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PaccmarpuBaeTcst MpOCTPAHCTBO OECKOHEYHBIX CUTHAIOB, COCTABIEHHBIX U3 OYKB KOHEUHOTrO ajdasura. Kaxapiii
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PACKING DIMENSIONS OF BASINS

GENERATED BY DISTRIBUTIONS
ON A FINITE ALPHABET

V. I. BAKHTIN®, B. SADOK"

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus
®John Paul II Catholic University of Lublin, 14 Raclawickie Alley, Lublin 20-950, Poland

Corresponding author: V. I. Bakhtin (bakhtin@tut.by)

We consider a space of infinite signals composed of letters from a finite alphabet. Each signal generates a sequence of
empirical measures on the alphabet and the limit set corresponding to this sequence. The space of signals is partitioned
into narrow basins consisting of signals with identical limit sets for the sequence of empirical measures and for each nar-
row basin its packing dimension is computed. Furthermore, we compute packing dimensions for two other types of basins
defined in terms of limit behaviour of the empirical measures.

Keywords: packing dimension; empirical measure; basin of a probability measure.

Introduction

Signals of infinite length composed of letters from a finite alphabet may be classified in accordance with
limit behaviour of generated by these signals empirical measures on the alphabet. It turns out that different
classes of signals (which we call basins) have a sophisticated fractal structure, and the most adequate quantita-
tive characteristic for their description is fractal dimension. For the first time Hausdorff dimensions of certain
basins were calculated by Billingsley in [1; 2]. In [3] it was suggested to consider the so-called narrow basins,
that are distinguished among other types of basins by the fact that they form a partition of the space of all
infinite signals, and their Hausdorff dimensions were calculated. After Hausdorff dimension the next mostly
used fractal dimension is the packing one. In [4] the authors announced explicit formulae for the packing di-
mensions of narrow basins and basins of certain other types. In the present paper we set forth detailed proofs
for those formulae.

Let us proceed to strict definitions and statements.

Consider a finite set X = {1, e k}. In what follows this set will be called the alphabet and its elements the

letters. Any sequences of letters, finite or infinite, will be called the signals. The set of finite signals of length n
is naturally denoted as X", and the set of all infinite signals as

XN:{x:(xl, Xy, ...)|xl.eX}.

Each initial segment of a signal will be called its prefix.
Let M (X) be the set of all probability measures on X:

Zp(i)zl, p,(i)ZO}

Evidently, M (X ) is convex and compact. For each letter x € X denote by d, the unit measure supported at x,

M(X)z{uz (n(1), ..., u(k)) e R

that is Ui
b 1 y = x’
8.(»1)=1,
0,if y#x.
Every finite signal x =(x, ..., x, ) generates an empirical measure 8., € M (X) by the rule
O, +...+0,
o, ,=—————.
x,n n
In other words, 8x,n( y) is the average frequency of the letter y among x,, ..., x,. Every infinite signal

x= (xl, Xy, ) e X" defines a sequence of empirical measures 9, , generated by its prefixes of length n.
For each infinite signal x denote by ¥ (x) the set of all limit points of the sequence 8, , € M (X). In view

of compactness of M (X ) this set is non-empty. Moreover, in [3, lemma 3] it is proved that V(x) is compact
and connected.

5237' — cmovtemm At M»m@]ovwb Jow,w/
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For every subset W < M (X) let us define the following sets in X ": the basin B(W), narrow basin NB(#¥),
and wide basin WB(W) by formulae

Bw)={xe x" |V (x)cw},
NB(W)={xe x" |V (x)=w},
WB(W)={xe x" |V (x) n W =2},

In other words, B(') denotes the set of infinite signals x such that all limit points of the sequence of empirical
measures 8, belong to 17, NB(W) denotes the collection of infinite signals x such that the set of limit points
of the sequence §, , coincides with ¥, and WB(W') denotes the set of infinite signals x such that the sequence
9, , has at least one limit point in . Obviously, these basins satisfy the inclusions

NB(W)c B(W)c WB(W).
From the above mentioned compactness and connectedness of ' (x) it follows that a narrow basin NB(W)
may be non-empty only in the case when the corresponding set of limit points ¥ is non-empty, compact, and
connected. Conversely, in [3] it was proved that for every non-empty connected compact set W < M (X ) the

narrow basin NB(/) is indeed non-empty. As for basins B(W) and WB(W), it is easily seen that they are

non-empty for all W# O.
Every infinite signal x defines uniquely the set ¥ (x). Therefore the narrow basins NB(I¥) corresponding to

different limit sets # do not intersect each other. Thus the entire space of infinite signals turns out to be parti-

tioned into the narrow basins corresponding to different connected compact subsets W c M (X ) However, the
basins of two other types may have non-empty intersections.

Let us fix a row of numbers 6 = (9(1), 0(2), ..., G(k)) (0, l)k (one number (i) for each letter i € X) and

define a metric p on the space of infinite signals X in the following way:

p(x, y)=]£[9(xt), where n :inf{t|xt ¢Yz} 1. (1)
=1

Here n denotes the length of the largest common prefix of x and y. If n = 0 then we put p(x, y)=1.
Consider the function

S(w, 8)=—F———, peM(X).

gu(z‘)lne(z’)

It is easy to see that it depends continuously on [ (under the convention 0In0 = 0).

The purpose of this paper is to prove the following two theorems declared in [4].

Theorem 1. Suppose the space X" is equipped with metric (1). Then for any non-empty connected compact
subset W < M (X ) we have the equality

dimPNB(W) = sup S(u, (-)),
new

S unu()

where dim, denotes the packing dimension.
Theorem 2. For any non-empty subset W < M (X ) we have

dim,B(W )= sup S(u, 0), )
new
dim,WB(W)=dim,X" = sup S(u,0). 3)
we M(X)

Remark. Hausdorff dimensions of the basins B(W) were first calculated in [1; 2] (under the additional as-
sumption Ze(i) =1, which may in fact be omitted), and dimensions of the wide basins were calculated in [5].

They have ;he form
dim,, WB(W ) =dim,B(W )= sup S(u, 6).

new
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Hausdorff dimensions of the narrow basins were recently calculated in [3]:
dim, NB(W )= inf S(u, 6).
ne

Concerning the packing dimensions of basins, as far as we know, they were not investigated by anyone
earlier.

The paper has the following structure. In the section «Packing dimensions of sets and local dimensions of
measures» we define the packing dimensions of sets, local dimensions of measures, and formulate a theorem
about relationships between them. In the section «An upper estimate for the packing dimension of a basin» we
prove an upper estimate for the packing dimension of a basin. In the section «Construction of a model set of
signals» we construct a model set of signals contained in the narrow basin. In the last section «A lower esti-
mate for the packing dimension of a narrow basiny», using the local dimensions of measures, we prove a lower
estimate for the packing dimension of the model set and then deduce from it theorems 1 and 2.

Packing dimensions of sets and local dimensions of measures
At first we recall definitions of packing measures and dimensions. A packing of a set 4 in a metric space is
any finite or countable collection of balls B(x;, 7;), centered at x; € 4 and of radii 7;, such that p(x,., xj) >+

for all i # j. An e-packing is a packing consisting of balls with radii not greater than €.
For every s > 0 we put

Cl(A)= sup{z r

Evidently, C; (A) does not increase while € decreases, and therefore there exists a limit

C*(4)= lim C3(4).

balls B(xl., r.) form an e-packing of A}.

The packing measure of dimension s of a set 4 is

P*(4)= inf{z C'(4;)
and its packing dimension is defined as
dimp A= inf{s >0

the sets 4, form a countable cover of A},

P(4)=0}.
Let M be a metric space and L be a Borel measure on M. Then the function
Inu(B(x, r
Du (x) = limsupM, xeM,
r—=0+0 Inr

is called the upper local dimension of the measure L.

The next theorem enables to calculate the packing dimensions of sets by means of the local dimensions of
measures.

Theorem 3 [6, proposition 2.3]. Suppose A is a subset of a metric space M. If there exists a finite Borel

measure L on M such that D, (x) < s forall x € 4, then dimp A <. Conversely, if D, (x) 25 forall x € A and

the outer measure u*(A) is positive, then dimp 4 = s.

An upper estimate for the packing dimension of a basin
Now for any non-empty subset W < M (X) we prove the estimate
dim,B(W) < sup S(u, 0). (4)
wew

It will imply the same estimate for the packing dimension of the narrow basin NB (W), since the latter is con-
tained in B(W).

For each infinite signal x = (xl, X5, ) and positive integer n we define a cylinder Z, (x) as the set of all
infinite signals with prefix (xl, ey xn):

Zn(x):{y:(yl,yz, ...)eXN‘y1 =X, ees yn=xn}.
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Denote by |Z | 1ts diameter with respect to metric (1). Obviously, it can be computed according to the

formula i
9)=ITo(:)
t=

and its logarithm can be written in the form
n k
In|Z,(x)| = ]In6(x,) =15, ,())n6(i). )
t=1 i=1

Recall that M (X ) consists of all probability measures on the alphabet X = {1, ey k}. These measures can
be interpreted as vectors (L= (u(l), e u(k)) in R¥. Supply the space R* with the norm

k
il = 2w

i=1

where | = (p,l, oo uk).

It naturally defines a metric and topology on M (.X).
For any neighbourhood O(L) of a measure i € M (X ) let us define the sets

x"(ow)={r=(x, ... x,) e X"

By McMillan’s equipartition theorem [7, p. 51] for any measure |L € M (X ) and any € > 0 there exists a neigh-
bourhood O(u) and a number N (u, €) such that

5., €0(W)}, neN. 6)

card X" (O(p)) < M) for all > N(u, ¢), (7)
where /(W) is the entropy of i defined as

k
=Y u(i)np ()
i=1
Now we start to prove inequality (4). Set

¢y = min [In@(i). (®)

1<i<k
Fix an arbitrary number s satisfying the condition
s> sup S(u, 0),

wew
and choose € > 0 so small that

sup S(u, 0)<s— i_e 9)
wew 0
Henceforth we will consider measures [ belonging to the closure W of the set . For each e 7 choose
a neighbourhood O(u) sufficiently small to satisfy condition (7) and, in addition, such that for all measures
ve O(p) the following inequality holds

Du()mnp() Y ui)nu(i)

i=1 i=1

€ €
+C—:S(u, 0) + . (10)

3 v(i)n6 (i) i " ’

i=1 i=1

Then from (8)—(10) it follows that

i)InO(i Y v(i)in6(i)

wherefrom, after multiplication by the negative denominator, we obtain

k

Z‘ 2¢

- <S—C—Ss+—,
2v0)
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k
2 i)In6(i) < —h(u) - 2¢ for all ve O(u). (11)

Notice that if for some x € X' we have S, ,€ O(p,) then by (5) and (11)

Z, (x)| = sni 3, ,(i)n6(i)< —n(h(],t) + 28),

i=1

and hence
Z,(x) <) (12)

Thus, for every measure L € ¥ there exists a neighbourhood O(p) such that conditions (7), (12) hold si-

multaneously. Choose a finite cover O(u1 ), e O(u,) of the compact set W by neighbourhoods of that type.
Consider a sequence of sets

Ay={xeB(W)

e n€0(1) L...u O(y,) for all n2 NY. (13)

Evidently, the greater is N, the greater is 4,. The definition of a basin implies that for each signal x € B(W) the
distance from §, , to ¥ tends to zero when n — oo. It follows that the sets A, form a cover of the basin B(W).

X, n

Take any positive integers m, N satisfying the conditions

m=N > max N(u. e)

where N (u o 8) are the constants from (7) corresponding to the measures 1. Consider an arbitrary packing
of the set 4, by disjoint cylinders of the form Z, (xi), where x; € Ay and n; =2 m. For each n 2 N(uj, 8) the
number of different cylinders Z (x) such that 6, , € 0( W, ) by virtue of (6) is equal to the number of elements

in the set X" (O(u : )) which by (7) does not exceed e r{ili) ve) . From here, taking into account (12) and (13),

we obtain the estimate

z z 2 ll, +e —n (u/)+2£)=

i n2mj=1

/ —me

/

— Y Y=L Soasmoe (14)
n>m ] 1 l_e

It is easy to see that every ball B(x r) in the space of signals X, provided r < 1, coincides with a cylinder

Z,(x),
balls B(x,, r,) where x; € 4y, in fact consists of disjoint cylinders of the form Z, (x,.), where
Zn,- (xi )‘
min6( /) .
J

|Sr<

aoa(x )‘ Therefore every packing of 4, by

(15)

Z, (xi)‘ <K<

It follows from (14), (15) that CS(AN) =0. Since the sets A4, cover B(W), this implies the equality
P’ (B(W)) = 0. Hence the packing dimension of the basin B(W) does not exceed s. In view of arbitrariness of
s> sup (W, 6) we obtain (4).

wew
Construction of a model set of signals
Let W be a non-empty connected compact subset in M (X ) In this section we construct a model set
D, c NB(W). We will prove later on that its packing dimension coincides with the dimension of narrow basin

NB(W) specified in theorem 1.

All details of construction of the model set D, are explicitly described in paper [3]. We recall briefly only
a general idea of the construction, omitting technical issues, which can be found in [3].
First of all, we need the following lemma.
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Lemma 4 [3, lemma 5]. Let W be a non-empty connected compact subset of a metric space. Then there

exists a sequence x; € W such that its set of limit points coincides with W and, in addition, p(x,., X; +1) - 0.

By means of this lemma we choose and fix a sequence of measures |, € M (X ) such that its set of limit
points coincides with " and at the same time H“i -, +1H — 0. In addition, let all y, be strictly positive. This

can be ensured by the replacement u{(x) = (1 - 2_i)ui (x) + 27_ for all x € X (where k = |X|). We preserve the

prior notation L, for these corrected measures. As a result, the set of limit points of the sequence u; will not

change (will coincide with ), and the condition “ui — W, .|| = O will remain valid.
Let

C=max{-In6(/)[j=1,.... k}, (16)

C,=max{-Iny, (/) j=1.... k}. (17)
By positivity of |, all the constants C, are finite.
Choose a sequence of positive numbers &, satisfying the condition
g, —0,C¢g —0,asi—> oo, (18)
Then construct a sequence of positive integers n; satisfying the condition

1
ni+12(i+—]ni. (19)
Si
Using these €, and n,, define the sets
a={xex:|s,, - u|<e}cxn (20)

Since W; € M (X ) is a probability distribution on X; its Cartesian power p " is a probability distribution on X",
The law of large numbers implies that p}" (Ai) — 1 as n; — oo. Therefore the sequence 7, could be chosen grow-

ing so fast that along with (19) the following condition holds true:
—1 n:
n (I 4
—‘ ( .)‘—>Oasi—><>o. (21)
rn]m |ln W; ( j )|

Finally, define the model set D, according to the formulae
D, = AP X AP X ... x A, (22)

D, = A X A} X .... (23)
Lemma 5 [3, lemma 6]. Let W be a non-empty connected compact subset in M (X ) and a sequence of
strictly positive probability measures \; € M(X) be such that its set of limit points coincides with W and, at

the same time, Hui — W, 41| = O. In this setting the model set D,, defined in (16)—(23) has the property that for
each signal w € D, the set of limit points of the sequence d,, , coincides with W (in other words, V(w) =W

and hence D, C NB(W)).
In particular, this lemma implies NB (W) # &.

A lower estimate for the packing dimension of a narrow basin

In this section for the model set D_ associated (as described above) with a connected compact subset
W < M(X) we will prove the estimate

dim, D_, > sup S(u, ). (24)
new
Inasmuch as D, < NB(W) it will imply that
dim, NB(W) 2 sup S(u, 6). (25)
wew
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At first notice that for every finite signal x = (xl s X, ) € X" and measure L € M (X ), we have the relations

W (x) = (x Hu
k
Inp(x) z Inp(x,)=| 2 J)np(y

M (x) - | Z w(j)np(, - p”llsn]a;(k“n w(j)- (26)

For every finite signal x = (x;, ..., x,) we define the cylinder Z(x) consisting of all infinite signals with
prefix x:
Z(x):{w: (Wl’ Wy, ...)GXN‘WI =X, e W, :xn}.

n

Denote by |Z (x)| its diameter with respect to metric (1). Obviously,

|Z(x)| = He(x,.),
1n|Z(x)|:zn:1n6 zk: lnG

InZ (x |—|x|2u Jin6(j) <3, ~ n

max |1n 6 )| (27)

1<k

Take the sequence of measures W, € M (X ) used in the construction of model set D, and define the following
probability measure W on X :

=" X ps™ XL, (28)
For each signal w e X" we denote by w’ its finite prefixes of arbitrary lengths. Since every ball B (w, r) cx®

coincides with a cylinder Z, (w), where |Z, (w)| < 7 <|Z,_,(w)|,
. lnu(B(x, r)) ] lnp,(Z(w'))
[) :1 —————————-:1 _— 29
”(x) rlinsljro) Inr ﬂiuf ln|Z(w @)
Further we will prove the estimate
Inp(Z(w
im supM (1, 8) for all we D_. (30)

‘WW%m hdZ(W7 new

If the right-hand side in (30) vanishes then this estimate is trivial. Therefore it is sufficient to consider the
case when the right-hand side in (30) is positive.
Fix an arbitrary real number s satisfying the conditions

0<s<supS(u,0).

wew
The function S (},L, 9) attains its maximum on the compact set /¥ at a certain point " e . By construction p" is
a limit point for the sequence of measures ;. Hence there exists an infinite subset / N such that for all i € /,
k
2 W (J)Iny, (])
S (. 8)="7

iui (/)in(j)

>S
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k

o ()i, (5 <s2u Nnd(j), iel (31
j=1
Take a number i € /. Consider an arbitrary model 51gna1 w € D_. By construction it has prefix of the form
w’ =xy, where xe D, _, and y € 4;"*".
Notice that in view of (19), (20), (22)
mn, + ...+ n,_n i-1)n,_n .
M_1z 1 <( )7y < i o (32)

|y|_ nn; B nn; ;1

Let us estimate the value of lnu(Z (w’)). By definition (28) of L,

m(Z(w) < (). (33)
It follows from (26) that

max |lnp,, )| (34)

1<j<k

1nMM <|y|2u h’lul |y|~H5Y’M_H:

Combining (33), (34), the inequality Hsy"y‘ - “i” < &, (which follows from definition (20) of the set 4.), and

equality (17), having the form max|ln W; ( Jj )| = C,;, we obtain the estimate
J

=

Inp(Z(w)) < Inpl!(») Z g, () +]ye,C.. (35)

Then, substitution of (31) in (35) gives

Inp(Z(w )<s|y|2ul )In6(;) +|y|e;C.. (36)

The product C;¢g; in view of (18) tends to zero. Therefore the second summand in the right-hand side of (36) is
infinitely small with respect to the first one. So (36) can be written in the form

Inp(Z(w )<s(|y|2ul In@( ](1+ai(w)),iel, 37)

where o, (w) = 0 as i — oo,
In the same way we may estimate 1n|Z (w')| from below by means of (16), (27):

1n|Z(w

(x)| +In|Z(y) 2 |x|c+|y|2|u, )In6(j) - |yle.C. (38)

j=1
Recall that €, — 0, and from (32) it follows |x| <g | y|. Therefore the first and third summands in the right-hand
side of (38) are infinitely small with respect to the second one, and so (38) can be written in the form

[IylZu )In6(; }(1 +B,(w)), (39)

1n|Z(w

where B; (w) = 0 as i — oo,

Dividing (37) by (39) and taking into account that the left and right hand sides in these inequalities are
negative, we obtain

1nu(Z(w’))> 1+ o, (w) l

ln|Z(w _Sl+Bi(w)’

It follows from here that for each model signal w € D_ and its prefixes w’,

el
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limsup lnu(Z(w')) 2

— (40)
wise  In|Z(w)

In view of arbitrariness of the number s < sup S(l, 0) the last inequality implies (30).
wew

If ],L(Dw) > ( then (24) follows from (29), (30), and theorem 3. But in fact, the equality ],L(Dw) =0 is most

likely to take place. In this case it is enough to replace the measure | in (30) by a probability measure v on D_
such that for any signal w € D_,

. In V(Z(w’))
= Inp(Z(w"))

To this end we define measures v, on the alphabet X by the formula

=1. (41)

S T (42)
(r (4)) "

and a measure v on the model set D_ = 4> x A5’ x ... (of the same type as in (28)):

i

V=" X v XL

By construction v (A i) =1. Therefore v(D,,) = 1. Formally v is not defined outside the model set D, but it may

be extended by zero if one wishes.
It follows from (21), (42) that when i — oo,

Inv.(j n il ( 4,
Mz l—ﬁ — 1 uniformly on j e X. (43)
[ty (/)] Iny; (/)
Evidently, |Z (w’)| — 0 as |w’| — co. From here and (40) it follows that u(Z (w’)) — 0 and hence |Z (W) —0
as |w’| — oo, The last convergence along with (43) implies equality (41). Thus estimates (24), (25) are comp-
letely proved.
The union of estimates (4) and (25) looks as follows:
sup S(U, 8) < dim, NB(W) < dim,B(W) < sup S(u, 6), (44)
wew wew

where the left inequality is proved for the connected compact subsets W < M (X ) and the right one for all
non-empty subsets # < M (X ). This immediately implies theorem 1.

To prove equality (2) from theorem 2, it is sufficient to notice that in view of (44) for any measure W* € W
we have

S(u*, 6) < dimPB(],L*) < dim,B(W) < sup S(u, 6),
wew

and take supremum over u* € W.

Equality (3) from theorem 2 follows from (44) and the inclusions

NB(M(X))c WB(W)cB(M(X))=x"
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PEIITEHUE OAHOI'O TUITEPCUHI'YASAPHOI'O
WHTETPO-AUOPEPEHIIMAABHOI'O YPABHEHNA,
3AAAHHOI'O C ITIOMOIIIbIO OITPEAEAUTEAEN

A, IT. ITHJIUH"

YBenopycckuii 2ocydapemeennviii ynusepcumem, np. Hezasucumocmu, 4, 220030, 2. Muncxk, Beiapycy

[TpuBOAXTCSI TOYHOE AHATUTUYICCKOE PEIICHHE THIICPCUHTYISIPHOTO HHTErPO-Au(HepeHIHATEHOTO YPaBHEHHSI POU3-
BOJILHOTO TOPSIIKa Ha 3aMKHYTOHM KPUBOH, PacrooKeHHONW B KOMIUIEKCHOW TIOCKOCTH. XapaKTepHas 0COOEHHOCTh
YPaBHEHHsSI COCTOMT B TOM, YTO OHO 3aITUCAHO C TOMOIIBI0 onpenenuTeneii. C TOUKH 3peHust TpaJuInOHHON Kitaccuduka-
LIUH YPaBHEHUH €T0 CIIe/yeT OTHECTH K IMHEHHBIM yPaBHEHHSM C IEpeMEHHBIMU KOG QHUIIMEHTaMI CIIEIUAIBLHOTO BHIA.
IIpumeHsieTcss METOJ aHATUTUYECKOTO IPOIOJIKEHMSI. YPaBHEHHE CBOAUTCS K KpaeBOW 3a7ade JTUHEHHOIO COMPSIKEHUS
JUISL QaHAIUTHYECKUX (DPYHKIUI ¢ HEKOTOPBIMHU JIOTOJHUTEIBHBIMU YCIOBUSMH. B cirydae paspemmmocTty 310 3agaun
TpeOyeTcs PelnTh elile aBa JHHCHHbIX nu((epeHIMalbHbIX YPABHCHUS B KJIACCE aHATUTUYCCKUX (DYHKIHH. YKa3bl-
BAIOTCSI B SIBHOM BUJIE YCJIOBUS PA3pEeIINMOCTH, ITPU BHIMOTHEHUH KOTOPBIX PEIIeHUE TaKXKe MOXKET ObITh 3aIIMCaHO SIBHO.
PaccmarpuBaetcs npumep.

Knrwouesvie cnosa: naterpo-nuddhepeHnmansHpe ypaBHEHHS; TUIICPCUHTYIIIPHBIE HHTETPajIbl; 0000IIEeHHBIE (OPMYITBI
Coxorkoro; nuddepeHmanbHbie ypaBHeHMs; KpaeBast 3a1a4a Pumana.

SOLUTION OF ONE HYPERSINGULAR
INTEGRO-DIFFERENTIAL EQUATION
DEFINED BY DETERMINANTS

A. P. SHILIN*®

Belarusian State University, 4 NiezalieZnasci Avenue, Minsk 220030, Belarus

The paper provides an exact analytical solution to a hypersingular integro-differential equation of arbitrary order.
The equation is defined on a closed curve in the complex plane. A characteristic feature of the equation is that if is writ-
ten using determinants. From the view of the traditional classification of the equations, it should be classified as linear
equations with variable coefficients of a special form. The method of analytical continuation id applied. The equation
is reduced to a boundary value problem of linear conjugation for analytic functions with some additional conditions.
If this problem is solvable, if is required to solve two more linear differential equations in the class of analytic functions.
The conditions of solvability are indicated explicitly. When these conditions are met, the solution can also be written
explicitly. An example is given.

Keywords: integro-differential equations; hypersingular integrals; generalised Sokhotsky formulas; differential equa-
tions; Riemann boundary problem.
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BBenenue

B runepcunryaspHbix MHTErpasibHbIX ypaBHeHUX (1Y) uHTErpasisl MOHMMAaOTCs B CMBICIIE KOHEYHON 4acTH
o Anamapy. OCHOBHBIMHM METOZIaMU PEIIEHUS] TAKUX YPAaBHEHUH SBISIIOTCS] YHCIEHHBIE METO/IBI, IPEACTaB-
JIEHHE O KOTOPBIX MOXKHO MOJTY4UTh, HATPUMED, B cTarbe [ 1]. AHaTUTHYEeCKHE METOIBI pelieH sl pa3padoTaHbl
Maso. JloctatouHo moapoOHbIi 0030p COBPEMEHHOTO COCTOSTHUS MeToI0B perienus Y nan B pabore [2],
r7ie, B YaCTHOCTH, cka3aHO: «B Hacrosimiee Bpemsi [TNY HaxomsT IIMPOKOe MPUMEHEHHE MPU MOIEIUPOBA-
HUM 33]a4 a3POAUHAMUKH, JIEKTPOAUHAMUKH, MUKPOJIEKTPOHUKH, T€0()U3HUKH, AaTOMHOM U siIepHON (HU3UKU
Y psJia IPYTHX O0JIACTeH eCTECTBOZHAHMS U TEXHUKU» [2, c. 245].

TouHOE aHAIMTHYECKOE PElIeHNE THIIEPCUHTYISIPHOTO HHTErpo-Au(GepeHIHalbHOr0 ypaBHEHHS BIEp-
BbIE, [T0-BUIUMOMY, NIPUBEJIEHO B CTaThe [3] — 3TO pelleHre JIMHEHHOTO ypaBHEHHsI Ha 3aMKHYTON KpHBOMN
B KOMIUIEKCHOH TJIOCKOCTH B CIIydae TOCTOSHHBIX Kod(pduuneHTos. B HacTosmei padore, kak U B myOnnka-
nusax [4—6], anaJoruyHOE ypaBHEHHE pacCMaTPHUBAETCS JJIsl TAKMX CITydaeB MepeMeHHBIX Ko3(]duineHTos,
KOTZIa BO3MOKHOCTh TOYHOTO aHAJIMTHYECKOTO PELIEHHS COXPAHSIETC .

IlocTanoBKka 3aga4u

O603HaunM yepe3 L MpocTyro MIaaKyo 3aMKHYTYI0 KPHBYIO Ha PacIIMPEHHON KOMIUIEKCHOW TTIOCKOCTH.
[Tycts D, — obnacth, Ui KOTOPBIX KpuBast L siBisercs rpanuueit, 0 € D,, co € D . OpueHTHpYeM KpUBYIO L
TakK, YTOOBI IPH ABMKEHUH 110 HEH B MOJIOKUTEILHOM HalpaBiieHUH obiacTe D, 0cTaBaniach CIeBa.

[lycrs m, n € N. 3ananum H-HenpepbiBHbIC (T. €. YJ0BIETBOpsitoIue yciaoButo ['€nbiepa) GyHkimu a(t) #0,

b(t) =0, f (l), m pa3 H-renpepsiBHo tuddepeHumpyembie GyHKIMH p; (l), J =1, m,unpa3 H-HenpepbIBHO 1u-
(bepennmpyembie GYyHKIHH q; (t), j=1, n, t e L. Ha xpuBoii L TpeOyeTCsi HAUTH max(m, n) pa3 H-HernpepbIBHO
mnbdepennupyemyro GpyHKUHIO ¢ (f), YIOBIETBOPSIOLLYIO YPABHCHHIO

n()  p() o p(0) () @) @) - a,() o)

I G L B B P B R 2 G
pl(”)‘(t> Pg;"‘)'(f) an;"‘).(f) <P(;"‘)'(f) %(‘;'(f) qg;’;.(l) q,(q;;.(f) <P(;).(l)
() p() Pul(t) OIJ.(p,(:_)c:T
RECIECRFC I el

L= |= /() teL, (1)

A0 &0 ) 2

(t

C MHTErpajaMu, IOHNMaeMbIMU B CMBICJIE KOHEYHOH JacTu 1o Anamapy.
Bynem o0o3nauath uepes W BpoHCKHaH (QyHKUNH, yKa3bIBas B CKOOKax caMH (yHKIIMU U UX apryMeHT. s
t € L BBegeM 0003HAUCHHUS

W) =W (P Prs s P 0)s W) =W (Prooos Py Pyats ooos P ), =L,
W_(t):W(ql, q2,...,qn;t), Vlg-_(t):W(ql,...,qj_l, qj+1,...,qn;t), j=1n
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NS
A
[TycTb TOUKa Z,, ABIISETCS U1 HEKOTOPOH (DYHKIIMK TOYKON aHAIUTUYHOCTH J1InOo nosocoM. Hanomuum, uto

. k
HOPSAKOM 3TOH (PYHKITHH B TOUKE Z, HA3BIBAETCS YHUCIIO V € Z U3 PA3IOKECHUS QYHKIUH B P 2 C (z - ZO) ,

o k=v
¢, # 0, B OKpECTHOCTH 3TOH TOUKH.

Bo3moxkHoCTh pemuTh ypaBHeHHe (1) aHoHCHpOBaHa B crarke [7]. B HacTosmeit paboTe npuBeaeM Moa-
POOHO COOTBETCTBYIOIIUH Pe3yNbTarT, AOMyCKas K TOMY JKe HaJIMUUe Y UCXOAHBIX (DYHKIHH 0COOBIX TOYEK, 3HA-

YUTEIBHO YCIOXKHSIOMMX perenne. Kak u B crarbe [7], B JanbHeiiiem OyaeM CHTaTh, 4T0 BCe QyHKIHH p; (t)
(a cnemoBarenbHO, U W+(t), I/Ifr (t)) AHAJIUTUYECKH IPONOIDKUMBI B D, ipudem W, (z) #0,ze D, UL Hocnue-
JaeM MCKIIIOUEHHE ISl OHOH (0c000ii) TOUKH z, € D,: MyCTh B 3TON TOUKE MOPSAAKN (DYHKIIHI pj(z) PaBHBI
k; € Z (n Torna Heobs3arensHo W, (ZY) # 0). Kax u B pabore [7], Oynem npeamnonarars Takxe, 4To Bce QyHKIUH
q;(¢) (asnaunr, u W_(r), W; (1)) ananuriaeckn npogomkumbi B D, npudem W_(z) #0, z € (D_ U L)\{eo}. Posp

0co00¥ Touku B D_ Oy/ieT urparh TOUKa z = oo, MOCKOJIbKY Bcerma W_ (oo) =0. B cTarbe [7] uzydeH ciayuaii,
xorma A # 0, Te

ko ky .o ky

k k .k
A= 11 21 nl ,
kl,n—l k2,n—1 kn,n—l

ok
o o _ 'js o
a DJIEMCHTBI ONPCHACIUTEIIA A 6CPYTCH W3 Pa3JIOKCHUU B PAIBI TGI/IJ'IOpa (]j(Z)— z _ZS @)yHKHI/II/I qj<Z)
s=0
B OKPECTHOCTH TOYKH Z = co. Ternepb MpearoNokiM, 9To pyHKINHU g j(z) HUMEIOT B TOUKE Z = o HyJU HEKOTO-

PBIX TIOPSIJIKOB l] eN, j= 1,_n (u Torma Bcerma Oymer A = 0).

OcHOBHOII pe3yabTar

Jlemma 1. Ecau nopsoku k; gynxyuii pj(z), Jj =1, m, 6 mouke z, nonapno paznuunvt, mo nopsooxk W, (z)
. u (m — l)m
8 MOl MOUKe PageH z k; - —
j=1
JloxazaTenscTBo. Pa3ioxknm B TOUKE z, JIIEMEHTHI onpenesmren W, (z) B psizbl JlopaHa (B 4aCTHOCTH,
9TO MOTYT OBITH psAbl Teitnopa):

a(z=z)"+ .. Gz = 2)" + .
ak(z-z)"""+ ... a,k,(z—z)" "+ ..
alk](k]—l)(z—z*)k]_2+... amkm(km—l)(z—z*)k’"_2+...
alkl(kl—1)(k1—2)(z—z*)k‘73+... a,k, km—l)(km—2)(z—Z*)k'"73+...
ak (ke =1)(k=2). .k =m+2)(z=2)"""" L a k(= 1)k, = 2). (k= m+2)(z—2)" T 4

B KaXXZI0M DJICMCHTC OIIPCACIUTCIIA YKa3aHbl JIMIIb HAYaJIbHBIC CJIaracMbl€ COOTBCTCTBYROLICTO psaad,
OCTallbHbBIE cllaraeMble 0003HAUYEHBI MHOI'OTOYMSMMU, dy, ..., d,, — HCHYJICBbIC [IOCTOSIHHLIC. HO,I[‘IepKHCM, qTo

y s\
pu 1uQPepeHInPOBAHNH YIICHOB PAJOB MBI OJIb3yeMcs (OpMYJI0H BUaa ((z - z*) ) = s(s - 1). . .(s —k+
—k (k)
+ 1)(2 -z, )S B ToM yucie u nipu 0 < s < k, xorga ((z -z, )S) = 0. BriHecem 3a 3HaK OMpeneauTeNIss MHO-
KUTENDb a (z -z )k’ Tl W3 j-TO CTOJIOA, 3aTeM MHOKUATEIH (z -z )m -/ u3 j-ii cTpokH, j =1, m. B pe3yib-
j * .] > * J p > ] > * p y
m
M

TaTe nepen onpenenuTeraeM OyaeT MHOKHUTEIb A(z - z*) ,med=aa,--a,#0, M= Z (kj -m+ 1) +

7 . " (m — l)m J=1
+ Z (m—j)= 2 k; — Y a OIIPEJeNUTENb I10CJIe PACKPBITHS CKOOOK M MPUBEIECHUS OAOOHBIX UJie-

=1 =1

HOB IIPUMET BU
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1+... 1+...
ke +... k, +...
K=k + ... K2 —k, +...
k= 3ki + 2k, + ... k) =3k +2k, +... ’
K+ (2)" (m=2)k + o kT L+ (<) (m = 2)Mk,

IJIe BCE MHOTOTOYHSI B DJIIEMEHTaX OIpeNeInTeNs 0003HadaloT OECKOHEYHO MaJble (DYHKIUU TIPH Z — Z,.
Tenepb MOJNy4EHHBIN ONpPENEIUTENb MPEACTaBUM B BUJE HaJJIEXKallel CyMMBbl TaKUX ONpPEAEIIUTENIEH,

AJIEeMEHTaMH KOTOPBIX OyAyT OTJENbHBIE cllaraeMble CTPOK. HeHyneBbIM OyJeT UMb OpeeTuTeNh U3 BCeX

TIEPBBIX CIAraeMbIX CTPOK, TIOCKOJIBKY OH COBMAJIAET C OmpeaenuTeneM / BanaepMoHaa MomapHO pa3TuIHbBIX

uucen ki, ky, ..., k,. OcTabHbBIC ONPENENINUTENN WIK OOPATATCS B HOJIb M3-32 IPOIOPLIHOHAIBLHOCTH KaKUX-

00 CTPOK, WiH OymyT OECKOHEYHO MANBIMH TIPU Z — z, W3-3a HAJMYUS TaKUX OECKOHEYHO MaJIbIX XOTS OBl

B OJTHOM CTpOKE.
Uraxk, u "

W+(Z)= AV(Z — Z*) + 0((2 — Z*) ), z = z,.

Jlemma nokaszaHa.

OTMmeTHM, 4TO TIPH BBITIOTHEHUN YCJIOBHH JEMMBI MTOPSIKH Wfr(z) B TOYKE Z,, OYEBHJIHO, OyAYT paBHBI

st_w, i=Tm
s=1 2
KE

[Ipoananusupyem 1jis onpenenutesns W, (z) CIly4ail IPOU3BOJIBHBIX LENbIX MOPSAKOB k;, j =1, m. O6o3Ha-
anM k= k; HAMMCHBIINIA 13 9THX NOPsAKOB. Eciu Hapsny ¢ dyHKumeiH pjl(z) HEKOTOPbIC U3 GyHKLMH p; (2)
TaKke UMEIOT ATOT MOPSIOK, TO IPHOABAM K cTonbuam onpeaenutens W, (z), conepxammm takue GpyHKIHH,
cronbern ¢ QyHKuuei pjl(z), YMHOXCHHBIH Ha HaJyIe)allre KOHCTAHTbhI, TaK, YTOOBI B pE3yJIbTaTe CTONOEI]

C HOMEPOM j; OCTaJICsl IMHCTBEHHBIM, B KOTOPOM MOPSIOK MEpBOi (QYHKIMU paBeH lgl. O003HaYMM [Jj(z)
(YHKIHH B epBOii CTPOKE HOBOTO OpexeauTens, j =1, m. B uactHoctn, Gyzer p;(2) = p;(2). Ecm dynk-
st p; (z) OKAKETCS EIMHCTBEHHO C MOPSIKOM k, B TOUKE Z,, TO IPOCTO CUNTAEM pi(2)=p;(2), j= 1, m.
Teneps B HOBOM ompejenuTese 0003HaYUM 152 HaMMEHBIIWI TOPSJIOK B TOUKE z, BCeX (DYHKUUH [aj(z),
KpoMme (YyHKIHN ﬁjl(z), U mycTh QyHKUIUS [7].2(2) HUMeeT 3TOT nopsiiok. Ecinu HekoTopbie 3 QyHKUUI ﬁj(z)
TaKKe UMEIOT ITOT MTOPSIIOK B TOUKE Z,,, TO IPUOABUM K CTOJIOIAM C TAKUMHU QYHKITUSAMH CTONIOCI ¢ (DyHKITHEH
[)jz(z), YMHOKCHHBII Ha HaJUIeXkKallie KOHCTAHThI, TaK, YTOObI B pe3yJbTare CTONOEI ¢ HOMEPOM j, OCTaics
€IMHCTBEHHBIM, B KOTOPOM IMOPSIOK IepBOH (PYHKIINN PaBEH l;z. O6o3Ha9NM fyj(z) (hyHKIIMK B TIEpBOI CTpO-
Ke HOBOrO onpenenutens. Eciu gpyHkuums pjz(z) OyZeT eIMHCTBEHHOH C MOPSIIKOM 1:72 B TOYKE Z,, TO MPOCTO
CUUTaeM ;:Jj (z)= ﬁj(z) JUIsL BCEX J = 1, m. OGo3HauMM 153 HaMMEHBILUI MOPSAOK B TOUKE Z, BCeX (DYHKLU

;:)j(z), KpoMme QyHKIHH [:)jl(z) u ]:)jz(z), Y TIPOAOJDKUM ACUCTBHS CO CTOJNOIAMH, aHATIOTUYHBIC TPEABLITY M.

