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AND FUNCTIONAL ANALYSIS

VIK 517.5

O PAIIMOHAABHBIX CYMMAX ABEA{ — ITYACCOHA
HA OTPE3KE U AIIITPOKCUMAIINAX ®YHKIINM MAPKOBA

II. I. [IONEHKOY, E. A. POBEA"

17 POOHeHCKull 2ocydapcmeeHHblil yHugepcumem um. Anxku Kynano,
yn. Oocewro, 22, 230023, 2. I poono, benapyce

HccnenoBanbl PHOIMKEHAS HA OTPE3Ke [—1, 1] dyukmii MapkoBa cymmamu Abens — [lyaccoHa parimoHANEHOTO HH-
TerpaJIbHOroO omneparopa turna dypee, acCOMMPOBAHHOTO C CHCTEMOH anreOpanueckux Jpoodeit YeObimeBa — Mapkosa,
B Cily4ae (PMKCHPOBAHHOTO YHCIIA TEOMETPHUYECKH Pa3IMYHBIX MOTIOCOB. HaliieHsl MHTErpagbHOE NPEACTAaBICHHE TPH-
OMIDKEHUH U OIICHKa PAaBHOMEPHBIX MPHUOMIbKeHNH. M3y4uens! npubmmkenus GyHKIi MapkoBa B cirydae, Kora Mepa [
YIOBJIETBOPSIET YCIOBUSIM SUPPLL = [1, a], a>1,du (t) = (p(t)dt u (p(t) = (t—l)a Ha [1, a]. [Tomyuensl oLleHKH OTOYEY-
HBIX M PABHOMEPHBIX IIPUOIMKCHNH 1 aCUMITTOTHYECKOE BBIPAKEHNE Ma)KOPAHTHI paBHOMEPHBIX NpHOMkeHnit. Haiinenst
ONITUMAJIbHBIC 3HAYEHUS TApaMEeTPOB, NPH KOTOPHIX Ma)KOPaHTAa MMEET HAaHOOJIBIIYI0 CKOPOCTh yObIBaHMS. B KauecTse
CIIEICTBHSI IPUBE/ICHB aCHMIITOTHYECKHE OLEHKH pUOMIkeHuii Ha otpeske [—1, 1] ncciexyeMbiM MeTo0M paunoHas-
HOH almpOKCHMAIMN HEKOTOPBIX 3JIEMEHTApHBIX (PYHKIMH Mapkosa.

Kniouesste cnosa: hpynxkuum MapkoBa; paloHalIbHbIE HHTEIPAJIbHBIE oriepaTopbl; cyMMbl AGenst — [Tyaccona; anre6-
paunueckue npoou YeoObleBa — MapkoBa; HAMITy4IIAe TPUOJIMIKEHHS, ACHMIITOTUYCCKUE OLICHKU; TOYHBIC KOHCTAHTBHI.

O0pa3en HHUTHPOBAHUM:
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JKypran Benopycckozo eocydapcmeennozo ynusepcumema. Ma-
memamuxa. Mugpopmamuxa. 2021;3:6-24.
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Real, Complex and Functional Analysis

— YWY
ON RATIONAL ABEL — POISSON MEANS ON A SEGMENT
AND APPROXIMATIONS OF MARKOV FUNCTIONS

P. G. PATSEIKA®, Y. A. ROUBA®

*Yanka Kupala State University of Grodno, 22 AZeSka Street, Hrodna 230023, Belarus
Corresponding author: P. G. Patseika (pahamatby@gmail.com)

Approximations on the segment [—1, 1] of Markov functions by Abel — Poisson sums of a rational integral operator
of Fourier type associated with the Chebyshev — Markov system of algebraic fractions in the case of a fixed number of
geometrically different poles are investigated. An integral representation of approximations and an estimate of uniform
approximations are found. Approximations of Markov functions in the case when the measure p satisfies the conditions
supppl = [1, a], a>1, du(t) = (p(t)dt and (p(t) = (t—l)a on [1, a] are studied and estimates of pointwise and uniform
approximations and the asymptotic expression of the majorant of uniform approximations are obtained. The optimal va-
lues of the parameters at which the majorant has the highest rate of decrease are found. As a corollary, asymptotic estimates
of approximations on the segment [—1, 1] are given by the method of rational approximation of some elementary Markov
functions under study.

Keywords: Markov functions; rational integral operators; Abel — Poisson means; Chebyshev — Markov algebraic frac-
tions; best approximations; asymptotic estimates; exact constants.

BBenenune

[Tpubnmkenne HeNpepbIBHBIX 2n-ieproauueckux GyHknuii cymmamu Abens — [lyaccona siisiercst Xo-
poio u3BectHou 3amaueit. U. I1. Harancon [1] ycTaHOBHII aCUMIITOTUYECKOE BBIPAKEHUE TOUHON BEpXHEU
()
T

rpaHu YKJIOHEHMH Ha Kiaccax H,,’' 2m-nepuoandeckux (QyHKLIMH, yIOBIETBOPAIOMINX yCIoBHIO Jlummuna

nopsiika o, o € (O, 1], ¢ KOHCTaHTOU, paBHOU eaunuiie. A. @. Tuman [2] yTouyHUIT OCTATOUHBIN YJIEH B ACUMII-
TOTHYECKOM paBeHCcTBe, noiaydeHHoM WM. I1. Hatanconom. ITonHOE acMMIITOTHYECKOE Pa3IOKEHHE BEPXHUX
TrpaHel YKIOHEHWH Ha KJlacce HST) 6nut0 ycranosneno D. JI. [lTapkowm [3]. B. B. XKyk [4] momydwmt onieHKH
cBepxy ykioHeHult cymm Ilyaccona ot gpynkuuii f € C,, B TepMUHAX MOAY/IEH HENPEPHIBHOCTU.

g pynxauit fe C [—1, 1] TOYHBIE BEPXHHUE TpaHM YKJIOHeHUH cymm AbGens — Ilyaccona Ha kiaccax
H (a)[—l, 1], oe (0, 1], opun ycranosneHs! 0. U. Pycerkum [5]. T. B. XKuramno [6] yTouHmia ocTaTOuHBINA

49JICH B ACHMIITOTHYECKOH hopmyrie, momyueHHon 0. U. Pycerkmm.

B 1956 r. M. M. [lxxpOausia [ 7] BBen paupoHaibHbIe psiabl Pypbe, 0000111atonme cCooTBETCTBYIOIINE Kiac-
CHUYeCKHe TPUTOHOMETpHUEcKHe psiibl. B wacTHOCTH, B 3TOi paboTe ObIIO HallIeHO KOMITAKTHOE MTPEe/ICTaBIe-
Hue sapa Jdupuxie parroHanbHbIX psagoB Oypre. B 1963 . A. A. KutOansH [8] mpemioKu moaxoa K mocTpoe-
Huto cymm Abens — [lyaccona Tpuronomerpudeckux psagoB @ypoe, BBeneHHbIX M. M. JlxpoOamsinom. B ero
paboTe OBLT YCTAHOBIICH PSI TEOPEM O CXOTUMOCTH Tipw » — 1 — 0 cymm Abens — [lyaccoHa pammoHaIbHBIX

psinoB Pypsbe k pyHkuusam f € L, (—Tc, n),p > 1.
[lycts 1L — monokuTenpHast OopeneBcKas Mepa ¢ KOMIAKTHBIM HocuTeneM F = suppp < R. [IpeoOpazosa-
Hue Komum mepsr

ﬁ(z)= dp,(t), zeC\F,

7 t—z

HaspiBaeTcsa QyHkiuei Mapkosa [9].

Oyukin Mapkosa rojomopdasl B C\F, 1 UX paroHalbHas anpOKCUMAIIUS SBISETCS XOPOIIO U3BECT-
HOM KJaccuuecko 3agayueit. Jlannoit Temaruke mocBATUIM cBou cTaThl A. A. T'onuap [10], T. 'anenuyc [11],
S1.-0. Aanepccon [12], A. A. Ilekapckwuii [13]. Ormetnm padoty H. C. BssuecnaBosa u E. I1. Mouanunoii [14],

B KOTOPOH M3y4aroTcs annpokcuManmu yHkimi Mapkosa B npoctpanctsax Xapmu H,, p € (0, +<>o), IIpHU OII-

peAeNCHHBIX YCIOBHAX Ha Mepy L, a Takxke padory A. I1. CraposoiitoBa u 0. A. JIa0wr4 [15], tae mist dyHKIAN
MapkoBa, TOpOXkKICHHON MOJNIOKUTETBHBIMH OOPEICBCKUMU MEpaMHU CTETICHHOTO THIA, YCTAHOBIICHA ACHMIITO-
THKA TIOBEJICHUS CTPOUHBIX MOCIEA0BaTeNIbHOCTEH ee Tabiuibl [Tane. [locnenHee mMO3BOIMIO HANTH TOYHBIC
TIOPSIIKK YOBIBAaHUS HAMITYUIINX TPUONMKEeHUH (QyHKIH MapkoBa parioHaIbHBIMU (DYHKIUSME C (DUKCHPO-
BaHHBIM YHCJIOM TOJFOCOB.
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Cpenn METOZIOB pallOHaIbHON allpOKCHMAIlMU BBICISIOTCS MHTETPAIbHBIE ONEPATOPHI, BOCXOSAIINE
CBOMMH KOpPHSAMHM K psiiaM Dypbe U MeToaaM UX cymMmupoBaHus. B pabore [16] nccrnenoBansl anmpokcuma-
K QyHKIUH MapkoBa B €IMHIYHOM KPyTre YaCTHYHBIMUA CyMMaMU psiZioB Dypbe Mo cucTeMaM panuoHaTbHBIX
¢ynukimit, BBeneHHbIx C. Takenaxoit [17] u @. MansmiBucTom [18], a Takxke Ha OTpe3ke [—1, 1] 110 CUCTEMaM
paunoHaibHbIX QyHKIMH, BBeeHHBIX M. M. JlxpOamsinom u A. A. KutOansunom [19]. Ot uccnenoBanust
ObuTH nIpoAoibkeHs! B [20], rae HaliAeHb! aCUMIITOTHYECKUE OLIEHKH PAaBHOMEPHBIX MPUOIKEHHH YKa3aHHBIMH
METOAaMH NP (PUKCHPOBAHHOM YHMCIIE TEOMETPUUECKHU PA3JIMYHbIX MTOTIOCOB alllPOKCUMUpYIoUIed QyHKIHH.

3aMeTHM, 4TO IPUOIMKEHUS HEMPEPHIBHBIX (QYHKIHUH C XapaKTEePHBIMH 0COOCHHOCTSIMH PALlMOHAIEHBIMU
GyHKIMSIMA ¢ (QUKCHPOBAHHBIM YHCIIOM F€OMETPUUYECKH Pa3IMYHBIX MTOJIOCOB BIIEPBbIE OBIIIM PACCMOTPEHBI
B pabotax K. H. Jlynry [21; 22].

B 1979 . E. A. PoB0a [23] BBes MHTETpaJIbHBIH OllepaTop Ha OCHOBAHWH CUCTEMBbI PALlOHAIBHBIX (DYHKINH
YeObIeBa — MapkoBa, KOTOPBIH SBISIETCS €CTECTBEHHBIM 0000IIEHUEM YaCTHUHBIX CYMM MOJTMHOMHUATBHBIX
psanoB @ypre — YeOprmena. [1ycTs 3a1aHO TIPOU3BOIFHOE MHOKECTBO YHCEI {ak }Z: \» THI€ @ SABIAFOTCS IO0
JeHCTBUTEIbHBIMU (|ak| < 1), mn00 monapHO KOMIUIEKCHO-CONPsDKEHHBIMU. Ha MHOXKECTBE CyMMHUpYyeMBbIX Ha

1 . . .
OTpe3Ke [—1, 1] € BECOM ——— byHKImi f (x) paccMOTPUM pallMOHANIBHBINA HHTETpalIbHBIN onepatop Dyphe —
1—x
UYeOsimena mopsijika He Bbimie 7 (cM. [23]):

- .

s, (/s x):zij.f(cosv)%(_v’u)dv,x:cosu, (1)

T sin
rae
¢ [ 1-o? a
A, (vyu)=|A,(y)dyv, A, (y)==+ 5 Lo = ———— o |< 1.
( ) ;4“ () () 2 kz:’,l+20ckcosy+(x,% : 1+m | k|
Omneparop
S f > ———— Pa(x) ,

H (1 + akx)

k=1
e p, (x) — HEKOTOPBIIf MHOTOUWIECH CTEIIEHH HE BBILIE /1, KO3 PUIIMEHTB! KOTOPOTO 3aBUCST OT ), U S, (1, x) =1.
B wactHoctn, ecnu nonoxuth a;, =0, k=1,2, ..., n, 10 5, ( 1, x) €CTh YaCTUYHAsI CyMMa ITOJIMHOMHATHFHOTO
psana @ypre — YeOnImiena.

Lenpro HACTOAIIEH paOOTHI SBISETCS U3yUYCHHE alPOKCUMAIIMOHHBIX CBOMCTB cyMM Abems — [lyaccona
paIoOHANBHBIX MHTETPaJbHBIX oreparopoB (1) B ciaydae orpaHWYeHHN HA KOJIMYECTBO TE€OMETPHUECKH Pa3-
JUYHBIX ToJFocoB. [IpencTaBnser nHTEpeC HecaeIoBaTh JAHHBIM METOAOM CKOPOCTh PalliOHATIBHOHN arpoK-
cumaruu GyHKIi Mapkoga.

Cymmbl AbGens — IlyaccoHa paniuoHaJbHBIX HHTErPaJbHbBIX
onepatopoB @ypne — UedbieBa u npudankenusi pynkuuii Mapkosa

IIycTs g — IPON3BOJIBHOE HATYPAJIBHOE YHCIIO, A, €CTh MHOXECTBO TOUYCK a = (a], oo aq) TaKuX, 4TO BCE
a;,i=1,2,..., q, paznuunsl. B 3TOM cilyuae 3HaueHUs] UHTETPAIBLHOrO oneparopa (1) mpeacTapistoT coboit
paunoHasbHble QYHKIUH BUAA

Py (%)
smq(f,x)= —,m=0,1,....

q

H(l + akx)

k=1

Hpyrumu cioBamu, OyzieM BECTH peub 00 alnpoKCUMALUH paliOHATBHBIMU (DYHKIIHSAMH C ¢ TEOMETPUUCCKU
Pa3IMYHBIMU TIOJIFOCAMH B PACIINPEHHON KOMIUIEKCHOHN IJIOCKOCTH.
CocTaBUM CyMMBI:

B (£2)=0-1) 3 s, (2), xe[-L1], re(0,) @
k=0
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Bripaxxenue (2) ectecTBeHHO Ha3BaTh cymMaMu AOens — Ilyaccona pannoHanbHBIX HHTETPAIBHBIX OTIe-
paropoB ®ypbe — UeObllieBa ¢ ¢ TeOMETPUIECKN Pa3IUUHBIMU TToNtocamu. W3 nipeacraienus (2) 04eBHIHO
TaKxKe, 9to b, q(l, x) =1.

3ameTnM, uTo (hopMyJia, BEIpaskaromias 3aBUCUMOCTb MEXAYy cyMmMaMu Abeins — [lyaccoHa u 4acTHUHBIMU
CyMMaMHU B CIIy4ae YMCJIOBBIX PSZIOB, COAEPKUTCA, Harpumep, B [24, c. 403].

Wzyunm npubnmxenust pynxuauii Mapkosa cymmamu AGenst — [lyaccona (2). C 3T0ii 1ienbio BBeeM ciie-
JIYFOIIIAE 0003HAYCHUS:

e, (% 4,)=0(x)- £, (0(). x), xe[-L1], 3)

i(x) -2, (80, x)HC[_Ll], re(0,1). 4)
Bynem nosarats, 4To sSuppll C [1, +<>o),
du()
oo, 5
J==7< 5)

CrpaBeuiBa Cleqyromas TeopeMa.
Teopema 1. [lycmb mepa P yoosnemeopsaem ycuosuio (3), a mepa v onpeoeisiemcs CoOOmHouleHuem

2
() ye(0.1] ©

n(y)= %[y + %]

Tozoa ona npubnudicenuni gpynxyuii Maprosa ﬁ(x) Ha ompe3Ke [—1, 1] cymmamu Abens — Ilyaccona (2)
umerom mecmo.
1) unmeepanvroe npeocmasnenue

dv(y)z

20e

coswr(y, u, 4, )dv(y)

= q(X, Aq) =(1- r)suIJ:pv \/1 —2ycosu + y* \/1 —2rw,(y)cosargm, (&) + rzo)fl(y), @
2) oyenKa pagHOMEPHbIX NPUOTUICEHULL
dv(y
&, Q(Aq) <(1- r)ng?fl]su;';v \/1 —2ycosu +y° \/1 - 2|rwq((y))|cosargmq(§) + o, (y)
2oe
\|!,(y, u, Aq):arg g_?;;}w o) mq(y):ll[eraj, x=cosu, &=e". 8)
g

l—r(oq( isiltogy

HoxazarenbcTBo. C yuyerom TouHocTH cyMM Abens — [lyaccona (2) Ha koHcTaHTax u3 (3) MomyYuM

e, (x 4,)=(1- r)érksk’ o(x. 4,). xe[-1.1], 9)

e ;. q(x, Aq) — npubnmxenus pyHKIU MapkoBa palOHaIbHBIM HHTETPAIbHBIM oniepaTtopoM Dypbe —

Yeonmera (1) ¢ g reoMEeTpUYeCKH Pa3IMIHBIMU MOTIOCAMHU B PACHIMPEHHON KOMIUIEKCHOH iockocT. C npy-
rOi CTOPOHBI, U3BECTHO, YTO MHTETPATIbHBIN onepatop (1) sBiseTcs: YyacTHBIM CIydaeM palMoOHaIbHOTO HHTE-
TpajJbHOTO OTepaTopa Ha OTpe3Ke, BBeIEHHOTO B [25]. 3 pe3ynasTaToB 3T0# paboTHI ClIeAyeT, YTO

Sealn)=3 [ |2 0lE) 4 - )olfe) [ 20

cunp v £ 1-2ycosu +

rae &: eiu’ X =CoSsu, k= O, 1, ceey V(y) us3 (6)
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[ToncraBum mocienHee COOTHOIIICHUE B (9) 1 TOMEHsIEM MTOPSIIOK CYMMUPOBAHUS U MHTETPUPOBAHUS. YKa-
3aHHas OMNepalus ONpaBIaHHa, MOCKOIBKY P B paBoil yacTu (9) paBHOMEPHO CXOIUTCS MPH BCEX X € [—1, 1]
st 1060ro dukcuposanHoro 7, r € (0, 1). Torna

1 =

3 163 A ar@o )+ (6-) E ot (Elof ) [

1-2ycosu +y2'

Er’q(x, Aq)z

Pange1 B KBaJpaTHbBIX CKOOKax MMpeaACTaBIISIIOT coboi CYMMBI T€OMCTPUICCKUX HpOI’pCCCI/IP'I CO 3HAMCHAaTCIIsIMU

supp v k=0

"”%(&)%(J/)‘ <lu ‘rmq(i)mq(y)‘ <1 coorsercTBenHO. CleI0BATENLHO,
1-r E-y E-y av(y)
Er,q(-x; A‘I): ,[ 1 1—ro (&)(j) ( ) 1-2
suppv| 1 T 70y (i)(z)q (») q g\ yeosu +y

Bripaskenue B KBapaTHBIX CKOOKax MpeCTaBIseT CO00M CyMMy B3aMMHO KOMILIEKCHO-CONPSKEHHBIX Cla-
TaeMbIX, T. €. SBISACTCS JCHCTBUTEIBHO 3HAYHON (QyHKIHEH. Mcmoms3ys nepBoe n3 0b6o3HaueHui B (&), mocie
COOTBETCTBYOIIUX MTPeoOpazoBaHuii mpuaeM K (7).

Bropoe yTBepxkaenne Teopemsl 1 sterko crnemyer u3 (7). Teopema 1 mokazana.

> X =Cosu.

Ouenkn npudanxennii pynknunii Mapkosa
B CJIy4ae Mephbl CleUaJIbHOr0 BUAa
[Ipu nccnenoBanny MpUOMMKEHUH GYHKITHH MapkoBa 9acTO paccCMaTpUBACTCs CITyJaid, KOTJa MPOU3BO/I-
Hast MEphI u(t) c1ab0 PKBUBAJICHTHA HEKOTOPOU cTereHHoH (GyHKInHu (cM., Hapumep, [12; 13]). Takoii ciry-
Yaif u3ydaercsi HaMu jaiee. [Ipy 9TOM B ONpe/ieieHur paluoHaIbHOTO HHTErpaibHOTO oneparopa (1) mms
ynoOCTBa clieJIaeM 3aMeny o, = —0,,, k=1, 2, ..., q, u Oynem nonarars, 4to o, € [0, 1).

Teopema 2. Ilycmo du(z) = (p(t)dt u (p(t)x (l — l)y, te [1, a], Y >0. Tozoa 6 ycnosusx meopemst 1 0ns

npuOIUNCEHUTE PYHKYUU ﬁ(x) Ha ompeske [—1, 1] cymmamu Abens — Ilyaccona (2) cnpageonusol oyenxiL:
1) nomoyeunvix npubaudicenuti

Sr,q(x, Aq)‘ < IY_};JI (1—)’)27dy . (10)
VAN yY\/l — 2ycosu + y* \/1 - 2r0)q(y)cosarg(oq(§) + rzcofl(y)
2) pasnomepHbIX NpUOIUINCEHUL
e, (4,)<e ,(4,) neN, (11)
eoe

; 1-rt(1=p"" g

Ej,q(Aq): —]; ( y) - ’ (12)
2700 1=re,(v)

d=a-\a*-1,de(0,1], ,(y) us (8).
JlokasaTenbcTso. U3 (6) u (7) cnemyer, uto B ciyyae du(t)=(¢)dt u ¢(¢)=< (¢ —1)" ecrectenno
paccMaTpuBath npubmKeHus (3) B Buae

e, (5 4,)- 1- rJl- (1=»)" cosy, (y, u, 4, )dy
SARRRVARPTE yY\/1—2ycosu +y? \/1—2r0)q(y)cosarg0)q(§)+ rzo)i(y),
e d onpesieneHo B HOPMyTHPOBKE TEOpEMsI, x = cosu, O, (), \ur(y, u, Aq) u3 (8). YumTeiBas, 4to

‘cos v, ( yu, 4, )‘ <1, 3 MoCJIeTHETO COOTHOIIEHUS cieayeT oreHka (10).

Bocnonp30BaBIINCH H3BECTHRIM HEPAaBCHCTBOM

\/1—2ycosu+y2 >21-y, ye[O, 1], uelR,
a TaK)Ke 3aMETHB, YTO

J1-2r0, (v)cosarga, () + 02 (v) 21~ rlo, (), re(0,1),

u3 (10) mpuxoaum k (11). JloxazareabcTBO TEOpEMBI 2 3aBEPILEHO.
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3ameuanue. Teopema 2 umeer mecto u 1pu d = 0, YTO COOTBETCTBYET CIy4ar0, KOrJia HOCUTENb (PyHKIINU
Mapxkosa F = [1, +o<>). Torpa nomaraem y € (O, 1).

Tonoxum B coorHomenusix (10) u (11) 3navenus napamerpos oy, =0, k=1,2, ..., g. Torna g, ,(x, 0)=
= 8(,0)()5), 87,1(0) = S(VO), 0=(0, ..., 0), — COOTBETCTBEHHO TOTOYEUHbIE H PABHOMEPHBIE PHONMKEHNS PyHK-
uuid Mapkoa ﬁ(x) Ha OTpe3Ke [—1, 1] cymmamu Abenst — [lyaccona psgoB @ypre 1o cructemMe MHOTOYJICHOB
UeOsbImeBa mepBoro posa, Koraa Mepa u(t) YIAOBJIETBOPSIET YCIOBHSIM B (DOPMYITHPOBKE TEOPEMBI 2.

CaencrBue 1. Hmerom mecmo coomuowenus

8(0)(x)‘ < 1- rJl- (1 _y)ZY dy
2Y_ld yY\/1—2ycosu +)° \/l—Zrycosu + 2yt

, x=cosu, xe[-11],

_ 11_ 2y -1
8(0)—1 rJ~( y) dy

TS R . re(0,1). (13)

ACUMIITOTMKA Ma’KOPAHTHI PABHOMEPHbIX NPUOINKEeHU I

Hccnenyem acumnrornyeckoe noseaenune BenunanHsl (12) mpu » — 1. C 3To# 11enbi0 B HHTETpaJe BBITIOIN-

1—u —2du
HHUM 3aMeHy TIEPEMEHHOTO 110 popMylIe Y = , dy= = Torna
l+u (1 + u)
2 ) 1-d a—1
* _ Y+l Y _ = _ -
e (4,)=2"""(1 r)onr (. 4, )a, D=—= ", De[0.1), re(0,1) (14)
e
2y -1 q — U 1-—o.
O(u, 4,)= L : ch(u)ZHBj , B=—= (15)
(1+u)(1—u2) (l—r‘nq(u)‘) j=1Bj+u 1+aj
OTMeTHM, YTO B PACCMATPUBAEMOM HAMH CIIydae [t Kakaoro 3Hadenus r € (0, 1) MoxeT BBIGHpaTBCs CO-
OTBETCTBYIOIIIEE MHOXKECTBO TOUCK A, = (0(1, s ocq) no,=0,(r)>lopur— 1, k=12, ..., g. [lpu 5T0M
OyJIeM TI0JIaraTh, YTO BBINOIHSIIOTCS YCIOBHS
-
lim k = o, k=12,...,q.
ro1 1—r

M3 cKa3aHHOTO CIIEIYeT, YT I JM060ro 3Hauenns d =a —\a’ — 1 cylecTByeT TaKoe 7y, 1y € (0, 1), uto
IIpU ¥ € (ro, 1) o, € [d, 1), k=1,2,...,gq. OTu orpanudeHus OyaeM y4nTHIBaTh B TaJbHEUITNX PACCYKICHUAX.

B sTom ciyyae Ge3 HapyLIeHUs! OOIIHOCTH MOXKHO TOJIaraTh MapaMeTphl YIOPSJ0UEHHBIMH CIEIYIOUIMM 00-
pasom: 0 < B, <... <B; <D < 1. CipaBeyiiBa HIKENPUBEACHHAs TEOPEMA.

Teopema 3. [lpu r — 1 umerom mecmo acumnmomuyeckue pageHcmea

2711 -r)n 1
. 2y+q)(rY)(quq)»Y€(0’§)’
sin 2wy 2—
k:lBk
V2(1-7) 2B, &1 1
“ (4 )~ In| 1 1N o g 4) y==, 16
8r,l]( l]) ii n +1_rk_1[3k + r (% q)JY 2 ( )
k:lBk
B W'y
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30ecw

g-1 B 2y-1 D 2y-1
(g 4,)=27""(1-r)| 3 . o

k=1g,,, (1+ u)(l - uz)Y (l - nq’k(u)) ' B[(l + u)(l - 242)Y (1 - ‘nq(u)‘)

. 347

kB ,
nq,k(u)zn — - (18)
HoxazarenscTBo. [Ipencrasum nnterpain B (14) B Buze

Ej’q(Aq)=2Y+1|:I1(r, A,)+L(r, 4,)+ I(r, Aq)}, (19)
IpI(§

Iz(r, Aq)z(l - r)q_1 J.k Qﬁ(u, 4, )du,
k=18,
D
L(r, 4,)=(1=r) [QD(u, 4, )du,
B,

GyHKIHS Q(FY)(U, Aq) omnpeneneHa B (15).

M3y4nm acUMIITOTUYECKOE MOBEACHUE IPU # —> | KaXKJI0TO U3 TPEX UHTErpaJioB B OT/AEJIbHOCTH. J{anbHei-
eMy M3JI0KEHUIO TIPEATIONIIEM TPH JIEMMBI.
Jemma 1. Ilpu r — 1 cnpasednrusvt acumnmomuyeckue pageHcmsd

1
,YE(O, —),
q I]ZY 2

k=1Pk
— 27 g
1(r, 4,)~ LA qui y=1, (20)
! L1 1—r = By 2
ZI’Z— -
iz Br
Bq u27—ldu

(+a)i-w) (1-m @) 2

HokazatenbcTBo. U3 (14) cnemyert, 4To
u™
(1 + u)(l - uz)Y(l - rnq(u))'

OueBuHO, YTO ACUMITOTUYECKOE NTOBEJCHUE UHTerpaia /| (r, Aq) mpu 7 — | ompenesieTcs: CKOJIb YTOTHO

MaJIol OKpECTHOCTBIO HYJISI TEPEMEHHOM nHTerpupoBanus. Mcnons3ys paznoxenue B pan Teitnopa

q
nq(u)zl— 2uzi+ o(u), u—0,
=1 Br

a TaK)KE€ OUYEBHUIHOC aCUMIITOTUYECKOE PABCHCTBO
uZY -1

(1 + u)(l - uz)Y

~Uu
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HaxXoJuM, 4TO

By 2y-1
Il<r, Aq)~J “ dlu , r—1
0 2ru & 1
1+ —
1-r /= By
1
2}"1/[ Z [37
B uHTErpase BBIIOIHMM 3aMEHY IIEPEMEHHOTO 110 (hopMyIIe 1k =L LN Torna
-7
(1= ) gy 2B, & 1

]1(r,A)~ , (p(r,Aq)= LN — oo, r—1.

! 7 ooy l+u L7 = By
2r y —
is1 By
1
Ilycts 7y € (0, Ej Torpa, yuurtsisas, 4To
Tuzy_ldu: T
s l+u sin 2wy’
MOJTYYUM
(1-r)"n
L(r, 4,)~ T r—1. 1)
sin2my| 2r)
=1 By
1
Ecnu Y:E’ 10 13 (21) HaxomuM
(p(r,Aq)
1-r du 1-r
n(r, 4,)~— | =— ln(1+(p(r,Aq)), r—l. (22)
1 5 l+u 1
ZFZ— 2r y —
=1 By i=1Bx

1
Haxonern, mpu ¥ > ) MOJBIHTET paIbHAS (PYHKIIUS HHTETPUPYEMa IPH KaXKIOM 3HAYCHHUH € (0, 1) 1 MaXKo-

pupyetcs nHTerpupyemMont ¢pyHkipen. CrenoBaTenbHO, OMPaBIaH MPEAETbHBIN Mepexo/ Mo 3HAKOM WHTErpaa

Il(r, Aq) npu » — 1, u, 3HaUUT,

By 2y-1
n(r. 4,)~(1-r) - Yd“ ,rl, (23)
0 (1 + u)(l - uz) (l - nq(u))
U3 (21)—(23) cienyer (20). Jlemma 1 noxasana.
Jlemma 2. Cnpasedaugul acumnmomuuecKue paseHCmeda
q-1 By 2y-1
Lir4)~0-1Y | u_du , rol, (24)

i (1 )1 o?) (1=, ()
2oe nq’k(u) us (18).
JoxazartenbcTBo. U3 (15) caemyet, uto

g1 By u?
L, 4, =(1—7’) Y ’
( ) Z'lﬁ,j[l(Hu)(l—uz) (l—mq,k(“))

Kaxxnast u3 g — | mogpIHTErpaibHbIX (GYHKLIWI B CyMMe CIIpaBa CyMMHpyeMa Ha COOTBETCTBYIOIINX HHTEPBa-

J1ax [Bk 10 Bk], k=1,2,...,q— 1, u npu 1r000M 3HAYECHUH € (O, 1) Y BBITIOJTHEHHNH ycinoBus (18) orpannueHa
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B COBOKYITHOCTH CyMMHUpPYEeMOH (yHKIHEH. BHITOTHIB B KaXK/I0M 13 ¢ — | MHTErpaioB MpeaebHbIA Mepexo
npu » — 1, mpuaem K paBeHcTBy (24). Jlemma 2 nokasana.
Jlemma 3. Cnpaseonugol acumnmomuyeckue pagencmad

()= ) @)

By (l + u)(l - uz)y (1 - ‘nq(u)‘)

20e nq(u) us (15).
Hoka3zaTrenscTBo. OueBUIHO, YTO

Lir, 4, =(1—r)D uzy_;du .
( ) [3[(1+u)(1—u2) (1—‘1‘%(1{)‘)

Jaiiee noka3aTenbCTBO MPOBOIUTCS aHAJIOTHYHO JIOKA3aTeIbCTBY JICMMBI 2.

Tenepb BepHeMcsI K j0Ka3zaTenbeTBY Teopembl 3. [Toncrasus (20), (24) u (25) B (19), npunem k (16). Teo-
pema 3 mokasaHa.

CaenctBue 2. B ycrnosusix meopemvt 2 011 pagHomepHulx npubaudicenutl @ynxyutl Maprkosa cymmamu
Abens — Ilyaccona psiooé @ypwve no cucmeme nonunomog Yeowviwesa nepsozo pooa (13) npu r — 1 cnpaseo-

JIUBLL acumnmomudecKue pasencmaea
— 2
2 Tr(1-r)" 1
———Y€|0. <}

sin 2wy 2
(0) 2 1
e\ ~ ﬁ(l—r)lnl—, v=3 (26)
2'DM (1= r) 1
—_— Y >
2y -1 2

onoxum B opmynuposke Teopemsl 3 3Hauenue g = 1. Torna €, 1(A1) — Ma)KOpaHTa PAaBHOMEPHBIX IIPU-

ommkeHuit pyHKIM MapkoBa palioHanbHbEIME cyMMaMu AGenst — [lyaccoHa ¢ OTHUM MOIF0COM B OTKPBITOH
KOMIUICKCHOH TIIOCKOCTH.
Cuaeacrue 3. Cnpagedausvl acumMnmomuieckue paeeHcmaa

21_7(1— V)ZYRBZY N 27(1— r)DuZY_l(u+B)du . (0 lj
sin 21y B [3(1+u)(1—u2)y’ o)
. \/E(l—r)D (u+B)du 1
(4,)~v2(1-r)Bln 2 = V==
8’( ) (1=r)pB = B B(1+u)(1—u2)/ e

1
27 1—r), y>—
(1=r).v>2

Bu?r- 2<Z/l+|3du+ IJI-DuZY u + B)du
o(l+u)(l—u) B l+u<l—u)Y

3ameTnM, 4To Mapamerp d B (OPMyIHPOBKE TEOPEMBI 3 MOKET NPHHUMATH U HylIeBOe 3HaueHue. B sTom
ciyqae v € (0, 1).

Hanayumas maxopaHTa paBHOMEPHBIX NPUOIHKEeHU
[IpencraBnsger nHTEpEC MUHUMH3UPOBATh MPABYIO YacTh aCUMIITOTUYECKOTO paBeHcTBa (16) mocpencTsoM
BbIOOpa ONTHUMAJIBHOTO JUISl 3TOW 3a/ladyll MHOXKECTBA AZ = (ocf, ey a;). Hpyrumu cioBamu, OyeM HCKaTbh

OIIEHKY HaWJIy4IlIero PaBHOMEPHOTO MpHOnmkeHns (yHKkmuii MapKkoBa B YCIIOBUSX TEOPEMBI 2 cymMmMamH (2).
[Honoxum

. e
g, ,=infg, q(Aq), g, ,=infe, q(Aq),
A‘! A‘I
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e\ AN
TIe e, , (Aq) — paBHOMEpHBIE puOIxeHust GyHKui MapkoBa cymmamu Abenst — [lyaccona (2), onpenenen-

HbIe B (4). OTMETHM OYEBHIHOE HEPABEHCTBO, cieaytomiee u3 (11):
e, <€, re(0,1).

