BEAOPYCCKHWIN
FTOCYAAPCTBEHHDIN

YHUBEPCUTET

XYPHAA
BEAOPYCCKOTIO TOCYAAPCTBEHHOTO YHMBEPCUTETA

MATEMATUKA
MHPOPMATUKA

JOURNAL
OF THE BELARUSIAN STATE UNIVERSITY

MATHEMATICS

and

INFORMATICS

MN3paeTcsd C aHBAPA 1969 1.
(A0 2017 r. — noA HO3BAHMEM «BECTHMK BIY.
Cepusa 1, Pusmnka. Matematnka. MHApOpMaATUKO))

BbIXOAMT TPM PA3A B TOA

1 2022

MMHCK
Bry



I'naBHbI pegakTop

3amecTuTEIH

[JIABHOI'0 pelaKkTopa

OTBeTCTBEHHBII

cekperapb

Aénameiixo C. B.
Anvmenoax X.
Anmoneeuu A. b.
Baysp C. M.
Benaw-Kpueey B. B.
bepuux B. U.
Byxwimadbep B. M.

Baouweeuu I1. H.

Bonkoe B. M.
Tnaokoe A. JI.
To B.

Tocunaea y.
Tonosxo B. A.
Topoxosuk B. B.
ITpomax B. H.
Hemuoa I.
JMonckou B. U.
Ezopoe A. /.
Epemees B. A.
Konanoex X.
Kypaexoe M. A.
3anecckuii I1. A.
3yoroe A. M.

Kannynoes IO. /1.
Kawun b. C.

Kennepep X.

PEAAKIIMOHHASA KOAAEI'UA

XAPHH 1O. C. — 10KkTOp PU3UKO-MaTeMaTHIECKUX HayK, Ipodeccop, YieH-
koppecnionienT HAH benapycu; nupexrop Hayuno-uccienoBaresibckoro
WHCTHTYTa HPHUKIAJHEIX po0iieM MaTeMaTHku u MHpopMaruku bemopyc-
CKOI'0 FOCYJapCTBEHHOIO yHUBepcUTeTa, MuHCK, benapycs.

E-mail: kharin@bsu.by

KPOTOB B. I'. — 10KTOp (hHM3MKO-MaTeMaTHYECKUX HayK, podeccop; 3aBe-
oIy kadeapoit Teopun GpyHKIMNA MEXaHHKO-MaTeMaTHIeCKOro (haKyb-
teTa benopycckoro rocygapcTBeHHOro yHuBepcurera, MuHck, benapyce.
E-mail: krotov@bsu.by

AVAUH A. H. — 10KTOp (HU3HKO-MaTeMaTHIECKUX HayK, TPpodeccop; 3aBe/Iyro-
it 1abopaTopuell NMpPHUKIATHOTO BEPOSTHOCTHOrO aHaim3a (akylabTeTa
NPHKIIaIHON MaTeMaTuky U nHdopmaTuku benopycckoro rocyaapcTBeHHOrO
yHuBepcutera, Munck, benapycs.

E-mail: dudin@bsu.by

MATEMKO O. M. — xauauaar (pU3HKO-MAaTEMATHYECKUX HAyK, JOIEHT,
JIOLIEHT Ka(bezlpbl 0o0111ell MaTeMaTuKu 1 MH(bopMaTMKM MEXaHUKO-Marema-
THyeckoro (axynsrera benopycckoro rocynapcTBEHHOTO yHUBEPCHUTETA,
Munck, benapyce.

E-mail: matseika@bsu.by

bestopycckuii rocynapCTBEHHbIN YHUBEPCUTET, MUHCK, benapych.

Marzne6yprekuit yausepcuter uM. Otro ¢on 'epuke, MarneOypr, ['epmanmus.

benopycckuii rocynapcTBeHHbIH yHUBEpcUTET, MUHCK, benapyce.

Cauxkr-IlerepOyprekuii rocynapcTBennsiit yausepcuret, Cankr-IletepOypr, Poccust.
Benopycckuii rocynapcTBeHHbIH yHUBEpcUTET, MUHCK, benapyce.

MuctutyT Matemaruku HaunonaneHol akageMuu Hayk benapycu, Munck, benapyce.
Maremaruueckuii uHcTUTYT UM. B. A. CtexiioBa Pocculickoii akagemun Hayk, MoCKOBCKUiA
rocyaapcTBeHHbIN yHuBepcuteT uM. M. B. Jlomonocosa, Mocksa, Poccust.

WucTutyT npobneM 6e30macHOro pa3BUTHS aTOMHOW >HepreTHkH Poccuiickoif akagemMun
Hayk, MockBa, Poccust.

Benopycckuii rocynapcTBeHHbII yHUBEpcuTeT, MuHck, benapyce.

benopycckuii rocynapcTBeHHbINH yHUBEpCUTET, MUHCK, benapyce.

KuTalickuii yHHBepcHUTET HayKH M TeXHOJIOTHH, X2(oH, npoBuHIms AHbX0#, Kuraii.
TOwmmrcckmii rocyIapcTBeHHBIH YHIBEpcHTeT MM. VBand JlxaBaxumBmim, Towmicu, [py3ust.
bpecrckuii rocy1apcTBeHHbIM TEXHUYECKUI yHUBEpCUTET, bpect, benapyce.

WuctutyT Maremaruku HannonansHol akagemuu Hayk benapycu, Munck, benapycs.
benopycckuii rocynapcTBeHHbIH yHUBEpcUTET, MUHCK, benapyce.

WucrutyT MatemMatiky 1 HHGOpMaTHKK BuibHIOCCKOTO YHHBepcuTeTa, BunbHioc, JIuTsa.
Kprivckwii ¢penepanbubiii yaueepeutet uM. B. W. Bepraackoro, Cumdeponons, Poccust.
MuctutyT Matemarnku HaunonaneHol akageMuu Hayk benapycu, Munck, benapyce.
I'manbckuii monmurexHudeckuil yausepcutet, I nanbek, [lonpma.

MuctutyT Matemaruku Bapmasckoro ynuBepcutera, Bapiasa, [lonbiia.

Benopycckuii rocynapcTBeHHbIl yHUBEpcUTET, MuHCK, benapycs.

Bpasunsckuit yausepcuret, bpaszunua, bpasunus.

MockoBckuii rocynapcTBeHHbIi yHuBepcureT uM. M. B. Jlomonocosa, Maremaruueckuit
uHctutyT uM. B. A. CrexiioBa Poccuiickoii akagemun Hayk, Mocksa, Poccust.
Yausepcurer Kunne, Kunne, Bennkoopuranus.

Maremaruueckuii ”HCTUTYT UM. B. A. CtexnoBa Poccuiickoii akanemun Hayk, MOCKOBCKUIA
rocynapcTBeHHbIl yHuBepcuteT uM. M. B. JlomoHOocoBa, Mocksa, Poccus.

I'pauckuii ynusepcurer um. Kapna u ®@panna, ['pai, Ascrpus.



Kusoncuwe JI. b.

Koowcanos A. U.

Komog B. M.
Kpacuonpowun B. B.
Jlaypunuuxac A. I1.
Maoanu K.

Makxapos E. K.
Mamyc I1. I1.
Meoeseoes /1. I.
Muxaces I. H.
Hecmepenko I0. B.
Huxonopoes IO. I

Oceanvo I1.
Pomanoeckuit B. I.
Psazanoe B. B.

Cagponos B. I
Cruoa A. H.
Comckos 10. H.

Tpoghumos B. A.
Tysukos A. B.

Dunvymosep I1.
Yepnoycos B. U.
Yuorcuk C. A.
Hlewox /1.
Lly6s A. C.

HAnueeckun B. U.

WuctutyT Mmatematnku HanmonansHo#M akanemun Hayk benapycu, Munck, benapyce.
Wuctutyt marematuku uM. C. JI. Cobonesa, HoBocnOupckuii rocyrapcTBeHHbII YHUBEPCH-
tet, HoBocubupck, Poccust.

benopycckuii rocynapcTBeHHbIN yHUBEpcUTeT, MUHCK, benapycs.

benopycckuii rocynapcTBeHHbli yHuBepeureT, MuHck, benapycs.

BunbsHiocckuit ynusepcuret, BunbHtoc, JIutsa.

Yuusepcutet [lapmx-Oct Mapu-na-Banne, Mapu-na-Bamie, ®@pannus.

WuctutyT Mmatematrky HanmonansHol akanemuu Hayk benapycu, Munck, benapyce.
WuctutyT Mmatrematnku HanmonansHol akanemun Hayk benapycu, Munck, benapyce.
Bbenopycckuii rocynapcTBeHHbli yHuBepcuteT, MuHck, benapycs.

benopycckuil rocynapcTseHHblil yHusepeuret, Munck, benapycs.

MockoBckuil rocyaapcTBeHHbI yHuBepcuteT uM. M. B. Jlomonocosa, Mocksa, Poccust.
FOsxHbIif MaTemaTnyeckuil ”HCTUTYT BiiagukaBkasckoro HayyHoro neHtpa Poccuiickoii aka-
JieMuu Hayk, Brnanukaskas, Poccust.

bonnckuit ynusepcuret, bonn, ['epmanus.

Mapubopckuii yausepcutet, Mapubop, CioBenust.

Brruncnurensubiit nentp um. A. A. Jlopoauunsina Poccuiickoii akagemMun nHayk, Mocksa,
Poccus.

benopycckuii rocynapcTBeHHbli yHuBepcuteT, MuHck, benapycs.

I'omenbckuii rocynapcTBeHHbli yHuBepeuteT uM. dpannucka Cxopussl, I'omens, benapycs.
OO0beqMHEHHBIH UHCTUTYT mpobiaeM nHpopMaruku HanmonaneHOH akagemun Hayk bema-
pycu, Munck, benapycs.

MockoBckuil rocynapcrseHnblil yausepeureT uM. M. B. JIomonocosa, Mocksa, Poccus.
OO0beIMHEHHBIH HHCTUTYT pobaeM nHpopMaruku HanmonaneHOH akagemun Hayk bema-
pycu, Munck, benapyce.

Benckuii TexHudeckuil yausepcutet, Bena, ABcTpust.

AnpOepTckuii yHUBEpCHUTET, D1MoHTOH, Kanana.

Hanmonanbnas akagemus Hayk benapycu, Munck, benapyce.

BuubHiocckuii TexHuueckuil yuusepeureT uM. I'enqumunaca, Buisnioc, JIutsa.

WuctutyT Marematuky U nHpopMaTuku Axagemuu Hayk Pecriyonuku MonnoBa, Kumnnes,
MonnoBa.

Wuctutyt Mmarematnku HanmonansHo# akanemuu Hayk benapycu, Munck, benapyck.



Editor-in-chief

Deputy

editors-in-chief

Executive
secretary

Ablameyko S. V.
Altenbach H.
Antonevich A. B.
Bauer S. M.
Beniash-Kryvets V. V.
Bernik V. I.
Buchstaber V. M.

Vabishchevich P. N.

Volkov V. M.
Gladkov A. L.
Guo W.
Goginava U.
Golovko V. A.
Gorokhovik V. V.
Gromak V. I.
Dzemyda G.
Donskoy V. L.
Egorov A. D.
Eremeyev V. A.
Zoladek H.
Zhuravkov M. A.
Zalesskii P. A.
Zubkov A. M.

Kaplunov J. D.
Kashin B. S.

Kellerer H.

|Knyazhishche L. B.l
Kozhanov A. 1.
Kotov V. M.

EDITORIAL BOARD

KHARIN Y. S., doctor of science (physics and mathematics), full professor,
corresponding member of the National Academy of Sciences of Belarus; di-
rector of the Research Institute for Applied Problems of Mathematics and
Informatics, Belarusian State University, Minsk, Belarus.

E-mail: kharin@bsu.by

KROTOV V. G., doctor of science (physics and mathematics), full professor;
head of the department of function theory, faculty of mechanics and mathe-
matics, Belarusian State University, Minsk, Belarus.

E-mail: krotov@bsu.by

DUDIN A. N., doctor of science (physics and mathematics), full professor;
head of the laboratory of applied probabilistic analysis, faculty of applied ma-
thematics and computer science, Belarusian State University, Minsk, Belarus.
E-mail: dudin@bsu.by

MATEIKO O. M., PhD (physics and mathematics), docent; associate profes-
sor at the department of general mathematics and computer science, faculty
of mechanics and mathematics, Belarusian State University, Minsk, Belarus.
E-mail: matseika@bsu.by

Belarusian State University, Minsk, Belarus.

Otto-von-Guericke University, Magdeburg, Germany.

Belarusian State University, Minsk, Belarus.

Saint Petersburg State University, Saint Petersburg, Russia.

Belarusian State University, Minsk, Belarus.

Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk, Belarus.
Steklov Institute of Mathematics of Russian Academy of Sciences, Lomonosov Moscow
State University, Moscow, Russia.

Institute for the Safe Development of Atomic Energy of the Russian Academy of Sciences,
Moscow, Russia.

Belarusian State University, Minsk, Belarus.

Belarusian State University, Minsk, Belarus.

University of Science and Technology of China, Hefei, Anhui, China.

Ivane Javakhishvili Tbilisi State University, Tbilisi, Georgia.

Brest State Technical University, Brest, Belarus.

Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk, Belarus.
Belarusian State University, Minsk, Belarus.

Institute of Mathematics and Informatics of the Vilnius University, Vilnius, Lithuania.

V. I. Vernadsky Crimean Federal University, Simferopol, Russia.

Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk, Belarus.
Gdansk University of Technology, Gdansk, Poland.

Mathematics Institute of the University of Warsaw, Warsaw, Poland.

Belarusian State University, Minsk, Belarus.

University of Brazilia, Brazilia, Brazil.

Lomonosov Moscow State University, Mathematical Institute of the Russian Academy
of Sciences, Moscow, Russia.

Keele University, Keele, United Kingdom.

Steklov Institute of Mathematics of Russian Academy of Sciences, Lomonosov Moscow
State University, Moscow, Russia.

University of Graz, Graz, Austria.

Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk, Belarus.
Sobolev Institute of Mathematics, Novosibirsk State University, Novosibirsk, Russia.
Belarusian State University, Minsk, Belarus.



Krasnoproshin V. V.
Laurinchikas A. P.
Madani K.
Makarov E. K.
Matus P. P.
Medvedev D. G.
Mikhasev G. I.
Nesterenko Y. V.
Nikonorov Y. G.

Oswald P.
Romanovskij V. G.
Ryazanov V. V.
Safonov V. G.
Skiba A. N.
Sotskov Y. N.

Trofimov V. A.
Tuzikov A. V.

Filzmoser P.
Chernousov V. I.
Chizhik S. A.
Sesok D.

Suba A. S.

Yanchevskii V. 1.

Belarusian State University, Minsk, Belarus.

Vilnius University, Vilnius, Lithuania.

Université Paris-Est, Marne-la-Vallee, France.

Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk, Belarus.
Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk, Belarus.
Belarusian State University, Minsk, Belarus.

Belarusian State University, Minsk, Belarus.

Lomonosov Moscow State University, Moscow, Russia.

Southern Mathematical Institute of the Vladikavkaz Scientific Center of the Russian Academy
of Sciences, Vladikavkaz, Russia.

University of Bonn, Bonn, Germany.

University of Maribor, Maribor, Slovenia.

Dorodnicyn Computing Centre of the Russian Academy of Sciences, Moscow, Russia.
Belarusian State University, Minsk, Belarus.

Francisk Skorina Gomel State University, Gomel, Belarus.

United Institute of Informatics Problems of the National Academy of Sciences of Belarus,
Minsk, Belarus.

Lomonosov Moscow State University, Moscow, Russia.

Research Institute for Applied Problems of Mathematics and Informatics of the National
Academy of Sciences of Belarus, Minsk, Belarus.

Vienna University of Technology, Vienna, Austria.

University of Alberta, Edmonton, Canada.

National Academy of Sciences of Belarus, Minsk, Belarus.

Vilnius Gediminas Technical University, Vilnius, Lithuania.

Institute of Mathematics and Computer Science of the Academy of Sciences of Moldova,
Kishinev, Moldova.

Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk, Belarus.



BEL[[ECTBEHHBH?I, KOMITJIEKCHBIA
U ®YHKLMOHAJIBHBIN AHAJIU3

REAL, COMPLEX
AND FUNCTIONAL ANALYSIS

VIIK 519.9

Ob ACCOIIMNPOBAHHBIX PEIIEHUAX
CUCTEM HEABTOHOMHBIX AUOGPEPEHIITUAABHBIX
YPABHEHHWU B ITPOCTPAHCTBAX AEBETA

A. H. KYKY, E. H. 3AIlYK"

1)Bpecmcmn? 20CY0apCcmeenHblll MmexXHU4ecKull yHugepcument,
yn. Mockosckas, 267, 224023, 2. bpecm, benapyco

HccnenyroTes cucTeMbl HEABTOHOMHBIX (D (epeHIInalIbHBIX YPaBHEHHH B ayire0pe HOBBIX 000OIICHHBIX (DYHKI[HA.
Cucrema HeaBTOHOMHBIX AH(depeHInalIbHbIX YpaBHEHUH ¢ 0000IEHHBIMU KOO (QHUIMEHTAMU PACCMaTPUBAETCS KaK
cucremMa ypaBHeHHH B augdepeHnnanax B aredpe HOBbIX 0000IIEHHBIX (DYHKIMH. PenreHneM Takux CUCTeM SIBIISIeTCs
HoBast 0o0oOmenHas (GyHkiws. [Toka3pIBaeTcs, 4TO pa3NUuHble HHTEPIPETANH PEHICHUH TaHHBIX CUCTEM MOTYT OBITh
MIOJTyYeHbI IIPH TOMOILH eANHCTBEHHOTO TOJIX0/1a, HCIIOJIB3YIOIIET0 HOBbIe 00001IeHHbIe (GyHKIMHU. B HacTosmel crarbe,
B OTIIMYHE OT NPEIIIECTBYIOMINX padoT, ONMMCAHBI aCCOLMUPOBAHHBIEC PELIICHHS CHCTEM HEaBTOHOMHBIX T (depeHImab-
HBIX yPaBHEHHIi ¢ 00001eHHBIME KO3 uLnenTamu B ipocTpaHcTsax Jlebera L, (T )

Knroueswvie cnosa: anredpa HOBbIX 0000IICHHBIX QYHKIUH; TU(PepeHIIMaIbHbIC YPABHCHUS C 0000IICHHBIMU KO3 (]-

¢unnenTamu; GyHKIMN OTPaHUYCHHON BapHaIUH.

O0pa3en HHUTHPOBAHUMA:

Kyk AU, 3amyk EH. O0 acconmmupoBaHHBIX PEUHICHUSX CHC-
TEM HEaBTOHOMHBIX IU((epeHInaIbHbIX YPABHEHUH B IPOCT-
panctBax Jlebera. JKypuan benopyccroeo 2ocyoapcmeenno2o
yuusepcumema. Mamemamuka. Ungpopmamura. 2022;1:6-13
(Ha aHm.).

https://doi.org/10.33581/2520-6508-2022-1-6-13

For citation:

Zhuk Al, Zashchuk HN. On associated solutions of the system
of non-autonomous differential equations in the Lebesgue spa-
ces. Journal of the Belarusian State University. Mathematics
and Informatics. 2022;1:6—13.
https://doi.org/10.33581/2520-6508-2022-1-6-13

ABTOpBI:

Anacmacus Heopeena Kyxk — xanaunar Gpusnko-mMareMaru-
YeCKUX HayK, JOIEHT; JOIEHT Kaeaphl BEICIICH MaTeMaTuKN
(bakyibTeTa MeKTPOHHO-MH(POPMALIMOHHBIX CHCTEM.

Enena Hukonaesna 3auyk — Kanmunar Gu3nKo-MaTeMarHde-
CKHX HayK, OLIHT; IOLEHT Ka(eaphl BBICIIEH MaTeMaTHKH (a-
KYJIBTETa EKTPOHHO-UH(OPMALIMOHHBIX CHCTEM.

Authors:

Anastasia I. Zhuk, PhD (physics and mathematics), docent; as-
sociate professor at the department of higher mathematics, facul-
ty of electronic informational systems.

aizhuk85@mail.ru

Helena N. Zashchuk, PhD (physics and mathematics), docent;
associate professor at the department of higher mathematics,
faculty of electronic informational systems.

shvichkina@tut.by




BemmecTBeHHBII, KOMIUIEKCHBIH M GYHKIMOHAJILHBII aHAJIN3
Real, Complex and Functional Analysis

ON ASSOCIATED SOLUTIONS OF THE SYSTEM
OF NON-AUTONOMOUS DIFFERENTIAL EQUATIONS
IN THE LEBESGUE SPACES
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*Brest State Technical University, 267 Maskotiskaja Street, Brest 224023, Belarus
Corresponding author: A. I. Zhuk (aizhuk85@mail.ru)

Herein, we investigate systems of non-autonomous differential equations with generalised coefficients using the algebra
of new generalised functions. We consider a system of non-autonomous differential equations with generalised coeffi-
cients as a system of equations in differentials in the algebra of new generalised functions. The solution of such a system
is a new generalised function. It is shown that the different interpretations of the solutions of the given systems can be
described by a unique approach of the algebra of new generalised functions. In this paper, for the first time in the literature,
we describe associated solutions of the system of non-autonomous differential equations with generalised coefficients in
the Lebesgue spaces L, (7).

Keywords: algebra of new generalised functions; differential equations with generalised coefficients; functions of
finite variation.

Introduction

The theory of generalised functions is one of the most powerful tools for investigating the systems of linear
differential equations. However, from the outset the distribution theory has an essential disadvantage: it is inap-
plicable to the solution of non-linear problems. Therefore, various interpretations of the solutions of the systems
of non-linear differential equations have been proposed by mathematicians. Unfortunately, different interpre-
tation of the same equation lead, in general, to different solutions (see [1-3]). Usually, systems of differential
equations are used to describe the dynamics of real systems or phenomena. In order to choose an adequate inter-
pretation of such systems of equations one has to consider reasons for modelling the dynamics of real systems.

In this paper we will consider the following system of non-linear equations with generalised coefficients

onTe[O;a]cR: .
(1) = Zf’j(t, x()) (1), i=1, z, (1)

with the initial value x(O) = x,, where t € T'and )24 (t) are the derivative in the distributional sense, or we can
say that L/ (¢) are the derivative in the Schwartz space D’(T), x(t)= [xl(t), (t), s X° (t)} In general, since

I/ (¢) is the distribution and f” (x(t)) is not a smooth function, the products 1/ (x(t))Lj () are not well defined

and the solution of system (1) essentially depends on the interpretation. System (1) describes the model of the
rocket flight process. The generalised coefficients of equations correspond to the fact that mass is irregularly
changed when the rocket stages are thrown. Also the control problems with impulse actions lead to such sys-
tems. Let us recall some approaches to the interpretation of system (1).

The first approach is concerned with considering the system of equations in the framework of the distribution
theory. According to this approach, once the product of distributions from some classes is defined, then one tries
to find the solution of the system of equations (1) in these classes of distributions. For example, in papers [1; 3]
the product of some distributions and discontinuous functions was defined. See also monograph [4] for another
definition. Notice that the solutions of system (1) obtained using the products from [1—4] are different.

The second approach is to interpret system (1) as the following system of integral equations:

. . q t Iy .. —_—
x’(t) =x,+ z jf” (s, x(s))L’ (s), i=1, z,
j=10
where the integrals are understood in the Lebesgue — Stieltjes sense, Perron — Stieltjes sense, etc. [2; 5]. But in
this approach the solution of the system of integral equations depends on the interpretation of the integral and
the definition of the functions x'(¢) in the discontinuity points of L/ (¢).

The third approach is based on the idea of the approximation of the solution of system (1) by the solutions of the
system of ordinary differential equations, which are constructed using the smooth approximation of the functions

r (t) In the monograph [4] it is shown that in this case the limit of the solutions of the smoothed equations exists.

7
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In this paper we will consider system of equations (1) using the algebra of new generalised functions
from [6]. Thus we will interpret system of equations (1) as a system of equations in the differentials in the
algebra of new generalised functions. Such interpretation says that the solution of system (1) is a new gene-
ralised function.

The main purpose of this article is to show that under some conditions this new generalised function asso-
ciates with some ordinary function, which is natural to call the solution of system (1). Also it will be shown
that the solutions of system (1) in the sense of the previous approaches can be obtained from the solution of the
system of equations in the differentials in the algebra of new generalised functions. We will describe associated
solutions of the approximated systems used in previous similar articles, but we will obtain the main results in
the Lebesgue spaces L, (T).

The algebra of new generalised functions

In this section we recall the definition of the algebra of new generalised functions from [6]. At first, we
define an extended real line R using a construction typical for non-standard analysis.

Let R = {(xn )::1 :x,eR forallne N } be a set of real sequences. We call two sequences {x, } R and
{ Yy } eR equivalent if there is a natural number N such that x, =y, for all n > N.

The set R of equivalence classes is called the extended real line, and any of the classes — a generalised real
number. N

It is easy to see that R R because one may associate with any ordinary number x € R a class containing
a stationary sequence with x, = x. It is evident that R is an algebra. The product Xy of two generalised real
numbers is defined as the class of sequences equivalent to the sequence {xn V, }, where {xn} and { yn} are the
arbitrary representatives of the classes x and y respectively.

For any segment T = [O; a] C R one can construct an extended segment 7 in a similar way. Let A denote
the subset of R of non-negative «infinitely small numbersy:

n—>oo

H:{ﬁesit:;}:[{hn}], h >0 for all ne N, lim hn:O}. 2)

Consider the set of sequences of infinity differentiable functions { fn(x)} on R. We will call two sequences
{£,(x)} and {g, (x)} equivalent if for each compact set K < R there is a natural number N such that f,(x)= g, (x)
forall n> N and x € K. The set of classes of equivalent functions is denoted by S(R) and its elements are called
new generalised functions. Similarly, one can define the space 3(T') for any interval T = [0; a].

For each distribution f we can construct a sequence { fn} of smooth functions such that f, converges to 1

(i. e. one can consider the convolution of f/ with some d-sequence). This sequence defines the new generalised
function that corresponds to the distribution f. Thus the space of distribution is a subset of the algebra of new
generalised functions. However, in this case infinitely many new generalised functions correspond to one

distribution (e. g. by taking a different d-sequence). We will say that the new generalised function j7 = I:{ f }]
associates with the ordinary function or distribution f'if f, converges to f in some sense.

Let [ = I:{ f }:I and g= I:{ g, }] be generalised functions. Then the composition f o & is defined by fo g =
= I:{ 1 eg, }] € S(R) Similarly, one can define the value of the new generalised function f at the generalised
real point X = [{xn }] e R as f(fc) = [{fn (xn )}]

For each h = [{hn }] eHand f= [{fn}] e 3(R) we define a differential d; f € 3(R) by dilf;z [{fn(x +
+ hn) - j;(x)}] The construction of the differential was proposed by N. Lazakovich (see [6]).

Now we can give an interpretation of system of equations (1) using the introduced algebras. Let L(¢),
te [0; a] =T, be a right-continuous function of finite variation. We replace ordinary functions in system (1)
by the corresponding new generalised functions and then write differentials in the algebra. So we have

L 9 .. ~ - ~
;¥ (F)= 3, /(7. %(7))d; /(7). i=1. p, 3)
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with the initial value X

[6;5):)?0, where ﬁz[{hn}]e H, = [{tn}:le T, iz[{xn}], f= [{qu}], %o = [{xOn}]

and L = [{Ln }] are elements of S(R) Moreover f and L are associated with fand L respectively. If X is

associated with some function x then we say that x is a solution of system (3).
The following theorem from [7] gives necessary and sufficient conditions for the existence and uniqueness
of the solutions of system (3).

Theorem 1. If the following equality holds for some representatives {f’] } efl { } el { } e
{x(i)n} € )?é,for all sufficiently large n € N and for all [ =0, 1, ...:

tl_i)r%[j; [XOn (h,—1) - xf,,,(t)] - élj_;[ﬁ(z, xOn(z))[L{;(hn +1)— L;(z)ﬂ} =0,

then a solution of system (3) exists and is unique.
The purpose of the present paper is to investigate the case when the solution X of system (3) is associated
with some function and to describe all possible associated solutions.
Main results

In this paper we consider specific types of representatives of the new generalised functions (mnemofunc-
tions). We take the following convolutions as representatives of L from system (3):

(v (n))
L(0)=(1/#pj)(1)= j Lt +5)pl(s)ds, (4)

where pi;(f)=Yj(n)pj(y’(n)) p’ > 0; suppp’ C[O 1]; J.p ds=1 and f =f=*p,; ﬁeC‘”(R”l);

J P(xg, Xps ooy X, )dxydy, ... dx, =1, p=0; suppp < [0; 1]

[0; 1]2 +1
If the function y/ (n) is some monotonic function such as lim v’ (n) = oo, we will assume that lim y/(n)h, = oo
n— oo n—> oo
Iy =0 I

for j=1,wand lim y/(n)h,=0 for j=w+1, q.
n— oo
hy —0

Using representatives, we can rewrite system (3) in the following form:

(0 1) =50= 3 e O 1) - E0) 1= T

X (t)‘[o; )~ X, (1)-

©)

The solution x of system (3) is associated with some function if and only if the sequence {xn} of the solu-
tions of system (5) converges. Therefore, we have to investigate the limiting behaviour of the sequence {xn }

Let ¢ be an arbitrary point of 7. There exist m,e N and T, € [0; hn) such that ¢ = t,+ m,h,. Set t, = 1, + kh,
for k=0, 1, ..., m,. Then the solution of system (5) can be written as

) q
z
xn xOn Z

&

1

z:: U (14 %, (1 )[L{,(tkﬂ)—L{;(tk)}, i=1,z. (6)

Let L/(¢), j =1,qteT= [0; a], be a right-continuous function of finite variation. We will assume that

L(t)=L(a)ift>aand I(t)=L(0) if # < 0. Let us denote by VarL z VarLJ ) the total variation of

the function L = [Ll, ... Lq] on the interval 7. Suppose that f'is a Llpschltz contlnuous function with a con-
stant M and for all x,, x,e Rand te T:
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|f(x1)—f(x2)|SM|xl—x2|. 7
In order to describe the limits of the sequence x, of (6), we consider the following system of integral equations:
=x)+ 2 jf’f (s, x(s))dL’ (s Z S' (s x(w, =), AL(W,)), i =1z, (8)
Jj=1o
where L (t) is the continuous part and s (Z) is discontinuous part of the function L (t); W, r=12,..,1is

fiiscontinuity points of the function L/ (t), j= I,_q; AL (].Lr) =1 (ur +) . (ur —), j= I,_q, is the size of the
jump

S’(u, X, u) = (p’(l, W, x, u) -0 (O, W, x, u),
where @' (#, W, x, u) is the solution of the integral equation

W t
(pi(t, W, x, u)=xi + Zu-/.[fy(u, (p(s—, W, x, u))dH(s —1) +

Jj=1 0

+2 Jf”u, (5. 1, x, u))ds, i=1, z.

Jj=w+l1

Here and in what follows all integrals are understood in the Lebesgue — Stieltjes sense.
Theorem 2. Let f7 i=1, z, j =1, g, be Lipschitz continuous functions satisfying (7) and I be right-conti-

nuous functions of finite variation. Suppose that _”xno(rt) - x0|dt — 0 in the space LP(T) asn—> oo, h, —0,
T

yj(n)ﬁoo and yj(n)hn — oo for jzl,_w and Yj(n)hn — 0 for j=w+1, q, then the solution xn(t) of (5)

converges to the solution x(t) of (8) in Lp(T).

Theorem 3. Under the condition of theorem 1 let f7 i= Lz, J =1,_q, be Lipschitz continuous functions

satisfying (7) and I be right-continuous functions of finite variation. Suppose that .[ X,0 (’c,) - x0|dt — 0 in the
T

space LP(T) asn — oo, h, — 0, yj(n)—>oo and Yj(n)h,, — oo for jzl,_w and yj(n)hn —0for j=w+1, g4,
then the associated solution of (3) is the solution of (8) in the space L, (T)

Similar results for the system of non-autonomous differential equations in the space Ll(t) have been ob-
tained in [8].
Definition 1. We say that the function x(t) is an /-associated (S-associated) solution of the system of equations
in differentials (3) if it is associated solution of (3) under conditions that lim y’ (n)hn =oo (lim v/ (n)hn =0)
(e (e
and the representatives of the functions f and L are set by formula (4). In this case we name d Eij as an /-asso-
ciated (S-associated) coefficient.

Let /: R* — R. We set
LO=(7=p,)e)= ] [flt+5)p,(s)ds.

[0,1/n]

where p, (1) e C”(Rz); p,(1)=0; suppp, (1) c [O, %} ;] Pa(s)ds=1 neN.

[0,1/n]

Consider the case when y/(n)=n, then p,(¢)e n°p(nt), p,(t)€ CM(RZ), suppp = [0, 1], [ p,(s)ds=1,
neN. _ [o.1F
Remark 1. Let vy’ (n) =n, then we can define the set H from (2) using the following subsets:

z{ﬁeH:%ZO(hn),n—)oo, h, — 0 for all hnel;},

S:{fzeH:hnzo(%j,hn—>0,n—>o<>forallhnefz}.

10
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We name the generalised differential d; as [-generalised (S-generalised) differential and denote dé (th ), if
hel (h~ es ) Note, that the /-generalised (S-generalised) differential makes sense only for the new generalised

function L/ with representatives (4), where / (n) =n.

According to equation (3), we will consider the systems of equations with /-generalised and S-generalised
differentials:

p ©)

izl (10)

Remark 2. In case Y/ (n)=n definition 1 will take the following form: we will say that the function x(¢) is
the /-associated or S-associated solution of a system of equations in differentials (3) if it is associated solution
of (9) or (10) respectively.

Let y/ (n) = n. In order to describe the limits of the sequence x, we consider the following system of integral
equations:

xi(t)=xé + zq:J{f’j(s, x(s))dLj(s), i=1, z. (11)

Jj=1o0

Theorem 4. Let 17, i=1,z, j= L_q be Lipschitz continuous functions satisfying (7) and L be continuous

functions of finite variation. Suppose that .[ X0 (‘Et) - xo|dt — 0 in the space L, (T) then the solution x,, (t)

T
of (5) converges to the solution x(t) of (11) in the space L, (T) asn—> oo, h, — 0.

Theorem 5. Under the condition of theorem I let f7 i= I,_Z j= I,_q be Lipschitz continuous functions

satisfying (7) and I be continuous functions of finite variation. Suppose that ano(rt) - x0|dt — 0 in the

space L, (T) then the associated solution of (3) is the solution of (11) in the spacg LP(T) asn— oo, h, = 0.
The proof of a similar theorem in another space and in an autonomous case can be seen in [9].
Let I/ be right-continuous functions of finite variation, y/(n)=n and % =o(h,)asn — e, h, — 0. In order
to describe the limits of the sequence x,, we consider the following system of integral equations:

xi(l) = xé + zq: ]ff"j(s, x(s—))dLj (s), i=1, z (12)

Jj=lo

Theorem 6. Let [ i= I,_Z j= m be Lipschitz continuous functions satisfying (7) and L' be right-con-

tinuous functions of finite variation. Suppose that J. xno(’c,) - xo|dt — 0 in the space L, (T) then the solution

T
X, (t) of (5) converges to the solution x(t) in the space L, (T) of (12) asn — oo, h, = 0 and %: o(hn).

Theorem 7. Under the condition of theorem I let f" i=1,_z, j= I,_q be Lipschitz continuous functions

satisfying (7) and I/ be right-continuous functions of finite variation. Suppose that “xno (’Et) - x0|dl — 0 in the
T
space L, (T) as n —> e, h, — 0, then the I-associated solution of (3) is the solution of (12) in the space L, (T)
asn—oo, h, = 0.
Similar results for the system of autonomous differential equations in other spaces have been obtained
in[10; 11].

11
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Let L/ be right-continuous functions of finite variation, ¥’ (n) =nand h, = 0(%) asn — oo, h, = 0. In or-
der to describe the limits of the sequence x,, we consider the following system of integral equations:
x'(t)=xy + z J.f” (s, x(s))dL’c(s) + 2 S’(ur, x(ur—), AL(p,r)), i=1,z, (13)
Jj=10 n.<t
where Si(u, X, u) = (pi(l, W, x, u) — (pi(O, W, x, u), and (pi(t, W, x, u) is the solution of the integral equation
(p’(t, W, x, u):x’ + Zufjf”(u, (p(s, W, x, u))ds, i=1 z.
Jj=1 0
Theorem 8. Let f7 i= 1, z, j= 1,_q be Lipschitz continuous functions satisfying (7) and L' be right-con-

tinuous functions of finite variation. Suppose that _ﬂxno(’c,) - x0|dt — 0 in the space L, (T) then the solution

T
1
xn(t) of (5) converges to the solution x(t) of (13) in the space LP(T) asn— oo, h, — 0 and h, = 0(;].

Theorem 9. Under the condition of theorem 1 let f7 i =1,_z, j=1, q, be Lipschitz continuous functions

satisfying (7) and L be right-continuous functions of finite variation. Suppose that J an(T,) - x0|dt —0in

T
the space LP(T ) as n — oo, h, = 0, then the S-associated solution of (3) is the solution of (13) in the space
LP(T)asn—><>0, h,— 0.

Similar results for such system of autonomous differential equations in another space have been obtained
in[12].
Notice that the solution x, (t) of system (5) converges either to the solution of system (1) in the sense of

. o . . . 1
paper [2; 5] if % = o(hn) or to the approximative solution of (1) in the sense of monograph [4] if /4, = 0(5)’
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BUPAIIMOHAABHAS KOMIIO3ULINA
ITPOU3BOABHOUN KBAAPATUYHOU ®POPMbBI
C BUHAPHOU KBAAPATUYHOU ®OPMOU

A. A. BOHJIAPEHKO"

YBenopycckuii 2ocydapemeennviii ynusepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, Benapyce

Mycts f(X)n g(Y) — HeBBIPOKAEHHbIE KBAAPATHYHBIE (OPMbI PASMEPHOCTEIT /71 1 1 COOTBETCTBEHHO Hajl ToNeM K,
charK # 2. PaccmarpuBaercs npoGiema GnpannonansHoit komnosumin (X ) u g (Y): xorna nponssenerue f(X)g(Y)
OMpaIMOHAILHO 3KBUBAJICHTHO HaJ K KBaapaTUIHON (opme h(Z ) Hax K pasmepuoctu m + n? OCHOBHOH pe3yibTar
CTaThU — MOIHOE PElICHHE IPOOIeMbl GHPALMOHANBHOH KOMIO3HIMH KBaapartnunbix Gopm f(X) u g(Y) nag monem K
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xBagparuuabix Gopm f (X ) n g(Y) nan nonem K npu m = 2. OnucaHo MHOKECTBO KBaAPAaTHYHBIX (OPM, KOTOPBIE MOJ-
XOAT B KauecTse /1(Z) B 9TOM Cityyae.
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THE BIRATIONAL COMPOSITION OF ARBITRARY
QUADRATIC FORM WITH BINARY QUADRATIC FORM

A. A. BONDARENKO*

*Belarusian State University, 4 NiezalieZnasci Avenue, Minsk 220030, Belarus

Let f(X) and g(Y) be non-degenerate quadratic forms of dimensions m and n respectively over a field K, chark # 2.
Herein, the problem of the birational composition of f (X ) and g(Y ) is considered, namely, the condition is established
when the product f(X)g(Y) is birationally equivalent over K to a quadratic form h(Z) over K of dimension m + n?
The main result of this paper is the complete solution of the problem of the birational composition for quadratic forms
I (X ) and g(Y ) over a field K when m = 2. The sufficient and necessary conditions for the existence of birational com-
position /(Z) for quadratic forms f(X) and g(Y) over a field K for m = 2 are obtained. The set of quadratic forms is
described which can be considered as /(Z) in this case.

Keywords: quadratic form; birational equivalence; birational composition.

BBenenne
IIycts K — momne XxapakTepuCTHKH, HE paBHOM 1ByM, X = (xl, e xm), Y= (yl, e yn) uZzZ= (zl, ey Zm+,,) —
He3aBHCHMbIe Ha0opbI nepeMennbix Hax K, f (X ) u g(Y) — HeBbIpOXACHHBIE KBaApaTHuHble pOpMbI Hal K.
Onpenenenne. Ecin npomssenenne f(X)g(Y) OnpaupmonansHo skBuBaneHTHO Hax K KBaAPaTHIHOMN (op-
Me h(Z) Hag K, T. e. f(X)g(Y) MPEACTABISCTCS KBaApaTHIHON popmoit h(Z) Han K u x;, y, € K(Z), TO
OyzieM TOBOpHTS, uTo KBamparudusie Gopmsr f (X ) n g(Y) obpasyror GupaumnonansHyio kommosnuuio h(Z)
HaJ nojeM K.

[lepBrie obmIHe pe3yabTaThl MO MPoOIeMe KOMITO3UITUH BOCXOAAT K A. ['ypBHILy, KOTOPBIH W3ydnIT 33129y
0 CyMMe KBaJpaTOB: HATH HAaUMEHbIIIEE ¢ TIPH 3aTaHHBIX /1 U 1, 9TOOBI BBITIOTHSIIOCH TOXKAECTBO

(5 + .+ x2)of + ) =@+ @,

rae @, — OwinHelHble QyHKLIUY OT X, ..., X,, U }, ..., , Hal K. Kiaccuueckue pesynbrarst A. ['ypsuna u U. Pa-
JIOHA, CBSI3aHHBIE C 3TOH 3a/1a4eii, XopoIIo n3BecTHHI (cM. [1; 2]). O030p [3] mocBsIIeH pe3ynbTataM U METOAAM
M3yUYeHUs TaKOW KOMIO3HMIINHY KBaaApaTn4dHbIX (opm. A. I[lducrep mpomomknun paccMaTpuBaTh MoJ00HBIE TOX-
JecTBa, HO nojyarai, 4ro @, — paluoHaabHble (PYHKLUUH OT X1, ..., X,, U V1, ..., V. VIM OIUCAHBI MyJIbTHIIIIUKA-
THUBHBIE KBaJIpaTudHbie PopMBI [4].

ITepBrie 00ITIE TEOPEMBI O OMPATMOHATHFHOW KOMIIO3UITUH HaJI MPOU3BOJIBHBIM TTOJIeM K TIOTy4YeHHI B [5].
EcTecTBeHHO BO3HHKIIA 3a/1a4a W3y4YeHUsT OMPAIMOHAIEHON KOMITO3UIINK KBaIpaTHYHBIX (JOPM HaJl KiIaccamu
nosieid. [lomHoe pemenne mpoGiemMpl OMpaMOHATEHON KOMITO3UITH KBaJPAaTUYHbIX ()OPM HaJ JIOKATBHBIM I10-
JIeM JaHo B [6], HaJ KOHEYHBIM TToJieM — B [ 7], Hax moyem yukmwmii — B [8]. UTo kacaeTcs mpoOieMbl Onpariio-
HAJIBHOI KOMIIO3HUIIMK HaJ MPOU3BOJIBHBIM TOJIEM, TO €€ pelIeHne ISl TEPHAPHBIX KBaJAPATUIHBIX POpPM HaJ
MIPOU3BOJBHEIM TT0JIeM K TIOTydeHO aBTOPOM B [9], miist OMHAPHBIX KBaApaTHIHBIX Gopm — B [6].

OcHOBHas 1IeJTh HACTOSIIIEH CTaThi — PelIeHne MPOOIeMbl OMPAMOHATFHONW KOMITO3UITUHN KBaJPaTHIHBIX
(hopmM, omHa U3 KOTOPBIX ABISAETCS OMHAPHOM, Ha/l TPOU3BOJIEHBIM TToJIeM K.

ITomHOE pemenue mpooeMpl OUpaITMOHATEHON KOMIIO3HUITHH, KoTa OnHapHas KBaapatudHas Gpopma f (X )

Y TIPOM3BOJIbHAS KBaipaTnyHas opma g(Y ) aHU30TPOITHKI HaJ K, TaeT CeayoIas Teopema.
Teopema. [Tycmo f (X ) u g(Y ) — anuzomponuvie Hao K keadpamuunvie ghopmvl pazmeprocment m =2 U n.

bupayuonanvnas komnosuyus h(Z ) nao K keadpamuunvix gpopm [ (X ) = ax12 + bx22 = a(xl2 + chg ) 2de o, = g,

u g(Y) cywecmeyem mozda u monvko moeoa, ko20a g(Y) K-oxeusanenmna
[.))l(yl2 +0£y22) +...+ Bk(yf_l + ocyﬁ), n =2k,

Bi(7 +owl) + .+ By (2 s+ o)) + By m=2k— 1.

Hpu DIMOM € MOYHOCBIO 00 IKEUBALEHMHOCU HAO K

h(zl, e Zn+2)=a([31(212+ 0(222) +...+ Bk(sz_1+ Otzgk)).
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Pemenne nmpobmeMbl OHpaoOHaTFHON KOMIIO3UITUH, KOTAa OnHapHas ¢opma f (X ) 00 KBaJpaTHIHAS
¢dopma g(Y ) n3otponHa Hax K, cienyer u3 Teopemsl 1 pabotsr [5].
[IpenBapuTensHO B cTaThe JOKa3aHbl JIIOOOMBITHBIE YTBEPXKIICHUS O OUpaIMOHAILHON KOMITO3ULIUH KBaJIpa-

TUYHBIX ()OPM HaJl MPOU3BOIILHEIM TToJieM. OCHOBHBIEC TIOHATHS M 0003HAYCHUsI TPaAUIIMOHHBI (cM. [10; 11]).
BcnomoraresibHbIe pe3yibTaThbl

JlokakeM YTBEpKICHHS O KBaIpaTHUHBIX (opMax HaJ IPOU3BOJIBHBIM TI0JIEM, KOTOpBIE Oy/IeM HCIOIb30-
BaTh MPH JI0Ka3aTeabCTBE TeopeMbl. OHM MPECTABIAIOT U CAMOCTOSTENbHBIA HHTEpEC.

Mpennoxenue 1. Ilycmo anuzomponnvie keadpamuunvle popmol | (X ) u g(Y ) pasmeprocmetl m u n Hao
nonem K obpazyiom 6upayuoHaivHyo KOMno3uyuo h(Z ) m<n, f (X ) — ngpucmeposa keadpamuunas hopma,

hy — Hegvipoocoennas uacmo h. Tocoa hy ~ B f + ... + B.f-
Jloka3aTenbCTBO ATOr0 MPEJIOAKEHHS IPUBEIECHO B cTAaThe [8].
B nanpHefitem Oyaer mose3Ha cieayronas JeMma.

Jemma 1. I[lycms h= al<1, oc> + ...+ ak<1, oc> — HEeBbIPOANCOCHHASL AHUBOMPONHASL KEAOPaAMUu4Has Gopma
pasmeprocmu 2k. Jlobas nooghopma h pasmeprnocmu 2k — 1 sxeusarenmna keadpamuyrou opme

By (L, o)+ By (1, o) + (By ),

a mobas noogopma h pazmepnocmu 2k — 2 sxeusarenmua K6aopamuuHou gopme 'yl<1, Ocl> + 'yz<1, OL> +...
oot Ve {1, @), 20e o1 moorcem Kkax cosnadame, mak u ne coenadams c .

HNoxaszarenbcTBo. Eciu g — noadopma i pasmeproctu 2k— 1, 70 h~ g + <a>. CrenoBarensHo, a ' ~

~alg+ <1>, le Dy (a_lh). Tucreposa popma (1, o) = Xt + oxs € GK(XI’ xz)(a_lh), TaK Kak

(x12 + chf)a_lh = a_l(al(xl2 + (xx22)<1, o)+ ...+ atk(xl2 + chzz)(l, 0(>) ~
~ a_l(al<1, Oc> +...+ ak<1, 0c>) = a_lh,
HOCKOJIBKY (xl2 + ocx22)<1, o) ~ (1, o) Han K (x;, x, ) no Teopeme 4.1 paGors [11].
['pynna nmonoOwuii GK(XI,%)(a_lh) - DK(XI’XZ)(a_lh), TaK Kak (opMa @ 'h NpeicTaBIseT eMMHMIY (CM. 3a-
Medanue 3.2 nyonukanuu [11]), mostomy no teopeme 2.1 padotsr [11]
a'h~(1,a)+h, (1)
Ecmu /i, — HyneBas KBagpatianas Gopma, To a ' h ~ (1, 0c>. B npotuBHOM ciydae pabotaeMm ¢ /1, Kak ¢ 4, a UMEH-

HO: IIyCTh §, € DK(hl), Torna s, h, MpencTaBnseT equHUITy Ham K M X, + 0LX; € GK(X1 xz)(sz_lh1)- B cuny (1)
nMeeM

(x]2 + chf)a_lh ~ (xl2 + 0cx§)<1, o) + (x]2 + chzz)h]. 2)

OzHaKo, Kak MOKa3aHO BBILLE, (xl2 + (xxzz)a’lh ~a'hu (xl2 + ocxg)(l, o)~ (1, o) nan K(x, x,). Cnenosa-
TENbHO, 110 TeopeMe 4 pabotsl [10, r1. 4] B cuity (1) u (2) nomyuaem, 4to (xl2 + chg)hl ~ hy nan K (x, xz),
a 3HaunT, X; + OLX; € GK(x, xz)(sz_lhl) u sy hy~ (1, a) + hy, T.oe. By~ s,(1, o) + s,h,. PasmepHOCTD KBaapa-

TUYHBIX (OPM /1, BCe BpeMs yMEHbBIIAETCS Ha /1Ba, M HA HEKOTOPOM wiare /i, ; OyaeT HyneBol KBaJpaTUIHOMN
thopmoii. B utore nmeem

a'h~ <1, (x> + s2<1, OL> + ...+, <1, 0c>,
T. €.

a'h~(1)+{a) + 5,(I, ) + ...+ 5,1, o).