B pesynsrare Mbl 100beMCSl TOTO, YTO MOPSAKH B TOUKE z, BCeX (DYHKIMI B MEPBON CTPOKE OMpPEIETUTENs
CTaHyT MONApHO pa3an4yHbIMU. [I0CKOJIBKY 3HAYEHHUE OINPEACIUTENS B PE3YIbTaTe YKa3aHHbBIX IEHCTBUN CO
CTONOLAMH HE N3MEHHTCSI, TO MOYKHO, HE Tepsist OOLIHOCTH, CYMTATh C CAMOI0 Havajla BCE MOPSIAKH k; OMAapHO
pa3IMYHBIMH, YTO MBI U Oy/IeM Mperonararb B JalbHEHIINX PacCyKACHHIX. '

Jlemma 2. Ecnu nopaoku I; nyns na beckoneunocmu @ynryuil qj(z), j =1, n, nonapro paziuynsl, mo no-
(n - l)n
2

[MonpoOHOE 0Ka3aTENBCTBO HE MPUBOIUTCS, TOCKOIBKY OHO aHAJIOTUYHO JIOKA3aTelIbCTBY JieMMbI 1. OTMe-
THUM TOJIBKO, YTO, TMPEXKAE YeM IPOBOAUTH MOXOKUE PACCYKICHUS, IEMEHTHI IEPBOI CTPOKHU OMPEICITUTEINS

n
PAOOK HYIISL HA DeCKOHeYHOCmU W_(z) pasen z [+
Jj=1

_1. .
W_(z) cnenyer npencrasuth B Buge b,z +..., b, € C, b;# 0, j=1, n. lonyuum, uro W_(z) orHocHTeIH-

n
n—1)n
HO z OyJeT UMETh CTeTIeHb Ha OECKOHEYHOCTH z (—l j) - (T), T. €. TOUKA z = oo OyJeT HyJIeM MOopsIKa

j=1
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n
n—1)n _
Z / L+ (T) VYKakeM Takxke, 4To JUIsS OIpeesuTenei Vlj (z) HYJIb Ha OECKOHEYHOCTH Oy/lIeT UMETh T10-
j=1

! n—=2)n-1 —
PAOKA 2 [+ %, Jj=1, n. Tak xe kak u B ciaydae onpenenutens W, (z), B JlaJIbHENIIIEM MOXXHO,

s=1
S#J
HE TCPAA O6HIHOCTI/I, BCETla CUMUTarh JJId ONPCACIIUTEIIA W_ (Z) BCC MMOPAAKHN l/‘ IornapHoO pas3sjindYHbIMH.

Brenem HOBBIC HEM3BECTHBIC (DYHKITUU:

q)+( )_L M’ zeD,,
- iy t-z -
F+(Z>:W(p17 p25“'9 pm’ ¢+5 Z)a ZED+3 (2)
F_(Z)= W(ql, Qs eeos G P_; z), zeD. . 3)
B onpenenurene W( Pis Das v P> P z) 0e3 moTepu OOITHOCTH PACCYKICHUN MBI MOYKEM CUUTATh T10-

J

psiaku GyHKUMH p; (z) B TOUKE Z, TIONApHO Pa3IMYHBIMHU U PaBHBIMH k,, j =1, m. B mpoTuBHOM ciy4ae K 3T0-
MY MOKHO NPHHTH TEMHU K€ ACHCTBUAMU C MEPBBIMU /71 CTOJIOLAMH, YTO U B OIIPEICIUTENE W+(z): JIaHHBIE

JCHCTBHS HE M3MEHAT OIPEIENIUTENb TOYHO TAK JKe, KaK U ompeaenutens W, (z). AHanornqHoe 3amedanne
CIIPABEIMBO JUIs ONPEACIIUTENS B ypaBHEHHH (3).

DOyHKIUH <I>J_r(z) AHAJIMTUYHBI B COOTBETCTBYOMUX obnactsax D,, ®_ (oo) =0. Oynxuus F +(Z) AHAJIATUY-
Ha B D,, KpOMe, BO3MOXKHO, TOUKH Z = Z,, [Ie y Hee MOKeT ObITh nontoc. Pynkuust F_(z) ananutuuna B D_,
F_(e0)=0.

Ecnu nopsinox pynkuun @, (z) B TOUKe z, He COBNAZAET HU C OAHUM U3 IOPSAKOB k; dbyHKumit pj(z),
TO MOPSZIOK O B 5TOH Touke y QyHKUnH F,(z) MOXKHO BBIYMCIMTB, IPUMEHss JeMMy | K (yHKIHsIM
p1(2), Po(2), --os (2), @, (2). s onpenenenHoCTH B ManbHeiIem Gysiem momarats k; # 0, j =1, m. Tlpu

m
m(m+1
3TOM MUHHUMAJILHO BO3MOKHBIN TIOPSIOK Ol = 2 k i M Oyzer B cityuae, koraa y GyHkuun @, (z) HY-
j=1
neBoi nopsanok. Eciu nopsnox pynkuun @, (z) B TOUKE Z,, COBIIAJAET C OJJHUM U3 TOPSIKOB kj, TO I pacyera
nopsjka B 3Toil Touke y pyHkuuu F, (z) MCIIOJIh3yeM OIMCAHHYIO PaHee MPOIeIypy ACHCTBUN CO CTOIOIaMU
F, (z) IIpu 3TOM JOTTyCKAaeTCsT M3MEHSTH JIUIITH ITOCICIHINA CTOIOET], a APYTUE OCTABIISITh HEU3MEHHBIMH, H3-3a

4eTro NOpAA0K INEPBOro 3JIEMCHTA B MMOCJIICAHEM CTOJ'I6IIC 6YLLGT YBCJINYUBATLCA. q)yHKIII/IH [7+ (Z) IIpu 3TOM HE

o
HU3MEHUTCS], a €€ TMIOPSIOK B TOUKE z,, OKKETCs OobIte o. Takum obpazoM, F| +(z) = O((z - z*) ), z — z,. AHa-

3 L — 1y
JIOTUYHO, IToj1aras B JajbHeleM / i # 1, j =1, n, c NOMOIIBIO JIEMMBI 2 MOJTYYUM F_(z) =0 (— , Z —> oo,

z
n
nin+1
rme B = [+ M +1 (exuHHUILA, B CPAaBHEHHUH C YUCIIOM O, JOOABUTCS U3-3a MUHUMAJIBHO BO3MOYKHOIO
/ 2
i=1

1-ro mopsiaka F._ (z) Ha OECKOHEYHOCTH). VICTIONB3ys TEpMUHOIOTHIO [8], MOXKHO CKa3aTh, YTO KyCOUYHO-aHa-
mtnaeckue Gynkunn F,(z), F_(z) 20mKHbI OBITH KPaTHBI IMBA30OPY z%P,

Bepuemcs k ypaBaenuto (1). Ero moxHo cHavasna 3amnucars B BUJIE

pl(t) pz(t) pm(t)

PAARP T e
a(?) pi(t)  pa(t) Pulr)  Se'(0) zl_n'l Lj((pt(i)cg :

My ) iy Loy, mp e(t)dr
pl (t) pZ (t) pm (t) 2(‘p (t)+2nlJ(T_t)m+l
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0(1) @) - q,(0) _%(p(t“zo_n!if%

L

W) G0 a0 tels L

Zb(t) 2 21 ("C—t)z +T, ZEL,

o(t
_E 27!:1'[ "“

a 1MoToM, HCTob3yst 0000mmeHHbIe Gopmyiel Coxonkoro [9], B BuIe KpaeBoi 3anaun Pumana

F

+

b(t t
=05 )+ LY e, 4
a(t) 2a(t)
Ecnu permenne 3toii 3aga4un OyaeT HaleHO, TO COOTHOIIEHU (2), (3) creayeT 3aTeM paclieHUBaTh KaK JINHEH-
Hble AU epeHIaNbHble YPaBHEHUS U1 HaxoxkaeHus QyHKuuid O, (z) B caydae eciu u pynkunn @, (z)
OyIyT HaiiieHbl, perieHne ypaBHeHus (1) MOXXHO HaiTh 1o hopmyIie

o(t)=D,(r)-D_(1), teL. (5)
TakuM 06pa3om, cripaBeUTHBA CISAYIONMAs TeopeMa.

Teopema. Pewenue ypasuenus (1) ceooumcsi k nociiedosamenbHoMy peuteruio kpaesot 3adauu Pumana (4)
6 Kaacce QOyHKYull, KpAmHuIX OUBUZOPY z%P 4 ougpgepenyuanvuvix ypasuenutl (2), (3) 6 knacce ananumuye-

ckux ¢hynkyuti (¢ ycnosuem ©_ (oo) =0).

JdanbHeiimee ucciaenoBanue

Pemienue 3anauu Pumana. Teopus 3anaun Pumana [10] mo3BossieT penuTh BO3HUKITYTO 3a1a4dy (4). Bee-

b(t
JIeM cieayromue ooo3HaueHus: s = Ind ﬁ; X i(z) — KaHOHWYeckre (yHKIUU 3a1a4u Pumana, daxropu-

"a(r)
b(z)

syrome ee kospduiment ——; W, (z)= LJ. f(1)dr
a

a(r)’ iy a(t) X (t)(t-2)

z € D,. Pemenue 3anaun (4) umeer Buj

H+

4mi

W, (2)(z - 2)" + 0y, (2)

FJ_r(z)=Xi(z) PK_B(Z)-F = , z€D,.
(-~ =)
x-B i
Ipu - B <0 P%_B(Z)EO, anpu x—B=0 P%—B(Z) — MHOTOWIEH BHJIA z C (Z - z*) , kK03 hUMeHTH
k=0

KOTOPOTO 3aBUCAT OT BETUYHUHBI Ol
* B ciyyae O < 0 ABJISIOTCS MPOU3BOJIBHBIMY;
* B Ccilydae Ol > ¢ — [ BBIUHCIISAIOTCS 110 popMynam

( 1) .[ )jzsjjt)k+l

(6)

G =

st Beex k=0, 2 —

*B ciydae | < o < > — B Beruucsitorest mo gopmysaam (6) st k=0, oo —1, a it k = a, > — B ocrarorcst

ITPOU3BOJIBHBIMU. ‘ot‘ 1

Ecmu o > 0, T0 Q‘a‘fl(z) =0, ecmu ke o0 < —1, TO Q‘(XH(Z) — mHorowneH Buma Y dy(z -z, )k, k03 u-

HUCHTBI KOTOPOT'O 3aBUCAT OT BEJINYUHBI > — BI k=0

*B ciryyae » — 3 = —1 SIBJISIOTCS TPOU3BOJIBHBIMU;
*B ciyyae » — 3 < —|0c| — 1 BIUMCISIOTCS IO OpMyIaM
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k—

_Ljfﬁ)(f—z*) dt -
o] - 4mis a(t)
Jutst Beex k =1, |olf;
*B ciyuae —|o| < ¢ — B < —2 Beruncisores no popmynam (7) mist k=1, B -3 -1, a i k=B -, |o
OCTaIOTCSI TPOU3BOIBHBIMHU.
IIpu aTOM miist pazpemmmMocTy 3a1aqn (4) He0OXOMUMBIM M TOCTATOTHBIM SIBIISICTCS:
1) mpu 1 < 3¢ — B + 1 < 0 BBITIOJTHEHHE YCIOBUI
T)dT
AL LA ®
I pa(t)X,(t)(t-2)
B KOTOPBIX k=2 —B+1, o0 —1;
2)mpu »x — B < —|(x| —1, o0 < —1 BEIMONHEHUE YCIOBUI
k-1
T)(T— 2z, dr
_[f (x)( ) 0, )
L a(t)

B KOTOpBIX k =|0 + 1, — 2 —1;
3) npu s — f <—1, 0. > 0 BBINOJIHEHNE COBOKYITHOCTH yci0BHi (8), B KoTopsIX k =0, oL — 1, 1 ycnoswii (9),

B KOTOphIX k=1, — > — L

B ocTanpHbIX ciyvasix, T. €. IpH > — 3 — o = —1, 3aaua paspeiinmMa 6e3yCclioBHO.

Pemenue nu¢pdepennnanbubix ypaBHennii. [Ipeanonaras, uro 3anada Pumana (4) paspemmnmMa, a ee pe-
IIeHKe HaiiieHo, OyaeM HccieioBats B oonactu D, ypaBHeHue (2). Pemenue 3Toro ypaBHeHuUs, IOIy4E€HHOE
METO/IOM BapHallluy MPOU3BOJIBHBIX MOCTOSHHBIX, UMEET BH]L

m
- + A
©,(z)= X, (¢ 7 (2) + p(2)C,(2)), (19)
j=1
+

ERGE) u
—————, j =1, m. Jlnd nanpHeummx pac-
W (z) _

cyknenuii 3agukcupyem Touky zg € D,, zg # z,. Jlns onpenenennoctn Oymem cumTarh, uto ans j =1,y

e C j+ eC, C y (z) — Kakue-IImbo nepBooOpasHblie GPyHKINH

kj 20,ama j=y+1Lm kj < 0. Ha ocHOBaHNM TOPSIAKOB B TOUKE z, (DYHKITHAI VIG-+<Z), F, (z), W+(z), ycTa-

HOBJICHHBIX B JIEMMC€ 1, 1 MOCJIICAYIOIIHUX IMOCJIC €€ NOKA3aTC/IbCTBA paCCY)K,I[eHI/If/’I 3aKJIF049acM, 4YTO IMOPAAOK

b W' (z)F(2)
YHKITUU 5 HE HUXE
wi(z)
o (m—2)(m—1) o (m—l)m o m(m+1)
Xiks—fﬁ' zlkj—T—z zlkj—T :_kj_l'
s = J= =
S#J

Ter[epL IIOHSITHO, 4YTO q)opMyna (10), B006I_Lle roBOps, HE JAaCT aHAJIUTUYECKYIO (l)yHKLII/IIO B D+ 10 TpEM
[IpUYMHAM. o
Bo-nepBbIx, ans j=1,y ynmoMsHyTble IPOU3BOJHBIE MOTYT HE CyIIeCTBOBarh. il MX CyIIECTBOBAHUS
HCO6X0,I[I/IMO 1 JOCTAaTOYHO BBIIIOJIHCHHUA yCJIOBPII;'I
+
AOIAC -
res L~ 20—, j=1,7. (11)
2= 2y W2 (Z)
+
Ecnu st YCJIOBHA BBIIIOJIHAKOTCA, TO B Ka4€CTBE HYKHBIX HepB006pa3HBIX MOXHO 6paTB (l)yHK]_[I/II/I
+
6 (o) [ OO
J - 2
N (9

20

, B KOTOPBIX MHTCIPaJibl BEIYUCIIAIOTCA I10 JIFO0BIM KPpUBBIM B D +» HC IIPOXOASIINM

uepe3 TOUKY z,. [lonrocs! opsiikos He Gosee k; st k; > 0y 9THX 11epBooOpasHbIX «moracstes» B Gopmyie (10)
HYJISIMU TIOPSZIKOB k; COOTBETCTBYIOLUMX MHOKHUTEICH p; (2).

Bo-BropsIX, cnaraemele C j+ pj(z) s j=7v+1, m B popmyne (10) gaxyT moaroc B ToUKe z,. YUTOOBI ero
. +_
YCTpaHuUTh, Ul 9THX j cnenyer opars C;"=0.
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B-tpetbux, ciaraembie p; (2) C y (z) mnst j=1v+1, m B hopmyne (10) TakKe MOTYT HaTh MOMIOC B TOUKE Z,

y . P (6)F(8)dS
13-32 MHOXHTEJICH p; (z) B3sB s 9THX j IepBOOOpa3HBIC B BHJIE '[Wz—
7€)
WHTETPAJIOB HYJIH MOPSIIKOB HE HUKE —Kk; B TOUKE Z,,, «TACSIINE)» TTOIIOCHL.
Urak, miis penrernst quddepeHnanbHOro ypaBHeHus (2) B K1acce aHaIUTHYeCKuX B D, QyHKImil HeoO-

XOIMMO M TOCTAaTOYHO BBIMONTHEHMSI yeroBui (11). [Ipn uX BEIMOTHEHUH PEIICHHE 3aIICHIBACTCS TI0 (hopMyIte

(I)+(z)=ﬁ1pj(z) Cj++fw + i ]( )f%+(§)F+<C)dC

Lo )T

Paccyxxaenus npu pemieHnn ypaBHeHus (3) aHaJOTHUHBL. [ CyliecTBOBaHUS 3TOTO pelIeHHs (C y4eTOM

, MbI [IOJTYYUM Y JaHHBIX

ycnoBust @ _ (oo) = () HEOOXOIUMO U JIOCTATOYHO BBIMIOJIHEHUS YCIIOBUH

WoEF() . —
zrfijw_T:O’ j=1n. (12)

[Ipu ux BBHIOJHEHUU PELICHHUE 3aITMChIBACTCS 110 opMyIIe

dJ_(Z)zéqj(z) Cj_+f )

W, (8)F-(§)dS
2
wZ(8)
rae C; — IpOU3BOJIBHBIC IIOCTOSIHHBIC, Z, — QUKCHPOBAaHHAS TOUKA, z, € D_, z, # oo, a MHTEIrpaJIbl OepyTCs 1O
JFOOBIM KPUBBIM B D, HE TIPOXO/SIIIUM Yepe3 TOUKY z = oo,

Teneps npu pa3HBIX 3HAYCHUSAX 7, O, 3 TeOpeMe MOXKHO MPUAABATh Pa3BEePHYThIC (OPMYITUPOBKHU, KOTO-
pble HEOOXOANMO pacLieHUBATh KaK CIEICTBHS U3 TeopeMbl. B GpopMynupoBkax Hafo0 yUUTHIBaTh, YTO PaBEH-

cra (11), (12) npu HanM4IMM IPOU3BOIIBHBIX IOCTOSHHBIX B hopMynax as F, (z) CTaHyT JMHEHHBIMH anreo-

panueckuMHu ypaBHeHusIMH. Hanpumep, OyieT cripaBeayiuBO HUKEIIPUBEICHHOE CIIEJCTBHE.
Caencrue. [lpu » — >0, o < —1 o paspewumocmu ypasnenus (1) neobxoouma u docmamouna co-
BMECIMHOCTIb CUCHIEMbL

- ‘0(‘—1 -

2 ajkck + 2 Bjkdk_A]’ J=LY,

k=0 k=0

B o]~ 1 o (13)
ijck + 2 Sjkd _B]: .]:1: n,

k=0 k=0

20e 0Jisl 6Cex YKA3AHHBIX |, k

0. = res W+(Z)X+(Z)(Z_Z*) B, = res J+(Z)X+(Z)
Jk z=1z, W_E(Z) » Pk z=1z, WZ(Z)(Z—Z*)M_k,
 ONERE . xR E-a)
4= i w} (2) R w? (2) ’
e WG X
’ Z=°°W_2(Z)(Z—Z*)‘a‘_k b= W2(z)

B cnyuae cosmecmuocmu cucmemvi (13) peuwlenue ypagnenus 3anucviéaemcst no gpopmyie

(p(t)=ipj(f) Cj++£%(+c()§w§ + -iﬂpj(t)i%&(;;m_

0

$ o] 000

>
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6 KOMOpOotl NOCMOSIHHBIE Cy, d), 6X00AUUe 8 8bipadicenus 0as F, (t) aes0mest oowium peuteruem cucmemol (13).

AHaJIOTHYHBIC YTBEPXKICHUS IS HHBIX 32, O, 3 IPUBOIUTH HE OyIeM.
IIpumep. Pemiim ypaBHeHUE

2t—1
: 2 2t o1
¢ sint Q1) O
1 cost  ¢'(¢) +(t+1)10 — t_s d @' (1) +
0 -—sinz @”(¢
( ) E (6t— ) //(t)
¢t t° i
. o(1)dt 1 21 o(t)dt
t sint J. = o J.
== ==
. ot +1)° 2 2-3 o(t _2(f+5) _3
+El cost J‘ - e _t_3 3 I = 1 |t|—5. (14)
0 —sint ZJ (p d % (6t6_ ZJ (p d
02 _’) oot _’)
2 2

1-—

z
= Touka z = co, OUEBUIHO,
z

3nech m = n = 2, § — uncnosoit napamerp, W, (z)=zcosz —sinz, W_(z)=

. . . 3 3 .
OyzeT eqMHCTBEHHOW 0C000# ToUKoW B obmacth D_ = {z||z| > 5} B ob6nactu D, = {z||z| < 5} pois 0coboi

TOYKH UrpaeT ToukKa z, = 0, OJIHAKO eMHCTBEHHOCTh TAKOW TOYKH HYKIaeTcs B 000CHOBaHUH.

PaccmoTpum QyHKIHIO zCOSz — sin z BHYTPH KBaJpara ¢ IIEHTPOM B HyJI€, CTOPOHBI KOTOPOTO MMEIOT JIJTH-
HY 7“ U TapajuieNibHbl JIEUCTBUTEILHON U MHUMOM OcsiM. HecioHO BBIYMCIUTD, YTO JJIsl BCEX TOYEK Ha
CTOpPOHAX KBaJpara CIpPaBEIINBO HEPABEHCTBO |z cos z| > |sin z|. ITo Teopeme Pyrie momydaercs, 9To B 3TOM
KBaJpare Yucio Hysed QYHKIHMH zCOSZz PaBHO YKMCIy HYJIEH (YHKIMU ZCOSZz — sinz. MyHKIMSA ZCOoS z, 0de-

T
BHJTHO, UMEET HYJIH JIUIIH B Toukax 0, 5 KBajipara, a B 061acts D, nonazaet Tospko Touka z, = 0. (B cBsi3u

C HyJSIMU (DYHKIMH Z COSZ — Sinz cM. Takxke npumep 23.17 B cOopuuke 3ama4 [11].)
KpaeBoe ycnoBue 3anaun Pumana (4) nmpumet BuJ

e X ()
t—sint sint @, (1) t2 2t 5
I—cost cost @(1) =(+1)°|-= 23 o (0] + 52 ||—%. (15)
. . . t t -
sint —sint ®Y(¢) 6 26t-5)
~ £° (1)

IIpu aTOM B ompenenuTene, CTOSIIEM B JeBOW dacT (15), MCXOMHBIN MEPBEIH CTONOEI 3aMEHEH Ha pas-
HOCTBH TIEPBOTO M BTOPOTO CTONOIOB. TeM cambIM B COMIacHH ¢ OOIIel CXeMOH CO3/1aHbl Pa3HbIC MOPSAKH
B TOUKe z, = ( y epBBIX 3JIEMEHTOB ITUX CTOIOLOB. Bbruncnenus nokassiBatot, uto m; =3, m, =1, o= 1,
n,=2,n,=3,B=9. CienoareibHo, KpacByo 3a1a4y Pumana

Fu()= (41" F (1) + 22 ”5

TUTST PYHKITHI
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> w00
z—sinz sinz @, (z) z z
F+(z) =({l—cosz cosz <I)jr(z) , F_(z) = —Z% 2 ;532 @i(z)
sinz  —sinz  ®(z) 6 26:-5)
& o )

HEOOXOJIMMO periarh B Kiiacce (DYHKIUH, KPaTHBIX JUBU30PY 0'’. B pe3ynbTaTe nojayvaeM
czz—(c+l)z—5
10
(z + 1) (Z — 1)

Teneps cnenyer pemars B D, nuddepernnanbHoe ypaBHEHNE

F+(Z)=CZ, F_(z)= , VeeC.

z—SsIinz Sinz <I>+(z)
’
l—cosz cosz @(z) =cz,
. : ”
sin z —sinz CI)+(z)
OTKy/la HaXOTUM

®,(z)=C(z-sinz)+ C; sinz +

z . z -
. d ) —sing)Cd
+c(s1nz—z)f GsinGdG > +csmzf (€ 05 Cz.
2 (Geosg —sing) % (Geosg —sing)
OGe nobIHTErpaIbHble QYHKIMU B TIOCIEAHENR (HOPMYIIE SBISOTCS YETHBIMH, IO3TOMY UX BBIYETHI B TOUKE

z, = 0 paBHBI HYJIIO, TaK YTO WHTETPaJbl OyIyT JaBaTh OJHO3HA4HbIC (yHKIMU. [lanee cnenyeT pemarb B D_
ypaBHEHUE

L Z ey

z 2z

2 2-3z , cz*—(c+1)z -3
3 5 CD—(Z = (10 ) :
z z (z+1) (z—l)
6 26z-5) ,

- - "V

Pemennem Oyner GyHKIMs

o (520, G@zon) 1 LN (erne-Jtar
— - 22 224 222 3 (C+1)10<1_C)3

L 22-1 f(cc2—<c+1)c— 8)¢12dg
2= L () C- 1)

IJ1e TIOCTOSIHHBIE ¢, O €IlIe HYKHO 1MOoA00paTh Tak, YTo0bl YKa3aHHBIE MHTErPaIbl JIaBali OJHO3HAUHbIE (DYHK-
1u B D_. JI7s1 9TOro He0OXOAMMO U JOCTATOYHO BBITOJIHCHUS YCIOBHUMA

(2z- l)(022 —(c+1)z- 5)210

b

re =-17c-2=0,
Z=ee (Z+1)10 (1— z)3
(622 - (c + l)z - 6)212
res m 2 =0-38-7=0,
z=oo (z+l) (z—l)
oTkyna ¢ =——, 0 =—. Urak, ypaBHenue (14) paspemnmo JHIIb IpH O = ﬁ Pemenne mpu 3TOM 3Have-

b
17 17
HUH O, HaiiJieHHOe 110 (opmysie (5) ¢ yU4eTOM MONYUIHBILETOCs 3HAUYCHUsI ¢, OyJeT paBHO
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0(r)=G (1= sint) + C)'sins 12 w
+£(z—sint)f st 7 2Sim.’£ (C—SmC)QdQ
17 e (§cosE — sing) (CCOSC - Smc)

3
=2 16
| 5 (16)

f (2¢-1 (22; +15C + 43)2;‘°d§ 2 f (2§2+ 15§ +43)¢d¢
z 1)10 (1 - C)3 z (1 - Cf

OTMeTHuM, 4TO JBa MOCJIEIHUX UHTerpana B (16) moamaroTcs JadbHEUIIUM BBIYUCICHUSIM. Pe3ymbTaTh
JTUX BBIUUCICHUH, TIOTYyUYEHHBIC C TIOMOIIBIO MOIXOIANINX KOMITBIOTEPHBIX MTPOTPaMM, IIPUBOAUTH B HACTOS-
e cTaThe MPEICTaBISETCS HEllEeJIeCO00Pa3HBIM H3-3a UX TPOMO3IKOCTH.

3akaueHmne

HccnenoBanne NCXOAHOTO YpaBHEHMS HOCUT 3aKOHYEHHBIN Xapakrep. JlanapHelinme pa3paboTKiu BO3MOXK-
HBI JJIs1 CITy4asi HECKOJIbKUX 0COOBIX To4eK. [10-BUAMMOMY, MOYKHO BBOJMTH B PACCMOTPEHHUE M KOHCTPYKTHBHO
MCCIIEZIOBAaTh YPAaBHEHUS C ONPEACTUTENIMHU, CBOIAIINECS K KpaeBbIM 3a1adaM | mnsbepra, Kapnemana u ap.
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O CBOMCTBAX h-AMOOEPEHIIMPYEMbBIX ®YHKIINN

B. A. TABJIOBCKHH", H. JI. BACH/IBEB"

])Eeﬂopycacuit 2ocyoapcmaennulil ynugepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, benapycw

HccnenoBanust B 001acTy TeOpyu (GpyHKIMIH /-KOMIUIEKCHOM NEpPEeMEHHOM MPEICTABISIOT HHTEPEC B CBS3U C MUMEIOIIH-
MHCS TIPHIIOKEHUSMH B HEEBKJIMIIOBOM F€OMETPHH, TEOPETUUECKON MEXaHuKe U T. JI. M3ydeHsl cBoiicTBa A-nmuddepenim-
pyeMsbIx ¢yHKuuiA. Halinens! kpurepun /-nuddepeHnnpyeMocti u i-roroMopdHoCTH, c(hOpMyITHpOBaHa U JIOKa3aHa Teo-
peMa 0 KOHEUHBIX IIPHPAIICHUSX JUIsl A-ronoMopHoi GpyHKImu. [IprBeIeHbI TOCTATOUHBIC YCIOBUS A-aHATUTHUYHOCTH,
copMyIMpoBaHa M I0Ka3aHa TeopeMa eIUHCTBEHHOCTH JUISl i-aHATUTHYECKUX (DYHKIUH.

Kniouegwie cnosa: xonbLo h-KOMIUIEKCHBIX YUCEN; ACIUTENH HYIA; h-nuddepeHnunpyeMocTs; #-ronoMoppHOCTD;
h-aHaTMTUYHOCTH; KOHEYHbIEe IpUpaleHnst pyHKuuu; Hymu QyHkiuy; psg Teitopa.

ON PROPERTIES OF h-DIFFERENTIABLE FUNCTIONS

V.A. PAVLOVSKY® I. L. VASILIEV*®

*Belarusian State University, 4 NiezalieZnasci Avenue, Minsk 220030, Belarus
Corresponding author: V. A. Pavlovsky (paviad95@gmail.com)

Research in the theory of functions of an z-complex variable is of interest in connection with existing applications
in non-Euclidean geometry, theoretical mechanics, etc. This article is devoted to the study of the properties of A-dif-
ferentiable functions. Criteria for A-differentiability and /#-holomorphy are found, formulated and proved a theorem on
finite increments for an /#-holomorphic function. Sufficient conditions for /-analyticity are given, formulated and proved
a uniqueness theorem for /-analytic functions.

Keywords: ring of h-complex numbers; zero divisors; A-differentiability; s#-holomorphy; /-analyticity; finite incre-
ments of a function; zeros of a function; Taylor series.
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YW —
BentecTBeHHYIO €IMHUIY OTOXKIECTBUM C /i-KOMITJIEKCHBIM YHCIIOM (1; 0). T'umepOonmaeckor equHUIICH

Ha30BeM /-komiutekcHoe uncno j = (0; 1). Toraa no6oe uncio u3 C, MOkeT GbITb IPEACTABICHO B anreOpan-
4ecKol opme:

z=(a;b)=(a; 0)+(0;6)=a-(1;0)+b-(0;1)=a+ jb=Rez + jHypz,
rme a = Rez — BemecTBeHHas 9acTh yuchia z, a b = Hypz — runepbonudeckast 9acTh 4yucia z.
Kaxk noka3zano B pabore [6], MHOXeCTBO A-KoMIuIeKCHBIX uncen C, ecTb KONbIO ¢ AeTUTENSIMU HYIIS, Ka-

. . 1
KOBBIMHU SIBIIIIOTCS YMcia BUJA a = aj. Oco00 CTOUT OTMETUTH CIIydaid, KOrjia a = 5 Torma menwrenu HymsS
00J1a/1af0T CIIEAYIOMNMHU CBOHCTBAMMU:

1£7) 1+
=L ==L VneN,;
2 2

1+ .
* yycna " obOpa3sytor 6asuc B C,, T. e. moboe /-KOMIITIEKCHOE YUCIIO @ + jb MOXKHO OJHO3HAUHO Hpes-

CTaBHUTh B BUJIC

a+jb:(a+b)%+(a-b)%.

Hopmy anementa z =a + jb B xonbne C, onpeznenum cienyromum o0pa3oMm: ||z|| = |a| + |b|, a MOJyJeM

[2 2
h-KOMILJIEKCHOI'O YHCJIa Ha30BEM, KaK OOBIYHO, |z| =\a +b".
IIpuBenem cBoiicTBa HOPMBI:

D) |z|=0 < z=0;
2)[el =+ 57 < ol + b] = [l < V2\a + 57 = V2
3) otz = o -] Ve R
D a2l <lal-lz] V2. 2 € €,
5) = ”Z"n VneN;

1|1
6) W <
Ha muoxectse C 5, TOIIOJIOTUSL BBOAUTCS C IIOMOILBIO BLIIJ_ICyKa3aHHOI71 HOPMBI.

b

Zn

h-Inddepennupyemocts pyHKIMI

ITycts D — o6nacts B Cj,a f: D — C,,.
Onmnpenesienne 1. Oynxmus f HazpiBaeTcs A-TudepeHIupyeMoil B ToUke z € D, ecliu CYIIeCTBYET TaKoe
gucio k € C,, ato

Fz4h)= f(2)=kh+a(h)h, (1)
rae i € D He sBIsSeTCs NenuTeNneM Hyis, pudeM z + h € D, a hlimo (x(h) =0, k "He 3aBUCHUT OT /.
-

Omnpenenenue 2. [IponsBogHol GyHKIHH f A-KOMIUIEKCHOTO apryMeHTa z € D Ha3bIBaeTCs BBIPAKCHHE
BUTA

N1 f(Z+h)—f(z)
6= I

; 2

rae h € C, ne sBnsercs aenureneM Hyis. [penen 6epercs o Hopme u3 C,.
[Ipou3sBoaHbIE CyMMBI, Pa3HOCTH, TPOU3BEACHHSI, YACTHOTO OT JICJICHHUS M KOMIIO3UIMU (DYHKUUI BBIYHC-
JSIFOTCS TIO TEeM Jke popMyIiam, YTO U B KIIACCHYECKOM aHAJIN3€e, IPU YCIIOBHH, YTO OHH ONPEJICIICHBI.

Teopema 1. Qyuxyus f (Z) h-ouppepenyupyema 6 mouxe z € D moeda u moibko moeoa, Ko2oa 6blnoJ-
Haemces (2).
Jloka3aTeapCTBO MPOBOIUTCS TAK JKe, KaK M B CIIydae aHaIUTHYECKON (DYHKIIHH KOMITJIEKCHOTO TepEMEH-

Horo, ipu 31oM f*(z) =k n3 (1).
JIrob6ast h-xomrnexcHast QyHKIHS f (z) =f (x + jy) MpeJcTaBruMa B ainredpandeckoit popme:

f(z) = u(x, y) + jv(x, y).
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Teopema 2. Ilycmo ghynxyus f(z) = u(x, y) + jv(x, y) onpeoenena 8 OKpeCmHOCMU MOUKU Z = X + JV, hyHK-
yuu u(x, y) u v(x, y) oughepenyupyemvi 8 mouxe (x, y). Toeoa cnedyioupue ymeepicoeHust IKGUBALEHIMHBL:
1) ¢pynxyus f (z) h-oughghepenyupyema 6 mouxe z;

2) 6 mouxe (x, ) 6epnbl pasercmsa

du dv du 9v
o=, = 3)
ox dy dy oOx
HoxazaTtenbcTBo. [lokaxem, 9TO U3 IEPBOTO YTBEPKACHUS clieayeT BTopoe. [1IycTs i =5 + jt,
. f(z+h)—f(z)
(z)= lim —————=~.
/ (Z) hlino h
[Tonmoxum ¢ = 0. B aToM ciryuae

f(z)= limu(x+s’y)_u(x’y)+jlim vixtsp)-viny) _ou, v

i50 s 50 s ox ox’
Ilycts s = 0, Torma

u(x,y+1)—u(x,y) v(x, y+1)=v(x,y) ﬂ+ a_u

(z)= lim + jlim = .
f(z) =0 Jjt ]t—>o Jjt ay ay
Nmeem
Ju Jdv oJdv  du
—tJ =t/
ox ox dy dy

CJICIOBATENILHO, BEPHBI paBeHCTBA (3).
Teneps mokakem, 4To U3 BTOPOrO YTBEpXKIACHHUs cienyeT nepsoe. [lycTs BepHbI paBeHcTBa (3), TOraa

f(z+h)—f(z):[u(x+s,y+t)—u(x,y):|+j[v(x+s,y+t)—v(x,y):|:
:(u;s+u;l+(x(h)h)+j(vx’s+vy’t+B(h)h):u;(s +jit) +

+ v (s + jt) + (k) + jB(h) = (u} + jv/)h + y(h)h,
e 'y(h) = Oc(h) + jB(h), hli_)rnoy(h) =0, cienoBarenbHO, (DYHKIHS f(z) h-muddepenupyema,
f’(z) =uy+jve=v, + ju,.

Teopema nokaszana.
3ameuanue. PaBerctra (3) saBisroTcs aHaiorom yciaosuii Ko — Pumana.

h-T'onomopdHocTh PpyHKIMIA

Onpenenenne 3. ynxuys f(z) = u(x, y)+ jv(x, y) HasbiBaeTcs h-ronomopHoii B TOUKe Z) = x, + ji € D,
€CIIM B HEKOTOPOi OKPECTHOCTH TOM TOUKH (ByHKIIHH 1 U V MMEIOT HEMPEPBHIBHbIE BTOPBIE YACTHBIE TPOU3BO/I-
HBIC U BBITIOJIHEHBI YCIOBHS (3).

BaesieM 0603HaueHne D = {(x, y)e R? |z =x+jye D} u jajnee OyeM CunuTaTh, YT0 (PYHKIUHU ¢ U V JBAXKIIBI

£
HeTpepbIBHO AU GepeHIpyeMbl B D .
Teopema 3. @yuxyus f aeisemcs h-eonomopghroil 6 mouke z € D moeda u monvko moaoa, ko2oa

@)=L )+ L r (-, @

HoxazarenbcTBo. PaccMoTpuM QyHKIHIO f(z) =u (x, y) + jv(x, y). [Iyctsb BhIMONMHEHBI ycinoBUs (3),
Toraa (PyHKLUH ¢ U V yAOBJIETBOPSIOT YPABHEHUSIM
du u__ v v 0

FI R R

)

b

ox? 9y’ -
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1 1
Honoxum & = E(X +y),n= E(x — ). B aTom ciyuae
a_u_a_ux,+_u f=ul+ul
9% ox 3 Jy Ye=uU, Uy,
au au I + a_u ’r u/ _ u/
o ox Mgy T T
CMeraHHble TPOU3BOAHBIC (YHKIHIA # U V PaBHBI HYIIIO:
0u ~0 0’u B
o&n " anog
Takum oOpa3om, ypaBHeHUs (5) paBHOCHIIBHBI CICAYIOMINM YPABHEHHSIM:
0’u 0’u
. Sa
oon e
AHAJIOTHYHO TIOJTy4aeM ypaBHEHUS ISl QYHKIUH V:
2 2
o _ 9V (56)
oEan  andg

Haiinem oOree perienue ypaBuenuit (5a) u (50):

é= *()

W3 ypaBHeHuit

L)+ w0} = o) -v(e- )

%{M’(x +7) -y (x-y)}= %{w'(x +2)+V(x- )}
CIIEIOBATEIIBHO,
{u'(x + y) = (p'(x + y), {u(x + y) = (p(x + y) + 0,
y(x=—y)=v(x-y)+B,

u(x, ) :—{(p x+y)+y(x—y +oc}

v(x,y)= E{(p(x +y)-wy(x—y)+ [3}
Nmeem

{i‘(z)z ]_‘(x +jy) = u(x, y) +jv(x, y), {f(x) = u(x, 0) +jv(x, 0),
f i f(x) = u(x, 0) —jv(x, O),
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13 3TOI0 CJICAYCT, 4YTO

u(x,0)={ () + T} |ulx.0)- %{(p(x)+ y(x)+al,
o 0)= /()= )} [v(x 0)={0(x) - wlx)+ B}
olx)=u(x. 0) +v(x,0) - L1F
W) =u(x 0)-v(x 0) - £2F
TOTIA
9(0) =5 (/00 + 7))+ £ () - T () - 222,
W)= 3(/(0)+70) - L (1) - T () - 252
1+ 1-j—= o+p
0(9="22 1)+ LT () -
1=y 1+j— o—-f
w()="2L 0+ G - 4

OTcrona HaX0guM, YTO

f(z)=u(x,y)+ jv(x, y)=%{(p(x +y)+y(x—y)+a}+ %{(p(x +y)-vy(x-y)+B},

1@ = L)+ 5 T - 2R v s B o)+ 50T 0) - 25

Taxum 006pazom, CripaBeAITUBO PABEHCTBO (4).
O06parHo, mycTb BepHO (4), Toraa anst GyHkuuu f (z) =u(x, y)+ jv(x, y) oJI0kKUM y = 0:

f(x)=u(x, 0)+ jv(x, 0),
Torza
f(x+y)=u(x+y, O)+jv(x+y, 0),
{f(x—y)zu(x—y, O)+jv(x—y, O).
Hcnonesys paBeHcTBO (4), mpeacTaBuM (QyHKIUIO f (z) B BHJIE

f(z):1+. 1-

Zj[u(x+y, 0)+jv(x+y, 0)] + 2j[u(x—y, O)+jv(x—y, 0)]:

—%I:u(x+y,0)+v(x+y,0)+u(x—y, 0)—v(x—y,0):|+

+ é[u(x +, 0) + v(x +, 0) - u(x -, 0) + v(x -, 0):|=u(x, y) +jv(x, y).
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B iy Ju dv  du _Jv

* @y

nojgy4aceMm, 4To T€OpeMa JA0Ka3aHa.