Teopema 4. [lpu r — 1 cnpasednussl acumnmomuuecKue paseHcmed

,_(1-27)° 1
].L(q, 'y)(l — r) 1+2y , Y € (0, E)

. L[] 2 1
g, ~12 2c(5)(1—r) In, = =2, (27)

1. 1
oY+ 151quY(Aq)(l - I"), Y > E,

2oe 1
2(1—Y)(2(1—27)(171—(”2\()) (c(y))zv 1t (-2 [F2Y
u(g, v)=(1+2v) T : ,
Y) -1 \ sin2my
(1 _ 2’Y)72y ,Yl +2y—(1-2y)
D 2y -
J%,y>0, de(0,1], p=1"9
0(1+u)(1—u2) I+d
c(y)= ) s (28)
u”Vdu
| — 7e(0,1), d=0,
0 (1 + u)(l - uz)
2
lnql_r=1+ln(1+ln(l+...+1n1n1_rn, 29)
q pas
By 271
u du
Y(Aq):.[ 2\Y +
0 (1+u)(1—u ) (l—nq(u))
g-1 B W2 du D W2

(30)

kgl[}k” 1+ u)(l - uz)y(l - nq,k(u)) B (1+ u)(l - uz)y(l - ‘nq(u)‘)’

30echb nq(u) uz (15), m, k(u) usz (18).
HJoxazarenscTso. Mccnenyem acumnrornueckue paeHctsa (16). [Tpu duxcupoBanssix B, j=1,2, ..., ¢q,
TMOPpsAAOK B YKa3aHHOM COOTHOILICHNH, OUCBUIHO, HC OTIIMYACTCA OT IMOJIMHOMHUAJIBHOI'O, ITIOJTYYE€HHOTI'O HaMH B (26)

1
Iycts 7y € (O, 5} B s1oM ciiyuae Gynem monarark, ato B; =B,(r) = 0, r — 1, npuuem B; :o(Bj),
j=12,...,q,r— 1. IIpu atom u3 (17) Haxomum, 4To
1< 1
Z 1[3_k2 + C(Y), ’Y € (09 _ja
=2y Zps B 2

(g, 4,)~2"(1-r) C(lj

g-1 "
Zﬁklnﬁ_k + _2, Yzl,
k=1 k+1 By 2

e c(y) onpenenena B (27).
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Torna nmepBbIie 1Ba ACUMIITOTHYECKUX paBeHCTBa U3 (16) mpu » — 1 mpuMyT BUA

1-2 2y-1n2 g-1 _
(Aq)sz—r) 2 r(1-2y)(1-r) qu+z B, (1=2v)e(y) ’ YE(O,%} 31)

" 1-2y sin 21y BT B,
{3
2 ¢! 2
el ,(4,)~~2(1-7) n2Pe ZBklnB—k+—2 y=i. (32)
I-r = Brst B, 2

1
[Ipu kaxxaoM (PUKCHUPOBAHHOM 7Y € (0, 5} MpaBbIe YaCTH acCUMNTOTHYeCKUX paBeHcTB (31) u (32) mpen-

CTaBJISIOT COOOH (PyHKUMHM NEPEMEHHBIX Py, ..., B,, HENPEPLIBHbBIC B KaXI0H TOUKE g-MepHOro Kyba [8, l]q,

8=38(r)>0, cnenoBarenbHO, UMEOT CTPOrHil MHHAMYM IpU HekoTopoM B’ = (BT, s BZ) €[8,1]". Ecim
Bi=1,k=1, ..., g, TO MOTy4UM IOJTMHOMHUAIBHBIN cIy4ail. MOKHO MIPEIIONI0KUTE, UTO B* — BHYTPEHHSS TOYU-
Ka Ky0a [8, l]q. Jlist TOro 4ToGBI HANTH ONTHMATBHBI HAGOP B JUTS COOTBETCTBYIOMIET0 4CHMITOTHYECKOTO
PaBEHCTBA, PEIINM 3KCTPEMAIIbHYIO 33734y

* .
gr,q(Aq) Z inf.
PaccmoTpumM Kaxplii ciydail B OTAENBHOCTH. Tak, MCXOs M3 acCHMIITOTHYECKOro paBeHcTsa (31), mpu-
XOIUM K 3ajiaue

Py + Py-» o+ 2 B, + 9 inf,

-2 1-2 -2 -2
qu ! Bq—ly By By By 4

(Y)( ) — . R2Y
vy 4,)=c, Bq +
IJ1€ JUIS KPATKOCTH TIOJI0KEHO

2 r(i-2y) (1)

=(1-2 .
1 sin 2wy ca=( V)e(v)

[

OyHKIHSA lI’(Y)(Aq) nepemMeHHbIX 3y, f,, ..., B, HenpepblBHO AuddepeHnrpyema B Kyde (O, 1)q. Ecrect-
BEHHO MCKaTh TOYKY MUHHMYyMa 3TOW (YHKIMH Tam, TJI€ BBIIOIHACTCS HEOOXOAMMOE yCIOBUE YKCTpEeMyMa

a\P(Y) A
J =0,7=1,2, ..., q. HecnoxxHple BBIYUCICHUS MPUBOASIT K CUCTEME ypaBHEHUI
B, 5
27-1 -1
2ch BqY - (1 - 2Y) 2q_ ZY = 07
By
1 B -2
22 =0
g g
1 B -3
— - (1-2y)55-=0,
BT B 9
1 By
B -2y (1 2’7) 2-2y :0’
3 2
I g _
By By

13 KOTOPOM ITOCIISIOBATEIEHO HAXOIUM

B, 9 B ( k-1 €
=L e —(1-2y) L k=2,3,..,q9-1.
BZ i Bl }{ij Bl
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C npyroii CTOPOHBI, U3 TIEPBOTO ypaBHEHUS crcTeMBbI (33) momyyaem

B,- _
2y¢,B2" = (1-2y) qu‘ —=(1-2y)"”" g—l
q 1

TakuMm 00pa3om, ¢ ONTHMAIBHBIM HA0OPOM MapaMeTpoB (HyHKLUS ‘P(Y)(Aq) uMeeT BUJ

-1
‘P(Y)(A*) _U=2)" e +(1-2y) Py
’ B By
-3¢ c ¢ 1+2yc
+(-2y) Py Tl (34)
By B B 2y By

Ocranock Haiitn mapametp B;. C 510l 1ebro cHoBa obparumces k cucteMme (33). TTocieoBarenbHo HaxoauM

Bq—l _ 2’ch
B, 1-2y
B> _ 1 By 172Y: 1 ( 2vc, jl—2y
B,.. 1-2y{ B, 1-2y(1-2y ’
1-2 (1-2y)
Bq—S — 1 [Bq—2] Y: (2ycq) ! (35)
Bq72 1—2’Y qul (1_2y)(1_2y)1—2Y(1_2y)(1—27)2
(1-2y)¢~? (1-2y)0~?
B _ (Zch) ' (Zycq) '
B 1+ (1—2y)+(1- 2y + ..+ (1-2y)?7? B 1-(1-2y)77Y)
P, (1-2 )[ ] (1-2y)

C npyroii CTOPOHBI, U3 TIOCTEIHEro ypaBHEeHUs B (33) umeem
2
1-2y

B2= l]

1-2y
G

IToxcTaBuB noTyyeHHOE BBIpaXKEHHE IS 3, B TIOCIIETHEE PABEHCTBO CUCTEMBI (35), mmociae HeoOXOMUMbIX
npeoOpa3oBaHuii OymeM UMETh

1-2y
1 ( )1—(1—27)(q1) 1+2y
. 1- 2’Y 2y 1
®_ 1+2y
(2’ch)
Ipu Haiinennom By B (34) noyuum
1-2y
2y (1_2Y)(q72) 1+2y
\P(Y)(A*):1+2’Ycﬁ (Z'YCQ) velo !
)" oy ) i B 2

(1 - 27) 2y

Bosspamasics K nepBOHaYaIbHBIM 3HAYEHUSM TIaPAMETPOB C| U C,, U3 TIOCIEAHEr0 COOTHOWEHNS U (op-
Myl (31) HaXo¥M, YTO
(1-2y)’
g, ~ Mg y)(1-r) 12, rol, (36)

rae ],L(q, Y) ornpejencHa B (GOPMYITHPOBKE TEOPEMBI 4.
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3aiiMeMcs TeTiepb aCUMITOTUIECKUM PaBEHCTBOM (32). 31ech MPUXOIUM K CIICIYOIICH 3aaue ONTHMU3AIIIH:
B q-2

B B @
-1 .
Eq +Bq_2hlm+...+[.))lh’1§+B—IA—q>lnf, (37)

rae C(Ej ompeznenero B (28). Paccyknasi aHanoOrM4YHBIM 00pa3oM, 3aKIfo4aeM, YTO ONTUMAaJbHBIH HabOp

28,

-7

‘I’(l/z)(Aq) =In + Bq_lln

B = (B’f, B, ..o BZ)SIBJ‘ISI@TCFI pEIIEeHHEM CUCTEMBI ypaBHEHUI
2 h:0,
l-r B,
1an*1 +1- Py =0,
Bq Bq—l
mbe2 g Pes g
qul BQ*Z (38)
lnB—2 +1- & =0,
B} I32
(3)
ln& +1- —3 =0.
B, B;

. 12)( 4%
W3 nmocneaneit cucTeMbl HAXOAUM, YTO C ONTUMAIBHBIM HAOOPOM MapaMeTpoB (HyHKIUS Pl )(A;) u3 (37)

HUMECT BU
2 * * )
Bq n B:_l Bq 2

P2 (£ )=1n —1|+B_ Pos 4,
( q) 1—}" Bq—l -2 |3q—2

) )

"‘+BZ(BT‘IJ+BT @_1 .

B ; B B

Ocranoch Haiitn 3HaueHue napamerpa P;. C 5Toil nenbio cHoBa obparumes k cucreme (38). Tlocnenosa-
TEJIBHO TOTYYHM

L))q_l:ln 2 ,

B, l—r

Bq_2=1+1n1n ,
-1 1-r

173 14 ln(1+ Inln 2 ),
Bq—z -7

E=1+ln I+In|1+...+ Inln 2 ,
B, 1-r

q —1pa3
(lj
“\2 2
3 =l+In|l1+In|1+...+Inln—— | |.
i 1-r
q pa3
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s IMOCJICAHETO paBCHCTBA CUCTEMBI UMCEM

B =—F—.

2
In
11—

rae BepaxkeHue In, T onpeneneno B (29). ins ontumaisHoro B, u3 (39) Haxonum

. (1 2
\P(1/2)(Aq):2 c[z) /lnq:.

[MoncraBuB nocienHee cootTHoieHue B (32), OyneM uMeTh

; [ (1 2 1
€. ,~2 20(5j(1—r) In, =, y=2, r=L (40)

1
[lyctp v > 5 B stom ciryuae u3 (16) u (17) Haxomum

ej,q(Aq)~2Y“Fy(Aq)(1— r), r—=1,

yi (S FY(Aq) onpenenena B (30). Ha ocHOBaHWYM ATOTO MPEACTABICHHSI 3aKJII0UaeM, YTO B JAaHHOM CITydae OIl-
THMabHBIH HAGOp mapameTpoB B = (Bf, B3 oees BZ) HE 3aBUCHUT OT 7 M HE BIMSET Ha CKOPOCTh yOBIBAHHS
MaxxopaHTsl. Ciie10BaTelbHO,

EZ,qN27+li£11quY(Aq)(1—r), y>%, r—1. (41)

W3 acumnroTrueckux paBeHCTB (36), (40) u (41) npuxomum k (27). Teopema 4 nokazana.
CaencrBue 4. [lycmo q = 1. Tocoa 6 ycnosusax meopemvt 2 015 HAUTYUULEH MAICOPAHTNBL PAGHOMEPHBIX
npubnudicenull npu r — 1 cnpasednuso acumnmomuyeckoe pageHcmeo

1

20020 ()T n e 4y ( 1)

(1+2y) - (1-7)i+2y, ye
(1—2v)2y sin2my

« / 1 2 1
€,1~ 12 2c(5](1—r) lnl_r, >

’Y:

B o2vy-2 D 2y-1
1 inf | [ (B+u)du+l u ' du Y (1—r),y>%,

Be(0.1] 0<1+u)(1_u2)y Bg(l+u)(l—u2)

2oe c(y) onpedenena 6 popmynupogke meopemol 4.

ANNpoKCMMALMS HEKOTOPBHIX JIEMEHTAPHBIX (PYHKIIM A

UzBectHO (cM., Hanpumep, [ 11]), aTo MHOTHE BrieMeHTapHbIe (YHKITUH MOYKHO MTPEACTABUTH B BHJIE KOMOMHA-
i Qynkuidi Mapkosa. Paccmorpum QyHKIHIO f (z) = (z — l)y, Y€ (0, +oo)\N . Ona sBnsercs ronoMophHOI
B o0nactu C\(l, +oo). CrannapTHOe IPIMEHEHHEe HHTETPaTbHOHN (hopMyIel Kot MpUBOANT K COOTHOIIEHHIO

(w—l)Y:L J ﬂdz, we Q,

zZ—Ww
0Q

e Q — Kpyr paiuycoM a > | ¢ HEHTPOM B Hauasle KOOPAMHAT M paspe3oM 10 oTpesky [l, a]. U3 mocnenneit
(bopMyJIBI JIETKO TONTYYUTh (CM., Hanpumep, [ 12]), 4ro npu |w| <a,we (1, a), CIIPABEJIMBO PABEHCTBO

(1 - x)Y =1, (x) + g(x), Xe€ [O, 1], 42)
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e

()= - S j (=0, s(=L | =2,

l|=a

®yukuus fI,(x), x € [0, 1], ynonersopser ycnosuto reopemsl 4. Clie10BaTENBHO,

1_(172y)q 1
w(gy)(1-r) " 1o ,ye(o, 5),
* ~ i TC 2 1
Er,q(ul(x))NsmnY 2\/1t—2(1—r) lnq:,y:_,

2

. 1
2Y+11}}quy(Aq)(1 - }"), Y€ (E, 1);

rie p(q, y) ompejeneHa B TeopeMe 4; FY(Aq) u3 (30). Uccnenyem npubmmkeHust QyHKITUH g(x) cymMmMaMu

Abens — Ilyaccona (2). B o6o3Hauenusx (3) nmeem
400

Sr’q(g’ x> Aq)=(1 -) Z rkﬁk,q(g, X Aq)’ xe[-11], (43)
k=0
e
1- v
Sk,q(g’ X Aq)=g(x)— Sn(gs x): ! J. ( Z) Ik(x, z)dz (44)

(21‘5)21"2‘:51 z—x

— NpUOMKEHHST (PYHKIHN g(x) WMHTETpaJIbHBIM PallMOHAIBHBIM oreparopoM Dypbe — Yebsimena (1) ¢ Ha-
6opom napameTpos 4,

Ik(x, z)=_f cosu —cosv[C (C) _¢g (é)] av (= & gzei”, X = cosu,

Z — COoSV ) (g) (C) - g
o, (&) onpenenena B (8). Bemornuus B nuterpaie I, (x, z) 3aMeHy nepemMeHHbIX 1o Gopmysam & = e”, &=¢e",
HOJYYHM
1 .
I(x, z)= —g(co]; (&), - &,0)15 (&)Jz), E=e" x=cosu, (45)

e

I -G _ 1-&C dg
Si= | — )q(C)dc, J e;le(g_al)(g_az)goa’;(c)’

a=z-Nz2"-1, ay=z+z" -1, |Z|=a>1.

Benuuussl a, u a, NpeacTaBiaoT co00i (QyHKINU NEPeMEHHOTO z, oOpaTHble K QyHKIUK JKyKOBCKOTO,
puyemM |a1| <1, |a2| > 1. CnenoBarenbHO, IOAbIHTErpabHAs (QYHKIMS HHTErpaia J, BHyTpU €JUHUYHOIO KpPy-
ra umeer B Touke C = g, npoctoil nomtoc. Ilpumensas teopemy Kommu o Berderax, HaxXoaum, 4To

J,=2mi 1§; ol (a,). (46)

HOI[I:IHTCI‘paJ'ILHaﬂ (I)YHKLII/ISI HUHTCTpajia J2 BO BHCIIHOCTU €AUHUYHOT'O Kpyra UMCET B TOYKS C = d, IpocC-
TOM IIOJIIOC, a Ha 0OECKOHEUHOCTH — HYJIb HC HMXKXC BTOPOT'O MOPsAKaA. HpI/IMCHHH TCOpEMY Komu o BbBIUCTAX,
nojy4yacmM

1- -
J,=-2mi 59 = 2mi f of (a)- 47)
(a2 - al)az(nq(az) 1~
[Toncrasus (46) u (47) B (45), Oynem uMeTh

21

B (x, ) \/ﬁ ((,0’; (ﬁ)(i - a1) + 03';(@)(& - aq ))C‘):(al)s E=¢", x=cosu.
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W3 (44) npu 5TOM HaXOAUM -
By (e A) == | (-2 (0h(E)(E ~a) + 0} &) a)
2TCZ d=a (Z X)\/:

OLeHUM TOJTyYCHHOE BBIpaKeHHE. BBINOIHUB B HHTETpasie ClpaBa 3aMeHy IIEPEMEHHOro 1o (opmyiie
6
z=aqe'", OyaeM UMeTh

m’;(al)dz, E=e" x=cosu.

o r(1-ae) (Df@E-0)+ b@)E-5)
‘Bk,q(g, X, Aq)‘—g ) (aeie—x)\/m ) (a)ie"do| <

ifl—ae’e‘ (- b\+|g b|)‘ )

e b = ae®— \Ja*e¥® -1, |b1| <1, &=¢" x = cosu. 3aMeTHB, 4TO ‘mq b, ‘ S A <1, momy4um

de,

‘k

2n
‘8,(,4( g x4, )‘ < %7& J ®(6, x, a)do, (48)

e
(I)(O, X, a) =

(1 —2acosO + az)w2 (\/1 —2acos(u—0)+a” + \/1 —2acos(u+0)+a” + 2(1 —2a%c0s20 + a4)1/4)

/4
\/a2 —2axcosO + x* (1 —2a%c0s20 + a4)

[TockonbKy paBHOMEPHO IO X € [0, 1] noe [0, ZTE]
2(1+a)y(l+a+\/1+a2)
(a - x) \/a2 -1

2a(1+a)y(1+a+\/1+a2)
) , X, <
‘ k,q(g X Aq)‘ (a—x)\/ﬁ

W3 nocnenneii onenku u hopmyinsl (43) momydanm

el m ) 20-7) X o [ 4 -

<I)(9, X, a)S , a>1,

To 13 (48) HaxoaUM, YTO

A k=0,1,2, ...,

2a(1+a)7(1+a+\/1+a2)+m

=(1-r k=

( ) (a—l)\/ﬁ kz;‘o

- )2a(1+a)y(1+a+\/1+a2)< . )2a(1+a)Y(1+a+\/1+a2)
(@-)a®=1(1=r2) (a-1)Ja®=1(1-1)

HApyrumu cioamu, juist 060ro Habopa napamMmeTpos 4, paBHOMEPHO 10 7 € (O, 1) CIIpaBeJINBa OLICHKA

,A<], a>1.

€, q( g x, 4, )Hc = 0(1 - r). W3 npexncraBnenus (42) U MOCIEAHUX PACCYKICHUNA MBI TOJIy4aeM HHKe-

NpUBEICHHOE CIICICTBHUE.
CaencrBue 5 (annpokcumanus (GyHKIIUN (1 - x)y, VAS (0, 1)). s 1106020 HamMypaibHo20 ¢ CNPABEoaU8o
COOMHOWEHUe
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_ (1-2y)
S ula )= r) e 01 ) ye (0’ %)

., (- [0.1])= 2\/7 (1-7)

O(1=r), ye G 1).

CaencrBue 6. /{15 Haumywuux pagHoMepHblX NPUOIUNCEHU PYHKYUU (1 - x)Y, VAS (0, 1), Ha ompesxe [0, 1]

cymmamu Abenst — Ilyaccona nonunomuansuvix psoog Pypve — Yebvluesa npu v — 1 cnpagediuso acumnmo-
muyeckoe pageHcmeo

1
o(1-r), y=—=, 49
n, = +0(=r).v=7 (49)

(1 - r)2Y 1
—2Ycosny + 0(1 - r), Y€ (0, 5),
el (1= x)", [0, 1])= %(1 ~r)in- 2 ~+0(1=r). v=3

O(l-r), ye G 1).

HoxkazarenbcTBo. OHO cleqyeT HEMOCPEACTBEHHO U3 (26) M MpeAbLAyIUX paccykaeHuil. Ooparum
BHUMAaHHE, YTO B IOJIMHOMHUAIBLHOM CIIy4ae HMEEM aCUMIITOTHYECKYIO OLIEHKY PABHOMEPHBIX MPUOIIKEHUH.
UzBectHO [26, c. 96], 4yTO A7l HAWITYYIIMX PAaBHOMEPHBIX MOJIMHOMHUAIIBHBIX MTPHOIKEHUN CIIPaBEJINBO

PaBCHCTBO 1
Ex (7, [0, 1)) = S5 E,((1 )" [0.1]).

I/ICHOJ'IB3y$I AHAJIOTUYHBIC paCCYKACHUS, TOCIIC COOTBETCTBYIOIINX npeo6pa3OBaHm71 u3 (49) HaxoauM, 4To
1 _ (l - s)q

Esm (g, s)(1=r) " e +0(1=7), s€(0,1),

NER) MEEE

O(1-r), se(L,2), r>1,

l—r In

+O(1—r),s=l,

r2q(

- r

e

3akiIrouenue

B pabote uzydensl anmpokcuMaruu ¢hyHKIuin MapkoBa cymmamu Abens — [Tyaccona nHTerpambHBIX OTIe-
paropoB ®ypbe — UeObImeBa, acCOMMUPOBAHHBIX ¢ CUCTEMOH parmoHaIBHBIX (pyHKITHI UeOnimeBa — Mapkosa,
pu (PUKCUPOBAHHOM YKCJIE FEOMETPUUYCCKH PA3JIMUHBIX MOJIIOCOB Y alpoKcuMupytoiien (hyukiuu. Hainerst
WHTETpAIbHOE TIPEICTABICHNE TPHOIMKSHUN 1 OTICHKAa paBHOMEPHBIX NMPpHOMmKeHwA. B ciydae, korma mepa [
YAOBIIETBOPSIET YCIOBUSIM d| u(t) e (p(t)dt u (p(t) = (t - l)Y, v > 0, OTy4YeHbI OLIEHKU MTOTOYEYHBIX U PAaBHOMEP-

HBIX MPHOIMKEHUH, aCHMITOTHYECKOE BBIPAKEHNE MAKOPAHTH PaBHOMEPHBIX MPUOIMKEHNH, ONTHMaIbHbIE
3HAYCHUsI TAPAMETPOB, TIPH KOTOPBIX MAKOPAHTA MMEET HAHOOJBIIYIO CKOPOCTh YObIBaHMsl. OTMEUEHO, YTO TIPH

1 y y
Y€E (0, 5} MOPSJOK CTPEMJICHHSI K HYJIIO PaBHOMEPHBIX NMpuOmmkeHnit GpyHkimi MapkoBa pannoHaIbHBIMU
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BemmecTBeHHBII, KOMIUIEKCHBIH M GYHKIMOHAJILHBII aHAJIN3
Real, Complex and Functional Analysis

SANA IS
— YWY
cymmamu Aoesst — [lyaccona gake ¢ OJHUM TOJFOCOM B OTKPBITOM KOMIUIEKCHOM TJIOCKOCTH BBIIIE B CPaB-

HCHUU C IMOJMHOMHAJIBHBIM CJIy4dacM. HpI/I Y > 5 CKOpPOCTH y6I)IBaHI/I$I MaXOpPaHTbl UMECT TOT K€ IMOPATOK

MaJIOCTH, YTO U B TIOJIMHOMHUAJILHOM CJIy4ae.
Ha ocHoBaHMHM NMPOBEIEHHBIX MCCICAOBAHUN MOXKHO 3aKJIIOUUTh, 4TO cyMMbl Abens — [lyaccona panmo-
HaJIBHBIX MHTETPAJIBHBIX OonepaTopoB Thna Pypbe — YeOblmeBa oTpaxxaloT 0COOCHHOCTH pallOHaIbHOM arl-
npokcuManuu GyHKIUA MapKoBa B yCIOBHUSIX TEOPEMBI 2.
CrencTBreM MOMYyUYCHHBIX PE3YJBbTaTOB SBIAIOTCS aCUMIITOTHYECKUE OLCHKHA PABHOMEPHBIX MPUOIMKECHUI
HEKOTOPBIX JIEMEHTAPHBIX (DYHKIUH CO CTEIEHHON 0COOCHHOCTBIO.
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KOHEYHBIE I'PVIIIIbI C 3AAAHHBIMU CUCTEMAMMN
OBOBHNIEHHBIX o-IITEPECTAHOBOYHBIX ITOAI'PYIIII

B. C. 3AKPEBCKA4"

DTomensexuii 2ocyoapcemeennblil yHusepcumem um. @panyucka Cropumsl,
ya. Cogemckas, 104, 246019, e. T'omens, benapyco

Ilycts 0 = {Gi|i el } — pa3OueHne MHOXKeCTBa BCeX MpocThiX yncen P, a G — koHeuHas rpynmna. Muoxxectso H moz-

rpynn rpynnsl G Ha3bIBACTCS NOTHLIM XOJII0GbIM O-MHOXMCeCcmeoM TpyHibl G, eCli Kaxaplil wieH #1 u3z H apisercs
XOJUIOBOH GHOArpyIIol rpynnsl G as HEKOoToporo i € [ u H conep>KUT POBHO OZHY XOJUIOBY G,-IOATPYIILY IPyI-

net G st Beex i Takux, uto ©; N 71t(G)# &. I'pynna cuuraercs G-npumaphoil, €cilu OHa €CTb KOHEHas G-TpyIIa

g Hexotoporo i. [Tonrpynmna A rpynmnel G Ha3bsIBaeTCs G-nepecmarnogounoli B G, eciu G CONEPKUT TOITHOE XOJUIOBO
o-MHOXKecTBO H Takoe, uto AH* = H'A nns moboro H € H w moboro x € G; 6-cyornopmansroi B G, €CIIA CYIECTBYET

noxarpynmna nenu 4 = A, < 4, < ... £ A, = G 1axas, 4to 1160 4, _; < A;, 1mmbo Ai/(Ai - I)A_ ABJIAETCS C-NPUMApPHOM 1S

Beex i = 1, ..., t; U-nopmanvroil B G, ecinu Kaxablil maBHbI (akrop rpynnsl G Mexay A, u A% nuxmuaecknit. Ml
roBopuM, uToO noxrpynna H rpymmsl G sisiercst: (1) uacmuuno G-nepecmanosounoti B G, €ClM CyIECTBYIOT L-HOpMasbHast

noArpymnia A u G-nepecTaHoBOYHAs monarpynmna B u3 G takue, uto H = <A, B>; (i) (il, G)-eﬂoafcenﬂoﬁ B G, ecnu

CYIIECTBYIOT YaCTHYHO G-TIEPECTAaHOBOYHAS MOATpyMIa S U G-cyOHOpManbHas noarpynmna 7 u3 G takue, uto G = HT
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NN
NAA
n HNT <S8 <H. Ms usyqaem G, npenonaras, 4T0 HEKOTOpble MOATPYIIBI IPynnsl G ABISIOTCA YaCTHYHO G-TIepe-
cranoBounbiMA ui (4, G)-BiokeHHbIME B G. HeKOTOPBIE H3BECTHBIE PE3YNETATHl 060OIIEHDI.

Knrouegvie cnoea: koHeUHAs IPYIIA; G-pa3peIinMble TPYIIbl; C-HUIBIOTEHTHAS TPYIINa; YaCTUYHO G-TIEPEeCTaHo-
BOUHasi moArpymnmna; (4, 6 )-BlokeHHas MOArpya; L-HOPMAabHas TOATPYIIIa.

FINITE GROUPS WITH GIVEN SYSTEMS
OF GENERALISED o6-PERMUTABLE SUBGROUPS

V.S. ZAKREVSKAYA?
*Francisk Skorina Gomel State University, 104 Savieckaja Street, Homiel 246019, Belarus

Leto = {Gi |i el } be a partition of the set of all primes IP and G be a finite group. A set H of subgroups of G is said to
be a complete Hall 6-set of G if every member #1 of H is a Hall 6,-subgroup of G for some i € / and H contains exactly
one Hall 6,-subgroup of G for every i such that 6, N Tr,(G) # (. A group is said to be G-primary if it is a finite 6,-group for

some /. A subgroup 4 of G is said to be: 6-permutable in G if G possesses a complete Hall 6-set H such that AH™ = H*A
for all H € H and all x € G; 6-subnormal in G if there is a subgroup chain 4 = 4, < 4, < ... < 4, = G such that either

A;_ < 4;or Al./(Ai - l)A_ is o-primary for all i = 1, ..., £; Y-normal in G if every chief factor of G between A ; and 4 is
cyclic. We say that a subgrloup H of G is: (i) partially 6-permutable in G if there are a {{-normal subgroup 4 and a 6-permu-
table subgroup B of G such that H = <4, B>; (ii) (5.1, G)—embedded in G if there are a partially 6-permutable subgroup S and
a o-subnormal subgroup 7 of G suchthat G=HTand H N T < § < H. We study G assuming that some subgroups of G are
partially 6-permutable or (I, 6)-embedded in G. Some known results are generalised.

Keywords: finite group; 6-soluble groups; G-nilpotent group; partially G-permutable subgroup; (Ll, G)-embedded sub-
group; {-normal subgroup.

Introduction

Throughout this paper, all groups are finite and G always denotes a finite group. Moreover, PP is the set of
all primes, © < P and n’=P\n. If # is an integer, the symbol n(n) denotes the set of all primes dividing #; as
usual, ©(G) = n(|G|), the set of all primes dividing the order of G.

A subgroup 4 of G is said to be U-normal in G [1] if either A <G or 4, # A% and every chief factor of G

between A4, and 47 is cyclic.
Following L. Shemetkov [2], we use © to denote some partition of P. Thus ¢ = {Gi |i el }, where P=U, 0,

and 6; N 0, = @ for all i # j. The symbol 6(n) denotes the set {Gi|6i N wt(n)= @}; o(G)=0(ql).

The group G is said to be [3-5]: o-primary if G is a 6-group for some i € [; G-nilpotent if G=G, X ... X G,
for some o-primary groups G, ..., G,; 6-soluble if every chief factor of G is G-primary.

A set H of subgroups of G is said to be a complete Hall G-set of G [6; 7] if every member #1 of H is
a Hall 6,-subgroup of G for some i € / and H contains exactly one Hall 6;-subgroup of G for every i such that

o, Nn(G)=D.
A subgroup A4 of G is said to be [3]: 6-permutable in G if G possesses a complete Hall 6-set H such that
AH*=H"A forall He H and all x € G; G-subnormal in G if there is a subgroup chain4 =4,<4,<...<A4,=G

such that either 4,_, < 4, or A,-/(A,. - l)A is o-primary foralli=1, ..., .

Note that in the classical case when ¢ = {{2}, {3}, }, o-permutable subgroups are also called S-permu-

table [8; 9], and in this case A4 is 6-subnormal in G if and only if it is subnormal in G.

The o-permutable and 6-subnormal subgroups were studied by a lot of authors (see, in particular, the pa-
pers [3—6; 10-29]).

In this paper we consider some applications of the following generalisation of 6-subnormal and G-permu-
table subgroups.
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Definition 1. We say that a subgroup H of G is
(1) partially 6-permutable in G if there are a $l-normal subgroup 4 and a G-permutable subgroup B of G
such that H =<4, B>;

(i1) (il, G)—embedded in G if there are a partially 6-permutable subgroup S and a 6-subnormal subgroup 7T’

of Gsuchthat G=HTand HNT < S<H.
Note that every {-normal subgroup 4 = <4, 1> and every c-permutable subgroup B = <1, B> are partially

o-permutable in G. Moreover, every partially o-permutable subgroup S is (il, 6)-embedded in G since in this

case we have G=SG and SN G =S < S, where G is a 6-subnormal subgroup of G by definition.

Now we consider the following examples, which allow you to get various applications of the introduced
concepts.

Example 1. (i) A subgroup H of G is said to be weakly 6-permutable [30] or weakly 6-quasinormal [31] in G
if there is a 6-subnormal subgroup 7"and a 6-permutable subgroup S of G such that G=HTand HNT < S < H.

Every weakly 6-quasinormal subgroup is (11, G)—embedded in the group.

(i1) A subgroup H of G is said to be weakly S-permutable in G [32] if there are an S-permutable subgroup S
and a subnormal subgroup 7 of G such that G=HTand H T < S < H. It is clear that every weakly S-permu-

table subgroup is (L[, G)—embedded for every partition G of IP.

(ii1) Recall that a subgroup M of G is called modular in G if M is a modular element (in the sense of Kurosh
[33, p. 43]) of the lattice £(G) of all subgroups of G, that is (i) <X, M N Z>=<X, M>nN Z for all X< G,
Z<Gsuchthat X< Z and (il)) <M, YN Z>=<M,Y>nN Zforall Y< G, Z< G suchthat M < Z.

A subgroup H of G is called m-G-permutable in G [34] if there are a modular subgroup 4 and a G-permutable
subgroup B of G such that H = <A, B>. In view of [33, theorem 5.1.9], every modular subgroup is {{-normal
in the group. Therefore, every m-G-permutable subgroup is partially G-permutable.

(iv) A subgroup H of G is called weakly m-G-permutable in G [34] if there are an m-G-permutable sub-
group S and a 6-subnormal subgroup 7 of G such that G=HTand H " T < § < H. Itis clear that every weakly
m-G-permutable subgroup is (4, ¢)-embedded.

(v) A subgroup 4 of G is said to be c-normal in G [35] if for some normal subgroup 7 of G we have AT =G
and 4 N T < Ag. Every c-normal subgroup is (4, 6)-embedded.

Our first observation generalises corresponding results in [34; 35].

Theorem A. (i) If every non-nilpotent maximal subgroup of G is (il, 0)—embedded in G, then G is 6-soluble.

(ii) G is soluble if and only if every maximal subgroup of G is (il, G)-embedded in G and G possesses
a complete Hall 6-set H whose members are soluble groups.

In view of example 1 (iii), we get also from theorem A the following corollary.

Corollary 1 [34, theorem B]. If every non-nilpotent maximal subgroup of G is weakly m-G-permutable in G,
then G is 6-soluble.

In the case when 6 ={{2}, {3}, ...} we get from theorem A (i) the following know result.

Corollary 2 [35, theorem 3.1]. If every maximal subgroup of G is c-normal in G, then G is soluble.

Now, recall that if M, < M, < G where M, is a maximal subgroup of M, and M, is a maximal subgroup of G,
then M, is said to be a 2-maximal subgroup of G.

Our next theorem generalises a well-known Agrawal’s result on supersolubility of groups with S-permutable
2-maximal subgroups.

Theorem B. If every 2-maximal subgroup of G is partially G-permutable in G and G possesses a complete
Hall 6-set H whose members are supersoluble, then G is supersoluble.

Corollary 3. If every 2-maximal subgroup of G is 6-permutable in G and G possesses a complete Hall G-set
H whose members are supersoluble, then G is supersoluble.

In the case when ¢ = {{2}, {3}, } we get from theorem B the following known results.

Corollary 4 [36; 37, chapter 1, theorem 6.5]. If every 2-maximal subgroup of G is S-permutable in G, then
G is supersoluble.

Corollary 5 [38]. If every 2-maximal subgroup of G is modular in G, then G is supersoluble.

Recall that G is meta-G-nilpotent [7] if G is an extension of a G-nilpotent group by a G-nilpotent group.
An analysis of many open questions leads to the necessity of studying various classes of meta-G-nilpotent
groups (see, for example, the recent papers [3; 11-18; 30] and the survey [7]).

Out next result gives the following characterisation of meta-G-nilpotent groups.

Theorem C. (i) The following conditions are equivalent:

(a) G possesses a complete Hall G-set H whose members are (5.1,, G)—embedded in G;
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(b) G is meta-G-nilpotent;

(c) G is 6-soluble and every 6-Hall subgroup H of G (that is G(H) N G(|G : H|) =) is c-normal in G.

(ii) If G possesses a complete Hall G-set H whose members are partially 6-permutable in G, then the de-
rived subgroup G’ of G is G-nilpotent.

A group G is said to be: a D -group if G possesses a Hall w-subgroup £ and every m-subgroup of G is con-
tained in some conjugate of E; a o-full group of Sylow type [3] if every subgroup E of G is a Dy -group for
each 6, € 6(E).

In view of example 1 (ii) we get from theorem C the following corollary.

Corollary 6 [30, theorem 1.4]. Let G be a o-full group of Sylow type. If every Hall 6,-subgroup of G is
weakly 6-permutable in G for all 6, € G(G), then G is -soluble.

In the case when o ={{2}, {3}, ...} we get from theorem C the following known result.

Corollary 7 [39, chapter I, theorem 3.49]. G is metanilpotent if and only if every Sylow subgroup of G is
c-normal.

Proof of theorem A

First we prove the following two lemmas.

Lemma 1. Let 4, B and N be subgroups of G, where A is partially 6-permutable in G and N is normal in G.
Then:

(1) AN/N is partially G-permutable in G/N.

(2) If G is o-full group of Sylow type and A < B, then A is partially 6-permutable in B.

(3) If G is o-full group of Sylow type, N < B and B/N is partially 6-permutable in G/N, then B is partially
Go-permutable in G.

(4) If G is o-full group of Sylow type and B is partially 6-permutable in G, then <A, B> is partially G-per-
mutable in G.

Proof. Let4=<L, T>, where L is {-normal and 7 is 6-permutable subgroups of G.

(1) AN/N=<LN/N, TN/N>, where LN/N is {l-normal in G/N by [40, lemma 2.8 (2)] and 7N/N is 6-permu-
table in G/N by [3, lemma 2.8 (2)]. Hence AN/N is partially 6-permutable in G/N.

(2) This follows from [3, lemma 2.8 (1); 40 lemma 2.8].

(3) Let BIN=<V/N, W/N>, where V/N is {1-normal in G/N and W/N is 6-permutable in G/N. Then B=<V, W>,
where V'is U-normal in G by [40 lemma 2.8 (3)] and W is 6-permutable in G. Hence B is partially 6-permutable
in G.

(4) Let B =<V, W>, where V' is {-normal and ¥ is a 6-permutable subgroups of G. Then

<A, B>=<L, T> <V, W>=<L, V>, <T, W>,

where <L, V> is {-normal in G by [40, lemma 2.8 (1)] and <7, W> is 6-permutable in G by [3, lemma 2.8 (4)].
Hence <A, B> is partially 6-permutable in G.

The lemma is proved.
Lemma 2. Let A, B and N be subgroups of G, where A is (il, G)-embedded in G and N is normal in G.

(1) If either N< A or (| 4|, |N|) =1, then AN/N is (4, &)-embedded in GIN.

(2) If G is o-full group of Sylow type and A < B, then A is (il, G)—embedded inB.

(3) If G is o-full group of Sylow type, N < B and B/N is (il, G)-embedded in G/N, then B is (il, G)—embedded
in G.

Proof. Let T be a o-subnormal subgroup of G such that AT = G and 4 N T < § < A4 for some partially
o-permutable subgroup S of G.

(1) First note that NT N NA = (T " A) N. Therefore G/N =(AN/N)(TN/N) and

(AN/N) N (IN/N)=(ANNTN/N)=(ANT)N/N < SN/N,

where SN/N is a partially 6-permutable subgroup of G/N by lemma 1 (1). Hence AN/N is (Ll, G)—embedded in G/N.
2)B= A(B N T) and (B N T) NA=TN A< S < A, where S is partially 6-permutable in B by lemma 1 (2).
Hence 4 is (4, 6)-embedded in B.

(3) See the proof of (1) and use lemma 1 (3).

The lemma is proved.

Proof of theorem A. (i) Assume that this assertion is false and let G be a counterexample of minimal
order. Let R be a minimal normal subgroup of G.
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(1) G/R is c-soluble. Hence R is not G-primary and it is a unique minimal normal subgroup of G.
Note that if M/R is a non-nilpotent maximal subgroup of G/R, then M is a non-nilpotent maximal subgroup
of G and so itis (21, G)—embedded in G by hypothesis. Hence M/R is (il, G)—embedded in G/R by lemma 2 (1).

