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REAL, COMPLEX
AND FUNCTIONAL ANALYSIS

VIK 517.518.126+519.216.71

EAUHCTBEHHOCTbD ITPON3BOAHBIX I'VBUHEAAN
BBICIHINX ITOPIAKOB 1 AHAAOI TEOPEMBI AYBA — MEMEPA
AASA TPYBBIX TPAEKTOPUM C ITPOU3BOABHBIM
MMOAOXXUTEABHBIM ITOKA3ATEAEM TEABAEPA

M. M. BACBKOBCKHH"

YBenopyceruii 2ocyoapemeennviii ynusepcumem, np. Hesasucumocmu, 4, 220030, 2. Munck, Benapycy

HccnemyroTcst cBOWCTBA MPOM3BOIHBIX | yOMHEIN BBICIINX ITOPSIKOB OT YIIPABISIEMBIX TPYOBIX TPACKTOPHH, MMEIOIITHX

IIPOM3BOJILHBIN MOJIOKUTENBHBIN MOKa3arenb ['€npaepa. Vcnonb3yercs nousirue ((x, B)—rpy6or0 0TOOpakeHNsI, Ha OCHOBE

KOTOPOTO JAIOTCS JOCTAaTOYHBIC YCIOBUS, 00CCIICUHNBAIOIINE SIMHCTBEHHOCTh MPOM3BOAHBIX ['yOMHEIUTH BBICIINX IO-
psiakoB. C ITOMOIIBIO TEOPEMBI O €IUHCTBEHHOCTH MPOM3BOAHBIX [ yOMHEIIH BBICIINX MOPSIKOB TOKA3BIBACTCS aHAIOT
Teopemsl [lyba — Mefiepa i TpyObIX TpaeKTOpHii ¢ MPOU3BOIBHBIM MTOJIOKUTEIEHBIM ITOKa3areneM [ énpaepa. B 3akitro-
YUTEIBHON YacTH MOKa3bIBAETCS, YTO 3aKOH JIOKAJIBHOTO MOBTOPHOTO Jioraprdma Jyisi 1poOHOTo OPOYHOBCKOTO JIBHIKEHHSI
oOecrieynBaeT IPUMCHUMOCTh OCHOBHBIX PE3yJIBTaTOB HACTOSIIECH CTaTh K MHTETPUPOBAHKIO 10 MHOTOMEPHOMY JIPO0-
HOMY OpOYHOBCKOMY IIBHKCHHIO C TIPOM3BOJIBHBIM HHIIEKCOM Xepcera. [IpuBonsaTes mpuMephl, JEMOHCTPHPYIOIIHE CBI3b
rpyOBIX MOTPACKTOPHBIX MHTETPAJIOB ¢ mHTerpanamu Vto u CtparoHOBHYA.

Kniouegwie cnosa: rpybrie Tpackropuu; mpousBoanas ['younesm; paznoxenue Jlyoa — Meiiepa; qpodHoe OpoyHOB-

CKOC IBUIKCHUCE.
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BemmecTBeHHBII, KOMIUIEKCHBIH M GYHKIMOHAJILHBII aHAJIN3
Real, Complex and Functional Analysis

ON THE UNIQUENESS OF HIGHER ORDER
GUBINELLI DERIVATIVES AND AN ANALOGUE
OF THE DOOB — MEYER THEOREM FOR ROUGH PATHS
OF THE ARBITRARY POSITIVE HOLDER INDEX

M. M. VASKOUSKI*

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus

In this paper, we investigate the features of higher order Gubinelli derivatives of controlled rough paths having an
arbitrary positive Holder index. There is used a notion of the (oc, B)-rough map on the basis of which the sufficient condi-
tions are given for the higher order Gubinelli derivatives uniqueness. Using the theorem on the uniqueness of higher order
Gubinelli derivatives an analogue of the Doob — Meyer theorem for rough paths with an arbitrary positive Holder index is
proved. In the final section of the paper, we prove that the law of the local iterated logarithm for fractional Brownian mo-
tion allows using all the main results of this paper for integration over the multidimensional fractional Brownian motions
of the arbitrary Hurst index. The examples demonstrating the connection between the rough path integrals and the Ito and
Stratonovich integrals are represented.

Keywords: rough paths; Gubinelli derivative; Doob — Meyer expansion; fractional Brownian motion.

BBenenune

B 1998 1. B paborte T. Jlaitonca [ 1] ObL1 peioskeH NPUHIMITHAIBLHO HOBBIM OAXO0/] K HHTETPUPOBAHHIO 110
0TOOpaKEHUSIM, HE UMEIOIIUM KOHEYHOH Bapuauuu. J{aHHBII OAX0 OCHOBAH Ha BKIIIOYEHHH B MHTETPalib-
HBIE CYMMBI JTOTIOJHUTENIBHBIX YIEHOB, COOTBETCTBYIOUINX TEHIOPOBCKUM DPA3JI0KEHHUSIM BBICIIUX MOPSI-
KOB, a pa3paboranHas T. JlailoHCOM Teopusi BIIOCIEACTBUM MOIY4HIIa Ha3BaHUE TEOPUH TPYOBbIX TPAaeKTOpU
(rough path theory). Teopus rpyObIX TPaeKTOPHil BBI3bIBAET OOJIBIION HHTEPEC Y MATEMATHKOB U (PU3UKOB, TIO-
CKOJIbKY UMEET NITyOOKHe PUIOKEHHUS B CTOXaCTHUECKOM aHaIM3e M KBAaHTOBOW Teopuu nouist [2]. B omnume ot
T. JlaiioHca, KOTOPBII CTPOWII TEOPHIO TPYOBIX TPAEKTOPHH, OMUPAsICh HA TIOHATHE a0CTPAKTHBIX TEHIOPOBCKHX
pas3nokeHHi B COOTBETCTBYIOIIMX TEH30PHBIX anredpax, M. ['yOunemnu [3] mpeanoKun aasTepHaTUBHBIN MO~
XOJI, OCHOBAaHHBIM Ha MIOHSTUH YIPAaBIsIEMOi rpy0oii TpaekTopun. OyHKIIMOHAIBHBIN BapHaHT TEOPUH TPyOBIX
TpaeKTopHi, pazpaborannsiii M. ['yOuHeIIH, ¢ OHON CTOPOHBI, MO3BOJIHI CYIIECTBEHHO YIIPOCTUTH TEXHUYE-
CKYIO 4acTh TEOPUH IPyOBIX TPAEKTOPHH, & C APYTOH CTOPOHBI, JaJl BO3MOKHOCTh CTPOUTH TEOPHIO HHTETPH-
poBaHus Oe3 MPUBSA3KH K COOTBETCTBYIOIINM IU(PepeHInaNbHBIM ypaBHeHUsIM. Ha ocHOBe Teopuu TpyObIx
TpaekTopuil M. Xaiipep moCcTpons TEOPHUIO PETYAIPHOCTHBIX CTPYKTYP, C MOMOIIBIO KOTOPOH MOIy4HII HOBBIE
IyOOKHE pe3ylbTaThl B TEOPUH CTOXaCTHYECKUX AU (epeHINaIbHbIX YPABHEHUH B YACTHBIX TPOU3BOAHBIX.
Crenyer OTMETHTB, YTO BKJIIaJ U pe3ynbraTel M. Xailipepa 0butn ynocroens! ipemun ®ungca B 2014 1

Teopus rpyOBIX TpaeKTOpHii NMeeT Haubosee 3HaYNTEIbHbIC TPUMEHEHHSI B TEOPUHU CTOXAaCTHUECKHUX Audde-
PEHIMAJIBHBIX YPaBHEHHI, B TOM YUCIIE IS HCCIIEOBAHUS CTOXaCTUUECKUX Iu((epeHIInanbHbIX YpaBHEHUH,
YIPaBIsIEeMbIX aHTHIIEPCUCTEHTHBIMU APOOHBIMU OPOYHOBCKUMHU IBHKEHHUAMH. [lepBbie paboThl, MOCBSIICH-
HbIE TAaKUM MPUIIOKEHHUSIM TEOpHUH IpyObIX Tpaekropuil, npunaanexar JI. Kyrsn, XK. Kesny, ©. baxysny [4; 5].
B nanbHeiiem 3Tu pe3ysbTaThl YTOUHSUTUCH B 00001amich [6—10]. B wacTHOCTH, B cTaThe [4] MOKa3aHO, 4TO
cToxacThieckue AudQepeHuansHble ypaBHEHUs, YIpaBisieMble APOOHBIMI OPOYHOBCKUMH JIBUIKECHUSIMH C TIO-

KazaTeJsiMu XepcTa, MEHbILIUMHU 7 HE MOTYT OBITh HCCIICIOBAHBI B pAMKaxX TEOPUI IpyOBIX TPAeKTOPUH, pa3-

pabotanssix T. Jlaftoncom u M. I'ybunennu, Tak Kak KyCOYHO-JIMHEHHbBIE alllPOKCUMALINU JUI TaKUX JIpo0-
HBIX OPOYHOBCKHUX JABMKEHUH HE SBJIAIOTCS CXOASIIMMHUCS 110 BeposTHOCTH. B crareax [11; 12] Gbina pa3Buta
Teopusi rpyObIxX Tpackropuil ['yOUHEITH U ¢ ee TOMOIIIBIO UCCIICI0BAaHbI CTOXacTHYeCKue JuddepeHIanbHbIe
ypaBHEHUS, yIpaBisieMble APOOHBIME OPOYHOBCKUMH JIBIKEHHSMH C TIPOU3BOJIBHBIM MOJIOKUTEIBHBIM MOKa-
3areneM Xepcta. [Ipu 3TOM KIIIOYEBYIO PO HTPAIOT CBOWCTBA MPOU3BOAHBIX ['yOMHEITH BBICIIUX TTOPSIKOB.
B cymmuoctu, npoussoansie ['youHemmn or GyHKIMH Y OTHOCHTENBHO O-TENbACPOBCKON PyHKIMU X ompe-
JETISTIOTCS He eTMHCTBEHHBIM 00pa3oM. OTMeueHHasi HeeIMHCTBEHHOCTh, KaK MPaBUIIO, HE BHOCUT HEOTpee-
JICHHOCTH B ClTy4ae, KOorja Teopusi TpyObIX TPAeKTOPHIA MPUMEHSIETCS] K UCCIIC0BaHHIO MTPOOJIeM OTHO3HAYHON
Pa3pemMOCTH, YCTOMUMBOCTH AU PEepeHIHATBEHBIX YPaBHEHNH, TOCKOJIBKY BBIOOpP MPOM3BOAHBIX ['yOuHen
OCYILIECTBIISICTCS B COOTBETCTBUH CO CTAHJAPTHBIMHU MTPABUIIAMHU 3aMEH TEPEMEHHBIX B TU(PPepeHINATEHBIX
ypaBHeHusix [11]. Tem He MeHee B OTphIBE OT TEOPUH TUPPEPEHINAIBHBIX YPABHEHUH HEEJANHCTBEHHOCTh
npOoU3BOAHBIX ['yOMHEITH MPUBOIUT K HEOJHO3HAYHOCTH ONPEIEICHUs IPpy0Ooro MoTpaeKTOPHOTO HHTErpaa.

7



ZKypnaa Besopycckoro rocynapcrseHHOro ynusepcurera. Maremaruka. Mudopmaruka. 2022;2:6-14
Journal of the Belarusian State University. Mathematics and Informatics. 2022;2:6-14

B macrosmeit crarbe uccieayercs npoodiieMa HeeTHHCTBEHHOCTH MMPOU3BOMHEBIX | 'yOWHEIN BRICIIUX T10-
PSAOKOB. ABTOPOM BBOAUTCSI MIOHSTHE (Oc, B)—rpy6or0 oTtoOpakeHus X (ompenerncHue 1) u mpu onmpeaeIeHHbIX

COOTHOIIICHUSIX MEXKIY O U [} yCTaHAaBIUBACTCS CAMHCTBEHHOCTh MPOM3BOAHBIX ['YOUHEIUIH BBICIINX MOPS/I-
KOB OT ()yHKIMH Y 0THOCHUTENBHO oToOpaxenus X (teopema 1). C moMomIbpio JAHHOTO pe3yJbTara B CTaThe Mo-
Jy4eH aHanor Teopemsl Jlyoa — Meliepa ams rpyObIX TpaeKTOPHH MPOU3BOIBHOTO MOJIOKUTEIBLHOTO HHACKCA
I'énbnepa (Teopema 2). B 3akmrounTenbHON YacTH pabOTHI AEMOHCTPUPYETCS, UTO, B YaCTHOCTH, IPEICTABICH-
HBIE Pe3ylbTaThl IPUMEHUMBI B Clly4yae, KOTla HHTETPUPOBAaHHE MPOUCXOAUT 0 MHOTOMEPHOMY APOOHOMY
OpOYHOBCKOMY ABHMKEHUIO, HMEIOIIEMY POHU3BOJILHBIN MOOKHUTEIBHBIN TOKa3aTenb XepcTa.

OcHoOBHBIE pe3yabTaThl
Omnpenenenne rpyobix TpaexkTopuii. 3adukcupyem npousBonbueie 7 >0 u oL € (0, 1]. ITycts V' — koHEUHO-

MepHOE eBKJINI0BO mpocTpancTo. Yepes C* ([0, T],V)n C§ ([O, T], V) 00603HAUYMM MHOXECTBA (yHKITHH
2
f: [0, T ] —->Vug: [0, T ] — V' COOTBETCTBEHHO, TAKUX, YTO BEININHBI

gs,t

s,te[O,T],s¢t|l— S|a

|71, = sup PR lell,» =

s, 1€[0,T],s#¢ |l—S

ABJISAIOTCS KOHEYHBIMH. Jlasiee 111 GyHKIMHK BYX TIEPEMEHHBIX g , OyneM nucarh || g||u BMECTO || g||
(yHKuMK O/1HOM MEpeMeHHOH f; uepes f; , Oynem 0003Ha4aTh NpUpaIleHue f; — f.

o > & I

1
[onoxum n = [a}. Yepes C* ([O, T ] , V) 0003HaYMM MHOYKECTBO O-HEPEPBIBHBIX 110 | €1b71epy rpyObIX Tpaek-

TOPHIA, T. €. MHOXKECTBO YIEMEHTOB X = (1, X, ..., X") Takux, 4to X' € C;“([O, T], V®’) s oboroi=1, ..., n

i
¥ UL Beex S, u, ¢ € [0, T'| Boimonusercs cnemyromee Toxk/ecTBo YeHa: X, =X,,0X, ,11e (XM 0X,,)=
= z X/ ®X]~/. Ormernm, uto onepauus © 3a/1aeT yMHOXCHHE HA TCH30pHOM anreope 7 (")(V) =V,
' : . i=0
Jj=0

rIe V® = R. Takum obpazom, snemMeHT X : [0, T ]2 - T(")(V) OJIHO3HAYHO ONpENENAeTCs 3HAYEHUAMU Xo, "
-1

t€[0, T], nockonsky X, , = (Xo,s) O X, ,. Manee Gynem mucars X, BMecto X ,.

Bynewm roBoputb, uto 35eMeHT X € CO‘([O, T ], V) ABIseTCs rpy6oit TpaekTopuei Hag X € C* ([0, T ], V),
ecIu X%),, = X, st mo6oro ¢ € [0, T).

3ameuanue 1. B cymnoctu, rpy0as Tpackropust X = (1, X', ..., X") Hang X € C* ([O, T ], V) omnpenensercs
HE ¢IMHCTBEHHBIM 00pa3oM (cMm. [2, Tir. 3]). Borpock! cymecTBoBaHMs TpyObIX TPACKTOPUN HA MPOU3BOTBHOMN
ynxiuenn X € C* ([0, T ], V) paccMmarpuBaiuch B craThe [13].

Onpejieienne caaboynpasisieMbix rpyobix Tpaekropuii. [Tycts X € C* ([0, T ], V), X= (1, X', ..., X") —
rpy0ast Tpaektopus Hax X, a /W — KOHEYHOMEPHOE €BKJIMI0BO MTPOCTPAHCTBO. byemM roBoputh, 4To GyHKINSA

Y eC” ([0, T ], W) ciabo ympasinsercs rpyooit Tpaekropueit X € C 0‘([0, T ], V), €CJIM CYIIECTBYIOT ()YHKIIUU
YO [0, 71> L. W), ... Y V[0, T] - L(r®" ", w) raxme, uro

Y, =YUX! 4y X e R

s, t N S, t N s, 1

1 2)w1 n—1)yn-2 Y,n-1
v =y®X! 44y IXe 2 R

s, t N s, t N b

Y(n—2) — Y(n—l)XllY,t + RY,Z

s, t s s, 19

yln=1_ p¥1

s, t 5, 12
a JUIsl KaJI0r0 M3 OCTATOUHbIX WICHOB R 'i=1, ..., n, Benununna “RK"" siBisieTcs KoHeuyHo. dyHk1uio ¥ @)

o . 00
OyzneM Ha3bIBaTh NPOoU3BoAHOM ['yOuHemm nopsiaka i ot Y.
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3ameuanue 2. B cymuocty, npoussoassie ['younesum ot ¥, € C* ([0, T ], W) OTHOCHTEIILHO TPYOO# Tpaek-

Topun X = (1, Xl, cees X”) OTIPEJISISIFOTCS. HE €UHCTBEHHBIM 00pazoM. /leHCTBUTEIBHO, €CIU TOJOXKHUTh
! ‘ " )
o= >’ X, =Lt ) Y, =0, To B kauecTBe Ipon3BoAHON [ 'yOunemn Y/ MoxHO BbIOpaTh 1100YI0 (PyHKLINIO

u3 CV? ([0, T ], R). Kak Oyner nokaszano jganee (cM. Teopemy 1), HESIMHCTBEHHOCTh ITPOM3BOIHBIX [ yOuHeuu
i [V 11
SIBIISICTCS CICIICTBUEM M30BITOYHOMN IaJkoCcTH oToOpaxenus X. J{ist mokasareneii ['€npnepa o € (g, 5 To-

HSTHE YIPaBIsieMOl Tpy0Ol TPaeKTOPHH BIIEPBHIE BBEICHO B cTaThe [3]. OTMETHM, YTO IIt00ast yrpaBisemMas
rpy0Oast TpaekTopHsl B cMbiciie paboThl [3] siBisieTcst ciiaboynpaBisieMod Tpy0oi TpaeKToprel B CMBICIIE BBe-
JICHHOTO BBILIE OIPEeICHNs, HO HE Ha00OPOT.

Tak Kak MpOCTPaHCTBO C“([O, T], W) 6aHAXOBO, TO MHOYKECTBO
% ([0, 7], W)= (Y, V., Y(”_l)) 1Y e C*([0, T, W), i“RY’i\\.a < oo
i=1 !

Tarke 00pazyeT 0aHAXOBO MPOCTPAHCTBO OTHOCHUTEIHEHO HOPMEI [11]

Y] = g‘yo()‘ + H(Y v, yt)

b
o
Ox

e Yt(O) =Y,

(1) -0\ N [evi
(o) =S,

Onpenenenue uHTErpaja mo rpyoniMm Ttpaekropusim. Ilycts X = (1, Xl, oo X")e CO‘([O, T], V),

vec ([0, 1), (v, w)), (v, ¥, .Y ) e Dg([0. 7], L(¥, W), ¥, W ~ xoneunomepubie epxmons:

npocrpancTBa. BosbMem Hekotopsie s, 7 € [0, T], s < ¢, uepe3 P 0603Ha4MM IPOH3BONBHOE KOHEIHOE pasOue-

t
HHe OTpe3Ka [, ¢]. [pyObIM IOTPaeKTOPHBIM HHTETPAIOM JY, dX, OyneM Ha3bIBaTh CIIETYIOIIHI [IPe/ie] UHTET-
N
paTBHBIX CyMM (€CITH ATOT MpeIeN CYIIECTBYET, KOHEUEH M He 3aBHCHUT OT CIIOC00a pa3OMeHus OTpeska [s, t]):

t 1
[rax, = 1im ¥ ¥rIx;
s diam(P)%O[u,v]ePiZO ’

3ameyanue 3. HeonHO3HAYHOCTH ONPEACIICHUSI TPYOOH TpaeKTOpHuu Haa X IPUBOAUT K HEOITHO3HAYHOCTH OIIpe-

1
JeJIeHUsI TpyOoro moTpaekTopHoro uurerpaia. Eciam X, — cranmapTHbll BUHEPOBCKUIT Tporiece, a oL € (5, )

TO B 3aBUCHMOCTH OT CTI0c00a BEIOOpa X, B YaCTHOCTH, MOJKEM TOTy4nTh WHTErpai Mto wim uaterpan Crpa-
TOHOBMYA [2, 1. 5]. Apyroil HCTOYHUK HEOAHO3HAYHOCTH OINPEACIICHUS UHTErpaia COCTOUT B HEEIUHCTBEH-

HOCTH OTIpesieIeHus NPON3BOAHBIX I'younenmm ot Y e C* ([0, T], L(V, W)) othocuTenbHO (UKCHPOBAHHOIH
rpy0oii Tpaekropuu X = (1, X' ..., X") eC” ([0, T ], V). Kaxk Oyner nokaszano gainee (cM. TeopeMy 2), UCTIONb-

30BaHHE Pa3HBIX HAGOPOB MPOM3BOAHBIX I'YOMHEILTH OT Y MPUBOIHUT K Pa3/IMIHBIM 3HAYCHUAM HHTETpaJIa.
1 ne
Mpennoxenne 1 [11]. [Tyems o e (0, 1], n = [a}, X= (1, X, ..., X”) € C“([O, T], V),(Y, W, 7l 1))6

IS ’D% ([O, T ], L(V, W)) V, W — koneunomepmvie eskauoosvl npocmpancmeda. Toeoa 0st nobvix s, t € [0, T ]
t

unmezpan _[Yrer KoppekmHo onpeoener u cyuecmeyem nocmosunas C=C (Oc) makas, ymo 0Jis o0ObIX

s

s, 1€ [0, T] BbINONHAEMCSL OYeHKA

tYrer_n_ly's(i)Xi+tl <C c X" 1=
JreX, - RN s e

i=

s
(n+1-i)o io )
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Onpenenenne 1. ITycts o, B € (0, 1], o < B, ¥V — KOHEYHOMEPHOE E€BKJIMIOBO MPOCTPAHCTBO. bymeM roBo-
puTh, uTo oTOOpaKeHue X € C* ([0, T ], V) SIBIIICTCS (OL, B)—rpy6LIM, €CJIM CYLIECTBYET BCIOMY IIJIOTHOE B [0, T ]

MHOKECTBO S TaKoe, 4To u1st 1100bIx s € S, v' € V*\{0} Bemonusercs pasenctso

— <v*, XS,I>
Iim——— =00
ils |,_S|B

1 1
Teopema 1. Ilycmos o € (0, 5}, n= l:a} IIpeononoocum, umo omobpasxncenue X € C* ([O, T], V) A6-

anemen (o1, 2at)-epyoonn, X=(1,X,...,X")e ([0, 71, ), (v.¥V, . ¥" V) eDg(0, 7], L(V, W)
(}7, o, ., f("_l)) e Dg([0, T], L(¥, W)) Ecnu Y, =Y, ona mo6ozo te|0,T], mo YO =79 ona scex

te[0,T]i=1,...,n—1.
HokazatenbcTBOo. CylIecTBYET BCIOAY IUIOTHOE B [0, T] MHOKECTBO S Takoe, uTo I JIFOOBIX s € S,
v*e V"\{0} Bbimonnsercs pasencTso

IToxaxem, 4TO AJ1s1 BCEX f € [0, T ], i=1,...,n— 1 BHIIONHSIETCS PAaBEHCTBO Yt(’) = Yt(’). JlokaxxeMm yTBEepKIEHNE
nHayknue# 1o i. [lycts i = 1. 3aduxcupyem nponsBonbHOe s € S. Tak kak

Y,

s, t

Y(I)Xi,, Fo+ Yf”‘”Xf;l +R' = YS(‘)XS’, + O(|t - s|2a),

s

Y, =TOX e BT R = 70X+ O ),

s,

5(1
AR HENPEPBIBHBI HA OTPE3KE

M) _ 3 1)
TO M3 cootHomenus (1) Beitekaet, uto Y’ =Y}’ Ilockoneky Qynknuu Y/, Y,

N

[0, T], T0 n3 paBencrsa Y, W= YS(I) JUISl BCEX § € S CIENyeT, YTo Y,(l) = )7,(1) st mo6oro ¢ € [0, T]. Mpeanono-

KHM, 9TO }’,(i) = Z(i) st Beex 1€ [0, T], i <k <n— 1. Jlokaxkem, 4to )’,(k“): 17,(“1) st moboro 7€ [0, T1.
3adukcupyem npousBoibHOE s € S. Tak Kak

s, t

Y =YX X e R =y o= ),

S, s Y s

Y =X e X e R = T o= ),

k1) _ gkt L o(k+1) Gk
TO M3 cooTHOMmEeHH (1) BBITEKAET, UTO YS( = Ys( 1) Y3 nenpeprisHOCTH byHKITHiL Y,( +), Y,( 1) 1a orpeske

[0, T'] crenyer, uro Yt(k )2 Yt(k 1) s moGoro ¢ € [0, T]. Teopema nokazana.
1 1
Teopema 2. Ilycms O € (O, 5} n= [a} IIpeononoscum, umo omobpascenue X € C* ([0, T], V) A6-

asemesn (oL, 200)-2pyooim, X = (1, X, ..., X”)e Cu([O, T], V), (Y, Y(l), e Y("_l)) € @%([0, T], L(V, W))
(17, }7(1), e Y("_l)) € Dy ([0, T], L(V, W)) Z, 7€ C([O, T], W) Ecnu ons aobozo t € [0, T| svinonnsemcs

pasencmeo ) ) ) )
[Y.dX, + [Z,dr=[Y,dX, +[Z,.adr,
0 0 0 0
mo Yt(i) :z(i), Z,=Z7 0ns6cexte [0,T],i=0,....,n—1.
JlokazaTenbcTBO. IlycTh (Y, Y ., Y("_l)) € @,‘2‘([0, T], L(V, W)) JlokaxeM, 4TO M DIEMEHT
[erdX,, v, Y, ., Y(”_z)] e 0%([0, T, L(¥, W)
0

10
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Hmeem
. Y(n72)‘
[IY;er,Y,Y(]),...,Y(”_2)] = sup .
0 oo s#L |t—S|
k=2
+ Zsup|t—s| e ( ~H Y- k+’X’ |+ suplt— o[ J.YdX - ZY X’+1.
—3S#L o s#t

—k —k+i
Tax kax Y% = 2 YS(" +’)X’ Tt R?’ . TO U3 TIPSJIOXKEHHs | BBITEKACT, YTO

s, t

, N A I
(JYrdx,,Y,Y“l...,Y(“)] < D sup Tt
0 DY kzlsqﬁt |t_s|
X
e nal—i Y, i _ (n+1)o (n=T)n | _
sl (B R el X < 00),

AHAaJIOTUYHO MOTyYaeM, 4To [IﬁdX,, 7,70 ., )7("_2)] € Z);‘([O, T], L(V, W))

0
Taxum obpazom,

(£, 10, ... 1070) = [j(y ~7)aX,, v -7, yW 70,y 17(”‘2)) e d¢([0, 7], L(V, W)).
0

Bo3bmeM pou3BOJIBHEIE S, £ € [0, T ] Hmeem

fY dX, - ffrer = f(Y ~7.)dX, = f(z ~Z,)dr=0(t~s|) = 0(|t—s|”°°).

Tax kak [ , = 0(|t - s|w) 10 (1, 0, .. 2%([0, ], L(V, W)). B cuy Teopemsi | nomydaem, 4to M=o

JUIA JIF000T0 f € [0 T ] CnenosarensHo, Y, = ft IS TF000r0 £ € [0 T ] CHoBa npumeHsis Teopemy 1, 3aKito-

JaeM, 4TO Y(i)z f(i) JIJIS BCEX t € [0 T] i=1,...,n—1.3gauur, JY dX, JY dX, nnsa mooOoro t € [0 T]

TakxuMm oOpazom, JZ dr = JZ dr. W13 TeopeMsl bappoy BbITEKaeT, 4To Z, = Z JUTS TFO0OTO ¢ € [0 T ] Teopema

0 0
JOKa3aHa.

Teopema 3. Ilycmo 3a0ano d-mepnoe OpobHOe OpoyHOBCKOE O8udiceHUe B te [O T] ¢ nokasamenem
Xepcma H € (0, 1). Toeoa ons ntodvIX O € (0, H ) B > H noumu ece mpaekmopuu npoyecca B, AGAIOMCA

(01, B)-2pyObimu.
JoxazartenscTBo. ConacHO 3aKOHY JIOKAJILBHOTO MTOBTOPHOTO Jioraprma /s APoOHOTO OpOyHOBCKOTO

nBrkeHus [14, o, 1] ais aroboro ¢ € [O, T ] UMEEM

t,t+h

X

P| lim

hiOhH(l ki )/2=CH =1,

12
e ¢;; — NONOXKUTENbHAS IOCTOsSHHAS. BBeieM 0603HaueHNe p(h) =pt! (ln In hil) ,h>0.

3aukcupyem pou3BOJIbHBIC O € (O, H ), B > H. Cornacuo pabore [14, r1. 1] moutu Bce TpaeKTOpHH MpPo-

necca B,H MIPUHAJIEKAT c* ([O, T ], V), roe V= RY,

11
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Cy1ecTByeT NOCTOsIHHAS ¢, > 0 Takast, 4To JUIst JIF0OBIX V' € Ve, Ivil=1 s e [0, T ) BBIIIOJIHAETCS PAaBEHCTBO
* H
— <v , By t> ~
Pl lim—————=>¢, |=1. 2)
tls p([ — S)
Kpome Toro, cripaBeiyIiBO COOTHOIIICHUE
H
P| lim—/— <o [=1. 3)
tds p(t — S)
[Tycts K — cueTHOE BCIOMY TUIOTHOE MHOXKECTBO B U = {v‘ eV v = 1}. Torma 3 paBeHcTBa (2) IOITydaeM
* H
— <v R Bs’,>‘ B ,
P| lim———2>¢, Vv'eK |=1 4)
tds p(l‘ — S)
BossMeM mpousBosibHOE V' € U, CYIIECTBYET MOCIIEI0BATEILHOCTE (v,;‘ ) c K Taxasi, 4T0 “v,f v, — 0.
Hmeem o
* H s H
_—<Vn’Bs,t> _—<V’Bs,t> - B;:It
lim—————— < lim———— + v, —V"| _ lim—————. &)
tds p(t—s) tds p(t—s) Vv tisp(t—s)
Taxum o6pazom, u3 cooTHomeHu# (3)—(5) caemyeT, 9To
® H
T <V ’ BS’ t> ~ s
Pl lim———2¢, Vv'eU |[=1 (6)
tls p(t — S)

N3 pasencTBa (6) BBITEKAET, YTO JUIA IOYTH BCEX ( CYIIECTBYET MOCIEAOBATENBHOCTD 7, =1, (0)) s
Takasd, 9To [yId arooro vie U noe

*, BH
‘<v s, 1, >‘ >é, - l
p(tn - S) n
Torna
B2 1y s IV
W Z(CH_Zj|tn_s| (ln1n|tn —S| ) n:)mm.
Taxum oOpazom,
__|(v, BY
P 1im<v—"ﬁ’>=oo VveU, Vse[0,T)NQ |=1,
lis |t _ S|

YTO U TpeOOBAIOCH J10Ka3aTh. L1
3ameuanue 4. Ilycte W, = B,1 2 CTaHJApPTHBIM BUHEPOBCKUH mporecc. [lomoxum n=2, o e (g, E) Co-

IIACHO YTBEPKICHMIO | IOYTH BCE TPAEKTOpUU Ipouecca W, sBisdooTCs (oc, 20()-I‘py6LIMI/I. [Tonoxum

t

X= (1, w, Wlm), rie W' = J.VK » ® dW,, a uHTerpansl B IpaBoi 4acTU MOHMMAIOTCS Kak MHTEerpaisl MTo.
N t

Torna X e C“([O, T ], V) [2, m1. 3], KpOoMe TOTO, HHTETpaT flcd X, TIOYTH HAaBEPHOE COBIIAIAET C HHTEIPAJIOM

0
Hto B mpeanonoxeHuu, yTo (Y LY (1)) € @% ([0, T ], L(V, W)) [2, rn. 5]. B TakoMm ciyyae Teopema 2 mpeBpa-

L1aeTcs B U3BECTHYIO Teopemy Jyba — Meiiepa anst cemumaptunraios [15, o 1].

12
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11
3ameuanue 5. B wactHOM ciydae (korma O, € (5’ 5 ) pesyabTaThl, aHAJIOTHYHBIE TeopeMaM 1-3, paHee

OBLIH JJOKa3aHbI B padoTe [2, . 6].
3ameuanue 6. AMBTEpHATHBHBIM CITOCOOOM HCCIIEIOBAHHS CBOMCTB TPYOBIX TPACKTOPHUH SBIISIETCS TUCKPE-
TH3AINS U M3YYCHNE aCHMITTOTHYECKUX CBOMCTB CITyYaifHbIX OTyXIaHui Ha moaxoasmux rpadax [16—18].
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I[I/I(D(DEPEHHI/IAJH)HBIE YPABHEHHAA
N OIITUMAJIbHOE YITPABJIEHUNE

DIFFERENTIAL EQUATIONS
AND OPTIMAL CONTROL

VIIK 517.925.7

O MEPOMOP®HBLIX PEHIEHUAX YPABHEHUH,
CBA3AHHBIX C ITEPBBIM YPABHEHWEM IIEHAEBE

E. B. TPOMAK"

l)Eeflopycacuﬁ eocyoapcmeennulil ynusepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, berapyce

Paccmorpena 00001eHHas Hepapxusl IepBOro ypaBHeHust [IeHneBe, KoTopast IPEICTaBIsIET CO00 MOCIIe0BaTEb-
HOCTH TTIOJTMHOMHAITBHBIX OOBIKHOBEHHBIX AU((HEPEHIIHNANBHBIX YPAaBHCHNH TETHOTO MOPSIIKA, HMEIONINX SIUHYIO0 TH(-
(epeHnnaTbHO-aNreOpanuecKyto CTPYKTYpY, ofpe/ensieMyo oneparopom L,. [TepBblii uien 3T1oit uepapxuu npu n = 2
ecTb 1epBoe ypaBHeHue [leHneBe, a nocieayrolue ypaBHeH s TTopsiika 21 — 2 collepKaT MPOU3BOJIbHbIC TTapaMETPhI.
X Ha3BIBAIOT BBICIIIMMH aHAIOTaMH [IEPBOT0 YpaBHeHus [1eneBe nmopsiaka 2n — 2. MccnenoBanbl aHATUTHYCCKUE CBOWCTBA
penieHui ypaBHeHUH 0000IICHHOW HepapXuu MEPBOTO ypaBHEeHUs [IeHIIeBe U CBSI3aHHBIX C HUMU JIMHCHHBIX YPaBHCHUIA.
YCTaHOBIICHO, YTO KaXKI0€ YpAaBHCHHE UEPAPXUHM MUMECT OIUH JIOMHUHHUPYIOIINHA 4IEH, a MPOU3BOIbHOE MepoMophHOe
pelieHue Jr00ro ypaBHEHUsI HEPapXUU HE MOXKET UMETh KOHEYHOE YUCIIO MOTI0CcoB. ONpeeneH XapakTep MOABIKHBIX
nomocoB MepomMopdHbIX pemernii. C ucnonb3oBanueM metona OpobdeHnyca MmoayueHbl JOCTATOUHbIE YCIOBUSI MEpPO-
MOPGHOCTH OOIIEro PeHICHHs TMHEHHBIX YPABHECHHN BTOPOTO MOPSAKA C JIMHCHHBIM MOTEHI[HAIOM, OIPEACISICMbIM Me-
POMOPGHBIME PEIICHUSIMA TIEPBBIX TPEX YPABHEHUI HEPapPXUU.

Knrwouegwie cnoga: nepsoe ypasaenue llennese; nepapxnu ypaBHeHuii [lennese; MepoMopQHbIe peIeHusI.
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ON MEROMORPHIC SOLUTIONS OF THE EQUATIONS
RELATED TO THE FIRST PAINLEVE EQUATION

E. V. GROMAK®

*Belarusian State University, 4 NiezalieZnasci Avenue, Minsk 220030, Belarus

In this paper, we consider the generalised hierarchy of the first Painlevé equation which is a sequence of polynomial
ordinary differential equations of even order that have a uniform differential-algebraic structure determined by the opera-
tor L,. The first member of this hierarchy for n = 2 is the first Painlevé equation, and the subsequent equations of order
2n — 2 contain arbitrary parameters. They are named as higher analogues of the first Painlevé equation of 2n — 2 order.
The article considers the analytical properties of solutions to the equations of the generalised hierarchy of the first Pain-
levé equation and the related linear equations. It is established that each hierarchy equation has one dominant term, and
an arbitrary meromorphic solution of any hierarchy equation cannot have a finite number of poles. The character of the
mobile poles of meromorphic solutions is determined. Using the Frobenius method, sufficient conditions are obtained for
the meromorphicity of the general solution of the second-order linear equations with a linear potential defined by mero-
morphic solutions of the first three equations of the hierarchy.

Keywords: the first Painlevé equation; hierarchies of Painlevé equations; meromorphic solutions.

BBenenue

PaccmoTpum nepapxuto nepsoro ypaBuenus [lennese [1]

151[2”*2]:Zn[q]—§=0,n=2,3,..., (1)
ryie 0606IIeH bl onepaTop L, OnpenenseTcst peKyppPEeHTHBIM COOTHOIIEHHEM
d - d’ d - -
—L ul=|—+ (4u + — 4+ 2u_ |L |u|, Lu|l=u,u=u(z),n=12,..., 2
41, ol = 8L 2 o) = =) o

— mapamerp. Eciu B oneparope L, mapamer ZO,T0L~ = L,. 3nech u nanee B=(B;, B,, ..., B, _, ). [Ipu
n p p parope Ly map P N =Ly 1» P2 n-1)- P

3TOM OTHOCHUTEJBHO oneparopa Ly, crnpaBenBo npejacrasienue (Jiemma 1 u3 padotsi [1])

n—1
L[u]=Ys L, ;[ul, 3)
j=0
rae s, = 1; S, J = 1,...,n—1,— OCHOBHBIC CHMMETPUUYECKHE MOIMHOMBI apametpoB B, B,, ..., B, .

N3 popmyn (1) u (2) s n = 2, 3, 4 moCiIe0BaTSIILHO HAXOUM
Bqr 434+ By =2, (4)
HY: g 4104+ 5(¢') +10gg”" + (B + B) (367 + q7) + Bibog = . 5)
161[6] : q(6) +35¢% + 10q3s1 + 3q2s2 + 5,9 + 5(14q + sl)(q’)2 +
+ (7Oq2 + 10gs, + sz)q” + 21((]”)2 + 28q’q(3) + (14q + sl)q(4) = g, (6)

51=By + By + B3, 5,=B,B; + B, (Bz + B3)a s3=B,B,05.

Uepapxwuro (1) HazpiBatoT 00001IEHHOH epapxueil mepBoro ypasHenus [lennese (cM. [2—4]), TOCKONbKY

TMEpBOC YpaBHCHUC 3TOM uepapxmm ¢ TOUHOCTBHIO 10 KaJ'II/I6p0BO‘IHOI‘O HpeOGpaBOBaHI/IH, TaK JK€ KaK 1 HCpBBIﬁ

[2n - 2]

4jIeH uepapxun P , €CTh TIepBoe ypaBHeHue [leHneBe, a mocnenyromme ypaBHeHHS 0000IIaf0T COOTBET-

]

MMeeT NOPSIIOK 271 — 2, TIIe 1 ONPEAEISIET HOMEp OIeparo-

CTBYIOILIUE YPaBHEHUS HUEpAPXUU PI[Z" -2 IIpu sToM nepapxus P][zn -2
}31[2" - 2] [Zn - 2]

MOYET OBITh MOJTyueHa U3 UepapXuu

npu 3 = 0. 3ameTum, 4TO ypaBHEHHE 131
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pa L, 1 HoMep ypaBHEHHS HepapXun. AHATUTUYECKHE CBOMCTBA PEIICHUH ITepBoro ypapHeHus [lennese, T. €.
ciydaii n = 2, pacCMOTpPEHBI, HarpuMmep, B padorax [5—7]. 3ametnM Taroke [1; 2], uro ypaBHeHus nepapxuu (1)

B COOTBETCTBHH € 3aMeHOi ¢ = W’ — w” oTHOCHTeNbHO W(z) onpenensiior (27 — 3)-napaMeTputeckye cemeiicTsa

pelIeHni COOTBETCTBYIOIINX ypaBHEHUI 0000IIEHHON nepapXuu BTOPOro ypaBHeHus [lennese mpu o = > 3a-
JTaBa€MOM COOTHOILIEHUEM

152[2”]:(—0, + 2WjL~n|:W,_ wz] —zw—-o0=0,n=12,....

JIokaJIbHbIE CBOICTBA peleHuit

2n-2
YpaBHeHue P][ " ], KOTOpOe 00pa30BaHO ONEPaToOpoM L,, UMEeT CTPYKTYpY C OAHMM JTOMUHUPYIOIIUM 4JIe-
o ~[2n - 2] o
HOM [7]. AHaJIOTMYHOE CBOMCTBO CIIPABEUIMBO U 1JIsl ypaBHEHHUS B} . s ypaBHennii (4)—(6) 3TO WiIeHBI

3¢% 104°, 354" cootBeTcTBEHHO.
B o0miem ciryuae cripaBeinBa CIeyroIas JieMma.
Jlemma 1. Vpasnenue (1) umeem cmpyxmypy

2n n ’ 2n-2 z
q( )+an +1+Pn([3,q,q,...,q( )):E,n>1, (7)
20e cmenenb 00HouIeH06 notunoma P, omnocumensho q, ¢’y ..., q( 2 ye npeeocxooum n.

-2
JlokazarenbCcTBO JIEMMBI MOYKHO TIPOBECTH METOIOM I/IHI[YI(III/II/I KaK 9TO CJICJIAHO [UISl YPABHEHHS P | [7].
OpnHako, TOCKONBKY CTpYKTypa (7) ompenenseTcss JOMUHUPYIOIIMM YISHOM OIleparopa Ln, KOTOPBIM B CHITY
npencrasieHus (3) coBnagaer ¢ JOMHUHHUPYIOLIIUM 4YJIEHOM omeparopa L,, CIpaBedJIMBOCTb JIEMMbl HEIO-

_2]

OTHOCHUTECIIBHO KOB(I)(l)I/ILII/IeHTa Y, AOMUHHUPYIOLIETO WICHAa UMEEM PEKYPPEHTHOE COOTHOLLICHUE (l’l + I)Yn +1=

22"—11“(;1 + ;)
Jr(n +1)

Jlemma 2. [Ipoussonvroe mepomopdroe peuterue ypasuenus (1) He modicem umens KOHEUHOE YUCTO NOTIOCOB.
HoxazatenbcTBo. [Ipexae Bcero 3aMeTumM, 4to, Kak U B CiIydae neporo ypaBHenus [lennese, ypaBHe-
Hue (1) He IMeeT palMOHAIBHBIX PEIISHHIH, ITOCKOJIBKY JUIS CYIIIECTBOBAHHS PAIMOHAIEHOTO PEIICHHS HEOOXO M-

MO, 9TOOBI TOUKA Z = oo JJIS PEIICHUS ¢ (z) OBbIJ1a TIOJIFOCOM FUTH TOUKOHM roomMopdHOocTH. OHAKO TPOU3BOIBHOE

ypaBHeHHe U3 uepapxuu (1) He nomyckaeT Jake (OopMajbHOIO IOJSPHOIO WM TOJOMOP(GHOTO Pa3ioKeHUs
B OKPECTHOCTH z = oo. CieioBaTeNnbHO, ypaBHeHUs nepapxud (1) He uMeroT paunoHaibHbIX pemenuid. [lycTs

q(z) — Mmepomopdroe perierne. OHO He MOKET COAEPIKATH KOHEYHOE YHCIIO TIOJIFOCOB, TAK KAK YPABHEHHUs! Hepap-

xuH (1) IMETOT TOIBKO OIMH TOMUHHUPYIOUIHH WieH. B mpoTHBHOM ciydae, cieys 10Ka3aTeIbCTBY aHaI0T -
HOTO YTBep KIeHus s iepBoro ypasaenus [lennese [8, c. 118; 9, c. 56], T. e. mormyckas CyliecTBOBaHHE y Me-

poMOpdHOro permennst ¢(z) KOHEYHOTO YHCIa MONIOCOB M C/IENaB 3aMeHy v(z) =P(z)q(z) C TOIXOSIINM

2
CPEICTBEHHO CJIEQyeT U3 J0Ka3aTelbCTBa aHAJOTUYHOTO YTBEPXKICHUS Uil YpaBHEHUs Pl[ "~ TIpu stom

= (4n + 2)y, nwu B sBHOI popme Y, = , e () — ramma-yHKuwms.

nonuHOMOM P(z), mosydaem, 9TO Lenast TpaHCUeHAeHTHas GyHKIWs v(z) YIOBIETBOPSET MOIMHOMHAILHOMY
muddepeHInanTbHOMY YPaBHEHHIO ¢ OHUM JOMUHHPYIOIINM YJIEHOM, YTO HEBO3MOXKHO [8, c. 118].

. 2n-2
3aMeTHM TaKXke, 4YTO M3 COBNAJICHHS JOMUHHUPYIOIIMX WIEHOB ypaBHeHHH (1) U ypaBHEHUs Pl[ n=2] u, 110
CYTH, U3 CTPYKTYpHI (7) ClIelyeT, YTO pEeLICHNE q["](z) n-ro ypaBHeHus (1), Tak ke Kak ¥ pelieHrue ypaBHEHUS

2n-2 o
Pl[ " ], MOXCT UMCTb TOJIBKO I[BpraTHI)IC ITOJIKOCEI C Hy.]'ICBLIM BbBIYCTOM U I'TTABHOU HACTBIO
[7] e =—k(k+1), kell,2
q (z)~c_2(z—zo) , Cp = — ( + ), e{, ,...,n}.

Paznoxenue pemenus ypasHeHus (4) B OKPECTHOCTH IOABUYKHOTI'O TIOJIFOCA Z, UMEET BUJ

3 6
Pl =2 B Ly het = (62, + L, 8
77(e) £ o6 (629 B‘)120 12 (62 Bl)86400 ;71 ®)
I1e t =z — zy, h — IPON3BOJIbHAs IOCTOSIHHASL, & KOOQ(HULMEHTSI ¢;, j > 6, OXHO3HAYHO ONPEACISIOTCS Yepes zy, h
u mapamerp f;.
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o o r
st onpenenenust unaekcoB dykca » ypasHenwui (5) u (6), T. e. crenenei (z - ZO) B MOJISIPHBIX pa3iioxe-
HUSIX PEIICHHUI, JUTSL KOTOPBIX ¢; OCTAIOTCS IIPOM3BOJIBHBIMH, TTOJI0XKHM

g=c,(z —ZO)_2 +8(z —zo)r_z.