YWY —

Teopema 4. [lycmo Gynuryus f h-eonomoppna 6 oonacmu D < C,, ¢ kycouno-enaokum kpaem 0D u nenpe-

puiena 6 samvikanuu D =D U dD. Tozoa

aJ. f(z)dz =

aJ. f(z)dz= BJ. [u(x, y)+jv(x, y):l(dx + jdy)=

JlokazaTtenbcTBO.

= J. u(x, y)dx +v(x,y)dy+jj u(x,y)dy +v(x, y)dx,
oD oD

ucnonb3ys popmyny [puna, momyyaem

[ steyec- ”(___yj H(___jdxdy 0.

Teopema nokazaHa.

I[anee HaM HOHaZ[O6I/ITC$I cleayronias TeopeMa BCHICCTBCHHOI'O aHalin3ad, KOTOpas BbIBOAUTCA U3 BTOpOﬁ

TEOPEMBI O KOHEUHBIX MTpHUpalleHusx [8].

Teopema 5 (0 KOHEUHBIX NPUPAIIEHUAX [Is] orobpaxenuit u3 R” 8 R?). ITycms ¢ynxyus F: D c R* — R?

h-ougpgpepenyupyema 6 mouxe (a b) e D. Tozoa

|F(a+s,b+t) ab|< max
£el0,1]

F'(a+&s, b+ &t){j‘

I[ OKa3aTCIbCTBO. BBeZ[eM BCIIOMOTaTCJIbHYIO (I)YHKI_II/II-O

g(t)=F(a+1s,b+1), T€[0,1].
Hmeem

g:[O,l]eRz,g() (ab a+s b+t)

s
g’'= F a+1:s b+Tt [J

TTonoxxum

6(2)=(e(0]z()- 2(0)
G:[0,1] >R, G'(1)=(g ()Ig(l) £(0)).

Orcrona o Teopeme Jlarpanxa cieayer, 4To
G(1)- G(0)=G(8) 1, e &[0, 1]

Ucnonb3ys HepaBeHCTBO Kot 1st CKaISIPHOTO MPOU3BEICHUS, TTOTydaeM
G(1)-G(0)=(g(1)2(1) - £(0)) - (2(0)| (1) - £(0)) = (2 (1) - 2(0)| (1) - £(0)) =
=[g(1) - £(0) =(&'(&)] (1) - £(0)) < (|&(®)] £ (1) - £(0)).

CrnemoBaTeabHO,

(1) ~(0) < max |&"(3)

[IpencraBum Qynkiuio F (x y) B BEKTOPHOM BHJE: [ (x y) {

DTO HEPaBEHCTBO YKBUBAJICHTHO HEpaBeHCTRY (6). Teopema mokazana.
v(x,y
ul(x,y) u (x, )

F'(x’y){< ) (x,yJ
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Teneps 13 HepaBeHcTBa (6) 1 HepaBeHcTBa Komm — byHsikoBcKoro nosmydaem

|:u(a+ s, b+1)—ula, b)} _ [iﬂ _

v(a+s, b +t)—v(a, b)

uy

|F(a +s, b+ t) — F(a, b)| = |Au|2 + |Av|2 <

’
Vy

+

2
’
vx

2
+

+

2
’
ux

< grél[%?(l]\/(u;s + u;t)z + (vx’s + vy’t)2 < &12[2(1)7’(1]\/( 2)(s2 + tz), (7

IJie BCE YaCTHBIEC POM3BOHBIE BHIYNCIEHE! B TouKe (a + &s, b + &1).
— H r_ .’ 7
- ) ) —n- ) -V - Vo )
[lycts f (Z) u(x y) + ]v(x y) h-ronomopduas QpyHKLMS, TOTAA Uy =V, , U, =V;, CIICAOBATEILHO

f’(z):u;+jvx’:u;+ju;:vy’+jvx’:vy’+ju;,

2 2

’

Uy

’

Ve

’

Uy

’

u

/(=)= =)

"f (z+h)- ” = ||Au + jAv” = |Au| |Av| < f\/ Au| |Av (8)
rae |h| :|s +jt| =Vst+1 < |s| + |t| = ||h||

Teopema 6 (0 KOHEUHBIX IPUPAIIEHUSIX JIJIs /i-rosoMopdHON GyHKIUN). [lycmb yukyus | h-conomopghna
6 oonacmu D c C,. Toeoa

<

+

+

2

||f(z+h) ||<2C max

HoxazarenscTBo. B cuny HepaBeHcts (7) u (8) numeem

|£(z+ 1) = f(2)| < V2\|auf +|avf <

’
Lly

(9 Rl )

/(€ )| |h|<2Cemax |

-

2}{52+ t2} <2 max

Celz,z+h]

Teopema nokaszana.

h-AHAIMTHYHOCTH (PYHKIUH

Onpenenenne 4. QyHkuus [ Ha3bIBaeTCs f-aHAIUTUYECKOH B TOUKE z, € D, €Cllu CyLIECTBYET HEKOTOpast
OKPECTHOCTb ITOH TOUKH, B KOTOPOH [ paziaraercsi B CXOASIIUICS CTEICHHOM P

f(z)= ZCk(z—zO)k, ¢, €C,. (10)
k=0

W3 onpenenenns BBITEKAET, YTO /i-aHATUTHUYECKAsT PYHKIUS / OECKOHEUHO A-TuddepeHupyeMa B HEKOTO-

f(k)< z, )

POIl OKPECTHOCTH TOUKH Z, a psiA (10) ects psaa Teitnopa Gpynkuuu f, 1. €. ¢, =

Obnactbio cxogumoctu psina (10) siBisieTcs OTKPBITHIN A-KpYT k!
) G={lz=z[<r}.
mev=—7m—.
im *
Tim 4]

Teopema 7. I[Iycmo ¢yukyua [ D — C, asnaemcs beckoneunoe uucno pas h-ougpgepenyupyemoii 6 0o-
nacmu D < C,,

Hf(")(z)u <Me™® VneN, Vze {”z —zp| < R} cD, (11

M, A, m — nexomopvie nonosxcumenvrvie Koncmanmul. Toeda f paziacaemces 6 pao Teinopa:

o (k) - .
f(z)=zf ( 0)(2—20), z,€ D,

izo K

PABHOMEPHO CXOOAWULICS 8 Kpyee ||Z - ZO|| <R.

HoxazatenbcTBo. [IpencraBum f(z) B BUJIC
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YWY —
f(Z)ZTn(Z’ ZO)+ rn(Z)’
f(k)(Zo)

n
k .
e Tn(z, zo) = 2 pr (z - ZO) ;7,(z) — ocTarounslii wien. CocTaBUM BCTIOMOTATeNbHYIO (YHKLHIO
k=0 :

n ok
F()=£(2)-T)(z 0)=1(2)- 3 170

o k!

(== 1)
JUId Hee uMeeM [ (z) =0, F (ZO) = rn(z). [ponudpdepenunpyem F (t) 10 TIEPEMEHHO #:

f(n+1)(t)(z B t)",

F'(t)=— -

B cuy nepasenctsa (9) u ycnosus (11) momyuaem

f(n+ 1)(1) (Z ~ t)”

n!

rn(z)” = ||F(ZO) - F(z)” < 2C max ]”F’(C)” Jlzo— 2] <2 max lzo = 2| <

elz.z+h Celz,z+h]

1
<2 sup —

(n+1) HH B nH _ 2 e
o Al | S MR et

IIpU yCJIIOBUU ||z - t|| <Ru ||z -z || < R. Otcrona BEIBOANM

oo (k) z .
A= LBy

i—o k!

IJI€ PsJL CXOJUTCSI PABHOMEPHO B Kpyre ||z -z, || < R. Teopema 0ka3aHa.
CaencrBue. Ocmamounwiil unen gopmynet Tetinopa 6 ghopme Ilearno umeem 6uo

n()=0(lz= 2|}, n—>w.

Onpenenenne 5. dynkus [ h-ananutuanaa B obmactu D € C,, ecnu oHa h-aHaTMTHYHA BO BCEX TOUKAX
9TOM 00MacTH.
[Tycts f h-anamuTHYHA B TOUKE Z, CIIEJOBATEIILHO, B OKPECTHOCTH TOUKH Z, IMEEM

f(z)=ck(z—zo)k+ckﬂ(z—zo)kﬂ+..., (12)
e ¢, #0,k=0.
Omnpepnenenne 6. Touka z, Ha3bIBaeTCA HyJeM Mopsiaka k GyHkuuu f, ecau k> 1 B (12).
U3 (12) BeITeKaeT MpeCcTaBICHUE

/(2)=(z=2)"0()
e o(z)=c;, + ck+1(z - ZO) + ..., ¢(z) h-aHanuTHYHA B OKPECTHOCTH TOUKH Z, (p(zo): ¢, #0. B cuny He-
npepbiBHOCTH (QyHKIMK @(z) CylecTBYeT OKpecTHOCTs U (zo) :@(z)#0VzeU (ZO). Ecmu ¢, He sBnsgercs

ACIIUTCIIEM HYJIS, TO CYIIECTBYCT OKPCCTHOCTDb V(ZO) TakKas, 94TO B 3TOM OKPECTHOCTHU f(Z) HE UMCCT APYTux

HyJIeH, KpoMe TOUKH z,. OTCI0a BBITEKACT CIEAYIOLIasi TeopeMa.
Teopema 8 (Teopema eIAMHCTBEHHOCTH AJsl h-aHanuTH4YecKUX GyHKUMH). [lycmo fi u f, h-anarumuunol

6 obnacmu D < C,, f,(z,)= fo(z;), 20e z, € D, klifl,zk: z0eD, (1% j)(z,—z,)#0, k=1,2, .... Tocda
11(z)= f5(z) sciooy 6 D.
HNoxasatenbctso. [ycts f(z)=f(z) - f,(z). B nexoropoit okpectroctn U (z)
f(z)=c0+ cl(z— ZO)+ cz(z— 20)2 + ...
Nwmeem f (zk): 0, cireoBaTeIIbHO,

f(zo)=k1i_r)nwf(zk)=0,

torga ¢, = 0. Orcrona nomyyaem

f(z)z(z—zo)<c1 + cz(z—zo) + ) = (Z—ZO)(pl(Z),

e @,(z)=c,+cy(z—zy) +....
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Tenepp

f(Zk)z(Zk _Zo)(pl(zk):(),

TOrJa (P1(Zk ) =0wu (P1(Zo) =0, 3Ha4uT, ¢, = 0, cile0BaTeNbHO,

(pl(z)zcz(z—zo)+ c3(z—zo)2 +...= (z—zo)(02 + c3(z—zo) + ) =(z—zo)(p2(z).
ITockonbky
01(2) = (2 = 20) 9,(2) =0,
TO (pz(zk)zo U (p2(20)=0 a 3HA4MT, ¢, = 0 U T. 1., caenoBarenbHo, ¢, = 0 Vn. Takum oOpasom, f( )=0

VzeU (ZO) Ilycte M © D — MHO)keCTBO Hynel (byHKI_[I/II/I 5 M —ero BHYTPEHHOCTb, IIPUYEM M #@. Ecn
M= D, to Teopema nokazana. B cnyuae ecnu M C D, cyuiecTByeT TpaHU4Hasi TOUKa d MHOMKECTBA M SB-

JAIOIIASACS BHYTPEHHEH Toukoi MHOKecTBa D. Takxke CyIecTByeT MOCIeI0BATENbHOCTD d, € M Takas, 4To
limd, =d,

n— oo
npuieM d,—d)#0,
(1 )( )* f(d)=lim d, =0,
n—> oo
CIIEZI0BATENBHO, CYIECTBYET OKPECTHOCT V (d ) Takas, uto f(z)=0 Vz € V(d). D10 npotnBopeunt TOMY, 4T0

d — rparnynas Touka M. Teopema mokaszana.
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DIFFERENTIAL EQUATIONS
AND OPTIMAL CONTROL

VIIK 517.977.5

METOA, IIOCTPOEHHUA
OIITUMAABHOU CTPATEIA YIIPABAEHUA
B AMHEMHOU TEPMMNHAABHOU 3AAAYE

JI. A. KOCTIOKEBHY", H. M. IMHUTPYK"

YBenopycckuii 2ocydapemeennviii ynusepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, Benapyce

PaccmarpuBaercs 3a7a4a ONTUMANIBbHOTO YIIPABIECHUS JIMHEHHOM TUCKPETHON CUCTEMOI C HEM3BECTHBIMU OTpaHUYCH-
HBIMH BO3MYILECHUSIMH, KOTOPYIO TpeOyeTcst 32 KOHEYHOE BpeMs MIEPEBECTH C rapaHTHel Ha TepMHHAIBLHOE MHOXKECTBO,
obecrieunBast Py STOM MIHUMYM TapaHTHPOBAHHOTO 3HAUCHHS TEPMUHAIBHOTO KpUTEpHs KadecTa. OIpeneseTcs OnTH-
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A METHOD FOR CONSTRUCTING AN OPTIMAL
CONTROL STRATEGY IN A LINEAR TERMINAL PROBLEM

D. A. KASTSIUKEVICH®, N. M. DMITRUK"

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus
Corresponding author: D. A. Kastsiukevich (kostukda@bsu.by)

This paper deals with an optimal control problem for a linear discrete system subject to unknown bounded disturban-
ces, where the control goal is to steer the system with guarantees into a given terminal set while minimising the terminal
cost function. We define an optimal control strategy which takes into account the state of the system at one future time
instant and propose an efficient numerical method for its construction. The results of numerical experiments show an im-
provement in performance under the optimal control strategy in comparison to the optimal open-loop worst-case control
while maintaining comparable computation times.

Keywords: linear system; disturbance; optimal control; control strategy; algorithm.

Introduction

Optimal control problems for dynamical systems under uncertainty have been studied in the literature since
late 1960s [1-3]. The simplest approach that guarantees constraints satisfaction and achieves the guaranteed
value of the cost at the worst-case disturbance realisation is to find an optimal open-loop worst-case control.
The optimal open-loop worst-case control is constructed before the control process starts and is not corrected
during it; no information about possible future state measurements is used for its construction. It is well known
that optimal open-loop worst-case controls underestimate the potential of the control process, i. e., they give
a conservative estimate of the guaranteed optimal value of the problem and often cannot be constructed be-
cause of the constraints infeasibility (see, e. g., [4—6]). However, dynamic programming takes into account all
future state realisations, but the practical derivation of the dynamic programming strategy is computationally
intense with the exception of special cases of low dimensional systems and short control intervals.

Therefore, such control strategies are relevant that take into account some information about the future
states of the system and at the same time the complexity of their construction is comparable to the comple-
xity of calculating optimal open-loop worst-case controls. One of the possible approaches was proposed in
papers [6—8]. In [6] linear terminal problems were considered [7] deals with linear-quadratic optimal control
problems and [8] deals with problems of minimising the total momentum of the control input. All these papers
assume that before control process starts, we can choose one or more time instants (closing time instants of
the system according to [6; 8]), at which we can measure exactly the system state and make corrections in the
control input.

This paper deals with the problem considered in [6]. In contrast to [6], where a complex iterative algorithm
was used to construct an optimal control strategy with one closing instant, which requires sequential optimisation
first in control inputs and then in a parameter, we use the ideas of [8] to reduce the problem under consideration to
a single linear program, which allows to calculate the optimal control and the optimal parameter simultaneously.

Compared to [8], the problem studied in this paper has a terminal performance index and a discrete time
system, while in [8] a Lagrange cost of a special type and continuous time systems are investigated. Further
comparison of the results from [8] and the ones of this paper, the drawbacks and advantages of the two methods
are discussed in example 2. Two more examples demonstrate the efficiency of the new approach.

Optimal open-loop worst-case control
Consider a linear discrete-time time-invariant control system with a disturbance
x(t + 1) = Ax(t) + Bu(t) + Mw(t), x(O) =x,,t=0,1,..., T -1, (D
where x(r) e R" is the state, u(r) € U c R is the control input, w(¢) € W < R” is the unknown disturbance at

timet, A€ R"*" Be R"*’", M e R"*” are given matrices; Uz{ue]Rr cu_ <u < umax}, Wz{weRp:”w”w <

min —

<w }, where u

control input u(-):(u(t)e Ut=0,1,..., T—l) and a disturbance w(~):(w(t)e W,t=0,1,..., T—l) is de-
noted by x(t|x0, u(-), w(~)), t=0,1,...,T—1.

-
eR’, w,,,>0,

min? umax

z||w = max|zl.|. A trajectory of system (1) generated by a feasible
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Given a terminal set X, = {x eR":g . <Hx<g . }, where He R"*", g . g e R", the control goal

is to steer system (1) at time instant 7 to the terminal set with guarantees. The requirement of a guaranteed
(robust) steering to the set X, without any further assumptions yields the definition of a feasible open-loop
worst-case control.

Definition 1. A control input u() is called a feasible open-loop worst-case control if for any possible rea-

lisation of the disturbance w() it steers system (1) at time instant 7 into the terminal set, i. e. the following
inclusion holds

xX(T]xp, u(), w()) € Xp Vw(t)eW, t=0,1,...,T-1. )
The quality of a feasible open-loop worst-case control u() is measured by the value
J(u):m?)xc’x(T), ceR”, 3)

that represents the terminal cost (Mayer’s performance index) at the worst realisation of the disturbance and is
called the guaranteed value of the terminal cost. Here the prime symbol denotes a transpose.

Definition 2. A feasible open-loop worst-case control uo(-) is called optimal if it minimises the guaranteed
value of the terminal cost (3): J(uo) =minJ (u).
In guaranteed (robust) optimal contrgl problems, along with the disturbed system (1), one considers a so-
called nominal system
Xo(#+1) = Axo(¢) + Bu(t), x(0)=x,, =0,1,..., T =1,

that is used to formulate a deterministic optimal control problem equivalent to the problem of minimising the
cost (3) subject to system (1) and inclusion (2). The method for constructing this deterministic problem is well
investigated in the literature (see, e. g., [6]). It uses the linearity of system (1) and estimates of the worst-case
realisations of disturbances in the directions specified by the vector ¢ and the rows 4/ of the matrix H:

Z||1 = 2|Zi|'
i

The vector of estimates (0)= (yi(O), i=1 ..., m) allows to define a «tightened» terminal set for the no-

T-1-1 T-1t-1

Vo) = 3, M|, 1) = 3 |

t=0 t=0

WA'M

- i=1,...,m,

minal system and to formulate the deterministic problem in the form
J(u)= m(l? c’xo(T) + v0(0), 4

xo(t+1)= Axo(t)+Bu(t), xO(O)sz, u(t)e Uu,t=0,1,...,T -1,

min T Y(O) < HxO(T) S Cax Y(O)

T-1
Using the formula x,(7)= 4" x, + 2 A" Bu () for the terminal state of the nominal system and sub-
1=0
stituting it in problem (4) we conclude that the optimal open-loop worst-case control uo(-) can be calculated
as a solution to the linear program

T-1
miHZC'AT_t_IBu(t),
u() 2o
T-1
Gunin +V(0) = HA xy < 3 HA" """ Bu(1) < g = ¥(0) — HA' x,,
1=0

Upin S (1) Sty =0, ..., T =1,

max?

where the constant ¢’A” x, + v,(0) in the cost is omitted.

The optimal open-loop worst-case control is the simplest solution of the problem under consideration, when
system (1) has to be robustly steered to the terminal set while minimising the terminal cost (3). The open-loop
control does not take into account the possibility of future state measurements of system (1), that allow to close
the control loop and to make corrections to the planned control inputs (see, e. g., [7; 8]). In contrast to optimal
open-loop worst-case controls, such a possibility is taken into account by the control strategies. One of such
control strategies is introduced in the next section.
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Optimal control strategy
Before the control process starts, we fix a time instant 7; € {l, 2,....,T— 1} that is referred to as the closing
instant of system (1) (see [6; 8]). Denote Ay ={0,1,..., T, =1}, A\ ={T,, T, +1,.... T —1}; u,(-) = (uk(t) eU,
teA.) is the control input on the interval A w,()=(w,(f)e W, 1€A,) is the disturbance on A;;
Up={u,(-):u,(t)e U, te A} is the set of feasible control inputs on Ay W, ={w,(-): w,(t)e W, te A} is

the set of possible disturbances on A, k=0, 1.

Assume that on the interval A, a control input () =1, (~|xo) € U, is chosen. At time 7, system (1) reaches
a state x, that belongs to the set

X(Tl|x0’ ”0()) = {x eR":x= X(T1|xm ('), Wo('))’ wy() € Wo}
Following [7; 8], it is assumed that at time instant 7; we can:
1) measure exactly the current state x; = x(T1|x0, uy(+), wo ()),

2) choose a new control input u(-) =, (-|x1) e U, on A, taking into account the obtained state measure-

ment x;.
Taking into account 1) and 2) we look for a solution of the problem under consideration in terms of a cont-
rol strategy (with the closing instant 7;):

7T1={”0 (1) ([0 ). X(T1|x0, Ho (|x0))}

where the control input u(-) =u, (-|xo) is referred to as an initial open-loop control.

A trajectory of control system (1), corresponding to a strategy 7, and a disturbance w() = (Wo (), wl(-)), is
defined as a sequential solution of two systems [7; 8]:

x(¢+1) = Ax(2) + Buy(t) + Mwy(2), x(0)=x,, 1€ A,,
x(t + 1) = Ax(t) + Bul(t|x(T1 )) + Mwl(t), x(Tl) = x(T1|x0, uo(-), WO(-)), teA,.

Now we discuss conditions for the strategy 7, to be feasible, i. e. for the trajectory defined above to guarantee
the terminal constraints satisfaction.

First, the control input u](~|x1 ) € U, that is chosen at the time instant 7}, must satisfy the inclusion
X(T|x1» ”1('|x1))§XTs ©)

where X (T|x,, u())= {xe R :x=x(T|x, w,(-), w()), w() e Wl} is the set of possible terminal states
x(T | %, 2(-), W1(‘)) of system (1) with the initial condition x(T1)= x,, the control input u,(-) and the distur-

bance w ()
Secondly, the control input u,(-) should be such that for all states x, from the set X (T1|x0, uo()) there exist

a control (-|x1 ), satisfying (5). Summarising, we obtain the next definition.
Definition 3. A strategy =, is called a feasible control strategy if
X(T|x1, u, (|xl)) c X, Vx e X(Tl|x0, ”o())

Obviously, an arbitrary feasible strategy with the initial open-loop control uo(-|xo) is not better than a fea-
sible control strategy of the form

T, = {uo (~|x0); ulo(‘|xl), X € X(T1|x0, u0(~|x0))}, (6)
which on A, consists of the optimal open-loop worst-case controls ulo (-|x1) for states x,. Every open-loop con-
trol u/ (-|xl) for a fixed x, is the solution of the problem

Aln) =, min, mas, ¢x(T |, (), w () )

subject to (5). The quality of strategy (6) is obviously measured by the value
V(m)= max Jl(x(T1|x0, uy(-), wo()))
wo(') € Wy
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Note that if problem (7) is infeasible, then we assume J, (x1 ) = + oo, Therefore, if the strategy w, is not fea-

sible, 1. e. for some x; € X(Tl|x0, ”o()) there is no control input ”1('|x1> that satisfies (5), then V' (1, ) = +ec.
Definition 4. A feasible control strategy

m = {u8('|xo); (1), x € X(Tl|x0’ “g('|x0))}’ ®

is called optimal, if V(n?) = minV(n1 ), where minimum is taken over all feasible strategies of the form (6).

A control input ug (-|x0) is called the optimal initial open-loop control (within the optimal strategy n?).
Hence, the control strategy (8) is optimal if ug (-|xo) is a solution of the minimax problem
V(n’)= min max J;(x(T))),
(=) %OH%MOG%I((I»
€))
x(t+1)= Ax(t) + Buy (1) + Mwo(t), x(O) =Xy, L€ A,

and u/ (-|xl) are solutions of problems (7) for the states x, € X (Tl|x0, uy (-|x0 ))
Problem (9) implies that the optimal guaranteed value of the strategy = is equal to
()=, in, s min, s (T ( 3 160 50 1 (x(Tx 100 o)) )
while the optimal guaranteed value of the open-loop worst-case control uo(t) is calculated as
0)_ : . ’
)= 515 T 0, ) ) )
Taking into account the minimax inequality we conclude that V(Tc?) <J (uo). In the last section we will

provide some examples where the optimal control strategy with one closing instant achieves a significant im-
provement in comparison to the optimal open-loop worst-case control.

Calculating the optimal initial open-loop control

Before the control process starts, we need to know only the optimal initial open-loop control ug (~|x0).
The collection of the optimal open-loop worst-case controls ('|x1) is not calculated in advance. The control
input u) ('|x1 (T, )) is only found at the closing time instant 7;, when the current state x(7; ) is measured. There-
fore, the purpose of this section is to propose an efficient method for calculating the optimal initial open-loop
control ug (-|xo), i. . solving problem (9).

Problem (9) is the terminal control problem of the same type as the problem for calculating the optimal
open-loop worst-case control u0(~). It has no explicit terminal constraints; however, these are implicitly im-
posed by the condition x(Tl) eX = {xl o 1(x1) < +oo}. The principal difficulty in solving problem (9) is that
the function J; in the performance index is defined implicitly as the optimal value of problem (7). In this
regard, for the purposes of further presentation, we reformulate problem (9) in an equivalent form (see [9]):

V(n?) = uror(linaoc,

x(t + 1) = Ax(t) + Bu, (t) + Mwo(t), x(O) =X, U (t) elU,, teA,, (10)

Jl(x(Tl)) <o V() e,
The function J; (x1 ), x, € R”, as the optimal value of a linear program (to which problem (7) is reduced), is

a piecewise linear convex function (see [10, p. 180]), therefore for any fixed o € [oc ] the a-level set

min> Qmax
X, (o)= {xl e X :Jy(x)< Oc} is a convex polyhedron. Here o, = inf ¢’x + Yo (7}), 0pe = supc’x — vo(7;),
subject to g + V(7)) < Hx < g, — Y(T;). Then in (10) the terminal constraint has the form x(7;) e X, (o)
Vw, () ew,.

Since the exact description of the polyhedra X 1(oc) for all values of the parameter o is difficult, in [6; 8] it
was proposed to replace X 1(Oc) with their outer polyhedral approximations with normals to the faces of these
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polyhedra being independent of o.. Let p; e R", j= 1,2, ..., my, “ p; H =1, be a collection of vectors which rep-

resent the mentioned normals, and £, € R™ *" be a matrix, which rows are the vectors D Denote
fi(o)=max p/x, x € X, (at). (11
Then the outer approximating polyhedron for Xl(oc) is )_(I(OL)Z {xl eR":Px, < f(oc)}, where f(oc) =
= ( filo), j=1, ..., m ) With a sufficiently large set of vectors p;, j=1,2, ..., m,, X, (o) approximate the sets
Xi(o), o efo
In [6], in order to solve problem (10), an iterative algorithm was proposed. Each iteration of the algorithm
for the current value o, refines the approximation X, (oc k) and calculates the control ugk (1), t € A, that gua-
rantees steering the system to the set X, 1(ock) at the time instant 7. Thus, at each iteration k the algorithm

solves m, (k) problems (11) and one control problem. The value o, ; is found by any line search method.

In what follows we propose a method for solving problem (10), which does not require application of the
iterative procedure described in [6].

o |, quite accurately.

min®> ““max ]

Denote G, = HA" =", ¢/=¢’A" " and consider the case when rank(G{|c1 ) =m +1< n. Simple arguments
yield that in this case o;, = —o°, O
that f (o), o € R, is affine.

Assumption 1. For any j = 1, 2, ..., m; the vector p; is such that equalities rank(Gl’ |cl) = rank(Gl’ |cl‘ pj)
=m+1 hold.

Proposition. Let assumption 1 hold. Then

f(a)= fo+ Ao, (12)
where f, = f(0), A= (7»1., j=1...,m ) A, satisfies the conditions G{y + c,h; = p;, A;20.

Proof. Consider problem (11) for a fixed index j. The set X ((x) consists of those and only those vectors x,
for which the following system is feasible

x(t+1)=Ax(t) + Buy(¢), x(T,) = x, u)(¢t) e U, te A,

Zunin + V(1) S Hx(T) € g = ¥(T} ), ’x(T) < 0= vo(77)-
Following the arguments that were used to reduce the problem for constructing the optimal open-loop

worst-case control to problem (4), problem (11) can also be reduced to a linear program. We represent it in the
form

= 4o, 1. €. function (11) is defined on the entire real axis. Let us show

max

/(o) = max p/x,

8mint 7(711) SGx+ z GlD(t)ul(t) < 8max — Y(TI)’
tel (13)
ox + 2 cl’D(t)ul(t) <a-—7, (Tl),

te

Uiy < ul(t) S U LEA,

where D(¢)=A4""""'B, te A,
The problem dual to (13) has the form

fi(o)=  min (= 7(1)) 5" = (g + ¥(T})) w (0t = ¥o (T, + gl (7" (1) = v 1),
w(t) V(1) e A,
Gy =Gyt o), = p;,
D(¢) Gly* = D(1) Giy.+ D(1) e\, +v" (£) = va(1) =0,
A 20,y 20, y.20,v(1) 20, n(r) 20, 1€A,,

and the complimentary slackness conditions hold [9; 10]. Note that all the dual variables in (14), similarly to
A, depend on the index j that is omitted for simplicity of presentation.
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Denote y = y*— y.. Then, according to assumption 1, the system of linear algebraic equations (14) has
a unique solution (y, A)). If that solution has A, < 0, then the dual problem (14) is infeasible and the primal
problem (13) is unbounded on X, (oc). Let A, >0, then both problems (13), (14) are feasible. The second group
of equality constraints in problem (14) can be represented as

Vi (6)=v,(t)==D(t) p, 1 € A,

Taking into account non-negativeness of the dual variables and the complementary slackness conditions, it
is clear that the dual variables are calculated according to the formulae

* yi, inO, _ 03 inO, _1
V= 0, v <0, Vuj = Ly 3 <0, i=1,...,m,
w(t) = (v*k(t), k=1,..., r), vi(t)= (v;:(t), k=1,..., r), (15)

g0 OO [0l
)

where v(1)= (v, (t), k=1,...,r)=D(1) p;, e A,

Problem (14) for o, = 0 has same optimal solution, therefore we can conclude that f; (o) = £;(0)+ 2,0,
which proves formula (12).

Along with the proposition we derived a simple formula for calculating the components of the vector f, that
allows to avoid solving linear programs (13) or (14):

Sy = 50)= (e = V() 7 = (gmin + 7)) 2o = Vo TR+ 3 (1 (1) = (1))

te A
It also follows that if rank(Gl’ ¢ ) # rank( Gq p; ), then f; (o) = +oo.

Considering the relation (12) the problem for constructing the optimal initial open-loop control (10) (case

rank(G1’| C1) = m +1 < n) can be presented in the form

V(TC?) = ul(;lg,n(xa’

x(t+1)= Ax(t) + Bu, (t) +Mw0(t), x(0)=x0, uy(t)e U, te A,, (16)

Bx(T)) < fo + o Yw, () € W,

and further reduces to the linear program

min o,
u (), o
Y, BA" T Buy(t) - o< fy - ¥ — RA"x,, 7)
tel
Unin = Uy (Z) < Unax> L € AOﬂ
where 72(%, j=1 .., ml): Yi = Wnax z ‘pj’A’MHI.
tel

Now let us consider the case when rank(G,’|c1 ) =n<m+1. In this case —eo < 0 ;;, < O, < +oo, function

max

(o), ae [ocmm, O ax ], is piecewise affine and concave. Here in order to construct the optimal initial open-
loop control ug ( | xo) we propose to replace the approximation of the set X, (oc) with the approximation of the set
E (o) = {(go, E)eR" ™ :Tu () e Uy, g+ V(1) SE+ Y, GD(1)uy(1) S grax — Y(T7),

te
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‘20"‘201 ) <o —v,(7; )}

tel

by the polytope Z(o)= {(&o’ E)eR"*": go&o+ 0 < f(oc)}, where g, = (qu >0,j=1,..., ml), matrix
0 eR™ *™ consists of rows qu e R", j=1,...,m,, thatare chosen in advance, and f(oc) = (]_;(O(), j=1 ..., m ),
where f;(at) is the optimal value of the linear program

17](0‘) = émgx %jE.yo + q;éa
0> 5> Uy

Zuin + V(1) <&+ 3 GD(1) (1) € g = V(7)o + 2 D (1) (1) < =7, (7)), (18)

tel te

Upin S U (t) Upas TE A,

Following the arguments of the proposition, we derive that f (OL), o € R, is calculated by the formulae

flo)=fo + ko, =g, 20,

Z‘(O):<gmax - Y(T1 )) Y= (gmin + Y(T1 )) Ve ™ Yo(Tl)%j + Z (ur,naxv*(t) - ur,ninv*(t))’

te
where y,, ¥ v.(),v"(¢), t € A,, are found from (15) with the following adjustment: y =g, v(r)= D’(¢)G{q; +
+ D’(t)clqoj, te A,

The problem for constructing the optimal initial open-loop control (10) (case rank(Gl’
the form

c1)=n<m+1) has

V(nlo) = min o,

x(t + 1) = Ax(t) +Bu0(t) +Mw0(t), x(O):xO, uo(t) elU, teA,, (19)
Px( )<f0+q00c Vwo()eWO

with B = gyc + Q,G, and can be reduced to the linear program similarly to the reduction of problem (16) to

problem (17).
The resulting linear program of the form (17) has 7, + 1 variables and m, constraints. Depending on the

required accuracy of approximation of the set X;(ct) or the set (o) the number of constraints can be quite
large. However, in contrast to the method from [6], where first problems (13), (18) are solved and then the
problem of the dimension comparable with the dimension of problems (17), (19) for a fixed parameter o is
solved, problem (17) is solved only once and its solution immediately yields the optimal value of the parameter
a’= V(Jt?) and the optimal initial open-loop control u, (~|x0).

Note that in the second case (ramk(G{|c1 ) =n < m +1) the space dimension where we approximate the set
El((x) is higher than the state space dimension #, which can be undesirable and lead to a significant increase
in the number of constraints in problem (19). To avoid this problem one has to explore the piecewise affine
structure of the function f(ct), 0 € [0y, Onay |- This will be the focus of a future work.

It is also worth mentioning that the idea of approximating the set El(oc) can be applied in the case
rank(G{ |cl) =m + 1, if the number of terminal constraints m is less than the number of states »n of the control

min?

system. Such an approach reduces the dimension of the space where approximations are constructed and is
applied to solve examples 2 and 3 in the next section.

Examples

Let us illustrate the proposed method for constructing the optimal control strategy by three examples.
The first example is a discrete analogue of the problem from [6], the second is the problem of minimising the
total momentum of the control input from [8], and the third is a modification of the latter. Discrete systems for
the examples are obtained by discretisation of continuous systems with the sampling period 2 =0, 1.
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Example 1. Consider a discretised problem from [6]:
X, (T ) — max,

(D)= ( 0.9950 0.0998Jx )+ (o.ooso)u )+ (o.oosojw (1), 5(0)= @ 0

—-0.0998 0.9950 0.0998 0.0998

x(T)esz{xeRZ:x*SXISx*}, |u(l)|£1, w(t)|§0.5, t=0,...,.T-1.

Let us choose the control horizon 7= 120 and the closing instant 7', = 80. In [6] x, = 2, x" = 7; however, in
this case there exists no feasible open-loop worst-case control (in both continuous problem from [6] and dis-
crete problem (20)). Therefore, we choose x, =2, x* = 10. This modification does not affect the optimal control

strategy since the constraint x; (T ) <10 is not active, but it allows to compare the optimal open-loop worst-case
control and the optimal strategy. In particular, problem (20) has the optimal open-loop worst-case control uo(-)

that achieves the optimal guaranteed value equal to J (uo) =1.501102, while the optimal control strategy (8)

has the optimal guaranteed value V(n? ) = o’ = 2.754 215. Calculating the optimal open-loop worst-case con-

trol takes 0.0151 s, while to obtain the optimal strategy we needed 0.0186 s. Figures 1 and 2 illustrate the
results. The obtained solutions correspond to results from [6] (with provision for discretisation), but allow to
avoid a computationally intense iterative procedure (see table 1 in [6]).

Let us explain in more detail fig. 1, which shows the state trajectories of the nominal system correspon-

ding to (20) under the optimal open-loop worst-case control uo(t), t=0, ..., 119 (dashed line /), and under
the optimal initial open-loop control u8(t|x0), t=0, ..., 79 (solid line 2). A dotted line represents the set
X (T |x0, u()) of possible states of system (20) under the optimal open-loop worst-case control. This set lies
entirely in the terminal set X, (grey area), which illustrates that constraints (2) are satisfies with guarantees.

The optimal initial open-loop control u8(~|xo) generates the set X (T1|x0, u8(-|x0)) of possible states of sys-
tem (20) at the closing instant 7;. This set belongs to the set X 1(060) (dotted lines at the bottom of fig. 1), i. e.
for any x, € X (T1|x0, ug (-|x0 )) the inequality J,(x;) 2> . holds. For a satisfactory representation of the set

X 1(060), 83 vectors were required, i. e. m, = 83. Point x; corresponds to the extremal value of the function J;,

Le. J; (x{k ) = 0.’. Despite the approximation of the set X’ l(oco), the last equality holds exactly. The state trajec-
tory that corresponds to the optimal open-loop worst-case control (|x1* ) for the state x(7;) = x; is shown by
dash-dotted line 3. Note that geometrically

J(uo) =minx,, x€ X(T|x0, uo(.)), V(n?) =a’=minx,, xe X(T|x1*, u (|x;‘))

Figure 2 represents the optimal open-loop worst-case control uo(t), t=0, ..., 119 (dashed line), optimal
initial open-loop control ug <t|x0 ), t=0,...,79 (solid line before the closing instant), optimal open-loop worst-
case control ulo (t|x1* ), t =80, ..., 119 (solid line after the closing instant), and the trajectories that correspond

to the worst-case disturbance. The latter here is the disturbance that delivers the exact optimal value. In the
example under consideration, the worst disturbances for the optimal open-loop worst-case control and for the op-

sign(c’AT_’_lM), t=0,...,T-1.
Example 2. The following problem was solved in [8]:

Iy

j|u(t)| — min,

0

timal strategy coincide and are equal to w*(¢) =

Wmax

X =%y, X, =—x;+u+w, x(0)=x, (21)

‘x(tf )‘ <x%

u(t)| <1,

w(t) < w', te0,1, ]
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t
Let u(t)=u,(1) = u,(), 0 < uj(t) <1l,j=1,2, x3(t)=Ju1(s) + 1, (s)ds, 1 € [0, tf], and suppose that the
0
control and the disturbance are discrete with the sampling period equal to # =0, 1. In this case we obtain the dis-
crete problem with n =3, r =2:

x4(T) — min,

0.9950  0.0998 0 0.0050 —0.0050 0.0005
x(t+1)=|-0.0998 0.9950 0 |x(¢)+|0.0998 —0.0998 |u()+| 0.1051 |w(z), (22)
0 0 1 0.1 0.1 0

x(O)z)_co,

x(T)<xi=1,2, 0<u,(t)<1, j=1,2,

w(l)| <w', t=0,...,T—-1,

t
where T = %, Xy = (xo, 0). We assume that parameters are as in [8]: t= 10 resulting in 7= 100, X, = (5, 0, O),

x"=2,w"=0,3. The closing instant 7; = 80 is chosen.