Therefore the hypothesis holds for G/R. Hence G/R is 6-soluble and so R is not 6-primary by the choice of G.
Now assume that G has a minimal normal subgroup N # R. Then G/N is 6-soluble and N is not G-primary. But,
in view of the G-isomorphism RN/R = N, the 6-solubility of G/R implies that N is G-primary. This contradic-
tion completes the proof of (1).

In view of claim (1), R is not abelian. Hence |TE(R)| >1. Let p be any odd prime dividing |R| and R, a Sylow
p-subgroup of R.

(2) If G, is a Sylow p-subgroup of G with R,= G, N\ R, then there is a maximal subgroup M of G such that

RM =G and G, < N4(R,)< M.
It is clear that G, < N (Rp ) The Frattini argument implies that G = RN (Rp ) Conversely, claim (1) imp-

lies that N (Rp) # G, so for some maximal subgroup M of G we have RM = G and G, < N; (Rp) <M.

(3) M is not nilpotent and M ;= 1. Hence M is (il, (S)—embedded in G.
Assume that M is nilpotent, and let D = M N R. Then D is a normal subgroup of M and R, is a Sylow p-sub-

group of D since R, < G, < M. Hence R), is characteristic in D and so it is normal in M. Therefore Z (J (R ) )) is

normal in M. Claims (1) and (2) imply that M ;= 1. Hence N (Z (J(Rp ))) =M and so N, (Z (J(Rp ))) =D isnil-

potent. This implies that R is p-nilpotent by the Glauberman — Thompson theorem on the normal p-complements.
But then R is a p-group, contrary to claim (1). Hence we have (3).
(4) There is a 6-subnormal subgroup T of G such that MT = G, M ~ T =1 and p does not divide |T|

By claim (3), there are a partially 6-permutable subgroup S and a ¢-subnormal subgroup 7" of G such that
G=MTand M N T<S< M. Then S =<4, B> for some {-normal subgroup A and c-permutable subgroup B
of G. Moreover, from the definition {(-normality and claim (1) it follows that, in fact, S= B and S; = 1. Suppose

that S # 1. Then for every 6, € 6(S) we have S = Oy (8)x O, (S) by [3, theorem B]. Therefore for every Hall
o,-subgroup H of G from SH =HS = Oy, (S)H we get that 1< O (S) < H, contrary to claim (1). Therefore
S=1,s0 Tn M=1. Hence |T| = |G : M|, so p does not divide |T| since G, < M by claim (2).

The final contradiction for (i). Let L be a minimal o-subnormal subgroup of G contained in 7. Then L is
a simple group. If L is a 6,-group for some 7, then L < Oc,.(G) by [12, lemma 2.2 (10)], which is impossible by
claim (1).

Heflc)e L is non-abelian, so it is subnormal in G by [12, lemma 2.2 (7)]. Suppose that L £ R. Then L " R=1.
Conversely, R < N (L) by [41, chapter A, theorem 14.3]. Hence LR=L X R,s0 L<C, (R) But claim (1) imp-

lies that R % Cg;(R) and so C;(R)=1, a contradiction. Hence L is a minimal normal subgroup of R. It follows

that p divides |L| and hence p divides |T |, contrary to claim (4). Therefore assertion (i) is true.

(i1) In view of theorem A, it is enough to show that if G is soluble, then every maximal subgroup M of G is
(il, 0)—embedded in G. If M;# 1, then M/M_; is (11, G)—embedded in G/M; by induction, so M is (il, G)—embed—
ded in G by lemma 2 (3). Conversely, if M; =1 and R is a minimal normal subgroup of G, then R is abelian

and so G =R x M. Hence M is (U, 6)-embedded in G.
The theorem is proved.

Proof of theorem B

Lemma 3 [6, theorem A]. If G is 6-soluble, then G is a 6-full group of Sylow type.

Lemma 4. [f G is 6-soluble and G possesses a complete Hall G-set whose members are p-soluble, then G
is p-soluble.

Proof. Suppose that this lemma is false and let G be a counterexample of minimal order. Let H = {H 1 e H, }
be a complete Hall o-set of G. Then H, is p-soluble by lemma 3 for all i.

First show that if R is minimal normal subgroup of G, then G/R is p-soluble. It is enough to show that the
hypothesis holds for G/R.

Note that for every chief factor (H/R)/(K/R) of G/R we have that (H/R)/(K/R) =5 H/K, where H/K is

a chief factor of G and H/K is 6-primary since G is 6-soluble. So (H/R)/(K/R) is o-primary, hence G/R is
G-soluble.
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Note also that {H \RIR, ..., H,R/R} is a complete Hall 6-set of G/R, where H; R/R = H;/ (Hi N R) is p-soluble
since H, is p-soluble. Therefore the hypothesis holds for G/R, so G/R is p-soluble by the choice of G.

Now show that R is p-soluble. Since G is 6-soluble, R is G-primary, that is, 6,-group for some i. Also, for
every Hall 6,-subgroup H of G we have R < H. So, R is p-soluble by the hypothesis, hence G is p-soluble.

The lemma is proved.

Proof of theorem B. Suppose that this theorem is false and let G be a counterexample of minimal order.
Let H = {Hl, ey H,}. Then ¢ >1 since H, is supersoluble by hypothesis.

(1) If R is minimal normal subgroup of G, then G/R is supersoluble. Hence R is the unique minimal normal
subgroup of G, R is not cyclic and R £ CI)(G).

It is enough to show that the hypothesis holds for G/R. First note that {H \R/R, ..., H,R/R} is a complete
Hall o-set of G/R, where H,R/R=H,/ (H N R) is supersoluble since H, is supersoluble by hypothesis.

Now assume that statement (1) is false. Then G/R is not nllpotent s0 every Sylow p-subgroup in G/R is proper.
Then for every Sylow p-subgroup P of G/R it follows that P is contained in some maximal subgroup of G/R.
Hence R is contained in some 2-maximal subgroup 7 of G and so T'is partially 6-permutable in G by the hypo-
thesis. But then 7/R is 2-maximal of G/R and partially 6-permutable in G/R by lemma 1 (1). Therefore the
hypothesis holds for G/R, so G/R is supersoluble by the choice of G. Then we have a contradiction.

Moreover, it is well-known that the class of all supersoluble groups is a saturated formation [42 chapter VI, defi-
nition 8.6]. Hence the choice of G implies that R is the unique minimal normal subgroup of G, R is not cyclic and
R < ®(G). Hence we have (1).

(2) G is soluble.

Every 2-maximal subgroup in G is partially 6-permutable and so, partially 6-subnormal in G by [3, theo-
rem B]. Then, in view of theorem in [40], G is 6-soluble. Hence, from lemma 4 it follows that G is soluble. So
we have (2).

(3) R= OP(G) * dD(G) for some prime p € ;. Hence for some maximal subgroup M of G we have G=R X M
and M # M = 1.

By claim (2), G is soluble and so R is a p-group for some p € 6,. Hence the choice of G and claim (1) imply
that R is a unique minimal normal subgroup of G. Moreover, R £ CI)(G) by claim (1),s0 R = CG(R) =0, (G) by
[41, chapter A, lemma 15.2]. Hence for some maximal subgroup M of G we have G=R X M and M # M ;=1
by claim (1).

(4) If 1 < H< M, then H is not -normal in G.

Indeed, if H is U-normal in G, then H/H; < Zu(G/HG ), where H,; = 1 by claim (3). Hence R < H° < Zy(G)
by claim (1). But then R is cyclic, contrary to claim (1). This contradiction completes the proof of the claim.

(5) M is not a group of prime order.

Suppose that |M | = ¢ for some prime g. Hence |M | = |G :R| is a prime and so R is a maximal subgroup of G.
Then every maximal subgroup V of R is 2-maximal in G, so V'is partially c-permutable in G by hypothesis. So
V=<4, B>, where 4 is {-normal and B is 6-permutable in G. Assume 4 # 1. Note 4; = 1 by the minimality
of R. Then R< A°<Z o (G) and so R is cyclic, contrary to claim (1). Hence V' = B is 6-permutable in G. There-
fore every maximal subgroups of R is 6-permutable in G.

Note that R < H, since R is 6;-group by claim (3) and H,=R X (Hl N M), again by claim (3). Since H, is su-
persoluble by hypothesis, some maximal subgroup W of R is normal in /.. In addition, ¥ is 6-permutable in G
since it is a maximal subgroup of R. Hence for each j # i we have WH, = HW, which implies that H; < NG(W)
since RNWH,; = W(R NH, ) = W. Therefore W is normal in G, so the minimality of R implies that /=1 and
hence |R|= p, which is impossible by claim (3). Hence we have (5).

(6) If T is a maximal subgroup of M, then T is a 6,-subgroup of G.

Indeed, T'is partially 6-permutable in G by hypothesis, so 7= <4, B> for some (-normal subgroup 4 and some
o-permutable subgroup B of G. Note that 7' 1 by claim (5). Conversely, 4 = 1 by claim (4) and so 7= B is G-per-
mutable in G. Therefore 7/T, ¢ 1s o-nilpotent [3, theorem B (ii)]. We have T, <M ;=1,s0 T T, c=T N =7°
is o-nilpotent group. Hence the subgroup O, (T G) is characteristic in 7, so it is normal in G. By claim (3) we

have that O, (TG) =1for all k# i. Hence 7= O, (TG) is a 0;-subgroup of G.

(7) M is not G, ~group.

Suppose that this is false and let T be a maximal subgroup of M. Then T # 1 by claim (5). Conversely, T is
a o,-group by the hypothesis and T%isa 6,-subgroup of G by claim (6). Then we have a contradiction. Hence,
M is not a G;-group.
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(8) M is not 6,-group (this follows from the facts that 7 > 1 and R is a G,-group).
Final contradiction.
Let 7'be a maximal subgroup of M, containing a Hall ©,-subgroup of M. Then T Yis o,-group by claim (6).

Therefore, a Hall ©,,-subgroup of M is the identity group. Hence M is G;-group, contrary to claim (8). This
contradiction completes the proof of the result.

Proof of theorem C

We use R to denote the class of all o-nilpotent groups.
Lemma 5 [3, corollary 2.4 and lemma 2.5]. (1) The class R is closed under taking products of normal
subgroups, homomorphic images and subgroups.

(2) If G/N and G/R are 6-nilpotent, then G/(N N R) is 6-nilpotent.

(3) If E is a normal subgroup of G and E/ (E N CD(G)) is o-nilpotent, then E is 6-nilpotent.

Recall that G™'¢ denotes the G-nilpotent residual of G, that is, the intersection of all normal subgroups N of G
with o-nilpotent quotient G/N. In view of [43, proposition 2.2.8], we get from lemma 5 (1) the following result.

Lemma 6. If N is a normal subgroup of G, then (G/N )m" =G N/N.

The next lemma is proved by the direct verifications on the basis of lemmas 5 and 6.

Lemma 7. (1) G is meta-G-nilpotent if and only if G™o s G-nilpotent.

(2) If G is meta-G-nilpotent, then every quotient G/N of G is meta-G-nilpotent.

(3) If G/N and G/R are meta-G-nilpotent, then G/ (N N R) is meta-G-nilpotent.

(4) If E is a normal subgroup of G and E/ (E N CI)(G)) is meta-G-nilpotent, then E is meta-G-nilpotent.
Lemma 8. Let A, B and N be subgroups of G, where A is c-normal in G and N is normal in G.
(1) If either N < A or (|A , N|) =1, then AN/N is c-normal in G/N.

(2) If N< B and B/N is c-normal in G/N, then B is c-normal in G.

Proof. See the proof of lemma 2.

A natural number # is said to be a [T-number if ¢ (n) c I1. A subgroup 4 of G is said to be: a Hall T1-subgroup
of G [6; 7] if |4] is a [I-number and |G : A| is a [T"-number; a 6-Hall subgroup of G if 4 is a Hall [1-subgroup of
G forsome Il c G.

Recall also that a normal subgroup £ of G is called hypercyclically embedded in G [33, p. 217] if every
chief factor of G below E is cyclic.

Proof of theorem C. Let D= G” be the o-nilpotent residual of G.

(i) (a) = (b). Assume that this is false and let G be a counterexample of minimal order. Then D is not G-nil-
potent since G/D is G-nilpotent by lemma 5 (2). Let H = {Hl, ooy H,}. We can assume without loss of gene-
rality that H,1is a 6,-group foralli =1, ..., ¢. Let S, be a partially 6-permutable subgroup and 7; be a 6-subnor-
mal subgroup of G such that S, < H,, H,T,=Gand H, " T;< S, foralli=1, ..., t. Then, for every i, S;=<4,, B;>
for some -normal subgroup 4, and 6-permutable subgroup B, of G.

(1) If R is a 6-primary minimal normal subgroup of G, then G/R is meta-G-nilpotent and so G is G-soluble.

Moreover, R is a unique minimal normal subgroup of G, CG(R) < R and R is not cyclic.
First we show that G/R is meta-G-nilpotent. In view of the choice of G, it is enough to show that the hypothe-

, Hj‘)zl for all j # i. Therefore

{H\RIR, ..., HR/R} is a complete Hall 6-set of G/R whose members are (&I, 6)-embedded in G/R by lem-
ma 2 (1). Hence the hypothesis holds for G/R, so G/R is meta-G-nilpotent and G is ¢-soluble. Hence every
minimal normal subgroup of G is G-primary, so R is a unique minimal normal subgroup of G and R £ ®(G) by
lemma 7 (4). Hence C, (R) < R by [41, chapter A, lemma 15.6]. Finally, note that in the case when R is cyclic
we have |R| = p for some prime p and so G/ CG(R) = G/R is cyclic, which implies that G is metanilpotent and

so it is meta-G-nilpotent. Therefore we have (1).

(2) For some i, i = 1 say, we have S; =S| # 1. Moreover, if for some k we have S, = 1, then T, is a normal
complement to H, in G.

Assume that S; = 1. Then H; n T, =1, so 7, is a 6-subnormal Hall 6;-subgroup of G. Hence 7} is a normal
complement to ; in G by [3, lemma 2.6 (10)]. Moreover, G/T; = H, is o-nilpotent. Suppose that S, = 1 for all
i=1,...,t. Then Ty n...N T, =1by [41, chapter A, theorem 1.6 (b)], so

G=G/=G/(,n...NT))
is o-nilpotent by lemma 5 (2). Then we have a contradiction. Hence for some i we have S; # 1.

sis holds for G/R. Since R is 6-primary, for some i we have R < H, and (|R
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Assume that this is false. Then every non-identity subgroup L of H, is not 6-permutable in G since other-
wise for every x € G we have LH; = H;'L = H;® which implies that 1 < L <(H, ) =1.

Therefore B, = 1 and so S, = 4, is a {-normal subgroup of G with (S,- ) . =1. But then we have 1< (S,.)G is

hypercyclically embedded in G by the definition {-normality and so R is cyclic, contrary to claim (1). Hence
we have (3).

(4) G possesses a 6-primary minimal normal subgroup, R say.

Claims (2) and (3) imply that (H | ) ¢ # 1. Therefore, if R is a minimal normal subgroup of G contained in
(H | ) - then R is G-primary.

The final contradiction for the implication (a) = (b). Claims (1) and (4) imply that G is 6-soluble, so R is
a unique minimal normal subgroup of G by claim (1). Hence claims (2) and (3) imply that 7>, ..., T, are nor-
mal subgroups of Gand G/T;, =~ H, forall k=2, ..., t. Hence G/(T2 N...N Tt) is o-nilpotent by lemma 5 (2).
Conversely, T, N ... N T, = H, by [41, chapter A, theorem 1.6 (b)] and so G is meta-G-nilpotent, contrary to the
choice of G. This contradiction completes the proof of the (a) = (b).

(b) = (c). The subgroup D is o-nilpotent by lemma 7 (1). Let [1=0(H ) Then H is a Hall T1-subgroup of G.

Suppose that H; # 1. Then H/H is c-normal in G by induction since the hypothesis holds for G/H by
lemma 7 (2). Hence H is ¢-normal in G by lemma 8 (2).

Now assume that /1; = 1. Then, since D is o-nilpotent, it follows that D n H = 1. Conversely, G/D is ¢-nil-
potent by lemma 5 (2) and H =~ HD/D is a Hall I1-subgroup of G/D, so HD/D has a normal complement 7/D
in G/D. Then T'is a normal subgroup of G suchthat HT=Gand TN H<TNHD "H<D N H=1.Hence H
is c-normal in G. Therefore the implication (b) = (c) holds.

(c) = (b). In view of example 1 (v), this application is a corollary of the implication (a) = (b).

(i1) Suppose that this assertion is false and let G be a counterexample of minimal order. Then G is not
o-nilpotent, so |G(G)| >1. Moreover, from part (i) we know that D is G-nilpotent and so G is G-soluble. Let
H={H, ... H}

Let R be a minimal normal subgroup of G. Then R is a G;-group for some i, so the hypothesis holds for
G/R by lemma 1 (1). Hence (G/R) G’R/R=G’/(G’ N R) is o-nilpotent by the choice of G. Therefore R < G’
and R % <I>(G) by lemma 5 (3). Moreover, if G has a minimal normal subgroup N # R of G, then N < G” and
G'=GN=G"/ (R NN ) is ¢-nilpotent, contrary to the choice of G. Therefore R is a unique minimal normal sub-

group of G and C, (R) < R by [41, chapter A, lemma 16.5]. We can assume without loss of generality that R < H,.
Let M be a maximal subgroup of G such that R < M. Then M, =1 and |G M | is a 6;,-number. Therefore for

some x € G we have H=H, <M. Then H <A, B> for some {-normal subgroup 4 and G-permutable sub-
group B of G. Moreover, A; < M;=1, so A% s hypercychcally embedded in G by the definition {-normality.

If A# 1, then R < A9 and so |R| = p for some prime p. But then C;(R) =R and G/R = G/Cg(R) is cyclic. Hence

G’ is nilpotent. This contradiction shows that 4 = 1, so H = B is 6-permutable in G. But then HH* = H*'H=H
for all x € G since H is a Hall 6,-subgroup of G for some i. Hence H is normal in G, so 1 < H < M, a contra-
diction. Therefore assertion (ii) is true.

The theorem is proved.
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The article is devoted to the latest results in metric theory of Diophantine approximation. One of the first major result
in area of number theory was a theorem by academician Jonas Kubilius. This paper is dedicated to centenary of his birth.
Over the last 70 years, the area of Diophantine approximation yielded a number of significant results by great mathema-
ticians, including Fields prize winners Alan Baker and Grigori Margulis. In 1964 academician of the Academy of Sciences
of BSSR Vladimir Sprindzuk, who was a pupil of academician J. Kubilius, solved the well-known Mahler’s conjecture on
the measure of the set of S-numbers under Mahler’s classification, thus becoming the founder of the Belarusian academic
school of number theory in 1962.

Keywords: J. Kubilius; Diophantine approximation; Mahler’s conjecture; metric number theory; transcendence and
algebraic numbers.

Dedicated to the centenary of
academician Jonas Kubilius’s birth

Introduction

Academician Jonas Kubilius devoted his life to research in theory of probability and number theory. He was
one of the founders of metric theory of Diophantine approximation, obtaining one of the earliest major results
in this field [1; 2] and influencing the work of his pupil Vladimir Sprindzuk, who in 1964 proved the famous
Mahler’s conjecture [3—5].

First results in metric theory of Diophantine approximation were obtained by Emile Borel in the beginning of
the 20™ century [6], and they were later significantly improved in a seminal work of Alexander Khintchine [7].

Let vy (x) be a monotonic decreasing function of x > 0, and let uB denote the Lebesgue measure of a measu-

rable set B c R. Let £, (w ) denote the set of real numbers in the interval / — R such that the inequality
v(g)

¢ M

_P
q

has infinitely many solutions in integers p € Z and positive integers g € N.
Theorem 1 (Khintchine’s theorem). The Lebesque measure of the set L, (W) satisfies

WL () =0if w(g)<es @)

wL (y)=ul if iw(q)mo. 3)

Note that in the case of convergence (2) the theorem also holds without the monotonicity requirement on
the function y (x) Khintchine’s theorem was later generalised by A. V. Groshev for system of linear forms [8].

One important generalisation of the above setting considered by A. Khintchine concerns small values of
integral polynomials, see articles [3; 5] and monographs [4; 9—11]. In particular, in [12] A. Khintchine proved
the following theorem.
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Theorem 2. For all € > 0 and an arbitrary interval I, the inequality
|P(x)|<eH™" (4)
has infinitely many solutions in polynomials

n—1

P(x)=a,x"+a,_x"""+..+ ax+a, P(x)eZ|x],

of degree n and height H = H(P) = max

0<j<n

aj‘ for almost all points x € 1.

Clearly, we can find x € R such that for € = s(x) the inequality opposite to (4) is satisfied. Taking, for
example, x, = n+\1/§, we have
|P(xl )| >c(n)H™"
for an appropriate positive constant c(n).

The inequality (4) can be viewed as the first result in metric Diophantine approximation of dependent vari-
ables since it relates to approximation of zero by values of an integer polynomial of an arbitrary degree.

In what follows, ¢, = ¢,(n), c,, ... will denote quantities that depend on n and do not depend on H. Quanti-

ties 4 and B satisfy the inequality 4 < B, where < is the Vinogradov symbol, if there exists a constant ¢ such
that 4 < ¢B.
In 1932 Kurt Mahler [13] proposed his classification of real and complex numbers based on the behaviour of

best polynomial approximations of zero P(é) and P(z) as the height H tends to infinity at respectively real and

complex points § € R, z € C. A detailed description of Mahler’s classification can be found in Sprindzuk’s [3; 4],
Schmidt’s [14] and Bugeaud’s [15] monographs. K. Mahler divided the set of real numbers into four classes,
namely the 4-, S-, T- and U-numbers. He formulated the famous Mahler’s conjecture, which became the main
problem in metric theory of Diophantine approximations for several decades.

Let M n(w) be the set of real numbers x € / such that the inequality
|P(x)|<H™, w>0,

has infinitely many solutions in polynomials P (x) € Z[x], deg P =n.
Conjecture (Mahler’s conjecture). For w > n we have uM,(w)=0.
For complex numbers, conjecture 1 can be formulated as follows: define the set /C, (v) of z € C such that the

inequality |P (z)| < H ™" has infinitely many solutions in P(z)e Z[z], then for v > nT—l we have U,K,(v)=0,

where |1, is the two-dimensional Lebesgue measure on the complex plane C.
Mahler’s problem can also be formulated in terms of simultaneous Diophantine approximation: let S, (t),
t> 0, be the set of real numbers x such that the inequality

max
1</<n

gx' — p;\ <q”, t>n7, ®)

has infinitely many solutions in integer vectors m = (q, Dis -5 Py ), then 1S, (t) =0.

The two formulations are equivalent by Khintchine’s transference principle [10]; the equality uM n(w) =0
implies that WS, (¢) = 0 and vice versa.

K. Mabhler was able to prove that uMn(w) =0 for w > 4n, with other researchers offering consecutive im-

. i 2 L
provements: w > 3n by Jurjen Koksma [16], w < 2 by William LeVeque [17]; w<2 — - by Friedrich Kasch

and Bodo Volkmann [18]; w<2 — i by Wolfgang Schmidt [19]; w < %, w< % by B. Volkmann [20] using
n

Davenport’s lemma [21].

The first proof of Mahler’s conjecture for n = 2 was obtained by academician J. Kubilius for the inequali-
ty (5) using the method developed by academician Ivan Vinogradov [1; 22].

From Minkowski’s linear forms theorem we see that the system of Diophantine inequalities

xqu)<q_1/2

has infinitely many solutions for all x € R and positive integers ¢ € N. However, if we slightly reduce the order
of the right-hand side to obtain

b

max xg

-1/2-¢

ool <

maxxg

b
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then this new inequality has, for an arbitrarily small positive €, only a finite number of solutions for almost all x.

This result was proved by J. Kubilius in 1949 [1], thus proving Mahler’s conjecture in the quadratic case. Soon
thereafter John William Scott Cassels [23] obtained an improvement of Kubilius’s result, proving that the

system of inequalities
Ixqll < o(q). [¥*q| < 1(q)

has a finite number of solutions in ¢ € N for almost all x if the series

S0(4)/(s)

converges and
/(q)=max(o(q). 7" loggo(q)).

where G(q) is the number of positive integer divisors of ¢. In 1959 J. Kubilius improved this result by relaxing
the requirements on max ((p(q), f (q)), proving the following theorem [2].
Theorem 3. The inequality

max(”xq , x2q”) <vy(q)
has only a finite number of solutions in g € N for a positive function q!(q) ifq_l/zlu(q) is non-increasing and
the series
2 q—l/zw( q)
g=1
converges.

In a private conversation with the V. Bernik, J. Kubilius mentioned that he had obtained the proof of Le-
veque’s result prior to the publication of Leveque’s paper, but J. Kubilius wasn’t expedient in publishing this
proof.

Mahler’s problem was solved in 1964 by Belarusian mathematician V. Sprindzuk, a pupil of J. Kubilius.
V. Sprindzuk proved Mahler’s conjecture not only in the fields R and C, but also reformulated and proved it
for p-adic numbers and formal power series. V. Sprindzuk laid down the groundworks of metric theory of Dio-
phantine approximation, publishing two monographs in Russian and English [4; 11].

The next few sections of this article will be devoted to solutions and generalisations of the problems that
were posed in the 1950—60s and were related to Koksma’s and Mahler’s classifications, as well as the classical
problems of Vladimir Sprindzuk, Alan Baker and Wolfgang Schmidt [24]. After that, we’ll move on to appli-
cations of the methods of metric theory of Diophantine approximation to quantifying distributions of rational
and algebraic numbers, as well as discriminants and resultants of integer polynomials.

To conclude the article, we will touch upon applications of Diophantine approximation in mathematical
physics and wireless communications.

Generalisations of the Mahler — SprindZuk problem

Several results related to Mahler’s conjecture have been improved and generalised. In particular, a full

analogue of Khintchine’s theorem was proved for the inequalities (2) and (3). Let £, (\II) denote the set of x € /
such that the inequality

[P(x) < (1)

has infinitely many solutions in polynomials P (x) € Z[x] of degree n and height H =H (P)
Theorem 4. The Lebesgue measure of the set L, (\p ) is

RE,(w) =01 S w(H)<o, ©)
H=1

WL, (v)=ul if iw(H)ﬂo- (7)

The equality (6) was proved by Vasili Bernik in the paper [25], and (7) was proved by Victor Beresnevich
in [26]. In the case of convergence (6), theorem 4 also holds if the monotonicity requirement on y (H ) is omit-
ted [27], as will be discussed later on. Analogues of theorem 4 also hold in the complex case [28], the p-adic
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case [29; 30], and in the case of approximation by algebraic numbers [15; 31; 32]. Many of these results have
become parts of monographs [4; 11; 33].

Let £,(x), ..., £;(x)€ C"*'(I) be n +1 times continuously differentiable functions of the real variable x €
such that their Wronskian is non-zero,

w(x)= 20, (8)

) AN L ()
for almost all x € 1. Let IC, <\|I ) denote the set of x € / such that the inequality

|F(x)|= anfn(x)+ et alfl(x)+ a0|<H_"+1\pl(H)

has infinitely many solutions, where H is the «height» of the function F' ( x) defined as max

0<j<n

proved that for \|11(H ) =H ™", y> 1, we have the equality WCz(‘If1 ) =0. The paper [34] proves this result for
n=3.

V. Sprindzuk conjectured [4] that for an arbitrary n and v, (H ) =H,y>1, we have Uk, (w, ) =0. This

conjecture was proved by Dmitry Kleinbock and Grigori Margulis [35]. Soon thereafter, the following theorem

was proved for a curve S(x)=(fi(x), ..., £, (x)) satisfying the condition (8).

a,|. W. Schmidt [19]

Theorem 5. The measure of ICn(\y ) is given as

oo

W, (W)=01if Y w(H)<es, ©)
H=1

WK, (y)=pl if iw(H)m- (10)
H=1

The equality (9) was independently proved by V. Beresnevich [36] and V. Bernik, D. Kleinbock and G. Mar-
gulis [37], and (10) was proved by the latter authors in [38]. Several related results in metric theory of Diophan-
tine approximation are presented in monographs [4; 11; 15; 33; 39—41] and the article [42].

Diophantine approximation and the Hausdorff dimension

A natural next step in metric theory of Diophantine approximation was generalisation of the inequalities (1)
to|xg—p|<q~’,s>1,and |P(x)| <H™ w>n.

For s> 1 and w > n theorems 4 and 5 yield the equality uKC, () =0, i. e. the sets K, () are indistinguishable
in terms of the Lebesgue measure. This motivated researchers to study the Hausdorff dimension of these sets.

Vojtéch Jarnik [43] and Abram Besicovitch [44] independently proved that

: s 2
dim K, (q ) =T

In the paper [24] A. Baker and W. Schmidt considered, in addition to the set K, (\u), the set 7, (v), v>n+1,

of real numbers x € / such that the inequality

|x—0c|<H_V, v>n+l,

has infinitely many solutions in algebraic numbers o of degree at most n and height at most H = H (o). They

introduced the concept of a regular system and proved the following theorem.
Theorem 6. The following equalities hold

dim7, (v)= "L
n+l1 . n+1

< dlmICn(w) <2 . (11)
w+1 w+1
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. . . +1 .
Theorem 6 was strengthened in [45], where the upper estimate in (11) was replaced by n—l, thus proving
w+

the equality 1
n

w+l

In the paper [46], Yuri Melnichuk obtained estimates for the Hausdorff dimension of the set of points in the
unit circle and the unit sphere with a given order of approximation by rational numbers.

Theorem 6 was generalised for the field of p-adic numbers [47]. Later, regular systems have been constructed
in the space R X C x Q, from the result [48] and its generalisations [49].

The concept of regular systems of points introduced by A. Baker and W. Schmidt in [24] led to lower
bounds for the Hausdorft dimensions of sets of real numbers where an integer polynomial and its derivative
provide a given order of approximation of zero. Note that problems related to the Hausdorff measure are closely
related to Wirsing’s conjecture [50; 51].

A collection of papers by Detta Dickinson, Maurice Dodson, Victor Beresnevich, Vasily Bernik and Sanju Ve-
lani [33; 52; 53] introduced the concept of ubiquitous systems, which are in many aspects similar to regular
systems. This concept was used to prove lower bounds for the Hausdorff dimension of the sets of real points
related to theorem 5.

Interesting facts related to Hausdorff measure of Diophantine sets were obtained by Bryan Rynne [54].
It turns out that in certain cases the Hausdorff dimension is independent of the measure of solutions of Diophan-
tine inequalities.

dim K, (w) =

Let?:(‘cl,. . n)eR and T, > .. Zrn,Z‘ciZn.
i=1
Let W,(1)= {x eR":|gx; — p;| < q7%, 1< i < n, for infinitely many (p, ¢) € Z" x N}.
Then
n+l+ Y (‘ltj—’ti)
. . i=j+1
dim, (1) = min —— 1]

For n =2, Rynne’s theorem was generalised for rational approximation of the points of the curve fe C ) (I 0)

defined on an interval /;:
C,= {(x, f(x)):xe IO}.

LetTt= (’Cl, T, ), where T, and 7, are positive numbers such that 0 < min(rl, 1:2) <1 and 7, +71,2>1. Assume
that
2—-min(T, T
dlm{xe[ 7 (x 0}_—2)
1+ max(t;, T,)

Then

2—-min(T,, T

dimi,(T) N C, = #2).
o1+ max(‘cl, 172)

Similar results have been obtained for approximation by real algebraic numbers [15; 55].

Victor Beresnevich and Evgeni Zorin proved the following fact [56].

Let M be a twice continuously differentiable submanifold of R” of codimension m, and let

l <1< l
n m
Then
. +1
dlmSn(T)mM2s:=n —m
T+1
Furthermore,

H*(S,(t) " M)=H'(M).

Recently, Victor Beresnevich, Robert Vaughan, Sanju Velani and Evgeni Zorin [57] worked on finding an
upper bound on the quantity of rational points within a y-neighbourhood of manifolds. Using this result, they
proved the following theorem.
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Theorem 7. Let M, C R" be a manifold defined on an open subset U C R and let

o*f
Ui =0 (=0
do,; 0L,
1<i,j<n

H’|{oeU: det[

+1
fors=n——
T+1
1 1 1
Ifd n;— and—_’cSZ then
m+

dimS, (1) "M, <.
Generalisations of this result have been obtained by David Simmons and Jing-Jing Huang [58; 59].
Theorem 8. Let M = {(x, f(x)):xeUc Rd}, where f:U - R", feC?. Let T= (7, 75, ..0r T, ) €RY

with

n—m

1= 2T ”
=1

T,2...21T,> max 1T, —~ and Yy 1, ;<1
d+1<i<n d P
Then
m
n+1+ 2‘4(1-"_1")
dlm(VVn(T)ﬁM)Z min =/ —my.
1<j<d ’tj+1

Along with the result of V. Beresnevich and E. Zorin, this yields the exact value of dim( W;l(’t) N M )

The proofs are based on the mass transference principle developed by V. Beresnevich and S. Velani [60].

Let us note several other notable results on Hausdorff dimension of sets of numbers with various Diophantine
properties. Irina Morotskaya generalised the Baker — Schmidt — Bernik theorem for the field of p-adic num-
bers [47], and Dickinson and Dodson proved a generalisation of this theorem for non-degenerate curves [53].
In 2017 Victor Beresnevich, Jung-Jo Lee and Robert Vaughan proved a sharp lower bound for a set of T-approxi-

. . 1 . .
mable numbers in a C? submanifold of R” for Py <1t< o Rynne’s result was improved in a paper by Konstan-
tin Yavid [61].
Results of this section were strengthened and generalised over the last few years [54; 59; 60; 62—71].

Diophantine approximation in complex and p-adic cases

In Sprindzuk’s monograph [4], Mahler’s problem was generalised to the fields of complex and p-adic numbers.
Generalisations of Khintchine’s theorem for complex numbers were obtained by Denis Vasilyev [28]. Diophantine
approximation in the field C was studied in the papers by Irina Morozova [72], Dmitry Kleinbock and George To-
manov [73], Natalia Sakovich [74]. An in-depth discussion of simultaneous Diophantine approximation can be
found in [62]. The main results of these papers are complete analogues of Khintchine’s theorem and the Jarnik —
Besicovitch theorem for weighted simultaneous Diophantine approximation in the p-adic case, as well as a lower
bound for the Hausdorff dimension of weighted simultaneously approximable points on p-adic curves [75].

Simultaneous Diophantine approximation

The results that gave rise to metric theory of Diophantine approximation were the Khintchine — Groshev
theorem and Mahler’s problem. J. Kubilius obtained a complete solution of Mahler’s problem for n = 2 by
first considering simultaneous approximation of a parabola by rational points in R? and applying Khintchine’s
transference principle [10].

The next major problem in simultaneous approximation was posed by V. Sprindzuk [3; 4].

For a fixed vector x = (xl, X )E R, 1<k<nletw< w, (x) be the exact upper bound of positive w; >0

such that the system of inequalities
max (‘P(xj )‘ < H’W‘)

1<j<k
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has infinitely many solutions in polynomials P() € Z[x] of degree degP = n and height H (P)= H. V. Sprin-

dzuk conjectured that w= n—Tk-i-l’ which was proved in [76]. In 1980 V. Sprindzuk [5] posed a problem of

approximating points in the space Q=R x C x Q, ={(x, z, ®)} by algebraic numbers from R, C and Q,. He

assumed that the following statement was true. Let L1, be the Lebesgue measure in R and C, and 1, be the Haar
measure in Q.. For almost all = (x, z, 0)) (with respect to the product measure 1, x [L,) the system of inequalities

|P(x)|<H™,

P(z) <H™,

P(o)|<H™,

where v, 2 -1,j=1,2,v, 20, has only a finite number of solutions in polynomials P(t) € Z[t].
This conjecture was proved by Frantz Zeludevi& [77]. The next major step was generalisation of the Zeludevi&’s
results to systems of inequalities where the right-hand sides are arbitrary functions \II(H ) Analogues of Khint-

chine’s theorem were proved for both convergence and divergence cases [78—80].

Of particular interest is the paper [81] that made use of Kleinbock and Margulis’s method [49; 68; 70; 71;
76; 78; 79; 82-92].

A number of papers in theory of Diophantine approximations are devoted to studying the distances between
conjugate algebraic numbers. The papers [88; 92] can be considered as an introduction to this topic. In the pa-
per [93] Victor Beresnevich, Vasili Bernik and Friedrich Gotze applied methods of metric theory of Diophantine
approximation to such problems. It was proved that the inequality |0L1 - a2| < Q(”+ V3 hot only has a solution
in algebraic conjugate numbers o, and o, of degree n and height H (o) = H (oc2 ) = Q, but also the number of
the respective minimal polynomials was estimated from below by c(n)Q("H)/S. This method was generalised
for the distribution of polynomial root clusters [93; 94].

Distribution of rational points close to curves and surfaces
In [1; 2] J. Kubilius showed how estimates of the number of rational points close to a parabola G, = (x, x? ) lead
to a proof of Mahler’s conjecture for n = 2. The proof was based on Khintchine’s transference principle [10]. It turned
out that metric theorems concerned with estimation of a dot product between an integer vector a = (an, e ay, ao)
and a vector-function F(x)= ( Lo(x), ooy Fi(x), 1) are stronger than metric theorems in simultaneous Diophan-

tine approximation, which is implied by certain results from geometry of numbers and dynamical system
theory [35]. In 1994 Martin Huxley [95] proved a theorem on distribution of rational numbers close to smooth

f(%j—% S6,0<q<Q}.

