACT U3 YCIIOBHS TCOPEMBI 2.

U3 ompeeneHust IOCIE0BATENBHOCTH (5) JIETKO YCTAHOBUTH HCTHHHOCTD CIICAYIOIINX HEPABCHCTB!
my <y <my <. <, (6)
Fdeggu<Fdeg; v Vie{l,2,...|F|}, ueV(G,),ve V(G,.H). (7
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Hanee B xaxxaoM rpade G,, i€ {1, 2, .., |F | +1}, BbIOEpeM JBe F-IIpOOJIEMHbIE BEPILIMHEL V;, W), V; # W,
(puc. 2), npu 3toM eciu G, COAEPKUT YeThIpe F-IIpoOsieMHbIe BEPIIHHEI (3amMedaHue 1), To v, w; BbIOUparoTCs

U3 Pa3HBIX Map.

Puc. 2. Tpader G, G,, ..., G‘F‘
Fig. 2. Graphs G, G,, ..., G‘F‘

Paccmorpum rpad O, koTopslii o6pasyercs us rpados G, G,, ..., G‘ F|+1 TTYTEM TOCIIENIOBATEILHOTO CKIICH-

BaHWs BEPIIUH V; U W; , | U KQXJIOTO I € {1, 2, ..., F| + 1}, TIPH STOM Wip, 5 = W. Bepuny rpada Q, nomy-

YEeHHYIO B pe3yJIbTaTe CKICHBAHUS BEPIIUH V; U W, , |, OyZleM Ha3bIBaTh TOUKOH CKICHKH 1 0003HAYaTh yepes z;
(puc. 3).

ZIF|+1

Puc. 3. Tpap O
Fig. 3. Graph Q

B nanbreiiem a5 ynoocTBa BEpIIMHEL v, U W, , ; TpadoB G, u G, , | Oynem Taxke 0003HadaTh uepes z,. Tem
cambIM U3 rpada G; B CKiIeiiKke yJacTBYIOT ABE€ BEpPIIUHBI — Z; | U Z;, TIPU 3TOM Z; = 2|1
Torna B cuimy BeIOOpa BEPILHH Z; _ | U Z; HOIYIHUM

FdegGl_u;thegGiv ‘v’ie{l, 2, . F| +1}, u, veV(G,.), u, ve{zi,l, zi}, TE (8)

Hoxaxem, uto rpad Q asisercs F-upperyaspabiM. 1 Hagaga 3ameTuM, 4to J1r000# noarpad rpada G,
ie {1, 2, .., |F | + 1}, nzoMopHBIN F, sBiseTcs Taxke noarpagom rpada Q. C npyroit ctoponsl, rpad O He
COZIEP’KUT HOBBIX MOATPaoB, N30MOP(HBIX /' M OTIIMYHBIX OT TEX, YTO €CThb B Ipadax G, i € {1, 2, .., |F | + 1}.
JlelCTBUTEIBHO, €CITH 3TO HE TAK, TO JIN0O O/IHA M3 TOYEK CKICHKH SBIISETCS TOUKOH COUICHEHHS B HOBOM MO/
rpade, 1100 HOBBIH moarpad coaep KUT LMK, MPOXOAALINNA Yepe3 BCe TOYKH CKIICHKH, T. €. UMeeT OoJiee |F |

BeplIMH. B 000MX ciydasx moixy4aeM MpoTHBOpeure n3oMop(hHOCTH HOBOTO noarpada rpady F. 3Ha4yuT, 1ist
F-creneneit Bepiva rpada O B MPEAIOIOKESHUN, YTO G\ Fle2= G,, IMEIOT MECTO COOTHOLLECHHUS

Fdeg,z; = Fdegg z; + Fdeg;  z, )
Fdeng = FdegGiv Vie {1, 2, ...,

F| +1}, veV(Gi), VEZ |, Z

-
Torma n3 popmyi (7)—(9) cnemyeT, 9To JTrOOBIC ABE pa3IWMYHBIC BepIIHHBI Tpada O, OTINIHBIC OT TOUYCK
CKJIEMIKU, UMEIOT pa3Hble F-CTENEHHU.
Ilycte i e {1, 2, ..., |F |} Jiist Touek ckieiiku B rpade O crpaBesuBbl YTBEPKICHHS:
1) Fdeg,z, > Fdeg,v Vk e{l,2,..., i}, veV(G;), v#z, 2y

2) Fdegyz; < Fdeg,v Vkeli+2,i+3,..,|F|+1}, veV(G,), i<|F|;
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1

4) Fdegyzp,, > Fdegyy Vve V(G‘F‘H);

3) Fdegyz; # Fdegyv Vve V(G.H), V#Z;

5) Fdeng‘F‘H # Fdeg,v VVEV(G\F\H), VE 2R

HcrunHOCTh YTBep)KaeHMI 1)—5) ycTanapnuBaercst Ha ocHoBaHuH Gopmyi (5)—(7) u (9).

Hoxaxxem ytBepknenue 1). Ecim i =1, To 11 Bcex v € V(G1 ), V# Zip 41> 21, IMEEM

+1°
Fdegyv=Fdeggv<m <2m < Fdegg z) < Fdegg z; + Fdegg, z, = Fdeg, z,.

Ecmm i€{2,3, .., |F

1,10
Fdegyv<Fdegg v+ m; < m+m; <2m; <Fdeg; z; <Fdeg,z,.
Jlokaxkem yTBepxkaeHue 2).

Fdegyv2Fdeggv>2my_22m; > m; +m; 2 Fdeg;z; + Fdeg, z, =Fdeg,z,.

1

Hoxaxem yrepxaenne 3). Bemmauny F'deg,u — F'deg;  u GyneM HasbIBaTh IPHDKKOM BEPLINHEL U € V/ (G. 1 )

CornacHo cooTHOIEHUAM (9) BCEe BEPIIMHBI U3 V(G. 1 ), OTJIMYHBIE OT Z;, Z

i COBCPIIHNIIN HYJICBOU PLIKOK,

i+1°
IIO3TOMY HA30BEM UX HCIIOIBUKHBIMU BECPIITMHAMM. B cBoro O4Y€pEab, NPBIKKU BEPIIVH Z;, Z; , | TOJIOKUTECITbHBI
1 PaBHBI FdegGi Zj, FdegGHzZHl COOTBECTCTBECHHO, ITIOOTOMY 6yILeM TOBOPUTB, UTO BEPIIWHEI Z; U Z; , | IOA-
IIPBITHYJIA.

ITycte ve V(GI.H), v#z;, 2, BEcma Fdeg, v=Fdegg z;,T0
Fdegyz; > Fdeg; z;=Fdeg; v=Fdegyv.

Ecin Fdegg v# Fdegg z;,To F-cTenenn BepiunH z; n v Brpade G, , | B CUIly HEPaBEHCTBA d(Gi 1o

F ) >
> 2m; oTnu4arorcs 6onee yem Ha 2m,. CreloBaTeNbHO, U1 PABEHCTBA [-CTENEHEH BepIIMH z; M v B rpade O
BEpHIMHA Z; JOOJDKHA «OOIPBITHYTH» 10 HeHOIIBPI)KHOﬁ BCPUIMHBI Vv, YTO HEBO3MOXXHO, ITOCKOJIBKY IIPBIKOK BEP-
IIUHBI Z; HE IPEBOCXOANT ;.

Hoxaxem, uro Fdeg,z; # Fdeg, z; . JlelicTBUTENbHO, ecl i € {1, 2,...,

F|—1},To

Fdegyz;, > Fdegg z; . >2m; >m+m;,  2Fdeggz + Fdeg, z;=Fdeg,z,.

i+1

Ecmmi= |F

, TO IPBIKKH BCPIINH Z‘F‘ n Z‘F‘ +1 HOJIOXKUTCIIbHBI, PA3JIMYHBI U HC IIPCBOCXOMAT m‘F‘ um; COOT-

BeTCTBeHHO. Takum obpaszom, eciau F degqﬂ R = F degqp‘ \AF|+1> TO Fdeg, Zp * Fdeg, 2|1 IO TIpHIHMHE

+1°

HEPABEHCTBA MPLUKKOB BEPUIMH Zjp U Zipy ;- Ecmu xe F degqp‘ﬂz‘ 'k F deg%ﬂz‘ Fl+1> TO F-crenenu BepumH

Zp U Zp| 1 B rpade G‘ F|+1 B CHJLY HEDABEHCTBA d (G‘ 10 F ) > 2m‘ F| OTIHHAIOTCS Ooree yeM Ha 2m‘ A Creno-

BaTENbHO, JIJISl PABEHCTBA ['-CTENIEHEN BEPILNH Zp| M Zp| 1 B rpade Q ofHa U3 3TUX BEPIIUH JOKHA ITOIIPHIT-

HYTb Ha BEJIMYUHY, TPEBOCXOASAULYIO 2m‘ F|> UTO HEBO3MOIKHO, OCKOIBKY Zm‘ F| > Mg >y

Hoxaxxem ytBepxkaenue 4). [Tycts v e V(Gk), ke {1, 2, ..., |F }, v # Zpp 2|1 Torma

FdegQVSFdegGkV + m‘F‘ < my + m‘F‘ < 2m‘F‘ < FdegG‘p‘HZ‘F‘Jrl< FdegQZ‘F‘H.

JlokazaTenbCTBO YTBEPKACHUS 5) aHATIOTMYHO J10Ka3aTeNIbCTBY YTBEPKACHUS 3).

U3 ytBepkaennii 1)—5) criemyet, 4To TOUKH CKICHKH HE SIBISIOTCS F-npoOneMHBIMU BeplIMHAMU B (.
Kpome Toro, kak rmokaszaHo BBIILE, JIIOObIE IBE BEPLUIMHBI U3 (J, OTIIMYHBIE OT TOYEK CKICHKH, UMEIOT pa3Hble
F-crenenu B Q. 3naunrt, rpad Q siBrsieTcs F-upperyispHbIM.

Ocranock 3aMeTuTh, 4T B rpade () Bce BEPILIUHBI UMEIOT F-CTENeHH, OOIBbILHUE p, TOATOMY MPH JOCTATOYHO
OONBIINX 3HAYCHHUSIX P MOJKHO TIOCTPOUTH F-upperyaspHbiii rpad Q co CKOIb YTOIHO OOJIbIINMH 3HAYCHUSIMH
F-creneneii BepnH. CnenoBareibHo, F-upperynsapHbix rpados OeckoHedHo MHOTO. Teopema 2 qokazaHa.
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O OeckoHeuHocTH YHcaa F-uppery/sipubix rpagos
JUISI IBYCBSI3HBIX rpadoB F ¢ §(F)=2

B stom paszzpene Oyzer ucciaenoBaH BOIPOC O YHCIEHHOCTH F-UpperyssipHbIX rpadoB B ciaydae, Korna I —
JBYCBSI3HBIN Irpad) ¢ MUHUMAJIBHOW CTENCHBIO BEPLIMHBI, PABHOU 2 (S(F ) =2).
Onpenenenne 8. bynem roBopuTh, 4TO BEPIIUHEI U, V B Tpade G MMEIOT OYTH OAMHAKOBOE OKPYKEHHE,
ecin (u, v)€ E(G) u Ng(u)\{v} = Ng(v)\{u}.
Jlemma 3. Ecnu 6epuiunst u, v 6 epaghe G umerom 00uHaxKo8oe uiu noumu 00UHAKO80e OKpYHceHue, mo Os
06020 epagha F eepHo pasencmeo
Fdeg,u=Fdeg,v.

JoxazaTtenbcTBO. ICTHHHOCTE JIEMMBI 3 HEMOCPEICTBEHHO BHITCKACT M3 CYIICCTBOBAHUS aBTOMOP-
¢busma f: V(G) - V(G) TaKoro, 4TO

f(u)zv, f(v)zu,f(w)szweV(G), WU, V.

Teopema 3. /[na n0b02o 08yceasnozo epagha F munumanvnas uz cmeneneil eepuiun Komopozo pasia 2,
cywecmsyem Oeckoneuno MHo20 F-uppecynsiprulx epaghos.

JNokasarenscTso. Iycrs |[F|=n. Hockonsky 8(F ) =2, 10 B rpade F ects BepuuHa crenenn 2. 06o-

3HAYMM 3Ty BEPILUHY YEPE3 W, & CMEXKHBIE C HEW BEPILUHBI Yepe3 X U y. 3aMETHM, UTO eclu n = 3, 10 F = K;
U TpeOyeMblil pe3yabTaT CleayeT U3 TeopeMsl 1.

[Tycts Teneps n > 4. B 3TOM cityuae U1 J0Ka3aTeNnbCTBa CYLIECTBOBAHUS OECKOHEUHOTO YHCa F-uppery-
JSIPHBIX IpadoB JOCTATOYHO MOKA3aTh, YTO IS JII0OO0TO0 p > 0 CyLIECTBYET IOYTH-NIOYTH [ -UpperynspHbIi rpad,
VIAOBJIETBOPSIFOIINN YCIOBUAM 1) U 2) TeopeMbr 2.

[Tycts p > 0. BeiGepem Takoe HaTypaibHOE /, ISl KOTOPOTO BBIIIOJIHEHO yCIOBUE

l>n,l>p(n—3)!+3. (10)

Torna npu n > 4 B cuity ycnosus (10) cipaBenniBa orjeHKa

/-3)! [—n+1)({-n+2)...(I-3 -
Cn7—33 — ( ) :( )( ) ( )2 [-3 > p. (11)
(n—3)!(l—n)! (n—3)! (n—3)!

Hanee paccmorpum rpad 75, , C MHO)KECTBOM BEPIIHH V(Tzz _2) ={1,2,..., 2/ - 2}, B KOTOPOM BePLINHbI
1,2, ..., ] o6pasyror monHsiii moarpad, a nroGas BepiunHa ¢ Homepom i, rae i € {{ +1,1+2, ..., 21 — 2}, coenu-
HeHa pedpaMH cO BCEMH BEPLUIMHAMH MHOKECTBA {i —I+1L,i-1+2,..,1 } U TOJIBKO C HUMH.

Jlnst HaraAHOCTH U300pa3uM BepiuHbl rpada 7,, , Ha ABYX ypoBHsAX. Bepmmnsl 1, 2, ..., / pa3mMecTum
Ha BEPXHEM ypOBHE, a BepmmHbl / + 1, / + 2, ..., 2/ —2 — Ha HWKHEM YPOBHE B TOPSIIKE BO3PACTaHUS UX HO-

MEPOB CJIEBA HAIPaBO TAKUM 00pa3oM, YTOObI J100asi BEPILIUHA | HUXKHEI'0 YPOBHS pacliolaraiach CTporo Mnoj
BepmnHOW i — / + 1 BepxHero ypoBHs (puc. 4). Torna to0bie Be BEPIIMHBI BEPXHETO YPOBHS OyIAyT CMEKHBI,
a KaK7asi BEpIIMHA | HIDKHETO YPOBHS OyJeT CMeKHa TOJIBKO C BEPIIMHOW i — / + 1, pacmonoXeHHoi cTporo
HaJl HEeH, ¥ BCEMH BEPIIMHAMH BEPXHETO YPOBHSI, PACIIONIOKEHHBIMH TipaBee i — [ + 1.

1+1 [+2 1+3 2[-2

Puc. 4. Tpad T,,_,
Fig. 4. Graph T,,_,

Iyctp i € V(Tzl_z), t; :FdegTZ,_zi'

3ameTuMm, uTo BepiuuHbl 1 u/+1 B rpade 7,, , UIMEIOT OJJMHAKOBOE OKPYKEHHE!

NTzl-z(l): NT21_2(1+1)={2’ 3, l}
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Kpome Toro, cmesxHble Bepiuiunbl / — 1 u / B rpade 75, , UMEIOT II0YTH OJMHAKOBOE OKPYKEHHUE!
NT21*2 (l B 1)\{1} - NT2172 (l)\{l - 1} = V(TZI—Z )\{l - 19 l}

3HaYHT, TI0 JIeMMe 3 MTOTydnM

L=l =1 (12)
JokaxkeM Ternepb, 4TO CHpaBeAJIUBLI HEPABEHCTBA
ho>t Vie{l, 2, ..., 1-2}. (13)

Mycrs i€{l, 2, ..., I —2}. Pacemorpum rpadp H =Ty, _,\(i + 1, + i) (puc. 5).

[+1 I+i-1 [+ I+i+1 2[-2

Puc. 5. Tpap H=Ty, ,\(i +1,1+1)
Fig. 5. Graph H = Tz,_z\(i +1,1+1)

Bamernm, uto Ny (i )\{i +1} = Ny, (i +D)\{i} ={1, 2, ..., [ + i = 1}\{i, i + 1}. CnenoBarenbHo, CMEXHbBIC BEp-
muHbl i ¥ i + 1 B rpadhe H UMEIOT IOUTHU OAUHAKOBOE OKPYKEHUE U, 3HAYUT, 110 JleMMe 3 noiydaeM Fdeg, i =
= Fdeg H(i + 1). JpyruMu ciioBaMu, BEpIINHBI i U i + 1 BXOIAT B 0OAMHAKOBOE 4uciIo noarpados rpada Ty, ,,
n30MOpGHBIX F 1 HE cozlepKaImx pedpo (i +1,/+ z'). U3 sToro cnenyer, uTo £, , | — ;= |A|, rjae A — MHOXECTBO
Bcex noarpados rpada 7, _,, 130MOpQHBIX F, coaepKalux pedpo (i +1, [ + i) ¥ He COEPIKAIIIX BEPIIHHY .

OueHum |A| Paccmorpum Bepmiabl i + 1,7 + 2, [+ i 1 TPOU3BOJIBHBIE 72 — 3 pa3IMYHbIC BEPIINHBI BEPXHETO
ypoBHs rpada Ty, ,, ONIMUHbIE OT 4, i + 1, i + 2. Yka3zaHHBII Ha0Op BepMH 0003Ha4nM uepes V). [Tockons-
Ky JIFOOBIC JIBE PA3/IMYHbBIE BEPIIUHBI U3 Vl\{l + i} CMEXHEI B 1), _, U (i +1, [+ i), (i +2, 1+ i) € E(T2,_2), TO
rpad 7,, , conep:KuT noarpad L ¢ MHOKECTBOM BEPILHH V}, n30MOP(HBII /' 1 TaKOIi, 4TO BEPILIMHAM X, y, W IPa-
¢a F coOTBETCTBYIOT BepIIMHBI i + 1, 7 + 2, / + i (B ykazaHHOM niopsiake) noarpada L. Kpome toro, noarpady L
MIPUHAIIICKHUT PeOpo (i +1, 1+ ) 1 HEe IPUHAIJICKUT BepIInHa i. 3Ha4YHT, L € A. Takum 006pazom, KayKIoMy Ha-

0opy U3 n — 3 pa3IUYHBIX BEpPIINH BEPXHEro ypoBHs rpada 7,, ,, OLINYHBIX OT i, i + 1, i + 2, COOTBETCTBYET
noarpad u3 A, mpu 3TOM pa3HbIM Ha0OpaM MO MOCTPOCHUIO COOTBETCTBYIOT pa3Hble moarpadsl u3 A. Takux

HabopoB poBHO C "__33 , TIODTOMY #; | — ;= |A| > C,”_‘f u ¢ yueroM oreHkH (11) momydyaem
to—t>pViell,2,..., -2} (14)

B wactHocTH, n3 hopmysnsl (14) pu p > 0 ciexyer ucTuHHOCTH HepaBeHCTB (13).
Jloka)keM Ternepsb, 4TO CIPaBEIINBbI HEPABEHCTBA

>t Vje{l+1,1+2,...,21-3}. (15)
[ycte je {l+1, I+2,..., 21—3}. Paccmotpum rpad G=T2,_2\(j—l+1, j) (puc. 6).

1+1 j j+1 20-2

Puc. 6. Tpab G =T, _,\(j—1+1, j)
Fig. 6. Graph G =Ty, _\(j—1+1, j)
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Mockoneky Ng(j)=Ng(j+1)={j—1+2, j—1+3,...,1}, To u3 memmsr 3 cuenyer, uro Fdeg j=
:FdegG(j+1). Tornma tj— th =|B

, Tne B — mHOXecTBO Beex noarpagos rpada 7, ,, n3oMopdHbIX F, co-
JeprKamux peopo ( j=I+1 ) U HE COJEPIKAIUX BEpIITUHY j + 1.

Onennm |B| Paccmorpum Bepmmubl j—/+1, j—[1+ 2, j 1 MpOU3BONIbHBIE 7 — 3 pa3iHyYHbIE BEPUIMHBI
BepXHero ypoBHs rpada 7, ,, omuuHble oT j — [+ 1, j — [ + 2. Yka3aHHbI HaOOp BepLIMH 0003HaYUM depes V.
Tax kak 1m00bIe 1Be pasnuunble Bepuruasl u3 V)\{ j} emexusi B Ty ,u (j—1+1, j),(j—1+2, j)e E(T2, s ),
to rpa¢ 75, , comepskut noarpad M ¢ MHOKECTBOM BEpILIUH V,, N30MOpGHBII F' 1 TakoH, 4TO BEPLIUHAM X, J, W
rpada [’ cooTBeTCTBYIOT BepwmHbl j —/+1, j—1+2, j (B ykazaHHOM nopsake) noarpada M. Kpome Ttoro,
noarpadgy M npuHaJICKUT pedpo ( j-I1+1 ) U HE MPUHAUICKUT BepmmHa j + 1. 3Hauut, M € B. Takum
o0pa3oM, Kax10My HaOOpy U3 # — 3 pa3IuuHbIX BEPLIMH BEpXHEro ypoBHs rpada 75, ,, OTIMYHBIX OT j — [ +1,
j—1+2, coorBercTByeT moarpad u3 B, mpu 3ToM pa3sHEIM HAOOpaM IO TOCTPOSHUIO COOTBETCTBYIOT pa3HbIC
noxarpadsl u3 B. Takux HaOOpPOB POBHO C,”_’;, IO3TOMY 1; —1;, | = |B| b C,”_‘; u ¢ ydetoMm oueHku (11) u uc-

THHHOTO NpH 1 > 4, [ > n mepasenctsa C'~; > C/'”; momydaem

=t >pVje{l+1,1+2,..,20-3} (16)

B wactaOoCTH, 13 hopmynsr (16) ipu p > 0 creayeT HCTUHHOCTH HepaBeHCTB (15).
Ha ocHoBanuu ¢popmya (10), (12), (13) u (15) nmeem

L=t (>l > . >L>h=, >, ,>... >t 3> _,. (17)

W3 cootnomenutii (17) cnenyer, uro cpeau F-creneneit BepiunH rpada 7, , poBHO 2/ — 4 = ‘TZI _ 2‘ — 2 pas-
Au4HBIX F-cTeneneil. 3Hauut, 75, , — HOYTU-TIOYTU F-UpperyIspHblil rpad.

U3 popmyn (14), (16) u (17) nomxydaem, uto d (T2]— 2 F ) > p. CnenoarensHo, rpad 75, , yIOBIETBOPSET
ycinoBuio 1) Teopemsr 2.

HoxaxeM, uto rpad 75;_, yAOBIETBOPSIET yCI0BHIO 2) TeopeMsbl 2. Jl1s 3TOro ¢ yueToM cooTHomeHui (17)
JIOCTATOYHO T0KAa3aTh, YTO BEPHO HEPABEHCTBO

Li-2>P- (18)

Kax u BbllIe, HETPYIHO YCTAHOBUTB, UTO B Ipade 75, , €CTh XOTs Obl C”__23 noarpagos, H30MOpHHBIX F,

cozepKaux BepuMHy 2/ — 2 u n—1 BepuIMH BepxHero yposHs rpada 7, ,, BKmodast / —1 u /, Takux, 4To
BEpIIMHAM X, J, W Tpada F COOTBETCTBYIOT BepIuHbI [ — 1, [, 2/ — 2 (B yKa3aHHOM TIOPSIJIKE) TaHHBIX TIOATPA-
¢os. CinenosarenbHo, Ipu n > 4, [ > n ans F-crenenu Bepiuunsl 2/ — 2 B rpade 75, , B cuily HepaBeHcTBa (11)
CIpaBe]IMBa OlICHKA

by ,2C 5 >Cl > p.

Tem camMbIM UCTUHHO HEpaBEHCTBO (18).

TaxuMm oOpa3zom, Bce yCIOBHs TeopeMbl 2 coOmoneHbl. ClaenoBaTeNbHO, CYIIECTBYET OCCKOHETHO MHOTO
F-upperynspHbeIX rpadoB B ciry4ae, Korna F sSBiseTcs JBYCBSA3HBIM Tpad)oM mopska n > 4 ¢ 8(F ) =2. Teo-
pema 3 okazaHa.

CaencrBue u3 TeopeMsl 3. s 1100020 HamypaieHo2o n = 3 cywjecmeyem deckoneuno muozo C,-uppe-
eyasapuvlx epagos, eoe C, — npocmoui Yuki Ha N 6ePULUHAX.

3akiroueHue
B paOore HaiineHO NOCTAaTOYHOE YCIIOBHE CYIIECTBOBAHMSI OECKOHEUHOTO YHCIIa F-UpperyisipHbIX Tpados
Juis1 100oro ABycBs3HOTO Tpada F. Taxke ObUIO JOKAa3aHO, YTO MHOXKECTBO F-UPPETYISpHBIX TpadoB Oecko-
HEYHO B ciy4ae, Korja /' — Mpou3BOJIbHBIA JBYCBSA3HEIN rpad ¢ 6(F ) =2.

ABTOpBI IOJTAraloT, 4TO HApsAy ¢ THIIOTEe30H | crpaBemnnBO Oojee CHIIBHOE yTBEPXKICHUE, KOTOPOe Ha-
30BEM CHIIbHOW THIIOTE30i 00 F-UpperyispHbIX Irpadax.

I'mnoresa 2. /1y nro0oro cesizHOTO Tpada F Ha Tpex u Oojiee BEPIIMHAX CYIIECTBYET OECKOHEYHO MHOTO
F-upperynsapHsix rpagos.
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OIITUMAABHBIV BHIBOP U TIAAHUPOBAHUE PABOT
C HEOITPEAEAEHHBIMU AAUTEABHOCTSIMU
AASL ABYX COTPYAHUKOB

H. M. MATBEHYYK?, I0. H. COTCKOB?

YBenopyccuii 2ocydapemeennuiii azpaphviii mexuueckuti yHuepcumen,
np. Hezasucumocmu, 99, 220012, 2. Munck, benapyco
DO6veounennwiii uncmumym npoénem ungopmamuxu HAH Berapycu,
yn. Cypeanosa, 6, 220012, 2. Munck, benapyco

Annomayusn. KonmmiecTBo TOTCHIMAIBHBIX MOJIB30BaTeNeH TAHM-MEHEPKMEHTA B MUPE HEYKJIOHHO BO3pPAacTaeT B CBS3H
C HEOOXOMMMOCTBIO yIaJICHHOW paboTHI (B TOMAIIHUX YCIIOBHSAX ), YI€0bI, IPETIOIaBaHMs, 00CTy)KHUBAaHS 1 B TIETIOM OpTa-
HU3aLUH TPO(ECCHOHANBHOMN AESTENbHOCTH U YACTHON )KU3HU ¢ MUHUMYMOM JIMYHBIX KOHTAaKTOB M3-3a PACTIPOCTPAHEHUS
B 2020 . koponasupycuoii uapexunu COVID-19 u npyrux onacHbix uHpekuunii. TpeOyroTcst COBEpIIEHCTBOBAHUE METOANK
TaiiM-MEHEeIDKMEHTa U pa3paboTKa HOBBIX AJITOPUTMOB M IIPOTPAMMHBIX CPEZCTB, KOTOPBIE MTO3BOJISIT YUUTHIBATH 0COOCH-
HOCTH U MOTPEOHOCTH HOBBIX TOJIb30BaTEIICH TaliM-MeHePKMeHTa. Takue 3a1aui BOSHUKAIOT B TaiiM-MEHEDKMEHTE ITpH
OINITHMAJIEHOM BBIOOpE BasKHBIX padoT IS ABYX MCIIOJIHUTEIICH Ha ONPEeIICHHBII IepHO BPEMEHH 1 TIPH COCTABICHUN
pacIMcaHui BBITIOTHEHNS BBIOPAHHBIX PA0OT B YCIOBUSAX HEONPEIEICHHOCTH JIUTEIFHOCTEN INIAHUPYEMBIX ONepanuii.
IIpencTaBneHbl 1OCTATOYHBIE YCIOBHUS, AITOPUTMBI, PE3YIbTaThl KOMIBIOTEPHBIX SKCIIEPUMEHTOB 110 ONTHMAJIHOMY BbI-

60py ¥ TUTAHUPOBAHUIO B3aUMOCBS3aHHBIX PAaOOT IS ABYX MCIIOTHHUTEICH (PYKOBOIUTENS U MOAYNHEHHOTO).
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OPTIMAL SELECTION AND SCHEDULING OF JOBS
WITH UNCERTAIN DURATIONS FOR TWO EMPLOYEES
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Abstract. The number of potential users of time-management in the world is steadily growing due to the emerging need
for remote work (in a home office), distance learning, teaching, service and, in general, the organisation of professional
activities and a private life with a minimum of personal contacts due to the spread of the coronavirus infection COVID-19
since 2020 and other dangerous infections. This will require the improvement of the time-management techniques and
the developments of new algorithms and software for them, which will take into account the peculiarities and needs of
new users of time-management. Such problems arise in time-management for optimally selecting jobs for a given time
interval and for constructing optimal schedules for processing jobs under conditions of uncertain operation durations. This
article presents sufficiency conditions, algorithms, and computational results for selecting and scheduling connected jobs
by two employees.

Keywords: time-management; optimal schedule; uncertain processing times.
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Introduction

Time-management is used for optimally choosing and planning jobs with respect to personal goals and pro-
fessional activity. It includes choosing personal goals and objectives, long-term and short-term planning and
the operational management of person’s affairs.

Related works and research motivations. Article [1] examines the role of schedules in a social life. It brings
into focus the main principles underlying a schedule, namely a temporal regularity involving the standardisation
of the temporal locations of events and activities and their rates of recurrence and sequential. The discussion
includes the constraints and the conveniences involved in using a personal schedule. As S. Eilon [2] notes, the
use of time-management allows an employee to save up to 50 % of her (his) time on completing planned works,
spending no more than 10 % of her (his) time on analysing and planning works during a day. Effective planning
and scheduling can reduce the wasted time [3—5]. Article [3] suggests a structured approach based on the stra-
tegic and tactical time-management. The strategy is to write down a list of activities, establish priorities, and
eliminate inessentials. The tactic is how to carry out essential activities with time-efficiency. Time-management
is underpinned by the principle: there is no point in efficiently doing something that should not be done at all.
There is a Pareto principle as follows: find out what is required and the value of alternatives. It is founded that
80 % of the value can be achieved from 20 % of the effort (80/20 rule) [3].

As it is written in [4], managers can improve their managerial performance significantly through time-ma-
nagement, which is a process that has to be proposed and understood by a manager since the inception of the
managerial career. Prioritising tasks, preparing a to-do list, building a schedule and daily planning apart from
being a good listener lead to managers who practice effective time-management and are generally successful
in their profession and other domains. The 80/20 rule (a Pareto principle) is one of the most helpful of all con-
cepts of time-management. Understanding time-management habits and practicing effective time-management
techniques help in improving one’s personal and managerial effectiveness.

There are articles [6—8] that examine results of time-management, and in particular, the impact of time-mana-
gement on a student’s academic success. The hypothesis of study [6] was that efficient time-management, under
the guidance of an educational counselor, leads to significant increases in students’ academic performances and
so leads to academic success. Participants using time-management had above average or superior intellectual
abilities. The educational counselor elaborated individualised and flexible programmes for each participant in
the experimental condition according to students’ learning styles, circadian and eating rhythms and daily and
weekly effort curves. The results of the conducted experiments confirmed the hypothesis showing the efficiency
of time-management individualised programmes [6].

Descriptive study in [7] was conducted to determine nursing and midwifery students’ time-management
skills in terms of their age, gender, and anxiety levels. It was demonstrated that nursing and midwifery students’
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time-management skills are at a mid-level point; female students were able to manage time better than male
ones. The time-management skills of the students decreased as the anxiety level increased. The conclusion
in [7] was that students are required to learn to manage time so that they are able to apply the same degree of
efficiency in the profession they choose after completing their education.

Article [8] found that the indicator of a person’s creative abilities is significantly correlated with the use of
a time-management technology. Thus, time-management is a technique that almost any individual can use to in-
crease the effectiveness and efficiency of the working time including creative and scientific activities.

Selecting and scheduling most important jobs. People often strive to solve several problems at the same
time, combining complex tasks during working hours. Situations arise when a person puts off important and ur-
gent work, which may be unpleasant or unusual for her (him), and strives to perfectly complete unimportant and
even useless work. Such habits lead to a decrease in the likelihood of completing important tasks on time [9—11].
One of the valuable strategies often used for an effective implementation of time-management is the selection of
mostly important jobs and their optimal planning [1; 4-6; 9; 12].

The importance of helping employees to plan their work from the very beginning is widely stated in the litera-
ture [4—7; 9]. A supervisor should assist the supervisee to devise a proposed schedule for activities to be undertaken
and ensure that the schedule is followed. Such a plan will allow the structured and disciplined use of time of an
employer [5]. It is suggested that dividing the work into smaller and more manageable units, which can be
planned and controlled, makes a huge task more attainable. Identifying the expected dates for the completion of
each phase is important. When devising a schedule, it is helpful to start with the expected date of the completion
and work the phases from the deadline backwards [5]. Safety time can be built into the plan to allow for catch-up
periods. Though it may seem tedious to plan time in such a detailed way, the results will be worthwhile.