The optimal open-loop worst-case control u0(~) of problem (22) gives the optimal guaranteed value equal
to J (uo) =5.722 047. The optimal control strategy has the optimal guaranteed value V(n?) =0a’=5.039103.
Compared to [8], where J(uo) =5.656317 and V(nlo) =5.0131865, slightly worse performance is due to

discrete disturbance, while in [8] disturbance was assumed piecewise continuous. We are not presenting the
optimal controls and trajectories here since they visually coincide with the results in [8].
The principal difference in solving problem (22) and applying the method from [§] to solve problem (21) is

that the function f(ct) as defined by (12) for problem (22) is linear in the parameter o, while for problem (21)

this function is piecewise linear. This results in lower dimension of problem (19). The latter has 7} + 1 vari-
ables, while the resulting problem in [8] has 7 variables. As a result, to obtain the optimal strategy by solution
of problem (19) we needed only 0.0812 s (0.75 s in [8]). The disadvantage of the method proposed in this paper

compared to [8] is that we approximate the set =, (oc) in R? instead of R? in [8].
Example 3. Consider a modification of problem (21)
I
'[ |u(t)| — min,
0

X=Xy, %=X+ X+ w, X =u, x(0)=x,

‘xi(lf)‘ <x" i=1,2,

u(t)| <1,

w(t)| < w", te [0, t ]
Here a modification concerns the so-called indirect control of system (21).

t
Introducing u(¢)=u,(1) — u,(?), x4(t):.|‘ul (s)+uy(s)ds, te [0, tf], as in example 2, we obtain the dis-

crete problem withn =4, r=2: °

x4(7) — min,

0.9950 0.0998 0.0050 0 0.0002 —0.0002 0.0005
~0.0998 0.9950 0.0998 0 0.0050 —0.0050 0.1051
x(t+1)= x(7) + u(t) + w(t), (23)
0 0 10 0.1 -0.1 0
0 0 0 1 0.1 0.1 0
x(0)=%, (e, )| < i=12, 0<uy(6) <1, j=1,2, |w(r)] <w, r=0,.., T -1,

The closing instant 7} = 60 is chosen. We illustrate the solution for the initial condition X, = (7, 0, 0, 0),
and the parameters x* = 1.5, w* = 0.2.
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Fig. 1. Phase-plane solution representation of example 1. Fig. 2. Optimal control and trajectories in example 1
Trajectories under the optimal open-loop worst-case under the worst-case disturbance w* ()

control (line /), under the optimal initial
open-loop control (line 2), and the optimal open-loop
worst-case control on the interval after the closing
instant for a sample state x; (line 3)
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Fig. 3. Phase-plane solution representation of example 2. Fig. 4. Optimal control and trajectories in example 2
Trajectories under the optimal open-loop worst-case under the worst-case disturbance w* ()

control (line /), under the optimal initial
open-loop control (line 2), and the optimal open-loop
worst-case control on the interval after the closing
instant for a sample state x; (line 3)
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The optimal open-loop worst-case control uo(-) in problem (23) has the optimal guaranteed value equal
to J (uo) =7.438263. The optimal strategy gives V(n?) =0’=6.657 643. The time spent to construct the

optimal open-loop worst-case control was 0.015 s, while for the optimal control strategy 0.139 s were spent.
Figures 3 and 4 show results for problem (23). In fig. 3 projections of the state trajectories on the

phase plane x,x,, the terminal set, sets of possible states and the intersection of the set X, l(oco) by a plane
{x3 =1.966 4, x, =4.166 4}, where the point x{ (Tl) and the set X (T1|x0, uy ('|x0 )) lie, are shown. To approximate
sets X, (o) we used m, = 1385 vectors. In the neighbourhood of the point x; = (6.813 7, 2.519 2, 1.966 3, 4.166 4)
the approximation accuracy is Jl(xl* ) ~a’=6.8-10"".

In fig. 4 the optimal open-loop worst-case control uo(-), the optimal initial open-loop control ug (-|x0)

and the realisations of the particular optimal strategy and the corresponding trajectory in the process with the
disturbance defined as in example 1, are presented. The mentioned disturbance is the worst for the optimal

open-loop worst-case control uo(-). The optimal strategy in the same process has the value equal to 5.136926.

Conclusion

This paper considers a guaranteed terminal cost minimisation problem for linear discrete systems with un-
known bounded disturbance. We study two types of control inputs that achieve the guaranteed constraint satis-
faction and minimise the cost in the problem under consideration. The first is the optimal open-loop worst-case
control that is constructed entirely before the control process starts, is not corrected during the process, and
ignores any possible information about the system’s future behaviour. The second is the optimal control strate-
gy with one closing instant, where closure means taking into account a state measurement at one future time
instant. The optimal control strategy consists of the optimal initial open-loop control, defined at time instances
before the closure, and a collection of optimal open-loop worst-case controls, defined after the closing instant
for all possible (due to disturbance and initial control) states at that closing instant. Practical application of the
optimal strategy implies using the optimal initial open-loop control before the closing instant and then cho-
osing optimal open-loop worst-case control depending on the state measurement in a particular control process.

While optimal control strategies with one closing instant for linear terminal problems were introduced
in [6], the main contributions of this paper consist both in the new formulation of the problem for constructing
the optimal initial open-loop control and the numerical method for its solution. The proposed formulation is
a minimax optimal control problem with a cost function that is implicitly defined as the optimal value of an-
other optimal control problem. We thoroughly elaborated the structure of this problem using the duality theory,
which allowed us to reduce it to an equivalent linear program and significantly simplify the method for optimal
strategy construction compared to the algorithm introduced in [6]. Numerical experiments demonstrate effec-
tiveness of the proposed approach and superiority of the optimal control strategy over the optimal open-loop
worst case control.
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VIK 517.925.7

O PEHIEHUAX YPABHEHUSA IIIA3AN

K. I. ATPOXOB", E. B. TPOMAK?"

l)IE?e/zopyccmﬁ 2ocyoapcmeennbwlil ynusepcumem, np. Hezasucumocmu, 4, 220030, . Munck, Berapyco

Cucrema Illasn ompenenseT HEOOXOAMMBIE W JOCTATOUHBIC YCIOBUS OTCYTCTBHS IONBMKHBIX KPUTHUECKUX TOYCK
y peureHnii qudQepeHnrnatbHOr0 YpaBHEHHUS TPETHETo Mopsaka, paccMoTperHoro 11lasu B oqHOM 13 mepBBIX paboT Mo
ki1accudukanuy 0ObIKHOBEHHBIX NP PEePeHIIATIbHBIX YPABHEHNH BBICILIUX MOPSIIKOB OTHOCHTENLHO cBolcTBa [TeHese.
Pemenne nonuoit cucremsl 111a3u B cirydae MOCTOSIHHBIX TTOJIIOCOB YiKe MotydeHo. OHaKo JJ0 CHX MOp BOIPOC 00 MHTe-
rpupoBanuy ypaBHenus Illa3u ocraBascs OTKpbITHIM. B HacTosiei pabore qOKa3bIBaeTCsl, YTO B CIIydae IMOCTOSHHBIX
TTOJTIOCOB TP HEKOTOPBIX JOTIOTHUTEIHHBIX YCIOBUAX 3TO YPaBHEHUE HHTETPUPYETCS B DIUITMNTHYCCKUX (DYHKIIUAX.

Knioueswie cnosa: ypasuenue llaszu; cucrema Illasu; coiicto [lennese; smumunruueckue GyHKIHH.

ON SOLUTIONS OF THE CHAZY EQUATION
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Introduction

It is known that the Painlevé equations appeared as a result of solving the classification problem regarding
the Painlevé property for the second order ordinary differential equations [1; 2]. For the equations of higher
orders, the Painlevé problem, which consists in determining the conditions for the absence of movable multi-
valued singularities for solutions, in the general case remains open. At present, the most complete results have
been obtained only for polynomial equations of higher orders. So, for example, equations of the form

y"=P(z,3,¥.5"),
where P(z, v, v, y”) is a polynomial of y and its derivatives are considered in [3—10]. Some classes of equa-

tions of the fourth and higher orders were studied in [11; 12].
One of the first works on the classification of higher-order equations with respect to the Painlevé property
was a paper by Chazy [3]. It deals with the Painlevé property of the equation

:i(y’—a;i)(y"—ai’) s iAk(y’—a£)3+Bk(y’—aé)2 G -a) |

k=1 Y= a y—a;

=
Il

(M

where the poles g, = ak(z) are finite, distinct and in general are functions of the independent variable z.
The paper [3] also contains the system of 31 algebraic and differential equations

6 6 6 6
(A) D A4,=0, Y ad;==6, Y a;d; =2 a, 24; + 2
j=1 j=1 j=1 j=1

5 6(j#k),

’

(B) i(Bk—Bj)[—%— laJ+A,;—ia£_a(A 3A)—§Ak2a’A 0,

0. C—C,\ & 34;(ai—a)) +(2B,-B,)(a;—a})+ a-a]
—24,C, - -
2ac-$920 ) %
©) ~Bl+B;-B,D+E=0,
(D) i( B, -3a}4,)=0,
i =0, i F; =0, iafF, 0, —ay’— B,C, + C{ + D(ay - C, +Eak+FkH( a;)+
j=1 j=1 j=1
. 3 i) B )2—(@—6;-)(az—a;)+(az—a;)(az'—a;')=O,
i=1 ak—aj

for 26 unknown functions 4, = 4,(z), B, = B,(z),C;, = C;(z), D=D(z), E = E(z), F, = F,(z). In[3,p. 367-369]
Chazy claimed that the solution of this system determines necessary and sufficient conditions for the ab-
sence of movable critical points of solutions of the equation (1). In this case, the poles g, are the parameters

of the system. The equations of the system (.A)—(F) we denote below by (Al), e (.Ag), (Bl), e (Bé),

(@) (Co)- (D). (). n (F):

The solution of the Chazy .A-system was obtained in [13] and the solution of the complete Chazy system in
the case of constant poles @, in expanded form is given in [14]. However, the question of integrating the Chazy
equation (1) remained open until now. In this paper, we prove that in the case of constant poles, under some
additional conditions, the equation (1) is integrated in elliptic functions.

Let us briefly summarise some results from [13; 14] which we need to obtain the main result stated in
theorem 3.
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Solution of system (.A)

First, let us note that the successive elimination of the variables 4, allows us uniquely express A, 45, A4,
A5, A, in terms of A4,. Indeed from the system (.A) we successively obtain

6 a a a a
Ag=—As —A,— Ay — A, — A, Ag=——— — 204, - 304, - 2604 10y
6 s T Ay Az — Ay — Ay, As a P e B B D
56 56 56 56 56
_ 2(‘741 Tapta,y—a;s— a46) 35036 596 59
A, = - A5 - A, - ——>A4,, ()
45946 45446 45946 45446

4o 2al3(—a12 —ap+2a, + 2a5 + 2"16)
,=

A30~4 A5

13242526 4
A3y A3sA A7 A4 A3 2
3443536 124343536

——+ —+—+ —
Q34035036

ap 43 Ay A5 Gy

Q13014050 1 1 2 2 2 2a,,0,,a,5016 o
4 A3%4%5%6 A+ 13%495%6 A2,
34035036

where a;; denote the non-zero pole differences a; — a;. Let’s also note the structure of 4,
B noA;‘ + nlAf + n2A12 + mA, + ny
2 5
(az - 04)(02 - as)(az - as)Qz
where Q, = dy A} + d, A, + d,, and the coefficients n,y, ..., n, u d,, d,, d, are determined through a,, ..., a.

After the substitution of the expressions thus obtained into the system (.A), the first four equations of this
system become identities, and the equations (A5 ) - (.Ag) acquire the form

G)

2 2 2

AyyUystiygUisgU - aziuiystigelisgU auusgUU
2 2 2.2 "2 2 2.2 2 2 2 2.2
a5, 055a5605 a34a35a3,05 Ay ay3ay5a,605

2 2

asiuUsU ag uysUs U -0
2 2 2 2.2 2 2 2 2 2.2 °
as,a53054a5605 g A3 045505

i J
the fifth and second degrees in A4,, respectively.
Next two theorems from [14] follow from the successive considering of the two cases (u; = 0 and U =0).

Lemma 1. The system (.,4) admits the symmetry (Ak, ak)H (Aj, a; ) L k=1..,6.

respectively, where a; =a;, — a;, u;=2a,— a; —a; + (a1 - al.)(a1 -a; )Al; U and U,, Us, Uy are polynomials of

This lemma shows that the permutation of arbitrary components (A s ak) of the solution of the system (.A)
with arbitrary components (A s aj) leads to the solution of the system (.A).

Theorem 1. The system (A) has the solution

1 1
Aj: + ,j=1...,4,
as—a; as—a

A5:1+1+1+1+2, 4)

a—ds ay—ds d3—ds dy—ds ds—dg

1 1 1 1 2
- -

+ +

Ay =

under the following condition on the poles

65, — 35305+ 5,03 + (=35, + 45,05 — 35,03 ) ag + (5, - 35,05 + 643 ) ag =0, (5)
where sy, ..., s, are elementary symmetric polynomials in a, ..., a,.
Consideration of the case U= 0 requires that the equation for 4, has the form py4; + p, 4} + p,4; +
+ py A7 + p,A, + ps =0, where p, are polynomials in a,, ..., a,
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Theorem 2. Let A, be a solution of the fifth degree equation for some fixed values of the poles a, such that
0,#0. Then A, and A, (k=2, ..., 6), evaluated on the basis of this value of A, and formulas (2), (3), define the
solution of the system (A).

Thus, theorems 1 and 2 determine the solution of the Chazy .A-system. It should be noted that theorem 1
is a special case of theorem 2. However, under condition (5) the 4, can be determined in the closed form (4).

Solution of system (B)—(F)

The solution of the system (.A)—(F) for known A, is reduced to the successive solution of three linear al-
gebraic systems with additional constraints. In the general case, the solution of the systems (B), (C), (F) can
be obtained by the Gauss method. Therefore, the system (B) with known 4, is a linear system Az B = R; with
respect to B = (Bl, .oy Bg )T, where matrix 4, has the entries:

A, 1 . 54, & 1
{AB}kJ':? _ajaj;tk: {AB}kk:_ 2 _iglak—ai’lik

In general, the rank of this matrix does not exceed five. The vector R, depends only on 4,, a, and their
derivatives. Under the condition of theorem 1, the matrix A, can be represented in closed form as well. To do
this we need to substitute the values 4, ..., 4¢ from (4) into the above matrix 4.

With known 4, and B, from the equation (D) we find that
1Q 3

D=-=Y B +=d/4

2 ! J 2 J

The system (C ) with respect to C = (Cl, ooy Cg )T is also linear and can be represented in the form 4. C =R
with the matrix 4:

1 . 6 1 .
{Ac}kj: a—a,’ j#k; {Ac}kk:_ZA"_zak—a,.’ ik

i=1
The rank of the matrix 4 also does not exceed five. In this case, the inhomogeneity vector R contains 4,
B,, a,, their derivatives and the unknown function £ (z) Under the condition of theorem 1, the matrix 4, can
also be written explicitly. To do this we substitute the values 4, ..., A from (4) into the above matrix 4.
The system (.7-"4)—(.7-"9) is also linear with respect to F = (Fl, ey F6)T. In this case, the inhomogeneity
matrix R contains the unknown function E(z). However, the substitution of F; into the equations (.7-", ) - (.7-"3)
allows us to define E(z).

A case of constant poles

The Chazy equation in the case of constant poles ak has the form
6

6
B
m ’ /3 ,2 k
= +
y yyk 1«V a Zy Y Zﬁy‘ak

(6)

6
’ Ck
+y
121)/_

The system (A) remains the same, and the system (B)—

_a‘
o1y T %

6 6 Fk
+Dy” + Ey’ + H y—a Z
( ) is greatly simplified and acquires the form

. 5 2 .
(B (_EA"_Z‘I% JB +2[—+ JB 0, k=1,....,6 (j#k),
. 6 1 6
() _2A"_Z‘lak ) 2; —Bk+Bk B.D+E=0,
6
(D") 2D+ Y B; =0,
j=1
54
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6 6 6 6
(F) Y F=0, Y aF=0, Y aF=0-BC,—DC,+Ci+F][](a-a)=0.

j j j=1 j=1
The solution of the .A-system in closed form is given by theorem 1. The solution of the system (B* ) - (.7-" *)

in closed form is obtained in [14]. Using these results, we investigate the integrability of the Chazy equa-
tion (6).

Let us consider the case when B, =0, k=1, ..., 6. The following statements are true regarding to the defi-
nition of the remaining coefficients of the Chazy equation (6).

Lemma 2. If'in the Chazy equation (6) A, are determined by theorem 1 and B, =0, k=1, ..., 6, then the

Sfulfillment of the Chazy system (B : ) - (.7-" : ) necessarily leads to
D=0,F,=0k=1,...,6.

Lemma 3. Let the following conditions be fulfilled in the Chazy equation (6):
Al. The coefficients A, and the poles a, are defined by theorem I and B,, C,, D, E satisfy the Chazy system

(5°)-(#7)
A2.B,=0,k=1,...,6.
A3. The constant poles a,, satisfy the condition

hy=a,+a,+ay+a,—as—3as#0.

Then Cy = Cy, E = &, where Cy, £ are the arbitrary constants and C, — Cs are determined by the formulas

2a; — as —aé)hl— Z(a. —a6)2

& 2 ( J .
C.:— . — C ) :1,...,4,
! hy (aj aé) Tt (aS_a6)h1 /
£ h,—2a; + 2a
Csz—h—l(as—a6)2—(36+16.

Lemma 4. [f the conditions A1, A2 of lemma 3 are fulfilled and h, =0, then C;=Cs, E = & where Cs, € are
the arbitrary constants and C, — C,, C, are determined by the formulas

2 2
el el

The proof of lemmas 2—4 follows directly from the result of the paper [14], where the solution of the Chazy
system (6) is given in the case of theorem 1. The above formulas for determining the remaining coefficients of
the equation (6) follow from the corresponding formulas in the paper [14] with B, =0,k=1, ..., 6.

The general integral of the equation (6) will be sought in the form

(W)’ = K,P(w) + K,0(w) + R(w), (7)

where K, K, are the arbitrary coefficients and P(w), O(w), R(w) are the polynomials of w with constant coef-

ficients not higher than the fourth degree. In this case, the third constant of integration is obtained by separating
the variables in the equation (7) and its integration.
It is clear that in the case of the existence of such polynomials P(w), Q(w), R(w), the solution of (7) and,

therefore, the solution of the equation (6) is generally expressed in a rational way in terms of the Weierstrass
elliptic function go(z)
Differentiating twice (7) and excluding arbitrary constants K, and K,, we find

7 _ ” ’” ’ _ /’ ” ” P,R _ PR, _ P’/ R’ _ R ’
W’”: W,W” P’Q PQ’ _ W/3 P Q, P Q, + W, Q ( ,) (, Q Q )
P'Q-PQ 2(P'Q - PQ’) 2(P'Q - PQ’)
Hereinafter the primes on the polynomials P(w), O(w), R(w) denote the corresponding derivatives with

respect to w. Comparing this equation with the equation (6) we have three conditions for the definition of the
polynomials P(w), Q(w), R(w):
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P/I _P ”
PO —PQ =W a’
P// —PO” 6 A
A ©)
(P 0- PQ W ak
P(Q/R//_ Q”R/) + Q(R/P//_R//P/) +R(P/Q//_P//Q/) 6 C
; ; =E+ Yy ——, (10)
2(P'O-PQ’) oW
moreover B, =0, F;, =0,D=0.
Without loss of generality in (8)—(10) we consider
6
PO-PQ'=[](w-q,) (1)

k=1
4 4 4
- i 0= i p= j o thi
where P = ijw , Q—quw , R—erw and in this case
Jj= Jj=0 Jj=0

P4=0,9,=1,4;=0. (12)
Then from the condition (8) which has the form (11) we find

o 1
py=-1p,==5 p==(-¢,-0,),
1 21 3 (13)
Py = Z(_qu + 03), qy = ﬁ(z%z +3¢,0,+ 29,0, — 604)5
where ¢, here and below are the symmetric polynomials with respect to a, ..., a,, and q,, g, must satisfy the
following two conditions:
1 1
——a/(2¢,+0;) - — (4, + (52)(2‘15 +3¢,6, + 29,0, - 664) —6=0,
4 54
(14)
029 | 1 (242 + 3,0, + 2 6 =0
hd2m 5 ﬁ(ﬁ( 9, + 54,0, + 24,6, = (54) +65=0.
The condition (9) recorded by the virtue of (11) in the form
6
P"Q' - P'Q"=-2(P’Q-PQ’ ;W o
under the fulfillment of (12), (13) and 4, from theorem 1, defines ¢,, ¢,
2
q,= 5(a3a4 +ay(ay+ a,) + ay(ay + ay + a,))(as + a5, as)

q, = —(al +a,+a;+ a4)a5 - (al +a,+a;+a,— 2a5)a6.

Note that the values ¢,, ¢,, defined by (15), satisfy the conditions (14).
The condition (10) by the virtue of (11) takes the form

6
P(O’R”- Q"R’)+ Q(R’P"—R"P’)+ R(P'Q" - P"Q")=2(P'Q - PQ’)[E + wgkak } (16)
k=1

This condition leads to the determination of the coefficients of the polynomial R. Wherein two cases must
be considered corresponding to lemmas 3 and 4.
In the case of lemma 3, that is /; # 0, the coefficients of the polynomial R are determined by the relations
—((ZC6 - Sas)(—3a2a3a4 - 3a1(a3a4 + az(a3 + a4)) + (a3a4 + az(a3 + a4) + al(a2 +ay;+ay, ))as) +

+ (—35<a2a3a4 + al(a2a3 + (a2 + a3)a4 )) + 35(a1 +a,+a;+ a4)a52 +

+ 2(3(612613 +aya, + aza, + 3(a2 +a;+ a4)a5 - 66152 + al(a2 +ay+a,+ 3a5)))a6 +
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+(5(a3a4 + a2(a3 +a4) + al(a2 +a;+ a4))—3(4C+ 5(a1 +a,+ay+ a4))a5 -

- 125a§)a62 + 12€a5a2)/(6h1(a5 —ag )),

n= (2(5(a5 - a6)(a3a4 + az(a3 + a4) + al(a2 +a;+ a4) - 3a6(a5 + aq )) + C(—2a3a4 +3aya; + a7

+ 3a,a —3a; + 3(a3 +a,— 2615)a6 —3ag + az(—2a3 - 2a, + 3(a5 + aé)) +

+ al(—2a2 —2a;—2a, + 3(‘7‘5 + a6 )))))/(3h1(a5 G ))’

==& rn=0,r=0,

where C; = C;, E = £ and C, & are the arbitrary constants. The rest of the equations of the condition (16) be-
come identity due to (17) and the values of the coefficients C, from lemma 3 and the condition of theorem 1.
In the case of lemma 4, that is /4, = 0, the coefficients of the polynomial R are determined by the relations

1y = (ay(ay - as)as(2C; + Eag) + (2Csa} + 3a2 (2C; - 3€a) — ayas (8C; + 3€as))ag + (=ay (6C; + Eay) +
+ (=6Cs + Eay)as +188a3 ) ag +3€ (a, - 3as)ag — a3 (3a, — a5 — ag)(2Cs + Eas — Eag) —
— ay(a, — as —3ag)(3a, — a5 — ag ) (2Cs + Eas — Eag) — af (3a; + 3a, — a5 — ag ) (2Cs + Eas — Eag) —
~ ay(ay + a, — a5 ~ 3ag)(3a; + 3a, — a; — ag ) (2C; + Eas — Eag ))/(12(a5 - aé)z),
i = (2Csa? + 20503 + 2Ca3 + 2Csa; + Ealas + Eddas + Eaas + Eajas — 20sal + 5Ea3 - (18)
- (4C5a1 + &al + 4Csa, + Ea; + 4Csay + Eay + 4Csa, + Eay +
+2(=2Cs + E(ay + ay + ay + ay))as + 3€a52)a6 +
+(6Cs + 2 (a) + a, + ay + a,) — 5€as ) ag + 35a§)/(6(a5 - aé)z),
r==E =0, r,=0,

where Cs = Cs, E = £ and Cs, £ are the arbitrary constants. The rest of the equations of (16) become identity
due to (18) and the values of the coefficients C, from lemma 4 and the condition of theorem 1. The above con-
siderations imply the following statement.

Theorem 3. Ifin the Chazy equation (6) B, =0, k=1, ..., 6, then under the conditions of the Chazy system

(B* ) - (.7-' *) and A,, defined by theorem 1, the equation (6) is generally integrated in elliptic functions.
Proof If B, =0 and (B*)— (]—"*) hold then by lemma 1 D = 0 and F;, = 0. By the virtue of theorem 1, we

have two cases: h; # 0 and &, = 0 to define C,. In both cases, the polynomials P(w), O(w), R(w) are chosen
according to the formulas (12), (13), (15), (17), (18) which proves the statement of the theorem.
Note that lemmas 3 and 4, on which the proof of theorem 3 is based, are given in [15; 16], respectively.
Now consider the following example. 8
Leta,=1,a;,=-1,a,=2,a;=-2, a,=0. Then from (5) we find g, = 3 and from (4) we obtain the solu-
tion of the system (\A):

15 4 3 37 7
A= A= —— A =0, Ay=—=, Ac="0, A =—.
R A A A DA

. 12 .
In this case A = ? Therefore, setting B, =0, k=1, ..., 6, from the Chazy system we have D=0 and F,=0,
and from lemma 3

5 16 1
C=>C+—E&, C,=—(-19C. + 5&), C
37 s 2 12( 6 ) G

5 1
— E(C6 + 5), C,= 5(—4C6 + 55),

Cs= —%(86’6 +5E), Co=Cq, E=E.
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The coefficients Cg = Cg, E = £ are remain arbitrary, and the coefficients of the polynomials P(w) and Q(w),
respectively, have the following form:

4 7 4
p4=09 p3=_17 p2:_§’ p]zga poz_g,

28 16

4
:1, :O’ =—, =—, = ——
44 q; 9 5 9, 5 ‘D) 5

From (17) we find the coefficients of the polynomial R(w):

n=r=0, 1 ==& 1= <(5G =€), n=3(C;+£).
The general integral of the Chazy equation in this case has the form
(W)’ = by + byw + byw? + byw® + byw, (19)
where
2 7 28 5 7

by = E(6K1 + 24K, - 5C; - 5€), b= —gK1 - ?Kz - g(36 + ge,

4
b, =§(1<1 -K,))+&, b=k, b=-K,

and K, K, are the arbitrary constants. The third arbitrary constant appears from the separation of variables in
the equation (19) and its integration. Thus, for example, if K, =0, K, # 0, then
w=op(z)+p,
&

4 4 . _ : . o .
where o =—, f=——— - — and p(z) is the elliptic Weierstrass function satisfying the equation
K, 3K, 15

"2
(P) =4~ gp - g5,

242K} +125K,Cs — 95K,E +50&°

&2 600 ’
—8176K; — 500> + 75K,E(19€ — 25C; ) + 30K (100C; + 83€)
&7 108 000 '

bubauorpaduyeckne cCblIKU

1. Ince EL. Ordinary Differential Equations. New York, Dover, 1956. 558 p.

2. Iwasaki K, Kimura H, Shimomura S, Yoshida M. From Gauss to Painlevé: a Modern Theory of Special Functions. Braun-
schweig: Vieweg; 1991. 347 p. (Aspects of mathematics; volume 16).

3. Chazy J. Sur les équations différentielles du troisiéme ordre et d’ordre supérieur dont I’intégrale générale a ses points critiques
fixes. Acta Mathematica. 1911;34(1):317-385.

4. Bureau FJ. Differential equations with fixed critical points. Annali di Matematica Pura ed Applicata. 1964;64(1):229-364.
DOI: 10.1007/BF02410054.

5. Bureau FJ. Differential equations with fixed critical points. Annali di Matematica Pura ed Applicata. 1964;66(1):1-116. DOI:
10.1007/BF02412437.

6. Martynov IP. Third-order equations without moving critical singularities. Differential Equations. 1985;21(6):937-946.

7. Exton H. Nonlinear ordinary differential equations with fixed critical points. Rendiconti di Matematica. 1973;6(2):419—462.

8. Cosgrove CM. Higher-order Painlevé equations in the polynomial class I. Bureau symbol P2. Studies in Applied Mathematics.
2000;104(1):1-65. DOT: 10.1111/1467-9590.00130.

9. Miigan U, Jrad F. Painlevé test and higher order differential equations. Journal of Nonlinear Mathematical Physics. 2002;9(3):
282-310. DOI: 10.2991/jnmp.2002.9.3.4.

10. Cosgrove CM. Higher-order Painlevé equations in the polynomial class II. Bureau symbol P1. Studies in Applied Mathematics.
2006;116(4):321-413. DOI: 10.1111/j.1467-9590.2006.00346.x.

11. Kudryashov NA. Fourth-order analogies to the Painlevé equations. Journal of Physics A: Mathematical and General. 2002;
35(21):4617-4632. DOI: 10.1088/0305-4470/35/21/310.

12. Sobolevsky S. Painlevé classification of binomial type ordinary differential equations of the arbitrary order. Studies in Applied
Mathematics. 2006;117(3):215-237. DOI: 10.1111/j.1467-9590.2006.00353 .x.

13. Gromak VI. On solutions of the Chazy system. Differential Equations. 2007;43(5):631-635. DOI: 10.1134/S0012266107050060.

14. Atrokhov KG, Gromak VI. Solution of the Chazy system. Differential Equations. 2010;46(6):783-797. DOI: 10.1134/
S0012266110060030.

>8 523 — MOIeMmH AR Mw.v]am é/m&&w



Juddepennnanbubie ypaBHeHHsI H ONITHMAJIbHOE YIPABIeHHE
Differential Equations and Optimal Control
NI
— YWV
15. I'pomax EB. O6 unrerpupoBanuu ypasHeHus 11la3u ¢ mOCTOSIHHBIMU NOJTIOCAMH B SJUIMIITHYECKUX QyHKIMX. B: Porozun CB,
penakrop. Tezucbt 00KAA008 MENCOYHAPOOHOU HAVHUHOU KOHpepeHyuu «Ararumuyeckue mMemoovl aHanu3a u Oup@epeHyuanbHbix
ypasuenuiiy, 11-14 cenmsaopa 2012 e.; Munck, berapyco. Munck: UacTuTyT MaTeMaTnku HanmoHansHO# akagemMun Hayk bemapycu;
2012.c. 28.
16. I'pomak EB. O6 ypaBHeHusix Tpetbero nopsiika P-tuma. B: Jlemenuyk AK, Kpacosckuii CI, Makapos EK, pemakropsr.
XVI Meoswcoynapoonas nayunas konghepenyus no ougpepenyuanvrvim ypasuenusm (Epyeuncrue umenus — 2014); 20-22 mas 2014 2.;
Hosononoyx, bBerapyco. Yacmo 1. Munck: Uucturyt maremaruku HAH Benapycu; 2014. c. 11-12.

References

1. Ince EL. Ordinary Differential Equations. New York, Dover, 1956. 558 p.

2. Iwasaki K, Kimura H, Shimomura S, Yoshida M. From Gauss to Painlevé: a Modern Theory of Special Functions. Braun-
schweig: Vieweg; 1991. 347 p. (Aspects of mathematics; volume 16).

3. Chazy J. Sur les équations différentielles du troisieme ordre et d’ordre supérieur dont I’intégrale générale a ses points critiques
fixes. Acta Mathematica. 1911;34(1):317-385.

4. Bureau FJ. Differential equations with fixed critical points. Annali di Matematica Pura ed Applicata. 1964;64(1):229-364.
DOI: 10.1007/BF02410054.

5. Bureau FJ. Differential equations with fixed critical points. Annali di Matematica Pura ed Applicata. 1964;66(1):1-116. DOI:
10.1007/BF02412437.

6. Martynov IP. Third-order equations without moving critical singularities. Differential Equations. 1985;21(6):937-946.

7. Exton H. Nonlinear ordinary differential equations with fixed critical points. Rendiconti di Matematica. 1973;6(2):419-462.

8. Cosgrove CM. Higher-order Painlevé equations in the polynomial class I. Bureau symbol P2. Studies in Applied Mathematics.
2000;104(1):1-65. DOI: 10.1111/1467-9590.00130.

9. Miigan U, Jrad F. Painlevé test and higher order differential equations. Journal of Nonlinear Mathematical Physics. 2002;9(3):
282-310. DOI: 10.2991/jnmp.2002.9.3 4.

10. Cosgrove CM. Higher-order Painlevé equations in the polynomial class II. Bureau symbol P1. Studies in Applied Mathematics.
2006;116(4):321-413. DOI: 10.1111/j.1467-9590.2006.00346.x.

11. Kudryashov NA. Fourth-order analogies to the Painlevé equations. Journal of Physics A: Mathematical and General. 2002;
35(21):4617-4632. DOI: 10.1088/0305-4470/35/21/310.

12. Sobolevsky S. Painlevé classification of binomial type ordinary differential equations of the arbitrary order. Studies in Applied
Mathematics. 2006;117(3):215-237. DOI: 10.1111/j.1467-9590.2006.00353..x.

13. Gromak VI. On solutions of the Chazy system. Differential Equations. 2007;43(5):631-635. DOI: 10.1134/S0012266107050060.

14. Atrokhov KG, Gromak VI. Solution of the Chazy system. Differential Equations. 2010;46(6):783-797. DOI: 10.1134/
S0012266110060030.

15. Gromak EV. [On integration of the Chazy equation with constant poles in elliptic functions]. In: Rogozin SV, editor. Tezisy
dokladov mezhdunarodnoi nauchnoi konferentsii «Analiticheskie metody analiza i differentsial’nykh uravneniiy, 11-14 sentyabrya
2012 g.; Minsk, Belarus’[Abstracts of the International scientific conference «Analytical methods of analysis and differential equa-
tions»; 2012 September 11-14; Minsk, Belarus]. Minsk: Institute of Mathematics, Natioanl Academy of Sciences of Belarus; 2012.
p- 28. Russian.

16. Gromak EV. [On the third-order P-type equations]. In: Demenchuk AK, Krasovskii SG, Makarov EK, editors. XVI Mezhdu-
narodnaya nauchnaya konferentsiya po differentsial’nym uravneniyam (Eruginskie chteniya — 2014); 20-22 maya 2014 g.; Novo-
polotsk, Belarus’. Chast’ 1 [XVI International scientific conference on differential equations (Erugin readings — 2014); 2014 May 20-22;
Novopolotsk, Belarus. Part 1]. Minsk: Institute of Mathematics, National Academy of Sciences of Belarus; 2014. p. 11-12. Russian.

Received 28.04.2021 / revised 01.07.2021 / accepted 01.07.2021.

EZ(’/ — cmoemmr AR MW\OIOM J,ow,w/



TEOPI/IH BEPOSITHOCTEWN
U MATEMATUYECKAS CTATUCTUKA

PROBABILITY THEORY
AND MATHEMATICAL STATISTICS

VIK 519.2

CTATUCTUYECKASA ITOCAEAOBATEABHASA ITPOBEPKA T'ITOTE3
O ITAPAMETPAX PACIIPEAEAEHVU BEPOATHOCTEN
CAYYAUHBIX BUHAPHBIX AAHHBIX

A. 0. XAPUH"

1)Ee/zopyccxuﬁ 2ocyoapcmeennblil yHusepcumem, np. Hezasucumocmu, 4, 220030, e. Munck, Berapyco

PaccmarpuBaercs akTyanbHasi MaTeMaTHUecKas 3a/1aua KOMIIbIOTEPHOIO aHaJIM3a AAHHBIX — 3a/1a4a CTaTUCTUYECKON
MTOCIIETOBATEIEHON TIPOBEPKHU MPOCTHIX THUIIOTE3 O MapaMeTpax pacIipeesieHIsI BEPOSTHOCTEH HAOMOMaeMbIX OMHAPHBIX
JMAHHBIX. DTa 3a/1a4a PEeIracTcst st IBYX MOJIe/ICH HAOIFOMCHUIT: CXeMbI HE3aBUCHUMBIX UCIBITAHUN U OXHOPOIHON ICTH
MapkoBa. BbIBeIeHBI JICTKO HHTEPIIPETUPYEMBbIC M YIOOHBIC ISl KOMITBFOTCPHOM peajn3alilii BHbIC BBIPAKCHHS CTATHC-
THK MOCJIEJIOBATEIIBHBIX TECTOB (CTATUCTHYCCKUX KPUTEPHUEB). Pa3zpaboTaH mOaXo/ [isl BEIYUCICHHS XapaKTEPUCTUK
3 PEKTUBHOCTH PEMIAOIINX TPABHI — BEPOATHOCTEH OMMOOYHBIX PEIICHUI W MAaTEMAaTHYCCKUX OXKHIAHWUN CITy4aifHOTO
yrca HaOMIONeHNH, HEOOXOIMMBIX I obecreueHns TpedyeMoil TouHOCTH. [1omydeHbl acCHMIITOTHYECKHIE Pas3TIOKeHIUS
JUTS yKa3aHHBIX XapaKTePUCTHK APPEKTHBHOCTH MPHU «3aCOPSHUSIX pacIIpEAeICHIUs BEPOSTHOCTEH HAOIIOAAEMBIX TaHHBIX.

Knwuesnie cnosa: CJ'Iy‘IafIHBIe 6I/IHapHI)Ie JaHHBIC; TPOCTBHIC TUIIOTE3bI; CTaTUCTUYECKHI HOCHCZ[OBaTeHLHLIﬁ TECT,
BEPOATHOCTH OHII/I6KI/I; MATEMATUYCCKOC OXXKHIaHUC Cﬂy‘laﬁHOFO quciia Ha6JHOﬂeHPII71; «3aCopeHusA»; ACUMIITOTUYCCKUEC
PA3IOKCHUA.
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STATISTICAL SEQUENTIAL HYPOTHESES TESTING

ON PARAMETERS OF PROBABILITY DISTRIBUTIONS
OF RANDOM BINARY DATA

A. Yu. KHARIN®

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus

An important mathematical problem of computer data analysis — the problem of statistical sequential testing of simple
hypotheses on parameters of probability distributions of observed binary data — is considered in the paper. This problem
is being solved for two models of observation: for independent observations and for homogeneous Markov chains. Ex-
plicit expressions of the sequential tests statistics are derived, transparent for interpretation and convenient for computer
realisation. An approach is developed to calculate the performance characteristics — error probabilities and mathematical
expectations of the random number of observations required to guarantee the requested accuracy for decision rules. As-
ymptotic expansions for the mentioned performance characteristics are constructed under «contamination» of the proba-
bility distributions of observed data.

Keywords: random binary data; simple hypotheses; statistical sequential test; error probability; mathematical expec-
tation of the random number of observations; «contamination»; asymptotic expansions.
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Introduction

Data become one of the active drivers of the world economy, and computer data analysis becomes an essen-
tial part of the modern life. Efficiency of data analysis defines the success in a growing spectrum of fields. Bi-
nary data is a very important class of data for several reasons: 1) binary data is natural for computer processing;
2) binary data describes many situations in terms of «presence — absence», «positive — negativey, etc.; 3) binary
data can be used for description of a significantly rich family of observations, if considered by groups. Classi-
cal methods of statistical analysis are often not applied to such data, as those methods assumptions are usually
not satisfied for the binary data models, or they are not effective.

As deterministic approach has a limited potential to describe the processes, real-life data is usually conside-
red to be random, and probabilistic models are used. In these models, an important problem that often appears,
is a problem of discrimination between two typical situations on the probability distributions of random data.
These two typical situations can be formulated in terms of simple hypotheses on parameters of the probability
distribution, and the problem turns to the problem of statistical testing of two simple hypotheses [1].

In many cases, especially in statistical quality control, in automatic warning systems, in personalised medi-
cine, in financial decision making, it is important to use the minimal number of observations that guarantee the
requested accuracy [2]. Sequential statistical tests [3] follow this principle with the assumption that the number
of observations to be used is defined through the observation process, depend on observations themselves,
and thus is a random variable. Due to the complex structure of sequential decision rules, usually theoretical
analysis of their performance characteristics — error probabilities and mathematical expectations of the random
number of required observations — is problematic [4].