Torna st ypaBHeHus (5) B IepBOM MOPSAKE 10 & UMeeM ¢ , = —2 U ¢ , = —6. [Ipu ¢ , = -2 unaekce Oykca
NPUHAMAIOT 3Ha4eHus 7, = -3, r, = 0, ry = 3, r, = 6. Heorpunarensusie nHAEKCH PyKca BIEKYT IPOU3BOIIb-
HOCTb KO3()(DUIIMEHTOB ¢, C3, Cc. B 3TOM cityuae pasioxkeHue peleHus ypaBHeHUs (5) B OKPECTHOCTH MO~
BIDKHOTO TIOJTIOCA Z = Z, IMEET BH]

_ 1?
g (2) =27+ Iy + (30h] + 6hys, + sz)% + -

4
- (ZO + 2804 + 84hls, + 5,5, + 6hsi + 8h1s2)ltz -

5 0o
~ (14125, +120h1h2)1tR S+ Y ot ©)

Jj=1

rae t =z —zy, hy, h,, h; — IPOU3BOJIBHBIE NOCTOSIHHBIE, @ KOI(PPUIIHEHTHI Cj» j > 6, OHO3HAYHO ONPEALTAIOTCS
uepes z, hy, hy, hy 1 napamerpsl s, = B, + B, 5, = B,B,. ITo cytu, paznoxenue (9) B ciydae cCXOQUMOCTH MPeJi-
CTaBJIsIeT COOOM paznokeHue OOLIETo pelleHus ypaBHEHUs (5) B OKPECTHOCTH Z = Z,.

Hpu ¢ , = —6 nnnexcer Oyxca 7; € {—5, -3,6, 8} 1 Pa3IoKCHHE PELICHHsI ypaBHEHU (5) UMEET BHIT

2
gP(z)=—6r7 - f—(l) + (105, - &ﬂﬁ +
4
+ (2520 - s13 + 5S1S2)

tS s . oo )
—t—+ "+ it + Y it 10
25200 480 7 jzgf 1o

rie ¢ =z — zy, hy, h, — IPOM3BOJIBHBIC [IOCTOSIHHBIC, & KOIMHUUHMCHTBI ¢;, j > 8, OIHO3HAYHO ONPEACIAIOTCS
uepes z,, hy, h, u mapametpsl s; = B, + B,, 5, = B, B,-
s ypaBHeHH (6) BOSMOXKHBI TPH CIIydasi: C_, € {—2, -6, —12}. Pemenne ypaBueHus (6) B OKPECTHOCTH
HOABUYKHOTIO IOJIKOCA Z = Z, UMEET:
a) 0o pa3IoKeHNE
4
d(2) =202+ by + P+ byt 1’3(53 + Gsyhy + 1083 (35, + 141, ) = 20(s, + 14, ) ) +

’;2 (~20 = 6y (25, + 135, + 31517 = 5,55 + 6y (s, + 9047 = 60, )) -

+ hyt +

7

— 20(s, = 126/; ), + 168h3 + 57 (20, - 30h12)) - 56to

. (=1 =125, — 84047 1, -

— 560hyhy — 2240h,h, — 4Osl(3h1h3 + 4h, )) + hit® + Y ot (11)
j=9

rae ¢ = z — z,, KO3QOULUEHTSHI ¢y, Cy, C3, Cs5, Cg OCTAIOTCS IPOU3BOIBHBIMU, & OCTAJIbHBIC KOI(D(HUIINEHTHI (e
J > 8, OIHO3HAUHO OIIPEACIISIOTCS Yepe3 cBOOOAHbIE KOG MHULINEHTSI, Z, U IAPAMETPBI S|, S,, S3;
0) M0 pa3noKeHHE

gNz)= -6+ by + (s2 + 107, (s, + 7h1))£ +

tt >
+ (=53 + 1087y + 85y + 840K, + 5,5, + 180h12))m + It + zgcjzf, (12)
=

e KoO(GPUUIEHTBI ¢, Cs, Cg, Co OCTAKOTCS NPOU3BOIBHBIME, @ OCTANbHbIE KOO(PQULMEHTBI ¢; OAHO3HAYHO
OIpENENIAI0TCS uepe3 CBOOOAHBIE KOIPPUIIHEHTBI, Z, U TAPAMETPBI S}, S5, S35

18



Juddepennnanbubie ypaBHeHHsI H ONITHMAJIbHOE YIPABIeHHE
Differential Equations and Optimal Control

B) 0O pa3nokeHue
2

41\ = _1p2_ 5L _ 502\ L
g'(z) =122 - + (14s, 5s1)5880+
* S
+(21s,s, — 557 — 495, )] ———— + c.t’, (13)
( r2o 3)543 312 jzs 7

re K09 UIHCHTEI Cg, €y, €, OCTAIOTCS IPOU3BOIBHBIMH, & OCTANIbHBIC KOO(DPHUIMEHTEI ¢; OHO3HAYHO OTpe-
JEJSII0TCS Yepe3 cBOOOIHbIE KO3 (DULMEHTD, Z, U TAPaMETPBI S}, Sy, S5
JlokazaTeiabCTBO CXOMUMOCTH TIOCTPOCHHBIX PA3lIOKEHHH MOXKHO CBECTH K IMOCTPOCHUIO SKBUBAJIICHTHBIX

o [2n - 2] o
HCXOHBIM ypaBHEHUSM cucteM bpro n byke, Kak 3To caenaHo iyl ypaBHeHUH B [6; 7]. HeticTBUTENBHO,
IUTSL ypaBHEHUS (6) TIOT0KUAM

w =12V — (<) (j+1)ley, 2= 20— 1, j=1, ..., 6. (14)

Torna mst QyHKumii u; (t) MMeeM 3KBUBAJICHTHYIO ypaBHEHHIO (6) cuctemy

tuj, :(]+1)uj +uj+l’ ]:15 2’ (X} 55

(15)

’r_
tug = By(s1, 53, 83, t, hy, 3, 1)

C MTOJIMHOMUAJIBHOM IIPAaBOM 4aCThIO, KOTOPAs IPH C_, € {—2, -0, —12} sBisgeTcs cucteMoil bpuo u byke, npu-

yeM B cuity 3aMeHbl (14) u pasnoxenunit (11)—(13) ¢ dopmanbHbIM rooMoppHBIM pemenueM u; — 0 npu
t — 0. Psizip1, mpeacTaBisiiolie 3T peleHus, SBISIFOTCS CXOSIIUMHUCS corllacHO TeopeMe A 12 u3 pabotsl [5]
U, CIIEIOBATENILHO, C YYETOM 3aMeHb! (14) mopoXaaloT NOoNApHbIe pelieHus ypaBHEeHUs (6) ¢ pa3ioKeHHIMU
(11)—(13). 3ameTuM Takxke, 4T0 COOCTBCHHBIC 3HAYCHUSI MATPHIIbI TMHEWHOM YacTu cuctemsl (15) coBnanaror
¢ u"jexcamu dyxca.

YpaBHenue (1) u TuHeliHOe ypaBHeHHE BTOPOI0 MOPSIAKA
W3BecTHO, uTO 0011IEE pelIeHne TMHEHHOTO ypaBHEHHUS
u”+(Ag(z) + pu =0, (16)
rue q(z) — JIBOSIKOTIEpHOMUECKAs duunTHIeckas GyHkus Beliepmrpacca go(z) C IepHoJiaMH (0, " U JBY-

KPaTHBIMU TOJIIOCAMH B TOYKaxX m® + m’®’, m’, m € Z, |l — NPOU3BOJIbHAS ITOCTOSIHHAS, & A = —n(n + 1),

n € N (ypaBuenue Jlame), npencrasisier codoit Mmepomopduyro ¢pyHkuuio. JleficTBUTENBHO, B 3TOM Cilydae
ypaBHeHue (16) — muHeHOe ypaBHEHHUE C PEryJISPHBIMU OCOOBIMHU TOYKAaMH B MOJIIOCaX MepoMopdHo (yHK-

15071 go(z) [Tpu 3TOM ompernensioniee ypaBHEHHE B JAHHBIX OCOOBIX TOUKAaX MMEET IeJIble KOpHU P, =1 + 1,

p, = —n. CrieoBaresbHO, IEPBOE PELICHHE, COOTBETCTBYIONIEE CTapIIeMy ITOKa3aTemo P, = 7 + 1, romomopd-
HOE, a BTOPOE PElICHUE, JIMHEHHO HEe3aBUCHMOE OT TIePBOT0, MOJSPHOE B OKPECTHOCTH OCOOBIX TOYEK, IPH
9TOM OHO HE MMEET JIOTapU(PMHUECKOTO WICHA, YTO SIBJISETCS JIOCTATOUHBIM JIJISI MEPOMOP(HOCTH 00IIero
pemenwst [10, c. 150].

Paccmorpum ypaBuenue (16), rie q(z) — ¢ukcupoBaHHOE MepoMop(dHOe perieHne ypaBHeHu (4)—(06).
SlcHo, uTo B A TOM City4ae ypaBHenue (16) — ypaBHeHHE ¢ KOHCUHBIMU PETYISIPHBIMHA OCOOBIMU TOYKAMH B TIO-
nrocax (QyHKLIUH ¢ (z), U JUIs TOCTPOeHUs (PyHAaMEHTaIbHON CHCTEMBI PELICHNI MOYKHO UCTIONB30BaTh METOA

®pobermyca. 3aMeTuM, 9TO I ypaBHEHUs (4) B CTaHAapTHOW opMe 3TO ypaBHEHHE pacCMaTPHBAIOCH pa-
Hee (cM., Harrpumep, [11]), a B padore [12] mns ypaBaenus 1lla3u TpeTsero mopsinka u3 crarbu [11] moctpoeHs!

PeLICHNS, BBIPAKAIOIIMECS YEPE3 ILTHITHYECKYI0 QyHKIHIO §9(z).

IlycTs q[z](z) — peweHue ypaBHeHus (4) ¢ pasnoxkeHueM (8) B OKPECTHOCTH MOABMKHOIO IONIOCA Z,.

m(m+1)

Torma W3 OMpPEeNsIIONIET0 YpaBHEHUS p(p - 1) — 20 =0 ¢ yciosueM A = , m e N, umeem 1einbie

nokasateinu p, =m + 1, p, =—m. Jls crapuiero nokasareins p, = m + 1 noxy4yaem roaoMopgHoe perieHne

ul[z](z)z(z—zo)erl iaj(z—zo)j, a, =1, (17)

j=0
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e

o _mp(l+m)—-120 mP4m
a=ay,=0, a,= y g = —F—,
24(3 + 2m) 240(3 + m)

(m+ mz)(36(3 +2m)zy + (18 + (17m + 5m2))[312) —120(m + m? B + 72043
5760(3 + 2m)(5 + 2m)

a, =

9 e

(2] (2]

Bropoe peienue u; (z), HOJISIPHOE U JIMHEHHO He3aBUCUMOE OT U; (z), MOYKHO HOCTPOMTH 110 (hopMyIie

(2= ) [l 0)) "
(2]

-2
I1pu 5TOM yCIIOBHEM OTCYTCTBHS Jorapudma B u  (z) sBisieTcs R,[n2 ](m) = res {(ul[z](z)) } =0, re R,[n2 ](m) —
z=12
L glg)=Pk
100 490
CrienoBarenbHO, ipu A = | Win A = 6 ¢ JOTMOJIHUTEIIBHBIM YCIIOBHEM Ha mapaMeTpsl 3, — L = 0 pyHIaMeHTa b-
Has cucTeMa penieHnii ypasHerus (16) mepomopdHa.

-2
BBIUCT QYHKITUH (u1[2] (z)) B IIOJIIOCE z,,. B laHHOM cityuae Haxonum RV (1) =0, R,[n2 ] (2) =—

m

3
[TycTh q[ ](z) — pewienue ypaBHeHus (5). 3nech BO3MOXKHBI 1Ba ClIyvast: ¢ , =—2 U C_, = —6 C pa3JIoKeHus-
mu (9) 1 (10) B OKpeCTHOCTH MOJBHKHOTO TIOJIIOCA Z, COOTBETCTBEHHO, e IpuHnmaeM B, + B, =s,, BB, =s,.

3]

B ciyuae ¢ , =—2, KaK ¥ Bblllle, IMEEM PEILEHUE U, (z) Buna (17), roe

(m2 + m)h1 +2m ~ (m2 + m)h2

12+8m 0 20(3+2m)

a=ay,=0,a,=—

2007+ (m + m?)(=(3 + 2m)s, + Iy (18 = 12m) 5, + 200 + (=18 + (=11 + m)m) ;)
160(3 + 2m)(5 + 2m)

a4:

9 sees

3(—=5 +160uh, —96h
IIpu 5TOM HaxoaUM R,[j](l) =0, RE](Z) = (=5 +160uh, 251)

R(3)= 19 600 '

p(p+l)

B ciyuae ¢ , =—6 monoxum A = , p € N. Torna xopuu p, =p + 1, p, = —p ONpenesIONnIero ypas-

HCHUA ABJIAIOTCA LCJIBIMU, U, CJICA0BATCIBHO, HMCEM I‘OJ'IOMOp(bHOG B OKPCCTHOCTH Z, pCHICHHUC BUa (17), e

2
+ - 60
011:a3=a§=0,az=pS1 P b
120(3 + 2p)

2

252000 + (p +p2)(—840ps1 +(s4+43p+7p%)sT — 60(3 + 2p)s2)
201 600(3 +2p)(5+2p)

a4:

9 e

Ecii 0603HaYMTh BBIYET R[3]( )= [3]( ) e 0, TO HAXOaUM R[S](l)— R[3](2) =0 R[3](3) 1
p\PP= )= A =S A= S T T 60
Crie10BaTeNbHO, B CIIyYae PelieHuUs q[3](z) ypaBuenusi (5) u A =1 (m = 1, p = 2) GpyHIaMeHTAIbHAS CHCTEMA

petennii ypaBaenust (16) MepoMopdHa Kak B OKPECTHOCTH TOJIFOCOB C pa3jiokeHueM (9), Tak U B OKPECTHOCTH
MOJIIOCOB ¢ paznoxeHuem (10).

[Tycts q[4](z) — peuienue ypaBHeHus (6). 31ech BO3MOXKHBI TPH CIlyvast: C_, € {—2, -0, —12} C pa3JIOKEHUs-
mu (11), (12) u (13) B OKpECTHOCTH IIOABUKHOTO HOJIOCA Z, COOTBETCTBEHHO.

[4]

B cnyuae ¢ , =—2, KaK 4 Bblllle, UMEEM PEILEHUE U, (z) Buna (17), toe
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(21 -+ (m + mZ)hl)2 — 4(m + m?)(3 + 2m)h,

“= 32(3 + 2m)(5 + 2m) P

h 6(whs + 61y + S, )
- REM) =0, R (2)= "5 RD(3) = .
pH 5TOM HaxoauMm R, () m( ) 25 m( ) 245
p(p+1)

B ciyuae ¢ , =—6 nonoxum A = , p € N. Torna xopuu p; =p + 1, p, = —p ONpeIEIAIOIIEro ypas-

HEHMS SBILIIOTCA LETbIMU, U, CIIeI0BATEIbHO, UMEEM roJIoMOp(HOe B OKPECTHOCTH z,, pemienue suaa (17), rae
co=nh
0= "M

6u + ph, + pzh1
12(3+2p)

a=ay=a;=0,a,=

3(p+ p?)(3+ 2p)s, + 126007 + 5h(p + pz)(—6(3 +2p)s+ 84u +7(-18 + (pz—llp))hl)

a, = 10080(3+2p)(5+2p) Y e
[Tpu 5TOM HaxOIUM RE](l) = RE] (2)=0, RE’3J(3) - 24_h92

1(1+1)

B ciyuae ¢, =—12 nonoxum A =

, 1 € N. Torna xopuu p, =/ + 1, p, = —/ onpeznensromero ypasHe-

HUS SIBJISIFOTCS LIEJIBIMH, U, CIIEJJOBATEIbHO, IMEEM I'0JIOMOP(HOE B OKPECTHOCTH Z, pelieHue suaa (17), roe
Is, + I*s, — 168

A T )

b

141 120p° —1680(1 + lz)usl +(l + 12)(312(60 4+ a5] + 5,2) _s6(3+ 21>S2)
i 1128 960(3 + 2/)(5 + 2/) A

ay

-
Ecinu npu 3ToM 0003HAYHTH BBIYET R,[4](l) = res {(ul[‘q(z)) }, TO HaXOLMM R,[4](1)= R1[4](2)= RL3](3):O,

z=2Z

Rm 4)=————— CrenoBarenbHo, B ciiydae ypaBHeHus (6) u A = 1 =1,p=2,1=3 HIaAMCHTAaJb-
v ()= =5 109 2a0- Cre yuae yp (6) (m=1.p ) yna

Hasl CUCTeMa pellieHui ypaBHeHus (16) MepoMopdHa B OKPECTHOCTH MOJISIPHON 0CO00M TOUKH C Pa3IOKCHHUS -
mu (11)—(13). Takum 00pazoM, cripaBeASIUBa CIEAYIOIAs TeOpeMa.
Teopema 1. [lycmo 6 ypasnenuu (16) evinonneno 00Ho U3 ycioguii.

1) q(z) ecnb npouseobHoe peutenue ypasHenus (4) u A= 1 160 k= 6 ¢ dononHumenshovim ycioguem \L =3,

2) q(z) ecmb npouszeonbHoe mepomopghnoe pewenue ypasnenus (5) unu ypasuenus (6) u L= 1.

Toz0a obwee pewenue ypasrerus (16) mepomopghro.
3aMeTHM, YTO YaCTUYHO TeopeMa | Oblia aHoHCUpoBaHa B myOnukanuu [13].
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METOA MAAOTO ITAPAMETPA B 3AAAYE OIITUMUBALIIN
KBASUANHEVNHON AMHAMMNYECKON CYCTEMBI

A. M. KAJIHHHH", JI. H. JABPHHOBHY", ]I. I0. IPY/ITHUKOBA"

DBenopyccrui 2ocyoapcmeennbwill ynusepcumem, np. Hezasucumocmu, 4, 220030, e. Munck, Berapyco

PaccmarpuBaeTcs 3agada ONTHMH3ANNHN TIEPEXOTHOTO Tpoliecca B KBa3WIMHEHHON TUHAMUYECKOH cucTeMe (comep-
JKUT MaJIbIi TTapaMeTp TPU HEJTMHEHHOCTAX) ¢ KpUTEPHEM KadecTBa, MPEACTABISIONIAM CO00H JIMHEHHYI0 KOMOMHAITHIO
SHEPreTUYCCKUX 3aTPaT U UIMTEIBHOCTH Tporiecca. [IpeiaraeTcst aJroputM moCTPOCHHS aCUMIITOTHUCCKUX TPUOITH-
JKEHUH 3aJJaHHOTO MOPSJIKa K peleHuto 3Toi 3aaauu. CyTh JAHHOTO ajJrOpUTMa 3aKJII0YAETCsl B aCUMIITOTUYECKOM pas-
JIOKEHHUH MO LEJbIM CTENEHSIM MaJIoro MapaMerpa HayallbHbIX 3HAUEHUH CONPSDKEHHBIX NMEPEMEHHBIX U JAJTUTEILHOCTH
mporecca — KOHEYHOMEPHBIX 3JIEMEHTOB, MO0 KOTOPBIM JIETKO BOCCTAHABIMBACTCS PEIICHUE 3a/add. BrramciaurenpHas
TpoIeTypa alroOpuT™Ma CBOAUTCS K PELICHUIO 3aa9H ONTUMHU3AINH [IEPEXOIHOTO MPOIecca B TMHSHHONW JHHAMUYECKON
CHCTeMe, MHTEIPUPOBAHUIO CUCTEM JIMHEHHBIX MH((epeHINaTBHBIX YPaBHEHUH, a TaK)Ke HAXOXKICHUIO KOPHEW HEBbI-
pO)KI[eHHI)IX J'II/IHCI‘/IIHI:IX anre6pa14qecxnx CUCTCM. Ta1<>1<e IIOKa3bIBACTCs, KaK MOXXHO HCIIOJIb30BaTh HOHy‘IeHHI)Ie ACUMII-
TOTUYECKHE MPUOITIIKCHUS JIJIsl TOCTPOCHUS ONTHMAIBHOTO YIIPABJICHUS B pacCCMaTpUBACMOIl 3a/1a4e MPH 3a1aHHOM 3Ha-
YEHUU MaJIoro mapamerpa.

Knrwouesvie crosa: manplii napamerp; KBa3WIMHEHHas CUCTEMa; ONTUMAIIbHOE YIPaBICHNE; aCUMIITOTHYECKHE MPH-
OMMKEHUS.

THE SMALL PARAMETER METHOD IN THE OPTIMISATION
OF A QUASI-LINEAR DYNAMICAL SYSTEM PROBLEM

A. I. KALININ®, L. I. LAVRINOVICH’, D. Y. PRUDNIKOVA®

*Belarusian State University, 4 NiezalieZnasci Avenue, Minsk 220030, Belarus
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We consider an optimisation problem for the transient process in a quasi-linear dynamical system (contains a small
parameter at non-linearities) with a performance index that is a linear combination of energy costs and the duration of
the process. An algorithm for constructing asymptotic approximations of a given order to the solution of this problem
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is proposed. The algorithm is based on the asymptotic decomposition by integer powers of a small parameter of the
initial values of adjoint variables and the duration of the process that are finite-dimensional elements, according to
which the solution of the problem is easily restored. The computational procedure of the algorithm includes solving
the problem of optimising the transient process in a linear dynamical system, integrating systems of linear differential
equations, and finding the roots of non-degenerate linear algebraic systems. We also show how the constructed asymp-
totic approximations can be used to construct optimal control in the problem under consideration for a given value of
a small parameter.

Keywords: small parameter; quasi-linear system; optimal control; asymptotic approximations.

BBenenue

MHorue npuKIaJHbIe 33/1a49d ONTHMHU3AINN AUHAMUYECKUX CHCTEM B CBOMX MAaTEMaTWYECKUX MOJEISIX
cofiepKaT Majble ITapaMeTphl, IMPUIEM 3a4acTyI0 MOJICTH CYIIECTBEHHO YIPOINAIOTCS, €CIH ATH TapaMeTphl
TTOJIOKUTH PaBHBIMH HYIIO. B Takux ciydasx 1enecooOpa3HO HCIONb30BaTh aCHMITTOTHYECKHE METOJIBI, OC-
HOBHOE JTOCTOMHCTBO KOTOPBIX COCTOUT B TOM, YTO MPH MX MPUMEHEHUH MCXO/IHBIC 3a/1a4d, KOTOPbIE MTPHHS-
TO HAa3bIBaTh BO3MYIICHHBIMH, CBOJSTCS K CPAaBHHUTEIHHO HECIIOKHOW KOPPEKIUU PElIeHUH 0oiee TPOCThIX
3aJlad ONTHUMANIBHOTO YIpaBieHHs. B 4acTHOCTH, 3TO OTHOCHTCS K 3aj1a4aM ONTHMHU3ALUU KBa3UIMHEHHBIX
CHUCTEM, COIep KaI[UX MaJIble MapaMeTphl IPHU HEIMHEHHOCTAX. Takue 3a/1a49d B Pa3INIHBIX TOCTAHOBKAX HC-
CJIeZIOBaJIICh MHOTUMH aBTOpaMu (CM., Haripumep, [ 1-8]).

B Hacrosimieit crarbe paccMaTpuBaeTcs 3a/1a4a ONTHMHU3AINH [IEPEXOHOTO TpoIiecca B KBa3WIMHEHHON JH-
HaAMHUYECKOM CHCTeMe C KpUTEPHEM KadeCTBa, KOTOPBIM PEACTaBIsET COOOH IMHEHHYI0 KOMOWHAIIHIIO YHEepre-
THYECKUX 3aTpar U JUTUTEIFHOCTH MpOoIecca. 3aMeTHM, YTO €CIIM NIpY He(PUKCUPOBAHHOM BPEMEHU Tepexoa
Y4ecTb TOJILKO DHEPTeTHUECKHE 3aTpaThl, TO, Kak MPaBUIIO, 3aja4a He OyAeT NMEeTh PEIIeHus, a HA MUHUMHU-
3UPYIOIEH MOCIIEN0BAaTeIbHOCTH UIHTEIBHOCTh Mpoliecca OyaeT CTpeMUThCs K OeckoHedHocTH. Llens mc-
CJIEZIOBaHUS — MMOCTPOCHUE ACUMIITOTHYECKUX MPUOIIKEHHIA K PEIISHUI0 paccMarpuBaeMon 3aaaqn. [Ipume-
HSIEMBIN TTOIXOJT K UCCIIEIOBAHUIO SIBISETCS MOAM(HUKAIed METOANKY, U3IOKEeHHO! B padorax [5; 9]. CyTh
MOTU(PUKAIIMH COCTOUT B IMOCTPOSHUH ACHMIITOTUYECKUX Pa3jIOKEHUH 10 LEJIbIM CTETIeHSM Majioro Iapa-
MeTpa HadaJIbHBIX 3HAUEHUH CONPSHKEHHBIX IEPEMEHHBIX U JITUTEIILHOCTH MPOIECCca YIPABICHHUSL.

ITocTanoBka 3agauu

B xmmacce r-MepHBIX yIpaBISIONIMX BO3AEHCTBUI u(t), te [t*, tl], C KyCOYHO-HETIPEPHIBHBIMU KOMIIOHEH-
TaMH PACCMOTPUM CJEIYIOUIYIO 3a7a4y ONTUMATBHOTO YIPABICHUS:

XZA(t)x+uf(x, t)+B(t)u, x(t*)zx*;to, (D)

1
x()=0,J(u)= EJ.(I +x"0(t)x + uTP(t)u)dt — min, )

t*
[JIe X — n-BEKTOP; L — MaJIbIi (110 MOAYJII0) mapamerp; f (x, t), x € R", t > t,, — HEeMHENHAS BEKTODP-(PYHKIIHUS,
t,, X, — 3aJJaHHBIC HAYAJIbHBII MOMEHT BPEMEHH 1 HAYAIbHOE COCTOSIHNE TNHAMUYECKOM CHCTEMBI; ¢, — He(DHK-
CHPOBAHHBII KOHEYHBIIf MOMEHT BpeMerH (7, = ¢,); O(f) — HEOTPHLATENBHO ONpPe/ENeHHas CHMMETPHIECKAs

Marpuia, a P(f) — I0N0KUTEIBHO ONpe/ieIeHHAs CHMMETPHUECKAsk MATPHLIA JULSL BCEX ¢ > 7.

af(x, t)

Mpeanonoxenne 1. Dnementsl marpun A4(1), B(t), (), P(1), " € R", t > t,, IpUHAUIEXAT KIIac-
cyC’,p>1. *

VYipasnenue u(t, },L), te [t*, tl(u)], C KyCOYHO-HCIPEPHIBHEIMU KOMITOHCHTAMM IIPUHSITO HA3bIBATE JOITYC-
TUMBIM, €CIIU Ul TIOPOXKIACHHOW UM TPACKTOPUU x(t, ;,L), te [t*, tl(p)], cuctemsl (1) BBIIONHSAETCS yCIIOBHE
x(tl(u), u) = 0. [lonmyctumoe ympasieHne, MUHUMU3Upylomee GpyHKimonan J (u), Ha3BLIBAIOT ONTHMAaIbHEIM.

Hap;my C OTUMH O6H_Iey1'IOTpe6I/IT6J'IBHLIMI/I MOHATHUAMU OIIPEACTINUM TO, YTO 6y,Z[CT IMOHUMATHLCA 110 aCHUMIITO-
THUYCCKUMHU HpI/I6J'II/I)KCHI/ISIMI/I K pCHICHUTIO paCCManHBaeMOﬁ 3aJa4u.

(N)

Onpenenenue 1. YpasneHue u(N)(t, u), te [t*, A (u)}, C KyCOYHO-HEIPEPHIBHBIMU KOMIIOHEHTaMH Ha-

30BeM (IIPOTPaMMHBIM ) aCUMIITOTHYECKH CyOONITUMANIbHBIM yIpaBieHueMm N-ro nopsinka (N=0, 1,2, ...) B3a-

N+1)

nadge (1), (2), eciu oHo nepeBoauT cuctemy (1) B cocTosiHIe 0(},L Y OTKJIOHSIETCS 110 KPUTEPHIO KauecTBa

J(u) OT ONITUMAJIbHOI'O YIIPABJICHUA Ha BEJIMYUHY TOI'O K€ MMOPAJAKAa MaJIOCTH.
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N N .
Omnpenenenne 2. Bexrop-(hyHKIHIO ut )(x, t, p,) HA30BEM aCUMOTOTHYECKH CYOONTHUMAIILHOW 00paTHOU
CBS3BIO N-TO TIOPSIKA, €CITU IS TF000TO HAYallbHOTO COCTOSTHUS (x*, t*) HAMEET MECTO

™ (x,, 1, ) =uM (1, p),

rae u™) (t, p,), te [t*, 1(N) (u)}, — aCUMNTOTHYECKH CyOONITUMAITEHOE yIIpaBiieHne N-1o ropsiaka B 3axa4e (1), (2).

B crarbe npemnaraercst aaropuTM, ¢ MOMOIIBIO KOTOPOTO [yist 3aanHoro uucia N (N < p) MOKHO TOCTPOHUTH
ACHMINTOTHYECKH CyOONITHMANIbHOE yIpaBieHne N-ro nopsiika B paccMarpruBaeMoi 3aade. JJaHHbIH anropuTM
ONMpaeTcsl Ha KOHCTPYKTUBHOE J0Ka3aTeIbCTBO TEOPEMBI O CYIIECTBOBAHMHU IPH C/IEIaHHBIX Jlajee Mpe/o-
JIOKEHMSIX TIaIKOTO ONTUMAJIBHOTO YIPABIEHUS U €r0 aCUMIITOTHYECKUX cBOMcTBaX. CyTh aropuT™Ma COCTOUT
B IIOCTPOEHUH OJIMHOMOB Teiinopa onpenesnstommx 31eMEeHTOB ONTHMAaIbHOTO YIIPaBIE€HUs, IO KOTOPBIM OHO
JIETKO BOCCTaHaBauBaeTcs. OnpeensonMy JIeMEHTaM| B pacCMaTprUBaeMoi 3ajiade ABJISIOTCS Ha4aJIbHbIE
3HA4YEeHUs (B MOMEHT BPEMEHH £,) CONPSHKEHHBIX MEPEMEHHBIX, KOTOpBIE B CHIy MpUHIMNA MakcuMmyma [10]
COOTBETCTBYIOT ONTUMAJILHOMY YIPaBJIEHHUIO, a TAKXKe UINTETBHOCTH MpoLecca. DTH ONpe/IeNIoNHe AJeMEH-
ThI, KaKk (QyHKIIMH MaJIoro mapaMerpa, npuHaiekar kiaccy CF.

Bba3oBas 3agaua

BrruunciieHus py NOCTPOSHUM aCUMITTOTHYSCKUX MTPUOIMKEHUN HAYMHAKOTCS C PELICHUsT 0a30BOU 3a/1a4H,
KoTopasi (hOpMaBHO MOTYYaeTCsl U3 UCXOMHOU 3a/auu nipu WL = 0 U, B OTVIMYKE OT HEe, ABJSACTCS 3a/1a4ei Orl-
TUMU3ALUH JIMHEHHON CUCTEMBI.

Ipenmoso:xkenne 2. /lunamuueckas cucreMa B 0a30Boii 3a/jaue BIOIHE yrpanisgeMa (cM. [1]).

DTO IPEIoNIoKEHUE BHITIONHACTCA TOTAA U TOJNBKO Torna (cM., Hampumep, [11]), korma mpu HEKOTOpOM
t, > t, ¥ 1I000M HEHYIIEBOM 71-BEKTOpE / UIMEET MECTO

I"Fy(t)B(t)£0,t, <t <1,
rae K (t) — (n X n)-ManHqHaﬂ (byHKIWSL, SBIAIOMIAsICS PEHICHUEM HaYallbHOH 3ajaun
Fy=-FyA(t), Fy(t,)=E,,
C eAMHUYHON MaTpulell £,. DTo ycioBHe, KOTOPOE Ha3bIBAIOT HESBHBIM KPUTEPUEM YIIPABIIEMOCTH, JJIs CTa-

LIMOHAPHOW JTMHAMUYECKON CHCTEMBbI DJKBUBAJICHTHO TPEOOBAHHIO rank(B, AB, ..., A" 1B) =n.

[Ipu BBIMONIHEHNM HPEAIOIOKeHHU 2 B 0a30BOM 3a7ade CyLIECTBYIOT JOMyCTUMbBIE YIPaBICHUS, U TOTAA
9Ta 3a/1a4a UMEeT eIMHCTBeHHOE pereHue (cM. [12]), koTopoe sBisieTcsl HOpMabHOH SKcTpeManbio. [locen-
Hee 03Ha4aeT, yTo NpUHUMN MakcuMmyMma [10] B JaHHOM ciiyyae MOXeT OBITh COPMYIHPOBAH CIEAYIOLINM

0 0 .
00pa3zoM: IycTh uo(t), xo(t), tel” = [t*, A ] — ONTUMAJIbHbIC YIpaBJICHHE U TPaeKTOpUs B 0a30BOil 3az1aue,

TOIJIa CYIIECTBYET TAKOE PelieHHe |’ (t), t € T°, conpsKeHHOM CHCTEMbI \Jf = —AT(t)W + Q(t)xo (), uto BBI-
MTOJIHAIOTCS YCIIOBUS

V()BT ()~ S () P()(r) = max(WOT(t)BT(t)u - %MTP(t)uj, re1® 3)
ueR"
ZWOT(tf’)B(t{))uO(t{’) -~ MOT(tf’)P(t{’)uo(tf’) =1. (4)
N3 ycnoBus (3) HEMOCPEACTBEHHO CIEAYET
u’(t)=P7' (1) B (1)w°(¢), te T". (5)

VYenorue (4) ¢ yuerom hopmysibl (5) MOKET ObITh 3aIIMCAHO B BUJIC
v (1) B(1) P (1) BT (e )w () =1.
Ilycte v, = \po(t*), TOrga x° (t), wo(t), teT 0, €CTb PELICHUE CIEeAYIOLIEH HauyalbHOU 3a1auH:
x=A(t)x+B(t)P”' (t)B'(t)y(2), x(t,) = x.,

. (6)
W =0(0)x(t) = A" (1), w(t)= v,
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Brenem B paccmoTrpenue hyHIaMEHTAIBHYIO MaTPHUITY F' (t), t > t,, cucteMbl (6) Kak penieHne HaqaIbHOM
sanaan F' = A(t)F, F(t,) = E,,, B kotopoii

A(r) B(e)P™()B'(r)
o)  -4'(r)
Pazo6pem Marpuity F Ha OIOKH pa3mepa n X n:
. (Fn R, ]
Ey o By
[Tocne pemenust 6a30BoH 3a7a4u chopMUpyEM MaTPHILY
Fol) ()

()80 o)) 1) |

IIpennosoxenne 3. Bemmonneno ycnosue det [, # 0.
W3 pe3ynbraros, nmoiy4eHHbIX B padore [13], cienyer, uro det £, (tlo) #0.

A(t)=

I, = (7

ACMMITOTHYECKUH aHAJIN3 PelIeHUs] HCXOAHOH 3a/1a4H

['oBopuTh 00 acMMOTOTHYECKH CyOONTHMANBHBIX YIPABICHUSIX MOKHO JIMIIL B TOM Clly4yae, KOTa HCXOJI-
Hasl 3a]]a4a UMeeT peleHue. Yoenumces, 4To TIpH ceaHHbIX npennonokeHusx B 3agade (1), (2) ¢ gocratoyno
MaJIbIM [0 MOJYJIIO [l CYIIECTBYET ONTUMANBHOE yIpaBieHue. J{oka3aTenbCTBo Oy/ieT KOHCTPYKTHBHBIM U Mpe/i-
OIIPE/ICNIUT AaTbHEeHIINE BEIYUCICHHS TIPH IOCTPOSHUN aCUMITTOTUYECKH CYyOONTUMAIIBHBIX YIPaBICHUH.

PaccmoTpum HavanbHYyO 33134y

= A(t)x + f(x, 1) + B(¢) P (1) B" (1) w, x(1.) = x.,

W =0(t)x - (A(t) wn (e z)ij, ()=,

B cuny Teopemsl o nuddepeHpyeMocT peneHnii OObIKHOBEHHBIX Ju(depeHInanbHbIX YpaBHEHHH 10 Ha-
YajJbHBIM JaHHBIM U IapaMeTpaM CyLIECTBYIOT TaKHE MOJOKUTENbHBIE YHUCIA €, Ly, YTO 3a1a4a (8) umeer

eaMHCTBeHHOE peuenue x(7, v, L), ¥(#, v, 1), npuHaanexamee kiaccy C?, mpoomKuMoe Ha JIH060i KoHed-
V=V < £, 1] < Ko

Teopema. IIpu svinonnenuu npeononodxcenui 1-3 6 3aoaue (1), (2) ¢ docmamoyno manvim no Mooyno |
cywecmayen eOUHCMEeHHOe ONMUMATbHOE YNPAGIeHUe, KOMOPOE NPEeOCMAsUMO 6 U0

u’(t, W) =P () BT (1) w (s, v(u), ). refr., n(n)]. )

OnTuManbHBINA KOHEYHBIH MOMEHT BPEMEHU f1(l~l) U HayaJbHOE 3HAYEHUE (B MOMEHT BPEMEHH /) BEKTOpa
COTIPSKEHHBIX IIEPEMEHHBIX v(u) YIOBIIETBOPSIFOT CUCTEME YPaBHEHUI

x(t, v, 1) =0, w'(t, v, W) B(H) P~ (1) B™(t,)w(t, v, 1) + 20y’ (4, v, 1) £(0,4,) - 1=0, (10)

npu4eM tl(H) e C” ,(0)=¢, v(n)e C? v(0)=v,.
HoxazaTtenscTBo. g cokpameHus 3arvcu BBEJIeM B pACCMOTPEHHE BEKTOPHI 1] = (v, 4 ), Ny = (VO , tlo)
1 BEKTOP-(pyHKITHIO

@®)

HBIA TPOMEXKYTOK [z‘*, 4 ], €CJIM TOJIBKO |

x(n, )
wi(n, 1) B(6) P~ (5) B (1) w(n, 1) + 209" (n, 1) £(0, 1) = 1)

YTO TMO3BOJIAET 3anucark cucremy (10) B Buze

R(n, u)=

R(m, p)=0. (11)
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C noMoIIbo0 TeopeMbl 0 HesIBHOW (DYyHKIMH yOeInMcsi, 9TO 3Ta CHCTEMa YPaBHEHUH OJHO3HAYHO pas-
pelmrMa OTHOCUTENBHO T) MPH JAOCTAaTOYHO MaJIbIX 10 MoAymto W. [Ipexae Bcero 3aMeTHM, YTO BEKTOP-
byHKIUS R(n, u), orpenesieHHas B 001acTu ||n - T]0|| < g, },L| < WU,, mpuHamiexut kiaaccy C?. ITockoibky

x(t, v, 0)=x"(1), W (t, vy, 0)=y(¢), 1€ T°, 10

(1) 0
R N 0 = = 0.
O ) ) o) -
Marpuna Sxo6u cuctemsl (11) nmeer Bua

. Fol1?) ()
| o) () () @) P )

U B CHJIy NIPEATNONOKEHUS 3 sIBISIeTCs HEBBIPOXKAeHHOW. TakuM o6paszom, 1t cuctemsl (10) mim, uto TO ke
camoe, cucteMbl (11) BBIOMHEHBI Bce YCIOBHsI TEOPEMBI 0 HesiBHON QyHKIHMU. COrMacHo 3Toi TeopeMme B He-

KOTOPOH OKPECTHOCTH HYJIS | u| < |, OTHO3HAYHO ONpEJIeNIeHa BEKTOP-QYyHKIINSA n(u) u3 kiacca C?, ynoBier-
BoOpsitoIas cucteme ypasHeHui (11) u ycnosuro n(O) =M.

Paccmorpum ynpasienue (9). OHO OyIeT JOIMyCTUMBIM B UCXOHOM 3a/1aue, MOCKOIBbKY JJIs TOPOXKICHHON
UM TPACKTOPUU x° (t, u) = x(t, V(u), },L), te [t*, tl(u)], cucteMsl (1) BBEITIOTHSETCS YCIOBHE x° (tl(},t), u) =0.
Bwmecrte ¢ TeM 3T0 ynpapieHue yaoBIETBOPSIET NpUHLIKITY MakcuMyMa [10] ¢ BEKTOPOM CONPsKEHHBIX HEpe-

MEHHBIX \|10(t, u)z \|I(t, V(}.L), u), te [t*, tl(p,)].

ITokaxeM, 4TO FKCTpEeMalb uo(t, p.J,), te [t*, f (u):l, OyeT eIMHCTBEHHBIM ONTUMAJILHBIM YIIPABICHHEM B 3a-

=1,

nage (1), (2), ecau L 4OCTATOUHO MaJIO 1O MOy 0. [Ipeanonaokum mpoTUBHOE, TOT/IA CYIIECTBYET TaKas MOcie-
J0BaTeNIbHOCTS L, —> 0, 4yT0 1100 yIIpaBieHne u’ (t, Wy ), te [t*, 4 ( W, )], k=1,2, ..., HE IBIAETCS ONTHUMAIbHBIM

B MCXO/IHOH 3aja4e C [l = [, 1100 CyIEeCTBYeT Ipyroe OonTUManbHOe ynpasieHue. II0cKoabKy yCTaHOBIICHO,
gT0 B 3ama4e (1), (2) ¢ JOCTaTOUHO MaJIbIM 1O MOZIYIIO |l CYIIECTBYET AOMYyCTUMOE yMpaBICHUE, TO ITa 3a-
Jladya UMeeT pelleHHe B Kiacce U3MepUMbIX (yHKIumi [12]. Pemenue ucxonHou 3aauu ¢ U = W, OTIIMYHOE

oT uo(t, " ), te [t*, tl(uk )], 0003HaUMM Yepe3 L_l(t, uk), te [t*, t_l(uk ):l, U MyCTh )_c(t, Wy ), te I:t*, fl(uk ):I, —
COOTBETCTBYIOIIAs ONTHMAJIbHAs TpacKTopus. Torna
T () = (6 1)) <0, k=1,2,
Onupasich Ha OTH HEPABEHCTBA, MOKHO yOEIUTHCSA B TOM, YTO E(u k) — 1) ipu k —> oo, M TIOCITEIOBATE -

HOCTb U3MEPUMBIX BEKTOP-(QYHKINNA U (t, i ), te [t*, r ], C MOBBIM MOMEHTOM BPEMEHH ¢ < # COIEPIKUT MO

MOCJIEA0BATCILHOCTD, CXOJAILYIOCS ITOYTH BCIOAY K uO (t), 1t e [t*, t :' PaCCy)KILCHI/DI, KOTOpbIC IPUBOAAT K Ta-

KOMY BBIBOJTY, aHAJIOTHYHBI PACCYKICHUSM, HCIIOIB30BAaHHBIM TIPU JOKa3aTelbCTBE TeopeM B padorax [14; 15].
Uto0bI HE yCIOXKHATH 0003HAYECHUI, OyieM CUMTaTh, YTO CXOIUTCS caMa MOCIeJ0BAaTEIbHOCTb.

[Mockonbky ympaBineHue (t, My ), te I:l‘*, tl(uk ):I, SIBJISIETCS. ONTHUMAJIBHBIM, TO JJISI HETO BBIIOJIHAETCS

MPUHLMI MaKCUMyMa, T. €. CyILECTBYIOT IOCTOSIHHAS k(u k) > 0 u perieHue (t, W ), te I:t*, t_l(p,k ):|, corpsi-
JKEHHOH CHCTEMBI

q;:-(A(t) + ukg—f;(f(t, W) t)jT\u + M) 00X (2, 1y ) (12)
Taxme, ato A, ) + [ (-, ;)| # 0 1 mourm Berony ma € [ 1,, 7(u, ) | BrmonHAOTCA YonoBNA
() BOT( 1) = 2057 (0 1w ) POT (1 1) =
:fgg(ﬁﬁ(z, W )B(t)u —K(uk)%uTP(t)u), (13)
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(2= M)W (@) 1) B8 () P (30 ) BT(3 (100) W (A0 ). 1) +
+ 209" (7 (1 )s i ) £(0, 3 (e ) - 1=0. (14)

[ycts V(uk) = 1Tf(t*, W, ), k=1,2,.... lockoabKy BEeKTOp (V(uk ), k(uk)) OTIPEICIICH C TOYHOCTBIO JI0 T10-

|,

k=1,2,.... I3 orpaHiueHHO MOCIEN0BATEIILHOCTH BEKTOPOB (V(uk ), k(u r )) MO>KHO BBIOPATh CXOJISITITYIOCS

JIOKUTENEHOTO MHOKUTETIS, TO 03 OrpaHnYeHHs OOIIHOCTH MOYKHO CUMTATh, YTO H(\_z(p s M1 ))H = ||(v0, l)

IOAIIOCICA0OBATCIIBHOCTD. UtoObI HE YCIIOKHATH 0603Ha‘1€HHI71, 6y,I[CM CUHUTATh, YTO CXOAUTCsA CaMa IIOCJICI0-

BaTeNBHOCTD, 1 0003Ha4nM ee npezen 1epes (V, A). Toraa nocienoBaTenbHOCTb Y (t, W, ), te [t*, Z(u ‘ ):I, KaK
BHJIHO U3 cHcTeMsl (12), OyaeT paBHOMEPHO CXOIUThCS K pelieHuto Y (¢), ¢ € [t*, t) ], HauaJIbHOU 3a7a4u

. T 0 pa—

y=—A' 1)y +20(1)x"(2), w(1,) =V,
Ha JIF0OOM TTPOMEKYTKE [t*, t* }, t'< tlo .

[lepexons k mpeneny B cootHomeHnH (13) mpu k — o, IOITy9aeM, 9TO MOYTH BCIOAY HA [to, tlo]

T B () = 2 u(0) P(0)u (1) = max(\TJT(t)B(t)u - %uTP(Z)u). (15)

2 ueR"

IonsATHO, yTOo A > 0, (V, 7»)” = "(VO, 1)” W3 cootromenuti (3), (15), ucronb3ys HESIBHBINA KPUTEPUN YITPAB-

JEMOCTH, HOIy4aeM, 4To A =1, V=V, \Tf(t) = Wo(t), te [z‘*, tlo]. ITockonbky l(pk) >0 11 JOCTAaTOYHO

0opIHX A, TO M3 cooTHOMmEHNUs (13) creayeT, 9To MOYTH BCIOTY Ha [t*, t_l(u i )]

P (0BT (. 1)

ul(t, = .
( Mk) 7\1(“]()
o B ~ V(w) _
rciona u u3 dopmyn (1), (8), (12) BugHO, YTO x(t, uk)—x t, k(M ), TP tel:t*, tl(uk)], a TaK Kak
k
—(= _ V() 7
x(t1 (uk), j.Lk) =0, To ¢ yuerom paBeHctBa (14) BexTop x (H ), a TaKkke MOMEHT BPEMEHU tl(““k) SIBIISTEOTCS
k
pemenreM cuctemsl (10) mpu W = ;. B cuny onHO3Ha4YHON pa3pelIMMOCTH TOH CHCTEMBI B OKPECTHOCTH
TOYKH (VO, t, 0) uMeeM v(uk)z% fl(uk)=t1(uk) JUISL 1OCTaTOYHO OOJBLIMX Kk M, COOTBETCTBEHHO,
M

u (t, [Th ) = uo(t, u k) MIOYTH BCIOAY HA [t*, tl(p, k ):l [TockonbKy MOJIy4eHO MPOTHUBOPEUNE, TEOpeMa JI0Ka3aHa.