As written in [9], one of the key components of an organisation is maintaining an individual calendar. Many
employees let their schedules dictate them. The first step is to make a to-do list and prioritise each item. One
needs to be realistic about what one can achieve over the next day, week, or month. If the employee is (on one’s
own) going over schedule, she (he) will be disappointed when she (he) fails to complete every job. The to-do
list should be reviewed regularly, daily if possible, and revised as necessary. One needs to set aside time to plan,
either first thing each morning or last thing in the evening to plan for the next day. It is important to do this daily
or weekly as priorities may change over time [9].

Time-management makes it possible to more effectively select, plan and complete a significant number of
jobs of varying complexity, which has a positive effect on the timing of necessary job, educational achieve-
ments and an increase in the quality of life [13; 14]. Optimal planning is a complex process, which requires
time resources and human intellectual abilities. Organising the selected jobs can be a difficult task for the per-
former, requiring both additional time and certain skills. In addition, the user has to carry out the prioritisation
of the planned jobs, as well as the ordering of the still unfulfilled and newly received jobs, many times over the
entire planning horizon. It is advisable to use a personal computer (laptop or smartphone) as much as possible
to automate the process of scheduling the planned jobs.

A problem of minimising the total (average) weighted completion time of the planned jobs by one employee
is considered in [15] provided that only lower and upper bounds of the possible processing time of each job
are known before scheduling. Algorithms and software have been developed for constructing a permutation of
the chosen jobs with the largest relative semi-perimeter of the optimality parallelepiped. Computational expe-
riments on the computer showed the effectiveness of the developed algorithms for time-management.

We consider the problems of creating optimal schedules for two employees. It will be shown how schedu-
ling algorithms can be used to optimal time-management.

Optimal selection and scheduling jobs for two employees

The discussed publications [1; 3; 4; 6; 9; 12; 14; 15] include different techniques and procedures for time-
management, which are recommended to be used for planning the working time of a single employee. In our
paper, we develop scheduling algorithms for two employees having a set of common jobs, e. g., for a supervisor
and a subordinate. The aim of time-management is to create a job schedule for both employees during their
working hours.

Consider the main features of such scheduling. The entire set of jobs consists of jobs of four types. Jobs
that are performed firstly by a supervisor and then by a subordinate (e. g., a supervisor formalises a problem,
outlines possible ways for solving it and delegates it to a subordinate). Jobs that are performed first by the su-
bordinate and then by the supervisor (e. g., a supervisor checks the result of the job performed by a subordinate).
There are jobs that are completely performed by a supervisor and jobs that are completely performed by a su-
bordinate. It is naturally to assume that performing such a job consists of the execution of two or one opera-
tions. No repetition of the same concrete job is considered.

67



ZKypnaa Besopycckoro rocyiapcTBeHHOro yuusepcurera. Maremaruka. Madopmaruka. 2024;2:65-80
Journal of the Belarusian State University. Mathematics and Informatics. 2024;2:65-80

The following key peculiarity is an uncertainty of the operation durations. Indeed, it is difficult to determine an
exact time, which will be required for processing a job by a human. On the other hand, one can determine a lower
bound and upper bound of the operation duration. In general, the duration of each operation may remain un-
known until the moment of completion of this job. At the moment of constructing an optimal schedule, a closed
interval is known, which definitely contains all the possible operation durations of the planned job.

As it is written in [11; 12] and in many other papers on time-management, interruptions should be avoided
while completing a job in progress (avoid unscheduled meetings, phone calls, and visitors). In addition to the
direct loss of time, such interruptions cause the need to spend additional time for re-preparing the interrupted job.

The selection of jobs to perform from the entire list of available tasks can be made in accordance with their
importance for the employee. The different levels of importance of the jobs can be represented in the form of
the weights of the jobs to be fulfilled in the planning horizon. The criterion for the effectiveness of time-ma-
nagement is not only to achieve the goals set by a person, but also to complete her (his) work in the minimum
possible time [16].

The constructed schedule must have a minimum length (it is the minimisation of makespan). Other criteria
are to maximise the total weight of the completed jobs and to maximise the number of jobs completed in time.
We use the terminology of the scheduling theory from [17] and the oc| [3|y classification from [18] for denoting
the scheduling problems, where o specifies machine environments, B — job characteristics, and y — objective
functions.

Setting of the scheduling problem. Let the set of jobs I=(J,, J,, ..., J, ) have to be processed by two
performers M ={M,, M, }. A weight (an importance) w; of the job J; € J is determined. The supervisor is the
first performer M,. The subordinate is the second performer M,. Jobs in the set I may have different (techno-
logical) routes. This processing system is called a job-shop. The number of stages (operations) #, in the route
of a job J; € 3 does not exceed two (since there are two employees). The duration of operation Oy is denoted
by p;, where J, €3, j € {1, 2}. The lower and upper bounds of possible duration p;; are denoted as a; and b,
respectively. Thus, the uncertain (interval) job-shop problem is considered, where possible duration p;; of the

i Yij
Remark. 1t is assumed that in the uncertain (interval) scheduling problem under consideration, all durations
of the jobs are unknown before scheduling, 1. e. the strict inequality a;; < b; holds for each job J; € I and each
machine M; e M.
Let C,; denote a moment of the completion of the job J; € 3. We consider the following three ordered criteria:

operation O, must belong to the closed interval [a' b]

minimising a schedule length, i. e. makespan C,,, = max {C; : J; € 3}, maximising a sum of the weights of the
completed jobs Z w; and maximising a total number of jobs ZUi that are completed before their due dates D,
where U, is equal to 1, if C; < D,, and U, is equal to 0, if C; > D,. Using the three-field notation 0L|[3 Y, the

problem with uncertain operation durations is denoted as follows: J Z‘al.j Spy<b;,m< 2‘Cmax, ZWI-, ZU,.,

where three criteria C the second crite-

max>
rion is Z w; and the third criterion is ZUZ

This paper continues the previous research works started in [15; 19-21] via extending the obtained results
to the job-shop problem with three ordered criteria. In [15], the time-management problem for a single em-
ployee was investigated with the single criterion of minimising the weighted sum of the job completion times.
The properties of optimal permutations existing for a flow-shop scheduling problem with the single criterion of
the minimisation of a schedule length were investigated in [20; 21]. A similar properties of optimal permutations
existing for a job-shop scheduling problem were investigated in [19]. It should be noted that papers [19-21]
were devoted to the uncertain shop scheduling problems where non-strict inequalities a; < b; hold for all given

jobs J; €3, jell, 2}.

max?

Zwi and ZUZ. are linearly ordered, i. e. the main criterion is C,

Uncertain (interval) scheduling problems

Employees in time-management correspond to machines in the scheduling theory [15; 17-19; 22]. For schedu-
m <2|C

ij° max*

The machine set M ={M,, M, } has to process the job set I=3, UJ, UST, , UT,, where the subset J, ,

ling jobs for a working day, we consider the uncertain two-machine job-shop problem J2 ‘al.j < p; b

includes jobs with the machine route (M}, M, ),
machine route (M 2, M, ),

51’2‘ =n ,. The subset 3, | includes jobs with the opposite

32,1‘ =n, ;. The subset J; (the subset J,) includes jobs that must be processed by
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the machine M, (by the machine M,, respectively). Here |Sl | =n, 32| =myandn=n, ,+n, ;+n;+n,. All jobs
are available for processing from the initial time # = 0. A preemption of any operation Oy of the job J; € J on
the machine M; € M is not allowed. Probability distributions of random durations are unknown. In the reali-
sation of a schedule, a value of the processing time p;; may be equal to any real number no less than the lower
bound a;; and no larger than the upper bound b;.

A set of all possible vectors p = ( Pi1> Pras o> P an) of the operation durations is denoted as follows:
T:{p:aij <py Sbij,

a fixed scenario p € 7, the uncertain scheduling problem J Z‘aij < p; <by,

ministic scheduling problem, which is the individual scheduling problem J2
scenario p.
The deterministic problem J2

J, €3, M; e M} Such a vector p € T of the possible durations is called a scenario. For

n; < Z‘Cmax turns out into the deter-

P, 1, < 2| Cyay associated with the

max

P, 1; < 2|Cpyy s solvable in

ax

O(max{nl,z, ”2,1} . log(max{nl,z, nz,l}))
time as it is noted in [22]. An optimal schedule for the individual scheduling problem J 2| P, m; < 2| C,ax Mmay be
determined by a Jackson’s pair of job permutations (', ") such that the permutation 7’ = (nl, 25 Ty Ty, 1) de-

termines an optimal sequence for processing jobs on the machine M, and the permutation n" = (th’ 1> Ty Ty, 2)
determines an optimal sequence for processing jobs on the machine A,. The job J; belongs to the permutation
m,,, if the inclusion J; € 3, holds.

In Jackson’s pair of permutations, for the sequence &, , = (Jil, Jisoonsd b ) (and the sequence m, | =

= (Jl.], Jl.z, e Ji” ), respectively) of the jobs from the set T, , (from the set J, ), the following condition

must hold for all indices kand m, 1 <k<m<n; ,(1<k<m<n,,):
min{pikl, pimz} Smin{piml, pl.kz} (1)

(min{pikZ’ bPi } < min{l’imza Pi }),

where the permutation 7, , (and permutation 7, ;) is called a Johnson’s permutation [22].

The optimal order of jobs from the set 3, and jobs from the set J, may be arbitrary [22]. Therefore, in what
follows, we consider only one permutation 7, (one permutation 7,, respectively) of the jobs from the set J, that
are located in the non-increasing order of their weights (from the set J, that are located in the non-increasing
order of their weights).

Let the set S) , (the set S, ;, respectively) denote a set of all permutations of jobs from the set J; ,

(the set 3, ). Let § =<S1,2, S2,1> denote a subset of the Cartesian product (SI,Z’ T, S2’1) X (Sz,p T, S1,z)

such that each element in the set S'is a pair of job permutations (7', ") € S, where n’'= (ni 5y Ty, T 1) and "=
i i . .
z(nm, Ty, n1,z)a 1<i<n ,,1<j<n,,.

For the uncertain (interval) job-shop scheduling problem J 2‘aij Sp;<b we will consider

U b
only semi-active schedules which are determined by the set S.
Definition 1 [17]. A schedule is semi-active if no operation can be processed earlier without changing the
processing order or violating some given constraints.
It is known that for any regular criterion [17; 18], there exists a semi-active schedule which is optimal.
For any fixed scenario p € T, there exists Jackson’s pair of job permutations (belonging to the set ) that is

optimal for the individual job-shop scheduling problem J2|p, n, < 2| C_... Itis clear that in most cases, a single

pair of job permutations, which is optimal for all possible scenarios p ZaxT for the uncertain (interval) job-shop
scheduling problem J 2‘al.j <Sp;<by, m< Z‘Cmax,
set of the job permutations based on the following definition.

Definition 2. A set of pairs of job permutations DS (T ) c § is a dominant set for the uncertain (interval)

n, < 2‘ C..x With the set 3 of jobs, if for each scenario p € T, the set DS (T )

max

m <2|C

max?

does not exist. Due to this fact, we will look for a dominant

scheduling problem J 2‘%‘ <p; <b,

lj’
contains at least one pair (n', n”) € S of the job permutations that is optimal for the individual deterministic
problem J2|p, n; <2|C,,

ax*°
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The sufficient conditions for a pair of job permutations (n’, n”) € S to be an optimal pair of job permutations

P, n; < 2|Cm
uncertain (interval) problem J Z‘a,-j <py Sby, m < 2‘ C,

ries 3 and 4]. It has been proven that if one of the following conditions holds:

D by D> apand D oa,> Y by, ()

for any individual deterministic problem J2 with any fixed scenario p € T that is feasible for the

ax

have been investigated in [19, theorem 7, corolla-

ax

Jie3in Jie3p U3y, Ji €312 Jie3J vy,
2 bas D apand 3oayz X by, Q)
Ji €Sy Jie3JuT, Ji€3a, Ji €3 VT,

then any permutation m, , from the set S, , and any permutation =, ; from the set S, ; form a single-element

dominant set DS(7') for the uncertain problem J 2‘%’ <p; <by, n < 2‘ Ch

If the first inequality in condition (2) (in condition (3), respectively) holds, then <{751,2}, S2,1>gS
C_..One

max

ax*

(<S1, 25 {n2,1}> c §) is a dominant set of schedules for the uncertain problem J2‘aij <p;<b; n<2
needs to determine only orders for processing jobs from the set 3, | (the set T, ,, respectively). In each this set
all jobs have the same machine route.

The uncertain flow-shop problem F Z‘aij Spy < bij‘C

max

is a special case of the uncertain job-shop prob-

lem J Z‘ay. < pySby, m < 2‘Cmax. In the flow-shop problem, all jobs have the same machine route on both

machines and a schedule is determined by the permutation ;. The uncertain (interval) flow-shop problem
F 2‘aij < p; < b,.j‘CmaX with the job set I=3, , (J,,=37,=3, =) and the uncertain (interval) flow-shop
problem F2‘alj <p; < by.‘Cmax

(interval) job-shop problem J 2‘% <p;<b

ij’
job-shop problem J Z‘a,.j <p;<by, n< 2‘ C,

problems. It is sufficient to construct dominant sets for two associated uncertain (interval) flow-shop problems
F 2‘aij < p; < b,.j‘CmaX. The dominant set for the uncertain (interval) flow-shop problem F 2‘%’ <p; < bij‘CmaX
turns out to a set of job permutations, which contains at least one optimal permutation for the deterministic

with the jobset 3=3, | (3, , =3, =3, =) are associated with the uncertain

n; < 2‘C . As shown in [20], solving the uncertain (interval)

max

may be based on solving two associated uncertain flow-shop

ax

flow-shop problem F 2| p| C,,.x for each fixed scenario p € 7.

Theorem 1 [19]. Let the set S| , S, , be a set of permutations from the dominant set for the uncertain
flow-shop problem F2‘aij <p; < b[j‘C

max

with the job set 3=, ,. And let S, | = S, | be a set of permutations

Jrom the dominant set for the uncertain flow-shop problem F Z‘aij S p; S bl.j‘Cm

Then the set <S1' 2 S > c S is a dominant set for the uncertain job-shop problem J2‘al-j < p; < by,

with the job set 3=3, ,.
n, < 2‘C

max

ax

with the job set 3=3, U3, U3, ,UJ, .

We next consider the uncertain flow-shop problem F Z‘a,-j < p; < by" C,
remark, the following partition holds: 3, , =3, U3}, US| ,, where 3| ,= {Jl €3, by <a, }, 3;,=
_ ~ ~F ~
= {‘]1 € ~51,2|bi2 < ail}’ N {Jz € ~51,2|bi1 > ap, by > ail}‘

We prove the following necessary and sufficient conditions for the existence of a Johnson’s permutation, which

with the job set 3=73, ,. Due to

ax

is optimal for any scenario p € T, which is possible for the uncertain flow-shop problem F Z‘aij < p; <b; ‘ C,
with the job set I3=3 ,.

Theorem 2. There exists a Johnson'’s permutation, which is optimal for any scenario p € T for the uncer-
with the job set 3=3, ,, if and only if, the

ax

tain (interval) flow-shop scheduling problem FZ‘aij Sp; S bij"cmax
following conditions hold:
a) for each pair of jobs J, € S} ,and J; € Si , (jobs J, € 312 yand J; € 312 2, respectively), either b, < a; or

1

b; < ay (either b, < a;, or b, < ay, respectively);

b) inequality <1 holds, and for job J. e Siz (if any), both inequalities a. > max{bﬂ|Ji € S%z} and

a., = max{bl.2|Ji € 3122} hold.

~*
<32
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Proof. Sufficiency. We consider the permutation m, = (Tcl, I, n2) such that, in the permutation «t', jobs
from the set S} , are located in the increasing order of the values b,, and in the permutation 7%, jobs from the

3, ,|=0, then t, = (nl, n° ) Due to remark, the

i
permutation 7, = (Tcl, Jes nz) is uniquely determined.

For the considered permutation w, = (Jil, Jisooos ;. ), condition (1) holds for any scenario p € T. Indeed,
for all indices k and m, 1 <k <m < n, ,, both inequalities (4) hold

min{pikl, pl.mz} < mln{b, b b 2} and m1n{ a; 1, a, 2} < mm{p, 1> Pi2 } 4)

If the inclusion J; € S}’ » U 3] , holds, then the inequality b, < a; ; holds. This assertion follows from condi-

tions a) or b) and from constructing the permutation rt'. If the inclusion J, € 312 , holds, then inequality b, , <aq;, ,

holds. Obviously, inequality k£ < m holds as well. If inequalities (4) hold, then condition (1) holds for all fea-
sible durations p, y, p; 1, P;,2> P; »

Similarly, one can analyse the case when J, € RNV Jl ;and J; € Jl ,, where k < m.
Necessity. Based on the contradiction method, we assume that the permutation 7, = (Jl.l, Jisoees d; )

exists such that condition (1) holds for all indices k and m, 1<k <m <n, ,, for any scenario p € 7, and at least
one condition @) or b) does not hold.
Assume that condition @) does not hold. If there exists a pair of jobs J; € S{ ,and J; € S} , with k£ <m, such that

both inequalities b, , > g, ; and b, , > a;  hold, we consider feasible operatlon durations a; 1S P 1 <Pi1<by.
Due to remark, there exists a real number p; , such that inequalities p; ;< b, ;<a; , < p; ,hold. Condition (1)
does not hold for indices k and m. Hence, the permutation 7, is not a Johnson’s one for scenarios 7. Similarly
a contradiction may be obtained, if there exists a pair of jobs J; € 312 ,and J; € 312 2 k<m.

Now, assume that condition b) does not hold. If there exist two jobs J; € 31, and J, € J),, k<m, we con-
sider feasible operation durations p, ; < p; , and p; , < p; ;. Condition (1) does not hold for indices k and m for
all scenarios p'eT. Forajob J, € 3}, with inequality a; 1<b,,, where J, € \SL ,, we consider feasible opera-
tion durations p, ; < p, ,and p; ; < p; ;. Condition (1) does not hold for mdlces k and m for all scenarios p'e T.

Similarly, one can test the case, when for job J; € 31 5, inequality a; ,<b, , holds, where J;, € ~51 ,- We

obtain the contradiction to the assumption that for the considered permutation 7, = (Jil, AR A ), condi-

U] In,
tion (1) holds for all indices k and m, 1 <k <m <n, ,, and for any fixed scenario p € T. Theorem 2 is proved.

Theorem 2 implies the following claim.
Corollary 1. If the conditions of theorem 2 hold, then there exists a permutation 7, , € S, ,, which is the

dominant singleton {nl 2} =DS, ,( ‘DS1 2 )‘ =1, for the uncertain (interval) flow-shop scheduling prob-
lem FZ‘a[ <p;<h

l]‘ max

with the job set 3=, ,.

Uncertain (interval) two-machine flow-shop scheduling problems
We consider the binary relation 4% on the set 3., based on the following definition.
Definition 3. For two jobs J, € 3, , and J, € 3, ,, u # v, inclusion (J,,, J, ) € A"? holds if and only if for any
scenario p € T, condition (1) holds with i, =« and i,, = v.
Due to definition 3, if inclusion (J,, J, ) € A"? holds, then for every scenario p e T, there exists a Johnson’s

permutation of the jobs from set J; , such that the job J, locates before job J,, u # v. In [20], it is shown

that for any scenario p € 7, there exists a Johnson’s permutation such that job J, € T, , locates before the job
J, €3, 5, x #y, 1f and only if at least one of the following conditions holds:

by<a,, and b, <a,, (5)
b,<a, and b, <a,,. (6)
For constructing the binary relation AE , one can check conditions (5) and (6) for pairs of jobs from the set

3,.,- Next, we prove two theorems about properties of the relation A-2
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Theorem 3. [f (Ju, Jv) € AE 2 then there exists a dominant set for the uncertain (interval) flow-shop sche-
duling problem FZ‘aij < Dy < b,.j‘C

max

with the job set 3, ,, such that job J, locates before job J,, u # v, in all
permutations from the dominant set DS, ,(T).
Proof. Let the inclusion (J,, J,)e 4%? hold. We consider an arbitrary possible scenario p'e T. Due to

definition 3, there exists a Johnson’s permutation n’ of the jobs from the set J, , with the job J, located
before the job J,, u # v. The permutation ©’ is an optimal permutation for the individual flow-shop problem

F2|p'|C,
p € T. Thus, the set DS, , (T ) contains at least one optimal permutation for the individual deterministic problem

o With the job set =3, ,. Let DS, ,(7T) be a set of all such permutation constructed for all scenarios
F 2| p|Crnax for each scenario p € T. Therefore, the set DS; 2(T ) is a dominant set for the uncertain (interval)
flow-shop problem F 2‘a!-/- < p; s bij‘C

‘nax With the job set 3= 3, ,. In each permutation from the set DS, ,(T),
job J, locates before job J,, u # v. This completes the proof of theorem 3.

Theorem 4. The binary relation A-* is a strict order

Proof. We have to show that the binary relation AE ? is anti-reflexive, asymmetric, and transitive. Due to
definition 3, the binary relation AE 2 is defined only for u # v. Thus, the relation Ak % is anti-reflexive. If the inclu-
sion (J,, J, ) e A"%? holds, then condition (1) holds with i, = « and i, = v for any scenario p € T and the following
inequalities hold:

min{p,;, p,,} <min{b,, b, } <min{a,, a,,} <min{p,,, p,.}- (7
On the other hand, due to remark, the following inequalities hold:
min{a,,, a,,} <min{b,, b, } and min{a,, a,,} <min{b,, b,,}. )

From inequalities (7) and (8), we conclude that min{b b 2} > min{aul, av2} and inequality (1) does not

vl> “u
hold for i, = v and i,, = u for scenarios p € T. Thus, (J,, J, ) ¢ A"? and the binary relation 4 is asymmetric.

We prove the transitivity. Let there exist three jobs J, €3, ,, J, €3, , and J,, € 3, , with the inclusions
(J,, J,)e4:2, (J,, J,)e A%? and condition (J,, J, ) & A%>. For the jobs J, and J,, similarly as for the jobs

J, and J,, at least one of conditions (5) and (6) holds with x = u and y = v, and x = v and y = w, respectively.
We must consider the following four cases:

Ob,<a,,b,<a,,b,<a,andb,<a

ambs,<a,,b,<a

ul = u2s Yul = “vl»

(HI) bv2 aS ay, va = A5 bvl < %) and bvl = Ay

(IV) bv2 < a,, bv2 < s bw2 < a,, and be < Q.

In case (III), we obtain the contradiction to remark. Indeed, in case (III) due to remark, we obtain the fol-
lowing contradictory inequalities: b,, < a,, < b, < a,, <b,,.

We have to consider the remaining three cases (I), (II) and (IV).

Note that for the jobs J, and J,,, neither condition (5), nor condition (6) holds with x =« and y = w, which
could happen only in one of the following four cases.

1. Inequalities b,, > a,, and b, , > a,,, contradict to the cases (I), (II) and (IV).

2. Inequalities b,, > a,, and b, , > a,, contradict to the cases (I) and (II).

Furthermore, from the inequalities of case (IV) and remark, we obtain the contradictory inequalities as
follows: b, >a,, 2 b, >a,, >2b,,.

3. Inequalities b,, > a,,; and b, > a,, contradict to cases (II) and (IV).

Furthermore, from case (I) and remark, we obtain the contradictory inequalities as follows: b, > a,,, 2 b, >
>a,2b,.

41. Conlsider inequalities b, > a,,, and b, > a,,.

From the inequalities of cases (I) and (IV), we obtain the same contradictions as in the cases 3 and 2, respec-
tively. From case (II), we obtain the following contradictory inequalities: a,, <b,,<a,, <b,<a,,

w.

Thus, for any three jobs J, € T, ,, J, € 3, , and J € T, ,, we obtain that the inclusions (Ju, JV) e A% and

e

b,<a,andb,<a,,;

w2 —

(J,, J, ) e A%* imply the inclusion (J,, J, ) € A% 7. Therefore, the binary relation 4% is transitive. Theorem 4
is proved.
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Definition 4. Two jobs J, €3, , and J, €3, ,, x # y, are conflict jobs if the following relations hold:
(Jir J, )& A7 and (J,,, J, ) & 457,

Definition 5. The subset I, < J, , is called a conflict set of jobs if for any job J, € T, ,\T,, either relation
(Jx, J, ) € AE % or relation (Jy, J, ) € AE ? holds for each job J,. €3,, provided that any proper subset of the
set 3, does not possess such a property.

Obviously, there may exist several conflict sets in the set T, ,. The permutation 7, = (J[l]’ Jiaps oo I, 2])
is determined by the partial strict order 4% if each inclusion (Jx, J, ) e 4% implies the following form of this
permutation: T, =(..., Jes ooty Jy, )

Let I, , denote a set of all permutations determined by the partial strict order 452

Theorem 5. There exists a dominant set DS, 2(T ) =11, , for the uncertain (interval) flow-shop scheduling
problem FZ‘aij <p; < bl.j‘Cmax with the job set 3, ,.

Proof. Based on the contradiction method, we assume that for an arbitrary scenario p € 7, there is no

Johnson’s permutation in the set I, , for the deterministic flow-shop scheduling problem # 2| p| C,ax With the
scenario p.
Due to constructing permutations of the set I, ,, the above assumption means that there exists at least one

pair of jobs J. €3, , and J, € J, , such that inclusion (Jx, J, ) e 4" holds, whereas condition (1) with i, =y
and i,, = x holds as the following strict inequality:

min{p,,, po} <min{p,., p,,}. 9)
Due to definition 3, we obtain the following non-strict inequality:
min{b,, b,,} <min{a,,, a,}. (10)

From inequalities (9) and (10), we obtain the following contradicted inequalities:
min{pyl, sz} < min{pxl, Pyz} < rnin{bxl, byZ} < min{ayl, axz} < min{pyl, sz}-

Therefore, there exists a Johnson’s permutation for the problem F2|p|C,,, in the set IT, ,. Due to the arbi-
trariness of the choice of the possible scenario p € T, the set I1; , contains an optimal Johnson’s permutation

for the individual deterministic flow-shop problem F 2| p|Cm for each fixed scenario p € T. Due to defini-

ax
tion 2, the set II, , is a dominant set for the uncertain problem F 2‘% S p; S bij‘Cmax
Theorem 5 is proved. '

Let the strict order 4% for the uncertain (interval) flow-shop scheduling problem F Z‘aij <p; < bi,.‘Cmax
with the job set 3, , be represented as follows:

Jlﬂ J2’ AR Jk’ {Jk+1’ Jk+2’ R Jk+r}’ Jk+r+1’ Jk+r+2’ AR Jnl’zﬂ (11)

where all jobs between the brackets are conflict jobs and each of these jobs is found in relation AE ? with any
job located outside the brackets. Thus, jobs in the brackets make up the conflict set. The order of jobs in the
brackets may be different in the optimal permutation (depending on the used scenario p € T') but they still cor-
respond to the binary relation AE 2,

The following sufficient conditions for checking the optimal order for processing jobs of the conflict set
were proved in [19, theorems 10-12].

Let the strict order 4" * over the set 3,., have form (11). If for the permutation &t = (Jl, ceos s Sists s oen

with the job set 3, ,.

v Ty Sii g oo )eHLz, one of the following inequalities holds:

n,2
k+r k
ba< Y ant Yapn, (12)
i=1 JieJUJ,, j=1
k+s-1
by < a; 5 + (aj,z—bj,l),se{l, 2,...,r}, (13)
Ji €3, V3, Jj=1
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r+1

Z Aoin 2 Z bk+j,2,se{l,2,...,r}, (14)

i=r—s+2 Jj=r—s+1
then the set S'= <{ } IT,, 1> c § is a dominant set of schedules for the uncertain (interval) job-shop problem

J2‘alj <Sp;<by, m< 2‘ 'ax With the job set 3

Condition (12) does not use the order of the jobs in the conflict set. So, the order of jobs in the conflict set
{Jk IETS/ AT r} may be arbitrary. Based on the second criterion of the maximisation of the sum ZWI-

of weights of the completed jobs, if condition (12) holds, we propose to locate the jobs in the conflict set in the
non-increasing order of their weights.
On the other hands, to check conditions (13) and (14), one must first determine the order of jobs in the con-

flict set {Jk+17 Tt ens Jk+r}, €. g.,as (Jk+1, Jiiaseees Jk+,). Therefore, to check conditions (13) and (14),

it may be needed to consider all 7! possible permutations of the conflicting jobs. In [20], it is noted that it is
enough to check conditions (13) and (14) for only one permutation, and it is also shown how such permutations
can be constructed (see the algorithm from [19]). The following procedures 1 and 2 are close to the algorithms de-
scribed in [19] and are intended to constructing permutations to check the fulfillment of conditions (13) and (14),
respectively. Procedure 1 (procedure 2) constructs a permutation such that condition (13) (condition (14), respec-
tively) are most likely to be satisfied.

Procedure 1. Construction of the permutation of conflict jobs by checking condition (13).
Step 1: for each job J; from the conflict set, test if inequality a; , — b, | 2 0 holds then J, € &, else J; € T,.

1,

Step 2: construct the permutation 7, as follows: if inequality b, | < b< , holds then &, = (, A Jj, )

Step 3: construct the permutation 7, as follows: if inequality a; , > a; , holds then =, —( R A )

Procedure 2. Construction of the permutation of conflict jobs by checking condition (14).
Step 1: for each job J; from the conflict set, test if inequality a; ; — b, , > 0 holds then J; € &, else J; € 7,.

1,

Step 2: construct the permutation m, as follows: if inequality b, , > b; , holds then 7, = (, Jisoies Iy, )

Step 3: construct the permutation 7, as follows: if inequality a; < , holds then m, —( U A Jj, )

Note that if there exist several conflict sets in the job set J, ,, one can check conditions (12)—(14) sequentially
for each conflict set. Indeed, conditions (12)—(14) do not use the order of jobs from the set {Jk ire2s o I }
On the other hand, if the job set {J;, J,, ..., J; } (the job set {Jk+r+17 oo S 2}, respectively) is empty, one

cannot check condition (13) (condition (14), respectively).

One can consider the uncertain (interval) flow-shop problem F Z‘ay <p; < with the job set 3=3, ;.

The partial binary relation A ! determined on the set 3, of the jobs may be 1ntr0duccd similar to definition 3.
Note that conditions of thcorcms 2-5, corollary 1, and conditions (5), (6) and inequalities (12)—(14) may
be reformulated similarly. The conflict jobs J, € 3, ; and J, € 3, | and a conflict set of jobs T, = T, | can be
investigated similarly.
Note that theorems 2—5 and corollary 1 are proved for the uncertain (interval) flow-shop problem F Z‘a

<py<b C

max?

IS
where all jobs have interval durations unknown before scheduling. If there exists a non-empty
subset of the jobs with fixed durations known before scheduling, then the binary relation 4% on the set 3
may become different.

Scheduling algorithms

For scheduling jobs for a long period (e. g., for a month), we consider the uncertain (interval) two-machine
job-shop scheduling problem J Z‘ay < py<by, m < 2‘Cmax, Z ZUZ. with the following ordered criteria:

ij>
minimising the makespan (it is a main criterion), maximising the sum ZWi of job weights (the second crite-
rion) and maximising the total number of the jobs ZUI. that are completed not later their due dates (the third
criterion).

Each day, both employees have § working hours of 800 units of time. Each unit of time corresponds to 30 s
(10 min for each hour is set aside for the rest). It is assumed that 20 new jobs are arrived every day. Some of
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these jobs should be processed only by one of the employees (first or second), some jobs should be processed
by the first employee and then by the second employee. The remaining jobs should be processed by the second
employee and then by the first employee.

For every job, the lower bound a; and the upper bound b;, 0 <a; < b;, of the operation processing times
and the job weights w, are determined before scheduling.

Due dates for all jobs are assumed to be equal to 800. The integer weight w; from 1 to 5 is assigned to each
job that determines the importance of this job. The set 3, of jobs available at the beginning of the new working

day is sorted in the non-increasing order of the weights of jobs. The set S(d ) of jobs that will be completed on

that day are selected as long as the following inequality holds: z (ai’1 +a;, ) <2 -800.
Je3

Based on the sufficient conditions presented in the previous lseciions, algorithm 1 has been developed, for
constructing a daily pair of permutations of the selected jobs for both employees. As a result of executing
algorithm 1, a pair of job permutations (', ") of the form ((nl,z, T, 71:2,1), (nz,l, T, 751,2)) will be con-
structed. First, we check sufficient conditions (2) and (3) and conditions of theorem 2 that the pair of job per-
mutations (n', n’) is optimal for the individual deterministic scheduling problem J 2| p,m; < 2| ax With any
fixed scenario p € T. If the pair of job permutations (n , T ) is not constructed, the binary relation AL 2 on the
set 3, , (the binary relation A% on the set 3, 1> respectively) must be constructed and conflict sets of jobs are
identified. Then, conditions (12)—(14) must be checked to resolve the conflicts. We arrange jobs from the sets
3, and J,, and in some cases jobs from the sets 3, , and J, |, in the non-increasing order of their weights to
improve the value of the second criterion. The constructed i)air of permutations (n', n”) may be optimal for
all scenarios (with the proof of the optimality, if the above sufficient conditions hold), or the constructed pair
of permutations (n’, n”) may be optimal for the factual scenario but without the proof of the optimality, or the
constructed pair of permutations (7', ©") is non-optimal for the makespan criterion.

Algorithm 1

Step 1: construct the permutation 7, of jobs of the set J, and the permutation m, of jobs of the set J,.

Step 2: if the first inequality in (2) holds then begin to construct the permutation 7, , of jobs from the
set 3, , if the second inequality in (2) holds then construct the permutation n, | of jobs from the set T, ;| endif.