Ho Bbiwe GbU10 ycTaHOBMEHO, uto @ 'h ~ a”'g + (1). Tlo Teopeme cokpamenns (em. [10, 1. 4]) a”'g ~ (o) +
+ 5, <1, 0c> +.. ot (1, Oc>. 3HayuT,

g~Bi(l o)+ ..+ By (L o)+ (B
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ITycts Teneps [ — moadopma s pasmepHocTu 2k — 2, Toraa oHa noa¢GopMa HEKOTOPOH KBapaTHUHOM (op-
MBI g pa3MepHOCTH 2k — 1, KoTopas sBnsetcs nonadopmoii 4. [Toaromy

g~1+(B), 3)

e
2 2 2 2 2
Dy (g) e B=Broz_; + Bl(al +0‘0°2) Tt Bk—l(a‘zk—3 + ao‘zk—z)-

Hycts g, =By (1, o) + ... + B, _ (1, &). Torma

s=p- Bkagk—l EDK(gl) g {0}

2 2
X; +0x; € GK(XI’ xz)(gl )
_ —R 2
(Ecmns =0, 10 B=PB,05,_,ul~g)
3HAYNUT, KaK y>Ke OTMEUCHO B HaYaJIe JOKA3aTe/IbCTBA JICMMBI,

g ~s{Lo)y+s,(L, o)+ ...+ s, (L, ).
Nmeem

g~1+(B)~B(Lo)+ ...+ B (Loy+ (Be)~ (Be) +s(L o)+ s,(L, o) + ...+ 5, (L, ).

B nocnenHelt 3KBUBaJICHTHOCTH KBaJIPaTUUHYIO GOpMYy g = [31<1, 0c> + ...+ B, _1<1, Oc> 3aMEHSIEM Ha DKBHUBAa-
JICHTHYIO eil KBaIpaTHIHyI0 (GopMy s(l, oc> + s, (1, oc> +...+ sk_1<1, oc>. Janee B = Bkozﬁk_l +se Dk(<Bk> +
+ (1, (x)), a 3HA4UT, <Bk> +s(l, o) ~ (B) + y(l, oc1>, Ie O, MOXET KaK COBIAJaTh, TAK U HE COBNAJAATh C (L.
CrenoBareibHO, 3aMEHSISl B @ KBaJIpaTHUHYIO (hopMy <Bk> + s<1, Oc> HA DKBUBAJICHTHYIO €l KBaJAPaTUYHYIO
dopmy (B) + v(1, o, ), momyuaem

g~B)+v{L o) +s(Lo)+...+s_ (L a) (4)
Torna no Teopeme cokparnienus (cm. [10, 1. 4]) u3 (3) u (4) cnenyer, 4to

I~v{L o) +s,(L, o)+ ...+ 5, _, (L, ).
Jlemma 1 mokazana.

I[OKaSaTeIILCTBO TEOPEMbI

b
1. loxaxem docmamourocme. Iycts f(X)= axt + bxi = a(xl2 + ocxzz), e o=,

o(r)= B(v7 + 003) + o B (i + 00 ). n=2k,

) Bu(o7 + o3 ) + o+ By (37 ot o)) + Beyk =2k 1.

Torna f(X)g(Y)=h(Z), tne h(Z)= a[Bl(zlz + 06222) +...+ Bk(zgkq + oczgk)}. Ecmu n =2k, To

Z= x5t 0Xy ),

2y =XV = X))

Zy 1= XY T OX Y, )
2y =X Vn-1 7 X1 V>

Zpv1= X

Znt2 = X2
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Ecmn=2k-1, 10
Z1=x); + 0X, ),

2y =XV~ X)),

Zp-2 =X V-2 + (xxzyn—lﬂ

Zp 1 =% -2 — XV -1 (6)
2y = X ns
Zps1= X2 Vns
Zp+2 =
B CUIIy (5) nu (6) O4YCBUIHO, YTO X, X, U )y, ..., ), BBIDAKAIOTCA pallMOHAJIBHO Y€PLE3 Z, ..., Z, 4 5. DTo M JOKa3bI-

BAeT, 4TO MPOU3BEICHUE [ (X ) g(Y ) OMpanoHATBHO PKBUBAJICHTHO Haa K KBaapatuaHou (Gopme h(Z ) 3HauuT,

GupanmonanbHas komnosurus f (X )u g (Y ) Haz K CYIIECTBYET U ¢ TOYHOCTBIO 10 K-OKBHBANICHTHOCTH PaBHa

h(Z)= a|:[31(212 + Oczg) +..+ Bk(zgkfl + oczzzk)].

JlokakeM HpeanokeHue, KOTOpoe UCIOb3YeTCs B JOKA3aTeNbCTBE YCIOBHS HEOOXOAMMOCTH OCHOBHOM
TEOPEMBI.
_ .2 2
pennoxenne 2. [lycms f (X ) =x; tox; u g(Y ) — AHU30MPONHbIE KEAOPAMUUHbIE POPMBL PAIMEPHOC-

metl 2 u 2k nao K, bupayuonaivhas KOMno3uyusi KOmopulx paeHa h(Z ) Tozoa rangh(Z ) =2k.
HNoka3zatenabcTBO. CONacCHO OMPEICICHUI0 OMPAIMOHATIBHOW KOMIIO3HMIIMM KBaJPAaTHUHBIX (Hopm
dimh(Z) =2k + 2.Ilo nemme 1 cratpu [5] g(Y) € DK(Y)(h), Tak Kak 1€ Dy (f) 3HauwuT,

2k=rangg <rangh < dimh =2k +2

1, KCXOJIS U3 TpeiokeHus 1, rang i — uetHoe uyncio. CienoBarenbHo, rang i = 2k nubo rangh = 2k + 2.
[Ipennonoxum, rang h = 2k + 2. Torga corntacHo mpeIokeHu o 1

B=h~s{l,a)+..+s5,,(,0a).

Kak yxe ormeuanocs, g(Y ) € DK(Y)h u g(Y ) —noxndopma h(Z ) pasmepnoctu 2k. CormacHo nemme 1
g~7(L o)+ ...+ 7L o)

g~(Lay)+By(L o)+ ...+ B (L, o)

(9TOTO MOXHO JIOCTHYb, 3aMCHHB g Ha ;' g).
[Tonoxus y, = 0 B g, NOIy4UM KBaJpaTUUHYIO HOpMy

Moxem CUUTaThb, 4TO

2 2 2 2 2
g&~n+t Bz(J’3 + 0‘)’4) Tt Bk(y2k—1 + GJ’2k)-
COmIacHo JOCTATOYHOMY YCIOBUIO OCHOBHOM TEOPEMBI CTAaThH, T0KA3aHHOMY BBIIIIE, OMPAIIMOHAIBHAS KOM-
nosuumst f(X)u g,(Y) pasua
h~{1, o)+ B, (L a)+ ...+ B (1, o),
fg,€ DK(XI’ N m)(h) U, CIIe0BaTeNbHO, /1, — mondopma /.

O06o3HauuM uepes V, V, u V kBajgpaTndHble IPOCTPAHCTBA, COOTBETCTBYIOLINE KBaAPATHYHBIM (OpMaM g,
h,uh.

Pacemorpum V) N V,. OueBunno, uto dimV; N V, = 2k mubo dimV; N V, =2k — 1. Ecin dimV; N V, = 2k,
To V| = V, n xBagparuunsie Gopmbl g U /, skBHBaneHTHHI Haa K. Torma coracHo AOCTaTOYHOMY YCIIOBHUIO

OCHOBHOIi TeopeMbl GHpauMoHanbHas KoMnosuuus f 1 g skuBanenta (1, o) + B, (1, o) + ... + B, (1, o),
T. e. rangh = 2k. Ecm dimV; NV, =2k =1, g = (L, o) + B, (L, &) + ... + B, (1, &) B Gasuce e, u,, ey, ..., €5
npocrpanctsa V; u by = (1, o) + B,(1, o) + ... + B, (1, &) B Gasuce e, e,, e, ..., €, NPOCTpancTBa V5, TO
B Gasuce u,, e, €, ..., ey, IpocTpancTsa V; + V, kBajparudnas GopMa 5TOro KBajpaTuaHOrO MPOCTPAHCTBA
hy={a) + (1, o) + B, (L, a) + ... + B, (1, &) anusorponna, Tak xax V; + ¥, < V u hy — nondopma .
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Paccmotpum kBajparndnyio Gopmy
qU)=(L o)+ o, (L, o) + B, (L, a) + ... + B, (1, &)

panra 2k + 2. Torna f (X ) g(Y) OUYEBUTHO MPEACTABIISIETCS 3TOH popMoii. [[0CTaTOUHO TOT0KUTH

Uy =X

Uy =X )15

Uy = X1 )2,

Uy =X )25

Us =X y3 + 0LX )y, (7

Usg = X1 Vg4 — X2 V35

Upp 41 =X Vo1 T OX Y5

W2 =X Vor = X%2Vok -1

IToxaxkem, 4TO KBagparndIHas ¢popma q(U ) aan3orpornHa Hax K. IIpeamonoxum odparnoe. Torma a; + o a, +
+Byay + ...+ Bra, =0, e a, ay, ..., a5, € Dy {1, o) U {0}, npuuem a, # 0, Tak Kak B IPOTHBHOM CITy-
yae /1, u3orponHa. [lockonbky Dy <1, OL> — moxrpynma K~ (cM. Teopemy 4.1 paGotst [11]), To -0, = aya, Ly
+Byaya;’ + ...+ B, ,a; mpencrapmsieTcs KBagpaTHdHOM (HOPMOiL (1, o) + By (1, o) + ... + B, (1, o). Or-
CroJa CJIEIyeT, 4YTO KBagpaTu4Has (opMa /i, M30TPOIHA, HO 3TO HE Tak. JJaHHOe MpoTHBOpeune U J0Ka3blBaeT
AHM30TPONHOCTh HaJ K KBagpaTHUHOH (opMbl q(U )

TTonyuunu, uro h(Z) — OuparuoHaIbHast KOMIIO3ULIUS f(X) u g(Y) Hag K u f(X)g(Y) € DK(X’ - ITo-
3TOMy corIacHo npeanoxenuto 2 crarsu [8] hy(Z)=h(Z) — mondopma q(U). Tak xax h(Z) u q(U) — anu-
30TpOIHbBIE KBaApaTHYHbIe (JOPMBI pa3MepHOCTH 2k + 2, To 1o Teopeme 2.1 pabotsr [11] h(Z ) ~ q(U ) Han K.

TIepEMEHHBIE Uy, ..., Uy, , AITEOPANTIECKN 3aBUCUMBI, IOCKOJIBKY U,y = Uyliy. VI3 sxBuBanenTHOCTH h(Z)
u q(U ) CIIEJIyeT, YTO HabOp MEPEMEHHBIX Z,, Z,, ..., Zy; , , AJITeOpandecku 3aBucuM Hag K. Ho o onpenenenuto

Z= (zl, e Zop 42 ) — anrebpandecky He3aBUCUMBIH HaOOp NepeMeHHbIX. [IpoTuBOpedre Mbl OTYUUIIH, IPE-

MIOJIO’KUB, UTO h(Z ) UMEeT paHr 2k + 2. DTo ¥ 3aBepliaeT J0Ka3aTe/IbCTBO MPEIIOKEHUS 2.

2. JlokaxeM HeoOxooumocmo. Ilycts Gupaunonanbhas komnosuuus f(X)g(Y) Han K pasna h(Z). Co-
miacHo npenokennto 1 oy ~ Y, f + ...+ v, f, tne f = (1, o), h, — HeBBIpOXKIEHHAs YacTh A. Teneps Hano onpe-
nenuts g(Y) B 9TOM Ccinyuae.

Ecmu n = dimg = 2k — 1 — HedeTHOE, TO

rangh =dimh, =2s <dimh =dim f+dimg =2k + 1,
Tak Kak /1, — noxdopma h. Ilo nemme 1 crareu [5] ag — noadopma 4, tae ae D, ( f ), a 3Hauut, dimh, =

>dimg =2k — 1. Umeem
2k—1=dimg<dimh, <dimh=2k+1,

dim A, — yetHoe uncno. CnenosarensHo, dim /s, = 2k. CormacHo nemme 1

ag ~ (07 + o3 )+ o+ vy (v o)+ v
3HAYUT,

g~Bi(37 + )+ .+ By (v + o))+ B,
e B, = %.
Teneps onpenenum Bun g, ecnu n = dimg = 2k. B aToMm citydae coracHo npeniokenuto 2 rangh = dimh, = 2k,
a coracHo nemMe 1 crareu [5] ag — mondopma /,, ciaenoBarenbHo, i, ~ ag. 3HA4YUT, g ~ [31( y12 + 0€y§ ) +...
st [.’),((ynz_1 + (xynz), ecmu h= (Zl, oo Z”+2)= a[Bl(zl2 + OLZ%) +...+ Bk(zifl + 0(2,2,)]. Teopema MoIHOCTHIO
JIOKa3aHa.
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O BAOJXEHUU Q-HACBIINIEHW S
TOITOAOTUYECKOTI'O ITPOCTPAHCTBA

A. C. BEJPHIKHH", B. 1. THMOXOBHY"

1)Eejzopycacuﬁ 2ocyoapcmaeennulll ynugepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, benapyco

CueTHOKOMITaKTH(UKALIUEH TOMOJIOTHYECKOTO IMPOCTPAHCTBA X HA3bIBACTCsl TaKoe pacilupeHue Y mpocrpaHcTsa X,
YTO Y BIIOJHE PEryJIsipHO W CYETHO-KOMIAKTHO M JII0OOE 3aMKHYTOE CUCTHO-KOMIIAKTHOE ITOJMHOKECTBO MPOCTPaH-
cTBa X 3aMKHYTO 4 B Y. OmHako momoOHOE paclIMpeHne He BCET/a CYIIECTBYET. B CBSA3M ¢ ATHM MOSBHIOCH MTOHATHE
HACBIIICHUS TOTIOJIOTHIECKOTO MMPOCTPAHCTBA, KOTOPOE SIBIISCTCS HEKOTOPHIM 00OOIIEHHEM MOHATHS CIETHOKOMITAKTH-
(bUKamMu: BMECTO YCIIOBHSI CIETHOKOMIIAKTHOCTH Y TpebyeTrcs, uToObl 11000e OeCKOHEYHOE TTOAMHOXKECTBO B X UMEIOo
HpEZIeTbHYIO TOUKY B Y, BTOPOE YCIIOBHE OCTAeTCsl HEM3MEHHBIM. Takoe pacIIipeHue y)ke OpeneeHo Ui 1o00ro 7}-mpocT-
pancTBa. B pabote paccMoTpeHa KOHKpEeTHasi KOHCTPYKIIMS HAChIIICHUS, Ha3BaHHas (2-HackleHreM. J[okazaHo, 4To npu
HEKOTOPOM JOTIOIHUTEIILHOM YCIOBHHU (HEOOXOIMMOM ¥ OCTaTOYHOM) Ha OTAEINMOCTh HCXOJHOTO IPOCTPaHCTBa X ero
Q-HaChIIeHHEe KAHOHUYECKY BKJIA/IBIBACTCS B CTOYH-UEXOBCKOE pacimpenne BX. AHATOTHYHBINA Pe3yIbTaT sk CUETHO-
xoMmakTudukanuy nmomyder K. MopuTtoii.

Knroueewle cnosa: HachIICHNUE TOMOJIOTHYECKOTO IpOCTPaHCTBA, C‘-IeTHOKOMHaKTI/I(l)I/IKaHI/IH B CMBICJIC MOpI/ITH;
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ON THE EMBEDDING OF THE Q-SATURATION
OF A TOPOLOGICAL SPACE

A. S. BIADRYTSKI® V. L. TIMOKHOVICH"

*Belarusian State University, 4 NiezalieZnasci Avenue, Minsk 220030, Belarus

Corresponding author: A. S. Biadrytski (abedr@vk.com)

The countably-compactification of a topological space X is such its extension Y, that Y is a completely regular and
countably-compact space, and any closed countably-compact subset of X is closed in Y. But this extension does not always
exist. Due to this, the concept of a saturation of a topological space appeared, which is a generalisation of the countably-
compactification: instead of the condition of the countably-compactness of Y, it is necessary that any infinite subset of X
has a limit point in Y. Meanwhile, the second condition remains unchanged. Such an extension is already defined for any
T;-space. In this paper we consider a specific construction of saturation named as (2-saturation. It is proved that under
some additional (necessary and sufficient) condition to the separation of the initial space X, its Q-saturation is canonically
embedded in the Stone — Cech compactification BX. An analogous result is obtained for the countably-compactification
by K. Morita.

Keywords: saturation of a topological space; countably-compactification in the sense of Morita; (2-saturation of a to-
pological space; Wallman compactification; A-base; Stone — Cech compactification.

BBenenue

[onsiTHE TIEpUCTOTO MapaKoMITaKTa IMOSIBUIIOCH B pabote A. B. Apxanrenbckoro [1], TaM e 1aHa ero BHEITHSISA
xapakrepuctuka. UyTth noxke B cratbe J|. Hararel [2] ObLIO MOKa3aHO, YTO HEPUCTHIC MAPAKOMITAKTHI (M TOJIBKO
OHH) TIPEACTABIISAIOTCS KaK 3aMKHYTHIE TTOIITPOCTPAHCTBA TPOU3BEICHNH METPU3YEMbIX TIPOCTPAHCTB Ha KOM-
nakThl. [lapannenbHo Teopuu NEPUCTHIX MapaKOMIIAKTOB pa3BUBaliack Teopust M-mpoctpancTs [3; 4]. Buay
CXO)KECTH BHEIIHUX XapaKTEePUCTHK MEPUCTHIX MAPAKOMITAKTOB M M-TIPOCTPAHCTB €CTECTBEHHO BO3HHUK BOIIPOC
0 MPEJCTaBICHUU MOCIECTHUX B BUAE 3aMKHYTBIX MOAMPOCTPAHCTB MPOU3BEACHUN BIIOJIHE PETYISIPHBIX CUECTHO-
KOMIIAKTHBIX MTPOCTPAHCTB Ha MeTpu3yeMble npocTtpancTBa. K. MopuToit B padote [5] ObUIO J0Ka3aHO, YTO
JaHHOE TIpejicTaBlieHne M-mpocTpaHcTBa X paBHOCHIIBHO €T0 CYeTHOKOMITAKTU(DUITUPYEMOCTH, T. €. CyIIe-
CTBOBAHHUIO TAKOTO BIIOJIHE PETYJSIPHOTO CUETHO-KOMIIAKTHOTO PacIIMPEHHs Y, 4TO IF000e 3aMKHYTOE CYETHO-
KOMITAaKTHOE TTOIMHOKECTBO B X 3aMKHYTO | B Y. B 3T0ii e paboTre J0Ka3aHo, 9TO €CIM CYCTHOKOMITAKTH(HUKA-
ust Y npocTpancTBa X CYIIECTBYET, TO OHA KAHOHUYECKH BKJIAJIBIBACTCS B CTOYH-YEXOBCKOE pacimperue BX.
Ho, xak okazanocs, Jake He BCe HOPMAJIbHBIE JIOKATHHO KOMITAaKTHBIE M-TIPOCTPAHCTBA UMEIOT CUETHOKOM-
naktuukauio [6]. B cBA3H ¢ 3TUM BO3HUKAIOT JIBE 3aa4H:

1) HaXOXkIEHUSI HEOOXOUMBIX U JIOCTATOYHBIX YCIOBHI CUETHOKOMITAKTU(UIUPYEMOCTH (HE 0053aTeIIbHO
M-tipocTpaHCTBA);

2) HaXOXKJICHUS] HEKOTOPOH KOHCTPYKIIUU PACIIUPEHUsl, OJIM3KOH MO CBOWCTBAM K CYETHOKOMITAKTH(UKA-
LMK, HO CYIIECTBYIOIIEH 10 KpailHEel Mepe i JIOCTATOYHO IUPOKOIo Kiiacca MPOCTPAHCTB.

B mutane penieHus BTopoit 3aauu B MyOIUKaIUK [7] MOSBUIOCH TMOHSATHE HACHIIICHUS TOTIOJIOTHYECKOTO
npocTpancTBa. B pabote [8] ObuH OmpeiesIeHbI U UCCIIEIOBAHBI KOHCTPYKIIUN (- U {2-HACHITIICHHH.

B Hacrosimeii crarbe paccMOTpeHa KOHCTPYKIWs 2-HAChIICHNs], 0003Ha4YCHHasl Y, U [I0Ka3aHo, YTO NpH
HEKOTOPOM JOTOTHUTEIILHOM YCIIOBUH (HEOOXOIMMOM H JIOCTATOYHOM) Ha OTIEIIMMOCTh UCXOJAHOTO MPOCTPaH-
cTBa X 3TO paciMpeHne KaHOHHYESCKU BKJIA/IBIBACTCS B CTOYH-4eX0BCKOe pacumperue BX. JlaHHbIi pe3ysbTar
AHAJIOTMYCH BBILICYTIOMSIHYTOMY CBOWCTBY CYETHOKOMITAKTU(HKAIINH, YcTaHOBIeHHOMY K. MopuToii.

Iox mpocTpaHCTBOM, €CJIM HE OTOBOPEHO MHOE, OyzeM IOHMMATh IIPOM3BOJIBHOE TOHOJIOrHYecKkoe 7;-IpocT-

panctBo. [lycte X — mpocTtpanctBo, 4 < X. Torna [A] ¢ — 3ambIkaHue MHOX)ecTBa 4 B X; AC X (4c X),
op cl

€CJIM MHOXKECTBO A OTKPHITO (3aMKHYTO) B X; C (X , ) — MHOXECTBO BCEX HETPEPhIBHBIX (DYyHKIMIA U3 X B /,
e 1 =[0;1].

MHuoxecTBO A Ha3bIBaeTCs JUCKPETOM B X, eciil 4 CUETHO, AUCKPETHO KaK MOAIPOCTPAHCTBO U 3aMKHYTO
B X. Uepes A Oyzmem 0003Ha49aTh CEMEWCTBO BCEX TUCKPETOB MPOCTPAHCTBA X.

JlanpHelre NoCTpOeHUs U PACcCyKACHUS CYIIECTBEHHO HCIOJIb3YIOT KOHCTPYKIUIO U CBOMCTBA BOJIM3-
HOBCKOI'O KOMIIAKTHOTO PacIIMPEHUs ®.X, IO3TOMY HAIIOMHUM OCHOBHBIE I10JIOXKEHUS], CBSI3aHHBIE C 3TUM pac-
mmpenueM. HapocT @X\X BOIMAIHOBCKOro pacimimpeHuss M.X COCTaBISIOT 3aMKHYTBIE (T. €. COCTOSIIHUE W3
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3aMKHYTBIX B X MHOXKECTB) CBOOOIHBIC (T. €. MMEIOIIUE IMyCTOe MmepecedcHue) yaprpaduisTpel. baszy Tomo-
nornn X o6pasytor Muoxkectsa Buaa W (U)=U U {& e oX\X|U > F s nexoroporo Fe&}, e Uc X
op

[9, c. 272]. OTMeTHM TaKXke, 4TO W(U ) SIBJISIETCS. MaKCUMAJIbHBIM OTKPBITBIM Pa3fyTHEM MHOxecTBa U
BOX, T e W(U)= U{Gc oX|GnX= U}. Eemi FCX m FCUC X, 10 [F], =Fu [Ecox\X|Fek}
op c op

U [F]wXC W(U). Tawke BEpHO ClIE/TyIOLIEE: W(Ul U... U U”)z W(Ul) U W(Un), [Fi N...N F;,]mx—
=[R], - [F], e U gX, F EX, 1 <i < n (nompobuee cm. [9, c. 272]).

HpenBapnTeﬂmee paccMOTpEHUA

ITlycte X u Y — nmpocTpancTBa U X — IOAIPOCTPAHCTBO B Y.

Omnpenenenne 1 [10]. [oBopsT, 4TO IPpOCTPaHCTBO X OTHOCUTEIBHO CUCTHO-KOMIAKTHO B Y, ecnu Jroboe
OCCKOHEIHOE MHOXKECTBO A C X MMeeT B Y TIpeneIbHYI0 TOUKY.

Omnpenenenue 2 [7]. IIlpocTpancTBO Y Ha3BIBAIOT HACKHIIIEHUEM TIPOCTPAHCTBA X, €ciu X BCIOAY TUIOTHO
B Y (T. e. Y — pacmmpenue Juisi mpocTpancTBa X ), X OTHOCHTENLHO CUETHO-KOMITAKTHO B Y U JII00OE CUETHO-
KOMITAKTHOE 3aMKHYTO€ B X MHO>KECTBO 3aMKHYTO U B Y.

Crnenys [8], moncemericTBo Y C A Ha3zoBeM A-0a30ii B X, ecm 1uist moboro 4 € A Haiiercs B € Y Takoe, 410

B c A. lna U C X MakcuManbHOE OTKPBITOE pa3ayTHe MHOXecTBa U B IpocTpaHcTBe Y 0003HaunM yepes U,
op

Te U= U{ch|G szU}.
op

Onpenenenne 3 [8]. [Tycts X Bcrogy ruotHo B Y u Y — A-6a3a B X. [IpocTpaHcTBO Y Ha3piBaeTcs (D-HACHIIIE-
HHEM IpocTpaHcTBa X, a A-06a3a Y — 0-I0MYyCTUMOM PU BBIIOIHEHUH CJICAYIOIUX YCIOBHM:

1) anst mr06oit Touku y € Y\ X HaiieTcss TUCKpeT A € Y TaKOH, 4TO y € [A]Y, 1 o0parHo, /st 1o0oro A € Y
[4], N (Y\X)=D;

2)ecnnAe'y,BcAnBcUcX TO[B] CU

3) MHOXECTBa BUA U rne U C X 00pa3yroT 6a3y TOMOJIOTHH MPOCTpaHCTBa Y.

Ecnu npu atoMm 1 mr060ro A € Y MHOXKECTBO [A] KOMITAKTHO, TO Y Ha3pIBaeTcs (2-HAChIIIeHUEM I X,
a A-6aza ¥ — Q-10mycTUMON.

B pabore [8] mokazaHo, 4TO ONpeneIeHHOe TAKUM 00pa3oM (D-HACHIIICHHUE JIEHCTBUTEIHHO SBISIETCS Ha-
CBINIICHUEM IS TipocTpaHcTBa X. TaM ke ompezerieHa U HCcaenoBaHa CIeMyomas KOHKPETHAST KOHCTPYKITHS
C2-HaCBIIIEHHS.

DukcupyeM HEKOTOpYro A-0a3y Y U TIOI0KHUM

Y,=Xu{fecoX\X[gny=a}

Teopema 1 [8]. /Ipocmparncmeo Y, — nacelwernue npocmpancmea X, npuuem 6binoaHA0mMcst ciedyoujue
VCA08UA!
1) muoocecmesa euoa U, 20e U c X, obpaszyrom 6azy mononozcuu npocmparncmea Y.,

2) echu A €7y, mo [A]Y = [ ]u)X u [A]Y KOMNAKMHO,
v

3) ecau X peeynapro, mo npocmparcmeo Y, xaycoopghoso,
4 ecm Fe X uFcUcX mo [F], < U
c op b

S)ecruU=U,v...0U, mo 0:01 U...U On, ecmuF=F . N..NF, mo [F]y =[F1]Y N...N [Fn]y,
el c X, FG X, 1<i<n. ' ' !

OquI/mHo T—ITO Y ()-HachIlIleHne It MpocTpaHcTBa X, a A-6a3a Y apnseTcs Q-I[OHyCTI/IMOI/I OTtMmeTum
TAKXKE, YTO CBOI/ICTBa ONMCaHHbIE BII. 1 U 5, €CTh NIPSAMBIE CIEICTBHUSI COOTHOLIEHUI U= W(U ) NY, n [F ]
=[F] N

O6 oTAeaMMOCTH NPOCTPAHCTBA Yy, MOMHUMO I1. 3, U3BECTHO ClIEyIOLIee.

Omnpenenenne 4 [11]. HpOCTpaHCTBO X HazpIBaeTCs O-Xayc0p(OBBIM, €CITH OHO XayCcI0p(POBO U U3 JTF000-
O MHOKECTBa A € A MOXXHO BBIJICIUTH OECKOHEYHOE IMMOAMHOXECTBO B C A, AOITyCKaloIIee pa3ayTUE 10 THC-

KPETHOTO ceMelcTBa {Ub |b € B}, rae be U, c X, b € B (ceMelCTBO MHOKECTB B X Ha3bIBAIOT JUCKPETHBIM,
op

eciu IS J1'000¥ Touku U3 X HalJeTCs OKPECTHOCTh, IIepeceKaromascs He 0ojiee YeM ¢ OJTHUM MHOXECTBOM
JTAHHOTO CEMEICTRA).
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Crnenys 8], MHOXKECTBO BCEX JUCKPETOB, TOMYCKAIONTUX Pa3ayTUE IO AUCKPETHOTO CEMEMCTBA OKPECTHOC-
TEH CBOMX TOYEK, 0003HAUMM uepe3 O, a A-Ga3y Y HazoBeM 0-0a30ii, eciu Y C O.

Mpenaoxenne 1 [8] (cm. Takxke [12, nemma 2, Teopema S)). Ecxm Hacolwenue Y, pecyisipHo O Hekomopou
A-6aszel vy, mo npocmpancmeo X d-xaycoopghoso u Y C O, u o6pamno, eciu X pe2yispo u d-xaycoopghoeo, mo Y,
pe2yispho 0ast 1060t d-6asul .

Mpennoxenne 2 [8]. Iycmv X énonne peaynapno u d-xaycoopgoeo. Tozoa u Y, enoane pezyrapho s
N1106011 O-6a3bl Y.

Crnenyrouiast Teopema oKasbIBaeT, YTO PACCMOTPEHHAS! BBILIEC KOHCTPYKLMSA HACBILIECHNUS Y, SBIAETCS yHH-
BepcaJbHBIM MPOCTPAHCTBOM JUISl BCEX (M-HACBIIICHUH ¢ M-I0IyCTUMON A-0a30i .

Teopema 2 [8]. /[ 1106020 ®-nacviyenus Y npocmparncmea X ¢ W-0onycmumot A-6azou 'y cyujecmeyem
Kanonuueckoe (m. e. moscoecmeennoe na X) enodicenue npocmparcmsa Y 6 Y., npuuem ecau Y — Q-nacoiuje-
Hue, a 'y Q-oonycmuma, mo Y u Y, Kanonuuecku 2omeomopphbl.

Buoxkenne Y, B BX

Ha ocHoBaHuu npeyioKeHuid 1 1 2 MOJKEM 3aKIIIOUHTh, YTO YCIOBUE O-Xayca10p(OBOCTH BIIOIHE PETYIIsIp-
HOTO [POCTPAHCTBA X SIBISETCS HEOOXOAMMBIM [UIsl BIOKEHNS Y, B BX. JleiicTBUTENBHO, €CITH CYIIECTBYET BJIO-
Kenue Y, B BX, To Y, BIIOIHE PEryIsipHO, a TOTa COITACHO npezmoxceHmo 1 mpoctpancTBo X d-XaycmopdoBo.
HOKa)KeM YTO 3TO ycnom/Ie SBIISIETCS U IOCTATOYHBIM.

[lepen gopmynupoBKOW ClieAyIOLIel TEOpeMbl HAIOMHUM, YTO eciHu oToOpaskeHue f : X — Y Hempe-
PBIBHO, a Y BIIOJIHE PETYISPHO, TO f €MMHCTBEHHBIM 00pa30M HEMPEPHIBHO MPOIOIDKACTCS 0 OTOOpaKeHHS
©:0X—BY[9,c. 272].

Teopema 3. Ilycms X — enonne pezynspnoe d-xaycoopghoso npocmparncmeo, ¢ : 0X — BX — nenpepuinoe
npoooIcenue modcoecmeenno2o omobpaxcenus Idy, npocmpancmea X na cebs, Y — 8-6aza ¢ X. Tozoa cyice-

Hue (p‘Yy Y, - (p(YY) — 2omeomophusm.

Jliist Toka3arensCTBa HaM MOHAI00UTCSI CIIEAYIONIAs JIeMMA.
Jemma. [lycmo f: X — Y — 3amxuymoe omobpadicenue (m. e. f(F) c Y onsn moboeo Fc X), B C Y,
cl cl

A=f _I(B). Tozoa cyscenue f‘ A — B — maxoice samkrymoe omoopadicenue.
HoxazartenscTBo. [lycts C C 4, T. e. cymecTByeT MHOXXeCTBO F'C X Takoe, uto C'=F M A. YTBepxkae-

c cl
HHUEC 6y,IlCT JOKa3aHO, €CJIM IIOKAaXXEM, UYTO f(C) cB. I/ICXO,ZUI n3 06].LII/IX CBOMICTB OTO6pa)KCHI/If/'I, nMeeM
cl

f(CO)=f(AnF)c f(4)n f(F)= f( f*l(B)) N f(F)cBn f(F).
OO0paTHO, MyCcTh ) € f(F) N B. Torna fﬁl(y) cAu y= f(x), rae x € F. OueBHIIHO, YTO X € fﬁl(y) N
NFcANF, otkyna y ef(A mF)zf(C). Taxum obOpazom, f(C)zf(F) N B. 1o ycrnoBuro f(F)C Y,
asnaunt, f(C)= f(F)n B c B. Jlemma foka3aHa. ‘!

JoxazartenbcTBO TeopeMsl 3. JIerko BUIETh, YTO OTOOpakeHne ¢ 3aMKHYTO. B camom fene, mro6oe
3aMKHYTOE B X MHOXECTBO KOMITAKTHO, CJIEIOBATEIILHO, M0 HEMPEPHIBHBINA 00pa3 sSBISIETCS KOMIIAKTOM B X,

a 3HAYMUT, U 3aMKHYThIM MHOKecTBOM. IIpocTpancTBo Y, mpencrasum B Buje ¥, =X U U [A]w + |- Hockombky
Aey

(p([A](DX) = I:(p(A):IBX = [A]ﬁX IuIs1 1100010 A4 € 7, TO (p(YY) =X U U [A]ﬁX .
Aey

JlokaxkeM Janee, 4To Cy)KCHHE () Ha MHOXKECTBE (p_l((p<YY)) uHbeKTUBHO. IlycTh x € X, § € X \X. ITo-
kaxeM, 410 @(x)=x#@(&). Boibepem F € & rtakoe, uto x ¢ F. Tak kak & € [F](oX’ 10 @(§ )e(p([F]wX)=
= [(p :IBX F ]BX’ CJIEIOBATEIbHO, (p( ) [F ] . Ho nipu 3ambikanuu F' B BX OyayT 100aBISITBCS TOIBKO
TOYKH HApOCTa, 3HAYUT, X & [F ]BX' Taxum o6pazom, (p(&) ZX.

Iycts Teneps & €Y, \X, §, € @X\X u &, # &,. Torna naitnyres F € &, F, € §, Takue, uro F; N F, = Q.
Beibepem muckper 4 € YN &, u nonoxum 4, = A N F,. Otmernm, ut0 4, € §, u F, N A, = . Tax kak 4 — d11e-

MEHT 8-0a3bl Y, TO A MOXKHO Pa3ayTh J0 TUCKPETHOTO CEMENCTBA OKPECTHOCTEH {Ua |a € A}, rmeael, C X,
op

a € A. PaccMoTpuM nanee noaceMencTBo { lae A, } 3areM AJIs KaXJA0H TOUKH d € A; ONpPEesesnM OKpecT-

Hocte O, =U, N (X \F, ) Tak xax X BHomHe peryispHo, To Haiinytes dynkuun f, € C (X , 1 ) TaKue, 9To
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];(x) =l,ecmmx =a, u fa(x) =0, ecntu xe X\O,. Paccmorpum HOBY10 (hyHKIHIO f(x)z 2 fa(x) [Toxka-
ae 4

xeMm, uto feC (X , 1 ) Ilycts x € X. B cuity Toro, uto cemeiictBo D = {Oa ae Al} JIUCKPETHOE, CYIIECTBYET

OKpecTHOCTh U Touku x Takasi, uto U mepecekaercs He 0oiee 4eM ¢ OJHUM MHOXKECTBOM ceMericTBa D. B Tom
cinydae, korna U BOBce HE MepeceKaeTcsl HU C OJJHUM JIEMEHTOM M3 D, HENpephIBHOCTh OUEBUIHA, TaK Kak
f\u =0. Ecim ke U nepecekaercs ¢ HEKOTOPOH OkpecTHOCThIO O, a € 4, To f\u =/ > Y HETIPEPBIBHOCT f

B TOYKe X OyJeT cIeJ0BaTh U3 HENIPEPBHIBHOCTH f,. B cuity mpousBonbHOCTH BEIOOpA TOUKU X MOXKEM CUUTATh,
yro feC (X , 1 ) Kak n3BecTtHO, 11t00ast HenpepbIBHAS OrpaHHYeHHAs QYHKIHMS HAa X MOXET ObITh HEelpepbIB-
HO TpooJDKeHa Ha X exuHCTBEHHBIM 00OpasoMm [9, c. 266]. Ilycts f: X — [ — HenpepbIBHOE MPOIOIIKE-

uue Qpyukuuu f. O603HaUMM Y; = (p(&i). Hmeem fN(yl)E f([Al]ﬁX) = [f(A1 )l = {1} u f(yz) € f([FZ]BX) -
=[ /(£)], = {0}, orxyna cnenyer, uto ¢ (&) £ (E,).

Hrak, nokazaHo, 4To (pfl ((p(YY )) =Y, u (p‘Y D (p(YY) — oueknus. CorlacHO MPUBEACHHOH BBIIIE JIEMME
v

OTO6pa)K6HI/IC 3aMKHYTO, U, TAKUM 06pa30M, OHO ABJIACTCA FOMGOMOp(l)HSMOM. TeopeMa JOKa3aHa.
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O MOIIHOCTHU TECTOB MHOTOMEPHOU
ANCKPETHOUN PABHOMEPHOCTH, NUCITOAB3YEMBIX
AAS CTATUCTUYECKOI'O AHAAN3A TEHEPATOPOB

CAVUAMHBIX ITOCAEAOBATEABHOCTEN

B. A. BOJIOIIKO", A. H. TPYEEH"
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)Haquo-ucmedosameﬂbcmu UHCIUMYM RPUKLAOHBIX NpobLieM MameMmamury u ungopmamuxu bI'Y,
np. Hezasucumocmu, 4, 220030, 2. Munck, Berapyco

[lomyuena acuMNTOTHKA MOLHOCTEN CTATUCTUYECKUX TECTOB MHOIOMEPHOH JAUCKPETHOM PaBHOMEPHOCTHU B YCIIOBHSX
KOHTUT'YaJILHOTO COJMIKEHHS! ajIbTepHATHB. PaccMOTpEHBI /IB€ BEPCHU TECTa MHOTOMEPHOMW JIMCKPETHOH PaBHOMEPHOCTH —
TI0 TepeceKaronMcs oTpe3kaM (Bxonut B coctas O6arapen tectoB NIST SP 800-22) u o Henepecekaromumest 0Tpe3KaM.
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HE3aBHCUMOCTh M OTMHAKOBOE PABHOMEPHOE PACIPE/ICIICHNE €€ IEMEHTOB. ANIbTepHATHBA /| TIPEIIIONaracTcs enbio
MapkoBa HEKOTOPOTO IPOU3BOIBHOTO (PUKCHUPOBAHHOTO KOHEYHOTO MOPSAKA.
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ON THE POWER OF TESTS OF MULTIDIMENSIONAL
DISCRETE UNIFORMITY USED FOR STATISTICAL ANALYSIS
OF RANDOM NUMBER GENERATORS
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In this paper, we obtained the asymptotic power values for the statistical tests of multidimensional discrete uniformity
under conditions of contiguous convergence of alternatives. Two versions of the test are considered, namely, with overlap-
ping blocks (included in the NIST SP 800-22 test suit) and with non-overlapping blocks. The null hypothesis H,, is related
to the so-called pure randomness of the observed sequence, i. e. independence and the same uniform distribution of its
elements. An alternative H, is assumed to be a Markov chain of some arbitrary fixed finite order.

Keywords: power of a test; test of multidimensional discrete uniformity; contiguous alternatives; non-central chi-squared
distribution; random number generator; Markov chain.

BBenenune

MHuorue kpuntorpaduyeckue 3aj1aun (HanpuMmep, TeHepanus KIK4eH, aHaIn3 CTOWKOCTH Kpurrorpadu-
YECKUX AJITOPUTMOB) TPEOYIOT IPUMEHEHHSI CTATUCTUYCCKUX KPUTEPUEB JJisi 0OHAPYKEHUS OOJIBIIIOr0 YMCIIa
OTKJIOHEHUW OT TMIIOTETUYECKOU Mojienu. Teopusi BEpOSITHOCTEN OMUCHIBAET U aHAIU3UPYET CIAYy4alHOCTh
C MOMOIIbI0 a0CTPAKTHBIX MAaTEMAaTHUYCCKUX OOBEKTOB, MOJICIIUPYS €€ CIydaliHbIMU BEJIMYMHAMU M CITy4ai-
HBIMH TIporieccaMu. Matemarnueckasi CTaTUCTUKA TOCPEACTBOM IKCIIEPUMEHTOB CBSI3BIBACT 3T a0CTPAKTHEIC
MaTeMaTUYECKUEe MOJIENIN C PEAIbHO CYLIECTBYIOIMMH I€HEPATOPAMHU CIyYaHBIX IIOCIEA0BATEIBHOCTEM.
JlaHHBIE SKCIIEPUMEHTBI MOT'YT OBITh MCIIOJIb30BaHbI JIJISl OI[CHKH [apaMeTPOB, OMUCHIBAIOIINX MOJICIH, WIN
JUTS TIPOBEPKH TUITOTE3, MPOUCTEKAIOIINX U3 Mojiesiell. Pa3paboTuuKy reHepaTtopoB clielyeT IPOBECTH HCCIe0-
BaHUSA B LIETSIX OOHAPYKEHUS OTKJIOHCHUN TBOMYHOM TIOCIIEI0BATEILHOCTH OT MOJICIIA HE3aBUCUMBIX CHMMET-
PUYHBIX UCIIBITAHUN BepHy/H, a Takske MUHUMH3AIMKA BEPOSITHOCTH OIIMOKKA BTOPOTO PO JUIsl IPUMEHSsIe-
MBIX TECTOB.

Oﬁmne CBCACHHUSA O MPOBEPKE CTATUCTUHYECCKUX IT'KIIOTE3

C KaXObIM U3 HCIOJIb3YEMbIX JUIS IIPOBEPKU I'MIIOTE3bl /1) TECTOB CBsI3aHA OILPEJEICHHAs CTaTUCTHUKA S,
KOTOpasi B COOTBETCTBUM C HEKOM Mepoil U3MepsieT OTKIOHEHHE B HAaOII0aeMOM Ipoliecce OT CUTyalluH, OT-
Bewaromieit H,,. B cuity ciyuaifHOCTH n3BJIE€KaeMBIX BBIOOPOK CITydalHBIMH OKa3bIBAIOTCS M 3HAYEHUs CTATHC-
TUKU S, BBIYUCIIIEMBIE 110 3TUM BbIOOpKaM. IIpu crpaBeIMBOCTU TUMOTE3bI /1, CTATUCTUKA S MOAUUHSIETCS
HEKOTOPOMY pacIpeeICHUI0 Fs\ " (z) = P{S < Z|Hi}.

Cxema MpoBepKH TMITOTE3bI 3aKIouacTes B cieaytomeM. O0nacTh 3HaYeHUH CTaTUCTHKU S pa3OuBaeTcs Ha
JBa moAMHOKecTBa. OHO M3 HUX MPEJICTABISIET COO0H KPUTHIECKYIO 00IACTh, MOMagaHie B KOTOPYIO MPH CIipa-
BEJNIMBOCTH /) ManioBeposTHO. [Ipy monagaHuy BIYUCIEHHOTO 110 BBIOOPKE X |, X,, ..., X, 3HAUCHUS CTATUCTU-
KU S B KPUTUUECKYIO 00acTh IIpoBepsieMas Tunoresa 1, oTkioHseTcs (orBepraercs). B nporusHoM cityuae
HET OCHOBAHUM AJIS1 OTKJIOHEHUS TUIIOTE3HI H,,.

C npoBepKoOil CTaTUCTUYECKHUX TUIIOTE3 CBA3BIBAIOT BEPOSTHOCTH OMIHOOK BYX BUAOB. C OMHON CTOPOHHI,
CIIpaBe/IMBasl Tunoresa H, MoxeT ObITh OTKJIOHEHA, M 3THUM OyIeT coBeplleHa omunbdka nepsoro poaa. Ilpu
MIPOBEPKE TUIOTE3, KaK MPaBUIIO, 337al0T BEPOATHOCTH OIMIMOKU MEPBOT0 poja Ol (YPOBEHb 3HAYMMOCTH), J10-
IIyCKasi TEM CaMbIM BO3MOXKHOCTb OTKJIOHEHUs /1, u coBepiieHus Takoi omuOku. C Ipyroil CTOpOHBL, MOXKET
OBITh CIIpaBeIINBa HEKOTOPasi KOHKYpUpyolias runoresa /. Eciau npu cnpaseanusBocTu H,; B mpouecce npo-
BEpKU rurnoresa /4, He OblIa OTKJIOHEHA, TO 3TUM CaMbIM COBEpILEHa omuOKa BToporo poaa. Ee BeposTHOCTD
Oynem 0603Ha4ath 3.

OOBIYHO, UCIIONIB3YSI TECTHI JJIsl MPOBEPKHU THIIOTE3, HE PACCMATPUBAIOT KOHKPETHYIO KOHKYPHPYIOLIYIO
runotesy. B TakoM citydae mpu npoBepke TUIOTE3 O CIIYy4alHOCTH MOYKHO CYMTATh, YTO KOHKYPHPYIOIIas T'H-
1oTe3a CBs3aHa ¢ HATMYHEM, HallpuMep, KaKoro-TO OTKJIOHEHHUS OT ClTydyalfHOCTH (HEpaBHOBEPOATHOCTH MITH
3aBHCHMOCTH MEXJy 3HaAKaMH).
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Ecmu xe runoresa H. 3aaHa U CBsI3aHa C HAJIMYUEM KOHKPETHOI'O OTKJIOHCHUS OT CJI YAaUHOCTH (K IpUME
1 Y,
HEPABHOBEPOATHOCTHU 3aJaHHOT'O TI/IHa), TO 3aJaHUEC BCJIIMYUHBI O JJIA HCIIOJIb3YyEMOI'0 TECTA IMPOBEPKU I'MIIOTE3

OTIpeJIeISIET ¥ BEPOSITHOCTH OIIMOKU BToporo poza 3. Tak, B ciiyuae mpaBOCTOPOHHETO TECTa BHJIA
H,, §<8,_, O
H, S$>S8,

-0

= Fs_\}fo (1- o), BeposTHOCTB OLIMOKH BTOPOTO poza
B=Fyu (S 2

Benuuuny 1 — B mpuHSITO Ha3bIBaTh MOIIHOCTHIO CTATHCTHYECKOTO TecTa. UeM BhIIIe MOIHOCTh TECTA MPU
3a/laHHOM 3HAYE€HHH O, TEM JIy4llle OH pa3jinyaeT runotessl H, u H;. OcoOeHHO BaKHO, YTOObI HCTIOIb3yEMBbIi
TECT XOPOIIO pa3uyan OJIU3KHe KOHKYPHPYIOLIHE THIIOTE3BI.

O4eBHIHO, YTO IIPU TPOBEPKE JII000M CTATUCTHUECKON THITOTE3BI JKeIaTeIbHO IPUMEHATh Hanbosiee MOIIl-
HBIH KpUTEepHUil, KOTOPBIN JJIs 337JaHHOI BEpOSATHOCTH OLIMOKH MEPBOTr0 pojia 0. 00ecreunBaeT MUHUMAJIbHYIO
BEPOSTHOCTB OLIMOKH BTOPOro poja 3 OTHOCHTENBHO JIF000i KOHKypupyromieil rumoress! H,. Jlydmie Bcero
WCTIOJIb30BATh pABHOMEPHO HanOosee MOIIHBINH KPUTEPUH, KOTOPBIH JIs J1F000T0 331aHHOTO O 00eciednBaeT
MHUHHMaIbHOE 3HaueHue 3. OIHAKO CyIIeCTBOBAHHE TAKOTO KPHUTEPHUS Ui MPOBEPKU KOHKPETHOW THITOTE-
3bl H|) ABIAETCSA peIYalIiuM UCKIIIOYECHUEM.

Nwmeronuecst Habopb!l TecToB, B ToM yrciie NIST SP 800-22 [1], mpemiaratoT coBpeMeHHbIE CTaTHCTHYC-
CKHE TECTBI JUI TeHepaTopoB (IICEBIO0)CAyUYaiHbIX MOCIE0BATEILHOCTEH, MO3BOJSIONINE OOHAPYKHUTH OT-
KJIOHEHUS JIBOMYHOM II0CIIE0BATEIBHOCTH OT MOJEIH HE3aBUCUMbBIX CUMMETPUUYHBIX UCIBITAaHUI bepHyiuu.
OnHOM M3 OCHOBHBIX LeNIel JaHHBIX CTAaTUCTUYECKUX TECTOB SBJISIETCS MUHUMU3AIUSA BEPOSTHOCTH OIIMOKHU
BTOPOT'O POAA, T. €. MUHUMHU3ALUS BEPOSATHOCTU IPUHATHUS MOCJIE0BATEIBHOCTH, CO31aHHON I'€HEpaTopoM,
B KaueCTBe YJOBJIETBOPUTEIHHOMN, B TO BPeMs Kak T€HepaTop B AEHCTBUTENILHOCTH ObUT HeKauyeCTBEHHBIM. Be-
POSITHOCTH O ¥ [3 CBSI3aHbI PYT C IPYTOM, a TAKXKE C Pa3MEPOM /1 TECTHPYEMOIi OCIESIOBATEILHOCTH TAKHM
00pazoM, UTO €CITM JIBa U3 ATUX 3HAUCHHUI YKa3aHbl, TO TPEThE 3HAUCHHE OIPECIseTCs aBTOMAaTHICCKH.