IocTpoeHne acMMNTOTHYECKH CYOONITUMAJIBHBIX YIIPABJIEHU I

[IpomoiKuM H3J10KEHHE aITOPUTMa ITOCTPOCHHS ACUMIITOTUYECKUX MPUOIMKEHUH K PEILICHUIO 3aa4l
(1), (2), onmpasics Ha yTBepxkaeHUS TeopeMbl. [lycTh 3amano HatypanbHoe yrcio N, N < p. [lockonbky BeKTOp

n(n)=(v(n), 4, (n)) npunawiexur knaccy C* nn(0)= (vo, t) ), TO UMEET MECTO ACHMITOTHYECKOE PABEHCTBO

n(u)= n(N)(H) " O(MN+1)’ —

N N
™ = (V) W) V) =vo + Yk, 4w =1+ Y ute, (16)
k=1 k=1
ecTh monuHoMEI Teitmopa N-i crenern. Bekrop-pyHKus
u (e, 1) = P ()" (0w (e vV (W), ), e [, V()] (17)

OyJIeT aCHMITOTHYECKUM CyOONTHMAaNbHBIM yIIpaBieHneM N-To Mopsijaka B HCXOAHOHW 3amade. Jlis ee mo-
CTPOEHUS HY)KHO HaWTH KO3(QPULUEHTHI Vy, ¢y, k =1, N, nonuHoMoB (16), 4TO MOXHO CA€1aTh C IIOMOIIBIO
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METOIMKH, U3NIOKEHHOU B padoTe [5]. CormacHO 3TON METOIUKE MPEkKIE BCETO HYKHO PA3JIOKHUTH JICBYIO
yacTh ypaBHeHus (11) mo ctenensM mayoro napamerpa, IpUMeHss KiacCHueckyto TexHuKy [lyankape x cuc-

teme (8). Bexrop-dyHKuu x(t, v, u), w(t, v, M) B K&KJOW TOYKE 00JIACTH OTpeAeNIeHNns UMEIOT YaCTHBIE
MIPOU3BOAHBIC TIO LL 10 MOPSAKA p BKIIOYUTEIBHO, TOITOMY OHH IIPEACTABUMBI B BUJIC

N N
x(t,v, )= whx (s v) + O(uN“), vt v, w)=Y nhy (s, v) + O(uN”). (18)

k=0 k=0
C nomousto popmainsma Ilyankape cocraBum auddepeHnaIbHble ypaBHeH s st GyHKUui x, (7, V),

v, (t, V), k= O,_N, pu (PUKCHPOBAHHOM V:
X = A(t)x, + B(t) P (1) B" () wy» xo(t.)=2x.,
Vo =0()x) — AT(’)W{)v \Vo(t*) =V,

5= A(t)x, + B(t) P (6) B"(t)w, + f(x,(¢), 1), x(2.)=0,

¥, = 0(1)x - A1)y, - %(xo(t), Wo(0). 1) wi(t.) =0, (19)

= A1)+ BOP (BT 0)ws + L (x(0). )5 (0), w(s) =0

\ifz:Q(f)xz—AT(’>‘l’2__x(xo(’), v, (1), ’)_%(xo(t)"%(t)’ ) (1), w,o(0)=0, ...,

e A(x, y, t)=w"f(x, ¢). Kak Buano u3 ypasuenuii (19), naxoxnenue koodduiuentos npencrasiennii (18)

NPY 3aJaHHOM V CBOJUTCS K MOCIIEIOBAaTeIbHOMY PELICHUIO HadallbHBIX 33/1a4 [l CUCTEM JIMHEUHBIX Audde-
PEeHIMAIBHBIX YpaBHEHHH.
B cuny npeacrasnenwuii (18) nesast yacts ypaBHenus (11) qomyckaeT acCHMITOTHYECKOE MTPECTABICHUE

= S wR () + O(u ),
k=0

B KOTOPOM

Ry() = [ alt V)

o (6, v)B() P (1) BT (1) wo (1 v) = 1)
% (1, v)

SOV w0030 08w ) 2005017 01)

(20)

, k=1, N.

CocraBuM CHCTEMBI JINHEHHBIX YPABHEHUH 1711 BEKTOPOB 1), = (v o L ), k=1, N. B cOOTBETCTBHH CO CXEMOH,

MIPUBEACHHOHN B padote [5], MpUMEHHUM JUIS 3TOTO METOJ HEOIPEACIeHHBIX KOX(PGHUINEHTOB, a UMEHHO pa3-
JIOKUM ¢ ioMoibto hopmynsl Teinopa BeKTop-(yHKIHUIO

i W R (™ (w))

10 CTEMEHSM Ll 10 mopsiika N BKIIOUUTEIBHO U MPUPaBHIAEM KOI(PQHUINEHTHI pa3iokeHus (HaunHast ¢ Ko3¢-
(unmeHTa npH L) K HyJ10. B pesynbrare moayduM ciaeayonre HeBIPOKICHHBIC CHCTEMBbI IMHEHHBIX YpaBHE-
HUH JJIs I0CJIE0BATEIIbHOIO HAX0XKIEHUS BEKTOPOB 1), k =1,

oR,

1 ;0
Ion1:_R1(no)a I, =-R, (no)_g(no)n - = TM

yens 21
2“1 anz Th ( )

29



Kypnaa Besopycckoro rocyiapcTBeHHOro yuupepcurera. Maremaruka. Madopmaruka. 2022;2:23-33
Journal of the Belarusian State University. Mathematics and Informatics. 2022;2:23-33

Kax BumHO 13 hopmyist (20), 4To0bI chopMUpOBATH NpaBbIe YaCTH ATUX CHCTEM, HEOOXOIMMO 3HATh 3HaYe-
Hust Qynkumii x (2, v), @, (, V) M MX 9aCTHBIX POM3BO/IHBIX [0 KOMIIOHEHTAM BEKTOPA 1) B TOUKE 1. 3HAYCHHSI
(GyHKIMH HaXOQATCS OCPEACTBOM MHTErpUpoBaHus ypaBHeHu# (19). @opmanshbiM quddepeHuupoBaHuem
9THX ypaBHEHMH MOJy4yaeM HauajbHbIE 331a4d JJIs Ipou3BOaHbIX. Hanmpumep:

ox, _ oy, o,
——:A(r)a—\i’ +B(t)P 1(t)BT(t)a—VO, a—\;’(t*):o,

d oy ox, oy, 9V,
S o2 — 4TS, No(i)- g,

I[Tpy BeIYMCIEHUH MTPABBIX YacTed cucTeM (21) crieyeT yuuThIBaTh, YTO X, (l, Vo) = xo(t), v, (t, VO) = \|!0 (t),
t € T°. Torxa, Kak BUIHO U3 dopmy (19), (20),
0(,0
x()

25 (1) B(e)) P (e0) B (8 )w () + 2w () £ (0, #7)
a BEeKTOP-(OyHKIHS xlo (t), t > t,, BMECTE C w?(t), {2 t,, IBISETCS pelIeHreM HadalbHOM 3a/1aun

%= A(1)x, + B(t) P (1) B'(e)w, + f(x,(2), 1), x,(2.) =0,

1= 000)x = 470w, = 5 (5 (0, wa 1), 1) W) =0.

R, (n) =

ITocnenoBarenpHO pemast cucteMsl (21), HAXOOAUM BEKTOPHI 1, k =1, N, U cocTaBisieM noyiuHoM (16).

VYmpasnenwne (17), Kak y’Ke OTMEYAI0Ch, SBISETCS aCHMITTOTUYECKH CyOONITUMAIIBHBIM YIIpaBlieHueM N-TO To-
. N

psAIKa B UCXOJHOM 3aade. J{Jis1 ero mocTpoeHusl HEOOXOANMO PEIINTh HadalbHYIo 3a1ady (8) mpu v = Wl )(u).

Bmecre ¢ Tem w(t, V(N)(},L), u) = \T/(N)(t, i)+ O(uNH), e

N
D DEDWEAGNEIS
k=0

a ¥, (¢) HaxomATCs B pe3ynbTaTe MOCIIENOBATEIBHOTO PEUICHHS 3aad Koumm, oTiHyaonuxcs oT ypasHe-
HUH (19) TOBKO HaYaIBHBIMU YCIOBHAMH VIS Y, Y, (t*) =V,, k=0, N. Vnpasnenue

—(N —1 T —(N N
7 (e, w) =P ()BT () 9 (1 w), r e[, W),
Hapsy ¢ ypaBHeHueM (17) ABNsSeTCS aCHMITOTHUYECKH CyOONTHMAIbLHBIM yIpaBieHneM N-ro Topska B 3a-
nade (1), (2).
3aMeTHM, 4To \TI(O)(t, w)=y’(¢), te T° u, coorBeTcTBeHHO, ﬁ(o)(t, w)=u’(t), 1€ T° 1. e. pemenue Gaso-
BOI 3a71a4M ABIAETCA ACHMITOTHUECKH CyOONTHMAIBHBIM YIIPABICHHEM HYJIEBOTO TIOPSIKA B HCXOIHOM 3a-

nade. Taxxke oOpaTiM BHUMaHHE HA TO, YTO TMPU MOCTPOCHUN ACHMIITOTHYECKH CYOONTHMAaIBHOTO yIpaBiie-
HUS TIEPBOTO MOPSIKAa MOYKHO OTPAHUYUTHCS PEIIeHHEeM Ha9allbHOU 3a1a4qu (21), TOCKOIBKY 3TO yIpaBiIeHHE

peacTaBUMO B BUIE
(e, W)= (1) 4wl (1), 1€ [0, 4V (w)],

1 -1 T 0
u(t)=P (t)B (’)(‘I’l (t)+F22(t)V1).
[TocTpoeHHbIe acHMOTOTHYECKHE TTPUOIIKEHUST KOpHEH cucTeMbl ypaBHeHu# (11) MOXKHO HCIONIB30BaTh

JUTS PELICHHS 9TOM CUCTEMBI, a 3HAUUT, U PACCMOTPEHHOM 3a/1auy MPH 3a1aHHOM 3HaYeHHH L. J{J1s 3TOr0o HyX-
HO TIPUMEHHTD MPOLEAYPY A0BOAKH [16], T. €. HaliTH ¢ TOMOIIBIO0 MeToa HpI0TOHAa KOPHU CHCTEMBI YpaBHE-

e

. N
Huii (11), B3sIB B Ka4eCTBE HA4YaJIbHOTO MPUOIIKEHUS n( )(u).

[Ipumep. B knacce ynpapisitoniux Bo3AeHCTBUI u(t) = (ul(t), U, (t), Uy (t)), t 2 t,, C KyCOUHO-HENPEPhIB-
HBIMHM KOMITIOHEHTaMHU PacCCMOTPHUM 33Jady ONTHUMAJIbHOTO YIIPABICHUS

X = XXy + Uy, Xy = WX X5+ 2y, Xy = =200 + Uy,
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x(t)=w;, x(4)=0,i=13,
1
J(u):— 1+ x2 + %2 + X2 + 4ul + 42 + 4u? )dt — min
2 1 2 T X3 1 2 3 ’
l*
KOTOpasi, B YaCTHOCTH, MOJIEIMPYET MPOIECC TOPMOKECHHS BPAIEHHUA TBEPAOTO Tela, OIMM3KOTO K ChepruecKn
cummetrpuaHOMY [4]. B Heit 0 < <« 1. [JocTponM acuMITOTHYECKN CYOONTHMAaIbHBIE YITPABICHHS HYJIEBOTO

1 TIEPBOTO MOPSIIKOB B TOM 3aj1a4e.
IIpeamnonoxenue 2 B 6a30BOM 3a/1a4e BBITOJIHEHO. Marpuia (7) B JTaHHOM CITy9dae HMEET BH/T

Ll e
0 Ssh((if-1)12) ’ W
= . 0 Ssh{(-1.)12) m |
octh((t,=1)12) yeth((e,=1)12) weth((t. - )12) 4222({(,_til)0/)2/)2(;2

rae t10 = tlo (0), t*) =t, - 2ln(\/0)2 +1 - Vo’ ), o’ = (012 + 0)% + 0)%, U sBJs€TCS HEBBIpOXKAEHHOH. Takum 00-

Pa30M, BBITMIOJIHACTCS NPCATIOIOKCHUC 3.
PemrennemM 6a30Boi 3aa4u SIBJISICTCS YIIPAaBJIICHUC
0

ch((#) - 1)/2 -
u; (t)—Wmi, i=1,3, te[l*, 110] (22)

KOTOPOE MPEICTABIISIET COOOH aCHMIITOTHYECKH CYOONITUMAIILHOE YIIPABJICHHE HYJIEBOTO TOPSIKA B HCXOAHOM
3ajadge.

ITockonbky B JaHHOM cityuae ¢, = 0, TO IpOrpaMMHOE aCUMITOTUYECKU CYOONTUMAJIbHOE YIIPaBIEHUE
MIEPBOTO MOPAIKA IPEACTAaBUMO B BH/JIE

a0t )= (1, )+ (0), =13, 1€[n. 1]
rac
ch((t +1,— 2t1°)/2) + ch((t— t,)/2) - ch(tlo -~ t) _1)[ @295

1 —
u' (1) = >t ((tf’ iy /2) ®,0; |. (23)

U3 popmyn (22), (23) ciemyert, 9TO aCUMIITOTHYECKH CYOONITHMAalbHAs OOpaTHast CBSI3b HYJIEBOTO ITOPSIKA
UMeeT BUJI

i

u(o)(x, t)=—%cth((t10(x, t) - t)/2)xi, i=1,3,

e (x,t)=1- ln(\/ X+ xg g+l - \/xlz +X; + X3 ), a aCUMIITOTHYECKH CyOONTUMalIbHAst 00paTHasi CBS3b

IIEPBOTO MOPSIKA COBMAJAET C ACUMIITOTHYECKH CyOONTUMAIbHOM 00PaTHOM CBA3BIO HYJIEBOTO MOPSIKA.

JLJ1st OLIEHKM TOYHOCTH MOCTPOCHHBIX aCUMITOTHYECKUX NPUOIMKEHUH OB HalJICHbl COCTOSIHUS, B KO-
TOpbIe AMHAMUUYECKYIO CUCTEMY MEPEBOISAT NPOrpaMMHbIE ACHMITOTHYECKH CyOONITUMATbHBIE YIIPaBICHHUS HY-
JIEBOTO U IIEPBOro NMOpsakoB 1pu ¢, = 0, , =—1, ®, =3, ®; = 1 ¥ KOHKPETHBIX 3HAYCHUAX MAJIOrO NIapaMeTpa.
Pe3y/IbTaThl BHIYHC/ICHHUIT IPUBECHD! B TAOMHIIE (C TOUHOCTBIO 10 107°).
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Pe3yabTarhl BbIYUCIAEHH
Calculation results

Cy6onTuMabHbie u=0,1 u=0,01
YIIpaBIIeHUs X, X X X, % %
VYnpasnenue

0,361197 0,060407 0,338947 0,027447 0,008 893 0,050527
HYJIEBOT'O HOPs KA

Ynpasnenue

0,058 040 0,003 344 0,120750 0,000801 0,000126 0,001 001
MIEPBOTO MOpPsIIKa

3aKiaoueHune

B crarpe nmpemoskeHsl 1 000CHOBaHBI AITOPUTMBI MTOCTPOEHHS ACHMIITOTHYECKHUX TPUOIIKEHUH K perre-
HUIO pacCMOTpeHHOU 3amaun. CyTh MPUMEHSIEMOTO MMOAX0Aa K UCCICIOBAHUIO COCTOUT B ACHMIITOTHIECKOM
PA3I0XKEHNUH I10 LECJIBIM CTCIICHAM MAJIOTO ITapaMETpa Ha4YaJIbHBIX 3HAYCHUUN COIIPSIPKEHHBIX TEPEMEHHBIX, KO-
TOPBIC B CUJIY IIPUHIMIIA MAKCUMYyMa COOTBETCTBYIOT OIITUMAJIbHOMY YIIPABJIICHUIO, U JJIMTCIIBHOCTH IIpoLECcca.
OCHOBHOE TOCTOMHCTBO TPE/IaraéMbIX alrOPUTMOB MPEKIE BCETO COCTOUT B TOM, YTO BMECTO MCXOTHOMH, TIO
CYILIECTBY, HEJIMHEMHOM 3aJlaud peniaercs 3ajada ONTUMHU3aluU JTMHEHHOU cuctembl. Kpome Toro, BbIYMCIIN-
TeNbHas TPOIEAypa AITOPUTMOB BKITIOUAeT B ce0s pelieHne HadalbHBIX 3a/1a4 JJIsl CHCTeM JIMHEWHBIX nudde-
PEHIIMABHBIX YPaBHEHHH, a TaKXKe HaXOKAeHUE KOPHEH HEBBIPOKICHHBIX TMHEHHBIX aTeOpandecKuX CHCTEM.
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KAACCHUYECKOE PEIIIEHUE OAHOI 3AAAUU
OB ABCOAIOTHO HEYIIPYTOM YAAPE I1TO AAMHHOMY
VIIPYTOMY ITIOAYBECKOHEUHOMY CTEP>KHIO
C AUHEVIHBIM VIIPYTUM DAEMEHTOM HA KOHIIE

B. H. KOP3IOK"-?, 4. B. PYAIbKO??

1)H;Ltcmumym mamemamuxu HAH Benapycu, yn. Cypeanosa, 11, 220072, 2. Munck, berapycw
D Benopycckuii 2ocydapemeennoiii ynusepcumem, np. Hesasucumocmu, 4, 220030, 2. Munck, Berapyce
) Omupvimoie ungopmayuonnsie cucmenst, yi. Benuxuii ocmuney, 1436, 222310, 2. Monodeuno, Berapyce

NzyuaeTcs Ki1accHueckoe peleHne CMEIIaHHOM 3a/1a41 B U€TBEPTH TUIOCKOCTH JJIsl OHOMEPHOTO BOJTHOBOTO YpaBHe-
HUS, KOTOPas MOJIENHUPYET PaCIIPOCTPAHEHUE BOJIH CMEILEHHH P MPOIOIBHOM yIape 10 CTEPIKHIO, KOT/Ia IPpy3 0CTaeTCs
B CONPUKOCHOBEHUU CO CTEP>KHEM U CTEPKEHb UMEET JMHEWHBIN yNpyruil oJ1eMeHT Ha KoHue. Ha HibkHeM OoCHOBaHUM
3aaroTes yclopus Koy, nmprdeM BTOpoe U3 HAX UMEET pa3phIB MEPBOro poja B Touke. Ha OOKOBOM rpaHHMIle 3a71aeTcs
TPaHUYHOE YCIIOBHUE, COEpIKaIllee HEM3BECTHYIO (PYHKIIHIO U €€ YacTHBIC MPOU3BOIHBIC IIEPBOTO M BTOPOTO TOPSIIKOB.
Pemrenne cTponuTcs METOIOM XapaKTEPHUCTHK B TBHOM aHAIMTHYECKOM BHE. JJoKa3pIBaeTCsA ero eqMHCTBEHHOCTh U yCTa-
HABJIMBAIOTCS YCIOBHA, TIPH KOTOPBIX CYMIECTBYET KyCOYHO-TIIAAKOE pemieHne. PaccMarpuBaeTcs 3a1ada ¢ yCIOBHAMHA
COTIPSDKEHUSI.

Kntouegvie cnosa: oqHOMEPHOE BOJIHOBOE YpaBHEHHE; HEOIXHOPOJHOE YpaBHEHHUE, CMEIIaHHAs 3a]a4a; HerIaJKue
KpaeBbI€ YCIIOBHS; IPOJIOIBHBIN YAap; METOJ XapaKTePHCTHK.

CLASSICAL SOLUTION OF ONE PROBLEM
OF A PERFECTLY INELASTIC IMPACT ON A LONG ELASTIC
SEMI-INFINITE BAR WITH A LINEAR ELASTIC ELEMENT AT THE END

V. I. KORZYUK™®, J. V. RUDZKO"°
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In this article, we study the classical solution of the mixed problem in a quarter of a plane for a one-dimensional wave
equation. This mixed problem models the propagation of displacement waves during a longitudinal impact on a bar, when
the load remains in contact with the bar and the bar has a linear elastic element at the end. On the lower boundary, the
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Cauchy conditions are specified, and the second of them has a discontinuity of the first kind at one point. The boundary con-
dition, including the unknown function and its first and second order partial derivatives, is set at the side boundary. The solu-
tion is built using the method of characteristics in an explicit analytical form. The uniqueness is proven and the conditions are
established under which a piecewise-smooth solution exists. The problem with matching conditions is considered.

Keywords: one-dimensional wave equation; inhomogeneous equation; mixed problem; non-smooth boundary condi-
tions; longitudinal impact; method of characteristics.

BBenenune

OCHOBHOE SIBJICHUE B TEOPUU MEXAHUUECKOTO yAapa — 3TO PACIPOCTPAHCHUE BOJIH CMEIEHUIN B TBEPBIX
Tenax. DKCIePUMEHTaIbHOE U3yUeHHEe MTOYTH BCEX SBICHUM yaapa BeChbMa 3aTpyaHHUTENbHO. [Ipu aHamuTH-
YECKOM M3YYECHHH BBI3BAHHBIX YyIapOM KOJeOaHWI WHTEpeC MPEACTABISIIOT 3a1a4H, I7Ie pacCMaTPUBAIOTCS
1 OTMCHIBAIOTCA KoJjeOaTembHbIe TPOIIECCHI, TPH KOTOPBIX TPY3 TMOCIHE yiapa OCTaeTcs B COMPUKOCHOBEHUN
¢ ynapsiembiM TesioM [ 1; 2]. Kak nmpaBuio, MmareMaTudaecKre MOJIEIH TTOJJOOHBIX SIBJICHUH MPEICTABIIIOT CO00
CMEIIIaHHBIC 3a/1a4M ISl YPABHCHUN C YACTHBIMU MPOU3BOJHBIMH C TPAHUYHBIMHU YCIOBUSMU B HAYaJIbHBIN
MOMEHT BPEMEHHU PacCMaTpUBaEMOro Ipoliecca KoyeOaHuii, KOTOPbIe OTIIMYHBI OT HYJIS HA MHOXKECTBE HYyJIe-
BOH Mepbl [3—6].

Hacrosimast paboTta mocBsIeHa NOCTPOSHUIO U UCCIIEIOBAHUIO CBOMCTB PEIICHUST OTHOMEPHON CMelIaH-
HOW 3aJ1a4M, COJepIKaIell B TPAaHUYHOM YCIOBUHU (PYHKIIMIO U €€ IPOU3BOIHBIC TIEPBOTO U BTOPOTO MOPSIKOB,
JUIST HEOJHOPOTHOTO BOJTHOBOTO YPaBHEHHS C 3aJaHHBIMHU Pa3phIBHBIMH YCIOBHSIMH. YKa3aHHAs 3a/1ada HC-
CIEeIyeTCs] METOAOM XapaKTepUCTHK [7; §].

bruzkumu k naHHO#M paboTe sBIsitoTCSs cTarhu [6; 9—13].

ITocTanoBka 3agaun

IlycTs B Ha49aIBHBI MOMEHT BpeMeHH ¢ = () yripyTuii moxyOeCKOHEYHBIH OHOPOIHBIN CTEPIKEHb ITOCTOSTHHO-
IO MONEPEYHOI0 CEYEHUsI, KOHELl KOToporo x = 0 uMeeT ynpyroe 3akperuieHue, oABEpres MpoAoIbHOMY yAapy
HEKOTOPBIM TPY30M I10 KOHITy x = (), IpuyueM B JalIbHEUIIIEM TPy3 OCTaJICS B CONPUKOCHOBEHUHU CO CTEP)KHEM
(T. e. yaap ObL1 aOcoNMOTHO HeynpyruM). Kpome Toro, mosiaraem, 4to Ha CTEPIKEeHb JCUCTBYET BHEIIHSISI 00bheM-
Hasl CUJIa, @ CMELICHUs TOUEK CTEP)KHS M CKOPOCTb MX M3MEHEHUs B Ha4aJlbHbIi MOMEHT BPEMEHH HE PaBHbBI
Hymo. Torna, mpeHeOperasi BECOM CTEpP>KHS KaK CHJION U €ro0 BO3MOYKHBIMU BEPTHKAIbHBIMH OTKIIOHEHUSIMU, JJIST

OIIpE/ICIICHHSI CMEILICHUH # HaXOAUM PELICHHE BOJTHOBOTO YpaBHEHUsI B o0nacti Q = (0, oo) X (O, o0) IByX He3a-
BHUCUMBIX IEPEMEHHBIX (t, x) € 0 cR?

(8,2 - azaf)u(t, x)=f(¢, x), (1)

YAOBJICTBOPAIOIICE YCIIOBUAM Komm

= € oo u(0, x)= x:%,xzo’
u(O,x)—(p(x),x [07 )’ at (0’ ) \V() Wz(x),xe(O,oo), (2)

U TPaHUYHOMY YCJIOBHIO

“’19 t=09

9; + 579, + ¢ Ju(t, 0)=p(r)= 3)
@ ) t) 1(0, )
B sanaue (1)—(3) o = g, b = %, = A_]/;’ riae £ > 0 — Moayns ynpyroctu crepxHs; p > 0 — INIOTHOCTh

marepuaia cTepxHs; S > 0 — IIoma b MorepeuHoro cedeHus crepxus; M > 0 —macca ynapusiuero rpysa; k > 0 —
KO3 GULNEHT KECTKOCTH JIMHEHHOTO yIPYyroro 3JIeMeHTa, K KOTOPOMY NpHKpeIuieH KoHel X = 0 CTepikHSl.

Bennunna w2(0+) — Y, UMeeT pU3NYECKUil CMBICT CKOPOCTH yAApSIOILEro IPpy3a, a BEIHYHHA u(z‘) — BO37CH-

CTBYIOILIEH Ha KOHELl CTEP>KHs BHEILIHEH CUJIbL, A€JICHHON Ha MacCy YIapUBIIETro rpy3a, IpUYeM BEIUUYKHA [L,
HE 3aJaeTcsl MPou3BONBHO [14], a 3aBucHT oT QyHKUMI £, @, Y U OyaeT onpeneneHa aajee.

bynem nonarare, uto QyHKIMU f, @, Y,, |, JOCTaTOYHO IVIAJKHE, a UMEHHO f € CI(Q), Qe c? ([O, oo)),
Y, € C! ([O, oo)), u, € Cl([O, oo)), u st onpeneneHHoctu a >0, b >0wu ¢ > 0.
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IHocTpoenue pemenust

st noctpoenus pemenus 3azadu (1)—(3) paccMoTpuM BerioMorarelibHYIO 3a/1ady Ui BOJIHOBOIO ypaB-

Henws (1) va 3ampikaruu Q obnactu Q. K ypasuenuto (1) Ha yactu rpanuist Q obnactu Q MPUCOEAUHSIIOTCS
ycnoBus Koiu

u(0, x)=@(x), x € [0, =), 9,u(0, x)=y(x)= @)

U T'paHUYIHOC yCJIOBHUC

(07 + 170, + ¢ Ju(r. 0) = i(r) = (5)

ITpu 3TOM mojaraem, 4To \TlleCl([O, x*]), \leecl([x*, 00)), \|12(X)=\1/2( ) TSt XE( ) \|11( ) v,

i e cl([o, —D e cﬂ— oo]] N R YU

Kak u3BecTHO, 06lIee peleHie HeoTHOPOIHOTO yPaBHEH!s IPEICTABIAET OO0 CyMMy OOIIEro pereHus
OIHOPOJIHOTO YPABHEHHS 1 YaCTHOTO PEIIeHHs HEOIHOPOIHOro ypaBHerns [7]. ITycts w: QO — R — wacTHOE pe-
LLeHHe HEOQHOPOJHOTO YPABHEHNUs, YAOBIETBOPSIOIIee OXHOPONHbIM yenosusam Ko w(0, x)=0,w(0, x)=0
u 9, w(0, x) = £(0, x). Taxoe pemenue w cymectsyer [7; 8; 15], u oHO mmeet Buy [15]

¢t x+alt-1)
w(t, x)= 1 Jar | s(u|M])dr. (6)
2a 0 X — a(t - 1:)
Ecmu fe CI(Q), TO WE CZ(Q).
Torna obiiee peenue ypaBHeHus (1) 3aruchiBacTCs B BUJIC
u(t, x) = w(t, x) + g(l)(x — at) + g(z)(x + at), (7

e g(l) u g(z) — HEKOTOPbIE IBaKAbI HETIPEPhIBHO AnuddepenHmpyemsle GyHKIHU. {15 HOCTPOSHHS peIIeHUs
pasgenum obnactk O Ha MECTh moxobdmacTel (CM. pUCYHOK):

o=0 At x)[x+ar<x', x - at<x', x—at >0},
0P =0 {(t.x)|x+ar>x", x—ar>x", x—ar >0},
09=0 (e, x)|x+ar>x", x - ar<x’, x—ar>0},
oY=0 {(z,x)|x+az<x*,x—az<x*,x—at<0},
Q(S)sz{(l,x |x+at>x", x - at>-x", x at<0}

09=0 (1, x)|x-ar<—x'.

OnpeneniM QyHKIUN u) kax noxanbHee perenus 3agauu (1), (4), (5) B nomobnactsix Q(i),i € {1, 2,3, 4,5, 6}.
ITycth

u(t, x)=u(t, x), ie{l,2,3,4,5,6}, (1, x) e Q". ®)
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Pasnenenue obactu Q xapakrepuctukamu x —at =0, x + at =x", x — at = x*
U X — at = —Xx" Ha MIECTb Iojo0IacTei (Q(l), Q(z), Q(3), Q(4), Q(S) u Q((’))
Division of the domain Q by the characteristics x —af =0, x + at =x", x —at =x"
and x — at = —x" into six subdomains (Q<1), Q(Z), Q(3), Q(4), Q(S) and Q(6))

B cuiy pa3pbiBa Bo BTOpOM U3 Ha4albHBIX ycrioBuid 3amada (1), (4), (5) He UMeeT KIacCHUECKOTO PEIICHUS,
OTIPE/IENIEHHOTO Ha BceM MHOkecTBe (J. Ho TeM He MeHee MOJKHO ONpeenTh Kilaccnieckoe perreHne 3a1aqu (1),
(4), (5) na menbiemM MHOKecTBe Q\I" Tak, YTOOBI (PYHKIHS ¢ YIOBIETBOPSIIA HAYaIbHBIM U TPAaHUYHBIM yCJIO-
BHSIM, TIPHHAUIEKANA K1accy C? (Q\F) u Ha " 3a7aBanuch JOMOIHUTEIBHBIEC YCIOBUS COTJIACOBAHMSI.

Omnpenenenue 1. OyaKIno 1, onpenensieMyio GopMyioi (8), Ha30BeM KIIACCHYSCKUM peIIeHUEM 3aa-
qu (1), (4), (5), ecm u e c? (Q(’)) JUTS KQKIOTO j € {1, 2,3,4,5, 6}, (hyHKITHS ul) VIOBJIETBOPSIET ypaBHE-

j . 1
uuto (1) B momoOnactax Q(] ), Gbynkms 1 — nepBoMy u3 yeiouid Komm (4), pyHKIus ut)

)

— BTOPOMY U3 YCIIO-

Buil Komu (4) Ha MomyoTKpBITOM OTpe3ke [O, x* ), ¢GyHKIMS 1 — 3TOMY K€ YCTIOBHIO Ha MOTYIPSIMOM (x*, oo),

& &

4 6 X X
a pyHkn u® u o - TrpaHUYHOMY YCIOBHIO (5) Ha MHOXecTBax | 0, - |9 5 = | coorBeTcTBEHHO. Kpowme

ToTO, DYHKINS ¢ TOJKHA MPHHAIEekKATh Kiaccy C (Q), a €€ 4aCTHbIE IIPOU3BOJHBIC IIEPBOTO NOPSAKA JOJIK-

HBI YOBJIETBOPSITH CIEAYIOIIMM yCIOBUSM COTPSDKEHUSL:
[(0)" = @) |(t, at) = | (2,0)" = (0,)" | ar) =
= [(a,u)* - (atu>_}(z‘, at — x*) = [(axu)+ - (axu)_J(t, at — x*) =0.

311ech HCToNMB30BaHb! 0603HaueHws ( ) — Mpe/IenbHBIC 3HAYCHHS (DYHKIIAM 1 ¥ ee TIPOU3BOTHBIX o, af C pas-
i .
HBIX CTOPOH Ha XapaKTEPUCTHKAX BHIA X = r(t), T. €. (afu) (t, r(t)) = lim B,”u<t, r(t) + At), tmep=1,2
At — 0+

U 7 — QyHKIHS ACHCTBUTEILHOTO IEPEMEHHOTO.
Omnpenesenne 2. yHKIUIO ¥ U3 Kiacca

C(Q) N Cz(é N {(t, x)|x —at >0}) N CZ(Q N {(t, x)|x —at< O})

HA30BEM KJIaCCHYeCKUM perreHneM 3anaun (1)—(3), ecau oHa U ee YaCTHBIC TPON3BOIHBIC TICPBOTO M BTOPOTO
TIOPSIZIKOB (TaM, TIIe CYIIECTBYIOT) SIBISTFOTCS TIOTOUYCTHBIM TIPEAETIOM KJIACCHUeCKuX pereHuit 3anaqw (1), (4), (5)
1 MX YaCTHBIX MTPOM3BOIHBIX IIEPBOTO M BTOPOTO MOPSAKOB COOTBETCTBEHHO Tpr x* — 0.

B cuny npencrasnenus (7) umeem

u(i)(t, x) = w(l, x) + g(l’ i)(x - at) + g(z’ i)(x + at), i€ {1, 2,3,4,5, 6}, (t, x) € Q(i), 9)
(L) o o(27)

e g 2"~ — HeKoTOpbIe JBaKABI HENPEPHIBHO TU(PepeHInpyeMble (GYHKIHIH.
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VnosierBopsis ycnosus Komu B mogobnactsix Q(l) u Q(z), noixy4aeM (GpopMyIibl

2= - if%(é)da #Clxe(0.x7),

)20 L - ),

’; (10)
gl 2)(x (P(2X %J' E)dE + c? ye (x*, °°),
g®(x)= ‘P(Z") ¥ %J Wa()dE - €, wve(x, =)

1 2 . 1 2
e cVyuc?- MPOU3BOJIbHBIC IOCTOSTHHBIE U3 MHOKECTBA JieicTBUTENBHBIX uncen R. Torma ¢pyHkmm u 1 ®
TPUMYT BUJT

t

5 x) =l )+ 2 : et % IREIAE L

Xx-:zt (11)
dD(, ) = (s, x) + L) ; oLr-ar) 217, W(8)de, (1, x)e Q)

13 dopmya (11) Buano, uto Gyrkumn #V) npuHaamekar kiaccy ABakIB HeMpepbIBHO AnddepeHIHpye-
MEBIX (pyHKITHIA CZ(Q(j)), j=1,2, ecnu, Hanpumep, @ € Cz([O, oo)), ), € Cl([O, x*]), V, € Cl([x*, oo]),

feC I(Q), e Q(j ) u O — 3amblkanus noxobacTeit Q(j ) 1 o6nactu Q cootBercTBeHHO. Kpome Toro, ¢pyHK-

st 2)(t x)= ul )(t, x), (¢, x) € OY) amrsercs HempepHIBHOI HA YaCTH TPAHUIIEI 7(1’3) U 7(2’ 3 nono6mac-

TH Q , TIe y 73 = Q(j ) A Q(3), j =1, 2. YuuteiBas naHHbI QakT, QyHKLIUIO u®) OIpeaeNsieM KaK pelleHue

B 1I01001acTH Q C YCJIOBHSAMH Ha XapaKTEPUCTUKAX.
Cornacno nmpezacrasnenuio (9) u popmynam (11) umeem paBeHCTBa

g(l’3)(x*) + g(z’ 3)(x* + 2at) = %((p(x* + 2at) + (p(x* )) +

x* +2at

[ W,E)de+c-c), tefo, ),

(12)
g(1,3)(x - 2at) + g 3)( *) _ %((p(x* _ 26”) 4 (p(x*)) N
CootHomente (9) 15 i = 3 u pasenctsa (12) B coBokynHocTH onpenensior dyrkimmo u';
u(3)(,’ )=wlt, x)+ o(x + at) er o(x - at) .
+ ;_axjith!] (€)dE + ix:j;at‘?fz(&)dg +cW- ), (1, x)e E (13)

B nogo6nactu Q(4) HAXOJMM peIIeHHe ul® ypaBaeHnus (1). CoracHo mpencTaBieHuto (8) U TpaHUYHOMY
ycioButo (5)
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(07 + 670, + ¢ Ju(z, 0)=62(9,w(1, 0) + D" (=ar) + Dg>V(ar)) + 7w(, 0) +
+ c2(w(t, 0) + g(l’ 4)(—at) + g(2’4)(at)) +ad° (ng(1’4)(—at) + ng(2’4)(at)) = ].ll(t), te {0, %*j

1,4
Otcrona umeeM 0OBIKHOBEHHOE U depeHInaNbHOE ypaBHEHUE Ul ONIPEACTICHUs QyHKINN g( 4

;? (w(-g, 0) g (z)+ g 4>(-Z)J b (D0 (z) + 2D (-2 +

+b° (axw(—g, O) + Dg(1’4)(z) + Dg(2’4)(—z)J =0, (—5) - Bfw(—g, O), ze (—x*, 0). (14)

2 .
B npencrasnennu pemenwus (7) GpyHKIus g( ) JTOJDKHA OBITH OTIpEIeIeHa /ISl BCEX MOJIOKHUTEIHHBIX 3HAYeHU T

aprymenTa. OHa ompezeneHa yxe cormacHo (popmymam (10). [Tostomy ms z € (—x*, 0) B BeIpakeHuu (14)
roJjlaraemMm g(2’4)(—z) = g(z’l)(—z). Takum 00paszom, ypaBHenue (14) paccmarpuBaem Kak auddepeHnnaibHoe
ypaBHEHUE OTHOCHUTEIILHO (DYHKIMN g(l’ “) 1a OTpe3Ke z € [—x*, O]. C nomomsto popmya (10) uepes 3HadeHUS
(1)

byHKIHMHI g(l’ UV g(l’ 2) ¢dbynkuus g/ npexacrasienus (7) onpeaencHa U MOJOKHUTEIbHBIX 3HAUCHUN apry-

1
MEHTA. Y UHTBIBAs HCIIPEPLIBHOCTDH (1)YHKI_II/II/I g( ) B IICJIOM, JOJI’KHBI BBITTIOJIHATBHCA YCIIOBUSA

0 1.
g9(0)= 0 = g (0)= ) + # e [w(e)ae.
aj (15)
1 1
Dg!"9(0) = ¢ = Dg!"V(0) = 5 D0(0) = =%, (0).

VYpaBuenue (14) oTHOCHTEIBHO (DYHKIHH g(1’4) BMecTe ¢ ycrnoBusamu (15) paccMmarpuBaem kak 3amady Ko
JUTst U PEpeHIIUaILHOTO YPaBHEHHUS BTOPOTo mopsijika. Peras 3Ty 3aady, mojrydaem

2 [14 4 22 2 (0) 2..(0) [14 4 22
g(1’4)(2)=exp( sz (p(o)ch[z b dae J+b(p t2ay sh[z b~ da’c ] +

a’ 2a* bt = 44°%c? 2a*
2 2M,(8) b*(&-z) (z -E)\b* - da*c?
+ exp 7 Ish ; dE, (16)
o Jb' — 4a*c? 2a 2a

e

Mle)=ii ~) - (-2, 0) 2 0.0{ 2. 0 4 D 9(-2) |-

b* - 4a*c? 24 2d°
b (x— at) (0) (x— at)\/b4 — 4a*c? bz(p(o) + 2a2\|;(0) (x— at)\/b4 — 4a*c?
+exp| ———5— || ¢ 'ch 5 + sh 3 +
2a 2a b — 44 2a
+at 1 x+at B
+ M +w(t, x) + | w(e)de-cl. (1. x)e 0. (17)
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[TockonbKy 00acTy ONpeAeIeHuUs [0 BHELIHEMY apTyMEHTY (QYHKLUH g(l’ Y g(l’ 4 COBIIAAIOT, TO B IIpe-
ctaBieHuu (9) st i = 5 mojaraem g(l’s) (x at) = g(1’4)(x - at) JUTSt (t, x) € Q(S). ITo »Tol e npuurHe nona-
raem g(z’s)(x + at) = g(2’2)(x + at) JUTSI ( ) Q . B cuny dopmyn (9), (10) u (16) nonyuaem pemieHue ul®

B TI1ogo0acTu Q(S) B BUJIE

(1, x)

2a° 24a°

Il
=
S — |
8
[\S)
<
—
g
~

@]

>

o
7~ N\

b2(§ —(x- at))]sh((x —at — E)Vb* - da’c? Jdg .

20, _ 4422 2 (0) 2. (0) _ 2.2
+exp[—b (x at)] (p(o)ch[(x at)/b* — 4a’c J+b(p +2a’y sh[(x at)zb —da’c ] .

4 2 2 2
b"—4ac a

x+at

wit.x) e 5 [ a(E)dE - (e x) 0 19

(6)

TIEPEXOIE YePE3 XapaKTEPUCTHKY X — af = —Xx . DTO MOXKHO CJIENATh CIIEAYIOIMM 00pasom. COracHo MmpeJicTaB-

6
B momo6mactu Q( ) peIIeHwue ¢\’ MOCTPOUM TaK, YTOOBI OHO OBLIO HEMPEephIBHO Tud(GepeHITnpyeMbIM TPH

nennio (9) gynkuns u® orpenensieTcs yepes 3Ha4eHus! QyHKIUH g(l’ %) u g(z’ ) 3amernm, uto 1 (1, X) € Q(é)

(2)

CIIpaBEJIUBEI COOTHOIICHUS X — at € (—oo, —x*), x+ate (x*, oo). Cormacao ¢popmynam (10) pyukmus g
YaCTUYHO OIpe/esieHa uepe3 g(z’z) Ui X + at € (x*, oo). ITosTomy g(z’ 6)(x +at)= g(z’ 2)(x + at) ps Beex
(1, x)e 0. Ocranocs onpenemuts g 6)(x— at) nns (1, x) € 0 1e g 6)(2) 15 ze(—oo, —x*). 210

. 6
MOKHO CcAe€JiaTb UCXOAdA U3 Tpe6OBaHI/II/I, B COOTBETCTBHUU C KOTOPbLIMUA Q)YHKHI/HI u( ) OOJKHA YIOBJICTBOPATH
ycioBwuio (5), a pyHKIHS

(e, x), (1, x)e Q"
(e, x), (1, x)e 0,

JIOJDKHA TIpHHAIeKATh Kiaccy C' (E U E), TIpeAronaras Ipy 3TOM, 9TO @ € c? ([0, oo)), y, € Cl([O, x*]),

y, € Cl([x*, oo]), fec (Q) [, € Cl[{o, %D, n,e Cl([g, ooj] VnosnerBopsist yciosue (3), 1uist onpene-

neHust GyHKIHH g(l’ 6) nojiy4aem nudQepeHnnanbHoe ypaBHEHHE BTOPOTO MOPSIIKa

¢’ (W(—g, 0) + g(l’é)(z) + g(z’(’)(—z)) + az(ng(1’6)(z) + azng(z’é)(—z)) +
b’ (SXW(—g, Oj + Dg(”’)(z) + Dg(z’ﬁ)(—z)j = ﬂz(—azj - 8fw(—§, Oj, ze (—oo, —x*). (19)

U3 tpeboBanus u>9ec 1(Q(S) U Q(6)) MMEEM yCIIOBUS

"= )=g"(x), g ) = D). 20
(.9

Pemas 3anauy Ko (19), (20) otHOCUTENBHO QyHKIMU @

b’z b — 4a*c? b2 + 247y z\b* — 4a*c?
g(1’6)(z)=exp(—2—2} (p(o)ch( > J+ ki - Z\Z sh > +
a 2a b — 4d%c 2a

:2M (& b (E-z2)) [ (z=&)b* - 4a’c?
| 0 b 4azcz p( 2d° ]Sh[ 2d° ]dg’ @)

, ToJTy4aemM
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rIe

B coorromennu (21) nonaraem g 6)(—2) =g 2)(—2). B pesynbTare nonyuaem

xjat 2M6 [bz(g—(x—at))]sh (x—at—g)\/m d& +
NCErrea e

20, _ 4 4272 2. (0) 2..(0) _ 4 4272
+exp[—b(x at)) (p(o)ch((x at)/b* - 4a’c ]er(p +2a°y sh(<x at)/b* — 4a’c J .

24° 24 b* — 4a*c?

x+at

L olrar) (,Hij% £)dE - ), (1, x) e 0 (22)

2

. 1 2
BrrsicHnM, uTO MpeAcTaBiseT co00i pa3HOCTh c-c® g ¢dopmyne (12). Jns sToro Bocnonb3yemes: Ha-

.- 3 *
YaILHBIME YCIOBUSAMHE B TOUKE X = X*. Bo3bMeM TOUKy (t, x) € Q( ) u OyZieM yCTpeMIISITh €€ K TOUKe (0, X ):

tlgﬁ(x, x)=g(x")+ V- c? = g(x) (23)

U3 popmynst (23) umeem, 4to cW-c®= 0, ciemoBaTenbHO, cW=cl
(4)

0opa KoHCcTaHT uHTerprupoBanust C Wy c®=cl ps npeacrasienuii (17), (18) u (22) cinenyert, uto GyHKIHN

W)

[Moxaxkem, uTo QyHKIMU U/, ul® u u(é), onpeneneHubie Gopmynamu (17), (18) u (22), He 3aBUCAT OT BbI-

5 6
u® u u'® spnsores HenpepbIBHO JuddepeHIupyeMbIMH, €CIIN PACCMaTPUBATh X KakK (yHKINHU OT KOH-

cranr C i ), Tereps, moacrasisis C @ =y hopmyst (17), (18) u (22), noxyqyaem

(4) ) (6)
a(” C(z)zcmj a(” C(z>:c<l)) a(” C(z)zcmj .

ac(l) a ac(l) h ac(l) -

. 4 (5 6 1
JelicTBUTENBHO, (QYHKINU ul ), u® 1 4 ne sasnear or BBIOOpA KOHCTAHTBI ¢, 3necs 6bu10 HCTONB30Ba-
HO 00O3HaueHue v :v| x-p ~ TPUMCHEHHE (YyHKIIMM K 4acTH apTyMEHTOB, KOTOpOE TpeoldpasyeT (yHKIIHIO

viXXY2(x,y)> zeZ B Qynkumio v: Y 3 y > z € Z no popmyne v(y)=v(B, »).
I1aaKocTh peleHus
son rec@peciloeco Y wec (e mec(fo 2] mec([£.-))

to 3 hopmymn (11), (13), (17), (18) u (22) cnexyer, uTo ul) CZ(Q( )), j=12,..,6.
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Teopema 1. Eciu evinonnsitomes yciosusi enaokocmu f € CI(Q), peC? ([O, w)) Y, € C! ([0, x* ])

Y, € Cl([x*, oo}) TS ClﬂO, %D i, e CIH%, oo]) 0151 3A0AHHbIX (YHKYULL, MO Cyujecmeyem eouncm-

6enHoe Knaccuueckoe pewernue saoayu (1), (4), (5) é cmuvicie onpedenenus 1, u ono npedcmasisiemcs gpopmy-
aamu (6), (8), (11), (13), (17), (18) u (22).