Step 3: if the first inequality in (3) holds then begin to construct the permutation 7, | of jobs from the
set 3, ; if the second inequality in (3) holds then construct the permutation , , of jobs from the set 3, , endif.

Step 4: if both permutations w; , and 7, ; are constructed then goto step 13.

Step 5: if the permutation n; , is constructed then goto step 12.

Step 6: if for jobs from the set 3,., conditions a) and b) hold then construct the permutation =, , =

= (Tc} 5 3, 2), where 7 , is a permutation of jobs from the set 3} , located in the non-decreasing order

of values b, | and ni , 1s a permutation of jobs from the set Sf , in the non-increasing order of the values b, ,
goto step 11.

Step 7: construct binary relations A1 % over the set 3,,, using conditions (5) and (6).

Step 8: select all conflict sets of JObS in the set 3,

Step 9: for each conflict set of jobs do if condltlon (12) holds then construct the permutation of the conf-

lict jobs else begin to implement procedure 1 and construct the permutation (nl, nz) if condition (13) does

not hold then begin to implement procedure 2 and construct the permutation (TC2, T ); if condition (14) does not

+ b
hold then construct a Johnson’s permutation for the conflict jobs for their processing times p;; = % 3 . endif,

endif, endif, enddo, endfor.

Step 10: construct a permutation m; , generated by the linear order Akz with permutations obtained in
step 9 for jobs from the conflict sets.

Step 11: if the permutation 7, , is constructed then goto step 13.

Step 12: repeat steps 6—11 by replacmg the set 3, , by the set 3, ;, the machine M, by the machine M,, the

strict order 4%% by the strict order 4%, and vice versa.

Step 13: construct pair of permutations (7', ©") =((n1’2, T, n2,1)’ (nz’l, T,, nl’z)).
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Note that steps 2 and 3 take O(max{nl’ 2 My }) time. Step 6 takes O(nl’ , logn 2) time. The construction
of a binary relation at step 7 is based on comparing no more than n; 2(”1, ,— 1) pairs of jobs from the set J, ,,
which takes no more than O(nl’z(nl’2 - 1)) time. Checking conditions (12)—(14) at step 9 requires O(r)
time, where the conflict set contains » jobs. Constructing a permutation of 7 jobs (procedures 1 and 2) takes
O(rlog r) time. Therefore, the total complexity of step 9 is O(rlog r). Since step 7 is performed at most once
per set 3, , and per set 3, ;, we conclude that the complexity of algorithm 1 is O(n2 )

The jobs are processed respecting to the constructed permutations (Tc', n") until the beginning the next job
does not go beyond the working hours for each employee.

For the uncertain (interval) job-shop problem J 2‘% < p;Sby,m< 2‘ ' nax Z ZUZ with ordered cri-

ZWi and ZUZ., one calculates the values of criteria C,,, (d), Zwi ) and ZU,- (d) per day d.

After a schedule realisation, the actual durations p} of all the operations become known. From that time, it
becomes possible to determine the optimal Jackson’s pair of permutations and calculate the factual values of
criteria Zwl* (d ) and ZUi*(d ) per day d. Relative errors of the constructed schedules respecting to the fac-
tually optimal schedules are calculated as follows:

Ao ()= Sl Conl D) 5 0) - 2D 20D 5y ) - 2800) - 2.019)
Cmax(d) ZWI (d) Zl]l (d)
All jobs that were not selected, as well as jobs that were not completed during the working day are available
for processing next day. New 20 jobs will be added to them.

teria C

max?

Computational experiments and results

We next describe the conducted computational experiments and discuss the computational results obtained

for randomly generated instances of the uncertain job-shop problem J2|a; < p; <b;, n; <2|C,,.. The follo-
wing algorithm was used in the experiments.

Algorithm 2 for computational experiments
Input: job set I=J, U I, U T, , U3, . Lower bound a; and upper bound b;, 0 < a; < b, of feasible du-

l] 2
rations of operations O, for jobs J; € I3 and machines M; € M
Output: conclusion that the problem J Z‘alj < p;j S by, n, <2|C,,,, was solved either exactly or heuristically.

l] > max

Total number of conflict sets and number of properly resolved conflict sets.

Stepl:seta=0,b=0,c=0,cs=0.

Step 2: if the first inequality in (2) holds then begin a := a + 1 if the second inequality in (2) holds then
b :=b+ 1 endif.

Step 3: if the first inequality in (3) holds then begin b := b + 1; if the second inequality in (3) holds then
a:=a+ 1 endif.

Step 4: if @ > 1 and b > 1 then goto step 17.

Step 5: if @ = 1 then goto step 14.

Step 6: if for jobs from the set J; , COl‘ldlthI‘lS a) and b) hold, then begin a := a + 1 goto step 13 endif.

Step 7: construct binary relations A over the set 3J, , using conditions (5) and (6).

Step 8: select all conflict sets of JObS inthe set 3, ,.

Step 9: set number of conflict sets nc = 0 and n =0

Step 10: for each conflict set of jobs if condition (12) holds then 7 := n + 1 else implement procedure 1

for constructing the permutation (nl, nz) if condition (13) holds then » := n + 1 else implement procedure 2 for
constructing the permutation (nz, nl) if condition (14) holds then » := n + 1 endif, endif, endif, endfor.

Step 11: set ¢ :=c+ n; cs :=cs + nc.

Step 12:if n=n_ thena:=a+ 1.

Step 13: if » > 1 then goto step 17.

Step 14: perform steps 612 by replacing the set 3, , by the set 3, |, machine M, by machine M,, the strict
order Ai 2 by strict order Ai’ La by b, and vice versa.

Step 15:if ¢ > 1 and b > 1 then goto step 17.
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Step 16: stop. «The problem is solved heuristically; total number of conflict sets ¢», «number of properly
resolved conflict sets cs».

Step 17: stop. «The problem is solved exactly; total number of conflict sets c¢», «number of properly re-
solved conflict sets cs».

Algorithm 2 is polynomial in the number 7 of jobs and its asymptotic complexity is O(n2 ) All developed

algorithms were coded in C# and tested on a personal computer with Intel Core 17-7700™ 4 Quad, 3.6 GHz,
and 32.00 GB RAM. In the computational experiments, we tested series of randomly generated instances for
the 1000-day period. Generated instance for every day consisted of 20 jobs.

The generation of lower bounds a;; and upper bounds b;; for possible values of the durations p;; of the ope-

rations Oij, Py € [aij, bij ], was organised as follows. A value of the lower bound a; was randomly chosen from

the segment [10, 1000] using the uniform distribution. With the given value of the maximum relative length &

of a segment of possible durations of the operations O, the upper bound b;; was calculated using the following

equality: b; =ay [l + %) A maximum relative length & of the segment of possible durations of operations Oy

was equal to the following values: 5 %, 10 %, 11 %, 12 %, 13 %, 14 %, 15 %, 16 %, 17 %, 18 %, 19 %, 20 %,
30 %, 40 %, 50 %. The bounds a;; and b;; were decimal fractions with the maximum possible number of digits
after the decimal point.

Based on remark, for instances of the problem J 2‘%‘ <p;<by,
guaranteed for each job J; € J and each machine M; € M. We tested 9 classes of the randomly generated in-
stances of the problem J2|a; < p; <b;, n; < 2‘ C,

jobs in the subsets 3, J,, 3, ,, I, | of the set J. The computational results are presented in the following table.

n; <2|C

max» @ Strict inequality a;; < b;; was

« With different ratios between values n; : n, : n; , : n, ; of

Computational results for the randomly generated instances

Class of the tested J

instances 5% [10% [ 11% [ 12% | 13% | 14% | 15% | 16 % | 17 % | 18 % | 19% | 20 % | 30 % | 40 % | 50 %

myinyiny gy =25%:25%:25%:25%
Solved tests, % 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100
Conflict sets 6 | 19 | 22 | 25 | 28 | 22 | 35 | 35 | 53 | 51 | 60 | 70 | 139 | 250 | 339
Solved conflicts 6 | 19 | 22 | 25 | 28 | 22 | 35 | 35 | 53 | 51 | 60 | 70 | 139 | 250 | 339
Solved conflicts, % | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100

npinying iy =10%:10%:40 % : 40 %
Solved tests, % 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 99.9 | 100 | 100 | 100 | 100 | 99.9 | 99.5
Conflict sets 235 | 531 | 567 | 645 | 692 | 743 | 811 | 807 | 851 | 952 | 992 | 1032|1341 | 1450 | 1424
Solved conflicts 235 | 531 | 567 | 645 | 692 | 743 | 811 | 807 | 850 | 952 | 992 | 1032|1341 | 1449 | 1419
Solved conflicts, % | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 [99.88| 100 | 100 | 100 | 100 |99.93|99.65
nyinying g iny =10%:40 % : 10 % : 40 %
Solved tests, % 99.7199.6 {99.3 9951993 | 99 |993]99.1 982 ]98.5[983]985|953| 91 |84.6
Conflict sets 466 | 830 | 884 | 887 | 1002|1008 | 1057|1116 | 1166|1166 | 1176 | 1244 | 1433 | 1467 | 1501
Solved conflicts 463 | 826 | 877 | 882 | 995 | 998 (1049|1107 | 1148 | 1151 | 1158 | 1229|1385 | 1375|1345
Solved conflicts, % {99.36(99.52199.21{99.44|99.30|99.01{99.24199.19|98.46|98.71(98.47|98.79|96.65[93.73 |89.61
nyinying iy =10%:30%:10%:50 %
Solved tests, % 99.9199.4199.5]99.2|99.3|993 (984 | 98 |97.9|98.1[97.8|97.5]|94.7|85.6]|75.1
Conflict sets 767 | 123212351361 | 1399|1436 | 1489 | 1596 | 1623 | 1627 | 1638 | 1680 | 1762|1770 | 1724
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Ending of the table

Class of the tested
Instances 5% [10% | 11% | 12% | 13% [ 14% | 15% | 16 % | 17% | 18 % | 19 % | 20 % | 30 % | 40 % | 50 %

Solved conflicts 766 | 1226 (1230|1351 1392|1429 |1472|1576|1601 | 1608 | 1615 | 1653 | 1709 | 1622 | 1468
Solved conflicts, % [99.87(99.51(99.60{99.27{99.50|99.51|98.86[98.75|98.64|98.83[98.60(98.39|96.99|91.64|85.15
nyinying o, iny=10%:20%:10 % : 60 %
Solved tests, % 99.7198.8199.2199.6 983 (98.698.8| 99 |97.7]|982]97.8]97.6|89.9|804| 63
Conflict sets 1034|1601 | 1653 | 1758 | 1829 | 1880 | 1904 | 1949 | 2013 | 2054 | 2012 | 1984 | 2113 | 1968 | 1845
Solved conflicts 1031|1588 | 1645|1754 | 1812|1865 | 1891 | 1939|1990 (2035|1989 | 1959 |2010|1770| 1471
Solved conflicts, % [99.71]99.19(99.52(99.77|99.07|99.20(99.32{99.49|98.86|99.07|98.86|98.74|95.13 |89.94|79.73
npinying iy =10%:10%:10 % :70 %
Solved tests, % 99.8199.3199.4|98.6|98.5(984|97.2|97.7|96.6| 96 |96.6|95.5|859 675|507
Conflict sets 1432119882043 | 2156 | 2192|2234 2273|2306 | 2324 | 2342|2376 | 2345 | 2222|2119 | 1952
Solved conflicts 1430 | 1981|2035 (2142|2176 |2218 | 2245 | 2283 | 2289 | 2301 | 2338|2299 | 2080 | 1786 | 1447
Solved conflicts, % [99.86[99.65(99.61|99.35(99.27|99.28|98.77(99.00|98.49|98.25(98.40|98.04|93.61|84.29|74.13
nyinying Ny =5%:20%:5%:70 %
Solved tests, % 98.8196.7196.8 964 |94.1 939 (93.3]92.6(90.4|90.1|88.2|86.9|71.4|52.1]|34.38
Conflict sets 1353|1993 |2119|2165|2210|2247 2325|2337 2263 | 2355|2286 (2343 2210|2091 | 1941
Solved conflicts 1340 | 1959|2081 2126|2147 2182|2257 2261 | 2164 | 2252|2164 | 2206 | 1909 | 1591 | 1268
Solved conflicts, % [99.04|98.29(98.21(98.20{97.15|97.11 {97.08(96.75|95.63|95.63|94.66|94.15|86.38|76.09|65.33
npinying iy =5%:15%:5%:75%
Solved tests, % 99 196.5[956[958(94.2(922193.4| 91 |89.6 909 |88.2|84.7|68.7|49.2]30.8
Conflict sets 147512242 (2330|2354 | 2411 | 2360 | 2450 | 2532 | 2489 | 2516 | 2580 | 2514 | 2340|2103 | 1952
Solved conflicts 1465|2207 |2285|2309 | 2352|2278 | 2381 | 2436 | 2377 | 2419|2456 | 2351 | 2014 | 1577 | 1244
Solved conflicts, % [99.32(98.44|98.07|98.09(97.55|96.53|97.18(96.21|95.50|96.14{95.19|93.52|86.07|74.99|63.73
npinying iy 1 =5%:5%:5%:85%
Solved tests, % 98.8 1949|958 (93.7(92.8(93.7(90.4|889|87.8|87.9|858|82.2|6l1.1|41.9|242
Conflict sets 1896 | 2585|2627 | 2688 | 2714|2810 (2763 | 2766 | 2827 | 2808 | 2791 | 2777 | 2532 | 2220 | 2063
Solved conflicts 188325322583 |2623 2638|2743 | 2658 | 2647 | 2701 | 2681|2641 | 2591 | 2111 | 1599 | 1272
Solved conflicts, % [99.31({97.95|98.33|97.58197.20|97.62|96.20(95.70|95.54|95.48|94.63(93.30|83.37|72.03|61.66

For each class of the tested instances and for a fixed value of the maximum relative length 8, the computatio-
nal results are presented in four rows. The row «Solved tests, %» determines the percentage of days from the

1000-day period when the pair (n’, n”) of the job permutations constructed using algorithm 2 for a daily schedule
was optimal for all possible scenarios p € T for the generated uncertain problem J2\a;; < p; < by, n, <2|C,

i i max”*

The row «Conflict sets» presents a total number of conflict sets of the jobs in the partial strict orders AEZ
on the job sets J; , and partial strict orders Ai’l on the job sets 3, | constructed by algorithm 2 for 1000 days.
The row «Solved conflicts» is equal to the total number of cases, where algorithm 2 constructed the permutation
of all jobs from the conflict set, which was optimal for all possible scenarios p € T. Note, the instance may
have be more than one conflict set, and failure to resolve even one of them leads to unoptimality of the entire
instance. The row «Solved conflicts, %» presents a percentage of the ratio of solved conflicts to the total num-
ber of conflict sets in 1000-day series. Average percentages of the instances solved optimally by algorithm 2
are presented in figure.

78



JlnckpeTHasi MaTeMaTHKA W MaTeMaTHYecKasi KHOepHeTHKa
Discrete Mathematics and Mathematical Cybernetics

100

O
(=]

>
o

Percentages of the optimally
solved instances, %
W [ ~
S S S

/
| /é/

20

10

O 1 1 1 1 1 1 1 1 1 -
5 10 15 20 25 30 35 40 45 50

Classes of instances, %

—25%:25%:25%:25% =—10%:10%:40%:40% =—10%:40%:10% :40%
—10%:30%:10%:50% =—10%:20%:10%:60% =——10%:10%:10%:70 %
—5%:20%:5%:70 % =—5%:15%:5%:75% —5%:5%:5%:85%
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From figure, one can conclude that if value 6 does not exceed 20 %, algorithm 2 found the optimal permu-
tation in more than 90 % of tested instances. As § increases, this value begins to fall. At & = 50 % for some
classes, the number of optimally solved instances is more than 20 %. For some classes of problems (25 % :
25 % :25% :25 % and 10 % : 10 % : 40 % : 40 %) algorithm 2 optimally solved all tested examples for all
relative errors 9.

Conclusions

We investigated the uncertain problems of constructing schedules for the execution of selected jobs by two
performers. Only the lower bound a;; and the upper bound b, for durations of any job J; € I were known before
scheduling. We proved theorem 2 for necessary and sufficient conditions for the existing optimal schedules for
two performers and theorems 3 and 5 for sufficient conditions for the existing dominant set of schedules with
a fixed order of two jobs. For the existing dominant set of schedules with fixed orders for job pairs, the binary
relation was constructed. It was proven that this binary relation is a strict order (theorem 4).

Based on the proven results, efficient algorithms were developed for solving the uncertain job-shop prob-

lem J2|a; < p; < by, n,<2|C,

lj >
algorithms for time-management, the computational experiments were conducted for evaluation of a 1000-day
period for drawing up daily schedules for two performers. Every day, 20 jobs were received for the execution.

n, < Z‘C was solved. The job-

either exactly or heuristically. For testing the effectiveness of the developed

ax

max

For planning jobs for a day, the uncertain job-shop problem J Z‘aij < p; <by,

shop problem J Z‘aij <Sp;<by, m< 2‘ Cax> ZWZ-, ZUI- was solved for time-management during a month.

jja

In the uncertain scheduling problem, three criteria C

max?

Zwi and ZU,- were optimised in the fixed priority
order. Minimisation of the schedule length C,,, was a main criterion, maximisation of the ZWI. was a second
criterion, and maximisation of the ZUZ. was a third criterion. A personal computer was used for selecting im-

portant jobs for two performers and drawing up optimal schedules for their implementation.

The computational experiments conducted on randomly generated uncertain scheduling problems showed
that the use of the job permutations constructed by the developed algorithms provided optimal schedules in
more than 90 % tested cases (20 % tested cases, respectively) if a maximum relative length of job duration

segments [aij, bl.j] does not exceed 20 % (50 %, respectively).

A promising research direction may be connected with the application of the mixed graph colouring me-
thod [23] to scheduling personal jobs in the time-management framework. One can assume that the scheduling
problems arising in the time-management have equal processing times of the operations since breaks are needed
for people after approximately equal times of the activity.
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PaccMOTpeHBI OCHOBHBIC 3JIEMEHTBI MaTeMaTHuecKux Mozeseit JIMY, dhyHKIHOHUPYIONMX Ha 0a3e MepeUnCIICHHBIX aareop.
Onucanbl 0COOCHHOCTH TIPOTPAMMHOM peaji3auy CUMYJISITOpa CUCTEMBI Ha OCHOBE B3anMmozencTByronmx /MY, a takxke
MpeCTaBICHBI PE3yNBTaThl HCIOIB30BaHKS pa3pad0TaHHOTO HHCTPYMEHTAIBHOTO CPEICTBA ISt aHAIN3a JUHAMHUKH POIIECCOB
B paccMmarpuBaeMoii cucteme. B3anmHoe oOydeHne 1 0OMeH JaHHBIMU BBINTONHEHB! 11 ABYyX IMY Ha ocHOBe MpoToKoa
yHOpaBiIeHHs nepenadeil JaHHbsIX U MexcereBoro mporoxona (TCP/IP). HactyrieHue cOCTOSHUS CHHXPOHM3AIIUH CeTel
OTIpEIETISIETCS] PABEHCTBOM XeIlIei, KOTOpBhIe KayKasi U3 CTOPOH BBIYHUCISIET Ha 6a3e anroputMa 0e30MacHOT0 XEIINPOBAHUS.
Xermu pazmepoM 512 OuT reHepupyroTcs mpeodpa3oBaHUEM CTPOKOBOTO IPEICTABICHHS TEKYIIIET0 BXOTHOTO BEKTOpa BECOB
HelpoHoB. [IpuBeneHa oLeHKa yCTOWYMBOCTH ITpoliecca CMHXpoHu3auu JIMY k reoMeTpruuecKum arakaMm TPETbE CTOPOHBI.

Knouesvie cnosa: ueiipokpunrorpadus; ApeBOBHIHBIC MAIIMHBI Y€THOCTH; TUIIEPKOMIUIEKCHBIE YUCIIA; B3AUMHOE
0o0y4cHHUE ceTe.

bnazooapruocms. ABTOPBI BBIPAXKAIOT OJArofapHOCTh JUpekTopy MHCTHTYTa MareMaThky, HH()OPMATHKN U JIaH[-
madTHOTO Mu3aitHa JIFoOIMHCKOTO Karomudeckoro yHuBepcutera nMeHn Moanna [TaBna 11 gokropy Hayk M. IInoHkoB-
CKOMY 3a IPEIOCTaBICHHYIO UM HH(OPMALINIO, KOTOpast O3BOJIIIIA YITyUIINTh COIEPKAHUE CTATHH.

USAGE OF HYPERCOMPLEX NUMBERS
IN A CRYPTOGRAPHIC KEY AGREEMENT PROTOCOL
BASED ON NEURAL NETWORKS
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*Belarusian State Technological University, 13a Svyardlova Street, Minsk 220006, Belarus
The John Paul II Catholic University of Lublin, 14 Raclawickie Alley, Lublin 20-950, Poland
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Abstract. We analyse the features of the structural and functional organisation of two interacting neural networks based
on the known architecture in the form of a tree parity machine (TPM) using algebras of real and hypercomplex numbers.
Such machines are used as an alternative to the Diffie — Hellman algorithm to generate a shared secret cryptographic key
between two parties. The main elements of mathematical models of TPMs, operating on the basis of the listed algebras, are
considered. The features of the software implementation of a system simulator based on interacting TPMs are described,
and the results of using the developed tool for analysing the dynamics of processes in the system under consideration are
presented. Mutual learning and data exchange of two TPMs are realised based on the transmission control and Internet
protocols (TCP/IP). The synchronisation state of the networks is determined by the equality of the hashes that each party
calculates based on the secure hash algorithm. A hash size of 512 bits are generated by transforming the string representa-
tion of the current input vector of neuron weights. The effectiveness of possible attempts by a third party to synchronise
with two legitimate TPMs operating on the basis of algebras of hypercomplex numbers is assessed.

Keywords: neural cryptography; tree parity machines; hypercomplex numbers; networks mutual learning.
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Introduction

Two major problems associated with symmetric cryptography (storage and transport or agreement of keys
secret to a third party) stimulated the search for a new solution. A solution was found in the form of the famous
Diffie — Hellman (D-H) algorithm, which laid the foundation for public key cryptosystems [1]. But the mentioned
protocol, when used to agree on a shared secret key between two users, A and B, also has weaknesses associated
with certain types of attacks. As an alternative to the D-H-protocol, I. Kanter and W. Kinzel in 2002 proposed
solving the problem of generating and transmitting a shared key using two interacting neural networks (NNs),
called a tree parity machine (TPM) [2]. Mutual learning of networks means that the synaptic weights of two
TPMs (A and B: W and W*®) adapt to input (output) pairs according to certain rules. After the mutual learning
procedure, the networks form identical sets of weight parameters, which are accepted as a joint secret key.

However, as it turned out, when implementing the networks based on two TPMs, there is a multiplicity of
approaches, solutions and problems. All this is considered and analysed in an increasing stream of publica-
tions, the subject area of which combines cryptography and NNs — neural cryptography [3—9] — a relatively
new scientific direction, the name of which probably first appeared in paper [10], dedicated to the cryptanalysis
of data encryption standard (DES).
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TPM is a one-way three-layer network, the architecture of which is described by two parameters (fig. 1): the
number of neurons in the hidden layer (at level 2) K (K € N), and the number of input signals for each neuron N
(N eN) [2-9; 11-13]. Each hidden unit works as a perceptron with independent receptive fields, including N input
neurons and one output neuron.

Level 3

Level 2

A

Level 1
Fig. 1. TPM network architecture

At each step ¢ of mutual learning, two TPMs, A and B, use a common input vector X = {xw} (15u<skK
and 1<v< N, Xe{-1,1}""
€ {—L, -L+1,..., L}) in accordance with certain learning rules after exchanging the output signals (para-
meters) generated at this step: * and t®, or A8, A8 ¢ {—1, 1} and calculated in accordance with the formula

K
=[] 0., (1)
u=1

) and change (or not change) the eigenvector of weights W ={w,} (w,, €

where 6, € {-1, 1} and

o, =sign(a, )= sign((ﬁjil W, X, ], ()

taking into account that when a, = 0 the function sign (c,, ) can take one of two values: —1 or +1 (in accordance

with the accepted rule for training TPMs); in [5] a similar signum function is called «modified signum functiony.

The used rules and the duration of TPM synchronisation to obtain the same vector of weights (W* = W'®)
influence the security of this process, due to the possibility of implementing various types of attacks from the
third network (E) with a similar architecture. The goal of such attacks is to synchronise the weights of the at-
tacking network (W*) with the weights of one of the legitimate parties of the system (for example, network A)
[3; 5; 6; 11-17] to ultimately obtain the secret key generated by networks A and B.

The fundamental model of the TPM is based on the use of the algebra of real integers. At the same time, when
solving a number of applied problems, various extensions of real numbers are used — hypercomplex numbers,
which make it possible to describe the position of a point in a multidimensional space based on operations on the
vectors [18]. As is known, the simplest examples of hypercomplex numbers are imaginary and double numbers,
as well as quaternions. All arithmetic operations are performed on these numbers, on the basis of which the TPM
model is created. Taking this circumstance into account, in [5; 6; 12] the usage of complex and double complex
numbers was justified and analysed to quantitatively determine the parameters of the network synchronisation
process based on the TPM architecture. Such architectures are called a tree parity complex machine (TPCM) and
TP split-complex machine (TPSCM). In [19] the usage of quaternions (TP quaternion machine (TPQM)) is ana-
lysed. The TPM architecture based on complex numbers in [20] is called complex-valued TPM (CVTPM), and
the architecture based on quaternions in [21] is called quaternion-valued TPM (QVTPM).

The definitions of the signum function for TPCM and TPQM are justified and described in [5; 19-21].

There is a number of applied tasks that are solved based on NNs using octonion algebra [22-24]. Many
properties of octonions are similar to the properties of quaternions and complex numbers. But there is one
significant difference between these systems: while the multiplication of complex numbers and quaternions
has an associative property, this law does not hold for the multiplication of octonions. If we apply a weakened
version of the associativity of multiplication [18, p. 45], then octonions can also be used to TPM modelling.
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Similarity of the formal representation of hypercomplex numbers is presented in the form of expression
ay + ajiy + ayiy + ...+ ayi, 3)
where q, a,, ..., a, are arbitrary real numbers; i, i,, ..., i, are imaginary units and b € N, as well as the com-
monality of mathematical operations on complex numbers (b = 1), quaternions (b = 3) and octonions (b = 7),
make it possible to supplement the known TPCM and TPQM models with the TP octonion machine (TPOM) model
based on a common methodological position.

The presented paper describes the TPOM model, obtained on the basis of a generalisation of the known
results of using hypercomplex numbers for modelling a system of two TPMs, and also presents new results re-
garding the simulation of the TPMs interaction based on hypercomplex numbers and the transmission control
and Internet protocols (TCP/IP protocol).

Materials and research methods

Some features of the TPM models development based on hypercomplex numbers. The TPM architec-
ture, operating on the basis of a hypercomplex system of dimension (b + 1) in accordance with (3), is similar to
the architecture based on real numbers (see fig. 1). The changes are related to the methods for applying the lear-
ning rule for networks A and B and the signum function modifying. These changes are due to the fact that all
parameters of the network model (input and output quantities on fig. 1) are complex numbers (two-dimensional
system), quaternions (four-dimensional, R*) and octonions (eight-dimensional, R®). The indicated dimensions
correspond to the number of parts (1 — real plus  — imaginary) in the input vector X, the values of the weight
vector W, the hidden layer neuron output ¢ and the network output 7.

For example, when using the complex number C (we will represent the number C in the canonical form, slightly

modifying (3): C = a, + ia,) the perceptrons input consists of K N-element vectors X = {x Xyas ooes Xy } c

ul> us
(xMV )C = |:(a0 )x,uv + i(al )x, uvj| ?

c
often identified with a single KN-element vector X, = {xl, Xyy ey Xgy } ¢ of tetravalent complex numbers cho-
sen from the set {(1, 1), (-1,1), (-1, -1), (1, —1)}. And elements of the levels 1 and 2 (see fig. 1) are percept-

rons having N-element weights W, = {wul, W,ns ooes Wy } o

(4o =[ (@), + (@), | -

c
where 1 <u<K; (a,) o (@), €{-L, L+1,..., L =1, L}. These elements are limited by the range [-L, L]x

x[-L, L] or [-L, L]Z, which is a natural extension of the [-L, L]-range associated with classical TPM.

Following the above reasoning, we can write down the remaining mathematical expressions that fully de-

scribe the architecture of the TPCM, as well as the modification of weights (WA/B )C in the process of the A and B

uv

networks mutual learning. Using this approach, we shall now proceed to consider the TROM model.

TPOM architecture model. By analogy with a complex number, we write the octonion O in the canonical
form:

O=ay+aji+a,j+ ak+ al+ asm+ agn + a,p, “)
here a;, — a; e R.

Note that an octonion of form (4) is formally the sum of a real number a,, with a vector (imaginary part):
aji + a,j+ ask + a,l + asm + agn + a; p. From the algebraic point of view, the Cayley — Dickson numbers are
a set of eight-dimensional linear space over the field of real numbers. It follows that they can be represented as
eight-element vectors with real coefficients.

The elements of the input vector of the TPOM network, like the elements of the weight vector, are octo-
nions X, W48 0:

('xuv )0 = |:(a0 )x, uv + i(al )x,uv + j(a2 )x, uv + k(a3 )x, uv +

+ l(a4)x,uv + m(as )x,uv + n(a6 )x,uv + p((l7 )x,uv:|0’ (5)

(W”V )0 = |:(a0 )w, uy + i(al )w, uv + j(a2 )w, uv + k(a3 )w, uv +
v1(ay), ,, +mlas), .+ n(ag), ,,+ plar )W] . (6)

o
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In (5) (ao )x’uv, (a] )x,uv, (a2 )X,W, (a3 )x’w, (a4 )x’w, (a5 )x’w, (a6 )x’uv, (a7 )x’ w € {—1, 1}. Each of the KN-
elements of the input vector X, is an element of a set consisting of 28 different quantities:
{(1, LLLLLLL), (-LLLLLLLL), ., (1, -1,-1,-1,-1,-1,-1,-1), (-1, -1, -1, =1, =1, =1, -1, —1)}.
The constraint imposed on the values of the weight vector W, will be expanded to a set from the space
[-L, L] andin (6): (ap) ...

due to the fact that there is a one-to-one mapping between octonions and points of the space R®. The signum
function divides the plane into 16 disjoint subsets.

The normalised value (au ) o> corresponding to the inputs of the neurons u of the hidden layer, is calculated
by the formula (see formula (2) above, as well as [21, p. 2-3]):

o= | Sl M)l .. )

=1

(AN AN EYS 5 AN SN0 ) 0

o

(a,) e[-L, L]. This representation is similar to the previous constructions
7w, uv

The input of the neuron u of the hidden layer (Gu )0 determined via {1, -Li,—i, j,—j, k,—k, I, =1, m,—m,
n,—n, p, — p}:

(CHM =[(a0 )(su + (o )Gui +(a, )Guj + (a3 )Guk + (ay )G“l + (as )Gum + (a )Gu” +(a; )GMP} : ®)

o

In (8) (a, )G,, = sign(Re(ocu )0) = sign(R(ocu )o ); (a )Gu = sign(l(ocu )o ), v (g )c,, = sign(P(ocu )0) are
seven imaginary parts; all of the listed functions are defined in the same way as similar functions are defined
for the TPQM (QVTPM) architecture [21].

Following the reasoning used in [5; 20] for the analysis of TPM based on complex numbers (TPCM) and on
quaternions (TRQM), we conclude that the signum function for TPOM will divide the space R® of possible values
into 16 (2 - 8) disjoint subspaces. So, the function is defined in an eight-dimensional space, where only 16 (8 - 2)
finite quantities occur. These quantities play the role of attractors, attracting the closest points to them. And this
function can be defined like this:

(1,0,0,0,0,0,0,0), a, =max({aq;:0<i<7}) A a,20,
(-1,0,0,0,0,0,0,0), a=max({a,:0<i<7}) A a, <0,
(0,1,0,0,0,0,0,0), g =max({a;:0<i<7}) A a >0,
(0, 1000000) y =max ({a,:0<i<7})A <0,
(0,0,1,0,0,0,0,0), a2_max({a :0<i<T})Aa, 20,
(0,0,-1,0,0,0,0,0), @, =max({a, :0<i<7}) A a, <0,
(00010000) =max ({g;:0<i<7})Aa;20,
(0,0,0,-1,0,0,0,0), a3—max({a 0<i<T})Ara;<0,
(0,0,0,0,1,0,0,0), a, =max({a;:0<i<7}) A a, 20,
(0,0,0,0,-1,0,0,0), a, =max({a, :0<i<7}) A a,<0,
(0,0,0,0,0,1,0,0), a; =max({q;:0<i < 7}) A a5 > 0,
(0,0,0,0,0,-1,0,0), a5=max({ai:OSiS7})/\a5<0,
(0,0,0,0,0,0,1,0), ag =max({a,:0<i<7}) A a5 20,
(0,0,0,0,0,0,-1,0), a =max({g,:0<i<7}) A a5 <0,
(0,0,0,0,0,0,0,1), @ =max({g;:0<i<7}) A a; 20,
(0,0,0,0,0,0,0,-1), @, =max({a,:0<i<7}) A a, < 0.
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Taking this into account, the output of each of the perceptrons (level 2 in fig. 1) can be one of 16 Cayley
numbers:

{(1, 0,0,0,0,0,0,0),(-10,0,0,0,0,0,0), ..., (0,0,0,0,0,0,0,1), (0,0, 0, 0, 0, 0, 0, —1)}.
The output (‘CA/ B )0 of the TPOM networks is the result of using a formula that is an extension of (1) and (2)
and is based on the TPQM (QVTPM) model [21, p. 3]:

A/B A/B A/B b A/B = A/B
(), = {1 Rlelo®) 1ol (ol ool Trlelo) |
The limitation of the elements of the weights (WA/ B )0 occurs separately for each part of the octonion. For

example,

so() 1

( A/B )o otherwise,
(

o )

uv
( A/B )0 otherwise.