Ha npaxtuke 0ObIYHO BEIOMPAIOTCS YPOBEHb 3HAYUMOCTH O, TUIT aJIbTEPHATUBEI /1, U IprueMiieMast BeposiT-
HOCTh OLIMOKH BTOPOTO poza 3 (BEpOATHOCTh PEIICHHs, YTO HEKAYE€CTBEHHBII T€HEpaTop MPOM3BEN B JICHCTBH-
TEJIBHOCTH CITy4aiHYI0 MTOCJIEA0BaTEIbHOCTD). 3aTeM BBIUNCIISIETCS IOCTAaTOYHBIN pa3Mep MocCie0BaTebHOC-
TH 1, 00eCIIeunBaIOIINi BEIOpaHHbIe 3HaueHHs OL 1 3. IIpu 9TOM TecThl U ajnbTepHATHBBI /| B3aMMOCBSI3aHbIL:
JUISL Ka>KJIOTO THUIIA aJIbTEPHATUBBI CYIIECTBYIOT CBOM ONTHUMAJIbHBIE TE€CTHI, KOTOPBIE Jy4lle IPYrUX TECTOB
OTJIMYAIOT HYJEBYIO TUNOTE3y [, OT JaHHOro TUma anbrepHaTuBbl H,. Takum oOpa3oM, 6aTapen TECTOB MO-
3BOJISIIOT OXBATUTH HEKOTOPBIN KOHEUHBIH HaOOp anbrepHaTuB. PeanbHas, BO3HUKAIONIAs HA IPAKTHKE aJibTep-
HATUBA IIPU 3TOM B CIIy4ae HEBEPHOU HYJIEBOM IMIIOTE3bl HEU3BECTHA, [I03TOMY PEaJIbHOE 3HAYEHUE BEPOAT-
HOCTH OIIHOKH BTOPOTO pojia [3 He MOXKET ObITh BHIYKMCIICHO, @ MOTYT OBITh OTPE/ICIICHBI TOJIBKO 3HAUCHUS 3,
OTHOCSINUECS K TUIIOTETUYECKUM aJIbTepHATUBaM .

[asiee pacCMOTpPEHBI CTAaTUCTUYECKUE TECTHI MHOTOMEPHOH JUCKPETHONW PaBHOMEPHOCTH IO HENIEPECEKat0-
LIMMCS ¥ TIO MepeceKaroIuMest oTpe3kaM. [lJist 3THX TeCTOB B YCIOBHSX OCPHYIIMEBCKMX U MapKOBCKHMX
(PEeKYPPEHTHBIX) AIBTEPHATHB /|, KOHTUTYaJIbHO COJIMIKAIOIINXCS C HYJICBOM THITOTE30M H|y, IOIy4YeHbI aCHMII-
TOTUYECKHE BBIPAKEHUS JJIsl BEPOSITHOCTEH OMIUOKH BTOPOTO poza 3.

rae S, _

o

TecT MHOrOMEpHOM TUCKPETHOM
PAaBHOMEPHOCTH 110 Henepecekawmumes L-orpeskam
Beenem 0003HaueHus: Z — NPOU3BOJILHOE KOHEUHOE MHOXKECTBO; Z — MHOXECTBO IHEJbIX yuces; U (Z ) -
N -1 .
paBHOMepHOE pacipeenenne BepostHoctell p(z)=|Z| ™, z € Z; A{&} — pacupenenenue BepostHOCTEiH CIy-

JaiiHoii Benmuunbl & € Z. JluBeprenims Kyns0aka — Jleiibnepa AByX pacrpe/esieHuii BEposTHOCTEH p, ¢ Ha Z
MMeEET BUJ{

~—

2 0.

z
KL(p: )= Y p(z)in 2
zeZ q (Z)
Durponus [llenHona onpenensiercs mo hopmyie

H(p) =- Z‘Zp(z)lnp(z) >0.

Jlns mocnenoBaTreIbHOCTH z=(zl, e zn)e Z" 2J]IeMEHTOB MHOX€ECTBAa Z BBEIEM Clieayronye (QyHKIHU
M BEJIUYNHBI:
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1) dyHkuuio yactor
n
f=1.:7Z->R, f=\|l(z), fz=21{zi=z},
i=1
rae I{A} — MHAMKATOpHAs (QyHKIUS COOBITHSA A;
2) CTaTUCTHKY XHM-KBaJIpaT OTHOCUTEIBHO PABHOMEPHOI'O pacrpeeseHHs BEpOTHOCTEN

2
2 _ (fz —nl|Z |) _ :
X (Zl,...,Zn)—Z v ,f—\|f(z),
zeZ n | |
3) moce10BaTeIbHOCTD MEPECEKAOIIUXCS L-rpaMM (CIIOB AIHHBI L) B 3aKONBIIOBAHHON MOCIIEI0BATEb-
HOCTH Z
LY.
(pL(z)z((zl, Zyyeees 21 ) (22, Zay eens ZL+1), ees (Zn, Zyy eers ZL_I))E (Z ) ;
4) moCIIeI0BaTeIbHOCTD HEMePECEeKAONMMXCs L-rpaMM B MOCIIEI0BATEILHOCTH Z (B 3TOM Cilydae Ipe/ro-
n
naraercs, 9to L genut n, n’ = Z)

(pL(z):((zl, s ZL), (ZL+1, s ZZL), s (zn_L+1, s Zn))e(ZL)n,.

OnHUM U3 KJIaCCHYECKUX TECTOB, mpemiokeHHbIX [I. KHyToM, siBIsieTcss TeCT MHOTOMEPHON JUCKPETHOM
paBHOMEPHOCTH TI0 Hemepecekaromumcs L-otpe3kam (nanee — MJIPH(L)-tect). JlaHHBINA TECT MpeaHa3HAYCH
JUTS TIPOBEPKH TUTIOTE3bI COTIacHsi HabM0aeMoi Mo CiIeI0BaTeIbHOCTH L-BEKTOPOB C L-MEPHBIM JHUCKPETHBIM
PAaBHOMEPHBIM PACTIPEACIICHUEM. HpeI[HOHO)KI/IM, YTO UMECM ABOMYHYIO MOCJICA0BATCIIBHOCTD

x:(xl, e xn)eV”, V:{O, 1},

miHbL n € N, xkpatHo#t L (n” = %). Craructuka xu-kBagpatr MAPH(L)-tecra

(fo-mr2tY

L 3)

S=x*(p,(x))=

zevt

e f = W((P L (X)) — YaCTOTbI BCTPEYAEMOCTH Cpean n HCMCPCCCKAOIIUXCA L—l"paMM B ITOCJICA0OBATCIIbHOCTH X.

CBouM Ha3BaHueM cratucTuka xu-kBajapatr MJIPH(L)-tecra (kak 1 Bce Mpovre CTAaTUCTUKU XU-KBAJpar) 00si-
3aHa TOMY CBOMCTBY, 4TO ITPH HCTUHHOMN HYJIEBOH rumnorese H, ¢ poCTOM #n OHA CXOTUTCS 110 PACIPENEIICHUIO
K 3aKOHY XM-KBajpar [2]:
D
F.. () > F,(
s, (), 2 0
rae B ciyaae MJIPH(L)-Tecta umcio creneneii coboms: d =25,

MeI OyzieM paccMaTpuBaTh CUTYalMIO0 KOHTHTYAIBHOTO COMMKEHHUS alIbTEPHATHB, KOT/Ia C POCTOM 71 JIbTep-
HaTuBa | cxoauTcs K rumnotese H, TakuM o0pa3oM, 4TO CTATUCTUKA XU-KBaJpar S pU UCTUHHOH albTepHaTU-
Be [, cXOIUTCs 110 paclpeesCHUIO K HELEHTPAIbHOMY PAacIpECICHUI0 XU-KBaIpaT ¢ HEKOTOPBIM MTapaMeT-
POM HEIEHTPaTbHOCTH A > 0:

D
NN )
Fyu, () 2 Fp ()

n—>oo  Xd,x
IMpuA=0 sz () = sz () Torna u3 Beipakenuii (1) u (2) morydaeM COOTHOIIICHUE, CBA3BIBAIOIIECE ACUMIITO-
d,0 d

TUYCCKUC BEPOATHOCTU OIIMOOK MEPBOTro U BTOPOTo poaa:

B= in,x(Fx_il(l B OC))' @
Kax Buanm, cooTHOIeHHUE (4) 3aBUCHT OT JIBYX ITApaMETPOB — YHCIIa CTETICHEH CBOOOEI d 1 TapaMeTpa He-
HEeHTpanbHOCTH A. YHco creneneit cBoOOIBI d 3aBUCHT TOJIBKO OT BH/a CTATHCTUYECKOTO TECTA U HE 3aBHCHT
OT BUJa asipTepHaTuBbl /. [IpuBeneHHbIe Naiee pe3ysbTaTbl OCHOBAaHbI HA (hopMyiie (4) 1 Ha BBIYUCICHUU I1a-
pamMeTpa HEIEHTPATbHOCTH A ISl IBYX BHIOB TECTOB XH-KBaApaT (110 HETIEPECEKAIOIIMMCS U 110 IEPECEKaro-
IUMCS OTPE3KaM) B ClIy4ae MapKOBCKHUX aJIbTEPHATUB /.
Onpenenenne 1. Bynem roBoputs, 4T0 MapKOBCKasl aJlbTepHATHBA /{; KOHTUT'YaJIbHO CONMXKAETCs C HY-

JIEBOM TUNIOTE301 H ), €CIIM IPU NCTUHHOM aJIbTEPHATUBE F| OCIEN0BATEIbHOCTh {xi} IpeCTaBIsAeT OO0
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CTAlMOHAPHYIO LIENb MapKkoBa HEKOTOPOro (PUKCHPOBAHHOTO mopsaka s € N, He 3aBHCAIIETO OT /1, U IEPEXOI-
HBIE BEPOATHOCTH 1€ MapkoBa {xi} YIOBJIETBOPSIOT CIEAYIOLIEN ACHMIITOTUKE TIPU 71 — oo;
Y Fa)=o(r").
q=(q>.nq,) €V’
1

S(q):P{xi:O‘xifl:ql"“’xifs:qs}_z' (%)

JIi1st KpaTKoOCTH s Oy/ieM Ha3bIBaTh MOPSAKOM MapKOBCKOH allbTepHATHBLI /.
BBenem ¢yHKuMIO SHTpONUHU L-BeKTOpa 3JIEMEHTOB TECTHPYEMOM MOCIEA0BATEIILHOCTH B CIy4ae UCTHH-
HOH aJbTepHATUBBI /1| U CBA3aHHbIE BEIHMUYHHBL:

h(z)=H(A{x, ... x |H,}), L>0,h(0)=0,
Ah(L)=h(L)-h(L-1), L >0,
L—eo Lo [

Benuuuna h' Ha3pIBaeTCs y/eIbHOM SHTPONKEH CTydaiHOil MoCIe10BaTeIbHOCTH {xi} MpU UICTUHHOM anbTep-
HaTuBe H,.

Teopema 1. /Iycmb maprosckas anomepnamuea H, konmueyansno conusicaemcs c Hynesou eunomesou H,.
Toeoa MJ[PH(L)-mecm umeem acumnmomuyeckyio oumudKy mopozo pooa (4) ¢ uuciom cmenereti c60600bl
d = 2"~ 1 u napamempom neyenmpansnocmu euda

n-— oo

A=2lim n ln2—¥ : (6)

HoxkazarenbcTBo. s npumeneHust GopMyinbl (4) JOCTATOYHO JI0Ka3aTh, YTO CTATUCTUKA XU-KBaJl-
par (3) npu UCTUHHOH aJbTepHaTUBE /1, UMEET aCUMITOTUYECKOE HELIEHTPAJIbHOE PACIIPEeIeHIe XU-KBaApaT
C nmapaMeTpoM HeleHTpaabHocTH (6). IIpn McTUHHOM MapKOBCKOH ajbTepHAaTUBE /1, HEKOTOPOro IOpsiKa S

n o
MOCJICAOBATCIIbHOCTD HETICPECCKAIOIINXCA L-I‘paMM (pL(X) JIINHBI n = Z TAKKC NPCACTaBIIACT coboii OCIIb

MapxkoBa HekoToporo nopsiaka s’. HopMupoBaHHbie 4acToThl T, = %, zeVth f= \|/((p L(x)), MPENCTaBISIOT
c000ii COCTOSITEIbHBIC ACUMIITOTHYECKH HOPMAJIbHBIC [3; 4] CTaTUCTHYECKUE OLIEHKU BEPOSITHOCTEH L-rpaMm
T,= P{(xl, . xL) = z|H1 } [Tpu KOHTHTYaTEHOM CONMKEHUU aJIbTEPHATUB PACTIPENICIICHUE TT = (nz )z oyt CXO-
JIUTCSL K paBHOMEpHOMY 3akony U (VL), U KacaTelbHble MPOCTpPaHCTBA ToueK T u U (VL) B IPOCTPAHCTBE
BEPOSTHOCTHBIX PACIIPECICH i Ha VX COBMAAIOT, paBHO KAK M ACHMIITOTHYECKHE KOBAPUAIIMOHHBIC MATPH-

bl X, ¥ X, OLCHOK 7= (ftz) B Cilyd4ae HyJIE€BOW TUIIOTE3bl /1, U albTepHATUBBI /1, COOTBETCTBEHHO.
ze

VL
Touke U (VL ) B €€ COOCTBEHHOM KacaTeJIbHOM IIPOCTPAHCTBE OTBEYACT HYJICBOUM BEKTOP, a Ou3koi Kk U (VL)
TOYKE p — BEKTOP, KOTOPBIH OyzieM 0003HaYaTh v( p). Craructuka xu-ksaapar (3) MJPH(L)-Tecta npeacrasiser
co0o# KBazpaT HOPMbI BEKTOPa NI v(ft) B cTa”aaptHoi MeTpuke @umiepa [3]. Ilpu Hynesoi runorese H,,
BEKTOP Jn' - v(ft) MMEET aCHMIITOTHYECKOE LIEHTPUPOBAHHOE CTAHAAPTHOE HOPMAJIbHOE PACIIPEAEIICHHE, A IIPU
aJITepHaTHBE /| BBUAY PABEHCTBA AaCUMIITOTMYECKUX KOBAPHALIMOHHBIX MaTpHLl X, = X, — ACHMITOTHYECKOE

HELEHTPUPOBAHHOE CTAHAAPTHOE HOPMAIBHOE PACIIPeaeNenne co cpeanM [ =/'n’ - v(1), u, crenoBarensHo,

CTAaTUCTUKA XU-KBaJApar S “MeeT aCHMIITOTUYCCKOE HCLCHTPAJBHOC paCHpCACIICHUC XU-KBaApaT C NapamMeT-
POM HCUCHTPAJIBHOCTHU

p= il =2 K (1)
=2 tim o' (In|y7"| = H(A(x;, ..., x,|H,))) =2 lim n2 - 28

n’ — oo n—»eo L

Teopema nokasana.
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TecT MHOrOMepHO# TUCKPETHOM
PAaBHOMEPHOCTH 110 NepeceKanImuMmces L-oTpeskam

Tect MHOrOMepHON AUCKPETHOW PAaBHOMEPHOCTH TI0 TiepeceKaromumMcst L-otpeskam (maree — MJIPII(L)-tecT)
TIpeHa3HaueH TS TIPOBEPKH TUTIOTE3bI COIachs HaOOIaeMOl TOCIIEIOBATENFHOCTH L-BEKTOPOB € L-MEpHBIM
JIICKPETHBIM PaBHOMEPHBIM paciipesieNieHneM. JJaHHbIi TeCT I03BONIsIeT 00HAPYKUBATh OTKJIOHEHHUS OT L-MepHO-
TO JMCKPETHOTO PABHOMEPHOTO PacIpeielIeHNs THITa PEKyPPEHTHON MapKOBCKOM 3aBHCHUMOCTH TIOpsiiKa s < L
(MeHbIIeTO, YeM Pa3MepHOCTh BeKTOpa L).

Craructuka xu-kBagpat M/IPII(L)-Tecta nmeet Bua

S=x"(0,(x) - x*(0, 1 (x))= X, (o)

L
sepl n/2

(gz - n/ZL_l)2
n/2t !

-2

zeyl-!

) (7

e f= \|;((p L(x)) ug= \y((p I —1(")) — YacTOThI BCTPEYAEMOCTH Cpesiu /1 nepecekatomuxcs L-rpamm u (L — 1)-
rpaMM COOTBETCTBEHHO B 3aKOJIBIIOBAHHOW MOCIIETOBATEIHLHOCTH X.

Teopema 2. [lycmb maprosckas anemepuamuea H, konmueyanvno conusxicaemcs ¢ Hynego eunomesou H,,.
Toeoa M/IPII(L)-mecm umeem acumnmomuyeckyro oumudKy 6mopozo pooa (4) ¢ uuciom cmeneneti c60600bi
d = 2"~y napamempom neyenmpanonocmu éuoa

A=2lim n(ln2— Ah(L)). (8)

n— o

HoxazarenbcTBOo. Kak u B Teopeme 1, mus nmpumereHuss GopMyinsl (4) TOCTaTOYHO TOKa3aTh, UTO
CTaTUCTHKA XH-KBajpar (7) Mpu UCTHHHOH anbTepHATHBE [, NMEeT aCHMITOTHYECKOE HEI[EHTPAIbHOE pac-
MpeneeHre XU-KBaapar ¢ mapamMeTpoM HelleHTpanbHOCTH (8). O003HaYNM

0 P{(xl, vees Xy xk+1):(z, O)}

pkz(pﬁ)zer’ Pz = P{(xv-"’xk)zz}

Jlitst erin MapkoBa mopsijika s BeKTOp p' — CTaHIapTHBIN mapaMeTp MOJAEH (BEKTOP MEPEXOHBIX BEPOSITHOC-
Tel B HYJIEBOW 3HAK) M CHCTEMa KOOPAMHAT B TIPOCTPAHCTBE MC(s) ueneit MapkoBa nopsjka s. I[Ipu stom

BEKTOD pk, k < s, IpeACTaBIsAeT TOUKY B MOINPOCTPAHCTBE MC(k) cMC (s) nerneid MapkoBa MEHBIIETO I10-
psnxa k:
pkz SOS—)k(ps)a

Ihe {9, _, , — ONEepaTop m-NPOEKIUH [3] SKCIIOHEHIINAILHOTO CEMENCTBA MC(s) [5] Ha cBOE BKCTIOHEHLIMATBHOE
oJIceMecTBO MC(k). Ha ypoBHe kacaTenbHBIX MPOCTPAHCTB /M-MPOEKIUS JIEHCTBYET KaKk OpTOrOHAJIbHAsS
HPOEKIHSL: MOKHO CUMTATh [3], 4TO KacarelbHOE MPOCTPAHCTBO 7° B TOYKE p° B MPOCTPAHCTBE MC(S) co-
JICPKHUT B KauecTBE MOAMPOCTPAHCTBA KacaTelnbHOe MpocTpancto I'* B Touke p* B mpocrpancTse MC(k),
noneparop @, ., T > T - OPTOTOHAJIBHBIN IIPOEKTOP B MeTpuke duiepa.

He orpanuumBast 0OIIHOCTH, MOXKEM CUMTATh, UTO § > L. PaccMOTpUM cTaHIapTHBIC CTATUCTUYECKUE OIICHKU
napaMeTpoB Iienu MapkoBa nopsijika k [4]:

ﬁk:(ﬁf)zeyk’ ﬁf=%, f:\lf((PkH(X))’ g:W<(Pk(X))‘

ITpy MCTUHHOM MapKOBCKOW anbTepHaTHBe H| MOpsAKa § OLEHKa p° COCTOSATENbHA, ACHMITOTHYSCKH HOP-

ManbHa 1 >(dekruBHa [4] (nocturaer rpanuisl Kpamepa — Pao), u onenka p- ™' = -1 ( ﬁy) Onaromaps

OITMCAHHBIM BBIIIIE TPOCKTUBHBIM CBOWCTBAM OTOOPaKEHHS §9 00JaIaeT aHAIOTMYHBIMU CBOHCTBAMHU aCHMITTO-
1

THUYECKO HOpMaTbHOCTH 1 d(dexTuBHOCTH. ITycTh TouKa ¢F = (qf =— OTBEYaeT YUCTO CIy4YalHOW Ho-

zevk
CJIeI0BaTENIbHOCTH (HYs1eBOM runotese /). Kak u B noka3arenbcTBe TeOpeMsl 1, TPy KOHTUTYaIbHOM COIKe-

HUY aJIbTePHATHB KacaTeIbHBIE POCTPAHCTBA ToUeK p- ' 1 ¢~ ' COBMAMAIOT, PaBHO KAK M ACHMIITOTHICCKIE
KOBAPHAIIMOHHBIC MATPHUIIBI OIGHKH P~ | IpH HCTHHHON HyIeBOM FUITOTE3e H v ucTuHHOM anvTepHaTuBe /1,

L—1 [ AL-1
COOTBETCTBCHHO. HOSTOMY B KaCaTCJIbHOM IMPOCTPAHCTBE TOUKU ¢ BCKTOD v~ - V(p ) HUMECT aCUMIITOTH-

YeCKOe HeLICHTPUPOBAHHOE CTAHAAPTHOE HOPMAJIBHOE PACIIPE/ICTICHUE CO CPEAHUM L = Jn - v( pt! ) U KBaJI-
par HOpMBI
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=5

HUMEET aCUMIITOTHYECKOE HEICHTPAILHOE pacipe/ie/ieHHe XH-KBaIpar ¢ apaMeTpoM HEIlEHTPAIbHOCTH
. 2 . — —
A= lim ||u|| =2 lim n-KL(pL gt 1). 9)
n— o N —> oo

Merpuka @uiiepa B IpOCTPAHCTBE MC(L - 1) npeacTaBiseT codor pasHocTs [3; 5] merpuk Puiepa
B [IPOCTPAHCTBAX Paclpe/eneHui Ha L-rpammax u Ha (L — 1)—rpaMMax, a IMEHHO MH(OPMAIMOHHAS MaTpHULA

dumepa
[(pL—l):IL(pL—l)_[L_l(pL—l)’

_ k
e I, ( p- 1) — nHbopMmarroHHas Marpuia Ourrepa pactpeaeacHus k-rpaMmm (xi )l_ _, OTHOCHTEIIFHO [Tapamet-

pap" . [Toatomy S’ = S (paszHocTb (7) eCTh pa3HOCTH KBAPATOB KacaTeIbHBIX BEKTOPOB B MeTpuke Duriepa
Mesxty L-rpammamu 1 (L — 1)-rpaMmamu, 4bn pacmipesiesienns 3a1at0Tes nenbio Mapkosa nopsiaka L — 1 ¢ na-
pamerpom p- ). Ananormano pacmagaercs B pasHocTs auBeprenims Kyms6aka — Jleii6nepa B gopmyie (9):

KL(p"™"; qL_1)=KL(A{x1, x| U(rY) - KL(A{xl, o xy o |H U(VH))=
=LIn2-h(L)-(L-1)In2+h(L-1)=1n2— Ah(L),

4TO B 00BeqMHEHNH C BhIpaxeHueM (9) maet A = A’ (cm. popmysy (8)). Takum 0Opa3oM, Mbl JOKa3alH, 4TO
S’ = S ©MeeT aCUMITOTHYECKOE HEIIEHTPAIbHOE paclpe/ieieHHe XU-KBapar ¢ mapaMeTpoM HEelleHTPaIbHOC-
1 A’ = A. Teopema noka3aHa.

BbiunciieHusi B TEPMHHAX OTKJIOHEHUS
NnepexoaHbIX BEPOSITHOCTEN MAPKOBCKOM aJIbTePHATHBBI

[penensr (6), (8) MOTyT OBITH BRIpa)KEHBI B TepMUHaX (DYHKIHH (5) OTKIOHEHUH MePEXOAHBIX BEPOSTHOC-
Tell MapKOBCKOW aJbTE€PHATUBSI /| OT YUCTOH CIy4ailHOCTH.

Jlemma 1. [lycmo maprosckas anvmeprnamusa H, nopaoka s 2 0 konmuzyanieHo conudicaemcst ¢ Hynegou
eunomesou H,. Toeoa 6 obosnauenusx onpedenenus 1 umeem mecmo ciedyoujee acuMnmomuieckoe coom-
HouwleHue:

lim n(In2 = Ah(L)) = 2p0r, 1y L 21, (10)
P, :nli_r)nmn ‘M, {E{S(q)|ql, e qr}}, 0<r<s,

20e M,{&} = E{&z} ona cnyuatinoil senuuunst & € R, cnyuaiinslii 0sounnsiii sekmop q =(q,, ..., q,) € V* pas-

HOMepHO pacnpeoeeH.
HoxkazarenbcTBo. Mcrmonszyem 0003HaYeHNUS T0Ka3aTeIbCTBA TeopeMbl 2. Kak oTMevanoch B yka3aH-

HOM Jl0Kasatebetse, Ah(r +1) ecTb yaenbHas sHTponus Lenn MapkoBa MOpsKa 7 C 33 aHHBIM Pacipe-
nenenneM (7 +1)-rpamm, 03TOMy IIpH 7 2 s 9Ta Pa3HOCTb PABHA yAEIbHON SHTPOIMH MAPKOBCKOH anbrep-
H,). Paznocts In2 — Ah(r +1)

paBHa auBeprenuun Kyns0aka — Jleitbnepa mex 1y uucTo ciyuaiiHol nensto Mapkosa (runoresa /,)) 1 Ipoex-

HaTuBbl [, mopsika s, a Ipu » < § — yAeJIbHOH SHTPONUHU NPOEKLUH gos_”(

Uen (0, _W(H 1). ITpu Maseix O JJIst § = 7 3Ta AUBEPrEHINS aCHMIITOTHYCCKH YKBHBAJICHTHA [3] BelMvnHe

% Z S(q)S(q’)I g.q> TAC L € RZ*% nHpopMarnronnas marpua Ounrepa nenn MapkoBa mopska s OT-
q. 9V’

HOCHTEIbHO mapamerpa O B Touke O = 0. Marpuiia / auaronansha [4] co BCeMU THAarOHaJbHBIMU 3JIEMECHTA-

mul, = 2275, orkyma nomydaem cootsomenue (10) ams L > 5. OpTOroHaIbHBI IPOSKTOP 42 T —>T"

OTHOCHTEJIBHO €AMHUYHOI C TOYHOCTBIO 10 MHOXHMTENS Marpuusl Ouwepa / aeiicteyer Ha Qynkumio 8(q)

s—>r

YCPEIHEHHUEM 110 ¢, , 1, ..., §, IPH GUKCUPOBAHHBIX ¢4, ..., q,:

©,,.(8)=8:7">R, 8(¢,.... 4,)=E{8(q)la .-.. 4, }

OTKYJla 110 aHAJIOTHUHU CO CIIy4YaeM » = s IIpU r < § TI0JIy4aeM
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lim n(In2 = Ah(r+1))=2 lim n-M,{8(g;, ... ¢,)}.
n—> o0 n— oo
YTO SKBUBAJICHTHO cooTHomeHuto (10) ansa L < 5. Jlemma nokasana.

CaencrBue. [lycmos maprosckas anomepramuea H, nopsioka s 2 0 konmueyanbHo conusicaemces ¢ Hynesou
eunomesou Hy. Toeoa éenuuuna (6) 6 0bo3nauenusx nemmul 1 umeem 6uo

Oy -
A=4 I ’ mr_izzopmin{s,i}‘ (11)
Benuuuna (8) coomeemcmeyem svipasicenuio
)\':4pmin{s,L—l}' (12)

HoxazarenscTBo. C ucnonp3zoBanneM toxaectsa (10) Beipaxenune (12) nmpsaMo monydaercs U3 mnapa-
MeTpa HelleHTpaIbHOCTH (8), a Beipaxkerne (11) — u3 mapamerpa HelleHTpaIbHOCTH (6), IPEICTABICHHOTO KaK
JiesieHHas Ha L yacTH9YHas cyMMa JIeBbIX "acTteit Toxxaectsa (10). CrnencTBue moka3aHo.

TakuM 00pazoM, /ISl BBIYHACICHUS] ACHMIITOTUYECKON BEPOSATHOCTH OIIMOKH BTOPOTO pojia MI[PH(L)—TeCTa

u MI[PH(L)—TeCTa IpU KOHTUTYaJIbHOM COIMKEHUH MapKOBCKOH albTepHATUBBI [, ¢ HyleBoi runoresoi H,,

HY)KHO BBIYHCIIHTH aCHMIITOTHYECKOE 3HAUCHHUE TTapaMeTpa HeIEHTPAIIBHOCTH A M MOICTaBHUTh €ro B Gopmy-
1y (4). B Tex mpocThIX ciydasix, KOTJja MapKOBCKasl albTepHATUBA /1| I0IyCKaeT IBHOE BBIPAXKEHHE (QyHKLUH

h(L), 3HaUYeHHe A I 000MX TECTOB MOKET OBITH BBIYMCIECHO HETOCPEACTBEHHO 10 (Gopmynam (6) u (8).

B o6miem ciryuae cnemyet ucnonb3oBars ¢opmyibl (11) u (12). [IpuBeaem nprMepsl BEIYUCICHUS TapaMeTpa
HELCHTPATbHOCTH A 000MMH CIIOCOOAMH.
Paccmorpum anbrepHatuBy H|, IpEACTABISAIONIYI0O cOOOH Henb MapkoBa Mopsiaka § ¢ OAHOM 4aCTHYHON
1 Xy
CBA3BIO MC(s, 1) [6], Tak 4TO mepexoAHask BEPOSITHOCTH P{x, = O‘x,_l, e x,_s} =5 + (—1) '*d 3aBHCHT

TOJIBKO OT X, , O — Majioe OTKJIOHCHHE (|8| <« 1). Torna uens MapkoBa {x,} pacrmagaeTcsl Ha § He3aBUCUMBIX
ueneit MapkoBa nepBoro nopsjka {xst . k} 2 k=1, ..., s, 4ICHBI KOTOPHIX YEPEAYIOTCS B {x,}. K orpesky
; te
X, ..., X; JJIMHBI L 10CI€10BaTEIbHOCTH {x,} MIPUMEHUM B3aUMHO OJTHO3HAYHOE (@ CJIe0BaTEeNIbHO, COXPAHSIIO-
1iee YHTPOIINIO) TPeoOpa3oBaHe (xl, ey xL) - (yl, v VI ), raey,=x;upui<suy,=x,®x,  npui>s.He-
1 ) 1
TPYAHO BUAETb, UTO { )’i} HE3aBUCUMBI B COBOKYITHOCTH, IPUYEM P{ V= 0} = 5 npui<su P{ y= 0} = 5 + 0
mpu i > 5. Takum oOpazom,
L Ln2, L<s,

h(L)= H(A{xl, e xL})=H(A{y1, s J’L}): 2H<A{yi}) =

= sln2+ (L—-s)h', L>s,
i€ yAeIbHas SHTPOIHS

b :—(l + sjln(l + 5) - (l - 8)ln(l - 5): In2 - 28°+0(3*).
2 2 2 2

Orcrona npu L <5 umeem A =0 (Hepasznuuumocts runore3 Hy u H,) xak pist MJIPH(L)-tecra (bopmy-
na (6)), Tak U I MI[PH(L)-TeCTa (popmymna (8)). Ipu L > s mis MJAPH(L)-Tecra A :4(1 - Lﬁ)K, TUTSt

MI[PH(L)—TeCTa L =4x, e k = lim nd% Dtu (hopMyIel BepHBI U B citydae s = (), Korzia MapKoBCKasi aJlbTepHa-
n— oo

THBA MC(O, 1) MPEBPAILACTCs B CXeMY HE3aBUCUMBIX UcTibiTanni beprymnu (Ha puc. 1-5 o603HaueHa kak Ber).

Tenepb paccMOTPUM allbTepHATHBY H |, IpEICTaBISIONTY0 cOO0M enb MapkoBa MopsiKa s ¢ IOYTH Hieab-
HBIMH TI€PEXOIHBIMH BEPOSTHOCTSIMH, HAPYIIIEHHBIMH TOJIBKO ISl OMHOM U3 2° TPEABICTOPHIA:

P{x,:O‘x,_l, oo x,_s} =
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rae i = (hl, ey hs) € V* — HekoTOpast BBIICNICHHAS! «ILIOXasy NPeAbICTOpuUs. B atom ciyuae Gpynkuus (5) npu-

HUMAET BHJ 5(q) =J- l{q = h} [ BBIYMCIIEHUH corviacHo ieMMe | mojiaraeM g YucTo CITy4aiHbIM TBOMYHBIM

h’=(hi)

r

r s
i i i=1

s-BektopoM. O603HauUnM ¢’ = (qi) 9= (qi) h":(hi )j:H - Torna

=r+1’

E{8(q)lg’} =E{8-{g'=n"} - {g"=1"}q'} =8-1{g'=1"} - E{{q"=1"}q'} =

=8 g'=n} - E{l{g"=n"}} =8 -l{g'=n'} - P{g"=0"}=2"""8-1{q’=1"},

M, {E{S(q)|q’}} =¥ BEply =) =2 N

p, = lim 7-M, {E{S(q)|q'}} _or-an,

27t 1, <y,

o, =2k
(r—s+2)2s—1,r>s.

IToscTaHoBKa HaiiieHHBIX BhipakeHuid B popmyisl (11) u (12) maeT 3HadeHus A s MI[PH(L)—TeCTOB
1 MJIPII(L)-TeCTOB COOTBETCTBEHHO.

YucJieHHBbIE IPUMeEPHI
Ha puc. 1-5 npuBenensl rpaduKy 3aBUCHMOCTH BEPOSITHOCTH OIIMOKH BTOPOTO pona 3 MI[PH(L)—TeCTa
u M}IPH(L)-TeCTa OT pa3mepa BBIOOPKH 71 M OT mapamerpa O OTKIOHEHHUsI MAPKOBCKOM allbTepPHATUBBI | OT

HyNeBo# runoressl H,,. J{ns BbIUMCICHUN NpUMEHsIach popmyina (4) ¢ MOACTaHOBKOM 3HaueHUH mapaMeTpa
HEICHTPAIBHOCTH A, HaliICHHBIX 110 hopmynam (6), (8), (11), (12). OeHku cBepxy sl HCTIONIB3YEMOU B CO-

oTHoueHuu (4) QyHKIHH sz () npuBeneHsl B [7]. Berunciaenue 3Toi GyHKIMHM BCTPOCHO BO MHOTHE CPEIbI,
d, A

Hanpumep B Python u Wolfram.

1,0

0,81

0,6
P 04+

0,2

0,0 -

0 10 000 20 000 30 000 40 000 50 000
n

Puc. 1. 3aBHCHMOCTb BEPOSITHOCTH OLIMOKH BTOPOTo poza [3
oT pasmepa Beibopku 1 st Tecta Monobit (MJIPH(1)):

H, =Ber, a.=0,01, § {0,005, 0,01, 0,02}

Fig. 1. Type II error probability B plotted against the length n
of the binary sequence for the Monobit test:

H, =Ber, 0.=0.01, § €{0.005, 0.01, 0.02}
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1,0+
n = 1000
- - - n=5000
n=10000
08F L\ NN e 1 =50 000
0,6 -
B
0,4+
02
0,0 .-
1 1 1 1 1 1
0,00 0,01 0,02 0,03 0,04 0,05
)
Puc. 2. 3aBUCHMOCTH BEPOSTHOCTH OLMIMOKH BTOpOro poja B
ot napamerpa & ast recra Monobit (MJIPH(1)):
H, =Ber, .= 0,01, n € {1000, 5000, 10 000, 50 000}
Fig. 2. Type II error probability 3 plotted
against the parameter & for the Monobit test:
H, =Ber, 0.=0.01, n € {1000, 5000, 10 000, 50 000}
1,0+
0,8+
0,6 -
B
04}
02+
0.0F 1 1 1 1 1
0E+00 1E+05 2E+05 3E+05 4E+05
n

Puc. 3. 3aBUCHMOCTH BEPOSATHOCTH OLIMOKH BTOpOro poaa B
oT pa3mepa BbIOOpKH 1 st recta MJIPH(4):

H,=MC(3, 1), a.=0,01, § {0,005, 0,01, 0,02}

Fig. 3. Type Il error probability B plotted against the length # of the binary sequence
for the test of multidimensional discrete uniformity by non-overlapping 4-tuples:

H,=MC(3,1), =0.01, § €{0.005, 0.01, 0.02}
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0,8

0,6

041

0,2+
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! ! ! ! ! !

0E+00 2E+04  4E+04 6E+04 8E+04 1E+05
n

Puc. 4. 3aBUCHUMOCTb BEPOSITHOCTH OLIMOKH BTOPOTo poza 3
oT pa3mepa BbiOopkH 1 1uist Tecta MJIPII(4):

H,=MC(s,1),0<s<3,00=0,01, 8 €{0,005, 0,01, 0,02}
Fig. 4. Type 11 error probability B plotted against the length n of the binary sequence
for the test of multidimensional discrete uniformity by overlapping 4-tuples:
H=MC(s, 1), 0<s<3,0=0.01, 8 {0.005, 0.01, 0.02}

LOF — MJIPTI(4)
- - - MIPII(5)
—— MJIPH(4

0sl JIPH(4)

0,6 -

p

0,4+

0,2+

O’O [ 1 1 1 1 1

0E+00 1E+05 2E+05 3E+05 4E+05 5E+05

n

Puc. 5. 3aBUCHMOCTB BEPOSITHOCTH OLIMOKH BTOPOro poza 3
oT pa3mepa BeiOopku n i1t TectoB M/JIPTI(4), MJIPII(5) u MJIPH(4):
H,=MC(3,1), =0,01, 8= 0,005
Fig. 5. Type II error probability B plotted against the length n of the binary sequence
for the tests of multidimensional discrete uniformity by overlapping 4-tuples (MAPII(4)),
by overlapping 5-tuples (MAPII(5)), and by non-overlapping 4-tuples (MJIPH(4)):
H,=MC(3, 1), . =0.01, §=0.005
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VIK 519.217.2

MOHOTOHHOCTb BEPOSITHOCTEN COCTOSTHUI
CAYYAMTHOTIO BAYJKAAHUSA HA KOHEUHBIX PEIIIETKAX

A. 0. 34/JOPOKHIOK"

U3MAM Cucmens, yi. Akademura Kynpesuua, 1, kopn. 1, 220141, e. Munck, Berapyce

PaccmarpuBatorest fBa criocoda yrnopsii04iTh BEPIIMHBI Tpad)a OTHOCUTEIFHO HEKOTOPOH ero ()MKCHPOBAHHOM Bep-
IIMHBI, CBSI3aHHBIX CO CIly4alHBIMH ONy>KIaHUAMHU Ha HeM. [IepBblil ciocod — MopsiIOK BEpPIINH B COOTBETCTBHUHM C BeE-
POATHOCTBIO TOTO, UTO CIIy4aifHOe OmyknaHue (UKCHPOBAHHOM UTMHBI 3aKOHUMTCS B KaXIO0H W3 HUX. Mccmemxyemoe
B 3TOH yacTu Oy’KJaHHE SBIACTCS «JIEHUBBIM», T. €. BMECTO OUEPEIHOTO IIara MOJKET OCTaBaThCsl Ha MecTe. Briaenen
KJ1acc rpad)oB, 171t KOTOPBIX TaKOH MOPSOK COBIAAAET CO CIa0bIM MOPSKOM I10 TEOAE3UIECKUM PACCTOSHUAM 10 COOT-
BETCTBYIOIINX BepiinH. [IpuBeieHb! mpuMepsl pecTaBUTeNeH JTaHHOTO Kilacca — n-MepHble pereTku. Bropoii criocob
YIIOPSI0YMBAHMS — PE3UCTOPHBIC PACCTOSHUS 10 BHIOpaHHOH BepnHbI. J{i1st Kitacca rpadoB ycTaHOBJIEHA ITapa BEPILHH,
MEXXIy KOTOPBIMH JOCTUTAETCS MaKCUMAaJIbHOE 10 BCeMy rpady pe3ucTopHOe paccTosHue. [IpuBeneHs npuMepsl mpea-
CTaBUTENEH 3TOTO Kilacca, BKIIOYAs 1-MEPHBIE PEIICTKH.

Knrouesste cnosa: ciydaiinble O1yKJaHNs; PE3HCTOPHOE PACCTOSHUE; PEIICTKH.

bnazooapuocms. ABTOp BEIpakaeT OJIarogapHOCTh 3aBeAyIOMeMy Kadenpoii Beicielr matematuku bI'Y M. M. Bace-
KOBCKOMY 3a ITOCTQHOBKY 3a/1a4Ml M y9acTHE B OOCYK/IE€HHH, a TAK)KE PELEH3EHTY 3a BBUIBICHUE CYIIECTBEHHBIX HENO-
CTaTKOB CTaTbU.

MONOTONICITY OF RANDOM
WALKS' STATES ON FINITE GRIDS

A. 0. ZADOROZHNUYK?
*EPAM Systems, 1 Akademika Kuprevica Street, 1 building, Minsk 220141, Belarus

In this paper two ways to order the nodes of a graph with respect to an arbitrary node are considered, both connected to
random walks on the graph. The first one is the order according to probabilities of states of a random walk of fixed length
started in that arbitrary node. The walks considered here are lazy walks — instead of making a step they are allowed to stay
in the same node. A class of graphs, where such order the corresponds to the weak order by geodesic distances, was found.
Square and toric n-dimensional grids are shown to be instances of this class. The second way of ordering is resistance
distance to a fixed node. For another class of graphs, a pair of vertices with maximal resistance distance between them is
established. Grids are again shown to be an example of graphs belonging to this class.

Keywords: random walks; resistance distance; grids.
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BBenenune

PesuctopHoe pacctosiHre — MeTpuKa Ha Tpade, Tone3Has ISl OMMCAHKS €r0 KIIACTEPHOM CTPYKTYpHI TIPH
aHaymse pacrpoctpanenus uHpopmanmu [1; 2]. Ero MOXXHO COTIOCTaBUTE C COTPOTHUBIICHUEM DJICKTPUICCKOM
LIETH, COOTBETCTBYIOIIEH Tpady, TAe KaXa0e pedpo — 3TO pe3ncTop. B oTamyame ot reoqe3ndeckoro pacCTosHAS
PE3UCTOPHOE PACCTOSTHNE 3aBUCHT B OOJBINIEH CTETIEHH OT KOJTMYECTBA Pa3HBIX My Tel MEXK/Ty BEpIINHAMH, U T€0-
JIE3UYECKHe PACCTOSHUS MaJio YTO TO3BOJISIFOT CKA3aTh O PE3UCTOPHBIX paccTosHISIX. OHAKO I UX UCCIIENIO-
BaHUS OKa3BIBAIOTCS MTOJIE3HBIMH H30TIEpUMETpHIECKre HepaBeHCTBa [1; 3; 4].

PesucTopHsie paccTosiHIS B rpade MOYKHO aHATM3UPOBATH HE TOIBKO ITyTEM COOTHECEHUS NX CO 3HAYCHHSIMU
COTIPOTHBIICHUHA B COOTBETCTBYIOIICH DJICKTPUUECCKON TIETIH, HO M C TIOMOIIBIO CITyYalHbBIX OMykaaHui. Taxk,
PE3UCTOPHOE PACCTOSHUE MEKIY Mapoil BEPIINH MPOTIOPIHNOHATFHO BPEMEHH JOCTYTA — KOJTHYECTBY IIaroB,
KOTOpO€ c/enaeT OmyKaaHue, Ipex/ie YeM MePBhIi pa3 MomajaeT U3 OJHONW BEPIIUHBI B APYTYIO.

Cryqaitasre Omyxnanus Ha rpadax Ko cummerpudeckoit rpymmsl u rpymn Kokcerepa OB HCCITeIOBAHBI
M. bepumretia [S] u I YaiitoM [6] COOTBETCTBEHHO. B 4acTHOCTH, MU OTIPENEICHO, KaK YIOPSAIOUYCHBI BEPOSIT-
HOCTH TOTO, YTO ONy)KJaHWE Ha #-M IIare OKaXeTCs B KaKIOW M3 BepmnH. Ha 0CHOBE MCMONB30BaBIIETOCS
B yKa3aHHBIX paboTax MeTo/a B HACTOSIIEH CTarhe YCTaHABIMBACTCS YIOPSAOUEHHOCTH Ul APYTOTo Kiacca
rpadoB, MPENICTABUTEISIMH KOTOPOTO SIBIIAIOTCS B TOM YHUCIIE PEIIETKH.

Urto kacaeTcsi MOHOTOHHOCTH PE3UCTOPHBIX PACCTOSHUHN, TO JUIS €€ MCCIEeIOBaHNs, KaK IPaBUIIO, HE TIOA-
XOISIT TOUHBIC (POPMYITBI, XOTS OHM W U3BECTHHI [7]. 3HaHWE (HOPMYIIBI TSI TOUHOTO 3HAUYCHUS OKA3BIBACTCS
TTOJIC3HBIM B PEIKUX CITydasxX, TAKUX Kak rpadsl xumudecknx coenuaenni [8; 9]. B [10] ansa kmacca rpados
oTIpenieNsieTcsl BepIIHA C MaKCHMAIBHBIM PE3UCTOPHBIM PACCTOSHUEM OTHOCHTENBHO 33/IaHHOW BEPIIUHBI.
B nacrosmeit paboTe 3TOT MOAXO alanTHPYETCs TaK, 9TOOBI TapaMeTpaMu OBIITH Cpasy JIBE BEPIIMHBI BMECTO
OJTHOM, ¥ OTIPEIETISIOTCS Maphl BEPIINH rpada ¢ MaKCHMaJIbHBIM COMTPOTHBICHUEM MEX/Ty HAMHU.

Cayuaiinble 0JyKIaHUA U ¢J1a0blii NOPSAI0K

Crydaitroe Omyxmanne Ha rpade — mporece IepeMenIeHus Mo BepmruHaM rpada. Hagapmmcs B HEKOTOPO
BEpIIMHE, OTy)KAaHNE Ha KaXKIOM IIare IMepexoAnT B OAHY U3 CMEXHBIX C TEKYIIe BEPIINH C BEPOSTHOCTHIO,
MIPONOPIIMOHATBHOM BeCy COeTMHSIONIETO X pedpa. B qanHoi cTaTbe paccMaTpuBaroTCs HEB3BEIICHHBIE Ipa-
(hBI, TOATOMY TIEPEXO/IBI B KAXKTYIO M3 COCEIHMX BEPIIMH PaBHOBEPOSATHBI. biyXmanus, KOTopble HCCIeTyIOTCS
Jajee, Ha3bIBAIOTCA <«JIEHUBBIMUY, TTOCKOIBKY Ha Ka)KJIOM IIare OHW MOTYT OCTAaThCs B TEKYIIEH BEpIIUHE
C TOM K€ BEpOATHOCTBHIO, YTO M COBEPIIHUTH MEPEXO/] B KAKIYIO U3 COCETHNUX BEPIIIHH.

Benem wactuuHbIi (c1a0b1ii) mOpsaok Ha Tpade G OTHOCHTEIHHO HEKOTOPOI €ro BEpIINHEI V: Oy[IeM To-
BOPUTH, UTO W <, 1, €CJIU CYLIECTBYET KpaTyaluii IyTh U3 V B U, KOTOPBIH COAEPIKUT W.

Kax moxazano B [6], mst rpadoB Kamu rpynmm Kokcerepa BepHO ciieayroree: s JJF000To 72 | JTF0OBIX Bep-
muH W <, W' BEPOSTHOCTb TOTO, YTO OIy’)KIAaHKE ATHMHBI /1, HAYABIIEECs B €, 3aKOHUYUTCS B W, HE MEHBIIE, YEM
BEPOSITHOCTh TOTO, YTO OHO 3aKOHYHTCS B W'. JIJIsl ToKa3aTenbCcTBa JaHHOTO (DakTa paccMaTpuBaroTcs OyK-
JTAHWS JUTMHBI 71, 3aKaHYMBAIOIIHECs B KAKJIOW U3 ABYX CMEKHBIX BEPIINH, H CTPOUTCS HHBEKIINS MHOKECTBA
nmyTel 10 OobIIeii BEpIIMHBI BO MHOKECTBO ITyTeH /0 MEHBIIEH BEpPIIMHBI. DTy K€ WACI0 MBI IPUMEHUM
B HACTOAIIECH CTaThe JJIsl CCIEOBAaHUS ONy)KIaHWN Ha pelieTKax, HO He OTPaHMYUBAsICh WHBEKIIMSIMH, JIJIS
MOCTPOCHUS KOTOPBIX MCIIONB3YIOTCS CBOiicTBa rpadoB Kamm.

I'pad G Oynem Ha3bIBaTh MOHOTOHHBIM, €CIIM JUTS JIIOOOW €r0 BEPIIUHBI V BBINONHSIETCs yenoBue: it Vi € N

1 JIFOOBIX ABYX CMEKHBIX BEPIINH W <, 1 CYIIECTBYET HHBEKLIUSI MHO)KECTBA P(u) MyTeW IMHBI 1 MEXKAY V U U BO
MHO)KECTBO ITyTEN P(w) JUTMHBI 71 MEXKY V U W, 00JIa/Iat0IIast CICAYIOIIMM CBOMCTBOM: €CIIU B ITyTH P (u) eP (u)
paBHbI i-s1 1 (i + 1)-5 BEPIIMHBL, TO U B COOTBETCTBYIOWIEM eMy IyTH p(w) € P(w) 9TH BepIUMHbI PABHBL

Teopema 1. Ilycme G= G, x G, x ... x G,,, 20e 6ce epaghvr G; monomonnvl. Toeoa ons nobbix v e G, n € N
u makux w, w' € G, umo w <, W', 8eposimHocme mozo, ymo ciyuaiiHoe onyscoanue OnuHbl n 3aKaAHIUBAemcs 6 W,
He Dobule, YeM 6epPOSIMHOCHIb MO20, MO OHO 3aKAHYUBAEMCS 8 W.

Joka3aTenbcTBo. BBenem koopaunars! Ha rpade G (kaxaomy G, OyneT cOOTBETCTBOBATH OJTHO H3Mepe-
Hue). Bepmuael rpadgos G; npoHyMepyeM PpOU3BOILHO (HaM I0CTaTOYHO MPOCTO OTINYATh UX JIPYT OT JpYra).