JoxkazarenbcTBo caenyeT u3 hopmyn (6), (8), (11), (13), (17), (18) u (22). HemocpencTBeHHO# TIPOBEPKOA
ybexmaeMcsi, 4To (PyHKIIUH yAOBIETBOPSIOT ypaBHeHuio (1), ycnoBusim (4), (5) u onpenenennio 1. EnnncT-
BEHHOCTH JIOKa3bIBAETCSI METOAOM OT MTPOTUBHOTO. [Ipenmonoxmm, 9To CymecTBYIOT /1Ba perrenus. Torma ams
WX Pa3HOCTH TOJydaeM OIHOpomHOoe ypaBHeHHE (1) M omHOopomubie ycrmoBus (4), (5), U3 KOTOPBHIX CIEAYyET
HyJIeBOE perierne coracHo Gopmynam (6), (8), (11), (13), (17), (18) u (22).

Hccnenyem pa3pbiB 4acTHBIX MPOU3BOIAHBIX IIEPBOTO W BTOPOTO MOPSIKOB HAa TPaHMLIAX 1Momo0IacTei Q
i€ {1, 2,3,4,5, 6}. Nwmeer mecto creayroliee yTBEPKICHUE.

YrBep:xkaenne 1. YactHbie npou3BojHblie penienus u 3aaa4n (1), (4), (5) UMEIOT pa3pbIBbl HA XapaKTEePHC-
tuKax x —at =0, x £ at =x" u x — at = —x", KOTOPbIC ONMPEACIAIOTCS Yepe3 3HAYCHHS 3aJaHHBIX DYHKIIUI ut ),
j=1, ..., 6, cmeayromum o0pa3om:

1) gacTHBIE IPOM3BOTHBIE TIEPBOTO MOPSIKA HMEIOT Pa3PHIBBI

(a,u<2) - E)tu(3))(t, x=x"+ at) = 87\“, (a,u(3) - atu(l))(t, x=x"- at) = 87\“
(a,u(5) - atu(4))(t, x=x"— at) = 87\", (a,u(s) - atu(6))(t, x=at— x*) =0,
(E)xu(z) - axu(3))(t, x=x"+ at) =-— 2“’, (8xu(3) - axu(l))(t, x=x"- at) _v

2a
(axu“) - axu(4))(t, x=x"- at) = i—w, (axu“) - axu(é))(t, x=at - x*) =0

a
Ha XapaKTepPUCTHKAX X T at =x"u x — at = —x";

b

2) 9acTHBIE TPOU3BOAHBIE BTOPOTO TOPSIIKA UMEIOT Pa3phIBBI

b

(afu(5> - afu(“))(z, x=x"- at) = a5;/(])’ (atzu(s) - a,zu(6))(t, x=at— x*) = b;ﬂ + %\V(]) - oy,
a

(afu(z) - afum)(t, x=x"+ at) =- Sw(l)

2a

, (afum - afu(l))(t, x=x"- at) = %,
a

(Bfu(s) - Bfu(“))(t, x=x"- at) = SW(I) , (Bfu(s) — Biu(é))(l, x=at— x*) = b2263w + 8;!(1) - 8—!';,
a a a a
&V(l)

_ (a, axu(S) - a,axu(l))<t, x=x"— at) = Sy

(a, axu(z) - ataxu@)(t, x=x"+ at) =

(ataxu(s) - Btaxu(4))(t, x=x"- at) = 8%(1), (a,axu(s) - E),axu((’))(t, x=at— x*) = 8—“ - bzﬂ - SL

>

Ha XapaKTePUCTUKAX X T at =x" U x —at =—x

3) yacTHbIE IPOM3BOIHBIE TIEPBOTO MOPS/IKA HE UMEIOT pa3pbiBa Ha XapakTepuctuke x — at = 0;
4) gyacTHBIE TPOU3BOIHBIE BTOPOT'O MOPSIIKa UMEIOT Pa3phIBbI

(afu(” - 8,2y(4))(t, x=at)= (8,214(3) - B,Zu(s))(t, x=at)=
= £(0, 0) — [i,(0) + ¢*@(0) + a>D*¢(0) + b* De(0),
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(E)fu(l) - E)fu(“))(t, x=at)= (aju“) - aiu(s))(t, x=at)=

_ f(0,0) -5, (0) + c’¢(0) + a°D’¢(0) + b*Do(0)

2 )
a

(a,axu“)— 3,0,u)( ) 1, x=at) (8,8 u® = 9,0.u" ))(t, x=at)=

X

_1,(0) - £(0, 0) - (0) - a*D’(0) — b*Dg(0)

a

Ha Xapakrepuctuke x — at = (.
31ech UCIIOIb30BaHbl 0003HAUYEHUS

o =¥(x') - () 590~ D9 (x')- D9 () B |- 5]

CooTHomICHUS YTBCPIKACHUA 1 JOKa3bIBAOTCs HCHOCpeﬂCTBeHHOﬁ HpOBCpKOﬁ.

Teopema 2. Ilycmo gvinonusaomes yciosus enaokocmu f € CI(Q), ¢eC? ([0, oo)) Y, € Cl([O, x* ])

, € C! ([x*, oo]), i, e C1(|:0, %D o, e CIH%, WJ] oA 3a0auHbix QyHrkyuil. Pewenue 3a0auu (1), (4), (3)

6 cmbicie onpedenerusi 1, npeocmasnennoe opmynamu (6), (8), (11), (13), (17), (18) u (22), npunaonexrcum
Knaccy CI(Q) mo2oa u moibko mozod, Ko2od \Ill(x*) =V, (x*)

HoxkazatenbcTBo. [Tockonabky u(j) e C? (E) JUTSL KaXJI0TO j € {1, 2,3,4,5, 6}, TO, JUISI TOTO YTOOBI
pelieHne MpUHAICKATI0 KIaccy C! (Q), JIOJKHBI OBITH BBITIOIHEHBI OMHOPOIHBIC YCIIOBUS COMPSDKCHUS Ha
xXapakTepuctukax x + at =0, x + at = X x—at=x"ux-—at=—x" nua peuIeHus U ero IPOrU3BOIHBIX IEPBOTO
nopsiika. M3 yrBepykaenus 1 cienyer, 4To OHM BBITOJIHAOTCS TOTIA M TOJIBKO TOIIA, Koraa (x*) =V, (x* )

Teopema 3. [lycmb @vinoausiomes ycaosus eraokocmu f € CI(Q), peC? ([0, 00)) Y, € Cl([O, x* ])
Y, € Cl([x*, oo]), TS C1[|:0, %*D h,e CIH%*, OOJJ ons 3a0annvix Gynxyuil. Pewenue saoauu (1), (4), (5)
6 cmuicie onpeoenenus 1, npedcmasnennoe gopwynamu (6), (8), (11), (13), (17), (18) u (22), npunaorexrcum
knaccam C* (E ) E , Q(3 ) u CZ(Q Q Q(6 ) mo20a u MoIbLKo mo2oa, koeoa ul( *] }.12( x*)
lefl(x*) = D\sz(x*) Uy, (x*) =V, (x*)

JoxaszartenscTBo. [lockompky ul) Cz(Q( )) JUISL KaXKIOTo j € {1 2,3, 4,5, 6} TO, JJISl TOTO YTOOBI

pelleHIe IPUHAIexKaIo Kiaccam C> (Q(l) U Q(z) U Q(3 ) u C? (Q U Q U Q(6)), JIOJDKHBI OBITEH BBITION-

HEHBI OJIHOPOJIHBIC YCIIOBUSI COMPSIKEHHS HA XapaKTePUCTHKAX X + af =x*, X —at =x" 1 x — at = —x" I pe-
IIEHUS ¥ €T0 TPOU3BOIHBIX NIEPBOTO U BTOPOTO MOPSIIKOB. 13 yTBepkKIeHH | creyeT, UTO OHU BBIOIHSAIOTCS

TOT/Ia ¥ TOJIBKO TOT/IA, KOTa 111( fj uz( j le( ) quz(x*) u (x*) - \Ifz(x*)‘

3agaua ¢ YCJI0OBUSIMHU CONPHAKECHUSA

PaccMoTpuM 3aa4y, Koraa XoTs Obl OJWH M3 Pa3phIBOB, YKa3aHHBIX B YTBEPXKIAECHUH |, HE paBEeH HYIIIO.
B 9TOM Citydae MOKHO paccMaTpUBarh 3aj1ady ¢ YCJIOBHSAMHE COMPSIKCHHUSI, KOTOPBIE 3a/IAF0TCS Ha XapaKTepHC-
THKaX X + at =x", x —at=x", x —at =0 u x — at = —x". ChopMynupyeM TaKkyo 3aaaqy.
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IHocTanoBKa 3a1a4M ¢ ycJI0BUSIMM conpsizkeHus. TpeOyeTrcst HaliTH Ki1accuueckoe perenue ypaBHeHus (1),
yIOBIIeTBOpsifoIee ycaoBusaM Komu (4), rpaHigHOMY YCIIOBHIO (5) M CIIETYIOUIIM YCIOBUSAM COTPSDKEHHUS:

[(atu)+ - (8tu)_}(l, at — x*) =0,

+ - . + - . 5
[(Btu) —(0,u) }(t, X" - at) = [(atu) - (0,u) }(t, X"+ at):%v,
[(8) — (020) (1 - )= 22U,

)

(@) = () o= ar)=| @3] = (3P [+ ar) = 2,
[Lﬁ - u_](t, at)= [(8,u)+ - (atu)_J(t, at)=0,

[(aﬁ)* - (afu)}(;, at)= (0, 0) = i,(0) + *9(0) + a*D*¢(0) + D (0).

IIpeneabHblii mepexos
Bosspamaemcs k ncxopnoii 3agade (1)—(3). Ee knmaccnueckoe perienne OyaeM OHUMATh Kak Mpeaes Kiac-
cudeckux pemenuit 3axaun (1), (4), (5) npu x* — 0. YerpeMuB x* K HyJIr0, MOTYYUM, YTO MOA00IACTH Q(l),

3) (4 5 N
Q( ), Q( ) u Q( ) YMEHBIIIAIOTCS U B TIPEIeyIe CTAHOBATCS MHOKECTBAMHU HYJIEBOW Mephl. Ho nx 3HaueHus OymyT
BITHSTH Ha 3HaUCHUS permenus 3a1aqu (1)—(3) Ha xapakrepructuke x — at = 0, TOCKOIBKY B TIpeeiie 3aMbIKaHNE

MHOXXECTB Q(3) u Q(S) CTaHeT XapaKTepUCTUKOM x — af = 0, a 3aMbIKaHNE MHOXKECTB Q(l) u Q(4) — TOUKOH (0, O).

B T0 xe Bpemst mogobaactu Q(z) u Q((’) OCTaHYTCS, U pelIeHre OyaeT UMeTh BUT

u(z)(t, x), x—at>0,

[u(l) HIIN u(4):|(t, x), t=x=0,
u({’ x) = (24)
[um WA u(s)}(t, x), x—at=0,1>0, x>0,

u(6)(t, x), x—at<0,

rae GyHKIuu u(l), u , u(4), u® 4l ompenenensl opmymamu (11), (13), (17), (18) u (22) mpu x* = 0.
Jisi KOPPEKTHOCTH TMPEENILHOTO Tepexoaa HeoOX0MUMO, YTOObl KyCOYHO-3a1aHHast QyHKIMs u Oblia

JBaKIbl HEMPEPHIBHO AU(QepeHIupyeMoil B MOA00IaCTIX Q(i) JUTSL KaXKJIO0TO i € {1, 2,3, 4,5, 6}. Oto Oy-

JeT BBIIONHATHCS NPH BBINONHEHHH yclIoBHil riagkoctd f € C' (Q), ¢eC? ([O, oo)), Y, € Cl([O, x* ]),

Y, € Cl([x*, oo]), i, e Cl([o, %D, o, e Clﬂg, oo]] JInst eTMHCTBEHHOCTH PEIIeHHs HEOOXOAMMBI ToTiap-

(3)

YHUTEJIBHO Ha XapaKTepUCTHKE X — af = 0, uTo Oy/IeT BBITIOJIHEHO MPH BHINOIHEHUHU YCIIOBHS | (0, O) -I, (O) +
+c9(0) + a*D*¢(0) + b°De(0) = 0.
B Touke (O, 0) MO>KHO TIOJIOKUTh U PaBHBIM (p(O). Takoil e pe3ysbrar NoJy4aeTcss HEMOCPEACTBEHHO U3

(hopmyel (24) IpenebHBIM ITEPEX0I0M, TaK KaK HEMPEPHIBHOCTE ¢ HA MHOXKeCTBE O coxpansercs. OcTaHyTcs
B CHJIC ¥ HEKOTOPBIE JIPYT'He CBOWCTBA PEUICHUS, OTHOCSIIUECS K HEMPEPBIBHOCTH. Tak, HaIpuMep, eclid Bbl-

(5,0

Hu’,u

4
( ), a TAKXXE MX YaCTHBIX ITPOU3BOAHBIX 10 BTOPOI'O ITOPsKa BKIIFO-

HBIE paBeHCTBA PYHKITUH U uu

nomenst yenosus f € C'(0), 9 € C([0, =), y, € C'([0, «]), i, € C'([0, 0)), T0 pemenne Gyzer npuman-
JISKATh KJ1accam C(Q), CZ(Q_) u Cz(Q+), rae

0 ={(t. x)[t20, x>0, x - ar>0},

0, ={(t. x)| 120, x20, x - ar<0}.
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s pemmenns 3agaun (1)—(3) MOXKHO yKa3aTh YCIOBHS CONPSDKEHUS U1 IPOU3BOHBIX IEPBOTO U BTOPOTO
MOPSIZIKOB B SIBHOM BHJI€ Ha XapakTepucTuke x — at = 0:

[(3,u)+ —(Qu)” }(r, at)= W’

[(0,0)' ~ @,0) ] (1 )= A= ¥2(0%),

2a
[(atzu)+ B (afu)_}(t, at)= £(0,0) — u,(0+) + c*@(0) + a*D*¢(0) + b2(\|;2(0+) _2“;1 * 2aD(p(O))

+ - b2 0+) - — 2 2p?
(@) = (320) [ a) =) ) 0.0 ka(04) + P0(0)+ " D7(0)
24° a’
. _ P (W, — w,(04))  @*D%@(0) + 29 (0) + H>De(0) + £(0, 0) — w,(0+
[(0:0,0) = (3,0,4)" (1 ar) = ( 12a22( ) _ 'D*(0) + *o(0) a“’( )+ /(0.0) = k(04)
Chopmymupyem pe3ylbTaT B BUAEC TSCOPEMEL.
Teopema 4. Ilycmv @vinoausiomes yciogusi eraokocmu | € Cl(Q), (peCz([O, oo)) WZECI([O, oo])

n,eC 1([0, 00)) ons 3a0anuwix ynxyui. Pewenue 3adauu (1)—(3) 6 cmvicie onpedenenus 2, npedcmasiet-

(25)

b

Hoe opmynoii (24), a6rsaemcs eOUHCMEEHHbIM MO20d U MOILKO Mo20d, K020d 8bINOIHAEMC sl YCI08Ue CO2a-
cosanus W\, = f(O, O) + cz(p(O) + azDz(p(O) + sz(p(O). Kpome mozo, ono npunaonexcum xiaccy C(Q) N

NC 2(Q_) NC 2(Q +) u yoosnemeopsiem yciosusam conpaxcenus (25).
Jloka3aTenbCTBO CleqyeT U3 IPUBEICHHBIX BBIIIE PACCYKICHHHA.

3akaroueHune

B crarpe chopmymupoBaHsl yCIOBHS COTTIACOBAHUS, TIPH BBITTOJTHEHUH KOTOPBIX CYIIECTBYET KIIACCHYECKOE
pelieHre 3aa49K B CIy4ae JOCTaTOYHOM IIaJKOCTH 3alaHHbIX QyHKIUH. [TocTpoeHO KilaccHueckoe peiieHue
CMEIIaHHOW 3a/1a4¥ B Y€TBEPTH TUIOCKOCTH JIBYX HE3aBHCHMBIX MEPEMEHHBIX, TIOKa3aHa €r0 3aBHCUMOCTH OT
[JIAJIKOCTH 3a/IaHHbIX (yHKIKH. Takke chopMmylinpoBaHa 3aja4ya ¢ YCIOBUSIMH COIPSDKEHUS M IOKa3aHa Kop-
PEKTHOCTB €€ MOCTAaHOBKU. OJHUM U3 BaXKHEHIINUX PE3yAbTATOB CTATHU SBISIETCA PACCMOTPEHUE 3a7a4u, KOria
ormHa GyHKIHS U3 ycroBuii Koy 3amaeTcs Ha MHOKECTBE HYJIeBO# MephI JKopmaHa. B aToM cirydae He TOJIBKO
IIOJTyYEHBI YCIIOBHSI CYIIECTBOBAHUS PEIICHUS, HO U JIOKa3aHbl HEOOXOIUMBIC U JIOCTATOYHbBIE YCIOBHUS IS
€IMHCTBEHHOCTH PEIICHHUS.
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TEOPI/IH BEPOSITHOCTEWN
U MATEMATHUYECKAS CTATUCTUKA

PROBABILITY THEORY
AND MATHEMATICAL STATISTICS

VIIK 519.872

CUCTEMA MACCOBOI'O OBCAY>XBAHUA
C I'PYIIIIOBBIM MAPKOBCKHUM ITIOTOKOM
N MEHAIOONINMUCSA ITPUOPUTETAMUN

B. U. KIHMEHOK"

1)Bejzopyccmu”t 2ocyoapcmaennulil ynugepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, benapyco

PaccmarpuBaeTcst OJJHONMHEIHASI CHCTEMa MacCOBOTO OOCITY)KHBaHMSI C KOHEYHBIM Oy(hepoM M TPYNIOBBIM MapKOB-
CKUM ITIOTOKOM. 3aIipocChl, MPUHSATHIE B Oydep, MOryT HMETh HU3IMINI WK BhICIIMK npuoputeT. Cpasy mocie mocryrie-
HUS KQOKAOMY M3 3alIPOCOB HA3HAYAETCS] HU3LIMK NMPUOPUTET U JUId HETO YCTaHABIMBAETCs TaliMep, KOTOPBIA 3ajaercs
CITyJaifHON BEWYMHOM, pacIipeieieHHOH 0 (ha30BOMY 3aKOHY M MMEIOIICH J[Ba MOTIIOMAIOIMINX cocTosHu. [Tocme mo-
najaHus TaiiMepa B OHO U3 MOIIOMIAIONINX COCTOSHUHN 3aIPOC MOKET YHTH U3 CUCTEMBI HaBCeT/a (TIOTepsAThCS) WIN U3-
MEHUTb CBOM NPUOPUTET Ha BblclMi. [Ipy nonaganuu taiimepa B Ipyroe NomiolIaroIee COCTOSHUE 3aIIpOC C HEKOTOPO
BEPOSATHOCTBIO TEPSETCA U C IOTIOTHUTEIBHON BEPOSITHOCTBIO TaliMEp yCTaHaBIMBAETCs 3aHOBO. Ecii 3ampoc nmocrynaer
B TMOJIHOCTBIO 3aIIOJIHEHHYIO CUCTEMY, OH TepsieTcs. Takoro THIa CUCTEMBI MOTYT CITYy’KUTh MaTEMATHUECKUMU MOJEIISIMU
MHOTHUX PEAJIbHBIX CUCTEM OKa3aHMs MEAMLUHCKOHN IMOMOIIM, KOHTAKT-LEHTPOB, CUCTEM XPAHEHUSI CKOPOMOPTAIIMUXCS
MPOAYKTOB M T. 1. DyHKIIMOHMPOBAHUE CUCTEMBI OIMCHIBAETCS B TEPMUHAX MHOTOMEPHOI Ler MapkoBa, BBIYHCISIETCS
CTALMOHAPHOE PACTIPEEIICHNE U PAJ] BAKHBIX XaPAKTEPUCTUK ITPOU3BOIUTEIBHOCTH CUCTEMBL. OTINYHNE TaHHON paboThI
OT MMEIOIIHUXCS JINTEPATypPHbIX UCTOYHUKOB 3aKIIIOYAeTCsl B (JOPMYIUPOBKE MOJIEIH, B OoJiee O0LIEM M PeaIMCTUIHOM
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XapakTepe pacnpeﬂeHeHHﬁ, OIMUCBIBAIOIINX MPOUCXOAANINE B CUCTEME ITPOILECCHI, 4 TAKIKE B UCUCPIILIBAIOIINX PE3YIIbTa-
TaX, BKIIFOYAKIUX (1)0pMyJ'H>I 1 aJITOPUTMBI JI BBIYHUCIICHUA CTAHUOHAPHOTO PACIIPCACIICHUSA U XapaKTEPUCTUK IIPOU3-
BOAUTCIBHOCTH CUCTCMBI.

Knrouegvie cnosa: cuicreMa MacCoBOr0O 0OCTyKMBAaHMUS; KOHEUHBIH Oydep; rpynInoBoii MapKOBCKHH MOTOK; MEHSIO-
LIKeCs TPUOPHUTETHI; CTALIMOHAPHOE PACIPE/IeNIeHNE; XapaKTePUCTUKU IPOU3BOAUTEIBHOCTH.

A QUEUEING SYSTEM WITH A BATCH MARKOVIAN
ARRIVAL PROCESS AND VARYING PRIORITIES

V. 1. KLIMENOK®

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus

We consider herein a single-server queueing system with a finite buffer and a batch Markovian arrival process. Cus-
tomers staying in the buffer may have a lower or higher priority. Immediately after arrival each of the customer is assigned
the lowest priority and a timer is set for it, which is defined as a random variable distributed according to the phase law and
having two absorbing states. After the timer enters one of the absorbing states, the customer may leave the system forever
(get lost) or change its priority to the highest. When the timer enters another absorbing state, the customer is lost with
some probability and the timer is set again with an additional probability. If a customer enters a completely full system,
it is lost. Systems of this type can serve as mathematical models of many real-life medical care systems, contact centers,
perishable food storage systems, etc. The operation of the system is described in terms of a multidimensional Markov
chain, the stationary distribution and a number of performance characteristics of the system are calculated.

Keywords: queueing system; finite buffer; batch Markovian arrival process; changing priorities; stationary distribu-
tion; performance characteristics.

BBenenue

Baxxnass BeTBb TEOPHUH MaccOBOTO OOCIYHMBaHUsSI — UCCIIEIOBAaHUE MTPUOPUTETHBIX CHUCTEM C IOTOKOM 3a-
MPOCOB, IPHOPUTETHI KOTOPBIX MOTYT MEHATBCS B TIPOLIECCE OXKHMIaHUs 00CTyknuBaHus. CylecTByeT OOIMpHas
KJaccu(uKanms IPUOPUTETOB, COTIACHO KOTOPOW BBIJEISIOTCS KIIACChl OTHOCHTEIBHBIX, a0COMIOTHBIX, CTATH-
YeCKHX, TUHAMHUYECKUX U psijia IpyTux mpuoputeroB. CpaBHUBAs CTaTHYECKHE U IMHAMUYECKHE TIPUOPUTETHI,
MOYKHO 3aMETHUTh, YTO JJMHAMUYECKUE MTPUOPUTETHI, CMEHA KOTOPBIX 3aBHCHUT OT JUIMHBI o4epen, dQPeKTUBHEES
CTaTUYECKUX, OTHAKO UMEIOT oJiee y3KyI0 001acTh MPUMEHEHUS, IOCKOJIBKY MHOT/IA JUTHHBI 04epeiei He 1Modl-
HOCTBIO HaOIIOaeMbl, a yIpaBieHUE NPUOPUTETAMU 00XOAUTCS JA0poro. [1oaToMy craruuecKre MpHOPUTETHI
MO-TIPEKHEMY TOIYJISIPHBI BO MHOTHX peabHBIX crucTeMax. OCHOBHBIM HEAOCTATKOM KJIACCHYECKUX CTaTHde-
CKUX IIPHOPUTETOB SBJISIOTCS NX HErMOKOCTh M BOZMOKHASI HECTIPABEIMBOCTH 10 OTHOLIEHHUIO K HU3KOIIPHO-
PUTETHBIM KiHeHTaM. J[J1s1 mpeoosieHns 3Toi HeCIpaBeIIMBOCTH MOTYT OBITh MPETIOKEHbI pa3INYHbIE YIyd-
HICHUS CTATUYECKUX NMPUOPUTETOB, HAIIPUMEP OTPaHMYEHHUE CIHMIIKOM OBICTPOTO JOCTYIa MPUOPUTETHBIX
3alpoCcoB WK 00s13aTeNbHOE 00CITy)KUBaHUE HEPHOPUTETHOTO 3alpoca Mmociie 00CIyKUBaHMs PUKCUPOBAH-
HOTO YHCJIa IPUOPUTETHBIX 3anpocoB. Ele onHO momynspHOe yimydlieHHe COCTOMT B BO3MOXKHOCTH ITOBBI-
CUTh MPUOPHUTET 3alpoca BO BPEMs €ro HaXOXACHUs B ouepenu. Ectb pabothl (cM., Hanpumep, [1-5]), e
3ampoc 3a BpeMs IPeObIBaHMS B CUCTEME HaKaIIMBaeT MPUOPUTET OT HAYaIbHOTO 3HAUCHHS, 3aBUCSILETO OT
MIPUOPHUTETA 3alpoca, B COOTBETCTBUHU C HEKOTOPOW JTMHEHHON WM HelnHeHoW ¢yHkuuei. Jpyras rpynmna
paboT mpearonaraet, 4To MOBbIIIEHHE TPUOPUTETA TPOUCXOANUT HE IETEPMUHUPOBAHHO, a Yepe3 CllydaifHoe
Bpems. [TockonbKy B HacTosiIIel cTaThe JAeIaeTcsl aHAIOTHYHOE TIPEAIOI0KEH e, YTOOBI MPOSICHUTH HOBU3HY
MIPECTaBIEHHBIX B HEM MOJIENIN M PE3YNBTaTOB, KPATKO OMHILEM COOTBETCTBYIOIIHNE PE3YJbTaThl, HMEIOIIHECS
B JIUTEpaType.

B nyOnukarusix [6; 7] paccMaTpuBarOTCS HECKOJIBKO MPUOPUTETHBIX KJIACCOB 3alPOCOB, MOCTYIAOIINX
B MapKHpPOBaHHOM MapKOBCKOM NOTOKe. BpeMeHa o0cimyKUBaHHs UMEIOT pacrpeeneHus (pa3oBoro TUIIa,
BpeMeHa JI0 MOBBIIIEHHS TPUOPUTETa pacrpeeneHs! o 3akoHy Kokca. B pesynbrare momydeHo ycioBue spro-
JMYHOCTH 1Ien MapKoBa, OIUChIBAIOIIeH (PyHKIIMOHIPOBAaHHE CUCTEMBI. bosee onHo crctemMa ¢ MapKUpOBaH-
HBIM MapKOBCKHM TTIOTOKOM U JIByMsl IPUOPHUTETaMHU UccieoBaHa B crarbe [8]. Jlist 3Tol crucTeMbl BEIYMCIICHBI
CTAallMOHAPHOE pacTpeieNieHNe M XapaKTepPUCTUKH TPOU3BOIUTEIBHOCTH, BKIIIOUAs pacIpeesieHne BpeMeHU
00CTyKUBaHUS IPUOPUTETHBIX 3alIPOCOB. B OCTAILHBIX M3BECTHBIX aBTOPY padbotax [9—13] mpenmonararorcs
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CTallMOHAPHBINA MTyaCCOHOBCKHI MOTOK M 3KCMIOHEHIIMAILHOE pacTpe/ielieHie BpeMeHH 00CITy)KUBaHNS, a TAKKe
BPEMEHH JI0 TIOBBIIIEHUS IPUOpUTETA. Pe3ynsTaToM 3THX HUCCIIEIOBAaHUH B 3aBUCUMOCTH OT CTaThH ABJISIOTCS
YCIIOBHS 3PTOJUYHOCTH, YHCICHHAs ONTHUMHU3ALMS U aHAJIN3 aCUMIITOTUYECKOTO MOBEIEHUS COOTBETCTBYIO-
IIUX CHCTEM.

B nmannoii pabore paccMaTpuBacTCsl OTHOJIMHEHHAS CHCTEMa ¢ TPYIIIOBEIM MapKOBCKHM IMTOTOKOM (batch
Markovian arrival process, BMAP). Bpemena o6cimykuBaHus, Kak 1 BpeMeHa 0 MOBBIIICHUS IPHUOPHUTETA,
pacnpezeieHsl 1o hasoBoMy 3akony ( phase type distribution, PH). IIpouecc o0ciy)kKMBaHUs UMEET OJIHO I10-
IJIONIAIONIeE COCTOSHHE, MEPEX0]] B KOTOPOE O3HAYaeT OKOHYAHUE OOCITY)KMBAHHS, a BpeMs 10 TOBBIIICHUS
MIPUOPHUTETA UMEET JIBa IMOTVIOMIAIOIINX COCTOSHUS, TIEPEX0/l B KOTOPhIE BIICUET 3a cOO0M M3MEHEHHE PHOPH-
TeTa 3anpoca Ha BBICIIHMN JTH00 yX0J] HeOOCIY)KEHHOTO 3aIpoca U3 CHCTEMBbL. B cTaThe MmocTpoeHa U MCCIeo-
BaHa MHOTOMEpHas 1enb MapKoBa, KOTOpasi ONMCHIBAeT (PYHKIIHOHUPOBAHUE CUCTEMBI, M TTOJyYEHO €€ CTaIlHO-
HapHOE pacripenenenre. Takum 00pa3oM, MPerMyIIeCTBO HACTOAIIEH paOoThI 3aKiodaeTcsi B 6osee oomemM
¥ PETNCTUYHOM XapaKTepe pacIipeeieHnH, OMUCHIBAIOIINX POUCXOIAIINE B CHCTEME TIPOIIECCHI, a TaKKe
B MICUEPIIBIBAIONINX PE3yIbTaTax, BKIFOYAIOUINX (OPMYIIBI i aITOPUTMBI JJI BBIUYMCICHHS CTAllHOHAPHOTO
pacnpeneneHust 1 XapakTepUCTHK MMPOU3BOAUTEIBHOCTH cucTeMbl. CTOUT OTMETUTH, YTO BBIOOp Ooree pea-
JIMCTUYHBIX, YEM SKCIIOHEHIIHATBHOE, paclpe/elIeHHH, OMMCHIBAIOIIUX MPOIECChI TIOCTYIUICHHS 1 O0CITYKH-
BaHUS 3alPOCOB U CMEHY IPUOPUTETOB, OYCHD Ba)KEH JUIS MOTCHIUAIBHBIX PealbHbIX NPUIOKeHUH. OMHUM
13 Hambosee MOMYISIPHBIX MPUIOKEHUH TaKOTO pojia MOAENEH SBISIETCS 3paBOOXpaHEeHHE (YITIOMUHAETCS
MIPAKTUYECKH BO BCEX IMUTHPYEMBIX BhIIIe MyOnukanusax). Hampumep, paccmarpuBaemas cHcTeMa MacCOBOTO
00CITy)KMBaHUS TIOAXOAWT Ui OTMMCAHUS PAOOTHI OT/IENEHUSI HEOTIOKHOW MOMOIIM B OONBHHUIIE, HMEIOIIEH
OTIEpaIOHHYIO ¥ OpHraay HeoOXOIMMBIX Bpauel u meacectep. B oTy OoNbHHUIY TOCTaBISIOT MAIIHEHTOB,
MOCTPAIaBIINX B pe3yJbTaTe HECYACTHOTO ciiydas. B mporecce copTUpOBKY 1 TIpeaBapUTENbHON 00paboTKH
MAIUEHT MOXKET OBITH BBIITMCAH B YIOBICTBOPUTEIHLHOM COCTOSHUM, TMOO OCTABIICH /IS NalbHEHIIeH obpa-
00TKH, THOO OTIPABIEH HA CPOYHOE JICUeHHE (B 3TOM CIIydae OH CTAaHOBUTCS BBICOKOTIPHOPHUTETHBIM TallMeH-
ToM). [ToHATHO, YTO TPYNIIOBOE MOCTYIIICHHE OONBHBIX XapaKTEPHO JUISI CUTYAIHid, CBI3aHHBIX C IOPOKHBIMU
WIN IpyTUMH HHIHAeHTaMH (cM. [14]), a pactipenenenne (pa3oBOro THIIa HAMHOTO JTyHIIe, YeM KCITOHEHITHAb-
HOE pacIipeiesieHre, TIOIXONT ISl OIMCAHMS BPEMEHH, TIOKa MAIeHT He MOKMHET OONBHUILY (HanpuMmep, YiaeT
YAOBIIETBOPEHHBIN TPEBAPUTEIHHON 00pabOTKOM, WK TiepeBesieTca B APYTYyI0 OONBHUILY, WIIA YMPET), 00
MoKa OyJIeT MPOMOIKEHA €TO TTpeIBapUTEIbHAs 00padoTKa, THOO TIOKA OH CTAHET IMPUOPHUTETHBIM ITAITHCHTOM.

PaccmoTrpennas B JaHHOH cTaThe MOZENH TaK)Ke MOXKET OBITh MCIIOIH30BaHA JIsI OTIMCAHUS pabOTHI KOH-
TakT-T1leHTpa. Kak ormeuaeTcst B ntureparype, TenehOHHbIe 3BOHKA UMEIOT BBICOKHH MPHOPHUTET, B TO BpEeMs
KaK 3arpoChl, OTIIPABJICHHBIE 110 3JIEKTPOHHOM MOUYTE MM Yepe3 MECCEH/IKep, MMEIOT HU3KUH TPHUOPHUTET,
HO KIJIMEHT, KOTOPBII BOCIIONIB30BAJICSI MECCEHKEPOM IS MONydeHUs] MHPOPMAIIMH, MOXKET CAENaTh Teje-
(hOHHBII 3BOHOK, €CITH OH CJIUIIIKOM JIOJITO JIET OTBETA. 3aMETUM, UTO B padote [15] moscHseTCs, 9TO IKCIIO-
HEHIMAIBHBIC IOMYIIEHUS MOTYT OBITh COBEPIIIEHHO HEAIeKBAaTHBIMHU, 1 JUIS1 MOJISTMPOBAHNS KOHTAKT-I[EHTPA
CJIeZlyeT MCIIONB30BaTh Oosiee O0IIHe paclpeieleHNs WIIH TOTOKH, KaK 3TO C/IETaHO B HACTOSAIIEH cTaThe.

Onucanme cUCTEMBI

PaccmarpuBaercst cuctema MaccoBOTo 00CTy)KMBaHHS C KOHEYHBIM Oydepom pazmepa N u BMAP-norokom
3arpocoB. B 5TOM IOTOKEe TPYIIIBI 3alIPOCOB CIYyYailHOrO pa3Mepa MOCTYNAIOT MO, YIPaBICHUEM HEIPUBO-
JuMoil nenu MapkoBa ¢ HEHNpPEPHIBHBIM BpeMeHeM V,, ¢ = 0, koTopas NPUHUMAeT 3HAYE€HUs B MHOXECTBE

{0, 1L 2,.., W} 1 HazplBaeTcs ynpasisiomuM npoueccom BMAP. [pouecce v, npeObiBaeT B COCTOSHUM V B Te-

YEHHE YKCIIOHCHIHAIBHO PACIPEEICHHOTO BPEMEHH C TapaMeTpoMm A, vV = 0, ¥, rociie 4ero ¢ BepOsSTHOCTBIO
P (V, V') nepexonut B cocTostHue V' ¢ TeHepaumei rpymbl 3anpocoB pasmepa k, k = 1, nim ¢ BepoSTHOCTBIO

Po(V, V') nenb nepexogut B coctosiHue V' Ge3 reHepanyy 3anpocos, npuaeM po(Vv, v) = 0. Jlns ykasaHHbIX
o W
BEPOSITHOCTEH BBIMOJIHAIOTCS €CTCCTBEHHBIC OMPaHUYCHUS z Z Di (V, V') =1,v, Vv =0, W. Bcro undop-
k=1v'=0
Manuo 0 BMAP yno6Ho xpanuts B Buje Habopa matpun D,, k = 0, nopsiika (W + 1) X (W + 1), DJIEMEHTHI
KOTOPBIX OMPEACIISIFOTCS KaK

Aypo(V, V), VEV, v, V=0, W,

(Dk)v,v’ = xvpk(v’ V,)’ v, V= 0’ w, k= 1’ (Do)v,v’ - —7\,\,) v=vVv' = Oa_VV

W3 popmyn BunHO, 4TO 3eMeHTaMu Matpuil D, k = 1, sIBISFOTCSI ”HTCHCUBHOCTH NIEPEXO/I0B IpoIiecca V,,
COIPOBOXK/TAFOIIMXCS TeHEpaIel IPyTIIbI 3alpOCOB pa3Mepa k. AHAJIOTMYHBIN CMBICT UMEIOT HeJTHaroHaJIbHbIE
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JJIEMEHTBI MaTpULEI D), a JTUArOHAIBHBIE DIEMEHTBI OTOW MATPHIBI €CTh B3ATHIE C IPOTHBONOIOKHBIM 3HA-
KOM MHTEHCHUBHOCTH BbIXO/Ia IIpoLiecca V, U3 CBOMX cOCTOsiHUIM. Marpuuel D,, k = 0, MOXXHO 3a7jaBaTh UX Mar-

PHUYHOHN Tpon3BoJIsiIeH QyHKIMEH D(z) = z Dkzk, z| < 1. 3nauenne 3T0¥ GYHKINHU B TOUKE z = | ABIsAETCS

k=0
MH(UHUTE3UMANIBHBIM TE€HEPATOPOM YIIPABIIAIOILETO Ipouecea V,, ¢ = 0. CTanuoHapHoe pacnpeeleHue JaH-
HOTO Tpoliecca, MPEJCTaBICHHOE B BUJ/IC BEKTOP-CTPOKH 0, orpesiensercs Kak pelieHHe CUCTEMbl TMHEHHBIX
ajreOpanvecKux ypaBHenuii 0D (1) =0,0¢= 1. 3nech u ganee ) — BEKTOP-CTPOKA, COCTOSIIIAS U3 HYJICH, € — BEKTOp-

CTONOCTI, COCTOSIIHHA U3 enuHUIl. CpeIHsIss HHTCHCUBHOCTE ITOCTYTUICHUS 3aripocoB B BMAP-moToke 3amaercs

bopmyroii A = 02 kD, e. bonee nogpo6Hoe onrcanne BMAP, primtoyaromiee GopMyiibl A1 AUCIEPCUH ATHH
k=1
WHTEPBAJIOB MEXKJY MOMEHTaMH MOCTYIUICHUSI TPYII 3allpOCOB U KOAPPHUIMEHTOB KOPPEIALUH JUIMH JBYX
COCETHUX WHTEPBAJIOB MEX/y MOMEHTaMHU MOCTYIJIEHHUS TPYII 3apOCOB, MOYKHO HAiTH, Hanpumep, B pabo-
Tax [16; 17].
Bpemena oGcnyxuBanust 3ampocoB uMeroT PH-pacmpenenenue ¢ HENpHUBOAMMBIM IpeICTaBICHUEM
([3, S) U YIPaBISAIOLIUM IpoueccoM (enbo Mapkosa) m,, ¢ = 0, IPpUHUMAIOLIUM 3HAYEHHUS B MHOXECTBE

{1, o M, M + 1}, rae cocrosHue M+ 1 sBisiercs nomiomaronmM. IlepBoHauanbHOE COCTOSHME Ipoliecca i,
OTIPEEIISICTCS. B MHOKECTBE HECYILIECTBEHHBIX COCTOSTHUIA {1, M } B COOTBETCTBUH CO CTOXaCTUYECKOU BEKTOP-
cTpokoit B. IHTEHCHBHOCTH TMEpPEXOOB B MHOKECTBE HECYIIIECTBEHHBIX COCTOSHUN 3a1al0TCsl (M X M )-ManI/I-
el S, THTEHCUBHOCTH IIEPEXOIOB B IOIVIOLIAIOIIEE COCTOSIHUE ONPEACIIIOTCS BEKTOP-CToI010M S, = —Se. boree
roapooHyto uHpopMarmto o PH-pacipeneneHnu 1 ero cBOMCTBaX MOXKHO HAWTH, HaITpuMep, B padotax [17; 18].
[Ipenmomnaraercs, 4To HOBBIM 3ampocC, MOCTYNHBINHA B CHCTEMY, 00lamaeT HU3IINM TPHOPUTETOM. JIJis
Ka)KJIOT0 TaKOTO 3alpoca yCTaHaBIMBaETCs TaiMep, KOTOpbii 3aj1aetcsi PH-pacnpenenenrem ¢ ynpapisitouigm
npoueccoM (1enbro Mapkosa) 7, ¢ = 0, IMEIOIIUM MHOXECTBO HECYILIECTBEHHBIX COCTOSHHH {1, 2, ..., R}
Y JIBa MOIVIOLIAIOIIMX COCTOSIHUS — COCTOSIHUE * U COCTOSIHUE **. FIHTEHCUBHOCTH MEPEXOA0B yIIPaBIsIOLLIE-
ro Tmpoilecca B MHOXKECTBE HECYIIECTBEHHBIX COCTOSIHUM 3aJ]al0TCs (R X R)-ManHuep“I I'". aTencuBHOCTH
MIEPEXOJIOB B MOTIIOIIAOIINE COCTOSHUS onpeelnsitorcss Bektop-crononom I, = —'e. lHTeHCcHBHOCTH TIepe-

g

XOZO0B B ITOIVIOIIAIONIEE COCTOSTHUE * U IMOIVIOIIAIONIEE COCTOSIHUE ** 3aIal0TCSI BEKTOp-CTOJ'I6I_IaMI/I FO = EBFO

u I’O(X*)z (1 - ae)ro, rine 0 < & < 1. Korna taitmep 10oCcTUraeT cOCTOSHUS *, 3alpOC C BEPOSITHOCTBIO p YXOIUT
W3 CUCTEMBI HeOOCTY)KEeHHBIM U C JOTIOTHUTEIHHON BEPOITHOCTBIO p = 1 — p ocTaercs B ouepeu HelpHopH-
TETHBIX 3alpocoB. B mociennem ciryyae Taiimep JiJ1sl HEro ycraHaBiauBaercs 3aHoBo. Korja raiimep nocrturaer
COCTOSIHHSA *3, 3aIIPOC C BEPOATHOCTHIO ¢ YXOTUT U3 CUCTEMBI HEOOCTY)KEeHHBIM U C JOTIOTHUTEIHLHON BEpOSIT-
HOCTBIO ¢ = 1 — ¢ TIppoOpeTaeT BRICIINN MPUOPHUTET. Bo BTOpOM ciydae TaiiMep CBOpadYMBACTCS M 3aIpOC
CTaHOBHUTCS BIEPEIN BCEX HEMTPHOPUTETHBHIX 3aIIPOCOB M B KOHIIE OYEPEH MPHOPUTETHBIX 3aIPOCOB.

Henbs MapkoBa, onuchbIBaOMIAS NMPOLECC
(pYyHKIIHOHMPOBAHMS CHCTEMBI

[TonoxuM B MOMEHT BPEMEHH £

* i, — 4NCIIO 3a4BOK B ouepeny, i, = 0, N;
* j, — 4MCJI0 HENPHOPHUTETHBIX 3asBOK B odepeny, j, = 0, i;

*n,= 0, ecnu npubop cBoOozAEH, U 1, = 1, ecnu npubOp 0OCITyKUBAET 3aMIPOC;
* m,— COCTOsIHME ynpasstomiero npouecca PH-o6coyxuBanus na npudope, m, =1, M;

. ,(") — cocrosiHUE yrpasisitonero npouecca PH-taiimepa nist n-ii HenpHOpUTETHOM 3as1BKU, CTOSILLIEH B Oue-
pemu =L R n= 1, j:
2 2 2 2 2
*V, — COCTOsIHME yIpasstouero npouecca BMAP-noroka, v, = 0, V.
IIporecc GyHKIMOHUPOBAHHUSI CHCTEMBI OMKMCHIBACTCS HEMPUBOAMMOIA 1ierbto Mapkosa &, ¢ > 0, ¢ mpo-
CTPAHCTBOM COCTOSIHUI

{(0.7,v),i=0,n=0,1; v=0,W} U

U{(i, J, v, m, r(l), ey r(j)),i:O, N, j=fi, v=0,W, m=1 M, r("):L_R, n=rj}.

Vrops104uM COCTOSIHUS LENU MPU KaKIOM (UKCHPOBAHHOM 3HAYE€HHM KOMIIOHEHTSI i, B JIEKCUKOrpadu-
4eCKOM IOpsIIKe U 00pa3yeM MaTpulbl (), ; HHTEHCUBHOCTEH MEPEX010B U3 MHOXKECTBA COCTOSIHUIL, COOTBET-
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CTBYIOIIIMX 3HAYCHHUIO it = i, B COCTOSAAHUA, COOTBCTCTBYIOINEC 3HAUYCHHUIO it =1 Torna I/IH(I)I/IHI/ITCSI/IMBJIBHI:Jﬁ

rereparop O paccMaTpuBaeMoi meru GopMupyeTcs Kak O = (Qi 1).
BBesieM 0003HaYEHHUSL: =
W=W+1;

* O — Marpua, cocTosmas u3 Hynei, / — ToKIecTBeHHast MaTpHLa (IIPU HEOOXOIMMOCTH TOPSIOK MAaTPHUIIBI

OIIpe/ieIAeTCsl HIKHUM HHIEKCOM);

* ® (@) — cHMBOJ KPOHEKEPOBa IPOU3BEACHNUS (KPOHEKEPOBOM CyMMBbI) MaTpHil (cM., Hanpumep, [19]);

0N

. diag{al, ayy ..y an} — JIMaroHalibHas OJIoUHasi MaTPHIla, y KOTOPOU JIMaroHaJIbHbIC OJIOKHM PaBHBI AJICMEH-
TaM, TIEPEYUCICHHBIM B CKOOKAX, a OCTaIbHBIC OJOKHU SIBJISIFOTCS HYJICBBIMU;

s diag” {al, Ay, ens an} — KBaJipaTHas OJI0OYHAS MaTPHIlA, Y KOTOPO#l MOAIHaroHaIbHbIe OJOKH PaBHBI diie-
MCHTaM, IIEPCUNCIICHHBIM B c1<061<ax, a OCTaJIbBHBIC 6HOKI/I SIBJIAIOTCS HYJICBBIMU.