R((x®), > 2

R(w;;‘v“’ )O = (10)

) )

(11)

If, for example, the Hebbian rule is used for mutual learning of TPOM networks [4; 5; 11; 20], then the
modification of the weights at the step (t + 1), taking into account (4)—(11), will occur according to the follo-

wing expressions separately for the real and imaginary parts. In particular, to change the real part and the first
imaginary part of the weight, one should seize the expressions

R(Wl(lrvn))o g[ (ng)) + R(xwr(’) )0 ®(R(r(’) )OR(GuA(t)/B(r))O)®(R(TA(t))OR(TB(t))O)} (12)
1 (Wfff ) )0 = g[l (w,(,’v) )O + I(xwr(’) )0 @([(T(t) )Ol(cs;‘(’)“‘(’) )0 )@(I(r“(’> )OI(TB(’) )O ﬂ (13)

In (12) and (13), @(x) is the Heaviside function, which takes the value 0 for x < 0 and the value 1 in other
cases, g(x) is defined in the standard way (see (10) and (11)):

—L,if x<-L,
g(x)z L,if x>1L,
x, if |x|SL.

It is clear that with (a,) = (as )W = (ag )w = (a, )W ., =0(in (6)) and (ay )x " = (as )x = (ag )x "=
= (a7 )X » =0 (in (5)) the model and architecture TPOM turns into the TPQM, if additionally (az) =

= (a )W =0 and (ay )x = (a5 ))C » =0, then we get the TPCM model. ’

Results and discussion

Simulation of the NNs process synchronisation. To implement the considered mathematical models of
TPMs, operating on the basis of algebras of real and hypercomplex numbers, as well as to analyse and compare
the dynamic characteristics of the weights synchronising process of the corresponding NNs, a software tool
(RCQOv2) has been developed. The tool is based on the classes Simple, Complex, Quaternion and Octonion,
each of which implements the template class NumberSystemBase<T> and allows to perform mathematical
operations on the corresponding numbers. In turn, the basic structural component of each model is the Percep-
tron. It corresponds to the template class PerceptronBase<T>, which inherits the classes SimpleArithmeticPer-
ceptron, ComplexPerceptron, QuaternionPerceptron, OctonionPerceptron, the distinctive feature of which is its
own implementation of the weights normalisation method.

Unlike well-known TPM interaction simulators, the version we developed is focused on the exchange

of output data (rA ~-P®or®-1t ), as well as initialisation of the input message X' (at the synchronisation
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step #) via the TCP/IP protocol. This makes it possible to bring the simulated process closer to reality: two
subscribers agree on a common secret cryptographic key while being far away from each other. If the used
NN training rule at a certain synchronisation step ¢ allows us to conclude that the weights of both TPMs have
reached a state of equality (W™ = W®), then hash sums are formed from the string representation of W* and
W® using the SHA-512 algorithm, the exchange and comparison of which on each side provides for decision
making an unambiguous decision on the equality (inequality) of the generated weights.

Results of computer modelling and their analysis. The RCQOv2 application along with performing sin-
gle simulations of the TPM synchronisation procedure allows us to accumulate and process data obtained
from a series of experiments. Figure 2 shows an example (application window) with the results of 1000 ex-
periments — distribution of the number of successful synchronisations (represented in histograms by columns)
according to numbers of the required steps ¢ (vertical axis in the fig. 2), for the TPCM architecture with pa-
rameters: K =5, N=15, L = 5 (left side of the window); for comparison the normal distribution for networks
with the same architecture in relation to the same scale of the steps number until the moment comes when
WA =w?&, is presented (right side of the window).

55 Complex: K-N=5-5; W=-5,...,0, ..., +5 — (m] X
Data from research Data from approximation:
462 — 476 y 462 — 476 1
448 — 4627 448 — 462
434 — 448 il 434 — 448 ]
420 — 434 420 — 434 ]
406 — 420 ] 406 — 420 ]
391 — 406 ] 391 — 406
377 - 391 3 377 - 391 ]
3493630007 3 34936300 77
335-349 3 335-34910
321-335 = 321-1335 B
307 - 3213 307 - 3212
293 - 307 = 293 — 307 =
279 - 293 =2 279 - 293 ==
265 — 279 = | 265 — 279 = |
250 — 265 ] 250 — 265 E—
236 — 250 = a 236 — 250 2 |
222 — 236 222 — 236
208 — 222 5 — 208 —_ 222 4 e ——
180 194194—208_—— 194 — 208 ——
— i —————— 180 — 194 -
166 — 180 —————] 166 — 180
152 — 166 —————— 152 — 166 I _
138 — 152 138 — 152
124 =138, 09 1247 L R—
95-109 - 95— 109 1
81-95_ 81 — 95 ]
67 — 81 = 67 - 81 =
53-67 3 | | 53 - 67 == |
0 50 100 150 100

Statistic info
Average: 176.20511000709698
Standard deviation: 64.3147429991841
X + 3c: 369.14933900464928
Values in range (x — 3o; x + 35): 98.72
Approximated to: Normal (n = 176.205110007097, ¢ = 64.3147429991841)
Fig. 2. Experimentally obtained (left) and theoretical (normal, right) distributions

of the number of TPCMs to the number of steps until the moment comes
when W* = w® for 1000 simulations

In the lower part of the window at fig. 2 the calculated statistical parameters of the experimentally obtained
distribution are given. These statistical data as well as a simple visual comparison of the distributions at fig. 2,
indicate a fairly high degree of their similarity. It should be noted that 98.72 % of the observed data lies within
three standard deviations from the mean (three-sigma rule). The resulting distribution was approximated using
the method of moments by the Pearson criterion, provided that the experimental and theoretical values of the
mean and variance (indicated at the bottom of the screen on fig. 2) are the same.

To further evaluate the degree of similarity of the resulting distribution to the normal one, an estimate in the
form of distance or Bray — Curtis dissimilarity [25] was used. This characteristic is a statistic used to quantify
the dissimilarity between two different samples, and ranges from 0 to 1 (0 means complete agreement (simila-
rity), 1 means complete dissimilarity).
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Tables 1 and 2 contain some statistical results obtained by simulating the synchronisation process TPCMs
and TPQMs, respectively.

Table 1
Statistical results of simulations of the TPCMs synchronisation process
v || e | S | ot | g | S| B o
synchronisations

5 5 5 1668 1409 176.2 64.3 0.204

5 6 5 1000 944 186.1 65.2 0.185

6 5 5 1000 925 149.2 55.5 0.200

5 5 6 1546 1285 230.4 80.7 0.182

6 6 6 1079 1061 212.1 73.4 0.185

6 7 6 1000 993 227.4 76.2 0.180

7 6 6 1000 929 211.1 68.6 0.175

6 6 7 1000 972 318.6 162.0 0.254

7 7 7 1011 970 280.8 91.6 0.174

Table 2
Statistical results of simulations of the TPQMs synchronisation process
v || e | S | ot | g | St | B o
synchronisations

5 5 5 1357 1354 445.2 212.3 0.25

6 6 6 1070 1068 417.1 147.7 0.18

7 6 6 1000 1000 498.2 209.8 0.22

7 7 6 1000 1000 529.5 209.6 0.20

6 6 7 1000 999 656.5 272.1 0.21

6 7 7 1000 1000 708.9 273.1 0.19

7 6 7 1000 1000 858.5 385.8 0.23

7 7 7 1000 997 735.7 284.9 0.20

8 8 8 1000 999 780.7 273.6 0.19

9 9 9 1000 1000 1550.6 605.6 0.20

Similar results in the form of a histogram (fig. 3) and table form (table 3) are presented for TPM based on
octonion algebra.

Simulation of the TPOMs (N = 6, K = 6, L = £6) synchronisation procedure revealed the following: the
minimum number of steps until the moment of equality of weights vectors comes was approximately less than
1000 (in several dozen experiments), and the maximum number of steps was more than 15 000 (also in several
dozen experiments). For better visibility each scale number (t') on the horizontal axis in fig. 3 corresponds to
a range of width 450. Moreover, the starting point for the number of steps is 1122 (¢ =1122). Therefore, ¢t'=1
corresponds to the range ¢ =[1122,1571], ' =2 — ¢ =[1572, 2021], ..., £'=30 — 1 =[14192, 14 641].
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Table 3
Statistical results of simulations of the TPOMs synchronisation process
. . Number .
N | K | £L Simulations of successful t (average) Standard Bray — Curtis
number S deviation similarity index
synchronisations
5 5 5 1233 1231 1258.2 607.7 0.25
5 6 5 1000 1000 1760.5 827.1 0.22
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Ending of the table 3

Wl K [a | Smisons | orGiS | svergey | Sundond | By Curts
synchronisations
6 5 5 1000 1000 674.6 201.4 0.23
6 6 5 1000 1000 733.4 305.5 0.22
7 5 5 1000 1000 568.2 254.9 0.23
6 6 6 1168 1167 1604.6 711.7 0.23
5 5 7 1000 1000 12 698.3 6471.3 0.25
5 7 7 1000 997 12 923.6 5753.7 0.24
7 7 7 1000 996 5825.1 2779.1 0.23

o w & W o
S S S S S
T T T T T =

Number of successful synchronisations

—_
S
T

1 2345678 91011121314151617 1819 20 2122 23 24 2526 27 28 29 30

Number of steps

Fig. 3. Main part of the distribution of the number of TPOM (N = 6, K = 6, L = +6) in accordance
with the number of steps (¢') until the moment comes when W =w?" for 1168 simulations

We have received practical confirmation of an intuitive and expected pattern: with approximately compa-
rable parameters of the TPM networks (I, K, L), the transition from real numbers to quaternions is characte-

rised by an increase in the average process time until the equality of weights is established: W* = W5,

Probably the most important characteristic of the TPMs synchronisation process based on various algeb-
ras is the efficiency or success of third network (E) attacks, the peculiarity of which we noted above. Tab-

le 4 shows the parameter A =

tsynch / tleam’

equal to the ratio of the average synchronisation time of networks
A and B (¢, to the average synchronisation time of E and A (¢,,,,) with the same parameters N, K, L for

each network architecture when implementing a geometric attack, the features of which are described, for exam-

ple, in [3; 11; 13; 21].

Table 4
Parameter A for TPMs
using different algebras
Architecture Parameter A
TPM 0.33553
TPCM 0.10752
TPQM 0.01193
TPOM 0.00022
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As can be seen from the above data, the greatest influence on the duration of the synchronisation process has
synaptic depth L. However, we probably cannot conclude that with approximately the same parameters N, K, L,
the time characteristics of the interaction of NNs are in the same numerical range.

The latest results (see table 4) also mean that, the complexity of the used algebra provides a higher level
of system security. This is due to the fact that one of the main factors influencing the security of TPMs is the
dimension and number of possible states of network outputs (t). For example, in the classical TPM architecture
with parameter K = 3, for each output value there are four internal possible output values of the perceptrons (for

example, (1,1, 1), (-1, =1, 1), (1, =1, =1), (=1, 1, —1) for T = 1). In the TPCM architecture, the number of pos-
sible internal perceptron values per output value increases quadratically. For example, for K = 3 there are alrea-
dy 16 possible options (for example, (1, 1, 1), (-1, -1, 1), (1, =1, =1), (=1, 1, =1), (i, i, =1), (i, =1, i), (=1, i, i),

(=i, 0, 1), (=i, 1, 0), (i, 1, =), (i, =i, 1), (1, &, =i), (1, =i, @), (—i, =i, 1), (=i, =1, =i), (=1, =i, —i) fort=1 (for
simplicity, we used the canonical notation of complex numbers)).

Conclusions

The article discusses the most important features of mathematical modelling and computer simulation of
a secret information exchange system based on two interacting NN, the architecture of which is named as the
tree parity machine. The mathematical basis for the description and analysis of the processes in such a system
are hypercomplex numbers. On the basis of generalisation of TPM models for real and complex numbers, as
well as quaternions, a TPM model based on octonions has been developed (TPOM).

A feature of the presented research is the implementation of the simulator on different machines interacting
based on the TCP/IP protocol. The second distinctive feature is associated with determining the moment and
confirming the fact: the state of synchronisation of the two networks has arrived. After this, in the last steps of
mutual training of networks (based on the corresponding rule), each side calculates the hash of the current vec-
tor of weights and transmits this hash to the other side. Next, each party, by comparing the two hashes, makes
a final decision about the end and result of synchronisation. Hash equality means that the parties have achieved
an unconditional state of weights equality, which can be used as a joint secret cryptographic key.

bubauorpadguyeckue cCblIKU

1. Diffie W, Hellman M. New directions in cryptography. IEEE Transactions on Information Theory. 1976;22(6):644—654. DOI:
10.1109/TIT.1976.1055638.

2. Kinzel W, Kanter 1. Neural cryptography. In: Wang L, Rajapakse JC, Fukushima K, Lee SY, Yao X, editors. Proceedings of
the 9™ International conference on neural information processing, 2002. ICONIP’02; 2002 November 18-22; Singapore. Singapore:
Orchid Country Club; 2002. p. 1351-1354. DOI: 10.1109/ICONIP.2002.1202841.

3. Klimov A, Mityagin A, Shamir A. Analysis of neural cryptography. In: Zheng Y, editor. Advances in Cryptology — ASIACRYPT
2002. Berlin: Springer; 2002. p. 288-298 (Lecture notes in computer science; volume 2501). DOI: 10.1007/3-540-36178-2_18.

4. Rosen-Zvi M, Kanter I, Kinzel W. Cryptography based on neural networks analytical results. Journal of Physics A: Mathema-
tical and General. 2002;35(47):707-713. DOI: 10.1088/0305-4470/35/47/104.

5. IlnonkoBcku M, Yp6anosuu I1I1. Kpunrorpaduueckoe mpeodpazoBanue HHGOpMALUK HA OCHOBE HEUPOCETEBBIX TEXHOJIOTHIA.
Tpyoul benopycckozo eocyoapcmeenno2o mexnonocuveckoo ynusepcumema. Cepus 6, Qusuxo-wamemamuyeckue HayKu i uH@opma-
muxka. 2005;13:161-164. EDN: YSCTHN.

6. Plonkowski M, Urbanowicz P. Liczby podwdjne i ich modyfikacje w neurokryptografii. Przeglgd Elektrotechniczny. 2002,
88(11b):340-341.

7. Choi Y, Sim J, Kim L-S. CREMON: cryptography embedded on the convolutional neural network accelerator. [EEE Transac-
tions on Circuits and Systems I1: Express Briefs. 2020;67(12):3337-3341. DOI: 10.1109/TCSI1.2020.2971580.

8. Jeong S, Park C, Hong D, Seo C, Jho N. Neural cryptography based on generalized tree parity machine for real-life systems.
Security and Communication Networks. 2021;11:1-12. DOI: 10.1155/2021/6680782.

9. Sarkar A. Neural cryptography using optimal structure of neural networks. Applied Intelligence. 2021;51:8057-8066. DOI: 10.1007/
$10489-021-02334-1.

10. Dourlens S. Neuro-cryptographie appliquée et neuro-cryptanalyse du DES. Paris: University of Paris; 1995.218 p. DOI: 10.13140/
RG.2.2.35476.24960.

11. Ruttor A. Neural synchronization and cryptography [dissertation]. Wiirzburg: Julius-Maximilians-Universitdt Wiirzburg; 2006.
120 p. DOI: 10.48550/arXiv.0711.2411.

12. ITnonkoBcku M, Ypbanosuu II1. Cunxponun3zanusi Kpuntorpapuyeckux KiIouei Ha OCHOBE HEHPOHHBIX CeTel M B CHCTeMax
KkpunromnpeodpazoBanus Ha ocHoBe XML. Tpyowr beropycckozo 2ocyoapcmeennozo mexnonozuieckozo ynusepcumema. Cepus 6, @u-
3uKo-mamemamuyeckue Hayku u ungopmamuxa. 2006;14:152—-155. EDN: HSLOUF.

13. Ruttor A, Kinzel W, Kanter I. Dynamics of neural cryptography. Physical Review E. 2007;75(5):056104. DOI: 10.1103/Phys-
RevE.75.056104.

14. Dolecki M, Kozera R. Distribution of the tree parity machine synchronization time. Advances in Science and Technology. 2013;
7(18):20-27. DOI: 10.5604/20804075.1049490.

90



TeopeTuyeckne 0ocHOBBI HH(pOpMATHKH
Theoretical Foundations of Computer Science

15. Yp6anosuu I1I1, Uypuxos KB. CpaBHUTENbHBIA aHAIN3 METOIOB B3aUMOOOYUYeHHsI HEHPOHHBIX ceTel B 3aadax oOMeHa
xoHpuaeHnnansHol nHdopmanuein. Tpyovt KI'TY. Ne 6. Quszuxo-mamemamuueckue nayku u ungpopmamura. 2010;6:163-166. EDN:
TGUDVZ.

16. Seoane LF, Ruttor A. Successful attack on permutation-parity-machine-based neural cryptography. Physical Review E. 2012;
85(2):025101. DOI: 10.1103/PhysRevE.85.025101.

17. Shacham LN, Klein E, Mislovaty R, Kanter I, Kinzel W. Cooperating attackers in neural cryptography. Physical Review E. 2004;
69(6):066137. DOI: 10.1103/PhysRevE.69.066137.

18. Kantop UJI, CononoBuuxos AC. [ unepxomnaexcrvle yucia. Mocksa: Hayka; 1973. 144 c.

19. Ptonkowski M, Urbanowicz P, Lisica E. Wykorzystanie kwaternionéw w protokole uzgadniania klucza kryptograficznego, opar-
tym na architekturach sieci neuronowych TPQM. Przeglqd Elektrotechniczny. 2010;86(7):90-91.

20. Dong T, Huang T. Neural cryptography based on complex-valued neural network. /EEE Transactions on Neural Networks and
Learning Systems. 2020;31(11):4999-5004. DOI: 10.1109/TNNLS.2019.2955165.

21. Zhang Y, Wang W, Zhang H. Neural cryptography based on quaternion-valued neural network. International Journal of Inno-
vative Computing, Information and Control. 2022;6(22):1871-1883.

22.Wul, Xu L, Wu F, Kong Y, Senhadji L, Shu H. Deep octonion networks. Neurocomputing. 2019;397:179-191. DOI: 10.1016/j.
neucom.2020.02.053.

23. Takahashi K, Fujita M, Hashimoto M. Remarks on octonion-valued neural networks with application to robot manipulator cont-
rol. In: 2021 IEEE International Conference on Mechatronics (ICM); 2021 March 7-9; Kashiwa, Japan. [S. 1.]: IEEE; 2021. p. 1-6.
DOI: 10.1109/ICM46511.2021.9385617.

24. Cariow A, Cariowa G. Fast algorithms for deep octonion networks. /EEE Transactions on Neural Networks and Learning Sys-
tems. 2023;34(1):543-548. DOI: 10.1109/TNNLS.2021.3124131.

25. Ricotta C, Podani J. On some properties of the Bray — Curtis dissimilarity and their ecological meaning. Ecological Complexity.
2017;31:201-205. DOI: 10.1016/j.ecocom.2017.07.003.

References

1. Diffie W, Hellman M. New directions in cryptography. /IEEE Transactions on Information Theory. 1976;22(6):644—654. DOI:
10.1109/TIT.1976.1055638.

2. Kinzel W, Kanter I. Neural cryptography. In: Wang L, Rajapakse JC, Fukushima K, Lee SY, Yao X, editors. Proceedings of
the 9™ International conference on neural information processing, 2002. ICONIP’02; 2002 November 18-22; Singapore. Singapore:
Orchid Country Club; 2002. p. 1351-1354. DOI: 10.1109/ICONIP.2002.1202841.

3. Klimov A, Mityagin A, Shamir A. Analysis of neural cryptography. In: Zheng Y, editor. Advances in Cryptology — ASIACRYPT
2002. Berlin: Springer; 2002. p. 288—298 (Lecture notes in computer science; volume 2501). DOI: 10.1007/3-540-36178-2_18.

4. Rosen-Zvi M, Kanter I, Kinzel W. Cryptography based on neural networks analytical results. Journal of Physics A: Mathema-
tical and General. 2002;35(47):707-713. DOI: 10.1088/0305-4470/35/47/104.

5. Plonkowski M, Urbanovich PP. Cryptographic transformation of information based on neural network technologies. Trudy Be-
lorusskogo gosudarstvennogo tekhnologicheskogo universiteta. Seriya 6, Fiziko-matematicheskie nauki i informatika. 2005;13:161-164.
Russian. EDN: YSCTHN.

6. Plonkowski M, Urbanowicz P. Liczby podwojne i ich modyfikacje w neurokryptografii. Przeglqd Elektrotechniczny. 2002;
88(11b):340-341.

7. Choi Y, Sim J, Kim L-S. CREMON: cryptography embedded on the convolutional neural network accelerator. /[EEE Transac-
tions on Circuits and Systems I1: Express Briefs. 2020;67(12):3337-3341. DOI: 10.1109/TCSI1.2020.2971580.

8. Jeong S, Park C, Hong D, Seo C, Jho N. Neural cryptography based on generalized tree parity machine for real-life systems.
Security and Communication Networks. 2021;11:1-12. DOI: 10.1155/2021/6680782.

9. Sarkar A. Neural cryptography using optimal structure of neural networks. Applied Intelligence. 2021;51:8057-8066. DOI: 10.1007/
$10489-021-02334-1.

10. Dourlens S. Neuro-cryptographie appliquée et neuro-cryptanalyse du DES. Paris: University of Paris; 1995. 218 p. DOI: 10.13140/
RG.2.2.35476.24960.

11. Ruttor A. Neural synchronization and cryptography [dissertation]. Wiirzburg: Julius-Maximilians-Universitdt Wiirzburg; 2006.
120 p. DOI: 10.48550/arXiv.0711.2411.

12. Ptonkowski M, Urbanovich PP. Neural network-based cryptographic key synchronization in XML-based cryptographic trans-
formation systems. Trudy Belorusskogo gosudarstvennogo tekhnologicheskogo universiteta. Seriya 6, Fiziko-matematicheskie nauki
i informatika. 2006;14:152—155. Russian. EDN: HSLOUF.

13. Ruttor A, Kinzel W, Kanter I. Dynamics of neural cryptography. Physical Review E. 2007;75(5):056104. DOI: 10.1103/Phys-
RevE.75.056104.

14. Dolecki M, Kozera R. Distribution of the tree parity machine synchronization time. Advances in Science and Technology. 2013;
7(18):20-27. DOI: 10.5604/20804075.1049490.

15. Urbanovich PP, Churikov KV. Comparative analysis of methods for mutual learning of neural networks when solving problems
of confidential information exchange. Trudy BGTU. No. 6. Fiziko-matematicheskie nauki i informatika. 2010;6:163—166. Russian.
EDN: TGUDVZ.

16. Seoane LF, Ruttor A. Successful attack on permutation-parity-machine-based neural cryptography. Physical Review E. 2012;
85(2):025101. DOI: 10.1103/PhysRevE.85.025101.

17. Shacham LN, Klein E, Mislovaty R, Kanter I, Kinzel W. Cooperating attackers in neural cryptography. Physical Review E. 2004;
69(6):066137. DOI: 10.1103/PhysRevE.69.066137.

18. Kantor IL, Solodovnikov AS. Giperkompleksnye chisla [Hypercomplex numbers]. Moscow: Nauka; 1973. 144 p. Russian.

19. Ptonkowski M, Urbanowicz P, Lisica E. Wykorzystanie kwaterniondw w protokole uzgadniania klucza kryptograficznego, opar-
tym na architekturach sieci neuronowych TPQM. Przeglqd Elektrotechniczny. 2010;86(7):90-91.

91



ZKypnaa Besopycckoro rocyiapcTBeHHOro yausepcurera. Maremaruka. Madopmaruka. 2024;2:81-92
Journal of the Belarusian State University. Mathematics and Informatics. 2024;2:81-92

20. Dong T, Huang T. Neural cryptography based on complex-valued neural network. IEEE Transactions on Neural Networks and
Learning Systems. 2020;31(11):4999-5004. DOI: 10.1109/TNNLS.2019.2955165.

21. Zhang Y, Wang W, Zhang H. Neural cryptography based on quaternion-valued neural network. International Journal of Inno-
vative Computing, Information and Control. 2022;6(22):1871-1883.

22. Wu ], Xu L, Wu F, Kong Y, Senhadji L, Shu H. Deep octonion networks. Neurocomputing. 2019;397:179—-191. DOI: 10.1016/].
neucom.2020.02.053.

23. Takahashi K, Fujita M, Hashimoto M. Remarks on octonion-valued neural networks with application to robot manipulator cont-
rol. In: 2021 IEEE International Conference on Mechatronics (ICM); 2021 March 7-9; Kashiwa, Japan. [S. 1.]: IEEE; 2021. p. 1-6.
DOI: 10.1109/ICM46511.2021.9385617.

24. Cariow A, Cariowa G. Fast algorithms for deep octonion networks. IEEE Transactions on Neural Networks and Learning Sys-
tems. 2023;34(1):543-548. DOI: 10.1109/TNNLS.2021.3124131.

25. Ricotta C, Podani J. On some properties of the Bray — Curtis dissimilarity and their ecological meaning. Ecological Complexity.
2017;31:201-205. DOI: 10.1016/j.ecocom.2017.07.003.

Received 03.11.2023 / revised 27.06.2024 / accepted 27.06.2024.

92



TeopeTuyeckne 0ocHOBBI HH(pOpMATHKH
Theoretical Foundations of Computer Science

VIIK 004.89

NCIIOAB3OBAHUWE CBEPTOUYHbBIX BEfIBAET-BAOISOB
B 3AAAYE KAACCUOUKAIINN N30BPAJKEHNN

B. A. BOPOBEH"Y, A. 3. MAJIEBUY"

])Eeﬂopycczcuﬁ eocyoapemeennwlil ynusepcumem, np. Hezasucumocmu, 4, 220030, . Munck, Berapyco

Annomayus. Ha npumepe 3a1aun kiaccuukanuy n3o00pakeHui u eliier-cemeiictsa CDF-9/7 nokasano, xax
MOYKHO BHEJIPUTh TUCKPETHOE BEHBIET-TIPeoOpa3oBaHue B MOAEIb KOMITBIOTEPHOTO 3PCHUS], COXPAHUB BOZMOXKHOCTH €€
00y4ueHHsI METO/IOM 0OPaTHOTO pacipocTpaHeHHs OMOKU. [IpeanokeH 1 yCHenHo BCTPOEH B PSl MOAIENei HeHPOHHBIX
ceTell CBepTOUHBIN BEUBIET-OIOK, KOTOPHIN coueTaeT B cebe 00paboTKy MPH3HAKOB BXOTHOTO CHTHAJAa HA HECKONBKHUX
YPOBHSX BEUBIET-Pa3IOKEHUS U TIO3BOJSET YMEHBIIIUTH HCXOAHBIN pazmep moaenu Ha 30—40 %, obecrieunBas mpu 3TOM
corocraBuMoe KauecTBo. [IpojeMOHCTpHpOBaHa BO3ZMOXKHOCTh d((GEKTUBHO BBHIONHATH AUCKPETHOE BEUBIIET-IIPE00-
pa3oBaHue Ha rpaduIeckoM MpoIEeccope MpU MCIOJIB30BaHUN JTHU(PTUHT-CXeMbl. Peannzarus BelBieT-1peoopa3oBaHms
MIOCTPOCHA Ha MOAJIEMEHTHBIX OTIEPALIMSIX CIIOKEHHSI M YMHOXKEHHSI, YTO ITO3BOJISICT IIPH HEOOXOMMOCTH SKCIIOPTHPOBATH
00yUCHHYIO MOZIENb B TpeOyeMbIil (popMart AiIsI 3aITyCKa Ha HOBBIX IAHHBIX 0€3 JOTIOMTHUTEIBHBIX CIIOKHOCTEH. B KauecTBe
6a30BBIX MOZIETICH HCITOIB30BaHbI apXUTEKTYphI ResNetV2-50, MobileNetV?2 u EfficientNetV2-B0. [l mpoBeneHus K-
MEPUMEHTOB IOTOTOBJICH HA0OP JIaHHBIX HA OCHOBE MOABBIOOpKH Kareropuii naracera LSUN.

Knrwouegvie cnoea: nelipoHHBIE ceTH; TITyOOKOe 00yueHNE; BEHBIETHI; TUCKPETHOE BEHBIICT-IIpeoOpa3oBaHue; Kiac-
cU(UKaIU N300paKeHUH.

CONVOLUTIONAL WAVELET BLOCKS
IN IMAGE CLASSIFICATION

U. A. VARABEI*, A. E. MALEVICH"

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus
Corresponding author: U. A. Varabei (v.vorobey.edu@gmail.com)

Abstract. In this paper, based on an image classification problem and wavelet family CDF-9/7, it is shown how to
incorporate discrete wavelet transform into a computer vision model, while maintaining the ability of its training with the
backpropagation method. A convolutional wavelet block, that extracts features at different levels of decomposition of the
incoming signal, is proposed and successfully integrated into a set of neural network models. The blocks implemented allow
to reduce the original model size by 30—40 %, while maintaining comparable quality in terms of metric. An effective method
for evaluation of discrete wavelet transform on graphics processing unit with lifting scheme is presented. The implemen-
tation of wavelet blocks uses element-wise operations of additions and multiplications, thus allowing a simple export of
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a trained model into one of desired formats for running on new data. ResNetV2-50, MobileNetV2 and EfficientNetV2-B0
architectures are used as the basis models. A new dataset, which is based on a set of categories of LSUN dataset, is con-
structed for conducting experiments.

Keywords: neural networks; deep learning; wavelets; discrete wavelet transform; image classification.

BBenenue

3aj1aua KiaccupuKay H300paKeHUI 0CTaeTCs OJJHOM U3 HanOoliee BOCTPEOOBAHHBIX B KOMITBIOTEPHOM 3pe-
HUU. 3a/1a49¥ JAHHOTO KJIACCa XOPOIIIO PEIIAOTCs ¢ ITOMOIIBIO MOJIeNIe HEMPOHHBIX ceTel, Takux kKak VGG [1],
ResNet [2], EfficientNet [3] u np. Kak mpaBuiio, 1715 TOBBIIIEHUS KadeCTBA PAOOTH MO/IETICH B HIX MIPUXOTUTCS
YBEIMYMBATh YMCIIO NTaPaMETPOB, YTO BEIET K POCTY MOTPEOIEHUS MaMsATH U CO3AAeT OMpeesIeHHbIE CII0XK-
HOCTH KaK IpH 00y4eHHH, TaK U TpU pabore pUHAIEHOW BEPCHH MOJICIIH.

Heo0xoauMoCTh HCIIONBb30BaHMsI KOMITAKTHBIX MOJIEJICH BOSHUKAET IPH UX BCTPAMBaHUH HEMIOCPEICTBEHHO
B 00Opya0BaHKUEe (METUITMHCKHAE MPUOOPHI, CECHCOPHI, YCTPOHUCTBA ¢ KaMepaMH | T. 11.). [IpoOiema ¢ o0bemMom
MaMATH TAaK)Ke aKTyallbHa JUI BeO-CEpBUCOB, IPU pabOTe ¢ KOTOPHIMHU MOJENb CKaYUBAEeTCS HA YCTPOIMCTBO
mosip30Baress. Eie omHIM IpruMepoM MOTYT ObITh MOOMIIbHBIE TIPUIOKEHHUS, NCTIOIB3YIONIHE OOIBIIOE KOIH-
YeCTBO MOJIENIeH (HampuMep, BUACOPETaKTOPhI). Bo BceX MEepEUnCICHHBIX Cydasx 0COOEHHO BAKHO YMEHB-
IIUTh pa3Mep NCXOAHBIX MOJIEINIEH, COXPaHUB JIOCTATOYHBINA YPOBEHb KadecTBa. |11 3TOro MOKHO UCTIOJIb30BaTh
NpyHUHT [4], oOy4eHue ¢ THIIaMu IaHHbBIX MoHmkeHHoH TouHocTH (float8, float16) [5], a Taxke MeTOBI MTOITY-
KOHTPOJHpPyeMoro o0y4ueHwus [6].