Let / € R be a compact interval, ¢, and ¢, be positive constants, and let ' (1 5 Cp cz) be the set of functions
f:I>R, feC? such that

curves, estimating the number Nf(Q, 0, J) = #{(%, %j € Q2 : % €J,

< |f”(x)| <c, Vxel
M. Huxley proved that
N/-(Q, 3, 1)< 381 780% 4 13, c=max(cz, cfl).
For & > QZ/ 3, Huxley’s result was improved in [52; 55; 56], where it was shown that for any fe F (I 5 Cpy Cy ),
any O >1 and0<6<%, we have
N (0,8, 1)< 80 +57%Q.

Later the quantity N f(Q, o, 1 ) was estimated from below, and from above and below in the non-homoge-
neous case [1; 52; 53; 81].

Distribution of algebraic numbers

Distribution of rational numbers in real intervals is quite well-studied and can be described through Farey
sequences. However, until recently, not much was known about distribution of algebraic numbers, even if their
degrees were small. In 1985 V. Bernik was shown a letter from K. Mahler to V. Sprindzuk, where K. Mahler
expressed his surprise about the many unanswered questions related to distribution of algebraic numbers both
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on the real line and in the complex plane. It wasn’t until the 2010s that Denis Koleda began to solve the prob-
lems posed by K. Mahler [96—100]. Let us discuss the main results that he obtained.

Let 4, be the set of real algebraic numbers of degree n, and let the counting function of such algebraic num-
bers of height at most Q in the interval / be defined as

®,(0,1)=#{oed,nI:H(a)<0}

Theorem 9 [99; 100]. There exists a continuous positive function (pn(x) such that for any interval I C R,
we have

Qn+1

T

o, (x)ax+0(0"(1n o)),

I
where l(n) =0 forn=3, l(n) =1 for n =2 and the implicit constant in the big-O notation only depends on n.

The function @, (x) can be defined explicitly. The remainder term in theorem 9 was shown to be sharp [96],

up to a constant, for all n. Further studies of the distribution of algebraic numbers by Denis Koleda, Fried-
rich Gotze and Dmitri Zaporozhets [97] led to the following description of the density of points with algebrai-
cally conjugate coordinates in the space R* x C".

Let An(k, / ) be the set of points in the space R x C’ such that their coordinates are roots of the same ir-

reducible integral polynomial of degree = (i. e. k real and / complex conjugate algebraic numbers of degree n
over Q). Let us define a function

@, (0, B)= {OLE A,(k,1)"B:H (o)< Q}

for0>1and Bc R*x C'.
Theorem 10 [97]. Let B  R¥ x C' be a region such that its boundary OB is contained in a finite union of

Lipschitz transformations of the cube [0, l]k 27 Then

@, (0, B) _ Vol(BH)J-p (V)b < cO ' ogQ, if n=2and 1 =0,
Qn+1 2§(n+1)3 k,l -
where p, :R¥ x C' = R is an explicitly defined continuous non-negative function, dv is a volume element in

the space R* x C' (considered as R¥+?), C() is the Riemann zeta function, and Vol(BH) is the volume of an

(n + 1)-dimensional region B which is the cube [—l, 1]"” in the case when H is the naive height.

1 .
cQ otherwise,

Let @ : R — R be a continuously differentiable function on a finite interval J € R, and let o0 = ((xl, (x2) be
a point with algebraically conjugate coordinates such that the minimal polynomial of o, o, is of degree <n
and height <Q. Denote by M(;’(Q, Y, J) the set of points o such that |(p(ocl) - a2| < cl(n)Q_Y. We show for

0 <y <1 and any sufficiently large Q there exist positive values ¢, < ¢;, where ¢, = ci(n), i=2,3, ..., that are
independent of O and the following estimate holds [22; 24; 94; 98—103]

0" T <HM (0,7, )< 0"

The Mahler — SprindZuk problem
with a non-monotonic right-hand side

Itis well known that in the case of convergence, the Khintchine — Groshev theorem also holds for non-mono-
tonic functions (q) A number of researchers have posed other problems in Diophantine approximation with
non-monotonic functions in the right-hand side. Generally, the solution then depends on convergence or diver-
gence of the Khintchine-type series with \u(q) replaced by a different function. For the Mahler — Sprindzuk
problem, V. Beresnevich showed in 2005 [27] that the theorem holds for a non-monotonic function w(q).

In the papers [104; 105] Natalia Budarina generalised Beresnevich’s result for the fields of complex and
p-adic numbers, as well as non-degenerate curves. She used Sprindzuk’s method, imposing progressively lower
bounds on the size of the derivative, and finally applying Kleinbock and Marguli’s method for the smallest
derivatives [106].
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Inhomogeneous Diophantine approximation

The results of the previous sections may be viewed as approximation of zero by values of linear combi-
nations of the form F(x)=a, f,(x)+ ...+ a,/;(x)+ a, -1 that are homogeneous with respect to functions
£(x)s ..oy £i(x), fo(x)=1. Minkowski’s theorems on linear forms and successive minima provide a powerful
mechanism for solving this type of problems [10; 14; 15; 19]. However, these methods have very limited utility
for derivation of upper and lower bounds if the function F (x)assumes the form B(x)=a,x" +...+ ayx + a, + T
or PZ(x) =a,x"+...+ ayx + g, + sinx. These latter problems are known as inhomogeneous Diophantine ap-

proximation. A number of metric theorems related to a wide range of functions of the form F(x) and P,(x)
have been proved to date [60; 106—110].

Applications of metric theory of Diophantine approximation

The earlies applications of Diophantine approximation to celestial mechanics are probably due to Karl Siegel,
who mentions them in his lecture notes. Vladimir Arnold [111] used the Khintchine — Groshev theorem during the
development of Kolmogorov — Arnold — Moser theory to prove that almost all celestial systems similar to the Solar
system are stable. Systematic application of metric theory of Diophantine approximation in small denominator
problems in equations of mathematical physics is described in Ptashnik’s monograph [112].

In 2021 a textbook dedicated to applications of metric theory of Diophantine approximation in wireless
communications is due to be published by Springer Verlag. Let us point out the articles [31; 113—116] which
can be regarded as an introduction to this field of applications, as well as the article by Victor Beresnevich
and Sanju Velani, Faustin Adiceam, Jason Levesley and Evgeni Zorin [31] explaining the main ideas behind
applications of Diophantine approximation to radio engineering [117; 118].

Biography

Academician J. Kubilius was born in Fermos village, Jurbarkas district of Lithuania. In 1940 he graduated from
a grammar school in Raseiniai, in 1946 graduated from Vilnius University, and finished his postgraduate studies at
Leningrad University in 1951 under scientific supervision of academician Yuri Linnik. At the age of 36 J. Kubi-
lius successfully defended his doctor of science thesis. Between 1958 and 1992 he was the rector of Vilnius
University.

J. Kubilius was the scientific advisor of Belarusian mathematicians Vladimir Sprindzuk (full member of the
Academy of Sciences of BSSR) and Nikolai Lazakovich (doctor of science). The academic school of number
theory in Belarus, which has 5 doctor of science degree holders and over 40 PhDs degree holders, owes a lot
to the work of J. Kubilius. He was the scientific advisor of Ramuné Sliesoraitiene [119], whose PhDs thesis
was devoted to metric theory of Diophantine approximation. He was an opponent during thesis defenses of
Belarusian mathematicians Vasili Bernik, Ella Kovalevskaya, Vladimir Mashanov.

A full list of scientific degrees and honors of academician J. Kubilius takes up an entire printed page. For
more details, we refer the reader to the article [120].
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O CAVUAMHBIX BAYKAAHUAX .
HA TPA®AX KOAU TPVYIIITI KOMITAEKCHBIX OTPAJKEHUU

M. M. BACbKOBCKHH"

l)Eeflopycacuﬁ eocyoapcmeennulil ynusepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, berapyce

HcenenyroTcs acHMITOTHYECKHE CBOWCTBA CITyYalHBIX OMyXXTaHUH HA MUHUMAaJIBHBIX Tpadax Kamu rpymnm komrrekce-
HBIX OTpaskeHN. OCHOBHBIM PE3yJBTaTOM SIBISIETCSI TEOPEMA O OBICTPOM MEPEMENTMBAHUN AJIS CITyJaiHbIX OTysKIaHMH
Ha rpadax Kanu rpynn KOMIeKkcHbIX OTpaKeHHH. B 4acTHOCTH, KIIOYEBYIO POJIb UTPAIOT OLIEHKH JHAMETPOB U M30TIe-
PUMETPUYECKHX MMOCTOSIHHBIX TaKUX rpadoB, a TAKIKE U3BECTHBII Pe3yNbTar 0 ObICTPOM MEPeMEIIMBAHNUH YIS CIyYaiHbIX
OykaaHuii Ha dKcranepax. [IpuBoaANTCSI KOHCTPYKTHBHBIHN cITOCOO JT0Ka3aTeNbCcTBa YaCTHOTO Cily4asi Turore3sl badan
0 JIOTapu(MHUIECKOM TOPSIIKE TUAMETPOB JUIst TpadoB IpyIn KOMIUIEKCHBIX OTpaxkeHHH. Ha ocHOBaHWM OlleHKH Tua-
METpOB M HepaBeHCcTBa Yurepa moiydeHa HETPUBHAJIbHAS OLIEHKA CHU3Y ISl CIIEKTPAIBHBIX MPOOEIOB MUHUMAIIBHBIX
rpacdoB Kamu rpymm KOMITIIEKCHBIX OTpaKeHHUH.

Knrouegvie cnosa: rpynibl KOMIUIEKCHBIX OTpaxkeHUit; rpadbl Komu; ciryyaiinble Oy KIaHus; SKCIIaHIePBl.

O0pa3en LUTHPOBAHUMA:

Bacekoseknit MM. O cirydaiiasix OmyskraHusix Ha rpadax Komm
TPYTI KOMIUIEKCHBIX OTpaxkeHuil. JKypnan Benopycckoeo 2ocy-
odapcmeennozo ynusepcumema. Mamemamuxa. Hngpopmamuxa.
2021;3:51-56.
https://doi.org/10.33581/2520-6508-2021-3-51-56

For citation:

Vaskouski MM. Random walks on Cayley graphs of complex
reflection groups. Journal of the Belarusian State University.
Mathematics and Informatics. 2021;3:51-56. Russian.
https://doi.org/10.33581/2520-6508-2021-3-51-56

ABTOp:
Maxcum Muxaiinosuy Bacvkoeckuit — OKTOp GpU3NKO-MaTE-
MaTHYECKUX HayK, JOLICHT; 3aBelyIOMNi Kaderpoil BhICIIeH
MaTeMaTHKH (haKyJabTeTa MPUKIAJHON MaTeMaTHKH U HMHOP-
MAaTHKH.

Author:

Maksim M. Vaskouski, doctor of science (physics and mathe-
matics), docent; head of the department of higher mathematics,
faculty of applied mathematics and computer science.
vaskovskii@bsu.by

https:/lorcid.org/0000-0001-5769-3678

E?ﬂ — motemt A Mmo]am gx/w/cw

51



Kypnaa Besopycckoro rocyiapcTBeHHOro yaupepcurera. Maremaruka. Uadopmaruxa. 2021;3:51-56
Journal of the Belarusian State University. Mathematics and Informatics. 2021;3:51-56

NAA
RANDOM WALKS ON CAYLEY GRAPHS
OF COMPLEX REFLECTION GROUPS

M. M. VASKOUSKI"

Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus

Asymptotic properties of random walks on minimal Cayley graphs of complex reflection groups are investigated.
The main result of the paper is theorem on fast mixing for random walks on Cayley graphs of complex reflection groups.
Particularly, bounds of diameters and isoperimetric constants, a known result on fast fixing property for expander graphs
play a crucial role to obtain the main result. A constructive way to prove a special case of Babai’s conjecture on logarith-
mic order of diameters for complex reflection groups is proposed. Basing on estimates of diameters and Cheeger inequa-
lity, there is obtained a non-trivial lower bound for spectral gaps of minimal Cayley graphs on complex reflection groups.

Keywords: complex reflection groups; Cayley graphs; random walks; expander graphs.

BBenenue

B nocnennue necstuietus: pa3paboTaHbl TyOOKHE W OPUTHHANBHBIC MPHIOKEHHS TpadoB-3KCIAHCPOB
B TEOPHH aJTOPUTMOB U, B YACTHOCTH, B Kpuntorpaduu u teopun koguposanus [ 1-3]. B HacTosiee Bpemst
HET CTPOTOro M OOIIENPHHSATOTO MAaTEMAaTHIECKOTO ONpeieNieHnsT dKenanepa. [1oj] skcrnanaepom, Kak paBmIlo,
MOHUMAIOT OOJIBIIION Pa3peKEHHBIH Ipad) WM MOCIEA0BATEIBHOCTh TAKUX IpadoB, UMEIOIIHE JOCTATOYHO XO-
poIIIMe MapameTphl CIEKTPAIBHOTO paciiMpeHus (B Ciydae mocieaoBaTenbHocTel TpadoB TpedyeTcs OTIeNeH-
HOCTh CHH3Y OT HYJISl M30TIEPUMETPUUICCKUX MOCTOSIHHBIX). [padbl Kanm Ha koHeuHbIX HeaOesIeBbIX Ipyrnax
OOBIYHO 00JIQIAIOT XYAIIMMHU MMapaMeTpaMy CIIEKTPAIBLHOTO PACIIMPEHUs], HO UMEIOT HECIOKHYI KOMOWHA-
TOPHYIO CTPYKTYPY U MO3BOJISIIOT CTPOUTH MPOCTHIE arOPUTMbI MapIIPyTU3AIINH, YTO JEAeT UX YIOOHBIM UH-
CTPYMEHTOM TIPHU peajn3aliiu ajJropuTMoB [4]. B HacTosiel cTarbe uccleayeTcs BOIPOC O BpPEMEHHU Iepe-
MEIIMBaHUS CITYYalHbIX Oy annit Ha rpadax Koy rpymm KOMIDIEKCHBIX OTpaxeHHd. OTMETHM, YTO TPYIIIIbI
KOMIUIEKCHBIX OTPayKEHHUH SBJISIFOTCS €CTECTBEHHBIMHU 00001eHIsIMU TpyTii KokceTepa [5] u IMeIoT 3HaYnTEb-
HBIE IPUMEHEHUS, B YaCTHOCTH, B U depeHnnanpaoil reometpun [6]. CBolicTBa CiTydaliHBIX OTyKIaHMA Ha
rpacdax rpymmn Kokcerepa miy0oko mccienoBaiuch BO MHOTHX paboTax, B TOM YHcie B Myonukanmsx [7; 8].
OnHako ciyvaiiHbie OyXIaHus Ha rpadax rpyrnn KOMIUICKCHBIX OTPaXKEHHH O CHUX MOP OCTAITCS MaJo-
M3ydeHHBIMU. [10CKONBKY M30MIEPUMETPHUYECKHE MMOCTOSHHBIC TAKUX rpadoB HE OTMEICHBI CHU3Y OT HYJIS,
TO JUISl TIOJTyYeHHS HEOOXOMMBIX OIEHOK BPEMEHH MEPEMEITMBAHUS CIYYalHBIX ONYXJIaHWH B HACTOSIICH
CTaThe UCCIEMYIOTCS TMAaMETPhI H CIIEKTPaIIbHBIE TPOOEIBI YIOMSIHYTHIX TpadoB.

OcHoBHBIE pe3yJIbTaThI
PaccMOTPHM CeMeiCTBO HEMPHBOAMMBIX IPYIIN KOMILIEKCHBIX OTpaxenuit G(m, p, n), m,p,ne N, n> 2,
p|m. Kaxnas us rpynn G(m, 1, n) SIBIISIETCSI MOJTYNPSIMBIM TIPOU3BECHHEM a0elieBO TPyIIbl mopsiaka m”
U CUMMETpHUUecKol rpynisl S,. B yactHOCTH, G(l, 1, n) =S§,. Ilpu p > 1 rpynmna G(m, D n) — 3TO NOArpynna
MHJAEKCA p TPYHIbI G(m, 1, n). Dnemenramu rpymnst G(m, p, n) ssustores marpunsl we C"*", y koTopbix

Ha TO3MIMIX (k, ‘c(k)), ke{l, ..., n}, crosr anemente §% tne T € S,; (ay, ..., a,) € Zl; Z a, =0 (mod p);

k=1
E', - HGKOTOpLIﬁ HGpBOO6paSHLII>i KOMILTCKCHBIN KOPE€Hb U3 €AMHUILIBI CTCIICHU /1, @ Ha OCTAJIBHBIX MMO3UIUAX CTOAT

HyH. byneM 0003Ha49aTh TaKylo MaTpPHUILy W CHMBOJIOM ﬁ(al’ ) ® 1. [lockonbKy CyIIECTBYET B3aMMHO OJTHO-
3HAYHOE COOTBETCTBUE MEXIy MaTPUIIAMU W = E_,(al’ ) @ 1y MepecTaHOBKaMHU (wl, ce W, ), e w, = ‘c(k)&”’f,
ke {1, ey n}, TO B JAJIbHEUIIIEM JJIEMEHTHI IPYIIIb G(m, D, n) OyzeM KoxupoBaTh MepecTaHOBKAMHU yKa3aH-

m"n!

Horo Buza. [lopsnok rpynmst G(m, p, n) paBeH

Onpenenenne. [lycts I — koneunas rpynmna, 7 — cucrema oOpasyromux rpymisl [, yroBieTBopsromast
yenopusm id ¢ Tu T=T"', 1. e. s ' € T ana mo6oro s € T. Ipagh Konu Cay (T, T) — 3T0 HEOPHEHTHPOBAH-

HBIH rpad co MHOKECTBOM BepwinH V' = I" u MHO)ecTBOM pebep E = {(x, y) x,yel, y)f1 eT } I'pad Konnu
Cay(F, T ) Ha3bIBACTCS MUHUMAIbHBIM, €CIA MOPOKIAIOIIEe MHOXKECTBO I MUHMMAJIBHO, T. €. AJIS JIF0O0ro

s € TmuoxectBo 7'=T\ {s, s_l} He SIBJISIETCSl CHCTeMO 00pasyromux rpynmsl [
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OmnpenenuM Cleayolue 3JeMEHTbl TPYIIIbI G(m, D, n): S; = é(o,..‘,o) ® (l', i+1), i€ {1, e R —1}, =

= i(m_l’l’o"“’o) ® (1, 2), t= ‘g(p,o,...,o) ® id. PaccmoTpum cemelicTBO MUHMMaNIbHBIX rpadoB Kamnu A(m, D n)

Ha rpynnax G(m, p, n) ¢ mopoxnatomumu Muoxectsamu T (m, p, n), tae T(m, p, n)= {sl, s sn_,} npn

=m=1;T(m, p, n)=981, ..., 8, _1, 1, ' pu =1l,m>1;T(m, p, n)=4s8;, ..., S _, 4, 1, M opnl< <m;
p p 1 n-1 pap p 1 n-1 1 p p
T(m, D, n) = {sl, s Sy tl} pu p = m > 1 [9]. OT™MeTnM, 4TO Kax bl rpad A(m, D, n) SIBJIICTCS CBSI3HBIM,
PETYJIAPHBIM M BEPIIMHHO-TPAH3UTUBHBIM. O003HaYMM Yepes d,, . n CTCTICHb BEPILNHbI JJAHHOTO rpada.

Ilycts G =(V, E ) — KOHEYHBIH CBS3HBIN A-perymspublii rpad. OmnpeneniuM Ha 3TOM Trpade cTaHIapTHOE
BEPOSATHOCTHOE IMPOCTPAHCTBO (Q, 7, IP’) U paccMOTpPUM ciydaiiHoe Onyxnanue X,, =0, 1,2, ..., Harpade G

1
TaKoe, 4To ]P’(Xt = w|X,7l = Wo) =7 IIpH W E N(wo), rae N(WO) — MHOYKECTBO CMEKHBIX BEPIINH C BEPILH-

HOIl w,, B Tpade G; IF’(X, = w|Xt_1 = wo) =0 npu we V\N(wo).

B nanbheiiniem Oynem onupaThest HA CIEAYIONIMI H3BECTHBIH PE3ysIbTaT 0 BPEMEHH MepeMEIINBAHUS CITy-
YalHbIX OJTy)KJaHUH Ha SKCIIAHIEPAX.

Mpenyoxenue 1 [1]. Ilycme G = (V, E ) — KOHEeUHbLU CA3HbLU k-pecynsapHulil epagh, s KOmMopozo He-
mpueuaibibie cobCmeentble HAUCHUs h MAmMpuybl cyMexcHocmu yooeiemeopsiom Hepasencmsy |A| < c
npu nexomopom ¢ < k, a S — npouzeonvrnoe noomuoscecmso eepuiut epagpa G, v € V. Toeoa oaa noboeo
s 2|

=l = 172
N

-1
k .
(ll’lz 8bINONIHACMCSL 0BOLHOE HepaseHcmeo

il<IP>(XeS|X :v)<ﬂ
]

Ilycts G = (V, E ) — KOHEUHBIH rpad, S — HemycToe MoAMHOKEeCTBO MHOXKecTBa BepiiuH V rpada G. [Togmuo-
*kecTBO pebep d.S = {(u, v) ek |u eS,vel\S } HA3BIBACTCS peOepHOll epanuyell MHOKECTBa S, a TIOIMHOMKE-

CTBO BEpILINH 0 S = {v eV\sS |E|u es: (u, v) ek } — gepuunnol epanuyeli MEHOXecTBa S. I[locmosannou Yueepa
1925 i
rpada G UMeHyeTcs BeTUYMHA hE(G) = ‘H‘lll"l | 5 mampuyen Jlannaca rpadpa G — marpuna L=D — A4,
0<|s|<|r)/2
rae D — nuaroHajgbHas MaTPHIIA, COCTOSIIAs U3 cTeneHel BepmuH rpada G; A — marpuma cMexxaocTd rpada G.
Cnexmpanvhvim npodenom rpada G Ha3pIBaCTCSI HANMEHBIIIEE ITOJIOKUTEITFHOE COOCTBEHHOE 3HAUCHUE MATPHUIIBI

Jlanmaca rpada G. Yepes diam(G) o6o3HaunM Juamemp rpada G = (V, E ), T. €. diam(G) = max (dist(u, v)),
rze dist(u, v) — paccTosHEe Mex/1y BepuIMHAMHE u, V B rpade G. wrel

B mampHeHmMX paccyXACHIIX OyIeM HUCIONB30BaTh CIEAYyIOIIee HepaBeHCTBO Hurepa.

Hpenaoxenne 2 [10, . 1]. Ilycms G = (V, E ) — KOHeuHblll ces3HblU k-pecyisapHulil epag, G — cnekmpaib-
uoitl npoden epaga G. Toeoa svinonusemcs 080UHOE HEPABEHCHBO

% <, (G)<~20k.

Jiist 1F0060T0 CBSI3HOTO BEPIIMHHO-TPAH3UTHUBHOTO Tpada UMEeT MECTO CIeNy oI pe3yibrar badau.
Mpennoxenue 3 [11]. Ilycms G = (V, E ) — KOHeuMblll CeA3MbIU 8epuUHHO-mpan3umuensli epag. Tozoa

ona abozo SV, 0 < |S | < @ CNpageoiuso HepaseHCcmeo
S|

0,5 >2———.

95 4diam(G)

v
ITockonbky |8 ES| > |8VS| st modoro SV, 0< |S| < g, TO W3 TIPEIJIOKECHUS 3 TOTydaeM CIeIyIONTHit
pe3yJbTar.
CaeacrBue 1. Ilycms G = (V, E ) — KOHEeYHblll CEA3HbIU ePUIUHHO-MpaH3umuenbill epag. Toeda cnpageo-
JIUBO HEPABEHCNBO
1
hg(G)2

 4diam(G)’
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YWY —
[Toy9wm o1ieHKy CBepXy I tuaMeTpoB rpadoB Koamm A(m, )22 n).
Mpenaoxenne 4. /[ns m0oovix m, p, n € N, n>2, p|m, cnpaseoiugo nepagencmeo

diam(A(m, D, n)) <2n*m.

HoxazarenbcTBo. Tak kak epagh A (m, 22 n) BEPLIMHHO-TPAH3UTUBHBIN, TO JOCTATOUHO JOKA3aTh CYIIe-
CTBOBAHUE ITyTH IJIMHOW He OoIree 2n°m w3 MPOU3BOJILHOM BEPILIUHBI V € G(m, )22 n) B BepiIuHy id € G(m, )22 n).

3adukcupyeM POU3BOILHBIN AIEMEHT W = (wl, ey wn) € G(m, D, n), IIe w; = Ej,afci, a;,€ L, ¢;= (S(i) TS
Hekoroporo © € §,. Ilycts w’= (wlo 5 eees w,? ) — €IMHUYHBIN 3JIEMEHT TPYMIIbI G(m, )22 n), rie w? =i. Tak kak
n(n —

1) . n(n - 1)
mmamerp rpada A(1,1, n) pasen - [8], o dist(w, wt) < A nto6oro T € S,. Takum o6paszom,

JI0CTaTOYHO MOKa3aTh, YTO CYLIECTBYET IEMEHT T € S, Takoi, uto dist (WT, wo) <2 (m—1).

Paccmotrpum ciyyaii p = m > 1 ¥ onuieM COOTBETCTBYIOIINHN aJITOPUTM MOJTYUYSHHS dJIeMEHTa WT U3 e/IH-
HUYHOTO 3JIEeMEHTa W C MPUMEHEHHEM O0pasylolux Sy, ..., S, i, {;. CyIlIecTByeT Lenoe HeoTpHLUaTeIbHOe
yucio k < n Takoe, 4To

N a;=kp. (1)

-1
Hycrs A_={l,..., k}, A, ={k +1, ..., n}. Ucnons3yem cneayiommmii anroput™ s MOTyICHUS JIEMEHTa WT

u3 smementa w',

]_H 0 . 0 .

ar Al. Bssre HEKOTOpBIC CUMBOIBL W;, i € A,, U W;, j € A_, ¥ IIEPEMEIIATh UX Ha MEPBYIO U BTOPYIO

MO3ULMH COOTBETCTBEHHO, TPUMEHSS TPAHCIO3ULMH S, ..., S, |

Ilar A2. YMHOXUTb II€PEMELIEHHBIE CUMBOJIbI wl.0 , wj(.) Ha &, &71 COOTBETCTBEHHO (3TU JEHCTBUs IKBUBA-
JICHTHBI IIPUMEHEHUIO 00Pa3yIoLLETo f)).

Ilar A3. IToBropsts marn Al m A2 Z a; Pa3 TakK, YTO KaKJbI CHMBOJI w? , i € A,, Gyner yMHOKeH Ha &

0 ied, !

a; pa3, a Kaxk/blil CUMBOIL W;, j € A_, OyieT yMHOXKCH Ha E' p- a; pa3 (3T0 BO3MOXKHO B CUJly paBeHCTBa (1)).

O4eBHIHO, YTO ONHCAHHBIN AITOPUTM ITOCTPOUT NIEMEHT WT A HEKOToporo T € §,. Tak kak ‘A +‘ <n
u 0 <aq,<p ans moboro i € A,, TO UMEIOT MECTO HEPABEHCTBA

dist(wr, WO) < (2n—l)n(p—1) < 2n2(p —1).

Taxum o6pazom, diam(A(m, D n)) < 2n*p =2n’m.
Tenepb PacCMOTPUM CITydait m > p. JIJ1st OMyYeHHs eIMHIYHOTO SMeMenTa W' i3 3IeMEHTa W HCIIONb3YeM
CIIEYIOIIUE IIaru.

~ ~ ~ ~ kp- a;
Ilar B1. Iony4uts snement W= (1, ..., W, ) u3 anementa w=(w, ..., w, ), tae W, = &'%i, k;=| -

p

HIar B2. ITomy4yuTs 51€MEHT G € S, U3 DIIEMEHTa W.

Ilar B3. [Tony4uTh eHMHUYHBI S1eMeHT W' U3 SIeMeHTa G.

Ecnmu p =1, To mar B1 tpusnansnslii: w = w. [Ipeqnonoxum, aro p > 1. Ilpumensis maru anroputma A1— A3,
MOYKHO II0JIyYUTb 3JIEMEHT WT U3 IEMEHTa W IJI HEKOTOPOIo T € S, (10CTaTOYHO 3aMEHHUTh w’ Ha W a; Ha
a;(mod p)). TTocite 3TOro MbI MOTYHYMM 3MEMEHT W U3 WT, HCIIONB3Ysl TPAHCTIO3ULKH S, ..., S, _ . JUIMHa 110-

n(n-1
L=l
2 k
Jliist mosty9eHust SeMeHTa G € S, M3 dIEMEHTa W J0CTaTOYHO MEePEeMECTHTh KaK bl cuMBOI W; = &1,

CTPOEHHOTO ITyTH U3 W B W HE MPEBOCXOAUT (2n - l)n( p- 1)

. m
171 KOTOPOTO k; # 0, Ha TIEPBYIO MO3HILHIO C IIOMOILBIO TPAHCIIOZULHHA S|, ..., §, | U 3aT€M IPUMEHHUTh — — k; pa3

. - m
oOpasytromtuii ¢. J[;mHa MOCTPOSHHOTO IMyTH U3 W B G HE TIPEBOCXOANT 1| n— 2 + 7|

nin-1

Jist momy4eHus: eIMHNYHOTO DIEMEHTA w° u3 snemenra G JOCTaTOYHO TIPUMEHHUTH He Ooliee ( )

TPAaHCIO3ULUH S|, ..., S, ;.
. 2

Taxum o6pazom, d1st(w, wo) < 2n”m. llpenioxeHue 10Ka3aHo.

OCHOBHBIM pe3yJibTaToOM HACTOSIIEH CTaTbU SBJISETCS cieayromas Teopema.
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m
Teopema. [lycmo 7 neuemno, p < m. Toeoa cywecmeyem nocmosinnas C = C(m, p) maxas, ymo 0Jis

7
J0OBIX HAMYPAILHO20 N > 2, noomMHodcecmsa S seputun epagpa A(m, J22 n), ve G(m, J22 n) ut>Cn'lnn evi-
NOJIHAEMCS 080UHOE HEePABEHCMBO

N
2|G(m. p. n)

<P(X,eS|X, :v)SL.
T AG(m, pon)

m
HoxazarensbcTBo. Tak Kak — HeueTHO 1 OOJIbIIE AMHHLIBL, TO B rpade A(m, P, 1) CyLIECTBYIOT LHKIIBI

HEYETHOM JJTMHBI, U, CIIEIOBATEIBHO, rpad A(m, j22 n) HE sIBJISIeTCS ABYAONbHBIM. OTCIOAA BBITEKAET, YTO HE-
TpPHUBHAJIbHBIE COOCTBEHHBIC 3HAYCHUSI A MaTPHIIbI CMEKHOCTH rpada A(m, J22 n) YJIOBJIETBOPSIIOT HEPABEH-
CTBY |7\.| <d, , ,- Taxnum 06pa3om, MOXeM BOCIIOJIb30BATHCS NPEIOKEHIEM 1. B kadecTBe MOCTOAHHOI ¢ 13
IPETIOKEHUS] | MOXKHO B3STh BEMIUHY d,, , ,— O rae o — CIIEKTpaIIbHBIN poOest rpada A(m, J22 n).

m
Wcnonw3ys npemioxkenus 2, 4 u ciuencteue 1, umeem

m, p, n> m, p,n

ITonmyuum oLEHKY CHU3Y ISl G

m, p, n*
5 hﬁ- (A(m, P n)) S 1 > 1 .
e 2d,, , . 32(n + 2)(diam(A(m, )2 n)))2 128n* (” + 2)’”2

Wcnons3ys HepaBeHCTBO (2), MoirydaeM OleHKH, CTIpaBeJINBbIE TS BCEX M1, P, N:

(9

2)

2
d o o (o] o
m,p,n :—11’1 1_ m,p,n — m,p,n +l m,p,n 2 m,p,n 2 C(ma P)’
d -0 d d 20 d d n®

m,p,n m,p,n m,p,n m,p,n m,p,n m,p,n

In

e nocrosiunas C(m, p)> 0 He 3aBuCHT OT 7.
Taxum o6pa3zom, oltydaeM OLEHKY JUlsl IapaMeTpa f, U3 MpeaaoKeHus 1:

-1

2|G(m, 22 n)| . pon < ln(|G(m, J2 n)|)+1n2

=1
0 n |S|l/2 d -0 C(m, p)
6

; .
< C(m, p)n'Inn:=1,
m,p,n m, p,n
n
e mocrostanast Cy(m, p) He 3aBUCHT OT A

CHCHOB&TCJ’IBHO, COTJIaCHO MPEIJIOKCHHUIO 1 JJIsL roooro ¢ > t~0 BBITIOJIHEHO ,Z[BOfIHOC HEPAaBCHCTBO
3I8]

5] ~ 220G (m, p, n)|
<P(X,eS|X,=v)< 2|G(m, p, n)’

2|G(m, )22 n)|
YTO U TPEOOBAIOCH JIOKA3aTh.
3ameuanue 1. YcioBue TeopeMbl, 00eCIIeUMBAOIIEe HEABYIOIBHOCTh Ipada A(m, 22 n), SIBIISICTCS CYIIe-

CTBEHHBIM, TaK KaK B IPOTHBHOM CJIy4ae MPH YE€THBIX 3HAUEHUSIX BPEMEHH / BEPOSTHOCTH OKa3aThCs B J0JE,
HE cozieprkalell HadYalbHYI0 BEPIINHY Vv, paBHA HyMt0. OTMeueHHBIH (aKT IeMOHCTPHUPYET CYLIECTBEHHOE

OTJIIMYHE Py G(m, J22 n) oT rpynsl S, rpad A(l, 1, n) KOTOPOH SIBJISIETCS JBYIOJIBHBIM.
3ameuanue 2. BeiOupasi B Ka4eCTBE MHOXKECTB S OJIHOJIEMEHTHBIC [TOJIMHOXKECTBA G(m, J22 n), MOJTy4aeM,
1
=0 ——M —
|G (m, p, n)

HOMY PacIpeeIeHUI0 Ul JOCTaTOYHO OONBIINX {.

4TO IP(X €S | Xy= v) , 9TO CBUJICTENIBLCTBYET O ONM30CTH paclpenesieHus X, K paBHOMEp-
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AETEPMHWHUPOBAHHBIE 1 CTOXACTUYECKHWE MOAEAN
PACITPOCTPAHEHUSA NMHOEKLIVNU U TECTUPOBAHUME
B UBOANPOBAHHOM KOHTHUHI'EHTE
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[IpencraBneHo 06001meHne MaTeMaTuIeckoi Moaenu SIR quHaMHUKY pa3BUTHS WHOEKIIMOHHOTO MIPOIecca IMyTeM
T0OaBIICHISI MOJICTIH TECTUPOBAHHUS, YTO TPeOyeT pacIIMPEeHHs pa3MEPHOCTH MTPOCTPAHCTBA COCTOSHHIA 32 CUCT MIEPEMEH-
HBIX, KOTOPBIE HE MOTYT OBITh H3MEPEHBI HEITOCPEICTBEHHO, HO TIO3BOJISAIOT 0OJIEe aIeKBaTHO OMHCATh MPOIIECCHI, MMET0-
e MECTO B peabHBIX cuTyarusx. JlanpHelee ooo0menne moaenu SIR paccmarpuBaeTcst HA OCHOBE ydeTa Ciydaii-
HOCTH B OIICHKAX COCTOSHUSI, IPOTHO3MPOBAHUH, YTO JTIOCTUTACTCs Oaroapsi HCIOIb30BAHUIO METOIOB CTOXaCTHUCCKHIX
nmuddepeHIMaTbHBIX YPaBHEHHUH, CBSI3aHHBIX C IpUMEHEeHUEM ypaBHeHu Dokkepa — [Timanka — Konmvoroposa uist arocTe-
puopHbIX BepositHocTel. Kak nokazana npaxktuka COVID-19, mupokoe 1cnonb30BaHue COBPEMEHHBIX CPEICTB UIACHTH-
(buKaIH, TMarHOCTHKHA M MOHUTOPHHTA HE TapaHTHPYET MOTYICHUE aIeKBaTHOW HHPOPMAITIH O COCTOSHUN WHAUBUIY-
YMOB B TONYJISAIUH. [Ipy MOEeIMpPOBaHUH peatbHBIX SIHIEMIYECKIX IIPOIIECCOB Ha HAYaIbHBIX CTAANAX IIeTIeCO00pa3Ho
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YWY —
MIPUMEHATH METO/IbI 9BPUCTHYCCKOTO MOACIIMPOBAHUA, a 3aTEM YTOUHATHE MOAECJIb C TIOMOIIBI0O METOA0OB MaTEMaTHICCKOTO
MOICIIUPOBaHUs, UCIIOJB3YSA CTOXAaCTUYCCKHUE U HCONPCACICHHO-HCUCTKUEC METOABI, MO3BOJIAOMINE YYUThIBATH TO, YTO
MMPOTCKaHUEC IMPOLUECCOB, MPUHATHC peIIIeHI/Iﬁ 1 YHOPaBJICHUC IMMPOUCXOAAT B CUCTEMAX C HEIOJIHOM PIH(i)OpMaIII/Ieﬁ. HJ’IH
pa3pa60TKH Oonee PCAINCTUYHBIX MOI[GJ'IGﬁ HeO6XOI[I/IM yueT HpOCTpaHCTBeHHOﬁ KWHETHKH, YTO, B CBOIO O4YCpECAb, TpEC-
6y€T HCIIOJIBb30BAHHUA MOHeHeﬁ CUCTCM C pACIIPCACIICHHBIMU IapaMeTpaMu (HaHpI/IMCp, MO,I[GJIeﬁ MEXaHUKU CIIJIOIITHBIX
Cpen). O‘-ICBI/II[HO, YTO PCATUCTUYIHBIE MOAEIIN 3HPI,I[CMPH>1 n 60pb6BI C HUMH OOJIKHBI BKIIFOYAaTh OKOHOMHWYCCKHUE MOICIIH,
a TaKXKC MOACIN COHMOANHAMUKH. 33,}18.‘{1/1 IMPOTHO3UPOBAHUA BHHIIGMI/Iﬁ 1 UX PA3BUTHA OKaXKYTCA HC MCHEEC CIIOKHBI, YEM
3aJa4u IPOrHo3upoBaHuA U3BMCHCHU A KIIMMara, MpeacKasaHusd SGMHeTpHCCHHﬁ, IMPOTHO3a MOroAbl.