CrpaBeTiBO CIEAYIONIEE YTBEPKICHHE.
Jlemma 1. Anpunumesumanvuwiii 2enepamop yenu Mapkosa &, t > 0, umeem 6nounyio cmpykmypy

Qo0 Q1 D2 Qs Qos
Qo G Q2 G5 O

>

0= 0 0, Qz,z Q2,3 Q2,4 e ]
o O O, O; O

B B 5

20e Henynegvle OIOKU ONUCLIBAIOMCSL CLedYIOWUM 00PA30M.:

D, D®B
%07 985 D@s/
w 0 0

0, 1- RF Dk+1®B®Y®k
Ok = TR , k=1, N -1,
0 D, ® y®*
O o X DOp®y*"
WM~ k=N+1
1-R
Qo,N: _ ,
0 Y D®y*
k=N+1
Iy @ §)p Opue
Q= (%) (%) ’
I; ® SPB® ey + 1, ® (ph,” +qT, 0
I; ® S8 (0] (0] ... O (0]
0 I; ® SPRI, 0 ... O (0]
0 O IV,—,C@AS'OB(@IR2 .. O 0
Qi1 = : . . . . +
0 0 0 ... O I; ® S8 ® L
(0] (0] (0] ... O IW®S0B®eR®IRH
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D®S 0 0 0
(»x—*) @1 ~
I, ®q( ) (pos)er .. %) 0
()| 2
o - 0 @ a(n") " 0 0 .
0 0 .. (Des)el,. 0
_ (wk) ®i ~
0 0 - Iy@d(n) (bes)er,
) 5 \®J —
+ diagq [, ® {F®1+ﬁ(1“0( )y) ]}, j=0,ip i=1,N,
saerf):D,eCﬂuizl,N—l,uD=D(l),ewmi=N,
_ (kJj) :_n = . — _ —
ik =0 g g [p", j=03}] i=UN=1, k=L N=7,
- 1-R
s0eco DY =D, ®1,, ® 1, ®y™ ecu k=1, N-i-1, u DY D,®IM®1R,f®y®N‘i,emu

k=N-i. N

JI0Ka3aTenbCTBO JIEMMBI TIPOBOIMTCS IIyTEM aHalui3a moBeieHus nenu Mapkosa &, ¢ > 0, Ha OECKOHEUHO
MaJIOM MHTepBasie BpeMeHu. OmuIieM KpaTko BEpOSTHOCTHBIN CMBICI HEHYJIEBBIX OJOKOB reHepartopa. biok
O;;_1>12 1, COCTOMT U3 MHTEHCUBHOCTEH MIEPEXOJI0B paccMaTpuBaeMoi nenu MapkoBa, B pe3ysibTare KOTOPbIX
YHCIIO 3aIPOCOB B Oydepe ymeHbmaercs ¢ i 10 i — 1. Ecim B Oydepe HaxoauTcst j HeMPHOPUTETHBIX 3aIIPOCOB, TO
TaKHUe TePEX0JIbl MOTYT OBITh BBI3BaHBI JIN0O OKOHYAHHEM TEKYIIETO 00CTYKUBAHUSI M 3aHATHEM IPHOOpa MpHO-
PHUTETHBIM 3alIPOCOM (COOTBETCTBYIOLIME HHTCHCUBHOCTH 3a1at0TCs Marpuueil [; @ Sof @ 7, ;), 1160 okoH-
YaHWEeM OOCTY)KMBaHUS U 3aHATHEM MPUOOpa HEMPHUOPUTETHBIM 3allPOCOM, eciii B Oydepe HeT MPUOPUTETHBIX
sanpocos (Marpuna I;; ® S ® e, ® 1), 1100 yX00M U3 CHCTEMBI OJHOTO U3 HEIIPHOPUTETHBIX 3alIPOCOB
BCJIEJICTBUE TOMAJ]aHMsI YCTAHOBICHHOTO JUIA HETO TalilMepa B OJTHO M3 MOTIIOMIAIOIINX COCTOSHUM (MaTpHIa

I ® {p (l_,o(*))@.i+ Q(FO(**))®j }).

biok Q[’ i+ 120, k=1, COCTOUT U3 MHTEHCUBHOCTEH MEPEX0/10B, COMPOBOKAAIOIIMXCS TOCTYIUICHUEM
IpyIsl 3anpocoB. Eciau pa3mep rpynibl He mpeBbimaet uncia N — i cBOOOAHBIX MecT B Oydepe, To BCs IpyIi-
na npuHUMaeTcs B Oydep (COOTBETCTBYIOMINE HHTEHCUBHOCTH 3ajat0Tcs Marputiamu D, ® 1,, ® I, ® y®k).
B npotuBHOM cnyqae B Oydep nmpuHUMaeTCs TONBKO N — i 3aIIPOCOB I'PYIIIIBL, @ OCTAIBLHBIE 3aITPOCHI TEPSIOTCS
(varpura D = Y D®I,®L,®y"
I=N-i
biok Q; ; cOCTOUT U3 UHTEHCUBHOCTEH 1€PEX0/10B, HE BIEKYIIUX 3a COOON N3MEHEHUs YUCa I 3alpOCcoB B Oy-

®)
_ ok o
(bepe. HOZ[I[I/IaFOHaJ'ILHBIC OJIOKH I WM ® q (FO( )) OIMMCBIBAOT UHTCHCUBHOCTHU IIEPEXOA0B TaUMEPa KAKOI'0-TO

13 j HEIPUOPHUTETHBIX 3aIIPOCOB B MOIIOLIAIONIEE COCTOSIHUE **, B PE3yJbTaTe KOTOPBIX 3TOT 3apOC CTAHO-
BUTCs NpUOpuTeTHbIM. HequaronaipHble 21EMEHTHI JHAarOHAIbHBIX OJOKOB MaTpHLbl O, ; ONUCHIBAIOT HH-
TEHCHBHOCTHU NEPEX0I0B yHpasisiouux npoueccoB BMAP, TaiimepoB u BpemeHn 06CJ‘Iy)KI/IBaHI/I${ HE BJICKY-

X H3MEHEHHS YMCIIa 3alIPOCOB B CUCTEME (MaTpPHIIBI (D @S ) QL +1p,®T 7, 6o mepexox Taiimepa
& \®
KaKOro-TO M3 j HEMPHOPUTETHBIX 3alPOCOB B Oy(depe B MOIVIOMIAIOIIEE COCTOSHUE * (MaTPHUIIbI ;‘9(1“0( )y) ),

IMOCJIC KOTOPOro 3anpoC HE MCHACT MPUOPUTET, a TaﬁMep Ha HCM YCTAHABJIMBACTCA 3aHOBO. I[I/Ial" OHAJIbHBIC
OJIEMCHTHI JUaroHaJbHbIX OII0KOB MaTpulbl Qi ; €CTb B3ATBIC C IIPOTHBOIIOJIOKHBIM 3HAKOM MHTCHCHUBHOCTH

BBIXOJIa paccMarprBaeMoi 1enu Mapkosa &,, ¢ > 0, U3 COCTOSIHHN, COOTBETCTBYIOLIUX i 3arpocam B Oydepe.
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CranuoHapHoe pacnpeejieHue

TITockonbKy uccneayemas ters Mapkosa &, ¢ > 0, sIBIseTCS HSPUBOAMMON HENEPUOINYECKOH TIETIBIO C KO-
HEYHBIM TPOCTPAHCTBOM COCTOSHHIA, TO OHa UIMEET dPTOANIECKOE pacIpe/iesieHIe, COBIAIaf0IIee C eTUHCTBEH-
HBIM CTallMOHAPHBIM pacnpenenenueM. IlycTs p; — BEKTOp-CTpoKa CTallMOHAPHBIX BEPOSITHOCTEH COCTOSIHUH,
HUMEIOIIUX 3HAUCHHE [ IIEPBOM KOMIOHEHTHI, I = 0, N. DieMeHThl BEKTOpa p, JAr0T CTALlUOHAPHBIE BEPOST-
HOCTH TOTO, 4TO Oydep myct, mpubop NpocTarBaeT WM 3aHsT, ynpasistonmi nporuecc BMAP nHaxomurces
B J1t000M U3 W+ 1 cocTosiHMIA U, eciu IPUOOpP 3aHST, BpeMs 00CITy>)KUBaHUSI HaXOIUTCS B ofHOW u3 M ¢as.
3aMeTuM, 4TO j-i OABEKTOP BEKTOpa p;, i =1, N, 1aeT cranmoHapHbIe BEPOSTHOCTH TOTO, 4TO B Oydepe ecTb
i 3aTIPOCOB, U3 HUX j HEMPUOPUTETHBIX, yIIpaBisttomuii mporiecc BMAP naxonures B mob6om u3 W + 1 coctos-
HUI, BpeMsl 00CITy)KUBaHUs — B OfiHOM 13 M a3, a mporecc TaiiMepoB, yCTAHOBIEHHBIX [UI HENPHOPHTETHBIX
3alpOCOB, CTOAINUX B Oy(depe, — B I0O0M U3 R’/ COCTOSHMIA.

Cdopmupyem 3 3THX BEKTOPOB BEKTOP p = ( Pos Pis - P N) CTaIMOHAPHBIX BEPOSTHOCTEH paccMaTprBac-
MO Oeru. XOpOHIO HU3BECTHO, YTO 3TOT BEKTOP ABJIACTCA CAUHCTBECHHBIM PCHICHUEM cneﬂy}omeﬁ CHUCTEMBbI
JMHEWHBIX aireOpanuecKux ypaBHCHUN:

pO=0,pe=1. (1)

B ciyuae manoii pasmepHoctH cuctema (1) MOXeT ObITh pellieHa Ha KOMITBIOTEPE CTaHapTHBIMH METOAAMH.
OnHako nipu Oosiee WM MeHee OONbIIMX 3HAYCHUSIX N, R MOPSIIOK ATON CHCTEMBbI CTAHOBHTCSI HACTOJIBKO 00JTb-
LIMM, YTO PELIUTh €€ HampsAMyo (HampuMep, METOAOM OOpaTHON MaTpHIIbl) HEBOZMOXHO. B Takom ciydae
HCTIOJIb3YETCS aNTOPUTM, KOTOPBIH ObLT pa3zpaboTaH B crathe [20]. AIrOpUT™M yCTOWYHB, YUUTHIBAECT BEPXHIOIO
XecceHOeproBy CTPyKTypy reneparopa Q u paboraet ¢ 6nokamu reneparopa Q; ;. Pasmepbi 5Tx 0110K0B onpe-

1
nensores suagenmusamn Ny = W(1+ M) npui=0u N;=WM » R npui=1, N, a pasmep beeii cucremsi (1)
N i=0
j
paBeH z N,. st ynoGeTBa ynraresns IpUBeIeM NPUHIMITHAIBHBIC [IIaTH aJrOPUTMA.
i=0

Ilar 1. Haxogum Matpuust Gy, _, Gy _», ..., G, 13 ypaBHEHUs] 00paTHOI peKypcHu
-1 .
Gi :<_Qz‘+1,i+1 - Qi+1,i+2Gi+1) Qz‘+1,i9 i=N- 29 N - 1’ cee 09

-1
rie nomnaraeM, uto Gy _ ;= (—QN N) Oy v-r

1

QN,N:QN,N’ Qi,izQi,i+Qi,i+1Gi’ i=0,N-1, Qz’,i+1: Qi,i+1’ i=0,N-1

Ilar 3. HaxonuM MaTpuuel /; U3 peKyppPEeHTHBIX COOTHOLIEHUI

Ilar 2. Beraucnstem matpuust Q; ;, O, ;. 1o hopMmynam

FO:LE:F;‘—IQi—I,i(_Qi,i) , i=1 N

Ilar 4. Beraucisiem BEKTOp p, KaK €ANHCTBEHHOE PELICHNE CUCTEMbI JIMHEHHBIX anreOpanyecKux ypaBHEHUN

Po(~00.0)=0, 5 Fre=1.
i =0

i=

Ilar S. BeraucnsieM BeKTOpHI p; o Gopmyne p; = p,F;, i=1, N.

CTameaprle XAPAKTEPUCTUKH NPOU3BOAUTEIBbHOCTH

BbrunciiuB BEKTOPBI CTAllMOHAPHBIX BEPOSITHOCTEH p,, i =0, N, MOXKEM BBIUUCIUTD Psi/l [IPEICTABISIOUINX
WHTEpEC XapaKTEPUCTHK MTPOU3BOIUTENBHOCTH CHCTEMBI. Hike TprBeAeHbI BRIpaXKEHUS I HanOosee Bak-
HBIX XapaKTEPUCTHK BMECTE C KPATKHMU TOSICHEHHMSIMUA K HETPUBHAIBHBIM (DOPMYJIaM.

1. BeposiTHOCTB TOTO, YTO CHCTEMa CBOOOHA,

p() - pO OT
WM
2. BeposTHOCTB TOTO, 94TO B CHCTEME OMH 3aIpoc (00CITyKUBaeTCsl Ha Iproope),
T
05
Pi=D
€im
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3. BeposatHocTh TOTO, 4TO B Oydpepe HaXOAUTCsI i 3aIPOCOB,
i
D= Zpie, i=0, N.

j=0
4. BeposiTHOCTB TOTO, 4TO B Oyepe HaXOAMUTCS i 3aIIPOCOB, U3 HUX j HEIPHOPUTETHBIX,

T
0]’1 _ Rn+1 1
M
e R-1
D= e . ,j=0,i, i=1, N.
J P i
R-1
T
0 i _ Rn+l_1
Sy WM
n=j+1 -
5. Cpemnee 9ncio 3ampocoB B Oydepe
N
L= 21p,.e.

i=1

6. CpemHee 9nCIo HETIPHOPUTETHRIX 3aIIpocoB B Oydepe

) N i
L(non—prlor) — z Z jpl" i

i=1j=1
7. Cpe)lHee YHCJIO IPUOPUTETHBIX 3alIPpOCOB B 6y(1)epe
L(prior) =7 — L(non—prior)‘

8. BeposiTHOCTB TOTO, YTO MPOMU3BOJIBHBIN 3anpoc OyeT moTepsiH 100 M3-3a HelLoCcTaTKa MecT B Oydepe,
1100 M3-3a MONAAaHus TaliMepa B MOIVIOLIAOLIEE COCTOHUE (Hanee OyeM rOBOPUTDH «BCIIEICTBHE HETEPIIe-

2

JTUBOCTIY),
1 OWXM al
Poss =1-= + i[—[i S,
! X Py ey ®1, ;P 0

e; ® 1y,
e; ®1, ® e,
e; ® 1, Qe

e

e; ®1,® e,
O- N
W x M
Kpatkoe nosicuenne k ¢popmyiie (2) cCocTouT B cienyroneM. Beipaxenue | p, o1 + 2 pH; |S,
ey &y i=1
€CThb HHTCHCHUBHOCTHB BbIXOAAIICIO ITOTOKA, a 7\, — HMHTCHCUBHOCTDH BXOAAIICTO ITIOTOKa O6CJ1y>KeHHI)IX 3aIlpocCoB.

Torna oTHOIIEHUE STUX UHTEHCHUBHOCTEH JaeT BEPOATHOCTh TOTO, YTO MPOHU3BOJIBHBIN 3arpoc Oy/leT MPUHST
B Oydep n o0ciryKeH, a TONONHUTENbHAs BEPOSTHOCTD JAET HCKOMYIO BEPOSTHOCTD P .
9. BeposATHOCTB TOT0, YTO MPOU3BOJILHBIN 3apoc OyIET MOTEPsIH U3-3a HE0CTaTKa MECT B Oydepe,
(buft) N-1 N-1
uff) -1 7y .
Poe'=1=X"> pH > (k+i-N)Dse, (3)
i=0 k=0
rue
I; ® ey,
Iy ® eyn
I—Ii = [W ® eMR2
7 @ e
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[puBenem kparkuii BeIBox Gopmyitsl (3). CoracHo (popMysie MONMHOM BEPOITHOCTH Plg;:ff) BBIUUCIISIETCS KAK
N-1 o _
PR =1-% 3 BEVRYY, )
i=0 k=1

o k
e Pk — BCPOSATHOCTD TOT'O, YTO IPOU3BOJIbHBIN 3aIIPOC MMOCTYNACT B I'PYIIIIC pasMepa k; Pz( ) — BEPOATHOCTH TOIO,

YTO B MOMEHT TOCTYIUIEHHS TPYIITIBI pazMepa k B Oydepe HaxomuTcs i 3arpocos; RUH) BEPOSITHOCTB TOTO, YTO
MIPOM3BOJIBHEIN 3aITpoc Oy/IeT MOTepsH 13-3a HeA0CTaTKa MecT B Oydepe IpH YCIOBUH, YTO OH IMOCTYITUT B CO-
CTaBe TPyNIBI pa3Mepa k, KOTopas 3acTaHeT i 3arpocoB B Oydepe.

Herpyano Bunets, uto

E(k):M’ i=0, N—1, k>1, (5)
0D, e
- kake _ kGDke, k>, 6)
OZZD,e
I=1
Lk<SN-1,
R(l’k) N_l (7)

,k>N—i,i=0, N—1.
[oxacrasnsis popmynsl (5)—(7) B BelpaskeHue (4), mocie HEKOTOPBIX adredpanyeckux NpeodpazoBaHui, yur-

o N-i
TBHIBAOIIUX, YTO 2 Die=— 2 D, e, nony4aem popmyiny (3).
k=N-i+1 k=0
10. BeposITHOCTH TOTO, YTO MPOU3BOJIBHBIA HEIIPUOPUTETHBIN 3aIIpoc OyAET MOTEPSIH BCICICTBHE HETEP-

TIEJIUBOCTH,
_ plbuff)

loss

P(imp) =p

loss loss

11. BepoATHOCTH TOTO, YTO POU3BOIBHBIN HEMPUOPUTETHBIH 3a1poc, MPUHSTHIN B Oydep, OyaeT morepsH
BCJIEJICTBHE HETEPIIEINBOCTH,

p(imp) _ B(()lsrsnp)
loss ™ buff)’
1- Rl
3aKkjoueHue

B craTthe uccinenoBaHo cTalmoHApPHOE MOBEACHUE OJHOIMHEHHON CHCTEMBI MAaCCOBOTO OOCITY KHMBAHUS
¢ BMAP-niotokoM, KOHEYHBIM Oy(hepoM U MEHSIOIIMMCS MPHOPUTETOM. 3aMPOC ¢ HU3KUM IMPUOPUTETOM MO-
JKET CTaTh 3alPOCOM C BBICOKHM IPHOPUTETOM IOCIIE CIy4aiiHOTO BPEMEHH HaXOKICHHUS B Oydepe, MMEro-
miero PH-pacnipenenenne. Jlanaas cucTeMa MacCOBOTO OOCITY>KUBAHHSI MOXKET OBIThH TIOJIC3HA JIJIST MOJIEITHUPO-
BaHUS paOOTHI OTACIICHUS HEOTIOKHOM TTOMOIITN B OOMBHUIIE, KOHTAKT-IICHTPA, a TAKXKE JUISI MOJCIIUPOBAHIS
WHBEHTAPU3AINHA CKOPOIIOPTSIINXCS MPOAYKTOB U T. TI. AHAJIM3 CUCTEMBI OCYIIECTBIIICTCS MPHU OoJIee peau-
CTUYHBIX, YeM B OOJIBITHHCTBE CYIIECTBYIOIINX JINTCPATYPHBIX UCTOYHHUKOB, MPEATIONIOKCHHUSIX O XapaKTepe
BXOJHOTO TTOTOKA, PACTIPECIICHUSIX BPEMEHN 00CTYKUBAaHUS W BPEMEHH IO CMEHBI ITpuopuTeTa. IIprBeneHb
AJITOPUTM JJTS BEIYUCIICHUS CTAITIOHAPHOTO PACTIPEACIICHUS U (POPMYJIBI IS XapaKTEPUCTHK POU3BOAUTEITh-
HOCTHU CHUCTEMBI, B TOM YHCJIC TAKUX BAKHBIX JJIS MIPHIIOKEHUHN, KaK BEPOSITHOCTH TIOTEPH 3aIIPOCOB M3-3a OT-
CYTCTBHS CBOOOJHBIX MecCT B Oy(depe 1 BCIeICTBHE HETEPIIEITMBOCTH.
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HEOCECUMMETPUYHOE HAI'PYJKEHUE VHEVI'OHAACTPI‘-IECKOPI
TPEXCAOMNHOMU ITAACTUHBI B CBOEU ITAOCKOCTHA

9. H. CTAPOBOHTOB", A. B. HECTEPOBHY"

”Eezzopyccxuﬁ 20CY0apCmeerHblil YHUgepcumem mpancnopma,
ya. Kupoea, 34, 246653, 2. ['omens, Benapyco

[IpuBenena mocTaHoBKa KpaeBoi 3a1a4n O 1e(hOPMUPOBAHIH KPYTOBOH TPEXCIOMHON MIIACTHHEI B CBOCH INIOCKOCTH
IO/ IEWCTBHEM HEOCECHMMETPHUYHON Harpy3ku. Marepuaibl TOHKHX HECYIINX CIIOEB MOMUIHUHSIOTCS TUIIOTE3aM TEOPHH
MallbIX ynpyroiacTuieckux aedopmaruidi. OTHOCHTEIBHO TOJCTHII 3aIOTHNATENb SBISACTCS (PU3UIECKH HEJIHMHEIHO-
ynpyrum. [lonyuena cucrema HenuHEHHBIX AU((EpeHINATBHBIX YPAaBHEHUH PAaBHOBECHUS! B YACTHBIX MTPOU3BOHBIX.
[Ipennoxxena oOmiass METOAMKa PELICHUS 33aJa4i B IIEPEMEIICHHsIX, OCHOBaHHasi Ha MeTozie Dypbe M MeToje YIpyrux
pewenuit Mnpromuna. PaccMoTpeH ciyyail BHEIIHEH KOCHHYCOUJaIbHON Harpy3ku. [oaydeHo ntepanioHHOe peleHne
KpaeBoi 3a1auu Uil GU3UYECKH HEIMHEHHON TacTHHBL. COOTBETCTBYIOIIEE PELICHUE YIIPYTOM 3a/1adi BBIIIHCAHO B KO-
HeuHoM Buje. [IpoBeneHa uncieHHas arpoOanys MogyIeHHOTO PEIIeHHS.

Knrwueswie crnosa: KpyroBas TpeXCJ’IOﬁHaH IJ1aCTUHA; HCOCCCUMMETpHUYHAA HArpy3Ka; ICPEMEIICHMA; IIJIaCTUIHOCTD.

bnrazooapnocme. Pabora BeInoNHEHa pu nozepskke benopycckoro pecmyonikanckoro Gonaa GpyHaaMeHTaIbHBIX

nccienoBannii (mpoext T20P-047).
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THE NON-AXISYMMETRIC LOADING
OF AN ELASTOPLASTIC THREE-LAYER PLATE IN ITS PLANE

E. I. STAROVOITOV?® A. V. NESTEROVICH*®

Belarusian State University of Transport, 34 Kirava Street, Homiel 246653, Belarus
Corresponding author: E. I. Starovoitov (edstarO@yandex.by)

The statement of the boundary value problem on the deformation of a circular three-layer plate in its plane under the ac-
tion of a non-axisymmetric load is herein presented. The materials of thin carrier layers obey the hypotheses of the theory of
small elastoplastic deformations. The relatively thick filler is physically non-linearly elastic. A system of non-linear differen-
tial equilibrium equations in partial derivatives is obtained. A general technique for solving the problem in displacements
based on the Fourier method and Ilyushin’s method of elastic solutions is proposed. The case of an external cosine load
is considered. An iterative solution of a boundary value problem for a physically non-linear plate is obtained. The cor-
responding solution of the elastic problem is written out in the final form. The obtained solution is numerically tested.

Keywords: circular three-layer plate; non-axisymmetric load; movement; plastic.
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BBenenue

B nacrosiiee BpeMsi KOMIIO3UTHI IIMPOKO UCTIONIB3YIOTCSl B TEXHUKE U CTPOUTEIILCTBE, YTO 00YCIIOBIMBAET
CIPOC Ha CIIOMCTHIC, B TOM YHCIIE TPEXCIOHHBIE, DJIEMEHThI KOHCTPYKIMA. B CBSI3U ¢ 3TUM BO3HHKIIA HEOO-
XOOUMOCTb Pa3pabOoTKU MEXaHUKO-MaTeMaTHYECKUX MOJIENICH U METOJOB pacueTa TPEXCIOMHBIX 3JIEMEHTOB
KOHCTPYKIMH Ha pa3IHyHble BUIBl U TUIBI Harpy30K. CTEp>KHH, TUIACTUHBI U 000IOUKH, UMEIOLIHE CIIOHC-
TYIO CTPYKTYpY, OOBIYHO HAaOpaHbl U3 MarepUaoB C CyLIECTBEHHO OTIMYAIOIUMUCS (PU3UKO-MEXaHUIECKH-
MU cBoiicTBaMu. Hecylue ciion U3roTaBamBaroTCsl U3 MaTepHalioB ¢ BBICOKHMMHU MIPOYHOCTBIO U KECTKOCTBIO
W CITy’KaT JUIsi BOCTIPUSTHSI OCHOBHON YacTH MEXaHUYECKOW Harpy3ku. CBs3yrolye ciIou, HeoOXOMUMbIE JIIs
00pa30BaHUs MOHOJIUTHON KOHCTPYKLHH, IPeHa3HAYCHBI IS IepepactpeiesieHUs] yCUINH MEeKAy HECyILH-
MU ciosiMH. Takoe coueTaHne o0ecreunBaeT HaJeKHYI0 paboTy CUCTEM B HEOJIArONPHUATHBIX YCIOBUSIX OKPY-
XKarolel cpelpl (BbICOKasi TeMIIEpaTypa, paiuanus) 1 Mo3BOJISIET CO34aBaTh KOHCTPYKIUH, COUETAIOIINE BbI-
COKHE MTPOYHOCTb U KECTKOCTh C OTHOCUTEIBHO MaJIOi MacCou.

Pa3paboTka ob6meit Teopun AepOpMHUPOBAHUS TPEXCIOWHBIX 3JIEMEHTOB KOHCTPYKIIHA, B YACTHOCTH TLTaC-
THH, €lIe HE 3aBeplLICHA U aKTHMBHO NMPOAOIDKACTCS. DTOM TeMe MOCBSILIEH psia padboT, B TOM YHCiIe MOHOTpa-
¢un [1-3], e npuBeIeHBI TOCTAHOBKHM KPaeBbIX U HAYAJIbHO-KPAEBbIX 32/1a4 U METO/Ibl X PEIICHHS.

Konebanust TpexcIOWHBIX MIACTHH U 000JI0YEK PACCMOTPEHBI B cTaThsX [4—6]. s BA3KOyImpyTOIIacTh-
YEeCKHUX HUIMHIPHYECKIX 000JI0UEK MCIIOIb30BaHbl HACIEICTBECHHBIE COOTHOIICHHS TEOPHH MaJIbIX YIPYyTro-
IUIaCTUYEeCKUX Aedopmanuil. Perienns nomyyeHsl B BUE pa3IoKeHHs B Psijl 110 COOCTBEHHBIM OPTOHOPMUPO-
BaHHBIM QyHKUMSIM. B cTaTbsx [7; 8] paccMOTpeHbI pe30HAHCHBIE KOIeOaH sl KPYTOBBIX TPEXCIOWHBIX TIIACTUH
C y4eToM BO3JIEHCTBHS yNnpyroro ocHoBaHus. OleHKa THHAMHYECKUX XapaKTEPUCTUK TOHKUX IMIIMHApPUYE-
CKHX COH/BHY-TIAHEJIEH ¢ MAarHUTOPEOJIOTHYECKUM 3allOIHUTENIeM IpoBeaeHa B uccienoBanuu [9]. Crobon-
HBIC U PE30HAHCHBIC KOJeOaHHs YIPYTHX CIOMCTHIX 0aJOK, IIACTHH M IMJIMHAPUIECKAX 000JI0YEK paccMo-
Tpensl B padorax [10—12]. Crarem [13; 14] mocBAIIEeHB MaTeMaTHIECKOMY MOICTUPOBAHUIO THAPOYIPYTHX
KoJIe0aHMi KPYIJIOH MJIacTUHBI, ONUparoleiicss Ha ocHoBaHus Bunkiepa u Ilactepnaka. JIBymepHblil HecTa-
LMOHAPHBIN KOHTAKT YIPYTUX LWIMHAPUYECKUX U cpeprudecKknx oOomouek uccienoBan B padorax [15; 16].
B nmybnukanumsx [17-19] paccMOTpeHO cTaTHueckoe U MOHOTApPMOHHYECKOE aKyCTHYECKOEe BO3JICHCTBHE Ha
MHOT'OCJIOMHYIO IJIACTUHY, UCCIIEA0BAH JUHAMUYECKUI PE30HAHCHBIN OTKIIMK IIJIACTUHBI, apMUPOBAHHOM yIuIe-
POAHBIM BOJIOKHOM, IIPH PE30HAHCHBIX KOJICOAHHSIX C yUE€TOM BHYTPEHHEIO TPEHUS B MaTepHajle U BHEIIHETO
a’poAMHAMHUYECKOTO AeMIpupoBaHust. OTKIMK MHOTOCIOWHBIX KOMIO3UTHBIX TUIMT Ha KOCOW yIap ONUcaH
B crathe [20]. Pabota [21] mocBsmeHa CBEpX3ByKOBOMY (PIIaTTepy MHOTOCTOWHBIX KOMIIO3UTHBIX TUTACTHH.

HedopMupoBanue TPeXCIOHHBIX YIPYTOIUIACTHYECKUX CTEPKHEHW M MJIACTHH C HEJIMHEHHO-YIPYTHM 3a-
MTOJTHUTEJIEM HCCIIEZIOBAHO B CTAThAX [22-25]. AHanu3 nedopMHpPOBaHUSA M YCTOHUMBOCTH aCUMMETPHYHBIX
MHOTOCIIOMHBIX OaJioK mpoBeeH B pabotax [26; 27]. Hecymast ciocoOHOCTh KPYIJIBIX MHOTOCIOWHBIX TUTAT
pu OOJIBIIIOM MPOrude UCCiieoBaHa B cTaThe [28]. AHATUTUYSCKUI aHaIu3 U3rubda Kpyrioid MHOTOCIORHON
IUTACTUHBI U CPABHEHUE M3THOHBIX CBOICTB CIHABHUY-NIAHEIICH C SYCHCTHIM 3aII0JIHUTEIEM BBINOIHEHbI B pa-
oorax [29; 30].
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HeocecummeTpruHoe HarpykKeHue ynpyroi KpyroBo TpeXCIOHHOM IIIaCTUHBI B CBOEH TUIOCKOCTH HCCIe-
noBaHo B ctathe [31]. OcecummerpuuHoe 1eOpMUpOBaHUE KPYTOBOI (PM3NUECKN HEIMHEHHOM TPEXCIOWHON
TUTACTUHBI B CBOEH TJIOCKOCTH paccMOTpeHo B padore [32]. B HacTosimieit cratbe It mo1o0HO0M ynpyroriac-
TUYECKOM TUIACTUHBI MPUBEIEHBI IIOCTAHOBKA M PEIlICHHE KPaeBOi 3aauu MPH HEOCECHMMETPUYHOM Harpy-
JKEHHUH, TIOTYYCHbI aHAJTMTHYECKNE M YUCIICHHBIC PE3YJIbTaThI.

ITocTanoBKa KpaeBoi 3a1a4u

PaccmarpuBaercs CHMMETpUYHAS TI0 TOJIIMHE KpyroBasi (GU3NUECKU HeNTMHEHHAst TPEXCIOMHAS TUTaCTHHA
pazuycoM 7, COCTOsAIAsl U3 IBYX TOHKUX HECYIUX CJI0€B TOJIIMHON /1, = /i, U TOJICTOrO HECXKUMAEMOIO 3a-
HOJHUTENIS TOJIIUHOM /5, = 2¢. IlocTaHoBKa 3a1auu IPUBOJUTCS B IOJIIPHOM CUCTEME KOOPJMHAT, CBSI3aHHOM
CO CPEAVHHOU TIOCKOCTHIO 3anoaHuTeNs (puc. 1).

u(r, )

CpenuHHast
IUIOCKOCTD
3aI10JIHUTEIS

Puc. 1. PacueTHas cxema TpeXCIOWHOM MIaCTHHBI

Fig. 1. Calculation scheme of a three-layer plate

Pe3ynbTHpYIONas BHENTHAS pacipeieIeHHas Harpy3ka NPUIOKEHa B CPEAMHHOMN IIOCKOCTH 3aIIONHUTEIS.
Ee npoexmun Ha ocu koopmuHar — p, (7, @), pe(r, @). 3a c4eT CHMMETPHIHOCTH TLIACTHHBI TPH TIOXO0GHOI
HarpysKe OTCyTCTBYET H3rHOHOE aepopMmupoBanue. FICKOMbIE panaibHbIE U TAHTEHIMAIbHBIE TIEPEMEILEHUS
o6o3HadatoTes uepes u,(r, ¢), u,(r, ¢). [IpuHAMACTCS, YTO MaTEPHATBI HECYIUX CIOEB MOTYT HPOSBIIATH

YIPYTomIacTUYeCKUE CBOMCTBA, a 3aIIOJHUTENb ABISETCS HETMHEWHHO-YIIPYTUM.
CBs13b HaNPsDKCHUH U ieOpMaIMid B CIIOAX OMUCHIBACTCS COOTHOILEHUSMHU TEOPHH MaJbIX YIPYTOILUIACTH-
yeckux nedopmanuii [1]:

u

ngﬁ) - 2Gk(1 - cok(g(k)))ag‘g,
(D
oM =3k, (0, B=r, @; k=1,2,3),

(k) 15 (k)

. Lo (K k
TJI€ Sq M 9 yg — ICBHATOPHBIC JACTH TCH30POB HANPSLKCHMIT U e opmartii; oty e - IapOBBIE COCTABIISIIO-
K€ TeH30POB HaNpshKeHUH u nepopmanuii; G, u K, — Momyau casura 1 00beMHOU AedopMaluy Marepuana

k
k-ro cnost; m, (8£ )) — (yHKIMH mIacTHIHOCTH IbloHa MaTepranoB HECYIUX CJI0EB, KOTOPBIE CIEAYET I0-
(k) < (k). (3) i i
JIOXXUTH PABHBIMU HYJIIO IIPH €, < €75 @, (€, | — yHHBepcalbHas GyHKIMS pU3HYCCKON HEMMHEHHOCTH Ma-

TepHaja 3anoHUTENS (0, (85{3)) =0 mpu Sik) < Sgk)); 8(yk) — nepOpMaMOHHBIHN TpeeN TeKYy4eCTH MaTepraioB

(k) (k)

HECYIUX CJIOEB; €, — Hpesen pU3NUeCcKoil HENMHEHHOCTH MaTepHaia 3aloIHUTeNs; €,
nedopmariuii, BeipakaeMasi (hopMyIioi

ek _ 2 \/(g(k) )2 n (e(k) )2 _ g(rf)ggpk(g + 3(8(:(;) )2.

u 3 (0]0) rr

— MHTCHCUBHOCTbH

(k)

C moMOIIBI0 KOMITOHEHTOB TEH30pa HANPSKEHUH G5 BBOISATCS 000011IeHHbIE BHYTPEHHHE CHJIBI B TLIAC-

tuHe [23]:

3 3 3
=2 1= 3 [ol= 3ol (@.B=r 0 @
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[Tocne mpoBenenuss HEOOXOIMMBIX MPEoOPa30BaHUIl U3 BapHAIIMOHHOTO MpUHIMMIA Jlarpamka momydaem
cucremy nudepeHInaIbHbIX YPaBHEHUI paBHOBECHS B 0000IIECHHBIX YCHITUSX:

R U A

3)

Lgr + : (Ttotptp + 2Tr<p) =" Py>

I7ie IITPUX B HIDKHEM MHJIEKCE O3Ha4aeT onepanuio JudepeHIupoBaHus 1Mo CIeIyOel 3a HIM KOOpIUHATE.
Brigenum nuneiiHyto (MHACKC e) U HeIMHEHHYI0 (MHAEKC (0) COCTABIISIONINE B KOMITOHEHTaX TeH30pa Ha-
HPSKEHUH:
k
otk = k)

ool oloe

— ol ol =l — ol (. B=r ¢ k=1,2,3), )

(k)

TJIe cllaraeMble HAMIPSKCHHUH BRIpAKAIOTCS depe3 nedopmartimm €qg> TIPH OTOM
2 (k) k k
Gfm)w _(K + 3Gk) ®) 4 (Kk - EG/()SBB’ ﬁm)m, =2G,0 ( elk ))(afm)( — ¢l )),
k) =S( ) — =2G,e elb) k) _Zkak( elk ))s(k).

rge re > r(pw rQ

BryTpennue ycunus B TutacTiuHe (2) ¢ TOMOIIBIO HAaNpshKeHWH (4) peACcTaBuM B BUI€ CyMMBI JINHEHHON
U HEJIMHEHHON JacTeil:

3 3 3
TOLB = kZ 1[; z_, ocBe ocB(n zlc(xﬁehk kz_,lcgcﬁ)u)hk' (5)

[MoacraBuB ycunus (5) B ypaBHeHus (3), HOIydYUM cUCTEMY TUPPepeHINAIBHBIX YPAaBHEHUH paBHOBECHS
B YCHIIMSIX JJISl pacCCMaTpUBAEMOMN TIACTHHBI TP HEOCECUMMETPHUYHOM J1e()OPMHUPOBAHHU!

rrer r(pe(p rre (P(p(:‘

1
T, + (T W +T. —T ):—pr+prw,
: (6)
Tr(pe'r + ( PPe’Q + 2Tr(pe) p(p + p(pco'
B neBoii wactn ypaBHeHUH (6), KOTOpas COACPKUT JTMHEHHBIC COCTABIIAIONMINE 0000IICHHBIX BHYTPEHHUX
YCHJINH, HIKHUH WHICKC e B JalbHEUIIEM OmyCcTHM it yaoocTsa. [lepexons k 6e3pa3MepHOil pagraibHON

r
KOOpIHMHATE X = -, CHCTEMY (6) mepenuiem B Buie
0

T + I(T ’ +Trr_T(p(p):(_pr+prw)rO’

rr'x re o
(7
1 f—
Ty + ( oo'o T 2T, )— (—pRD + p(pw)ro.
Henunetinsie mo6aBku (MHAECKC () 371€Ch BEIHECEHBI BIIPABO:
1 1
Pro = r_(Trr(o'x + (Tr(p(o'q) + Trrm T folote ))’
0
®)

1 1
p(pm = E(T;f(pw’x + (T POW'P + 2Tr<p0) )j

[TogcraBuB Bo BHyTpeHHue ycunus B cucteme (7) Hampsokenus (1) u BblpazuB B HUX Aedopmanuu de-
pes nepemerienus u, (r), u(p(r), M0CJIe HEKOTOPHIX MPEe0Opa30BaHUN MOTYUHM CUCTEMY U3 ABYX HEIMHEHHBIX
mddepeHanbHbIX YpaBHEHUH B YaCTHBIX TIPOU3BOIHBIX:

2

a a, ta a+a 4
Ly(u,) + —5tgp + Uy — > lUyo = ——(=Dp + Proy)
2\%r r X r rm )°

alxz 00 ax 9 a1x2 e g

: ©)

a,ta a a+a I
L(u)+ iy, +—u, +¥u,:l(—p +p )
2 7 r » >

@ a;x ® a3x2 909 a3x2 ®" a, 9o Fo
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rae a; — kK03 UIUEHTHI, IpHYeM

3 4 3 4 3 2 .
a=y J(Kk + gGk]dZ = Z(Kk + gGk)hk’ a, = Z(Kk - gGk)hk’ ay= Y Ghy;

k=1p, k=1 k=1 k=1

L, — nmuHelinbli 1uddepeHnnanpHblii oneparop BTOPOro Nopsixa, BbpaskaeMblil popmynoit

1 ,
Lie)=(50e), | =en+fe- L

X X

Kpaegasi 3aaua o 1epopMHpPOBaHUN KPYTrOBOH TPEXCIOWHOM TTACTUHBI ¢ (PU3NUCCKU HEJIMHEHHBIMU CII0SI-
MH HEOCECHMMETPUYHON Harpy3koil 3aMbIKaeTcsl JoOaBleHHEeM K yYpaBHEHHMSM paBHoBecHd (9) rpaHUMUHBIX
yCIIOBUH Ha KOHTYype (X = 7)) U B LIEHTpPe IUIacTUHEI (x = 0).

O0wee peieHue KpaeBoii 3a1a4u

[onyunTs aHanUTHUECKOE pelieHne cucTeMbl AuddepeHranbHbIX ypaBHeHHH (9) B KOHEUHOM BHJIE HE
NPENICTaBISAETCS BO3MOXKHBIM. [103TOMY IPUMEHHM METOA IOCIIeJOBATENbHBIX PHOIKEHUH, 0a3upyIOLTHHCS
Ha MeTojIe YIpyrux pemeHnid MiprommnHa. 9To MO3BOIMT HA KaXKJIOM LIare UTepalyy paccMaTpUBaeMyro He-
JMHEHHYIO KpaeByIo 3a7iady CBOAWUTH K PEIICHUIO COOTBETCTBYIOLICH 3a/ladll TEOPUH YIIPYTOCTH C JOMOIHHU-
TCJIbHBIMHU (bI/IKTI/IBHI)IMI/I «BHCUIHUMW) HArpy3KaMu.

Cucremy (9) cormacHo yka3aHHOMY METOJy EpENUChIBaéM B UTEPAIIMIOHHOM BHUJIE:

(n) as  (n) a, + a; (n) _ a+ a, (n
L2(ur +—= ur""‘p+—a1x Uggr =~ Uy

=% (-, 4 2

(10)

® , ,

2
W)y 2td ) 4 ) @atd ) _To (n=1)
Lz(u + anx Upreg T a3x2 U T 5 Uy = a Dot Pow )

T 77 — HOMEP MPHOIIKESHHUS.

-1 -1
JlonosHUTENIbHBIE HATPY3KHU pgz) ), p((p’zo ) Ha IIEPBOM LIare UTEpALUy IPUHUMAKOTCS PABHBIMM HYIIIO,

a B JAJIBHEHUIIIEM BBEIYHCIISTIOTCS 110 PE3yITbTaTaM MPEIbIIYIINEeTo MPUOIMKESHHISI ¢ TIOMOIITBI0 (popmyit Tuma (8):
n—1 1 n—1 1 n—1
p;(fw ): a Tr(rm’x) + (7;((9(1)([)) + T;,(m) V- T‘[EﬂPw )) ’
(11)

n-1) _ 1 (n-1) 1 (n-1) n—1
p((pco )_a|:Tr(pw'x + (T¢¢m¢+2j;gpm ))

e
3 3
To(cgu:l)z 2T 1[; 2 _lhk—zz Gk(l)k( (n _1))3%("_1)}1,{ (o, B=r, 9)
= k=1

CJ'IC,I[OBaTeJ'IBHO, Ha Ka>Xa10M Luar € UTCpallul UMCCM HHHCﬁHyIO 3aiaqy TCOpUU YIIPYTOCTU C JOIIOJIHUTCIIb-

HBIMH Harpy3kamu pﬁZ) ), p((pw (11), BEIYHCISIEMBIMH TI0 PE3ybTaTaM MPEIbIIYIIEro MPUOIKEHHS.

Jnst perieHust cucTeMbl TMHEHHBIX TU(depeHInanbHbIX ypaBHEHUH B 4aCTHBIX MPon3BOAHbIX (10) nckoMBble
repeMelleH s, BHEITHNE U JOIOJIHUTEIbHbIE HArPpy3KH packiiaiblBaéM B TpUroHOMeTpHudeckue paasl Oypre

i (1017 (x)cos (m) + 12 (x)sin (mo) |

() i[ (x)cos(me) + fpz,,l(")(x)sin(m(p)},
'":i (12)
(x,9)= 20[ x)cos (mp) + piy) (x)sin(mo) |
(x. 0)= io[ x)cos(m) + pl) (x)sin(mo) |
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e 0)= 3[Rl ()cos(me) + P (x)sin(me) |

P (. 0)= 3, [pwm x)cos(mg) + plas " (x)sin(mg) |

rae uﬁ")( (p) u(")(x (p) MCKOMBIC paJIdalIbHBIC U OKPYXKHBIC TIEPEMEIICHHsI Ha 71-M I1are TpUOINKEHMS;

¢
(1) (2)

u(l)(")(x), ) (x), ( )s u(fz(")(x) — UCKOMBIE pa/InaIbHbIE COCTABIISIONINE TEPEMEIICHH]; prm(x) P (%),

rm (o)
(1) (2) (1)(n-1)

Pom (%) Pom(X) — panmansubie COCTABISIONIAE BHEMHIX HATPY30K; Pyon (X)), A= (x), p((pz)(,z D(x),

(2)(n-1) :
p(p(nm ( ) — paauajIbHBIC COCTABJIAIONIUE JOIIOJIHUTEIBHBIX HAI'PY30K; 71 — HOMEP YJICHA paaa.

Crnenyer OTMETUTb, YTO WIEHBI psijia B paziokeHnd (12) mpu m = 0 npeacTasisiioT co0oi ocecuMMeTpHYHbIE
COCTABJISIONINE NTepEeMEIeHUI U Harpy30K. Tak Kak Hac MHTepecyeT HeoCeCUMMEeTpUYHas Harpy3ka, B Jajlb-
He#ieM npuHuMaem m 2 1.