Yacro myis o0yueHust paboTe ¢ HOBBIMH JaHHBIMH Beca MOJIeIe HHUIHATTN3UPYIOTCS CITydailHBIMU 3Ha4e-
HUSMH U3 HEKOTOPBIX pacIipe/ieieHnHi (3a NCKITI0YeHNeM TI000y4YeHNs YK€ TOTOBOM MO/IETH Ha TIOX0XKEM Ha-
0ope naHHbIX). B 3TOM ecTh Kak IUItockl, Tak 1 MUHYCBI. CllydaiiHas MHHITUATU3AIHS XOPOIla TEM, YTO MOJICIb
MOXET cama BBIyYUTh ITapaMeTphl TaK, YT00bI MUHUMH3HPOBATh OIIMOKY Ha TPEHUPOBOYHOM HA0OPE TaHHBIX.
OnHaKo y4HuTh BCe TapaMeTphbl OJHOBPEMEHHO OYEHb CII0KHO, 0COOEHHO KOT/1a UX KOJTMYECTBO TOXOAUT JI0 He-
CKOJIBKUX COTEH THICSY WIIH Aa)Ke MIJUTHOHOB. B HacTosmelt pabote npeasaraercst ynpoCcTUTh MOJIEINH 33/1a9y
W3BJICUCHUS TIPU3HAKOB M3 JIaHHBIX, J100aBUB B Hee BelBiIeThl. OHM XOPOIIO MOJXOIAT JJISl aHAJH3a JIAHHBIX,
MOCKOJIbKY M3BJICKAIOT MHPOPMAIIHIO O HU3KUX U BBICOKMX YaCTOTaX BXOJHOTO CHI'HAJNIA HA Pa3HBIX YPOBHIX
ero paziiokeHust. [Toxoxkas uzest ynpoieHust 00ydeHus Mojielieii cIosb30Baiach B padote [7]. B Heit aBTOpbI
JOOABIISUTA BEUBIIETHI B HECKOJIBKO MEPBBIX CBEPTOYHBIX OJOKOB JJIsi U3BJICUCHUSI POCTEHINTNX TIPU3HAKOB H3
BXOJIHBIX M300paXeHUH, 3TO TIO3BOJIAIIO O0Jiee IITyOOKHMM CIIOSIM yYUTH 00JIee CIIOKHBIE PU3HAKH, YTO IPUBO-
JIAJIO K YBEJIMUYCHUIO 3HAYECHUs MeTpHK. B myOnmukanuu [8] Ha npumepe 3a1auu kiaccupuKanuy n300paKeHui
OBLIO MMOKA3aHO, YTO TIPH JI00ABJICHIH BEHBJIETOB MOJICIIH ITOKA3bIBAIOT 00JIee BEICOKUE PE3YIIBTATHI, & TAKIKE
Jydie paboTaloT Ha JaHHBIX, B KOTOPBIX MPUCYTCTBYET MHOTO Iityma. B pabdote [9] 6maromapst ciocobHOCTH
BEWBJIETOB aHAJIM3UPOBATH CUTHAI Ha Pa3HBIX YPOBHIX aBTOPaM yJAJIOCh YCIEIIHO PEIINTh 3aady OIpeiene-
HUS TIOJIEIIOK YeJTOBEYECKUX JIHII.

OTnuunTrenbHas 0COOEHHOCTh JTAHHOTO MCCIIEOBAaHUS — YMEHBIIEHUE pa3Mepa MOJIEIH C COXpaHEHUEM
YPOBHS KaueCcTBa MPH UCTIOIb30BaHUH TOJBKO JIUIIH BeliBiIeToB. [lomyyeHHyI0 TakuM cCrioco00M MOJIETb MOKHO
JIOTIOJTHUTENFHO CKUMATh CTaHIAPTHBIMH METOJIAMH, YKa3aHHBIMHU BBIIIIC.

Co3nanue Moaea

Jyis IpoBeIeHUST SKCTIEPUMEHTOB OBLITM BBIOPAHBI TPU JOCTATOYHO KOMITAKTHBIE 11O pa3Mepy MOJIEITH
CBEPTOYHBIX HEHPOHHBIX CETEH, KOTOpPbIe IUPOKO MPUMEHSIOTCS B HacTosmee Bpems, — ResNetV2-50 [10],
MobileNetV2 [11] u EfficientNetV2-B0 [12]. BeiOpaHHbIe apXUTEKTYPbI 33 CYET CBOCH JICTKOBECHOCTH YacTO
WCTIONIB3YIOTCSI TAKXKE B 3aj[a4aX CErMEHTAlMHU W JICTCKIMU JIUIsl U3BJICUCHUS IPU3HAKOB PA3HOTO YPOBHS M3
n300paxeHuil ¢ JaabHEHIINM 00beJMHEHEeM HH(OpMAIIUK JUTS PEIICHUS TOCTABICHHOW 3a/1a49H.

JuckpeTHoe BeiiBjieT-MpeodpazoBanue. Pa3nnyaior HeNpepbIBHOE U IMCKPETHOE BEHBIIET-TIPeoOpazoBa-
Hus. B qanHol paboTe OB MCIIONB30BaH TMCKPETHBIN BapUAHT, TOCKOJIBKY CHT'HAIIBI, IEpeaBacMble BHYTPH
KJIACCUYECKHX CBEPTOYHBIX HEHPOHHBIX CETEH, TaKKe SIBISIOTCS JUCKpETHBIMH. Kak mpaBHIiio, TUCKpEeTHOE
BeiiBneT-npeoOpazoBaHie MPUMEHSIOT K OJIHOMEPHBIM CUTHAJIAM, B TO BpeMsl Kak IpH paboTe ¢ H300pakeHUSIMHU
BHYTPY HEHPOHHBIX CETEH CUTHAJIBI UMEIOT YETBIPEXMEPHYIO Pa3MepHOCTS: [b, ¢, h, w], Tne b — pa3mep makera
(6arga); ¢ — KOTMYECTBO KAHAJIOB; /I — BBICOTA pacTpa; w — mupuHa pactpa. s 06001meHns 0MTHOMEPHOTO
BeHBIIET-TIpe00pa30BaHysl Ha JIBYMEPHBII CiIy4ail OCTYMaloT CISAYIONNM 00pa3oM: CHadasa BBITOIHSIIOT
peobpazoBaHKe MOCTPOYHO, a 3aTeM MPHUMEHSIOT €ro K KaXJIOMy CTOJOIy pe3yabTara MpeablIyIero mara.
B urore noiywaercs n3zobpaxxeHue, KOTOpoe pas/iesieHo Ha YeThIpe YacTh (Kak/1as U3 HUX 110 ITMPUHE U BBICOTE
B 2 paza MEHbIIIe UCXOIHOTO 300paxkenus) — LL, HL, LH, HH. 3nech L — MeeHHO MEHSIFOIIasiCsi KOMIIOHEHTA,
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H — OpIcTpO MeHsOIasACcs KoMmoHeHTa. Cxema JJaHHOTO METO/Ia MPeICTaBlIeHa Ha pUC. 1, rlie UCIIOIb30BaHbI
ciemyronue o0o3HaueHus: X — BxogHoe m3oopakenne; DWT — auckpeTHoe BeliBneT-nmpeodpazoBanue. Jlanee
OTIMCaHHBIA METOJT TPUMEHSETCS OTIEITHHO K KQXKIOMY KaHaITy W OTAEITHHO K KaXXIOMY H300paKeHHIO.

DWT | | ,»|DWT, |Xi’|Xi’

hw
2 2 >
X, ° | Xy

w
22 22
X | Xian

Puc. 1. IByMepHOE TUCKPETHOE BEHBIET-TIpeoOpa3oBaHme
Fig. 1. Two-dimensional discrete wavelet transform

CymiecTByeT TpH METO/Ia BHITTOTHEHHS JUCKPETHOTO BEHBIET-TIpeoOpa3oBaHus:

1) nonudaznast Marpuna;

2) cBepTKa ¢ (pUIBTPaMU CUHTE3a U aHAJIN3a;

3) mudTUHT-CcXeMa.

YV Ka)kJI0TO M3 3TUX METO/IOB €CTh IPEUMYIIECTBA U HEJOCTATKU. AJITOPUTM, OCHOBAaHHBIN Ha TIOIH(a3zHON
Marpuiie, TpeOyeT MepeBojia CUrHaja B MoJuHoM JlopaHa 1 BBITIOJTHEHUS B JJaJIbHEHIIIEM CUMBOJIBHBIX BBIYHCIIE-
HUI, YTO KpaliHe TI0XO0 MOIXOANT JUIS YMCIIOBBIX TakeTOB. MeToA, NCIONB3Yy IO CBEPTKY, I0CTaTOUHO MTPOCTO
peanm3yeTcs CTaHIAPTHBIMU CPENICTBAMH ITAKETOB JUISI TITyOOKOTO OOYYEHWS: ISl 3TOTO CO3MAIOTCS (PITBTPHI,
KOTOPBIMH MOYKHO WHHUIMAIM3UPOBATh CBEPTOYHBIC CIIOM M TIPH HEOOXOAMMOCTH 00y4ars ux. OmHaKo ciexyer
YUUTBIBATH, YTO OTEpAIHsl CBEPTKH J1a’ke B OTHOMEPHOM CIIyyae UMEeT HeJIMHEIHYIO CII0)KHOCTh OTHOCHUTEIb-
HO JUIMHBI BXOJHOTO CHT'HAJIa, a TIOCKOJIBKY CBEPTKA BBIMOIHICTCS MO0 CTPOKAM M IO CTOJIOAM, TO UCXOIHAs
CIIOKHOCTh aJITOPUTMA KBaJ[PaTUYHO yBennInBaeTcs. JInTHHT-cxeMy MOYKHO peai30Barh C MOMOIIBIO BEKTOP-
HBIX OTIEPAINi CJIOKEHUS, CIBUTOB CHTHAJIA Ha OIPEETICHHOE KOMMYECTBO MO3UIMKA U YMHOKEHHS Ha YHUCIIO,
MIOATOMY OHa SIBJISIETCSI BechMa 3P (EKTHBHON MPU HEOOJBIIOM KOJIMUECTBE CIIOKEHHH. JJaHHBIN alropuT™ pa-
0OTaeT ciemyrIIuM 00pa3oM.

Ilar 1. Cursan genuTcs Ha JBE YaCTH — YETHYIO (€) U HEYETHYIO (0).

Hlar 2. YetHas 9acTh CUTHAIA MOTUMDUIIMPYETCS HA i-M IIare mpencka3anus (P): omeparinto MOKHO TIpe]-
CTaBHTH B BHJIC HA0OpA OMEpaLlUil CIOKEHHS, YMHOKEHHS Ha YUCIIO, a TAKXKE CABUIOB cHrHamna. Jlanee moiy-
YEHHBIH CHT'HAJ 100aBIseTCs K TEKYIEH HeUeTHOM YacTH CUTHAA.

Ilar 3. HeyetHas dacTh curHana MomuuIUpyeTcs Ha i-M 1mare ooHoBieHus (U): omeparius aHaIoTH4-
Ha Omepaluy Ha Imare 2, 3a UCKJIIOYCHHEM KOJIWYEeCTBA MO3UIMHA CABUra, a TaKXKe MUCTOIb3YEeMBbIX KOHCTAHT
B YMHO)KeHHH. [loTydeHHbIi curHai 100aBisieTcsl K TeKyIIeld YeTHOM 4acTH CUTHAA.

Ilar 4. I1laru 2 1 3 TOBTOPSIIOTCSI HECKOJIBKO Pa3 (3aBUCHUT OT TUIIA BEHBIET-CEMENCTBA).

Ilar 5. YeTHas yacTh CHTHAJIa YMHOXAETCS, @ HEYETHAS 9aCTh CHTHAJIA ACITUTCS Ha KOHCTAHTY k.

Ilar 6. Ha BeIxoe mosmydaroTcst IB€ YaCTH CUTHAJA — alllIPOKCHMAIINS CUTHAIA (§) U IeTanu K Hel (d).

Cxema anropuTtMma MpeacTaBiIeHa Ha pHC. 2.

Xe1 —Hﬁ—)—» X62—>—> X] »(?—»)(S
1
Rl AN

X (DL e e Xy,

Puc. 2. JInpTunr-cXema

Fig. 2. Lifting scheme

CrnemyeT OTMETHTB, YTO B ONMCAHHOM BBIIIE aJITOPUTME ITAIbl MTPEACKa3aHus 1 OOHOBJICHHUS JIOMYCKAIOT
peanu3anuio ¢ MOMOIIbIO ONeparuii CBepTKH, OJTHAKO HX MOYKHO 3aMEHHUTh Ha HECKOJIBKO OTIEepaIvii CII0KEHHS
BEKTOPOB, MPEACTABISIIONINX cO00H UCXOMHBIN MacIITaOMPOBaHHBIA CHI'HAJ, CABMHYTHIM Ha HECKOJBKO IO-
3unui. Yrcmo seMeHTOB [T CJI0KEHHUST paBHO KOJTMYECTBY AJIEMEHTOB B COOTBETCTBYIOIIEH OTeparny Ipe-
CKazaHus WM OOHOBIEHUs. Takoi MOAX0a MMEET CMBICH MPUMEHSTh B TOM ClTydae, €CiIi pa3Mepsl QribTpa
B JIN()THHT-CXEMaX HEBEIIMKH.

CymiecTByeT 00JIbIIIOE MHOXKECTBO BEHBIIET-CEMEHCTB, TAKUX Kak BeiBieThl Xaapa [13], Jlobemmm [ 14] u ap.
B nmanHo# pabote BbIOOp caenaH B monb3y cemeiictea CDF-9/7 [15], koTopoe mpuMeHsieTcsl, B Y4aCTHOCTH,
B popmare cxxatwst m3oopakenuit JPEG-2000. JIndtuar-cxeMy a1 5TOro ceMeHCTBa MOYKHO HAUTH B OTKPBITHIX
WUCTOYHHKAX .

! Getreuer P. Wavelet CDF-9/7 implementation [Electronic resource]. URL: https:/getreuer.info/posts/waveletcdf97/index.html (date
of access: 21.10.2023).
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Peasm3auusi cBepToyHOro BeiiBiaeT-0s10ka. CHavyana ¢ TOMOIIBIO CBEPTOYHOTO OJIOKA YMEHBIIACTCS
KOJIMYECTBO KaHAJIOB B CUTHAJIE MCXOMHOTO M300pakeHHsI. 3aTeM HECKOJIBKO pa3 (mapaMmeTp 60Ka) mpume-
HsIE€TCS BEWBIIET-Pa3I0KEHHNE CUTHAIA: Ha BXOJ| BCET/Ia MOCTYyIMaeT Hanboliee MeIJIEHHO MEHSFOIIAsICS 9acTh
n3zo0paxenus (X;;), s MEpBOH UTEpALIMU MCIIONB3YETCs BBIXOJ CBEpTOYHOTro Onoka. /lanee BBIXOIHOM
TEH30p MOCJIe KaXKJIOTO [Iara pa3jiokKeHUs YBeIMIMBACTCS B pa3Mepax Tak, YTOObI Pa3MEPHOCTh IO IITUPHHE
1 BBICOTE COBII/Iajia WJIM C BXOJIOM BCEro OJIOKa, MJIM ¢ BBIXOIOM IIEPBOTO IIara pa3jiokeHus (B 3TOM ciiyyae
HE MEHSIETCS Pa3MEpPHOCTh BBIXOJIa TIEPBOTO IIara nmpeoOpa3oBaHus), 1 00bESAMHICTCS BOJIb OCH KaHAJIOB.
Hakownen, mpumeHseTcs erie oJJiH CBEPTOYHBIN OJI0K, KOTOPBIH OTBEYAET 3a TO, YTOOBI BEPHYTHh HEOOXOAMMOE
KOJIMYeCcTBO KaHalioB. OHO MOXKET MJIM COBIAAATh C BXOJIOM IIEJOTO BEHBIET-0I0Ka (B 3TOM CIIydae BBIXOI
0J10Ka MOYKHO MCTIOJB30BaTh JIJIS IIORIEMEHTHOTO CIIOKEHHUS C HCXOAHBIM CUTHAIIOM U YMHOXKEHUS Ha HETO),
WU OBITH (PMKCUPOBAHHBIM (B TAKOM CIIy4ae MOXKHO OOBEIUHSThH BBIXOJ OJIOKA C €r0 BXOAOM C ITOMOIIbIO
ornepanr KOHKAaTE€HAalluU, HO TOrla HYKHO CJICAUTH 3a COBIIAACHUEM pa3MepHOCTeI71 0 MUPUHE U BBICO-
Te). B nanHo#l paboTe CTpyKTypa BXOAHBIX M BBIXOJHBIX CBEPTOYHBIX OJIOKOB OblLa CIENyIOIICH: CBEpTKa
¢ sanpamu pazmepom 1 x 1, makeTHas HopMmanusamnus, aktTuBanus Leaky ReLU. CTOUT yTOYHUTH, YTO, XOTS
pasMep sapa 4acTo YKa3bIBAIOT ABYMEPHBIM, HA CAMOM JIeJI€ KaXKIbI (PUIIETP B CBEPTOUYHOM CIIO€ UMEET TPEeX-
MEpHYIO Pa3MEpPHOCTh: IHUPUHY, BEICOTY W KOIMYECTBO BXOJHBIX KaHATIOB. [I0CKOIBKY BXOJ TEKYIIIETO CIIOS
HaNPSMYIO 3aBUCHUT OT BBIX0JIa IPEBIYIIETO CJIOSI MOJIEIH, TO €r0 Pa3MEPHOCTh HEJIb3s CJIENIaTh [TapaMeTPOM
ciost. Taxke cieyeT OTMETHTh, YTO JaHHBIN pa3Mep sapa ObUT BEIOpaH B LEJSX OrPaHUYCHHS [TapaMeTPOB
MOICIN. ComnocTaBUMBIH 110 KOJIMYCCTBY IMapaMETPOB BAPHUAHT — HMCIIOJIB30BAHNE cenapaGem)HLIx CBEPTOK
C sapaMu pasMepoM 3 X 3, HO ObUTH BBIOpaHBI CTAHAAPTHBIE CBEPTKH, MTOCKOIBKY MPH TAKOW peaTn3aiimi
MOJKHO CUHMTATh, YTO Ha BXOJHOM TE€H30pE BEHBIET-0I0Ka KaXIbIi MMUKCEN SBISETCS B3BEIIEHHON CyMMOMN
TOJIBKO OJTHOTO TIMKCEJa U3 BCEX KaHANOB. TO €CTh MOJIENIh HAXOMUT ONTHUMANBHBIN C €€ TOYKU 3PSHHS T10-
MUKCEIbHBIN CII0CO0 COSIMHEHUS KapT MPU3HAKOB. B Ka)KJJOM BEHUBIIET-0JIOKE TPUKIBI TPUMEHSICTCS BEHB-
neT-mpeodpazoBaHue, 3TO JOJKHO MTO3BOIUTH COOpATh JIETaIM C HECKOJIBKUX YPOBHEH n300paxenus. O0mas
cxema 0J10Ka IpeicTaBlieHa Ha PHC. 3, IJIe UCTIOIb30BaHbI cieayroiue o0o3nauenus: InConvBlock — BxogaHo#
cBeprouHslii O110k; OutConvBlock — BeixogHOI cBepTouHblil 610K; Upscale, — onepanus yBenudeHus BpIxoa
n300pakeHus ¢ MOMOLIbIO HHTEPHOJSIIUM B 71 pa3 Ha i-M mare; DWT, — onepauust TuCKpeTHOTO BeiBIeT-
npeoOpa3zoBaHus Ha i-M 1mare; Concat — onepanus KOHKaTeHallul TEH30POB BOJIb OCH KaHaJoB; LL; — oTuH
13 BBIXOJIOB BEHBIIET-IIPEOOpa30BaHUsI HA i-M IIare.
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Puc. 3. CBepTOUHBIN BeHBIET-0JI0K
Fig. 3. Convolutional wavelet block

BcerpanBanmne cBepTOYHOIO BeliBJieT-0J10Ka B Mofiesb. ECTh MHOXKECTBO BApHAHTOB TOT'0, KaK pean30-
BaHHBIM CBEPTOYHBIN BEHBIET-OIOK MOXKET OBITH BCTPOEH B CBEPTOUHYIO HEMPOHHYIO ceTb. B naHHOi pabote
UCIIOJIb30BaHBI 1Ba HaHOOJIee HHTEPECHBIX croco0a.
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[MockonbKy B OOJTBIIMHCTBE MOJIENIEH €CTh OJIOKH, B KOTOPBIX TPOUCXOIUT YMEHbBIIICHHE BXOHOTO Pa3peIleHHUs
TeH30pa B 2 pa3a, TO UX BO3MOXHOCTH MOYKHO PaclIUPUTh, T00aBUB JOMOIHUTEIBHYIO BETBb, KOTOpas OyJeT co-
CTOSITh M3 PEAIM30BAaHHOTO CBEPTOYHOIO BeHBIIET-0110Ka. B pesyibTrare BXOOHOM curHall OyeT aHaIn3UpOBaThCSI
JBYMsI HE3aBHCHMBIMU H3BJICKATEIISIMU TPU3HAKOB. CIIEIyeT OTMETUTB, YTO YacTO OJIOKM YyMEHBLICHHUS Pa3MEPHOCTH
COCTOSIT U3 OOJIBILIOrO KOIMYECTBA CBEPTOUHBIX ciioeB. Ilox Taknm GI0KOM MOHMMAETCs YacTh MOAENH, KOTOpast
Ha BBIXOJI€ YMEHBIIAET pa3Mepbl BXOIHOTO TeH30pa B 2 pa3a BIOJIb OCE, 0003HAYAIOIINX [IUPUHY U BBICOTY (KO-
JIMYCCTBO KaHAJIOB MOXKET KaK YBCJIIMUMBATLCA, TaK U yMeHLIHaTBCSI), U IIPpU 5TOM €€ BXOJ TAKXKC UMECT B 2 pasa
yMEHBLIEHHBIE pa3Mepbl OTHOCUTEIBHO MPEABIAYIIEro mara. Bo Bcex HCIonb3yeMbIX B IaHHOM padoTe MOAEIIX
MOYKHO BBIICJIUTD IISITh TIOAOOHBIX OJIOKOB (BXO IIEPBOIO U3 HUX MPEACTABISAET COOO0M MM HCXOIHOE H300paKe-
HHe, WK Beixog DWT-0110Ka, TpMEHEHHOTO K BXOAHOW KapTuHKe). Jlanee cKiaapIBatoTCs BEIXObI HCXOIHOTO
1 peaM30BaHHOIO BEWBIIET-0I0KOB. B 3TOM M 3aKitouaeTcsi epBblil N3 NPEIJIOKEHHBIX CIIOCOO0B BCTPanBaHUs
CBEPTOYHBIX BEHBIIET-0JIOKOB B MojieIh. OH MPEICTaBIICH Ha PHC. 4, T/IE UCIIOIL30BAHBI CIICIYIOIINE 0003HAYCHUS:
StrideBlock; — 6ok ymenbIenus pazmepHoctH Ha i-M mare; CWBlock, — cBepTouHbIif BeliBeT-010K Ha i-M IIare;
WBIlock — BeliBner-010k 6e3 cBEpTOUHBIX ClI0eB Ha BXoze u Bbixoze; OutBlock — BeixoaHOM 010K 0€3 CBEPTOK,
BKJIIOYAIOLIMH B ce0sl TIOMTHOCBSI3HbIE, HOPMaJIM3alMOHHBIC U AaKTHBALIMOHHBIE CJIOH, OTBEYAIOLINE 32 BBIXOJ BCeH
mozenu. J{i1st ynoOcTBa Takke yKazaHo, Kak MEHSETCS pa3MEPHOCTh BXOAHOTO TEH30pa.

BTopoii crtocob BcTpanBaHHs CBEPTOYHBIX BEHBIIET-OJIOKOB B MOJEIH COCTOUT B TOM, YTOOBI TOOABIIATH
JOIIOJTHUTENIbHYIO BETBb JUIsl aHAJIM3a CUTHAJIA HE K LEJIOMY OJOKY yMEHBIICHUS Pa3MEPHOCTH, a K OTAEINb-
HBIM CBEPTOYHBIM 6JIOKaM, COCTOAIIINM OOBIYHO M3 CIIOEB CBCPTKH, HOpMAJIU3AllUH U aKTHUBAllUU, Ka)i(}lblﬁ nus3
KOTOPBIX MOKET IIOBTOPATHCS HECKOBbKO pas. [Ipu Takom momxone TpeOyercs oOaBUThH OOJIbIIe 00ydaeMbIX
[apaMeTpoB, HO 3TO JOJHKHO YIYULIHTh BO3MOXHOCTH MOZEJIEH 10 U3BJICUCHHIO IPU3HAKOB U3 BXOIHBIX TCH-
3opoB. Ha mpumepe apxurektypsr ResNetV2-50 maHHBIH cr1oco0 MpeacTaBlieH Ha pUc. S, Te UCIOIb30BaHbI
cienytomue obo3HaueHus: CWBlock — cBeprounslii Beiiner-6;10k; Conv, — CBEpTOUHBIN CII0H Ha i-M 1uare;
BatchNorm; — naketHas Hopmanu3zanus Ha i-M wmare; ReLU — cioii akruBauuu.
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Puc. 4. Peann3zanus nepBoro criocoda BCTpauBaHHs
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CBEPTOYHBIX BEHBIIET-0JIOKOB B MOIECIb

Fig. 4. Implementation of the first method

of integrating convolutional wavelet blocks into the model
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CBEPTOYHBIX BEHBIICT-0JIOKOB B MOZIEIb
(1a mpumepe apxutekTypbl ResNetV2-50)

Fig. 5. Implementation of the second method
of integrating convolutional wavelet blocks into the model
(using the example of ResNetV2-50)

Mogenu, oydeHHbIE TIEPBBIM U3 OMHCaHHBIX CIIOCO00B, Ha puc. 7—10 u B Tabnuie 0003HaYEHBI KaK
«per_block», a Moxenw, MOTydeHHBIE BTOPBIM CITIOCOOOM, — Kak «per conv». B o0oux ciydasx peaiu3o-
BaHHBIN BEHBIIET-0JIOK TaKKe IPUMEHSIETCS IS aHAIN3a BXOTHOTO H300payKeHHsI, HO 0€3 JOTOIHUTEIbHBIX
BXOJIHBIX U BBIXOJHBIX CBEPTOK (TOJBKO KOHKATEHAIUsS BBIXOJIOB BelBIIeT-ipeoOpa3oBanusi). B pesynbrare
Ha BXOJI IEPBOTO CBEPTOYHOTO OJIOKA MOCTYIHUT CUTHAJ, Y KOTOPOTO KOJMYECTBO KAHAJIOB COCTABISET HE 3,
kak y RGB-kaptunku, a 12 (1o 3 ypoBHS BeWBIET-pa3IokeHUs sl Kakmoro n3 RGB-kananos, a Takke BXOIT
JUTST KQYKJIOTO Pa3JIOKEHUS).

IMoaroroBka Hadopa naHHbIX. {15 MPOBECHUS SKCIIEPUMEHTOB OBLIIO PELICHO CO3JaTh HA0OP TaHHBIX Ha
ocnoBe garaceta LSUN (Large-Scale Scene Understanding Challenge) [16], mockonbKy B HEM HpeACTaBICHO
OTHOCHTEJIEHO OOJBIIIOE KOIWYECTBO KaTeroprii 00bEKTOB C Pa3HBIM YHCIIOM JIOCTYITHBIX N300payKeHHIA, a CaMu
KapTUHKH UMEIOT pa3Mep oT 256 X 256 1K, 94TO TIOYTH COBIA/IAET C pa3MepPOM BXOIHBIX N300paKeHUH s Uccie-
JlyeMbIX MOJIeleit Ipi 00y HeHnH) Ha cTaHaapTHOM aatacete ImageNet” — 224 x 224 nik. Jlist co3aBaeMoro HaGopa
JTAHHBIX OBLTH BRIOPAHBI ITATh KATETOPHIA: «aBTOOYC», «aBTOMOOHIIBY, «MOTOIIHKID), «KOPAOIIby U «caMomeTy. s
oOy4eHns u Bajunauu B3sTeI riepsbie 10 000 n3o0pakeHUH 13 KaXKI0M KaTeropuu, a Uik TECTUPOBAHUS HC-
rrostb3oBanbl 10 10 000 kapTuHOK, HaunHas ¢ 100 000-#. Bo BceX KaTeropHsx KOJTHMYECTBO JAHHBIX ITO3BOJISIIO
3TO JienaTh. [Ipyu He0OXOAMMOCTH pa3Mep JIF00H U3 HUX MOXKHO ObLIO Obl yBeIHUnTh, HO 10 000 n300paxeHuit
K10l KaTteropuu Ha oOyudeHue BMecTe ¢ Banupanueit u 10 000 kapTHHOK Ha TECTHPOBAHUE JIOJHKHO OBITh
BITOJTHE JIOCTATOYHO IS 3a]1a49M KJIaCCU(PUKAIIH U300paKEeHUH.

Hcxonnbie HAOOPHI TaHHBIX XpaHATCS B popmate 6a3bl manasix LMDB (Lightning Memory-Mapped Data-
base), moaTomy uist y1o6cTBa pabOTHI KaXK10€ H300paKEHUE U3BJICKAIOCH B OTICIBHBIN (aiii epel 3aryckoM
oOyueHus Mozeneil. KapruHku cHavaa mpuBOAWINCH K KBaJAPATHOHN (opMe ImyTeM yIajaeHHsI TUKCEIIOB BJIOTb
OOJIBIION CTOPOHBI TaK, YTOOBI OCTABIIASCS YaCTh ObLIA B IIEHTPE UCXOIHOTO N300PAKEHNUS, @ 3aT€M C ITOMOIIBI0
MHTEPIIONAIMA MeToIoM JIaHTIoIIa yMEeHBIIAIMCH B pa3Mepe 10 256 X 256 nk. [TockonbKy yacTo 1eneBoii 00beKT
HaXOJIUTCS B IIGHTPE N300paKEHHI, yIaeHHe MMKCENIOB U3 KAPTUHOK HE JOJKHO HABPEUTh KaueCTBY MOJICIH,
HO MOKET ITOMOYb N30ekKaTh CUTYAITHH, TPH KOTOPOIt OOITBITIAs YaCTh N300paKEHUH 3aIMOTHICTCS HEKOTOPBIMHU
HCKYCCTBEHHBIMHU 3HAYCHHSIMHU, & CaM 00BEKT 3aHMMAET MEHBIITYIO YaCcTh KApTUHKH. [laHHas rporeypa npu-
MEHsIIach K M300pakKeHUsIM BCEX 1aTaceTOB: TPEHUPOBOYHOTO, BAIMAALUOHHOTO U TECTOBOTO.

Ha puc. 6 npeacraBieHo o BOCEMb MPUMEPOB M3 KXKOW KaTETOPHH, 3aHUMAFOIIEH OTACIbHYIO CTPOKY.

*ImageNet large scale visual recognition challenge (ILSVRC) [Electronic resource]. URL: https://www.image-net.org/challenges/
LSVRC/ (date of access: 21.10.2023).
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Puc. 6. Tlpumepsl n300pakeHHI U3 MTOATOTOBICHHOTO JaTaceTa

Fig. 6. Images examples from the prepared dataset

Cxema o0yuenunst

[lepen coznanreM HTOrOBOTO araceTa st 00yUeHHUs JaHHBIC U3 KaXKI0M KaTeropyuu JACIHIUCh Ha YaCTH 10
85 % (oOyuenue) u 15 % (Banunauus). [lanee TpeHUPOBOUHBIE TaHHBIE OOBEUHSINCH B OAUH 00U HAbOp
U CIy4aifHO MepeMeIINBAINCH C 3a()UKCUPOBaHHBIM MTApaMETPOM CITydaliHOCTH (seed ). TecToBble JaHHBIE 10-
MIOJTHUTEJIFHO HUKAK He 00padaThiBaINCh, TOCKOIbKY H3HAYaIbHO OTOMPAIIUCH TaK, YTOOBI KaXKJast KaTeropust
ObuIa TIpe/cTaBlIeHa OJUHAKOBBIM KOJMYECTBOM M300pakeHUH. Takum 0O0pa3oM, TPEHHMPOBOYHBIH, BaIuga-
LIMOHHBIN 1 TeCTOBBIN gaTaceTsl copepkanu 42 500, 7500 u 50 000 nzoOpaxkeHUii COOTBETCTBEHHO. B KauecTBe
ayrMEHTAIM UCIIOB30BaJIOCh BHIPE3aHUE CIy4ailHOH 00JIaCTH MCXOIHOTO M300paskeHHMs, LeIeBas [UpruHa
1 BBICOTa KOTOPOH ONpEAEISUTUCH HE3aBUCUMO JIPYT OT Jpyra ciy4aiHsiM oOpa3om B nuamnasone [0,75; 1,0]
OT UCXOIHBIX pa3MepoB. [lonyueHHas KapTHHKa IPUBOAMIIACH K HCXOIHOMY Pa3peIieHHIO ¢ TOMOLIbIO OMIIU-
HeitHo# uHTepnosiuuu. Takxe ¢ BeposTHOCTBIO 0,5 MPUMEHSIIOCH OTPaKCHUE N300paKeHUs] OTHOCUTEIHLHO
BepTuKasbHOU ocu. [Ipu nmpoBepke kauecTBa MOJENH Ha BAIMJALIMOHHON M TECTOBOIM BEIOOpKaX ayrMEHTaluN
OTKJIIOYAJIUCh, & CJIOW MAKETHOW HOpMAaJU3aliy MEePEBOJUINCH B TECTOBBIN PEXKUM (U1 HOpMaJIU3aluu KC-
I0JIb30BAJIMCH HAKOTUICHHBIE 3HAYCHHUSI CPEIHET0 M CTAHAaPTHOTO OTKJIIOHEHU ). B kKauecTBe npenpoueccura
JUIs1 BCEX MOZIeJIel OCPEICTBOM JIMHEHHOTO 0TOOpaKeH!s M300pasKeHUs IepeBOAMINCH U3 Ananazona [0; 255]
B quanasoH [—1,0; 1,0], a we [0; 1,0]. lanHoe neiicTBre 00yCIOBICEHO TE€M, YTO 3HAYCHHUS BECOB BXOJHOIO
CBEPTOYHOI'O CJI0S MHULHAIU3UPYIOTCS U3 PABHOMEPHOIO paclpeAeeHHsl CIy4aHbIX YUCell, KOTOPOe CUM-
METPHUYHO OTHOCHUTENIBHO HYIIs (KcIoib3oBaics Meton [mopora). Takoii moaxo/ K MacTabOupOBaHUIO BXOAHBIX
n300paKEHUH MOKET IOMOYb OOYUEHHIO IIEPBOTO CJIO MOAETICH, IIOCKOJIbKY MUHIUMAaIbHOE U MaKCUMAaJIbHOE
3HAUCHHMS BXOTHBIX H300paKeHUH Taxke OylyT CHMMETPUYHBI OTHOCHTEIILHO HYJIS, 8 MAKCUMAJIHOE [0 MOJY-
Jro 3HayeHue He npesbicut 1,0. Ha Bxox Moznesnelt noctynanu nzo0paxenus pasmepom 256 x 256 nk. /s o0y-
YeHUsI MOJieliel ncTonb3oBaics ontumusaTop Adam co ckopoctbio o0yueHus 0,001 u pasmepom naketa (6atya),
paBubIM 64. [TockonbKy Ki1acchl B JAaHHBIX OBLIH MTOJTHOCTHIO COAaHCUPOBAHBI, TO B Ka4eCTBE QYHKIMU OTEPh
BbIOpaHa KaTreropuaibHas KPOCC-3HTPONHS, a B Ka4eCTBE METPUKH — TOYHOCTb (accuracy). MakcuManbHas
MIPOIOIKUTEILHOCTh O0yUeHHs yCTaHaBlIuBantack paBHoi 100 smoxam ¢ BO3MOXKHOCTBIO PaHHEH OCTaHOBKU
[P OTCYTCTBHU YITyUIICHHUSI METPUKHU Ha BAJIAALMOHHOM Habope B TeueHue 15 amox.