Knrouesvie cnosa: maremarndaeckas MOZJCJIb; SIIUACMUA; OHCHUBAHUC,; AlIOCTCPUOPHAA BEPOATHOCTh, MOACIIb SIR.

DETERMINISTIC AND STOCHASTIC MODELS
OF INFECTION SPREAD AND TESTING
IN AN ISOLATED CONTINGENT

A. V. CHIGAREV?®, M. A. ZHURAVKOV"®, V. A. CHIGAREV"

*Belarusian State University, 4 NiezalieZnasci Avenue, Minsk 220030, Belarus
Belarusian National Technical University, 65 Niezalieznasci Avenue, Minsk 220013, Belarus

Corresponding author: A. V. Chigarev (chigarevanatoli@yandex.ru)

The mathematical SIR model generalisation for description of the infectious process dynamics development by adding
a testing model is considered. The proposed procedure requires the expansion of states’ space dimension due to variables
that cannot be measured directly, but allow you to more adequately describe the processes that occur in real situations.
Further generalisation of the SIR model is considered by taking into account randomness in state estimates, forecas-
ting, which is achieved by applying the stochastic differential equations methods associated with the application of the
Fokker — Planck — Kolmogorov equations for posterior probabilities. As COVID-19 practice has shown, the widespread
use of modern means of identification, diagnosis and monitoring does not guarantee the receipt of adequate information
about the individual’s condition in the population. When modelling real epidemic processes in the initial stages, it is
advisable to use heuristic modelling methods, and then refine the model using mathematical modelling methods using
stochastic, uncertain-fuzzy methods that allow you to take into account the fact that flow, decision-making and control
occurs in systems with incomplete information. To develop more realistic models, spatial kinetics must be taken into
account, which, in turn, requires the use of systems models with distributed parameters (for example, models of continua
mechanics). Obviously, realistic models of epidemics and their control should include models of economic, sociodyna-
mics. The problems of forecasting epidemics and their development will be no less difficult than the problems of climate
change forecasting, weather forecast and earthquake prediction.

Keywords: mathematical model; epidemic; estimation; posterior probability; SIR model.

BBenenue

Monens SIR (susceptible, infectious, recovered ), oACHIBAIOMAs PACTIPOCTPAHCHIE SITUIACMHH, SIBIISICTCS
0a30B0Oil MPU MPUMEHEHUH TOAXOA0B MaTeMaTHYeCKOT0 MOAETUPOBAHMS, TaK Kak B MPOCTEHIIEM BapHaHTE
BKITIOUAeT B ce0s1 OCHOBHBIE (Das3bl SMHUIEMHHN U B TO YK€ BPeMs AOIYCKaeT MX YTOUHEHHE C TIOMOIIBIO KOPPEKTH-
PYIOIIMX YJICHOB B yPaBHEHUSX, a TaK)Ke TOOABIEHHS B CHCTEMY MCXOTHBIX Pa3pelIaloninX YpaBHEHH HOBBIX
ypaBaeHuit. Mogens SIR ymoOHO MCTIONB30BaTh TSI MOTUGMUKAITHN ETCPMUHIPOBAHHOTO TTOIX0AA B BEPOST-
HOCTHBIH, TTOCKOJIBKY OHA YYUTHIBAET TOT (PAKT, YTO SMUAEMHOIOTHIECKHE MPOIECCHI MPOTEKAIOT B YCIOBHUIX
HAJIWYHS HETIOTHOH WH(GOPMAITNH U TTOTPEITHOCTEH HaOIIONeHNSI.

ba3oBasi moneanb SIR n pangomu3aunust Moaeau

Bgenewm cnenyromme o6o3HadeHns: N = const — TOCTOSHHAS YHUCICHHOCTD MOMYIISAINH; S — TPYIINa YICHOB
TIOITYJISAIIH, KOTOPBIE TIOTEHIIHAIBHO MOTYT OBITh HH(UIIMPOBAHBL; / — KOMTUYECTBO HH(PHUIIMPOBAHHBIX; R — KOJH-
YECTBO BbI3I0POBEBLINX, IPUBUTHIX U YMEPLIUX.

JlocTarouHO 000CHOBaHHBIM SIBJIETCSI IIPUHATHE IPEAIIOI0KEHHS

S(¢)+1(t)+ R(t)=N =const. (1)
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NAAZ
N3 (1) cnemyert, 4To CyIIeCTBYIOT TPU OCHOBHBIE TPYIIIIHI WIEHOB B paCCMaTPUBAEMOM MOMYISIUH, YACIECH-
HOCTb B K&KJJOW U3 HUX SABJISIETCA IEPEMEHHOM, TPUYEM N3MEHEHHs HalpaBJIeHbI B OAHY CTOPOHY: S — [ — R.

S
Mexnay rpynmamMu S 1 / CKOPOCTh M3MEHEHUS TUIOTHOCTH TTOABEPKEHHBIX HHPHUITUPOBAHUIO § = — TIPE-
ImojaracTcs paBHOﬁ N
ds .
—=—B-s5-i (2)
dt J
riie 3 — cpelHee KOJMYeCTBO KOHTAKTOB Ha OJIHOTO YEJIOBEKA BO BPEMCHH; i = ]V — TJIOTHOCTh HH(HUIINPOBAHHBIX.

OTMeTUM, YTO BEIMYUHA S - [ IPEJCTABISAET COOOW MIIOTHOCTh KOHTAKTOB MEX]y WIeHaMu Tpymi S u [
(3a cdeT 4ero raBHBEIM 00pa3oM U MPOUCXOANUT HHOHUITMPOBAHUE).
CKOpOCTh Niepead MeXK Ty WiCHaMH TPy S U R mpeoaraeTcs poropiiuoHaaIbHON BETUYUHE Y - 1, TIIE

Y= D’ a D — cpemHW# TIeproj] BpeMEHN HHINBUIYAIbHOTO WHUITUPOBAHHMS.

Ha ocHoBaHMM M3710’KEHHOTO KOMITOHEHTHI MaTeMaTHYeCKOW Mojenu nHpuimpoBanust S — [ MOTYT OBITH
MPEACTaBICHBI TTO00HO 3aKOHY B3aUMOACHCTBHS PearupyromuX Macc B XMMUH [ 1], cOrIacHO KOTOpPOMY CKO-
pocTh (hpaKIIMOHUPOBAHUS MPOIIOPIIMOHATIFHA KOHIIEHTpANsAM peareHToB. COOTBETCTBEHHO, YaCTh MOJIEIH
nHpuuupoBanus / — R mogoOHa U3BECTHOMY B TEOPUH MacCOBOTO 0OCITy>KUBAHHUS SKCIIOHEHIINAIEHOMY pac-
MIpeIeNICHUIO0 BpeMeH! oxXuaanus [2; 3].

OTMeTuM, 4TO OMHMCaHHAs MPOCTEUIIas MOJICIb HE COIEPXKHUT AeMorpaduieckux (GakropoB (poxkIeHHE,
CMEPTHOCTb OT APYTHX NMPHUYUH). TakuM oOpa3oM, OHa MPHUTOAHA Ul KPAaTKOCPOYHOTO MPOTHO3a, KOrJa KO-
JIMYECTBO HOBOPOXKACHHBIX M YMEPIIIHX 32 pacCMaTPUBAEMBbIi EPHO CPABHUTEIHHO MaJlo (T. €. N = const).

3aMKHyTas CHCTEMA ypaBHEHMH, ONUCHIBAKOMAS KUHETHKY Mozemn SIR, nmeer Bux' [4; 5]

ds .
_ = 'S'l,
dt b
di . .
df_B §-1 Y l (3)
ﬂ:’y.l,rzﬂ’
dt N
ds di dr
—+—+—=0
dt dt dt

Cucrema muddepeHIuaibHbIX YpaBHeHH (3) HeTMHEHHAS.

BemonanM 0600menue mozaenu (3) 3a cdeT paHaoMu3anud. J[aHHYHO orepamnuio MOKHO OCYIIECTBHTH,
nepedas B (3) K croxacTuueckuM AuddepeHIaibHbIM YPaBHEHHUSIM TyTeM BBEACHUS CIIyYalHBIX MOIPEIIl-
HOCTE B U3MEPEHUs CKOpocTel B mpaBoii yactu (3). Torma

d: .
jjz—[i-s'z+lel(t),
di . .
;;=B'S'Z—Y-I+G2V2(t),
d) .
;:=y-z+G3v3(t), @)

GV, (1) + Gy, (1) + Gyv4(2) =0,

G, 0 0
G=|0 G, 0]
0 0 G

(vi(1))=0, (vi(t)vi(t))=G;8(t, - 1,), i=1,2, 3.
3nech V,(¢) — cayuaiinble OIMOKN B OLEHUBAHAM CKOPOCTEil MPOLECCOB (10 MOBTOPSIOMMMCS HHAEKCAM HET
CYMMHPOBAHH).

'Compartmental models in epidemiology // Wikipedia [Electronic resource]. URL: https://en.wikipedia.org/wiki/compartmental _
models_in_epidemiology (date of access: 14.03.2021).
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YWY —
[Mangemus Bupyca COVID-19 nmoka3zana, 4TO MOHUTOPUHT SIBIISIETCS HEOTHEMJIEMOW YacThIO yTIpaBICHUS
MH)EKIMOHHBIMA Iponeccam. [109ToMy B Ka4ecTBe BEpOSTHOCTHBIX XapakTepucTuK BexmanH s(¢), i(z), (1)
1es1eco00pa3Ho UCIIONb30BaTh all0CTEPUOPHbIE BEPOSTHOCTH [6]. O003HaUMM nepeMeHHbIE COCTOSIHUS BEJIU-

4YUH s(t), i(t), r(t) KaKk
X\=S, Xy =1, X3="r. ®)

C yuerom (5) cuctemy (4) MOXKHO 3arucaTh B OOIIEM BHJIE:
#(0) =/ [1: 7]+ GOV (). %(10) = o ©
(¥(0)) =0, (%(1)9" (1)) = G, (1 - 1.

B (6) BekTOp X (¢) XapakTepu3yeT COCTOSIHUE CHCTEMBI, TIPH 9TOM B OOLIEM CITydae He BCE KOMIIOHEHTBI

x (t) SBIISIFOTCSL M3MepsieMbIMH. [109TOMy BBelleM BEKTOp HEMOCPEICTBEHHBIX HAONIOACHUH (TECTUPOBAHMS)

Z (1), cBA3aHHBIH ¢ BEKTOPOM X (7) MOZIENBIO M3MEPEHHS, KOTOPas B 0OLIEM CITydae NMEET BUL
Z(t)=h[t;x(t) ]+ G.a (1), t 21, (7)

e G, — Marpuua; 7 () — BEKTOp OMIMO0K (M3MepEeHHs).
BBejieM J0MOTHATENBHO Cilefyloliee 0003HAYeH e aoCTEPHOPHO MITOTHOCTH BEPOSTHOCTH:

P(x: 17, ),

TAe Z,, , — M3MEPCHHS (TecTrpoBaHUE) HA HHTEPBAJIE [to, t].
Monens SIR B Bune ypaBHeHHi (6), (7) MOXKET UCIONB30BATHCS JITIS1 TOMYUYEHUS alITOPUTMOB OLEHUBAHUS
COCTOSIHUSL CUCTEMBI U OTIPEICIICHHSI IOTPEITHOCTH OLICHUBAHUS.

CuuTaeM, 9T0 IPOLECe Z () MOKHO N3MEPATH ¢ MOMEHTA £ 10 TEKYILIET0 MOMEHTA BPEMEHH £, T. €. H3BECTHO
Z,,, (- 1IpobrneMa HaxOKIACHHS OLCHKA X (t) 3aKJIIOYaeTCs B MOITYYEHHN OLIEHKH COCTOSHHUS MapKOBCKOTO MPO-
necca X (7) Ha OCHOBAHMM MMEIOLIMXCS B HAIMMHH M3MEPEHUH mpolecca Z,,,: (B 9aCTHOCTH, z(r)=x(r)+
+G,n(1)).

[Tomaraem, 4yTO Ha MPOTSHKEHUN BPEMEHH HAOIO/IEHNS yBEIIMIMBACTCS KOINYECTBO 00paboTaHHOH HH(DOP-
MaIiH, HO NCIIOJIb30BaHHAs HHPOPMAIIHSA IO MEpe MOCTYIUIEHUS! HOBOI HE KOPPEKTUPYETCH.

OGo3HAIMM X (¢) BEKTOP OLIEHMBAHMS COCTOSHMS, KOTOPBIH MUHUMHU3HPYET CPEAHEKBAAPATHYHYO OLIMOKY

OLICHKH, T. €.
— =~ \)2
Emin = <(x (t) —-X (t)) >
Kak N3BCCTHO, UCKOMaAs OLICHKA ABJISICTCA YCJIOBHBIM MATEMATUYCCKUM OXUIAHUEM, BBIYUCISICMBIM I10 CJIC-

nyrouiei popmyse [6]:

;(z){f,.f

CormacHo Teopuu (rubTpanuu KamMana — berocu anocTepropHast TIOTHOCTh BEPOSITHOCTH P()? ; t|2to ,)
YIOBJIETBOPSIET YPaBHEHUIO [6; 7]

%P(f; 12, )=LP(%: 1, )+ P(%: 17, ) 7 (%) - (A (s x)>]T G- (h(nF)]  ®
B (8) oneparop L* umeer dpopmy [6; 7]

r=-% aixi 76 7)) + %i i [G(t))_(GT(t)]ij m(*), ©)

- [x] = [®] = |f] -
e X = |:_}; X, = [_0}; f= ]: Yy =2Z.
Yy Yo h
Kax U3BeCTHO, P(f; 1z, ,) coepKuT Hanbolnee monHy0 HHpopManumio o npouecce X (). Ho pemenne

ypaBHeHH# (8), (9) BO3MOXXHO B CpaBHUTEIHLHO HEOONBITOM UHCie cirydaeB. [103ToMy, kak TIpaBHIIO, OTPaHH-
YUBAIOTCS WH(POPMAIIHEH, TOTYICeHHON Ha OCHOBE YPaBHEHUH HITH aJITOPUTMOB, BEIBOTUMBIX U3 (8), (9) [6].

m)?(t)P()_c; 1z, ,)dx(1)

=
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OG03HAIMM KOBaPHALIMOHHYIO MATPHILy IpoLecca X (7) ceayomum 06pasom:

V= <(;‘c(z) —F(0)(7(1) - f(;))T>.

O‘leBI/I,Z[HO, 4YTO Marpuiia V XapaKTCpU3yeT CPCAHCKBAAPATUIHYO IMOIPCINIHOCTD OLICHUBAHUSA ITPOLICCCa X (t )

CoracHo Teopuu (GUIBTPALMK JUlsl MPHOMIKEHHBIX olleHok X (¢) 1 ¥ (¢) Ha ocHoBe ypasHenwit (8), (9) nomy-
YAKOTCS YPaBHEHUS BU/IA

%(0)=7F (63 (0) + VD[ (2 () [N [Z(e) - B (1 3 (2)) ], % (1) = (10)
3nech D[}_z (t; X (t))] — MaTpuna SIKoOu pasMepoM m X m ¢ HIEMEHTOM

V()=D"[ f(6:%)]V (e)+V())D| 7 (1 %) ]+ G() XG" (1) +
+V(O)D| D[A(s %) N2 () - T (5 3)}] v (1) =Ve (1)
3amknyTas cucrema ypaBHenuit (10), (11) mo3Bossier B NpUHLUMIIE MOMYYUTh PELICHUS 3a/1a4 OLCHUBAHUS

Y IPOrHO3UPOBAHUS IIPOLIECCOB X (t) U ONPEJEIIATD MTOTPEIIHOCTD TAKOM OLIEHKH.

B o6mem ciyuae cuctema (10), (11) HenuHelHAas!, YTO 3HAYUTEIBHO YCIOXKHSCT MOJTYYCHHE PEIISHUH KaK
B 00ILIEM, TaK ¥ B KOHKPETHBIX CIIydasX.

ITaJIOHHBbIE CTOXACTHYECKHE MOJIE/IH OLECHKHU IMHICMHUOJIOTHYECKON CUTYallul
B YCJIOBHAX HEIOJIHON HH(OPMALMY U CAMOOPIraHU3alUH

Kak n3BectHo [3], ecTecTBEHHBIN X0 AMHUIEMUU 001a/1aeT CBOMCTBAMU CAaMOOPTaHU3AIINH [ 7], 4TO TPOUC-
XOJIUT TIPU YMEHBIIICHUH YUCIIa CTEIIEHEH CBOOOIBI CHCTEMBI.

Crnenys [7; 8], npuHUMaeM, 4TO % = 0. Torna, kak BbITekaer u3 (4), Y= 0, Gy = 0.

MO,I[CJ'IB, KOTOPYIO B PE3YJIbTATC MOJIy4acM, HA3bIBACTCA MaTreMaTH4eCKOn MOICIIBIO SI. Ona onmceIBaeTCs

YPABHEHUSMH COCTOSIHUS
ds

EZ—B'S'i+G1V1(Z),
i _
dr

u 060611aet moxens Jlotku — Bonbreppst [9].
Mopnenb u3mMepenus (TecTUpOBaHUs) BEIOHpaeM B popme

z(t)=i(t) + n(¢), (13)
(n(1))=0,(n(t)n(t,))=G.8(t,—1,).

IIpeobpasyem BTOpoe ypaBHEHHE cucTeMHI (12) ¢ yueroM s + i = 1 kK BUIy

di_ Bi{i +(1- i)} + GV, (2). (14)
dt N

3mech B — cpeHee YMCI0 KOHTAKTOB YEIOBEKa B €AMHHUILY BPEMEHH, T. €. YUCIO0 KOHTAKTOB, KOTOPBIE MOTYT
MIPUBECTH K HHPHULINPOBAHHUIO; | — BEPOATHOCTH (UHUCIIOBAs IVIOTHOCTH) MPUHAAJICKHOCTH TPyIIie HHPUIMPO-
BaHHBIX.

VYpasuenus (13) u (14) npexncraisitoT coO0i MaTeMaTH4ECKyI0 OCHOBY JUIA MOdy4eHHs ypaBHeHus Tumna (10)
JUIsl OLIEHKH M ypaBHeHus Tuna (11) ams onpeaenaeHus HOrpeliHOCTH OLIEHKH YHCIOBOM MIIOTHOCTH MH(UIIN-
POBaHHBIX B pacCMaTprBaeMOM MPUMEpE.

Paccmotpum 3agady 00 oLleHMBaHUH YKcIa MHPULIMPOBAHHBIX B CiIydyae, KOIia B HEKOTOPBI MOMEHT Bpe-
MEHU ¢, B KOHTUHI€HTE UMEETCs] JIUILb OJUH UH(OUIMPOBAHHbIH YeI0BEK.

3ameuanue. llpennonaraem, 4To BCIEICTBUE KAKMX-TO MPUYUH (HApUMEp, BAKIIMHALMK) BCE WICHBI HO-
MyJIALUA 001aalI0T IMMYHHUTETOM.

Tak kakx MHQHUIIMPOBAHHBIM OCTAETCS TOIBKO OJIMH YEJIOBEK, TO [ (t) =7 (0) =1.

(12)
B-s-i—v-i+G,yv,(1)
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[Tpunumaem, uTo U3MepeHUs (TECTUPOBAHUE) B HaYaIbHBI MOMEHT BPEMEHH ¢ = f; IPOBOIATCS C OLINO-
koit V= 10. Benencreue 3Toro [uist nepuona ¢ > f, OLeHKa 4ucia MHOUIUPOBAHHBIX TOXKE OCYILECTBISIETCS
¢ omOKko#. Mcxoas u3 aToro, He0OXOANMO, YTOOBI e IaraeMble alrOPUTMBbI OLIEHKH COCTOSIHUSI MHPHIIUPO-
BaHUSI MOMYJIALUHN ObUTH CAMOKOPPEKTUPYIOIIUMHCS.
Vpasuenus (10) 11t JaHHOW 3312491 UMEIOT B

;- B?[H . f} P O[Z()-7()]. 7(0)=0. (15)

ITorpemHoCTh V O1IeHKH i YIOBJIETBOPSET YPABHEHUIO

v(e)=-[V ()], ¥(0)=10. (16)
Pemenue (16) nmeet BHT
10
V(t)_10t+1' (1n

U3 (17) cienyet, 4To MOTPEITHOCTh B HAYAJILHOM TECTEe YMEHBIIAETCS CO BPEMEHEM 3a CUET TMOCIIeAyolIe-
T'O TECTHPOBAHMUSI.
VYpasuenue (15) turma Puxkatn mpeodpaszyem B THHEHHOE, HCTIONB3YS 3aMEHY

i(t)=—. (18)
Ypasuenue st u(¢) umeer Buj

i+ Ba(t)u = £(¢), (19)

Pemenne (19) umeer Bun [2; 3]
u(t):ﬁt)[ [ 70 u(e)dr + €] ue) = exp([ alr) ). (20)

Monenb HaOMIOMEHUH z(t) BEIOMpaeM B BHJIE JIMHEHHON 3aBUCUMOCTH OT BPEMEHH (Pe3yJbTaThl TECTHUPO-
BaHMUSA):

—r+
z(t)—t+10. 1)

Honcrasnss (21) B (19), (20) ¢ yuerom (18), momyyaem

el

t+1 10

i(t)=

exp(—ab)(Ei(ab + ar) — Ei{ab) + 1)}_1,

Ei(x) = j%«”) dx. (22)

3nece Ei (x) — MHTeTpajibHas okazareiabHas GyHkuus [8; 10].
PaccMoTpuM Moziemb TICEBIOITUACMUH, SBISIONICHCS Pe3yJIbTaTOM OIIHUOOK H3MEPEHUs! (TECTUPOBAHUS).
[TycTs B HaYambHBII MOMEHT BPEMEHH B H30JIMPOBAHHBIA KOHTHHICHT MOMAAAeT OAWH MH(DUIIMPOBaHHBIN
YeJIOBEeK M MPH 3TOM CHCTEMa OCTAETCS B CTALIMOHAPHOM COCTOSIHUM, T. €.
di _ds dr _ 0
dt dt dt
[IpeanonaraeM, 4To B KOHTHHICHTE IIPOBOASATCS 3aMephl (BEIOOPKH ), KOTOPBIE B PEASTbHOCTH COZEPrKaT OILIMOKH.
Maremaruueckast MoJiesib UHOUIMPOBAHUS U U3MEPEHUSI B PACCMAaTPHUBAEMOM CIIydae UMEeT BUJL

di
==0,i(0)=1, 23

z(1)=i(¢)+n(2),
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(v(1)=0, (v(e)v(12))=8(1, = 1,).

YpaBHEHMs! [T OLCHKHU [IIOTHOCTH MHGUIMPOBAHHUs i (¢) 1 ONPeeIeH s TIOrPELIHOCTH OLCHKH V/ (t) B J1aH-
HOM city4ae nosrydatorcs u3 (2), (13) u ¢ yuerom (23) uMeroT B

di 10 - = 3
E:mtﬂ[z(;)—l(t)], i(0)=10", (24)
Bri6upaem monens HabmoneHus (21), ypaBHeHHsT KOTOpOH ToAcTapisieM B (24). B pesynbrare moigydaem
5 52+ ¢+107
10£+1

Taknm 0Gpa3om, omnbka B HaganbHoM n3Meperun V(0)# 0 NPUBOAUT K BO3MOKHOCTH MOSBIEHHS OLIH-
6ok mipu ¢ > 0. [Ipu 5TOM OLeHKa i (1) B ompeseneHun COCTOSIHMS PaCTeT, UTO co3aaeT SGQeKT ncesnodmme-
MHHU [IPU OTCYTCTBUHU TAKOBOIL. z

OneHka CKOpOCTH HHOUIIMPOBAHUS 7; cHaJaja pacTeT, a IOTOM YObIBAeT.

Kparkuii cpaBHUTeIbHBIN aHATN3 Mojesel

VYpaBuenus knaccuueckoid Moaenu SIR (3) onmuchIBaIOT KUHETHKY AETEPMUHUPOBAHHOW CUCTEMBI, THITHY-
HBII rpauK KOTOpoi n300paxkeH Ha puc. 1.

A

1000
R -
800 P
e
1 e
K
600 i
X

7

400 - JLA N

e
4 |
20 40 60 80 100

200 /f ‘/’/./" \ ““\N“‘“

Rl~y

Puc. 1. 3aBucumocts S, I, R OT BpeMEHU MPU HAYaJIbHBIX YCIOBHIX S(O) =997, 1(0) =3 R(O) =0,
ckopocty uHpuuposanus B = 0,4 u ckopoctu mepexoza u3 I B R y= 0,04
Fig. 1. Dependence of S, I, R on time under initial conditions S(O) =997, I(O) =3 R(O) =0,
infection rate B = 0.4 and transition rate from 7 to R y= 0.04

O0001IeHNe MOJICTTH Ha CTOXaCTHYECKUH cityvaid (4) wiu (6) U IOTOJIHEHUE MOJIebIo n3Mepenus (7) Me-
HSIOT BUJI U XapaKkTep CUCTEMBI (pucC. 2).

[Ipocteiimas (3TanoHHas) Mojelb HHOUIUPOBAHUS C YUETOM CIIy4aHHOCTH U U3MEPEHUN OMUCHIBACTCS
ypaBHeHusimu (12), (13), 0000MIAIOIMME MOJICIb XUWHUK — Jicepmed ¢ YUCThIM 3apaKEHUEM KOHTHHICHTA
NOTEHUUAILHO MHQUIUPYEMBIX JTIOACH.

Mopnenu orieHnBaHMS Yucia JitofieH B rpymnmnax S, /, R moctpoeHsl Ha ocHOBe ypaBHeHM Dokkepa — [Inanka —
Konmoroposa juis anproOpHBIX WIH allOCTEPUOPHBIX IJIOTHOCTEN BeposiTHOCTEH. Ipu BKIItoueHNM Mozenu u3-
MepeHHil (TeCTUPOBaHKS ) ONITUMaIbHAsI OIIeHKA MJIOTHOCTH MH(PHUIMPOBAHHBIX YOBJIETBOPsET ypaBHeHHIO (15),
a OlIeHKa AucTepcu (ommoKu) — ypaBHeHHO (16).

W3 cTpyKTYpHOI1 CXEMBI CUCTEMBI BUIHO, YTO B CTOXaCTUYECKOW MOJIENIN HAOIIOJCHUS TTOSBIISIIOTCS 00pat-
HBIE CBSI3U. B COOTBETCTBHHM € TEOpHEH CUCTEM ATO 0OecriedrBaeT OOJBIIYI0 YCTOHYNBOCTh K BO3MOYKHOCTH
IIPOrHO3HMPOBAHUS.

Pannomuzanusa monenu SIR (3) mpeBpaiaer ee U3 MOAEIU Mpolecca €CTECTBEHHOTO PaCIPOCTPAHCHUS
uH(eKuuu B Moaens (4), (14), ynpasisieMyro OeJIbIM IIyMOM.
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ala
ln(t)
(t) /TN (1) N
AN + P
VAl i s
f(0)
6/b
AN D N P I N ' 0
S ANy K

Puc. 2. CrpykrypHas cxema Mozesneii HabmoneHus (a) U oreHuBaHus (6)
Fig. 2. Block diagram of observation (a) and assessment (b) models

B HexoTopbIX cTpaHax MHUpa XaOTHYECKHUH XapaKTep yNpaBJIsSoInX BO3AEHCTBIN HaOII0aCs B HaYaJIe d1H-
nemuu. Maremarnueckasi Moaens onennBanud (15), odumii ciryyaii (10), BcneacTBue paHI0MU3aH ONUCHI-
BaeTCs HEOJAHOPOAHBIMU AU PepeHIINATBHBIMU YPABHEHHUSIMHU, COJICPKALIMMH YITPABIISIFOIIIE YICHBI C HYJIe-
BBIM TpeHJOM. [IpH 3TOM KOA(QPUIUEHTHI YCUIICHUS YIIPABISIOIINX BO3ACHCTBHUMN, 3aBUCSIIIE OT TUCTIEPCUI
V(t), YIOBIETBOPSIIOMHNX YpaBHeHUAM (16), B ob1iem ciydae (11) u3MeHAroTCcs BO BpeMEHH, YTO XapaKTEPHO
IUIsl aJAITUBHBIX CUCTEM C OOPAaTHBIMU CBSI3SIMH.

Paccmorpum ycTOMUMBOCTb B O0JIBIIOM (HEUYBCTBUTEIBHOCTh K HEOIPEAEIEHHOCTH Ha4aIbHOIO COCTOS-
HUS) JI TPOCTEHIIEH MOJIEITH €CTECTBEHHOTO pacpoCcTpaHeHUsI HHGEKINH Ha (hOHE YIIPABIIIIOIIETO OSI0T0
1IrymMa, KOTOPbIA MOAEIUPYET XaOTUUECKUN PEKUM BO3JICUCTBUI B HaYajIe SMUIEMHUU.

B paccmarprBaeMbIX IpuMepax HauaJlbHOTO PAaCpPOCTPaHEHUs HH(PEKLINHU IOITyCTUMO CUUTATh | <K 1 K N.

Torna ypasuenue (14) npuHUMaeT BU
di .
E:B~z+ GV, (1), (25)

a ypaBHeHue (15) nist OIIEHKH arioCTepUOPHOTO COCTOSTHUS, COOTBETCTBEHHO,

d; ks ks ks
=BT+ v (0)[2()-1()]. 7(0)=0.
Juckpernsnpyem Monenb 1o BpeMeHHu [6; 7]. Torma (25) 3anmmieTcs cnexyomumM o0pa3om:

i(k+1)=ai (k)+y(k+1)[ Z(k+1)-0i (k)],

)= 260 50)

v(k+1 To(k+1)+ G,

s nucriepcun OIIeHUBaHUS V(k) MoJy4aeM

=iy, 0= P.

i 1)=-2EEDG
O(k+1)+G,’
O(k+1)=a’V(k)+G, V(0)=V,.
YcnoBue CTa6I/IJ'[I/I3aLH/II/I NOrpeIHOCTH OLICHUBAHU V nmeet BU]T

Vik)=V(k-1)=V,. (26)
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IToxcraBisas B 001IeM cirydae V(t) B IUCKPETHBIC MOMEHTHI BpeMeHH B (26), TIoydaeM KBaJpaTHOE ypaB-
HEHHE OTHOCUTENBHO V., IOJI0KUTEIIbHBII KOPEHb KOTOPOIO V| (k) =0,56W npwu k =3.
Ha puc. 3 nso6paxkeno nosexenne V (k) B 3aBucumoctu ot V. Taxoe nosenenne V (k) ykasbisaer Ha BO3-

MOXHOCTDH CyIII€CTBOBaHUS aHOCTCpHOpHOﬁ HEOMPEACICHHOCTH OLICHKHN TPU ONPEACIICHHBIX 3HAYCHUAX I1apa-
METpPOB, T. €. YCTOI\/'I‘H/IBOCTI: B OOJIBIIIOM.

VA 1
|
|
|
|
|
0,56/ === e e e e e e e e e e ===
1
1
|
1
Vy=0 1
|
I I ! I -
0 1 2 3 4 k

Puc. 3. Tlosenenue V (k) B 3aBucumoctn ot ¥,
Fig. 3.V (k) depending on ¥, behaviour

3ameyanue. Cnemyet otMeTuTh padoty [10], B KOTOpoi#t MCTOMB3yIOTCS MUCKpeTHas Mmoxens SIR u ee mMo-
JTUQUKAIUK [T TeHEepalliy YWICHOB BPEMEHHOTO psijia.

AJICKBaTHOCTbH MPEUIOKESHHON MOJICIH peajbHBIM IIpolieccaM XapakTepusyeT GpyHKIus (MaTpulia) 4yBCT-
BUTEJILHOCTH [6; 11], aHanM3 KOTOPOH SIBISIETCS COCTABHOM YacThIO CO37[aHUs JOCTOBEepHOM Mozenu. [Tapamer-

pol (k03(dununentsr) mogenu b; (i = 1, ..., n) TOYHO HEU3BECTHBI U ONPENETAIOTCS HeB3kaMu Ab, =b, — b,

rae b, — uCTUHHOE (HEU3BECTHOE), a b, — MPUOIIKEHHOE 3HaYEeHHE 1apaMeTPOB, HCIIOJIb3YEMbIX B ypaBHEHHAX
oricHUBaHUA [6].

LI}/BCTBI/ITG.]'IBHOCTB MO/JCJIM XapaKTCPU3yCTCA OTHOLICHUCM BUAa

n(0-"00

Ab,
3nech V(1) — MaTpuLa AMCIEPCUH OLECHKH, KOTOPast Haxoautes u3 (11) IpU HCTHHHOM 3HAYECHUH [TAPAMETPOB
3a/1auu (TeOPETUIECKH ).

PaCCMOTpI/IM BOIIpoOC, CBSI3aHHBIN C OHGHKOﬁ YYBCTBUTCJIIBHOCTU JIA CTAHMOHAPHOT'O0 COCTOAHUSA, OIIMChI-
Ba€MOIo YpaBHCHUAMU COCTOSIHHA U USMEPCHUSA

di

-=0, z(¢) = hi(t) + n(z), h=B.

BripaxkeHue i qucriepcun B 3ToM ciaydae umeeT Bun (16), (17).
UyBCTBHTEIFHOCTH MTapaMeTpa /4 B OOIBIIOM HAXOTUTCS IO (OpMYyIIe

()= ARV (0)2? - 21722(0);17:.
(h217(0)t + F)

I'padux 3aucumoctu I},(¢) OT BpeMeHH IPH 3a/jaHHBIX 3HAYCHUSX BXOJHBIX NIAPAMETPOB M300PakKeH Ha
puc. 4.

UyBCTBUTEIILHOCTH B MaJIOM OIpeiensieTcs: (opMyioi

Yi,j(t)zaV—@
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Puc. 4. Ilpumep 3aBucumMocTu Fh(t) OT BpEMEHHU
npu h =1, 7 =20, V(O)=2

Fig. 4. An example of the T},(7) time dependence
for h =1, 7 =20,V (0)=2

Beenem cleayrouec nmpeacTaBjICHUEC:

Toraa nonyyaem

V(t)-V(t)= 23: Y, ;(t)db;.

i=1

_ =2h12(0)7t

(wr(o)F)

Yh(t)

Ha puc. 5 H306pa>1<eHa 3aBUCUMOCTE ¥, (t) OT BPEMCHHU IIPU 3aJaHHBIX 3HAYCHUAX BXOJAHBIX ITapaMETPOB.

Yh(t)‘

0

-0,25
-0,50
~0,75

-1,00

Puc. 5. Tlpumep 3aBucumoctu y h(t) OT BpEMEHHU
npu Ah=0,5,h=1,r=20,V(0)=2

Fig. 5. An example of the v, (¢) time dependence
for Ah=0.5,h=1,r=20,V(0)=2

3akirouenue

1. B xauecTBe MaTeMaTH4YCCKON MOJCIH Iponecca I/IH(I)I/I]_II/IpOBaHI/IH MNpeAJIOKCHA KJIaCCUYCCKasd MOACIIb

SIR, ympasnsiemast mporeccamu T
(haze srnmeMun.

umna 0enoro aryma, 4TO MOXCET OBITh aJICKBATHO HayaJlbHON XaOTHYECKOM

Takum 06pa30M, MO,Z[GHLHLIﬁ nmpouecc €CTCCTBCHHOTO paCIpPOCTPAHCHUSA SMTUACMUUN PA3BUBACTCA B CPEAC
YHOpaBJIrOIInX OenbIxX IIyMOB, MOACIIUPYIOHINX HECHCTEMHBIN XapaKTep MCP B HAYAJIC SITUACMUU.

2. Monens HaOIroaeHu B 00111
410 OOJIee aICKBATHO PEATLHOCTH,

M CJTy4yae YUUTBIBACT CyIICCTBYIOIIUE B PEATBHOCTH OIIMOKN TECTUPOBAHMS,
TaK KaK pelaeT npooieMy OnocpeICTBOBAHHOTO MOTy4eHHsT HH(POPMAaLUH.

3. I'pyOocth Mozenu (yCTOWYMBOCTD B OOJIBIIOM U MaJIOM) TTO3BOJISICT BBIACIUTD HAYaJIBHBIM M TOCIEIYIO-
LM IIEPUOABI PACHPOCTPAHEHHS MHPEKLUH C TOUKH 3PSHUS] PETYIUPOBAHNUS U YIIPABICHHS Ha HA4aJIbHOM 3Tarle.

66
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OTMe4eHO BIUSHUE HAYATBHBIX YCIOBHI HA UIMTEIBHOCTH NMEPEXOAHOTO PEKUMA AIUACMHUH, B TCUCHIHC
KOTOPOTO CTOXaCTUYECKHUM PEKUM MOXKET BOSHUKATh KaK CJIC/ICTBUC HETMHCHHOCTH CUCTEMEI.
4. UyBCTBUTEIHLHOCTH (B OOJIBIIIOM U MAJIOM) ITO3BOJISIET OICHUTDH BIUSHIE [TaPaMETPOB MOJICIIH Ha €€ CBOK-
CTBa U CTPYKTYPHPOBATH MPOIECC PACTIPOCTPaHCHUS HH(DEKIMH B 3aBUCUMOCTH OT BpeMeHu. OlleHKa mapamMe-
TPOB JOJDKHA COCTOSATH U3 COBMECTHOTO PEIICHUS 3371a4 HICHTH(UKAIINA U YIIPABICHISL.
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The description of the steganographic method for embedding the digital watermark into image vector files of the SVG
format is given. Vector images in SVG format can include elements based on Bezier curves. The proposed steganographic
method is based on the splitting of cubic Bezier curves. Embedding hidden information involves splitting cubic Bezier
curves according to the digital watermark given as numerical sequence. Algorithms of direct and reverse steganographic
transformation are considered for proving the authenticity and integrity of a digital vector image. The StegoSVG library
has been developed to implement forward and reverse steganographic transformations. The developed desktop applica-
tion that implements the method is briefly described.
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Introduction

Technologies make it possible to easily create, store and transmit various types of data, such as images,
texts and sounds, but these advantages allow other actions to be done easily as well: illegal copying, distribu-
tion, use, intentional distortion or destruction of information. Nowadays, the protection of digital content is
gaining popularity. In this regard, the problem of developing and using methods and tools for protection of in-
tellectual property rights, one of the areas of which is digital watermark technologies based on steganographic
methods, is becoming more and more acute [1].