[MoncraBum nepemenieaus u Harpy3ku (12) B ypaBHenust (10). B cuny He3aBucuMocTH cucteM (QyHK-

005071 sin(m(p), cos(m(p) JUTsE BRITTONTHEHNA ypaBHeHUH (10) mpu 1r00bIX 3HAYEHUSAX apryMEHTa () CyMMapHbIe

K093 HUIIHEHTHI MPU OJMHAKOBBIX TAPMOHHKAX JOJKHBI 00paIiaThCcsi B Hy/Ib. MCX0O/s U3 3TOTO U MPOBEIs

HEOOXOAMMBIC TPEeOoOPa30BaAHUS, MOTYIHUM CHCTEMY YEThIPEX OOBIKHOBEHHBIX JTHHEHHBIX AU(QepeHIraib-
i ) (2)(n) (1)(n) (2)(n)

HBIX YPaBHEHMH JUIA ONpPENENeHHs UCKOMBIX QYHKIMHA u,,) (x), " (x), Ugy (x), Ugm (x) Ha 71-M IIare

MPUOTKEHNUS

W) B oy (@t a)m oy (atas)m gy
L 70) - 2 (0t (2 o

= (=plnx) + 2 (),

2 m rm’x 2
azx ? ayx azx

L (27 () - am’ ooy _ (Gt @)m oy (@t a)m

2
== p)(x) + Pl V()

a
2 (a4 @) (0 + ) -
" a.m n a,+a " a+a "
L (U 0)) = T ) =SB ) + S ) =
1 1

2

_N(_ (2)(n-1)

- al ( prm( ) prwm (X)),

2
L ) - S0 ¢ %ufﬁ@(ﬂ Llata)m oy
asx 3 a;x

= (pl )+ ()

Ob6mee pemrenne cuctemsl (13) mpeacTaBuM B BUIE CYMMBI OOIIIETO PEIICHUS COOTBETCTBYIOIICH €1 OTHO-
1 e (2 | (2) .
POJHOHN CHUCTEMBI U HEKOTOPOTO YaCTHOTO PEIICHHUS u w2 u((pn) . OG1wee penieHre OIHOPOAHOM CH-

rn > “¢on > Trn
CTEMBI YpaBHEHHUH, COOTBETCTBYIOMICH cucteme (13), MOMyIeHO ¢ MTOMOIIBI0 MPOTpaMMHOTO TlakeTa Maple
B BHJIE

rm ml

00— _ o) m=1 A )hmlx—m+1 n Cr(nnS)x_m + ihmzx el

m2

(14)
u(z)(”)z C( )xm Iy C( ) —m+1 + Cr(n’;)x—m—l + Cr(nnlxm-'—la

om ml
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u(z)(n) — C(ns)xm -1 _ C(”)hm1x—m +1 _ Cfnn7)x—m -1 _ C(n)h m+1

rm m moé m8 M2 X ’

W) — olm) m=1 o) mmad o) mm=1 o A(n) mt
Upy = Cpsx” + Cex + C,7x + Cogx" ",
rae x" 7!, x7m L x7m 7 ¥ — gynnamentanbnbie pemenus cuctemst (13).

HcKoMble aCHMMETPHYHBIE COCTABISIONIKME KOIPMHUIMEHTOB MIPU M-X TAPMOHUKAX HA 7-M Iare npuoiu-

(D)) ()

6 14 @)(n)= (2)(n) .
KEHUs MOy4uM, 100aBUB K perueHuto (14) yacTHble perueHus u,, u Uy, =~ HEOTHOPOIHOH

CHUCTEMBI: s
ug,),(") = —C,(nnl)xm_1 + C,(nnz)hmlx_"’Jr1 + C,(n"gx_m_1 + C,(n"ghmzxm+1 + u%")*,
u((pfz(") = C,(:l)x’”_1 + C,(n"gx_"“r1 + C',(n"3)x_m_1 + C’,(n"ix”“r1 + u((;,),(")*,
0 = - i - il 2, -
u((;),f") = Cr(nns)xm_1 + C,(:G)x_mH + C,(:)x_m_l + C,(nng)xm+1 + u((l,l,),,(n)*,
rue C,(:l), . C,(n"g — KOHCTaHTbI UHTETPUPOBAHUS, OIpe/IeIIsieMble Ha KayK0M L1are urepauut; i, h,,, — ko3¢-

(bULUEHTBI, IpUYeM
=(a1+a2)m+2(a1—a2) P =_(a1+a2)m—2(al—a2)
(al + az)m —da, "2

h

'ml

(a1 + az)m + 4aq,

(D)« 2 )= dhopmymax (15) 3aBucar ot Buaa K0d()PUIHEHTOB pa3-

om > “rm > “om
JIOKCHUSI BHCIHITHUX U NOMOJIHUTCIBHBIX HAI'PY30K B PSAJIbL @ypbe.

1)(n)*
YacTHble pemeHus uﬁnz( ), u

JedopmupoBanue mJIacTUHbI KOCHHYCOMIAJIBLHON HATPY3KOM
Hccnenyem HeocecummeTpudyHOE Ne(hOPMUPOBAHHE PacCMATPUBAEMON TPEXCIIOMHON IIIACTHUHBI, 3aKpe-
IUICHHOM 10 BHCIIHECMY KOHTYpPY, I1IOJ HeﬁCTBHeM HeOCCCHMMeTpH‘IHOﬁ KOCHHyCOPI,Z[aJ'ILHOfI pa)mam,Hoﬁ Ha-
Tpy3KHU
pr(x’ (P):prICOS(p, p(p=0 (prlzconSt)’ (16)

Koaddunmentsr paznoxennst Harpy3ku (16) B psin (12) ¢ ydeToM CBOWCTB OPTOTOHATIBHOCTHU MPUMEHSIC-
MBIX CUCTEM TPUTOHOMETPUUYECKUX (PYHKIUI OyyT UMETh BH/T

2r
0) ()2 Pri _J0m=l,
Pon(x)= 5 cosocos(mg)do {Pm o

MO3TOMY

PY(x)= ps pO(x)=0 mprm > 1, p2)(x) = pb) (x) = p{) (x)=o0. (17)

IIpu m = 1 cuctema ypasuenwii (13) ¢ yuetom coorHomenuii (17) cBoIuTCs K BUAY

n a " a, +a; (2.n a+a, (on I .
L (i) = <)+ ) - A )= gl ()
1 1

n a, N a,+a N ata g ,/-2 =
L(G7 ) - a?ug] ) - 22 1)) - #uiﬁ ()= peor ().

(18)
2
L, (u(l")(x)) _ Gy s )y DD L T )y

rl I'x 1 rol
ax* ax ° ax* a4

2
n a n a+a o n a+a o o (n-
L, (u(l’ )(x)) - %#”t(pll )(x) + ﬁu%x)(x) i la3x23 ug )(x) - ‘?3 p((plwl U(x).
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B merone ynpyrux pemenuii GyHKIMN HETMHEHHOCTH (0, (egtk) ) U, CJIIEN0BATEIbHO, JOIIOJIHUTEIIBHBIE Ha-

Ipy3KH Ha MEPBOM IIare UTEpaluyd NPUHUMAIOTCS PaBHBIMH HYJIIO, YTO CBOJHUT PacCMaTpPUBAEMYIO 3a1ady
K 3ajiade JuHeHHo# ynpyroctu. [lpu mocienyromux urepanusax (yHKIMHA HEIMHEHHOCTH BBIYUCISIOTCS 110
pe3yibraTaM NpeAbLIy X TPUOIHKESHUH.

Ha nepBom miare urepaunu TpeTbe U 4eTBepToe ypaBHeHU B cucteMe (18) 00pasyroT oIHOPOIAHYIO CUCTEMY,
KOTOPAsi IPY HYJIEBBIX I'PAHUYHBIX YCIOBUSAX 1Aa€T TPUBUAIBHOE PEIICHHE

L0 2, 00

rl = “ol

0. (19)

[TepBoe 1 BTOpoe ypaBHeHUS B cucteMe (18) 00pazyroT HEOTHOPOTHYIO CHCTEMY, PEIICHHE KOTOPOi IMeeT
BU/,

+ -3
”91’1) == 1(? + Cg) D7D x|+ Cl(;)x_z + Cl(zll) L
3ay— a, 5a,+ a,
P
B [51(112 + ldaya, + 11a; + 4(ay —3a, )(Sa; + az)lnx] . (20)

64q, (al — az)(Sa1 + az)’

W20 =4 CWnx + x4 a2 4 29t %

ol 5-4In x)prlrozxz,

Aay(a) - "2)(
rae Cﬁ)
3meck U Janee MepBbli BEPXHUH HHJCKC Y COCTABJISIFOIINX MEPEMEIICHUN U JIOTIOIHUTEIILHBIX HArPy30K
SIBIISIETCSI HOMEPOM (DYHKITUU B pa3ioxeHud (12), a BTOPOH BEpXHHUI HHIEKC COOTBETCTBYET HOMEPY TTPHOITH-
KCHU.
Hcxons w3 ycinoBusi OrpaHUYeHHOCTH MIEPEMEICHHU B IICHTPE IUIACTHHEI, B pemeHun (20) HeoOXoanmo

(1)

1 1
MOJIOKUTh KOHCTAHThl MHTETPUPOBAHUS C1(2) =C

) A1) A .
, Cl(z), C1(3), C1(4) — KOHCTaHTbI UHTETPUPOBAHMS, ONPE/EIIAEMBIE U3 TPAHUYHBIX YCIOBUIA.

= 0. Cucremy anreOpandecKuxX ypaBHECHUH IJIsT OTIpeIeic-

1 1 N
HHsI KOHCTAHT UHTETPUPOBAHUS Cl(l) 5 C1(4) IIOJIYYUM, YIOBJIETBOPSAS YCIOBHS PABEHCTBA HYIIIO IIEPEMEILICHUN
Ha KOHTYpe, ¢ momoIibio perenns (20):

374’ +18a,a, — 3a; s

19al2 —l4aya, - a22
— . 21
64611(a1 - az)(3a1 - a, ) Pro @1

C. =— 2 C,=
11 32a1(a1 _ az)(3a1 _ az) P 14

Hckomble paguaibHOE U TAHTCHIUAIBLHOE IEPEMEILEHHS IIPU OTCYTCTBUU OCECUMMETPUYHON COCTaBIIAIO-
el B cootBeTcTBUM ¢ popmynamu (12), (19)—(21) Ha mepBoM 1are uTepauu KIMEIOT BH]

(1.1) _ | 94 ~14a10, - a 2 2 Pl COSQ
u,” ' (x, Q)= 1-x°)—(a,—3a,)x" Inx | ——"—+———,
(x- 0) 2(3al—a2) ( ) ( : 2) 16al(a1—a2)
(22)
2 _ 2 2 .
u((pl,l)(x’ 0)=— 19a; —14a,a, — a; (1 —x2) + (Sal + az)xz I |20 sinQ

2(3al—a2) 16a1(a1—a2)'

Crenyer oTMETHTH, YTO perieHue (22) sBIsSeTCs pelieHHeM 3a7a4l TCOPUU YHPYTOCTH U HPEACTaBISET

. 2,1 1,1
CaMOCTOATEbHBIN HHTEpeCc. Ha BTOpOM 11are nrepanuu JOMOIHUTEIbHbIE HArPy3KU pgm’m)(x), pfpa)rzl(x) TaKxKe

OyIyT HYJIEBBIMH 32 CUET PAaBEHCTBA HYIIIO COOTBETCTBYIOIINX COCTABISIONINX Ae(OpManiii Ha TIEPBOM IIIare

. (22
B cucteMme (18). B pe3ynbrare moiydaeM COCTABIISIONINE TIepeMeIeH ugl’ )(x) =0, u((pll’ 2)(x) =0.

o 2,n
B JaJIbHEUIIIEM HOH06Haﬂ KapThuHa Ha6J'IIOI[aCTCH Ha KXXJOM IIare uTepanunu, mo3ToOMy UMECM u£1 )(X) = 0,

(1, n)

ol
BHIC:

U (x) =0. OcranbHble IEpEMEUICHUS Ha 71-M IIare MPHOIMKEHHS CIIEAYIOT 13 cucTeMbl (18) B KoHeYHOM
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(19"12 —l4aya, - ag)(prl - ng)ln_l)) - (13"12 —18aa, + ag)(_P((pi’)fq_l)

2(3al - az)

)(1—x2)—

uin)(x’ (p) —

2

— (a; — 3a ( _ plln=l) _ (Z’n_l))lenx Lcos ,
( 1 2) prl pr(ol p(pwl 16611((11—612) (P

(23)
(195112 —14aa, - a%)(prl - pﬁi;,l"“)) + (13a12 -18aya, + azz)p((p%;f’_l)

(n) ==
o (@) 2(3a1 _az) g

2
X (1 - xz) — (5a + az)(prl - PSLII_I) - P((piiln_l))xz Inx msm@-

C momombto niepemerniennii (23) u coornomenuit Komm nomyynm nedopmanmn

1,n-1 2,n-1
") (1 lal - az)(prl - p£w1 )) + (5611 + az)p((pwl )
8rr == +

+

al—3a2( _(Ln-1) (2,"—1)) Xy
—a1 ~a Pr1~ Prot Pool Inx a cos @,

" 3a,—a Ln-1 2,n-1
8((3 = —W_;)(prl - P£m1 )_Pc(pml ))roxlnxCOS(p, (24)
\a—a

(a1 - 3"2)(Pr1 - P&hn_l)) + (7"1 - Saz)pfpizln_l)

3a,—a,

_al+a2( o (La-1) (2,n—1)) X :
a, Pr1 ™ Prol p(pml Inx 8(a1 _aZ)Sln(p'

Hcnonb3ys nedopmanum (24) Ha n-M m1are MPUOIHKCHUS, ONPEAeIIeM HHTCHCHBHOCTD JIe(hopMaItuit 85,")

1o opmyJie, IPUBEACHHON B TIOSCHEHUH K COOTHOIICHUsM (1). 3aTeM B CJIOSIX IJIACTUHBI BBIYHCIISIEM (DYHK-
WU HETMHEWHOCTH [1]

0,6 < ¢,
of= o, (ef")= N L (25)
Y
A, I_E & > €,

u

rae A;, 0 — KOHCTaHThI MaTepHasa, I0JIy4aeMble SKCIIEPUMEHTAIBHO.
[Mocne onpenenenust GyHkunii HenuHeHHOCTH (25) IO Popmyrnam (11) BEIUHCISIOTCS BHYTPEHHHE YCHITUS
U JIOTIOJTHUTENIbHBIC (PUKTUBHBIC HATPY3KH JJIS TIOCIICAYIOIIETO [Iara.

YucaeHHbIe pe3yJbTaTbl

YUucneHHBIH aHaIM3 TMOMYyYeHHOTO penieHus (23) mpoBeAcH I KPYyTroBOW TPEXCIOWHOM TUTACTUHBI €1~
HUYHOTO pajuyca (7, = 1 M) Ipyd HEOCECUMMETPUYHOM HArpy>kK€HUU B CPEJHHHOH IIOCKOCTH 3aIlOJHUTENS
pacnpeneneHHON Harpy3Koi ¢ MOCTOSHHOM MHTEHCUBHOCTBIO p,; = 300 MIla, noctarouHoi Ui NpOSBIEHUS
HEJIMHEWHBIX CBOMCTB MaTepHUAJIOB CJIOEB B NIOJIHOK Mepe. BHENIHUE HeCcylLMe CJI0U BBIIIOJHEHBI U3 IH0paIto-
munust J{16T, cpenunnslii cnoit ects Gpropomact-4. Tonmmusl cnoes /i, = h, = 0,02 M, h; = 0,4 M. Ypyrue
U QU3MYECKH HEJIMHEHHbIE XapaKTePUCTUKN MaTepHAIIOB 3aMMCTBOBaHbI U3 paboThI [33].
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Ha puc. 2 npomutrocTprpoBaHa MpakTHYECKasi CXOMMMOCTh UTEPAIIMOHHOIO MeToAa npu ¢ = 0, T. €. B Ha-
MIPaBICHUN MaKCUMAJIbHOW BEJTMUMHBI paIialIbHBIX IepeMeleHni. 371lech HoMep KpUBOM COBMAIaeT C HOMEPOM
npuOIKeHKs. 32 HCKOMOE PELIEHHE IPUHSTO ILECTOE NPUOIHKEHHE, KOTOPOE OTIIMYAETCSI OT IPEIbIAYILIETO Ha
0,9 %. 3a cuer Gpu3NUIECKN HEIMHEHHBIX CBOMCTB MAaTEpPHAIOB CJIOCB PacCUETHOE MEPEMEIICHUE YBEININBACTCS
Ha 29 % (cM. puc. 2, KpuBas 6) 10 CPaBHEHUIO C MEPEMELICHUSIMHI YIPYTrol IUIACTUHBI (CM. pHC. 2, KpuBas 1).
Oxpy:KHbIE TepeMeIeHHs B pacCMaTPUBaEMOM HalpaBI€HUU OTCYTCTBYIOT.

2,5

N

0,2 0.4 0,6 0.8 1,0
X

Puc. 2. CxonuMocTh UTepaninoHHoro Metozaa rnpu ¢ =0, 7'= 293 K:
1,2,3,4,5, 6— HOMEp UTEpalun

Fig. 2. Convergence of the iterative method at ¢ =0, 7=293 K:
1,2,3,4,5, 6— iteration number

Ha puc. 3 u3o6pakensl rpadyky U3MEHEHHs UHTEHCUBHOCTH AedopManuil €, BIOIb paguyca IIacTUHbI
npu @ = 0. 3a cyer PU3NUECKON HETMHEHHOCTH MaTEpUAIOB IJIACTUHBI pacyeTHasi HHTEHCUBHOCTH JieopMa-
U yBeNMWInBaeTcs MpuMepHo Ha 18 %. [opu3oHTanpHAS TUHUS COOTBETCTBYET AS(POPMAIMOHHOMY TPEACTY
ynpyroctu marepuana J{16T (€, = 0,735 %). CnenosarensHo, B LEHTPE IUIACTHHBI 10 KoopauHatsl x = 0,08
B HECYILIUX CIIOSIX OCTaeTcs 30Ha ynpyrux nepopmanuii. Oomacts 0,08 < x < 1 nedopMupyercs miacTHUECKH.
3aro HUTEN B pacCMaTpUBaEMOM CIlydae OCTaeTCsl YIPYTHM, TaK Kak mpeaen Gusndeckoil HeMTMHeWHOCTH
¢ropomnacra-4 (g, = 3,3 %) He ocTUraeTcs.

3,0 |

T — L e —

0.2 0,4 0,6 0,8 1,0
X

Puc. 3. atencuBHOCTS Aedopmannii €, mpu @ = 0:
1 — ynipyras miacTuHa; 2 — ynpyromiacTuueckas IacTiHa

Fig. 3. Deformation intensity €, at ¢ = 0:
1 — elastic plate; 2 — elastoplastic plate
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Ha puc. 4 otoOpaskeHo pacmpeneneHue odinacteit hu3ndeckoil HeMUHEHHOCTH B HECYIIIUX CIIOSX HCCIIEaye-
MOH TUIACTHHBI B 3aBUCUIMOCTH OT OKpPYXXHOH KoopauHaTel ¢ ipu 7 = 293 K. Obnacte ynpyrux nedopmaiuii

o T T
B IICHTPE TUIACTUHBI ONIM3Ka K AIUTUIICY ¢ JuymmHaMmu noinyoce 0,08 u 0,14. Tlpu ¢ = 2 ue= 2 Marepualbl

HECYIIUX CI0EB NMEPEXOIT B YIPYTOIJIACTUYECKOE COCTOSHNE Tocie KoopauHarsl x = 0, 1.

Puc. 4. Pacnipenenenne o6iacTeid IIIaCTUYHOCTH
1 GpU3nYecKor HETMHEHHOCTH (CephIii IIBET)
B 3aBUCUMOCTH OT OKPY>KHOI KOOPJIMHATBI

Fig. 4. Distribution of areas of plasticity
and physical non-linearity (grey colour) depending
on the circumferential coordinate

3akjaoueHmne

VYder ¢uzndeckoil HeTMHEHHOCTH MaTEpPHUANIOB CJI0EB MPUBOAUT K CYIIECTBEHHOMY YTOYHEHHUIO HATPSHKEHHO-
ne(OPMUPOBAHHOTO COCTOSTHHS KPYTOBOM TPEXCIIOMHOM MIACTHHBI TPH HEOCECUMMETPHUIHOM Je(pOPMHPOBA-
HUM B CBOEH TIOCKOCTH. [IpuBeneHHbIe pemeHnss MOTYT OBITh NCIOJIB30BAHBI MIPH PACYETAaX CTPOUTEITHHBIX
KOHCTPYKIMH, e(hOpMUPYEMBIX B CBOEH TIIOCKOCTH.
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MATEMATUYECKOE MOAEANPOBAHUME ITEPEHOCA
NOHOB COAU B TPEXMEPHOM KAHAAE OBECCOANBAHUNSA
IAEKTPOAMAAN3SHOIO AIITIAPATA

A. B. KOBAJIEHKO", A. B. OBCIHHHKOBA®

YRy6ancruii 2ocyoapemeennviii ynusepcumem, yn. Cmaspononsckas, 149, 350040, 2. Kpacnooap, Poccus
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p. J1 paockutl, 49/2, 125167, 2. Mc P

[IpexncraBnena u uccienoBana HoBass 3D-Mozens nepeHoca MOHOB coi 1: 1 B KaHasie 00ecCoNMBaHus AIEKTPOIUa-
JIU3HOTO anmapara. BriepBeie npeiiokeHa TpeXMepHasi MaTeMaTHYeCKasi MOJIEIh IIEPEHOCa HOHOB COJIU B KaHAJIEe 00ecco-
JIMBAHUSI C YYSTOM DIIEKTPOKOHBEKIIMU HA OCHOBE cHCTeMbl ypaBHeHuil HepHera — [Tnanka, [Tyaccona n HaBse — CTokca
C ANEKTPUUYECKON CHIION M €CTECTBEHHBIMU KPAeBbIMHU YCIOBHSMU. J[Jisi pemieHus: KpaeBoi 3aauu UCIOIb30BaH METO]
KOHEYHBIX AJIEMEHTOB B Cpejie Kpocc-Tu1aThOpMEHHOTO POTPaMMHOTO obecTiedeH s it unciaeHHoro ananusza COMSOL
Multiphysics B codeTaHMU ¢ METOAOM TOCIIEI0BATEIbHBIX MPUOIMKEHH, KOTJ]a Ha TEKYIIEM CJIO€ MOOYEPEHO METO-
oM He0TOHA pelraroTes ANCKTPOXUMHUYECKasl M TUAPOAMHAMHUYCCKAs YaCTH 3a/1a4d. B pe3ysibraTe YuCIICHHOTO aHaJH-
3a BICPBBIC YCTAHOBIICHBI (DYHIAMCHTAJIbHBIC 3aKOHOMEPHOCTH IIEPECHOCA NOHOB COJIM B TPEXMEPHOM KaHaje, BOSHUK-
HOBEHHS U PA3BUTHSI IEKTPOKOHBEKTUBHBIX BUXPEH, B TOM YHCIIE OOHAPYIKEHBI UX HOBBIC TPEXMEPHbIE CIIMPATICBH/HbIC
¢dopmbl. TTokazaHo, 4TO AMEKTPOKOHBEKTUBHbBIC BUXPHU CYILIECTBYIOT B BUJIE KJIACTEPOB, BHYTPU KOTOPBIX MOTYT HPOUCXO-
Jth Oudypkarmu Buxpeil. TakiuM 00pa3oM, yTOUHEHO M Pa3BUTO COBPEMEHHOE YIPOLIEHHOE TPE/ICTABICHHE O CTPOCHHUU

JIEKTPOKOHBEKTUBHBIX BUXPEH.
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MATHEMATICAL MODELLING OF SALT ION TRANSFER
IN THE THREE-DIMENSIONAL DESALTING CHANNEL
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A new 3D model of 1:1 salt ion transfer in the desalting channel of an electrodialysis apparatus is presented and inves-
tigated in this paper. For the first time a three-dimensional mathematical model of salt ion transfer in the desalting channel
taking into account the electroconvection based on the system of Nernst — Planck, Poisson and Navier — Stokes equations
with the electric force and the natural boundary conditions is proposed. To solve the boundary value problem, the finite
element method is used in the cross-platform numerical analysis software COMSOL Multiphysics in combination with the
method of successive approximations, when the electrochemical and hydrodynamic parts of the problem are solved one by
one on the current layer. In turn, the electrochemical and hydrodynamic parts of the problem are solved by Newton’s
method. As a result of numerical analysis, the fundamental regularities of salt ion transfer in a three-dimensional channel,
the emergence and development of electroconvective vortices, including the discovery of new three-dimensional spiral
forms of salt ions, are established for the first time. It is shown that electroconvective vortices exist in the form of clusters,
within which vortex bifurcations can occur. Thus, the currently existing simplified view of the structure of electroconvec-
tive vortices is clarified and developed.

Keywords: 3D mathematical model of transport; 3D model; three-dimensional model; membrane systems; ion ex-
change membrane; mathematical modelling; electroconvective vortices; direct numerical simulation.
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BBenenue

IIpecHast Boga cocrapmisieT TONbKO 3 % oT 00miero oobeMa Bozbl Ha 3eMile, M eClii OHa Oy/IeT MOCTOSTHHO
3arpsI3HATHCS, TO B ONDKaNIIIeM OyayIeM BOIHBINA KPU3UC MPEBPATUTCS B CEPHEZHYIO MPOOIIEMY.

[lepBocTeneHHoOe 3HaYEHNE MTPUOOPETAIOT BOPOCHI BOIOOYMCTKY M BOIOTIOJITOTOBKH, a TAKXKE OXPAaHbI BOJI-
HBIX PECYPCOB OT 3arpsi3HEHUS CTOYHBIMH BoslaMu. M3-3a O0IBIIIOT0 pa3Ho00pa3ns CTOUYHBIX BOJI CYIIECTBYIOT
pa3IMYHBIE CIIOCOOBI UX OYUCTKH: YABTPA(UIBTPAMOHHBIN, PEareHTHBIH, dJIeKTPOIUANIU3HBIHN, (DIOTaoH-
HBI{, 00paTHOOCMOTHYECKHH 1 p. OgHUM U3 caMbIX d((HEKTUBHBIX METOJIOB OUYMCTKH SBIISIETCS DIEKTPOIHA-
JIM3 — TMPOIIECC W3MEHEHUs KOHIICHTPAIMH JJIEKTPOJIUTA B PACTBOPE MO/ JIEHCTBHEM AIIEKTPHUIECKOTO TOKA.
K momomHNTENbHBIM TPeNMYIIeCTBaM AIEKTPOANAIII3a OTHOCITCS HU3KOE SHEPronoTpedIeHne U SKOJIOTHYe-
ckast 6e30MmacHOCTh TpoIiecca.

Hcnonp3yeMble mpu dneKTpoanain3e MeMOpaHHbIe TEXHOIOTHH TTO3BOJISIOT TPOU3BOIUTE dPPEKTHBHYIO,
9KOJIOTHYHYIO U Mall03aTPaTHYIO BOAOOYHCTKY, OOoTameHne, paseneHue, 00ecCoIMBaHNe U KOHIIEHTPHPOBa-
HHE Ta30BBIX M KUIKUX cMeceld [1]. [laHHble TEeXHOIOTHH MUPOKO IPUMEHSIOTCS TIPU TIepepadOoTKe MUTIEBBIX
MIPOAYKTOB (COKH, BUHA, MOJIOYHBIE TPOAYKTHI) ¥ B APYTUX c(hepax MPOMBINIICHHON NesTeNbHOCTH YeJI0BeKa,
BKJTFOYAst XUMHUYECKOE, (hapMalieBTHIECKOe U MHIIEBOE MTPOU3BOJICTBO [2], a Tak)Ke B MUKPOQITIOUIHBIX HACO-
cax, OMOMEIUIIMHCKHX JTAOOPAaTOPHBIX yCTPOWCTBAX HAa YHUIIE M aHAJUTHYECKUX JaTdhkax. Bce 3T ycTpoii-
CTBa HCIIOJIE3YIOT BHEIITHUE DIIEKTPUUYECKUE TIOJS ISl YIIPABICHHUS MIPOIECCOM MTEPEHOCa HOHOB B PACTBOPAx
BOJIHBIX DJIEKTPOIUTOB.

71



Kypnaa Besopycckoro rocyiapcTBeHHOro yuusepcurera. Maremaruka. Magopmarnka. 2022;2:70-81
Journal of the Belarusian State University. Mathematics and Informatics. 2022;2:70-81

Ha mpaxTuke B aneKkTpoMeMOpaHHBIX CHCTEMax MPUMEHSAETCS PeKUM paboThl, IPU KOTOPOM TOKH Tpe-
BBIIIAIOT MpeaeNbHbIN Mu((y3HOHHBI TOK. ITO MPUBOIUT K CONMPSKEHHBIM 3 dekTaMm KOHIICHTPaIMOHHON
HOJIAPU3ALMY, HAIPUMEDP K MOSBICHUIO M PA3BUTHUIO 3JIEKTPOKOHBEKIIMH, YTO, B CBOIO OYEpE/b, BIMSIET Ha
CTPYKTYpY M y3HOHHOTO CII0S MEMOpAHBI U, KaK ClIeACTBUE, Ha 9()(EKTHBHOCTH pabOThI 3JIEKTPOMEMOpaH-
HBIX CHCTEM.

B crarbe [3] onmcano mepBoe J1abopaTOPHOE MCCICAOBAHIE TPEXMEPHOM AIIEKTPOKOHBEKITUN Y CEIICKTHB-
HOM TIOBEPXHOCTH. ABTOpaMH MPEUIOKEHBI TP criocoba kinaccupukanuu 3D-3/1eKTPOKOHBEKINH B 3aBUCH-
MOCTH OT uncen PeitHonbaca, Panes u lllmuara: monuroHanbHele, MOMEpeYHbIe U MPOAOIbHBIE 3D-BUXpH.
OKCIIepUMEHTAJILHO yCTAHOBIEHO, YTO €CII Yncio PeiiHomb/ca yBeIMdnBaeTCs Wil 9uciio Pames yMeHb-
1aeTcs, TO IMEIOT MECTO TOJIBKO IipontonbHbIe 3D-Buxpu. [Tonepeunsie 3D-Buxpu GopMHUPYIOTCS MEXKIY MPO-
JOJNBHBIMU 3D-BUXPSIMU, 3aTEM TH BUXPHU TPaHCHOPMUPYIOTCS B TIOJIMTOHAIBHBIE 3D-BuXpH mipu Oosiee BbI-
COKHMX 3HAUYCHMSX YuCiIa Panes wim Gosee HU3KWX 3HAUCHHSIX uncia PeitHonbaca. [lpu atom ncmo HImuara
ONpEAEIISIET KPUTUYECKOE JIEKTPUUECKOE YUCIIO Panest 1151 KaXk10ro BUXPSL.

B pabore [4] BriepBBIC TTPOBEICHO W MTPOAHATU3UPOBAHO MIPSMOE YUCICHHOE MOICTUPOBAHNE TPEXMEPHOM
JNIEKTPOKMHETUYECKON HEyCTOMYMBOCTH BOJIM3H CEIEKTHBHON MOBEPXHOCTH — MEMOpPAaHbI, SIEKTpoa JTu60
CUCTEMBl MUKPO- WJIA HAaHOKaHaIOB. /[l nuckpeTrns3anuu aBTOpaMM HCIIONIBb30BaH CIELMAIBHBIA METOA KO-
HEYHBIX Pa3HOCTEM, a sl HHTErPUPOBAHUS IO BPEMEHHU — NOIyHesiBHas cxema Pynre — Kyttel. [Iponomkennem
1 0000IIeHreM 3TOW PabOTHI SBISIETCS CTaThs [5], B KOTOpoil 0000IIEHBI YHCIICHHBIE PE3YJIbTaThl aHATH3a
JINHEHHOM yCTOMYMBOCTH, YTOUYHEHBl MEXAHU3MbI HEYCTOMYMBOCTH, NPOBEAECH BCECTOPOHHUI HENMHEUHBIN
aHaJIM3 Ha OCHOBE YUCIIEHHOIO MOJEIIUPOBAHUS B IBYMEPHOM U TPEXMEPHOM CIIy4asiX, UCCIEI0BAaHbI JBYMEp-
HBIE ¥ TPEXMEPHBIE CTPYKTYPbI, BOHUKAIOIINE B PEKMME TEPMOAIIEKTPOKOHBEKIINH, U M3yUEHO BIUSHUE ITHX
CTPYKTYp Ha BOJIbT-AMIIEPHYIO XapaKTEPUCTUKY.

OnHako MOJHOIIEHHON TPEeXMEpHOW MaTeMaTn4eckor MOJIETH TIepeHoca HoHOB comu 1:1 B kanane obecco-
JIUBAHUS ANEKTPOANAIU3HOTO amiapara, OCHOBAaHHON TOJNBKO Ha CaMbIX OOMHKX (pyHIaMEHTAIBHBIX 3aKOHAX
COXpaHEHHs MaTepuH, 3apAaa ¥ KOJMYECTBA ABMKEHHUS 0€3 BCSIKUX IMOATOHOYHBIX MapaMeTpoB, 0 HACTOA-
IIero BpeMeHH He ObUI0. B maHHOi craThe BHepBbIe MpeaioKeHa Takash MOelb, IPUBEACHO €€ OMHCaHue,
MIPEICTAaBIICHBI PE3YJIbTATHI YHCICHHOTO aHAIN3a U COMOCTABICHHS pa3padoTaHHOW MOAEIH C ABYMEPHOU MO-
nenbio [6; 7].

Maremarnueckas Moaejb

TpexmepHas MaTeMaTH4decKass MOJIENb IepeHoca HOHOB colii 1 :1 B KaHane 00eccoIMBaHUsl dIEKTPOIHa-
JU3HOTO armmnapara ObUla MOCTPOCHA HA OCHOBAHWHU CaMBIX OOIIMX (YHJIaMEHTaJIbHBIX 3aKOHOB COXpaHEHUS
MaTtepuu, 3apsaga U KOJIN4YECTBa ABUKCHUA 663 XUMHNYCCKUX peaKum‘/'I H JTIOOBIX APYTHUX MOATOHOYHBIX ITapa-
MeTpoB. Cxema TpeXMepHOTO KaHajia 00€CCOMUBaHMS AEKTPOANATIN3HOTO arllapara ¢ 3JIeKTpogaMHu (KaTo oM
Y aHO/IOM) TIpeJICTaB/ieHa Ha puc. 1.

Cxema kanaja odeccosuBanusi. Ha puc. 1 mpu x = 0 pacnonokeHa aHHOHOOOMEHHAsi MeMOpaHa, TIpu
x = H—xatnonoobMmenHast MeMOpana, mpu z = ) HaX0JUTCs BXOJ] B KaHaJ, IPH z = L — BBIXO/ U3 KaHama. Takum
o0pa3oM, X — epeMeHHas 1o IMUPHUHE KaHala, z — IepeMeHHas 10 JJINHe KaHaia (paHblie ObUI0 ), TOTa Kak
y =0 —9T0 yCIIOBHBI HI3 KaHaa, HA KOTOPOM OH JICXKHUT, a y = 2,5H — BeIcoTa KaHana. [loaToMmy noHOOOMEH-
Hble MEMOpaHbI KaHalla PacloiIKEHbl TEPIEHANKYIIPHO TUIOCKOCTH CTOJIA, HA KOTOPOM CTOUT JIEKTPOAHA-
TU3HBIN anmapar. MccnemnyeMsblii kaHall o0eccorBaHus 0003HAYNM Yepes

Qz{(x,y, Z):OSxSO,4;OSySl;0SzS2}.

Cucrema ypaBHeHuid. [IpuBeicHHas HIKE cUCTEMa YpaBHEHUN jiist OuHapHOTro Aekrpoiuta (1)—(7) sB-
JIICTCS TIOJIHOCBSI3HOM cUCTeMOH U epeHIINaNTbHBIX YPABHEHHI B YaCTHBIX MMPOU3BOHBIX C YY€TOM MPOCT-
PAHCTBEHHO CHUJIBI, ONMCHIBAIOIIEH MACCOIIEPEHOC C YYSTOM HJICKTPOKOHBEKIIMU B AJIEKTPOMEMOPAHHBIX CUC-
Temax [6—11]:

Ji =—izl.D,.C,.E—Dchi +CV,i=1,2, )
RT
aC; -
—L=—div(} ), i=1,2, 2
Y (7) @)
&M =—F(z,C + 2,G,), 3)
I= F(ZJ1 +2,/, ), “)
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WV s . L7
E+(Vv)V_—gVP+vAV+af, (5)
div()=0, (6)
j:pE’ 7

I7ie j; — IOTOK HOHOB HATpuUs U Xjopa; I —yucno dapanes; R — yHuBepcaabHas 1a30Basi IOCTOAHHAS, E= -Vo -
HANpPsHKEHHOCTD EKTpHUYEecKoro nous; D; — koadduiuent auddysun Harpus u xaopa; C; — KOHIEHTPaLus
MIOHOB HATPUA H XJIOPa; () — MOTEHIHAI; J — CKOPOCTh TEUEHHs PACTBOPA B KaHaJle 06ECCOMMBAHHS MIEKTPO-
JIMATM3HOTO AMINAPATa; €, — AUAIEKTPHUYECKas IPOHUIIAEMOCTh PACTBOPA ANEKTPOIHUTA; | — TIIOTHOCTH TOKA,
orpezenseMas IOTOKOM HOHOB; P, — INIOTHOCTb PACTBOPA; V — KHHEMATHYECKasl BA3KOCTH; f —anexrpraeckas

cuna; p=F (le1 + chz) — IJIOTHOCTH pacIpeielieHUs! IPOCTPAHCTBEHHOTO 3apsiia.

0,5
0,4 0

X, MM

Puc. 1. Cxema TpexMepHOTo KaHajia 00€CCONUBAHUS AIEKTPOJHATIM3HOTO anmapara
(AOM — annonoodmenHast Mem6pana; KOM — karrnoHooOMeHHast MeMOpaHa)

Fig. 1. Schematic diagram of the three-dimensional desalting channel of the electrodialysis unit
(AOM - anion-exchange membrane; KOM — cation-exchange membrane)

VYpaBuenue HepHcra — Ilnanka (1) u ypaBHeHHne mMaTepuaibHOro OanaHca (2) OMMCBHIBAIOT ITOTOK HOHOB
narpus (i=1<> Na*) u xnopa (i =2 <> CI7), 00yCIIOBIEHHBIH 3JIEKTPUYECKUM T10J1eM, TU(PY3Ueii 1 KOHBEK-
e (3apsaoBoe YUCIO KaTHOHOB z; = 1, 3apsiioBOE YMCIIO aHUOHOB z, = —1), ypaBHeHus (3), (4) — anekrpu-
YeCKUH MOTeHIINAJ U TOK B 3JIEKTPOJINTE, a cucteMa ypaBHeHni Hasbe — Ctokca (5), (6) A1 TeUeHHs HeCKH-
MaeMoil KHUIKOCTH — 110JIe CKOPOCTeH, GOpPMUPYyEMOE MO BO3AEHCTBUEM AIEKTPUUESCKUX CHUIL

Kpaesbie ycious aist cucteMsl (1)—(7) ¢ yaeTom pesyibTatoB uccienoBanuii [6—11] OymayT chopmymnu-
POBaHBI HUXKE.

Kpaesblie yciaoBus. Kak npaBuiio, 3JeKTpoAHaIN3HbIC anmapaTbl UCTIONB3YIOT B JIBYX Pa3HBIX peKUMax
paboThl — MOTEHIIMOAMHAMHUYECKOM (3a/1aeTcs MaJieHne NOTeHLNAIA B [IENH) U TajlbBaHOANHAMUYECKOM (3a-
JaeTcsi MIOTHOCTh TOKa B LenH). Jlanee u3yvaercs: MOTEHIMOJUHAMUYECKUN PEKUM, TIPUYEM MTOBEPXHOCTH
HMOHOOOMEHHBIX MEMOpPAH CUMTAOTCS SKBUIIOTCHIUAIBHBIMHY, T. €. IIPEII0IAraeTcs BBIIIOJHEHUE YCIOBUS

ot H,y,z)-0(1,0,y, z)=ou, (8)
rae o — CKOpOCTI: paSBepTKI/I CKa4Ka ImoTcHIaia.
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Hapsiny ¢ ycnosuem (8) OyzieM UCTIONB30BATh CICIYIONIHE KPAeBhIe YCIOBUSL.
Ycnosue na anuonooomennoii memopane (x = 0). Ilonaraem

Gy(1, 0, y, 2)=C,,,
- - jl(t’ 0, y, Z): 0,
02,0, y, z)=0d,
—ii -V (1,0, y, z)=0.
Ycnosue na kamuonooomennoii memopane (x = H). [lonaraem

C(t, H,y z)=C

1m>

—ii - j,(t, H, y, z)=0,
(p(t, H,y, z)=0,

—n - 17(1, H,y, z):O.

Ycnosue na 6xooe ¢ kanan (7 = (). Cunraem 3alaHHBIMUA KOHIIEHTPALIMH UOHOB, TaK YTOOBI HA BXOJIC BbI-
MOJTHSIOCH YCJIOBUE 3JICKTPOHEHTPATBHOCTH, T. €.

Ci(t, x, ,0)=C, . i=1,2,

-nVo(t, x, y, 0)=0,

ﬂqmﬁazomﬁ%%@—%)

Ycnosue na evixooe uz kanana (7 = L). Jlns koHIeHTpaImu Oy/IeM KCIIONIb30BaTh YCIOBUE HA TIOTOK HOHOB,
MIPEATOJIAraroliee, YTO MOHBI COJIA BBIHOCATCS M3 KaHalla 00€CCONMBAHUS AJICKTPOAUAIIM3HOTO aIlapara TOJIbKO
3a CYET TEUCHUS PacTBOpA:

—n- ]',.(t, X, ¥, L) = —VZ(Z, X, ¥, L)Ci(t, X, ¥, L), i=12.
Jyis ckauka TIOTEHIIMAIa CTABUTCS YCIIOBUE
—nV(p(t, X, ¥, L) =0.
Hauanbnole ycnosus. HauanbHbie yCIIOBUS BO3BMEM COMIACOBAHHBIMU C TPAHUYHBIMU YCIIOBUSMHU:
Cl.(O, X, ¥, Z)= Cioi=L2,

(p(O, X, ¥, z):O,

WQL%@=O&&%%@—%)

Pe3y.m>TaT1>1 YUCJICHHOI'0O MCCJICAOBAHUA

I[MapameTpsl 3agaun. YucieHHOe pemeHne MOIyuYeHO METOIOM KOHEUHBIX AIIEMEHTOB. bein paspaboran
CIIEIUATBHBIA METO pacmlapauIeIuBaHus ( paCcIIeTUICHUS ), IPH KOTOPOM Ha Ka)KJOM CJIO€ 110 BPEMEHH CHa-
gaja pernraiach AEeKTPOXUMHUUIECKasi 9aCTh 3a1auH, a 3aTeM THApOoAnHaMuIecKas. Hrke mpuBeneHbl pacyeThl
TOJIBKO JJIS CNISMYIOIINX 3HaYeHui mapamerpos: 2,5H = 1 MM, L =2 mm, V, = 0,1 mm/c, C, = 0,01 MOJIB/M’ ,
o= 0,005 B/c. B pe3ynbrare npsMoro YUCICHHOTO MOACIUPOBAHHS YAATIOCh MOIYYUTh TPEXMEPHYIO MOJIEIb
Y CPaBHUTH PE3YIIBTATHI MOICTUPOBAHUS C IBYMEPHOU MOJIETIBIO.

PaccmoTrpum oOpa3oBaHue U pa3BUTHE DIIEKTPOKOHBEKTHBHBIX BUXPEH B TPEXMEPHON MOIETH B Pa3HBIC
MOMEHTHI BpeMeHu (puc. 2). Ha puc. 2, a, T1e npeacTaBiieHbl JIMHAN TOKA JKUIKOCTH B ceueHusx y = 0,1; 0,2;
0,3; 0,4; 0,5; 0,6; 0,7; 0,8; 0,9 MM TSI TpEXMEPHOI MO B MOMEHT BpemeHH 108 ¢, crimpaneBuaHas BUXpE-
Bast CTPYKTypa YeTKO IIPOCIICKUBACTCS BO BCEX CEUCHUSX B TIPABOM HIDKHEM YTy KaHajla y KaTHOHOOOMEHHOMH
MemOpans! (x = 0,4 Mmm). [Ipudem 3aMeTHO, Kak dTa CUpPalb cBopadnBaeTcs B ceueHusx y = 0,3; 0,6; 0,9 mm
1 pa3BopadmuBaeTcs B ceueHusx y = 0,4; 0,7 mm.
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y=0,lMm y=0,2mMm

Puc. 2. Jluanm Toka sxuaxoctu B ceuenusax y = 0,1; 0,2; 0,3; 0,4; 0,5; 0,6; 0,7; 0,8; 0,9 mm
JUTSE TPEXMEPHOUM Mojieni B MoMeHT Bpemenu 108 ¢ (a), 108,25 ¢ (6), 108,5 ¢ (8)

Fig. 2. Fluid current lines in the cross-sections y = 0.1; 0.2; 0.3; 0.4; 0.5; 0.6; 0.7; 0.8; 0.9 mm
for three-dimensional model at time 108 s (a), 108.25 s (b), 108.5 s (¢)
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AHaNOrHMYHast CUTYAIIUSI CO CIUPATICBHAHBIMU (DOPMaMH JIEKTPOKOHBEKTHBHBIX BUXPEH OTMEUYEHa U y aHHOHO-
oOMeHHOI MeMOpanbl (x = 0 MM) (cM. puc. 2, a), OJHAKO 3[€Ch MOKHO HAOJII0AATh €lle OHO MHTEPECHOE
sIBJIEHHE — 00pa30BaHME CIOUCTBIX AEKTPOKOHBEKTHBHBIX BUXPEBBIX KOHCTPYKLHHA, KOTOPbIE HEBO3MOXKHO 00-
HapyXHUTh B JIByMEpHBIX Mozemsx (puc. 3). To ects 00pa3oBaHHBIN U XOPOIIO Pa3BUTHI Y aHUOHOOOMEHHON
MEeMOpaHbI CJIOH CIUPATIEBUIHBIX AEKTPOKOHBEKTHBHBIX BUXPEH HAYMHAECT OTOABUTATHCS B NIyOb KaHaia HO-
BBIM «MOJIO[BIMY» CJIOEM MAaJICHbKHX CIIUPAJICBUIHBIX 3JIEKTPOKOHBEKTUBHBIX Buxpeil. Ilpuuem Mexny HUMHU
OCYIIECTBIISIETCSI JOBOJIBHO UTUTEIIBHOE B3aNMO/ICHCTBIE, KOTOPOE MOJKHO Ha3BaTh O0pbOOii (cM. puc. 2, a — 8):
MaJible CIIUpaleBUHBIC 3EKTPOKOHBEKTUBHbBIE BUXPH IBITAIOTCS Pa3BUTHCS, a yXKE CYIIECTBYIOMIMI XOPOIIO
Pa3BUTHII CIIOM CIMpPATIEBUIHBIX 3JEKTPOKOHBEKTUBHBIX BUXPEH IbITaeTCs X MOAaBUTh. OJHAKO CO BPEMEHEM
OH BCE K€ OTTECHSETCS B ITyOb KaHala M HaUMHACT B3aUMOJICHICTBOBATh CO CIIMPAICBUIHBIMH AJIEKTPOKOHBEK-
TUBHBIMHU BUXPSIMU, 00pa30BaHHBIMH y KATHOHOOOMEHHON MeMOpPaHbI (CM. pHC. 2, 8).

t=108c t=120c¢c t=140c

—

N
=]
T

—_ — —
[NS] £ =)
T T T

k=)
T

e
o]
T

S22
N L )
T T T

Puc. 3. JInHuy TOKa KUAKOCTH JUIs AByMEPHOU MOJEIU
B MoMeHT Bpemenu 108; 120; 140; 160; 180; 200 ¢

Fig. 3. Fluid current lines for two-dimensional model
at time 108; 120; 140; 160; 180; 200 s

Ha puc. 4 npencrapieHbl TpeXMEpHbIE IOBEPXHOCTU KOHIEHTpaluu kartuoHos C, B ceueHuu y = 0,5 mm
JUISL TPEXMEPHOM MOJIENIM B pa3Hble MOMEHTHI BpeMeHU. OTMETUM ABHOE CXOJCTBO IOBEIEHUS KOHIEHTpa-
UH 11 AByMepHOTO (pHUC. 5) 1 TpexMepHoro (cM. puc. 4) ciydaes.