Mopenu OblTH peann30BaHbl ¢ moMolnbio gpeiimBopka TensorFlow. O0yueHne npoxoauao Ha BBIYUCIH-
TEJILHOM cTeH e ¢ rpaduueckum mporeccopom Nvidia RTX 3090 (24 I'6).
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Pe3yabTarsl

B tabnuiie npecTaBieHbI pe3yJbTaThl, TIOKa3aHHbIC MOJICIISIMU Ha TECTOBOM Ha0OpE TaHHBIX. MOKHO BHJICTD,
YTO MIPU TPAMOTHOM KCIIOJIb30BAHUH CBEPTOYHBIX BEHBJIET-OJOKOB 00IIee KOJUYECTBO apaMeTPOB MOJIeIIeH
HE3HAYHUTEIHHO YBEIMYMBACTCS, HO MIPH ATOM OIIYTUMO YMEHBIIAETCS KOJIMYECTBO MapaMeTPOB HCXOTHBIX
Mozneneil. B urore, momy4uB aums HEOONBITYIO MTOTEPIO B KaY€CTBE, MOYKHO TOOUTHCS YMEHBIIEHUS 00be-
Ma Mozenu BIIoTh 110 40 %. CTOUT OTMETUTS, YTO U3 MPOTECTUPOBAHHBIX MOJICIICH JTydIle Bcero ceOs mokasana
apxutektypa MobileNetV2. JlanHbli GakT MOKET OBITh CBSI3aH C TEM, YTO aBTOPBI TOW MOJICIIM N3HAYAIBHO
3aKJIaJIbIBaJIF BOBMOYKHOCTH KOHTPOJIMPOBATh €€ CIOKHOCTH C TTIOMOIIbIO KOHCTAHTHI.

s apxutekTypbl ResNetV2-50 taxoke ObUTH IPOTECTUPOBAHBI BEPCHH MOJICITH, B KOTOPBIX TTOCICTHUH (TIs-
ThIii) OJIOK YMEHBIIICHHSI PA3MEPHOCTH HE IOJIBEPIaJiCs M3MEHEHHIM (0003HAYCHBI KaK «nob5y). Mcmonb3oBaHue
TaKOTO BapuaHTa MOJIENIN CBS3aHO C TEM, YTO MIMEHHO B JIAHHOM OJIOKE COJICPIKUTCS OYCHB OOJIBIIIOE KOJIMYECTBO
MapaMeTpoB, U MPU OTMPe/IeNICHHBIX CII0co0axX BCTpauBaHUs BEHBIET-IIPe0Opa30BaHNI UX YHCIIO CYIIECTBEHHO
yBenmmuuBaeTcs. Pe3ynsrarsl cxomuMocTn cTanaapTHoH Moaenn ResNetV2-50 Ha BanumaimoHHOM Habope Tpe-
CTaBJICHBI Ha PHC. 7, a pe3yJIbTaThl CXOAMMOCTH MOJIENTU 6e3 MOAM(HKAIMH MATOTO OJI0Ka — Ha pHC. 8.
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Fig. 7. Convergence of the standard ResNetV2-50 model
(a — valid accuracy; b — valid loss)
ala o/b
0,94
14+
0,92+
1,2+
0,90 - &
2 g 1,0k
5 0,881 =
£ = 08
g 0,86 g 0
g0 :
0,84 & 0.6
0,82 0,4
0,80 1 ll 1 1 1 1 1 1 0 2 1
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
KonuectBo amox Konmuectso smox

—— ResNetV2-50 base
—— ResNetV2-50 a0.75 per block nob5
—— ResNetV2-50 a0.75 per conv_nob5
Puc. 8. Cxonumocts moaenn ResNetV2-50 6e3 moauduxarmu mstoro 61oka
(a — TOUHOCTB; 6 — QyHKIHS TOTEPB)

Fig. 8. Convergence of the ResNetV2-50 model without modification of the fifth block
(a — valid accuracy; b — valid loss)
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Monens MobileNetV2 okazanack oNTHMaTbHBIM BAPHAHTOM JJISl pacCMaTpUBaeMOH 3a1a4ur: UCXOHAS MO-
JIeNTb TToKa3aia HaWTydIie pe3ylbTaThl Ha TECTOBOW BBIOOPKE CPEIH BCEX MPOTECTHPOBAHHBIX apXUTEKTYP
(oHa TakXke MMeeT MEHBIIUH pa3Mep), a Iydlras MOAu(UIIMPOBaHHAs BEpCHs MOTEpsiyia B KaYeCTBE MEHEee
0,3 % Ha TecTOBOM BEIOOPKE, HO TIPU 3TOM €€ pa3Mep yAaJloCh yMEHbIHUTD Ha 33,7 %. Pe3ynbsraTsl cxomumMocTu
MoJIeTieH TaHHOTO CEMEHCTBA Ha BAMIAIIMOHHON BEIOOPKE TIPEICTABICHBI Ha PHC. 9.
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Fig. 9. MobileNetV2 model convergence
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Oo6yuenue monenu EfficientNetV2-B0 npoxoauino kpaliHe TsHKeI0: 3HaYCHHE METPUKY Ha BaJIUIAIIHOHHOM
JlaTaceTe He MOIIIO CTA0MITM3UPOBATHLCS, M C TCUCHHEM BPEMEHH MOJICTh PACXOIUIIACH, TPUYEM JIAHHOE MTOBEIC-
HUE HE 3aBUCEJIO OT TOTO, UCIOJIb30BAIUCH JIM CTAHAPTHBIC HACTPOMKH O0YUCHHUS UM HACTPOMKH 00yUICHUS,
NpEUI0KEHHBIC aBTOPAMH apXUTEKTYphI B padoTe [12]. IToroBbie pe3yasTarsl 3aMETHO YCTYAKOT pe3yibTaram
JPYTUX MIPOTECTUPOBAaHHBIX ceMeiicTB Mozeneil. [ paduku cxomumocTr moaenu EfficientNetV2-B0 na Banuia-
[IMOHHOM Habope JaHHBIX MpeACTaBIeHBI Ha puc. 10.
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Fig. 10. EfficientNetV2-B0 model convergence
(a — valid accuracy; b — valid loss)
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CpaBHeHHe pe3yJIbTaTOB

Comparison of results

M KongquTBo Konnuectso Jons P M6 Mertpuxa

oAb Ha[())aI\I;[L::If;)OB DWT-napamerpos | DWT-nmapamerpos asMep, (accuracy)
ResNetV2-50 base 23,56 - 10° 0 0 90,1 0,9349
6 6 60,7 0,9227

ResNetV2-50 a0.75 per block 16,63 - 10 3,22-10 0,194 (32,6 %) | (~0,0122)
6 6 111,0 0,9229

ResNetV2-50 a0.75 per conv 38,1510 24,74 - 10 0,648 (+23.2%) | (-0,0120)
6 3 76,1 0,9285

ResNetV2-50 a0.75 per_block nob5 | 20,08 - 10 786,0 - 10 0,039 (15.5%) | (~0,0064)
6 6 97,8 09113

ResNetV2-50 a0.75 per conv_nob5 29,20 - 10 9,89 - 10 0,339 (+8,5%) | (~0,0236)
MobileNetV2 base 2,26 -10° 0 0 8,9 0,9355
: 6 3 5.9 0,9324

MobileNetV2 a0.75 per block 1,49 - 10 94,0 - 10 0,063 (£33.7%) | (~0,0031)
: 6 3 6,3 0,9286

MobileNetV2 a0.75 per conv 1,62 - 10 221,0- 10 0,137 (-292 %) | (~0,0069)
EfficientNetV2-B0 base 5,92 10° 0 0 22,8 0,894 4
: 6 3 13,7 0,884 4

EfficientNetV2-B0_a0.75 per_ block 3,52-10 42,0 - 10 0,012 (-39.9%) | (~0,0100)
: 6 3 15 0,8488

EfficientNetV2-B0 a0.75 per conv 3,86 - 10 380,0 - 10 0,098 (-342 %) | (~0,0456)

I[Ipumeuanue. B rpadax «pasmep» u «MeTpHka (accuracy)» B CKOOKaX yka3aHa BEJIMUMHA H3MEHEHHUs] COOTBETCTBYIOIIHMX 3Ha-
YEHUH OTHOCHTEIBHO 0A30BOH MOIEIH.

3aKjIoueHune

B nmanHo# paboTe peaqn30oBaH ajTOPUTM OBICTPOTO JTUCKPETHOTO BEHBIICT-TIPe0Opa30OBaHMsI sl CeMei-
crBa CDF-9/7 Ha ocHOBe cooTBeTCTBYOMICH TUQPTHHT-CXeMBI. [10TydeHHBIH anropuT™ pacnpocTpaHeH Ha CIydait
YeTBIPEXMEPHOT'O BXOJIa JUISI BO3MOKHOCTH pabOThI ¢ M300paKEHUSIMU B CBEPTOYHBIX HEHPOHHBIX ceTsx. s
peanu3aiyy aaropuTMa UCTob30BaJIlCh BEKTOPHBIE OTIEPAIlH CIOKEHHS 1 YMHOKEHHS, OJlarofapsi 4eMy ero
JICTKO MOXXHO BCTPOUTH B CYIIECTBYIOMINE MOJACIIU KOMIILIOTEPHOI'O 3pCHM A, COXPAaHHUB BO3MOKHOCTD UX O6y‘-IC-
HUS METOJIOM 00paTHOTO pacipocTpaHeHus omnOKy. KoHCTaHTBI, HCTIONB30BaHHbBIC B TN THHT-CXEME, TAKKE
MOYKHO CJIeNaTh 00ydaeMbIMHU apamerpamu. Ha ocHOBe pa3paboTaHHOTO alropuTMa pean30BaH CBEPTOUHBIN
BEHBIIET-0JIOK, KOTOPBIN ObLT ycrienHo BcTpoeH B Mozenu ResNetV2-50, MobileNetV2 u EfficientNetV2-BO0.
Hcxoanbie 1 MOTUQUIIMPOBAHHBIC BEPCUH ITHX MOJIEIICH TPOBEPEHBI B 33/1a4e KIIaCCU(PHUKAIIMN H300paKeHHI Ha
Ha0Ope TaHHBIX, CO3JJaHHOM Ha ocHOBe jaraceTa LSUN. Biaronapst uCmosib30BaHUIO BEHBIIET-0JI0KOB Y1a710Ch
MaCHlTa6I/IpOBaTI> HUCXOOHBIC MOJICJIN 3a CUCT YMCHBIICHU S KOJIMYCCTBA q)HJ]I)TpOB B CBEPTOUYHLIX CJI0AX, COXpa-
HUB IIPY 5TOM COMOCTaBUMBIH ypoBeHb KauecTBa. [Ipr onTHManbHOM BCTpanBaHUU BEHBIET-0IOKOB B MOJIEITH
pasHuiia B Mmetpukax coctasisiet 0,3—1,2 %, ogHako mosyueHHbIe ceTd 3aHuMaroT Ha 30—40 % MeHbIumii 00beM
namsTH Ha aucke. B myuiniem ciydae (Moenb Ha ocHoBe MobileNetV2) yinanock 100UThCs cxkaThs pa3mepa
BecoB ¢ 8,9 10 5,9 M6 (33,7 %), norepsiB B kauectse jmiib 0,31 %.
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VIIK 57.087.1

NMMUTAIITMOHHOE MOAEANPOBAHUE
OAHOHYKAEOTUAHBIX TEHETUUYECKUX ITOAUMOP®N3MOB

H. H. AIIKOB", B. B. ATAHACOBHY?, B. B. [PHHER"

1 . .
)Eeﬂopyccwu 2ocyoapemeennblil yHusepcumem, np. Hezasucumocmu, 4, 220030, e. Munck, Berapyce
2 2
)Hesasucumbiii uccnedosamens, 2. Munck, benapyco

Annomayus. J{ns uieHTHGUKALN OTHOHYKIICOTHIHBIX TOMMMOP(U3MOB B moclnenoBarenbHocTsax Monekyn JIHK npen-
JIOKEH TIOJIXOJT, OCHOBAHHBII Ha MIMUTALIMOHHOM MOJICITMPOBAaHHH CAHTOB OT/IEITbHBIX HyKJICOTHIIOB C HCIIOIB30BAHIEM TeHEePALIHH
CITy4aifHBIX COOBITHI IO OeTa-pacipeieIeHHIO I HOPMAJIBHOMY PacpeIelICHHIO, TTapaMeTPhl KOTOPBIX OLIEHUBAIOTCS Ha 6aze
HUMECIOHINXCA OKCIICPUMCHTAJIBHBIX JTaHHBIX. Pa3pa60TaHHBIﬁ TMOAXO/ MOBBIACT TOYHOCTD OIPEACIICHNA OAHOHYKIICOTUAHBIX
nonumop¢usmoB B Monekynax JIHK u mo3BossieT nccienoBars 10CTOBEPHOCTD PE3YJIBTaTOB OT/ACIBHBIX SKCIIEPUMEHTOB
1 OLEHHUTh TOYHOCTH NAapaMETPOB, MOJTYUYECHHBIX B PEaJbHBIX YCIOBHIX IPOBEACHUS SKCIEpUMeHTa. MIMuTannoHHas
MOJIeITb U METO/IbI aHAITH3a BepU(HLIUPOBAHBI HA HAOOPE JaHHBIX TEHOMHOTO cekBeHnpoBanus Monekya JHK yenoBeka,
npenocTaBieHHBIX KoHCOopIyMoM GIAB (Genome in a Bottle Consortium). BeimorHeH cpaBHUTEIBHBIN aHATIH3 H3BECTHBIX
CTATUCTUYECKHX aJlTOPUTMOB HACHTU(DHUKALNH OXHOHYKJICOTHIHBIX OIUMOP(GHU3MOB U METOI0B MAIITHHOTO O0Yy4eHNS,
rapaMeTphl KOTOPBIX HACTPAMBAIOTCS 10 CMOJICIMPOBAHHBIM JJAHHBIM T€HOMHOTO cekBeHupoBaHus monekyn JIHK gemo-
Beka. Jlydrnime pe3ynbraTsl HOJIyYeHbI Il MOZIeIel MalllMHHOTO 00y4YeHUs], Y KOTOPBIX TOYHOCTb HACHTH(UKAIINY CAlTOB
OJTHOHYKJICOTH/THBIX TTOJMMOPGHU3MOB Ha 2—5 % BBIIIE, YeM y KIIACCHUECKUX CTAaTUCTUYECKUX METOJIOB.

Knrouesvie cnosa: OHOHYKICOTHIHBINA FreHETHYECKUIT HOMMMOP(U3M; 0OHApYKEHIE OHOHYKICOTHIHBIX IOJIMMOP-
(U3MOB; IMHUTAIIMOHHOE MOJICIIMPOBAaHKE; MAIMHHOE 00y4EHHE.
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us-2025» (rpant Ne 3.04.3.1, Ne roc. peructparmu 20211918).
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Abstract. We propose an approach for the identification of single nucleotide polymorphisms (SNPs) in DNA sequen-
ces, based on the simulation modelling of sites of single nucleotides using the generation of random events according to
the beta or normal distributions, the parameters of which are estimated from the available experimental data. The deve-
loped approach improves the accuracy of determining SNPs in DNA molecules and permits to investigate the reliability
of specific experiments as well as to estimate the errors of determination of the parameters obtained in real experimental
conditions. The verification of the simulation model and analysis methods is carried out on a set of reference human
genomic DNA sequencing data provided by the Genome in a Bottle Consortium. The comparative analysis of the existing
statistical SNP identification algorithms and machine learning methods, trained on the simulated data from the genomic
sequencing of human DNA molecules, is carried out. The best results are obtained for machine learning models, in which
the accuracy of SNP identification is 2—5 % higher than for classical statistical methods.

Keywords: single nucleotide polymorphism; SNP; SNP identification; simulation modelling; machine learning.
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Introduction

Genetic polymorphism affects the human phenotype and other living organisms [1]. Single nucleotide poly-
morphisms (SNPs) are one of the most common types of genetic variation in the human genome. Knowledge
of the genes involved in cancer development, combined with the ability of genome sequencing and bioinfor-
matics analysis, is an important tool for screening patients at risk and assisting in genetic counseling [2].

Statistical methods of binomial distribution, entropy-based, Fisher’s exact tests and machine learning me-
thods are applied for identifying the SNPs in humans and plants [1; 3; 4]. These methods are quite universal
and simple for programme implementation, however, they are computationally expensive and difficult to be
effectively applied in the analysis of experimental data with a high noise level and various experimental distor-
tions, which are the sources of gaps, repetitions, and other anomalous values [5]. Practical experimental studies
use simulation modelling to select a proper SNP identification algorithm, test competing pipelines of analysis,
and evaluate the performance of specific experimental designs for studying biophysical systems [6; 7]. Simu-
lations are critical for testing methods and studying the effects of different phenotypic and genetic architectures
of biological traits. Modelled genotypes and phenotypes reflect the intended understanding of the true structure
of the phenotype, but do not guarantee the biological correctness of real phenotypes [8]. Simulation model-
ling is also used to generate training data for machine learning methods to directly identify SNP sites in real
data from a single sequencing experiment [4]. In this case, the formation of simulated training data can have
advantages in terms of accuracy and efficiency in the analysis of experimental data both with a low coverage
(a number of nucleotide reads) and with gaps due to experimental distortions.

Various approaches to mathematical modelling of genetic polymorphisms, based on accounting the parameters
of experimental equipment, the use of probabilistic models and statistical methods, and auxiliary biological in-
formation, are published elsewhere [9; 10]. However, due to complexities in the types of genetic data, modelling
methods, data formats, terminology, and assumptions made in existing software applications, choosing a reliable
tool for a particular study could be a resource- and time-consuming process [11]. It should be noted that only a few
modelling methods use experimental results (or measured parameters) and a complex simulation scheme with
a covariant noise structure. As the complexity of analysis increases, researchers need sophisticated modelling of
realistic genotype and phenotype structures from the measured characteristics of specific experiments. Simulated
data from a particular experiment provide more accurate training datasets for machine learning algorithms to
identify SNP sites.

This article presents an approach for simulating SNP sites in DNA sequences based on the beta and nor-
mal distributions, the parameters of which are determined from the available experimental data. It allows us
to model the features of specific experiments and form learning datasets for training classification models of
machine learning algorithms. The performance of the developed computational algorithms is confirmed in the
course of a comparative analysis of the most effective existing statistical algorithms for identifying SNP sites
on experimental human genomic sequencing data.
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Methodology

Simulation modelling of SNPs in DNA sequences. The object (nucleotide sites of sequenced DNA mole-
cules) can be investigated using a natural experiment or simulation modelling [12]. The scheme of study of the
object according to experimental data is shown in fig. 1.

1 2 3
Ob_] ect Natural

’ experiment >| Data \
+ 4 Data

. . . . processing
Simulation Simulation /

of object of experiment

— Solution

W

'

Fig. 1. Scheme of the study of sequenced DNA molecules
in natural and simulation experiments

In a natural sequencing experiment (see fig. 1, block 2), data from the object of study (block 1) are recorded.
Data processing is carried out in block 6, analysing the integral characteristics of the data, and in block 4, iden-
tifying the SNPs. The choice of data processing methods is determined by the specifics of a certain problem
being solved and includes methods and models for finding the required solution. In a simulated or computa-
tional experiment (blocks 5 and 6) the same object model is considered as in the real experiment (block 2).
The mathematical model of the object under study M can be either parametric (the operator of mathematical
transformations ¥ is known up to some parameters 4), or non-parametric (a family of operators F'is considered,
among which the suitable ones are selected for solving a given problem), and includes a physical model, rep-
resenting both the object and the experimental sequencing facility (block 2). To describe the behaviour of the
object in various experiments, it is required to include the output experimental characteristics of the equipment
and the recorded data (block 3) in the object of simulation. The concept of an object of simulation includes
modelling the behaviour of the object under specific experimental conditions (for example, with known distri-
butions and parameters describing the data). Modelling nucleotide sites based on the estimated characteristics
of the experimental data is carried out in block 6. In block 4, data processing is performed, namely, the search
for SNP sites using a proper algorithm. The choice of data processing methods is determined by the complexity
of real data (a low coverage, gaps, duplicates, a high level of experimental noise, etc.). To confirm the vali-
dity of simulation models, a comparison of the data characteristics of computational and natural experiments
is required. For generative modelling tasks, applied to improve the prediction accuracy of machine learning
models, the presence of experimental data might not be necessary.

Algorithm for simulation of SNP sites. The subsection describes the algorithm for simulating SNP sites,
assuming that the main data characteristics, such as the numbers of nucleotide coverages, are of the beta or
normal distributions [13], whose parameters are determined from the available experimental data.

Suppose a site j contains the reference nucleotide base r (nucleotides A, C, G or T, indicating the alignments
of the sequenced reads on the reference genome [1]); D = {bl, b,, b;, b4} is a set of n reads (coverage) of nu-
cleotide bases A, C, G or T, recorded from sequencing the site j; the number of coverage » (also the numbers
of nucleotide bases b, b,, by, b,, characterising a given nucleotide coverage in the site j) obey the beta (1) or
normal (2) distributions:

r (OL +B ) a-1 -1
nb(x, a, B):—x (l—x) , (1)
I'(a)+T(B)
where B and a (B, o > 0) are some parameters that determine the shape of the distribution curve; I is the gam-
ma function,;

! (x—n)’
o227 exp 262

ng(x, L, G) = , 2)

where p and o are parameters of the mathematical mean and standard deviation.

The idea of modelling is to randomly generate Nqy, positions of SNP sites in the sequence of the consi-
dered molecule S, consisting of N nucleotide sites, for each of which the numbers n, b, b,, b;, b, are reproduced
according to the beta or normal distributions in the defined range [n,,; 7, | For a non-reference site j, the
number of coverage » is modelled, then the numbers of coverages for the reference by, and non-reference b, .
nucleotides are generated from the resulting n. Nucleotide coverages for the SNP site are modelled similarly.
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It is assumed that there are coverages of no more than two different nucleotide bases on the site. The proposed
simulation algorithm reproduces datasets as close as possible to experimental conditions, given by the numbers
of nucleotide coverages and the laws of their distributions, the number of SNP sites. The flow diagram of the

algorithm for modelling SNP sites is shown in fig. 2.

Initialising
the simulation parameters

'

Generating the positions
of SNP sites, j =1

-
Sampling the reference
and non-reference nucleotide

bases, generating the number
of coverage n for the site j

[\

No 4 Yes

| '

Generating the numbers of Generating the numbers of
nucleotide coverages for a site j nucleotide coverages for a SNP site j

'

Recording the reference and
non-reference nucleotide
bases, the numbers of
coverages for the site j

Fig. 2. Flow diagram of the algorithm for modelling SNP sites

Algorithm
Step 1: initialise the model parameters N, Ng\p, 1., and n,,,., o and B (or p and o) (see fig. 2, block 1).

Experimentally extracted sets of the parameters a and B (or p and o) of the beta (or normal) distribution for
SNP and non-SNP sites are given for simulating the numbers n, b, b,, b;, b,.

min max>

Step 2: generate the SNP site positions L={/,, ,, ..., Iysxp | in the sequence S according to the uniform

discrete distribution in the interval [1; N ] (block 2). Set the position index j = 1.

Step 3: sample the reference and non-reference nucleotide bases, gamble the total number of reads 7 on
the current site j as a realisation of a random variable of the beta or normal distribution with experimentally
extracted parameters (block 3).

Step 4: check if the site jis SNP, i. e. j € L (block 4). Accordingly go to step 5 or 6.

Step S: generate the numbers of coverages of nucleotide bases by, b,, by, b, by the beta distribution with
experimentally assessed parameters for non-SNP sites (block 5). Go to step 7.

Step 6: generate the numbers of nucleotide coverages b, b,, b;, b, by the beta distribution with experimen-
tally assessed parameters for SNP sites (block 6).
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Step 7: record the simulated characteristics of the site j to a data file (block 7).

Step 8: check the termination condition of the simulation algorithm (block 8). If all sites in the sequence are
simulated, i. e. j = NV, then stop the simulation. Otherwise j = j + 1 (block 9) and go to step 3.

Machine learning methods. To apply the machine learning algorithms [14;15], it is necessary to form
a set of features characterising a nucleotide site. It was decided to use four features: X, is the number of cove-
rage of the reference nucleotide; X, — X, are the numbers of coverages for non-reference nucleotides sorted in
descending order. The data are normalised to the number of coverage n.

Taking into account the limited number of four features, and the binary classification problem (SNP and
non-SNP site classes) to be solved, it is preferable to test the basic machine learning methods [16], such as con-
ditional inference trees (CIT) [17], classification and regression tree (CART) [18] and support vector machines
with a linear separating function (SVM) [19].

Evaluating SNP identification algorithms. The performance of the algorithms is evaluated using the standard
classification measures for unbalanced classes, such as precision (P), recall (R) and score F, characterising the
properties of the algorithms accept false positive (FP), non-SNPs as SNPs (precision) and false negative (FN),
SNPs as non-SNPs (recall), events and their combined contribution ] (equations (3)—(5), where TP is true
positive) [20]:

L 3)
TP + FP
Rt @)
TP + FN
2
ey ©

Programme development of algorithms. In the course of the work, R-functions are developed that im-
plement various stages of simulation modelling and SNP identification algorithms. It is proposed to integrate
the developed functions into a dedicated R-package that can be used to model synthetic datasets, according to
a concrete experiment, in order to comprehensively test and select the best algorithms for identifying SNP sites,
as well as for generative data modelling to train identification algorithms based on machine learning models.
The statistical analyses were conducted using the R-functions dbeta, dnorm, nls, ctree, rpart and svm [21].

Results

Experimental data. Reference data on human chromosomes 10 and 22, publicly available from the Genome
in a Bottle Consortium (GIAB), are taken as experimental datasets [22]. The choice of GIAB data is due to
the fact that today it is the most reliable benchmark data for solving problems related to the study of genomic
polymorphism in humans (from the development of new instrumental methods of «wet» biology to the com-
parison of algorithms for detecting polymorphic sites). The dataset on chromosomes 22, used for recovering
the experimental parameters for simulation modelling, contains characteristics of 29 633 768 nucleotide sites,
of which 36 150 are truly identified SNPs. A fragment of the dataset is presented in table 1.

Table 1
Fragment of the experimental dataset
Nucleotide
Chromosome : position | Reference
A C G T
chr22 : 47891620 T 0 0 0 27
chr22 : 47891621 G 0 0 28 0
chr22 : 47891622 T 0 0 0 30

Organisation of a computational experiment. We analysed the experimental characteristics of the se-
lected dataset of chromosome 22 in order to determine the distribution laws of the nucleotide coverages and
to estimate their unknown parameters. Then we checked the adequacy of the developed mathematical model.
The machine learning models were trained on specially simulated datasets, generated with the estimated ex-
perimental parameters of data distributions on the chromosome 22. Based on the selected sets of experimental
data on chromosomes 10 and 22, we conducted a comparative analysis of the most effective existing (tradi-
tional or classical) statistical SNP identification and machine learning algorithms, trained on simulated data.

108



TeopeTuyeckne 0ocHOBBI HH(pOpMATHKH
Theoretical Foundations of Computer Science

Analysis of the experimental characteristics of genomic sequencing datasets. We analysed the histograms
of the number of coverage n, the maximum number of nucleotide coverages max {bi} and residuals between the
total and maximum numbers of coverages m =n — max{bi} for non-SNP and SNP sites. Approximations of

histograms were performed using the density functions of the beta and normal distributions (the R-functions
dbeta and dnorm). To estimate the parameters of distributions, the nonlinear least-squares method was used
(the R-function nls). The results of histogram approximations are shown in fig. 3.
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Fig. 3. Normalised histograms / of the number of coverage 7 (a, ¢) and the residuals between the total
and maximum numbers of coverages m (b, d) for non-SNP (a, b) and SNP (c, d) sites.

Approximations are made by the density functions of the beta n,, (black) and normal n, (red) distributions;
parameter estimates are o = 1.57 (standard error is equal 0.02), $ =7.9 (0.2), and p=9.2 (1.1),

6 =25.9 (0.7) for the fragment a; oo = 0.5 (standard error is equal 0.05), =20 (2) for the fragment b;

o = 1.45 (standard error is equal 0.02), § = 8.4 (0.2), and p = 5.8 (1.6), o = 25.2 (0.8) for the fragment c;
o = 1.71 (standard error is equal 0.05), $ = 7.7 (0.3), and p = 5.3 (0.6), = 9.2 (0.6) for the fragment d

Our results suggest that the beta distribution is appropriate for the studied integral characteristics of the con-
sidered experimental data. The normal distribution is less accurate, but its application might be valid to other
types of experiments, possibly demonstrating essential normality in data distributions. It should be noted that

it is possible to apply in simulation models other types of probability distributions.

The experimental estimates of the distribution parameters are further used in the simulation model to ge-
nerate training data for machine learning methods. A fragment of the simulated dataset is presented in table 2.

Table 2
Fragment of the simulated dataset
Nucleotide
Chromosome : position | Reference
A C G
chrX: 1 G 0 0 | 33
chrX: 2 C 0 | 14
chrX :3 T 0 0 20
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As a test of the validity of the developed model, we use visual inspection of the plots of simulated and ex-
perimentally verified histograms for the number of coverage n and the accuracy of restoring the modelled para-
meters when estimating the distribution parameters. We simulated a sequence of 10 000 sites with the parameters
of the beta and normal distributions, reconstructed from the experimental data, and approximated the histo-
grams using the beta and normal distributions. Model parameters were estimated using the R-functions dbeta
and dnorm. The histograms were successfully fitted by the given density functions (fig. 4). The parameters of
the simulation models are within 95 % confidence intervals of the parameter estimations, which supports the
correctness of the developed simulation model, namely, that the procedures for modelling the numbers of site
coverages according to the beta and normal distributions are correct.

a b
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Fig. 4. Normalised histograms % of the number of coverage n in datasets modelled
with the experimentally estimated parameters of the beta (a) and normal (b) distributions.
Approximations are made by the density functions of the beta 7, (black) and normal n, (red) distributions;
parameter estimations are o = 1.50 (standard error is equal 0.02), § = 7.6 (0.2) for the fragment a;
u = 10.4 (standard error is equal 0.9), 6 =25.2 (0.6) for the fragment b

Comparative analysis of SNP identification algorithms. We performed the comparative analysis of the
most effective existing statistical SNP identification algorithms, such as binomial distribution test (BDT), entropy-
based test (EBT) and Fisher’s exact test (FET), with some fundamental machine learning techniques trained
on simulated datasets. An efficient software implementation of BDT was developed, a feature of which is the
automation of the selection of a threshold value when identifying SNP sites. It is proposed to use the value 107
as a threshold value of probabilities, where £ is the average number of coverage estimated from the simulated or
experimental dataset. As FET, a modification of the algorithm from the R-package Rsubread is considered [23].
Our programme implementation of EBT [24] is taken, where thresholds in identifying SNP sites are the entro-
py E which is more than 0.21 and the p-value which is less than 0.5.

The machine learning methods of CIT (the R-function ctree of the package party), CART (the R-function
rpart of the package rpart) and SVM (the R-function svm of the package e/(071) were trained on synthetic
data simulated with the beta distribution. A training dataset contained 40 000 nucleotide sites, of which 20 000
were SNPs.

Based on the nine selected sets of experimental data on chromosomes 10 and 22, we conducted a comparative
analysis of the most effective SNP identification and machine learning algorlthms trained on simulated data
The results of SNP identification at nine datasets of 20 000 sites (per each set), starting from site positions 12 - 10°,
60 -10°, 84 -10°, 108 - 10° on chromosome 10 and from site positions 3 - 10%,9-10% 15 -10% 21 -10% 27 -10° on
chromosome 22, are collected in tables 3 and 4.

Table 3
SNP identification algorithms efficiency
by the score F; on chromosome 10
.. F, %
Start position
BDT EBT FET CIT CART SVM
12-10° 88.9 100 97.4 100 94.8 97.4

60 -10° 96.8 94.1 96.9 100 98.4 98.4
84 -10° 90.3 97.0 96.9 95.4 90.0 90.0
108 -10° 100 96.9 96.8 100 98.4 98.4
Mean 94.0 97.0 97.0 98.9 95.4 96.1
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Table 4

SNP identification algorithms efficiency
by the score F; on chromosome 22

£, %

Start position
BDT EBT FET CIT CART SVM

3.10° 15.4 17.1 11.8 22.2 21.1 20.0
9-10° 97.2 973 94.3 98.6 95.8 95.8
15-10° 86.7 95.7 90.6 98.5 90.3 92.1
21-10° 90.3 82.9 91.4 97.1 87.5 90.9
27-10° 92.7 88.9 97.5 97.6 95.0 97.6
Mean 76.5 76.4 77.1 82.8 77.9 79.3

Chromosome 10. The highest mean score /| was obtained for the CIT machine learning model, and the lo-
west score F; was obtained for the classical BDT method. The accuracy by the score /| of machine learning
methods slightly exceeds that of classical methods. The mean score F] of the best machine learning model CIT
does not significantly differ from the value of the FET method (the p-value of the two sample paired Student’s
t-test for not equal variances is 0.19).