Takum 00pazoM, BEpIIMHA X = (xl, Xy ens xm) ABJIAETCS IPOU3BENECHHEM BEPILUH C HOMEPAMHU X, U3 rpadoB G;.

m
3amerim, 4o pacctosns B G BEIPAKAIOTCs uepes paccrosnns B Gi: dg (x, y) =D dg (x;, ;).
izl
Haunewm ¢ pacCcMOTpPEHUS ClIy4asi, Koraa w u W, cMexHEBL. VX KOOpAWHATHI COBIIaJar0T BO BCEX UBMEPCHUAX,

KpoMme ogHoro. O603HaYUM UX (wl, oo Wiy ey wm) u (wl, ey Wi eens wm). bnyxnanue v, aj, ..., a,_;, W’ Ha
rpade G OyneM paccMarpuBarh MOKOOPAMHATHO. Tak, €ro KOMIIOHEHTa, OTHOCSIIASICS K k-i KOOpIUHATE, — 3TO

Oy JaHue JUIMHBL # B MOHOTOHHOM Tpade G, 3akaHuMBaromeecs B w;,. s Takux OnyxaaHuii CylecTByeT
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MHBEKIINS BO MHOKECTBO OTy’KIaHUH JJIMHBI /1, 3aKaHUYUBAIOMINXCS B W;. Toraa, 4ToObI MOTYyYUTh HHBEKIIUIO
aust Omy>xnanuii B rpade G, Bce KOOpANHATHI BEPIIMH B HUX, KPOME k-1 KOOPAWHATHI, OCTaBIIsIeM HETPOHYTHI-
MH, a JUIS k-X KOOPJIMHAT IPHMEHSIEM yIIOMIHYTYI0 HHBEKIHUIO Ha rpade G,. YOenumMcst, 4To oIy eHHBIC TAKUM
00pa3oM MOCIEN0BATENBHOCTH V, d,, ..., d,_;, W HEPa3PBIBHBI U MOT'YT CUMTAThCA OnmyxaaHusMu. Kaxias mapa
COCEIHUX BEpIIMH a], a;,, OMyKJaHUS OTIMYAeTCs] MAKCUMyM OJIHOM koopauHartoil. Eciu 310 k-1 koopau-
HaTa WM a; = a; |, TO CMEKHOCTb a;, d; , | CIEIYET U3 CMEKHOCTH @, 4, a; , 1 ; B rpade G;. Ecom xe a, a]
OTJIMYAIOTCSl KAaKOW-TO JIPYTOM j-i KOOPJMHATOM, TO OHU M MPOJOJHKAT OTIIMYAThCS TOJIBKO €10, [IOTOMY YTO Mbl
n0Tpe6oBam OT HHbeKIMK Ha rpade Gy, 4ToObl U3 a; , = a;, | ; CHENOBANO @; | = a; | 4-

JU71st HECMEXHBIX BEpIIMH W <, W HHBEKIHUIO ITOJTyYNM KaK KOMIIO3UIINIO BCEX MHBEKIUH Ha KpaTJaiiieM
nyTd u3 w’ B w.

B kxagecTtBe nmpumepa MOHOTOHHBIX TpagoB npuseneM C, u P,. B taHHOM ciIydae mpOHyMepoBaTh BEPIIH-
HBI, 33/1aBasi KOOPIMHATEL, JIs yI00CTBAa MOXKHO I10 TIOPSIZIKY, a HE CiTy4daiiHeIM 00pa3om. bynem paccmarpusarsb
TOJIBKO OTOOPaKEHMS JUT CMEXKHBIX ITap BEPIIHH, TOCKOIBKY OCTAJIbHBIE SBISIOTCS MX Kommo3unuei. He te-
psist oOmHOCTH, OyIeM CUNTaTh, YTO BEpIINHA, U3 KOTOPOH HaumHaercs Omyxaanue B C,,, IMEET KOOpIHHA-

Ty 0, ¥ MBI OTOOpakaeM MHOXKECTBO Ony>kaaHuii P (x + 1) BO MHOX€ECTBO P (x) Taxoke Oyznem monararb, 4To
BepIInHA Oenasi, eciii OHa OIKe K X, 4eM K x + 1, 1 uepHasi, eciu HaoOopoT. Torza, eciu m 4eTHoe, eCThb J1Ba

m m
pedpa, COeNMHSIONINX BEPIIMHBI Pa3HbIX LIBETOB: (x, X+ 1) u (x + > x+1+ 5) Bynem naszbiBath 911 pedpa

m m m+1
cepbimMu. Eciu sxe m HedeTHoe, TO BMecTo pebpa | x + E’ x+1+ 3 HMEEM CepyIo BEpIIMHY X + 5 st
Onmyxnanus 0, a,, ..., a,_,, x + 1 ctpouM oToOpaxeHHe cieayomuM oopazoM. Haxonum nocienHIon Takyo

BEPILUHHY @;, 4TO OHA JIMOO cama sBISeTCs CEPOH, JInbO JIexKUT Ha OenoM KoHle ceporo pedpa. [l i < j 3anaem
oToOpaxeHue Kax / (al.) =a;,auai > j—Kak / (a,-) = (2x —a; + l)mod m. MOXHO yOeauTbCs, 4TO JaHHOE OTO-
OpakeHHe MEHSeT MECTaMH KOHIIBI CEPhIX pedep, a TakKe BEPIINHBI, CMEXHbBIE ¢ cepol BepinHOI. [1oaTo-
My a; CMexHa ¢ / (a i+ 1) (unm paBHa eif), ¥ B pe3yJIbTare Mbl IEUCTBUTENHFHO MOTYyYUM ClIydaiiHoe Oy K1aHue
JUIMHBI 71, KOTOPOE 3aKaHYMBAETCSI B BEPILINHE (2x —(x+1)+ l)modm =X

Teneps paccmorpum P,,. IlycTs BepinHa, rae HaunHaeTcs OnyxaaHue, nmeeT Homep k. He tepsist obuHoCTH,
OyZeM CTPOUTh OTOOPaKEHHE MHOXKECTBA OJTY>KIaHHMA P(x + 1) BO MHOYECTBO P(x), rme x > k. B nannom

CiTydae MBI IMEEM €IMHCTBCHHOE cepoe pedpo — (x, x+ 1). B Onyxnanuu 0, a,, ..., a, ;, x + 1 onpenenum
TNOCJIC/HIOK BEPIUMHY @; = X, SBISIOLLYIOCS OelbIM KOHLOM ceporo pebpa. [l i < j 3ananum oTobpaxeHue
Kak / (ai) =a;, Ui i > j — Kax [ (al.) = a, — 1. Ilomy4uBIIMiics MyTh OCTAETCS HENPEPBIBHBIM, TaK Kak / (a I ) =
= l(x + 1) =x= l(aj).

Wmest 5TH 0TOOpakeHMsI, MBI MO’KEM UCTIONB30BaTh TeopeMy | Ha MpoM3BEICHUX IUKIIOB U 1enel. B yact-
HOCTH, 3aKITIOUaeM CIIEAyIoIIee.

Caencrue 1. Ilycmov epagh G — m-mepnas pewemxa (mopudeckas  ciyiae npou3sedeHus Yukios uu
Keadpamuas 6 ciyuae npousseoenus yenet). [na noovix ve G, n € N u maxux w, w' e G, umo w <, w), ge-
POSIMHOCMb MO0, YMO CVYAHOe OIYIHCOaHUe ONUHbL N 3AKAHYUBAECMCSl 8 W', He Dobule, YeM epOSIMHOCHb
mo2o, 4mo OHO 3AKAHYUBAEMCS 8 W.

Bria npeanpuHaTa MOMBITKA JOKA3aTh aHAJIOTHYHOE CBOMCTBO AJISI TPEYTONBbHOW penieTku (puc. 1), HO,
KakK 0Ka3aJioch, OHa He o0nagaeT moJo0HO MOHOTOHHOCTEIO.

Brruucnenus Ha pemeTke Jist # = 5, HapuMep, TOKa3bIBalOT, YTO OYKIaHUE, HAuaBIlleecsl B BEPIIUHE V,
OTMEUYECHHOM BBIKOJIOTOW TOUKOM (pHC. 2), uepe3 Tpu mara Oy/leT B BEpIIHHE W ¢ BeposATHOCThIO ~ 0,124, a B ca-
MO BEpLIMHE V C BEpOSTHOCTHIO ~ 0,118, B TO BpeMst Kak v <, w.

IKCTPEMAJIBHOCTH Pe3NCTOPHBIX PacCTOSHUI

Pe3ucropHoe paccTosiHMe — METpUKA, 3HaUEHUE KOTOPOW COOTBETCTBYET CONPOTUBIEHUIO MEKIY BEPIIH-
HaMH B JICKTPUUECKOH 1IeTH, TOCTPOSHHOM 1o 00pa3sy rpada, rae pedpa — eMUHUYHBIC PE3UCTOPHI, OHA W3
JIBYX paccMaTpuBaeMbIX BEPIIMH — MCTOYHUK, a Jpyras — CTOK. 3akoHbl Kupxroda mo3BosioT MOCTPOUTh
cUCTEeMY YpaBHEHHI JJIsl MOTCHIMAIOB B BEPLIMHAX Tpada, pelnB KOTOpYIo 10 3akoHy OMa MOYKHO HaWTH
W caMO CONpOTHBIIeHNE. Bripouem, Jaske Al OTHOCHUTEIBHO HEOONbIINX rpad)oB BEIYHCICHUE 3HAYCHUH CO-
IPOTUBIIEHUH C IIOMOILBIO 3TOM CUCTEMBI — JOCTATOYHO TPYAOEMKHUI IIPOLECC, U IIPU UCCIIEOBAHUN CBOMCTB
PE3UCTOPHOTO PACCTOSHUSI YaCTO OKa3bIBACTCSI yI00HEEe 00XOIUThCS O3 HEero.
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' 0,049 0,104 0,118 0,104 0,049
7 BEpILIUH
Puc. 1. TpeyronbHas peleTka Puc. 2. BepoATHOCTH JOCTHXKEHUS

Fig. 1. Triangular grid K)KIOH 13 BEPIIUH Oy JaHUEeM JUTHHBI 3

Fig. 2. Probabilities for each node
to be reached by a random walk of length 3

ConpoTHBIICHHE CBA3aHO CO ClydaliHBIMU OJyXIaHusMU. BenuunHa, paBHash MareMaTHndecKoOMy OXKHJIa-
HUIO YKCJIa [IaroB, KOTOPOE MOTPeOyeTCs «HEJICHUBOMY» OJY»KIaHUIO, HAYaBIIEMYCsl B BEpPIIMHE @, YTOOBI
BIICPBBIC JJOCTUTHYTh BEPIIUHBI b, Ha3BIBACTCS BPEMEHEM JOCTYIa, OHA MPOMOPIMOHAIbHA PE3UCTOPHOMY
PacCTOSTHUIO R(a, b) ¢ k03¢ UIIMEHTOM, PaBHBIM YUCITy pedep B rpade.

Haunem ¢ uccrenoBanus MoNoXKeHUs B rpade BEpIIUH, COMPOTUBICHHE MEXTYy KOTOPBIMH MaKCHMAJIBHO.
Hwxke OymeT npoJeMOHCTPUPOBAHO, YTO MAKCHMAILHOE COTMPOTHUBIICHUE JOCTHIACTCs MEXKY Hanbosee yia-
JICHHBIMH JIPYT OT JIPyTa BEPIIHHAMH JUIS TAKUX TPadoB, KaK, HATPUMED, PEIICTKU U TOPbI. IHTYUTHBHO MOXKET
MOKa3aThCsl, YTO TOT XKe MPHHIKI Oy/IeT JeiicTBOBaTh B 00IIEM cily4ae, Ho 3To He Tak. Hampumep, paccMoTpum
rpad Ha puc. 3. Ero auamerp 4, ¥ ¢IUHCTBEHHAS Mapa BEPIIMH ¢ TAKUM PACCTOSTHUEM MEXKIY HUMH — 3TO V U U.
CormpoTtuBneHue R(u, v) = 0,44, B TO BpeMs Kak R(x, w) = 0,56, a R(x, y) =1,11.

X

O

Puc. 3. Ilpumep napsl BepILIMH
€ MaKCHMAaJIbHBIM PACCTOSHUEM U HEMAKCHMAJIbHBIM COINPOTHBICHUEM

Fig. 3. Example of a pair of nodes
with maximal distance but not maximal resistance between them

BepHeMCﬂ K TOpaM u peHIeTKaM, JUUISL KOTOpI)IX I/IHTyI/ITI/IBHOC HpCI[HOJIO)KeHI/Ie OKa3bIBACTCA BepHLIM.
Ha rpade G(V, E), conepxkamem N BepimH, BBeAeM (QyHKIHIO

fnewm)= 3 (n-x)

vi,vj)eE

(3HaueHue x, COOTBETCTBYET BepiunHe v;). CorntacHo [10]
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1 .
—_— = inf Flxy, oo, X0 ).
R(a,b) x;eR,x,=1,x,=0 ( b ’ N)
[Tpruem nHOUMYM B JIEBOH YaCTH JOCTUTAETCS B CTAIIMOHAPHON TOYKE (QYHKIHH f, KOOPIWHATH KOTOPOM
SIBJISIFOTCS] TOTEHI[MAJIaMU B COOTBETCTBYIOIIUX BEPIIIMHAX CETH.
I'pad H, 11 KOTOPOTO CyIIECTBYET TAKOW TOPSIOK (vl, ey vN) BEPILIUH, YTO JUIsI JTF0OOTO HAOOpa vmcen
X; < ... <Xy ¥ 1000H €ro NepecTaHOBKH G

f(xl, e xN) < f(xc(l), e xG(N)),

OyzeM Ha3bIBaTh ynopsgoueHHbIM. Creayromas TeopeMa — yaydlieHHas: Bepcusi TeopeMsl 4 padotsl [10]: B Helt
COIIPOTUBIICHUE MAaKCUMHU3UPYETCS Cpasy MO JBYM BEpLIMHAM YHOPSIOYEHHOTO rpada, a He 0 OTHOM.
Teopema 2. [lycmsb epagh H ynopsioouennsiii. Tocoa ons n06020 ceaznozo epaga G pesucmopHoe paccmosi-

Hue R((a, vi), (b, vj)) 6 epae G x H makcumanvuo npui=1, j=N.

I[ OKa3aTCJIbCTBO. HyCTI: {MCV} — [OTCHIHMAJIbI B BEPpIIMHAX IIPU YCJIOBHUH, YTO IMOTCHIIUAJI B UCTOY-

weGXxXH
HUKE (a, VI) PaBEH HYIIIO, a IMMOTCHIAJI B CTOKE (b, Vj ) PaBE€H €ANHUIIC. Torz[a €CJIM HaM yIaCTCs IoKa3arhb, YTO CHUC-

= = < 4
TeMa MOTCHIINAJIOB {“w }werH’ e U, ., 0,a Uiy, vy) 1, TakoBa, 4TO f({uw}werH) < f({uw }We GxH),
TO U TeopeMa Oy/IeT JoKa3zaHa.

3aMeTnM, 9To, TTIOCKOIIEKY B TOUKAX-TTOTEHITHAIAX TOCTHTACTCS HHPUMYM f, He00sS3aTeTbHO HYKHO HCITOJh-

30BaTh pCAJIbHBIC 3HAYCHUA TOTCHIIUAJIOB, JOCTATOYHO MTPUAYMATh 000 Ha6op qUCECII {xw} COOTBET-

weGXxH’
CTBYIOIIMX BepiinHaM, riae 0 U 1 cOOTBETCTBYIOT (a, vl) " (b, vy ), JUTS KOTOPOTO BBITIONHAIOCH ObI HEpaBeH-

T

JJis Kax10# BepIIUHBI (c, v ) € G X H 3amaguM nmoTeHIAaIbI Z s U, y,) KAK u('
N

’
em)? 0 Yo vy)

):0,31/1(

, yoo-

c,vl)’ c,v

pAZAOYEHHBIE TIO BO3PACTaHUIO. 3aMETUM, YTO MPH ITOM JIEHCTBUTEIHHO MOIy4aeTCs Uy, bovy) = 1.
[TokaxxeM, 4TO 1O CPaBHEHUIO C TIPEIBIAYLICH CHCTEMOH 3HaUeHHE f HE YBEJINUMUIOCH.
Paccmotpum rpad H, acconuupoBaHHBIN ¢ BepIMHOHN ¢ € G. Uucna B HEM Tenepb YHOPSIOYEHBI B COOT-
BETCTBHU C MOPSIIKOM, 3aJaHHBIM Ha caMoM rpade, a 3Ha4MT, / Ha HEM He MPEBOCXOAUT f UCXOTHOTO rpada.
Hanee nepeiinem k pedpam, coequnsommm 18a rpadga H B G x H. Bocnonb3yemces TpaHCHEPaBEHCTBOM:

17151 Ha0opoB x; < ... <xy Uy, < ... <Yy ¥ NEPECTaHOBKHU NN UUCEI G BEPHO

N N 5
2<
2 (—y) < Z(Xk_yc(k)) :
k=1 k=1
[Moce mpou3BeIeHHOTO HAMU YIIOPSIIOYMBAHSI YHCIIa B BEPIIMHAX JIFOOBIX MBYX rpadoB H u3z G x H npen-
CTaBJISIIOT COOOM Kak pa3 TaKKe OJIHOMOHOTOHHBIC HA0OPHI, a 3HAYUT, f/ HA HUX HE OOJIbIIE, YeM f MCXOTHOTO
rpacga. Mrak, TpeOyemas cucrema rnocrpoeHa. TeopeMa Jioka3zaHa.
C OMOIIIBIO ATOH TEOPEMbI MOXKET OBITh JJOKa3aH U Oosiee o0Imii pe3ynbTar (0osee cradasi BEpCHs TaKKe
npusezaena B [10]).
Teopema 3. [Iycmb G — 0exapmoso npousgedenue ynopsaoovennvix epagos H,. [Ipomusononodcnvimu 6y-

0eM Ha3bl8amb 8ePUIUHbL V = (vl, s vn) uw= (w], ce W, ) 20e cywecmeyem makou nopsiooK Ha kaxcoom H,,

umo v, u w; — nepea:i u nocneousis BEPULUHBL 6 HEM COOMBENICNBERHO. Tozcoa maxcumanvroe conpomuejlieHue
na G docmuzaemces Ha nape npomu6onosl0HCHBIX 6EPULUH.

HJoxasartenscTBO. byneM paccmarpusarh H| ¢ IOPSAOKOM BEPIIUH (vl bV N) Kak H u3 Teope-
MBI 2, a OCTaJIbHYIO YacTh Npou3BeneHus kak G. Torma st moOwIX 4, j, @, b BepHO R((v1 i a), (v1 I b)) <

< R((v1 1> a), (V1 N> b)), ¥ 11apa BEPUIMH C MAKCHMMAJIbHBIM COIPOTUBIEHHEM — 3TO (vl 1 ) u (v1 N> ) Amna-

JIOTUYHO MOXKHO paccMarpuBarh Kak / mo6oii u3 rpados H,. B koHLe KOHIIOB Be3zie OyayT BHIOpaHBI epBast
U TOCJIEAHsA (B COOTBETCTBUHU C IIOPSAKOM Ha /1;) BEPIIMHBL

CaencrBue 2. Eciu G — npousgedenue noinvlx epagos, yeneii u Yyuxios, mo MakCumMaibHoe ConpomueJe-
HUe 8 Hem 00Cmu2aemcs Ha nape camulx yOaileHHblX Opye Om Opyea 6epuiuH.

HoxazarenbcTBo. Comacho [10] nenb u uuki — ynopsinoueHssie rpadsl. [lopsaok BepiuH nenu co-
BIIAJIa€T C T€M, B KOTOPOM OHU COEIMHEHBI B 3TOH Lenu. Bepmunel nukna Cy, IpOHYMEPOBaHHBIE 110 KPYTY,
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MOKHO YHOPSJI0YUTH KaK (vl, Vo, Vs V3 Vs ) JIns BepHIMH MOIHOTO Ipada MoAoHAET M000H MOPAIoK.

Taxum 00pa3om, IPOTHBOIOIOKHBIMH B 3TOM rpade SBIAIOTCS BEPUINHBI, PACCTOSHUE MEX/Ty KOTOPHIMU MaK-
CHUMAJIBHO.

Juis n-mepHOTO Ky0a MOYKHO TTOMTH AAJBIIE U C TIOMOIIBIO TEOPEMBI 2 TOKa3aTh MOHOTOHHOCTh COTIPOTHB-
JIEHU! OTHOCHUTENBHO I'€01€3NYECKUX PACCTOSIHUI.

YrBep:xaenue. [lycts v, u, w — Takue BepUIMHBI #-MEPHOTO Ky0a, 4TO I T€0Ie3NYECKUX PACCTOSTHUN

MEKy HUMH BEPHO a’(v, u) < d(v, w). Torna R(v, u) < R(v, w).
JokaszarenbcTBO. Byaem 3anaBarh BepIIMHbBI Ky0a uepe3 /7-MEPHBIC BEKTOPbI, COCTOSINNE U3 HYJCH
u enuaAI. [Tockompky KyO — BepITUHHO-TPAH3UTHUBHEIN Tpad), MOXKeM 3a(DUKCHPOBATH V = (O, . O). Kpome

TOro, 4JIs TIFOOBIX BCPIIVH U U W, HAXOAAIINUXCSA HA OAHOM U TOM K€ paCCTOAHUN kot V, CYLLIECTBYCT aBTOMOP-
(1)PI3M KY6a, HCpeBOZLﬁI]lII/Iﬁ uBWH OCTaBJ'IﬂIOH.[I/Iﬁ V Ha MECTEC, — 3TO NEPECTAHOBKA KOOPAUHAT BEKTOpA, 3aAar0-
aIero BEpUINHY, KOTOpas BO3MOXHA 6nar0zlap5[ TOMY, UTO KOJIMYCCTBO CAWHUI] B BECKTOpAX MJIA # U W OJUHA-

xoBo. Takum o6pasom, R(v, u) = R(v, w), eciu d(v, u) = d(v, w), u B anbHeiilmem 1pu cpaBHEHUH BEPUIMH
C Pa3HBIMH PACCTOSHUSIMH JI0 V MOJKHO 0€3 TIOTepH OOITHOCTH paccMaTpUBaTh JIFOOYIO TIapy TaKUX BEPIITHH.
OueBUAHO, YTO €CIIK U = V, TO U3 d (v, u) <d (v, w) caenyet 0 =R(v, u) < R(v, w) (kax MeTpuKa, pe3u-

CTOpHOE paccTosHue Heotpuuarensro). [lycrs teneps d (v, u)=k, d(v, w)=k +1, 0 < k < n. B kauectse u
BBIOEpeM BepmuHy | 1,...,1, 0, ..., 0, 0 |, B kagectBe w — BepmuHy | 1,...,1, 0, ..., 0,1 |. Temepsr obparmmcs
i i

k Teopeme 2. I'pap G —a3t0 (n - 1)-MepHLH7I KyO, KOTOpBIH 3a1aeTcsl IepBbIMU n — 1 KoopAuHaTamy, 3a H = P,

OTBEYaeT Mmochenanss koopauHara, a=|0,...,0|, b=[1,...,1,0,..., 0| Takum oOpa3om, mosydaemM, 4TO
—

n—1 k n—-1-k
R(v, u) < R(v, w). YuuThiBasi, 4TO 3TO BEPHO IS BcexX k oT 1 10 n —1, MOXKeM MOCTPOUTH IIETIOYKY HEpa-

BEHCTB, B KOTOPO Mapbl BEPIIMH MO COMPOTUBICHUAM OyIyT YIMOPSAIOYCHBI TaK XKe, Kak M0 PACCTOSTHUSM.

B uenom, ojHako, pe3uCTOPHOE PACCTOSHUE SIBJISIETCS MEPOM CKOpee KOJMMYeCcTBa MyTed MEeXIy BepIu-
HaMH, YeM UX JUIMHBI, U TIOJ00OHOE COOTBETCTBHE MEXKIYy HUM U TEOJe3NYECKUM PACCTOSHHEM — JOBOJIHHO
HEECTECTBEHHOE CBOMCTBO. [laske /Ist MeHee AlIeMEHTapHBIX BAPHAHTOB PENIETOK M TOPOB ATOTO HE HAOIIO-
naercsi. Ha puc. 4 npusenena passeprka topa Cs x C;, C CONPOTUBICHUSIMU MEXy OIHON (PUKCHPOBaHHON
BEPIIMHON (BBIKOJIOTAsI TOYKA) M BCEMH OCTaJIHHBIMHU BEPITMHAMH (3HAYEHHS OKPYIJICHBI 10 TPETHETO 3HAKA).
MO’KHO 3aMETHTb, HAPUMEP, UTO BEPIITHHBI CO 3HAUYECHUAMHU cotnpotuBieHuit 0,742 u 0,698 HaxomaTCs Ha pac-
CTOSIHUSIX 2 U 3 OT BBIKOJIOTOM TOYKH COOTBETCTBEHHO.

Ha puc. 5 npuBezieH npuMep HEMOHOTOHHOCTH JIJISl PEIIETKH, TJ€, B YACTHOCTH, CONTpoTUBIeHUsIM 1,451
u 1,510 cOOTBETCTBYIOT paccTostHus S5 U 3.

1,030 l0,982 l0,904 10,803 10,698 l0,636 10,698 10,803 10,904 l0,982 ll,030 1,046

1,029 0,978 0,893 0,774 10,622 0,478 0,622 0,774 {0,893 0,978 1,029 1,046
L 4 L 4 L 4 L 4 L 4 L 4 L 4 L 4 L 4 L 4 o—

—e

1,028 0,975 0,884 0,742 0,505 0,000 0,505 0,742 0,884 0,975 1,028 1,045
L 4 L 4 L 4 L 4 D L 4 L 4 L 4 L 4 L 4 o—

O)

1,029 0,978 0,893 0,774 10,622 0,478 0,622 0,774 {0,893 0,978 1,029 1,046
—@ L 4 L 4 L 4 L 4 L 4 L 4 L 4 4 L 4 L 4 o

1,030 |0,982 |0904 0,803 [0,698 [0636 [0,698 [0803 0,904 [0,982 [1,030 [1,046

RO

Puc. 4. Conporusnenus B Cs x C),

Fig. 4. Resistances in Cs x C),
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1,902 1,691 1,701 1,835 2,136
[ 4 4 4 ®
1,510 1,395 1,451 1,592 1,835
[ 4 L 4 L 4 L 4 @
1,156 1,133 1,267 1,451 1,701
[ 4 L 4 L 4 L 4 @
0,699 0,865 1,133 1,395 1,691
[ 4 L 4 L 4 L 4 @
00,000 '0,699 '1,156 '1,510 ® 1,902

Puc. 5. Conportusnenus B Ps x Ps
Fig. 5. Resistances in Ps X Ps

3akJrouenue

B pabote mosy4eHs! clieayromnue pe3yabTaThl.

1. Beizesien knacc rpaoB, Uit KOTOPBIX BEPOSITHOCTH TOTO, UTO Cly4aiiHOE OyXaaHue (PUKCHUPOBAHHOM
JUTMHBI 3aKOHYMUTCS B JAHHON BEPILUHE, YIOPSII0YEHBI B COOTBETCTBHHU CO CIIa0BIM MOPSIAKOM BEPILHUH IO Ireo-
JIe3UYECKUM PACCTOSTHHSIM.

2. Inst knacca rpa)oB yCTaHOBJIEHA Mapa BEPILUHMH, MEKAY KOTOPBIMHU AOCTUTACTCSl MAKCHUMAIbHOE TI0 BCEMY
rpady pe3ucTOpHOE PAaCCTOSHUE.
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BEPOATHOCTHAS MOAEAD MAPIITAAAA — OAKHHA,
ITIOPOXAEHHASA PACIIPEAEAEHVEM TEUCCBE,
AAA OIINCAHUA AAHHBIX BPEMEHMU )KXU3HUAU

Jloe. T. ST BEPHIOV

Ddeoepanvuviii ynusepcumem nepmanvix pecypcos 6 dpdypyne, wim. Jenvma, Huzepus

ToyHOCTh MaTEMaTHYCCKUX BHIBOIOB 3aBHCHUT OT IJIAHA YKCIIEPUMEHTA U MPUHSTON Moaenu. B HacTosieM uccieno-
BaHUM JUTs ONMCAHMS JAHHBIX BPEMCHH KH3HH UCIIOJIb30BAaHO 0000IICHHOE paclpeieliecHUe BeposITHOCTe Mapriasia —
OJKUHA, TOPOXKICHHOE pacipe/esieHueM Telicche. XapaKTepUCTHKH MPEIIOKCHHOW MOJCITH H3Y9CHBI U IIPEICTABICHBI
B 3aBepiieHHo# Gopme. [TokazaHo, YTO B YACTHBIX CITydasiX HHTEHCUBHOCTh OTKA30B MOXeT UMeTh (opmbl J u U, yObI-
BaTh M BO3pacTaTh. [IpecTaBiIeHbl pe3yIbTaThl IMUTAIIMOHHOTO MOJIEIIMPOBAHKS C HCIOIb30BaHHEM MeToia MoHTe-
Kapiio yist pa3nu4Hbix KOHGHUTYpaIHii HapaMeTpoB NPU MEHSIFOLIMXCS pa3Mepax BbhiOopku. Ha ocHOBaHMH MOMy4YeHHbBIX
PE3YIBTATOB UMUTAITUOHHOT'O MOJACIIUPOBAHUS U ITPOBEACHHOI'O aHAJIM3a Ka4€CTBA COOTBETCTBUA MOACJIN pC€aIbHBIM JIaH-
HBIM BPEMCHH JKU3HU YCTAHOBJICHO, YTO MCCIICOBAaHHAS B PA0OTE MOJIEIb SIBIISCTCS THOKOM, XOPOIIIO HHTEPIPETHPYEMOH
Y TIPUMCHUMOM B CPAaBHCHHH C IPYTUMHU [[BYXITAPAMETPHUYCCKUMHE PACIIPEICIICHISIMA BEPOSITHOCTEH.

Knroueswie cnosa: pactipenenenue l'ommepria; pacrpenenenne Mapmamia — OJIKHHA; pacIpeieeH s, HTOPOKICHHbIC
pacnpenenenuem Telicebe; pacnpenenenue Telicebe.

bnazooapnuocme. Viccienoanue NpoBOaUIOCH 03 (PHHAHCOBOW TTOJIEPIKKH.

Kongpnuxm unmepecos. ABrop 3asBiisier 00 OTCYTCTBUU KOH(IIUKTA HHTEPECOB.

THE MARSHALL - OLKIN TEISSIER
GENERATED MODEL FOR LIFETIME DATA

J. T. EGHWERIDO®

*Federal University of Petroleum Resources Effurun, Delta State, Nigeria

An accurate mathematical inference depends on the experimental design and the model adopted in the process. Thus, in
this study Marshall — Olkin Teissier generated distribution was used to present the distribution of the true nature of lifetime
data. The characteristics of the proposed model were examined in a closed form. The behaviour of the new model indicated
that the hazard rate of the submodels could be J- and U-shaped, decreasing and increasing. Monte Carlo simulations were
presented for different configurations of parameters with varying sizes. The results of the simulation and goodness-of-fit of
the real lifetime data show that the Marshall — Olkin Teissier generated model is flexible, tractable and applicable when
compared to some classical two parameters distributions.

Keywords: Gompertz distribution; Marshall — Olkin distribution; Teissier generated distributions; Teissier distribution.
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Introduction

An accurate mathematical conclusion is drawn when an accurate, flexible and applicable statistical dis-
tribution is used to express the true nature of the data set obtained from the scenario. However, many statistical
distributions have been used in the fields of survival analysis, quality control, reliability theory, ecology, econo-
mics, medical sciences, actuarial science and others in modelling the behaviour of lifetime processes. Of utmost
importance is the use of probability in ascertaining the quality, quantity and control of random processes. This
is the result of the inherent stochastic nature of random processes. Thus a classical probability generator is
a probability distribution that can generate several other recent probability densities.

The Teissier distribution is one of the statistical distributions with a parsimonious parameter like the expo-
nential distribution in modelling lifespan scenarios and mean residual life functions with Gompertz, exponen-
tial and Weibull characteristics in modelling stochastic processes. Thus the Teissier model has been used in
modelling failure and mortality from wear and ageing [1]. The Teissier distribution has an inherent monotone
increasing function. However, lifetime processes are increasing non-monotone in nature (see [2—4]). Hence,
there is a need to extend the classical Teissier distribution to account for the pitfall of the constant failure rate
embedded in the Gompertz, Weibull and exponential distributions in modelling stochastic processes. The Teis-
sier distribution does not account for a non-monotone increasing hazard rate such as the unimodal failure rates
and the U-shaped rates that are commonly encountered in medical sciences, reliability theory, stochastic pro-
cesses, thanatology and genealogy. Thus there is an urgent need to improve the Teissier distribution so that it
can reflect the non-monotone increasing feature.

However, adding additional parameters to the existing classical statistical distribution has helped to im-
prove the flexibility of many statistics models. Thus providing a very rich satisfactory statistical inference is
germane to making good and reliable decisions. One of such interesting methods in stochastic modelling is the
Marshall — Olkin model [5].

Nevertheless, for a random variable # and parameter L the probability density function (PDF) of the Mar-
shall — Olkin is specified as

f(W, u):%’ u>1, w>0.

[1 - ﬁG(w)]

The cumulative distribution function (CDF) of the Marshall — Olkin generated model is designated as
G(w)

[1-HG(w)]

where g(w, 1) = d(;(w) is the baseline and parent PDF, i = (1 — u) and G (w) = (1 — G(w)) with the CDF G(w).
W

F(w, )= u>1 w>0,

Thus, the transformed transformer (7— X)) method [6] of generating a flexible family of classical distribution with
a link function —log[ 1 — G(w) ] can be adopted to obtain the Teissier generated family as the PDF and the CDF as

£(0) =B ()1~ () [ b ()] 1) 0T for >
and
G(w)=1— (1= M(w) P40 gor B,
where m(w) and M (w) = [ m(w)dw are the parent classical distribution PDF and CDF.

The development of a generahsed family of distribution models that provides a parameterised mathematical
function, a simple and efficient algorithm for the parameter estimation of data sets of various characteristics,
has become an interest to researchers. Thus several Marshall — Olkin methods of adding parameters in the
researched studies such as [7; 8—15] and alpha power Teissier in [16] were examined.

In this article the Marshall — Olkin Teissier (MT) generator is introduced with the prefix MT to improve
the performance and flexibility of the parsimonious Teissier distribution. The MT generated model hazard rate
function could be J- and U-shaped, decreasing and increasing in nature. Thus the proposed model extends
and pushes forward the frontier of knowledge in many applied areas in statistics. However, few methods of
improving the Teissier distribution has been in the existing literature. These methods include the Teissier dis-
tribution proposed in [17], the exponentiated Teissier distribution proposed by [18] and the bivariate Teissier
distribution proposed by [19].
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The Marshall — Olkin Teissier generated distribution

Let W be a random variable for w € R. Then the PDF and CDF of the MT generated distribution can be
defined as

upm(w)(1- M (w)) P* 1)((1 ~M(w) " - 1)e‘ (1=

f(wauaB): B 2 fOI'H,B>O,W>0
[1 _ ﬁ(l _M(W))—Belf(lfM(w)) }
and
B 1-(1-Mmw) P
1-(1-M
F(w, W, B)= ( (W)> ¢ for u, >0, w>0,
1—afl- —B 7(17M(w))7B
H(1=M(w) e
dM(w) . Y
where m(w) = r and M (w) are the parent classical distribution and p and B are the scale and threshold
w

parameters respectively. The MT generated hazard rate function can take the form
~(B+1) B 1= (1= M(w) P
() (1= ()] (1= M () = 1)l M)

[l ) T

h(w, 1, B)=
B (1)
1-(1-M(w)) e
B - (1= m(w)) P
=R w P

The MT generated hazard rate is increasing function if § > 1 and p > 1, while it is decreasing if f < 1 and
W < 1. It can be observed that when L = 1, we obtain the Teissier generated family of distributions.

The quantile function of the MT generated model for a uniform interval p € (0, 1) can be obtained using the
Lambert function /¥ that satisfies the equation I (¢)=exp (W (t)) =t € [~1, ). Then for (1- M (w))_B >0 we

1-—

(PH-1)e

-1 - . .
have W_, (p—] = (1 -M (w)) B. Thus the quantile function of the MT generated model can be defined as

o bl

where W, is the negative branch of the Lambert function .

Estimation

Parameter estimation. Several approaches for obtaining the parameter estimate of models have been pro-
posed in the literature. However, the maximum likelihood method is one of the most commonly employed
methods. Hence the maximum likelihood method was employed to obtain the parameter estimate of the pro-
posed MT generated model in this section.

Let the likelihood of the MT generated model be denoted by ®. Then the log-likelihood of ® can be specified as

k k
log® = nlogy + nlogB + Y logm(w,, €)= (B+1), log(l -M(w,, 8))+
d=1 d=1

k k k
+210ng(wd)— ZRd(wd)— ZlogTd,
d=1

d=1 d=1
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where R, :(1 —M(wd)) P_
N el—(l—M(Wd))_B Hz

The parameters estimate of the MTG model can be obtained by taking the partial derivative of the log® and
equating it to zero. We have

I; € is the parameter vector; 7, z[u— (u—l)[l— (1 - (1 —M(Wd))’ﬁ) X

_zk“Td/,u(Wd’g)_o (0

k kT’ ,
’—_ZR;,B(WWE)_ZM:O Q)

and

alogszimé(wd,e)JF(BH)i MYy e) o Rie(w:)

k
= D R (wpn8) = Y = 3)
d=1
However, in all cases symbol ” represents partial derivative of the corresponding parameter estimate. Equa-
tions (1)—(3) are non-linear. Thus the model parameters in the equations can be obtained using the Newton —
Raphson method in R [20] and MatLab.

Special model

The performance of the MT generated model is assessed using the Weibull, Gompertz and Lomax distribu-
tions. Plots of equations (4)—(9) for some selected parameter values are given in fig. 1-3. The plots in fig. 1
show the density, hazard rate function and CDF of the MTG generated model. The plots in fig. 2 show the den-
sity, hazard rate function and CDF of the MTW generated model. More so, the plots in fig. 3 show the density,
hazard rate function and CDF of the MTL generated model. The plots in fig. 1, @; 2, a, and 3, a, indicate that
the MT generated model is very adaptable and flexible with the value of o having a weighty effect on the mo-
del kurtosis and skewness. On the plots in fig. 1, b; 2, b, and 3, b, we observe that MTG model can be used in
solving a variety of statistical problems in modelling reliability data, because its hazard rate function can be ex-
pressed as U-shaped, increasing, decreasing, or initially increasing, then decreasing and eventually increasing.

The MTG distribution. Suppose for a random variable X the PDF and CDF of the Gompertz distribution

P

Ox — ~{e™ -1 L
is given as m(x) = pe e( ) and M (x) =l-e e( ) respectively for positive parameters p and 0. Then
the PDF and hazard rate function of the MT generated model is specified as

(o0 B)= e R e o

et o oo T
(el gewa) o)

oo e 1]

h(w, W, B) = > X

w—(u- 1)[1 - [exp(—S(exp(Gx) - 1))]B ]el ) (e""(‘%(e"p(ex) “)D_B

and
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‘ ([exp(—%(exp(ex) _ 1)))_5 _ 1}‘ ~(oo{-Beowon-0) "

(ol o)
‘ o T T
w— (- 1)[1 - [exp(-e(exp(ex) -1))} ]e

The MTW distribution. Suppose for a random variable X the PDF and CDF (for x > 0), say m(x)=

=p0°xP~ 16—(ex)p and M (x) =1- e—(ex)P respectively (for 6 > 0, p > 0) of the Weibull distribution. Then the PDF
and hazard rate function of the MT generated model is specified as

0= 000 e o -(007 )| (el )1 )

fetimy]

uBp6°xP ~'exp (—(Ox)p )(exp(—(@x)p ))_(B . ((exp(—(ex)p ))_B - 1)

B o\ TP 1—(exp(—(6x)p))_[3 2 8
[u—(u—l)(l[exp((ex) )} ]e }

- -

®)

1- (exp(—(ex)p ))

X e

and

B 1—(exp(—(9x)p)) P

1—(exp(—(6x)p))_B 1- (exp(—(ex)p)) e

1= _
{M —(u- 1)[1 - [exp(_(ex)p)]ﬁ]el —(exp(—(ex)p)) B }

(7

The MTL distribution. Suppose for a random variable X the PDF and CDF (for x = 0), say m(x) =

—-(0+1) -0
= g{l + g} and M (x) =1- [1 + g} respectively (for a scale parameter p > 0 and a shape parameter 6 > 0)

p
of the Lomax distribution. Then the PDF and hazard rate function of the MT generated model is specified as

N ISR

S(wu,B)= ; ®)

oo T
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and

h(ow, . B) = i _ 4, )

General statistical properties

In this section the statistical properties of the MT generated model are discussed. However, simplification is
carried out on the proposed model to enable the proposed model to be presented in a simple manner.

Let |s|<1and ¢ > 0. Then the expression (1—s) " can be simplified as

- T
(1-s°=Y L(c+d) 57
/=0 T(c)a!
where F() is the gamma function. Thus the PDF of the MT generated family can be specified as a linear com-
bination of the Teissier generated distribution as
= I(d+2
f(w)= z %u(l - ].L)dg(w, B(d+ 1)), u>0, w>0.
d=0 :

Also the CDF can be expressed as
F(w)=3,
t=0

Moments. The MT generated » moment can be obtained as

u; =§O¥M(l— W)’ K (),

I(r+1

" )(1 - u)tG(w)(_?’(w).

where K (r)= jwr g(w, B(d +1))dw. The mean of the MT generated model is obtained when r = 1. Various
0

moments can be obtained by varying the values of 7.
Probability generating function. Let w,, w,, ..., w, be the random variable sampled from the MT gene-
rated model. Then the MT generated probability generating function is given as

u(1-p)'B(a)

o (log?)'T'(d +2)

!
dazo ald!

where
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Probability weighted moments. The parameters and quantile of the MT generated model can be obtained
using the probability weighted moments (PWM). Thus the MT generated PWM for » > 1 and s > 0 can be

obtained as
o T(d+2)[T(e+1)] -
- 3 T -y vt )

1!
where

R(t,d)= jowrg(w, B(d+ 1)) G*(w) G”(w) dw.

Moment of the residual. The » moment of the residual life of the MT generated model, say d,(t)z
= E[(W— t)r| W > t} forr=1,2, 3,4, ... can be obtained uniquely as

R P W s B )

where

However, the » moment of the reversed residual life, say D, (¢)= E [(t - |w< t} for £ > 0 can be defined as

I(d+2)

where t
R(a, d) =Iw“g(w, B(d + 1))dw.

Entropy. Entropy is the measure of uncertainty. Thus the Renyi entropy is expressed as

R.(v)= (l_lu)log[i WAL R u)"} D(v)

d=0

whereD jg d+1)d

Order statlstlcs Let W\, W,, ..., W, be MT generated random samples of size n and W(l), W(z), ey W(n) the
order statistics of the processes. Then the PDF of the j order statistic W > say f; ( ) is defined as

P T G
i (=D (n =) [1—a(l—M(W))‘BeI-U—M(w))‘BT

J=1 n=Jj

L (1= () PO

-8

(1 B 1—(1—M(w))‘B
! (1-M(w)) "e

w>0,3>0.

The minimum and maximum order statistics are obtained when j = 1 and j = n respectively.

Application

An application to demonstrate the tractability and flexibility is given in this section. The MT generated
submodels are compared with some existing generating models of Weibull, Gompertz and Kumaraswamy.
A simulation and real-life applications are considered in this section.
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Fig. 1. MT generated plots
for the Gompertz model with various parameter values:
a— MTG density; b — MTG hazard rate function; c — MTG CDF
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Fig. 2. MT generated plots

for the Weibull model with various parameter values:
a—MTW density; b — MTW hazard rate function; c — MTW CDF
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Fig. 3. MT generated plots
for the Lomax model with various parameter values:
a —MTL density; b — MTL hazard rate function; c — MTL CDF
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Simulation study. A simulation is used to examine the tractability, flexibility and performance of the pro-
posed model with the submodels, Gompertz, Weibull and Lomax distributions. In the simulation study the es-
timated mean estimate is denoted by ME, the bias is denoted by Bias and mean squared errors by MSE [20],
software is used to obtain the simulation results. Random sample sizes of 5, 10, 20, 50, 100, 200, 250, 300,
450, 500 and 600 are used. The sample sizes are replicated 6000 times for the value of the estimated parameter
u=0.25,B=1.50,p=1.25and 6 = 2.00 for the Gompertz model, u = 2.50, f = 1.60, p = 0.60 and 6 = 0.70 for
the Weibull model and p=0.50, B = 0.40, p = 0.70 and 6 = 0.70 for the Lomax model using the quantile function.

Table 1 shows the results of the simulation.

The mean estimates, biases and mean
squared errors Monte Carlo simulation results

Table 1

Model

ME

Bias

MSE

Gompertz

1.0157, 1.1885,2.0465, 1.3275

0.0157,0.1885, 0.5465,—-0.1725

2.2387,0.5569, 1.1076, 1.5291

10

0.5503, 1.2813, 1.6780, 1.7002

-0.4497,0.2813,0.1780, 0.2002

1.1246,0.4875,0.4573,0.6351

20

0.3554,1.3426, 1.4933, 1.8498

—0.644 6, 0.3426,-0.0067, 0.3498

0.7829,0.4013, 0.2439, 0.384 8

50

0.2592,1.4001, 1.3639, 1.8996

—-0.7408, 0.4001,-0.136 1, 0.3996

0.6683,0.3312,0.1260, 0.272 1

100

0.2456,1.4397,1.3071, 1.8912

—-0.7544,0.4397,-0.1929, 0.3912

0.0220,0.1862,0.0319,0.1096

200

0.2433,1.4656,1.2763,1.8766

—-0.7567,0.4656,-0.2237,0.3766

0.0163,0.1779,0.0275,0.0316

250

0.2437,1.4746,1.2671, 1.8721

—-0.7563,0.4746,-0.2329,0.3721

0.0108,0.0162,0.0154, 0.0240

300

0.2422,1.4744,1.2657,1.8710

—0.7578,0.4744,-0.2343,0.3710

0.0093,0.0143,0.0140, 0.0210

450

0.2452,1.4860, 1.2562, 1.8682

—0.7548,0.4860,—-0.2438, 0.368 2

0.0077,0.0134,0.0127,0.0171

500

0.2474,1.4938,1.2521, 1.8678

—-0.7526,0.4938,-0.2479, 0.367 8

0.0059, 0.0099, 0.0058, 0.0158

600

0.2495, 1.5006, 1.2478, 1.865 1

—-0.7505, 0.5006,-0.2522, 0.3651

0.0019,0.0037,0.0041, 0.0136

Weibull

3.0984,1.8692,0.7350, 0.724 8

2.0984,0.8692,0.2350,0.2248

1.5445,0.3159,0.1937,0.1211

10

3.2731,1.7685, 0.5964, 0.724 3

2.2731,0.7685,0.0964, 0.224 3

1.4101,0.2169,0.0537,0.1063

20

3.2434,1.7141,0.5627,0.7238

2.2434,0.7141,0.0627,0.223 8

1.1715,0.1583,0.0275,0.0917

50

3.0367,1.7106, 0.5590, 0.673 4

2.0367,0.7106, 0.0590, 0.1734

0.8990,0.0981, 0.0161, 0.0532

100

2.8336,1.7070, 0.5812, 0.644 8

1.8336,0.7070, 0.0812, 0.144 8

0.6782,0.0722, 0.0122, 0.0292

200

2.6601, 1.6648,0.6073,0.6492

1.6601,0.6648,0.1073,0.1492

0.4692,0.0497,0.0092, 0.0145

250

2.6203, 1.6505,0.6157,0.6412

1.6203,0.6505,0.1157, 0.1512

0.3899, 0.0432,0.0085,0.0120

300

2.5085, 1.6336,0.6211,0.6401

1.5885,0.6336,0.1111,0.1501

0.3364,0.0399, 0.0075, 0.0105

450

2.5038, 1.6023,0.6156, 0.6694

1.5338,0.6023,0.1356,0.1694

0.2147,0.0298, 0.0058, 0.0074

500

2.5024,1.5966, 0.6040, 0.6717

1.5354,0.5966, 0.1380, 0.1717

0.1949,0.0287, 0.0054, 0.0069

600

2.5005,1.5859, 0.6005, 0.6745

1.5235,0.5859, 0.1435,0.1745

0.1649,0.0255, 0.004 8, 0.006 1

Lomax

1.1175, 1.8662,0.7310, 0.718 8

2.1175,0.8662, 0.2310,0.2188

1.5439,0.2928, 0.1876, 0.1158

10

1.2638, 1.7546,0.5955,0.736 4

2.2638,0.7546,0.0955,0.236 4

1.3417,0.2172,0.0556,0.1102

20

1.2585,1.7148,0.5596, 0.723 6

2.2585,0.7148,0.0596, 0.223 6

1.1901, 0.1568, 0.0272, 0.0908

50

1.0350,0.7174, 0.5579, 0.6710

2.0350,0.7174,0.0579,0.1710

0.9278,0.0361,0.0163,0.053 1

100

0.8403,0.7092, 0.5806, 0.6420

1.8403,0.7092, 0.0806, 0.1420

0.2769,0.0292, 0.0126, 0.0277

200

0.6719,0.6662, 0.6079, 0.6477

1.6719,0.6662, 0.1079, 0.1477

0.1852,0.0194, 0.0093,0.0144

250

0.6215,0.6490, 0.6159, 0.6526

1.6215,0.6490, 0.1159, 0.1526

0.0958,0.0132, 0.0082,0.0113

300

0.5030,0.6357,0.6218, 0.658 1

1.5930,0.6357,0.1218,0.158 1

0.0428,0.0103,0.0077,0.0104

450

0.5052,0.5052,0.6342,0.6680

1.5452,0.6052,0.1342,0.1680

0.0139, 0.0096, 0.0060, 0.007 7

500

0.5005, 0.4009, 0.6385,0.6716

1.5305,0.5959,0.1385,0.1716

0.008 6, 0.0084, 0.0056, 0.0070

600

0.5002, 0.4002, 0.6424, 0.6757

1.5202,0.5842,0.1424,0.1757

0.0020, 0.0059, 0.0050, 0.0062
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The bias is calculated (for X) by
6000

BiaSW=m VVI—W)
i=1

Also the MSE is obtained as
6000

~ 1 “
MSszmg(Wi—W)

In table 1 the performance of the proposed model is examined. The mean estimated value tends to the true
values in all cases considered as the sample sizes increase. More so, the MSE decrease as the sample size in-
creases.

Real-life. A real-life dataset is used to illustrate the performance of the MT generated model. In the illustrations
given the goodness-of-fit of the submodels is classified using their p-values, Kolmogorov — Smirnov (KS)
test statistic, negative log-likelihood (log-lik), Cramér-von Mises statistic (W) and Anderson — Darling sta-
tistic (A). Figures 4—6 show the empirical densities and CDFs of the first, second and third dataset. Several
models are compared with the MT generated models of Gompertz, Weibull, Frechet, Burr XII and Lomax.
These include Gompertz — Weibull (GW), Weibull — Gompertz (WG), Gompertz — Lomax (GL), alpha power
Gompertz (APG), Weibull — Burr XII (WB), Kumaraswamy — Burr XII (KB), Kumaraswamy — Frechet (KF),
Kumaraswamy — Gompertz (KG), Kumaraswamy — Lomax (KL), Weibull — Frechet (WF), Gompertz expo-
nential (GE), gamma (Ga), Gompertz — Lomax and Gompertz — Burr XII (GB).