Ha puc. 6 nmpencraBiieHsl BOIbT-aMIIepHbIE KPUBBIE 17151 TPEXMEPHO 1 IByMEpHON MOJIETIeH, a TakKe Mpo-
BEJICHBI KacaTeNIbHbIE K BOJIBT-AMIIEPHBIM KPUBBIM JIJISI TPEXMEPHON MOJEIH.

dopmyna 171 pacueTa BOJIBT-aMIIEPHBIX XapaKTEPUCTHK

| HLM
1 (t z—J.-HI t, x, v, z)dzdydx
=g [ 106532
BBIBEJICHA M TTOJPOOHO omucaHa B padore [12]. msa obe3pa3MeprBaHus IIIOTHOCTH TOKA MBI UCITOJIE30BATH
npeaenbHbIi A y3noHHbIH TOK TI0 JIeBeky

P 1/3
Iﬁm(z)zLCC 1,47 A -0,21,
H(T-1,) LD

rae D — xoadduiuent muddysun snekrponura; 7; U ¢, — 4KciIa NEPeHOCA UOHOB COIM B MeMOpaHe U B pac-
TBOpE [13; 14].
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Puc. 4. IloBepXxHOCTH KOHLIEHTpaluu KaTioHoB C, B cedeHnu y = 0,5 MM 171 TpeXMepHOH Mozenn
B MoMeHT BpeMmeHH 20 ¢ (a), 40 ¢ (6), 60 c (s), 80 ¢ (2), 90 ¢ (), 100 ¢ (e), 106,5 ¢ (arc), 107,5 ¢ (3), 108,5 ¢ (u)
Fig. 4. Surfaces of C, cation concentration in the cross-section y = 0.5 mm for three-dimensional model at time
20 s (a), 40 s (b), 60 s (c), 80s(d), 90 s (e), 100s (f), 106.5s (g), 107.5 s (h), 108.5 s (i)
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Puc. 5. IloBepXHOCTH KOHIICHTPAIIU KaTHOHOB C, ISt IByMEPHOM MOJEIH B MOMEHT BPEMEHH
40 ¢ (a), 108 ¢ (6), 130 ¢ (8), 140 ¢ (2), 160 ¢ (0), 170 ¢ (e), 180 ¢ (ac), 190 ¢ (3), 200 ¢ (u)

Fig. 5. Surfaces of C, cation concentration for two-dimensional model at time
40 s (a), 108 s (), 130 s (c), 140 s (d), 160 s (e), 170 s (f), 180 s (g), 190 s (k), 200 s (i)
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[av /[]im

Il Il
0,1 0,2 0,3 0,4 0,5

Ckayok rmoteHnuana, B

Puc. 6. Bonsr-aMnepHble KpUBBIE U1 TPEXMEPHOI! U IByMEepHOI Mojernei
Fig. 6. Current-voltage curves for three-dimensional and two-dimensional models

OTMeTUM, YTO IIATO BOJIBT-AMIIEPHBIX KPUBBIX TPEXMEPHBIX MOJICTICH SBISACTCS HAKIIOHHBIM U ITOJTHOCTHIO
COOTBETCTBYET BOJIbT-aMIICPHBIM XapAKTEPUCTUKAM PEabHBIX AMEKTPOAUATN3HbIX annapatos [ 15]. Kpome Toro,
HEOOXOIMMO OTMETHUThH, 4YTO 00pPa30BaHUE U PA3BUTHE ICKTPOKOHBEKTUBHBIX BUXPEH B TPEXMEPHBIX MOJISIISIX
MIPOUCXOJUT HAMHOTO PaHBIIIE, YEM B JIByMEPHBIX. DTO OOBSCHICTCS TPEXMEPHBIMU CIIUPATICBUIAHBIME (HOp-
MaMH 3JIEKTPOKOHBEKTUBHBIX BUXpel (puc. 7) [16], KOTOpble HEBO3MOKHO OOHAPYKUTh B IBYMEPHBIX MOJIC-
nsix [6; 7; 15; 17; 18], MOCKONBKY B HUX MBI HAONFOJaeM UCKITIOYUTENBHO CPe3, WIH CEYCHUE, HITH IPOCSKITUI0
Ha OJIHY IUIOCKOCTh TPEXMEPHBIX AIEKTPOKOHBEKTHBHBIX BUXpEH (CM. puc. 3).

2,0

L5

1,0

0,5

Puc. 7. TpexmepHble CIApaneBUIHEIE (GOPMEI DIEKTPOKOHBEKTHBHBIX BUXPEH M JIMHUH TOKA KUIKOCTH
B cedeHud y = 0,2 MM, TIOJTly4CHHBIE C IOMOLIBIO TPEXMEPHOI MO B MOMEHT BpeMenu 108,5 ¢

Fig. 7. Three-dimensional spiral shapes of electroconvective vortices and fluid current lines
in the cross-section y = 0.2 mm, obtained with three-dimensional model at time 108.5 s

Emte ogHOM nprarHOM, 00yCIOBIHMBArOIICH Ooee ObICTPOE HAYaI0 3IIEKTPOKOHBEKITHH, SIBIISICTCST B3aUMOJICH-
CTBHE PACTIOJIOKECHHBIX PSIIOM JIPYT C APYTOM BIOIH MEMOPAH 3JIEKTPOKOHBEKTUBHBIX BUXPEH.

Panee mpenmonaranoch, 9To 3a CUeT TpaJHeHTa KOHIICHTPAITNH AJICKTPOKOHBEKTUBHEIC BUXPH TIOSBIISTFOTCS
HIDKE 10 TCICHUIO W Pa3BUBAIOTCS BBEPX MPOTHB TeUeHUS. [Ipruem cHavama OHU BO3HUKAIOT Y KATHOHOOOMEH-
HOM, 3aTeM Y aHHOHOOOMEHHON MEMOpAaHEBI, a MOCJIC HAYMHAIOT B3aNMOICHCTBOBATh, YTO HEMOCPEICTBEHHO
OTpaXkaeTcsl Ha BOJIBT-aMIIEPHON XapaKTEPUCTUKE TS IByMEPHBIX MOMeseH (cM. puc. 6).

3akayeHmne

B paOote npeioxeHa 1 YMCIEHHO [IPOAHAIM3UPOBAHA HOBAsl TPEXMEpHAsl MaTeMaTHuecKasi MOJENb [IepeHoca
MIOHOB COJIM B KaHaJle 00E€CCOIMBAHUS C YYETOM AJIEKTPOKOHBEKIIMM Ha OCHOBE CHCTEMbI ypaBHeHHiT Heprcra —
[lmanka, [lyaccona n HaBse — CTokca ¢ SMeKTpHYeCKOi CHIION 1 €CTECTBEHHBIMH KPAeBBIMU YCIIOBHSIMU.
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Pe3ynbraTsl YUCICHHBIX AKCIICPUMEHTOB MOKA3BIBAIOT, UTO BO3HUKHOBEHHE M PA3BUTHE AIICKTPOKOHBEK-
TUBHBIX BUXPEH B TPEXMEPHOM KaHaje 00ECCONMBAHUS MPOUCXOAUT HAMHOTO PAHBIIE, YeM B JBYMEPHOM,
MpUYEeM OHU MUMEIOT (POPMY KOMIIJICKCOB, COJICPIKAIMX BHYTPHU CHHMpaJeBUIHbIC BUXpH. B3aumoseiicTeue
ATUX BUXpEH, 00pa30BaBIIUXCA Y KATHOHOOOMEHHON W aHMOHOOOMEHHOUW MeMOpaH, B TPEXMEPHOM CIydae
HAuMHACTCS PAHBIIE, YeM B JIBYMEPHOM, YTO IIPUBOIUT K 00Jice OBICTPOMY Pa3BUTHIO APYTHX JICKTPOKOHBEK-
THBHBIX CTPYKTYp (cM. puc. 7).
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u ponre noxapa. C NOMOIIBI0 MHOTOMEPHOH IrpaKK MPOUILTIOCTPUPOBAHBI HECKOJIBKO KaueCTBEHHBIX 0COOCHHOCTEH
CTPYKTYpBI TEMIIEPATYpPHOTO (PPOHTA U €r0 IBOJIIOLMH, BEKTOPHBIX MOJICH IPaJIMeHTa KOHLIEHTPALMH KUCIOPOo/a o TI0-
1I1a/1 JIECHOTO MacCUBa IPH HAIMYMHU UMEIOIINX Pa3InuHble ()OPMBI M pa3Mepbl yUaCTKOB C HU3KUM COJEP)KaHHEM TOPIO-
4Yero MaTepuaa 1 NpoAEeMOHCTPUPOBAHO BIUSHUE PABHOBECHON CKOPOCTH BeTpa B nojore jgeca. Ha npumepax nokazansl
BO3MOJKHBIC BApHAHTHI TMHAMUKH ()POHTA MT0Kapa B HATPABJIICHUSX 110 BETPY U MIPOTUB HETO.

Kniouegvie cnosa: HU30BOI IECHOHN MOXKap; MaTeMaTHYeCKast MOZIEJIb; IPOrPaMMHbIM KOMIUICKC; AUHAMHKA (POHTa
noxapa; rpaMeHT KOHIIEHTPALUH KUCIOPO/ia; HEOJHOPOAHOCTh HAIIOUBEHHOTO MTOKPOBA; CKOPOCTh BETpA.
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The problem of computer modelling of the spread of surface forest fires in a two-dimensional formulation is herein
considered. We describe the initial-boundary value problem in the form of a system of partial differential equations in the
accepted approximation of the corresponding physical and chemical processes with refinements of the mutually agreed
defining functions and the coefficients included in the equations. The Wolfram Mathematica computer algebra system is
used as a platform for developing the computer model, performing calculations, and creating a database with the out-
comes of computations. The results of numerical experiments investigating possible scenarios of how a fire zone spreads
in different directions and its behaviour near the fuelbreaks are presented. Several qualitative features of the structure,
the evolution of the temperature front, and the vector fields of the oxygen concentration gradient over the forest area are
identified and illustrated with multidimensional graphics in the presence of areas of the low content of combustible mate-
rials of various shapes and sizes, including the demonstration of the influence of the equilibrium wind speed in the forest
canopy. Possible variants of the fire front movement in the direction of the wind velocity and against it are identified and
explained using representative examples.

Keywords: surface forest fire; mathematical model; software; fire front dynamics; oxygen concentration gradient;
distribution of forest fuel; wind speed; wildfire.

Introduction

The influence of forest fires on the ecology and the environment, in particular, on air pollution, is well
known. It manifests itself on a global scale, and has negative social and economic consequences [1—4]. In the
territories of many regions, emergency situations caused by forest fires occur at regular intervals, and at the same
time, the success in their prevention and extinguishing does not increase. Therefore, it is important to search for
new solutions, technologies to prevent and reduce the intensity and duration of fires. The development of mathe-
matical, computer models of forest fires began in the middle of the last century in the United States and continues
throughout the world nowadays. A review of scientific publications indicates both successes and unresolved
issues [5-9]. In particular, there is no convincing proof for the kinetics of physicochemical transformations
and reactions used in the models [10; 11]. There are different, sometimes contradictory, models of turbulence
processes in the gas phase [12; 13]. The available field experiments do not fully meet the real conditions; there-
fore, they cannot be considered representative. Until now, no balance has been found between mathematical
models. Some models use too many simplifications, which lead to results that do not correspond to reality;
other models, on the contrary, take into account many theoretically justified descriptions, for the verification of
which there is insufficient experimental field data.

In most of the computer models given in the literature, the process of forest fire propagation is described
and analysed only for homogeneous environments. However, in reality, a homogeneous distribution of forest
fuel (mosses, litter, grasses, shrubs, trees, etc.) is extremely rare [5]. It is known that some observed effects of
forest fires are caused precisely by heterogeneity. For example, the accelerated spread of fire along clearings,
or the formation of a fire front in the form of «fingers» (fire fingering pattern [14]).

83



Kypnaa Besopycckoro rocyrapcTBeHHOro yuupepcurera. Maremaruka. Uadopmaruka. 2022;2:82-93
Journal of the Belarusian State University. Mathematics and Informatics. 2022;2:82-93

According to the existing reviews [15—19], mathematical (computer) models of forest fires are usually clas-
sified as physical, semi-empirical (including statistical), and simulation. In the presented research, the theo-
retical model of professor A. M. Grishin [20] is used. It is considered to be the most complete mathematical
description of the spread of fires in forests and peat bogs. After the publication of the mentioned monograph,
many researchers [9; 21-23], including the authors of this work, use Grishin’s descriptions as a basis and
modify them [24] for practical use [25], ensuring that the specific conditions of the territories and climate are
taken into account.

Until recently [26; 27], the mathematical model of surface forest fires was used by the authors mostly in
a one-dimensional formulation. This paper presents the results of modelling in a two-dimensional formulation,
when spatially distributed processes are analysed in numerical experiments. Calculations of possible scenarios
of forest fires spread are outlined, discussed, and illustrated; interrelated features in distributions of tempera-
ture and of oxygen concentration gradients caused by inhomogeneities in the density of combustible vegetation
on the area are identified, interpreted, and visualised; the influence of wind direction and velocity is also taken
into account.

In order not to refer readers to previous publications, we provide and explain the main formulas of the
model and additions to them.

The mathematical model of forest fires spread

To obtain the results of this study, the problem is considered in a two-dimensional approximation (avera-
ging over the height of forest fuel). The adopted mathematical model of forest fire spread takes into account
the main processes of energy and mass transfer: heat supply caused by convection, thermal conductivity, and
radiation; evaporation of water from forest fuel due to heating; decomposition of the dry organic matter of
forest fuel into components, combustion of gaseous and afterburning of solid pyrolysis products [24-29].
The corresponding mathematical description implies the need to calculate the area distributions and the dy-
namics of the following values: 7T is the temperature of the continuous multiphase reacting medium measured
in Kelvins; @; (j =1, 2, 3, 4) are volume fractions of the components of the forest fuel material, where @,
denotes the dry organic matter of forest fuel, ¢, is water contained in vegetation in bound and free forms,
@, is the condensed pyrolysis product, @, is the non-combustible mineral part (ash) of forest fuel; ¢, (v =1, 2, 3)
are the relative mass concentrations of the components of a gaseous phase, where ¢, corresponds to oxygen, ¢,
corresponds to the combustible gases arising in the process of thermal decomposition, c; is used for a mixture
of other non-combustible gases, including water vapour resulting from drying, the carbon dioxide released
during the afterburning of coke and the oxidation of combustible gases, inert components of the air mixture,
and the products of pyrolysis and combustion reactions.

The functions 7, @,, @,, ©5, @4, ¢, C,, c; depend on both time ¢ and spatial coordinates x and y. The surface
forest fire model is formulated as an initial-boundary value problem in the form of a system of partial diffe-
rential equations (1)—(11):

99, 99, 995 99,
= (I) 5 = @ . = q) 5 = O, 1
o0 " oo " o " o (1
de,
—L + (¥, grade,) - —dlv(p5 gradcl) 2)
ot Ps
dc, 1,
—2 +(V, gradc,) — —div(psDygradc, ) =D, , 3)
ot Ps :
V, gradT') — div(A,gradT
e st 1 gradl) Z dvGhrendl) o, @
t
PsCps + ij(p, p,
j=1

Let us note that the right-hand sides of differential equations (1)—(4) represent functions depending on the
calculated variables. In particular, @, depends on @, and 7, the function @, depends on ¢, and 7, and @,
depends on @, @5, ¢, ¢,, and 7. These functions are expressed by the following formulas:

R R oa.R, M~ R
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Here ¢ is time; 7., corresponds to the unperturbed ambient temperature; / is an equilibrium wind speed;
Ah is the height of the forest fuel layer; p, (/= 1, 2, 3, 4) is the true (particle) density of the ¢; component;
ps is the density of a gas phase (a mix of gases); p., is the unperturbed density of a mix of gases (air density);
A and D are the turbulent thermal conductivity and the diffusion coefficient [20]; o is the heat exchange
between the atmosphere and the forest fuel layer; K, is the integral (absorption and scattering) attenuation
coefficient; ¢ is the Stefan — Boltzmann constant; g,, g5, and g5 are the heat effects of evaporation, of charcoal
burning, and of gaseous combustible pyrolysis products burning; &, ky,, ky; and E,, E,, E; are the pre-expo-
nential (frequency) factors and energy activations of reactions R,, R,, R;. The universal gas constant is
denoted by the symbol R; ¢, and ¢, are the relative mass concentrations in the unperturbed atmosphere
of oxygen and of combustible gases; M,, M,, M5, and M. are the molecular masses of the gas phase com-
ponents and of the condensed pyrolysis product; M is the molecular mass of air; ¢ ,_ (j=1,2,3,4) are

specific heat capacities of the @, component; Cp is the specific heat capacity of a gas phase. Here R, R,, R,

correspond to reactions of dry forest fuel pyrolysis (chemical decomposition of a substance by heating with
an allocation of combustible gases), moisture evaporation from the forest fuel (drying), and condensed py-
rolysis products burning; Rs,, Rs,, R; are the mass rates of oxygen disappearance, combustible gases gene-
ration, and combustible gases burning accordingly.

The mathematical model is focused on solving a very wide range of problems, on the possibility of re-
producing many qualitative features. Below we discuss the results of calculations when specific values and
expressions of coefficients and functions are used to characterise the composition and geometry of the distri-
bution of the forest fuel, the rates of drying, pyrolysis, combustion, and others. The appropriate selection of
values for the model supply was made so that there were no contradictions with the reasoned data given in the
literature, in particular, with experimental studies [20; 23].

Let us list the values of the coefficients and the determining parameters of the model used in this work. They
are selected based on the results of computational experiments in such a way as to demonstrate the features
of forest fire processes: the starting temperature of the environment 7, = 304 K, the parameters of the layer of
combustible vegetation (height Az = 0.1 m, bulk density p,=5 kg/m’, moisture content ¥ = 10 %, coke number
o, = 0.1); the turbulent processes in the gas phase (D, =1.5 m?%/s, A;=1000 J/(m - s - K)); the energy and mass
transfer coefficients (i, = 1.5 m ', oo = 100 W/(m® - K)). The values for the densities of the forest fuel compo-
nents, molecular masses, heat capacities, coefficients of physicochemical reactions, and several other values
are given in [26].

The initial and boundary conditions are given in [25-29].
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Software for calculating the forest fire dynamics

Approximate solutions of the reduced system of differential equations are calculated using explicit finite-
difference schemes. The spatial grid is locally uniform and adapted in real-time by taking into account the
resulting distributions. The time step is determined by the stability conditions [28; 29], taking into account
the peculiarities and intensity of physicochemical processes at each time layer [30]. The current calculation
results at the specified time points of the process are recorded in the database and separately visualised
during processing and analysis. The creation of such a database of numerical experiments allows for the
intelligent processing of the results. Computer algebra system Wolfram Mathematica is used as the basis of
a software platform [31; 32].

The results presented below were preceded by methodological calculations, in which the steps of the spatial
grid were selected based on the Runge rule. Special attention was paid to the issues of adequate correct visua-
lisation, in particular, when constructing density maps and vector fields.

Below, we present and discuss the results of calculations of how the distributions of the main characteristics
of fire are changed over time in a quadratic forest area with a side of 20 m. The process of fire development
is studied in a forest when a fire occurs in the centre of the region (taken as the origin of coordinates) and the
combustion begins to spread. It is considered that the wind in the forest canopy is directed along the Ox axis
(from left to right). At the same time, on one of the flanks, there are areas with the absence of combustible
vegetation (glades) [33].

The fig. 1-11 below show the volume density of the forest fuel; the green colour shows areas where the
forest is in its initial state, the brown colour shows areas with no combustible material (fuelbreaks), the already
burned forest areas are shown in dark blue. Also, the position and shape of the temperature of the current com-
bustion front are synthesised in the same figures using gradient colours (from blue through white and yellow
to red) as a distribution density map. The «drops» markers show the directions of the gradients of the oxygen
mass concentration; the size of the «drops» is scaled by intensity.

Fire front propagation through fuelbreaks of various sizes

The examples below consider the options for the development of fires on areas of a forest with the uniform
density of the forest fuel with inclusions in which there is no forest combustible material — round glades of
various sizes (schematically shown in fig. 1). Small glades have an area of 2.25 m?, the medium size is 4.5 m*
(twice as large), and the large is 18 m?, i. ., four times the area of the middle glade.

a b c
Time: 30 Time: 30 Time: 30

» &
® O & . BOR

Wind Wind Wind
1.5 m/s 1.5 m/s 1.5 m/s

Fig. 1. Circular fuelbreaks of various sizes: 2.25 m” (a), 4.5 m* (b)
and 18 m? (¢) respectively (time point is 30)

Figures 2—4 show the results of calculations at an equilibrium wind speed at the middle of the flame height
V' = 1.5 m/s for three different sizes of fuelbreaks. The geometry differs only in the area of the clearings.
The contour of the boundaries of the fuelbreaks and the positions of their centres relative to the combustion
centre are the same for all three options. The distributions are rendered at the same points in time.

The illustrations can be interpreted as follows. During the first stage, the line of the fire contour breaks after
meeting the glades. In the second stage, the fire «goes around» the glades. The fire propagation stops in the
direction opposite to the direction of the wind. In the direction of the wind and across (perpendicular) to the
direction of the wind, independent flanks meet together and the fire continues to spread as a united front. There
is an evident difference in the front configurations after overcoming fields of different sizes [27].

In fig. 2—4 «dropsy illustrate the directions and magnitude of the oxygen concentration gradient. The markers
are shown only in the fire zone; in the areas not affected by the fire, the values of the simulated gas concentra-
tions and temperatures are constant, the gradient is zero.
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Fig. 2. Fire spread in the case of three fuelbreaks
with 2.25 m? each at the following time points: 65 (), 130 (b), 195 (c)

Fig. 3. Fire spread in the case of three fuelbreaks
with 4.5 m* each at the following time points: 65 (a), 130 (b), 195 (c)

Fig. 4. Fire spread in the case of three fuelbreaks
with 18 m? each at the following time points: 65 (), 130 (b), 195 (c)

Let us point out a general pattern. Because combustion (increase in temperature) is a process inextricably
linked with a decrease in the oxygen concentration, then near the combustion fronts [6], the oxygen concentra-
tion gradients are collinear with the directions of movement of the edges of the fire.

Modelling the influence
of fuelbreak forms on forest fire processes

The next series of computational experiments are intended to demonstrate the difference in the behaviour
of a forest fire depending on the shape (see fig. 5) of the glades encountered in the path of the fire: rectangles
(see fig. 6), squares (see fig. 7), and circles (see fig. 8). Please note that the difference is in the shapes of fuel-
breaks, but the areas are the same. The time points shown in the illustrations also coincide. The calculations
were carried out at an equilibrium wind speed at the middle of the flame height J'= 1.5 m/s.
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a b c
Fig. 5. Three variants of fuelbreak shapes at the moment of fire ignition (time point is 30):
rectangular (a), quadratic () and circular (c) fuelbreak geometry

Fig. 6. Fire dynamics for the rectangular fuelbreak geometry
at the following time points: 65 (a), 130 (b), 195 (¢)

Fig. 7. Fire dynamics for the quadratic fuelbreak geometry
at the following time points: 65 (a), 130 (b), 195 (¢)

Fig. 8. Fire dynamics for the circular fuelbreak geometry
at the following time points: 65 (a), 130 (b), 195 (¢)
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The following interpretation of the results seems to be justified. While passing the glades, the fire front
breaks into independent parts, which go around them. In the direction opposite to the wind speed the propaga-
tion stops. Along the wind direction and «perpendicularly» to it, the autonomous parts of the fire front close
again, and the fire spreads as a united front. There is a noticeable difference in the resulting configuration of the
front isotherms after overcoming different forms of glades. The question whether these differences will grow
in time, or whether the fronts will take the same configuration, requires a separate study.

Taking into account the influence of the wind speed

The influence of the wind speed on the nature of the forest fire spread is illustrated in fig. 9—11. In the given
computational experiments, in terms of geometry, the case of circular fuelbreaks of a «small» size is consi-
dered. Figure 10 (the same as fig. 2) shows the calculation for the wind speed V' = 1.5 m/s; fig. 9 and 11 show
the results of two additional series of calculations, which differ from the version in fig. 10 only by the wind
speeds ¥, which are equal to 1 and 2 m/s respectively.

Fig. 9. Fire dynamics for the circular fuelbreaks at 1 m/s wind velocity
at the following points: 65 (a), 130 (b), 195 (¢)

Fig. 10. Fire dynamics for the circular fuelbreaks at 1.5 m/s wind velocity
at the following points: 65 (a), 130 (b), 195 (¢)

Fig. 11. Fire dynamics for the circular fuelbreaks at 2 m/s wind velocity
at the following points: 65 (a), 130 (b), 195 (¢)
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Figure 9 is of particular interest. At low wind speeds, fire fronts overcome the glades in all directions, in-
cluding the direction against the wind. It should also be noted that the width of the burning line in the direction
of the wind is narrower than on the flanks, and in the rear this width is maximum. In fig. 9 at time 195 it is
noticeable that the point of the minimum oxygen concentration is shifted to the right (to the direction of the
wind), relative to the centre of the initial fire occurrence. The most likely reason is the influence of the convec-
tive transport due to the wind force.

Concluding the discussion of the results and illustrations of the distributions of temperature and bulk density
of combustible forest materials, let us note that the developed software package can also calculate and save to
a database [35] the distributions of the released water vapour [34], polluting gases, coal and ash. The corres-
ponding spatial distributions and integral characteristics at control points in time can be visualised with maps,
tables, and graphs of changes.

Conclusion

The article discusses the results of numerical experiments; the qualitative differences in the evolution and
configuration of the fire front, the directions and intensities of the oxygen concentration gradients during
the surface forest fire spread are identified and noted. Situations are considered when there are fuelbreaks
of different shapes and sizes on the path of the fire front, moreover, for several typical variants of the wind
speed in the forest canopy. Possible specific features of the controlled distributions of the process charac-
teristics are shown.

Separately, we note the features of conducting computational experiments. In terms of the software per-
formance, it should be noted that calculations are very time-consuming, each option is calculated on a «regu-
lar» laptop for several tens of hours, but at this stage optimisation and performance improvement, including
Wolfram Mathematica tools for parallelising calculations, were not implemented. The possibilities of such
technical solutions are obvious, because explicit approximations are used, the grid solution of each equation
of the system can be calculated on a separate computing core. The current state of performance of the software
complex suits the goals of its use, the main of which is filling collections of typical process scenarios for basic
fragments of territories for typical environmental conditions and forests. The positive aspects of the developed
software package are the ability to interrupt calculations at any time, visualise and analyse the intermediate
results, change the model parameters and continue calculations from any saved time layer.

The authors have accumulated a large volume of results of calculations of the dynamics of forest fires va-
rying in a wide range of parameters and initial conditions included in the model. We developed methodological
and technical solutions for the use of artificial neural networks for geodata processing [32; 36; 37]. Based on
the generated database of calculation results, we plan to make it possible to predict the dynamics of forest
fires in real time using semi-empirical models [38] by extending them with intelligent data processing tools.
The main part of such work will be the inclusion of neural networks in the complex: a) creation of test cases
for training a neural network based on the database of numerical results of forest fires propagation; b) after
training, the neural network would predict in real-time the propagation velocity of the fire contour depending
on the categories of territories, climatic conditions, density of distribution of forest vegetation.
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BBIAEAEHUE OTAEABHBIX YYACTKOB TEAA YEAOBEKA
HA U30OBPAJKEHUM C UCIIOAB3OBAHWEM
HEMPOHHBIX CETEX 1 MOAEAU BHUMAHWA

B. B. COPOKHHA", C. B. ABJIAMEHKO""?

YBenopycckuii 2ocydapemeennviii ynusepcumem, np. Hezasucumocmu, 4, 220030, 2. Muncx, Benapyco
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Boiaenenue oTaenbHBIX YYacTKOB Teja Y€IOBEKa SIBIIETCS CIOXKHOW 3a/aueld, KoTopas UMEET MHOXKECTBO MPUIIO-
KeHUH. B maHHOHM paboTe mpeiiaraeTcs aqrOpUTM BBIICICHUS YacTel Tella YeJOBeKa Ha M300paKCHHUAX C MTOMOIIBI0
cuctembl OpenPose 1 Monenn BHUMaHusA. HOBH3HA MPeCTaBICHHOTO alTOPUTMa 3aKII0OYaeTCs B TOM, YTO OH OCHOBaH
Ha CBEPTOYHON HEMPOHHOH CETH, UCIOJB3YIOLIEH HenapaMeTpUUECKOe NPEACTABIECHUE s CBSA3bIBAHUS YacTell Tena
C JIFOAbMU Ha I/I306pa)l(eHI/II/I, B COUCTAHNU C MOACIBIO BHUMaHUA, KOTOpasA YYUTCA COCPEAOTOYNBATHCA HA OTIPEACIICHHBIX
00J1acTsIX BXOTHOTO M300pa)keHUsl. AJITOPUTM SIBJISICTCS YacThIO pa3paboTaHHOW aBTOpamMu cucteMbl Smart Cropping,
IeJTb KOTOPOH — BBIpe3aTh Ha N300PAKCHUU HY)KHBIC YaCTH OJIC)K/IBI ¥ ITOJITOTOBHUTH KaTaJIOT AICKTPOHHON KOMMEPIIUH.

Knrouesnie cnosa: BIieIeHNe YaCTeH Tella YeIoBeKa; MOJIETb BHUMAHMS; CBEPTOUHAs HEMpoHHAas ceTh; Smart Cropping.

DETECTION OF HUMAN BODY PARTS ON THE IMAGE USING
THE NEURAL NETWORKS AND THE ATTENTION MODEL
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Human body parts detection is a challenging task, which has a lot of applications. In this paper, we propose an algo-
rithm to detect human body parts on images using the OpenPose neural network and the attention model. The novelty of
the proposed algorithm is that it is based on a convolutional neural network that uses non-parametric representation to
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associate the body parts with people in an image in combination with the attention model that learns to focus on specific
regions of the input image. The algorithm is part of the Smart Cropping system developed by the authors with the aim to
cut necessary pieces of clothing in images and prepare e-commerce catalogues.

Keywords: human body parts detection; attention model; convolutional neural network; Smart Cropping.

BBenenne

B coBpemMeHHOM 00IIIECTBE TEXHOIOTHH MCKYCCTBEHHOTO WHTEIUIEKTa WTPAIOT BCe Ooliee BaXKHYIO POJIb.
XOpoI10 U3BECTHO, 4TO ITyOOKoe 00yUdeHHe MOYKHO MCTIOIB30BATh JIJISl ONIPEIeNICHNUS YacTel Tena YeIoBeKa.

Brinenenne wacrteii Tenma denoBeka [1] — 3To 3amada KOMITBIOTEPHOTO 3PEHUS, KOTOPAsi BBEIYHUCIISET pac-
MIOJIO’KEHHE YaCTH TeJla YesIoBeKa Ha n300pakeHuH i Buaeo. OHa sBisieTcs PyHIaMEHTOM JAPYTOi 3a/auu
KOMIIBIOTEPHOTO 3PEHUS — OLIEHKH I03bl, KOTOPYIO TAaKXKe MOJKHO pacCMaTpUBaTh Kak MpoOiieMy onpeaeieHus
TTOJIOXKEHUSI ¥ OPHEHTAIIMN KaMePbl OTHOCUTEIBPHO KOHKPETHOTO O0BEKTa WK 4eoBeKka. OOBIUHO ATO JienaeTcs
IMyTeM HJeHTH(PHUKAIINY, TTIONCKA U OTCIICKUBAHUS Psi/ia KIIFOUYEBHIX TOYEK HA JAHHOM OOBEKTE WM YEIIOBEKE.
11 06BEKTOB 3TO MOTYT OBITH YIIIBI FITH APYTHE Ba)KHBIE SIEMEHTHI, a /IS JTIOJeH KITFOYeBBIMU TOYKAMH SIB-
JSIFOTCSI OCHOBHBIE CYCTaBbl, TAKUE KaK JIOKOTh MIJIA KOJICHO.

Pemras 3amauy BblAETICHUS YacTell Tena YeI0BEKa, MOYKHO OTCIICKHMBATh OOBEKT WIIM 4YelloBeKa (1100 He-
CKOJIBKUX JIIOIeH) B peajibHOM MPOCTPAHCTBE Ha HEBEPOSTHO JIETAIbHOM YPOBHE, YTO OTKPBIBAET IIMPOKHUH
CIIEKTP BO3MOXKHBIX MTPHIIOKCHHN.

[Ipumenenne 3a1a4 BBIICTICHUS YacTel Tella YeloBeKa M OIEHKH IO3bI JOCTATOYHO OOIIUPHO — OT BUP-
TyaJbHBIX CIIOPTUBHBIX TPEHEPOB U MEPCOHAIBHBIX TPEHEPOB Ha 0a3e MCKYyCCTBEHHOTO MHTEIIIEKTA 70 TPO-
rpaMM OTCIIC)KUBAHUS JIBIKCHUH Ha TMPOW3BOJCTBEHHBIX IUIOMIAAKAX B IENsX oOecriedeHus: 6€301macHOCTH
pabouux, a TakxKe 00JIACTH POOOTOTEXHUKH [2] (OTIpeiesICHHEe YacTel Tella MOKET CO3/1aTh HOBYHO BOJIHY aBTO-
MaTHU3UPOBAHHBIX HHCTPYMEHTOB, IPEAHA3HAYCHHBIX I U3MEPEHUSI TOUHOCTH JBMKCHUH UEIIOBEKA).

Brinenenne yacteil Tema 4emoBeka MOXET OBITH MCIOJIB30BAHO B 3aJladyax 3JIEKTPOHHON KOMMEPIIHH,
a IMEHHO TIPH CO3/IaHUM KaTajora 3JIEKTPOHHOW KOMMEPIINH, YTO U OyAeT MPOIEeMOHCTPHPOBAHO B JaHHOH
cTarhe.

ToBapHBIN KaTajaor — 3TO WUIFOCTPUPOBAHHBINA IEPEUYEHb TOBAPOB WM YCIYL, COCTABISEMbIN I HYX]
KJIMEHTOB, IOKyTAaTeNe MK APYTUX 3aMHTEPECOBaHHBIX JIUII. Mlepapxudeckas CTpyKTypa Karajora BKJII0YaeT
KaTerOpUH U MOJKATErOpHH, B KOTOPBIX CONEPKHUTCS MH(OpMAaLusl O ToBapax. DNEKTPOHHBIM Karajor — 3TO
Pa3HOBHIHOCTH TOBAPHOTO KaTaJIOTa, B KOTOPOM BCSI UMEIOIIAsCs HH(POPMAITUS MPEICTABICHA B AIEKTPOHHOM
Buzie. B 21eKTpOHHOI KOMMEPITUH TaKhe KaTajorH SIBISIOTCS BAKHEUIIINM, a 3a9acTyI0 U eMHCTBEHHBIM Ka-
HAJIOM KOMMYHUKAIMH MEX]Ty TIPOU3BOIUTEIIEM HIIH TIOCTABIIMKOM ToBapa U rmokynaresneM. OCHOBHasI 3a/1a4a
AIIEKTPOHHOTO KaTayiora — MpeCcTaBlIeHne NHPOPMAIH TaKUM 00pa3oM, 4TOOBI MOKYIATellb UMeNl BO3MOXK-
HOCTB 3()(HEKTUBHOTO MOKCKa HEOOXOMMMON HH(OPMALIMK U TIPU 3TOM Y HETO HE BO3HHMKAJIO TPYIHOCTEH ¢ ee
NOHUMAHUEM U MCIIOJIb30BAaHUEM.

Co3znanue Karanora dJIeKTPOHHONH KOMMEPIIMH BKITFOYAeT B ce0sl MOATOTOBKY M300paKeHUH U KOHTEHTA
k HUM [3]. [Ipu moarotoBke n300pakeHUH OMEIKIBI OOBITHO UCTIONB3YETCs (DoTOrpadus UeoBeKa B MOTHBIH
POCT, MPECTABIISIFONIETO HECKOJIBKO TPEIMETOB OJIEK bl OJIHOBpeMeHHO. Takoe n300paxkeHre Hape3aeTcs Ha
4acTU B COOTBETCTBHUH C OINPEACICHHBIMU MpaBuiaMu. Hanpumep, Ui 100K HE0OXOIUMO TIOKa3bIBaTh YacTh
OT TaJMU JI0 CTOI, a JUIs pyOallKy WM MUAXKaKa — OT MaKyIIKH TrojJoBbl 1100 1meu Ao Oenep. B Hactosmee
BpeMs Hape3Ka MPOU3BOJUTCS BPYUHYIO M 3aHUMAET JUTUTEIILHOE BpEMSI.

Jliisa aBTOMaTHU3anuy JaHHOTO Tpoliecca aBTopaMu pazpadoran anroputM Smart Cropping, O3BOISIOIIHNA
C ITOMOIIIBIO PEIICHNS 33/1a91 BBIACIICHIS YacTel Tena dyeloBeKa MPOU3BOIUTh Hape3Ky JieTaiel n300pakxeHni
JUTst (POPMUPOBAHUS SJICKTPOHHOTO KaTasora.

AHaJIU3 CylIeCTBYIOIIMX MOAX010B

Brinenenue yacTeil Tena yenoBeKa OTINYAeTCs OT IPYTUX PacIpOCTPAaHEHHBIX 3a4a4 KOMIIBIOTEPHOTO 3pe-
HUSl HEKOTOPBIMU Ba)KHBIMU acIeKTaMH. Takue 3aja4yu, Kak oOHapyKeHHe OObEKTOB M paclio3HaBaHue o0Opa-
30B [4], TaKXkKe ONpPEeAeIIOT MECTOHAXO0X/IEHHE 00BbEKTOB Ha m300paxxeHnr. OTHAKO ATa JIOKATH3AIHS 00bIY-
HO SIBIIIETCS] KPYITHO3EPHUCTON M COCTOUT M3 OTPaHWYHMBAOIIEH paMKH, OXBAaThIBAOIIEH 00beKT. Brinenenne
yacTel Teja 4eJI0BeKa MJIET Jablie, MpeacKka3biBas TOUHOE MECTOTIOIOKEHHE KITIOUEBBIX TOYEK, CBA3aHHBIX
¢ o0BekTOM [5; 6].

PanHue paboTHI 10 OIICHKE M03bI YeJI0BEKa Ha N300paKEHUH OCHOBBIBAIMCH HA TOCTPOCHUU TPaPUUECKUX
CTPYKTYD U MOJCIMPOBAHUU B3aUMOCBSI3eH Mexay cyctaBaMu [7—9]. OnHako 3TU METOAbl B 3HAYUTEIbHON
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CTENEHH 3aBUCEN OT BBIJETICHHBIX BPYUYHYIO MPU3HAKOB, YTO OIPAHUYMBAIO UX YHUBEPCATBHOCTH MPH MIpHUMe-
HEHHU JJIsl OLIEHKH TI03blI YellOBeKa B pealbHOCTH. Ha cMeHy MeTonam Ha OCHOBE TpadHUYecKHX CTPYKTYP
MPULLIH aJrOPUTMBL, Oa3upyIOLIMecs Ha CBEPTOYHBIX HEHpOHHBIX ceTsax [10; 11]. Takue Moaeny mo3BOIMIN
0000IIUTH MPU3HAKH, CBOWCTBEHHBIC ONPEICIICHHOM 1M03€, TOCPEACTBOM N3yUYCHHUS Pa3IMUYHBIX IPOCTPAHCT-
BEHHBIX OTHOIIEHWH 13 Habopa AaHHBIX. B mocieaanx padorax [12; 13] ucnonb3yeTcst cTparerus UTepaTuB-
HOT'O YTOUYHEHMS BBIXOIHBIX JAHHBIX KaXIOTO CJIOSA CETH. B yKa3aHHBIX HCCIIEOBAaHUSIX NPEICTABICHbI IIepe-
JIOBBIE aJITOPUTMBI, KOTOPBIE MPOTECTUPOBAHBI Ha Pa3IMYHBIX H300paKESHUSAX.

Krnaccuueckuii moixon k 3ajjaqyaM BbIIEJIEHNS YacTel Tena YyesloBeKa U OLIeHKH MO3bl, TPE/IOKEHHBIN B pa-
0ote [14], 3akrogaercst B TOM, YTOObI IPEACTAaBUTh OOBEKT B BHJIE HAOOpa YacTeil, paciooKeHHBIX B e op-
MUpPYeMOH (HEeKEeCTKOM) KoH(Urypauuu. bonpIIMHCTBO HOBEHIINX CUCTEM OLIEHKH I03blI UCIIOIB3YIOT CBEpP-
TOYHbIC HEMPOHHBIC CETH B Ka4€CTBE OCHOBHOI'O CTPOUTEIBHOIO 0J0KAa, B 3HAUUTEIbHOM CTEIEHH 3aMEHss
CO3/IaHHBIE BPYUHYIO (PYHKIIUHU U TpaduvecKre MOAETH. DTa CTpaTerus MO3BOJIIIIA CYIIECTBEHHO YITyYIIUTh
CTaH/apTHBIE MOIXOBI.

DeepPose [11] — nepBas apxuTeKkTypa Ha OCHOBE IIyOOKOI CBEPTOYHON HEHPOHHOW CETH, IPUMCHECHHAS
K 3aJlaue OLIEHKH MO03bI uenoBeka. OHa J0CTUIIIA POU3BOJUTEILHOCTH IEPEAOBBIX AJITOPUTMOB U MTPEB301ILIA
cylIecTByIoImye Monesnu. B aTom nmoaxone oneHka mo3bl GOpMyIUpyeTcsl Kak 3ajaya PerpecCHu Ha OCHOBE
CBEPTOYHOM CETH IJISl OIPENEJICHHs CyCTaBOB Tela YeloBeKka. B padore Takxe MCIIONb3yeTCs KackKal TaKux
perpeccopoB /s MoydeHHs 60iee TOUHBIX OIIEHOK 103kl HemocTaTkom Moenu siBIsieTCs CII0KHOCTh 00yHe-
HUS U3-3a CIIeU(HUKHA Perpeccu, 4yTo ociadiseT 0000meHne 1, cleJ0BaTeIbHO, IJI0X0 padoTaeT B onpese-
JICHHBIX PETUOHAX.

Hogeifimme MeTobl npeoOpa3oBbIBAIOT 33/1a4y OLIEHKH 03Bl B 331a4y OLICHKH TEIUIOBBIX KapT, IIe Kax1as
TEIUIOBAsl KAPTa YKa3bIBAET JOCTOBEPHOCTh MECTOIOJIOKEHUS n-I KIIIOUEBON TOUKH Tejla denoBeka. Ha man-
HOM I101X0/ie OCHOBaHa pabora [13], rae npencraBieHa apxXUTEKTypa, UCIIONIb3YOIIasi CBEPTOUHYIO HEHPOH-
Hyto ceThb ConvNet [12] u Mmoxens yrounenus (refinement model). B 5ToM MeTO/Ie TETIIIOBBIC KaPTHI CO3AA0OTCS
MyTeM MapauIeIbHOTO MPOTroHA N300paKEHHSI, IPEACTABICHHOTO B Pa3HBIX pa3pelIeHusX, sl OTHOBPEMEH-
HOTO 3aXBaTa 0OBEKTOB B Pa3IMYHBIX MaclTadax. Pe3ynbsraroM sBIsSETCS TUCKPETHAS TEIJIOBasi KapTa BMec-
TO HENpephIBHOM perpeccuu. TeruioBas kapTa MpeacKa3biBaeT BEPOSITHOCTh HAJUUYMSI TOUKM Teja YeJIOBEKa
B K@XJOM nukcese. Mozenb nokasaja BICOKHE pe3yabrarbl. HemoctaTkoM gaHHOTO 1OAXOAa SIBISETCS OT-
CYTCTBHE CTPYKTYPHOTO MOJEIUPOBaHUs. J[ByMEpHOE IPOCTPAHCTBO YEIOBEYECKHUX 1103 BBICOKOCTPYKTYpH-
POBaHO M3-3a MPOMOPIUI YacTel Tena, CHMMETPUH CIIeBa M CIIPaBa, OTPaHUYECHUI B3aUMOIIPOHUKHOBEHHS,
OTpaHUYCHHH CYCTaBOB (HANPHUMED, JOKTH HEe crHOAI0TCS Ha3a ) U PU3HUYECKOH CBA3H (HApUMeEp, 3aIsCThs
JKECTKO CBSI3aHbI C JIOKTSMH), YTO HE OBLJIO YYTCHO B MeTofIE [9].

B Hacrosmelt cratbe A1 BBIIENIEHUS YacTell Tena 4desoBeka ucrnonb3yercs apxutekrypa OpenPose [15],
MoauduIpoBaHHast MOZeNbl0 BHUMaHuUs (attention model) [16]. TlocTpoeHHast MOzenb MO3BOJISIET HE TOJIb-
KO CTPYKTYpHpPOBATh 4acTH Tejla 4EJIOBEKa 3a CUeT IOJIEH CXOACTBA YacTel, HO U 0ojee NeTabHO BhIICINAThH
YYaCTKH YEJIOBEYECKOTO Tejla Oyarojiapsi CTUMYJIaM K YCHIICHUIO 3HAYMMBIX U MOJIaBICHUIO HE3HAYUMBIX 00BCK-
TOB Ha N300paKEHUH, YTO JOCTUTAETCs BBULY MIOCTPOCHUS IBYMEPHOI MaTpHIIbl OLEHOK JUTs KasKI0H TeTI0BOM
KapThI.

Auaroputm Smart Cropping

B nanHol paboTe mpeuiaraeTcs anropuT™ IS BBIJEIICHUS YaCTeH Tella YeloBeKa C MOMOIIBI0 HEeHPOHHON
ceTH, 00eCTIeunBaIONINiA aBTOMAaTHYECKYIO MTOJATOTOBKY N300paKeHUH B KaTaJor 3JIEKTPOHHON KOMMEPITHH.

Brauane BBIZETSAIOTCSA KITIOYEBBIE TOYKH YEJIOBEUECKOTO Tella U BBIYMCISIETCS TIO3UIIMOHHOE COOTHOIIICHNE
MEXKTy HUMH, KOTOPOE 3aTeM HCIIONBb3YETCs sl 00PE3KH NCXOHOTO CHUMKA U CO3/IaHus Habopa n300pakeHHH,
MPEICTABISIONINX TOBAPhL. AJITOPUTM CIIOCOOEH MOATOTABINBATE N300paKEHHS TICYEBOM OICKIbI (OIMPaeTCst
Ha MOBEPXHOCTH TeJla, OTPAHUYCHHYIO CBEPXY JMHUSMH COUWICHEHHS TYJIOBHUILA C [IeeH W BEPXHUMHU KOHEY-
HOCTSIMH, a CHHU3Y JIMHHUEH, TPOXOMIAIIeH depe3 BBICTYIAONINE TOYKU JOMATOK U TPYIH), TIOSCHON OHEkKIbI
(omupaeTcs Ha MOBEPXHOCTH Tella, OTPAaHMYEHHYIO CBEPXY JIMHUEH TalluH, a CHU3Y JHHHUEH Oeep), TOIOBHBIX
yoopoB u 00yBu (puc. 1).