Chromosome 22. The highest mean score F; was obtained for the CIT machine learning model, the lowest
score F; was obtained for the classical EBT method. The accuracy by the score F; exceeds that of classical
methods. The mean score F| of the best machine learning model CIT is statistically significantly higher than
that of the best classical FET method (the p-value of the two sample paired Student’s ¢-test for equal variances
is 0.03). A significant increase in accuracy may be due to training the model on experimental data for chromo-
some 22.

Additionally, we investigated the CIT and CART methods trained on experimental datasets, sampled from
the experimental data on chromosome 22. A typical dataset of 72 261 sites was considered, 36 150 of which
were SNPs and the rest randomly selected non-SNPs. The classification accuracy by the score £, did not ex-
ceed 60—70 % on the simulated and experimental data. The poor classification may be due to some reasons, for
example, a possibly inferior training dataset or, perhaps, the simulation model is indeed better at forming the
training datasets by focusing on reproducing the important (primary) sources of information in the data and not
taking into account the minor (secondary) signals present in the real data.

These results let us conclude that for real experimental data it is preferable to use machine learning models,
trained on simulated data. The mean accuracy of SNP identification in terms of the score F] is 2—5 % higher for
the machine learning models, in particular decision tree-based, than for classical statistical methods. The CIT
model shows the highest accuracy, while BDT, EBT, FET have similar mean accuracy.

Conclusions

An approach for simulation modelling of SNPs in DNA sequences has been developed, which is based on
the generation of random events according to the beta or normal distribution, the parameters of which are esti-
mated from experimental data, and it applies machine learning methods trained on simulated data to identify the
single nucleotide genetic polymorphism sites. This approach has some distinct advantages, namely, it permits:
a) to achieve the higher accuracy of determining SNPs in genomic sequencing data; b) to simulate data closely
reproducing the real experimental conditions in order to study the reliability of specific experiments and assess
the accuracy of the results obtained under the observed experimental conditions; ¢) to generate synthetics data
for training machine learning methods and subsequently create the classification models of machine learning
algorithms to identify the SNPs in specific experimental datasets; d) to generate datasets for testing and com-
paring available SNP identification methods to analyse real data obtained for specific experimental conditions.
The verification of the developed simulation model and the analysis algorithms is realised on the examples
of large humane chromosome sequencing datasets. The comparative analysis of efficient existing statistical
SNP identification algorithms of BDT, EBT and FET and machine learning methods of CIT, CART and SVM,
trained on synthetic data, is carried out. The best results are obtained for machine learning models, namely, the
accuracy of SNP identification by the score F] is 2—5 % higher for the trained on simulated data CIT than those
for the methods of BDT, EBT and FET.
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OIITUMUN3AIINA ITAPAMETPOB
ITIOAMHOMHUAABHOTO PAHAOMU3NPOBAHHOTO AATOPUTMA
AAA ACUMMETPUYHOU 3AAAYN KOMMUMBOSAIKEPA

M. C. BAPKETOB"
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Annomayusa. PaccMaTpuBaeTcs aCHMMETPHYHAS 33/1a4a KOMMHUBOSDKEPA, B KOTOPO Ha/l0 HAWTH TaMHJIBTOHOB ITUKIT
C MUHMMAJILHOH CyMMapHOH CTOMMOCTBIO JIyT' B MOJIHOM OPUEHTUPOBAHHOM rpade. s peienus naHHOM 3aaadu Ha
OCHOBE aJrOpUTMa, HOCTPOEHHOIO aBTOPOM B cTaThe «IlomMHOMMANbHBIN PAaHJOMU3UPOBAHHBINA aITOPUTM AJIS 3a/1a4d
“AcuMMeTpuuHBIN KoMMEIBOsDKEp ™ ([okmaner HarmonansHoi akagemuu Hayk bemapycn. 2022. T. 66, Ne 5. C. 489—-494),
pa3paboTaH HOBBIHM MapaMEeTPU30BAHHBIN TOJMHOMHUAIBHBIN paHIOMU3UPOBAHHEIN anropuT™M. Ero otnmyame coctout
B ZIpyroii napaMeTpusanun. O1HAKO OCHOBHBIM PE3YyJIbTaTOM SBIISETCS MIPEPOLECCHHIOBBII ITOTMHOMHUAIBHBIN aJITOPUTM
JUHEHHOTO MPOTrPaMMHUPOBAHUS IS ONPEACICHUS ONTUMAJIBHBIX TapaMEeTPOB.
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PARAMETER OPTIMISATION
OF THE POLYNOMIAL RANDOMISED ALGORITHM
FOR THE ASYMMETRIC TRAVELLING SALESMAN PROBLEM
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Abstract. The asymmetric travelling salesman problem without metric restrictions is herein considered. The polyno-
mial randomised algorithm depending on the set of parameters is proposed similar to the one developed by the author in
the article «Polinomial randomised algorithm for the asymmetric travelling salesman problem» (Doklady of the National
Academy of Sciences of Belarus. 2022. Vol. 66, No. 5. P. 489—-494). The difference of the proposed algorithm is in dif-
ferent parametrisation. The parameter optimisation is arranged with the help of the polynomial preprocessing algorithm.
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travelling salesman problem.
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BBenenue

PaccmarpuBaercst acummeTprudHas 3ajjada KOMMEBOsDKepa. [1ycTh JaH MONHBIA OPUEHTUPOBAHHBIN Tpad
G= G(V, A) C MHOYKECTBOM BEpPIIHH V = {1, 2, ..., n} Y MHOYKECTBOM M3 n(n - 1) IyT A= {(u, v)

u,velV,u+ v}.
VY Kaxa0#l nyru eCcTh HEOTpULATENIbHASI CTOUMOCTh c(u, v) > 0. O6xomn0M (YacTHYHBIM 00X0JI0M) Ha3bIBACTCS

MepecTaHOBKa MHOKeCTBa (TIOZIMHOYKECTBA) BEPIINH (il, Iy, ..oy in). CTOHMMOCTBIO 00X0/1a c(il, Iy, oeey in) SIB-
JISICTCS 3HAUYCHHUE
n
c(zl, Iy ooe ln): Z c(zj_l, zj) + c(zn, ll).
j=2

3a/ia4a COCTOUT B TOM, YTOOBI HAMTH 00X0J] BEPIIHH (TaAMHIJIBTOHOB [TUKJI) MUHUMAIIbHON CTOMMOCTH.

CHavana B pazznene «PaHIOMU3MpOBaHHBIA aITOPUTM» pa3padaTbiBaeTcs OOIINI MapaMeTpHU30BaHHBIH
PaHIOMHU3UPOBAHHBIN alTOpUTM. PaHIOMU3UPOBAHHBIN alTOPUTM — 3TO AITOPUTM, B KOTOPOM Ha HEKOTOPBIX
1arax OpraHu3yeTcs BEpPOSTHOCTHBIN SKCIIEPUMEHT, Pe3yNbTaThl KOTOPOTO BIMSIOT HA AajbHeHIee BBITOIHE-
Hue anroput™a. [TapameTpu3oBaHHbIN paHAOMU3HPOBAHHBIN AJITOPUTM — 3TO PAHIOMU3UPOBAHHBII alITOPUTM,
B KOTOPOM €CTh MapaMeTpbl, BIHSIONINE Ha BEPOSTHOCTH. [10100p B HEKOTOPOM CMBICIIE ONTHMAIBHBIX Mapa-
METPOB paccMaTpuBaeTcs B pasfelie «JInHeiHbIe TPorpaMMBbl» € HCIOIB30BaHUEM (DOPMYITHPOBOK JIMHEHHOTO
MIPOrpaMMHUPOBAHHUS.

[Toxoxxuit paHIOMHU3UPOBAHHBIHN MTOIXO ITpeIokeH B padote [1]. OHako B JaHHOHN cTaThe OCHOBHBIM Pe-
3yJBTATOM SIBIISIETCS HE PAHJOMU3NPOBAHHBIN AJITOPUTM, & OBICTPBIH MPENPOLIeCCUHTOBBIA TTOTMHOMHUAIBHBIN
ANTOPUTM TOA00Pa B HEKOTOPOM CMBICIIE ONITUMAJIBHBIX TTapaMeTPOB PaHIOMU3UPOBAHHOTO airopuTtMa. [lox
OIITHUMAJIbHBIMH ITapaMeTpaMy MMOHUMAIOTCS TaKKE TTapaMeTphl, KOTOphIe 00eCTIeunBaIOT HU3KOE MaTeMaTHIeCcKoe
0XHJITaHHE CTOMMOCTH PEICHNS, TTOCTPOSHHOTO PaHIOMU3UPOBAHHBIM aTOpUTMOM. [IoHATHO, 4TO MOCTpOEHNE
pelIeHusi ¢ MUHUMaJIbHO BO3MOYKHBIM MareMaTHYeCcKUM OXKHJIaHUEeM, WIH, IPYTUMH CIIOBaMH, C MaTeMarnye-
CKUM O)KHJJaHMEM, paBHBIM MUHUMAJIbHON CTONMOCTH PELIeHHS, KaKeTCs CJIOKHBIM, TaK Kak 3a/1ada sSBIseTcs
NP-TpynHOH B CUJIBHOM CMBICIIE, HO TeM HE MEHEee BO3MOXKHBI ITO/IXO/IbI, TIO3BOJISIIOIINE 3aMETHO MOBBICUTH
KAa4e€CTBO IMOCTPOECHHBIX PELICHUM.

PannoMuzupoBaHHbIe alTOPUTMBI TPUMEHSITUCH [T PELIeHNS] HEKOTOPBIX MTOX0XKKX 3a/1a4. Hanbonee ycmer-
HBIM IIPUMEPOM, BEPOSITHO, SIBJSICTCS €BKIIMI0BA 3a/1a4a KOMMHUBOsDKepa [2]. OmHako it eBKIUI0BOH 3a1a9u
KOMMHBOSDKEPa MOCTPOCHA MTOJTMHOMHUAIbHASI TIPHOIMKESHHAS CXeMa, a [Tl aCHMMETPUYHOH 331291 KOMMUBOSI-
xKepa 0e3 HepaBeHCTBa TPEYTOJIbHHUKA HE CYIIECTBYET TOJTMHOMUAIBHOTO alTOPUTMa, CTPOSIIETO TPUOIKEHHOE
peleHne ¢ KOHCTAHTHOH CTeTNeHbIo MpHONIkeHus B cirydae P # NP. OTMeTiM, 9To B paboTe [2] ucronb3yercst
MPUHLIMITHAIBHO UHO cII0CO0 paHAOMHU3aIH, OCHOBAaHHBIA Ha TEOMETPUUYECKUX CBOMCTBAX 3a/lauu.

J1s acuMMeTpUYHOM 3a/1a41 KOMMHUBOsDKepa HarOoJsiee McCieIOBaHHBIM SIBIISICTCS ClTy4dail ¢ MeTpUYeCKUMU
OTPaHWYCHHUSAMH, UM CIIy4ail ¢ HepaBEHCTBOM TpeyrojibHuKa. HemaBHO /Ui maHHOM 3a7a4u ObUIO JJOKAa3aHO
CYIIECTBOBAaHHUE MTOJTMHOMHUAIBHOTO MPUOIIMKEHHOTO alTOPUTMa C TapaHTUPOBAHHON KOHCTAHTHOM CTENEHBIO
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npubnmxenus [3]. Kpome Toro, B tureparype A1 aCHMMETPUYHON 3a1a41 KOMMHUBOSDKEpa Mpe IaraloTcs OT-
HOCHTEIHHO OBICTPBIE METAIBPUCTHUCCKUE TTOIXOIbI (CM., HarIpuMep, [4]) ¥ MTOIXO0ABI TOYHOTO PEIICHMS IS
pa3HBIX BApUAHTOB 3ajauu [5].

PanaoMu3upoOBaHHBIN aJITOPUTM
IIpennaraercs cneayrouui paHAOMU3UPOBAHHBIN aJTOPUTM.
Hauano anropurma.
IIar 0. Bei6pars Ipou3BOIbHYIO BEPIINHY i; B KAUECTBE HAaYaIbHON BEPIIMHBI 00X0Aa.
Illar 1. Crenepuposarh oyry (il, X ), 7€ X, — BTopasl BEpILIMHA YaCTUYHOTO 00X0za.
Paccmotpum cienyromue k03 QUIeHTs:
d; = fi(c(in /),
rae f, (x) — HEKOTOpasi HEBO3pAaCTAIOIAsl HEOTPHULIATEIbHAS (QYHKIIHS.

Omnpenennum IUCKPETHOE PacIpeieieHue CITyJaiiHON BEJIMUUHBI X;, 0003HAYAOIeH CIIETYIONIYIO BEPIIUHY
yacTuuHOro ooxona. CirydaiiHas BeJIMUKMHA X, IPUHUMAET 3HAYCHHUS j € V' ¢ BEpPOATHOCTIMHU

d.
P(x;=j)=—="—,ecamu jeV\i,

2

leV\i
P(x;=7)=0, ecin nnaue.

larm 2, ..., n — 1. CrenepupoBars 1yry (ik, X1 ), TOE X;, | — 9TO (k + 1)—5{ BepIINHA YaCTUYHOI0 00X07a,

IIPH YCIIOBHUH, 4TO y’Ke CTeHEPUPOBAH YaCTHUHbLi 06x0x (i, by, ..., iy ).
PaccMoTpuM ciieyromtue ko3 (HIHeHThI:

d;=i(e(ie 1)),
rze f; (X) — HeKOTOpas HeBO3pACTAIOLIAs HEOTPULIATEIbHAS (yHKLHS.

Omnpenenum JUCKPETHOE paclpesereHue Clay4aiiHOl BeIUUYMHBI X , |, 0003HAUYaoLIel CIeayOLIyI0 Bep-
HIMHY YacTUYHOro 06xona. CiydaiiHas BeIMYMHA X, , | IPUHUMAET 3HaU€HUs j € J ¢ BEpOSATHOCTIMHU

d.

S e
1
LeV\iy iy, oo i}

P(xk+1=j|(i1, Iyy oee ik))zo, eClIi UHAue.

3anuch P(xk 1= j|(i1, Iy, coos iy )) 03HA4aeT BEPOATHOCTb BHIOOPA CIIEAYIOIIEH BO3MOKHOM BEPIIMHEI j IIPU
YCIIOBUH, YTO YK€ CTEHEPUPOBAH YaCTHYHBIN 00X07 (il, Iy, ooy Iy )

Hlar n. Jlo06aBUTh K YaCTUHYHOMY OOXOTY (il, Iy, oony in) IyTy (i,,, A ) C BEPOSATHOCTHIO 1.
Komner anroputma.

OTarume 3TOro ajaropuTMa oT alropuTMma, paspaboTaHHOro B cTarke [1], cOCTOMT B Apyroi napamerpusa-
LUK BEIOOpa BEPOSITHOCTEH.

BHuMarenpHbIN YMTaTENb MOKET 3aMETHTD, UTO IIary 1, 2, ..., n aNropuT™Ma eCTh He YTO MHOE, KaK IMpoIecc
MOCTPOCHUSI ITYTH OT KOPHS K JIUCTY B HEKOTOPOM OPHEHTHPOBAHHOM BBIXOJISIIIIEM JIePEBE C KOPHEM B BEpIIHHE,
nMeromeit MeTky #. Ha pucyHke mporsuTrocTpupoBaH 3TOT HPOLECC Ul MOJIHOTO OPUEHTHPOBAHHOTO Tpada
¢ HaOOPOM BEpPLIMH {1, 2,3, 4}.

Bce y3mbI paccMarprBaeMoro epeBa pa3OUTHl Ha yPOBHH. ETMHCTBEHHBIN y3e HyJI€BOTO YPOBHS HMEET
METKy #;. Bce y3Ibl k-ro ypoBHSI COOTBETCTBYIOT OIMH K OTHOMY YaCTHYHBIM FAMHJIBTOHOBBIM 00XOIaM JITH-
HOU k M3 HauaJIbHOM BepIIMHEI #; HcxoaHoro rpada G. dakTuyeckn MOXKeM 0003HAUUTh Y3€Il k-I0 yPOBHS 3TUM

YaCTUYHBIM 00X0/I0M (ip Iy, ooy Iy ) W3 manHOTO y371a B AEPEBE BBIXOMAT 7 — k YT K y3Jam (il, Iyy o gy J ),

j€V\{iy, iy, ..., i}, (k +1)-ro ypoBHs. OTMETHM, YTO CTENCHB 3aX0/1a KaXIO0r0 y3/1a B IePeBe PaBHA CIHHH-
1€ ¥ YT BBIXOJAT TOJILKO U3 y3J1a OJHOTO YPOBHS K y3JIaM CJIEIYIOIIET0 YpoBHs. JIMCThAMHU JepeBa sBJisi-
FOTCS y3JIBI (il, Iy, ooy I, ), COOTBETCTBYIOIINE FraMIJIBTOHOBBIM 00XoaM. Bec ayru u3 y3na (il, Iy, ooy Iy ) K y3I1y

(zl, Iy, -ee lk+1)paBeH c(zk, zk+1).
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JlepeBo moCTpoeHus: pelIeHUs
The tree of the solutions built

JIuHeiiHbIe MPOrpaMMBbI

Tenepb, Koraa onpeacyicH O6H.[Hﬁ AJITOPUTM C BXOAHBIMU IMapaMeTpaMu, BO3HHUKACT BOIIPOC O TOM, KaK Haii-
THU ONTUMAJIbHBIC BXOAHBIC apaMETPhbl, U1 KOTOPBIX aJITOPUTM pa60TaeT 3(1)(1)6KTI/IBHO, T. €. 06J1az[aeT MaJIbIM
MaTEeMAaTUICCKUM OKMAAaHUEM CTOMMOCTU IMOCTPOCHHOI'O PCIICHUS. I[HSI IMOCTPOCHUS TAKUX MMapaMETPOB BOC-
MMOJIB3YCMCsI MATCMATUYCCKUM IIPOrpaMMHUPOBAHHUCM. PaCCMOTpI/IM CJICAYIOLIYTO MOACIb MATEMATHUICCKOIO ITPO-

IPAMMHUPOBAHUS C TIEPEMEHHBIMU fk(c(u, v)), 1<k<n-1,(u,v)€ 4, z. llepeMenHas z 0603HaYAET BEPXHIOK
IPaHMILy MaTEMaTHYeCKOrO OKUIAHUSI CTOMMOCTH TaMUJIBTOHOBA IIMKJIA TIPY 3HAYCHUSIX (DyHKIMi fk(c(u, v)),
1<k<n-1, (u, v) € A, 3aJJaHHbBIX Ha CTOMMOCTSIX Iyr oprpada. s ynobcTBa ynopsaouuM 1o HeyObIBAHUIO
CTOMMOCTEH MHOXXECTBO JyT oprpada u 0003HaYNM SIIEMEHTHI 3TOH YIOPSI0YEHHOH ITOCIIEI0BaTeIbHOCTH Ye-

pe3 (ul, v ), (u2, v, ), e (u(n_l)n, Vin=1)n ) ITycts [, 0003HaYaeT MHOXKECTBO YaCTUYHBIX 0OXOJOB JUIMHOM £,
HAYMHAOIIUXCA C BepIHI/IHBI il‘
minz,
Hile(in /)21, (1)
je{l, 2,... n}\il
fk(c(ul, V1)) > fk(c(uz, Vv, )) 2.2 fk(c(u(n_l)n, Vin-1)n )) >0 Vk, 2)
D Fulei 1)) 2 fioalelicmv i) (o s i) € 1y 2< k<0 =1, 3)

je{,2, . n\i, iy, .. iy}

> clivin i) fyoa(eliin)) <2 )

(s s ooy €1,

OTMeTHM, 4YTO TIePEeMEHHBIMH B JIAHHOH TIpOrpamMMe SIBISIIOTCS 3HAUYCHHS fk(c(u, v)), 1<k<n—1,
(u, v) € A, z, u 9TO IporpamMma ¢ orpanndeHusMu (1)—(4) normycTuMa, T. €. CyIIecTBYET I0IYyCTUMOE pEelIeHre
MporpaMMsl. JI0MyCTHUMBIM pPEHIEHUEM MOTYT OBITh IOCTaTOYHO OOJIbIINE 3HAYCHHUS IEPEMEHHBIX fk(c(u, v)),
1<k<n-—1, (u, v) € A, ¥ 10CcTaTOYHO OONBIIOE 3HAUCHHUE NIEPEMEHHOMN z, 0003HaYaIOIIeH BEPXHIOIO IPaHHILy

JIeBOM "acTu orpaHudcHus (4).
CremgyeT OTMETUTD, YTO JaHHAS MPOrpaMMa MUHHUMH3UPYET HE B TOUHOCTH MATEMaTHYECKOE OXKHIAHHE
CTOUMOCTH MTOCTPOCHHOTO PEIICHUs, a BEPXHIOIO TPAaHUIly MaTeMaTHICCKOTO Okuanus. Eciu Obl orpannde-
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Hus (1) u (3) ABIANKUCH OrpaHUYEHUSIMHU THUIIA PABEHCTBA, 3TO ObUIO OB TOYHOE 3HAYEHHE MaTeMaTHYecKoro
OXMIAaHUS cTOMMOCTHU pemeHus. Ho B 3ToM cityuae mporpaMma MoXeT ObITh HEAOIYCTHMA H3-3a CIIMILIKOM
OO0JIBIIOTO YKCIIa OTPAaHUYCHUH TUIIA PaBEHCTBA. [IpyrumMu ciioBaMu, JaHHBIN MPOLECC TPYAHO MOJECITUPOBATD
TOYHO C MOMOIIBIO JINHEHHBIX OrpaHUYEHUI. B CBA3M ¢ 3TUM 3aMeHsieM OrpaHWYeHHs THUIA PABEHCTBA Orpa-

HUYCHUAMH Tuna HepaBeHcTBa. [Ipu saTom orpanmuenus (1) u (3) rapaHTHUPYIOT, YTO 3HAYCHUS fk(c(ik, ]))
SIBJISIFOTCS. BEPXHUMH IPAHULIAMHU BEPOSATHOCTEH NOCTPOSHUS YaCTHYHOTO 00X0aa (il, A N | ) TUIsL KK J0-

TO BO3MOYKHOTO TaKOTO YaCTHIHOTO 00X0/a (M. epeBo 00xona Ha pucyHke). OrpannyueHus (2) rapaHTHPYIOT
HEBO3pacTaHue (yHKIHH f, 9TO KaXXeTCs €CTeCTBEHHBIM OTPAaHUYCHUEM, TaK KaK MEHBIINE CTOMMOCTH YT,
MIPEIIOJI0KHUTEIBHO, C OOJIbIIEeH BEPOSTHOCTHIO JIOJKHBI BECTU K MEHBIIIMM CTOUMOCTSIM 00xo1a. Orpannye-
HUe (4) rapaHTHPYET, UTO Z ABJAETCS BEpPXHEW IrpaHUIlel MaTeMaTHUeCKOrO OXKUIaHNs CTOUMOCTH MTOCTPOCH-
HOTO pelleHHS.

3aMeTHM, YTO YUCIIO OTPAHHUYCHUI B pACCMATPUBACMOM MPOrpaMMe IKCIIOHESHIIHATBHO. [TokakeM, 4TO MOYKHO
HaWTH ONTUMAJIBHOE PEIICHUE JIAHHOW ITPOTPaMMBI 33 TOJTMHOMUAIBHOE BpeMs. J[J1s1 3TOro 3a moJIMHOMHAIILHO®
BPEMs ITOCTPOUM OTACIIAIOUIYIO TMIIEPIITIOCKOCTD AJId Cllydas, KOTla TOYKa, OIIPEACIICHHAasA BEKTOPOM 3HAUEHU I
MIEPEMEHHBIX, HE IPUHAJICKHT JIOITYCTUMOMY MHOTOTPAHHUKY, HJIH YCTAHOBHM, YTO TOYKA TIPUHAJICKHUT JIO-
MYCTUMOMY MHOTOTPAHHUKY.

[TepBast u Bropasi TpyIIibl OrpaHUYCHUH IPOBEPSIOTCS HEMOCPEACTBEHHO, TaK KaK 3TUX OFPaHUYCHUH T10-
JMHOMHUAIIBHOE YHCIIO.

Urto0bl TPOBEPHUTH BHITIOIHEHUE TPEThEH IPYIIBI OrPAaHUYCHUH, 3aUKCHPYEM YPOBEHb & U TOCIIEIHIO

JOyTy 4acTU4HOTo 00Xoza (ik_l, I ) B sToM citydae neTrko MpOBEPUTH, YTO €CIU KaKOe-TO OTPaHUYCHHE U3
TPETHEH IPYIIBI HE BBIMOJIHACTCSA, TO HE BBIOIHACTCS U CIIEAYIOIIEE OTPAHUYECHUE U3 TPETheH rpymnmsl. [1ycTs

(ik, a, ), (ik, a, ), ey (ik, a,_ k) —3TO 11 — k YT, KOTOPBIC UMEIOT HAUOOJIBIIINE CTOUMOCTHU CPEIH BCEX JIYT, Be-

IyIUX U3 BEPIIUHBI i; BO MHOKECTBO BEPIIUH V\{il, By _ 15 0y } Torna

’j_i_'l‘ﬁ(c(z-k, @)= fi(elin i) ©)

3T0 orpaHrueHHe BHIOPAHO KaK Harbosee BAXKHBIN MPEICTABUTENb IPYIIIBI OFPAaHHUYCHHUN ¢ PUKCUPOBAH-
HBIM YPOBHEM k W MOCTIETHEH TyTroi 4JaCTHIHOTO 00X01a (ik g ) OHO 00TaaeT CIETYIOIINM CBOWCTBOM.

Teopema 1. Eciu gpinonnsemcs ozpanuuenue (3), mo uIMOMHAIOMCA U 6Ce OCMATbHbIE OZPAHUYEHUS U3 2PYN-
Nl ¢ QUKCUPOBAHHBIM YPOSHEM k u nociednell dy2oil 4acmuiHo2o 00xo0a (ik 1 g ) Ecnu xaxoe-mo ocpanuue-

Hue u3 mpemovetl 2pynnvl (¢ PUKCUPOBAHHBIM YPOSHeM k u nociednell 0yeoll 4acmuiHoco obxoda (ik,l, i ) )
He BbINONHAEMC S, MO He GbINOIHAeMC s U oepanuyenue (3J).

3HAUYUT, UCTIONB3Ys TEOPEMY |, TPETHIO TPYIITY M3 SKCIIOHCHITUALHOTO YK CIIa OTPaHUYCHIH MOYKEM 3aMe-
HUTB TPYIION U3 MOJIMHOMHAILHOTO YHCIA OTPAHUUCHHH.

Teopema 2. Tpemus epynna u3 9KCHOHEHYUATLHOLO YUCLA OSPaAHUYeHUll 3a0a4u ¢ oepanuyerusmu (1)—(4)
OKBUBATIEHMHA 2PYNNe U3 NOTUHOMUATILHO20 YUCAA 02PAHUYEHUN N0 OOHOMY o2paHudenuio (5) 05 Kaxrcoo2o

Qurcuposannoeo yposHs k u nocieonel dyeu 4acmuiHo2o 0oxooa (ik g )
YeTBeprast rpyIina orpaHHYEeHHU (BKIIIOYACT OHO OrPaHHUYCHUE) 3aMEHSICTCS SKBUBAIICHTHBIM OTPaHHUC-
HueM (TIPHBOIATCS ClIaraeMble TpH Kask1oi nepemennoii f, _(c(u, v)))

Z C(u, v)fnf](c(u, v))Sz,

(u,v)e4
rne Bennunna C (u, v) 0003HaYaeT CyMMYy CTOMMOCTEH BCEX T'aMUJIBTOHOBBIX 00XO/I0B (il, Iy, oy by oy U, v).

Benuunae C(u, v) MOJICYUTHIBAIOTCS 32 MTOJUHOMHUAIBHOE BpEeMs MOJ00HO MOXOKUM BEITHYMHAM M3 Pabo-
ThI [1].

Taxkum 06p2130M, IMPUBEACH MOJTUHOMHAJTLHBIN AJITOPUTM, CTpOfIHII/Iﬁ OTACIAIOITY IO T'HIIEPIIIOCKOCTD, KOTO-
past onpe/eNsAeTCs HEBBITIOMHEHHBIM OTPAaHUYCHHIEM, B CITy4Yae, SCIIH TOUKA HE TIPUHAIC)KHT MHOTOIPAHHUKY
3a/1auu. 3HAYHT, JIJISl TPOTPaMMBbl MOXKHO HAWTH PEIICHUE 32 TIOJHMHOMHAILHOE BPEMs C IIOMOIIIBIO aJITOPUTMA,
OCHOBAaHHOT'O Ha MHOTOKPAaTHOM MPUMEHEHUU METOla SJUIUIICOMJIOB, U3JI0KEHHOTO B pabore [6]. AnbrepHa-
TUBHBIM IPUKIAJIHBIM ME€TOAOM PCHICHUA 3aJa4U SABJISACTCA DKBUBAJICHTHAA (i)OpMy.HI/IpOBKa Ha OCHOBEC TCOpPE-
MBI 2 ¢ MOTMHOMHAJIBHBIM YHCIIOM MEPEMEHHBIX U OTPAaHHYCHUH.

117



ZKypnaa Besopycckoro rocyiapcTBeHHOro yuupepcurera. Maremaruka. Uagopmaruka. 2024;2:113-118
Journal of the Belarusian State University. Mathematics and Informatics. 2024;2:113-118

minz,

Y Alelis i)z,

je{l, 2,...,n}\i1
ﬁc(c(ul, vl)) > fk(c(u2, Vv, )) 2.2 fk(c(u(nfl)”, Vin-1yn ))Z 0 Vk.

3adukcupyem ypoBeHs k, 2 < k<n— 1, u myry (ik_l, i ) ycts (i, ), (i a5 ), - (ik, anfk) —s10 N —k
JIyT, KOTOPbIE MMEIOT HAMOOMbIINE CTOMMOCTH CPEIH BCEX YT, BEAYIIMX M3 BEPIIMHBI i, BO MHOXECTBO BEp-
MIUH V\{il, [ ik}. Torna

n—k
> filelio @)= fir(c(ieon i) ¥h 2k <n=L ¥ (iy_p i) e Ay # i i # i,
j=1

Z C(u, v)];_l(c(u, v))S z.

(u,v)ed
Otmernm, uto 3uadenust C(u, v) MOTyT OBITH IOBOJIBHO GONBIIMMH ducaamu. Jlist TOro 4ToGbl JaHHBIH

MoAX0J ObLT IPUMEHUM B PEATBHOCTH C IMIOMOIIBI0 KOMITBIOTEPHBIX MPOrpaMM JUIsl JIMHEHHOTO MPOrpaMMu-
POBaHUsI, BOCIIOJIB3YEMCS CIIEAYIOIIUM [IPUEMOM: OKPYIVIMM BCE YHUCIIA 0 HEKOTOPOIro paspsiia U 0TOpocuM
OJIMHAKOBOE KOJMYECTBO MIIQJIIIMX Pa3psiioB JI0 JAHHOTO paspsiia. Takue orpyOiaeHHbIe KOIPPHUIMEHTHI MO-
T'YT OBITh 3HAYMMBIMH C TOYKH 3PEHUS CMBICIIA JIMHEHHON IPOTpaMMBbl, HO TOCTATOYHO HEOOIBITUMH, YTOOBI
OBITh BOCIIPUHSTHIMHE IIPOTpaMMaMHU JIJIsl THHEHHOTO TporpaMMHUpoBaHus. Ha NaHHBI MOMEHT JIOBOJIBHO Yac-
TO BCTPEUAIOTCSI KOMIBIOTEPHI ¢ 64-OUTHOM apu(MEeTHKOM, a 3T0 yncina ¢ 20 IecsTHUHBIME pa3psiamu. boee
TOTO, HE HCKJIFOYEHO Pa3BUTHE MPOrPaMM I IMHEHHOTO IPOrpaMMHPOBAHHS 110 HAITPABJICHUIO JITHHHOMN apH -

METHKH, TIOTEHIIMAIBHO TO3BOJISTFOIIee 00padareiBaTh Oompie yncna C (u, v) 0e3 orpyOneHuii.

3akJrouenue

Taxum oOpa3om, pazpaboTaH HOBBIH paHIOMHU3UPOBAHHBIN aITOPUTM IJIT ACHMMETPHUIHOHN 3a1a91 KOMMHU-
BOSDKEpPA Ha OCHOBE IOJIX0/1a, U3JIOKEHHOTO B cTatke [1], HO ¢ Apyroil napamerpuzanueil. O1HAKO OCHOBHOM
pe3ynbTaT NaHHOW paboThI — ATO MPETPOIIECCHHTOBBIN MTOTMHOMHUAIBHBIA allTOPUTM JIMHEHHOTO TTPOTpaMMHU-
pOBaHUs AJIs BEIOOpA TTapaMeTPOB.
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DJeKTpOoH. TeKCToBbIe naH. MuHck : BI'Y, 2023. 399 c. : wn. bubnuorp.: c. 398. Pexxum gocryma: https://elib.
bsu.by/handle/123456789/310041. 3ar. ¢ sxpana. Hemn. B BI'Y 07.03.2024, Ne 004307032024.
OnexkTpoHHBI yuyeOHO-MeTonnueckuit kommuieke (QYMK) no yuebnolt nucuuminae «Bsenenue B BeO-
MIPOrpaMMHUPOBAaHNE» MPeIHA3HAuYEH AJIS CTYAEHTOB crennanbHocTH 6-05-0533-06 «Maremaruka». OYMK
COZIEPIKUT TEKCTHI JIEKLNH, TIIAaHbI JTA00PAaTOPHBIX 3aHITUH, IEPEUCHb KOHTPOJIBHBIX BOPOCOB, TECTHI, CITUCKH
PEKOMEH/I0BaHHOM JINTEPATYPHI.