The first real data set refers to the stress-rupture life of kevlar 49 and epoxy strands subjected to constant
sustained pressure at the 90 % stress level until all had failed. This data set was studied by [21-25]. The data
are as follows

1.8, 1.8, 1.81, 2.02, 2.05, 2.14, 2.17, 2.33, 3.03, 3.03, 3.34, 4.2, 4.69, 7.89, 0.01, 0.01, 0.02,
0.02,0.02, 0.03, 0.03, 0.04, 0.05, 0.06, 0.07, 0.07, 0.08, 0.09, 0.09, 0.1, 0.1, 0.11, 0.11, 0.12, 0.13,
0.18,0.19, 0.2, 0.23, 0.24, 0.24, 0.29, 0.34, 0.35, 0.36, 0.38, 0.4, 0.42, 0.43, 0.52, 0.54, 0.56, 0.6,
0.6, 0.63, 0.65, 0.67, 0.68, 0.72, 0.72, 0.72, 0.73, 0.79, 0.79, 0.8, 0.8, 0.83, 0.85, 0.9, 0.92, 0.95,
0.99,1,1.01,1.02,1.03,1.05, 1.1, 1.1, 1.11, 1.15, 1.18, 1.2, 1.29, 1.31, 1.33, 1.34, 1.4, 1.43, 1.45,
1.5,1.51,1.52,1.53, 1.54, 1.54, 1.55, 1.58, 1.60, 1.63, 1.64.

Table 2 shows the MLEs with standard errors in parentheses and the measures A, W, AIC, KS, negative
log-likelihood and p-values with the stress-rupture data.

2

Table 2

MLEs and the test statistic for first data

Distribution Estimates Log-lik KS W A p-Value

fl=5.8857 (0.2620)
MTW P=32885 (0.8062) 82.56 | 0.0035 | 0.0003 | 0.0019 | 0.9814
6=1.0513 (0.776 7)

$=0.4481(0.079 5)

[l =0.074 5 (0.040 3)
B=0.2209 (0.1639)

MTG . 89.41 | 0.0054 | 0.0008 | 0.0022 | 0.9548
6=0.6518 (0.2371)
® =0.3355 (0.000 2)
L=0.102 4 (0.082 6)

MTE B =0.5816 (0.277 0) 92.81 | 0.0704 | 0.0452 | 0.0160 | 0.8741
6=0.1058 (0.098 3)

L=0.399 0 (0.1653)
B =0.740 0 (0.000 0

MTL p ( ) 93.28 0.0906 | 02510 | 0.3536 | 0.7775
6=1.3804 (0.656 1)

$=0.0745 (0.000 0)
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Continuation of the table 2

Distribution

Estimates

Log-lik

KS

W

A

p-Value

MTF

[L=0.9338 (0.069 3)
B=0.4721(0.1891)
6=0.1653 (0.020 5)
$=0.6363 (0.102 3)

96.08

0.0932

0.3503

0.5016

0.7639

MTB

L =1.0961 (0.684 5)
B =0.066 0 (0.000 0)

6=1.9499 (0.0001)
$=0.5214 (0.0911)

100.00

0.0995

0.3894

0.6024

0.7522

KB

6=0.114 6 (0.052 3)
B =0.3254 (0.097 2)

6=1.4251(0.9151)
$=4.5665 (1.6679)

101.12

0.0999

0.4904

0.6198

0.6443

WG

fL=0.369 6 (0.232 6)
B =0.6902 (0.147 4)
§=2.0139 (1.2141)

$=-0.4921(0.1481)

101.15

1.0028

0.0805

0.7378

0.6205

WB

6=0.9141(0.1039)
B=0.1369 (0.0118)

6=1.2445 (0.1057)
$=6.1457 (0.073 0)

102.42

1.0821

0.1412

0.8443

0.5030

KG

[1=0.792 0 (0.1829)
B =0.2521(0.044 6)
6=3.7911(0.3021)
$=-0.027 4 (0.085 2)

102.58

1.0883

0.1680

0.9658

0.4093

GL

[l =0.266 6 (0.437 0)
B =0.7889 (0.179 5)
6=2.8184 (5.2237)
$=13583(0.4577)

102.59

1.1788

0.8639

1.0043

0.4063

GB

L=0.8795 (0.201 4)
B=0.3509 (0.3214)

6=1.2267 (0.3202)
$=2.4355(2.2372)

102.68

1.1842

0.9214

1.1573

0.4014

GW

[L=1.7833 (12.012 4)
B=4.7085 (9.8791)

6=0.0442 (0.129 7)
$=0.1470 (0.3557)

102.87

1.1854

1.0038

1.1598

0.4003

KL

{L=0.9253 (0.055 6)
B=5.7165 (0.000 0)
6 =0.029 4 (0.049 6)
$=5.2205 (0.000 0)

102.94

1.1926

1.1030

1.1804

0.3509
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Ending table 2

Distribution Estimates Log-lik KS W A p-Value
L =20.2781 (4.604 0)
B=-0.2 :
WF P 02712 (0.0306) 102.97 1.1937 1.1187 1.1917 0.3760
0=-3.4104 (0.2777)
¢ =25.6038 (0.2329)

=24.9400 (65.1117)
0.908 6 (0.086 8) 103.00 | 1.2894 | 1.1201 | 1.2739 | 0.3539
0.028 6 (0.074 7)

o
GE B
)

6.=1.4727 (1.189 0)
APG B=1.1825(0.336 4) 103.10 | 1.3886 | 1.1483 | 1.2828 | 0.3053
6=-0.0955(0.1127)

1=5.5352 (3.126 7)
B =324.1089 (327.764 8)
6=0.1450 (0.024 4)
$=12144 (4.4818)

106.67 1.4297 1.4038 2.1526 0.0666

The second data set below is obtained from [26] as used in [27]. It represents the time to failure (103 h) of
the turbocharger of one type of engine. The data are

2.0,39,5.0,5.6,6.1,6.5,7.1,7.3,7.8, 8.1, 8.4, 2.6,
8.3,8.5,3.0,4.6,5.3,6.0,8.7,8.8,1.6,3.5,4.8,54,

The results of the goodness-of-fit are given in table 3.

2 2

45,5.1,58,63,6.7,7.3,7.7,7.9,
6.0,6.5,7.0,7.3,7.7, 8

3,77,

Table 3
MLEs and the test statistic for second data

Distribution Estimates Log-lik KS w A p-Value

{l = 0.486 4 (0.028 9)
B=0.7589 (0.929 3)
6=0.3904 (0.2390)
$=1.6277 (0.4479)

MTW 62.61 0.0108 0.0037 0.0291 0.9957

fL=0.969 8 (0.776 6)
B =0.7918 (0.499 3)
6=0.0122 (0.005 5)
$=02731(0.142 3)

MTL 64.94 0.0203 0.0138 0.1397 0.9679

L=1.2063 (1.399 7)
B=0.3300 (0.125 2)
6=0.2543 (0.0001)
$=0.176 6 (0.000 1)

MTG 69.76 0.0879 0.0283 0.2168 0.9165

[L=5.8081(0.4091)

B=2.8726(0.1930)
6=0.097 7 (0.009 3)
$=3.5877 (0.4220)

MTB 73.20 0.0928 0.0877 0.6326 0.8807
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Continuation of the table 3

Distribution Estimates Log-lik KS W A p-Value

L=0.7649 (0.3309)
B =0.4293 (0.030 4)
6 =0.494 2 (0.239 6)
$=1.782 6 (0.247 4)

MTF 74.79 0.1025 0.1186 0.8320 0.7944

& =0.3016 (0.000 0)
B =1.3109 (0.000 0)
6 =0.1550 (0.000 0)

$=2.2756 (0.887 7)

GW 79.15 0.1796 0.2234 09714 0.7613

L=0.7554 (0.3957)
B =0.3872 (0.488 6)
6 =0.0097 (0.012 4)
$=0.7163 (0.1619)

KG 79.81 0.1826 0.2327 1.1237 0.7474

6.=1.7842 (2.369 8)
APG B=0.0108 (0.0102) 79.94 | 0.1871 | 0.6125 | 1.2327 | 0.7213
6=0.5841(0.1158)

fL=0.0111(0.0122)
GE B=0.9725(1.1608) 79.95 | 0.1961 | 0.6229 | 12625 | 0.7045
6=0.6476 (0.7419)

[L=0.044 5 (0.058 7)
B=6.5649 (7.9237)
6 =0.039 4 (0.000 0)
$=3.0837 (3.6737)

GL 80.22 0.2929 0.6431 1.2667 0.5795

[L=0.8038 (5.066 5)
B=19.0220 (31.5247)
6=0.6571(0.186 7)

$=18.2216 (40.7352)

GF 80.28 0.3180 0.7364 1.2841 0.5368

[L=0.022 2 (0.049 0)
B=109855(1.2425)
6 =0.028 8 (0.000 0)

$=11.1181 (8.658 4)

WL 80.51 0.3297 0.8395 1.3061 0.5306

{L=0.0069 (0.004 7)
B =0.9576 (0.6158)
6=3.8599 (2.5857)
$=1.7927 (0.376 8)

WF 82.59 0.4105 0.8888 1.6505 0.5125

{L=0.0040 (0.0019)
B=2.8798 (2.0136)
6 =0.6563 (0.278 0)
$=1.6107 (1.2637)

WB 83.39 0.4222 0.9009 1.7298 0.5079
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Ending table 3
Distribution Estimates Log-lik KS W A p-Value

L=4.9797 (1.074 2)
B=33.6129 (25.9336)

KL P 84.49 | 0.5089 | 09269 | 1.8130 | 0.5007
6=0.014 0 (0.006 6)
$=7.3936 (3.509 7)
{L=6.262 5 (0.000 0)
B=581.3908 (351.452 6
KF p 208 ( )| s6.18 0.6110 | 1.0731 | 19007 | 04078

6 =0.486 8 (0.067 5)
¢ =7.099 7 (0.000 0)

i = 43.913 3 (0.000 0)
B=85.7011(54.587 7

KB p ( ) 86.67 | 06114 | 1.1034 | 22040 | 0.4034
6=1.8023 (0.000 0)

¢ =0.509 2 (0.000 0)

&.=7.718 (1.689 1)
G ¢ 8741 | 07201 | 02051 | 13607 | 03239
a B=1234 (02790)

The third data consists of the lists of the number of deaths caused as reported by the Centers for Disease
Control and Prevention on 6 February 2015 in ten of thousands (www.cdc.gov) (see [28, p. 6]). The data are
as follows

61.1105, 58.488 1, 13.0557, 12.8978, 8.4767, 7.5578, 5.6979, 4.1149.

Table 4 shows the MLEs with standard errors in parentheses and the measures A, W, AIC, KS, negative
log-likelihood and p-values with the lists of number of deaths data for the MT generated models and some
classical statistical distribution models.

Table 4
MLEs and the test statistic for third data

Distribution Estimates Log-lik KS W A p-Value

{L=0.696 0 (0.172 0)
MTF p=0.1200(0.0831) 2842 | 0.1679 | 0.0332 | 02590 | 0.9508
6=1.0843 (0.2830)

$=3.3191(0.042 8)

L=0.1288 (0.0115)
B=1.6198 (0.1285)
6=0.0223 (0.004 1)

$=1.4292 (0.0838)

MTL 28.54 0.2013 0.0732 0.4999 0.8429

l=2.5840 (1.5241)
B =0.8732 (0.250 4)
6=0.3290 (0.0779)
$=5.8648 (2.7369)

MTB 29.56 0.2027 0.0739 0.5033 0.8371

L=0.0657 (0.199 5)
B=0.1176 (3.046 8)
6 =0.2982 (8.329 4)
$=0.9293 (0.2828)

MTW 29.61 0.2050 0.0834 0.5567 0.8274
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Continuation of the table 4

Distribution Estimates Log-lik KS W A p-Value

{L=0.024 2 (0.095 3)
B =0.0431(0.4355)
6=0.4551(4.7291)

$=0.0129 (0.025 6)

MTG 29.71 0.2071 0.0957 0.5759 0.8179

&= 4.090 4 (0.000 0)
KF p=00854(0.0302) 3093 | 02539 | 0.1068 | 0.5856 | 0.7759
6=10.0374 (0.1181)

$=3.5943(0.1132)

fL=0.9088 (0.937 6)
B=0.2686 (0.166 4)
6=2.3470 (1.738 5)
$=11.7384 (8.9583)

WF 31.11 0.2691 0.1374 0.6188 0.5820

L =16.0638 (0.567 6)
B =0.1098 (0.063 3)
6=0.7655 (0.109 2)
$=-0.0170 (0.0210)

KG 31.22 0.2769 0.1463 0.6233 0.5805

fL=11.1513 (75.020 3)
B=2.5241(1.005 4)
6=0.013 4 (0.000 0)
$=8.3168 (0.000 0)

GB 31.42 0.2858 0.1880 0.5762 0.5759

[1=5.3909 (22.7691)
B =2.3987 (0.826 3)
6=0.0289 (0.1102)
$=4.7381(16.6691)

WB 31.44 0.2944 0.1889 0.5810 0.5525

[l =44.0261 (104.661 4)
B=0.5269 (0.655 4)
6=0.3317 (3.5855)
$=6.3291(68.262 6)

31.56 0.2988 0.1950 0.5901 0.4491

[L=5.9856 (24.872 6)
B=23249(1.8700)
6=0.5917 (1.796 6)
$=0.1505 (0.206 8)

GL 31.82 0.3004 0.1999 0.6591 0.4376

6.=0.1887 (0.594 5)
APG B=0.0258 (0.0315) 3238 | 03108 | 02297 | 0.8018 | 0.4342
6=0.007 6 (0.022 3)

1=7.5695 (17.8991)
B=1.1883(0.6145)
6=0.0099 (0.016 6)

$=-0.0187 (0.0352)

WG 32.48 0.3159 0.2305 0.8465 0.4188
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Ending table 4
Distribution Estimates Log-lik KS W A p-Value

0= 6.297 7 (9.968 3)
GE B=0.9516 (0.2607) 3259 | 03173 | 02438 | 0.8748 | 0.4162
6 =0.0059 (0.007 7)

0.1534 (1.3781)
6.062 9 (14.095 6)
=0.0118 (0.0379)
=0.1129 (0.2816)

GW

X
g 32.64 0.3221 0.2459 0.8859 0.3695
G

[L=37.8065 (79.7357)
B=0.2458(0.3821)
6=0.1812 (0.402 6)
$=5.7881(11.1232)

KL 32.65 0.3322 0.2510 0.8967 0.3124

In the three datasets illustrated the MT generated models have the highest p-values and with the smallest
Akaiki information criteria. Thus it is chosen to be the best model for the data under consideration.

Conclusions

A family of distribution models that provides a parameterised mathematical function, simple and efficient, has
been the trend. Thus a model with the algorithm for the parameter estimation of data sets of various characteristics
and decision making has become an interest to researchers. However, Marshall — Olkin [5] proposed a major
transformation for adding a parameter to a classical statistical distribution. Thus a two-parameter method is
introduced for generating efficient, improved, and flexible classical models in distribution theory. The Lam-
bert ¥ function is implored to obtain the MT generated quantile function. The parameter of the proposed model
is acquired using the maximum likelihood. The outcomes of the real-life and simulation study show the rele-
vance and performance of the MT generated model. The results indicated that the MT generated is flexible and
tractable in terms of their goodness-of-fit. Thus stochastic processes in quality control and reliability studies can
be modelled using the MT generated distribution because of its U- and J-shaped hazard rate function.
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AN UPPER BOUND ON BINOMIAL COEFFICIENTS
IN THE DE MOIVRE - LAPLACE FORM

S. V. AGIEVICH*®

*Research Institute for Applied Problems of Mathematics and Informatics,
Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus

We provide an upper bound on binomial coefficients that holds over the entire parameter range an whose form repeats
the form of the de Moivre — Laplace approximation of the symmetric binomial distribution. Using the bound, we estimate the
number of continuations of a given Boolean function to bent functions, investigate dependencies into the Walsh — Hada-
mard spectra, obtain restrictions on the number of representations as sums of squares of integers bounded in magnitude.

Keywords: binomial coefficient; de Moivre — Laplace theorem; Walsh — Hadamard spectrum; bent function; sum of
squares representation.

Pesyabrarsl

Teopema Myaspa — Jlarniaca IpUMEHUTEIBHO K CHMMETPHYHOMY OMHOMUAIBHOMY PACTIPENIEIICHIIO MOXKET
OBITBH 3amKcaHa B BUJE CICAYIOIECH OLICHKH OMHOMHUAIIBHBIX KO(PHUINEHTOB:

(g )

2

JlaHHas OLeHKa CrpaBeyIuBa IPU 11 —> °© U

n . .
k— E‘ = O(\/; ), T. €. B TaK Ha3bIBa€MOU IIEHTPaJIbHOI 00nacTu

HM3MEHEHHs MapaMeTpoB.
To, 4TO OLICHKAa HOCUT aCUMITOTHYECKHI XapaKTep M CIpaBelJIMBa TOJIBKO B LIEHTPAIbHOW o0nactu, 3a-

TPYAHSET ee IPUMEHEHHUE B PsZC cllydaeB (HEKOTOPbIE U3 HUX PACCMOTPEHBI B HacTosLeH padoTe). Mi3BecTHBI

HEaCHUMITOTHYECKHE OLIEHKH, KOTOPbIE CIPaBEUIMBLI B OoJiee IMPOKKUX obnacTsix. Hanpumep:

k . k
< T <D 1<k<n,
k k k
nsz/n nsz/n
(j ,1<k<n—1,
/81{ 1—— /2nk 1——

e H,(x)=—xlog, x — (1- x)log,(1 - ) (cMm. cootBercTBeHHO [1; 2, chapter 10, lemma 7]). Oanako 1160

9TH OLIEHKH HEAOCTATOYHO TOYHBI, THOO UX (hopMa OKa3bIBAETCSI HEAOCTATOYHO YAOOHOM.
ABTOpOM HalJIeHa OIIEHKA CBEPXY Uil OMHOMHAJIBbHBIX KO3()(UIIMEHTOB, B KOTOPOH coxpaHsieTcs ¢opma
Myaspa — Jlanmaca, u pu 3TOM J1aHHAs OLIEHKA CIIPaBe/IjINBa BO BCeH 00J1acTH U3MEHEHHSI TapaMeTPOB.

Teopema. /[ns namypanviozo nu k € {O, L..., n} Cnpaseonsa oyenKkd

nin

2
) 2 k="
n 2 2 23
i < ——exp Yt

nn 18n
2

IIpu ee moCcTpoEHUU MCIIONIB30BAJICS MPEACTABICHHBIN B MyOmuKauu [3] moaxomd, B CBOIO 04epeb OCHO-
BaHHBIN Ha PsijIC MPE/IIICCTBYOIUX PadoT.

Jasnee B crarbe 00CyK1aeTCs MPUMEHEHUE MIOTyYEHHOHN OLIEHKH, @ UMEHHO: OIICHUBACTCS CBEPXY YHCIIO TIPO-
JIOJDKEHUH 3a/1aHHON OysieBor (DYHKIMH 10 OCHT-(QYHKIIMH, ONPEeNsIeTCs CTEIeHb 3aBUCUMOCTH KOOPIMHAT
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CIICKTPOB VYomma — A;[aMapa, HaxXoaATCs OTpaHUYCHU Ha KOJINYECTBO HpeI[CTaBJIeHI/IP'I HaTypaJIbHBIX YHCECJI
B BUAC CYMMBI KBaAPaToOB LCJIbIX YUCCJI, OTPAHUYCHHBIX IO MOAYJIIO, U IPUBOAUTCA JOKA3aTCIILCTBO TCOPEMBIL.

IIponoskenns 10 OeHT-QyHKIUI

ITycts [, — none u3 aByx anementos (0 u 1), F) — n-mepHOe BekTopHOE mpocTpancTBo Hax IF,, F, — MHO-
’KecTBO OyneBbIX QYHKIMI OT 7 IepeMeHHBIX, T. €. Gynkiwmit ) — F,. [ing f € F, onpeneneHa ceKTpanbHast
¢dbyskmus (cnextp) Yomma — Agamapa:

)= 3 (rtx)+xu) wes

) v a
31ech ) — HeTPUBUAIbHBIN aAJUTUBHBIN xapakrep [Fy: x(a)=(-1)", a Touxa oGo3HauaeT CKaNAPHOE TIPOH3-
BEJICHHE BEKTOPOB.
st criektpa f cripaBeiuBo ToXkIecTBO [lapcesarns:

D ]?(u)2 =2

n
uel;)

B cuny sToro ToxaecTsa max,

f (u)‘ > 2" Ecm HIDKHSIS TPAHHIA JOCTHIAeTCst (3TO BO3MOYKHO TOIBKO

IIPH YEeTHBIX 1), TO f Ha3bIBaeTcs Oenm-gyuxyueti [4]. Ilycts B, — MHOXKeCTBO OCHT-(DYHKIIMI OT # IEPEeMEHHBIX.

BenT-QbyHKIMY SBISAIOTCS WIealbHBIMUA O0BEKTaMHU B KOHTEKCTE HEKOTOPBIX 3aj1a4 TEOPUH KOIUPOBAHUS,
Kpunrorpaduu, KOMOMHATOpUKU. HecMOTpst Ha MHTEHCHBHBIE CCIIE0BAaHHS, OCHT-QYHKIIMN COXPAHSIOT CTa-
TYC TPYAHBIX JJISl U3YUYEHHS, CyLIECTBYET MHO)KECTBO OTKPBITBIX BOIIPOCOB, CBSI3aHHBIX ¢ HUMU. OJIMH U3 TaKHX
BOIIPOCOB — OIleHKA 4yKchaa OeHT-QyHKIMNA. B [5] s mocTpoeHus OIEHOK CBEpXy MPEAIOKEHO OICHHBATH
YHUCIIO TPOJIOIKEHHH OyneBoil GpyHKInM 10 OeHT-PyHKImHA. J[anee ocTaHOBUMCS Ha YUCIEe MPOAOIKEHUH,
pacKphIBas ¥ IETATU3UPYS MTOJIOKEHUS [S].

[Tycts k < n. ®ynkuus [ € F, aBusercs npooondxcenuem g € F;, eCiu

g(yl, e yk):f 0,...,0, y,...,
%,—/
n—k
Hpyrumu ciioBamu, f €CTh NMPOJODKCHHUE g, €CIU g SBISCTCS cyocenuem [ Ha aQUHHYIO TIOCKOCTh
E= {(0, v 0, 1y, 0, yk) 3, €, } Br16op £ B HamieM ciiydae He UMeeT MPUHIIUITHAIEHOTO 3HAYSHHSI: MOYKHO
3aUKCHPOBATH JTIOOYIO JPYTYIO INIOCKOCTHh PA3MEPHOCTH K.

Mycts B, (g) — MHOX)eCTBO Beex DyHKIWmiL f € BB, KOTOpbIE SBIIAIOTCS MPOIOIKEHUSMH g. laiee Mbl OlleHUM

n’

YHCII0 HpOI[OJ'DKCHI/Iﬁ B,,(g )| CBEPXY. I/ICHOHL3yeMBIfI METO OLCHUBAHUA OCHOBAH Ha IMPCACTABICHUU OeHr-

(GYHKIMH OCHT-ITPSIMOYTOIBHUKAMH. DTO MPeCTaBlIeHue ObUIO BBEJCHO B [6]. Onmiem ero.
Ilycts fe F,un =m + k, tne m u k — HatypanbHble unciaa. PaccMOTpuM BCEBO3MOXKHBIE CyXKeHHs [ Ha
IUIOCKOCTH, TapauieibHble £:

fuly)=f(u,y), uek, yeF;.

OT CyxKenHil f, TiepeiiieM K HX CIIeKTPaM f,, @ 3aTeM MOCTPOHM (yHKIIHFO
0
2 k
f(u,v)=f(v),ueF), vel,.

m
Omna HazpiBaeTcs npsamoyzonvHuxom f. Ilo moctpoenuto cyxxenus f (u, V) Ha V (cmpoku) SBISIOTCS CIEKT-

m

—k)2

panbabivME GyHKupsIME. Eciu gononautensHo cyxenus f(u, v) Ha u (cmoabysl), TOMHOXKEHHbIC Ha pm =&Y ,
0

TaKKe SIBJISIOTCS CIEKTPAIbHBIMU (DYHKIUSIMU, TO f Ha3bIBACTCS Oenm-npsmoyeonvhuxkom. B [6] mokasano,
m
410 f — OEHT-(yHKLUS TOrAA U TOJIBKO TOINA, Koraa f — OeHT-IPSMOYTONbHHUK.

B TepmuHax OEHT-IIPSIMOYTOJIBHUKOB 3a/1aua OIICHKU YMCIIa TPOAOJIKCHUH |Bn ( g)| CBOJIUTCS K OIICHKE YHCJIa
O

6€HT—Hp$IMOyFOJ'IBHI/IKOB f , I€pBasi CTPOKa KOTOPBIX (l)I/IKCI/IPOBaHaZ
O

F(0,v)=g(v).
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Cpazy ormernm, uTo 1ipu k > qu CYIIECTBYIOT (DYHKIINH g,

g)| = 0. IIpu-
MepOM SABISAETCS (PYHKIUS, KOTOpasi MPUHAMAET B TOYHOCTH 214 HYJIEBBIX 3HAUEHHUU, U MO3TOMY §(0) =2.

Oynxus 27K £ (u, 0) conepKUT HEYETHOE MM AAKE APOOHOE 3HAUCHUE
O
2(m - k)2 f((), 0) _ 2(m - k)/2§ (0) _ 2(m —k)/2+1

m
U He MOXKET SBJIAThCS CIEKTPaIbHON QyHKIuel. Caen0BaTeabHO, f HE MOXKET ObITh OEHT-IPSMOYTOJILHUKOM.
n
Ilpu k < > CUTyaIlusl MEHAETCS: KaK MOKAa3bIBAET CIEAYIOIICe MPEII0KEHUE, TPOJOIKEHNE g 10 OCHT-
(hysaKMH Beera cymiecTByeT. C IMOMOIIBIO TEOPEMbI MBI OIIEHUM CBEPXY YHCIIO TIPOIOIIKESHUH.

Mpennoxenne 1. [Ipu uemunom n oaa arobou bynesou hynkyuu g om k Sg nepemMeHHbIX MHONCECTBO
B,(g) nenycmo. Cnpaseonusa oyenxa

logy|3,(2)| < 2" (1= 1,04 )
8 Komopoti
_log,e+log,m+log,M -1 23log,e
M 2M 18M?

Joka3zaTenbcTBo. CHayana T0KaKeM, 9TO
YTOIBHUK

A ( g)| # 0. JlocTaro4Ho pacCMOTPETH Cliydait k = g [psimo-
o
fu,v)=g(u+v), u,velF,
peanuzyeT oOnadGUHHYO KOHCTPYKIHIO U3 [7] U TO3TOMY SIBJIICTCSI OCHT-TIPSMOYTOJIbHIUKOM. CJIe/10BaTeIIbHO,
COOTBETCTBYIOITIAs jD‘ ¢bynkuns f nexut B B,. bonee Toro, nepsast (mpu u = 0) cTpoka jD’ COBIIQ/IaeT C g, U, 3Ha-
ant, [ sBseTcs npogomkerrem g. B ienom f'e B, (g), 1, Takum o6pasom, B,(g) Hemycro.
m

Ilepeiinem K onieHke

3 ( g)| cBepxy. TpeOyeTcst OIIeHUTh YUCIIO0 OEHT-NPSIMOYTOIBHUKOB [ (u, V) TaKUX, YTO
i
f(0, v) = §(v) O603Haq1/n\é M=2" K=2F S, = olm= k)/zg(v).

(m—k)/2

Paccmotpum cTonOup! f, JOMHOXEHHBIE Ha 2 . Peub uzet o cnexrpanbHbIX QyHKIUSIX

0
g,(u)= olm= k)/zf(u, v), uelFy), vely,

0
KOTOPBIM COOTBETCTBYIOT pyHKIMH g, € F, . Mcxonsd u3 orpanuyenuii Ha f,

O
gv (0) _ 2(m— k)2 f(O, V) _ 2(m— k)/Zg(V) —s

v

M
Hmerorcs 2 BAapUaHTOB BLI60pa &y, 1 POBHO ( j N3 HUX NPUBOIAT K BBIIIOJHCHUIO PABECHCTBA

(M +3s,)/2

g, (0) =s,. [loaTOMy HCKOMOE YMCII0 MPOAOIKEHUH (UMCIIO MOAXOMAIINX OCHT-IIPSIMOYTOIBHUKOB) €CTh

IBn(g)|<v5F ((M+Ms )/2)'

.HOl"apI/I(i)MI/IpySI 00€ JacTH 3TOro HCPABCHCTBA U UCIIOJIb3Y: OLICHKY TCOPCMBI, MMOJIydYacM

log, |B |< Z (M 0Ly, 52 BM)
3 ve]FéC
nech
Inge , By = (log2 T+ log,M —1) - —231?]328.

Bocnonp3oBaBminich PAaBCHCTBOM

z s2=2""k z §(V)2: 2=k 2%k = MK,

VE]sz VEIFé‘
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OKOHYATCJIbHO MOJIydyacM

log, Bn(g)| < MK(I— o, — %) =MK(1-vy),

4TO U TpeOOBAIOCH JI0KA3aTh.
B noka3zarenbcTBe HCONB30BaIach CleayoIas (popMa OLEHKHA TEOPEMbI:

M —oys® =By

(M+ s)/2

ITo ko3 dunmentam o, u 3, Obl1a HaiieHa BeM4IUHA Y,, = O, + VM’ MMEHHO OHa Ompe/essiyia TOUHOCTh

OlIeHMBaHMS B rpeiokeHnn 1. OKa3pIBaeTCst, 9T Oy, U [3,, MOYKHO TIOATIPABUTH TAK, YTOOBI BEMUNHA ), YBEIHU-
YHJIach, HO OLCHKH JJIs1 ONHOMHAIBHBIX KO3()()UIIMEHTOB OCTANINCH B CHIIC.
ITpu maneix M ontuManbHbIE TPOHKH ((xM, Biss YM) MOXKHO HaWTH, pELIUB 33]a4y JIMHEWHOIO Iporpam-

MHPOBaHUs (CM. Ta6nnuy). 3HaueHHs Vi A3 TIOCTIEAHETO CTOJ'I6L[a Ta6J'II/II_H:I MOKXHO HCITOJIb30BAaTh B ITPEAJIONKEC-
HHHU | BMecTO YKa3aHHBIX TaM BEJIMYUH Y,,.

Pemenns 3a1a4n TUHEITHOr0 NPOrpaMMHpPOBAHUS
110 HAXOJK/ICHHUI0 ONITHMAJILHBIX 3HAYCHHH Oy, By, M Y,y

Solutions of the linear programming problem
to find the optimal values of o, B,, and v,,

M Oy Bu T
2| 1L I 3
2 4
4| L 4 1
6 3 2
log,7
g | Lo | Mgy [ 2187 455
12 3 3

JlaTMHCKHe 3aBUCUMOCTH

Iycts Z" — MHOMECTBO N-HaGOPOB LEbIX yrce, { — KOHEUHOE TOAMHOKECTBO Z, p — pacipe/eneHue
BeposiTHOCTEH Ha Q, a = (al, ooy aN) — ciyuaiiHblil Habop €2 ¢ pachpeseneHueM p, p; — MapruHaiabHOe pac-
npeaeseHue i-i KOOpJUHATHI Habopa: pi(x) = P{ai = x}, i=1,..,N.

CreneHnb 3aBUCHMOCTH MEXAy KOOpAWHATAMH a MOJKHO OLIEHHUTH I10 CIEAYIOLIEH cxeMe.

Ilar 1. BeiOpars ciay4aifHble He3aBUCHMbIE N-HaOOPHI a', ..., a" ¢ pactpenenennem p.

lar 2. CocraButh HabOp b = (bl, . bN), B KOTOPOM b, — i-51 KOOpJMHATA a’.

Ilar 3. OnpenenuTs CTENEHb 3aBUCUMOCTH: L( p) = P{b € Q}.

V10o6HO cuuTarh, 4T0 HAGOPHI A OOPA3yIOT CTPOKHU LIETOYMCIEHHON MaTpHIBI opsiaka N, u Torma b — quaro-
HaJlb MaTpuLpBl. BeposTHOCTL P{b € Q} XapaKTepu3yeT COOJIONCHNE OrPaHUUYEHUI Ha MaroHajb IIPU YCIOBUU
COOITIONICHHsT OTpaHNYeHUH Ha cTpoku. [Toxoxkue orpannueHust (Ha CTPOKH, CTONOIBI, HHOT/IA Ha JIMArOHaH) BO3-
HUKAIOT B JIATHHCKHX KBajpatax. [Toatomy OyzieM Ha3bIBaTh BENMUYHHY L ( p) CTETICHBIO IAMUHCKOU 3aBUCUMOCTH.

Benuunna L ( p) IPEACTABISIET COO0Ii BEPOATHOCTH YCIIELIHON «COOPKI» dIeMeHTa (2 U3 «Pa3pO3HEHHBIX»
KOOPAMHAT C PACHPEACTICHUAMH Py, ..., Py. C yBeIIM4eHHEM 3aBUCHMOCTH MEXAy KOOPAHHATAMHU A CIELyeT

0KUJaTb YMCHBIICHUA BEPOATHOCTHU L ( p) MaxkcuMainbHOe 3HaueHue L ( p) =1 AOCTUTACTCs TOTAA, KOTZ1a KOOp-
JUHAThI 4 HC3aBUCHUMBI.
CrereHb JJaTUHCKOM 3aBUCHUMOCTH MOXKHO BBIYHCIIMTD 110 CJ'ICIIYIOHICﬁ q)OpMy'J'ICI

o)=Y TIek)

(B, ..nby)eQ i=1
1
pumep 1. [IycTh p Ha3HAUAET BEPOATHOCTH NI nepectaHoBkaM uucen ot 1 10 N u BepoatHOoCcTh 0 BceM

1
ocranbHbIM Habopam. Toraa p;(x)= e {1, ..., N} u p;(x)=0 B nporuBHOM ciyuae. Orcrona
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MoxHo TOBOPUTH 00 SKCIIOHEHIIUAIbHON 3aBUCUMOCTH.

N
Ipumep 2. ITycth N 4yeTHOE, p Ha3HAYAET BEPOATHOCT 1/ [N/2j kaxzomy u3 (0, 1)-HaGopos uHBI N,

B KOTOPBIX B TOYHOCTH g equuui. Torma Pi(x) = 5 IS X € {O, 1}. Orcrona

L(r)= 2_N(NA/]2J ) %

MOKHO TOBOPUTB O CTEIIEHHOH 3aBUCUMOCTH (TOYHEE, 3aBUCHMOCTH THIIA «KOPSHBb KBaPATHBIIN ).
[TokaxeM, KaKk UCIIOIB30BaTh TEOPEMY JIJIsl OLIEHKH CTETICHH JIATHHCKOM 3aBUCUMOCTH B CIIEKTpax YoJjiua —
Anamapa (cM. paznen «[Ipogomkenust 10 OeHT-YHKINAN).
penoxenne 2. Hycmb Q cocmoum u3 HabOPOs 3HAUEHULl CHEKMPATILHBIX QYHKYULL f COOMBEMcmayouUx
ecegosmooicnoim f € F,, a p 3a0aem pasnomepHoe pacnpedenerue Ha 2. Tozoa

N/2
23 8
L(p)<ex , N=2"
(p) p(lS][neN]

JlokasatenbcTro. Umeerca 2" pynxumii £, mpeodpasosanne f > f OGHEKTHBHO, TOITOMY |£2| =2~
OnemenTsI {2 — 570 N-HaOOPBI YETHBIX YHCEJI, O'PAHUUCHHBIX 110 MOAYIIIO BEJIMUYMHON N. MapruHaisHbIe pac-

N
npeieIeHus] KOOpIUHAT HaOOpOB pi(x) =27V (N+ x)/2 , X€E {—N, -N+2,..., N}.

CrerieHb 3aBUCUMOCTHU KOoopAauHar

ORI | N+b)/2'

(bl,.. bN)eQ i=1

OOparum BHUMaHuUe, 9TO B CHITy ToxkAecTBa [lapceBas sz N
[Ipumenss Teopemy, UMeeM i

L( )<2 max H i+2 =
=l by)e Qi 2N 18N

2 V2 N 23 23\ g \V?
-2'( %) XP(-—+—)=“P(—) ’
N 2 18 18 )\ TeN

YTO U TPeOOBAIOCH T0KA3aTh.
Kak Bunum, crenens TaTHHCKOM 3aBUCUMOCTHU B CIIEKTpax Yoiuia — Ajamapa aCUMITOTHYECKH BbILIE, YEM
B IIepecTaHOBKaX. B cilydae CIIEKTPOB MOXXHO TOBOPUTH O (haKTOPHAIbHOM 3aBUCUMOCTH.

Hpe)ICTaBJ'IeHI/Ie B BU/1€ CYMMbI KBaJApaToB

Iyers 7, n(N ) — YHCJIO MPEJACTABICHUM LEN0ro HEOTPULIATEIbHOrO N B BUJI€ CYMMBI KBAaJIpaTOB § LIEJIbIX
YHUCEJl, OTPAHUYEHHBIX 110 MOJYJIIO HATYPaJIbHbIM 71

1

7 (N)= (al,...,as)ezs:iaizzN, a|<n

i=1
OyHKIUSA r, n( N ) 1 0COOCHHO (YHKIHS ’”s( N ), B KOTOPOH OrpaHMYEHUs Ha MOIYIHU @; CHATBL, IaBHO U3Y-
YaroTCd B TCOPUU YHCECII. Haan/IMep, N3BCECTHA aCUMIITOTUYCCKAsA MHTCTpaibHasA OLICHKA
R s/2
TR -1)2
S n()= A (R0 1) R e
I(s/2+1)

N=1
KOTOpas TpH s = 2 U3BECTHA KakK Kpyrosas Teopema ['aycca (cm., Haripumep, [8]).
C noMoIIbI0 TEOPEMBI TTOJTyYaeM CIIEAYIOLIYI0 HHTErPalbHYI0 OLEHKY s 7, (V).
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Hpenaoxenne 3. Cnpaseonrusa oyenka

Sn2
> r, (N)exp(— gj > (Tm)S/2 exp (——23S )
N=0

36n

Hoka3zartenbcTso. Habop (al, e as) SIBIISIETCS LIEJI0M TOYKOW S-MEPHOTO BEHIECTBEHHOTO MPOCTPaH-
crBa R’. Dra TouKa JISKHUT B TpeJeax s-MEPHOro Kyba cO CTOPOHOU 271 M OMHOBPEMEHHO Ha OKPY)KHOCTH

[ 2 2
C LICHTPOM B Hauajie KOOPIUHAT U PAJUyCoM 4/a; + ... + a, . JItobas Touka BHYTpHU KyOa JIEKHUT Ha OKPYXK-

HOCTH KaKOTO-TO pajuyca, IpHYeM KBaJIpar dTOTO pajnyca SBISIETCS IMEeIbIM HEOTPUIATeIbHBIM YHCIOM, HE
MIPEBOCXOIATITNM s7°. Bocmmonbp3yeMcest 5TUM HaOTIOACHUEM.

[ycts &y, ..., &, — Ccily4aiiHble BEIMYMHBI, KaXK/1asi U3 KOTOPHIX IOTydeHa CYMMHPOBAHHEM 271 HE3aBUCH-
MBIX CIIy9alHBIX BEJIMYHMH, TPUHAMAIOMNX 3HaYeHust 1 1 —1 ¢ paBHBIMH BEPOATHOCTAMHU. Toraa ISl TOYEK

(al, ceey Ay ), JIiC)KaluXx B Impeaeiax Ky6a, BBITIOJIHACTCS COOTHOIICHUEC

P{(&l,...,gs)=(2a1,...,2as)}=f[2—2”( 2 stexp(—%JrM).

s/2
i} n+a, (nn) 36n
3nece N = Zaiz — KBaJpaT paauyca OKpyKHOCTH, Ha KOTOPOH JIEKUT TOYKA (al, ey )

1
Cxka3zaHHOE 03HAYaeT, 4To

:NSz’i“O S P& d)=(2a o 20)b < D rs,n(N);eXp(_E+&)‘

s/2
-n<ay,..,a;<n N=0 (TU’Z)
ZaiZZN

Ortcrona cremyet TpeOyeMBbIid pe3yIbTar.

Jloxka3areibCTBO TeOpeMbI

Jlemma. /{na namypanvnoco n u k=0, x1, ..., £n cnpaseorusa oyenxa

2n - 22n k2+ 23
S X - — |
n+k J1n Pl ™% 36n

HoxazarenscTBo. OneHka 04eBUIHO BBITIOTIHETCS 11 k = 1. OHa npoBepseTcs MPsIMBIMU pacueTra-

2n 2n
Mu nipu 1 = 1, 2. bunoMuansHbie K03(hGUIIMEHTHI ( i u i coBmnanawT. [ToaTomy ocraercs pac-
. n+ n-—
cMmotpeTh cnydaii n >3 u 0 < k< n.
st aToro ciydas B [3] HaliieHa OLIEHKa

gl [ 2" o |<tog— — b — L
Eln+k B gm gy’

B KOTOpPOM

k+% K k—% k
by ,=n||1+ p 10g(1+;)+ 1- . log(l—;).

K c 23 13
Ocraercst 10Ka3arh, 4T0 by , > — — —, I ¢ = — + —=—

L , 36 9 4

Pacemorpum dynkimo f(k)=b, , - —- B [3] monyuero npeacrabnenne

Kookt k6(1 1)
k)l=-—+—|-—-—|+—<|-—— |+
f() 2n? 2n3(3 2nj 2n°\ 5 2nm
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[3n
Ilycts &y = > B o6nactu k < k, BBINOIHSAETCS HEPABEHCTBO

2
k* k c
fK)> = 2= =
2n 2n
Tenepb JOCTATO4YHO A0Ka3arb, 4TO f(k) Kak (byHK]_II/ISI BCUICCTBCHHOI'O apryMmeHTa BO3pacTacT B obmactu
kelky, n—1].

O603HauUM X = -, 1 BO3bMEM NPOH3BO/IHYIO:

k 2k k X
‘(k)=2arth| = |- — + =Jarthx -2y — —— —
flk)=2a (”) Ko T 2n<1—x2)
_2 2w x 20 w x
3 5 7 2n(1—x2) 3 5 2n(1—x2).

IIpon3BomHAs MTOCIETHETO BEIPAKEHUS HMEET BUT

(1+ xz)(4nx2(1 —x) - 1)‘

2n(1 -x* )2

n— 1 kO ’
OHa nonoxuTenpHa B 00NacTH X € | X, 5 |» TH€ X =, U B CHIIy 5TOTO f (k) BO3pacTaeT B 00jacTu

ke [ko, n-— 1]. Ocraercs cka3arb, 4TO

2x; Xy 1 1

(k) > - — 20 x| - ————— |20
R R A Y
n

(c yaerom, uto n = 3), 1 MOATOMY | (k) TaK)Ke BO3pPACTaeT.
[epetinem x A0Ka3aTeNbCTBY TeOpeMbl. JloCTaTOUHO pacCMOTpPETh City4aid HedeTHoTo #n =2m — 1 u k < m.

Nmeem
2m—1 k(2 2m k—m)
" :2m k[ =m S(l—i)z exp —( m) + 23 <
k 2m k 2m ) \mm m 36m
1\
gm-1 (k_erz) 23
< exp| — I + T +t(k)
1
_ = m— — 36| m— —
\/n(m 2) 2 (m 2)
3nech

1)V
k—m+ —
t(k)=—( ) + 2 +log2+log(l—zijzlog(2—£)—u.

m 1 m m 2m(2m—1)
m——

2
Jlocrarouno nokasars, uto #(k) 2 0 B o6nactu k € [0; m]. [Iponssonnas

(k)

2% 1 2(m-k)-m
2m*—m  2m—k (2m2 - m)(2m — k)’

/ m
IMO3TOMY MUHUMYM OOCTHUTa€TCA B TOUYKE ky=m — E, 1 OTOT MUHUMYM PAaBHACTCA

t(ko):log(1+ J;_m)_Hbﬁ
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O6o3HaunM x =+/2m. Umeem

11 x—1 >0,

2x2 1+x=2x2(x+1)

YTO U TpeOOBAIOCH 10Ka3aTh.
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TEOPETI/I‘{ECKAH

N IMMPUKITIAAHAA MEXAHUKA

THEORETICAL
AND PRACTICAL MECHANICS

VIIK 616.728:51

OIEHKA 3O®EKTUBHOI'O MOAVAS IOHTA
ITOPUCTOI'O TUTAHA C OTKPBITBIMUA ITOPAMMU
HA OCHOBE TPEXMEPHOT'O MACCHBA AYEEK I'MBCOHA - OIIIBA

A. B. HHKHUTHH", I H. MUXACEB"

1)Bejzopyccmu”t 2ocyoapcmaennulil ynugepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, benapyco

Lenp uccnenoBanust — onpenesenne ddexrrnBHoro Moayist FOHra mopucToro TMTaHa ¢ OTKPBHITHIMUA MOPaMH Ha OC-
HoBe Mozienn [ mbcona — Dmdw. [IpetokeHbI 1Be HOBBIE MOJIEIH B BHJIE TPEXMEPHBIX MAacCUBOB sueek [ nbcona — Dmon
C ZIByMS BApHAHTaMHU COEIMHEHUs BEPTUKAIBHBIX U TOPU30HTAIBHBIX 00K — MIAPHUPHBIM ONHMPAHUEM U YKECTKHM 3a-
IeMJICHHEM. PacdeTsl, BEIMOTHEHHBIE HA OCHOBE Pa3padOTaHHBIX MOJIENEH, COTOCTABIEHBI C PE3yIbTaTaMH H3BECTHBIX
MozieNel ¥ TUTepaTypHbIMU JaHHBIMH. JlOKa3aHO MPEOI0KEHNE, YTO PH BBICOKOI MOpUCTOCTH AedopmMalys o0pas-
1[OB ITPOMCXOAMT B OOJIBIICH Mepe 3a CUeT IPOruda ropu30HTANBHBIX 0AJIOK, @ IIPH YMEHBIIEHUH TOPUCTOCTH 3HAUUTEIb-
HYIO pOJIb HAYMHAET UIpaTh JeopManus CxKaTHsl BEPTUKAIBHBIX OaJIOK.
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ESTIMATION OF THE EFFECTIVE YOUNG'S MODULUS
FOR OPEN CELL POROUS TITANIUM BASED
ON 3D GIBSON — ASHBY CELL ARRAY

A. V. NIKITSIN®, G. I. MIKHASEV?®

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus
Corresponding author: A. V. Nikitsin (andy.nik@tut.by)

The objective of study is to determine the effective Young’s modulus of open cell porous titanium based on the Gibson —
Ashby model. Two novel models are proposed in the form of 3D Gibson — Ashby cell arrays with two variants for connecting
vertical and horizontal beams — hinged support and rigid clamping. Calculations made on the basis of the developed
models are compared with results of known models and literature data. It is proved the assumption that at high porosity,
the deformation of samples occurs to a greater extent due to the deflection of horizontal beams, and with a decrease in
porosity, the compressive deformation of vertical beams is playing an important role.

Keywords: Gibson — Ashby model; porous titanium; open pores; effective Young’s modulus.

BBenenue

HawuGonee yacto ucnosb3yemble MOAX0/Ibl K UCCIACIOBAHUIO MEXaHUYECKUX XapaKTEPUCTHK TOPUCTHIX CTPYK-
Typ, BCTPEUAIOIIMECS B HAyYHOW JIUTEPATYPE, MOKHO Pa3/i€IUTh HAa TPH OCHOBHBIE TPYIIIIBL:

* [IPE/ICTaBJICHIE IOPUCTON CTPYKTYPHI KaK KOHTHHYYMa C OCOOBIMHU XapaKTEPUCTUKAMHU KOMIIO3UTHOTO Ma-
Tepuana;

* OMMMCAHKE STYECK TIOPUCTON CTPYKTYPBHI C IOMOLIBIO TEOPUH 0ATIO0K, UMEIOIINX ONPEIeICHHYIO TOJIIIHHY
CTEHOK;

* IPSIMOE MOJIETMPOBAaHUE BHYTPEHHEH apXUTEKTYpbl METOJIOM KOHEUHBIX JIEMEHTOB C MCIIOJIb30BaHHEM
JAHHBIX KOMIIBIOTEPHOH TOMOTpaguH.

Hecmotps Ha TO 4TO mocneHAH MOAXO0A SBISETCS MAKCUMAaIbHO PHOIMKEHHBIM K peallbHOW MEXaHHUKE CO-
MIPOTHUBJICHUS MaTepralia, OH CIMIIKOM TPYAOEMOK JJIsl IPUMEHEHHSI HEMOCPEICTBEHHO K CTPYKTYpaM OOJIBILIOTO
pasmepa [1]. [Ipu MozxenupoBaHuy BCTABOK W3 MOPUCTOrO THTaHA B opMe Mapauiesenure/a nejiecooopasHee
UCTIOJIb30BATh MaTeMaTHUECKHe MOJIEIH, IIOCTPOSHHBIE HA TEOPUH OaJIoK.

[Ipeanoxennas B 1997 . mogens [nbcona — Jmbdu (MI'D) ans pacuera s¢pdexTuBHOro Moayas FOura
MOPHUCTBIX MaTE€PUAIOB C OTKPHITHIMU MTOPAMH SIBIISICTCS MICANTU3UPOBAHHON M MPEACTABISIET COOOH SUYEHKy
B BHJIE KyOa [2]. PeOpamu Takoi MozieNnn BEICTYAIOT OJJHOMEPHbIC KOHEUHBIE 3JIEMEHTHI THITa «0ajiKa» OJiHa-
KOBOH JUTMHEL. [IpH 3TOM BepTHKaIBHO PACTIONOKEHHBIE OAaJIKK HE UCIIBITHIBAIOT Ae(QOpMAaIIIO U 00eCTIeunBalOT
3aJIeNIKy TOPU30HTAIBHBIX OalOK BEpXHEH M HWKHEH TpaHell, K CepeJMHHBIM TOYKaM KOTOPBIX MPHIIOKEHA
BHemHsist cuia [3]. CootHotenune ['mbcona — DuiOu it TPEXMEPHBIX STYECUCTHIX CTPYKTYP HA OCHOBE OasioK
3aIUCBIBAETCS B BUJIE

_ E
E=—t=(1-9), (1)
ES
rne E — oTHOcHTENbHBIH MOxyih FOHTa; E;— s dexrnBHbiii Mozynb FOHra nopucroro tutana; E; — spdex-
TUBHBIIA MOIysb HOHra CIjIomIHOrO TUTAHA; () — MOPUCTOCTD (OTHOLICHHE TIOPOBOTO MIPOCTPAHCTBA K 00LIeMy
00beMy).