In the paper we develop an approach to calculate and analyse the performance characteristics of sequential
tests for binary data. In practice the factual probability distribution of data often deviates from the hypothetical
one — the hypothetical probability distribution is «contaminated» [5; 6], so we also consider this situation here,
and analyse deviations of the performance characteristics under distortion.

Results for the model
of independent binary random observations

Denote by N, Z, R correspondently sets of: positive integer, integer, and real numbers; Z, = N U {0} Let
independent identically distributed K-dimensional binary random vectors

U
xtz(xﬁ)eUz{ul,...,uZK}z LueB={0,1},i=1,... K} reN, (1)
Ug
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be observed in a probability space (2, F, P) with independent components. The probability distribution of

b
random vectors (1) depends on the unknown value of the parameters vector 6=| : |[e@= {90, 91}, where
Pk
p pi
6,=| : [0,=| * |,0,#0,. Suchamodelis often used in practice to decide in favour of two possible alter-
Pk Pk

native typical situations. The components of the vector of parameters p, € { plp , p}}, p?, pi1 € (O, 1), mean the
probabilities of the random event {xﬁ = 1}, teN,i=1, ..., K
Suppose the following assumption is satisfied for the probability distribution of binary random vectors (1):

P(u; 9)=Pe{xt=u}=a_‘/(";e), teN, uel, (2)

where a € R, a > 1; with J (u; 6): U x ©® — Z, being a function that satisfies the following condition:

3 a0 =1, 3)

uelU
There are two simple hypotheses considered on the parameters vector value 0 of probability distribution (2):

Hy0=0,H:0=60, 4
Denote the accumulated log-likelihood ratio test statistic:
A=A (x, o, x,)= 0, )
=1

where

Plx,; 0
444% (6)

}\‘t = k(xt)zloga(P(x - eo)

is the log-likelihood ratio for the binary observation vector x,.
Theorem 1. For the model (1)—(3) the sequence of statistics (5) for hypotheses (4) is a homogeneous
Markov chain with discrete time, and it has the form
K

An:An(xl, e xn): 2z’nk(J(uk; 90)—J<uk; 91)) €Z, neN, (7

where n,, denotes the number of the vectors that equal u* observed within n binary random vectors {x1 y e X, }

21(
S ne=n.
k=1

Proof. The Markov property [7] of the random sequence (5) follows from the independence of its incre-
ments (6) due to the independence of random observations (1). Expression (7) is derived by equivalent trans-
formations of (5), (6) under the assumption (2), (3).

Corollary 1. If under theorem 1 conditions K = 1, then test statistic (5) is

An=An(x1, ...,xn):no(J(O; po)—J(O; pl))+(n—n0)(J(1; po)—J(l; pl)), neN,

where n, denotes the number of the observations equal to 0.
Using statistics (7), the sequential probability ratio test [1] for hypotheses (4) is constructed as follows: the
decision after n observations made (n=1, 2, ...) is

d=d(n)= I, +w)(A,,) +2- 1 C+)(An), ®)

where 1,(-) denotes the indicator function of a set D. Decisions d = 0 and d = 1 mean the observation process

termination and acceptance of correspondently H,, or H, after n binary random vectors observed; d = 2 means
that the (n + 1) vector should be observed; C , C, € Z, C_< C, are parameters of the decision rule (8) called
thresholds; in practice they are often calculated according to [3]:
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0 0

where o, 3, are the admissible values of error type I (to accept H,, when H,, is true) and error type II (H, is

true, H, is accepted) probabilities; [-] means the integer part of an argument. With thresholds (9) the factual values
of error probabilities of type I and II may differ from o, B, and the problem of the factual values calculation of
the performance characteristics is open for the sequential tests.

Introduce the notation: §; ; for the Kronecker delta; I, for the identity matrix of size k; 0, , for the zero-matrix

of size (m X n); () for the umt step function; 1, for the k-vector column with components equal 1. Denote
by ") the expected value of the random number of observations (sample size) provided the true hypothesis
isH, ke {0, 1}, and by o, B the factual values of error type I and II probabilities for test (8); N=C, — C ; let

— YWV

12 O2><N
P(")=(p,§-"))= ——— i ——— |be the matrix of size (N + 2) x (N + 2), with blocks %, 0 defined by
R® 1 oW
ZUSJ(u;GO)—J(u;GI),j_jp(u; ek)a i;je (C_, C+),
Pi(].k): D 1( —i+J(u;0,)—J(u; 60))P(u; 6,) ie(C_,C,), j=C,
uelU
> 1(J (8- J (:8,)) +i = C, ) P(u: 8,), ie(C. C,), j=C,.
uelU

Denote

e =(ngk))’ = 8 s(us0) a0y, P8 ) i€ {C+1, .., C =1,

uelU

ZC Z 8 J(u;00) = J(u; 6,), ( ;ek)’ TC(CI‘(,) = z 2 SJ(M;GO)—J(M;Gl),iP(u; ek)’

uelU i<C.uelU

-1
S(k) =1, - Q(k), B(k) _ (S(k)) R(k),
let W(l.) means the i column of the matrix W.

Theorem 2. [f under the model (1)—(6), ‘S(k)‘ 20, ke {0, 1}, then the performance characteristics of se-

quential decision rule (8) are calculated in the explicit form:

9= () (59) 1y 1, = (00 B0+ 10, = (a0 B4 0.

Proofis based on the theory of finite homogeneous Markov chains with discrete time. The sequence
¢, =C_ - 1(_00,07](1\") +C, e, +m)(An) +A,- 1(C7,C+)(An)

is a homogeneous Markov chain with N + 2 states, and C , C, are the absorbing states.
The situation, where the probability distribution of data is «contaminated» is considered in the next section
for a more general model, where the observed binary data form a Markov chain instead of being independent.

Results for the model of observations
forming a homogeneous binary Markov chain
Suppose binary random vectors x,, x,, ... forming a homogeneous Markov chain are being observed, taking
U
values in the set U = {ul, ut } =4 ¢+ |, u;eB={0,1}, i=1, ..., K ;. To simplify notation, introduce the
Uk
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set V= {0, L....M-— 1}, M=2% one-to-one corresponding to the set U. Denote for the observed Markov chain

the initial probabilities vector 1t = (ni ), i € V, and the one-step transition probabilities matrix P = ( Dy ), i,jel:
P{x=i}=m, P{x,=jlx, \=i}=p;. i.jeV.

As in the case of independent binary random vectors, consider two simple alternative hypotheses on the
parameter values of the Markov chain:

Hy:n=n", P=P"; H:n=xl, p=PY, (10)

where 10 = (ngo) ), ) = (71:51)) are two given values for initial probabilities vector, PO = ( éo)) # pl z( ,.5.1))

are given matrices of one-step transition probabilities for the correspondent hypotheses.
For construction of the sequential test for this model of data, denote

(1) p(l) n
klzlognT)g), kk=log%, k>1, An:];xk, neN. (11)

X Xk —15 Xk

The sequential test for the considered model and hypotheses (10) is constructed according to the decision
rule (8), with replacing (5)—(7) by (11). According to this test, for defined thresholds (see, e. g., (9)) C, C, € R,
C <0, C, >0, hypothesis H,, is accepted after n observations, if A, < C_, hypothesis H, is accepted, if A, > C,,

n—

the test is stopped in both those cases, otherwise the test is proceeded, and the (n + 1) binary random vector

should be observed. The sequence of (K + 1) dimensional random vectors (An, X, ),, n € N, is a Markov chain
by the definition:

P{An, xn|An_1, A, s A X, s Xy gy s xl}:P{An, xn|An_1, xn_l}.

Suppose n(o), P(O), TE(I), PY be satisfying the following assumption:
(1) pl
JaeR, m, myeZ, i, jeV: 1og$:mia, log—2-=m_a. (12)
T bPjj
Without loss of generality, suppose for test (5), (8), (11) the thresholds C , C, € Z, and denote that ") is the
expected sample size till one of the hypotheses is accepted, provided H, is true, k € {O, 1};

Lo 0
k k .
W():(Wg)): SR
R(k) : Q(k)
is the matrix of the size (MN + 2)(MN + 2), with blocks R(k), Q(k) defined by their elements (s, € V):
(k)

k) . .
WMi+ij+t:8mS/,j—ip£t)7 l,]G(C_, C+):

Y(i+m,-C,), j=C,,ie(C_,C,),

rev
Wil iy = Y1(C.~i-my) j=C,ie(C.,C,); (1
rev
as in the case of independent observations, denote the matrices
sW_g, —o® gk ( S(k))‘l RY, kefo,1);
the vectors
o) = (mﬁ")), ie{MC_+1,..,MC, -1} o), =5, a9 ie(C.,C,), (14)
and the two prior probabilities of absorption
co%_ =Y 1(C_- ms)n(sk), (;3(1{2:+ = > 1(m, - C+)n£k). (15)

seV seV
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Theorem 3. For the observation model of a homogeneous binary vector Markov chain described above, if
‘S (k)‘ #0, ke {0, 1}, and (12) holds, then the performance characteristics of sequential test (5), (8), (11) are

calculated in the explicit form:

’ ’

9 =(] (O] 141, o= (0] B+ 00, B=(00) 5 + 0l

Proof. Introduce the random sequence

&_,n :MC_ . 1(700’ C,] (jtlnj + MC+ . 1[C+,+oo) [%) + [1:}1 M+ xn) . I(C,C+)(/:n j, ne N,

that is a homogeneous Markov chain with MN + 2 states; two of them (§,= MC and £, = MC,) are absorbing.
The one-step transition probabilities matrix is defined by (13), the vector of transient states initial probabilities
is (14), and the initial probabilities of absorbing states are calculated in (15).

Consider now the situation that is often in practice, when the hypothetical model described above is «con-
taminated» in terms of the probability distribution of observations via «contamination» of the initial probabi-
lities vector and of the one-step transition probabilities matrix. Suppose instead of the hypothetical values, the
factual (distorted) vector of the initial probabilities and the factual one-step transition probabilities matrix are

ah=(1—e)n® + ex®, PH = (1-¢)PW 4 &PV, £ =0,1, (16)

where #*) and P are the initial probabilities vector and the one-step transition probabilities matrix for the

- 1
«contaminating» Markov chain, pk) # P(k), k=0,1,and €€ [0, 5] is the probability of «contamination» (also

called «contamination» level).

Denote for the «contaminated» model (16): W(k), Q(k), f?(k), GJ(k), 6)5(23 , k=0,1, analogously to the
hypothetical case, replacing the hypothetical probability distribution by the «céntaminating» one. Denote that
Sk — I, — Q(k) _ a(Q(k) _ Q(k))_

Theorem 4. If the hypothetical model of binary vector homogeneous Markov chain observations described
above is distorted according to (16), and assumption (12) is satisfied also for the distorted model, then the er-
ror type I and Il probabilities Q., B and the conditional mathematical expectations of the observation number

f(k), k=0, 1, deviate from the hypothetical performance characteristics by the values of order 0(8):

- o= 8[((Dm) ) (( 5(0) )*‘ ((Qw) _ Q(o))( 5(0) )*‘ RO 4 30 _ R(O)D 4

)

0, o) mggg] Lole?)

B_p= 8[(0)(1) | (( s ((Qa) = 0)(s0) RO+ R - R(I)D N
O

B0+ . —af) j +o(2),

’ ’

(05 (- 0)fs") s 0l

Proof. Under «contaminationy» (16) the initial probabilities vector and the one-step transition probabilities
matrix of the random sequence &, have the correspondent mixture form, and the rest of the proof is derived by
equivalent transformations.

0 _ ) _ 8((@@) ~ o)

Conclusion

An approach to calculate and analyse the performance characteristics of sequential tests for binary data for
two models is proposed: for the independent binary vectors, and for the homogeneous binary vector Markov
chains. The situation, where the factual model of data deviates from the hypothetical assumptions, is considered
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in the paper, and correspondent differences in performance characteristics of the sequential tests are analysed
asymptotically with respect to the «contamination» level. The results can be applied to construct robust se-
quential tests for binary random data [8], for the model of random sequences with a trend [9]. The results are
also potentially applicable to the case of more than two hypotheses [10], complex hypotheses [11] and to the
analysis of truncated sequential tests [12].
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Z[I/ICKPETHAH MATEMATHUKA
N MATEMATHUYECKAA KUBEPHETUKA

DISCRETE MATHEMATICS
AND MATHEMATICAL CYBERNETICS

VIIK 681.32

PACKPACKA CMEHIAHHOI'O I'PA®A
KAK IIOCTPOEHHME PACIIMCAHNA OBCAYJXUBAHWA
MHOTOITPOOECCOPHBIX TPEBOBAHUVUN
C OAMHAKOBBIMU AAUTEABHOCTAMMN

10. H. COTCKOB"

DO6veounennwviii uncmumym npoénem ungpopmamuru HAH Benapycu,
ya. Cypeanosa, 6, 220012, 2. Munck, Berapyce

3ajada 00CITyKMBAHHSI YaCTHYHO YIOPSIIOYEHHBIX €IMHUYHBIX TPEOOBAHUI MMOCIIEI0BATEILHBIME TPHOOpamMu Gop-
MYJIHpyeTcs KaK packpacka CMEIIaHHOTO Tpada, T. €. KaKk Ha3HaYCHHE IeNIBIX Yucell (IIBETOB) {1, 2,0, t} BEpIIMHAM
(rpeGosannsm) V= {v, v,, ..., v, } cmemannoro rpada G =(V, 4, E), 1pu KOTOPOM BEpUIMHBL V, U V,, HHLHMICHTHbIC
pedpy [vp, vq:' € E, UMCIOT pa3iuyuHble [[BETa. A MPH HATHYHU JTyTH (vi, vj) € A UBeT BEpLINHEI V; HE IPEBOCXOAUT
LBET BepIMHBI V;. JI0Ka3aHO, 4TO ONTHMAaNbHAs pacKpacka cMmemanHoro rpada G = (V, A, E) >xBuBaneHTHa 3aj1a4e
GeMPT | 2= 1|Cmax HOKCKa ONTHMAIILHOTO PACIHCAHUsI O0CIY)KHUBaHHSI YACTHYHO YIOPSIOUYCHHBIX TPEOOBAHHUHN C e1u-
HUYHBIMH (OJIMHAKOBBIMHU) JUTHTENBHOCTAMU. B OTIIHYME OT KJIACCHYECKHX 3a/1a4d MOCTPOCHUS paciiCaHuil B paccMmar-

puBaeMou 3anade GcMPT| D= 1|C

max

HEOOXOMMO HECKOJIBKO Pa3UIHBIX MPUOOPOB sl OOCITYKUBAHUS OTIEIBHO-

ro TpeboBaHus. [IoMHUMO OTHOLICHUI MPEANICCTBOBAHMS, 3aIaHHBIX HA MHO)KECTBE TpeOoBaHUil V= {vl, Vs eees vn},
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JOJIKHO BBINTOJIHATHCA HEKOTOPOEC IMOAMHOKECTBO Tpe60BaHHﬁ OTHOBPEMEHHO. Ha ocHoBanuu JOKa3aHHBIX B CTAThE TCO-

peM yTBEp)KIOaeTcs, YTO MHOKECTBO aHAIMTHYECKHUX PE3yNbTaToB, MONYyUYEeHHBIX paHee it 3axad GeMPT | 2= 1| C
MMEIOT aHAJIOTH JJISl ONITUMAJIBHBIX PACKPACOK CMEIIaHHbIX rpadoB G = (V, A, E ), 1 Ha000pOT.

max?

Kniouessle cnosa: ontTuMu3alysi; pacliicaHue ¢ eIMHUYHBIMUI JUTUTENILHOCTSIMU; OBICTPOZACIHCTBHE; CMENIaHHBIN rpad;
BEpIIMHHAs PacKpackKa.

bnazooaprnocms. 310 riccne0BaHIE BRITOTHEHO NP YaCTHYHOH (prHAHCOBOM oanep:kke bemopycckoro pecmyomm-
KaHCKoro (hoHnIa pyHIaMEHTATBHBIX HcchenoBanuii (mpoekT Ne ©21-010).

MIXED GRAPH COLOURING AS SCHEDULING
MULTI-PROCESSOR TASKS WITH EQUAL PROCESSING TIMES

Yu. N. SOTSKOV*

*United Institute of Informatics Problems, National Academy of Sciences of Belarus,
6 Surhanava Street, Minsk 220012, Belarus

A problem of scheduling partially ordered unit-time tasks processed on dedicated machines is formulated as a mixed
graph colouring problem, i. e., as an assignment of integers (colours) {1, 2, ..., t} to the vertices (tasks) V' = {vl, Vo, eues vn}
of the mixed graph G = (V, A, E ) such that if vertices v, and v, are joined by an edge [vp, vq] € E, their colours have to be
different. Further, if two vertices v; and v; are joined by an arc (vi, vj) € A, the colour of vertex v; has to be no greater than

the colour of vertex v,. We prove that an optimal colouring of a mixed graph G = (V, 4, E) is equivalent to the scheduling
problem GeMPT | D= 1|Cmax of finding an optimal schedule for partially ordered multi-processor tasks with unit (equal)
processing times. Contrary to classical shop-scheduling problems, several dedicated machines are required to process an
individual task in the scheduling problem GeMPT | pi= 1|C
set V= {vl, Vs vees V) }, it is required that a subset of tasks must be processed simultaneously. Due to the theorems proved
in this article, most analytical results that have been proved for the scheduling problems GeMPT | D= 1|Cmax so far, have
analogous results for optimal colourings of the mixed graphs G = (V, A E ), and vice versa.

Moreover, along with precedence constraints given on the

max*

Keywords: optimisation; unit-time scheduling; makespan; mixed graph; vertex colouring.
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Introduction

Scheduling models with the prerequisite of equal (or unit) processing times to all given tasks are an approxi-
mation of coping with mass-industrial productions and manufacturing of similar items, particularly for a job-
shop manufacturing problem that allows managers to personalise each individual item [1]. Such a scheduling
problem with unit-times and the minimisation of the makespan is equivalent to an optimal graph colouring that
consists of assigning a minimal number of colours to vertices of the graph such that no two adjacent vertices
have the same colour. When a scheduling problem requires both precedence and incompatibility constraints,
one needs to use a mixed graph colouring introduced in [2] for a formulation of the unit-time scheduling
problem. Since the publication of article [2] in 1976, many studies of unit-time scheduling problems with the
makespan criterion are based on mixed graph colourings.

Let G= (V, A, E ) denote a finite mixed graph with non-empty set V' = {vl, Vs oo vn} of the vertices placed
at the first position in parenthesis, arc set 4 at the second position, and edge set £ at the third position. An arc

(vi, vj) € A defines the ordered pair of vertices v; and v,. An edge [vp, vq]e E means an unordered pair of
vertices v, and Ve In what follows, we assume that a mixed graph G = (V, A, E ) contains no multiple arcs, no
multiple edges, and no loops. If the set 4 is empty, we have a graph G =(V, &, E). If the set E is empty, we
have a digraph G = (V, A, @). In article [2], a mixed graph colouring is introduced as follows.

Definition 1 [2]. An integer-valued function c:¥ —{L, 2, ..., ¢} is a colouring ¢(G) of the mixed graph

G=(V, 4, E), if the non-strict inequality c(v,)< c(vj) holds for each arc (vi, vj)e A and c(vp);t c(vq) for
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each edge [vp, vq] € E. A mixed graph colouring c(G) is optimal, if it uses a minimal possible number X(G)

of different colours c(vl.) € {1, 2,..., t}, such a minimal number x(G) being called a chromatic number of the
mixed graph G = (V, A, E)

If A =, a colouring ¢(G) is the usual colouring of the vertices of the graph G =(V, &, E). Contrary to
a colouring of the vertices of the graph G = (V, @, E) existing for any graph G = (V, D, E ), a mixed graph
G=(V, 4, E) with A # & and E # & may be uncolourable. A criterion for the existence of a colouring ¢(G)
for the mixed graph G is proved in [2].

Theorem 1 [2]. 4 colouring c(G) of the mixed graph G=(V, A, E) exists if and only if the digraph
(V, A, @) has no circuit containing adjacent vertices in the graph (V, K, E)

A mixed graph G = (V, A E ) is colourable, if there exists a colouring c(G) of the mixed graph G, other-
wise, a mixed graph G =(V, 4, E) is uncolourable.

Finding an optimal colouring c(G) of the mixed graph G=(V, A, E ) is an NP-hard problem, even if
A =D [3]. In articles [4; 5], it is shown that a job-shop scheduling problem with unit processing times of all
operations and the minimisation of a schedule length (makespan) may be represented as an optimal colouring
c(G) of the specified mixed graph G = (V, A E ) In article [6], it is shown that any job-shop scheduling prob-
lem with unit processing times of all operations and the minimisation of a total completion time (TCT) may be
represented as a mixed graph colouring c(G) minimising a sum of colours of path-endpoints of the specified
mixed graph G = (V, A, E) (see also articles [7; 8]).

The unit-time scheduling problem with minimising makespan is NP-hard even for three dedicated ma-
chines (processors) [9]. The complexity of a job-shop scheduling problem with a fixed number of jobs (and
a fixed number of machines) is investigated in articles [10—13].

Since the NP-hard unit-time flow-shop scheduling problem [14] is polynomially reduced to the job-shop sche-
duling problem to minimise the TCT, the latter problem is also NP-hard. The complexity of a job-shop scheduling
problem with any regular criterion is investigated in [10; 11; 13; 15]. The complexity of a mixed shop-sche-
duling problem is studied in [16; 17]. A different connection between mixed graph colourings and unit-time

shop-scheduling problems is studied in [18-24]. Article [25] presents a comprehensive survey on mixed graph
colourings and the equivalent unit-time shop-scheduling problems.

In our article, we show that an optimal colouring ¢(G) of the mixed graph G =(V, 4, E) is equivalent to

finding an optimal schedule for partially ordered multi-processor tasks with unit processing times (or with
equal processing times). Contrary to a classical shop-scheduling problem, several dedicated machines are
used simultaneously by a task during the complete processing period. Along with the precedence constraints,

which are given on the set V' ={v}, v,, ..., v, } of multi-processor tasks, it is required that a subset of tasks must be
processed simultaneously. Due to the proven equivalence of the above scheduling problem and the mixed graph
colouring ¢ (G), most claims that have been proved so far for a wide class of scheduling problems (without opera-
tion preemptions) have analogous claims for optimal mixed graph colourings c(G), and vice versa. Throughout
this article, we use the terminology from [26; 27] for graph theory and that from [28; 29] for scheduling theory.

Two classes of shop-scheduling problems
as mixed graph colourings
To classify shop-scheduling problems, one can use a three-field notation 0c|[3|y introduced in [30], where
o specifies a task system and machine environments, [ is job characteristics, and y is an objective function

(see [29] for the extensions of classifying parameters).
General shop-scheduling problems with unit-time tasks and minimising makespan. In the general

shop unit-time minimum-length scheduling problem denoted by G|ti = 1| Cax> @ job set J= {Jl, Jys s ] J‘}
must be optimally processed on the different (i. e., dedicated) machines M = {M My, o, My, } We next de-
scribe the scheduling problem G| t,= 1|Cm along with our presentation of this problem by means of the mixed
graph colouring c(G).

In the problem G|tl. :1|C

ax >

ax

a job J, € J consists of a set 0 of linearly ordered operations. The pro-
11

cessing time ¢, of each operation v, in the set V' = U y®) s equal to 1; #, = 1. Due to definition 1, we pre-

k=1

max?
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sent every job J, € J as a union of path (vkl, Vigs o0 Vi ) in the directed subgraph (¥, 4, @) and the chain

(vk], Vigs -0 Vi, ) in subgraph (V, o, F ) of the mixed graph G = (V, A E ), determining input data for the prob-
171

lem G|t,=1|Cppyy- As a result, we define a vertex set V= | J V® of the mixed graph G =(¥, 4, E), a subset

k=1
1

E'={]J {[vkl, Vi, ], I:sz’ Vi, }, - |:Vk,. bV }} of the edge set £ 2 E*, and a subset 4" of the arc set 4 deter-
P 3 Tk

mined by the following implication:
[vl., vj]eE*:(v. v.)eA*. (1)

2 7]

In the general shop-scheduling problem G| t,= 1|Cm along with a linear order given on the set %) of all

operations belonging to the same job J, € J, there are also given the precedence relations between operations
belonging to different jobs in the setJ. Let 4\4" denote a subset of set 4 such that implication (1) does not hold

for each arc (vi, vj) € A\A". All the given precedence relations make up the precedence constraints.

In the problem G| t,= 1| C.ax» @ specified machine from the set M = {M My, s M M‘} is required to pro-

cess operation v, from the set V' = U 0, Let V= {vl-l, Vi oo Vi } C ¥V denote a set of all operations processed
on machine M; € M. Any pair of Ié);)lerations requiring the same machine M; € M cannot be processed simulta-
neously [28; 29; 31-33]. We represent all such incompatibility constraints for processing operations V;  V on
machine M; € M (called capacity constraints) by cliques {vil, Vigs +eos Vi\Vf\} in the subgraph (V, D, E\E *) of
the mixed graph G = (V, A E ) constructed for the problem G|ti = 1|Cmax. The general shop-scheduling prob-
is to find a schedule for processing partially ordered operations V = m V= ﬂ V(k), whose
length (makespan) C,,, = max{Cl, G, ... G Jl} is minimised among lengths of all fee{s:i}lole scli;:liules. Here-

lem G|t,=1|C,

ax

after, C; denotes a completion time of the job J, € J. The minimisation of schedule length C,,, for partially
ordered operations J with unit processing times is reduced to the optimal colouring c(G) of the mixed graph
G= (V, A E ), where the vertex set V' is a set of operations, the arc set 4 determines the precedence constraints,

and the edge set E determines the capacity constraints. More precisely, the union 4" U E” of the arc set 4™ and the
edge set E” determines |J | subsets V') of linearly ordered operations of the jobs J, € J. The subset E\E" of edges
determines |M | cliques {vil, Vigs +eos v,w} in the graph (V, D, E\ E*)’ where all operations {vil, Vigs oeos vi\%\}
are processed on machine M, € M. The precedence relations between operations belonging to different jobs are
determined in the directed subgraph (V, A\A", @) of the mixed graph G =(V, 4, E).

To illustrate the above reduction of the problem G|ti =l|Cmlx to the optimal colouring ¢(G), we con-

sider example 1 of the problem G|t,. =1|Cm with four jobs and six machines (fig. 1). Let the machine

ax
set M:{Ml, M,, ...,M6} have to process the job set J:{Jl, Iy I, J4}. Job J, € J consists of the set
yl) = {vl, Vs, v3} of linearly ordered operations. Job J; € J is represented by a union of the path (vl, Vs, v3)
in the digraph (V, A, @) and the chain (vl,vz, v3) in the graph (V, D, E) Job J, € J consists of the set
Vv ={v4, Vs, Vg, V7, vg} of linearly ordered operations. Job J, € J is represented by a union of the path
(v4» Vs, Vg, v5, v ) in the digraph (¥, 4, @) and the chain (v,, vs, g, vy, v ) in the graph (V, @, E). Job J; € J
consists of the set V') = {v9, Vios V11 v12} of linearly ordered operations. Job J; € J is represented by a union
of the path (vy, vj9, V11, V1, ) in the digraph (V; 4, &) and the chain (v, vg, v, v}, ) in the graph (V, &, E). Job

J, € Jconsists of the set y@= {v13, Vigs V15} of linearly ordered operations. Job J, € J is represented by a union
of the path (v13, Vi Vls) in the digraph (V, A, @) and the chain (VB, Vi Vls) in the graph (V, a, E)

70 E?y — MOIeMmH AR Mmb’]ﬂw& J&M/&W



JlnckpeTHasi MaTeMaTHKA W MaTeMaTHYecKasi KHOepHeTHKa
Discrete Mathematics and Mathematical Cybernetics

— YWV

Fig. 1. Mixed graph G = (V, A, E) determining example 1 of the problem G| t,= 1|C

max

with four jobs and six machines, the optimal mixed graph colouring c(G) being equivalent to example 1

Machine M, processes operations of the set ¥} ={v,, v, }. The forbiddance to process operations from set /]
simultaneously is represented by the clique {vl, v4} in graph (V, &, E ) Machine M, processes operations
V,= {vz, Vs, Vo> vl3}. The forbiddance to process each pair of operations from set V, simultaneously is rep-
resented by the clique {v,, v5, v, vj3} in graph (¥, &, E). Machine M, processes operations V; = {vy, v, }.
The forbiddance to process operations from set V, simultaneously is represented by the clique {v3, v7} in
graph (V, @, E). Machine M, processes operations V3= {vy, v;;, vj5 }. The forbiddance to process each pair
of operations from set V, simultaneously is represented by the clique {v9, Vi1 vl5} in graph (V, D, E ) Ma-
chine M, processes operations Vs = {v6, Vg, Via } The forbiddance to process each pair of operations from set V,,

simultaneously is represented by the clique {v6, Vg, v14} in graph (V, &, E ) Machine M, processes only one
operation: Vg ={v}, }.

Let the precedence relations between operations of the set J belonging to different jobs of the set J be given
as follows: V| = V15 Vg = V35 Vg —> V35 Vg = Vi3 Vg = Via5 Vg = V45 Vo — Vi35 V), — Vys. These precedence relations
determine the following set of arcs: A\4" = {(vl, vll), (v6, V3 ), (Vg; v3), (v7, vn), (vg, V12), (vg, V4), (V9, V13):
(V2> vis )} in the mixed graph G = (V, 4, E) such that implication (1) does not hold for each arc in the set 4\4".

Similarly to the mixed graph, representing input data of a shop-scheduling problem without operation
preemptions [21; 28; 29; 32], input data for example 1 of the problem G|t, =1|C,,, is given by the mixed graph
M| 171
G= (V, A4, E) depicted in fig. 1, where a set of all operations is represented by the vertex set V' = U V= U ),
i=1 k=1
The precedence constraints and capacity constraints are represented by a union of arc set 4 and edge set E.
Based on the above reduction of the general shop-scheduling problem G|t,. = 1|Cmax to the colouring c(G)
of a suitable mixed graph G = (V, A E ), one can derive the following correspondence of terms used in the op-
timal colouring c( G) of the mixed graph G = (V, A E ) and terms used in the general shop-scheduling problem
G|t =1|Cppay:
{vertex v; € V'} <& {non-preemptive unit-time operation v, € V'};

{vertices on path (on chain) (vkl, Vigs - Vig j in digraph (V’ A, @) (in graph (V, @, E" ))} =3

b (0]

< {set yh) = Vi Vi o0 Vi of linearly ordered operations of the job J, € J};

(0]
{precedence relations between operations belonging to different jobs} < {set of arcs A\4"
in digraph (V, A\A, @)};

{clique {vil, Vis oo v,.w} in graph (V, D, E\E*)} < {operations V; = {Vil’ Viys oo v,-‘V_‘}
processed on machine M, € M};
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{a colouring ¢(G) of the mixed graph G =(V, 4, E)} &< {a feasible schedule for the
problem G|t = l| max }
{an optimal mixed graph colouring ¢(G)} < {an optimal schedule for the problem

max

G|, =1|C
{the chromatic number X(G)} < {the optimal value of makespan C,,,}.

The above correspondence of terms used in the optimal colouring ¢(G) of the mixed graph G =(V, 4, E)
and those used in the general shop-scheduling problem G|t = 1| 'nax iMplies the following claim.

Lemma 1. Any general shop-scheduling problem G|ti = 1|C

max May be represented as an optimal mixed

graph colouring c(G) of a suitable mixed graph G = (V, A, E)
However, it is easy to see that an inverse claim to lemma 1 is not correct.
An optimal schedule for example 1 is determined by the following optimal colouring c(G) of the mixed

graph G = (V, A, E): c(vl) =2, c(vz) =4, c(v3) =5, c(v4) =1, c(vs) =2, c(v6) =3, c(v7) =4, c(vs) =5,

c(vo)=1, c(v9)=3, c(v;)=4, c(n,)=5, c(ws)=1 c(ns)=4, c¢(vs)=35. This colouring ¢(G) of the

mixed graph G =(V, 4, E) is optimal, i. e., x(G)=35. Indeed, the optimality of the schedule determined by

the mixed graph colouring ¢(G) follows from the fact that there is a job J, € J consisting of five operations
(@) - {v4, vs, Vg, V5, v4 }, which implies the following non-strict inequality: x(G) 2 5.

Job-shop scheduling with unit-time operations to minimise makespan. Article [2] with definition 1 of
the mixed graph colouring c(G) was published in Russian in 1976 along with other articles published before
1997. In 1997, another mixed graph colouring (called a strict mixed graph colouring c_(G)) has been intro-
duced in article [19] published in English.

Definition 2 [19]. An integer-valued function c_: V — {1, 2,... t} is a strict colouring of the mixed graph

G=(V, 4, E), if inequality c(v;) < c<(vj) holds for each arc ( )e A and c( );t c( ) for each edge

Vis j
[vp, v, :I € E. A strict mixed graph colouring c<(G) is optimal, if it uses a minimal possible number 7 <(G) of
different colours ¢_(v;)€{l, 2, ..., 7}. A minimal number x_(G) is a strict chromatic number of the mixed

graph G=(V, 4, E).
It is clear that one can use a colouring ¢(G) (definition 1) instead of a strict colouring c_(G) (definition 2) for
every specific mixed graph G =(V, 4, E) such that the following implication (2) holds for each arc (v;, v;) € 4:

Vi> Vi
(,, ])eA:>[l, ]]eE ()

Remark 1. A strict colouring c_(G) of the mixed graph G = (¥, 4, E) is a special case of the colouring ¢(G), if

it is assumed that each inclusion (v v, ) € A implies the inclusion[ ] € E in the mixed graph G =(V, 4, E)

i J l’ _]
to be coloured.

Due to remark 1, one can add edge [ ] to the mixed graph G = (V A4, E) for each arc (v v, )e A such

l’ ] i° J

that implication (2) does not hold. Obviously, any strict colouring c_(G) of the mixed graph G =(V, 4, E) is
a strict colouring ¢ (G+) of the mixed graph G*= (V, A, E +) constructed via adding all above edges [V,, V]]
Furthermore, strict mixed graph colourings ¢_(G) and c. (G+) are the same as a mixed graph colouring c(G )

The connection of the strict mixed graph colouring ¢ (G) and the job-shop scheduling problem J |t = 1| hax
is studied in [4—8]. The job-shop scheduling problem J |t = 1| ax 1S @ special case of the general shop-sche-

duling problem G|t = 1| x> 1f there are no precedence relations between operations belonging to different

jobs (see [28-30]).
In article [4], it is shown that a mixed graph G = (V, A E ) determining a job-shop scheduling problem

J | t,= 1|CmaX has the following mandatory properties.

Property 1. The partition (V, a, E):(Vl, J, E U v, O, E U U V a3, E holds, where the sub-
graph (V, @, E, ) of the mixed graph G =(V, 4, E) is a complete graph for each ke {1, 2, ..., m}.
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Property 2. The following partition(V, A, @):(V(l), A(l), @)U(V(z), A(z), @)U...U(V(r), A(V), @) holds,

where each directed subgraph (V(k), A(k), @) of the mixed graph G = (V, A, E ) is a path (vk], Vi -0 Ve ) for
ke{1,2,...,r}. k
Property 1 (property 2) means that the subgraph (V, <, E ) of the mixed graph G = (V, A E ) is a union of
disjoint complete graphs (the directed subgraph (V, A, @) is a union of disjoint paths, respectively). In the
job-shop scheduling problem J |ti :1|Cm
M={M, My, .. .M} m=|M

numbers m and » denote the cardinality of the machine set

ax >

, and the cardinality of job set J = {Jl, s o Jy

}, r= |J| Property 2 imp-
lies that if the inclusion v, € 7% holds, operation v; belongs to the job J, € J, and vice versa (see definition 2).

A job J, € J consisting of a set 78 of linearly ordered operations is represented as path (vkl, Vigs -+ Vi, ) in

digraph (V, A, @). Operations 7% have to be processed in the order determined by path (vkl, Vigs -+ Vi, )

Property 1 means that if the inclusion v; € ¥, holds, operation v, has to be processed on machine M, € M.
Due to definition 2 and property 1, each machine M, € M can process at most one operation within any unit-
time interval from the following set:

{lo.1], (1, 2], (2,3], ... (¢ =1 ]} 3)
An optimal strict colouring c_:V — {1, 2., x<(G)} of the mixed graph Gz(V, A, E) determines an

assignment of operations J to a minimal number of the following intervals:

flo.1]. (1, 2], (2.3]. ... (x(G) - Lx(G) ]}. )

An assignment of operations / to the minimal number of unit-time intervals (4) is optimal since it deter-
mines a makespan optimal schedule for processing operations ¥, whose length is equal to the strict chromatic
number y_(G) of the mixed graph G = (V, A, E) determining an example of the unit-time minimum-length
job-shop scheduling problem J | t,= 1|Cmax. Properties 1 and 2 define the usual assumptions used in scheduling
theory [28—30] in terms of graph theory [26; 27]. The following lemma 2 is proved in article [4].

Lemma 2 [4]. Any individual job-shop scheduling problem J |tl. = 1|Cmax is equivalent to an optimal strict
colouring c<(G) of a suitable mixed graph G = (V, A E ) possessing both properties 1 and 2, and vice versa.

The proof of lemma 2 is based on the following correspondence of terms used in the strict mixed graph
colouring ¢_(G) and those used in the job-shop problem J|z, =1|C,,,:

{vertex v, € V'} & {non-preemptive unit-time operation v, € V'};

. . k
) in digraph (V’ 4, Q)} & {set V( ): {vkl’ Vig> =+ ka(k)}

of linearly ordered operations of the job J, € J};

{vertices on path (vkl, Vigs ++os vkl‘
y (k)

{clique {Vil’ Vips +ees viw} in graph (V, D, E)} < {operations V, = {vl.l, Vips oo Vi
processed on machine M, € M};
{a strict mixed graph colouring c<(G)} < {a schedule for the problem G|t,. = 1|Cmax};
{an optimal strict mixed graph colouring c<(G)} < {an optimal schedule
for the problem G|tl. = 1|Cmax};
{the strict chromatic number ) _(G)} < {the optimal value of makespan C,,,}.

To illustrate lemma 2, we consider example 2 of the problem J |tl. =1|Cm which is the same as already

ax 2
considered example 1 of the problem G | t,= 1|Cmax with only one exception that there is no precedence constraint
between operations belonging to different jobs in the set J. In other words, it is assumed that 4A\4" = . It is
clear that a strict colouring c_(G) of the mixed graph G = (V; A4, E) depicted in fig. 2 determines a schedule exis-
ting for example 2. Obviously, the mixed graph G = (V, A E ) depicted in fig. 2 possesses both properties 1 and 2.

This mixed graph G = (V, A E ) is a subgraph of the mixed graph depicted in fig. 1.
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Fig. 2. Mixed graph G =(V, 4, E) determining example 2
of the problem J | t,= 1|Cmax with four jobs and six machines,
the optimal strict mixed graph colouring c<(G) being equivalent to example 2

An optimal schedule for example 2 is determined by the following strict mixed graph colouring c<(G):

c<(v1): 2, c<(v2): 4, c<(v4) =1, c<(v6)= 3, c<(v7): 4, c<(v8)= 5, c<(v9): 1, c<(v10)= 3, c<(v11): 4,
c.(vy)=5, cc(w3) =1, c.(v4) =4, c.(v5)=5. This strict colouring ¢_(G) is optimal, i. e., x.(G) =5, due to
the existence of a job J, € J with five operations y= {v4, Vs, Vg, V7, vg} implying the following non-strict
inequality: x<(G) 5.

It is important to highlight that there exists a general shop-scheduling problem G| t,= 1| C,.ax Which cannot be
represented as the optimal strict colouring c<(G) of a mixed graph G = (V, A, E ) This shortage of a strict mixed
graph colouring to represent a general shop-scheduling problem occurs since the strict inequality ¢ <(v,.) <c. (vj)
must hold for each arc (Vw vj) € A in the colouring c_ (G), and therefore, a strict mixed graph colouring cannot
define a precedence relation v; — v; on the operations v, and v; belonging to different jobs in the set J.