[pemnaraemplii anroput™ nony4ui HazBanue Smart Cropping. OH BKIIHOUACT B ¢€0sl CICIYIOIINE IIIary.

Ilar 1. Brigenenne npu3HakoB U300pakeHUsL.

Iar 2. [TocTpoeHue TEMI0BOM U BEKTOPHOU KapT [uId onpeneseHus 2D-o3uun 4acTeil Tena yeroBeka
Ha U300paKSHHH.

ITar 3. BeruuciieHne NO3ULHUOHHBIX OTHOIICHHUN [TOJIyYEHHBIX YAaCTEH TeJla YEI0BEKA.

Iar 4. O6pe3Ka 1o 3aJaHHBIM MTPABHJIAM.

Apxurektypa anroputma Smart Cropping npejcraBicHa Ha puc. 2.
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Puc. 1. TIpumep oOpe3ku U300paeHns

Fig. 1. Example of image cutting
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Puc. 2. Anroputm Smart Cropping
Fig. 2. Smart Cropping algorithm

B cBsi3u ¢ TeM, 4TO TeMa JaHHOW CTaThU — BBIJCIICHUE YaCTEH Tesa 4eJIoBeKa Ha N300paKEHUH C UCIIONb-
30BaHUEM CBEPTOYHON HEHPOHHOW CETH M MOAEIM BHUMaHMS, 0CO00€ BHUMAHHUE YIEIECHO BBIACICHUIO IIPU-
3HAKOB U300paKEHUs, APYTHE 3TAIbI OIMCAHBI KPATKO.
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Oo0yualoniee MHOKECTBO

OGyuaromuii HaGop AaHHBIX pencTaBieH Habopom Common Objects in Context (COCO)', xoTopsiii mc-
MOJIBb3YeTCs AJIsl OOHAPY)KEHUs KITFOYEBBIX TOUEK ¢ MOMOIIbIo cucteMbl OpenPose. Llenbio aToro Habopa naH-
HBIX SIBIISIETCS IPEACTABICHNE OOBEKTOB B IOBCEAHEBHOM cuieHe. OOBEeKThl Ha N300PaKEHMH OTMEUEHbI TOUHOI
CerMeHTaIue.

Ha6op mamasix COCO mpegHazHadeH sl 00HAPYKEHUS 00BEKTOB M KITIOYEBBIX TOUCK YEIOBEKa, pas-
JIMYHBIX BUJIOB CErMEHTALMHN U CO3AaHUs 3arojoBKOB. OH BKJIIOYAeT OOJIBIIOE KOJIMYECTBO M300PAKECHUH,
npudeM 250 000 gemoBek B 3TOM HabOpe OTMEUEHBI KIIOYEBBIMH TOUkKaMu. Kpome TOro, OOJIBIIMHCTBO
n3o0pakenuit mroner B Habope manHbIX COCO OTHOCATCSA K CPEIHUM W KpyHmHBIM MacmTadam. Kaxmoe
nzobpaxenue xpanurcs B popmare RGB (8 6ut na xanan). Hexotopsie npumepst Habopa ganueix COCO
MMOKa3aHbI Ha PHC. 3.

Puc. 3. Tlpumepsl n300pakeHuii 00yJaroeil BBIOOPKH

Fig. 3. Example of the training dataset’s image

Boiesienne NpU3HAKOB N300pakeHUs

Brinenenune nmpu3HakoB M300pa)KeHUs] — 3TO MEPBbIA mar anropurMa Smart Cropping U OCHOBHasi TeMa
TAaHHOH cTaThH. BhINenenne Mpu3HakoB MPOU3BOJUTCS C MOMOIIBIO ITyOOKOW CBEPTOYHON HEHPOHHOH ceTn
VGG-19 [17], kotopas sBasieTcs yacTbio apxutekTypsl OpenPose [15]. Cnou neliponnoi cetn VGG-19 or
BXOJHOTO 110 TocnenHero (MaxPool) paccmarpuBaroTcst Kak 4acTh MOJIENM M3BJICUEHHsS TPU3HAKOB. BBIxon
CIIOEB CETH — KapTa NPU3HAKOB M300paxeHHs, PUKCHPYIOIIasl pe3yabTaT NPUMEHEHHs (QUIBTPOB K BXOTHBIM
JTAHHBIM (HarpuMep, BXOAHOE M300pakeHNE WITK BBIXOJ] APYTOTO cllosi ceTh). KapTel mpu3HaKoB, OIU3KUE K BXO-
JlaM, T. €. IIEPBBIM CIJIOSIM CETH, OOHAPYKUBAIOT MEJIKHE MIIM MEJIKO3E€PHHUCTBIEC JETajH, TOIAa KaK KapThl IpU-
3HAKOB, OJIM3KKE K BBIXOAHBIM JaHHBIM MOJENH, PUKCUPYIOT OoJiee 00IIre MPU3HAKH.

HoBu3zHa mnpeiiokeHHOTo B HACTOSINEH CTaThe ajiropuTMa 3akirouaetcs B Mogudukamuu cetn VGG-19
C IOMOIIBIO MOJICJIM BHUMAHUS (KapThl BHUMAHUSI YETKO BBIICIISIOT HHTEPECYIOLIE 001aCTH P HOAABICHUH
(hOHOBBIX TIOMEX).

Cetb VGG-19 [17] — ato Bapmant moxenu Visual Geometry Group (VGG), kotopast coctonut u3 19 cioes
(16 cBepTOUHBIX CIIOEB M 3 MOJHOCBS3HBIX CIOs, BKIrodas 5 cinoeB MaxPool u 1 cnoit SoftMax). Apxurekrypa
cetu npencTasieHa Ha puc. 4. OcHoBHas naest Mogenn VGG COCTOUT B CIIGAYIONIEM: TOYHOCTh KIacCH(OUKALIUH
WM JIOKAJIM3aLUH MOXKHO HOBBICUTh ITyTEM YBEIMUYEHHsI INIyOUHBI CBEPTOYHOTO OJIOKA M MCHOJIB30BAHUS sapa
CBEPTKH 3 X 3, YTO OMOTAET JyHIle BBIACIATH CBOHCTBA N300pasKeHUSL.

OnnHa u3 uyelt JaHHoi paboThl — YCHIIUTh CYIIECTBYIONIYIO apXUTEKTYPY, OOBCIHHUB €€ C MOJICIbIO BHU-
MaHHSI.

Mozens BHUMaHUsI, BIEpBbIe mnpejacraBicHHas B 2015 r. s MammHHOTO niepeBoaa [16], crana mpeod-
JIAJAoOUIE TEMOU B JIMTEPAType 110 HEUPOHHBIM CETSIM. MoIeIM BHUMAHUS [TOJIYYHIIA YPE3BbIYANHYO MTOITY-
JSIPHOCTH B COOOLIECTBE UCKYCCTBEHHOTO MHTEIIEKTA KAaK BaYKHBIM KOMIOHEHT HEHPOHHBIX apXUTEKTYp AJIS
OOJIBIIOTO KOJIMYeCTBA MPHIOKEHIH KOMITbIOTEpHOTO 3peHus [ 18].

'COCO dataset [Electronic resource]. URL: https:/cocodataset.org/#overview (date of access: 05.04.2019).
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Puc. 4. Apxurexrypa cetu VGG-19
Fig. 4. VGG-19 network architecture

Mopneny BHUMaHMS — 3TO METOABI 00PaOOTKM BXOJHBIX JAHHBIX HEHPOHHBIX CETEH, KOTOPBIC MO3BOJISIOT
CETH COCPEIOTOUYMTHCS MO OHOM Ha KaKJOW YacTH CIOKHOTO BXOJa J0 TeX IOp, M0Ka BeCh HAOOP JaHHBIX
He OyzeT Kareropu3upoaH. Llens cocTonuT B TOM, 9TOOBI pa30UTh CIIOKHBIE 3a7a49H Ha OoJiee MeJIKue 00IacTu
BHUMaHUS, KOTOpbIE 00pabaThIBAIOTCSl MOCIE0BATEIbHO OJIO00HO TOMY, KaK YeJIOBCUECKUH pa3yM periaeT
HOBYIO TIpo0JIeMy, pa3iensis ee Ha Ooiee MPOCThIE 33/1a91 U pelIas uxX OHY 3a JPYyTOH.

Hnst adpdextuBHOCTH MOAeneit BHUMaHuUs TpeOyeTcst 00ydeHre ¢ MOJAKPEruIeHHeM WK o0ydeHue ¢ oopar-
HBIM PacIpOCTpaHeHUEM OMMOKK. MeXaHn3M MOJEIH BHUMaHHs 00ydaeTcsi BO BpeMsl 00yueHHs CeTH U T10-
MOTAET CETH COCPEIOTOUNTHCS Ha KITFOUEBBIX DJIEMEHTaX U300paKeHNUS.

B pesynbrare npuMeHeHHs MOJENIM BHUMaHMsI CTPOSATCS KapThl BHMMaHus. Kapra BHUMaHMS — 3TO CKa-
JSIpHAs MaTpUIlA, XapaKTepPHU3yIolasi OTHOCHTEIbHYIO BaXXHOCTh aKTUBAIMH CIIOEB B PA3JIMYHBIX TBYMEPHBIX
MIPOCTPAHCTBEHHBIX MOJOKEHUSAX MO OTHOIIEHUIO K LieleBOoM 3aaade. [locTpoeHHble KapThl BHUMaHUS MPH-
MEHSIOTCS ISl OTIPE/ICTICHUS W MCIIONB30BaHMs 3(h(PEeKTHBHOIN MPOCTPAaHCTBEHHON MOANEPKKH BH3YyaTbHON
nHGOPMALMH B CBEPTOYHOH CETH MPU MIPUHATHH PEICHUH. DTOT MOIX0 OCHOBAH Ha TUIIOTE3€ O TOM, U4TO €CTh
NPEUMYIIECTBO B BBISBICHUN 3aMETHBIX 00JIacTed M300pakeHHs M YCUICHUH MX BIUSHUS MPH OJTHOBPEMEH-
HOM TIOJTaBJIICHUU HEPEJIeBaHTHOW U TIOTSHIIMAILHO BBOJAIICH B 3a0ysKIeHIe HH(OPMAINH B IPYTHUX 00Jac-
TaX. B yacTHOCTH, O)kumaeTcs, yTo obecredeHre Oosee LeIeHaPaBICHHOTO U SKOHOMHOTO MCIIOJIb30BaHUS
nHpOpMaITIH 00 N300PKEHUAX TOJDKHO ITOMOYh B 0OOOIICHUH N3MEHEHHU B PacTIpEACIICHUH JaHHBIX, KaK
9TO MPOUCXOIUT, HAPUMEP, IPX 0OYyUYCHUU Ha OAHOM HaOOpe U TECTUPOBAHUH HA IPYTOM.

B crannapTHON apXUTEKType CBEPTOYHOMN CETH II00aNbHBIN JECKPUNITOP M300paKeHHs g MOTy4aeTcsi U3
BXOJTHOTO M300pa)KEHUS U TIPOXOUT Yepe3 IMOTHOCBSA3HBIN CIIOH, YTOOBI MOTYYUTh BEPOSTHOCTH TPEICKa3aHHS.
Mojienns BHUMaHHS BBIPaXKaeT g yepe3 0TOOPaKeHNE BXOJHBIX JAHHBIX B MHOTOMEPHOE IPOCTPAHCTBO, B KOTOPOM
3aMEeTHbIE BU3yaIbHBIE KOHIIENIIMU TPEJCTABICHBI B Pa3HBIX M3MEPEHUSX, YTOOBI CHIeNaTh KIIacChl JIMHEHHO
pa3nenuMbIMU.

ABTOpBI BHECTTH JIBA KJTFOUEBBIX M3MEHEHUS B apXuTekTypy cetn VGG-19 (puc. 5):

e moce cioeB 7, 10 u 13 (BbLIeneHbI roiayObIM IIBETOM Ha PUC. 5) BCTABICHBI «OICHIIUKINY BHUMAaHUS, Ha
OCHOBE KOTOPBIX BBIYHCIISICTCsl OnHapHas Macka (rie 0 — HepesieBaHTHAS HH(OPMAIIUS JIJIsl HICKOMOTO O0OBEKTa,
a | — BaxHas nH(pOpMaIHs), 3aTeM Macka, IpeCTaBlIeHHass MaTPHUIIEH, YMHOXKAeTCS Ha UCXOIHBIN pe3yabTar
CII0s1, ISl KOTOPOTo OHA OblIa BRIYHCIICHA (HAIPUMED, CJI0i 7), TaKUM 00pa3oM, MPOUCXOAUT MEPEOLiCHKa BHU-
MaHHS;

* IOCJIETHUM TMOJHOCBS3HBIN CIIOM 3aMEHEH Ha MOJIHOCBSI3HBINA CIIOH, BXOIOM KOTOPOTO SIBISIIOTCS PE3yib-
TaThl TPEX «OLEHIINKOBY BHUMAHMSL.
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Fig. 5. Attention model architecture
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ITocTpoeHue TenJIOBOM M BEKTOPHOM KapT

JIs onpeneeHus 2D-no3unum yacrei Tesia yeJoBeKa HA H300paKeHUH

Bropoii mar anroputma Smart Cropping — HOCTpOEHHE TEIIOBBIX (KapTa JOCTOBEPHOCTH) U BEKTOPHBIX
(kapTa moJel cXOACTBa yacTei) KapT A onpezaeneHus 2D-mo3unmy JyacTeld Tena yesioBeKa Ha M300pake-
Huu. TerutoBas KapTa UCTIONB3yeTCs A OOHApYKEeHUs pernoHa HHTepeca (KOHKPETHOHN 4acTy Teja 4eJI0BeKa)
B BUJI€ BEPOSITHOCTH HAXOXKAEHUS YacTU Tejla B JAHHOW TOYKE, UMEHHO I103TOMY €€ Ha3bIBalOT TAKXKe KapToi
JOCTOBEPHOCTU. BekropHast kapra mpuUMEHseTcs Uil ONPEAEICHUS OTHOIEHUs 0OHAapYyKEHHON 4acTu Teja

10

11

12

13

14

15

16

YCJIOBCKA C APpYIr'uMH 4aCTAIMU (Hpe,I[CTaBJ'ISIeT co0oii BCKTOP HAIIPABJICHUS MAPHbIX BHGMCHTOB).

TenoBast kapra (KapTa JOCTOBEPHOCTH) €CTh (DYHKIHS INIOTHOCTH BEPOSITHOCTH AJIsl HOBOTO M300pakeHMS,
MIpHCBaNBAIONIas KaX/IOMY MTUKCEIy HOBOTO M300pa)keHUsI BEPOSTHOCTh MPUHA/IEKHOCTH JAHHOTO MTUKCEa
YacTH TeJla B 00BEKTE Ha MpeplayleM n3o0paxxeHnu. OOHapyKeHUe YacTell Tena MPOUCXOAUT B MOCIEN0Ba-
TEJIbHOM CTHJIE, IPY 3TOM IIPOrHO3UPOBAHKE BBIIOIHACTCSI CHU3Y BBEPX C HCIIOJIb30BAaHUEM IIPOCTPAHCTBEHHOTO
KOHTeKcTa. M3BiieueHHast nH(GOpMaLust BIOCIECACTBUHI UCTIONbB3YETCS ISl CO3AaHuUs Ha4aJIbHOM CTPYKTYpbI Ue-
JIOBEYECKOT'O CKeJIeTa B TeKyIIeM Kaape. Kaxnas gacTb Teraa HyMepyeTcs COOTBETCTBYIOMINM 00pa3oM (puc. 6).
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IIpu mocTpoeHUN TEIUTOBBIX KapT OTACIIbHAS YaCTh TeJa OyAeT peacTaBiIcHa Ha OTACIbHOM KapTe (puc. 7).
TakuM 00pa3zoM, KOJTMUYECTBO KapT COBIAAACT C OOIIUM KOJTHMUYECTBOM YacTel Tella Ha N300pakeHHH.

Bekropnast kapra — Ha0Op JIByMEPHBIX BEKTOPHBIX MOJIEH, KOTOPBIE KOIUPYIOT PACIIONIOKEHHUE U OpUEHTA-
IIUI0 KOHEUHOCTEH B 00J1aCcTH M300paxenus (puc. 8).

Ha Bxon cuctemsr OpenPose momaercst RGB-u3o00paxenne, KOTopoe MPOITyCKaeTcss Yepe3 CBEPTOTHYIO
ceth s Beiaenenus npusHakoB (VGG, ResNet [18], MobileNet [19]), a 3aremM IpoXOaUT IIECTh BhIIICIIEPE-
YUCJICHHBIX 3TanoB. B padore ucnonp3yercs cetb VGG. Ha kax oM 3tane ecTh JBE BETBH, OJ{HA U3 KOTOPbIX
npeaHa3Ha4deHa ajs oOHapyKeHHUs TETUIOBOW KapThl, a Apyras — i1 0OHapyKeHUsT BEKTOpHOH KapThl. C mo-
MOIIBIO TETJI0BOM U BeKTOpHOﬁ KapT MOKHO OIIPEACINTDH BCC KIIIOYEBLIC TOYKU Ha I/1306pa)KeHI/II/I.

BxosHbIME JaHHBIMH MOZACIH Ui asiropuT™a Smart Cropping sSBJsICTCS H300paKEHUE pasMepoM /i X w X 3
(h — BBICOTA, W — IIUPHHA), MOJICIIb TEHEPUPYET JBA MACCUBA, COJIEPIKAIIIX KAPThI JOCTOBEPHOCTH KITFOUEBBIX
TOYCK U TEIJIOBBIC KapThbl CXOACTBA gacTen Ka)KZ[Oﬁ Iapbl KIIFOYEBBIX TOYCK. BerHI/Ie JCCATHh CIIOEB CCTHU
VGG-19 ucnonb3yroTes Ui N3BJISUEHHS XapakTEPUCTUK BXOTHOTO H300paKeHHsI. 3aTeM MPUMEHSIETCS ABYX-
ypoBHEBasi MHOTOCTyTIeH4Yaras crpykrypa CNN.

Puc. 6. UnenTnduxarop KIHOUYEBBIX TOYEK Puc. 7. O6HapyXEHHOE KOJIECHO
1t Habopa ganHbeIx COCO Ha TEIIOBOH KapTe
Fig. 6. Identifier of the key points Fig. 7. Detected knee on the heat map
from COCO dataset

Puc. 8. Ilpumep BeKTOPHOH KapThl

Fig. 8. Example of the vector map
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BoluncieHnne Mo3MIMOHHBIX OTHOIIEHHI 1 06pe3Ka

J11s1 BBIIOJIHEHMSI OOPE3KH MCXOJHOTO0 CHUMKA M CO3JaHus HA00pa M300paskeHUH, IIPEACTaBIAIOUINX TOBa-
PBbl, HY?KHO IIOJIy4UTh KOOPAUHATHI KJIFOUYEBBIX TOUYEK YEJIOBEUECKOI'0 TeJIa, @ 3aTEM BBIYUCIUTD IIO3ULUOHHbIE
OTHOUICHUS MEXY HUMH 4epe3 KOOPAUHATHI KaKIO0H KIIFoueBOH ToUKH. UTOOBI ONpeieuTh yroi, 00pa3oBaH-
HBII TpeMs CTOPOHAMH, HEOOXOMMO 3HATh KOOPIMHATHI TpeX Toduek. /[nama3on 3Ha4eHni TakuX yIJIOB BIIO-
CJIC/ICTBUM UCIIONIB3YETCS ISl OLICHKH I103bI UeJIOBEKA Ha N300paKCHUH 1 BBITIOJIHEHUS KOPPEKTHOH 00pe3Ku.
@opMyIIbl Ul pacdyeTa TUX YITIOB ITOKA3aHbI HUXKE.

[TycTh U3BECTHBI TPH TOUKH — A(xl, » ), B(x2, Vs ), C (x3, y3) — 1 COOTBETCTBYIOILIUE BEKTOPHI

AB: (x2 — X, Vs _y1),

AC: (x3 — X )3 _J’1),

BC: (x5 =20 y3 = 22)
Torna

|AB|=\/(x2 _xl)z + (J’2 _)’1)2,

|AC|:\/(X3 _x1)2 + (J’3 _J’1)2,

(xz - xl)(x3 - xl) + (J’2 - y1)<y3 - )ﬁ)
a8l '

Cucrema criocoOHa pacro3HaTh 23 KITI0ueBble TOYKH YeJI0BEYECKOTO Tea:

* HOC;

* JICBBIN IJ1a3;

* IpaBblii 1U1a3;

* IEBOE yXO;

* [IPaBO€ yXO;

* JICBOE IIJIEYO;

* [IpaBoOE IIEYO;

* JICBBIN JIOKOTD;

° [IpaBblii JTOKOTb;

* JICBOE 3aISICThE;

* [IpaBOE 3aISICTHE;

* IeBOE Oepo;

* ipaBoe Oepo;

* JICBOE KOJICHO;

* [IpaBO€ KOJIEHO;

* JIEBYIO IIMKOJIOTKY;

* IPaBYIO HIUKOJIOTKY;

* OOJIBIIION ITaJIel] JIEBOM HOTH;

* 0OJIBILION TaJiel] MPaBoi HOTH;

* MU3UHEI] JIEBOU HOTH;

* MU3HHEL [IPaBOM HOT'H;

* JIEBYIO IIAATKY;

* IPaBYIO ISATKY.

[lepeuncnennsle 23 KiIOYEBbIE TOYKH (HOPMUPYIOT TPSMBIE, COCTABIISIIOIINE 103y YEIOBEKa, TAKHE KaK
JIeBOE | MIPaBOE TUICHO, JIEBOE U MpaBoe Oenpo u T. 1. [Ipumep mocTpoeHus MpsiMbIX IOKa3aH Ha puc. 9.

B3anMHOe pacnosiokeHue MOJTy4YEHHBIX MPSIMBIX SIBISETCS MHCTPYKIMEH K oOpe3ke n3oOpaxkenus. Ilpu
9TOM BC€ MPSMBIE KIaCCU(PULUPYIOTCS CIETYIOUIMM 00pa3oM: KJIIOUEBbIE TOUKH, COCTABIIAIOLINE IPsIMbIE, OT-
HOCSTCS K KJIACCY «BEPX», €CIIM OHU PACIIOJI0KEHBI BBIIIE 3AISICTUH, U K KJIACCY «HU3», €CIIM OHU PacIoJIoxKe-
HBI HIDKE 3arsicTiid. JlaHHas kiaccudukanys HeoOXoanMa, Tak Kak B cllydac HEHaXOKICHUS OTHOW WIIH BCEX
KJIIOUEBBIX TOUEK B [TApe CUCTEMa aBTOMaTU4ECKU ABUraeTCsl BBEPX JMO0O0 BHU3 110 HEPAPXUU IPSAMBIX B 3aBU-
CUMOCTH 0T THmna oopesku. Ha puc. 10 nokasan npumep, Korna HeWpOHHAsE CETh HE ONPEAEnIa MabLbl HOT,
1 Mo3TOMY 0Ope3Ka ObliIa MPOU3BEACHA 10 OCHOBAHUS H300pasKeHHS.

CoOsSZLA=
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Puc. 9. llpsimble, GOpMUpYFOIITHE TIO3Y YETOBEKa Puc. 10. llpumep oOpe3ku
Fig. 9. Straight lines that form a person’s pose Fig. 10. Example of cutting
Pesyabrarnl

Cetb Ui ompeieNicHHs KIIFOUYEeBbIX Touek oOydanack Ha Bujpeokaptre GPU NVIDIA T4 ¢ npuMmeHeHueM
cet VGG-19, MmoauduinpoBaHHON MOEIIBI0 BHUMAHUS. J{J1s BbIICTICHHS IPU3HAKOB UCIIOIb30BAIUCH MPEJI-
oOyueHHbIe Beca (pa3mep maketa (batch_size) — 6, kommaectBo ureparnuii — 800 000, 06bemM oOydaromeit BbI-
6opku — 66 000 n300paskeHuit).

[TonryuenHast TO4UHOCTH cocTaBmia 86 % uist oOydaroiero Habopa JaHHbBIX, MPEICTABICHHOTO H300paxe-
HUSIMHU TOBApPOB 3JICKTPOHHON KOMMEPIIHH.

Cucrema Smart Cropping criocoOHa coBepIIIaTh 00pe3Ky IIedeBON 01Xk /IbI (OT IV1a3, HOCA WIIH TIIeY JI0 3a-
sICcTUi 00 Oenep), MOSICHOM Ok /IbI (OT 3aISICTHIA MITH JIOKTEH JI0 TaJIbLEB HOT, KOJICH JHO0O0 IIUKOJIOTOK),
TOJIOBHBIX YOOPOB (0T Bepxa n300pakeHus JI0 Tuied) ¥ 00yBHU (OT KOJICH WU IIUKOJIOTOK JI0 MAJBIIEB HOT JINOO
HU3a U300paKEeHMsI), @ TAK)KE MX KOMOMHAIMK. Bpemsi MoaroToBKku 0JJHOTO Karajora, BKiitouaromero 10 Tosa-
POB, COCTABJISIET S MUH.

Ji1s cpaBHEHUS TOCTPOSHHOMN CUCTEMBI C IPYTHMH CHCTEMaMH TI0 BBIJISIICHUIO YaCTeH Tella YeIoBeKa MpH-
Mensuicst Habop panHbX COCO test-dev, koTopblil mpeacTasieH npuMepHo 20 000 nzobpaxenuii. B kauectse
METPUKH HCIIONB30BaNach cpeaHsst TOUHOCTh (AP) mo 10 moporoBbIM 3HAUYEHUSIM CXO/ICTBA KITIOUEBBIX TOYEK
oowekra (OKS), koTopoe urpaeT Ty e poib, 9To U MeTpuka loU mpu Beimenernu o0bekToB. [lapamerp OKS
paccUHTBIBAaETCS KaK PacCTOSHUE MEXy TPe/ICKa3aHHBIMH TOUYKAMHU, TIPEICTABIISIONIMMH YacTh TeJla YeJI0BeKa,
u peanbHbiMu Toukamu (GT).

B tabnuue npuBeneHsl pe3ynbrarhl anroputma Smart Cropping u apyrux mopnenei, Takux kak CMU
Pose [20], Mask R-CNN [10], OpenPose.

CpaBHeHue pe3yabTaToB ajgropurma Smart Cropping u Ipyrux MeToa0B
Comparison of results of Smart Cropping algorithm and other methods

Merox AP APY AP” APY AP*
CMU Pose 61,8 84,9 67,5 57,1 68,2
Mask R-CNN 63,1 87,3 68,7 57,8 71,4
OpenPose 65,3 85,2 71,3 62,2 70,7
Smart Cropping 67,4 85,3 72,9 63,5 71,1

W3 nanubIX TabIMLBI BUAHO, 4TO anroput™ Smart Cropping UMeeT J0CTaTO4uHO BBICOKYIO TOUHOCTS. [Ipu-
Mepbl padoThI AITOPUTMA TPEICTaBICHBI Ha pHC. 11.
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Puc. 11. Tlpumepsl reHepanny U300pakeHUH B KaTaior

Fig. 11. Examples of generating images in a catalog
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3akjaueHmne

B xoze uccrenoBanust ObuT pa3zpaboTaH alropuT™M Ha OCHOBE apxHUTeKTypbl OpenPose ¢ ucronb30BaHreM
cetrt VGG-19 nyis n3BnedeHus MPHU3HAKOB H300paKECHUS, JOTTOTHUTEIHFHO MOTUDHUITIPOBAHHON MOAEITHIO BHHU-
MaHHs, 9T0 00ECTIEYNII0 TIOBBIIIEHNE TOYHOCTH Ha 8 % W CIIOCOOHOCTH pacrio3HaBaHHs 23 KIIFOYEBBIX TOYEK
YeJI0BEYeCKOro TeJa.

ITonydennas ceTh cTana pyHmaMeHTOM cucTeMbl Smart Cropping, MO3BOJISIONICH HA OCHOBAHHUH IT03H-
[IUOHHBIX OTHOIIIEHHI MEXK/Ty KITFOUEBBIMU TOUKAMH YEJIOBEUECKOTO TeJa MMPOU3BOJUTH 00PE3KY N300parKeHN I
JUTSL CO3JIAaHMSI KATAJIOTa DIICKTPOHHON KOMMEPIHH. DTO JIaeT BOBMOYKHOCTD ITOJITOTABINBATH H300paXKESHUS IS
KIIACCOB IJICYCBOH U TMOSICHOM OJICHIbI, a TakxKe 00YBU M TOJOBHBIX YOOPOB.

B pab6ore ucnionszoBaics Hadop garabsx COCO, TO3BONISIONIHA OTIPEISTAT 23 KITIOYeBBIC TOYKH YeTIOBE-
yeckoro Tena. OHAaKo s 33/1a4 IICKTPOHHONW KOMMEPIIMH HEOOXOAMMO TaKKe ONPEeIATh TOUYKH, HEe TIpei-
craBieHHbIe B Habope nanHaeix COCO (HampuMmep, rpyab, MaKyIIKa TOJIOBBI, )KUBOT). Takum oOpa3om, crucre-
Ma MOXKET OBITh yJIYUIIeHA ITyTeM O0yUeHUS Ha pacITUPEHHOM Habope MaHHBIX.

TounocTs 00ydeHHOW Mozenu cocTaBmia 86 % ans Habopa JaHHBIX, MPEACTABICHHOTO N300paKEHUIMHU
TOBAPOB AIICKTPOHHOW KOMMEPIIUH, YTO 00yclioBlIeHO crieludukoit obmactu. [TOBBICHTH TOYHOCTH MOXKHO
MyTeM BBEJICHHUS OJIOKa TeHEPaTUBHO-COCTSI3ATENILHBIX CETEeH, CIIOCOOHBIX MPEACKa3aTh HAIHYKME KIFOUCBON
TOYKH, OTCYTCTBYIOIICH B SIBHOM BHJIC HA H300payKeHNUU (HAIPUMEP, TUIAThE B ITOJI, 3aKPBIBAIOIIEE KOJICHH).

IToctpoennas cuctema Smart Cropping MOXET OBITH YIydIIeHA 32 CUET PaCIIMPEHUs Paclo3HABaCMbIX
KITFOUEBBIX TOYCK, & TAKXKE MCIIONh30BaHa JUIsi O0OPE3KH N300paKEHHH APYTHX KATETOPHIA TOBAPOB.
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Introduction

This paper is concerned with the optimal control problem described by the ordinary differential equations
in the presence of the trajectory constraints of min-max kind which often arise during the mathematical mo-
delling of real technical processes. The research of the extremal problems with nonsmooth state restriction
(min-max constraints are typical for this) has met both essential theoretical and numerical difficulties (see, for
example, [1; 2]). As far as the theoretical ones are concerned, then the main problem is generated by the fact
that the state constraints lead to the discontinuity (jump) of the trajectories of the adjoint system. This yields,
in part, that the formulation of the optimality conditions uses the heavy mathematical tools such as the Borel
measures, constrained variation functions as Lagrange multiplayers, etc. In addition, the necessary optimality
conditions in this case can be degenerated for any admissible trajectory. The bibliography on the classic opti-
misation with a state constraint can be found, for example, in survey [3]. The nonsmooth character of the state
constraints gives additional difficulties for the optimisation of these control models. Naturally, the effective
numerical methods can not be constructed without a proper theoretical background based on the update non-
smooth optimisation theory (see [4; 5]). Note that there exists a good theory to construct the discrete appro-
ximation for optimisation problems under state constraints (see [6; 7] and the bibliography therein). It is well
known that the approximation in this case demands a careful construction of the discrete model to guarantee
the necessary adequacy of the model (the counterexample that demonstrates the noncorrect results of stan-
dard discretisation can be found in [7], for example). The nonsmooth character of the state constraint leads, in
general, to an increasing number of the corresponding discrete finite-dimensional models of the constrained
mathematical programming problem, and hence their solving by readily available software is exorbitantly ex-
pensive. An essential and key question for both theoretical and numerical aspects of approximations is the fol-
lowing: can one and in which sense approximate an optimal solution of the original control system using the
approximate model? In order to achieve a well-posed discrete approximation ensuring the proper convergence
of optimal solutions we need to admit, in general, the state perturbations in the discrete model. Another way
to construct the proper approximation for the optimisation problem under the state constraint is to introduce
a new (continuous in time) model without any state constraints. Surely, such simplification demands proper
modification of the model: we make worse (in some sense) the right-hand side of the control system. Some
aspects of this approach were considered in [8; 9].

Notation and model definition

In this section we use the idea of approximation by a continuous in time model for the following optimal
control problem:
minimize

J(u)=0(x(T)) > m(i? (1)
over absolutely continuous trajectories x : [0, T ] — R" for the differential equation
dx(l)
0 = f(x, u, 1), x(0)=x,, u(t) € U, almost everywhere ¢ € [0, T] ()
under the nonsmooth state constraint of the form
x(t) e G, te[0, T], where G:{xeR":g(x)SO}, 3)

where @ : R” — R is a continuous function; g : R” — R is a continuous and continuous directional differen-
tiable function; x, is the given n-vector. The derivatives along the direction / € R" we denote as g, (/). Let us
assume that the function / — g (l ) is continuous. We suppose that the function f: R" x R" X R — R" satisfies
the Caratheodory conditions (i. . f is continuous on (x, u) and measurable on f) such that the initial Cauchy

problem for differential equation (2) has an unique absolutely continuous solution.

Definition 1. We say that the function #: 7 — R" is admissible for (2) if it is measurable and satisfies the
constraint u (t) € U almost everywhere t € T, where U is a given compact set from R". We say that the function
x:T — R" is an admissible solution of (2) corresponding to the given admissible control u(¢) if it is absolutely
continuous with respect to # € T and satisfies (2) for almost all # € T.

Next we suppose that the set of admissible controls U/ () is nonempty and assume also that the following
assumption is satisfied.
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Assumption 1. There exist the constants €, > 0, o. < 0 such that for all # € U and almost all ¢ € [O, T ] the
following inequality is fulfilled:

g;(f(x, u, t))SOL for Vx:0 < g(x)<e,. (4)

This condition can be treated as some normality or regularity conditions for the optimisation problem with
state constraints. In fact, the assumption 1 coordinates the dynamic behaviour of system (2) with state restric-
tion (3) in order to avoid the long time presence in the prohibited zone where the state constraints are disturbed.

Also note that since g(x), g2(/), f(x, u, t) are continuous then the assumption 1 is sufficiently to satisfy for
Vx: g(x) =0 with some o < 0. We consider this condition in the form (4) since the given number g, will be

used in the estimates below.
Remark 1. The constraint of form (3) includes a wide class of the state restriction. In particular, this con-
straint is often given in the following form:

x(t)e G, te|0, T], where G:{xeR" : g(x)= max @,(x)< 0}.

1<i<m

Usually it is assumed that the functions (pi(x) are continuously differentiable. It is known that in this case
the function g(x) is continuous, directional differentiable and the derivative along the direction / € R" is given
by the formula

¢/ (1)= max (a“’—“‘) 1], where 0(x) =17 g(x) =0, (x)].

ieQ(x) ox

Approximation by continuous in time optimisation problems

In order to construct the proper approximation for the optimisation problem with the state constraint we
introduce a new model without any state constraints. Such simplification demands the corresponding modi-
fication of the right-hand side of the control system. This approach for optimisation problems of differential
inclusions with the smooth state constraint can be proposed by [8]. In this paper, we use this idea for the control
systems described by the ordinary differential equations in the presence of a nonsmooth state constraint.

For the optimisation problem, (1)—(3) introduce the following continuous time approximation: for each
n=1,2, ... one consider the sequence of the optimal control problems of the form

J(u)=0(x(T)) > min (5)
over the solutions of the equations
d)iT(tt) = (1 - nhz(x))f(x, u, t), u(l) € U, almost everywhere ¢ € [0, T], x(O) =Xy, (6)

where /(x)=max{0, g(x)}.
Thus, the original optimisation problem (1)—(3) is approximated by a sequence of continuous time optimi-
sation problems without state constraints x(t) € G. This relaxation is compensated by the modification of the

right-hand side of the differential equation. Surely, it is interesting how the trajectories of the relaxed problem
approximate the trajectories of the original system and the state constraint G. The following results are true.

1
Theorem 1. Let n 2 — and the assumption 1 be held. Then each trajectory x(t) of system (6) with the initial

€9
condition x(O) =x:g (x1 ) < Oand the fixed admissible control function u (l) satisfies the inequality nh* (x(t)) <1
Jforvielo, T].
Proof. On the contrary, let there exist a moment 7 [0, T ] such that nhz(x(?)) >1. Since the parameter
nh*(x) is continuous and nh*(x(0))=nh’(x,) =0, then there is a minimal ¢, € (0, T'] such that nk*(x(z,)) =1,

. . 1
and hence for any € > 0 there is such § > 0 that 1 — € < nhz(x(t)) <1 for Vte [t*— 0, t*). Since n 2 —- then
0
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+

0< g(x(t)) <g, for Vi e [t* -9, L) Using the properties (see details in [7; 10], for example) of the function
t

(

X )) we can calculate the one-sided derivative d’h forall t e [t* -9, t*):

L (x(0) = 2m (x(1) g (5(0) @)
Using (4), we have

c;—+[ hz(x(t))] = 2ng(x(t))(1 - nhz(x(t)))g;(t)<f(x(t), u(t), t)) < 2ng(x(t))0c€$ 0.

t

The obtained inequality contradicts to the the given condition
1= nhz(x(t* )) = max{nh2 (x(t)) iteft,— 8, ]}
Since we have the function nh> (x(t)) that does not increase on the interval [z, — 8, £, |, and hence nh* (x(t)) >1

for Vi e [t* -9, t*] that is false since ¢, is the minimal time where nhz(x(t*)) =1. The theorem is proved.
Remark 2. Differential equation (6) can be presented in a different way in the general form

d)iT(tt) = H(x, u, t), u(t) € U, almost everywhere ¢ € [0, T], x(O) =X,

where the choice of H can be used to improve in the proper sense the necessary properties of the produced ap-
proximation. In general, we may variate the right-hand side of the differential equation (6) in the wide margins.
In particular, differential equality (6) can be replaced by a differential inclusion that gives the wide margin to
use this choice to guarantee the necessary approximation properties. As an example, we present the following

modification. Let us assume that there are constants o < 0, €, > 0, and the continuous function r(x) such that
the following inequality

g;(r(x)) <o for Vx:0< g(x)<eg,

is held. Now we consider the sequence of the optimal control problem £ (5), (6) where differential equation (6) is
replaced by the following

dx(t

il(t ) = (1 — nh? (x))f(x, u, t) + nh® (x)r(x).

We can use the choice of the function r(x) to improve the properties of the produced differential equation. It is
shown that the statement of theorem 1 is true in this case. The corresponding changes of the proof after (7) are
given as follows:

d+

E[m(x(t))] = 2ng(x(t))[g;(t)(f(x(t), u(t), t))(l — K (x(t))) + hz(X)g;(,) (rx(l))}.

Since the functions f(x,u, 1), x(¢), g.(/) are continuous then there is a constant M >0 such that
g;(t)(f(x(t), u(t), t)) <M for Vt [0, T]. Hence, choosing € > 0 and 8 > 0, we have again

d+

E[hz(x(t))] =2ng(x(¢))[eM + a(1-€)]<0, te[t,- 8, 1,].

So, the required statement is obtained.
Theorem 2. Let the given assumptions in theorem 1 and the following condition |f(x, u, t)| <M for

VxeR” VueR' Ve [0, T] are held with M > 0. Then for any fixed control u(t) the trajectory of system (6)
with the initial condition x(O) =X :g(xl) < 0 satisfies the following estimation:

p(x(t), G) < —%\/% for Nte [0, T],

starting from some n > n,,, where n is some integer, p(x, G) = min”x —y” is the distance between the point x
and the set G. yeo
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Proof. From theorem 1 it follows that for any 7 € [0, T] the inequality nhz(x(t)) < 1is held, starting from

n %, and hence g(x(t)) < \/% Thus for any €,, 0 <&, < g, the inequality g(x(t)) < \/% <€, is held for all

te [O, T], starting from some n > n,. If g(x(t)) <0 for Vte [0, T] then p(x, G)=O since x(t)e G for
Vte [0, T ] Let the inequality g(x(t)) <0 is not fulfilled on the interval [0, T ] We pick an arbitrary value
1[0, T], where 0 < g(x(1)) < &,. Let us consider now the following Cauchy problem:

y=f(y,u(t), 1), y(0)=x(1), 1 =0, (8)
where u(t) is the control function corresponding to the given trajectory x(t). This problem has a unique solu-
tion defined on the interval [0, T]. Since 0 < g( y(O)) = g(x(‘c)) < &, and then the function g () is continuous

for small values 0 < € < ¢, and for almost all € [0, €], we have 0 < g( y(t)) < g,. Then due to the assumption 1
we have

20760, u(0). 1)) <@ <0
forall y(7) suchthat0 < g (J’ (1 )) <¢, for V¢ €0, €]. Then calculating the directional derivative of the function
g(»(1)) yields

d+ ’ . ,
L a(v()]= g (5(0)= g (7 (4(0). ue). ) s @< 0. € [0, ¢].

Therefore the following decomposition

+

g(y()=g(x(0)) + t%[g(y(O))] +o(1), @ So0atrdo,

+

is fulfilled. Since %[ g( y(O))] < a, where o < 0 is a constant, then for a small €, the inequality
0<g(y(t))=g(x(1))+to+o(r)<e, +ae,<0

is held for all £€[0, €], € < ¢,. This yields that 3T, 0< T < —ég(x(r)) such that g( ( )) 0. This says that
y(’f) € G. Hence, integrating system (8) leads to the following estimation:

p(x(t), 6)= min_ |x(z) ] <[x(e) - »(3)] <

<

2
j y, u, t
0
for all £ [0, T] and n > n,, for some integer n,. The proof is completed.

Discrete approximation

In the introduction of this paper it is noted that the well posed discrete approximation based on finite dif-
ferences can be achieved if some perturbations of the state constraints are admitted in the produced discrete
models. In this paragraph on the basis of the approach proposed in [6] we construct the well-posed discrete
model for the control model (1), (2) with nonsmooth state constraint (3). Here we adopt this result for using in
the numerical solution of the robot pass planning in the presence of state constraints and comparing the latter
with the solution based on the proposed relaxation approach approximation.

Let us replace the derivatives in (2) by the Euler finite difference

~—[xt+h ]ashﬁO

PutN=1,2,3,....Let T), = {0, hy, 2hy, ..., T — hN} be a uniform grid on [0, T] with the stepsize hy = —
and let
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xy(t+hy)=xy(t)+ by f(xy(2), uy(t), ) for te Ty, N=1,2, ..., )

be an associated sequence of discrete equations. State constraints (3) are replaced by the following disturbed
discrete analogous

g(x(r)) < ey (10)

We say that the sequence of the problems of (1), (9), (10) is a discrete approximation of problem (1)—(3) if
hy—0and ey — 0as N — oo,

Our purpose is to state the condition that guarantees the convergence of the optimal trajectories and optimal
criteria values for the given discrete approximation at N — co.

First of all, we establish that any admissible trajectory of (2) can be uniformly approximated by a sequence
of discrete trajectories (9). This can be done on the basis of the known results of the optimal control theory.
Next, using the results obtained in [6] we show that the so-called relaxation stability property is sufficient
for the value convergence of discrete approximation under the proper perturbation of the state constraints.
It should be noted that the requirement of the proper state constraints perturbation in the discrete scheme is
essential for the value convergence (some details and corresponding counterexamples can be found in [6], for
example).

Let x(t), t € Ty, be a trajectory of discrete equation (9), and for any 7 € [0, T ] we denoted by " and ty the

points of the grid 7, nearest to ¢ from left and right, respectively. Now we consider the following piecewise-linear
extension of the discrete trajectories (the so-called Euler’s broken line):

xy (1) =xy (V) + i[xN(tN) - xN(tN)}(t — ") for 1e[0, 7). (11)

The following result for the pointwise convergence of the extended trajectories is true.

Lemma 1. Let x(t), te [O, T ] be admissible absolutely continuous trajectory of (2). Then for any parti-

tion Ty of the interval [0, T] with hy — 0 as N — oo there exists a subsequence {xN (t)} te Ty, of admissible
solutions of discrete equation (9), piecewise-linear extensions (11) of which converge uniformly to x(t) on the
interval [0, T].

A well-posed approximation ensuring a proper convergence of the optimal discrete trajectories of (1), (9), (10)
to the optimal solution of the original problem (1)—(3) exploits its following relaxation stability property. Along
with the optimisation problem (1)—(3) we consider the following relaxation (in the Gamkrelidze form): to mini-

mise cost functional (1) over the set of couples of measurable functions {Oci(t), u (1), i=12,....,n+ 1} and

the set of absolutely continuous trajectories x(t), te [0, T ], which satisfy constraints (3) and the following
convexified differential equations:

dx(t) n+1
= z o (¢) f(x, u;, t), almost everywhere ¢ € [0, T], x(0) = x,,

=1
(12)
o, ()20, Yo (t)=Lu(t)eU,i=1,2,..,n+1.

Let JC0 , J,? , J ]8, N =1, 2, ..., be the minimal values of cost functional (1) in problems (2), (3), (12) and (9), (10),
respectively.

It is said that the original optimisation problem (1)—(3) is stable with respect to relaxation if JC0 = J,g .

This property is connected with the so-called hidden convexity [6] of the nonconvex differential systems
and it holds for a wide class of the control systems such as linear systems, nonlinear systems in the absence
of state constraints and some others. Thus, the necessary value convergence is given by the following lemma.

Lemma 2. Let us assume problem (1)—(3) is stable with respect to relaxation. Then there is a sequence of

perturbations €y — 0 as N = oo in (9), (10) such that lim J](\)/ = Jé’.
N— oo

The outlined in this section discrete approximation will be used for numerical tests and the results will be
reported in due course.
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Short Communications

Conclusion

This paper has used the continuous in time approximation to design numerical methods for solutions
of the optimisation problems with min-max state constraints. The main advantage of using the proposed
approximation is that it eliminates the need for solving a potentially very large collection of the constrained
nonlinear programming problems which usually arise under standard approximation schemes. We present
the theoretical background to construct the scheme with proper trajectory convergence. It is conjectured that
our approach accompanied by the modern methods of nonsmooth optimisation (see [4; 7; 10]), computatio-
nal theory for optimal control (see [5]) and some results for the optimisation of special repetitive processes
(see [11-13]) will be effective for the solution of optimal control problems with state constraints. The pro-
posed approximation will be tested for the robot trajectory planning and the results of numerical tests will
be reported in due course.
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