CootHomenne ['nbcona — DmbH, BEpOSTHO, SIBISETCS HanOoJee yaauHbIM COOTHOLIEHHUEM [JIsi IPOTHO-
3upoBaHus 3(PEKTUBHBIX CBOMCTB MaTEpHAaJIOB C BHICOKOM nopuctocThio (0onee 70 %) [4]. Onnako npume-
HEHME TaKOH MOJEeNN OrpaHUuYeHO Fe€OMETPUUYECKUMHU XapaKTEPUCTUKAMHU HCCIEAyeMbIX 00pa3LoB, OCKOJIb-
Ky MpeamnonaraeT paBHyI0 UIMHY peOep. Pacder mopucThIX CTPYKTYp, MMEIOMKX (OpMY PasHOCTOPOHHETO
napaienenuIesia, BO3MOKEH, €CIIU MPEACTaBUTh €ro 00beM B BUAE TPEXMEPHOI'O MAacCHBa ONPEIEICHHOTO
KOJIMYeCTBa KyOUUeCKHX siueeK. B aToM ciyuae kakaast OTAenbHas 4acTh JUCKPETHOM Mozenu siBisiercs MITD
C MCHTUYHON TeoMeTpHei, 001a1ast OTMHAKOBBIMA MEXaHUYECKHMHU CBOMCTBaMH.

Lesnp naHHOTO MCCIEIOBAaHUS — CO3JaHUE MAaTEeMAaTHYECKOW MOZEIN Ha OCHOBE siuencThix MI'D, onuchl-
BaloIIeH 1e(OpMaIMIo MOPUCTOTO TUTAHA C OTKPHITBIMHU ITOPAMH B 3aBUCIMOCTH OT CTEIICHU IIOPUCTOCTH.

MeTtoauka uccjaea10BaHus

Maremarnueckas MOJICIIb HOpHCTOﬁ CTPYKTYPBI C OTKPBITBIMU IIOpaMH, pacCMaTprBacMmas B HaCTOHHICﬁ
pa60Te, IpeacTaBIACT co0oii ,I[PICKpGTHI;Iﬁ HapaJiieJIeIuIiea pasmMmepom a x b x C, COCTABHBIC YaCTH KOTOPOI'o
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apisttoress MI'O. Kaknast Takas MOenb COCTOUT U3 12 oJHOMEpPHBIX OaloK paBHOM JIUHBI / C TTOTIEPEYHBIM
CeUeHHUeM ! x f. SI4eiKu pacnosaraioTcsi BEpTUKAIBHO U JOMOJHUTEIHHO K 3TOMY PacCHpeAesstoTCs O MI0C-
KOCTH B JIBYX HallpaBJIeHHUIX, KaK MIOKa3aHO Ha puc. 1, a.

KonudecTBo KyOMUECKHX 3JIEMEHTOB B Ka)kJIOM HAIpaBICHWH MMEET CBOE 3Ha4eHue — m, k, n. Slueiiku co-
EIMHSIIOTCSL MEXKJTy COOOH B CTOJIONIE IBYMSI )KECTKUMH OallkaMH BBICOTOH /1, KOTOpPBIE TIEPEIAt0T HAIIPSHKCHUE,
BO3HHKAIOIICE IO/ IEHCTBUEM CHJIBI ', OT BEPXHEU IpaHu MOAETH K HIKHEH. [loMrMo 3TOT0, cCamMu CTOIOIIBI
COCIMHSIIOTCSI MEXKy CO00H OaykaM¥ JUIMHOHW /, MPUKPEIJICHHBIMU K CEPEIMHHBIM TOUKaM pebep OOKOBBIX
rpaHei Kaxaou sueiiku. C MOMOINBI0 TAKMX T€OMETPHUYECKHX MapaMeTpPOB MOXKHO CO37aBaTh TPEXMEpPHBIE
MacCHBBI JTFO00I pa3MepHOCTH.

Ha puc. 1, 6, nokazana juHelHO-yIpyras aedopMaiiys oOTebHOMN sueiiku. COortacHO MaTeMaTHYeCKOM MO-
nenu ['mbcona — Dmon gedopmariis TpeXMEPHBIX CTPYKTYP € BBICOKOHM TOPUCTOCTHIO (60ee 70 %) mpoucxonuT
3a cUeT m3ruda O ropu30HTATBHEIX 6aiok [2]. [TocKoIbKY YMEHBIIIEHNE TIOPUCTOCTH 00pa3ia 00yCIOBICHO YBe-
JIUYEHUEM TIOTIEPEYHOTO ceueHus 0aioK, To mpu pacueTe 3ppekTuBHOrO Moayas FOHra HeoOXomumMo Takxke
YUYHUTBIBATh 1e(OPMALIUIO BEPTHKAIBHBIX CTOCK O, U O,

ala o/b

Puc. 1. MatemaTnueckasi MOJeJIb IOPUCTON CTPYKTYPBI C OTKPBITBIMU TIOPAMH,
COCTOSIIIAs U3 /1 BEPTUKAIBHO U M x k TOPH30HTAJIBHO pacIoiokeHHbIX MI'D (a).
Jluneitno-ynpyras gedopmanus oTnensHO# staeiikun MI'D (0)

Fig. 1. Mathematical model of an open pore structure consisting of n vertically
and m x k horizontally arranged Gibson — Ashby models (a).
Linear elastic deformation of a separate cell of the Gibson — Ashby model (b)

Jedopmaruy BepTHKAIBHBIX 0aJOYHBIX JIEMEHTOB / M /i MOYKHO BBIPA3UTh Ye€pe3 UX OTHOCHUTEIbHBIE Y-
nmuaenust: O, = g/ u §, = ¢,/. Eciu cymmaphyto cuity F,, I1efiCTBYOIIYIO Ha BEPXHIOK IPaHb Mapajuleleuiesa,
MIPEICTaBICHHOTO B BUC MACCHBA SIEEK PA3MEPHOCTH M X 1 X k, IPUHATEH paBHOU 2Fmk, TO, NICTIONB3YsI CTaH-
JIAPTHYIO TEOPHIO 0aJIOK, 1ehopMaIIii0 TOPU30HTAIBHON 0aIKH MOKHO paccuuTarh 1o Gopmysie

3 3
Fi El
0=C—=C—"5—,
E1 2mkE 1

. . 1
rae C — nmonpaBo4yHbI K03(h(pHUIIMEHT, 3aBUCATINIA OT THIA 3aKperuieHus 6anku: C = 3 LIAPHUPHOE ONMPAHUE
1
KOHIIOB, C = E — JKECTKOE 3allleMJIEHue KOHIOB [2; 5; 6, c. 367-390]; F, = 2Fmk — cymmapHas cuina, IpH-

4
o o t o
JIOKCHHAA K BCPXHCU I'PAHU STUCUKU, = E — OCCBOU MOMCHT MHCPIUU KBAAPATHOI'O CCUCHU.

OtHOcuUTeNbHBIE YATUHEHUS BEPTUKAIbHBIX OAJIOK €, U €, HaiiieM 4yepe3 3akoH I'yka, npenmonaras TMHeH-
HOCTb HaNPSYKEHHOTO COCTOSHUS:

6, F E

C

" E, 2SE, 4mki’E,
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o__F___E

Sh— = = 2 s
E, 2S,E, 2mkiE,

e S, =7, S, = t; — IIOMIA/I TONEPEHBIX CEUeHH il GATOUHBIX HIEMEHTOB.
Hanpsokenne 6, BO3HUKarOLIee B 0011eM 00beMe OPUCTOro TUTaHA BCICACTBUE NPUIIOKEHHOH cyMMap-
HOM CUJIbI [, PaCCUUTHIBAETCS 110 CIEAyIoen Gpopmye:

F F

C —_ C
axb (2m—-1)(2k -1)I*’
rac a, b- CTOPOHBI OCHOBAHUS IMapaJUICIICIIUIICAA.
OO003HauMB NepPBOHAYAIBHYIO JUIMHY Napaiienenunena L, = nl + (n - 1) h, a nmuHy mocne nedopMauu

Gf:

L= n(l -20 - 8,) +(n- 1)(h —8),), MOJKHO HAHTH OTHOCHTENIBHYIO Ae(OPMALIO IOPHCTOTO THTAHA:

_Ly-L _nl+(n-1)h-n(1-28-8)—(n—-1)(h-3,)

o L, nl+(n—1)h -
3 ’ —1)Fh
2CRL et (=g "Rl R (r )2 d
_ 2mkE 1 _ mkEl  Amkt;E;, ~ 2mkt,E,
nl+(n—1)h - nl+(n—1)h

Hanee onpenensieM 3G heKTUBHBIN MOIyTh FOHTa:

E~:&= F, E:(nl+(n—l)h)
T e (2m-1)(2k - 1),

- : - -
(2m —1)(2k - 1)2| "CEL  PRL (r 1)2F°h
mkE I 4mkt;E;,  2mkt,E,
(nl +(n - l)h)mkES

3 —.
(2m —1)(2k — 1)12(12?’” + Itlz + (”Ml)h]
/ ! h

Ecnu npuHATS, 4TO ¢, = 1), = {, TO, YIIPOCTHUB, MOJIyYUM BBIPAKECHUE

P (nl + (n=1)h)mkE, _

! 3 4
12Cnl nl+2(n-1)h ¢
2m —1)(2k - 1)1* 1
(2m =1 ) ¢t ( ’ 4 12Cnl3]
C (nl+(n—1)h)mk ¢ 1
== £ 7 @)
12 (2m —1)(2k = 1)nl | LG (nl+2(n—1)h)t
48 nl’

1
rae m, k, N — KOJIMYCCTBO AYECK B KAXKJIAOM HaITPpaBJIICHUU, C= g

ComniacHo pacueraM, onucanubiM J1. JIx. ['u6conom u M. @. Duiou [2; 3], OTHOCUTENBHYIO IIOTHOCTS MO~
pPHCTOTO TUTaHA P MOXKHO BBIPA3UTh Yepe3 reOMETPHUYECCKHE Pa3Mepbl Oallku ¢ U /:

5]
Ps 1)’

e pf — INIOTHOCTH MOPUCTOT'O TUTAHA; P — INIOTHOCTH CIJIOIITHOTO TUTAHA.
B Takom ClIydac IMOPUCTOCTH () MOKHO TAKKC 3allMCaTh B BUJC
2

— t
(p=1—p=1—l—2.

Torna TonmuHy OaJIK¥ ¢ BRIPA3UM Yepe3 TOPUCTOCTh U JUTHHY:

t=1J1-0o. 3)
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B ciyvae mapuaupHoro onupanus 6anok (C; = 8) dopmyina (2) mpuHUMaeT BUJ

I+ (n=1)h)mk
Efzz(n +(n ))m t—4Es 1 - (4)
3(2m—=1)(2k = )nl I “XM+2@—U@1
6nl’

a Juis xKecTKoro 3amemieHus 6anok (C; = 192) umeem

(nl + (n - l)h)mk A 1

6 —E, :
(2m —1)(2k = V)nl [* 1+4@L+AZ—UMR

Ef = )

nl

ITomyguennsie HaMu BeIpakeHU (4) U (5) ABIAIOTCS YHUBEPCATHHBIMHA T pacdeTa dPPEKTUBHOTO MOTYIIS
IOHra nopucThIX CTPYKTYp B BHJE Mapaijesienunena Joooi pasMepHoctu. OQHAKO €clii B3ATh YaCTHBIN
Clly4ail 1 IPUMEHUTh 3TH (HOPMYIIbI i1l 00pasia Kyoudueckoi (GopMbl, Koraa m =k =n u h = [, TO TIOC/IE BbI-
paskeHUs TOJIIIMHBI OAKHU Yepes ee IUTHHY COTIaCHO ypaBHEHUIO (3) 00e popMylisl OymyT IpeacTaBIsTh COOOH
cootHomieHue ['mocona — Ombu (1) ¢ yrouHsFommuMu Ko3QQUIMEeHTaMU IS KQK/I0TO THIIa 3aKpeTJICHHUSI:

2n

E =(1-9)E, - : (6)
3@n—U@+32n20—¢0
(1 )2 16n
2n-1)[ 1+ == —(1-9)

[TomryueHHBIE BRIpAKEHHSI 3aBUCAT TOJIBKO OT MMOPUCTOCTH 00pasiia u Konmdectsa siueek. Dopmyra (6) omm-
CBIBACT MIAPHUPHOE ONUpPaHUE KOHIOB 0ajky, a Gpopmyrna (7) — UX jKECTKoe 3alieMieHue. B nanpHeimem stu
BBIPAXEHHUS UCTIONB3YIOTCS U pacdyera 3pdexruBHOro Moaynst KOHra u cpaBHEHHs pe3ysbTaToB C JINTEpa-
TYpPHBIMU JIaHHBIMH.

Pe3yJ'[I)TaTI)I U UX 06cyme1me

[omydaennste Hamu dopmyist (6) 1 (7) mpuMeHsUTHCH Ut pacdeTta ddekTrnBHOro Momyist FOHra mopucTeix
CTPYKTYP C OTKPBITBIMH ITOPaMH JJIsI IECSITH MaTeMaTHUYECKUX MOJIETIEH C pa3IMyHON OPUCTOCTBIO (0T 5 110 95 %).
[TockonbKy NaHHBIE BBIPAXKEHUSI 3aBUCST TOJIBKO OT IOPUCTOCTH M KOJIMUYECTBA SIUCEK, B KAUECTBE UCCIIEye-
Moii reomeTpuu 0bL1 BEIOpan MaccuB MI™D B Buze kyba pazmepom 200 x 200 x 200. MaremaTHyeCcKyI0 MOJEIb
TaKoOHW KOH(QUTYpAIMU aBTOPBI UCCIIENOBAH TIPH U3YYEHHUH JIe(pOpMAIIIK TOPUCTOTO TUTAHA C UCTIONB30BaHIEM
IU(QPOBBIX MUKPOCTPYKTYD [4]. Pe3ynbrarsl, mogydeHHbIE C TOMOLIbIO KOMMEPUECKOTO IIPOTPAMMHOIO MaKe-
ta GeoDict® (Math2Market, I epman¥ist), OCHOBAHHOTO HA HTEPATUBHOM Tpeobpa3oBanuu Dypbe ypaBHEHHS
Jlunnmana — lIBuHrepa, ONMUCHIBAIOTCS UCCIIEIOBATEIIIMY KaK PEaTMCTUYIHBIEC U COOTBETCTBYIOLINE BCEM acleK-
TaM TEOPUHU CONPOTHUBIEHUS MarepuainoB. [ HaX0XKAEHUs MPOMEKYTOUHBIX 3HAUEHUM MPUMEHSIICS METOX
UHTEPNOSIIMU. Moyib yIpyrocTy ciuiomHoro turada £, = 112 I'Tla, uTo cOOTBETCTBYET XapaKTepHCTUKaM
xommepueckoro turana Grade 4 (ISO 5832-2), u3 KOTOpOro U3roTaBIMBaIOT HOPUCTHIC BCTABKU JIJIs1 KOCTHBIX
umIianTaroB [7]. Taxke ObUT paccyuTaH OTHOCHTENBHBIA MOay/lb KOHTa Kak oTHOIIEHHE dPPEKTUBHOTO MO-

JyNsl yIPYrOCTH MOPHCTOTO U CILIOIIHOTO THTaHa: E = Ff Pacuer mapameTpoB MpoOM3BOAMIICS ISl YETBIPEX
N

Clly4aeB: IIApHUPHOTO onupaHus KoHLoB Oanku (C, = 8); jkecTkoro 3amemiieHus koHuos 6anku (C, = 192);

cooTHotmeHus [ mocona — Do (1); maTepnosIIIN pe3yasratoB GeoDict. CBomHAs TaOIHIIA PE3yIBTATOB MPEI-

CTaBJICHA HIDKE. _

I'paduku 3aBrcuMocTH oTHOCHTENBbHOTO MOyist FOHTa £ OT moprcTocTH 00pasia ¢ JUis KaKJI0H MOJeITN
oTtoOpakeHbl Ha puc. 2. OHOIETOBBIM U OPAHKEBBIM IIBETOM TIOKa3aHBI KPUBBIE 3aBUCUMOCTH ISl IIAPHUP-
HOTO ONMPAHUS KOHI[OB OaJKW M WX JKECTKOTrO 3alleMJICHUs, paccuuTaHHbie 1o Gopmynam (6) u (7) coor-
BEeTCTBEHHO. CHHHUM IIBETOM OTOOpPa)KEHBI 3HAUCHHUS IMapaMeTPoOB I cooTHOImeHus [ mocona — Dmou (1).
3HaueHHs OTHOCUTEIBHOTO Moayist FOHra B 3aBUCMMOCTH OT MOPUCTOCTH MOJEINH, MOJTYUYECHHBIE ITyTEM HH-
TEPIIONIANINY Pe3yabTaTOB MporpaMMHoro nmakera GeoDict, Ha Tpaduke 0TOOpaXkaeT KpUBas 3eJICHOTO 1IBETA.
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Pacuet 3¢ppexTuBHBIX Moay.Ieii FOHra n oTHOCHTEJILHBIX MOTYJI€ii yIIPyrocTn
B 3aBHCHMOCTH OT OPHCTOCTH 00pa310B, THIIA 3aKPeNieHus 0aJKH H MeTo/la pacyeTa
Effective and relative Young’s modulus calculations depending
on the porosity of a specimen, beam attachment and the calculation method

C, =8 C, =192 MI'D GeoDict
i E E, TTla E E,TTla E E,TTla E E,TTla
0,050 0,205 22,515 0,586 64,406 0,903 99,275 0,596 65,560
0,100 0,187 20,555 0,552 60,743 0,810 89,100 0,521 57,263
0,200 0,153 16,820 0,486 53,427 0,640 70,400 0,389 42,790
0,300 0,121 13,354 0,419 46,125 0,490 53,900 0,291 32,034
0,400 0,093 10,187 0,353 38,845 0,360 39,600 0,207 22,806
0,500 0,067 7,357 0,287 31,598 0,250 27,500 0,139 15,265
0,600 0,045 4,904 0,222 24,404 0,160 17,600 0,093 10,251
0,700 0,026 2,878 0,157 17,306 0,090 9,900 0,048 5,238
0,800 0,012 1,337 0,095 10,403 0,040 4,400 0,024 2,673
0,900 0,003 0,350 0,037 4,017 0,010 1,100 0,007 0,721
0,950 0,001 0,090 0,013 1,380 0,003 0,275 0,001 0,137

Kak BuiHO U3 puc. 2, KpuBasi, NOIy4EHHAs C TOMOIIBIO MPOrpaMMHOTro raketa GeoDict, IPOXOTUT MEKILY
JIBYMsI KDHBBIMH, PACCUMTAHHBIMHE JIJISL IBYX THITOB 3aKperuieHus1. [Ipu 3ToM ee Havasio coBmajaet ¢ JaHHBIMU
a1t obparHoro ko3 dunuenta C; = 192 (kecTkoe 3aleMIeHHE KOHIIOB OalIki), @ KOHEIl — C PAaCUeTHBIMHU 3Ha-
YeHHAMH 11 00paTHOro Kodddumnuenra C, = 8 (1apHUpHOE ONMpPaHHE KOHIOB OaKn). DTO MOATBEP)KIAACT
HaIlIe TPEAIOI0KEHNE, YTO TIPU BBICOKOM MOpHCTOCTH JtehopMaliysi 00pas3IoB MPOUCXOIUT B OOMIbBIIEH Mepe
3a cYeT MPOrnda ropu30HTAIBHBIX IIEPEMBIYCK, & IPH YMEHBIICHUU IOPUCTOCTH BCIICICTBUE YBEIMYCHUS TOJI-
IIMHBI 0AJIOK 3HAYUTEIIBHYIO POJIb UTPAET Je(hOopMaIUsl CKATHS BEPTUKAIBHBIX CTOCK.

CpaBHUM pe3yNbTaThl PACUETOB C JINTEPATYPHBIMH JIAHHBIMH, OTIHCHIBAIOIIIMMHU MEXaHHYECKHE UCITBITAHUS
Ha CKaThe NMeHOOOPa3HBIX TUTAHOBBIX 00PA3IOB C PA3IMYHON MMOPUCTOCTHIO. DKCIIEPUMEHTAIBHBIC JaHHBIC,
MOJy4YeHHBIE B XOJIe UcclieloBaHui [8], mokazanu cHmkenue 3ddexruBroro Moayist FOHra npu yBenndeHun
nopuctocTu. st o6pasiioB ¢ mopuctocthio 71; 73 u 76 % Momyns ympyroctu coctasmt 2,8; 1,8 m 1,2 I'Tla
cooTBeTCTBEHHO. Hanbosee OMM3KMMU K 9THM 3HAYEHUSAM OKa3aJIMCh Pe3ybTaThl PacUeTOB IS IEPBOI MOJIETTH
(mrapaUpHOE OMUpPaHKe KOHITOB Oanku) — 2,75; 2,41 u 1,93 I'Tla. Moxyne FOnra, paccuntanHbIit 11 YeTBep-
ToW Mozenu (uHTepnomsAuus pesyinsratoB GeoDict), npu nopuctocta odpasua 71 % Obu1 B 2 pasa Oomblie

u coctrasmna 5,1 ['Tla. Jlns Tperwbeit monenu (cootHomenne [ mocoHa — Dmou) ATOT mapamMeTp UMeIT 3HaYeHHe
9,4 I'lla.
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Puc. 2. TpaduKi 3aBUCHMOCTH OTHOCHTEIBHOT0 Momy/s FOmHra E
OT IOpUCTOCTH 00pa3ua ¢ ¢ oTkpbIThiMU nopamu: [ — C, =8; 2 - C, =192;
3 — cootHomenue [ mbcona — Dmdn; 4 — MHTEPNONANUS pe3ynsraTtoB GeoDict
Fig. 2. Correlation between relative Young’s modulus £
and porosity ¢ for open cell foam: / — C, =8; 2 C, =192;
3 — Gibson — Ashby ratio; 4 — interpolation of GeoDict results
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B pabore [9] n3rotoBneHHbIE METOIOM MOPOIIKOBOI METAJTypTrHH TUTAHOBBIE BCTABKH CO CPEIHUM YTIIIOT-
HeHueM 60 % moaBeprajiMch UCIBITAHUSAM Ha CKAaTue, B PE3yJbTaTe Yero 3alichlBaINCh KPUBbBIE 3aBUCHMOCTH
HarnpspKeHust T Aedopmaruu, U cpeanuii Mmonynbs FOHra uist Becex o0pasuos coctasuin 5,3 ['Tla. PacyetHoe 3Ha-
YyeHue JUIsl IEpBOM MOJIeNH ¢ Takoi ke mopuctocthio — 5,0 I'Tla, a muist uerBeproit moaenu — 10,4 T'Tla. pyrue
WCTBITAHUS Ha CKATHE, IPOBOIUMBIC STHMU K€ UCCIICNOBATEIISIMU JIJIsl 00pa3ioB C MOPUCTOCTHIO 63 % [10],
roKa3anu 3HaueHne moxayis ynpyroctu 4,0 I'Tla, 9To Taxke COOTBETCTBYET pe3yabTaTy pacueTa AJis MepBOr
Monenu, cocrapuBiiemy 4,3 I'Tla.

Ony0iukoBaHHbIe B padboTe [ 11] pe3yabrarhl HCIIBITAHHI HA CKATHE BKIFOUAOT KPUBYIO 3aBUCUMOCTH HaIIpsI-
JKeHUS OT AeopManyu st TATaHOBOTO 00pasia ¢ mopuctocThio 41 % u addexrnBHbIN MOomynb FOHTa, paBHBIN
41 I'TTa. ABropsl uccnenoBanus [12], onpenensis NPOYHOCTHBIE XapaKTEPUCTUKHU C TOMOIIBIO YIBTPa3ByKOBOTO
Metoza, momyunn 3Haderne 39 ['Tla ms mopucroctu 41 %. OTH TaHHBIE XOPOIIO COTTIACYIOTCS C PE3yIbTa-
TaMH PacueToB JAJIsl BTOPO MoJenu (’KECTKOE 3aleMIIeHIEe KOHLIOB Oallki) U TPEThel Moesn (COOTHOIICHNE
I'n6cona — Dmbu) — 38,8 u 39,0 ['Tla coorBeTcTBEeHHO. TaKkXke ¢ MOMOIIBIO YABTPAa3BYKOBOTO HCCIIEIOBAHNUS
ObUIO MOJTy4eHo 3HaueHue Mony:st ynpyroctu 60 ['Tla st o6pasua ¢ mopucroctsio 22 %, 4To NOATBEPKAACT
aJIeKBaTHOCTh BTOPOH MOJIENH, JUIsl KOTOPOH 3HaYeHHe 3Toro napamerpa coctasuiio 53 I'la.

CTouT OTMETUTH, YTO B JINTEPAType BCTPEUAINCH JaHHBIE MEXaHHUECKUX HCIIBITAHUM Ha CKaThe o0pas-
LIOB, M3TOTOBJICHHBIX C MCIIOJIb30BAHHEM JIPYTUX MPOU3BOACTBEHHBIX TEXHUK, IOMUMO METO/A ITOPOLIKOBON
MeTaTypruu. [Ipu 3ToM pesyiasraTsl KapJuHAIBHO OTINYAINCh OT PACCYUTAHHBIX HAMHU 3HAYEHHUH. DTO CBH-
JETEIbCTBYET, YTO MEXaHUUECKUE CBOWCTBA OPUCTHIX MATEPHAIOB B 3HAYUTEIILHON CTETIEHN MOTYT 3aBHCETh
OT METO/IOB MX IIPOU3BO/ICTBA.

BriBOabBI

B onmcaHHBIX BhIIIE HUCCIICAO0BAHUAX 6I)IJ'[a MPOACMOHCTPHUPOBaHa METOAMKA ITIOCTPOCHUA MAaTEMATHYCCKUX
Mozened Ha ocHoBe MI'D i1l HOPUCTBIX METAIJIOB ¢ OTKPBITBIMU IIOPaMU, U3TOTOBJIEHHBIX 110 TEXHOJOTUU
MIOPOIIKOBON MeTaJLTypruu. [lony4eHHbIe ¢ TOMOIIIBI0 TeOpUH 0AIOK (POPMYIIBI ITOKA3aTH OTHOCUTEIBHO XO-
poliee COOTBETCTBUE PE3YJIBTATOB pacyeTa JIUTEPATyPHBIM JaHHBIM U IIOATBEPIAMIINA IIPEAIIOIOKEHNE, YTO Je-
(hopMarrusi BEICOKOIIOPUCTBIX 00pa3I[0B MPOUCXOAUT B OONBIIEH CTENEHH 3a CYET MPOrnda TOpU30HTAIBHBIX
IMEPEMBIYCK, a IIPU YMEHBIICHUHN ITOPUCTOCTHU TAKKE UMECT MECTO ae(bopMaum{ CIKaTHhs BEPTHUKAJIbHBIX CTOCK.
W3 geTeIpex pacCMOTPEHHBIX B CTaThe MOJIeTIeH HanOoee MHPOPMATUBHON 1 OJIM3KOH K pe3ybTaTaM MeXaHH-
YeCKHUX MCIBITAaHUN Ha CKaTHe OKa3allaCh rnepBadg MOACIIb C IIAPHUPHBIM OIMMUPAHHUEM I'OPU30OHTAJIBHBIX 6aJ'IOK
(bopmymna (6)). CpaBHUTEIBHBIN aHAIHN3 JINTEPATYPHBIX MAHHBIX MMO3BOJISICT CIETATh MPEIIONIOKCHUE, YTO
JTaHHAsI MOJIEJIb HauOoJIee TOAXOIUT JIJISl pacueTa CTPYKTYP C MOPUCTOCThIO0 Ooree 60 %.

Pe3ynbraThl pacdeToB TSI BTOPOW MOJAETH C YKECTKUM 3aIleMJICHHEM KOHIIOB OaJIOK TOKa3al BO3MOXK-
HOCTBH NMpUMeHeHus (hopMyibl (7) 71 TATAHOBBIX 00pa3moB ¢ mopuctocThio MeHee 40 %. [IpornosupoBanue
a¢dpexruBHOro Moy KOHra ¢ MOMOIIBIO JJAHHOTO BBIPAKEHUS MPUEMIIEMO, TTOCKOJIBKY TPEJICTABIISIET CO-
00l ycpeTHEHHBIN BapHaHT MEXTy cooTHomeHneM [ mbcoHa — D1IOu u pe3yibTaraMy IPOTPaMMHOTO TTaKkeTa
GeoDict, a Takke UMEET CPAaBHUTEIHLHO XOPOIIIEe COOTBETCTBUE JIUTEPATYPHBIM JTAaHHBIM.

B 3akmrouenune otmernM, 4yto dopmynsl (6) u (7) cienyer IpUMEHSTh A 00pas3IoB BBICOKOTIOPHCTOTO
TUTaHAa, U3TOTOBJICHHBIX M0 TEXHOJOTUH ITOPOIIKOBON METAILTYPIrUH, C MAKCUMAIILHO PAaBHOMEPHO pacrpee-
neHHBIME TIopamu pazmepoM 200—-500 mxMm. JlanpHeimue uceneaoBanus OyayT HAIpaBIeHBI HA TOCTPOCHUE
MaTeMaTHYeCKUX MOJIETICH IS MOPUCTHIX TUTAHOBBIX BCTABOK, 3aITOTHEHHBIX KOCTHOM TKAaHBIO.
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[pencraBineH OpUrHHAIBHBIA METO/] ITOUCKA CBSI3HM X0/1a SIHAEMHH C COIMATbHO-OKOHOMHUYECKUMH, JIeMOrpaduiecKku-
MH U KJIMMarHdeckuMHu (aktopamu. B pamkax npeayiokeHHOTO METo/ia IpOBe/ieHa nepapXxuiecKkas arioMepaTiBHast Kitac-
tepuzanus 110 crpan Mupa no kpuBbiM Temna pocta COVID-19 3a nepuon ¢ sHBaps 2020 no asrycrt 2021 r. Beiaenenst
YeThIpe KPYIMHBIX KIacTepa ¢ eMMHOOOpa3HBIMH KpHBBIMH, BKmodaromux 11, 39, 17 u 13 crpan cootBercTBeHHO. Emie
30 cTpaH HE BOLIM HU B OUH U3 KJIacTepoB. MeTosaMy MaIlIMHHOTO OOYYEHHsI B BBIICICHHBIX KJIaCTEPAX BBISBICHBI
pazanums COLHMAIbHO-9KOHOMHYECKHUX, AEMOrpaduIeckux U reorpado-KiIMMaTHYeCKUX Iokasaresiei. Hanbomnee BaykHbI-
MU TOKa3aTesIMU, 1T0 KOTOPBIM KJIaCTephl OTIIMYAIOTCS APYT OT JpyTa, CTAlIN aMIUIMTYy/a TeMIeparyp B TeUCHHE Iofa,
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BBICOKOTEXHOJIOTMYHBIH AKCTIOPT, Kod(duieHT [>KUHM, YUCICHHOCTh TOPOJCKOTO HACEIICHHSI U HACEJICHUS B IICJIOM,
MHJEKC YUCTHIX OApTEpHBIX YCIOBUII TOPrOBIHM, POCT HACENICHHS, CPEIHSI TeMIeparypa ssHBapsi, TeppUTopus (TUIoIIab
CYILIH), KOJIMYECTBO ITOTHOIINX B PE3YJIbTaTe CTUXUHHBIX Oe/ICTBUHN, KOO(QQUIIMEHT POXKIaeMOCTH, JUIMHA OEPEroBOil JINHUH,
3aracel HeTH, JIOJS HACEJICHMS B TOPOACKUX arJIOMEPAIMSX C YUCICHHOCTBIO HaceneHust 6omnee | MitH denoBek u ap. an-
HBII 1oz1xoz1 (MpUMEHEHHE KIIACTEPU3aliy B COUETAHNH C KIAcCH(PUKaUel METOAaMH JIOTHKO-CTaTHCTHYECKOTO aHaJIN3a)
paHee HUKeM He Ucronb3oBasics. HalineHHble 3akoHOMEPHOCTH MO3BOJIAT O0JIee TOYHO MPOBOANTH POTHO3UPOBAHHUE AIIH-
JIEMHOJIOTHYECKOTO TIPOIIEcca B CTpaHax, MPUHAUISKAIINX K pa3HBIM KiacTepaMm. J{omoaHe e IpeICTaBIeHHOTO OIX01a
aBTOPETPECCHOHHBIMHU MOZEISIMHU TTO3BOJIUT aBTOMAaTU3HUPOBATh MPOTHO3 U MOBBICUTH €TI0 TOUHOCTb.

Knrouesvle cnosa: xinactepHblil aHAIN3; METO/IbI MAIIIMHHOTO OOYYEHUS; CTATUCTUKA; ATIHIEMHOIOTHYECKUN TPO-
necc; COVID-19.
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The paper presents an original method for solving the problem of finding a connection between the course of the
epidemic and socio-economic, demographic and climatic factors. The method was applied to solve this problem for
110 countries of the world using a set of corresponding curves of the COVID-19 growth rate for the period from Ja-
nuary 2020 to August 2021. Hierarchical agglomerative clustering was applied. Four large clusters with uniform curves
were identified — 11, 39, 17 and 13 countries, respectively. Another 30 countries were not included in any cluster. Using
machine learning methods, we identified the differences in socio-economic, demographic and geographical and climatic
indicators in the selected clusters of countries of the world. The most important indicators by which the clusters differ
from each other are amplitude of temperatures throughout the year, high-tech exports, Gini coefficient, size of the urban
population and the general population, index of net barter terms of trade, population growth, average January tempera-
ture, territory (land area), number of deaths due to natural disasters, birth rate, coastline length, oil reserves, population in
urban agglomerations with a population of more than 1 million etc. This approach (the use of clustering in combination
with classification by methods of logical-statistical analysis) has not been used by anyone before. The found patterns will
make it possible to more accurately predict the epidemiological process in countries belonging to different clusters. Sup-
plementing this approach with autoregressive models will automate the forecast and improve its accuracy.

Keywords: cluster analysis; machine learning methods; statistics; epidemiological process; COVID-19.

BBenenue

XOopoI110 N3BECTHO, YTO MacIITaOHbIE SMUIEMHH MOTYT OKa3bIBaTh 3HAYMTEIBHOE BIHUSHUE HA COLUAIBHO-
HSKOHOMHYECKHE U AeMorpaduieckre nokasarent [1]. Menee u3yueHo oOpaTHOe BIMSHUE TaHHBIX TOKa3aTe-
Jiel Ha pa3BuTHe dmujeMuil. [lenbio HacTosIei paboThl ABISICTCS MCCISIOBAHUE BIIMSHUS HA SIUICMHOJIO-
THYECKHI MPOLECC COUUANTBHO-YKOHOMHUECKHX, IeMOrpagpUuecKuX 1 KINMaTHYeCKUX (PakTopoB, KOTOPbIE
narnee Mbl OyzieM Ha3bIBaTh BHEITHUMH (pakTopaMu. HeoOxoanMocTs yueTa KiimMaTuueckux (pakTopoB cBsizaHa
C ONMCAHHBIM B JIUTEPAType BIUSIHUEM CE30HHOCTH U HETIOCPEACTBEHHO TEMIIEpaTyphl BO3AyXa Ha 3a00eBae-
MOCTh OCTPBIMH PeCHHpaTOpHBIME 3a00jeBaHusIMHU [2]. 3HaHNE 0OOBEKTHUBHBIX 3aKOHOMEPHOCTEH CBSI3H X01a
SMUAEMHUOJIOTHYECKOT0 TIpoIecca ¢ MepeurcIeHHBIMA BHEIIHIMHU (DakTopamu, HECOMHEHHO, JIOJKHO CIIOCO0-
CTBOBAaTh IOHUMAHUIO MEXaHU3MOB Pa3BUTHSI SIHIEMHUI U BEIPaOOTKe 3()(PEKTUBHBIX MPOPHIAKTHIECKUX MEP.
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3anaueii nccnenoBanus ObUTO co3nanue dPdekTHBHON MHPOPMAIMOHHON TEXHOJIOTHH JIJIsl IOUCKA CTaTHC-
THUYCCKU 3HAYUMBIX SaKOHOMepHOCTefI, CBA3BIBAIOIIHNX XO/ SITUACMUOJIOT'MYECKOTO IMpOo1ecca ¢ BHCHIHUMUN (I)aK-
topamu. OTHUM U3 Ty TeH TOUCKA MTOIOOHBIX 3aKOHOMEPHOCTEH SIBIISIETCS] M3yUCHUE CBSI3U BHEITHUX (DaKTOPOB
C TaKMMH TJIOOAIEHBIMU TTOKA3aTEISIMU, KaK 00111ee YUCIIO CTydacB 3a00JieBaHmid U (M) 00IIasi CMEpTHOCTh
I10 COBOKYITHOCTH CTpaH MuUpa.

OnHaKo TakoW aHaNW3 3aTPYIHICTCS Pa3IMYHBIME 110 CTPaHaM CTaHAapTaMu cOOpa SMUIEMHUOIOTHIECKUX
JAHHBIX U JUHAMHUYECKUM XapaKTepoM rporecca. Hanbomee moiHO SMUIeMHOIIOTHYECKUH POIIece OIMHCHI-
BACTCsl KPUBBIMH, [TOKA3bIBAIOIIUMH 3aBUCHMOCTh €KECYTOUHOTO MPUPOCTA YHCIIA ClydaeB 3a00JICBaHUS OT
BpPEMEHH.

AHBTepHaTHBHBIﬁ croco0 BEISIBICHUS CBI3H MCXKAY BHCITHUMHA @aKTOpaMI/I u HHHaMHKOﬁ SIMUACMUOJIOTHU-
YECKOT0 Mpolecca OCHOBAaH Ha BBIICIICHUH TPYII CTPaH CO CXOJAHOHM (hOpPMOil SIIHJIEMUYECKHX KPUBBIX IPU
SHAYUTCJIBHBIX Pa3InduiaX MCKAY I'pyIliaMu. )Ianee BBIJICJICHHBIC I'PYIIIBI CPABHUBAIOTCA MEXKY €000 110
MEPEYUCIICHHBIM BHCITHUM Q)aKTOpaM C UCITIOJIB30BAHUEM CTATUCTUYCCKUX TECTOB U APYTUX CPEACTB CpaBHE-
HU TPYIIII 11O Ha60paM oKa3arejaeh B TCIIX BBIIBJICHUS CTATUCTHUYCCKU 3HAYUMBbIX paSJ’IH‘IHﬁ. 21.]'[51 BBIJICIICHUA
B COBOKYIMHOCTH HJAaHHBIX I'PYHII O6TJCKTOB, UMCIOIINX ITOXOXKHE OITNCAaHUA, 0OBIYHO IIPUMECHSIOTCA METObL
KJIacTepHoro ananu3a. [1ocKobKy ONTUMAalbHOE YUCIIO BBIIENSIEMbBIX TPYII 3apaHee HEU3BECTHO, a olIee
YKCII0 00BEKTOB HEBEIIMKO, TO HANOO0IIee MOAXO/ISIICH TEXHOIOTUEH KITaCTEpPHOTO aHaIT|3a SBISIETCS UepapXu-
yeckasl aryioMepaTuBHasl KiiacTepu3anus. BaxkHas XxapakTepuCTHKa alrOpUTMa KIIaCTEpU3aIlliH — UCTIONb3Yye-
Masi Mepa CXO/ICTBA MEKIY OOBEKTaMH.

CXO)ICTBO ABYX SMMUACMUYCCKUX KPUBBIX B CMBICJIC CUHXPOHHOCTH IMOABEMA HJIU 3aTyXaHUSA SIUIACMUN
XOPOIIIO OIEHUBAETCS C MMOMOIIBIO CTAaHIAPTHOTO KodhdurreHTa koppensiun [TupcoHa Mexy OJTHOBpEMEH-
HBIMU CYTOYHBIMH TpUpocTamu 3aboseBaemoctr. Coxpanenue koddumrenta koppersiuuu [Tupcona mexmy
ABYMs IIEPEMECHHBIMU ITPU MMPON3BOJIbHBIX JIMHEWHBIX HpeO6pa3OBaHI/I$IX OTUX MEPEMEHHBIX MMO3BOJIACT IMPEA-
MIOJIOKUTHh OTHOCUTEIBHYIO YCTOMYMBOCTD JAHHOW MEPHI K METOJIaM OIPECTICHUs] CyTOYHOTO TIPUPOCTa 3a-
6OJIeBaeMOCTI/I, IMPUMCHSCMBIM B PAa3HBIX CTpaHax. B HaCTO;[IlIefI pa60Te JJI YCTAHOBJICHUS CBA3U MCKIY
BHEITHUMHU (DaKTOpaMu W JMHAMHUKOH SITUJIEMHOJIOTHIECKOT0 POIIECcca UCTIONB3YETCsI TIOIXO0/], OCHOBAHHBIH
Ha BBIICTICHUH TPYII CTPaH C €AMHOOOPa3HON (POPMOIl AMHIEMHUYIECKIX KPUBBIX B CMBICIIE MEPHI CXOJ/ICTBA,
3amaBaeMoit kod(durmentamu koppensaiuu [Iupcona. 3arem BbIieNeHHbIE TPYIITBI CPABHUBAIOTCS MEXKIY CO-
001 110 NEPEYNCIICHHBIM BHCITHUM @aKTOpaM B IICJISIX BBIAABIICHUS CTATUCTUYCCKU 3HAYHNMBIX pammtmﬁ. 210-
IMMOJTHUTEJIBHBIM MPEUMYIIECTBOM IIpE€aIaracMoro mnoaxonaa sABJISCTCA BO3MOXHOCTb NPUMCEHCHHA €ro HEIIO0-
CPEJICTBEHHO ISl KPATKOCPOYHOTO MPOTHO3UPOBAHHSI.

MeTosibl KJIaCTepHOTO aHAIN3a MHUPOKO UCHONIB3YIOTCS JJIsl aHAITN3a JJAHHBIX, CBS3aHHBIX C PA3BUTHEM DITH-
nemun COVID-19, paznnuasiMu riccnenoBarensiMu. Tak, B padote [3] BeAETsUIMCH TPYIIBI paiioHoB UHanm,
OTHOPOMHEIE TI0 TIOKA3aTEIISIM INIOTHOCTH HACETICHUS, KOJUIECTBY rocrmTtaneii st narueaTo ¢ COVID-19,
YUCITy TTOATBEPKACHHBIX cirydaeB COVID-19. B uccnenoBannu [4] kimactepusaiius IpOBOIUIACE IO DITH-
JIEMUYECKAM KPUBBIM C HCIIOJIb30BAaHUEM EBKJIHMJIOBA PACCTOSHHS ISl OLEHKU Pa3iuyus MEXIY KPHUBBIMH.
B crarse [5] TeppuropuanbHbie KiIacTepsl BHYTPH MaTepUKOBOTO KuTast BBIACISIINCH C TPUMEHEHHEM KO3 (-
(humenTa IpoCTPaHCTBEHHON Koppesauun MopaHa, CBSI3b C METEOPOJIOTHYECKIMH, SKOJIOTHIECKIMH U CO-
HATFHO-DKOHOMUYECKMMH (DaKTOpaMH yCTaHABIIMBAJIACh C ITIOMOIIBIO JIMHEHHOH Perpeccu ¢ reorpaduiaeckon
puBsI3Koi. B pabote [6] ncronp3oBanack uepapxudeckas KiacTepu3amus (a MMEHHO average-link clustering)
Ha JIaHHBIX 0 3200JIeBAEMOCTH ¥ CMEPTHOCTH M OIICHUBAJICS MHICKC MEPEXo/ia sl TPOrHO3UPOBAHUS TEHICH-
MM HOBOW BOJIHBI 3200JIEBAEMOCTH KaK PAaCCTOSHHE MEXKIY OMMmKaHIIMMH KiacTepaMu. B myomukaruu [7]
TIPUMEHSJICS METO/ k-CpeHUX [T pa30neHus CTpaH Ha TPYNIbI, TAe Ha0Op MPU3HAKOB BKJIIOYAET COIIHAb-
HbIE, JKOHOMHUYECKHE U CBSI3aHHBIE CO 3[I0POBBEM M OKPY’KAIOIIEH Cpeoi TOKa3aTeNd, a TakKe N3MepsIIcs
ko3 unment koppensaiun [lupcona Mexay aMuaeMIYeCKIMHA KPUBBIMHU 3200J1€BA€MOCTH WM CMEPTHOCTH
¥ BRIOpaHHBIMH XapakTepucTukamu. B uccnenoBannu [§] mpoBonuiack kiacrepusanus crpad EC ¢ ucmons-
30BaHMEM MeTofla Yopna u MeTojia k-CpeaHHX.

Taxum 00pa3oM, paccMaTpUBaeMBbIil B HACTOAIIEH padoTe MOIXO/ OTIUIAETCS OT CIIOCOOOB MCIIONB30Ba-
HUS KJIACTEPHOTO aHaau3a Ul uccienoBanus paszputust sruaemMun COVID-19 B paborax [3—8].

MaTepHaJ'lbl U METOAbI UCCJICAOBAHUSA

HcxonHpIMU JaHHBIMU JJI KJIacTepHU3allnu cTanu kpusble Temma pocta COVID-19 3a nepuon ¢ ssHBaps
2020 o asrycr 2021 .’

B 6a3y qanHbIX 1u1s Kitaccu(UKALIUH 10 KJIacTepaM BOILIM nokasarenu 110 crpan. B 6a3e conmanbHO-2KOHO-
MHYECKOTO CTaTyca CTPaH U MOTOJHO-KIMMaTHISCKUX YCJIoBHiA Ob11o 138 mokazareseil.

!Naunste o 3a6onesaemoctn COVID-19 1o cTpaHam Mupa MONydEHBI U3 HCTOYHHKA: htips.//datalens.yandex/707is1q6ikh23?tab=
0Ze&utm_source=cbmain&state=6057afc92382.
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AHanu3 TaHHBIX BKIIIOYAI CJIEAYIOUINE TAIbI.
Oman 1. Beraucisiack Mepa CXO/ICTBAa MEX/Ty BCEBO3MOKHBIMH TTapaMU SMHJIEMHUYECKIX KpUBbIX. bonee
TOYHBIN y4eT CXOJCTBA WIIH PA3INYUsl MEXKIY SNUACMUYCCKIMU KPUBBIMU S; U S; JOCTHTaJICs Yepe3 moaoop

nara [ u3 orpeska [0, 20], mpu kotopom koddduument koppensuun [TMpcoHa OKa3BIBAICH MAKCHMAIBHBIM.
C 5TOH LENBIO Ts1 KAXKI0TO [ BBIMUCISIUCH KOO(QOUIMEHT KOPPEISALUH P; MEKIY PSIAMU Si(O), ey Si(n—1 )

u Sj(l), ey Sj(n) 1 K03 PUIMEHT KOPPEILSILUU P, MEXKIY PAAaMU Si(l), ey Si(n) u Sj(O), ey S].(n —1). Max-
CUMaJIbHBINA KO3(D(DUIIMEHT KOPPEJSIUKY U3 Habopa pg, Pos -ees p;o, 5o MCIOIB30BANICS B KaU€CTBE MEPhI O/1u-
30CTH p(Si, S j) MEXly SIUAEMHYECKAMU KPUBBIMU S, U Sj

Oman 2. TIpoBoaniack nepapxuueckas arsioMepaTuBHas KiiacTepusalys. B kauecTBe MepBI CXOICTBA IBYX
TPYII SMUAEMAYECKUX KpUBBIX G' 1 G” UCTIOIB30BAJIOCH CPEIHEE 3HAYEHHE MEPHI CXOICTBA MEXKTY IITHICMHU-

1 m’ m”
o ;/z‘:] p(Cl-, G ) IIpouecc cnustHUS KIacTepoB mpe-
Kparmasics, ecJIi Mepa CXO/ICTBa P MeX Ty JTFOOBIMU IByMs KJIacTepaMH B TEKYIIEH KIIaCTepH3alii He OKa3bIBa-
nmack Hike 0,5.

Oman 3. IIpon3BoAMIOCH CPaBHEHHUE TTOYYSHHBIX KIIACTEPOB IO MEPEYHCIICHHBIM BBIIIE BHEIITHIM ITOKa3a-
tesiM. C 3TOU LEeTIbI0 MPUMEHSIICS. CTaHAAPTHBIN TecT MaHHa — YUTHH, a TakKe METOJ ONTUMAJIbHBIX JOCTO-
BepHBIX pa3ouenwii (O/P).

Merton O/IP, orucanHsbIif panee B pabote [9], 0CHOBaH Ha MOHCKe pa30MeHNi HHTEPBaIOB 3HAYEHHI OTIEITFHBIX
MIPU3HAKOB WIIM JIBYMEPHBIX 00JacTeil OIMyCTUMBIX 3HAYCHUH IMap MPU3HAKOB, IMO3BOJISIONINX JOCTHYh MAKCH-

YeCKMMHU KPUBBIMU U3 pasHbIx rpymi: P(G/, G”) =

MaJIbHOTO Pa3JICJICHUs CPAaBHUBACMBIX TpyIi. Pa3OueHus CTposTcs o BeIOOpKe S = {( Vi xl), oo ( Vs X )},

rae y,, ..., Y, — 3HadeHus OMHApHOH MepeMeHHOH Y, sABIsolelics MHANKAaTOPOM CpaBHHMBaeMbIX rpynn G,
u G,; xy, ..., X,, — BEKTOpbI 3HAYEHUH OTEHIUATIbHBIX O0BSCHSAIOIIUX IEPEMEHHBIX X, ..., Xy. [Ipeanonoxum,
4TO MMeeTcs pa3OueHue R, cocTosiuee U3 k 21€MEHTOB ¢, ..., ;. KadecTBo pasngenenus rpynn G, u G, pas-

k
& 2
OveHreM R OLIEHMBAETCS C MOMOILBI0 QyHKIMOHAIA F (S, R) = Z(vi - Vo) m;, TA€ m; — YUCI0 OOBEKTOB U3
i=1
BBIOOPKH S; v, — 107151 00BbEKTOB U3 rpynnsl G, Bo Beeil BbIOOpKe S; v; — 10111 00bEKTOB U3 rpynnsl G, BHYTpH

aneMeHTa ¢,. Pazouenue R, cuntaercsi ONTUMAIBHBIM, €CIM 3HaUeHUE (yHKIMOHAna F (S, R) JUTSL HETO OKa-

3bIBAETCA HE HUKE 3HaAYeHUs1 F (S, R) IUTS TIPOU3BOJIBHOTO pa3OneHust R BHYTpH ceMeicTBa R, 0 KOTOPOMY
MTPOU3BOJIUTCS TIOWCK.