Remark 2. There are general shop-scheduling problems G| t,= 1|Cn[1 which cannot be represented as opti-

mal strict colourings c_(G) of the suitable mixed graphs G =(V, 4, E).
In the following section, we introduce a new class of the scheduling problems that is more general than the

classes of the problems G| t,=1 | Cpax and J | t, = 1| C,,

class of the scheduling problems, we prove that an optimal colouring c(G) of any colourable mixed graph

G =(V, 4, E) is equivalent to an appropriate optimal unit-time minimum-length scheduling problem, and vice
versa.

considered in this section. Based on the newly introduced

ax

Unit-time scheduling partially ordered multi-processor tasks

Contrary to the scheduling problems studied in the previous section, where each operation has to be processed
on a single machine, in the scheduling system with multi-processor tasks (MPT), a task may require either one pro-
cessor (machine) or several processors during the complete period of processing the task [29; 33—36]. As usual,
two tasks (operations) requiring at least one common processor (machine) cannot be processed simultaneously.

Chapter 10 of the book [29, p. 264-283] studies a general shop minimum-length scheduling prob-

lem GMPT |ti :1|Cmax along with other scheduling problems MPT|B|y with multi-processor tasks [33-36].

The symbol G in the field o of the three-field notation GMPT |ti = 1|C specifies a task system with arbi-

max
trary precedence constraints given on the set V' = {vl, Vs eens vn} of the multi-processor tasks. In the problem
GMPT | t,= 1|C it is needed to construct an optimal schedule for processing partially ordered multi-proces-

max?

sor tasks V= {vl, Voy een vn} on the dedicated processors M = {M My, . M M‘}. The general shop-schedu-
ling problem G|tl. =1|C

max

is a special case of the problem GMPT |ti =1|C

max

since the processing of task
v; € V requires a single processor for the problem G|ti :1|Cm In the general shop-scheduling problem

GMPT|t;=1|C

max?

atask v, € V' may be regarded as a job J; including either one operation (task) v, € V" or more
than one operation (several tasks from the set /). Let a simple job mean a job consisting only of one operation (task).
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For any example of the problem GMPT |tl. =1|Cm one can construct a mixed graph G = (V, A, E ) such
that an optimal colouring c(G) of the mixed graph G = (V, A E ) is equivalent to finding an optimal schedule
for the problem GMPT |tl. = 1|C

max*

ax

The construction of such a mixed graph G = (V, A, E) is analogous to the

construction of the mixed graph G = (V, A, E ) determining input data for the problem G|tl. =1|Cm (see the
previous section).

We next introduce a new class of the general shop-scheduling problems GeMPT | t,= l| Craxs
the problem GMPT|ti = 1|C

ax

which includes
as a special case studied in chapter 10 of the book [29]. More precisely, in the

max

general shop-scheduling problem GeMPT |ti :1|Cmax, it is required that a subset V' (k)= {vkl, Vs +eos ka(k)}

of the tasks V= {v,, Voy een vn} ) V(k) must be processed simultaneously in any feasible schedule. It is
easy to see that the latter requirement may be represented by a circuit (vkl, Viys -5 vk‘y(k)‘, Vk,) in the di-

rected subgraph (V, A4, @) of the mixed graph Gz(V, A, E), which presents input data of the general

shop-scheduling problem GcMPT |tl. :1|Cm where the set 4 of the arcs includes the following subset:

ax >

[
A _{(Vkla Vi, ), ("kf iy )’ v (vkv(k> ~1 Vi )’ (Vk”k), " )} ol

Let the input data for the general shop-scheduling problem GcMPT |tl. :1|Cm include w subsets

ax

V(1), V(2), ...,V (w) of the tasks such that every subset V(k)={vkl,vk2, ...,ka(k)} of the tasks V=

= {vl, Vs ens vn} must be processed simultaneously in any feasible schedule, where & € {1, 2, ..., w}. Then, we
determine the following subset of arcs:

w
Ac - kL—Jl {(vkl’ Vi, )’ (vkz’ Vis )’ e (ka(k) -b vk\V(k)\ )’ (VkV(k) » Vi )} ()

Similarly as in the previous section, one can establish the correspondence of terms used in the optimal
colouring c(G) of the mixed graph G = (V, A, E ) with 4, € 4 and those used in the general shop-scheduling
problem GeMPT |tl. = 1|Cmax see the table.

Obviously, every instance of the problem GeMPT | t,= 1|Cm uniquely defines a mixed graph G=(V, 4, E )

determining input data for this instance. Therefore, to describe an instance of the general shop-scheduling prob-
lem GeMPT | t,= 1| Cax» it is sufficient to define a mixed graph G =(¥, 4, E), which determines input data for

this instance of the scheduling problem. In what follows, such an instance of the problem GeMPT |ti = 1|Cmax
will be called the problem GeMPT | t,= 1| C,ax On the mixed graph G = (V, A E )

ax

The correspondence of terms used in the mixed graph colouring c(G)
and those used in the problem GcMPT|t,=1|C,,,, on mixed graph G=(V, 4, E)

max

Terms of the mixed graph colouring ¢(G) Terms of the problem GeMPT |t,;=1|Cyy

Vertex v, e V' Unit-time task v, € V (unit-time operation of the job)

Vertices on the path (on the chain, respectively)
- - y® = i
[vkl, Vigs wees v"ly(k)} in the digraph (V, A, @) Set Vigs Vs« Vk\y(k)\ of linearly

(in the graph (V, o.E )) ordered operations (tasks) of the job J, € J

i All tasks V; = {vil, Vips s Vi } processed
Clique {v,-l, Vis oo Vi }in the graph (V, @, E\E ) . K
K on the same machine (processor) M, € M

Precedence relations given between tasks

Set of arcs A\A4" in the digraph (V, A\A", @) (C%Ii;rati(inj) belonging to different jobs
of the se
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Ending table

Terms of the mixed graph colouring ¢(G) Terms of the problem GeMPT | t,= 1|Cmax
Set of arcs 4\4" in the digraph (V, A\A”, @) Precedence constraints given on the set of tasks V
Circuit (vkl, Vigs oo vk‘,/(k)" Vklj in the digraph Tasks V (k) = {vkl, Vigs wees ka(k)} cV
(V, A, D), where A, < 4 that must be processed simultaneously
A mixed graph colouring ¢(G) of the mixed graph | A feasible schedule for the problem
G=(V, 4, E) GeMPT |8, =1| C
An optimal mixed graph colouring c(G) An optimal schedule for the problem
of the mixed graph G = (¥, 4, E) GcMPT| t,= 1| Crox
The chromatic number ¥ (G) The optimal value of makespan C,,,

Due to the correspondence of terms used in the colouring ¢(G) and those used in the equivalent problem
GcMPT |, =1|Cppyy on the mixed graph G = (V, 4, E), one can derive lemma 3.

Lemma 3. Every general shop-scheduling problem GeMPT |ti = 1| Cax ON the mixed graph G = (V, A E )

ax

is equivalent to an optimal mixed graph colouring c(G).

Contrary to the job-shop scheduling problem J |ti = 1| C,..x having a feasible schedule for any input data,

ax

there are instances of the general shop-scheduling problem G|tl- =1|C’m which have no feasible schedules.

ax>
To construct an instance of such an unsolvable individual general shop-scheduling problem G| t,= 1|Cmax, we
add the precedence relation vy — v, to the input data of example 1 depicted in fig. 1. We call this modified
example as example 1" and show that there is no feasible schedule for example 1° due to the existence of the
circuit (v4, Vs, Vo, v4) in the digraph (¥, 4, @) and the edge [v4, v5] in the graph (V, D, E*) On the one hand,
all tasks in the set {v4, Vs, v9} must be processed simultaneously due to the circuit (v4, Vs, Vg, Vg ) On the other
hand, two tasks v, and v cannot be processed simultaneously due to the edge [v4, v5] € E"c E. This contra-
diction implies that there is no feasible schedule for example 1°. Since the general shop-scheduling problem
G|ti :1|Cmax is a special case of the general shop-scheduling problem GeMPT |tl. :1|Cm
instances of the problem GeMPT | t,= 1|Cm such that no feasible schedules exist.

ax

o there are similar
We prove the following criterion for the existence of a feasible schedule for the general shop-scheduling
problem GeMPT | = 1|Cmax on the mixed graph G =(V, 4, E).

Theorem 2. A feasible schedule for the general shop-scheduling problem GcMPT | ;= l| C,
graph G = (V, A, E) exists, if and only if the digraph (V, A, @) has no circuit containing adjacent vertices in
the graph (V, &, E).

Proof. Due to lemma 3, a general shop-scheduling problem GcMPT |tl. :1|CmaX on the mixed graph

« ON the mixed

G =(V, A, E) is equivalent to optimal colouring c(G) of the mixed graph Gz(V, A, E) A mixed graph
G=(V, 4, E) with 4 # & and E # & may be uncolourable, i. e., there is no colouring ¢(G) for the mixed graph
G= (V, A E ) Furthermore, theorem 1 establishes a criterion for the existence of a colouring C(G) for the
mixed graph G = (¥, A4, E) and this criterion directly proves theorem 2.

To illustrate lemma 3 and theorem 2, we consider two examples of the general shop-scheduling prob-
lem GeMPT |tl. = 1|Cmax with two non-simple jobs J, and J,, eleven multi-processor tasks V' = {vl, Vs e v“},
seven machines M = {Mp M,, ..., M7}, and three tasks {vl, Vs, vg}, which must be processed simultan-

eously in any feasible schedule. The mixed graph G :(V, A E ) depicted in fig. 3 determines input data
for example 3.
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Fig. 3. Mixed graph G = (V, A, E ) determining
the problem GcMPT| = 1|C with eleven tasks and seven machines,

max

the optimal mixed graph colouring c(G) being equivalent to example 3

In example 3, machine M, has to process three tasks of the set V; = {vl , V3, Vs } The forbiddance to process any
pair of tasks from the set ; simultaneously is represented by the clique {vl, Vs, v5} in the graph (V, &, E\E" )
Machine M, has to process three tasks of the set V, = {vz, Vs, Vg } The forbiddance to process any pair of tasks
from the set ¥, simultaneously is represented by the clique {v,, v, v, } in the graph (V, @, E\E* ) Machine M,
has to process three tasks from the set ;= {v3, Vs, vg}. The forbiddance to process any pair of tasks from
the set J; simultaneously is represented by the clique {v3, Vs, v9} in the graph (V, D, E\E *) Machine M,
has to process three tasks of the set V, = {vz, Vio- Vi 4}. The forbiddance to process any pair of tasks from the
set V, simultaneously is represented by the clique {vz, Vigs Vi 4} in the graph (V, D, E \E*). Machine M; has
to process two tasks of the set V; = {vg, Vlo}- The forbiddance to process tasks from the set V5 simultaneously
is represented by the clique {vg, Vlo} in the graph (V, J, E\EX) Machine M, has to process two tasks of the
set V= {v9, Vi } The forbiddance to process tasks from the set V;, simultaneously is represented by the clique
{vg, Vu} in the graph (V, O, E\E X) Machine M, has to process one task: V; = {v4}. All machines, which are
used for processing the task v, € V] are presented near vertex v, in fig. 3.

There are two jobs J; and J,, which are not simple. Job J, € J consists of the set yl) = {vg, V1, V3, vz} of li-
nearly ordered tasks (operations). Thus, job J, € Jis represented by a union of the path (vg, Vi, Vi, vz) in the di-
graph (V, A, @) and the chain (v9, Vs, V3, vz) in the graph (V, g, E* ) Job J, € J consists of the set y = {vs, vg}
of linearly ordered tasks (operations). Thus, job J, € J is represented by a union of the path (v5, vg) in the di-
graph (V, A, @) and the chain (vs, vg) in the graph (V, D, E* ) Other precedence relations between tasks and

operations belonging to different non-simple jobs are determined as follows: v, — vy; v, = vy; v, = Vg3 Vg = Vy;
Vo = Vs Vo = Vg Vo — vg. All the precedence constraints determine the subset 4 of the arcs in the digraph

(V, A\A", @), where A\4" = {(vl, v4), (v4, vz), (v5, v3), <v4, vg), (vg, vl), (vg, vs), (v9, v4), (v9, v6), (vg, Vg )}
In example 3, every job J; from the set J\{Jl, J2} is simple, 1. €., job J, consists of a single task that is iden-
tified with job J,. In example 3, the set of tasks yl = {vl, Vg, vg} c ¥V must be processed simultaneously in any
feasible schedule. This requirement is determined by the circuit (vl, Vs Vg, vl) in the digraph (V, 4., @). Based
on the correspondence of the terms (see the table), we construct the mixed graph G = (V, A E ) depicted in fig. 3,
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which determines the input data for example 3 of the general shop-scheduling problem GeMPT |ti = 1|CmaX

with eleven multi-processor tasks, seven machines, two non-simple jobs, and three tasks, which must be pro-
cessed simultaneously in any feasible schedule.
Due to theorem 2, there exists a feasible schedule for example 3 of the problem GeMPT |t,. = 1| Cax ON the

mixed graph G = (V, A, E ) Due to lemma 3, an optimal schedule for example 3 may be determined by the
following optimal colouring ¢(G) of the mixed graph G=(V, 4, E) depicted in fig. 3: c(vl) =2, c(v2)= 4,
c(v3) =3, c(v4) =2, c(vs) =1, c(vé) =2, c(v7) =2, c(vg) =2, c(v9) =1, C(Vlo) =1, c(v”) = 2. This mixed graph
colouring c(G) is optimal due to lemma 3 since x(G) =4, Indeed, the optimality of the schedule determined by

the mixed graph colouring c(G) follows from the fact that there exists a job J, € J consisting of four unit-time
operations y(= {v9, Vs, V3, v2} that imply the non-strict inequality X(G) >4.

Due to theorem 2, there are examples of the general shop-scheduling problem GeMPT | t,= 1|CmlX such that
no feasible schedules exist for them. We construct an example of such an unsolvable general shop-scheduling
problem GeMPT |tl- = 1| Cnax as follows. We replace the precedence relation v, — vg by the opposite relation

vg — V, in the input data of example 3 depicted in fig. 3. There is no feasible schedule for such a modified exam-
ple 3 (we call it example 37), where the precedence relation vy — vy is replaced by the relation vg — vo. On the

one hand, all tasks from the set {vs, Vg, v9} must be processed simultaneously due to the circuit (V5, Vg, Vg, Vs )
On the other hand, two tasks v5 and v¢ cannot be processed simultaneously due to the edge [vs, v8] €eE'CE.
The contradiction obtained along with theorem 2 implies that there is no feasible schedule for example 3" of
the problem GeMPT | t,= 1|Cmax

We next prove the following lemma, which is the inverse of lemma 3.

Lemma 4. For any colourable mixed graph G = (V, A, F ) there exists a general shop-scheduling problem
GcMPT | t;= 1|Cmax on the mixed graph G =(V, 4, E), which is equivalent to finding an optimal colouring c¢(G).

Proof. We detect a set Q of all circuits existing in the directed subgraph (¥, 4, &) of the mixed graph

G =(V, 4, E) and consider two possible cases: either Q = @ or Q # J.
Case 1. Let the set Q be empty; Q = J. Then, one can construct the desired problem GeMPT | t,= 1| Cax ON

the mixed graph G = (V, A4, E) using the following algorithm.

Algorithm

Input: a mixed graph G = (V, A E ) such that no circuit exists in the digraph (V, A, @).

Output: a general shop-scheduling problem GeMPT |t,. = 1|Cm on the mixed graph G = (V, A E ), which
is equivalent to finding an optimal colouring c(G).

Step 1: partition the graph (V, O, E ) into (maximal) components as follows:

7@ B)=0n. @, e)U .- U 2. E)U( 2.2)U - Ui 2, 2),

where the subgraph (Vk, Qa, Ek) is a (maximal) component of the graph (V, &, E) for each k € {1, ..., m} such

ax

that |Vk| = 2. The subgraph (Ij, D, @) determines an isolated vertex for each index je{m+1, ..., m+r}. De-
note this isolated vertex as follows: {Vh } =V.SetM=0,k=1,i=0,[,=0.
Step 2: IF k=m + 1 THEN GOTO step 5 ELSE find all maximal (relative to inclusion) complete vertex-
induced subgraphs (Vkl, D, E,i), ey (Vkl", a, E,lj ) of the connected graph (Vk, a, Ek). Setr=1,i=i+/[_,+1.
Step 3: FOR index i, supplement machine M, with the already constructed machine set, i. €., M :=M U {M ; }
Establish that all tasks in the clique ¥;" of the connected graph (Vk, I, E k) must be processed on machine M,

I

e,V =V = {vil, Vi o0 Vi }, where all tasks {vil, Vi -5 v,.w} must be processed on machine M, in any fea-
sible schedule. Seti:=i+ 1.
k
Step 4: IF i= Y I, THEN setk := k+ 1 GOTO step 2 ELSE set 7 :=r+ | GOTO step 3.

h=0
Step 5: FOR each index j e {m +1,...,m+ r}, supplement machine M; with the already constructed

+j—m
machine set M. Establish that task v; with I} = {vjl }, which is isolated in the graph (V, D, E ), must be processed

Establish that machine M;  ; must process only task v;. Set M =M v {M M

on machine M, FUTIN H,}.

i+j—m*
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Step 6: FOR each arc (vp .V, ) existing in the directed subgraph (¥, 4, @) of the mixed graph G =(V, 4, E),
introduce the precedence relation v, — v , which means that processing the task v, must be completed before

starting the task v, in any feasible schedule.
Step 7: a general shop-scheduling problem GcMPT |ti :1|C

'nax 1S constructed on the mixed graph
G= (V, A E ), where the precedence relations on the task set /' are determined at step 6 and the machine set M

is determined at step 3 and step 5 STOP.
Case 2. Let the set Q be not empty, Q = . Since the mixed graph G = (V, A E ) is colourable, every cir-

cuit (vkl, Vigs -5 Vk\v(k)\’ Vkl) in set Q has no adjacent vertices in the subgraph (V, &, E) of the mixed graph G

(theorem 1). Therefore, all tasks {Vkl, Vs =+ Vi } =V (k) must be processed simultaneously in any feasible

schedule for the desired general shop-scheduling problem GeMPT | t,= 1| C,..x onthe mixed graph G = (V, A E ),

ax

where the circuit (vkl, Vg -5 vk‘V(k)‘, Vs, ) exists in the directed subgraph (V, A, @).

Let Q:le(k):kUl{(vk], Vi Vi 5 Vi -1 Vi Vi )} Then, we delete all arcs 4, defined in (5)
from the mixed graph Gz(V, A, E) and apply the above algorithm to the obtained circuit-free mixed
graph GOZ(V, A\A,, E) As a result, the problem GcMPT |ti =1|Cmax is constructed on the mixed graph
GO:(V, A\A,, E ), which is equivalent to finding an optimal colouring c(GO). Consequently, the problem
GeMPT |t =1|C,,
ma 4 is thus proved.

We apply the above constructive proof of lemma 2 to the mixed graph G =(¥, 4, E) depicted in fig. 3 and
obtain example 4 of the problem GeMPT | t, = 1|Cmax on the mixed graph G = (V, A E ) depicted in fig. 4. Note
that examples 3 and 4 are different, e. g., all jobs are simple in example 4, while there are two non-simple jobs in

example 3.
In general, it is easy to show that the proof of lemma 4 implies that for any colourable mixed graph

on the mixed graph G = (V, A E ) is equivalent to finding an optimal colouring C(G). Lem-

ax

G= (V, A4, E), one can construct a general shop-scheduling problem GcMPT|ti :1|Cmax on the mixed graph
G= (V, A, E ), which is equivalent to finding an optimal colouring c(G) and all jobs in the set J are simple.
Note that it is required to use non-simple jobs for some objective functions y = f (Cl, G, ... G J‘), since

only completion times C; of the jobs J; € J are their arguments. Hence, the completion times of some tasks may
1

be ignored in the values of such objective functions. In particular, the total completion time Yy =2C, = 2 C, is
such an objective function. i=1

M,, M,, M,

Fig. 4. Mixed graph G = (V; A E ) determining
the problem GcMPT| =1 | Cax With eleven tasks and nine machines,
the optimal mixed graph colouring c(G) being equivalent to example 4
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LetT= {’Cl, Tyy oens tm} denote a set of all tasks (operations) in the scheduling problem GeMPT | t,= 1|C

max?

and let C (’Ci) denote a completion time of the task T, € 7. Due to the equalities max{Cl, G- G J‘} =
=Chux = max{C (1), C(t3), ... C ('tm )}, the completion time of any task cannot be ignored in the value of

the objective function Y= C,,,. Therefore, only simple jobs may be used in the shop-scheduling problem with
minimising makespan C

ax» Where any non-simply job may be represented by the precedence relations on the
task set 7"and the completion time C (Ti) of each task t; € T cannot be ignored in the value of C, ..

Obviously, the following theorem combines lemmas 3 and 4.

Theorem 3. Every general shop-scheduling problem GeMPT |tl. = 1|Cmax on the mixed graph G = (V, A, E )
is equivalent to finding an optimal colouring c(G) of the mixed graph G = (V, A E ) Further, for any colourable
mixed graph G = (V, A, E ) there exists an individual general shop-scheduling problem GeMPT | t,= 1|CmaX on
the mixed graph G = (V, A, E) which is equivalent to finding an optimal colouring c(G) of the mixed graph
G=(V, 4, E).

To restrict a set of feasible schedules for a shop-scheduling problem 0c|[3

¥, which must be tested in or-
der to minimise a value of the regular objective function y [15], a finite set of semi-active schedules may be

considered, since there exists an optimal semi-active schedule for a shop-scheduling problem 0c|B|y with any
regular objective function y [28].

Definition 3 [28; 29]. A schedule is called semi-active, if no task (operation) can be processed earlier without
violating a given constraint or changing the task (operation) processing order in the obtained schedule.

We remark that any colouring c(G) of the mixed graph G = (V, A E ) uniquely determines a strict order on
the colours c(vj) of all vertices in the set V. Due to this remark, one can define a minimal colouring ¢(G) of
the mixed graph G = (¥, 4, E) as follows.

Definition 4. A colouring C(G) of the mixed graph G = (V, A E ) is called minimal, if no colour c(v,-) can be
decreased without changing the order of colours c(vj ) of the vertices in the set V\{vi} in the obtained colouring
¢’(G) of the mixed graph G =(V, 4, E).

Obviously, each semi-active schedule existing for the general shop-scheduling problem GeMPT | ;= 1| Cirax
on the mixed graph G = (V, A E ) uniquely determines a minimal colouring c(G) of the mixed graph
G= (V, A, E ), and vice versa. Hence, we obtain theorem 4.

Theorem 4. There exists a one-to-one correspondence between all minimal colourings c(G) of the
mixed graph G = (V, A E ) and all semi-active schedules existing for the general shop-scheduling problem
Gc]\lPT|ti =1|C on the mixed graph G = (V, A, E)

We used both graph terminology and scheduling one for the above problems. However, it is possible to
describe most presented results either using only graph terminology or using only scheduling terminology.

Conclusion

We introduced a new class of general shop-scheduling problems GeMPT | t,= 1| C nax for finding optimal sche-
dules for partially ordered multi-processor tasks with unit processing times. Contrary to a classical shop-
scheduling problem, several machines are required to process a task in the problem GeMPT |ti = 1| Chax- It 18
also required that a subset of tasks must be processed simultaneously in any feasible schedule. We proved theo-
rem 3 showing that an optimal colouring c(G) of any mixed graph G = (V, A E ) is equivalent to the general
shop-scheduling problem GcMPT|t,- =1|Cmax, and vice versa. Hence, many terms used in scheduling theory
(such as schedule, job, machine, processor, operation, task, processing time and makespan) may be considered
as usual terms used in mixed graph colourings ¢(G).

Due to theorems 3 and 4, most results that have been proven so far [4; 5; 7; 8; 14; 28; 29; 33-36] and will be
proven in future for the scheduling problem GeMPT | D= 1| C nax and for its special cases have analogous results
for optimal colourings ¢(G) of the appropriate mixed graphs G = (¥, 4, E). Conversely, most results that have
been proven so far [2; 4; 5; 7; 8; 19; 25-27] and will be proven in future for optimal mixed graph colourings
c(G) have analogous results for scheduling problems GcMPT|ti =1|C

max*
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[pencraBneHsl SBHbIE MHOTOIIATOBBIC METO/BI THIIA AJJaMca C PacIIMPCHHBIM HHTEPBAJIIOM YCTOWYMBOCTH, aHAJIO-
THYHBIC SBHBIM CTaOMIN3MPOBAaHHBIM YeOBIIIIEBCKUM MeTomaM Tuma Pyare — KyTtel. JlokazaHo, 9to ms moboro 4 > 1
CYIIECTBYET SIBHBIN A-IIaroBBIi METO THIa Aamca IIepBOro MOPsIIKa C HHTEPBAJIOM yCTOWYMBOCTH THHOM 2k. Koad-
(UIMEHTHI ¥ KOHCTAHTA MOTPEITHOCTH TAKUX METOI0B UMCIOT BechbMa mpocTtoil Bu. [lomyueHa Takke neMI(pupoBaHHas
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STABILISED EXPLICIT ADAMS-TYPE METHODS
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In this work we present explicit Adams-type multi-step methods with extended stability intervals, which are analo-
gous to the stabilised Chebyshev Runge — Kutta methods. It is proved that for any £ > 1 there exists an explicit k-step
Adams-type method of order one with stability interval of length 2k. The first order methods have remarkably simple ex-
pressions for their coefficients and error constant. A damped modification of these methods is derived. In the general case,
to construct a k-step method of order p it is necessary to solve a constrained optimisation problem in which the objective
function and p constraints are second degree polynomials in k variables. We calculate higher-order methods up to order
six numerically and perform some numerical experiments to confirm the accuracy and stability of the methods.

Keywords: numerical ODE solution; stiffness; stability interval; absolute stability; multi-step methods; Adams-type
methods; explicit methods.
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Introduction
A k-step explicit Adams-type method for the numerical integration of the ordinary differential equation system

v=fty), y(t)=yp vy R>R", f:RXxR" >R,
on a uniform grid has the form

ym+k:ym+k—l+T(B0ﬁn+"‘+Bk—]ﬁn+k—l)’ (1

where m is the step number, y, = y(tO + l‘c), ¥ :f(t0 + I, y,), [ >0, T is a discretisation step, and {Bj},

j=0,1,..., k—1, are the coefficients for the method.
A conventional means of analysing the linear stability of a multi-step method is through the construction of
a stability region S c C such that for all At € S the numerical solution of the model linear problem

y'=My, LeC,
remains bounded for all m. The equivalent requirement is that all roots {; of the characteristic equation

p(§) — Ao (£)=0 (2)

lie within the unit disc on the complex plane, and all the roots of modulus one are simple [1]. Here p and ¢ are
the standard generating polynomials which in our case have the form

p(E) =L~ L oft)= T B,

The stability interval of a method is the largest interval of the real axis of the form [—/, 0] contained in S.

Here ¢ > 0 is the value which will be referred to as the length of the stability interval. As is known, stability
intervals of the classical explicit Adams methods are small and get smaller with the growth of £, so these me-
thods are not suitable for stiff problems. The purpose of the present research is to construct explicit multi-step
methods of Adams type (1) of order p < k with increased lengths of stability intervals. Putting it in other words,
we develop a multi-step analog of the well-known Chebyshev Runge — Kutta methods [2-5].

The main obstacle for the way of construction of multi-step methods for stiff problems is the dependence
of the error constant on the size of stability region, which was investigated by Jeltsch and Nevanlinna [6; 7].

On the one hand, due to [5, theorem 4.2], for any k> 1, o < T and R > 0 there exists an explicit linear multi-step
method of order £ — 1 such that the method is stable in the set

{p, eC: |u| <R, |arg(—p)| < oc}.
Unfortunately, methods which stability regions contain large disks of the form {u eC: | W+ R| < R} are useless

in practice due to huge error constants (norms of Peano kernels) [6, theorem 4.1; 1, chapter V.2, theorem 2.6].
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On the other hand, in the case of long stability intervals the lower bounds for the error constant are less restric-
tive. Namely [6, theorem 4.4] gives a lower bound for Peano kernel norms for explicit multi-step methods in
the form of C, ¢, where C, > 0. Another interesting fact from [6, theorem 4.7] is that for explicit k-step methods

of order k — 1 with ¢ > 2 the error constant has lower bound equal to §, _, ! where (8, ) is a decreasing

ST
sequence with 8, = 0.5. Thus, we hope that explicit multi-step methods with extended stability interval can have
reasonable error constants (see section «Higher order methods»).

The material is organised as follows. In section «Optimisation strategy» we describe the general framework
of the method’s construction, sections «First order methods» and «First order methods with damping» are de-
voted to the first order methods and their damped modifications. Higher order methods are discussed in section
«Higher order methods», and section «Numerical experiments» contains the results of numerical experiments.
In the last section we discuss the obtained results and make final conclusions.

Optimisation strategy

The conventional way of constructing a stability region is to find a root locus curve C defined as

C= {pﬁ(ei(')) cpeo, 2n)}, 3)

where the function g : € — C maps a root of the characteristic equation (2) to the corresponding value of AT
p(©)

Ug(C)=—=%. “)
B ( ) pu ( C)

The subscript B indicates the dependence on the coefficients of method (1) which we are to be determined.
From the definition of stability region it follows that S  C and

o < ug(=1),
thus the optimisation problem can be stated as
B*= argmin uﬁ(—l), %)
BeFnP

where P is a set of coefficients which satisfy the posed order conditions, and F is a feasible set of coefficients
with a desired shape of the root locus curve. This set is defined as follows.

Primarily we would like to have ¢ =—u, (—1) for all B € F. To assure this we require the locus curve (3) not

to cross the real axis before the parameter ¢ reaches m. This condition triggers the following definition for the
feasible set:

f:{BeRk:ImuB(ei‘p)ZO Vo e (0, n)}. (6)
The main question now is how to find a parametrisation of F which allows the reduction of (5), (6) to some

manageable form. We start by noting that

Im uﬁ(ei"’) >0 vy(9) 20,
where

=~

vi(@)=Imp(e®)o(e®)= > (By_, ~ By, )sinjo. (7)

1

J
From here we set ;=0 for all j <0 and j > k — 1. By utilising the Chebyshev polynomials of the second
kind U,
U,_(cos@)sin@ =sin jo,
and using the power reduction formulae for the powers of cos @, (7) can be represented as
k-1
& ((p)zsin(p Zaj cos j ®)
j=0
with some ¢; € R. Since we need vy ((p) to be non-negative on (0, n), the following result from [7, lemma 6.1.3]

is useful.
Lemma. For any non-negative trigonometric polynomial a of the form

K
A(9)= Y, a;cos jo, a, R,
j=0
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there exists a trigonometric polynomial

k
= > be” b eR,

such that A((p) = |B((p)|2.
From this lemma it follows that all feasible trigonometric polynomials vg have the form

k-1 2 k-1
vp(@)=sing| > b;e”| =sing Y b cos(j—1)¢ )
j=0 j,1=0

with b; € R. To complete the transformation of the optimisation problem we must express the original coeffi-
cients {B } in terms of {b } This can be done by converting (8) to the same basis of sin j as (7):

k-1 -
sin(pZajcosj(p—%z (sin(j+1)@ —sin(j—1)¢).
j=0 =

By equating this expression with (7) it is straightforward to get

1. ~\ .
B_,=5(a_,~_1+aj),j:0, ..., k=2, (10)
a,_
Beo1=dp_ + L (10a)
Here for clarity a; = a, _,_;, a_; =0. Conversely, from (8), (9) we have
J
Z et J=0 1 k=2, (10b)
k-1
=y (10c)
j=0
Transformations (10)—(10c) define the required mapping
T:b—B,
where bz(bo, cees bk_l), Bz(Bo, cees Bk_l).
Now let us derive the form of objective function (5),
k
2-(-1
up(-1)=757—— =) : (11)
>
j=0
in terms of . By direct application of (10)—(10c) we have
k-1 k-1
j k
2 (1B =(=1) X257,
j=0 j=0
so the initial optimisation problem (5), (6) finally takes the surprisingly simple form
k-1
b"= argmin ) b7, (12)
Be? j=o0
where P is the order p restriction set:
Py ={beR:G,(T(h)=0.q=12, ... p}. (122)
k-1
=Y B,-1L (12b)
j=0
) 1 k) B - L g1 12
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First order methods
Theorem 1. For any number of steps k > 1 there exists a first ovder explicit Adams-type method with stabi-
lity interval of length 2k. The method has the form
T
Yievm = Vek+m-1 + k_z(fm + 3fm+1 .ot (2k—1)fm+k—1)’ (13)
. 2j+1
Ie, [3]. = PR

Proof. Directly applying (10)—(10c) to the first order condition (12b) we have

Bo+Bi+. . +B1=ay+a,+...+a,_ =1

Conversely, by the construction form (8), (9) we have

Thus, the optimisation problem (12)—(12c) in the case of p = 1 takes the form

b= argmin(bg +hi+.+ b,f_l),
. beRF
subject to

2
(b0 +b+ ...+ bk,l) =1.
Solving this problem by the method of Lagrange multipliers, we get b]’." =k~ for all j and then by (10)—(10c)

obtain
s * 1 3 2k -1
B =T(b )=(k—2, 2 ’k—zj

By construction of the method from (11) and since
k-1

> (1) 2= () (14)

2
j=0 k

we have /= _MB*(_I) =2k.

There is an interesting parity of the above result with the case of s-stage Chebyshev Runge — Kutta methods
of order 1, which require s evaluations of / per step and have stability interval equal to 2s* [1; 2]. This allows
us to suppose that the achieved length of 2k is the largest possible for explicit first order multi-step methods.

Error constant. According to [9] we define the error constant of the multi-step method as

:Cp+1

where G(l)
1 & .
Cp“:(1r9+1)!,-20("f'1p+ ~(p+1)B,J")

It is easy to calculate this constant in our case.
Proposition 1. The error constant of the optimised first order methods is equal to

C:£+i.
3 6k
Proof. Since B, = zjkjl, o, =1,0;_;=-1, 6(1)=1, we have
I, 2 2 % . k 1
C=—=|k"=(k-1)—-— (27 +1) ==+ —.
2[ (k1) kzng](J )J 37 6k

First order methods with damping

Analogously to the Chebyshev Runge — Kutta methods, in order to pull the root locus curve away from
the real axis for ¢ € (O, n) it is necessary to perform a damping transformation with the constructed methods.
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Using (7), (8) consider (4) and represent
Im g (ei‘p) = 0(¢)sing,

where
- k-1
z a,cos jo zacosﬂp
0(0)= =1 : (1)
‘(5(6 )‘ ZOSJ.cosj(p
=
and

k-1 j
8o= 2 B 8,=2Y BB (16)
j=0 1=0

Recall that the connection between coefficients a; and B; is described by the first two equalities of (10)—(10c).
Let Q((p) be the damped method’s counterpart of (15). We define it as

2 a;cos jo

0
1

0(9)= =C(0(0) +2)

|~

8 Ccos j¢

J

where € controls the «shift» from the real axis and C is a scaling constant to be determined. Then we have
a.=Cal,
J J , 5
a;=a;+ €9,

Now we use this equality together with (10)—(10c) and get

B/ =B, +~= (8k1+6kjl)j 0.1,... k-2,

Bio1=Bi_1+= 5"'860’5

The coefficients B ; of the sought damped method are expressed as [3 = CP/. To keep the order of the method

-1
k-1

equal to one, the constant C should be equal to [ z B’ } . By (16) we have
j=0

k-1 - k-1
2B = 2 rELY, —ZB oS BB
j=0 = = J.1=0
k-1
Since 2 B, =1 we finally obtain the following formulae for the coefficients of the damped method:

j=0
~ + €A
j=[3"—",j=0,1,...,k—1, (17)
1+ ¢
where !
Aj:5(6k7j+8k7j71),j:0, ..., k=2, (17a)
1
Bpoy=58+3, (17b)

The values of A; for k from 2 to 10 for the optimised first order method (13) are presented in table 1.

The stability region boundarles of the one-step methods together with their damped counterparts are displayed
in fig. 1.
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Fig. 1. Stability regions of the optimised first order methods
and their damped versions (e =0.25) fork=1, ..., 10
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Table 1
The values of A, for determining the coefficients of the
optimised first order methods with damping (17), ;= %
k A, A, A, A, A, A Ag A, Ag Ay
S I
16 16
s | s | B | 0®
81 81 81

s | 2| B | B

256 256 256 256
s | o | s | 2| s | om

625 625 625 625 625
6 11 53 131 79 121 167

1296 1296 1296 1296 1296 1296
7 13 i 157 i 445 2 813

2401 343 2401 343 2401 343 2401
3 15 73 183 337 527 745 983 1233

4096 4096 4096 4096 4096 4096 4096 4096
9 17 83 209 ﬁ 203 289 1153 1459 1777

6561 6561 6561 729 2187 2187 6561 6561 6561
10 19 93 47 437 691 989 1323 337 2067 2461

10 000 | 10 000 2000 10 000 10 000 | 10 000 10 000 2000 10 000 | 10 000

Proposition 2. The stability interval of the damped method (17)—(17b) with 3, = Bj = 2J—j1 is equal to
[—KE, O], where k
o 6(1+e)k’
© g4k 1)+ 3k

Proof. Let us compute

j = j k-1

J - J n* - ®
(-1)'B; =(1+¢) L (-1)'B; +&(-1) 80].

The first term has already been calculated in (14) and the second is determined as

k 1(2j+1)2 4% -1

N

j=0 j=0
From here we finally get
(1) = 2 6(l+e)k’
N
(-1)'B
Jgo ’

Corollary 1. The asymptotic length of the damped one-step method is
lim /, = g/’c.
2
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Higher order methods
To construct a stabilised k-step Adams-type method of order p one should use the general form of the op-

timisation problem (12)—(12¢) with mapping 7 specified by (10)—(10c). For example, for k = 5, p = 4, the
problem in terms of b; takes the form
minimise

by +bl +by +b; +b;
subject to

(by + b+ b, +by +b,) =1,

byby + (3b, + by )by + by(by + 3by + 5b, ) + by (b + 3b, + 5by + 7b, ) = —%,

byby + (5by + by )b, + by (b, + 5by +13b, ) + by (b, + 5b, + 13by + 25b, ) =

b

W | —

byby + (96, + by )b, + by (b, + 9by + 35b, ) + by (b, + 9b, + 35b; + 91b, ) = —i.

The symbolic solution of this problem yielded by Wolfram Mathematica after transforming back to the
initial variables f3; is
gLl 5 1 354
4’8 24" 24’ 24
with ¢ =0.75, to compare with ¢ = 0.3 for the classical explicit Adams-type method of order 4. Another neat
example is the 5-step method of order 2:

= (23 95). =245 -2). 0. (45 -2), 2(3-45)|

4
with (=2 + ﬁ = 3.789. The stability regions of these and the rest of the 5-step methods are shown in the

uppermost part of fig. 2.

Unfortunately, it is not always possible to obtain the solution symbolically, thus we compute the coefficients
of our methods numerically using Mathematica’s function NMinimise, see the corresponding code in Appen-
dix A. We used 50-digit working precision and computed the (k, p) methods for & from 3 to 10 and p from 2

to k& (with the latter value corresponding to the classical Adams methods). The results with 20-digit accuracy
are displayed in tables 3 and 4. It is interesting that the (4, 3) method coincides with [9, formula (5.4)]. The sta-
bility regions of 5-, 6- and 7-step methods are shown in fig. 2.

To assess the accuracy of the obtained coefficients we checked the magnitude of the order residuals G, (Bx)
see (12b), (12¢). In all convergent cases these residuals do not exceed 10'°. Note that Mathematica’s function
NMinimise failed to converge in the following cases: (k, p) = (7, 6) and for all p > 7. Our hypothesis is that
for these (k , p) combinations the Adams-type methods satisfying our restrictions do not exist. Note that (11, 7)
method seems to exist and has microscopic ¢ = 0.051 which is just slightly more than ¢ = 0.0465 for the (7, 7)
case. The error constants of all the calculated methods are presented in table 2.