VIIK 004.42:004.738.5(075.8) + 004.774.6(075.8)
Kpemens E. B. BBeieHue B BeO-porpaMMupoBaHue [ DIeKTPOHHBIN pecypc] : AIeKTPOH. y4e0.-MeTo. KOMIT-
nexc g cnet. 1-31 03 01 «Marematuka (1o HarpaBieHUsM)», HanpasieHus crer. 1-31 03 01-02 «Mare-
MaTuKa (HayqHo-Tieqarorudeckas aestenbHocts)» / E. B. Kpemens, HO. A. Kpemens, I. A. Paconbko ; BI'Y.
DJNeKTpoH. TekcToBbIe naH. MuHck : BI'Y, 2023. 399 c. : mn. bubnuorp.: c. 398. Pexxum gocryma: https://elib.
bsu.by/handle/123456789/310043. 3aru. ¢ axpana. [len. B BI'Y 07.03.2024, Ne 004407032024.
DneKTpOoHHBIH ydeOHO-MeToaudeckuii komruieke (3YMK) no yuebHo# nucnuruinae «BBeneHue B BeO-
MIPOrpaMMHUPOBAHKE» MPeTHA3HAUEH I CTyneHToB cnenuanbHocth 1-31 03 01 «Matemaruka (1o Hampasiie-
HUSM)», HaripaBieHus crerraibHocT 1-31 03 01-02 «Maremaruka (HayqHO-TIearorndecKast IeTeIbHOCTD )».
OVYMK conmepKHUT TEKCThI JIEKUUH, TIaHbI JJA00OPATOPHBIX 3aHATHH, IEpEYeHb KOHTPOJIBHBIX BOIIPOCOB, TECTHI,
CIMCKU PEKOMEHJOBAaHHOM JIUTEPaTyPHlI.

VIK 51(075.8) + 004(075.8)
Mametixo O. M. Bpiciiasg MaTeMaTHKa ¢ 0CHOBaMU HH(OPMATHKH [ DIIEKTPOHHBINA pecypc] : IeKTPOH. yuel.-
MeToJ. KoMmruieke s criell.: 1-33-01-02 «I'eoakomorusy, 6-05-0521-03 «I'eoskomorusi», 1-31-02-01 «['eorpadms
(o HampaBieHHsIM)», 6-05-0532-01 «I'eorpadms», 1-31-02-02 «I'mapomereoponorus», 6-05-0532-02 «'umpo-
mereoposorus», 1-51-01-01 «I'eonorust u pa3BeaKa MECTOPOXKIICHUN TOJIE3HBIX UCKOMaeMbIx», 6-05-0532-04
«l'eomorusy, 1-31-02-03 «Kocmoaspokaprorpadus», 6-05-0532-05 «Kocmoaspokaprorpadust u T€Ome3UsD»,
1-56-02-02 «I'eomHpopManinoHHBIC CUCTEMBI (IT0 HAIIpaBICHHSIM )», 6-05-0532-06 «'eonHdopManmoHHbIe CH-
creMbly, 1-31-02-04 «I'eoTexHOIOrHH TypU3Ma U 3KCKYPCUOHHAS AeATENbHOCThY, 6-05-0532-07 «I'eoTexHo-
JIOTHH TypHU3Ma U SKCKYpCHOHHAA NesTenbHOCTh» / O. M. Mareiiko, M. B. Mapron, H. b. Slononckast ; BI'Y.
DOnexTpoH. TekcToBble naH. MuHck : BI'Y, 2024. 419 c. bubnuorp.: c. 417-419. Pexxum gocryma: https://elib.
bsu.by/handle/123456789/310053. 3arn. ¢ sxpana. Jlem. B BI'Y 11.03.2024, Ne 004611032024.
DOnexTpoHHbIH yueOHo-MeTonndecknii komruieke (OYMK) no yuebHo# nuciummHe «Bpiciias maremaru-
Ka C OCHOBaMH MH(OPMATHKW» TIpeIHa3Ha4deH I CTyAeHTOB crieruanbHocTei 1-33-01-02 «I'eoskomorusi»,
6-05-0521-03 «I'eoskomorus», 1-31-02-01 «I'eorpadus (mo HampaBiaeHUsIM)», 6-05-0532-01 «['eorpadmsy,
1-31-02-02 «I'mapomereopoiiorus», 6-05-0532-02 «I'uppomereoponorus», 1-51-01-01 «I'eomorust u pa3sen-
Ka MECTOPOXKJICHUH TMOJIE3HBIX UCKOMaeMbIix», 6-05-0532-04 «['eonorus», 1-31-02-03 «Kocmoaspokaprorpa-
hms», 6-05-0532-05 «Kocmoaspokaprorpadus u reogesus», 1-56-02-02 «I'eonHPOpMaITHOHHBIE CHCTEMBI
(o HanpaBieHUAM)», 6-05-0532-06 «I'eonnhopmaronabe cucTeMb», 1-31-02-04 «I'eoTexHONMOTHH TYpHU3Ma
U 3KCKYPCUOHHAS eATEIbHOCTbY, 6-05-0532-07 «I'eoTexHOI0rNN TypHu3Ma U 3KCKYPCUOHHAS JEATENbHOCTD.
B DYMK conepxarcs JeKIIMOHHBIA MaTepuas, 3adaHus Il MPAKTHISCKUX 3aHATHH, IIaHbI JJA0OPAaTOPHBIX
paboT, KOHTPOJIBHBIE PAOOTHI, BOITPOCHI IS MTOJTOTOBKHU K 3a4€Ty, CIIUCOK JINTEPATYPHI.
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VIIK 004.6(075.8)
Ba3pl gaHHbBIX [ DNEKTPOHHBIH pecypc] : IeKTpoH. yuel.-meToa. komrieke ais cren. 1-31 03 01 «Maremaruka
(o HampaBieHusIM)», HanpasieHui cuen.: 1-31 03 01-01 «Maremaruka (Hay4HO-IIPOM3BOACTBEHHAS ACATEIb-
HOCTB)», 1-31 03 01-02 «Maremarnka (HayqHO-TIeqarorunaeckas aeareabHocTh)» / FO. A. Kpemens [u mp.] ; BI'Y.
DieKTpOoH. TeKCTOBbIC JaH. Munck : BI'Y, 2024. 335 c. : wi. bubauorp.: ¢. 331-332. Pexxum noctymna: https://
elib.bsu.by/handle/123456789/310121. 3ar1. ¢ akpana. [len. B BI'Y 12.03.2024, Ne 005012032024.
DnekTpoHHbIN yueOHo-MeToandeckuii komruieke (3YMK) no yueOHol auciummae «basbl JaHHBIX) IpeIHa-
3HaueH /s cTyneHToB cnenuanbHocTy 1-31 03 01 «Maremaruka (1o HanpaBIEHUSIM ), HAIPaBIeHUN CIIETIHAITb-
nHoctu 1-31 03 01-01 «Maremaruka (Hay4YHO-TIPOU3BOACTBEHHAS ACATEIBHOCTH)», 1-31 03 01-02 «Maremaruka
(Hay4HO-TIefarormyeckas 1esiTeabHOCTb)». DY MK conepHT TeKCThI ISKIHA, TUIaHbI 1a00paTOPHBIX 3aHITHH,
nepedeHb KOHTPOJIBHBIX BOIIPOCOB, CIIMCKU PEKOMEHIOBAaHHOM JIUTEPATyPH.

VIK 004.6(075.8)

Ba3bl JaHHBIX [ DJIEKTPOHHBIH pecypc] : AEeKTPOoH. yued.-MeTo. koMiuieke ais crerl. 1-31 03 08 «Maremaru-
Ka ¥ nH(OpMAMOHHBIC TEXHOJOTHH (IO HaNpaBJICHUSIM)», Hanpasienui cren.: 1-31 03 08-01 «Marema-
THKa ¥ WH(OPMAIIMOHHBIE TEXHOIOTHH (BeO-TIPOTpaMMHPOBAaHNE H MHTEPHET-TEXHONIOTHH )», 1-31 03 08-02
«MareMaTnka 1 TH(QOPMAIIMOHHBIE TEXHOJIOTHH (MaTEMaTHIECKOE U IMTPOTrpaMMHOE 00eCTIedeHIE MOOMITBHBIX
ycrpoiict)» / FO. A. Kpemens [u np.] ; BI'Y. Dnexrpon. tekcroBble nan. Munck : BI'Y, 2024. 459 c. : ui.
bubGmuorp.: ¢. 457—-458. Pexum noctyna: https://elib.bsu.by/handle/123456789/310127. 3arn. ¢ skpana. Jler.
B bI'Y 13.03.2024, Ne 005113032024.

DJIEeKTPOHHBIN yueOHO-MeTomuaeckmii koMmrieke (OY MK) mo ydaeOHoi quctumminae «basbl JaHHBIX MpeIHa-
3HAYeH JyIsl CTyAeHTOB crenanbHocTh 1-31 03 08 «Matemaruka u mvH(MOPMAIIMOHHBIE TEXHOJIOTHH (TI0 HAIpaB-
JICHUSIM )», HaripaBiieHui cenuanbHoct 1-31 03 08-01 «Marematrka 1 HH(GOPMAMOHHBIE TEXHOIOTHH (BEO-
MIPOrpaMMHPOBAHIE H HHTEPHET-TeXHOJIO0THN)», 1-31 03 08-02 «Maremarnka u ”HPOPMAITHOHHBIE TEXHOIOTUN
(MaTemaTudecKkoe M porpaMMHoe o0ecIiedeHIne MOOMITEHBIX YCTPOUCTB)». DY MK comepKUT TEKCTHI JICKITHHA,
TUTaHBI JIAOOPATOPHBIX 3aHATHIA, IIEPEYCHb KOHTPOIBHBIX BOIPOCOB, CITUCKH PEKOMEHIOBAHHOH JIUTEPATYPBI.

VIIK 004.6(075.8)
Ba3bl naHHBIX [DIeKTPOHHBIN pecypc] : AIEeKTPOH. y4ed.-MeTo. KoMIueke s crer. 6-05-0533-07 «Ma-
TEMaTuKa ¥ KOMIBIOTEPHBIC HAYKW», Mpodmin3annii «Bed-mporpaMMUpoOBaHUe U MHTEPHET-TEXHOJIOTUNY,
«Maremarudeckoe U IporpaMMHOe obecrieueHne MoOmIbHBIX ycTpoiicTy / 10, A. Kpemens [u nap.] ; BI'V.
OnekTpoH. TekcToBble AaH. MuHck : BI'Y, 2024. 459 c. : un. bubnmorp.: c. 457-458. Pexxum nocryna: https:/
elib.bsu.by/handle/123456789/310137. 3aru. ¢ akpana. [len. B BI'Y 13.03.2024, Ne 005213032024.
OneKTpoHHBIH yueOHO-MeTonndeckuil komruieke (Y MK) mo yuebnoit auctumuimae «ba3sl TaHHBIX» TTpe-
Ha3HAuEH JUIs CTYJACHTOB crieruaibHoCcTh 6-05-0533-07 « Maremarrka 1 KOMIIbIOTEPHBIC HAYKW», IPOPUIIN3a-
nuit «Beb-nporpaMMupoBaHUe U HHTEPHET-TEXHOIOTHI», «MaTreMaTH4ecKkoe U MporpaMMHOE 00ecIiedeHre
MOOMIBHBIX ycTpoiicTB». DY MK comepKuT TEKCTHI IEKIINH, IJIaHBI TA00OPATOPHBIX 3aHATHH, TepeYeHb KOHT-
POJBHBIX BOIIPOCOB, CTUCKH PEKOMEHI0BAaHHOH JINTEPATYPHI.

VK 004.6(075.8)

Ba3bl maHHbIX [DIeKTPOHHBIN pecypc] : anmeKTpoH. y4el.-meron. komruieke s crem. 1-31 03 01 «Mare-
Matuka (10 HampaBJIeHUM)», HanpasiaeHus crerl. 1-31 03 01-04 «MaremaTuka (HayIHO-KOHCTPYKTOpPCKAs
nesrenbHOCTh)» / FO. A. Kpemens [u ap.] ; BI'Y. Dnekrpon. TekcroBbie qan. Munck : BI'Y, 2024. 459 c. : un.
bubmuorp.: c. 457—-458. Pexum nocryna: https://elib.bsu.by/handle/123456789/310144. 3arn. ¢ skpana. Jlern.
B BI'Y 13.03.2024, Ne 005313032024.

DJIEeKTPOHHBIN yueOHO-MeTomuaeckmii komrieke (OY MK) mmo y4aeOHoi quctuminae «basbl JaHHBIXY MpemHa-
3HaueH JJIs CTyAeHTOB cnenraibHocTh 1-31 03 01 «Martematnka (110 HapaBlIeHHSIM )», HalpaBIeHUs CIIeIHab-
Hoctu 1-31 03 01-04 «Maremaryka (Hay4HO-KOHCTPYKTOPCKast ACSTENBHOCTD)». DY MK comep XUt TeKCThI JISKIHH,
IUIaHBI JIAOOPATOPHBIX 3aHATHMH, IEPEUCHb KOHTPOJIBHBIX BOIPOCOB, CIIUCKH PEKOMEHIOBAHHOH JIUTEPATYPBHI.

VIIK 004(075.8)
Mouceesa H. A. KomnbioTepHblie HH(PpOPMAIHOHHBIE TEXHOJIOTHH [ DIIEKTPOHHBIH pecypc] : 3JeKTPoH. yueo.-
MeTOJ. KoMIuTeke Jutst cnetl. 6-05-0412-01 «Menemxment» / H. A. Mouceesa, O. A. Benbko ; BI'Y. Dnexrpos.
TekcToBbIe naH. Munck : BI'Y, 2024. 133 c. : Tabn. bubmmorp.: ¢. 132—-133. Pexxum moctyma: https://elib.bsu.by/
handle/123456789/310741. 3arun. ¢ skpana. [en. B BI'Y 29.03.2024, Ne 006229032024,

OnekTpoHHbIH yuyeOHO-MeToanyeckuit komrieke (DY MK) no yue6noit aucuumnae « KommnbrorepHble HH-
(hopMaIOHHBIE TEXHOJIOTHIY MPEIHA3HAYCH ISl CTYACHTOB crienuaibHOCTH 6-05-0412-01 « MeHemKMeHT».
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B DYMK conepskarcst TeKIIMOHHBIA MaTepHall, IUTaHbI JJA00OPATOPHBIX PadoT, MPUMEPHBIC TECTOBEIC 3aJaHNS,
IIPUMEPHBIE IPOMEXKYTOUHBIE KOHTPOJIbHBIE Pa0OThI, BOIIPOCH! Ul IOATOTOBKH K 3K3aMEHY, IIPUMEPHBII Te-
MaTH4eCKHH IJIaH, COAepKaHue y1eOHOTro Marepuaa, CIIUCOK JINTePaTyphl.

VIK 004(075.8) + 519.6(075.8)

Mouceesa H. A. LludpoBble TEXHOTOT U NMPeEICTABIECHUS JAHHBIX [ DJIEKTPOHHBIN pecypc] : 3JIEKTPoH. yueO.-
MeToj. KoMmIuieke uist crerl. 6-05-0412-01 «Menemxment» / H. A. Mouceesa, O. A. Benbko ; BI'Y. Dnekrpos.
TeKCTOBBIC JaH. MuHck : BI'Y, 2024, 124 c. : Tabn. bubmuorp.: ¢. 123—-124. Pexxum nocrtyna: https://elib.bsu.by/
handle/123456789/310743. 3arn. ¢ skpana. Jlen. B BI'Y 29.03.2024, Ne 006329032024.

DneKTpOoHHBIH yaeOHO-MeTonnueckmii koMmruieke (Y MK) no yuebnoit mucrumumae «L{udpossie TexHOITO-
TUU [IPEICTABICHUS TaHHBIX» MPEIHAa3HAYEH JUIsl CTYIEHTOB crienuaibHOCTH 6-05-0412-01 «MeHemKkMeHT».
B ODYMK conepxarcst IEKIMOHHBIA MaTepHral, TEMaTHKa U IUIaHbl PAKTUYECKUX M Ja00paTopHBIX PadoT,
[IPUMEPHBIC TECTOBBIC 3a/IaHUS, IPUMEPHbIE IPOMEKYTOUHBIC KOHTPOJIbHBIC pa00ThI, BOIPOCHI JJIs TOJTOTOBKH
K 9K3aMEHY, IPUMEPHBIN TeMaTHYSCKUH TUIaH, COJIEPKaHUE YUeOHOrO MaTepuaa, CIIUCOK JTUTePaTyphbl.

VIK 004.42:004.738.5(075.8) + 004.774.6(075.8)

Kpemens E. B. Bed-koHcTpyupoBaHue [ DJIeKTPOHHBIN pecypc] : 3JICKTPOH. y4e0.-METO/]. KOMIUIEKC JIJIsl CIIell.
1-31 03 01 «Maremarwka (T10 HaITpaBICHUAM )», HanpaBieHus cretl. 1-31 03 01-02 «Maremarnka (HayIHO-TIEaro-
rudeckas aearenbHocTh)» / E. B. Kpemens, 10. A. Kpemens, I. A. Paconbko ; BI'Y. DiekTpoH. TeKCTOBbIE JaH.
Mumck : BI'Y, 2024. 224 c. : . bubnuorp.: ¢. 223. Pexxum noctyna: https://elib.bsu.by/handle/123456789/311141.
3arn. ¢ skpana. Jlemn. B BI'Y 09.04.2024, Ne 006709042024.

OnekTpoHHbIH yaeOHO-MeTommdeckuii komrieke (QYMK) mo yueOHoit auctumumae «Beb-KoHCTpynpoBaHUEe)
MpenIHa3Ha4ueH i cTyaeHToB crenranbHocTd 1-31 03 01 «Maremaruka (110 HampaBICHUSIM )Y, HATPABICHIS
crierransHOCTH 1-31 03 01-02 «Maremarnka (Hay9IHO-TIeAarorndeckasi IesaTeabHoCTh)». DYMK comepxut
TEKCTHI JICKIINH, TNIAaHBI 1a00PaTOPHBIX 3aHITUH, TIEPEUEHb KOHTPOIHHBIX BOIIPOCOB, CITUCKH PEKOMEH/TOBAaHHON
JUTEPATYPBL.

VIIK 51(072)(06) + 004(072)(06)

IIpo0siembl npenofaBaHus BbICIIel MaTeMaTUKHA M HH()POPMATHKH B YCJIOBUSIX HOBOI 00pa3oBaTebHOMI
napaaurMsel [ DIeKTPOHHBIHN pecypc] : Matepuanbl MexayHap. Hayd.-npaxT. koH}. (Munck, 18—19 amp. 2024 1) /
BI'Y ; [peaxomn.: C. A. Camanb (OTB. pen.) u Ap.]. DNeKTpoH. TeKcToBbIe naH. MuHck : BI'Y, 2024. 159 c. : ni.,
tabir. bubnmorp. B rekcte. Pexxum moctyma: https://elib.bsu.by/handle/123456789/311253. 3ar. ¢ sxpana. Jer.
B bI'Y 10.04.2024, Ne 006910042024.

B cOopHuke npencTaBiaeHbl MaTepHaibl JOKIAA0B, BKIIOYEHHBIX B IPOrpaMMy MeskayHapoaHOH HayqyHO-
NpaKTHYECKOM KOH(epeHMH, KOTopasi POBOIUTCs Kadeapoii o01eit MaTeMaTuKy U MHPOPMATUKH MEXaHUKO-
MareMaTHuecKoro ¢axynsrera benopycckoro rocyapcTBeHHOT0 yHUBepcuTeTa. Temaruka cOOpHUKa OXBaThI-
BaeT MIMPOKHUH CHEKTp MpoOiIeM COBPEMEHHOTO YHHBEPCUTETCKOTO 00pa3oBaHUA, MPOOIEMbl dPPEKTHBHOTO
IpenoAaBaHusl MaTEMATHKU U MH()OPMATUKY VISl CTyAEHTOB Pa3IMYHbIX CIIEHUAIbHOCTEH BBICIIEH ILIKOJbI.

VIAK 514.18(075.8)

Adametixo-Ilepwenxosa I I1. HaueprateibHasi reoMeTpust [ DJI€KTPOHHBIN pecypc] : SeKTpoH. yuel.-MeTo.
xkomIuteke aust cret. 1-19 01 01 «/luzaiin (mo Hanpasnenusim)», Hanpasiaenus cnen. 1-19 01 01-02 «/Iu-
3aiiH (IpeaMeTHO-pocTpancTBeHHOM cpeabl)» / [ 1. Anameiiko-IlepiienkoBa ; BI'Y. DiekTpoH. TEKCTOBBIC
naH. Munck : BI'Y, 2024, 128 c. : Tabn. bubnuorp.: ¢. 127-128. Pexxum noctyna: https://elib.bsu.by/handle/
123456789/311432. 3ar. ¢ axpana. [len. B BI'Y 18.04.2024, Ne 007318042024.

DnexTpoHHBI yueObHO-MeTonndecknii komruieke (OYMK) npenHasHadeH A CTYAeHTOB AHEBHOH (op-
MbI 00yueHus crienaibHOCTH 1-19 01 01 «/Im3aitH (1o HampaBiIeHHM)», HANIPABICHUS CIIEIIHMAIBHOCTH
1-19 01 01-02 «/luzaitn (mpenmeTHO-TIpOCTpaHCTBEHHOM cpeabl)». Conepxanne DYMK npexycmarpuBaeT
pa3BUTHE aKaJeMHUUECKUX, COUATBHO-IMYHOCTHBIX U MPO(ecCHOHANBHBIX KOMIIETCHIUH cTyaeHToB. Llens
OVYMK — npenocTaBuTh CTYJCHTY TOJHBIH KOMIUIEKT Y4eOHO-METOIUUECKUX MAaTEpHATIOB ISl ayJJATOPHOTO
¥ CAMOCTOSITEIBHOTO M3YYEHUS AUCITUTUINHBL.

VIK 517.53(075.8)

Teopus pyHKIM KOMIIEKCHOT0 EPEMEHHOT0 [ DIEKTPOHHBIN pecypc] : AIEeKTPOH. yued.-MeTOoI. KOMILIEKC
st crient.: 6-05-0533-06 «Maremarukay, 6-05-0533-07 «Maremarrka U KOMIbIOTEpHBIC HAYKW», 6-05-0533-08
«KomnbroTepHas MaTeMaTHKa U CUCTEMHBIN aHanu3», 6-05-0533-13 «MexaHuka U MaTeMaTHYeCKOe MOJie-
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supoBanuey», 1-31 03 01 «Maremaruka (o Hanpasienusim)» / H. B. Bpoeka [u ap.] ; BI'Y. DnekrpoH. Tek-
ctoBbie nad. Munck : BI'Y, 2024. 143 c. : wi. bubnuorp.: c. 142—-143. Pexxum pocryma: https://elib.bsu.by/
handle/123456789/311903. 3armn. ¢ skpana. en. B BI'Y 10.05.2024, Ne 008110052024.

OnexTpoHHBIN yuebHo-meTtonnueckuit kommuieke (3YMK) mo yueOnoit nuctmminune «Teopus dyHKImi
KOMIIJIEKCHOTO TIEPEMEHHOIO» MpeIHA3HAYEH IJIsl CTYACHTOB crienuaabHocTeil 6-05-0533-06 «Matemarukay,
6-05-0533-07 «MaremaTuka 1 KOMIbIOTEpHBIE HAyKn», 6-05-0533-08 «KommnbroTepHas MaTeMaTuKa U CUCTEM-
HBIN aHAU3Y, 6-05-0533-13 «MexaHnka U MaTeMaTHuecKoe MosienupoBanuey, 1-31 03 01 «Maremaruka (1o Ha-
npasiacHUIM)». B OVYMK conepikarcs JeKIIMOHHBIA MaTepHall, TPAKTHICCKUNA MaTeprall, pa3neia KOHTPOJIS
3HAHUW U BCTIOMOTATEJILHBIN MaTepuail.

VAK 004.432.045C++(075.8)
Cepuxosa H. B. IlporpammupoBanue Ha C++ [D1eKTpoHHBIN pecypc] : BIeKTPOH. yued.-MeTo . KOMIUIEKC JIst
crient.: 6-05-0533-05 «Pannodusuka n nHGOpMaOHHBIE TEXHOIOTUNY, 6-05-0533-11 «IIpuknaanas napopma-
THKay, 6-05-0533-12 «KubepobezonacHocTsy / H. B. Cepuxona ; BI'Y. DnekTpon. TekcroBbie gaH. MuHck : BI'Y,
2024. 200 c. : Tabn. bubmmorp.: c. 198-200. Pexxum moctyma: https://elib.bsu.by/handle/123456789/313436.
3amt. ¢ akpana. [em. B BI'Y 12.06.2024, Ne 009612062024.

OnekTpoHHbIH yueOHo-MeTonnueckuii kommuieke (Y MK) no yuebnoit qucuumninune «[IporpammupoBanue
Ha C++» mpeaHazHayeH sl CTyAeHTOB (akyinpTeTa paano(u3uKu U KOMIBIOTEpHBIX TexHojoruid BI'Y cre-
nuanpHocTel 6-05-0533-05 «Pagnodusuka u nHGOpManmoHHbIe TeXHOIOTHW», 6-05-0533-11 «[Ipuknangnas
nH(popmarrkay, 6-05-0533-12 «KubepodezonacHocTs». B OYMK comepikarcsi OCHOBHBIE TEOPETUIECKUE CBE-
JeHus 10 s13bIKy C++, IepeuncisoTes CPEACTBA IMarHOCTUKY 3HAaHUN, IPUBOIATCA 3aJaHuU 110 J1a00PaTOPHBIM
paboTaM TUCHMITLINHBI, BOIIPOCHI IS MTOJTOTOBKHU K 3a4€Ty U DK3aMEHY, CITMCOK JINTepaTypbl ISl U3Y4YEHHUS.

VK 517.373(075.8)

Eeopog A. A. TloBepXHOCTHBIe HHTErPaJIbI [ DJIEKTPOHHBINH pecypc] : ydeO.-MeTon. pa3pad. Ui CTyASHTOB
¢u3. dak. u dax. pagnopusnku U KomnbioTep. TexHonoruii / A. A. Eropos, T. A. Uexmenok ; BI'Y. Dnek-
TPOH. TEKCTOBBIE AaH. MuHCK : BI'Y, 2024. 48 c. : un. bubmmorp.: ¢. 48. Pexxum moctyma: https://elib.bsu.by/
handle/123456789/313837. 3arn. ¢ okpana. Jlen. B BI'Y 17.06.2024, Ne 010017062024.

B nannoii pazpa®oTke npuBeieHbl TEOpETHUECKHE cBeeHHs 110 TeMe «[loBepXHOCTHBIE HHTETpaIbI», AB-
JSTOILEHCS OTHOM M3 HanOoJiee CIOKHBIX ISl TIOHUMAaHUS CTYACHTAMH TeM JTUCHUTUIMHBL «Maremarnaeckuit
aHanu3». B KaXXI0M U3 pa3aenoB AaHbl IPUMEPBI pELICHUsI TUTIOBBIX 33/1a4, PACCMaTPUBAEMbIX Ha MPAKTHYECKUX
3aHATHSX 110 3TOH nucuuIuiiHe. [peniokensl 3aa4un 17151 CaMOCTOSITEIBHOIO PEIICHHS, KOTOPBIE MOTYT OBITh
HCTIOJIb30BAHBI B KAU€CTBE MHINBHIyaIbHBIX 3alaHUH 110 COOTBETCTBYIOLIECH TEME.

Y4eOHO-MeToanuecKas pa3paboTKa IpeaHa3HaueHa A1l CTYACHTOB, 00ydJalomuxcs Ha (pu3ndeckoM (aKyib-
tete u hakynpreTe paaruo(U3UKU U KOMIIBIOTEPHBIX TexHoorui bI'Y.

VIIK 004.438(075.8)

BBenenue B mporpaMmMupoBaHue Ha si3bike R [D1eKTpoHHBIN pecypc] : AIeKTPOH. yued.-MeTOol. KOMILIEKC
st crient.: 1-31 01 04 «buonmkenepus u OnonHpopmatukay, 6-05-0511-05 «buonmkenepus n oOnonHpopma-
tuka» / BI'Y ; coct.: B. B. I'punes, 1. H. Unsioménox, A. W. JleBnanckas. DJIeKTpOH. TEKCTOBBIC TaH. MUHCK :
BI'Y, 2024. 167 c. : wn. bubnuorp.: ¢. 166—167. Pexxum noctyna: https://elib.bsu.by/handle/123456789/315836.
3arn. ¢ akpana. [emn. 8 BI'Y 04.07.2024, No 011204072024.

DNeKTpOHHBIH yaeOHO-MeTonndeckuii komiuieke (3YMK) npemHazHaueH Uist CTY/ICHTOB CIIeUaTbHOCTEH
1-31 01 04 u 6-05-0511-05 «brounxenepus n GuonHhopmarrkay duonorudeckoro Gaxynsrera bemopycckoro
rocymapcTBeHHoro yauBepcurera. [Ipeamaraemsrii Y MK BriIrouaeT n3ydeHrne OpraHU3alny S3bIKa IPOTPaMMH-
poBaHus R 1 MHTErpupOBaHHOM CpeJIbl AT pa3padOTOK HA ITOM SA3BIKE, CTPYKTYPHI OOBEKTOB 1 0COOCHHOCTEH
paboThI C JAHHBIMU, XPAHSIIMMHECS B TAKUX O0BEKTAaX, MPOBEICHHS BBIYMCIICHHI B cpefie R, rpaduueckux Bo3-
MOXHOCTEH s3bIKa R, a Takke pazpaOOTKH MOJIb30BATEILCKUX (PYHKINH, 00bEMHBIX HCXOAHBIX KOJOB U LEJIBIX
MIPUJIOKEHNH Ha s3bIKe R.

VIIK 004(072)(075.8)

Anencxuti H. A. MeToauka npenogaBanusi uHGopMaTHKH [ DICKTPOHHEIN pecypc] : 37eKTPOH. yaeb.-MeTo .
Komruieke Jist crett. 6-05-0533-06 «Maremaruka» / H. A. Anenckuii ; BI'Y. DnekrpoH. TekcToBbie JaH. MUHCK :
BI'Y, 2024. 99 c. : un. bubmuorp.: ¢. 97-99. Pexum nocryna: https://elib.bsu.by/handle/123456789/316027.
3arn. ¢ akpana. [emn. B BI'Y 08.07.2024, No 011308072024.
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OnexTpoHHBIN yueOHO-MeToanyeckuii komruieke (OYMK) no yuebHoil puctuninae «MeToauKa Mmpero-
JlaBaHMsI KHPOPMATUKWY MPETHA3HAUCH IS CTYACHTOB criennaibHocTh 6-05-0533-06 «Matematukay. DY MK
BKJIFOYACT TEKCTHI JICKITUH, ITaHbl CEMUHAPCKHX 3aHSATHI W BOTIPOCHI JUISL 00CYK/ICHUS Ha HUX, COJCpKaHUE
JOKJIaJIOB ¥ pedepaToB U PEKOMEHIyeMbIe TEMBI Il HUX, THITBI U IPUMEPBI TECTOB, YK3aMECHAIIIOHHBIE BO-
MIPOCHI, CofiepKaHNe AUCHIUTUIMHBI U €€ Y4eOHO-METONYECKYIO KapTy, CIIMCOK PEKOMEHIyeMOl TUTepaTyphl.

VIK 004(072)(075.8)

YuncjieHHbIEe METOBI [ DNIEKTPOHHBIN pecypc] : MeKTPoH. yueb.-meTo. kKoMruieke s cretr. 1-31 03 02 «Me-
XaHHWKA ¥ MaTeMaTuieckoe mojienupoBanue» / A. U. Azapos [u np.] ; BI'Y. DiekTpoH. TekcToBbIe AaH. MUHCK :
BI'Y, 2024. 91 c. : un. bubauorp.: ¢. 89-91. Pexxum nocrymna: https://elib.bsu.by/handle/123456789/316076.
3ar. ¢ akpana. [emn. B BI'Y 09.07.2024, No 011509072024.

OnekTpoHHbIl yueOHo-MeToandeckuii kommieke (3YMK) no yueOHol auciuminne «YncieHHbIe METOIbD)
pa3paboTaH B COOTBETCTBUU C 00pa30BaTENLHBIM CTAHAAPTOM |-# CTYIEHH BBICIIETO 0Opa30BaHUs sl Clie-
ruanbHOoCcTH 1-31 03 02 «Mexanuka u MareMaTudeckoe Mojeaupoanney». DY MK npeanasuadeH s uadop-
MaIMOHHO-METOUICCKOTO 00ECTICUCHHUS MPEMOJAaBAHUS TUCITUTUTHHBI « HUCICHHBIC METOBI ISl CTYICHTOB
naHHOM crienuanbHocTH. B DYMK coneprkarcs KOHCIIEKT JICKIIUH, epeucHb JTa0OPATOPHBIX 3aHATUH ¢ MaTe-
puanamu asist paboThl, 331aHUs 110 YIPABISIEMON caMOCTOsATENILHON padore.
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