Due to the specific features and properties of digital document formats that are protected by a copyright,
specific protection methods are developed for various formats to achieve specific goals. This is how two main
directions in the subject area were formed: text steganography [ 1-8] and image steganography [1; 9; 10]. How-
ever, at present, for some types of containers, methods can be considered that are a combination of different
approaches. For example, an electronic text document can be considered as a text or as a graphic image or as
a set of fields containing meta-information and as a container with a specific structure [5—8], which allows to
combine the classical approaches of both text and image steganography.

Regardless of the type of a container, using steganographic methods solves two main classes of problems:
data hiding and copyright protection. The first implies the inconspicuous transmission of information through
open channels, as well as undeclared and hidden storage of information. The second is implemented using
digital watermarks and digital fingerprints. Digital fingerprints, sometimes referred to as digital tags, imply
different steganographic message tags that are unique to each copy of the media. Digital watermarking usually
means having the same watermark for every copy of a container. Digital prints and watermarks can be used to
protect copyright on each copy of content, and to confirm the accuracy and integrity of the information trans-
mitted. The main requirements for digital marks or watermarks are reliability and resistance to distortion or
conversions [1; 3; 9; 10].

Research usually focuses on raster image formats. A feature of such files is their ubiquitous distribution,
a relatively large volume, and, as a result, ample opportunities for watermark embedding. The most popular
are image formats like BMP and JPG, for which many methods for embedding labels have been developed,
including steganographic ones. Typically, images use the classical least significant bit (LSB) method or its
modification [1; 3; 9; 10]. In connection with the growing popularity of vector images, it is of interest to develop
and study steganographic methods for images of this type.
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Theoretical justification of the steganographic method

This paper proposes a new steganographic method for vector image files in scalable vector graphics (SVGQG)
format and describes an algorithm for its implementation. The method is based on the functional features of
the main graphic primitives, based on which two-dimensional images are formed. Modification of some of the
parameters of these primitives allows to embed secret information into an SVG file used as a container.

SVG vector image format and usage of its features in steganography. SVG files are vector graphics files
used to describe two-dimensional vector and mixed vector and raster graphics in XML format. The SVG image
format is the main vector graphics format on the Internet. Such files are used as pictures on buttons and other
elements of a web application, for representation of graphs, maps, diagrams in speeches, reports, presentations.
This is justified because the SVG file is scalable and looks the same at all screen resolutions. Features of this
format are small file size, scalability, integration with HTML documents, the ability to embed bitmap graphics,
the ability to edit in text editors and support by most modern browsers such as Google Chrome, Internet Ex-
plorer, Mozilla Firefox and Safari. In addition, the popular office suite Microsoft Office 2016 supports direct
import of such files.

An SVG graphic file is a collection of XML tags that describe graphic elements. The first line is a standard
XML header indicating the XML version and character encoding. Then the DOCTYPE header comes, that
defines the SVG document type. Further is the root tag of the document <SVG> indicating the namespace,
and it contains graphic and text elements. The document ends by closing the root tag </SVG>. An SVG file
includes three types of objects: shapes, images, and text. All elements are described with XML subset tags.
Text elements can be described as text or converted into curves.

An SVG file is a text, has a structure corresponding to markup files, geometric elements are described with
appropriate tags. Tags have attributes whose values are enclosed in quotes. Shapes are described using RGB
colour space, although CMYK is also supported.

Classical methods of text steganography, such as the insertion of trailing spaces and tabs method, as well as
methods typical for markup files: the method of replacing the tags case, methods of substituting and rearranging
of attributes [4] can be applied to files in the SVG format. Using the RGB colour model allows you to hide infor-
mation in changing colour parameters by analogy with the methods of LSB.

The authors of [11; 12] substantiate the possibility of using additional vertices in the description of geo-
metric shapes in an SVG file to embed a unique digital watermark to confirm copyright for images or for
transfer a hidden message, and also propose a steganographic method that allows to embed a hidden mes-
sage in placing additional vertices. Geometric shapes are specified by the coordinates of the vertices, and
additional vertices can be placed on the line connecting these coordinates. Moreover, when viewing the image,
these additional points are not displayed. Additional points in geometric shapes are set in a certain relation
from the starting point of some file element, and a message is hidden in the value of this relation. This method
allows to control the integrity of the image or to embed a hidden message to solve the problem of protecting
the intellectual copyright to the image.

Figure 1 shows examples of rendering of the SVG file elements in the browser, as well as their description.

<polygon style ="stroke:blue; stroke-width:2; fill:none;"
points="10, 10 10,50 50,50 50, 10"/>

<polygon style ="stroke:red; stroke-width:2; fill:none;"
points="60,10 60,30 60,50 100,50 100,10"/>

Fig. 1. A rendering of the SVG file in the browser and its description

An additional vertex (60, 30) has been added in the second square, and since this element is in line with
vertices (60, 10) and (60, 50), the vertex is not displayed.

Features of displaying Bezier curves in SVG files. SVG files support Bezier elements. To understand
the essence of the proposed method, it is advisable to give a brief description of the parameters of the Bezier
curves that form the basis of the method.

It is known that Bezier curves are a special case of polynomial plane curves with one parameter. They are
often used in computer graphics to produce smooth curves, including fonts, vector images and CSS anima-
tions [13].

Bezier curves are generally defined by the expression

B(t)zil?bi,n(t), 0<r<l, (1)
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where P, is a function of the components of the vectors of the anchor points; b, ,(¢) are the basic functions of
the Bezier curve given by the expression

b (0)=21 (1-1)""", 2)

T
is a number of combinations from # to i, where n is the degree of the polynomial and i is

n !
where e
i l!(n - l)!
the degree of the anchor point.
In the context of the method under consideration, two types of Bezier curves are of interest: a quadratic and
cubic curve. From relations (1) and (2) we can obtain parametric equation of a quadratic Bezier curve in the
following form:

0=(1-1) B +2(1-1)tR, + P, 1[0, 1].

It can be seen that three points are required to uniquely determine the quadratic curve: B, P, and P,
The starting point £ and the ending point P2, are called the anchor point of the curve, and the point P, is the
control point. The curve starts at point A, ends at point 2, and point P, defines the direction and magnitude of
the curve bend.

The parametric equation of cubic Bezier curve is as follows:

C=(1-1VPR+3(1-2)tP,+3(1-1)*P,+ P, te[0, 1]. 3)

To uniquely define this curve, four points are required: A, P, P, and P,. The starting point A and the ending
point P, are the anchor points, and the points P, and P, are the control points. The curve starts at point A, ends
at point £, and points P, and P, define the direction and magnitude of the curve bend.

To describe curves in SVG format, is used a special tag path. The SVG file parser parses the contents of the
path tag and displays the corresponding shape. The path tag allows to sequentially set the coordinates of the verti-
ces of a line, polygon and other geometric shapes. The path tag has one attribute d, which can contain a series
of commands and parameters used by those commands. Each command is identified with a special letter. All
commands come in two variants: a command with a uppercase letter indicates absolute coordinates on the
page and a command with a lowercase letter indicates relative coordinates. Coordinates in the d attribute are
always specified without units and in a custom coordinate system. Typically, custom coordinates are specified
in pixels. For example, M is a command that tells the SVG parser to move to the specified point and to start the
next command from there, and the L command draws a straight line from the current point to the specified one.

SVG files use quadratic and cubic Bezier curves. Commands O and T are used to display quadratic curves,
commands C and S are used to display curves of the third order. In this case, the commands 7" and S allow to
set an additional segment of the curve without specifying a control point and are parts of the commands O
and C. These commands can be found in one element and used multiple times. If the parser cannot execute the
statement due to an invalid command, the element is displayed as long as possible, and the rest is not displayed.

To reduce the number of elements of the SVG file, and, accordingly, the size of the image file, the combina-
tion of several curves in one geometric element can be used. The Bezier curve in this case consists of several
segments. Adding segments can be achieved in two ways: either by mirroring the control point relatively to the
ending anchor point, or by adding additional segments after the existing curve segment.

Figure 2 shows the cubic Bezier curve. The curve consists of three segments, the first of which is marked
with additional red lines, the second segment is marked with orange lines, and the third is marked with green
lines. Lines are drawn to the control points for clarity, to demonstrate how the location of the control points
affects the appearance of the curve.

Figure 3 shows the part of the SVG file that is responsible for displaying such a curve.

The listing (see fig. 3) shows four blocks of path commands, at that the execution of the first one displays
the entire quadratic curve, and the rest are needed only to demonstrate the location of the control points.

Fig. 2. A cubic Bezier curve consisting of three segments
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<pathd="M 10, 200 C 60,30 120,30 150,100 180,70 200,200 230, 150
S 290, 100 320,170" style="stroke:blue; stroke-width:4; fill:none;"/>

<pathd="M 10, 200 L 60, 30" style="stroke:red; stroke-width:1; fill:none;"/>
<pathd="M 60,30 L 120, 30" style="stroke:red; stroke-width:1; fill:none;"/>
<pathd="M 120,30 L 150, 100" style ="stroke:red; stroke-width:1; fill:none;"/>

<pathd="M 150, 100 L 180, 70" style ="stroke:orange; stroke-width:1; fill:none;"/>
<pathd="M 180, 70 L 200, 200" style ="stroke:orange; stroke-width:1; fill:none;"/>
<pathd="M 200,200 L 230, 150" style="stroke:orange; stroke-width:1; fill:none;"/>

<pathd="M 230, 150 L 260, 100" style="stroke:green; stroke-width:1; fill:none;"/>
<pathd="M 260, 100 L 290, 100" style="stroke:green; stroke-width:1; fill:none;"/>
<pathd="M 290, 100 L 320,170" style="stroke:green; stroke-width:1; fill:none;"/>

Fig. 3. Description of a cubic Bezier curve, consisting of three segments, in SVG format

Let’s consider the first path command. The curve starts at point (10, 200), the M command indicates to start
displaying from this point. The C command then tells the SVG parser to display a third-order Bezier curve. Thus,
point (60, 30) is perceived by parser as the first control point, point (120, 30) is perceived as the second
control point, and point (150, 100) is perceived as the end point of the curve. If we look at the second,
third and fourth commands of the listing, we will see that straight lines of red colour were drawn from the start
and end points to the control points of the first segment using the L command. Since the command is not finished
at point (150, 100), this point is perceived by the SVG parser as the starting point of the next segment. Thus, point
(180, 70) is perceived as the first control point of the second curve segment, point (200, 200) is perceived as the
second control point of the second curve segment, and point (230, 150) is perceived as the end point of the second
curve segment. The next three lines of the listing draw additional orange lines to these points from the ends of the
current segment of the curve. Since point (230, 150) is followed by an S operator, the SVG parser must display
another segment of the curve starting at point (230, 150). Usually three points are required to display a segment
which are two control points and an end anchor point, but in this case the first control point is calculated as a mir-
roring of the second control point of the previous segment at coordinates (200, 200) relative to the start point of
the current segment at coordinates (230, 150). The coordinates of the new control point are calculated as follows:
abscissa is calculated as

(230 - 200) + 230 =260,
ordinate is calculated as
150 — (200 — 150)=100.

So the operator displaying curves of the second and third order can be presented as follows:
pathd="M x;,v; QO X5, V.. T X, V; . C X, Vi .. S Xy Vi o

Some commands can be omitted here. If the command Q is omitted, then the command 7 is not used; if
the command C is omitted, then the command S is not used. Any command can be followed by any number of
points, but the command will be executed correctly provided that for command Q and S the number of points
is 2k, and for command C is respectively 3k, where k is any non-negative integer.

Applying the de Casteljau dividing method to embed a hidden message. According to the method of
dividing Bezier curves proposed by de Casteljau [13], any curve can be divided into two parts at some ratio.
The result curves (which are segments of the original curve) will also be Bezier curves. Dividing the curve into
segments can be used to embed a hidden message. If we divide the Bezier curve into segments at some ratio,
then the value of this ratio can hide an element of the secret sequence, which is a digital watermark or digital
fingerprint. Since in the general case one additional segment of the Bezier curve is required to embed one
element of the sequence, it is rational to use a combined approach: dividing the Bezier curves into segments
at a certain ratio and an additional method that will on the one hand increase the number of possible hidden
characters of the sequence, and on the other hand it will control the integrity of the hidden data.

Let us show how de Casteljau’s method works for a cubic Bezier curve, since for other orders the method
is used in a similar way.

Let the cubic Bezier curve B (fig. 4) be described by four points: B(x;, »;), B (xy, »,), B (x3, V3 ), Py(x4 v4),

at that B(x;, y; ) is the starting point of the curve B, P,(x,, », ) is the ending point, and 2,(x,, y,) and P3(x3, y3)
are control ones, point P (x, y) divides this curve at some ratio .
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Fig. 4. An original Bezier curve B and intended dividing point P

Red (auxiliary) lines show the location of the original control points P, and A,.
It is necessary to find the location of the anchor and control points of the two resulting Bezier curve seg-
ments. These segments, each of which is a cubic Bezier curve, will be denoted as B, and B,.

Let segment B, be defined by points A (x;, J’n)a Plz(xw J’12)a P13(xl3: J’13)= R4(x14, 114), and segment B,
be defined by points Py, (x,1, 1), P (X205 ¥22)s Pz3(x23, y23), P24(x24, ¥24)- Obviously, the starting point of the
first curve segment B (x;,, ;). is the same as the starting point of the entire curve B(x;, y, ), the ending point
of the first curve segment B, (x,4, ¥, ), and the starting point of the second curve segment B,;(x,;, »,;), coin-
cide with the dividing point of the curve P(x, y). The ending point of the second curve segment P, (x24, Voa ),
coincides with the ending point of the original curve P4(x4, Va4 )

The split ratio (t) of the Bezier curve is preserved for the lines connecting the anchor and control points.
De Casteljau’s method is to recursively divide such segments in the original ratio. The segment A £, is divided
at the ratio ¢, just like segments PP, and P, ;. Figure 5, a, shows points separating the segments A P, PP, and
B P, at the ¢ ratio. Then the obtained segments are divided recursively in the same ratio, and the resulting line
passes through the separation point P, as shown at fig. 5, b.

The intersection points of the line segments become new control points. Thus, we get two Bezier curves:
B, u B,, as indicated at fig. 6.

The coordinates of the starting, ending, and anchor points of the two curve segments can be calculated from
the ratio (3). Let us denote as follows:

to=1—t, =13, t,=363t, t;=3t,t°, t,=1".
From the ratio (3) we obtain the coordinates of the point P(x, y):

X=X0 + X0 + X303+ X4l V=010 F Voly + V3l F Valy. 4

F,

Fig. 5. A subdividing of a cubic Bezier curve using the de Casteljau’s method
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Fig. 6. Bezier curves B, and B,

Then the coordinates of points B, (x;1, ¥i;), B (%12, ¥12), P]3(xl3, y13), B4(xi4> y14) of the curve B, can be
calculated using the following formulas:

X =X, Vi = Vi X1 =Xy XL Vi = Vilg T 000
Xi3= Xty + (ol + 38 )8, i3 = ol + (Voo + y3t )85 X4 =X, Yy =, &)

The coordinates of the points Py (Xy1, ¥51)s P (X2, ¥22)s Pos(%235 Y23 )» Boa(%24 ¥54 ) f the segment B, we
calculate in a similar way:

X1 = X145 Vo1 = Vigs X3 = X3y + X415 o3 = V3lo + Vul,

Xp = Xogt + (Xl + X30)lg, Y = Yot + (Valo + 13t o3 Xoa = X4 Y24 = Vs (6)
Thus, the original cubic Bezier curve B can be represented as two segments: B, u B,, and for the display by
the SVG parser it is written in one attribute d of the element path in general as follows:

—n n
pathd="M xi;, V1, C Xi5, Y12 Xi3/ Y13 Xiar Y1z Xoor Yoo Xozr Vo3 Xpar Yoo -

Both curve segments are exactly the same as the original Bezier curve, and the presence of a dividing point
is not displayed. Such a divided curve can be written both as separate geometric elements and as a curve of
several segments. Further on we will call a curve of several segments a polycurve.

Steganographic algorithms for embedding
and extracting the hidden message

The summary of the proposed steganographic method is that hidden information is located at the point of
dividing the curve into segments.

Let us suppose the hidden message is a binary sequence. In case of dividing the Bezier curve into two seg-
ments in half, one symbol of the message can be hidden (the curve is not divided — 0, the curve is divided — 1;
can be vice versa). If we choose a division ratio, then we can thereby hide a symbol of a message in a natural
language, setting, for example, its own division ratio for each letter. The message will be extracted as follows:
we check two successive curves, and if they form a single curve, then we calculate the division ratio, and so we
find the hidden symbol.

It is assumed that in general the user of the application will be able to generate values for division on his
own, which will be the part of his own steganographic key. Depending on the division ratio, the division point
of the curve into segments is calculated and the control points of both new curves are found.

However, firstly, dividing the curve entails the creation of new anchor and control points which increases
the file size, and secondly, it is not always possible to accurately calculate the division ratio from coordinates,
which leads to the loss of a hidden message. Therefore, we propose to hide only a part of the hidden message
in division ratio and to use the emerging anchor and control points for the rest, similar to the LSB method.
When receiving new anchor and control points we will change the minor digits in them so that on the one hand
this change was visually invisible, but a hidden message was deposited in them, and on the other hand so that
during extraction it was possible to check whether the division ratio was extracted correctly.

The hidden message is converted into a binary form, after which it is divided into binary pairs, i. e. the
message 01111000 is divided into pairs: 01, 11, 10, 00. For each Bezier curve and each two binary pairs, two
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actions are performed: the division of the curve at a certain ratio into two segments and embedding of data of
two binary pairs into anchor points of segments. Thus, two binary pairs are embedded in one curve.

The method is designed for cubic Bezier curves. For additional embedding of the message, the second
anchor point of the first segment (indicated at fig. 6 as B ;) and the first control point of the second segment
of the curve (indicated at fig. 6 as P,,) are used. These points are chosen to embed the message because their
coordinates do not affect the restoration of the original curve (which follows from the ratio (5) and (6) and will
be demonstrated below with the example). To embed the message, LSB of the anchor point coordinate is used,
in this case the sixth (0.00000x). This bit is chosen because of the visual invisibility of changes in coordinates in
a vector drawing.

The following two parameters are suggested to be used as key information:

1) division ratio

2) values, that correspond the binary pairs V, i = {1, 2,3, 4}.

Description of the steganographic method algorithm for hidden message embedding. Let us describe
an algorithm for the steganographic method of embedding a hidden message in an SVG file, based on the di-
vision of cubic Bezier curves at a certain ratio.

The key information is the one of the division ratio ¢, as well as the values corresponding to the binary pairs V,,
i={1,2,3,4}

The principle of random selection is used to obtain the value of ¢. It is assumed that this value will be gene-
rated on a case-by-case basis and is similar to key generation in symmetric cryptography. The value of 7 can
range from 0.01 to 0.99, assuming that numbers with two decimal places are used.

The principle of random selection is also used to obtain integer values corresponding to binary pairs. For
example, you can set the limits shown in table 1, assuming that the limits are numbers from 1 to 99.

Table 1

Correspondence of limits
of values written in coordinates to binary pairs

Binary pair value Limits
00 From 75 to 99
01 From 50 to 74
10 From 25 to 49
11 From 1 to 24

No effect was found for selected values corresponding to binary pairs on the display of a Bezier curve with
an embedded message.

First, the SVG file is analysed and the number of cubic Bezier curves N is calculated. The length of the hid-
den message L is calculated. The maximum length of the hidden message must be less than one half the number
of Bezier curves, because one message character is written in two curves, and one more character is needed to
indicate the end of the message.

The hidden message is converted into a binary form, after which it is divided into binary pairs O,, k = {1, . 4L}.

Each cubic Bezier curve B, j € [1, N ], will be successively associated with two binary pairs Q,. If the length
of the embedded message M is less than the number of curves N, then the curves which are not associated with

binary pairs remain unchanged.
For each cubic curve B; and each odd binary pair Q;, we will perform as long as necessary the division at

ratio ¢ if the first symbol of the binary pair is 0, and 1 — ¢ if the first symbol of the current binary pair is 1, in accor-
dance with ratio (5) and (6). Thus we obtain a cubic Bezier curve B/, j € [1, N ], consisting of two segments.

Now, for each segment of the obtained curve B; we will embed the data of two binary pairs 0, into the
control points of the segments. The first binary pair is written to the second control point of the first segment
of the obtained curve 13.13(xj13, AE ): the first digit of the value is written to LSB of the x;); coordinate, the
second digit of the value is written to LSB of the y;;; coordinate. Similarly, the second binary pair is written
to the coordinates of the first control point of the second segment of the resulting curve 13.22(sz2, Vi ) Thus,
two binary pairs of the hidden message are written into one original Bezier curve.

The algorithm continues until all binary pairs have been embedded. After that, a new SVG file is generated,
consisting of cubic Bezier curves divided into segments, and the original elements. The block diagram of the
embedding algorithm is shown in fig. 7.
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Fig. 7. Block diagram of the algorithm of hidden message embedding
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Let us consider an example of how the method works. First we will describe the custom key. Let us take the
division ratio as = 0.25. The division of the curve into segments at the ratio is as follows: if the first character
of a binary pair is 1, then the division ratio is taken as 0.25, if the first character of a binary pair is 0, then the
division ratio is taken as 0.75.
Let us take a bijective mapping of a binary pair into the value V}, i = {1, 2,3, 4}, as given in table 2.

Table 2

Correspondence of values
of binary pairs to values written in coordinates

Binary pairs value Value for embedding
00 87
01 64
10 37
11 12

Figure 8 shows the part of the SVG file that is displaying two cubic Bezier curves without an embedded
message.

<pathd="M 10,200 C 120, 30 170,70 220,100"
style ="stroke:blue; stroke-width:2; fill:none; " />
<pathd="M 10,200 C 180, 70 200, 200 230, 150"
style ="stroke:red; stroke-width:2; fill:none;"/>

Fig. 8. Description of two cubic Bezier curves without hidden message

Assume the message to be embedded in this SVG file is 11000110. Let us divide the message into binary
pairs: 11, 00, 01, 10. To embed such a message, we need two curves. The first binary pair 11 starts with 1, so
the division ratio of the first curve will be 0.25. Let us divide the first curve at the ratio 0.25 and find the co-
ordinates of the anchor and control points according to ratio (5) and (6). The coordinates of the original curve
and two new curves are presented in table 3.

Table 3
Coordinates of the Bezier anchor and control points
of the original first curve and curves obtained by its division
Curve Xy Y1 X3 Y2 X3 V3 X4 Va
Original 10 200 120 30 170 70 220 100
1* segment 10 200 37.5 157.5 61.25 128.125 | 82.1875 | 108.4375
2nd segment | 82.1875 | 108.4375 145 49.375 182.5 77.5 220 100

Thus, we can rewrite the display of the first curve as

pathd="M 10,200 C 37.5,157.5 61.25,128.125
82.1875,108.4375 145,49.375 182.5,77.5 220, 100".

Now it is necessary to add hidden information to the control points. The first two binary pairs are 11 and 00.
They correspond to the values 12 and 87. Therefore, in LSB (0.00000x) of the second control point of the first
segment we write 1 and 2, and in LSB of the first control point of the second segment we write 8 and 7. Thus,
we can rewrite the display of the first curve as

pathd="M 10,200 C 37.5,157.5 61.250001,128.125002
82.1875,108.4375 145.000008, 49.375007 182.5,77.5 220, 100".

Let us do the same for the second curve. The third binary pair 01 starts with 0, so the division ratio of the
first curve will be 0.75. Let us divide the first Bezier curve at the ratio 0.75 and find the coordinates of the anchor
and control points according to ratio (5) and (6). The coordinates of the original curve and two new curves are
presented in table 4.
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Table 4
Coordinates of the anchor and control points
of the original second curve and curves obtained by its division
Curve Xy Y1 X Y2 X3 Y3 X4 Vs
Original 10 200 180 70 200 200 230 150
1™ segment 10 200 137.5 102.5 180.625 151.25 206.875 | 160.625
2 segment | 206.875 160.625 215.625 163.75 222.5 162.5 230 150

Thus, we can rewrite the display of the second curve as

pathd="M 10,200 C 137.5,102.5 180.625,151.25
206.875,160.625 215.625,163.75 222.5,162.5 230, 150".

Now it is necessary to add hidden information to the control points. The second two binary pairs are 01 and
10. They correspond to the values 64 and 37. Therefore, in LSB (0.00000x) of the second control point of the
first segment we write 6 and 4, and in LSB of the first control point of the second segment we write 3 and 7.
Thus, we can rewrite the display of the first curve as

pathd="M 10,200 C 137.5,102.5 180.625006, 151.250004
206.875,160.625 215.625003,163.750007 222.5,162.5 230, 150".

The description of the SVG file containing the hidden message is shown in fig. 9.

<pathd="M 10,200 C 37.5,157.5 61.250001,128.125002 82.1875,108.4375
145.000008, 49.375007 182.5,77.5 220, 100"

style = "stroke:blue; stroke-width:1; fill:none;"/>

<pathd="M 10,200 C 137.5, 102.5 180.625006, 151.250004 206.875, 160.625
215.625003, 163.750007 222.5, 162.5 230, 150"

style = "stroke:red; stroke-width:1; fill:none;"/>

Fig. 9. Description of the SVG file of two cubic Bezier curves containing a hidden message

The description of the algorithm for extracting hidden messages. Next we will analyse the algorithm
for extracting a hidden message from an SVG file (stego container), based on the division of third-order Bezier
curves at a certain ratio. The key information is the one about the division ratio ¢ and the values corresponding to

binary pairs V, i = {1, 2,3, 4}.

When extracting information, the file is analysed and the number of cubic Bezier curves N in the used con-
tainer file is calculated. Then a sequential analysis of the curves B/, j e [1, N ], is performed. If the curve
consists of two segments (B}, u B/,), a check is performed: whether these segments form a single curve B,

and what is the division ratio ¢. The check is carried out in two stages: at the first stage, an assumption is made that
the segments form a single Bezier curve, the coordinates of the control points of this curve are calculated; at the
second stage it is checked whether the division point of the segments belongs to the assumed curve. If the division
point belongs to a curve, then we can conclude that these curves are a single Bezier curve.

Let the segment B;; be defined by the points 13.”(le,, yj”),Pj]z(xﬂz, yjlz),Pm(xm, yj13),13.14(xj,4, ij),

and the segment B, by the points ij(xjm, yjzl), szz(szz, yjzz), 1-}23(xj23, yj23), PJ.24(xj24, yj24). Let find
the control and anchor points of the assumed Bezier curve B,. The starting point of the first segment of the curve

Py (x 11 Vi 1) coincides with the starting point of the assumed curve P, (x i1 Vi ), the ending point of the second

segment of the curve }}24(x 245 yj24) coincides with the ending point of the original curve P, (xj 4 yj4).

From formula (5) and (6) find the coordinates of the control points of the assumed curve:

_ X~ Xl Y~ Yalo X3 T Xyl Vi3~ Vsl

Xj2 =

PRI P P BT T T ,0

Having determined the parameters of all points of the assumed curve, we check whether the division point
of this curve corresponds to the parameter ¢. If this is the case, then the next step of the algorithm is performed;
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otherwise, the division ratio 1 — 7 is additionally checked. If in this ratio the curve is divided by a point, then
the next step of the algorithm is performed; otherwise, it is assumed that the message is not hidden in this curve.

At the next step of the algorithm, for each segment of the curve B the data of two binary pairs O, is ex-
tracted from the control points of the segments. From the second control point of the first segment of the original

curve PjB(x 130 yjl3) the value corresponding to the first binary pair is extracted: the first digit of the value is
extracted from LSB of the coordinate x; 5, and the second digit of the value is extracted from LSB of the coor-
dinate y;5. Similarly, the value corresponding to the second binary pair is extracted from the coordinates of the
first control point of the second segment of the obtained curve P, (x 225 Vim )

From the obtained values according to table 1 the binary pairs are formed, which are combined into a single
message. The binary message is converted to text and analysed. If an end-of-message character is found in the
recovered string, the message has been recovered.

The block diagram of the extraction algorithm is shown in fig. 10.

Begin

Y

SVG file
load

/
Calculation
the quantity
of curves N

> For each Bezier curve

Y

The polycurve
analysis

Y

The anchor
points analysis

Y

] The hidden message
biaini
The binary pair oo
calculation
\i
Output
of the hidden
message
\i
End

Fig. 10. Block diagram of the algorithm
of a message extraction from the stego container
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Let’s continue with an example of how the method works. Assume we have a drawing in SVG format, the
description of which is shown in fig. 9.

There are two of third-order Bezier curves in this image. Consider the first curve. It consists of two seg-
ments. We will check two stages: at the first stage we assume that the segments form a single Bezier curve and
calculate the coordinates of the control points of this curve; at the second stage we check whether the division
point of the segments belongs to the assumed curve. If the division point belongs to a curve, then we can con-
clude that this curve is a single Bezier curve.

From formulas (5) and (6), knowing x,, x,, ¢ and ¢, it is possible to obtain x,. Similarly, knowing y,,
V1o, ¢ and ¢, it is possible to obtain y,. Just the same, knowing x,, x,,, ¢ and ¢, it is possible to obtain x;, and
knowing y,, ,;, t and £, it is possible to obtain y,. We know that the division ratio ¢ can be either 0.25 or 0.75, de-
pending on the first symbol of the binary pair, if the binary pair is hidden in this curve. Assume that ¢ = 0.25.
Based on this, we calculate the coordinates of the assumed Bezier curve: A (10, 200), P, (120, 30), P, (1 70, 70),
P, (220, 100). Let’s make sure that the point (82.1875, 108.4375) belongs to the assumed curve. From formu-
la (4) we obtain the coordinates of the division point of the assumed curve at the ratio 0.25, this is the point

(82.1875,108.4375), therefore, the point (82.1875,108.4375) belongs to the curve, so the curve is a single

Bezier curve. Consider points B4(61.250001, 128.125002) and P,,(145.000008, 49.375007). At these points
we expect to find an embedded message. Let’s extract the values from the least significant digit of the coordi-
nates: from the first coordinate 61.250001 we extract the last significant digit, i. e. 1, from the second coordinate
128.125002 we extract the last significant digit, i. e. 2, we get the first value 12. Similarly, we get 87 from the
second control point. According to the table 2 we get binary pairs 11 and 00.

Let us do the same for the second curve. It also has two segments. It is necessary to check if these segments
are a single Bezier curve and what is the division ratio. Suppose that the division ratio is ¢ = 0.25, and from
formulas (5) and (6) we calculate the coordinates of the assumed curve. We obtain the coordinates of the as-
sumed Bezier curve: B(10, 200), B,(520, —190), (220, 166.6667), P,(230, 150). Let us check if the point
(206.875, 160.625) belongs to the obtained curve. From formula (4) we obtain the coordinates of the division
point of the assumed curve at the ratio 0.25, this is the point (258.125, 30), therefore, the division ratio is
not 0.25. Assume that the division ratio is ¢ = 0.75, and from formulas (5) and (6) we calculate the coordi-
nates of the assumed curve. We obtain the coordinates of the assumed Bezier curve: B(10, 200), P (180, 70),
P3(200, 200), P4(23O, 150). Let us check if the point (206.875, 160.625) belongs to the obtained curve. From
formula (5) we obtain the coordinates of the division point of the assumed curve at the ratio of 0.25, this is the
point (206.875, 160.625). Therefore, the point (206.875, 160.625) belongs to the curve, this curve is a single
Bezier curve. Consider points B;(180.625006, 151.250004) and P,,(215.625003, 163.750007). At these point,
we expect to find an embedded message. Let’s extract the values from the least significant digits of the coordi-
nates: 64 and 37, respectively. According to the table 1 we get binary pairs 01 and 10.

Thus, the extracted message will look like 11000110. The message has been recovered correctly.

Results and discussion

To implement the described steganographic method, the DLL StegoSVG library was developed. The lib-
rary contains classes that implement the analysis of a file in SVG format, counting the number of cubic Bezier
curves, dividing a message into binary pairs, dividing cubic Bezier curves into segments, both algorithms for
embedding and extracting messages.

A desktop application StegoSVG Demo has been created to demonstrate the method. The application in-
terface can be roughly divided into three areas: the configuration area, the analysis area, and the working area.
The analysis area contains information obtained during the analysis of the file, such as the time of the beginning
and the end of the analysis, the number of third-order Bezier curves found in the file, the maximum possible
message length, errors that occur when the library or application is running. The working area, depending on
the operating mode, provides the ability to add or extract a message. Figure 11 shows a general view of the
application in the hidden message embedding mode. This is a small SVG file of 100 kilobytes.

To test the operation of the program SVG images were taken from the site www. freesvg.org. The results of
the program are presented in table 5.

Not all images were suitable for analysis as they did not contain cubic Bezier curves. Ten SVG files con-
taining cubic Bezier curves and suitable for the implementation of the watermark were analysed. The hidden
message consisted of 25 characters (Stegano Message 21/07/2021), with the exception of file No. 5 where
a hidden message of 10 characters was embedded (21/07/2021).
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Table 5
Results of hidden message embedding into SVG files
No. . Source file The number The. size of stego The difference
size (V,), bytes of curves container (V,), bytes (V, - 7,), bytes
1 5115022 17 882 5126 306 11284
2 5028 074 17 878 5042 548 14 474
3 429 566 472 435923 6357
4 1426 801 13 048 1432974 6173
5 45 826 40 48 340 2514
6 136 111 52 140 410 4299
7 117 750 297 122 281 4531
8 108 998 144 113 419 4421
9 83261 219 87 666 4405
10 122 579 229 127 187 4608
B5 StegoSVG Demo - m] X

| 3arpyauTb chaiin HF:\Work\SVG\vio\a.svg

Havano: 13:47:47

BHepnpeHue/ViaBneyetme Konuyectso kpuBbix besbe TpeTbero nopsika B daiine: 33
MakcvmansHas AnvHa coobyeHus:: 16

@ Brenperve Ounnw: 13:47:47

O W3Bneyetue

BsepauTe ums darina: FileWithMessage

21/07/2021|

Fig. 11. StegoSVG Demo application interface

File sizes are in bytes. We also note that the difference in size between the original and the file and the corre-
sponding steganographic file is not constant. The increase in the size of the latter, of course, depends on the length
of the message, but also depends on the original image. Since the hidden message is embedded in the new con-
trol points, and the calculation accuracy is no less than 0.000001, then, depending on the initial coordinates of
the anchor and control points of the Bezier curve, the number of characters in the file description can increase
when fractional coordinates appear.

Visually, the original file and the steganographic file look the same. When viewed in specialised software
(Corel DRAW v.20), the number of objects and curves is the same, but the number of points and file size are
different.

When changing a file with a watermark with specialised software, the sign can either be preserved or de-
stroyed, depending on the type of changes. When converting a steganographic file using Corel DRAW v.20
to PNG and TIFF raster formats and vice versa, the mark is completely lost, because from raster formats the
file is restored close to the original, but not exactly the same. When converting a steganographic file to EPS
vector format and vice versa, the mark is also lost. In this case the file also does not return to its original state,
all coordinates change. When archiving a file with an embedded message using ZIP and RAR archivers, the
watermark remains after unpacking.

Conclusion

A new steganographic method is considered for embedding and extracting hidden messages when using
SVG files as stego containers. The method is based on modifying the parameters of cubic Bezier curves.
In particular, a combined approach is used to embed digital watermarks or digital labels in additional points of
Bezier curves, as well as in additional lower digits of control points. The combined use of several methods
of introducing a secret message allows to increase the length of the hidden sequence, as well as to control the
integrity of the message being embedded.
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To implement the method, the StegoSVG library was developed, which was used in the development of the
author’s desktop application (StegoSVG Demo). Several files of the SVG format taken from open sources have
been analysed for the possibility of placing steganographic DWMs in them.

The method can be used to apply digital watermarks or digital labels on graphic images in SVG format,
in which cubic Bezier curves are present. With some modifications the method can be applied to SVG images
with quadratic Bezier curves. Two Bezier curves are required to embed one message symbol, so this method is
also suitable for relatively small images. Two parameters are the steganographic key: the ratio of dividing the
original curve into segments and the correspondence of the values of binary pairs to the values written in LSB of
coordinates.

Due to the specificity of the path tag used to embed hidden information into an image, the method cannot
be directly used in other kinds of XML containers such as electronic documents and electronic maps, however,
an approach that connects the separation of an object in some way and a record of hidden information in LSB
of emerging points seems to be quite promising.

Since the SVG format provides web designers with tremendous opportunities in the implementation of
static and interactive animated images for sites, the proposed method can be used to protect sites from fakes.
Phishing protection can also be developed on this basis.