[Touck ocymiecTBiseTCS BHYTPU TPEX CEMENCTB pa3ObUeHni, UMEIOIINX Pa3HbIH ypOBEHb CIIOKHOCTH. [Ipo-
cTeifmee cemericTBo | coctont U3 pa3dueHnii HHTEPBAIOB 3HAYSHHUH OTJEJIbHBIX TPU3HAKOB C OJTHOW IpaHU4-
HOM TO4KOH, cemeicTBo Il — n3 pa3duenuii HHTEPBAIOB 3HAYCHNUH OTAETHHBIX TPU3HAKOB C IBYMS TPAaHHYHBI-
MU TOuKaMH, ceMmencTBo 111 — u3 pa3OueHuit AByMepHO# 001aCcTH TOMYCTUMBIX 3HAYEHUH IMaphl IPU3HAKOB Ha
YeThIpe MOA00IACTH C TPAHHUIIAMH, TAPAIIIEIbHBIMA KOOPMHATHBIM OCSIM.

[ponenypa crariucTudeckol BepruQHKaIlui, OCHOBaHHAsI HA IEPECTAHOBOYHOM TECTE, TO3BOJISIET OI[CHUTh
3HAYUMOCTb Pa3JIMUUi MEXy TPYIIIIAMHU 110 OTAEJIBHBIM IPU3HAKAM, a TAKXKE 3HAUUMOCTh PAa3JIMUUM 110 KaXK-
JIOMY W3 TIPU3HAKOB IS IBYMEPHBIX pa30MeHNH.

[epecTanoBOYHBIN TecT Oa3upyeTcsl Ha MPOBEPKE HYJIEBOM TUIIOTE3bI O HE3aBUCUMOM OT OOBSICHSIONIHX
[IEPEMEHHBIX ITPOLIECCE TeHEpalui 3HaYeHHUH 11eJ1eBO nepeMeHHol Y. byeM npeanonarars Takxke, 4To 3Ha-
YCHHSI TIEPEMEHHOM Y MOPOXKIAIOTCS HE3aBIUCHMO W3 PACTIPE/ICIICHHS, TOXKIACCTBEHHOTO MaprUHATIBHOMY M-
MUPUYECKOMY pacripeneneHnio Y Ha Beioopke S. CreHepupyeM 3Ha4eHUs HEPEMEHHON Y U1 KaXK10To BEKTopa
OOBSCHSIOIMX IEPEMEHHBIX COINIACHO paccMaTpuBaeMoMy Ipoleccy. B pesynprare noixy4nm HOBYIO Cilydaii-

HYIO BBIOOPKY S” = {( Vs X ), oo ( Vs Xy )} BBejieM OMOMHUTEIBHBIE OTPAHUYEHHUS HAa OMTHCAHHBII MPOIIECC
reHepAIUH, UCTIOb30BaB JIOTNONHUTENBHYIO CEJEKIUIO CITyYaliHbIX BLIOOPOK ¢ TpeGOBAaHUEM PABEHCTBA Map-

TMHAJIBHBIX paclpeneeHui { Viseeos y,f,} HCXOIHOMY MapriHaJIbHOMY PAaCHpPEAEICHUIO { V0o oo ym}. ITpen-

MIOJIOKEHUE O TEHEPALMU JJAHHBIX [TOCJIEIHUM IIPOLIECCOM COCTABIISIET HYJIEBYIO TMIIOTE3Y IIEPECTAHOBOYHOIO
TecTa, KOTOpasl TaK)Ke SKBUBAJICHTHA TUIOTE3€ O TEHEPAIH CIyYalHBIX BHIOOPOK C MOMOIIBIO CIyYalHBIX
HepeCcTaHOBOK 3HAYEHUH Y OTHOCUTENIBHO (PUKCUPOBAHHBIX MO3UIUHA BEKTOPOB X, ..., X,,. T0 €CTh CilyuaiiHas

BBLIGOPKA Oy/IeT Ipe/CTaBIeHa B BUIE {( Yray )_cl), s ( Yty Xom )}, rie { S, f (m)} — ciyuaiiHas mepe-

CTaHOBKA HATYPaJIbHBIX YMCEN U3 MHOXeCTBa {1, ..., m}.
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B kadecTBe CTaTUCTHKHU KPUTEPUS B IIEPECTAHOBOUYHOM TE€CTE UCTIONB3YETCs (DYHKIIHSI OT JaHHBIX, KOTOpast
KOJIMUECTBEHHO OINHUCHIBAET BBIPAKEHHOCTD CBSI3M MEKIY IEJICBOH MEPEMEHHON Y U OOBACHSIONIMMHU TIepe-
MEHHBIMH.

B metome OJIP cTaTtrcTikoit KpuTepHs BBICTYIIACT BeTMUHHA F (S, R, ), T. €. 3HaUeHUe (QyHKITHOHAIA F (S, R)
Ha ONTUMAJIbHOM pa30ueHuu R,

IToncuer p-3HayeHU MpU UCIOIBb30BAHUU MPOCTEUIIEH OTHOMEPHON MOJEN TPOUZBOAUTCA UCXOS U3
MIPOBEPKH OMUCAHHOW BHIIIE HYJICBOW TMIIOTE3bI O MOJHOW HE3aBUCHUMOCTH Y OT OOBSICHSIONINX MEPEeMEeH-
HbIX. [Ipeanonoxum, 4To CreHepUpOBaHO MHOKECTBO fy U3 N CloydallHbIX I1€PECTAaHOBOK HATypPaJbHBIX

uncen u3 Habopa {1, ..., m}. Torna oLeHKa p-3HA9EHNS MOKET OBITh BBIMHCIEHA TTO (opMyITe
2 I[F(Sf’ R§)2F (8, R[S} = {(yf(l)’ ’71)’ (yf(m)’ ’Tm)H
_ fEefy
N b

Iy (s Rof — ONITHMAJILHOE pa30WeHHE TSI BBIOOPKH 5;

st 6omee crmoxubIX cemeicTB 11 u 111 Berauciienne p-3HadeHui 0CIOKHISTCS TPEOOBAHIEM TTOJTHOM BEpH-
(ukanuu Mozeneii. HeBpimoHeHne JaHHOTO TPeOOBAaHUS OOBIYHO ITPUBOAMT K TOSBICHUIO HA BBIXOJIE METO-
na OJIP upe3mepHO 00BIIOrO YKciia U30bITOUHBIX pa3oueHwmii [9].

Mogenb cunTaeTcsi MOTHOCTHI0 BEpUPHUITMPOBAHHOM, €CIIN CTATHCTUYECKYIO0 BepHU(DUKAIIUIO HA JOCTATOY-
HOM YPOBHE 3HAYMMOCTH MPOIILIH BCE €€ eMEeHThIL. J{j1st Bepudukarmu 3neMeHToB pa3douenuii B Mmetone O/IP
WCTIONB3yeTCs MPUHIUN OpUTBBI OKKaMa, TPaKTyeMbIi Kak BO3MOXKHOCTB IMPUHATHS 00JIee CIOKHOW MO,
€CJIM OHA TI03BOJISICT OMPOBEPIHYTh HYJIEBYIO THIIOTE3Y 00 MCUSPIIBIBAIOIIEM OITUCAHUU CYILECTBYIOIIUX B aHA-
JM3UPYEMBIX JaHHBIX 3aKOHOMEPHOCTEH ¢ IOMOIIbIo Ooree mpocToit mogenw [10].

Oman 4. 1151 uHTErpanbHON OLEHKU PA3INYUA MEXAYy CPaBHUBAEMbIMU KJIACTEPaMH MPUMEHSUTUCH METO/IbI
pacnoznaBanusi. Hamu ucronb3oBaics Ha0Op U3 IEBATH METOJIOB PACIIO3HABAHMSI, BKJIFOUAsl TAKUE N3BECTHBIC
CTaTUCTUYECKHE METOJIbI, KaK METOJ A-ONvKaiiux cocenet, IMHEHHbIA TUCKpUMUHAHT Duiiepa, JJOTUCTH-
YecKasi PErpecCusi; METOI OTIOPHBIX BEKTOPOB; aHCAMOJIN PEIIAIONINX ICPEBbEB, TEHEPUPYEMBIC C TTIOMOIIIBHIO
MPOLIEYP aJaNTUBHOTO U TPAaIUEHTHOTO OyCTHHTA; HEUPOHHBIC CETH; OPUTHHAIBHBIN aBTOPCKUI METOJ] — CTa-
TUCcTHYEeCKH B3BemeHHbIe cuaapoMel (CBC) [11].

Meton CBC ocHOBaH Ha MpoLEaype B3BELICHHOTO TOJIOCOBAHUS 110 CUCTEMaM TaK Ha3bIBAEMbIX CHHIPO-
MOB — 00J1acTel MPU3HAKOBOTO IPOCTPAHCTBA, COACPKAIIUX TPEUMYIIECTBEHHO 00BEKThI OJJHOTO U3 KIIACCOB.

B kagecTBe MHTETpaNbHONW MEPHI pa3NIUYUil MKy KIAcTEpaMH MO HaOopaM BHENTHUX (PaKTOPOB TPH-
meHsutack BearmunHa ROC AUC a1 KOJUIEKTUBHOTO pelieHust (ancamOiist). Vcronb30BaHle HHTErpaTbHOR
MEpBI ITO3BOJISIET PAHKUPOBATEH PA3THYUNS MEKIY KIacTepaMH 0 YPOBHIO UX BRIpAKCHHOCTH. [ [puanHOi mc-
TIOJTb30BAHUS KOJUIEKTUBHBIX PEIISHUH SBISETCS UX Oosiee BBICOKas 00001aronias CioCOOHOCTh, YTO CBA3aHO
CO B3aMIMHOI KOMITCHCAITUEH OIUOOK Pa3IMYHBIX aJITOPUTMOB,

Pe3ynbrarhsl 1 X 00CyKIeHHE

Pesyabrarsl kiaactepusanuu. C NCIOIb30BAHUEM OIMCAHHOTO BBIIIE METO/Ia TPOBEEHA KIIaCTepU3aLUs
110 cTpan Mupa 1Mo KPUBBIM CyTOYHOTO IMPUPOCTA CIydaeB 3a0o0jieBaHU. B mTOTe OBLIN BBIABICHBI YETHIPE
KPYITHBIX KJIacTepa, KK bl U3 KOTOPBIX cojepkan He MeHee 11 crpan. Becero B KpyIHBIE KITacTephl BOIILIO
80 crpan. Emte 30 cTpan copMupoBaiiu MEJIKUE KacTephl, BKIIFOUYArOIIUe He OoJiee 4 cTpaH, Uik He 00pa3o-
BaJIM KJIaCTEPOB BOOOIIIE.

IIpencraBiaenne 00IIMX KPUBBIX 32001€BaeMOCTH N0 KjaacTepam. B 1-if knactep Bouum 11 ctpan —
Bemukobpuranus, Poccust, CIIA, [Mopryramus, [lanama, Hurepus, Mekcuka, M3panis, Upnaamus, OAD, FOAP.
Kak BuHO, JaHHBIHN KJIacTep HE UMEET SIBHOW TeorpaduuecKoil JTOKaI3aIHiH.

CrnaxeHHast ycpeqHeHHAas dIHAeMIYecKas KpuBas sl 1-ro kimactepa npuBeneHa Ha puc. 1. Kak cienyer
n3 puc. 1, BEICOKass MHTEHCHBHOCTb SITUIEMUHN OTMedanachk ¢ okTsaops 2020 mo mapt 2021 1.

Bo 2-i1 kmacrep Bowu 39 crpan — ABctpus, ['epmanus, Utanus, CepOusi, bonrapust, Pymbraus, Cesep-
Hast Makenonwusi, Bearpust, Mopmanus, [lonsma, Ykpanna, Kanama, Mongosa, Cupwus, bocuus u I'epriero-
BuHa, HopBerus, Ounnsanus, Andanus, Dctonus, YepHoropus, JluBan, CiioBakus, Uexus, AzepOaiimkan,
Jlutea, Xopsarus, ['py3us, Jlauus, benapycs, Jlarsusi, CnoBenus, Hunepnanasl, Apmenus, JIrokcemOypr,
benbrus, Kenus, [lseiinapus, lsemnus, [lanectuna. 'eorpaduuecku oHM JTOKaTM30BaHbI TIIABHBEIM 00pa-
3om B EBpore. M3 puc. 2 BUJIHO CylIecTBOBaHHE JByX BBIPAKCHHBIX MUKOB Ha MHTEpBaie ¢ oKTsaops 2020
no maii 2021 .
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Puc. 1. CrnaxxeHHas! ¢ HCIOJIb30BAHNEM METO/A CKOJIB3SIIETO CPEIHETO
yCpeIHeHHas dnuIeMHYecKast KpuBasi Ui 1-ro kiactepa Ha uaTepBaie ot 01.02.2020 mo 04.08.2021

Fig. 1. Smoothed using the moving average method, the averaged epidemic curve
for the 1 cluster in the interval from 01.02.2020 to 04.08.2021
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Puc. 2. CrnaxeHHasl C NCTIOIb30BaHUEM METO/1a CKOJI3SIIEr0 CPETHETO
yCpeIHeHHas dIIHIeMUUecKas KpuBasi Juist 2-ro kiactepa Ha uarepsaiie ot 01.02.2020 no 04.08.2021

Fig. 2. Smoothed usmg the moving average method, the averaged epidemic curve
for the 2™ cluster in the interval from 01.02.2020 to 04.08.2021

B 3-ii xnacrep (puc. 3) Borwtu 17 crpan — Amkup, Mapokko, banrnanem, Beetnam, Manone3ns, Kyoa,
Manmnaiizus, Tannann, Jlaoc, Mesama, Tynwuc, Jluus, I'penust, Mpan, Kunp, SAnonus, Pecriyonuka Kopes. [1pe-
MMYIIECTBEHHO ATO CTPAHBI C TPOIMMYECKUM KIMMAaTOM.

B 4-ii knactep Bonwmu 13 crpan — Aprentuna, KomymOus, [laparsaii, Ypyrsaii, Kam6omxka, [lpu-Jlanka,
bpasunus, Upak, Kyseiit, @ununnunsl, Manus, Henan, Monronus. 3HauuTenbHas 4acTh CTpaH U3 4-ro Kiac-
Tepa reorpaduiecku jokanuzoBana B KOxHoit Amepuke. 3 puc. 4 MOXKHO OTMETUTH BBICOKYHO MHTEHCHB-
HocTh snuaemud ¢ anpens 2020 no asrycer 2021 .

B Manble kmactepsl (OT/IeNeHbI TOYKOH C 3aIToi) BOIIUTH Cieyronue rpynmsl ctpad: Karap, CaynoBckas
ApaBust, Cunranyp, Tamxkukuctan; bonusus, Eruner, Yunu; 'Batemana, Kocra-Puka, Oman; Manarackap,
[epy, D¢uonus; Kasaxcran, Typuus. He o6pasosanu knactepos BooOuie 15 crpan — Ascrpanus, [onaypac,
Ucnanaus, Ucnanus, Uemen, Keipreizcran, Kutait, Hukaparya, Hosas 3enannus, [lakucran, Cynan, Tan3za-
Hus, Y30ekucraH, Opannus, JKBaaop.

Meron OZIP u kputepuit ManHa — YUTHU ObUTH UCTIONB30BaHBI U1l CPABHEHHSI KJIIACTEPOB MEXKTy cOOO 110
TepevrcIeHHBIM BHEITHIM (hakTopam. Ha puc. 5 nmpuBeneH npumep oqHOMEpHOTO pa3OueHus u3 cemeicrna I,
pa3deNsIonIero CTpaHbl U3 1-ro U 2-To KJIACTEpOB 1O WHIEKCY [)KUHU, SBISIONIEMYCs TIOKa3aTeieM CTEIeHH
paccioeHus 00IIecTBa I HEKOTOPOH CTPaHBI.
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Puc. 3. CrnayxeHHas! ¢ UCIOJIL30BAHUEM METO/A CKOJIB3SIIETO CPEAHETO
yCpemHeHHas dMHuAeMUYecKas KpuBast uisl 3-ro kinactepa Ha uHtepsaie ot 01.02.2020 mo 04.08.2021

Fig. 3. Smoothed using the moving average method, the averaged epidemic curve
for the 3™ cluster in the interval from 01.02.2020 to 04.08.2021
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Puc. 4. CrnaxeHHasl ¢ HCIIOIb30BaHHEM METO/1a CKOJIB3SIIIETO CPETHETO
yCpeaHEeHHas dNueMuueckas KpuBast 1uis 4-ro kiacrepa Ha uarepsaie ot 01.02.2020 no 04.08.2021

Fig. 4. Smoothed using the moving average method, the averaged epidemic curve
for the 4™ cluster in the interval from 01.02.2020 to 04.08.2021

3HAYMMOCTh pa3IHunil MEeXIy Kiactepamu (KjaccaMy Paclio3HABAHMS) OLIEHUBAETCS C TIOMOIIBIO TIepe-
CTaHOBOYHOIO TecTa Ha ypoBHe p = 0,000 5.

JleBee rpanwuibt 36,95 HaxomsTes 29 cTpan u3 2-ro kinacrepa (90,6 %) u Tonpko 3 cTpanbl U3 1-ro KiTacTepa.
CrpaBa OT 3TOH rpaHuIbl HaX0nATCs 7 cTpaH U3 1-ro kiacTepa v Jub 3 cTpaHsl U3 2-ro kiaacrepa (9,4 %).
Pesynbrarer cpaBHeHUs 1-T0 U 2-TO KIIACTEPOB € MCIIOIB30BaHUEM OHO(DAKTOPHON Moenn U3 cemeiicTsa |
TpuBe/eHBI B Ta0I. 1.

B tabn. 1 mpencraBieHsl oNTHMaIbHBIE TPAHUIIBI, pacCUUTaHHbBIe ¢ moMoIipio Metona O/IP. B cronbue
«KBapaHT |» AaHBI Komu4decTBa 00BEKTOB 1-TO M 2-TO KIacTEpPOB CO 3HAYEHHMEM COOTBETCTBYIOIIETO ITOKa3a-
TeJIS CIIeBa OT TPAHUIIBI, B CTONOIE «KBaaApaHT II» — konmndecTBa 00beKTOB 1-TO M 2-TO KIIACTEPOB CO 3HAUCHHEM
COOTBETCTBYIOIIETO TIOKA3aTels CIpaBa OT rpaHUIlbl. B ckoOkax yka3aHa WX OIS B TIPOLIEHTAX.

B cronbue «I1T» mpencTaBiieHs! p-3Hau€HUS, pACCYMTAHHBIE C TTOMOIIBIO TIEPECTaHOBOYHOTO TecTa. Bee
TTOKa3aTeNy PaHKHUPOBAHKI 10 p-3HAYSHHIO TIEPEeCTaHOBOYHOTO TecTa. Ha mepBoM MecTe, Kak BUIHO U3 Taod. 1,
HaxoasATCs KodpummeHT J)KiHN 1 0151 HACEIEHHUS B TOPOJICKHX arfIOMEPAIUsAX ¢ YACICHHOCTHIO HACEIeHNUS
Ooree 1 MITH YellOBeEK.

B cronbue «U-tecT» mpencTaBlIeHbl p-3HaYeHHS, TTOTYYSHHBIE C IIOMOIIBIO CTaHIapTHOTO TecTa MaHHa —
YutHu.
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Fig. 5. Optimal partition of Gini index ranges.
The crosses indicate the countries of the 1% cluster, circles — the countries of the 2™ cluster
Tabnuna 1
OngHoMepHbIe pa3dueHus /s pacno3HaBanusi 1-ro u 2-ro KJacTepoB CTpaH MUpa
Table 1
One-dimensional partitions for recognising the 1* and 2" clusters of countries in the world
Ne Ksanpanr [ Ksanpanr 11
o [loxazarenn I'panuna F T U-tect
/1 1-11 xnacrep | 2-i kiacrep | 1-# kinactep | 2-# kinactep
1 | Koapdrmment xuan 36,95 3(30%) (29 (90,6 %)| 7 (70%) | 3(9,4 %) | 15,069)0,0005| 0,1073
Hons HacesieHus B ro-
POICKHX ariioMepanusix
2 | C YHCICHHOCTHIO HaCce- 35,695 |4 (36,4 %) (24 (92,3 %)| 7 (63,6 %) | 2 (7,7 %) |12,787| 0,002 | 0,5258
neHus 6omnee 1 MuH e,
B 2020, %
TTocnencTBust cTUXUN-
HBIX OeICTBUiI (3eM-
3 | JICTPACCHI, 3aCyXH, 369 | 5(50%) [31(100%)| 5(50%) | 0(0%) |17,222]0,003 | 0,6425
HaBOJIHEHHUS, IITOP-
MBI), BCEr0 OTHOMNX
B 1993-2002 1.
4 | beperosas TUHHS, KM 694,5 1 (9,1 %) |25 (71,4 %)|10 (90,9 %)|10 (28,6 %)| 12,947 | 0,003 | 0,1804
AMIUTATY 1A TEMIIEpaTyp
5 | B TeueHue roga 13,735 [4(66,7%)| 0(0%) |[2(33,3%) |19 (100 %)|14,476| 0,004 | 0,06171
(max — min)
6 | Hacerenme s 2020 106,0699| 7(63.6 %) |35 (100 %) | 4 (36.4%) | 0(0%) |13.636] 0,005 | 0.03717
MHpekc 4ynucThIxX
7 | GapTepHbIX YCIOBUI 154,0499| 7 (63,6 %) | 35 (100 %) | 4 (36,4 %) | 0(0%) |13,636| 0,005 |0,002466
toprosiu (2000 = 100)
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IIpononxenue Tabm. 1
Continuation of the table 1

IToxazaTenu

I'panuna

Ksagpanr [

Ksagpanr 11

1-ii kacrep

2-i# kimacrep

1-ii kacrep

2-#1 kiactep

F

T

U-tect

Hacenenune B 2014 1.,
MJTH YeJl.

46,3349

1 (16,7 %)

17 (89,5 %)

5(83,3 %)

2(10,5 %)

11,51

0,005

0,0172

FOpOIlCKOC HacCeCJICHUC,
MJIH Y€JI.

32

1(16,7 %)

17 (89,5 %)

5(83,3 %)

2(10,5 %)

11,51

0,006

0,04187

10

BEICOKOTEXHOIOTMUHBIN
IKCOopT, %

22,35

7 (63,6 %)

33 (100 %)

4 (36,4 %)

0 (0 %)

12,9

0,007

0,303

11

Teppuropus (TTomais
cymm) B 2020 T., MiTH KM

0,7451

6 (54,5 %)

34 (97,1 %)

5 (45,5 %)

12,9 %)

13,099

0,007

0,000281

12

Hacenenue cromuiis
B 2014 1., MyTH uer.

5,847

3(50 %)

19 (100 %)

3(50 %)

0 (0 %)

10,364

0,008

0,001 142

13

OKCIOPT TOBAapOB
u ycnyr, % BBII

30,7999

6 (54,5 %)

3 (8,6 %)

5 (45,5 %)

32 (91,4 %)

10,996

0,011

0,001954

14

Poct nHacenenus,
% B TOJI

1,0

4364 %)

31 (88,6 %)

7 (63,6 %)

4(11,4 %)

12,265

0,012

0,4694

15

ITocnencTBust CTUXUN-
HBIX Oe/ICTBUI (3eM-
JETPSICEHHUS, 3aCyXH,
HABOJIHEHHSI, LIITOP-
MBI), BCErO MOTHOINX
B 2003-2012 rr.

81

4 (40 %)

28 (90,3 %)

6 (60 %)

39,7 %)

10,903

0,015

0,000947

16

Hmnopt ToBapoB
u ycnyr, % BBII

32,2999

6 (54,5 %)

3 (8,6 %)

5(45,5 %)

32 (91,4 %)

10,996

0,016

0,5196

17

Opolaemble 3eMJIH,
TBIC. Ta

4125

3(50 %)

19 (100 %)

3(50 %)

0 (0 %)

10,364

0,016

1,4E-05

18

Cpenmsist Temneparypa siH-
Baps B 1961-1999 ., °C

8,6915

3 (50 %)

19 (100 %)

3 (50 %)

0 (0 %)

10,364

0,021

0,03669

19

ITaxoTHBIC 3eMITH
B 2018 1., MiH ra

11,865

6 (54,5 %)

33 (94,3 %)

5 (45,5 %)

2 (5,7 %)

10,022

0,023

0,068 03

20

Teppuropus (rnomanb
cymm) B 2014 1,
MJIH KM

0,8969

2 (33,3 %)

18 (94,7 %)

4 (66,7 %)

1(5,3 %)

10,316

0,025

0,001 142

21

KonuuecTso morubmimx
B PE3yIbTaTe CTH-
XUHHBIX O€ICTBUI

B 2003-2012 rr., yemn.

47

0 (0 %)

13 (72,2 %)

6 (100 %)

5(27.8 %)

9,061

0,026

0,000463

22

Homns Teppuropun,
3aCESIHHON 36pHOBBIMU
KyJIBTypamH, OT I1ax0T-
HBIX 3€Melb

0,27275

5 (45,5 %)

2(5,7 %)

6 (54,5 %)

33 (94,3 %)

10,022

0,027

0,08072

23

OxunaeMasi Ipoa0IIKHU-
TEILHOCTD JKU3HH, JIET

63,6999

3(27,3 %)

0 (0 %)

8 (72,7 %)

35 (100 %)

9,989

0,027

0,004673

24

Wppuranusi, ThIC. Ta

4212

7(70 %)

35 (100 %)

3(30 %)

0 (0 %)

11

0,028

0,3214

25

T"a3, muipn M

3765,5

8 (72,7 %)

35 (100 %)

3(27,3 %)

0 (0 %)

9,989

0,03

0,001255

26

Hacenenue cronuipt
B 2020 1., MJTH Ye€JI.

6,328

8 (72,7 %)

35 (100 %)

3(27,3 %)

0 (0 %)

9,989

0,036

0,06327

27

KommuecTBo morubmmx
B PE3YNbTATEe CTUXUM-
HBIX OCIICTBHIA B Cpeji-
Hem 3a 2003-2012 rr,,
ven. Ha 100 TeIC. yen.
HaceJeHHs

18

1(16,7 %)

15 (83,3 %)

5(83,3 %)

3(16,7 %)

8,625

0,038

0,03952
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OkoHuyaHue Tabdba. 1
Ending table 1

No Ksagpanr [ Ksagpanr 11
- IToxazarenu I'panuna F [T U-tect
/1 1-11 knacrep | 2-i kiacrep | 1-# knactep | 2-# kinactep

CpenneroyioBasi cMepT-
HOCTB B PE3yJIbTaTe

28 | cTUXHMIHBIX O€ICTBUIA 0,1798 | 1(16,7 %) |15 (83,3 %)| 5 (83,3 %) | 3 (16,7 %) | 8,625 | 0,041 | 0,09846
B 2003-2012 rr., yen. Ha
1 MUIH 4Jes1. HaceneHus

3eMiTH 101 36PHOBBIMHU
29 | kyabrypamu B 2018 1., 16,1749 | 8 (72,7 %) |35 (100 %) | 3 (27,3 %) | 0(0%) | 9,989 | 0,044 | 0,1296

MIJIH I'a

[IpuBenem u apyrue 3Ha4MMbIE OKA3aTEIH 110 Mepe yObIBaHUS HH(OPMATUBHOCTH:

*Ha ypoBHe 0T p < 0,005 o p < 0,010 — cpennsiss Temneparypa stuBapst B 1961-1999 rr., °C; cpenuss
temneparypa ¢pespaist B 1961-1999 rr., °C; cpennsisi MakcumanbHas TeMmneparypa B 1961-1999 rr., °C; cpen-
Hsisl TeMrieparypa aexadps B 1961-1999 rr., °C; 3anacsl HedTr, MiTH Oappenieif; cpeHss TemMreparypa MapTa
B 1961-1999 rr., °C; cpeansist Temneparypa HOI0ps B 1961-1999 rr., °C; aBTOMOOUIIBHBIE IOPOTH, BKITIOUAs
IPYHTOBBIE H IIOKPBITHIE, KM Ha 1000 KM TeppHTOpHY;

*Ha ypoBHe oT p < 0,01 10 p < 0,05 — aBTOMOOWMIIbHBIE JOPOTH, BKJIIOUAsI TPYHTOBBIC M TIOKPHITHIC, KM Ha
1000 kM TePPUTOPUM; UIMIIOPT TOBapoB U yciyT, % BBII; ron oOperenns He3aBUCHMOCTH; CPEHETr0I0BOE KOMHU-
YECTBO MOCTPAAABIINX OT NPUPOAHBIX KaTakau3MoB 3a nepuon 1970-2011 rr, gen. Ha 100 ThIc. 4en. HaCEICHUS;
aMIUTUTY/a TEMIIepaTyp B TeYeHHE rofa (max — min); cpeiHeMEeCSIHbII 00BbEM 0CaIKOB 32 MapT, MM; CPEIHSISI MU~
HUManbHasg Temreparypa B 1961-1999 rr., °C; cenbckoxo3siicTBEHHBIE YToabs, %o OT BCEH TEPPUTOPUH; CPEIHSSA
Temrieparypa ceHTsIops B 1961-1999 rr., °C; skcnopt ToBapoB u ycuyr, % BBIL; xooddumment poxxmaemoctw;
yiep0 OT MPUPOIHBIX KaTakim3MoB B cperreM 3a 2003-2012 rr., muH mosut. Ha 1000 KM TEPPHTOPHH; Hace-
JICHUE B KpyIHEHIIeM ropoae, % OT BCEro rOpOACKOTO HACENICHUS; BO3ICHCTBUE IKCTPEMAIbHBIX TEMIIEPATyp
B 1971-1973, 1975, 1977-2008 rr., cpeHee 3HaYEHUE; CPEIHEr0/I0Basi CMEPTHOCTD B PE3yJbTaTe CTUXUUHBIX
oencteuii B 20032012 rr., yen. Ha 100 ThIC. Uesn. HaceIeHus; CPeAHEMECSYHBINA 00BEM 0CaJIKOB 32 CEHTSAOPb, MM;
WHJIEKC YUCTHIX OapTepHbIX yenoBuii Toprosiu (2000 = 100); cpennss remneparypa ampenst B 1961-1999 rr, °C.

W3 Tabn. 1 BuxHA HEKOTOPAsk KOPPEIILIUS MEXKY p-3HAUYCHUSIMU, PACCUUTAHHBIMU C ITIOMOILBIO IIepecTa-
HOBOYHOTO TecTa B pamkax Metona OJP. OnHako u1ss MHOTHX HOKa3aTeeld NMEIOTCs CYILIeCTBEHHbIE pa3Ho-
HanpaBJICHHbIEC PA3TUYHSL.

[Tpumenenune merona OJIP Takke MO3BONMIO BBISIBUTH Pa3inuMs MEXIY KilacTepamu U HanOonee nHpop-
MaTHUBHBIE [TOKA3aTEIH 10 JBYMEPHBIM pa30ueHUsIM. 3HAYUUMOCTh aHAJIOTUYHO CUUTAIH C TIOMOIIBIO TTepecTa-
HOBOYHBIX TECTOB.

Ha puc. 6 npuBeneno nBymepHoe pazorenue, paszensronee 1-i i 2-if Ki1acTepsl 1Mo 1moKa3aressim «oe3pado-
TULa» U «J0Js1 HACEJIEHHUs B TOPOACKHX arfIoMEpalsiX ¢ YHCICHHOCThIO HaceJIeHus Oomnee | MITH YenoBeK».
3naunmocth pX cocrasuia 0,005, 3HaunMocTs pY Obuta Ha ypoBHe 0,017.

W3 puc. 6 BuaHO, 4TO CTpaHbl 1-ro KinacTepa mpeobnanaioT B KBagpaHTe I, a ctpaHam u3 2-To Kiacrepa
cootBeTcTBYIOT KBajpanThl II, III u IV. CnenoBarensHo, 11t cTpan 1-ro KjacTepa XapakTepHbI HEBBICOKAs
0e3paboTuiia U 3HAYUTEIILHO OOJIBIINI IPOLIEHT HACEIEHHUS B FOPOJax-MUNIMOHHUKAX.

Bce kiactepsl nonapHo cpaBHMBAJIM METOAaMHU MaiMHHOTO o0yueHus (MO). Metoap! paHXUpOBAIN T10
s¢exTuBHOCTH U (HOPMUPOBAIIN U3 HUX aHcamOnu 1o 3, 5 unu 7 meronos. [locie sToro ans kaxaoi cpas-
HUBAEMOI Mapbl KIaCTEpOB BHIOMPAIU TOT aHCaMOIIb, KOTOPBIi AaBan Oojee Boicokue 3Hadenuss ROC AUC.
Pesynbrarel Hanbonee ycnenmHsix ancamoneit meronoB MO npeacrasieHsl B Ta0. 2.

Tabnuna 2
Pe3yabTaThl pacno3HaBanus B napax kiaacrepos (ROC AUC) no ancam0./110 MeTO10B
MAIIHHHOI0 00y4eHus B koMmiuiekce Data Master Azforus
Table 2
Recognition results in pairs of clusters (ROC AUC) for an ensemble
of machine learning methods in the Data Master Azforus complex
CpaBHHMBaeMbIe KIaCTEPBI Konnqecm(g AHCAMGITE METOTOB ROC AUC
(aucno crtpaH) rmokasareneit
1-it k;macrep (11) — 2-ii xiacrep (35) 130 AdaBoost, DT, GBM 0,9506
1-# xmactep (11) — 3-i1 ximacrep (16) 130 AdaBoost, DT, KNN, LDA, SVM, SWS, GBM 0,8977
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Okonuanue Tabm. 2
Ending table 2

CpaBHI/IBaeMBIe KJIaCTEPhbIL KOHI/I“ICCTB? AHCAMOIL METOJIOB ROC AUC
(ducino cTpan) rokasareen
1-# xmactep (11) — 4-i xmacrep (11) 136 AdaBoost, KNN, SWS 09132
2-11 xmacrep (35) — 3-it xmactep (16) 130 AdaBoost, DT, LDA, SWS, GBM 0,962 5
2-i1 knacrep (33) — 4-it kiacrep (12) 128 AdaBoost, DT, SVM, SWS, GBM 0,9545
3-it kmacrep (16) — 4-i1 kimactep (11) 132 AdaBoost, DT, SVM 0,7159

IIpumeuanue. AdaBoost — agantusablid OycTunr; LDA — nunelinsiii quckpuMuHanT Oumepa; KNN — meton k-Ommxaidmmx
coceneit; SVM — meton onopHbIX BekTopoB; DT — pemaronue nepeBbst; SWS — cratucTiueckyl B3BeleHHble CHHApoMbl; GBM — rpa-
JMEHTHBII OyCTHHT.
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Kpecrtrkamu 0603Ha4eHbI CTpaHb! 1-ro Kiactepa, Kpy:KO4KaMu — CTpaHbl 2-T0 Kiiactepa

Fig. 6. Two-dimensional optimal partitions: x axic — unemployment,
y axic — population in urban agglomerations with a population of more than 1 million.
The crosses indicate the countries of the 1™ cluster, circles — the countries of the 2™ cluster

Pacniosnaranwme 1-ro u 2-ro xiacrepoB meronamu MO (Data Master Azforus) okasaio CIeAyHONIUi pe-
syaprar: ROC AUC = 0,95. Arcam0Oiie MeToioB Bkitouan agantuBHbiil Oyctunr (ROC AUC = 0,895), ne-
peBbst pemenniit (ROC AUC = 0,775) u rpanguentasiii Oyctunr (ROC AUC = 0,732) 1 uMen HEBBICOKYIO YyB-
ctBuTesbHOCTD (0,545) BenencTBre Masioro 4yuciia 00beKTOB B 1-M KilacTepe, HO TIPU 3TOM 00J1a/1al BBICOKOH
cneuuguuHoctsio (0,921).

Hawmyuimmii pe3ynsrar pacno3HaBaHHs MOy IPU cpaBHEHHH 2-10 U 3-ro kiactepoB: ROC AUC = 0,962 5.
310 00BsICHSETCS OONMBIINM YUCIOM OOBEKTOB U TEPPUTOPHAIBHBIM PACIIOIOKEHHEM BOILIEIINX B KIaCTEPhI
CTpaH (eBporeiickue cTpaHbl BO 2-M KJIACTEpPE U CTPaHbI ¢ TPOIMMUYECKUM KIMMaToM B 3-M kiactepe). Camblit
ciabblil pe3ysbTaT pacrno3HaBaHus MOJTYYHMIH NPH cpaBHEeHHU 3-ro U 4-ro knactepoB: ROC AUC = 0,7159.
3710 00YCIIOBICHO MaJIbIM YUCIIOM OOBEKTOB B 4-M KJIACTEPE U TEM, YTO CPAaBHUBACMBIC KJIACTEPhI BKIIIOYAIOT
CTpPaHBI CO CXOJHBIM KIIMMaTOM U SKOHOMHUKOH.

Hecmotpst Ha To uto Meto CBC He BoIIeN B HEKOTOpbIE aHCAMOJIH, OH HMEET IPEUMYIIECTBO Mepe]] OCTalb-
HbIMH MeToamMu MO: 3TO eTMHCTBEHHBIH METO/I, KOTOPBIH BBISBIISIET HaNOOJee 3HAYNMBbIE [TOKA3aTeNN ¢ TOUKH
3peHus pa3/ie]IeHNs CPAaBHUBAEMBIX KJIacCOB, PAHKUPYET UX, HAIJIAHO MOKa3bIBaeT Ha Juarpammax pacces-
HUSI pacIojokeHre 0ObEeKTOB OTHOCUTEIBHO BBICTABICHHBIX I'paHMIl pa3ouenus. Bee 1o mo3BossieT onpene-
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JUTH HA0OP Hanbosiee MHPOPMATUBHBIX (KITFOUEBBIX ) ITOKA3aTeIICH U OLIEHUTh PAcIONOKEHHE 00BEKTa B KPYTY
ero cocezieif. [lpyrue meTonpl He 001a/1al0T TaKUM CBOMCTBOM (TIPO3PavyHOCTHIO), YTO IPUBOJUT K Mpodieme
«4gepHoro smukay. McmonszoBanue metonoB OJ[P u CBC BRIBOAWT aHATN3 JaHHBIX HA HOBBI YPOBEHb.

3aKjaIoueHune

[IpoBenenHbIe UccnenoBaHus MOATBEPAMIN 3P HEKTHBHOCTD NMPEUIOKESHHON TEXHOIIOTHH U3YyUCHHS CBSI3U
xona snugaemun COVID-19 ¢ cornuaibHO-3KOHOMUYECKUMU, TeMOrpahUISCKUMH U KJIMMAaTHIeCKUMH (aKTO-
pamu. Ha 910 yKka3piBaeT 4acTHUYHAS CBSI3b HAMICHHBIX KJIACTEPOB C reorpaguueckoil jokanu3zamueid. Bropsim
JI0Ka3aTeIbCTBOM OOBEKTHBHOCTH KJIACTEPU3AIMH SIBIISICTCS BEICOKASI CTATUCTUYECKAsT 3HAYMMOCTD Pa3Inanil
MEX]y KIIACTePaMH M0 BAKHEUIIINM ITOKa3aTelisiM, BKIrodas koaddunuent JKuHn (pacciioeHre mo 10Xo1am),
JIOJTIO HACETICHHSI B TOPOJICKUX arfIOMEpalysax ¢ YUCIEHHOCThIO HacesleHus 6osee 1 MITH 4eloBeK, aMIUTUTYLY
TeMIeparyp B TeueHue roaa, BBII Ha nyury HaceneHusi, UMIIOPT TOBAPOB U YCIIYT, HHIEKC YHCTHIX OapTEpPHBIX
YCIJIOBUI TOPTOBIIN, OKUAAEMYIO MPOJOKUTENILHOCTD KU3HU, POCT HACEICHHUS, IETCKYI0 CMEPTHOCTD U JIp.
Panee mokazano [12], 4To psn mepedncaeHHBIX MOKa3aTeIei UMEIOT CTATUCTUICCKU 3HAYNMYIO CBSI3b C 0CO-
OCHHOCTSIMH CTPYKTYPbI 0a30BBIX HHCTUTYTOB CTpaH Mupa. [1o3ToMy B JanbHEUIINX UCCICIOBAHUSIX MTPEIIIO-
naraercs 0ojiee AeTaJIbHOE BBIABICHHE 3aBUCUMOCTH 0COOEHHOCTEH MPOTEKaHUs MaHAEMUH OT 0COOCHHOCTEH
COLIMAIbHO-3KOHOMHUYECKUX HMHCTUTYTOB Pa3HbIX CTPaH.

Crnenyet OTMETHUTh BaXXHOCTh pa3padaTbiBaeMOi TEXHOIOTHH JJIs pEIIeHUs 3a/1a4i TPOTHO3WPOBAHUS X0/
anuaeMHud. Takol MPOrHO3 MOXKET MTPOU3BOAUTHCS TI0 TPYIITIE CTPaH, B KOTOPYIO BXOJWT aHAIN3HMpyeMasi CTpaHa.

Ji1s ycrenHoro mporHo3upoBaHys MOTYT OBITh HCTIONIBb30BaHbl Moziesihb ARIMA 1 pa3nudHbie MOJIENH aBTo-
perpeccun. ABTOpErpecCHOHHBIE MOJIETTH AI0T pa3Hoe MpeACcKa3aHue U pa3Hylo TOUHOCTh MPEeICKa3aHus B 3a-
BHCHUMOCTH OT TOTO, TIPOBO/TUJIACH JIU MacCOBasi BAaKIIMHAIIUS, KOTOpast KapAWHAIBHO BIMSET Ha MPOTHO3 AUHAMHU-
ku 3ab0oseBaemocti COVID-19 [13]. HemocTaTkoM aBTOPETPECCHOHHBIX MOJICIICH SIBIISICTCSI HEOTPEACTICHHOCTh
MIPOTHO3a JUII MOMEHTOB BPEMEHH, YAAJICHHBIX OT BPEMEHHOTO WHTEpBaJia, 10 KOTOPOMY Obljla TOCTPOEHA MO-
nernb. B ¢BA3M ¢ 9THM B JANbHEUIINX MCCIICIOBAHMAX MIPEAIIONAraeTcss M3y4uTh IPOTHOCTHYECKHE BO3MOYKHOC-
TH TIPEIUIOKEHHOH B padoTe [14] TexHOoIorn!, No3BOJISIONIECH MOTYyYUTh MPOTHOZUPYIONIYIO (DYHKIIMIO B BUJIE
KOMOWHAITMY 3aBUCSIIUX OT BPEMEHH KOMIUIEKCHBIX SKCIIOHEHIIMAIBHBIX (pyHKINH. IHBIMU CIIOBaMH, POTHO3
OyJIeT DKCTPAIIOIMPOBAH Ha MPOU3BOJIBHBIN IPOMEKYTOK BPEMEHH C TIOMOIIBI0 HETMHEHHON (DYHKIINH, BBIYHC-
JIsieMoii To MHTepBaTy HaOmoneHwi. JlaapHelmM HaripaBiIeHHeM HCCIIEI0BAHNH TPEIOIaraeTcs TaKkKe BKITIO-
YeHHe B pa3padarsiBaeMyI0 TEXHOJIOTHIO METO/IOB OLICHUBAHUS CTATHCTHYESCKON 3HAYMMOCTH KIIACTePH3AIHH.
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KPATKI/IE COOBIIEHNA
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OYHKLUSA ITOTEPH, YAUTBIBAIOIIAA CEMAHTUKY
ITPOCTPAHCTBA, AASI CUHTE3A ODOMBEAANHT OB
HA TPAH3AKIIMOHHbBIX AAHHBIX

M. E. BATKHH", . A. BOPOBEH", M. B. IKOBJIEB", M. I. KPUBOBA"

Y040 «Cbep banxy, 6yn. Mynasuna, 6, 220005, 2. Munck, Berapyce

[NomynspHble B 0aHKOBCKOU chepe TpaH3aKLMOHHBIE JAHHBIC YacTO MPEJCTaBIAIOTCS B BUJIE Pa3PEXKEHHBIX (C OOJIBIINM
KOJINYECTBOM IMPU3HAKOB) BEKTOPOB. lICronbp30BaHNe pa3pekeHHBIX BEKTOPOB B 3ajla4axX TyOMHHOIO OOy4YEHHUs SIBISETCS
HEed((PEKTUBHBIM M MOXKET BECTH K TepeoOydeHH 0. J{i1s M3BIeueHNs MOJIC3HBIX IPU3HAKOB B IPOCTPAHCTBE MEHBILCH pa3-
MEpPHOCTH IIMPOKO ITPUMEHSIOT aBTOKOIMPOBIIMKH. B HacToseit pabore npeyiaraercs HoBasi QyHKIHS [TOTEPh, KOTOPast
OCHOBaHa Ha METPHKE, OIIEHUBAIOIICH KaueCTBO OTOOPAKCHHSI NCXOIHBIX TAOIMYHBIX JaHHBIX B MIPOCTPAHCTBO HMOE-
JUHTOB. OTa (QYHKINS CIYyKUT IJIs TpeoOpa30BaHusI CHHKECHUS Pa3MEPHOCTH U TIO3BOJISIET COXPAHUTh CTPYKTYPY OTHO-
MeHNH 00bEKTOB MCXOAHOTO NPOCTPaHCTBA. [lomydeHHbIe pe3yabTaThl TOKA3bIBAIOT YIyUIIEHHE Ka4eCTBa MOTy4aeMbIX
9MOE/IMHIOB MOCPEACTBOM HCIOIB30BaHUsI HOBOM (PYHKIIMH MOTEPh B KOMOMHAIMH C TPAJAUIIMOHHOW Cpe/iHel KBajpa-

TUYECKOW OMIMOKOU (DYHKITUH.

Knrouesste cnosa: nannpie; SMOSAIUHT; BEKTOP; (QYHKINS TOTEPh; aBTOKOAMPOBIITHK.
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SPACE SEMANTIC AWARE LOSS FUNCTION
FOR EMBEDDING CREATION IN CASE OF TRANSACTION DATA

M. E. VATKIN?®, D. A. VOROBEY®, M. V. YAKOVLEV?®, M. G. KRIVOVA®

4Sber Bank, 6 Muliavina Boulevard, Minsk 220005, Belarus
Corresponding author: M. E. Vatkin (mevatkin@bps-sberbank.by)

Transaction data are the most popular data type of bank domain, they are often represented as sparse vectors with
a large number of features. Using sparse vectors in deep learning tasks is computationally inefficient and may lead to
overfitting. Autoencoders are widely applied to extract new useful features in a lower dimensional space. In this paper we
propose to use a novel loss function based on the metric that estimates the quality of mapping the semantic structure of
the original tabular data to the embedded space. The proposed loss function allows preserving the item relation structure
of the original space during the dimension reduction transformation. The obtained results show the improvement of the
resulting embedding properties while using the combination of the new loss function and the traditional mean squared
error one.

Keywords: data; embedding; vector; loss function; autoencoder.

Introduction

Every day, a large number of payment transactions using bank cards are performed, which details are col-
lected on the bank’s servers. Such data contains information about the bank’s client’s behaviour, which can
later be used by the bank in various forecast models. At the same time, if we want to use such data, it must be
presented in a certain format, for example via transformation into a fixed-length vector, where each coordinate
acts as a counter for the number of transactions of a particular type in a certain time period (e. g., the first coor-
dinate shows the number of transactions at gas stations, the second one does it for public catering places, etc.).
Such vectors can describe the client’s behaviour at certain time intervals, however, due to a large number of
possible transactional activity categories, these vectors have a large number of coordinates, many of which are
zero, in other words, clients are described by sparse vectors.

The use and storage of such vectors is computationally inefficient and may also lead to overfitting of predic-
tive models. A popular solution to this problem is to use autoencoders, which first encode data into a smaller
space, and then reconstruct the original data from it. The process of training the model can be described as
reducing the reconstruction error by updating the model’s weights, and as a result, we get a mapping of the source
data into a space of smaller dimension, preserving the maximum of the original information about objects.

The quality of the obtained representations is measured by the recovery error, however, it was shown in [1]
that this metric is not a reliable indicator of their applicability to the final problem. In addition, it does not give
us an idea of how the relationships of representations are arranged, which reduces the confidence in the results
obtained. Thus, we would like to have representations that contain as much information about the original ob-
jects as possible, and also preserve their semantic relationships in the embedding space. In other words, we
want the representation of objects in the new space to be formed so that, using the vector additional operation,
we can move from one representation to another and this transition is meaningful. This corresponds to the
analogies presented by T. Mikolov [2], where we have pairs x : y and a : b in the original space, where x is se-
mantically connected with y, as well as a with b, for example «man» : «king» and «woman» : «queen», so we
want this connection to be reflected in the embedding space. To fulfill this condition, we propose a modifica-
tion of the loss function, which will allow not only compressing information into a space of smaller dimension,
but also building the resulting vectors so that they reflect semantic relationships, which is possible due to the
structure of the source data itself.

General description of problem

Let us introduce the notation: mapping f: R" — R™ (m < n) to be called embedding (encoder) and mapping
g:R" — R" to be called decoder. An object is represented by a vector X € R”, where each coordinate displays
the number of transactions executed for a product or service of a certain category.

The goal is to build an embedding that reflects the semantic relationships between objects. More strictly,
this can be formulated as follows:

g(f(x)+ f()=2z (1)
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where z is an object corresponding to the union of the meanings of objects x and y. Referring to the source
data, you can see that each object itself reflects the client’s behaviour, moreover, there is already a meaningful
addition operation in the source space. Indeed, if combination the two original vectors results as a third vector
that describes the third client which behaviour corresponded to the union of the first two. Then it is possible

rewrite (1) as
g(f(x)+f(y)):x+y.