90

Table 2
Error constants of the stabilised Adams-type methods
k p=1 p=2 p=3 p=4 p=>5 p=6
2 0.75
3 1.0556 0.666 67
4 1.375 1.0380 0.62500
5 1.7 1.5208 1.0227 0.59861
6 2.0278 2.1128 1.5972 1.0120 0.57928
7 2.3571 2.8134 2.3814 1.6471 1.0032
8 2.6875 3.6223 3.4092 2.5751 1.6825 0.99505
9 3.0185 4.5392 47148 3.8788 2.7235 1.7079
10 3.35 5.5643 6.3328 5.6524 4.2616 2.8403
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Fig. 2. Stability regions of the multi-step optimised methods for k=5, 6, 7
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Coefficients and stability interval lengths
k Order 2 Order 3
(=2 0 =0.545454545454 545455
3 -0.25 0.416666 666 666 666 666 67
0 —1.3333333333333333333
1.25 1.916 666 666 666 666 666 7
1 =2.914213562373095 (=12
—0.146446 609406730460 69 0.25
4 —0.18198051533945963691 —0.33333333333333333333
0.30330085889911065590 —0.58333333333333333333
1.0251262658470794417 1.666 666 666 666 666 666 7
¢ =3.788854381999832 0=1.793779334348 686
—0.095491502812526287949 0.164376941012461256 19
5 —0.177050983 12484227231 —0.0097910917750136439271
0 —-0.540221704 08305993867
0.413 118960624 63196872 —0.047691080558684215630
0.859423525312736591 54 1.4333269354042965420
0 =4.642734410091836 1=2.347826086956522
—0.066987298 107786995 665 0.115740740740747316 06
—0.147114317029978077 15 0.087962 962962956387 640
6 —0.089745962 155603 046 598 —-0.287037037037050187 68
0.12564434701786943107 —0.40740740740739425676
0.441342951089917564 59 0.245370370370376945 69
0.736860279 18558112375 1.2453703703703637950
0=5.484476959454063 0 =2.877558710633 067
—0.049515566048790436 882 0.085721156820309456282
—0.11912520277278577227 0.111546128 11463327941
7 —0.11018250002552420585 —0.11721033134808636645
0 —0.35463665779124584907
0.198328500045943 57054 —-0.21744000532205222576
0.436792410166881 16501 0.39557372791516432979
0.64370235863427567947 1.096445981 6112773758
{=6.318535592272045 0 =3.391689975797208
—0.038060233744366 798 686 0.065966 021983 597280828
—0.096797724520983369102 0.11032441087323208003
—0.107796 952873510886 96 —0.022713554363876414313
8 —0.052994 558379770972 895 —0.236910211826378789 68
0.068 135860774038963 863 —0.30634225579338833174
0.23715329632173532873 —0.055862376110155554778
0.41945680625751858277 0.468251519600799 889 06
0.57090350616533915229 0.977286445 636169 84059
(=7.147430550561413 0 =3.895290219607 647
—0.030153689607037932268 0.052301051895272605013
—0.079550 128858 107345641 0.101266962101 18874790
—0.098407 115533249091 604 0.026642016446313 140531
9 —0.073305865502781992742 —0.137931929156 682986 04
0 —0.266 954905 132 604 002 00
0.11519493150433742625 —0.219076 590372349287 46
0.25585850038645603291 0.064279256258 874647289
0.39775064429061670700 0.499021276364748 58744
0.51261272331978661124 0.88045286159523854733
(=7.972691637812280 0=4.391469108714782
—0.024471741852422821505 0.042467110956300544 552
—0.066228831765768206903 0.090440497 652067647206
—0.087599164 129385382526 0.051030056647860180918
—0.078738975641538 713579 —-0.068250050077061 163328
10 —0.034883488233 566344 682 —0.199020948 51262917934

0.042635374507685291073
0.14622952619142684103
0.262797492388163 16420
0.375296713339364 71557
0.46496309519604145733

—0.243955170425047826 18
—0.129131045380918 15896
0.14896994335213981908
0.506940597805911 67508
0.80050900798137646097
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of the optimised methods of order 2-5

Table 3

Order 4

Order 5

=03
—0.375000000000 00000000
1.541666 666 666 666 666 7

0.041 666 666 666 666 666 667
—1.4583333333333333333
2.041 666 666 666 666 666 7

~2.4583333333333333333
2.291 666 666666 6666667
1=0.75 7=0.1633393829401088
~0.25 0.348611111 11111111111
0.625 —1.769444 444 444444 444 4

3.6333333333333333333
=3.8527777777777T777778
2.6402777777777777778

¢ =1.181897711989360
—0.176228059 145769 668 84
0.21777962430380174276
0.51616209424248971734
-0.676216770425916253 54
—0.686030943361995271 80

1.804 534 054387389734 1

£=0.469157254561251
0.24942129629629629629
—0.89849537037037037036
0.72476851851851851851
1.1391203703703703704
—2.6056712962962962963
2.3908564814814814815

0 =1.586803 103995642
—0.130276570699249 748 82
0.040823321662060514133

0.451574102013991 10594
0.016001789308425411316
—0.79486796947441511195
—0.187023021 14721451156

1.6037683483364023409

£=0.792362028995767
0.18480570522895041008
—0.435462017690876205 65
-0.246 164378868764 011 81
1.268163 5878048099022
—0.328303225060673 06370
—1.594750940737348964 2
2.1517112693239019330

£=1.970916561391601
—0.10001878254782277331
—0.035748890463 804216949
0.30658371766113087497
0.27749085554924180902
—0.335165400358394 58087
—0.67199165170356770075
0.12122231459728224806
1.4376278372659343398

£=1.105498503 602 666

0.14160831078216433500
—0.19477889703735130008
—0.45247252238839228671
0.57636630123759032103
0.783 547082304 83585981
—0.919538234 65464150558
—0.877252163 86466696327

1.9425201236204615397

£=2.339983407348191
—0.079129092227346338565
—0.067460438055 823679907
0.18522989963169925608
0.31675641768693750027
0.007699 688 7855987555993
—0.48561642796053139031
—0.48641107197220078201
0.308966 990668254 142 62
1.299964 0334434125362

(=1.405151117615213
0.11167958745225367479
—0.068703909200215014 827
—0.41559134883278779976
0.075957984 853647800951
0.78975711968445738645
0.16879857406276817077
—1.0382277451316307602
—0.387719877150909038 34
1.7640496142624155802

£=2.698087099023256
—0.064133502960306610717
—0.078573353260495406 661
0.099782736471490155539
0.274091499569754023 55
0.175219063 81042658379
—0.202657937197901 00791
—0.503462625956399 647 88
—0.307138431963 68842739
0.42196137154381443077
1.1849111799433059069

£=1.692885048 664239
0.090219510737302839601
—0.0021584562050617957037
—0.321954875526 05745395
—0.171484785692 82268595
0.474 867894 82155684885
0.59839764726184595395
—0.276718 534444465 66397
—0.946384003 14820567730
—0.057121557681252610888
1.6123371598771602453
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Coefficients and stability interval lengths

Order 6

Order 7

£=0.08771929824561404
—0.329861 111111 11111111
1.997916 666 666 666 666 7
—5.0680555555555555556
6.9319444444444444444
—5.5020833333333333333
2.970138888 888 8888889

NOT CONVERGED

(=0.04651391725937046
0.31559193121693121693
—2.2234126984126984127
6.7317956349206349206
—11.379894 179894 179 894
11.665823412698412 698
—7.395634920634920 6349
3.2857308201058201058

0=0.5290722934773335
—0.191 136896 16832294585
0.65850013289950086628
—0.266987088973 33444593
—1.504164 0716234265487

1.8313158841283364334

0.75394715979782998677
—2.763292764 8390354259

2.4818176447784520799

NOT CONVERGED

0=0.7745044113664562
—0.150724 057709530551 68
0.366164179624 83152368
0.26486240742135927331
-1.167936 0960270178460
—0.049706767276 153478305
1.8307408258122144817
—0.540064 514417873 10785
—1.8201171395869259716
2.2667811621590956802

NOT CONVERGED

10

(=1.015322150308401
—0.12149925981588955161
0.19502001210515154522
0.403236549673 63550399
—-0.602004 140817800 15659
—0.798017750437058 784 58
0.912988626427640081 11

1.1648437230850238167
—1.1001111732352200672
—1.1334723376167517028

2.0790157506312693158

NOT CONVERGED
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Table 4
of the optimised methods of order 6-9

Order 8 Order 9

£=0.024408513276 16489
—0.30422453703703703704
2.4451636904761904762
—8.612127976190476 1905
17.379654431216931217
—22.027752976 190476 190
18.054 538690476 190476
—9.525206679894 1798942
3.5899553571428571429

£=0.012704475963 893 30
0.29486800044091710758
—2.6631685405643738977
10.701467702 821869489
—25.124736 000881 834215
38.020414462081 128 748
—38.540361 000881834215
26.310842702 821869489
—11.884150683421516755
3.8848233575837742504

NOT CONVERGED

NOT CONVERGED NOT CONVERGED
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Numerical experiments

The purpose of the experiment is to verify accuracy and stability properties of the stabilised Adams-type
methods constructed above. We also display results of the classic implicit Adams methods of corresponding or-
ders, which have longer stability intervals than their classical explicit counterparts. In all our experiments we use
constant step size and reference solutions computed by Wolfram Mathematica’s NDSolve. The starting points
were taken from this reference solution. For each method we perform a series of constant-step integrations with
decreasing step size T and calculate the maximum norm of the error at the endpoint. Missing points on the con-
vergence diagrams mean that the error is too large due to instability of the method for the particular value of 1.

HIRES. This is a classical mildly stiff test system of dimension 8 describing a chemical reaction (see
[1, chapter IV.10, formula (10.4)]). All equations except the 6™ and 7™ are linear. The interval of integration
is [0, 40]. Figure 3, a, shows the performance of the 6-step stabilised methods of orders 1-6 and the implicit
method of order 6. We see that the results agree well with common sense: more accurate methods have shorter
stability intervals. Then we compare methods of order 5 and display the results at fig. 3, b, where we took &
from 9 to 15 in order to get larger stability intervals than the implicit method have. There is clear evidence that
methods with larger k& have larger error constants. We do not show the results of the damped first order method,
since the difference compared to the simple non-damped methods is negligible for this test problem.

a b

Error

1aal 1 P B | 1 [ B | 1 f 1 1 1 1 1 1 1 IR TR (NN SN TN SR NN TR SO S Y 1
10~ 5.10%10° 5.10°10° 0.006 0.008 0.010 0.012 0.014
T T
k=9 k=10 k=11 —* k=12
v k=13 o k=14 = k=15 —o-1IA5

—ep=1 p=2 —ep=3
—4-p=4 ¥+p=5 -e-p=6 = ]A6

Fig. 3. Numerical experiment with HIRES problem.
Six-step stabilised methods and implicit Adams method of order 6 (a).
Stabilised methods of order 5 and implicit Adams method of the same order (b)

Burgers’ equation. The second problem is taken from [5]. Consider a method of lines discretisation of the
one-dimensional non-linear boundary value problem

2
u,+ (%} =pu,, xe0,1], €0, 0.25],

18
u(x, O)=1.5x(1—x)2, (%)

u(O, t) = u(l, t) =0.
The spatial derivatives are approximated by standard central finite differences, the discretisation step is
1
Ax= o0’ so the dimension of the resulting ordinary differential equation is 500. The Jacobi matrix of this

problem is not symmetric and complex eigenvalues occur for sufficiently small values of Ll. We took [ = 0.005 for
which this is not the case at the starting point, but apparently non-real eigenvalues do emerge during integration.
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The first experiment is similar to the one from the previous problem. The results are presented on fig. 4, a:
we compare six-step methods of different orders. We see that the first order method with damping allows for
taking longer time steps than the non-damped one. This indicates that the solution generates non-real eigenva-
lues of the Jacobi matrix. Hence, it is unlikely to benefit from using stabilized methods with large & and p, for
which we do not have damping yet.

a b
T N ———,
10'F . I 1
1 10°E E
5-10°F ]
5 5 10°F E
g g SE ]
9] Hs5.10 7
1075.- =
5.10°F 3
L [ B L [N B L o0 ol P R | L L PR AT | L L P R |
5.10°10° 5.10°10° 5.10%10° 5.10° 10" 5.10% 10”7 5.10° 10°
T T
o p=1(d) p=1 e p=2 —4p=3 o 4 (d) = 6(d) & 9(d) = 12 (d) + 15(d)
+p=4 -e-p=5 -mp=6 —4IA6 -4 -6 9 12 v 15 —IE

Fig. 4. Numerical experiment with Burgers’ equation (18).
Six-step stabilised methods and implicit Adams method of order 6 (a).
First order stabilised methods with and without damping
fore=0.25,k=4,6,9,12, 15, and the implicit Euler method ()

Indeed, our experiments showed that these methods cannot take larger steps than implicit Adams-type
methods of the same order, even if their stability interval is longer. Hence, on fig. 4, b, we compare only sta-
bilised explicit methods of order one with the implicit Euler method. This experiment shows that damping is
crucial for the general performance of a stabilised method. Another obvious conclusion is that for this particu-
lar problem the explicit methods are less accurate than the implicit one.

Conclusion

In this work we presented explicit multi-step methods of Adams type, which possess extended stability
intervals. Simple formulae for the first order methods and their error constants are derived. We also applied
damping to the first order methods, derived a general scheme for construction of stabilised k-step methods of
any order p < k, and calculated coefficients for such methods numerically. It was shown that the error constant
of the stabilised method grows as the number of steps increases, but this growth is quite slow. Our numerical
experiments asserted the theoretical properties of accuracy and stability of the constructed methods and exhi-
bited the importance of damping transformation for the methods.

In our opinion, at present the stabilised Adams-type methods are mostly of theoretical interest, but it
cannot be ruled out that they could be useful in practice and become a basis for a competitive solver for
mildly stiff problems. From a practical perspective the methods are attractive due to their low cost (just one
evaluation of f'per step for any & and p) and simplicity of implementation. The weak point is that long stabi-

lity intervals require a large number of steps, which will entail memory issues, difficulties with the starting
values and so on.
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Appendix A

Mathematica code for computing the stabilised method’s parameters

ClearAll[a, b, beta, oc, mu]
k =5; o= 3;
mu[betas_List] := With[{k = Length@betas}
, Evaluate[(#"k - #~(k - 1))/(#"Range[0, k - 1]).betas] &
1;
param = {a[-1] -> @, a[k] -> @
> a[k - 1] -> Sum[b[j]AZ, {j, 0: k - 1}]
> a[j_] > Sum[b[l] b[l + k - j - 1]: {11 0: j}]
, beta[k - 1] -> a[k - 1] + a[k - 2]
, beta[j_] :> a[j - 1] + a[j]
}s
bs = b /@ Range[0, k - 1];
betas = beta /@ Range[0, k - 1];
oc[1] = Total@betas - 1;
oc[p_] := Simplify[betas.Range[l - k, 0]*(p - 1)] - 1/p;
cons = Thread[(oc /@ Range[o] //. param) == 0];
sol = NMinimize[Prepend[cons, bs.bs], bs
, Method -> Automatic
,» WorkingPrecision -> 50
, AccuracyGoal -> 25
, PrecisionGoal -> 25
, MaxIterations -> 1000
1;
betaopt = (betas //. param) /. sol[[2]];
rescond = (oc /@ Range[o]) /. Thread[betas -> betaopt];
<|"k" -> k, "order" -> o, "betas" -> betaopt, "orderres" -> rescond,
"len" -> -mu[betaopt][-1]]|>
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BAUAHUE TTPOTAJXKEHHBIX NCTOYHHNKOB TEIIAA
HA PACITPEAEAEHUE TEMITEPATYPBI B ITPOOUANPOBAHHBIX
ITIOAAPHO-OPTOTPOITHBIX KOABLIEBBIX ITAACTHUHAX
C TEITAON30OANPOBAHHBIMN OCHOBAHUSIMMA

B. B. KOPOJIEBHY", JI. I. ME/IBE/IEB?

UMleC@yHapO()Hblﬁ yeHmp cospemenHo2o obpasosanus, yi. [lImenancka, 61, 110 00, 2. Ilpaca 1, Yexusa
Z)Ee/zopyccmtﬁ 2ocyoapcmeennbwill ynusepcumem, np. Hezasucumocmu, 4, 220030, e. Munck, Berapyco

[TpuBoanTCS penieHne CTannoHapHOM 3aJady TEIUIONPOBOAHOCTH JUIS MPOQHUINPOBAHHBIX MOJISIPHO-OPTOTPOITHBIX
KOJIBLIEBBIX IUIACTHH C TEIJIOM30JIMPOBAHHBIMH OCHOBAHMSAMH OT N IPOTSHKEHHBIX MCTOYHHMKOB TEIUIA HA MX BHEIIHHX
rpanunax. Pacnpenenenne temneparyp B TaKUX IJIACTUHAX SIBIISIETCSI HEOCECUMMETPUYHBIM. PelieHue craunoHapHoi
3aJ[a4u TEIUIONPOBOAHOCTH JUIsl aHU30TPOIHBIX KOJIBIIEBBIX IIACTHH IPON3BOIBHOTO MPO(QUIIS 3aIMCHIBAETCS Yepes pe-
IIIEHHE COOTBETCTBYIOIIETO HHTErPalIbHOTO ypaBHeHHs Bonbreppsl 2-ro poxa. [Ipencrasiena gopmysna pacuera Temrie-
paryp B aHH3OTPOITHBIX KOJIBIEBBIX IUIACTHHAX MPOW3BOIBHOTO npoduis. [lomydeHo TouHOE pelieHne cTainoHapHON
3aJja4¥l TETUIONPOBOIHOCTH ISl TTOJISIPHO-OPTOTPOIIHOM KOJIBLIEBOW INIACTHHBI cTereHHoro npoduis. [Tokasano, 4uro
B TaKOW aHU30TPOMNHOH IJIACTUHE PACIpeeieHUue TEMIIEPaTypbl OT N NPOTSKEHHBIX HCTOYHUKOB TEIUIA Ha €€ BHEIIHEN
rpaHuIe UMeeT OoJiee CIIOKHBIN XapaKkTep, YeM B CIydae paclpeesIeHHs] TeMIIEpaTypbl OT N TOUCUHBIX HCTOYHHKOB
TEeIUIa Ha €€ BHEILHEH IrpaHHuLe.

Knrouegvie cnosa: noiaspHO-OPTOTPOITHAS KOJIBIEBAS IIACTHHA; TEMIIEpaTypa; CTAI[HOHAPHOE YPABHEHNE TETIIIONPO-

BOTHOCTH; HHTETPAIIHOE ypaBHEHNE BoIbTeppsl 2-10 ponia; ImIacTHHA CTENCHHOTO TPOQTIIS.
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NAA
INFLUENCE OF EXTENDED HEAT SOURCES
ON THE TEMPERATURE DISTRIBUTION IN PROFILED

POLAR-ORTHOTROPIC ANNULAR PLATES
WITH HEAT-INSULATED BASES

U. V. KARALEVICH®, D. G. MEDVEDEV"

*International Center of Modern Education, 61 Stépdnska Street, Prague 1, PSC 110 00, Czech
®Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus

Corresponding author: U. V. Karalevich (v.korolevich@mail.ru)

The solution of the stationary heat conduction problem for profiled polar-orthotropic annular plates with heat-insulated
bases from N extended heat sources at their external border is presented. The temperature distribution in such plates will
be non-axisymmetric. The solution of the stationary heat conduction problem for anisotropic annular plates of an random
profile is resolved through the solution of the corresponding Volterra integral equation of the second kind. The formula of
a temperature calculations in anisotropic annular plates of an random profile is given. The exact solution of stationary heat
conduction problem for polar-orthotropic annular plate of an exponential profile is recorded. The temperature distribution
in such anisotropic plate from N extended heat sources at its outer border is more complex than in the case of temperature
distribution from N point heat sources at their external border.

Keywords: polar-orthotropic annular plate; temperature; stationary equation of heat conduction; Volterra integral
equation of the second kind; plate of an exponential profile.

BBenenue

B naHHOI cTrarthe nccienyeTcss HEOCECUMMETPUYHOE PACIIPEACIICHUE TEMIIEPATYPbI T(r, 9) B IOJIIPHO-
OPTOTPOMHBIX KOJBLEBBIX MJIACTHHAX MEPEMEHHON TOJIIUHBI h(r) C TEIUIOM30JIMPOBAHHBIMU OCHOBAHUSAMH,
KOT/Ia Ha BHYTPEHHEM KOHTYpE (7 = 7)) TUIACTHHBI OJIEPKUBAETCS MOCTOSIHHAS Temreparypa T, a Ha BHEII-
HeM KOHTYpe (7 = R) IpUI0KeHbI N HCTOUHUKOB TETIa C TEMIIEPATypOit Tz* KaXKJIbIH.

B otmaue ot paboTei [1] B HACTOSIIEH CTaThe YUUTHIBACTCS OUCKPEMHOCHb PACTIONOKCHUS NPOMAICEH-
HbIX UCTOYHUKOG Menia Ha BHEITHEM KOHTYpEe aHM30TPOITHON KOJIBIIEBOH MTacTHHEI. [lomyueHHble pe3ynabsra-
THI UMEIOT TIPAKTHYECKYIO 3HAYMMOCTD MPU MPOSKTUPOBAHUH M PACUETe HA MPOYHOCTH MPOPUITHPOBAHHBIX
KOJIBIIEBBIX TUIACTHH amlapaToB MHUIICBOM M XUMHUYECKON MPOMBIIUICHHOCTH, U3TOTABINBAEMBIX U3 COBpE-
MEHHBIX KOMITO3UTHBIX MaTepHaioB. Bo3HHKAIONIME B HUX TEPMOYNPYTHE HAMPSHKCHHSI MOTYT CYIIECTBCH-
HO BJIMATH Ha HANPSHKECHHO-IE()OPMUPOBAHHOE COCTOSHUE KOJIBIICBBIX IUIACTHH alnapara. PacueTHas cxema,
YUUTBIBAIOMIAS TPOTSHKEHHOCTh KOHEUHOTO YMCJIa KCTOYHMKOB TEIlIa Ha BHEIIHEH rpaHulle npo(uInpoBaH-
HBIX aHH30TPOMHBIX KOJBIEBBIX IUIACTHH, TO3BOJISECT PEAIbHO OIEHUTH BKJIAN TEPMOYNPYTUX HANPSKEHUN
B 00IIyI0 KapTHHY pacIpee/ICHuUs HAPsHKCHUH B TaHHBIX KOJBIIEBBIX IJIACTHHAX alllapaToB MMUIIEBBIX U XU-
MHYECKHUX MTPOU3BOJICTB.

IlocTanoBKA 3a1a44 U OCHOBHbIE YPaBHECHUSA

B pabote uccneayercs BiIUsSHUE MPOTSHKEHHOCTH MCTOUYHMKOB TEIJIa HA BHEIIHEH TpaHUIE HA pacrpe-
JIeJIEHNE TeMIIEPaTypbl B aHU30TPOITHOMN KOJIbLIEBOM IJIACTUHE MEPEMEHHOM TOJIIMHBI, OCHOBAaHUS KOTOPOU

Ipu z = iE TETION30JUPOBaHbl. TermIo00MeH HarpeTol TOHKOW KOJIBIIEBOH IJIACTUHBI C BHEITHEH Cpeloi

Yyepe3 OOKOBYIO IIHIIMHPUIECKYIO TOBEPXHOCTH NPEHEOPEKUMO MaJl, U €r0 MOJKHO HE YUUTHIBATh B pacueTax.
IIpennonaraercs, 4To Temneparypa B TOHKOM KOJbLUEBOW IJIACTUHE HE MEHSAETCS MO TOJIMHE. BHYTpeHHHUX
HMCTOYHUKOB TEIUIA B HEW HE UMEETCs, a TEIJIOBOE I10JIE SIBIISETCS INIOCKMM U HEOCECUMMETPUUYHBIM. Teruio-
¢dusnyeckue XapakKTepUCTUKN MaTepuaia IIacTUHBI Oy/ieM moiarath MOCTOSHHBIMH M HE 3aBUCSIIAMHU OT
TEeMIIEpaTyphl.

Koneuno, naeanbHbIX TOUEUHBIX HCTOYHUKOB TEIUIAa B IPUPOE HE CYIIEeCTBYeT. Bce OHM MMEIOT KaKylo-TO
NPOTSHKEHHOCTh. B pabore [2] HaMU MOMyYEHO pacrpeesieHue TEMIIEPATyphbl HA BHEIIHEM KOHType 777"
eciu N NPOTSIKEHHBIX HCTOYHUKOB TEIUIA ¢ TEMIIEPATypoil T, Kak/Iblii IPUIIOKEHBI HA PABHOOTCTOSIIUX OJU-
HAKOBBIX JyTrax JUIMHOH / ¢ TIGHTpaJIbHBIM yriaoM @ (/ = QR):

TBHCIII(R, 0, (P):NT; 1+ 22%008[\77’16 .

n=1
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Huxe LOCHTPAJIbHBIM YITIOM 6yI[eT OMpeACTATLCA NPOTAKECHHOCTh UCTOYHUKA TCILJIa Ha BHEIIIHEH Tpanune

KOJ'IBLICBOﬁ IJIaCTHUHBI.
KonnuectBo N HCTOUYHUKOB TEILIA HE MOXKET OBITh IMPOU3BOJIBHBIM, 4 OTPAHUYNBACTCS TeMnepaTypoﬁ IjiaB-

T1J1aBJI
*

2

nenusa T

T1aBJI

max :|, TAC KBAJAPAaTHBIC CKOOKH 03HAYaroT LEJIYIO 4acCTb I[p06-

MaTtepuaia MnjiaCTUHbI: N = |:

HOTO BBIPAKEHUSI.
B munmuHIpryeckoii cructemMe KOOpIUHAT 7, 0, z ypaBHEHHE CTAIlMOHAPHON TETUIONMPOBOTHOCTH IS TTOJISIPHO-

OpTOTpOHHOﬁ KOHLHCBOﬁ IIaCTHUHBI HepeMeHHOﬁ TOJIIHHBI h(l") C TCIJIOU30JIMPOBAHHBIMHW OCHOBAHUAMUA

nmMeet Bun [3]
°T ([ H(r orT 1. 0T
A—+ L LA, —+ kg —5=0, (1)
" or h(r) or r 00
e A, U Ay — paJUabHBIA ¥ TAHMCHIUAIBHBIN KO3 (UINEHTHI TEIIONPOBOJHOCTH MaTepuala IIACTHHBL, He
saBucsmue ot remneparypst 7' (r, 6, @).
Paznoxum ynkuuio T (r, 0, (p) B TPUTOHOMETpHUYECKUH psist Dypbe:

T(r,0,0)= z ) (r, @)cosnNO + ZTZS,i)(r, ®)sinnNo. ()

n=1
Iepsoe cnaraemoe Ty(r) B pasnoxeHnu (2) OMUCHIBACT OCECUMMETPHYHOE PACIPEACICHUE TEMIIEPATypbl
B tuiactuHe. Cnaraemble, conepxaiiie coszn/NO, COOTBETCTBYIOT CHMMETPHUYHBIM COCTABIISIOINM (DyHKINU
T (r, 0, (p) OTHOCHTEHHO MTockocTh O = 0, a cimaraemele, comeprkammue sin#/NO, — 00paTHO CUMMETPUIHBIM.
IloncranoBka paznoxenus (2) B ypaBHeHue (1) IpUBOIUT K CUCTEMEe OOBIKHOBEHHBIX AU (PepeHITHATEHBIX

YpaBHEHUH 1J1s1 KOMIIOHEHT To(r), Tls,lz(r, (p) (i=1,2):

da’t, (h'(r) dr,
=0 0 =0 3
=0 e +(h(r) " J dr )
A1) (w(r) 1\dr)  n, (Nn)
>1 Nn - Nn _ 0 T(’) : =0. 4
(n ) dr2 + [h(r) + r d}" xr r2 Nn (V (p) ( )

Tomyunm Teneps rpaHudHbIe ycnoBust A GyHkuun Temneparypst T (7, 0, @).

=

(ro,e (p z ro, coanB + iTn(z)(rO,(p)sinNnG:

= n=1

= TEuyTP (”0» 9): T+ i 0-cos NnO + i 0 - sin Nn6,

n=1 n=1

T(R, 6, 9)=Ty(R)+ X, T"(R, 9)cos Nnb+ 3 TP(R, @)sin Nnb =

=1 n=1

3

~TUn(R, 0, )= NT; + 3 2NT; SIE(’;‘P cos Nnf + 3" 0. sin N,

n=1 n=1

W3 cpaBHEHHS KOAPPHUIIMEHTOB TPUTOHOMETPHUYECKUX PSJIOB TIPU OJIMHAKOBBIX TAPMOHMKAX JIEBBIX U IIpa-
BBIX YaCTEH IPUBEIECHHBIX BBIPAKEHUN CIIEIyIOT TPAaHUYHbIE YCIOBUS

T (r)=T",

(n=gy |P)=T 5)
Ty (R) = NT;.
ngfln)(’”o,(P)zo,

(n21) « SINnQ (6)

TV(R, )=2NT; o
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Tz&i)(’bv (P) =0,

[Ipu HyneBbIX TpaHUYHBIX ycaoBusX (7) ogHOpoaHOE nuddepeHInaNbHOe YpaBHeHNE (4) IMEET TPHBHAIb-

(n21) (7

2
HOE pelleHune, cIe0BaTebHo, GyHKIms 7, ,S,n)(r, (p) paBHa HYJIO, T. €. 00paTHO CUMMETPUYHAS COCTABIISAIONIAS
B paznoxeHuu (2) mis GyHkmuu 17 (r, 0, (p) OTCYTCTBYET.

OO0bikHOBeHHOE T depeHtnansHoe ypaBHeHHE (3) JIerko HHTETPUPYETCs, M €ro PeLICHUE MPH 3aJaHHbIX
TPaHUYHBIX YCIOBHSIX (5) UMeeT BUJ

j‘ ds j ds

ro sh(s) . sh (s) .
Ty(r)= 1—f ” T; +T ” NT;.

. sh(s) . sh (s)

Pemenue HeoceCHMMETPUYHOM 321241 CTAIIMOHAPHON TEMJIONMPOBOAHOCTH
METO0M JIMHEHHBIX HHTErPAJbHBIX YPaBHeHUil Boabreppsl 2-ro poaa

st npounrupoBaHHON aHM30TPOITHON KOJIBLEBOH IUIACTHHBI o0lIee perieHne 00bIKHOBEHHOTo audde-
pEeHLMAaIbHOrO YpaBHEHUs (4) CUCTEMBI BBIPAa3UM Yepe3 PElIeHNEe COOTBETCTBYIOIEr0 EMy HHTErPajJbHOTO
ypaBHeHus: Bonbsrepps! 2-ro pona:

T0(r @)= [(r = )i (s @)dls + 7)(1. @)(r 1) + T (- ). ®)

(1)

3neck paspemaronias GyHKIUS My, (r, (p) YIOBIIETBOPSIET HHTETPAIILHOMY YpaBHEHHIO BonbTeppsl 2-1o poxa:

(@)= A Ky, (r, )i (s @)dls + £ (, 9), ©)
To
, 2
e A =—1 ectb uncioBoit mapamerp; K, (r, s) = % + Z((r)) - it—e (NZ) (r - s) — SIIPO UHTETPAIILHOIO YPABHE-
r I
s, 70(r, @)= Kol ) 0,y (o) .
s S s (p) = » Ty, (”0: (p) Ky, (r, Ty )T N (ro, (p) CBOOOTHBIN YJICH HHTETPAIEHOTO YPABHEHISL.

OO1ee perieHne HHTErpaJbHOro ypaBHeHHs: Bombsreppst 2-ro poza (9) 3ammchIBaCTCS ¢ TOMOIIBIO pe30/ib-
sernmot Ry, (r, s; \) B Buge [4]

(. @) =4[ Ry, (. 5: AN (s, @)ds + £3)(r. @),

o

e QyHKIus RNn(r, S; k) onpenensercs QyHKIHOHAILHBIM PSIOM
. — m
RNn(r, s; 7»)- z N KNn,mH(r, s),
m=0
KOTOPBIH TSl HEMPEPhIBHBIX HTEPHPOBAHHBIX sizep Ky, m(r, s) CXOIUTCS a0COMIOTHO ¥ PABHOMEPHO.

Hcnons3ys rpanuyHble ycinoBus (6), HailleM NOCTOSAHHbIE 7, ]E,ln) (ro, (p), T]E,ln) (ro, (p):

T1£/1n)<”0: (p) =0,
® .
TR 0)= [ (R =50 (s. 0)ds + 7)1, 0)(R — ) = 2N75 2.
OrTcrona
T]S/ln)(roa (P) = Oa
. 1 & . Si
7500 0) = | ~[ (R=5)nli (s. @)as + 2N75 =0
0 7
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1
OxoHYaTeIbLHOE BBIPAXKCHUC JI1 KOMIIOHCHT T]E’n) (I’, (])) HUMECT BU

r R .
T0(r, 0)= [ (r = s)nh (5. @) ds = ==L [ (R—s)n\)(s, @) s + 2NT; ——0 221, (10)

R—ry s R-r, 19

o

1
[oncrasnsas ¢popmyinst (8) u (10) 1 KOMOOHEHT To(r), T, 15/;1)(’@ (p) B pasyiokeHue (2), momyyaem B o01iem
ciydae pacnpenernenue temmeparypst I(r, 8, ¢) B mpoduiMpoBaHHOM aHU30TPOIHON KOIBLEBOI ILIACTHHE
C TEIUIOM30JIMPOBAHHBIMU OCHOBAaHHUSIMU OT MPOTSYKEHHBIX HCTOUHMKOB TEIIa Ha €€ BHEIIHEH IpaHulIe:

fs,flfs) . fs,ffs)”( ]

P % r—7r | sinng
T(r,6,0)=|1- —— 0 cosnNO +
( (p) f ds : f ds R -1 ,12:'1
b sh(s) b sh(s)
oo r _ R
+ ) {'.(r— s)n(l\l,)n (s, @)ds — %I(R - s)ng\l,)n (s, (p)ds]coanG NT,. (11)
n=1|r 0/

J71st mOASpHO-OPTOTPOIHON KOJIBLEBOM IUIACTUHBI, TOJIIMHA KOTOPOU MEHSIETCS 110 CTENEHHOMY 3aKOHY
o
v
h(r)=h, (70) , e o € R\{0} n 1, — TonMHa MIACTHHBI Ha BHYTPEHHEM KOHTYPE IPH * = Fy, CACTEMa OOBIK-

HOBEHHBIX JU(PepeHINaIbHBIX YpaBHeH i (3), (4) IMeeT TOYHOE pelIeHre, YIOBIECTBOPSIOIIee TPAHNYHBIM
ycnoBusiM (5), (6):

=| ——4 I+ | —— TS,
7"0 ¢ I"O “
e e (12)

. §/a(n) () &) L) \sinn
Talr 0)==2NT |~ sl 2| - .
(0 5=\ R (67— 507 & "o

2 2 A

2
o o A
3mech O = ;—O, k. (n)==—1= \/ (—j + —G(Nn)2 — KOPHH XapaKTepUCTHUUECKOTO YPaBHEHMSL.
Beenem Oe3pa3MepHyro KOOpAWHATY X :Er u noxacraBuM pemienus (12) B paznoxenue (2). B pesynsrare

HMEEM HEOCECUMMETPUYHOE PACHPEEICHUE TEMIIEPATYPhl B MOISIPHO-OPTOTPOITHOM KOJIBLIEBOM IIaCTUHE
CTENIEHHOTO MPOMUIIS ¢ TEIUTON30JINPOBAHHBIMU OCHOBAHUSAMHA OT N TMIPOTSKEHHBIX UCTOYHUKOB TETUIa HA €€
BHEIIIHEN TpaHUIIE:

o _ so oo ky(n) ky(n) .
+ X 6 — 22 az—xkl(n)_ Sl—xkz(n) Slnn(p COSI’lNe NTVZ* (13)
1—-8% = (Skl(”) _ Skz(”)) (5k1(”) _ Skz(”)) ne
Cogepimas mpenensHsIii mepexox ¢ — 0 ( lim0 51:(1;([) = 1) B hopmynax (11), (13), nomyuaem HeoCECUMMET-
¢©—

pUYHOE paCIpeesIeHne TEMIIEPATYPhl B @aHU30TPOIIHBIX KOJIBLEBbBIX IUIACTUHAX [IEPEMEHHON TONIIUHBI OT N
TOYEYHBIX HUCTOYHUKOB TEIJIA HA €€ BHEIIHEW IPAHULIE.
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B mpodunmpoBaHHBIX aHU30TPOIHBIX KOJNBIICBBIX TUIACTHHAX pacIpeneicHe TeMIleparypsl oT N IpoTs-
’KEHHBIX HICTOYHHUKOB TETIJIa Ha BHEIITHEH TPaHUIIE IMEET OOJIee CIIOKHBIN XapaKTep, 4eM paclipeiesICHUE TeM-

reparypsl OT N TOYSUHBIX HCTOYHHUKOB TeTlIa Ha BHEITHeH rpanutie. [lockombky dopmysnst (11), (13) comepsxar
pSIIIbI, B KOTOPBIE BXOAWUT TPUTOHOMETpUYecKas (DYHKIHUS Sin 72(), TO 3TH PsAbl OyIyT 3HAKOIIEPEMEHHBIMHU.

. sin n
Bbonee Toro, BBHAY OBICTPOTO CTPEMJICHHS K HYITIO OCHHMJUIMPYIOMIEH (YHKIINU ? TP YBEIMUYEHUH 1

B (hopmynax (11), (13) mpu nmpakTHYECKUX pacueTax MOXKHO OTPAHUYHUTHCS TOJIBKO HECKOJIBKHMMH MEPBBIMU
YJICHAMH PSIOB.
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AHAANTUNYECKAS MOAEADb ABMJ)KEHUS CKUIIA C YAETOM
HAANYUA TOAOBHOTO 1 YPABHOBENINBAIOIIIETIO KAHATOB

M. A. JKYPABKOBY, B. I. CABYYK", M. A. HUKOJIAHYHUK"

1)l-Te/zopycc;mﬁ eocyoapcmeennblil yuusepcumem, np. Hezasucumocmu, 4, 220030, . Munck, Berapyce

IIpuBeaena npoueaypa NOCTPOCHUST aHATUTUYECKOW MOJIENH, OMUCHIBAIOLIEH TUHAMUKY JBUKEHHSI IIAXTHOTO CKUIIA
C YYETOM HaJIM4YHs TOJIOBHOTO ¥ YPABHOBEIIIMBAIOIIETO KAHATOB M KPUBOIMHEWHOCTH MTPOBOIHUKOB. BBIBE1eHBI POpMYITHI
JUTS CHWJI, TEHCTBYIOIIUX Ha CKHIT CO CTOPOHBI MPOBOTHHUKOB. [0Ka3aHO, YTO YaCTOTHI COOCTBEHHBIX KOICOAHUH CKHIIA
3aBUCST OT BEPTUKAJIBHOTO YCKOPEHHMs M POWICHHOI0 MyTH MpH nojbeme cocyna. [loctpoen rpaduk (auarpamma) Bep-
THUKAJILHOM CKOPOCTH CKHIIA, COOJIIOICHIE KOTOPOTO HE BBI3bIBACT IMOSIBIICHUS 3HAYMMBIX BEPTUKAJILHBIX KOJICOAHHIA CKHUITA
W3-3a YIPYrOCTH KaHaTOB. Pa3paboTaH alropuT™ HaXOXKICHUS INIABHOTO BEKTOPA U INIABHOTO MOMCHTA CHCTEMBI CHII, ICHCT-
BYIOIIMX Ha CKHII, IO [TOKA3aHUSIM TPEX aKCEeIEPOMETPOB, PETUCTPUPYIOLIUX FOPU3OHTAIBHBIE YCKOPEHUS COCYa IIpU
€ro JIBIKEHHH.

Knrwouesvie cnosa: CKMHII; IPOBOAHUKU,; TMHAMHKA IAXTHOT'O CKUIIA; BEPTUKAJIbHBIC KOJ'IC68.HI/I${; TIIaBHBIN BEKTOp CHUC-
TCMBI CHIJI; TJIaBHBIA MOMEHT CHUCTEMBI CHUJI; TOPU3OHTAJIbHBIC YCKOPCHMU.