Further research in this direction is of interest from the point of view of ensuring a given level of stegano-
graphic resistance of the method, for example, based on the development and use of the corresponding key
information.
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CHUHTE3 KBAHTOBBIX CXEM
HA OCHOBE HE TITOAHOCTbBIO OIIPEAEAEHHBIX
®OYHKLIUU U i-f-AMATPAMM PEIHTEHUN

A. A. IPUXOKHH"

1 . . .
)Eefzopyccxuu HAYUOHAIbHYILL MEeXHUYeCKULl YHugepcumen,
np. Hezasucumocmu, 65, 220013, 2. Munck, benapycw

PaccmarpuBaercs 3a1a4a CHHTE3a M ONTHMHU3AIMHN JIOTHUECKUX OOPATHMBIX W KBAHTOBBIX CXEM IO (DYHKIIHOHAIb-
HBIM OINMCAHUSIM, NPEACTaBICHHBIM JHarpaMMaMHy peleHnil. 3ajada OTHOCUTCS K KJIFOUEBBIM MpoOIeMaM, peracMbIM
B IIETIX CO3MAHUS KBAHTOBBIX KOMITBIOTEPOB M TEXHOJOTMH KBAHTOBHIX BRIYMCICHUH. [IpeamaraeTcst HOBBIM MeTO MO-
clie/1oBaTeIbHON TpaHChopMaluy UCXOAHON (QYHKIIMOHAIBHOU CreUU(HKAILMK B KBAHTOBYIO CXEMY, IIpe/lyCMaTpUBato-
LM CIIeYIOINE COCTOSIHUSI IIPOEKTa: COKPALICHHYIO YIOPSI0OYEHHYIO AnarpaMmy JBOMYHBIX PEIICHHH, if-auarpammy
peneHuil, QyHKIMOHAIBHYIO if-IuarpaMmy pelieHHi, 00paTUMyIo cXeMy, KBaHTOBYIO cxeMy. HoBH3HA MeTo/1a COCTOUT
B pacumpernu paznoxenuii [llennona u {apuo OyneBoii (yHKINH 11O OTICIEHON IEPEMEHHOM 10 Pa3IOKESHUH STOH ke
¢byHKIMYU IO ApyToi OyneBoil GpyHKINM ¢ TOITydeHnEM MIPOAYKTOB Pa3JIOKEHUs, IPEACTABICHHBIX HE TOTHOCTHIO OIIpe-
neneHHbIMHA QyHKIMsIMU. HeomnpeneneHHOCTh B MPOAYKTaX Pa3JIoNKEHHUs! PACHIUPSIET BOZMOKHOCTH 110 MUHUMH3AIINN
rpad)oBOro MpeaCcTaBICHHs 3aaHHON (QYHKIMH. BMECTO ABYX MCXOISIIIUX BETBEH BEPIIHMHBI IBOMYHOMN JHArPAMMBbI I'e-
HEpPUPYIOTCS TPU MUCXOJISIIUE BETBU BEPILIMHBI if-JHarpaMMBbl, YTO yBEIMYHMBAECT YPOBEHb Mapajiein3Ma B 00paTUMbIX
1 KBaHTOBBIX cxeMmax. J1s Kaskmoro mara Tpanc(opMaiiy IpeyIoxKeHbl CBOU MPaBUIiIa 0TOOPaKEHHsI, COKpaIafolye
YHCIIO JIMHUH W BEeHTHJICH U NIyOnHYy cxeMbl. CpaBHEHHE HOBBIX PE3YJIBTATOB C PE3yJIbTaTaMH, MOTyYCHHBIMH N3BECT-
HBIM METOZOM OTOOpPa)KEHMs BEPIIMH ABOMYHBIX AWArPaMM PEHICHUH Ha KacKaabl OOpaTUMBIX M KBAHTOBBIX BEHTHJICH,
MTOKa3aJI0, 4YTO UCIOIb30BaHHE MPEAI0KESHHOTO METO/[a MO3BOJIMT CYIIIECTBEHHO YIIyUIIUTh TapaMeTPhl CHHTE3UPYEMbIX
KBAHTOBBIX CXEM.

Kntwouegvie cnoga: odparnMoe BEIUHCICHUE; KBAHTOBAS JIOTHYECKAsi CXeMa; CHHTE3; HE TOJIHOCTBIO OINpeeIcHHAs
(byHKIMSA; pasnoxeHne GyHKINN; JHarpaMMa perIeHui; pasMep cXeMbl; TyOnHa CXeMbl; MHHIMHA3ALIHS.

SYNTHESIS OF QUANTUM CIRCUITS
BASED ON INCOMPLETELY SPECIFIED FUNCTIONS
AND if-DECISION DIAGRAMS

A. A. PRIHOZHY"®

Belarusian National Technical University, 65 Niezalieznasci Avenue, Minsk 220013, Belarus

The problem of synthesis and optimisation of logical reversible and quantum circuits from functional descriptions
represented as decision diagrams is considered. It is one of the key problems being solved with the aim of creating quan-
tum computing technology and quantum computers. A new method of stepwise transformation of the initial functional
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specification to a quantum circuit is proposed, which provides for the following project states: reduced ordered binary
decision diagram, if~decision diagram, functional if~decision diagram, reversible circuit and quantum circuit. The novelty
of the method consists in extending the Shannon and Davio expansions of a Boolean function on a single variable to the
expansions of the same Boolean function on another function with obtaining decomposition products that are represented
by incompletely defined Boolean functions. Uncertainty in the decomposition products gives remarkable opportunities for
minimising the graph representation of the specified function. Instead of two outgoing branches of the binary diagram ver-
tex, three outgoing branches of the if~diagram vertex are generated, which increase the level of parallelism in reversible and
quantum circuits. For each transformation step, appropriate mapping rules are proposed that reduce the number of lines,
gates and the depth of the reversible and quantum circuit. The comparison of new results with the results given by the
known method of mapping the vertices of binary decision diagram into cascades of reversible and quantum gates shows
a significant improvement in the quality of quantum circuits that are synthesised by the proposed method.

Keywords: reversible computation; quantum logic circuit; synthesis; incompletely specified function; expansion of
function; decision diagram; circuit size; circuit depth; minimisation.

Introduction

Nowadays, the synthesis of reversible and quantum logic circuits is an intensely investigated scientific
direction [ 1-4]. The circuits have the same number of inputs and outputs, consist of reversible gates and imple-
ment permutation functions, therefore carry out information-lossless computations and have the dramatically
reduced power consumption. The application domains of reversible computations are optical and DNA com-
puting, nanotechnologies, cryptography and quantum computers [5]. The reversible and quantum design flow
is mostly similar to the design automation flow of electronic circuits. It considers a design at abstraction levels
from technology independent behavioural (high-level) descriptions to technology dependent quantum-level
descriptions. Methods of synthesis of reversible and quantum logic circuits has been developed in [6—9]. Firstly,
areversible quantum compiler maps an input functional or algorithmic specification to a technology independent
logic description that is composed of reversible gates from a reversible gate library. Its goal is the minimisation
of the number of gates and the number of lines (qubits). Different intermediate representations and formats,
including truth tables, binary decision diagrams (BDD), reduced ordered binary decision diagrams (ROBDD),
functional decision diagrams (FDD), reduced ordered functional diagrams (ROFDD), Reed — Muller forms, etc.,
have been proposed in the literature [10—14]. At this level, exact and heuristic synthesis methods are used.
The method based on Boolean satisfiability [ 15] gives exact solutions for only small circuit sizes. To synthesise
larger functional specifications, heuristic methods as follows are proposed [6; 9; 10; 16]: transformation-based
approach, evolutionary algorithms, decision diagram based methods, etc. Secondly, the obtained reversible
logic circuit is mapped to a quantum circuit composed of technology dependent quantum gates from a quantum
elementary gate library.

The approach proposed in [12] immediately maps a ROBDD to a reversible and then a quantum circuit.
A new class of if~decision diagrams (IFD) and functional if-decision diagrams (FIFD) that is based on incom-
pletely specified Boolean functions is proposed in [17—19]. The main contribution of this paper is as follows:
1) novel expansions of incompletely and completely specified Boolean functions, which use a minimisation
operation, perform efficient transition from ROBDD to IFD, support the synthesis of three-branch-node dia-
grams with higher parallelism; 2) new step-wise method of transforming ROBDD to IFD and further trans-
forming IFD to FIFD of reduced size and (or) depth; 3) efficient rules of mapping FIFD nodes to cascades of
reversible gates and mapping FIFD to a reversible circuit; 4) new techniques for synthesis, minimisation and
parallelisation of quantum circuits from the reversible circuits.

Reversible logic circuits

A reversible circuit [1; 3] realises a reversible logic function by means of lines and reversible gates. The func-
tion is bijective since it has equal number of inputs and outputs, maps each input to a unique output, and is
capable of reconstructing the input from the output. The circuit has no fan-out and feedback connections.
The lines are labeled by Boolean variables of a set X. The reversible gate has the form of G(T , C), where

T c X is a set of target lines, and C < X is a set of control lines (C N T = ). The gate operation is applied
to the target line if the control lines meet a true condition. The target line is represented by @, and its con-
trol line is represented by e. Nowadays, some reversible gate libraries are available. The NCT library [1]
includes (fig. 1, a) the NOT gate, the CNOT gate with one control line, and the Toffoli gate with two control
lines. The GT library [6] includes generalised multiple-control Toffoli gates. The Toffoli gate maps three inputs

to three outputs: G(L, Co» Cl): (L S (CO A Cl), Co, Cl), where @ is exclusive-or; A is Boolean conjunction;
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L is input at target line; C,, C, are conditions at control lines. The CNOT gate maps two inputs to two outputs:

G(L, Co) = (L ® Cp, Cy). The NOT gate realises Boolean inversion: G(L)=(—=L). Therefore, the reversible
circuit describes a behaviour with a superposition of three Boolean operations: —, A and ©.

a b
NOT CNOT CCNOT 0 <> 1 /T 1 e
g g2®cc, e 1 (N T
e ¢ §o¢ c cl L1 T 0 fo )

Fig. 1. Reversible gates of NCT library:
a — reversible gates NOT, CNOT and CCNOT (Toffoli);
b — realisation of 1-bit full adder by cascade of gates

Quantum logic circuits

Quantum circuits carry out computations by changing states of qubits [1; 3]. The qubit state is |‘P> = OL|O> +
+ B|1>, where o and B are complex numbers such that |oc|2 + |B|2 =1. Quantum gates perform operations on

qubits. A cascade of quantum gates applied to qubits is a quantum circuit. Quantum logic gates and circuits
are reversible. Competitive quantum gate libraries are developed. The NCV library [1] is the most commonly
used for synthesis of quantum circuits. Its gates require Boolean control lines. To the NOT and CNOT gates,
the NCV adds V, CV, V" and CV ™ gates, which are known as square-root of the NOT gate:

Vzﬂ 1. ‘i,V+=ﬁl_ i‘
2 \-i 1 2 \i 1

The NCV—| v1> [3] library considers a 4-level (0, v,, 1 and v,) quantum system and uses qudits instead of qubits.
Its gates use v, as control value. Figure 2, a, depicts the key NCV and NCV—|vl> quantum gates. The NOT gate
without control, and CNOT gate controlled by 1 are similar to the corresponding gates of NCT. NCV—|v1> in-
troduces a CNOT gate controlled by v,. The gate keeps the value unchanged if ¢ # v,. There are V and V' gates

without control and with control by v,. Figure 2, b, describes the gates’ mapping functions.
Since the quantum libraries have no gate that immediately implements the Toffoli gate, they replace the gate

by a cascade of quantum gates from the NCV (fig. 3, a) or NCV- | v1> (fig. 3, b) library. A n-control Toffoli gate can
be replaced by 2 + 1 quantum gates from NCV- | v, > After the replacement, minimisation techniques can reduce
the quantum circuit size. Figure 3, ¢, depicts a minimised quantum circuit of 1-bit full adder.

a b
No Control Control
control byc=1 by c=v,
. . +
NOT- g —gifc=1 g —gifc=v, g NOT(g) V(g) Vi(g)

cnor | XD e . . . . 0 1 v v

Vi Vo v 1 0

1 0 % v,

v (©) g Vv FV(e)ife=1 g v FV(g)ife=v, ol 10

gV V(g V| Vo
C—$— c c—$— c

gV EVi(g)ife=1 g+ v* Vi (g)ife=v,

v+ g v+ —V+(g) c_‘_c c_$_c

Fig. 2. Quantum gates of NCV and NCV—|vl> libraries:
a — quantum gates NOT, CNOT, V and V™; b — operation of quantum gates in 4-level quantum system
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Fig. 3. Realisation of Toffoli two-control gate by cascades of quantum gates:
a — cascade of NCV library gates; b — cascade of NCV—|V1> library gates;
¢ — quantum circuit for 1-bit full adder

Approaches for modelling, synthesis
and optimisation of reversible and quantum circuits

Various models and methods are used for synthesis and optimisation of reversible and quantum logic circuits.

Reed — Muller expansions (Zhegalkin polynomials). The forms are based on two-level AND/EXOR and
directly mapped into reversible circuits using the multi-control Toffoli gates.

Optimisation based on exclusive-sum-of-products (ESOP). Described in the literature [11] approaches for
minimising the exclusive-or of Boolean cubes are applicable to reversible and quantum circuits.

Quantum operator form. It is a quantum extension [14] to the Reed — Muller form, which represents quan-
tum circuits based on the CNOT, CV and CV" quantum gates, and permits minimisation of circuits by using
properties of quantum gates in addition to Toffoli gates.

Binary decision diagram. It is a graph representation of a Boolean function [12; 13] based on the Shannon

expansion (1) of Boolean function f(x), x= (xl, e xn) on variable x;:
=X A foso VXA L Q8

where v is Boolean disjunction. Residual functions f, _, and f, _, are called negative and positive cofactors.

Syntactically, BDD is a rooted acyclic directed graph consisting of terminal nodes labeled by 0 and 1 and
non-terminal nodes (fig. 4, a) labeled by Boolean variables x; € X and having outgoing edges low and high.

Term bdd (xl., n, p) denotes a non-terminal node. In a reduced ordered ROBDD, the variable order is the same
along all paths from root to leaves. Rules S and 7 perform the reduction: rule S deletes non-terminal node
v =bdd (x,-, n, n) and redirects the incoming edges from v to #; rule / removes one of two identical nodes and
redirects its incoming edges to the remaining node. Figure 4, b, depicts an example ROBDD.

a b c

/

Ji=0 Jo=0® fo=

Fig. 4. Binary and functional decision diagrams: ¢ — non-terminal node of BDD;
b — example ROBDD (/-6 denote the diagram node numbers); ¢ — non-terminal node of FDD
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Functional decision diagrams. The positive and negative Davio expansions (2) and (3) of Boolean function
f (x) was a basic idea for creating the FDD:

S=Foco @5 A Sz ® £) 2)

S=For ® =5 A S0 @ fom ). (3)

Constructively FDD is similar to BDD. The non-terminal node (fig. 4, c) is labeled by x; € X, and has two
outgoing edges /ow and @, which point two sub-diagrams representing cofactors n= f, _qandb=f. _,® f, _

respectively for (2). Term fdd (xl., n, b) denotes the FDD. A ROFDD orders the variables and has exactly two
terminal nodes labeled by 0 and 1. Two rules D and / reduce the diagram: rule D deletes non-terminal node
v = fdd (xi, n, 0) and redirects the incoming edges from v to n; rule / is the same as for ROBDD. Figure 5, a, de-
picts an example ROFDD derived from the example ROBDD. The ROFDD’s nodes match well reversible gates.

2 [ 4 1 5 7 1 & I 9 |
ol TN | TN 1(\1‘17
| \f N N |
L \ /TN \ 4R \f\\f
PSRN DUREA AR RN
T Y Y T
I e
iy | | | |
N I nEE
x ‘ ‘ ‘ ‘ ‘ —— =~
| | | | | | | | |
11 | | o -

Fig. 5. Mapping BDD to reversible circuit:
a —example ROFDD that is functionally equivalent
to example ROBDD (/-9 denote the diagram node numbers);
b — realisation of ROFDD by reversible circuit (diagram node numbers are above columns)

Works [11; 12] propose a technique of synthesising a reversible circuit from ROBDD, which substitutes all
diagram nodes with cascades of reversible gates. The size of reversible circuit directly depends on the ROBDD
size. Since the ROBDD size can grow exponentially over the number of input variables, the reversible circuit size
can grow exponentially too. An alternative technique first transforms ROBDD to ROFDD, and then maps the
ROFDD to a reversible circuit. Figure 5, b, depicts a reversible circuit synthesised from the example ROFDD.

Quantum gates controlled by various quantum levels. The gates controlled by value v, that are introduced

in the NCV—| V1> library reduce the overall size of cascades that realise the multiple-control Toffoli gates [3; 6].
Template matching. 1t is a common approach to reversible and quantum circuit simplification [6]. Each

template that is a cascade of gates in a circuit is replaced by a functionally equivalent smaller cascade.

Using additional ancillaries. Sometimes extra ancillary lines leads to reducing the quantum circuit size and
depth [16].

Parallelisation of gates. In a reversible or quantum circuit, two adjacent gates G(T'1, C1) and G(T'2, C2)
can be parallelised [16] and decrease the circuit depth if (T1 L C1) N (T2 L C2)=02.

Expansions of incompletely specified functions
Let B={0,1} be the set of Boolean values. Set M ={0, 1, dc} extends B with a don’t care value dc.
A partial variable y; assumes values from M. A partial function ®(y) (also known as Kleene function)
of variable y=(y,,..., »,) is a mapping ®: M" — M. From functions ®(y) and ¥(y), a superposition
d)(yl, v Vsl lI’(y), Vitts oo yn) can be created describing a new partial function. Key unary and binary

partial operations are analogues of Boolean unary and binary operations. A partial negation ~y, (analogue of
Boolean negation —) produces 1, 0 and dc if y; is 0, 1 and dc respectively. Table 1 defines key partial binary
operations: conjunction (&), disjunction (+), implication (=) and exclusive disjunction (®). These are analogues
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of the Boolean operations A, v, — and @. For partial operations ~, & and +, the following laws hold: associativity,
commutativity, distributivity, identity, annihilator, idempotence, double negation, De Morgan’s laws and others.

Table 1
Binary partial logic operations

Variable y, 0 0 0 1 1 1 dc | dc | dc )

Variable y, 0 | 1 [de | 0 1 | de| o] 1] a]| howon
Conjunction 0 0 0 0 1 dc 0 de | dc &y,

Disjunction 0 1 dc 1 1 1 de 1 dc Y1+0

Implication 1 1 1 0 1 de | dc 1 dc V1=
Exclusive disjunction 0 1 dc 1 0 dc | dc | dc | dc »®y,

An incompletely specified function ¢ (x) of vector Boolean variable x = (xl, s xn) is a mapping @: B" — M.

Three sets represent (p(x): on-set ON?; off-set OFF? and don’t care set DC®. Three Boolean characteristic
functions describe the sets: @ (x), °™ (x) and ¢*(x). Function &(x) is an extension of @(x) if ON®* 2 ON?
and OFF* o OFF*.

Definition 1. A pair ( f (x)|d (x)) of Boolean functions is called a value/domain representation of an in-
completely specified function @ (x) if £*"(x) < ¢°"(x) U ¢*(x) denotes a value Boolean function and d(x)=
= —|(pdc(x) denotes a certainty domain Boolean function (or simply domain function). The pair specifies that
@(x)=1 in the area described by Boolean characteristic function ¢*(x)= f(x) A d(x), ¢(x)=0 in the area
described by Boolean characteristic function ¢°" (x)=—f(x) A d(x), and ¢(x)=dc in the area described by
Boolean characteristic function % (x)=—d (x).

Function (p(x) specifies constant 0, constant 1 and constant dc by terms (0|1), (1|1) and (v|0) respectively
where v is an arbitrary Boolean function. Since the partial logic operations can be applied to pairs ( f (x) | d (x)),

it becomes possible to construct expressions for describing various incompletely specified functions. It also
appears to be possible to reduce such expressions to a pair of Boolean functions that are described by Boolean
expressions.

Theorem 1. Following equalities hold for any incompletely specified functions (vl |d1) and (v2|d2).

~(wld)=(-m|d). 4)
(]dy) & (v dy) = (v Avy|dy A dy v —vy A dyv —vy A dy), (5)
(mld)) + (valdy)=(w v waldyAdyv v Adyvv, A d,y), (6)
(m]d))= (m]dy)=(w = valdi A dy v —v A dyv vy A dy), (7)
(] d)) ® (v,|dy )= (v ® vy|d) A dy). (8)

Proof. The equalities are proved in work [18, p. 65-71].

An advantage of equalities (4)—(8) is that the value function of each right part is a Boolean operation that
corresponds to the partial operation of the left part. The domain function of the right part is a Boolean function
of four essential variables v,, d,, v,, d,. Equalities (4)—(8) allow the development of expansions of incompletely
specified functions on partial logic operations. Let construct expansions on operations &, + and ~.

Theorem 2. The following equality holds for any incompletely specified function ( f |d ) and any Boolean
function c.
(f1d)=(c|1) &(f]d A c)+~(c|1) &(f|d A=c). 9)
Proof. Using (4)—(6), the right part of (9) is equivalently transformed to its left part:
(c|1) &(f|d/\ c) + ~(c|1) &(f|d/\—|c)=

Z(C/\f|d/\C\/—|C/\1V—|f/\d/\c)+(—|C/\f|d/\—|CVC/\1V—|f/\d/\—|C)=
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=(C/\f|dvﬁc)+(ﬁ0/\f|d\/c)=
=(cnfv—ocnflldv=c)a(dve)ven fa(dv—c)v—ecn fa(dvc))=
=(fldv frdncv frda—=c)=(f|d).

The theorem is proved.

Expansion (9) generalises the well-known Shannon expansion for incompletely specified functions. It re-
places a Boolean variable with an arbitrary Boolean function, and replaces cofactors on one Boolean variable
with cofactors that are incompletely specified functions.

Corollary 1. If function d is constant 1 and ( f | 1) is a completely specified function, (9) is reduced to (10):
(F11)= el (1) ~(el) (1] ~c). (1)

Expansion (10) of the completely specified function introduces terms that describe incompletely specified
functions with the same Boolean value function f'and domain functions ¢ and —c¢ reducing the area of certainty.
It is a strength of the expansion. Note that (8) does not support the development of similar expansions for ex-
clusive disjunction.

The following theorem and its corollaries allow to obtain novel expansions of an incompletely specified func-
tion whose domain function is represented by a complex Boolean expression. The expression is constructed of
such operations as Boolean negation, conjunction, disjunction, implication and exclusive disjunction. The key ex-
pansion decomposes an incompletely specified function with the if-then-else Boolean function in the domain part.

Theorem 3. The following equality holds for any Boolean functions f, e, g and h:

(f|e/\g\/—|e/\h)=(e|1>&(f|e/\g)+~(e|1)&(f|—|e/\h). (11
Proof. The right part of (11) is equivalently transformed to its left part using (4)—(6):
() &(rlen )+ ~el1) & (f]me )=
=(e/\f|e/\gv—|e/\1ve/\—|f/\g)+(—|e/\f|—|e/\hve/\1v—|e/\—|f/\h)=
:(e/\f|—|evg)+(—|e/\f|evh):
=(e/\fv—|e/\f|(—|evg)/\(evh)ve/\f/\(—|e\/g)v—|e/\f/\(evh))=
=(f|g/\h\/e/\g\/—|e/\hve/\f/\gv—|e/\f/\h):(f|e/\gvﬁe/\h).

The theorem is proved.
Corollary 2. If function g is Boolean constant 1 and the domain function is Boolean disjunction e v h
then (11) is reduced to (12):

(flevh)=(e]1) & (f|e)+ ~(e|1) & (f|—e A h). (12)
Corollary 3. If function h is Boolean constant 1 and the domain function is Boolean implication e — g =
=—eV g then (11) is reduced to (13):

(f|e—>g)=(e|1)&(f|e/\g)+~(e|1)&(f|—|e). (13)

Corollary 4. If function g = —h and the domain function is Boolean exclusive disjunction e @ h =
=eA—hv —eAhthen (11) is reduced to (14):

(fle®h)=(e|1) &(f|e A —h)+~(e|1)&(f|—e A h). (14)
Corollary 5. Incompletely specified function ( f |c) c=eAgVv—eAh that is described by (11) can be
considered as a positive cofactor of completely specified function ( f | 1) in (10). Since ~c=eAn—g Vv —e A—h,

a negative cofactor ( f |—|c) is inferred from (11) by substituting —g instead of g and substituting —h instead
of h. As a result, equality (10) can be transformed to (15):

(11)=(e[1) & [(e]1) & (flen g)+ ~(e]1) & (| e 1) |+
+ ~(c|1)&[(e|l)&(f|e/\—|g)+ ~(e|1)&(f|—|e/\—|h)]. (15)

Equalities (9)—(15) have a wonderful property: all domain functions in right part terms are conjunctions of
positive and negative literals. The property simplifies the construction of cofactors of completely and incom-
pletely specified functions.
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Expansions based on minimisation
of incompletely specified functions

In an incompletely specified function ¢ = ( f | c), Boolean function f may be replaced with any extension v
from slice (16) without changing ¢:

(fre) cvc(fve)™ (16)

Since the functions of slice (16) may obtain different features, in particular they can produce quantum
circuits of smaller time delay and (or) occupied area, the author of works [17; 18] introduced an operation
V= min( f | c) to select a best function of the slice. In (9)—(15), all incompletely specified functions represented
by a pair ( f | c) of Boolean functions may be replaced with the Boolean function min( f | c), and ( f | 1) may be

replaced with fin case all partial logical operations are replaced by corresponding Boolean operations. It should
be noted, in a single expression, several min operations can be considered as mutually dependent. It can improve
the result of incompletely specified function minimisation.

Thus, expansion (10) is transformed to the following expansion:

f:C/\min(f|c)v—|C/\min(f|—|c). (17)

Expansion (17) generalises the Shannon expansion (2) by replacing a Boolean variable x; with a Boolean func-
tion ¢, and replacing the cofactors on x; with the cofactors on ¢ and min. Expansion (15) withc=eA gv—eAh
from corollary 5 can be rewritten as follows:

f:cx\[e/\min<f|e/\g)v—|e/\min<f|—|e/\h)]v
(18)

v—|c/\[e/\min(f|e/\—|g)v—|e/\min(f|—|e/\—|h)}.

Expansion (18) has no analogue in the literature. Its special cases are expansion (19) forc=e A g:

f=cxx[min(f|e/\g)]v—|C/\[e/\min(f|e/\—|g)v—|e/\min(f|—|e)] (19)
and expansion (20) forc=e @ h:

f=0/\[e/\min(f|e/\—|h)v—|e/\min(f|—|e/\h)]v
(20)
vﬁc/\[e/\min(f|e/\h)v—|e/\min(f|—|e/\—|h)].

Equalities (17)—(20) not only select a particular value function from slice (16) for each min operation, they
rather prove to be held for any value function from slice (16) that corresponds to every incompletely specified
term. The positive and negative Davio expansions are also generalised by means of using incompletely speci-
fied functions and the min operation:

fzmin(f|—|c)@0/\(min(f|—|c)@min(f|c)), (21)
fzmin(f|c)(—B—|C/\(min(f|—|c)®min(f|c)). (22)

In expansions (17)—(22), the value function of all incompletely specified terms is f. Contrary, the domain
functions are different as well as the level of uncertainty they describe.

Most important realisations of the min operation are those reducing the number of essential variables in
cofactors. For this reason, we consider the replacement of functions e, g and /# with Boolean variables: e = x;,
g=x;and h=x,. Moreover, we introduce new cofactors: f, _, X =05 S0, 5 =10 o1, 5 =00 Si 21, 5=l fy = and
J, = —x, of function 1. The first four cofactors are constructed on Boolean conjunction and are given by residual
functions of two variables less. Cofactors f, _, and f. __, being introduced by the authors of works [18; 20]

replace variable x;, with variable x; and its negation —x; respectively, and reduce by one the number of essential
variables in function 1. If ¢ = x; A X; V —x; A x;, expansion (18) is transformed to expansion (23):

f:C/\(xl. A xi:l’x‘l_:lv—|x,./\f’_:0’xk:1)v—|c/\(x,./\ o=1x=0 Y % /\fi:O,xk:O)' (23)
If ¢ =x; A x;, expansion (19) is transformed to expansion (24):
f=C/\];i:1’xj=1V—|C/\(xi A So=1x=0V 7% /\fl:o)- (24)
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If ¢ =x; @ x,, expansion (20) is transformed to expansion (25):
(25)

Expansions (17)—(25) are capable of efficiently solving the problems of reversible and quantum circuit
modelling, synthesis and optimisation.

S=CeAfo oV CA [y

If-decision diagrams

The author of works [17—19] proposed the concept of IFD and FIFD that are derived from expansions
of incompletely specified functions. IFD is a rooted directed acyclic labeled graph consisting of non-termi-
nal and terminal nodes. Semantically a non-terminal node of the graph is interpreted as a representation of
Boolean function using (17). Figure 6, a, depicts a non-terminal node of IFD, which is not labeled and has three
outgoing edges if, high and low. Edge if points a sub-graph representing function ¢. Edge high points a sub-
graph representing function g = min ( I | c). Edge low points a sub-graph representing function 4 = min( f | —|c).
A term ifd (c, g, h) denotes the node. A labeled terminal node represents a Boolean constant 0, constant 1,

variable x; or its negation —x,. IFD can be with or without complement edges. Many reduction rules can
be applied to IFD. The S and 7 rules of reducing ROBDD are also applicable to IFD. The rules as follows

being inapplicable to BDD are new for reducing IFD: ifd(c, c, h) = ifd(c, 1, h), z'fd(c, —c, h) = ifd(c, 0, h),
ifd(c, g, c)=ifd(c, g 0), ifd(c, g, —~c)=ifd(c, g 1) and others. A biconditional binary decision diagram that
is proposed in works [18; 20] is a special case of IFD at ¢ = x,; @ x, . ; and is efficiently applicable to the syn-
thesis of reversible and quantum circuits.

a b
A S
If High Low If Low @
¢ min( f|c) min( /| c) ¢ min( f|—c) min( f|—c) ® min(f|c)

Fig. 6. Non-terminal node of IFD (a) and positive FIFD (b)

Figure 6, b, depicts a non-terminal node of positive FIFD constructed using expansion (21). The node
has three outgoing edges if, low and @, which point sub-graphs representing functions ¢, min ( f |—|c) and
min( f |—|c) @ min( f |c) respectively. Slightly different negative FIFD is constructed using expansion (22).

The non-terminal nodes of IFD and FIFD have different views. IFD and FIFD are a promising generalisation
of BDD and FDD. All BDDs and FDDs including ROBDDs and ROFDDs can be directly modelled by IFDs
and FIFDs. At the same time, tremendous number of IFD and FIFD configurations exist that are not modelled
by BDD and FDD. The configurations may allow producing quantum circuit solutions, which overcome those
provided by BDD and FDD regarding time and cost parameters. IFD and FIFD have three outgoing edges in-
stead of two in BDD and FBDD, therefore their capabilities for parallelisation are much larger [19].

Synthesis of if-decision diagrams
from binary decision diagrams

Starting from BDD or ROBDD, we ask the question, what could be a method of generating a functionally
equivalent IFD, which has better parameters? To synthesise an IFD of a smaller size and (or) depth, we have
developed a method, which intensively exploits the expansions of logic functions proposed in previous sec-
tions. Key points of the method are as follows:

1) the transition from ROBDD to IFD which reduces the diagram size and (or) depth is accomplished by the
step-wise replacement of nodes with two outgoing edges by nodes with three outgoing edges; the transition is
carried out by applying the proposed expansions of incompletely and completely specified functions, minimi-
sation operation and reduction rules;
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2) the construction of a new non-terminal ifd-node is based on the selection of two or three variables x,, x;
and x;, and a Boolean function ¢ from the set {xi A XV X A Xy X A Xy X D Xy, } including numerous

modifications of the set’s functions obtained by replacing positive literals with negative literals in various
combinations;

3) the selection of a preferable expansion and one or more sub-diagrams is carried out for the chosen ¢ func-
tion. The selection depends on the expansion properties and sub-diagram features associated with their ability
of further diagram reduction;

4) the introduction of new ifd-nodes and applying the selected expansion to selected sub-diagrams give
a new intermediate IFD;

5) the application of reduction rules to the current IFD gives a next-step IFD of decreased size and depth;

6) the diagram step-wise transformation is over if no expansion and sub-diagram have been found improving
the IFD parameters.

Let demonstrate how the technique works on the example ROBDD depicted in fig. 4, b, which is imme-
diately transformed to a non-reduced initial IFD depicted in fig. 7, a.

Fig. 7. Transforming example ROBDD to IFD:
a — initial IFD (/-5 denote the diagram node numbers);
b — intermediate IFD (/-3 denote the diagram node numbers; z is a function associated with the node);
¢ — minimised IFD (/-3 denote the diagram node numbers; dash line denotes complement edge)

First observe that the sub-diagram consisting of non-terminal nodes 2 and 4 (node numbering in fig. 4, b)
can be represented by a term ¢, = ifd (xz, ifd (xl, ls» 16), ifd (xl, L, ¢, )), where ¢, and ¢, are sub-diagrams on
nodes 2 and 6 respectively. Let construct function ¢ = —x, A x, that selects constant 1 in the term and re-
writes (24) to (26):

f=0/\j§2:0’xl:1vﬁC/\(—|x2/\ =0, x=0 VX2 A XZZI). (26)

Expansion (26) allows grouping identical nodes in such a way that the IFD is reduced significantly.
Its application to ¢, gives ifd (ifd (xz, 0, xl), 1, ifd (xz, ifd (xl, t6» t6), t )), which can be reduced to IFD, =
zifd(ifd(XZ, 0, xl), 1, t6) using the S reduction rule twice. Similarly, the sub-diagram consisting of
non-terminal nodes 3 and 5 is represented as #; = ifd (xz, 0, ifd (xl, l, 0)) Applying expansion (26) to t
gives ifd (ifd(xz, 0, xl), tg, ifd (xz, ifd (xl, 0, O), 0)), which is reduced by the S reduction rule to IFD; =
= ifd (ifd (x,, 0, x,), £, 0).

Merging the initial IFD root with IFD, and IFD; yields an intermediate IFD depicted in fig. 7, b. Its size is 4

non-terminal nodes, one less against the IFD shown in fig. 7, a. Since the outgoing if~edges of nodes 7, 2 and 3
point two variables x; and z, and the high-edge of node 2 and the /low-edge of node 3 point the same variable x,,

it is reasonable to apply expansion (25) to the IFD using ¢ =z @ x;. Term ifd <—|Z, ifd (Z, Xo» O), ifd (z, L, x, ))
describes the cofactor f3=ﬁz. It can be reduced to ifd(ﬁz, 0, 1) =z Term ifd(z, z'fd(z, Xo» 0), ifd(z, 1, xo)) de-
scribes the cofactor f, _.. It can be reduced to ifd (z, Xo» xo) = x,. Merging the diagrams that represent function

¢ =z ® x;, cofactor f, __. and cofactor f, _. gives the final optimised IFD depicted in fig. 7, c. The diagram
size is 3 non-terminal nodes, 2 nodes less than the size of the initial IFD shown in fig. 7, a.
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Mapping if-decision diagrams to reversible circuits

The technique of mapping IFD to a reversible circuit works in two steps: 1) mapping the IFD to a FIFD;
2) mapping FIFD to a reversible circuit. Observing the IFDs depicted in fig. 7, we recognise five types of node.
Table 2 presents rules of mapping each node of IFD to corresponding one or two nodes of FIFD.
Table 2

Rules of mapping IFD nodes to FIFD nodes and further to reversible gates

No. Function Term IFD node Equivalent FIFD nodes Reversible gates

I |f=cAngv—cAh ifd(c,g,h)

>
e

o
0Q
S

2 f=c®g ifd(c, ~g, g)

f Cc C
3| feerg | (e g0) A /éf\ O§f
g g
£ 5 . .
4 fe—cnh ifd (c, 0, h) /T\ ﬁ’\ . %f
C)/ h h

9
0Q <---
]
o
0Q

¢ 0 h 0 h
A A c c
| o A A ¥
\\\ 1 —h
c 1 h ¢ h h
a b
N N N N
i \ \ \ T
Ve UE I R N
AL | | | |
0. \ N4 |
| \u;ﬁv |
\ \ \ \ \
SO PSS
— 7

Fig. 8. Transforming optimised IFD to FIFD and then to reversible circuit:
a — FIFD functionally equivalent to optimised IFD (/-4 denote the diagram node numbers);
b — reversible circuit realising the FIFD (diagram node numbers are above columns)
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For each IFD-node type, table 2 describes the corresponding Boolean function, term, graphical view
of the node, corresponding FIFD nodes, and reversible gates, which implement the nodes. The IFD nodes
realise the functions as follows: c A gv —c A h, c @ g, c A g —c A handc v h. Let apply the rules to
the optimised IFD shown in fig. 7, ¢. Figure 8, a, depicts the functionally equivalent FIFD. To estimate the
efficiency of the proposed transformation technique, we apply the rules to the IFD from fig. 7, a, and ob-
tain the immediate FIFD (fig. 9, a). While the FIFD has the size of 7 non-terminal nodes and the depth of
4 nodes, the optimised FIFD has the size of 4 non-terminal nodes and the depth of 3 nodes. Mapping the
FIFD nodes to reversible gates yields for optimised and immediate FIFDs the reversible circuits depicted
in fig. 8, b, and 9, b, respectively.

a b

| | 4 s 7 02 3 61
0 LT \ \/T\\‘\ \ \ L _

| | | | | | | | | |
\l/TmKlJC) ——(p7
i ShE T A AR S
e

| | | | | | | | | |
AN VAT T
N -
0- \ \ \ \ \ \ L/ |

I I I I I I I \U\\/\I\

| | | | | | | | | |
x}i f f f f f f f f -

Fig. 9. Transforming immediate IFD to FIFD and then to reversible circuit:
a — FIFD that is functionally equivalent to immediate IFD (/-7 denote the diagram node numbers);
b —reversible circuit realising the FIFD (diagram node numbers are above columns)

The comparison of three reversible circuits shows the efficiency of the proposed synthesis — transfor-
mation — optimisation technique. The circuit from fig. 5, b, synthesised from the ROFDD (see fig. 5, a)
consists of 8 reversible gates, has the depth of 8 and uses 3 ancillary lines. The circuit from fig. 9, b, syn-
thesised from the direct FIFD (see fig. 9, a) has the worsen parameters since it consists of 10 reversible
gates, has the depth of 10 and uses 4 ancillary lines. The optimised circuit (see fig. 8, b) derived from
FIFD has much better parameters since it consists of 5 reversible gates, has the depth of 5 gates and uses
only 1 ancillary line.