Because it is assumed that the reconstruction error of autoencoder is zero, as well as the £ is an injective
function, then g( f(x +y)) =x+y and thus f(x)+ f(»)=f(x + y). So actually equation (1) says that with

some additional conditions f is a homomorphism. It seems that using equation (1) can transform our autoencoder
into principal component analysis since it is a linear map, and the autoencoder with a linear encoder resembles
principal component analysis projection [3]. This could be the case when autoencoder has a zero reconstruction
error which is impossible due to different sizes of the embedding space and the objects space.

An experiment methodology

Data description. Used dataset contains information about 284.807 transactions performed during two days
by European cardholders in September 2013 with 492 fraudulent transactions [4]. The reason to use this data-
set is to implement the method of fraud detection described in another article [5], namely to fit the autoencoder
on non-fraud data and, assuming that fraudulent transactions will be recovered by an autoencoder with a larger
recovery error, use reconstruction error to verify if the new transaction is fraudulent or not. Thus the task is to
compare different models. To do this, the dataset was separated into the train part that consists of 80 % of the
transactions, all of them being normal, and the test part that contains the remaining 20 % with all 492 fraudu-
lent transactions. Since to use our approach we need to be able to add the vectors of the original space, we will
only use the attributes from V1 to V28.

Training metrics. For the training process evaluation, we use two metrics.

1. The mean squared error (MSE) of objects and the autoencoder’s predictions to check the reconstruction
abilities of our autoencoder:

N

Z(g(f(xi)) - xi)z

i

N
2. Custom metric called as mean semantic preserving error (MSPE):

£3flr000+ 0] o)

b

NM

where x, y € X. However, it is computationally inefficient to choose all y objects from X, so for the performance
reason the M =100 random y objects were chosen from X for every object x to be used for computation of given
loss function.

Models. Autoencoders with the same architecture were used for each model: InputLayer (shape=(28)) —
Dense (21, activation="elu’) — Dense (14, activation="elu’) — Dense (7, activation="elu’) — Dense (14, activa-
tion="elu’) — Dense (21, activation=‘elu’) — Dense (28) but different losses:

e the sum of the MSE and the MSPE (model 1);

* the MSE as a model loss (model 2);

*the MSPE as a model loss (model 3).

The batch size equals 1000, the number of epochs is 50, the optimiser is Adam with the default hyperparams.
As predictions for the fraud detection task, we compute the mean squared error between the input vector and its
reconstruction.

Classification metrics. Since our task is essentially a binary classification task with imbalanced classes,
we will use three metrics.

1. Maximum Fl-score. F1-score is a harmonic mean of precision and recall:

2 - precision - recall

F1-score = — R
precision + recall

where precision is the number of objects classified by the algorithm as 1 (fraud) while they really belong to
class 1, divided by the number of objects classified by the algorithm as 1, which shows whether we can rely on
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Fig. 1. The reconstruction loss (model 1 uses MSE and MSPE,
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Fig. 2. The MSPE (model 1 uses MSE and MSPE,
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Fig. 3. The PR curve (a), the ROC curve (b)
(model 1 uses MSE and MSPE, model 2 uses MSE only, model 3 uses only MSPE as the loss)
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our algorithm when it classifies objects as class 1; recall is the number of objects classified by the algorithm
as 1 (fraud) while they really belong to class 1, divided by the number of objects from class 1, which shows
how many objects of class 1 it can find among all objects of class 1. However, it is needed to balance these two
metrics, and for this purpose F1-score is used. Since it isn’t known which threshold to use for the algorithm,
and F1-score depends on the threshold, the maximum F1-score within all possible values was used.

2. PR AUC. 1t is an area under the precision recall curve; the closer this metric is to 1, the better the model is.

3. ROC AUC. It is an area under the receiver operating characteristic, the closer this metric is to 1, the better
the model is. To explain how this metric is computed, we need to know the two other metrics: true positive
rate (TPR), which is actually a recall, and false positive rate (FPR), which is the number of objects classified
by the algorithm as 1 (fraud) while they really belong to class 0, divided by the number of objects from class 0.

Results of experiment

Figure 1 shows the reconstruction error, fig. 2 shows the mean semantic preserving error for each epoch
during the training, fig. 3 shows the ROC and PR curves, and table 1 shows the quality of models in terms of the
fraud detection task. As we see from fig. 1, model 2 shows the best reconstruction loss, model 1 shows a slightly
worse result, and model 3 performs much worse. However, in fig. 2, models 1 and 3 have similar results while
model 2 performs much worse. So, we can make a conclusion that a combination of two losses allows getting
good results in terms of both losses while using only one leads to better results in the corresponding metric but
much worse in the other. Yet, good quality in those metrics doesn’t necessarily lead to good results when trying
to apply the models to an external task. Model 1 shows the best reconstruction ability, however it has the worst
result in the fraud detection task (table 1), while model 3 with the worst reconstruction ability has better results.
Also, the best model doesn’t have the best reconstruction ability, but performs well in terms of both metrics.
Thus, we can make the following conclusions: the better reconstruction loss in autoencoders does not necessa-
rily lead to better results on an external task, and we can try to combine the reconstruction loss with the mean
semantic preserving error in our loss function, which can lead to better results on external tasks. We can also
compare the PR AUC of our best model with the results of other models from article [6] since this indicator is
better than the ROC AUC for evaluating the performance in tasks with imbalanced data [7; 8]. As we can see
from table 2, our best model scores the second, which proves that our approach is comparable to the existing
algorithms for solving the fraud detection task.

Table 1
The comparison of the classification metrics
Algorithm Maximum F1-score PR AUC ROC AUC
Model 1 (MSE + MSPE) 0.808 0.788 0.968
Model 3 (MSPE) 0.802 0.773 0.967
Model 2 (MSE) 0.794 0.771 0.949

Table 2

The PR AUC comparison with other algorithms

Algorithm PR AUC
Bagging 0.825
Model 1 (MSE + MSPE) 0.788
C4.5 0.745
Naive bayes 0.080
Conclusions

The paper considers an actual problem of the embedding construction by applying neural network autoen-
coder model. In particular, the new semantic preserving error function was introduced as a loss function for
autoencoder training process. Given function allows preserving semantic relations between objects in embedding
space for tabular data. However, not all properties of the resulting space were considered in details. For example,
given approach could be used while training neural networks of other type like in [9]. Mentioned possibilities and
properties remain to be explored in the future work.
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O AOKAABHOHN OBPATUMOCTHU ®YHKIIUN
h-KOMITAEKCHOT'O TTEPEMEHHOTIO

B. A. TABJIOBCKHH", H. JI. BACH/IBEB"

”Eezzopycczcuﬁ eocyoapcmeennwlil ynusepcumem, np. Hezasucumocmu, 4, 220030, . Munck, Berapyco

Teopust hyHKIMI /-KOMITIIEKCHOTO IEPEMEHHOTO — aJIbTEpHATHBA IS OOBIYHON TeOpUH (PYHKIMH KOMIJIEKCHOTO Tiepe-
MEHHOTO, MOJyYaromasicss 3aMEHON MPaBUJI YMHOKEHHUSI. JTO U3MEHEHHE NPUBOJIUT K ITOSIBJICHUIO JICIUTENICH HyIs Ha
MHOXKECTBE /i-KOMIUIEKCHBIX urcell. Takue Ynciia 00pa3yroT KOMMYTaTHBHOE KOJIBLIO, HE SBIIsFoLIeecs rojeM. -T'onomopd-
Hble (QYHKIMH BBICTYIIAIOT PEIICHUSIMU CUCTEM YpPaBHEHMH T'MIICpOOIMYECKOrO THIIA, TOI/a KaK KJIACCHYECKUe ToJIo-
MOp(dHBIE GYHKIMH — PELICHUSIMU CHCTEM YPaBHEHHUI SJUIMNTHYECKOro THia. CIeACTBUEM 3TOTO SBIACTCS 3HAUYUTEIIb-
HOE OTJIMYME CBOWCTB A-roJOMOP(HBIX M KJIaCCHUECKHX roioMopdHbix (yHKIMA. VHTEpec K HCCIe0BaHHIO CBOMCTB
(yHKIMH /-KOMIUIEKCHOTO TIEPEMEHHOTO CBSI3aH ¢ HEOOXOIMMOCTBIO TIOMCKa HOBBIX METOIOB PEIICHNUS 3a/1ad MEXaHUK!
¥ TUIOCKOH TEOPUH OTHOCHTEJILHOCTH. B anHO# paboTe nokasaHa TeopeMa o JIOKaJIbHOH 00paTUMOCTH /-ToIOMOP(HBIX
GbyHKLHA, cHOPMYIHPOBAHBI IPUHLHUITBI COXPAHEHUS 00IaCTH U MAKCUMYyMa HOPMBI IJIst A-TOJIOMOP(GHBIX (DYHKLIUH.

Kniouesvie cnosa: h-ronomophHOCTB; JOKaIbHas 00PaTUMOCTb; PUHIIMIT COXPaHEHHUS 00JIaCTH; IIPUHIIUIT MAKCHMYMa
HOPMBI; KOJIBIIO /1-KOMIIJIEKCHBIX YHCE; ISITUTENN HYJI.

ON LOCAL INVERTIBILITY OF FUNCTIONS
OF AN h-COMPLEX VARIABLE

V. A. PAVLOVSKY?® I. L. VASILIEV*

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus
Corresponding author: V. A. Pavlovsky (paviad95@gmail.com)

The theory of functions of an /#-complex variable is an alternative to the usual theory of functions of a complex vari-
able, obtained by replacing the rules of multiplication. This change leads to the appearance of zero divisors on the set of
h-complex numbers. Such numbers form a commutative ring that is not a field. #-Holomorphic functions are solutions
of systems of equations of hyperbolic type, in comparison with classical holomorphic functions, which are solutions of
systems of equations of elliptic type. A consequence of this is a significant difference between the properties of /-holo-
morphic functions and the classical ones. Interest in studying the properties of functions of an #-complex variable is
associated with the need to search for new methods for solving problems in mechanics and the plane theory of relativity.
The paper presents a theorem on the local invertibility of #-holomorphic functions, formulates the principles of preserving
the domain and maximum of the norm.

Keywords: h-holomorphy; local invertibility; domain preservation principle; norm maximum principle; ring of #-com-
plex numbers; zero divisors.
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BBenenue

[Tycts C, — MHOMXKECTBO BCeX s-KoMIUTeKCHBIX uncedn [ 1-6]. JIro6oe uncio n3 muoxectsa C, mpeacTaBumMo
B anreOpandeckoit hopme:

z=(a;b)=(a;0)+(0;6)=a-(1;0)+b-(0;1)=a+ jb=Rez+ jHypz,

riae a = Rez — BemecTBeHHas 4acTh yucna z, a b = Hypz — runepbonndeckas 4actp uncna z. Kak mokasano
B pabore [7], MHOXeCTBO /-koMIuIeKcHbIX yncen C, ecTh KOIbLO ¢ ACNUTENISIMU HyJIsl, KAKOBBIMH SIBIISIOTCS
yucaa BUaa a x aj.

Hopwma snemenra B konbiie C, onpeznensercs mo gpopmyie ||z|| = |a| + |b

MMEET BHT |z| =\Ja* + b* [7].

ITycts D — obnacts B C,, Torna mobas h-kommiekcHas ynkuus f: D — C, npeacraBuma B anrebpaunde-
CKOH (popme:

, 4 MOYJIb /-KOMILIEKCHOTO YHClIa

S(2)= 1 (x+ jy)=ulx, y) + jv(x )
Oyukuus f (z) = u(x, y) + jv(x, y) Ha3bIBaeTCA /1-rolIoMOP(HHOM B TOUKE z, =X, + jV, € D, eclti PyHKIUU u U v
MMEIOT HEeTIpephIBHBIEC BTOPHIE YaCTHBIE TPOU3BOIHBIC M BHIIIOIHEHBI YCIOBHS
ou Jdv du v
ax d dy ox
Oynkuus f (z) h-ronomopdna B obnactu D  C,, ecnu oHa h-ronomopdHa B Kaka0# Touke 3Toi 06nacTu.

TeopeMa 0 JIOKAJILHOH 00PATUMOCTH
h-rosiomop(dHbIX GpyHKIMI

[lycts f(z) = u(x, y) + jv(x, y) — (ynkuwust, h-ronomopduas B obmactu D < C,. Torna Berony B D uy = vy,
u,=v, f "(z)=ul + jv. [7]. B ovmune ot knaccuyeckux ronomMopdubx pyHkumii ycnosne f’(z)# 0 He sB-
JISIETCSI IOCTATOYHBIM JIXKE IS IOKAITBHOM 00patuMocTH A-rooMopdHbIx ynkiwii. Hapumep, st GyHKImu
f(z)=(1+ j)z npomssonmas f’(z)=1+ j# 0 Betony B C,, onHaxo 51a GyHKIMS HU B OIHOI TOUKE JIOKATBHO

He oOparuma. [TokaxkeM, 4T0 Tipu OoJiee CHMIIBHBIX OTPaHUYCHHSX JIOKAIbHAS 00paTHMOCTb /-TOJIOMOP(HBIX
¢dbyskIuit umeeT Mecto. BepHa criemyromias Teopema.

Teopema 1. Ilycmob ¢hynxyus w=f(z)= u(x, y) + jv(x, y) h-eonomopgna 6 oonacmu D < C,, zy = a +
+jb e D. Eciu

’ ’
ux(a, b)| z ‘uy (Cl, b)‘, mo cyuiecmeyront OmKpblmas OKpecmHocnb U mouku Zy U omKpbimasi

oxkpecmuocmo V mouxku wy = f (Zo) maxue, umo ¢ynxyus f: U — Vumeem obpamuyro ¢hynkyuro TrysuU
Komopas HenpepuleHo h-ouppepenyupyema 6 V, u, credosamenvho,

rYm={reyr" (M

Ecnu |ul(x, y)| = ‘u;(x, y)‘ 6 HEKOMOpOTi OKPeCMHOCMU MOYKU Z,, MO f He 06pamuma 6 3mou OKpecmHOCmU.

JNoxaszarenbcTBO. |. DyHKIMK f TOCTABUM B COOTBETCTBUE HEMPEPHIBHO AU(PEPSHIIUPYEMOE B OKPECT-
HOCTH TOYKH (a; b) e R? cormacosannoe oToOpakeHue

u(x,y)
Fx,y = >
(x, ) (i, y)
u, u| |ul o 2
J=det F’ =7 =T =) = (u) #o.
et F’(x,y) v e (u?) (uy) #

2
ITo Teopeme 06 0GPaTHOM OTOOPAKEHUH CYILIECTBYIOT OTKpbITast okpecTHOCTs U™ touxu (a; b) € R? 1 oTKpbI-
Tas okpectHocTh V' Toukn F(a; b) € R? Takue, uto otobpakenue F : U — V' uMeer o6parHoe 0ToGpaske-
ae F' V' — U”. D10 oToGpaskeHre TakKe HEPEPHIBHO B GepeHIMPYeMO i, TAKHM 06pasoM,

[P )= {F (e ) @)
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x(u,v)
y(u, v)

pectroctam U™ u V™ coorsetcTBytoT okpectHocTd U n V Touek z, = a + jb u wy = f (ZO). Torga ¢yHKIUH
f:U—Vuf':V— UsBnsorcs 06paTHEIMU IPYT APYTY.
2. Noxaxem dopmyny (1). Umeem

Orobpaxennio F! (u, v) = { } TIOCTABHM B COOTBETCTBHE DYHKIHIO Z = [ (w) = x(u, v) + jy(u, v). Ok-

u, u| |ul u
F,(x’ y) = vl Vi} = u/ u): ?
x y y x
Toraa ,
oo
, S|l J Y XX
F X, = , 5 F u,v)= ’ ’
(=] 3 () -5
J
’ u),c ’ l/l; ’ u; ’ I/l; -1
W3 BelpaxkeHus (2) nomydaem Xx;, = 7 X, = R v, z—T, v, = T Hns pyskim z = f (w)zx(u,v) +
+ jy(u, v) HMEEM
’ u’

u
’r __ —_ X 7’ __ ’ __
xu_yv_Jaxv_yu__J‘

CrnenoBarensHo, GyHkimst /' h-romomopdHa B ¥, 1 Torna

oy ., u,— ju, L — 1 , _
A e e il U

3. Ilycts |u;(x, y)| =uj, (x, y)‘ B HEKOTOpOH okpecTHOCTU U TOUKH z,. BBeneM XxapakTepucrudeckue Koop-

nuHatel § = %(x +y), = %(x —y). Umeem

Otcrona

roe C € R. Torma

f(Z)=u(x;yj+jv(¥)=(l+j)~u(x;y)+jC.

Iycts z,€ D, z, = a + jb. Bce Touku uHTEpBana y = {x +y=a+ b|z =x+jye U} MIEPEXOJIST B TOUKY

wO:(1+j)-u[a+b

OrTcrona

) + jC, nexautyro Ha npsmoit y = x + C. Benn uy = —uj, 10 uf = vi =0, uy = —vy = 2u;.

R e R R e e e Ry

Torma

105



Kypnaa Besopycckoro rocyrapcrseHHOro yuusepcurera. Maremaruka. Mudgopmaruka. 2022;1:103-107
Journal of the Belarusian State University. Mathematics and Informatics. 2022;1:103-107

rae C € R. B satom ciryuae ni1s mo0060ii Touku z, € D u ee okpecTHOCTH U BCe TOUKH MHTEpBaa Y = {x —-y=

-b
=a- b|z:x+jy € U} HEPEXOIAT B TOUKY W, = (1 —j) . u(a ) + jC, nexanryro Ha pssmoit y = —x + C.

Takum obpasom, npu |u,, (x, y)| = ‘u; (x, y)‘ BCIoy B D GyHKIMSA f TOKaJIbHO HE 00paTuMa HU B OTHON TOUKE

obmactu D. Teopema mokaszana.
3ameuanue 1. B oTamume OT KJIACCHYECKOTO KOMIUIEKCHOTO aHallk3a ycjaoBue f ’(z) # (0 He sBIsETCS HE-

00XOAMMBIM JUISl JIOKaJBHOW 00patuMocTu /-ronoMopdHbIX (GYHKIMH B OKPECTHOCTH TOYKH z. Hampuwmep,
f(z) = z° obpaTuMa B 1060 OKPECTHOCTH TOUKH z = 0, B TO BPeMsl KaK f’(O) =0.

IIpuHuun coxpanenust od1acTu

st h-ronoMopdHBIX GYHKIHI OOBIYHBIA MPHUHLUI COXpaHEeHUs 001acTH He UMeeT MecTa. Hanmpumep, 00-
pa3oM OTKpPBITOTO A-Kpyra D = {||z|| < 1} npu 0ToOpaxkeHuu f (z) = (1 +j ) . u(x + y) Oyner uHTEpBa Y = {w =

= (1 + j) . u(x + y)|—1 <x+y< 1}, KOTOpBIH He aBisiercs obmacteio B C,. s h-ronoMopdHBIX (YyHKIUH

BEpHa CIIeyIOIIasi TeopeMa.
Teopema 2. Ilycmov ¢hynkyua w= f(z) = u(x, y) + jv(x, y) h-eonomopgpna 6 oonacmu D < C,, a ¢gynx-

u; (x, y)| # |u), (x, y)‘
ul (x, y)| = ‘u; (x, y)‘ 6ci0dy 6 D, mo f (D) -

yuu u,, (x, y), u, (x, y) nenpepwiénol 6 obnacmu D = {(x; y) e R? |Z =x+jye D}. Ecnu

*
6cio0y ¢ D", mo mnooicecmeo E = f (D) sensgemcest oonacmoio. Eciu
OMKPLIMbILL UHMEPBAT 8UOA

y:{w=(1ij)-u(xjy)+jC|CeR, (x;y)eD*}.

HoxkazatenbcTBo. 1. [lycth |u; (x, y)| # ‘u; (x, y)‘ HoxaxxeM, 4To MHOXECTBO E = f(D) OTKpBITO. BbI-
OepeM MPOU3BOJIBHYIO TOUKY W, = f (Zo) €k, zy=x,+ jy, € D. B cuiry TeopeMsl 1 CcylecTByIOT Takue OT-
KpbIThIe OKpecTHOCTH U 1 V TOUeK z, U W, COOTBETCTBEHHO, 4To GyHKIMs f : U — V umeer oOparHyto QyHK-
U0 fﬁ1 : V= U. Torna ans mo60i Touku w, € V' cylecTByeT Takas Todka z, € U, 410 z, = f_1 (W1) eD,
w=f (zl) € E. CaenoBaTenbHO, MHOXKECTBO £ OTKPBITOE.

2. Hoxaxem, yTo E CBSI3HO. J{J151 OTKPBITBIX MHOXKECTB CBS3HOCTh SKBUBAJICHTHA JIMHEHHOU CBSI3HOCTH [8].
[lycts Wy, w, € E, z, € D — oguH u3 npoobpasos w,, z, € D — oouH U3 npoodpazoB w,. CylecTByeT IyTh

Yiz= z(t), te [0, 1], CBSI3BIBAIONIMIT B D TOUKH Z, U Z,. VI3 HEMPEPBIBHOCTH f BBITEKAET, 4T0 00pas ¥ = f [z(t)],

te [0, 1], OyJIeT ImyTeM, CBA3BIBAIOIMM B £ TOYKH W, U W,. O4eBUIHO, 4T0 Y* € E, CIIENI0BATENBHO, MHOXKECTBO £

cBssHOe. Takum o6pasom, pw [u(x, y)| # ‘u; (x, y)‘ Betony B D MuokecTBO E = f (D) ectb 00macts.

3. [lycts

ul(x, y)| = ‘u;(x, y)‘IUI;InIo6OI71T0qKH(x; y)e D" Ecmu, = u;,Tof(z) =(1+,)- u(x-;y) + jC

+
U s 1000 TOukH z € D TouKa w:f(z) JIEKUT HAa UHTEpBAJIE Y = {wz (1 +j) . u(x 2yj +jC|C eR,

(x;y) eD’ } Ecmn u; = —u}, 10 f(z) = (1 - j) . u(x ;yj + jC u 00pa3bl M000# TOUKH z € D nexkar Ha UH-

TepBaje Y = {w = (1 - j) . u(x ; y) + jC|C eR, (x; y) eD" } VYKka3aHHbIE MHTEPBAJIbI HE SIBISIOTCS o0Jac-
TsiMu B C,. Teopema noxazana.

IpuHOMI MaKCUMyMa HOPMBI
Teopema 3. Ilycmo ghynxyus w zf(z) = u(x, y) + jv(x, y) h-eonomopgua 6 oonacmu D < C,, a ¢gyux-
u;(x, y)| # ‘u;(x, y)‘
, f(z) # const, ne mosicem docmuzame 10KATLHOZO MAKCUMYMA 60 GHYMPEH-

yuu u;(x, y), uj, (x, y) nenpepwiénvl 6 obnacmu D*= {(x; y) e R? |z =x+jye D}. Ecnu

6ciody 6 D', mo Qymxyus || f (Z)
Heil mouxe oonacmu D.
JoxaszarenscTBo. B cuny Teopembl 2 MHOXKECTBO E = f(D) sBisieTcst oonactelo. [lycTs ||f(z)|| JIOCTH-

racT JIOKaJIbHOI'0 MaKCHUMyMa B TOYKE z, € D, Wy = f(Z()) ek Torz[a CyHIECCTBYIOT TAKHUC OTKPBITBIC OKPECT-
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HocTu U u V TOueK z, U W, COOTBETCTBEHHO, uT0 (pyHKus [ :U — V obOparuma. B okpectHocTH V Halinercs

Takas TO4Ka w;, 4TO ||w1 || > ||w0||. 3TO NPOTUBOPEUHUT TOMY, YTO || f (z)” JOCTUraeT MAKCUMyMa B TOUKE z,,. Teo-
pema JoKas3aHa. B

CaenctBue 1. Eciu 6 ycnosusx meopemuvr 3 f € C(D), mo ¢hynxkyus ||f(z)|| docmueaem MaKCUMyma Ha
epanuye oD.

CaeacrBue 2. Ecau 6 ycnosusax meopemut 3 f (z) # 0 ona moboti mouxu z € D, mo || f (z)" He Modicem 00-
cmueams J10KanIbHO20 MUHumMyma enympu D.
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Ucnomannock 80 et n3BecTHOMY OEI0pPYyCCKOMY
YUYEHOMY — JIOKTOPY (PU3MKO-MAaTEeMaTHYECKUX Hayk,
npoeccopy AHaronuto boprucoBnay AHTOHEBUYY.

A. b. Auronesuu poauiics 9 suBaps 1942 r. B ¢. Me-
noBarka Bonrorpazckoii obnactu. B 1963 1. okoHUMNI
Marematuueckuid akynsrer BI'Y. Hauan paGoratsb
B BI'Y ¢ 1967 ., ¢ 1990 r. sBisterca npodeccopom
kaeapsl GpyHKIMOHATIBHOTO aHAIN3a U aHAJTUTHYE-
CKOM 9KOHOMHUKH. JJOKTOPCKYIO TUCCEPTALIUIO 3aIIUTHII
B 1989 1. B MOCKOBCKOM rOCyIapCTBEHHOM YHUBEPCHU-
tere uMeHn M. B. JlomoHOCOBa.

[lepBrie HayuHble paboThl A. b. AHTOHEBHMYA, TIPH-
HECIINe eMy M3BECTHOCTb CPEH YUCHBIX-MaTeMaTHKOB,
ObUTH CBSI3aHBI C MPOOIEMON MHAEKCA HEJIOKaJIbHBIX
oneparopoB. B 1969 . Anaronuem bopucosnuem mno-
JydeHa GopMyia, KOTopasi BbIpaKaeT MHAEKC TICEBIO0-
mddepennmanbHOro oneparopa ¢ KOHEYHOH TPy o
CIIBHT'OB Y€pe3 TOIOJIOTMYECKUE HHBAPUAHTHI, HA3bIBAC-
Mble yncnaMu Jlegiuena SKBUBapHaHTHOIO OMEParopa.
3710 ObLTa O71HA U3 1IepBbIX paboT B CCCP, B KOTOPBIX HC-
MOJB30BaNach K-Teopus, He3a/10r0 10 ATOr0 OCTPOEH-
Has M3BECTHBIM aHIIMHCKUM MaTeMaTHKoM M. ATbei
1 MMEBILAs MHPOKUH MEXTyHAPOJHBIN PE30HAHC.

108

Anatoarnun bopucosuu
AHTOHEBUY

Anatolii Borisovich
ANTONEVICH

OcHoBHbIe HayuHble HHTEpechl A. b. AHTOHEBHUa
CBSI3aHBI ¢ TeOpHEH (DYHKIMOHAIBHBIX OIIEPAaTOPOB U HO-
POXKIICHHBIX MU OIIEpaTOpHbIX ayreOp. DyHKIMOHAb-
HBIE ONEPaTOPBl SIBJISIOTCS CYIIECTBEHHO HEJIOKAJIbHBI-
MH OIepaTopaMu, BKIIOUCHHE KOTOPBIX B Pa3jIMYHbIC
KJIacChl ypaBHEHUH PUHIUIHAAIBHO YCIOXKHSET HCCe-
JOBaHHE, TAK KaK CTaHAapTHBIC METOABI, pa3paboTaH-
HBIE JUIS1 aHAJIM3a JIOKAJIBHBIX ONEpaTopoB, HEIPUMEHH-
MBI B TAKOH CUTYalIUH.

s uccnenoBanus GyHKIHMOHATBHBIX ONIEPAaTOPOB
1 COOTBETCTBYIOILIMX HEJIOKAJIbHBIX YPaBHEHHH B 001IEM
ciyuae A. b. AutoHeBHY pazpaboTai noaxox, 6azupyro-
Luiicst Ha UCCIECIOBaHUH CIEU(UKH ONIEPATOPHBIX all-
re0p, TOPOXKACHHBIX (PYHKLIHOHAIBHBIMH OTIEPATOPAMH.
OCHOBOIOJIATAIOIUMH PE3YIbTaTaMH, NOTYy4YEHHBIMH
A. b. AHTOHEBHYEM B 3TOM HAIPABICHUH, SIBIISIOTCS
TeopeMsl 06 usoMopdusme C -anredp, NOPOKIEHHBIX
JUHAMUYECKUMH CHCTEMaMH, TeOpeMa O TUIepOoIny-
HOCTH JIMHEHHOTO PacIIUpeHusi, aCCOLMMPOBAHHOTO
C oreparopaMH B3BELICHHOTO CIIBUTA, KOHCTPYKIIMS
cuMBOJa (DYHKIIMOHAIBHO-TU((EPEHIINATBHOTO OT1e-
paropa, aHajor yciaoBust JIOmaTHHCKOTo /1711 HeJIOKaJlb-
HBIX KpaeBbIX 3a7a4. JlaHHbIe pe3ynbTarsl ObLIH OITy0-
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JIMKOBaHBI B TOMOBBIX HAayYHBIX KYpHAllaX, a TaKKe
CUCTEMaTH3UPOBaHbl B MOHOTPA(UsIX, U3TaHHBIX HE
TOJBKO B bemapycu, HO 1 3a ee npeieaaMy BeAYIIIHMHU
MHUPOBBIMH U3J1aTEIHCTBAMU .

B nocnennue roast A. b. AHTOHEBHUYEM BIIEpPBEIC
MOJTy4eHbl YCJIOBHUA OJHOCTOPOHHEHW 0OpaTHuMOCTH
U OIMUCaHBl CYHIECTBEHHBIC CHEKTPHI (PYHKIMOHAIb-
HBIX OTIEPaTOpPOB, OOHAPYKEHO HOBOE CBOMCTBO He-
YETKOW TUXOTOMHH, CBSI3aHHOE C CYyIIECTBOBAHHEM
KOPPEKTHBIX KPaeBbIX 3aJ1a4 sl QYHKIMOHAIHHBIX
U qudQepeHaibHbIX ypaBHEHUH, ONTUCAHbl KBa3H-
nepuoandeckre 0000IeHHbIe PYHKIIMU U UX TPUIIO-
JKCHUST K TEOPUU KBa3HMKPUCTAJIIOB, HOBBIC (POPMYIIBI
JUTSL TIOZICYETa CIEKTPAJIbHOTO pajnyca OlepaTropoB
B3BEIIEHHOTO CABUTA (AHAIOTaMH WM YaCTHBIMU CITY-
qasM# 3TUX (OPMYIT SIBIISIOTCS W3BECTHBIE B TEPMO-
JMHAMUKE ¥ CTaTUCTUYECKON (pr3rke BapHalliOHHbIC
MIPUHIATIBI ).

C 1990 r. kxpyr Hay4HBIX HHTEpEeCcOB AHaroius bo-
pHUCOBHYA PACHIMPUIICA 32 CUET TEMaTHKH, CBSI3aHHOU
¢ mpoOIeMol YMHOXKEHUSI 0000UICHHBIX (QyHKIHUH,
COBPEMEHHBIE MOAXOABI K PEIIeHUI0 KOTOpoil 6a3m-
PYIOTCSI Ha BBEICHHH BMECTO 00OOMICHHBIX (YHKIMH
HOBBIX O0BEKTOB, HAa3bIBAEMBIX MHEMO(YHKIIUSIMH, J0-
MyCKAIOMINX KOPPEKTHOE 3a/IaHKE MPON3BEACHUS U TIPU
9TOM COXPAHSIONINX OCHOBHBIC CBOMCTBA O0OOIICHHBIX
(ynkuuii. CoBmectHo ¢ . B. PagpHo pazpaboran 06-
AN TTOAXOA K MOCTPOSHHIO anredp MHEeMO(YHKITHIA,
CKOHCTPYHPOBAH Psifl HOBBIX anreOp. JlaHbl mpuioxe-
HUS K MccienoBannio ypaBaenus Llpeaunrepa ¢ cuH-
T'YJSIPHBIM TIOTEHITMAIOM M TIPUIIOKEHHST CHHTYJISIPHBIX
pemienuii (Tua 6eCKOHEYHO Y3KOTO COJIMTOHA U THIIA
yAApHOW BOJIHBI) JJIi HEKOTOPHIX HEIMHEHHBIX YpaB-
HEHHUH ¢ 9aCTHBIMU MPOU3BOAHBIMU. CocTaBieHa Tabd-
JIMIIa YMHOXEHUS (B CMBICIIE TEOPHH MHEMO(DYHKIIHH)
0a30BBIX 0000IMIEHHBIX (QYHKINH. YacTh pe3ynsTaToB
pa3paboTKH 3TOTO HAIMpPaBIEHUS MPEICTABICHBI B MO-
Horpadum A. b. AaroneBnua u T. A. Pomaruyk «Ypas-
HEHUS ¢ JIeIBTa-00pasHbIMH KOA((OUITHECHTAMI: METOT
KOHEYHOMEPHBIX armipokcuMartui» (2012).

A. b. AaToneBnu omyoaukoBan cBeime 200 Hayd-
HBIX paboT, cpenu ero coaBTopoB Oosee SO crenuatmc-

TOB U3 pa3HbIX cTpaH. OH MOATOTOBIII 27 KaHIUIATOB
HayK W MPOJIOJDKAET aKTHBHO paboTaTh C acliipaHTaMu
(TOTOBBI K 3aIIMTe ellle JIBe KaHAWIAaTCKUe Juccepra-
1un). B uncne yuennkoB A. b. AHTOHEBHYA €CTh Ipax-
nane bemapycu, Poccun, Beernama, Ionsimm, Cenera-
na, Cepbun, Tpoe u3 Hux (A. B. Jlebenes, [lanr Cyan
Txanp, Jlaar Xanp X0il) cTai JOKTOPaMH HayK.

Amnaronmuii BoprcoBUY SBISETCS HE TOIBKO BBIATO-
IUMCS YYCHBIM, HO W 3aMEUaTeIbHBIM IIEaroroMm.
CosmectHO ¢ . B. Pageiao u I1. H. KasaseBeiMm erre
B 1978 r. um 0wt Hanucad nepseiii B CCCP 3amau-
HUK 110 QYHKIMOHAIHLHOMY aHaJIn3y, Nepenu3IaHHbIH
YeThbIpe pa3a U NEpPEBEJICHHbIA Ha UCIAHCKUN SI3BIK.
HeocnabeBaromeli monmyiasipHOCThIO Kak B bemapycn,
TaK ¥ Ha TOCTCOBETCKOM IPOCTPAHCTBE MOJIb3YeTCs Ha-
McaHHbBIN B coaBTopcTBe ¢ S. B. Pagpo yaeOHuK mo
(OYHKIIMOHATEHOMY aHAJIN3Y, W3IaBaBITHICS TPUKIBI
(1984, 2003, 2006), a Takxe psa APYTUX y4eOHBIX MO-
coOuit Mo (PyHKIIMOHATBHOMY aHAJN3y, TEOPUU MEPHI
Y MHTETPATbHBIM YPAaBHEHHUSM, B COBOKYITHOCTH CO-
CTaBISIONINX YUEOHO-METOJUYECKUNA KOMIUIEKC II0
(DYHKIIMOHAIEHOMY aHAJIHN3Y.

[Ipodeccop A. b. AnTOHEBHY — JaypeaT MpeMUHU
nmenu A. H. Cesuenko bI'Y (1995). On ynocroeH 3Ba-
HUl «3acmyxeHHblil padotHuk BI'Y», «Otnnyank Ha-
poxHOTrOo 00pazoBanus», «COpOCOBCKHIA TIpOodeccopy,
HarpaxJeH noyeTHoIMu rpamoramu BI'Y, Munucrep-
cTBa obpazoBanus Pecriyonuku benapycs, [pesnany-
ma HAH benapycn.

Maremarika He €IMHCTBEHHOE yBIIeUeHHE AHATO-
must boprcosuda. On siBisiercst Mactepom criopta CCCP
0 KJIACCHYECKOH (TPEeKO-pUMCKOi) O0oprOe, ObLT deM-
MMUOHOM PECIyONMKA W TOOeITUTENIeM MOJIOAEKHOTO
gyemnronatra CCCP. A. b. AHTOHEBHUY MOKOPSIITUCH
HE TOJFKO HAyYHBIE BBICOTHI, HO M TPYAHOIIPOXO/IH-
Mbl€ KpyThle MapiipyThl B ropax Kaskaza, [Tamupa,
Tanap-lansa, Anras, Casa, Kamyarku, Ypana, XuOua
u xpebTa Yepckoro, 3a YT0 eMy IPHUCBOCHO TAKKE 3Ba-
Hue mactepa criopra CCCP mo ropHOMY TypH3MY.

Cepneuno mosnpasisieM AHaronus bopucoBuda
¢ 80-meTreM | KellaeM eMy KPEITKOTO 37I0POBES, 00ITb-
IIOTO CYACThS U TIOKOPEHHS HOBBIX HAYYHBIX BBICOT.

Konnezu u yuenuku

"Aumonesuu A. b. Juneiinsre (yHKIMOHANBEHBIC ypaBHEeHHS. OTnepaTopHsIi moxxoa. MuHck : YauBepcurerckoe, 1988. 232 c. (1re-
peBe/ieHa Ha aHIIMHCKUiA s13bIK: Antonevich A. B. Linear functional equations. Operator approach. Basel ; Boston ; Berlin : Birkhauser Verl.,
1996. VIII, 179 p. (Operator theory: advances and applications ; vol. 83)) ; Antonevich A. Functional differential equations: 1. C*-theory /
A. Antonevich, A. Lebedev. Harlow : Longman Sci. & Tech. ; New York : John Wiley & Sons, 1994. 504 p. (Pitman monographs and
surveys in pure and applied mathematics ; vol. 70) ; Antonevich A. Functional differential equations: II. C*-applications : [in 2 parts].
Part 1. Equations with continuous coefficients / A. Antonevich, M. Belousov, A. Lebedev. Harlow : Addison Wesley Longman Ltd., 1998.
384 p. (Pitman monographs and surveys in pure and applied mathematics ; vol. 94) ; Antonevich A. Functional differential equations:
II. C*-applications : [in 2 parts]. Part 2. Equations with discontinuous coefficients and boundary value problems / A. Antonevich,
M. Belousov, A. Lebedev. Harlow : Addison Wesley Longman Ltd., 1998. 414 p. (Pitman monographs and surveys in pure and
applied mathematics ; vol. 95) ; Doli¢anin C. B. Dynamical systems generated by linear maps / C. B. Doliéanin, A. B. Antonevich. 2™ ed.

Cham [etc.] : Springer, 2014. XII, 203 p.
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VIIK 330.4(075.8)

Anvcesuu B. B. MaTeMaTnueckasi IKOHOMHUKA [DJIEKTPOHHBIA pecypc] : AIEKTPOH. y4e0.-METO. KOMILIEKC
st criert. 1-31 03 06-01 «DxoHOMHUYECKass KHOepHETHKA (MaTeMaTHIeCKUEe METOIBI M KOMITBIOTEPHOE MOJIe-
JTpoBaHue B dkoHOMUKE)» / B. B. AnbceBuy, H. C. I[laBnenok ; BI'Y. DnektpoH. TekcToBbIe MaH. MuHCK : BI'Y,
2021. 128 c. : m., Tadm. bubmmorp.: ¢. 128. Pexxum mocrtyma: https://elib.bsu.by/handle/123456789/272363.
3ar. ¢ akpana. [em. B BI'Y 02.12.2021, Ne 012202122021.

DneKTpOHHBIH yaeOHO-MeToamueckuii komruieke (OYMK) npenHasHaueH IS CTyICHTOB CIEITHATBHOCTH
1-31 03 06-01 «DxoHOMHUECKasI KHOSpHETHKA (MaTeMAaTHIECKIE METOIBI M KOMITBIOTEPHOE MOJCITMPOBAHNE
B skoHOMHKe)». Coneprkanne DY MK npearnonaraet npuMeHEHHE MAaTEMaTHUECKOTO ariapara i MeToJI0B OIl-
TUMH3AIINN K HCCIIEIOBAHUIO 33/1a4 MUKPO- M MAKPOIKOHOMHUKH.

VIK 510.51(075.8)(076.1)

Komos B. M. COopHMK 32/1a4 110 TeOPUHU AAropuTMoB. Opranusanus nepedopa u npudanKeHHbIE aJIro-
PUTMBI [ DJIEKTPOHHBIN pecypc] : MeKTpoH. yued.-MeToa. Komruteke ajst cnet. 1-31 03 04 «Mudopmarukay /
B. M. Kotos, E. I1. Cobonerckas, I. I1. Bomukora ; BI'Y. DnekrpoH. TekcroBbie gaH. Munck : BI'Y, 2021.
144 c. : un. bubnuorp.: c. 143—144. Pexum noctyna: https://elib.bsu.by/handle/123456789/272717. 3ar.
c akpana. [em. B bI'Y 08.12.2021, Ne 013508122021.

OnekTpoHHbIN yueoHo-MeTonuueckuii komiuieke (OYMK) no yue6Hoil nucturuinie « Teopus anroputMoB»
(«Mozmenu 1 anrOpUTMBI 3a]a4 JUCKPETHOW ONTUMM3AIMK») MPEAHA3HAUCH ISl CTYACHTOB CIICIHATbHOCTH
1-31 03 04 «Mudopmaruka». B DYMK coxpepkarcs IeKIIMOHHBIN MaTepyal, 3aaHus JUisi MPaKTHYSCKUX 3a-
HSITUH, HAOOPBI TECTOB ISl MPOBEPKH MPABUIILHOCTH NIPOTPaMM, 3aJJaHusI SBPUCTUUECKOTO THIIA, CIIUCOK JINTE-

paTypsl.

VAK 510.51(075.8)

Komog B. M. COOpHHUK 3a/1a4 10 TEOPHUHU AJITOPUTMOB [ DJIEKTPOHHBIN pecypc] : ANMEKTPOoH. y4e0.-MeTo/.
komruiekc s cret.: 1-31 03 04 «Mudopmarukay, 1-31 03 03 «Ilpuxnagnas matemarika (10 HaIpaBJICHUSIM)»,
nanpasnenue crern. 1-31 03 03-01 «IIpuknagnas MaremMaTHKa (Hay9HO-IPOU3BOICTBEHHAS ACATEIBLHOCTD)Y,
1-31 03 07 «Ilpuxnagnas nHpopMaTuKa (10 HaMpaBICHUsIM)», Hanpasnenue crel. 1-31 03 07-01 «[Ipuknan-
Has nHpopMaTHKa (IporpaMMHOe obecrieueHne KOMITbIOTepHbIX cucteM)» / B. M. Kortos ; BI'Y. DiexrpoH.
TekcToBble NaH. Munck : BI'Y, 2021. 172 c. : wi. bubmuorp.: ¢. 171-172. Pexxum nocryna: https://elib.bsu.by/
handle/123456789/274229. 3arn. ¢ skpana. Hemn. B BI'Y 14.01.2022, Ne 000114012022.

OnexTpoHHbIH yuyeOHO-MeToanueckuii kommieke (OYMK) no yueOHol aucuumimae « AJITOPUTMBI H CTPYK-
TYpPbI JaHHBIX» TIpeJHa3Ha4YeH JJIsl CTYACHTOB criennanbHocTel «Mudopmarnkay, «llpuknanHas nadopmarruka
(o HampasneHusm)», «I[Ipuknannas matemarrka (o HanpasiaeHusaM)». B OYMK coxeprkarcs JeKIHOHHBIH
Marepua, 3alaHust A7 IPaKTHUYECKUX 3aHATHH, HAOOPHI TECTOB AJISl IPOBEPKU MPABUIBLHOCTH MPOrpaMm, 3a-
JTaHMsI 9BPUCTUYECKOTO THIIA, CIIUCOK JINTEPATYPHI.

VAK 004(075.8)

Benvko O. A. CoBpeMenHble HH(POPMALMOHHBIE TEXHOJOTUH [DJIEKTPOHHBIN pecypc] : AIEeKTPoH. yueo.-
metoa. komruteke i crerl. 1-23 01 05 «Cormmonorus» / O. A. Benbko, H. A. Monceesa ; BI'Y. Dnexrpos.
TeKcToBbIe MaH. Munck : BI'Y, 2021. 181 c. : nin., Tabn. bubmmorp.: ¢. 180—181. Pexxum moctyma: https://elib.
bsu.by/handle/123456789/274771. 3arn. ¢ skpana. Jlem. B BI'Y 26.01.2022, Ne 000226012022.
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OnexTpoHHbIN yueOHOo-MeToauueckuii komruieke (QYMK) no yue6Hoi nuciuminie «CoBpeMeHHbIE WH-
(hopManMOHHBIC TEXHOJIOTHUY MPEAHA3HAUCH IS CTYJASHTOB crenuaibHoCTH 1-23 01 05 «Corumonorusy.
OVYMK BriIFOYaET JEKIMOHHBIA MaTepHal, IIaHbl TaOOPAaTOPHBIX paboT, MPUMEPHBIC TECTOBBIC 3aaHuUs, TIPH-
MepHBIE TIPOMEKYTOYHBIC KOHTPOIIbHBIE paOOThI, BOIIPOCHI ISl TIOATOTOBKH K 3a4eTy, IPUMEPHBII TeMaTHue-
CKHUH TUIaH, cosiepykaHue y4eOHOTO MaTrepuana, CIIMCOK JTUTePaTyphbl.

VIK 51(075.8)+519.2(075.8)
Mouceesa H. A. OcHOBBI BbICIIEH MATEMATHKH U TEOPUH BEPOSITHOCTEl [ DJIEKTPOHHBIN pecypc] : AIEKTPOH.
yueb.-meto. koMruteke s crietl. 1-23 01 15 «Conuansabie kommyHukanuny / H. A. Mouceesa, O. A. Benbko ;
BI'Y. OnexrpoHn. TexcroBeie AaH. Munck : BI'Y, 2021. 239 c. : un., Tabn. bubnuorp.: c. 238-239. Pexum nocrymna:
https://elib.bsu.by/handle/123456789/274772. 3arn. ¢ sxpana. [emn. B BI'Y 26.01.2022, Ne 000326012022.
OnexTpoHHbIH yueOHo-MeToanueckuil komiieke (QYMK) no yueOHoii nuctumiuuie « OCHOBBI BBICIIEH
MaTeMaTUKU U TCOPUHU BEPOSITHOCTEW» MpelHa3HaueH s CTyAeHToB crnennanbHoctu 1-23 01 15 «Couunans-
HbIe KOMMyHUKanum». YMK BKiItodaeT JeKINOHHBIN MaTepHal, 3aJaHus ISl IPAKTUUECKUX 3aHSATUH, IpU-
MEpPHBIC 3aJIaHMsI JIJIS YIIPABIIEMOU CaMOCTOSATEIBHON pabOThI CTYJICHTOB, TECTOBBIC 33JIaHUsI, KOHTPOJIbHBIC
paboThI, 3a/1aHUST SBPUCTHUYESCKOTO TUIIA, BOIIPOCHI ISl TIOATOTOBKH K DK3aMEHY, IPUMEPHBIA TEMaTHYCCKHI
IUTaH, COJIep KaHue Y4eOHOro MaTepHualia, CliuCOK JINTEPaTypPhl.

VIAK 519.67(075.8)

Komnsrorepuas matematuka. CuMBoJIbHBII nakeT Mathematica [ DrekTpoHHBII pecypc] : aIeKTpoH. y4eo.-
mertoa. komruieke s cretl. 1-31 03 01 «Maremarnka (1o HarpaBIieHHsIM )», HarpasieHue crer. 1-31 03 01-02
«Maremaruka (HayuHO-nienarorndeckast gaesrenbHocts)» / JI. JI. TomyGeBa [u ap.] ; BI'Y. DnekTpoH. Tekc-
toBble AaH. MuHck : BI'Y, 2021. 250 c. : un. bubaworp.: c. 247-250. Pexxum nocryma: https://elib.bsu.by/
handle/123456789/276777. 3arn. ¢ akpana. [len. B BI'Y 21.03.2022, Ne 002421032022.

OnexTpoHHbIH yueOHo-MeToandecknii kommuieke (Y MK) o yue6HoU aucnurumae «KoMmbroTepHas Ma-
TeMaTHKay MpeaHa3HaueH i cTyaeHToB crenuansHocTr 1-31 03 01 «Maremarunka (110 HanpaBICHUSIM)», Ha-
npasneHue crenuaibHocTu 1-31 03 01-02 «Maremaruka (HaydHO-TIeIaroruyeckas IesTellbHOCTh)». DYMK
COZICPKUT TEKCTHI JIEKLINH, TNIaHbI JJA00OPATOPHBIX 3aHITHH, IEPEUCHb KOHTPOJIBHBIX BOIPOCOB, TECTHI, CITUCKH
PEKOMEHI0BaHHON JINTEPATyPHI.

VIIK 519.67(075.8)

KomnblotepHasi marematuka. UnciaoBoii maker MATLAB [DnekTpoHHEI pecypc] : dIeKTpoH. y4ed.-Me-
tox. kKomruieke st crerl. 1-31 03 01 «Maremaruka (1o HampaBlIeHUsIM )», HarpasiaeHue crerl. 1-31 03 01-02
«Maremaruka (HaygHO-TIearornueckas aestenbaoctsb)» / JI. JI. Tomy6esa [u ap.] ; BI'Y. DnekTpoH. TekcTo-
BBl AaH. MuHck : BI'Y, 2021. 88 c. : wi. bubmmorp.: c. 85-88. Pexum mocryma: https://elib.bsu.by/handle/
123456789/276778. 3arn. ¢ skpana. Jlen. B bBI'Y 21.03.2022, Ne 002521032022.

DNeKTPOHHBIN yueOHO-MeTomndecknii komruieke (DY MK) mo yae6Ho# nucninmmnHe « KommbioTepHas Ma-
TEeMaTHKay MpeIHa3HaueH I CTyAeHTOB crieruaabHocTH 1-31 03 01 «Maremarrka (110 HaITpaBJICHHSIM )», Ha-
npasieHue creruatbHocTH 1-31 03 01-02 «Maremarnka (HaydHO-TIearorndeckas esTebHOCTh)». DY MK
COJICPKUT TEKCThI JICKIINH, TUIAHBI JJA00OPATOPHBIX 3aHSITUH, TIEPEYCHb KOHTPOJILHBIX BOIIPOCOB, TECThI, CITUCKH
PEKOMEH/IOBAHHOM JINTEPATYPHI.
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