ANALYTICAL MODEL OF SKIP MOTION TAKING
INTO ACCOUNT INFLUENCE OF HEAD AND BALANCING ROPES

M. A. ZHURAVKOV®, V. P. SAVCHUK’, M. A. NIKOLAITCHIK"

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus
Corresponding author: M. A. Nikolaitchik (nikolaitchik.m@gmail.com)

The article describes an analytical model of mine skip dynamics taking into account the presence of the head and
balancing ropes and the existing curvilinearity of the guides. Expressions for the forces acting on the skip from the side
of the guides have been constructed. It is shown, that the frequencies of natural vibrations of skip depend on the vertical
acceleration and the distance traveled during its lifting. A graph (diagram) of skips vertical speed which observance does
not lead to the appearance of skips vertical vibrations due to elasticity of the ropes is developed. An algorithm for finding
the forces principal vector and the forces principal moment acting on the skip based on the reading of three accelerometers
recording horizontal accelerations of skip during its movement is presented.

Keywords: skip; guides; mine skip dynamics; vertical vibrations; forces principal vector; forces principal moment;

horizontal accelerations.
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Introduction

A simplified scheme of shaft lifting rig adopted in the article consists of a friction pulley driven by
the lifting machine, two skips moving along the guides and the main and the counterweight rope. Four
spring-loaded rollers are installed at the end of the skip frame and they copy profiles of the guides during its
movement. Guides are welded box-section beams with local deviations from the vertical in two horizontal
directions. Ascent of the loaded skip and the descent of the empty one is carried out by the head rope slung
over the friction pulley. Unloading the skip in its upper position and loading the empty skip in its lower
position are performed simultaneously after which the pulley changes direction of rotation and the working
cycle repeats.

System lifting vessel — reinforcement dynamics investigation during the lifting vessel movement and this
system dynamic behaviour diagnostics is an urgent applied problem [1-3]. At the same time this problem is
very complex in terms of correct mechanics and mathematical models construction and an adequate model
analysis performing.

The research objectives presented in this article were:

* construction of the skip motion analytical model with an acceptable degree of accuracy. That model must
allow to determine the force effect on the skip from the side of rigid curved guides or according to their known
profile, or according to the readings of accelerometers installed on the skip;

* determination of the skip natural horizontal vibrations frequencies;

* the hoisting machine torque change graph obtaining, which excludes skip vertical vibrations occurrence
in an elastic rope.

Skip motion vector equations

The skip motion as a mechanical system can be represented as a rigid body complex motion (cxyz coordinate
system), consisting of translational motion of O, X,Y,Z, coordinate system with a given speed v(?) along OZ
axis of the stationary system OXYZ (v(t) is the vertical speed of the skip mass center) and of five independent
movements of system cxyz: two translational movements along O, X, and O,Y, axes and three rotations around

axes CX’, CY’, CZ’ of Koenig coordinate system (directions of the cor-
M, responding axes OXYZ, O,X,Y,Z, and CX’Y’Z’ coincide). The resulting
complex movement which occurs relative to the given bulk motion of the
system O, X,Y,Z, is obtained as a result of the superposition of these five
motions. Each of these motions and consequently the resulting one arises
due to external horizontal influences on skip from the side of the guides and
vertical influences at points A, and M; of the main and balancing ropes
suspension (fig. 1). o

The skip — guide contact node at contact points M,, i =1, 4, is schemati-
cally represented as consisting of three independent springs in contact with
three guide surfaces through rollers that roll along the conductor during the
skip motions (fig. 2).

MS
VA
0 X
Y
Fig. 1. Coordinate systems and skip Fig. 2. Skip with guides contact
with guides and ropes contact points node scheme: / — guide; 2 — skip
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One can use the following system of equations to describe the skip with mass M relative motion dynamic
under the action of the forces F, applied at points M,, i =0, 5:

4
MW,=> F, (1
i=1
_ )
d&:Zwaﬂ )
dt i=0

Equations (1), (2) are vector notation of the skip mass center horizontal motion relative to O, X, Y,Z; coordi-
nate system and the change in angular momentum K’ relative to the Koenig coordinate system [4].
In equations (1), (2)

F;:(F;xaF 0)9 i:1949 E):(anvF()Z)v F_;:(ana}?SZ>7
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CM]=CM, +(0,,0,,9.) x CM,, i

0,5,
CM, =(0,0, z,), CM5=(0,0, z5), CM, =(x,, 0, z,),

C_A42 = (—xl, 0, Zl), C_M3 = (xl, 0, 23), C_M4 = (—xl, 0, 23),

where @, 0, ¢, are the angles between the corresponding axes of coordinate systems cxyz and CX’Y’Z’. Dashes
indicate that the vectors belong to the coordinate system CX’Y’Z".

Considering skip as an absolutely rigid body symmetric with respect to planes cxz, cyz, and angles @,, ¢,
¢, small one can replace the moments of inertia of skip I, I}, I relative to the axes of system CX'Y’Z’
in expression for K with the moments of inertia /,, £, I, relative to the axes of the coordinate system cxyz:

K= (100 1,6, L9.)
Forces acting on a skip during its motion

The spring-loaded rollers of the contact node copy the guide cylindrical surfaces from its three sides during
skip motion. The equations of these surfaces in the OXYZ fixed coordinate system can be written for the first

guide as
X=h, +f1x(z), Y= hy +f1y(z), Y=—hy +f1y(z)
and for the second guide as
X=-h, +f2x(z), Y= hy +f2y(z), Y=—hy +f2y(z).

Functions £ (z), £,(z), f,.(2), f5,(2) give the deviations algebraic value of the guides points from the
corresponding vertical planes X=+4,, Y=1h,.

The force values F, Fy, i = 1, 4, are equal to the corresponding springs compression (tension) to the multi-
plied by the stiffness coefficient ¢ which is considered the same for all springs since the guides act on the skip
through the springs. Small displacements Ap,, i =1, 4, of the skip points M, relative to the coordinate system
O,X,Y,Z, occur to the mass center displacement by a vector (X D 0) and three rotations around the mass
center by angles @, @, ¢,. Thus

Ap =(X..Y,0)+ ((px, 0, (pz) X (x, 0, z,) = (XC +20,, Y, + x50, - 20, —xltpy).
Similarly, we have
AﬁZ = (Xc + Zl(pya Yc - xl(pz - Zl(pxa xl(py)a

A53 = (Xc + 23(py’ Yc + P, — 23(px9 _xl(Py)7

A§4 = (X¢ + Z3(py9 Y¢ - xl(pz - ZS“px’ xl(py>‘

Taking into account the conductors deviations, we obtain

F,.= c(flx(s +h)-X, - zltpy), F,. = C(fzx(S +h)- X, - zltpy),
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F3x (flx() Z3(py) F4x: (f2x( )_ _23(py)

( Siy(s+h)— Yc—xl(pz+zlcpx) Fy,= (fzy(s+h) +x](pz+zl(px)
=2¢(fi,(5) =Y. = %9 + 20, ). Fi, =2¢(f5,(5) =Y, + 59, + 2,0, ).

t

Here s(t) = Jv(r)dr is the distance passed by the skip during by the time ¢ after the its movement start,

0
h =z, — z; is the distance between points M, and M.

A part of the balancing rope from the suspension point to the loop in the sump, which length is approximately
s(t), moves translationally with a speed v(t) together with the skip (fig. 3). Thus

Fyy = (M+ Pbs(t))("’(t) + g) 2= —Pys(t )( v(t)+ g),
where p, is the rope density and g is the gravity acceleration.

Skip motion scalar equations and their solution

We project the vector equation (1) on the horizontal axes of OXYZ coordinate system and equation (2) on
the Koenig coordinate system axis to obtain a system of skip motion scalar equations

MX, = c(F, - 4X,- 22,9, ), 3)

MY, =2¢(F, - 47, + 22,50, ). &)
1,6,=2¢(®, +22,Y, = 2(5 + 2o, ) - Fs0,, (5)
1,6, = c((I)y ~2z,X, - 220+ 232)(py) — Fys,. (6)
L. =2ex (@, - 4x9, ) ()

Fo= fiu(s+ h) + fo (s + h)+ fi,(s) + fa.(s),
F, = fi,(s+h)+ fo,(s+ k) + £, (s) + £3,(s),
@, ==z, (f,, (s + h)+ /o, (s + 1) = 25 (i, (5) + 12, (5)):
@, = z(fi,(s+ ) + fou s+ 1)+ 25 (fio(s) + fau(5),
D = fi,(s+h)+ fi,(s) = fo,(s+ h) = £, (s),

Fos = zoFoz + z5F57, z3= 2+ z3.

Note that equations (3)—(7) approximate such as deriving them, discarded terms of higher order terms to
the values X, Y., 0,, ¢,, @.. In addition note that equations (5), (6) have variable coefficients due to the function
Fos( ) presence. Analysis of this function form shows that its change during the skip movement is much slower
than changing the desired system functions (3)—(7).

An approximate solution of equations with slowly varying coefficients is usually found by the asymptotic
averaging method [5]. Following this method in our case an approximate solution can be obtained by consi-
dering the variable coefficients «frozeny, i. e. constant when performing the solution. The «frozen» coefficients
«unfreeze» and their dependence on time is restored after the system analytical solution obtaining.

The system (3)—(7) solution with «frozen» coefficients is easily found by using the integral Laplace trans-

form [6] and has the form
t
(Pz(t): i -J(I)Z(T)sinml(t —T)dfc, o, = 2x1\/%,
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0. ()= _[33 (1—-1)® (1)dt+ fBz (t-1)F,(1)dr;

0

A;(1)=a,sin®,t + a, sinwqt, i=1,3,

0(20(212 + 232) —Iymg + Fos)
a, =
11 as ’

c(Zc(zl2 + 232) —ch)§ + Fos)

a =
12 )
Qg

as = (1)2(a2 - Zalmg), ag = 033(a2 - 261103§),
a =M, a,= 2Mc(z]2 + 232) +del, + MFys,

B=dy o [Bta
) 3 =
2a, 2a,

2 2
[ _2c7zy4 _2c¢z
a, =\ a; — 4a,a;, A ="g > 9=, >

5 6

de¢ - Mw; 4c - Mo;
as ds

2
ay = 4c2(z1 - 23) + 4ckys, o, =

2

B,(t)=b, sinw,t + b, sinwst, i=1,3,

4c(z1 + 23)—1 o, + Fys 4c(zlz+ 232)—1)60)? + Fiys

, b,=2c
12 be

by=MI,, by=4Mec(z+ 23) + 8cI, + MFys, by=16¢>(z, - z3)’ + 8cFys.

b, = \[b% — 4bb,, ©,= / by +b

b5 = 034(b2 - 2b1(ni), b6 = O)S(bZ _2b10)§)’

8¢? 8¢? 8¢ — Mo,
€A b, =0 p =0e T g e

b, = = T4
B bs b bs b
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The formulas obtained allow us to find the force effect to the skip at points M,, i = (ﬁ, according to the
guides known profiles, the acceleration v(#) and the path 5(1). Note that only ®, of skip natural vibrations five
frequencies ®,, i =1, 5, has a constant value. The remaining frequencies depend on the functions v (), s(7),

which in turn are determined by the moment Mcr(t) applied on the mine hoisting machine drum.

The relationship between speed v and torque M,

An approximate relationship between the quantities v(s) and M, (s) con-

sidering the head and the balancing ropes inextensible can be obtained from
M, the theorem on the change in kinetic energy [4] according to which the kinetic
energy differential of the mine hoisting mechanism is equal to the elementary
work sum of the gravity forces and the torque Mcr(s) (see fig. 3):

1

EMeffd(VZ(s)) = (T +

M
(S) (m_M+Zpb_lph)g_2g<pb_ph)sjds' )

Pn Here M =m+M + (Pb + ph)l + Lz, m is the empty skip mass; py, p,, are
r

From equality (9) it follows that the loaded skip will begin to rise under the
condition

Py

the balancing and the head ropes linear densities, respectively; /, » are the mo-
M (0) > rg(M— m+Ip, — Zpb).

m
ment of inertia and drum radius; / is the the ropes length; 0 < s(t) <l
M
cr
\/ After dividing equality (9) by df we obtain an equation
M, (1)

Fig. 3. Mine hoist scheme Meff*.s;(t> = 7 + (m -M+ lpb - th)g - 2g(pb - ph)s(t)- (10)

Assuming that the loaded skip lifting takes place under the constant torque M_, action from a rest state at
s = 0 and with a stop at the upper point s =/ then from equation (9) we obtain that this is possible only at

M, =(M —m)gr
and
2gs(py — [—s
VZ(S): & (pb ph)( ) (11)
Meff
From (11) it follows that condition p, > p,, must be satisfied and the maximum speed value is reached when

§=—:

2 v =1 fg(Pb_Ph).
2M g

Solving equation (10) at M, =(M — m)gr taking into account s(0)=0, §(0)=0 we obtain

( =— l—cos[ 2g ph J (12)

From (12) we receive the skip motion time ¢, to a complete stop:
T Meff .
2g (Pb - Ph)
In general case Mcr(t) is obtained from equation (10) according to the given motion law s(t) and is pro-

cessed by the mine hoisting machine digital control system. Therefore, it is necessary to ensure the second
derivative § (t) continuity on the interval [O, to] and its equality to zero at the segment extreme points to obtain

ty =

a continuous change in M, (¢).
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A smooth function s(z) constructing example
Let us construct function s(7) with five sections of its second derivative linear variation:
t

2
tl

~

0<r<L,
2

t
—, = <t<t,
tl

§(1)= 4V 10, 1y ST <1y — 1,

ty—t,—t t

L2 - St<1 -2,
t 2

%, -2 <<,

1 2
: : : 2Vmax 2vmax . .
Here v,,,, is the maximum motion speed; 4 = — ', f, = — '™ are the time of acceleration and decele-
1 2

ration, 7, is the motion time; w,, w, are the largest acceleration modules during acceleration and deceleration.

Integration gives the speed v() and path s(¢):

2
1_2(11;’)”_1S
tl
V(1) =V AL 1 SES 1y — 1y,

2ty =t — 1)’ 1
-t —t,<t<ty— 2

2 o=l SISf= =,

2(t—1, )

B t()
5

t
-2 <1<y,
2

3
204, —t t, t
t+(1—2)——1,—13t3t1,
3t 272
tl
s(t)=v, t—E,ZIStStO—tZ,

3
20ty—t,—1) 4 o b
== L - <t<ty -2
312 2 2

3
2(t—t t t t
(—2())——2+l0——1,l0——2S1Sf0.
32 2072

t+

b

If / is the distance of the skip lift then s(to) =/ and the motion time is #,= >
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The principal vector and the principal moment
of the forces acting on the skip

If twice differentiate function (8) we obtain the principal vector E and the principal moment MC of the
forces acting on a skip in its relative motion:

F=(MX, MY, 0), M,=(1$,, 1,6, 1.5.). (13)

In this case the guides profiles and all skip mechanical characteristics must be known. Also the components
of the mass center acceleration W, = (X Y O) and angular acceleration € = (('[')x, ?,, (';')Z) in equalities (13)

co teo
can be expressed in terms of the accelerations horizontal components W, i = 6, 8, of any three skip points M,,

i =6, 8, that do not lie on one straight line and accelerations I/I_/, can be obtained from the readings of the ac-
celerometers in points M,. Indeed if we take as a pole for example a point M, then taking into account the first
quantities order we obtain [4]

=W+ € x MC,
EX MM, =W, — W, (14)
EX M Mg =W, — W, (15)

Vector equalities (14), (15) give the following four scalar equalities when projected onto horizontal axes:

(.py(Z7 _ZG) _(pz(y7 _yﬁ):VV7x_W6x’
(Pz(x7_xé)_¢x(z7_26)=W7y_W6ya (16)
(‘[‘)y(ZS _Zs) - @()’8 - y6): Wer = Wers

éﬁz(xg - xé) - (px(ZS - Zé): W8y - W6y'

One can compose a uniquely solvable system for finding ¢, ¢,, @, from these equalities. In particular,
from the first three equations (16) we obtain
A A, . A

Py =" ¢y=Xy, 6. ="
A= (27~ 26 )((v7 = v6)(2 = 26) = (75 = v6) (27 =~ 26):
A== (W= W, )25 = 26) (7 = %) + (W = W ) (27 = 2)
X (27 = x6) + (W7y - Wéy)((z7 — 26 )(vs = ¥) = (25— 26 ) (17 —y(,)),
A, = (27 = 26 )(Waw = W) (37 = v6) = (W = W ) (35 = v6)):

A, = (Z7 - Zé)((ng - st)(z7 - Z6) - (W7x - W6x)(28 - Z6))'

Coordinates of points M,, i = 6, 8, must not vanish the determinant A.

b

Conclusion

An approximate analytical model for the mine skip motion has been developed. It is important that this
model takes into account the head and balance ropes influence as well as the curvature of the guides.

Expressions that determine the force interaction of skip with guides during the lifting vessel motion are ob-
tained. The expressions obtained make it possible to determine the principal vector and the principal moment
of the forces acting on the skip using data coming from three accelerometers installed on the skip fixing the
horizontal accelerations values.

An analysis of the skip natural vibrations frequencies has been carried out. Expressions that determine the
dependence of the natural vibrations frequencies on the vertical acceleration and the path covered by the skip
are given. A diagram of the speed, that does not provoke the vertical vibrations occurrence of skip on the elastic
rope is proposed.
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Kntoueswte cnosa: cBepToyHasi HEHPOHHAS CETh; MAIIMHA ONIOPHBIX BEKTOPOB; aHCaMOJIb HEHPOHHBIX CeTeit; n300pa-
JKEHHE ITOBEPXHOCTH 3eMJIH; IUCTAaHIMOHHOE 30HIUPOBAaHKE; paJap ¢ CHHTE3UPOBAHHOH alepTypoil.

bnazooapruocms. Pabota yactiuHo nonep:kana benopycckum GhoHI0M QyHIAMEHTATBHBIX UCCIICAOBAHUN W HAIIUO-
HaJIBHBIM (DOHIIOM ecTecTBeHHBIX Hayk Kurtas (mpoext Ne d20-017).

IDENTIFICATION OF EARTH'S SURFACE OBJECTS
USING ENSEMBLES OF CONVOLUTIONAL NEURAL NETWORKS
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The paper proposes an identification technique of objects on the Earth’s surface images based on combination of
machine learning methods. Different variants of multi-layer convolutional neural networks and support vector machines
are considered as original models. A hybrid convolutional neural network that combines features extracted by the neural
network and experts is proposed. Optimal values of hyperparameters of the models are calculated by grid search methods
using k-fold cross-validation. The possibility of improving the accuracy of identification based on the ensembles of these
models is shown. Effectiveness of the proposed technique is demonstrated by the example of images obtained by synthetic
aperture radar.
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Introduction

Remote sensing of the Earth is an observation of the Earth’s surface by ground, aviation and space ima-
ging means. Wavelengths received by the imaging equipment ranges from visible optical to radio waves.
A multi-channel equipment of the passive and active types is used, that registers an electromagnetic radiation.
Passive sensing methods use the natural reflected or secondary thermal radiation of Earth’s objects due to solar
activity. Active methods use stimulated emission of the objects, initiated by an artificial source. Remote sen-
sing data is characterised by a large degree of dependence on the transparency of the atmosphere.

Digital data are represented as a two-dimensional image for each spectral range in the form of a matrix
(two-dimensional array) of numbers / (i, J ) of the intensity of radiation received by a sensor from elements of
the Earth’s surface, which correspond to pixels of the image, where (i, j) are coordinates of the pixels. If the
image is obtained in several ranges of the electromagnetic spectrum, it is represented by a three-dimensional
matrix consisting of the numbers / (i, J» k), where k is the number of the spectral channel. Thus, the informa-
tion obtained during remote sensing is data with spatial relationships between the features 1(i, ;).

Artificial neural networks (NNs) are successfully applied for solving image processing problems including
object identification. Researches in the field of increasing the efficiency of identification based on NN theory
are carried out in the following two main directions.

1. Development of the unique most appropriate multi-layer hybrid NN model for object identification on
images which combining some popular NN models to solve the realistic identification process efficiently. This
model is constructed from at least two different types of NNs. The first part of the architecture is aimed to
image pre-processing and feature extraction, the second — directly to object detection. There are known diffe-
rent NN combinations for this goal: multi-layer perceptron, convolutional neural network (CNN), self-orga-
nising map, long short-term memory, NN realisation of principle component analysis, several support vector
machines (SVMs), recurrent NN, etc. [1-4].

2. Development of ensembles of neural networks (ENN). They are sets of NNs making decision by avera-
ging the results of individual NNs improving the identification quality [3; 5; 6].
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In recent years, deep NNs have been most successfully used for processing on images obtained by Earth
remote sensing [7]. Our work combines the above-mentioned approaches by using an ensemble of hybrid
CNNs and SVMs to solve an image identification problem: to discern the nature of image components (ob-
jects). The main contribution of the paper is to distinguish the objects of the known class from the objects of
alien classes (one-class classification). Effectiveness of the proposed technique is demonstrated on the task to
identify objects of two classes on images obtained by synthetic aperture radar.

Methods and algorithms

The architecture of CNNs was proposed by LeCun [8] and it is aimed at effective image recognition.
The NN architecture got its name because of convolution operations, where each image fragment is multiplied
by the convolution matrix (kernel) element by element, and the result is summed up and written to the same
position [9]. CNN is usually an alternation of convolutional layers, pooling layers, dense layers and an output
layer. Additionally, a dropout layers can be used.

The dense (fully connected) layer connects each neuron with all neurons at the previous level. Each con-
nection has its own weight. In the convolution layer (in contrast to the dense layer), a neuron is connected only
with a limited number of neurons of the previous level. The convolutional layer is similar to the use of the
convolution operation, which uses only a weight matrix of a small size (convolution kernel). The pooling layer
performs dimension reduction. This can be done in various ways, but the method of selecting the maximum
element is often used — the previous layer output is divided into cells, the maximum value is selected in each
cell that is transferred to the next layer. The dropout layer is a matrix of coefficients and can be used together
with all mentioned layers for a weight regularisation. The regularisation (dropout) consists in changing the
NN structure: each neuron turns off with a certain probability at a stage of a training using stochastic gradient
descent. The training is performed on a thinned NN, and a gradient step is made for the remaining weights.
The output layer performs a class of identified objects.

The accuracy of identifying objects can be improved using ENNs [10—12]. It is necessary to realise the
variability of NNs in the ensemble. The following approaches or their combinations can be applied for this
purpose:

» using different parts of the training set;

* random initialisation of NN weights;

« variation of NN architectures in the ensemble (adding hidden layers, adding or deleting neurons of the hidden
layer).

The output value of the ensemble is formed as a weighted sum of the outputs of the individual NNs. This
approach is illustrated in fig. 1. For the case with one output neuron, the result is calculated by the equation

y:zyiwia
i=1

where 7 is the number of the NNs; v, is the output of the i NN; w; is the weight of the i NN, which is calculated
by the formula
A,

_ i

=-, y
2.4,
Jj=1

where 4, is a chosen measure of error calculated for the i NN; n is the number of NNs.

SVM is one of the most popular supervised learning methods proposed by Vapnik [13]. It creates a hyper-
plane or a set of hyperplanes in a multi-dimensional space that can be used to solve problems of classification,
regression and other close problems. If the data is linearly inseparable, a non-linear kernel is applied, which al-
lows to map the source data to a space of higher dimension, where an optimal separating hyperplane can exist.

The method is recommended for processing a small set of features. Therefore, it can be chosen as the main
method for forming a model from manually selected features of objects in the image. Thus, CNNs that receive
input data directly in the form of images and SVMs that make decisions on selected features of objects can be
combined into an ensemble (fig. 2). This scheme can be modified by submitting additional features, formed
without using images, directly to the input of the SVM classifiers. CNN can be modified similarly. The net-
work can be divided into several branches for data processing (fig. 3).

One branch performs automatic feature extraction on the image using standard CNN layers, the weighting
coefficients of which are determined by gradient methods during training. The other branch may include a set
of predetermined processing procedures to form an additional set of features for each input image. Also, the
sets of external features can be submitted to the hybrid model. This model involves two stages of training.

W
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Fig. 3. Hybrid convolutional neural network

At the first stage, the first branch of the network is trained until sufficient accuracy is achieved, or before
stopping by early stopping methods. At the second stage, the weights of the convolutional layers of the network
are fixed and the training is carried out only for fully connected layers, where the features from convolutional
layers, the manual set of features and the external features come together.

The proposed technique based on an ensemble of models for identifying objects of remote sensing of the
Earth consists of the following steps.

Step 1: description of source data, the objects for identification and model quality measures (problem
statement).

Step 2: formation of a training set: data collection, preprocessing, marking of the output set.

Step 3: searching additional features to solve the problem.

Step 4: expansion of the training set with additional features.

Step 5: splitting the training set into training and test sets.

Step 6: determination of the model’s architecture based on the source data.

Step 7: determination of the hyperparameters range of the selected architecture.
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Step 8: determination of the optimal model hyperparameters by grid or random search [14] using the
k-fold cross-validation on the training set.
Step 9: forming an ensemble based on cross-validated models.
Step 10: if the model satisfies the quality measure on the test set, then the problem is solved, otherwise, it
is necessary to expand the data set and go to step 4.

Experiments

The experimental data are images obtained using synthetic aperture radar (SAR), which allows taking radar
images of the Earth’s surface and objects on it, regardless of meteorological conditions and the level of the
natural light of the area under observation. They include [15]:

* the images in two polarisation modes: horizontal — horizontal (HH), horizontal — vertical (HV); each image
contains one object: a ship or an iceberg (fig. 4);

e incidence angle;

* data set: 1604 images with the size 75 x 75.

Data set was divided into 80 % training part and 20 % test part, so we use 1283 samples for training ENN.

Additionally, experiments were carried out on an extended data set. A simple augmentation technique was
used for this: horizontal flip, vertical flip, 90-degree clockwise rotation, horizontal flip and vertical flip for the
rotated image. In this case, we have 7698 samples for training.

a
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Fig. 4. Sample images: a — ship; b — iceberg

Training part was used for cross validated grid search, and test part was used for evaluation.

The task is to identify objects of two classes: an iceberg or a ship, which is essentially a binary classification task.

Efficiency in the classification problem can be assessed using accuracy — this is a basic measure that shows
the proportion of correct model responses. For the binary classification problem, when the model derives the
class probabilities, the logarithmic loss (logloss) function is used:

L==7 3 {og(5) (1= oe(1 - 5,

i=

where . is a model response on the i object; y is a true class label on the i sample; / is the number of samples.
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The minimisation of L can be represented as the task of maximising accuracy by a penalty for incorrect
predictions. However, it should be noted that L is heavily penalised for the classifier’s confidence in the wrong
answer. Therefore, an error on one object can give a significant increase in the total error. Such samples are
often outliers, which must be filtered or treated separately.

Based on the analysis of the initial data, the following baseline CNN is proposed (network parameters were
chosen empirically):

*size of the input layer: 75 x 75 x 3;

* 2D convolutional layer 1 consists of 64 kernels with size 3 X 3, the activation function is rectified linear
unit (ReLU);

* pooling layer with 2D max pooling and pool size of 2 x 2;

* dropout with probability 0.3;

* 2D convolutional layer 2: 128 kernels with size 3 x 3, RELU;

* 2D max pooling 2 x 2;

* dropout with probability 0.3;

* 2D convolutional layer 3: 128 kernels with size 3 x 3, RELU;

* 2D max pooling 2 x 2;

* dropout with probability 0.3;

* 2D convolutional layer 4: 64 kernels with size 3 x 3, RELU;

* 2D max pooling 2 x 2;

* dropout with probability 0.3;

« fully connected layer of 1024 neurons, RELU;

* dropout with probability 0.5;

» fully connected layer of 512 neurons, RELU;

* dropout with probability 0.5;

* the output fully connected layer of two outputs with a softmax activation function.

The CNN accepts a pseudo image in which the first image channel is represented by the HH channel of
the original data, the second channel is represented by the HV image channel, and the third image channel is
represented by their composition in form of a normalised sum.

The CNN training is performed using the Adam stochastic gradient algorithm [16]. Cross-validation is per-
formed for £ = 5. Each model was trained for 60 epochs. The batch size is 32. Early stopping procedure [23]
was used with patience equal to 10. Starting learning rate parameter was 1e-4. It was reduced by factor equal
to 0.5 based on «reduce LR on Plateau» [24] algorithm with the patience equal to 7 (the patience means the
number of epochs with no improvement after which the learning rate begins to reduce). Finally, the ensemble
of five CNN models was formed.

In addition to the proposed ENN, single models and ensembles based on them were considered using the
following widely used architectures: VGG16 [17], ResNet50 [19], EfficientNet-B0 [20], Xception [18], Mo-
bileNet-v2 [22], DenseNet-121 [21]. To build the ensemble base model convolutional layers were taken from
each model and three fully connected layers were added.

During the experiments, architectures with a small number of weights were selected, since the input data
has a low dimension and a low detail. The ensembles of the best models from all trained models were also
analysed.

For feature extraction, all input images were binarised using manually selected threshold. After this ope-
ration there was a mask for target objects on each image that presented any pseudo image. Also 61 features
extracted from the pseudo images:

« 10 moments of the 1" and 2™ order calculated for both HH and HV images that describe an object shape;

* global statistics (mean, maximum, minimum, variance for both HH and HV images);

« differences in global statistics (3 features for both HH and HV images);

* global statistics in the masked area (mean, maximum, minimum, variance, a sum for HH and HV images);

* local statistics (maximum local standard deviation, 6 maximum values differences, variance for both HH
and HV images);

e incidence angle.

Using this set of features, the ensemble of SVM models with a non-linear Gaussian kernel is trained, for
which the optimal parameters C (SVM hyperparameter) and y (Gaussian kernel parameter) of the model were
determined by random search. Also, the weighted ensemble of CNN and SVM models is formed. Additionally,
a hybrid CNN model is formed (see fig. 3) that combines the features extracted by convolutional layers and the
set of 61 manual features.

The result of the evaluation of these models is presented in table 1. The result of the evaluation of model
ensembles on augmented data is presented in table 2.
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Table 1
Model evaluation
on Statoil/C-CORE Iceberg Classifier without augmentation
Model | Logloss Accuracy Parameters
Five-fold cross validated
EfficientNet-BO 0.482 82.118 5886 621
ResNet50 0.392 86.044 26 211 201
Xception 0.471 86.667 23 484 969
VGGl16 0.599 61.246 15765313
MobileNet-v2 0.695 50.156 4 095 041
Baseline CNN 0.321 86.791 888 897
DenseNet-121 0.336 87.601 8612417
Five-fold ensemble
EfficientNet-BO 0.306 87.539 29 433 105
ResNet50 0.267 87.850 131 056 005
Xception 0.286 90.031 117 424 845
VGGl6 0.567 79.439 78 826 565
MobileNet-v2 0.695 50.156 20475 205
Baseline CNN 0.279 86.916 4 444 485
DenseNet-121 0.240 89.408 43 062 085
Top-5 model ensemble 0.227 91.277 75533421
Top-10 model ensemble 0.226 90.966 160 489 110
Weighted ensemble by loss
EfficientNet-BO 0.293 87.227 29433 105
ResNet50 0.272 87.227 131 056 005
Xception 0.279 90.343 117 424 845
VGGl6 0.454 81.308 78 826 565
MobileNet-v2 0.695 50.156 20475 205
Baseline CNN 0.279 87.227 4 444 485
DenseNet-121 0.252 89.408 43 062 085
Top-5 model ensemble 0.228 91.900 75533421
Top-10 model ensemble 0.221 92.211 160 489 110
SVM ensemble 0.303 86.292 7241
Top-5 CNN + SVM ensemble 0.227 92.523 75 540 662
Hybrid CNN 0.248 90.654 905 025
Table 2
Model evaluation
on Statoil/C-CORE Iceberg Classifier on augmented data
Model Logloss Accuracy Parameters
Five-fold cross validated
EfficientNet-BO 0.434 85.234 5 886 621
ResNet50 0.332 87.664 26 211 201
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Ending table 2

Model Logloss | Accuracy Parameters
Xception 0.381 87.850 23 484 969
VGG16 0.672 54.330 15765 313
MobileNet-v2 0.542 75.514 4 095 041
Baseline CNN 0.302 86.854 888 897
DenseNet-121 0.326 87.539 8612417

Five-fold ensemble

EfficientNet-BO 0.279 89.408 29433 105
ResNet50 0.249 89.097 131 056 005
Xception 0.256 90.966 117 424 845
VGG16 0.661 50.156 78 826 565
MobileNet-v2 0.366 87.227 20475 205
Baseline CNN 0.277 88.162 4 444 485
DenseNet-121 0.243 90.654 43 062 085
Top-5 model ensemble 0.243 90.966 90 405 973
Top-10 model ensemble 0.241 90.031 155490 078

Weighted ensemble by loss

EfficientNet-B0 0.277 89.408 29433 105
ResNet50 0.261 89.097 131 056 005
Xception 0.255 90.654 117 424 845
VGG16 0.596 70.405 78 826 565
MobileNet-v2 0.313 87.539 20475 205
Baseline CNN 0.269 87.539 4 444 485

DenseNet-121 0.244 90.343 43 062 085
Top-5 model ensemble 0.252 89.719 90 405 973
Top-10 model ensemble 0.245 90.343 155490 078

First of all, it should be noted that with the selected training parameters in the base data set, some models
could not find a solution (see VGG16 and MobileNet-v2 in table 1). For MobileNet-v2, the situation is im-
proved with a data set augmentation. The data set augmentation technique used for this task has increased the
accuracy of single models and an ensemble of models of the same architecture.

As can be seen, the complication of the model architecture gives a slight increase in accuracy. At the same
time, the number of weighting parameters of the model greatly is increased when using a more complex ar-
chitecture.

The weighted ensemble makes the possibility to improve the accuracy of some models on the base data set.
At the same time, on the extended data set, the accuracy of the ensemble either remained unchanged or slightly
is decreased. It can be said that weighting improves the overall accuracy of the ensemble in the case when it
can contain both too weak and strong models. Otherwise, when all models are about the same level, weighting
does not improve the classification.

The SVM ensemble, as a classical approach, has shown low accuracy for this task in comparison with
the ENNs. However, the ensemble of the CNN and the SVM models shows the highest accuracy on the test
data set.
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So, the combination of models of different architectures and training methods can significantly increase the
efficiency of classification. At the same time, the amount of consumed resources also increases accordingly.
For an ensemble of five models, the memory consumption is increased fivefold. And since the models learn in-
dependently, there is no way to use shared weights. Also, when each model is applied sequentially to the input
data, the inference time is increased fivefold. It makes sense to use the models with low memory consumption
in this case. Also, independent model training gives a possibility to produce parallel inference on the models
without increasing time.

Conclusion

The technique based on an ensemble of models for identifying objects of Earth remote sensing images was
proposed. It includes the following steps: preparing data, object feature extraction, creating base identification
models, optimising the model’s hyperparameters, construction of the ensemble, processing the data by the
ensemble.

The technique was applied to binary clastering of images obtained by synthetic aperture radar. Evaluation
of the proposed models on experimental data has showed that one of the effective ways to increase accuracy
in machine learning tasks is to form an ensemble of heterogeneous models trained on different sets of input
features.
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MeTpay, «Psaasl u uHTerpaibl ypbe», «DYHKIIMM KOMIUIEKCHOW mepeMeHHOo». M3mokeHne cooTBETCTBYET
nporpamme y4eOHOH JUCIIUIIITIHEIL.

VK 004.42:004.738.5(06)
Beo6-nporpammupoBanue u uHTepHeT-TexHOA0TUu WebConf2021 [DneKkTpoHHEIN pecypc] : MaTepuabl
5-it MexayHap. Hayd.-ipakT. KoH}. (MuHck, 18-21 mas 2021 ) / BI'Y ; [penxon.: Y. M. I'ankun (0TB. pen.) u ap. .
DJEeKTPOH. TeKCcTOBbIC 1aH. MuHck : BI'Y, 2021. 400 c. : ui., Tabn. bubmuorp. B Tekcte. Pexxum noctymna: https://
elib.bsu.by/handle/123456789/259432. 3aru. ¢ akpana. [len. B BI'Y 07.05.2021, Ne 005207052021.
[pencraBieHbl TE3UCHl U MaTEPHANBI JOKIAI0B S-if MeyHapoHOW HayYHO-TIPAKTHUECKON KoH(epeHInH
«Beb-nporpammupoBanue u naTepHeT-TexHoIornn WebConf202 1%, nmpoBoaumMoii kadenpoii BeO-TeXHOIOTHIH
Y KOMITBIOTEPHOTO MOJIEITMPOBAHNS MEXaHUKO-MaTeMaTH4YeCcKoro (hakymnbTeTa bermopycckoro rocy1apcTBeHHOTO
yHHBepcuTeTa. TeKCThI IPUBEICHBI B aBTOPCKOW peIaKIlny.
AnpecoBaHO MPENoAaBaTeisiM, CTyIEHTaM, aclIupaHTaM, pa3padoTYnKaM, 3aHUMAIOLIIMCS CO3ZITaHUEM U UC-
MOJTb30BaHUEM BEO-TIPHIIOKEHUI U MHTEPHET-TEXHOJIOTHHA.
E00
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VIK 517(075.8)+514.7(075.8)+512.623(075.8)

MaremaTu4ecKuii aHaau3. JiieMeHTHI TH(pdepeHunaabHoNi reomerpun. Teopus noJs. Teopusi pyHk-
UM KOMILIEKCHOMH MepeMeHHO# [DIIeKTpOHHBINA pecypc] : 3JeKTPOH. yueh.-MeTO/I. KOMIUIEKC IS CIell.:
1-31 04 02 «Pagnodusuka»; 1-31 04 03 «Dusnueckas snekTporuka»; 1-31 04 04 « A3poKOCMHUYECKHE PaUO-
3JIEKTPOHHBIC U HH(OPMAIIMOHHBIE CHCTEMBI M TexHoJoruu»; 1-31 03 07 «IIpuknaanas uadopmaruka (1o Ha-
MIpaBJICHMSIM )», HampaBieHue crer. 1-31 03 07-02 «IIpukmagnas uabpopMatuka (MHGOPMAITMOHHBIC TEXHO-
JIOTUHW TEIEKOMMYHHKAITMOHHBIX cucTeM)»; 1-98 01 01 «KoMmmbroTepHas 6€30macHOCTh (IO HAIPABICHUSIM)»,
Harpasienue crer. 1-98 01 01-02 «KomnbrorepHas 0e30macHOCTb (paanopu3ndecKie METOIbI M TPOTPaMMHO-
TexHuueckue cpeactsa)» / A. A. Eropos [u ap.] ; BI'Y. Dnekrpon. TekctoBbie naH. Munck : BI'Y, 2021. 175 c.
bubnuorp.: ¢. 173—174. Pexxum noctymna: https://elib.bsu.by/handle/123456789/261138. 3aru. ¢ sxpana. Jler.
B bBI'Y 08.06.2021, Ne 006408062021.

B snexrponnom yaedHO-MeTonnueckoM komrmiekce (OYMK) mo yuebnoi nucnuminHe « MaTemaTnye cKuid
aHanu3. JneMeHTs! nuddepernnansHoi reomeTpun. Teopus nmoms. Teopus GyHKIINN KOMITJIEKCHOHN ITepeMeH-
HOI» PUBOJATCS 0a30BbIE TIOHATHUS M KPAaTKHE TEOPETHUECKNE BBIKIIAJKH, TACTCS peIIeHHe OOIBIIOTO YUCia
TUTIOBBIX PUMEPOB U MpeJIaraeTcsi 3HaYNTETFHOE KOJTMYECTBO 33/1a4 C OTBETaMHU K HUM JIJISI CAMOCTOSATENb-
Horo pemenus. OYMK npeanasHader Ui CTy/ICHTOB U MPeToiaBaTeieil BRICIINX YIeOHBIX 3aBEICHUH.
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