Synthesis of quantum logic circuits
from reversible circuits

The synthesis technique and parameters of quantum logic circuits essentially depend on the quantum li-
brary. Since NCV—|V]> is a library that allows the generation of good quality quantum circuits [3], we have

developed a technique of mapping the reversible gates of NCT library to quantum gates of NCV—|vl> library,
which consists of the following steps:

1) replacing all two-control Toffoli reversible gates with the cascade of quantum gates that is depicted in
fig. 3, b; the procedure reduces the critical path of quantum circuit;

2) reducing the obtained circuit size by annihilating consequent V' and V gates and deleting gates for unes-
sential line outputs;

3) parallelising the execution of quantum gates and reducing the circuit depth.

The procedure searches for such assignment of the V and V™ gates to lines, which gives the lowest size and
depth of resulting circuit. It has been applied to three reversible circuits shown in fig. 8, b, fig. 5, b, and fig. 9, b.
Table 3 and fig. 10 show that the quantum circuit that is synthesised from the optimised IFD (see fig. 8, b) has
the lowest size of 9 gates and the lowest depth of 8. The circuit synthesised from the ROBDD has a higher size
of 16 gates and a higher depth of 11. The circuit synthesised from the direct IFD has a worst size of 21 gates
and a worst depth of 17. The final and initial figures for the size and depth (see table 3) show that the size re-
duction of 4, 12 and 9 gates and the depth reduction of 1, 5 and 4 are obtained by the technique when applied
to the optimised IFD, ROBDD and immediate IFD respectively.

B2Y — cnosemuss. wemopues oners 95



Kypnaa Besopycckoro rocyiapcTBeHHOro yaupepcurera. Maremaruka. Uadopmaruxa. 2021;3:84-97
Journal of the Belarusian State University. Mathematics and Informatics. 2021;3:84-97

YWY —

Table 3
Comparison of synthesised reduced parallelised quantum circuits
o NOT | CNOT + + Size Depth Ancillary
Circuit gates gates V gates | CV gates | V" gates | CV" gates (initial) (initial) lines
Optimised [FD 1 4 2 2 — — 9 (13) 8(9) 1
ROBDD 0 8 3 4 0 1 16 (28) 11 (16) 3
Immediate IFD 1 9 4 5 1 21 (30) 17 (21) 4
a
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Fig. 10. Quantum circuits synthesised from optimised IFD (a) and ROBDD (b).
Numbers of columns indicate parallelisation steps

Conclusion

The problem of modelling, synthesis and optimisation of digital reversible and quantum circuits has been
considered. All quantum circuits are reversible, therefore the first step in the quantum circuit synthesis process
is the optimisation of reversible circuits with further mapping to quantum circuits. Although several models
and methods have been developed for synthesis of reversible and quantum circuits (Reed — Muller forms or
Zhegalkin polynomials, quantum operator forms, BDD, FDD and others), the problem of minimising the cir-
cuit size and depth is still open and requires further scientific research.

It is assumed in the literature that the ROBDD that is derived from the Shannon expansion with applying re-
duction rules is a most compact representation of Boolean functions. The promising extension of ROBDD is IFD,
which is based on decomposition of incompletely specified functions and is capable of increasing the parallelisa-
tion potential of diagrams. This paper has obtained theoretical results which show that the IFD can provide graph
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representations that have lower size and depth against ROBDD. To synthesise IFDs with such properties, novel
expansions of completely and incompletely specified Boolean functions that are based on the minimisation
operation have been proposed in the paper. They allow for a particular diagram to find reconstructions that lead
to reduction of the resulting diagram size and depth.

To synthesise a reversible circuit, the rules of transforming IFD to FIFD, which intensively use exclusive-or
operations and extend the known functional binary decision diagrams have been proposed. New expansions
of incompletely specified functions that extend the positive and negative Davio expansions of Boolean func-
tions lie in the basis of constructing and generating FIFD. The FIFD is a source of generating a reversible circuit
of smaller size by means of mapping diagram nodes to cascades of reversible gates. The technique of synthe-
sising and optimising a quantum circuit from the generated reversible circuit has been developed in the paper.
The optimisation aims at the reduction of quantum gate count after replacing Toffoli gates with cascades of
quantum gates. It takes into account unessential output variables and carries out the reduction of the quantum
circuit depth due to parallelisation. All stages of transforming ROBDD through IFD to a quantum circuit are
illustrated by an example, which has shown the advantages of the obtained theoretical results.
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YNCAEHHOE PEHIEHVE OAHOI'O
CAABOCHUHIYASIPHOI'O MHTETPAABHOTI'O YPABHEHUA
METOAOM OPTOIOHAABHBIX MHOTOYAEHOB

C. M. HIEIIIKO"

YBenopyceruii 2ocyoapemeennviii ynusepcumem, np. Hesasucumocmu, 4, 220030, 2. Munck, Benapycey

[TocTpoeHa cxeMa YNCIEHHOTO PELICHUS] CHHIY/IAPHOIO HHTETPAIbHOTO YPABHEHHUS C JIOTapU(MUUECKUM SIAPOM METO-
JIOM OPTOTOHAJIbHBIX MHOTOUWICHOB. [Ipe/iaraemast cxema mpuOIMIKEHHOTO pelIeH s 3a/1a41 OCHOBaHA Ha MPe/ICTaBICHUN
HCKOMOH (DYHKIMH B BUJIE JMHEHHOM KOMOMHAIIMM OPTOrOHaJbHBIX MHOTOWICHOB UeOblleBa 1 CIEKTPAIbLHBIX COOTHO-
LICHMSIX, TTO3BOJLSIIOLIMX MOJYYHUTH MIPOCThIE aHAJUTHYECKUE BBIPKEHUS JUISl CHHTYIISIPHOM COCTABIISIIOIICH ypaBHEHHUS.
Koo puumeHTsI pa3noxeHus peleH s 1o 6a3ucy HOIMHOMOB YeOblleBa BEIYUCIISIOTCS KaK PEICHUE CUCTEMBI JINHEHHBIX
anredpandecKux ypaBHEHHH. Pe3yabsTaTsl UUCICHHBIX SKCIIEPAMEHTOB TIOKa3bIBAOT, UTO Ha ceTke 3 20—30 y31oB morper-
HOCTb NPUOIIKEHHOTO PELICHNs] JOCTUIaeT MHUHUMAJIBHOTO Ipesena, 00yCIOBISHHOTO HMOTPELIHOCTBIO NPeICTaBICHUS

JIEMCTBUTEIILHBIX YHCEJI C IUIaBaIOIECH 3arsTOM.
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NUMERICAL SOLUTION OF A WEAKLY SINGULAR
INTEGRAL EQUATION BY THE METHOD
OF ORTHOGONAL POLYNOMIALS

S. M. SHESHKO*

*Belarusian State University, 4 NiezalieZnasci Avenue, Minsk 220030, Belarus

A scheme is constructed for the numerical solution of a singular integral equation with a logarithmic kernel by the me-
thod of orthogonal polynomials. The proposed schemes for an approximate solution of the problem are based on the
representation of the solution function in the form of a linear combination of the Chebyshev orthogonal polynomials
and spectral relations that allows to obtain simple analytical expressions for the singular component of the equation.
The expansion coefficients of the solution in terms of the Chebyshev polynomial basis are calculated by solving a system
of linear algebraic equations. The results of numerical experiments show that on a grid of 20—30 points, the error of the
approximate solution reaches the minimum limit due to the error in representing real floating-point numbers.

Keywords: integro-differential equation; numerical solution; method of orthogonal polynomials.

Acknowledgements. The author would like to thank to the scientific advisor G. A. Rasolko for setting the problem and
valuable comments.

BBenenune

Amnmnapar CUHTYJISPHBIX HHTETPAIbHBIX YPAaBHEHUH IIMPOKO MCIIONB3YETCS B 33a4ax adpoaUHAMUKH, AU-
¢pakuuu 1 Apyrux obmactsix ecrectBo3HaHus [1]. ToOYHOCTH MPUOAMKEHHOTO YMCIEHHOTO PELICHUS] HHTe-
IpalbHBIX YPaBHEHUH BO MHOTOM OMNPEACISIETCS CIIOCOOOM MX AMCKPETU3AIHH, T. €. BHIOOPOM KBaJIpaTypHBIX
(hopmyit, 0a3uCHBIX (DYHKIMHA M Y3JIOB alllIPOKCUMAIIMH, TO3BOJISIOIIMX CBECTH MCXOJHYIO 3a/1a4y K CHCTEME
JUHEWHBIX anreOpandecknx ypaBHEHHH MPHEeMIIEMON pa3MepHOCTH 1 00yciaoBieHHOCTH. [Ipn Hamuann oco-
OeHHOCTEH B MOABIHTEIPAJIbHBIX QYHKIMAX (YTO XapaKTEPHO IJISi CUHTYJISAPHBIX UHTETPaIbHBIX yPaBHEHUIN)
TpeOyeTcsi MaKCUMAaJIbHO YUHUTBIBATh CIEUU(HKY 3a/1auH.

B pabore [1, c. 58-59] paccmarpuBaeTcst KBaapaTypHBIA METO MPUOIMKEHHOTO PELICHHUS Pa3peIiuMOro
CHHTYJISIPHOTO MHTETPaIbHOTO YPaBHEHUS C JOTapH(QMUIECCKUM SIIPOM

1 1
o(x) + %lj O(1)Inr— x|dr + %ljcp(t)K (¥, t)de =/ (x), 1< x<l, M

e ¢(x) — nckomast Gynkumss; K (x, 1) n f(x) — ussecrnbie GpyHxuuu u3 knacca I'énbaepa H.

B nacrosmeit pabote npeanaraeTcst anropuTM YHCICHHOTO penieHus ypaBHeHus (1) METOI0M OpTOrOHAIIb-
HBIX MHOTOYJICHOB, OCHOBHOH HJIeell KOTOPOTO SIBIISICTCS UCIOJIb30BaHUE CIICKTPAJIbHBIX WIIH KBa3UCIIEKT-
PaJIBHBIX COOTHOILICHUH ISl BXOJSIIUX B YPaBHEHHE HHTETPAIIOB.

JlaHHas1 CTaThsi MPOAOJIKACT CEPHUIO PAOOT 110 NPUOIMIKSHHOMY PEIICHHIO CUHTY/ISIPHBIX HHTETPO-TU(PPEepPeH-
[HATBHBIX YPAaBHEHUH, B TOM YHCIIE CO CJIa00H 0COOEHHOCTHIO, METOIOM OPTOTOHATBHBIX MHOTOWICHOB [2—5].

IIpenBapureiibHbIe CBeICHUS
[Ipexne uem nepexoauTh K KOHCTPYUPOBAHHIO BHIYUCIUTEIBHON CXeMbl IPUOIMKEHHOIO PEIICHHS ypaB-
Henws (1) B kiacce QyHKIMHA h(—l, 1) o MycxemumBunu [6, ¢. 31], mpuBeeM HEKOTOpbIE MTPeIBapUTEIbHbIE

ceenenus. Kimacc gpynkunit h(—l, 1) COCTaBJISIIOT O'PAaHUYCHHBIE B OKPECTHOCTH TOoYeK X = +1 (yHKIMH.
W3BecTHBI CrIeKTpajIbHbIE COOTHOLICHUS VIS CIIa00CUHTYJIIPHOTO HHTErpasia

|
1 1
Init —x|dt =0, T,(x), oog=—In2, oo, =——, k>0,
n-[\/? |t = ACINH =T )
T,.(x) = cos(k arccos x),

KOTOPBIM BOCIIOJIB3YEMCS naJICC.
HpI/I MMOCTPOCHUHU BBIUKMCIIUTEIBHON CXEMBI HCIIOJIB3YyEM HHTGpHOJ’IHL{HOHHLIﬁ MHOTI'OYJICH OJIA (bYHKLU/II/I

/() o ysmam YeGbimesa nepsoro poxa [7]:

f(x)=1,(x)= 2, £'T;(x). (3)

Jj=0

B2Y — cnosemuss. wemopues oners 9
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3nech
x.), f'= X j=L...,n,
n+lzf k ] n+12f k
2k +1
X, = COS ket n, k=0,1,...,n
2n+2

UToOBI OTYyYUTH pa3iokeHUe QYHKIUU [ (x) 1o MHOro4JIeHaM YeOblieBa BTOporo pojia, IpuMeHuM B (3)
ToxaecTsa [7, c. 23]

Ty(¥)=Up(x). 27} (+)=Uy (). 27, (x) = U, (¥) ~ U, (). j 2 2.

YTO JACT CIACAYIOUICC:

j=0

Ji=G =Gy, j=0,1...,n=2, f, =G,_,, },=G,,

e

J n_’_lzka]}(xk)J 0,1,.

2k +1
2n +

X, = cos m,k=0,1,...,n

JUI noy4YeHust HHTEPIONAUOHHOrO MHOrowiIeHa K, n(x, t) (byHKIMH NBYX IepeMEeHHBIX K (x, t) B BUJIE
pasJioKeHus 1o MHoroujieHam YeObliieBa nepBoro poja UCHonb3yeM (3), B pe3ynbTare 4ero MMeeM

:20T ZT Koy, i

. 6m8 n n
km=j= j2 sz(xl)zK(xl’ xr)j}(xr)’
(n+1)" 5o r=0
Sq:{qu:()’ xk:cos2k+1n,k:0,_n.
2,q#0, 2n+2

Ha ocHoBaHMM NPEIBIAYIIMX PE3YIBTATOB MOIyYUM HHTEPIOISAUNOHHBIH MHOTOWICH K, (x, 1) GyHKIMH
nByX mepeMeHHbIX K (x, ¢) B Buae pasnoxkeHus no MHorowieHam YeGblieBa IepBOro 1 BTOPOTo poja:

ZZT ZMJ/ 4)
m=0

rue
Sm n n
=" 2, T,(3) X K (% ) (T (%) 6,7, ,a(x,)),
(n+1) 1=0 r=0
= e, n—2 I, m=
ej:{l’]_ 0,1,....n ’5m={’m 0, szcoszkﬂn’k:(),n
0, j=n—-1,n, 2, m#0, 2n+

IIpudnnkennoe pemenue ypasHenus (1)
[TpubnuxeHHoe pemeHne JaHHOTO YpaBHEHHUS B Kiacce QyHKIMN h(—l, 1) OyZeM HCKaTh KaK periecHue

CIEIYIOILEr0 YpaBHEHUS] OTHOCUTENBHO HOBOI HEM3BECTHOM (DYHKLIUH V), (x):

1 1
0,(0)+ = [ @,()nlr~xidr + [ 9,(1)K, , (x. ) = F, (x). ~1 < x <1, 5)
-1 -1
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rae (pn(x)=w/1—x2 vn(x); Kn,n(x, t) — WHTEPIONSIIMOHHBIN MHOTOWIeH (4) pyHkmmu K (x, t) CTCICHU N

no o0euM INEepeMEHHBIM; Fn(x) — HekoTopas (yHkuus u3 kmacca C [—1, 1] Takas, 4TO Fn(xj)z I (xj),

2j+1 .

X; = Cos J ,j=0,1,..., n
2n+2

OtmetuMm, 4To ypaBHeHue (5) B 33JaHHOM KJIACCE TAKIKE PA3pPEIIUMO.

PaccMOTpHM CIIeIyIONIHe YTBEP/KICHH.
Yreepsaenne 1. Jlust |x| < 1 mMeeT MECTO paBeHCTBO

. —— (%) + 3 Ta(x), k=0,
ZEJ\/I—tzUk(t)ln|t—x|dt= | | (6)
! _ETk(x)-i-mTl\wz( ). k=1.

HokazatenbcTBO. C ydeToM COOTHOLIEHHS [7] 2(1 -x° ) U, (x) =T, (x) -T.. 2(x) MTOJIBIHTErpaIbHAS

¢yHkys B (6) cBoaMTCS K BUIY (2), OTKY/a ClETyeT HCTHHHOCTD YTBEPKICHHS.
Yreepaaenne 2. [ |x| <1 umeer mecto paBeHCTBO

1
:%J'Jl—tsz(t)ln|t—x|dt:
1

In2 1 1
—( ! 8on( )+ L), k=0,

1 1
—gUl(x) + ﬂU3(x), kzl,

_ (7
In2 1 5 1
(124 vt - S0+ 5000 k=2,

1 3k—4 3k +4 1
) 2)U,c_4(x) + mUk_z(X) - mUk(x) + mUk+2(x), k>3,

Noxasarensctso. Cyuerom coornomennii 27, (x)=U,(x) = U, _,(x), k21, U_(x)=0, T, = U, ne-

Bast 9acTh (7) CBOAMTCS K BRIYMCIICHUIO MHTETPajioB Bua (6), u ToxxaecTsa (7) mpoBEpsIIOTCS HETTOCPEICTBEH-
HBIMU BBEIYHUCIICHUSAMU.
ITonoxxum nasee

([)n()c):\/1—262 vn(x):xll—xz éocka(x), ()

rae ¢, k=0, 1, ..., n, — IOKa HEU3BECTHbIEC OCTOSHHBIE.
PaccmoTpum mepBeIit mHTETpa B (5) ¢ yaeToM mpeacTaBieHus (8):

%j\/ 1n|t—X|dt—2ck—J'«/1—t T, (¢ 1n|z—x|dt_zck1k
-1

PaccmoTrpum Bropoii uHTerpai B (5) 1 BOCIONIb3yeMCsl HHTEPITONAMOHHBIM MHOTOWIEHOM (4). OTcrona

—j\/ﬁv ”xtdt—chZT )zn:ka%j 12T, (1)U, (t)dt =
XORAT gokm,jé[%_f =2 (040 + u,-_k<z>>dr]= PSR AT

0,5k, 1 k=0,
mk 0,25k, k>0.

m, k>
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VYpasuenue (5) B 3a1aHHOM KJlacce NMEPEXOIUT B ypaBHEHHE

J1-x2 2 T (x)+ 2 el (x)+ 2 Cr Z Tm(x)(om’k =F,(x). )
k=0 k=0 k=0

2j+1
B xauectBe BHemHuX y3710B X B (9) BeiOepeM y3iibl UeOblleBa nepBoro poja, a UMEHHO X;=Ccos —,
j=0,...,n 13 (9) nonyuyum cuctemy JIMHESHHBIX aJireOpandeCcKuX ypaBHEHUI 2n+2
chAj,k:f<xj),j:0,...,n, (10)
k=0

FENE APATAR: )+§0Tm(xj)m

VYpasuenus (5) u (9) paBHOCHIIBHBI, TaK KakK, BHITOMHSSA AeHCTBUS, npuBozsmue (5) B (9), B oOparHOM 110-
paaxe, u3 (9) momyunm (5) (cM., Hapumep, [8, c. 535]). CiiegoBarensHo, cuctema (10), momydenHas u3 ypas-
HeHus (9), paspemnMa 1 IMeeT eTUHCTBEHHOE PEIlIeHHE.

Pemus cucremy (10) oTHOCHTENBHO HEU3BECTHBIX ¢}, k=0, 1, ..., n, IpuOIMAKEHHOE peleHue ypaBHeHus (1)

MOJIyYHUM 110 (opmyJie
n
f 2
@, (x)=41-x ZCka(x). (11)
k=0
[peanoxeHHas cxemMa MPOTECTUPOBaHA HA TIPUMeEpE PEIlICHHUs MOACTBHOM 3a1a4un /uis ypaBaeHust (1) npu

k(x, t):L), f(x):Zxxll—x2 +§x3— x+ (56 - 32\/5)%
X

(x+2)(t+2
HW3BecTHO, 4TO perieHreM ypaBHeHus (1) B TaHHOM citydae sSBIseTCs (DyHKIHSI

o(x)= 2xy1—x7.

Kak mokaspIBaloT pacueTbl, MPOBEJCHHBIE B Cpelie KOMIIBIOTEpHOH anredpsl Mathcad, yxe Tpu cpaBHU-
TEJIbHO HEOONBIINX 3HAYCHUSIX /1 JOCTUTACTCs JOCTATOYHO BBICOKAs TOYHOCTH BBIYUCICHHUS PUOIMKEHHOTO
pelieHusl.

Pemas cuctemy (10) mpu 7, paBubIX 7, 14 1 29, BUauM, 4TO TOYHOE PELICHUE q)(x) OTJINYAETCSI OT MPHUOIH-

’KEHHOTO @, (x), BBEIYUCIICHHOTO 110 opmyie (11), B cucteme Touek x =—0,99, —0,98, ..., 0,99 ne 6onee gem
Ha4,6-10% 1,810 u 1,7 - 10" coorBercTBeHHO.
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ITPOEKTUPOBAHUE 3AIIUIIIEHHOIO OTKA30YCTOUYNBOI'O
OBAAYHOTI'O PEIIO3UTOPUA ITMCBMEHHBIX PABOT
OBYYAIOIIINXCA U COTPYAHUKOB YUPEXXAEHWUN OBPA3OBAHUA

B. IT. KOYHH", A. B. KEPEJIO"

1)Eefzopyccxm? eocyoapemeennblil yHusepcumem, np. Hezasucumocmu, 4, 220030, . Munck, Berapyce

[TokazaHbl OCHOBHBIE TIOIXO/bI K IPOSKTHPOBAHUIO M Pa3padOTKe aBTOMATH3UPOBAHHON HH(POPMAIIMOHHON CUCTEMBI
3alIMIIEHHOTO 00JIAYHOTO PENO3UTOPUS MMCHbMEHHBIX PaboT 00ydaroImuXcs U PabOTHUKOB YUPEkKIEeHUH 00pa3zoBaHMs
W Hay4yHBIX opraHuszanuii (pedeparsl, scce, KypcoBble M AUIUIOMHBIE PAOOThI, MATUCTEPCKUE AUCCEPTALMH, JCTTOHUPO-
BaHHBIE cTarbu). OMUCaHbl NCCIEIOBAHNS M OTPA00TKa apXUTEKTYpPHBIX PEIICHUH JJIsl 00ecTieueHns] Ha/Ie)KHOTO U Oe-
30[IaCHOI'0 XpaHCHUA HaHHBIX C MCIOJIb30BAHUEM 00IaYHBIX TEXHOJIOTHIA. PaCCMOTpeHI)I KIJIFOUCBEIC HpO6HeMI)I ITPOCK-
TUPOBaHMS 3AIIUIIEHHOTO PEMO3UTOPHS M MyTH UX perieHnsi. OOnauHblil perno3uTopuii MUCBMEHHBIX PaboT MOCTPOCH
Ha 0ase pacmpeneneHHoi (aiioBoit cuctembl Ceph. B kauecTBe miardopmbl i1 co3aanus odnayHoro naTepderica mc-
nosib3oBaHa cucteMa NextCloud, B kadecTBe BHIYMCIUTENBHON TIAT(OPMBI — BUPTYAIbHBIE BHIYUCIUTENBHBIE PECYPCHI
BUPTYaJIbHO# ceTeBoil nHppacTpykTypbl BI'Y.

Kniwouegvie cnosa: obnadnple BEIYUCICHUS; TPOCKTUPOBAHUE HH(POPMAIMOHHBIX CUCTEM; 00pa30BaTeIbHbIC TEXHO-
JIOTHH; 3alUIIEHHOE 00IauHOe XPaHWINIIE; BUPTyaIn3alys; cereBas HHPpacTpyKTypa.

DESIGNING A SECURE FAIL-SAFE CLOUD REPOSITORY
OF PAPERWORKS OF STUDENTS AND EMPLOYEES
OF EDUCATIONAL INSTITUTIONS

V. . KOCHYN* A. V. ZHERELO"

*Belarusian State University, 4 NiezalieZnasci Avenue, Minsk 220030, Belarus
Corresponding author: V. P. Kochyn (kochyn@bsu.by)

The article discusses the main approaches to the design and development of an automated information system for
a secure cloud repository of paperworks of students and employees of educational and research organisations (abstracts,
essays, term papers and theses, master’s theses, deposited articles), providing secure storage and secure mobile access to
stored data. The research and development of architectural solutions to ensure reliable and secure data storage using cloud
technologies are described. The main problems of designing a secure repository and ways to solve them are considered.
The cloud repository of written works is built on the basis of the Ceph distributed file system, which uses the NextCloud
system and the virtual computing resources of the virtual network infrastructure of the Belarusian State University as
a platform for building a cloud interface.

Keywords: cloud computing; information systems design; educational technologies; secure cloud storage; virtuali-
sation; network infrastructure.
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Introduction

In the era of formation and development of the knowledge economy based on the production, distribution,
and use of information, the education system is being transformed, responding to the challenges of the present and
the future. The request for education from society, the family, and the student himself is changing. Education
becomes continuous, mobile, open. At the same time, the design, development, and use of information and
communication technologies are not an end in themselves but should provide a software and technical platform
for the creation and application of pedagogical innovations [1; 2].

One of the characteristic features of the digital transformation of the education system is a significant
increase in the generated digital data. The issue of reliable storage of a sufficiently large amount of data is very
acute. Traditional data storage devices (flash drives, hard drives, optical media) do not meet modern require-
ments for a number of reasons. Firstly, such devices do not provide a sufficient level of data storage reliability.
Secondly, it is currently necessary to have access to data from any device: home computer, work computer,
phone, laptop. Thirdly, to increase the volume of stored data, the purchase of additional devices is always re-
quired. In this regard, recently there has been an increase in the popularity of using cloud data storage.

In 2018, the Belarusian State University was the first among the Belarusian universities to develop a digital
transformation strategy, including updating the content, forms, and methods of teaching, changing the pro-
cesses of scientific research and management by improving its information, and communication infrastructure.
One of the objectives of the given strategy is to create conditions for the transition to paperless technologies
which allow creating and storing paperworks of students and employees of educational institutions (abstracts,
essays, term papers, theses, master’s theses, deposited articles) based on cloud technologies [1; 2].

Cloud storage significantly facilitates the work of modern users by virtualising the location of the data [3; 4].
Another advantage is the ability to process data on the storage side, in which the user does not face the tasks
of ensuring the reliability and fault-tolerance of the storage, as well as managing the resources that process
the data [5]. Due to these advantages, network storage (OneDrive, GoogleDrive, iCloud, Yandex.Disk, Drop-
Box, etc.) is widely used for data storage and processing. On the one hand, these services provide reliable,
fault-tolerant storage, on the other hand, they have a number of disadvantages:

* these resources are commercial, which are provide only a service, hiding the details of implementation;

* data is stored on servers located outside the Republic of Belarus, which contradicts the Decree of the Pre-
sident of the Republic of Belarus No. 60 «On measures to improve the use of the national segment of the Internet»
dated 1 February 2010;

* they are inable to integrate with existing automated systems of universities, which makes it impossible to
integrate these services into the educational process.

In this regard, there is a need to create your own cloud storage. When designing a secure fault-tolerant cloud
repository of students’ paperworks, the following criteria must be taken into account:

* providing multiple user access to resources;

* ensuring reliability and fault-tolerance;

* hardware independence and ability to quickly scale computing resources and storage systems;

* ability to generate analytical reports and various search queries;

* integration possibility with corporate information systems;

« ability to check for anti-plagiarism on stored data.

Providing multiple user access to resources. The bottleneck of traditional storage systems is the performance
of a particular disk. When multiple users access the disk at the same time, its performance is divided by all.

Ensuring reliability and fault-tolerance. The designed storage should ensure the operability of the system
even in case of failure of individual hardware nodes.

Hardware independence and ability to quickly scale computing resources and storage systems. At the sys-
tem designing, it is necessary to ensure the possibility of creating and scaling the system on servers of various
manufacturers. This approach will allow, firstly, to use existing equipment, and, secondly, to gradually increase
computing and storage resources without reference to existing solutions.

Ability to generate analytical reports and various search queries. When designing a secure fault-tolerant
cloud repository, it is necessary to provide for the possibility of generating reports according to various criteria.
It is also necessary to develop of a search module for stored data.

Integration possibility with corporate information systems. When designing a secure fault-tolerant cloud re-
pository, it is necessary to provide for the possibility of integration with corporate information systems [3-5].
This is due to the following main factors:

e access to the storage must be provided based on user data from active directory;

* the ability to store and process documents and files from various information systems and services must
be provided;
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* access to the repository must be personalised and confirmed by the appropriate authority. For example,
a user with the student role should have access to their own repository, a user with the teacher role should have
access to the works of their students. The corresponding user role should be assigned automatically based on
data from automated personnel and student management systems.

Ability to check for anti-plagiarism on stored data. To check uploaded students’ paperworks, it is necessary
to provide an interface for integration with anti-plagiarism testing systems. It will be improve the quality of
term papers and theses.

Results and discussion

The information system of a secure cloud repository of students’ paperworks and employees of educational
and research organisations is a set of architectural solutions and software designed to ensure reliable storage of
information using cloud technologies and cloud services that provide secure access to resources stored in the
cloud to mobile users, regardless of the hardware and software platform used.

By organising cloud storage at the Belarusian State University, the emphasis was placed on the use of a dis-
tributed file system.

This was done due to the following disadvantages of hardware storage systems:

* the limitation of the total bandwidth of interaction with the storage system, as noted above. For example,
according to the technical documentation, for the Lenovo DE6000H system, the data reading bandwidth reaches
21 Gbit/s. Obviously, with the growing number of clients, especially connecting from the outside, this bandwidth
will not be enough. Using distributed file systems, the independence of requests sent to the storage is essential.
Although the performance of each individual connection will be lower than in the system mentioned above, the
cumulative data flow to (from) the system can be practically unlimited. This is achieved due to the possibility
of increasing access points to a distributed file system resource and organising alternative access paths to data
storage. The bandwidth of which is practically unlimited and in total can be significantly exceed the limit of
several tens, hundreds or even thousands of gigabits per second;

* the need to localise the storage system and the systems using it within the same geographic location. Tra-
ditional data storage systems, as usual, require placement in the same data center where the consumer of their
data is located. In addition, even in this case, the distance from the consumer of information to the storage
system is limited. The organisation of distributed storage requires additional resources both software and hard-
ware solutions (as an example is the idea of metro-cluster). Due to the reasons mentioned in point one, namely
the separation of information transmission flows, as well as, due to some typical structure of services used in
distributed file systems and virtualisation of the data access point. The proposed structure allows us to form
a storage cluster more dependent on the quality of communication channels, but loosely related to management
and maintenance tasks, and also allows us to increase storage space almost indefinitely.

As the basis of such a repository, it is advisable to choose one of the free distributed open-source systems.

The automatic identification system is built from the following components:

* hardware and software platform for the organisation of a fault-tolerant data storage with distributed ma-
nagement and data networks;

* a system for managing and monitoring the state of a fault-tolerant storage;

* JaaS platform based on data center resources for deploying microservices of the cloud storage system;

* a set of microservices images that provide a cloud storage user interface.

By choosing technologies and solutions, one of the main requirements was the use of solutions based on
publicly available technologies and protocols and presented in the form of freely distributed source code.

The overall architecture of the system is shown in figure.

Fault-safe distributed storage module. The fault-safe distributed storage module was developed on the base
of the Ceph distributed file system', as it has the following main implementation features:

* the system combines the resources of several servers by merging them into a single cluster with a single
management system;

* data is stored as blocks (similar to a traditional file system), and the system continuously check the status
of these blocks by monitoring and replicating these blocks on the fly, if it is necessary;

* Ceph provides a variety of interfaces for accessing stored data, which is also the subject of research to
identify more productive and (or) more resilient to failures mechanisms;

* Ceph implements a web-based cluster management interface with status monitoring elements.

During the installation of Ceph cluster servers, CentOS Linux release 7.7.1908 was selected as the base
operating system, kernel version 3.10.0-1062-e¢17.x86 64. Using the SSH service, the trust relationships ne-
cessary for Ceph deployment were set up between the cluster servers.

'Odpurmansrprii caiit Ceph [Dmexrponnsiit pecype]. URL: https://ceph.io/ (zata o6parmerms: 10.03.2021).
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By creating the storage module, the DHCP and NIS services were additionally deployed. The use of these
services makes it possible to reduce the costs of configuring and subsequent maintenance of a fault-tolerant sto-
rage system due to the mechanism of centralised distribution of information necessary for the functioning of
the system. Maintaining such as services allows, for example, to reduce the time for adding a new server to
an existing storage system. Since a set of standard software is installed on the new server, and the necessary
settings for integrating the server into the general system are transmitted by these services.

The DHCP server is used to distribute the network interface settings of the cluster servers. In the current
configuration, two subnets are declared, corresponding to the segments described in the previous section.

In contrast, the NIS server is used to distribute configuration files which are necessary for the functioning
of the cluster, in particular information about some accounts required for automated maintenance of the storage
system, server names, etc.

Virtual platform for building a cloud interface. Based on the analysis of existing open solutions, the Next-
Cloud system was chosen as the basis for the created platform that provides a cloud interface for accessing
fault-tolerant storage®. The choice in favour of NextCloud was made based on the requirements specified in
the introduction. At the moment also it is the only opensource solution in terms of functionality comparable
to proprietary cloud storage. There are other cloud storages, for example, SeaFile®, but it is not yet possible to
consider them, and even to compare them, because they are in the initial phase of their development [6]. Ad-
ditional complexity by choosing a platform is associated with the need to install not only the selected solution
on some server, but to create an image of a virtual machine independent of the cloud platform on which such
a virtual machine can be deployed in the future. In this regard, CentOS Linux GenericCloud 1907 OS was chosen
as the main operating system for the virtual machine, which in turn is a cloud implementation of CentOS Li-
nux release 7.6.1810 (Core) OS with Linux kernel version 3.10.0-957.27.2.e17.x86_64. The choice of the Linux
dialect is not critical, since the system being deployed can work with any modern Linux implementation.

To ensure free migration between different cloud environments, the original image was converted to VHD
format, which allows it to be run on most of the virtual environments, in particular, OpenStack and Windows
Hyper-V, using which cloud solutions currently operate at the Belarusian State University.

Note that the module being created provides only interface interaction between the user and the secure sto-
rage and does not require large amounts of disk space. As a result, the time for deploying and launching a new
virtual machine image is reduced, if it is necessary.

2O ¢pummansusrii caiit NextCloud [dnexrponnsii pecype]. URL: https:/nextcloud.com/ (zata obpamesms: 01.10.2021).
30¢uumanbusii caiit SeaFile [dnextpornsiii pecypc]. URL: https:/seafile.com (mata obpamenns: 01.10.2021).
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Conclusion

The developed solutions for creating a cloud repository include various levels of service provision and al-
low using the results obtained both in the construction of cloud repositories for educational institutions and in
the design of individual modules of fault-tolerant systems. The developed secure fail-safe cloud repository of
students’ paperworks allows to provide the mass user access to the system and reliable storage, create a single
cloud, while it can be geographically distributed.

Accordingly, the applied approaches can be used in various sectors of the economy for safe and reliable
storage as well as for processing of various documents under the legislation of the Republic of Belarus.
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AHHOTAIINN AEITOHUPOBAHHBIX B BI'Y PABOT
INDICATIVE ABSTRACTS OF THE PAPERS DEPOSITED IN BSU

VIIK 519.633(075.8)
E2opog A. A. Meton ®@ypbe pelieHHs1 CMeLIAHHBIX 3a/1a4 /115 HEOJIHOPOJAHBIX TUNEPOOIMYeCKUX ypaB-
HEHHMH ¢ MOCTOSTHHBIMH KoY unmeHTamu [DNEKTPOHHBIN pecypc] : yueb.-MeTo[. pa3paboTka JUIst CTy-
neHToB (us. dak. u ¢pak. paguoGu3ruku U KoMIbOTep. TexHojoruii / A. A. Eropos, U. B. Peibauenko ; BI'Y.
OnekTpoH. TekcToBble gaH. MuHck : BI'Y, 2021. 58 c¢. bubmuorp.: c. 58. Pexxum mocryna: https://elib.bsu.by/
handle/123456789/268377. 3arn. ¢ skpana. Jlen. B BI'Y 16.09.2021, Ne 009316092021.

YuebHo-MeTomueckast pa3paboTKa MOCBSIIEHA OJHOMY M3 BOKHEHIIINX pa3esioB MaTeMaTHIeCKON (DH3HKH,
CBSI3aHHOMY C NPUMEHEHHWEM METO/a Pa3[elieHHs MEPEMEHHBIX JUIsi HEOAHOPOJHBIX YPaBHEHUH B YaCTHBIX
MPOU3BOHBIX THIIEPOOIMUECKOro Tula. B paboTy BkIrodeHbl TeMbl «CMEIIaHHbIC 33/1a4K [T HEOJJHOPOIHOTO
ypaBHEHUs KoNeOaHMi CTPYH U cTepxHel» U «CMelaHHbIe 3a/1a4l O BBIHYK/ICHHBIX KOJIeOaHUsIX B 0OIIeH
MOCTAHOBKEY. B Ka)/101f N3 HUX JaHbl KPATKUE TEOPETUUECKUE CBEICHUS U PACCMOTPEHBI IPUMEPHI PEIICHHSI
3aj1a4 pa3InYHON CTETIeHHU CIIOKHOCTH. TakKe MPHUBEACHBI 3aJIa4y JUII CaMOCTOSITEIILHOTO PEeIICHHUS U WHJIU-
BUJyaJIbHBIX 3aJIaHUM.

[IpencraBnenHas pa3paboTka ajpecoBaHa CTyJACHTaM, oOyJaronumcs Ha GpuszndeckoMm (dakynsrere u (da-
KyJIbTETEe pagTuo(PU3UKH U KOMITBIOTEPHBIX TeXHONIOTHI BI'Y. MokeT okazarhcs MONE3HON MperonaBaTesiM
[IPH TIOAATOTOBKE M MPOBEICHUH MPAKTUYCCKUX 3aHATHIA 110 TUCIUILTHHE «METO/Ibl MaTeMaTHYeCKON (DU3UKUY.
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