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PACHIMPEHUA HESBAMBIKAEMBIX OIIEPATOPOB
N 3AAAYA YMHOXEHUSA PACITPEAEAEHUUN

A. b. AHTOHEBHY", Y. JOJTHIAHHH"

Y Benopyccruii 2ocyoapemeennwiii yuusepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, Benapyce
Y Hosu-ITazapckuii yuusepcumem, Byxa Kapaoscuua, 66, 36300, 2. Hoeu ITazap, Cepbus

[pemioxxeHbl KOHCTPYKIMU PACIIMPEHUH HE3aMBIKAEMBIX OIEPAaTOPOB M IPHBEICHBI NPHMEPHI NPHIOKEHUH STHX
KOHCTPYKIHiA. MICXOIHBIM 0GBEKTOM SIBIISIETCS OTOOpaKeHHE f, 3a/1aHHOe Ha MHOKecTBe D (f) < X, ipH 5TOM anprop-
HBIIl BBIOOP MHOXKECTBA X €CTh JAOMOJIHUTEIIBHOE UCKYCCTBEHHO BHECEHHOE orpaHndyeHre. OCHOBHAsS UJies HOCTPOCHUH
cBsizana ¢ Tem, uto D(f) MOKHO paccMaTpuBaTh Kak TIOIMHOKECTBO B HEKOTOPOM MHOKECTBE, Goree MHPOKOM, TeM
X, 1 Toraa o0NacTh ONPEACIICHUS] PACIIUPEHHS TAKXKe JICKUT B 3TOM OoJiee MIMPOKOM MHOXECTBE. YacTHBIM CilydaeMm
M3ydYaeMbIX BOTIPOCOB SIBIISCTCS 3a/adya YMHOKEHHS pacrpenefeHuid (0000MEeHHBIX (QYHKINI), s peIIeHIsT KOTOPO
BBOZATCS TaK Ha3bIBaeMble HOBBIE 0000mIeHHbIe (GyHKIMH. [loKa3aHo, YTO CIOKHOCTB 3TOH 3a/1a4M ONpenesseTcs Hesa-
MBIKAEMOCTBIO HCXOIHOU OTEPAIUH U YTO MOCTPOCHUE HOBBIX 0000IIEHHBIX (DYHKIIHI Oa3UpPyeTCs Ha TEX KE HICSX, UYTO

" NMOCTPOCHUC pacmnpeHI/Iﬁ HE3aMbIKaCMbIX OIICPATOPOB.

Knrouegvie cnoga: pacmmpeHue oneparopa; 3aMKHYTHIH OIlepaTop; yMHOXKEHHE pacTpeaeIeHIH.
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Real, Complex and Functional Analysis

EXTENSIONS OF NONCLOSABLE OPERATORS
AND MULTIPLICATION OF DISTRIBUTIONS

A. B. ANTONEVICH®, C. DOLICANIN®

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus
®State University of Novi Pazar, Vuka Karadzica, bb, Novi Pazar 36300, Serbia

Corresponding author: A. B. Antonevich (antonevich@bsu.by)

In the paper some new constructions of extensions of nonclosable operators is proposed and several examples of ap-
plications are given. One of particular cases of the problem under consideration is the question on multiplication of distri-
butions, a solution to which can be given by introduction of the so-called new generalized functions. It was demonstrated
that the main obstacle for multiplication of distributions is nonclosablility of classical multiplication and the construction
of new generalized functions is based on the ideas similar to that used under construction of the extension of nonclosable
operators.

Keywords: extension of operator; closed operator; multiplication of distributions.

BBenenune

g nuHelHOTO omeparopa HanboJee eCTeCTBEHHBIM PACIIMPEHHEM SIBIISETCS TaK HAa3bIBAeMOE 3aMBbIKa-
HUE, HO OHO CYIIIECTBYET HE IS BCEX OTIepaTopoB. B cBs3u ¢ 3TM B [ 1] OBUT pacCMOTPEH BOIIPOC O TOM, KAKO1
onepamop Modxcem uepams poib 3aMbIKAHUA 6 Clyuae He3amblkaemoz2o onepamopa. B nanHoi pabore, KoTo-
pas ecTh manmpHelIee pazsutue [1], mpenoxkeHa HOBass KOHCTPYKITUS PaCIIHPEHUs TIPOU3BOIBHBIX OTOOpa-
JKeHHI, B TOM YMCJIe ¥ HE3aMbIKAEMBIX OIIEPaTOPOB, M MPHUBEACHBI IPUMEPHI TPUIIOKEHN 3TOW KOHCTPYKITHH.

OnHUM 13 YaCTHBIX CIIy4aeB MPOOJIEMBI pacIINPEHNsT OTOOpayKeHNH SIBIISIETCS 3a/1a4a YMHOXKEHHUST 00001IIeH-
HBIX QYyHKIMA (pacmpeneneHuii). B kiaccuueckoit Teopuu onpeaeseHo YMHOKEHHE PacIipeesIeHns TOIBKO Ha
IaKyI0 (QYHKITUIO U TIOKa3aHO, YTO HEBO3MOXKHO KOPPEKTHO 33/1aTh MPOM3BEICHUE TIPOU3BOIBHBIX PacIpe-
nenenuii [2]. BmecTe ¢ TeM B NMPHIOKEHUSIX BO3HUKAIOT YPaBHEHHS, B KOTOPHIE BXOAT NMPOW3BEACHHS pac-
TIpeJIeNIeH i, ¥ BOTIPOC O TOM, KaKOH CMBICII MOKHO TTPHUJIATh TAKUM IPOM3BEACHUSAM, TPOIOIIKAET MPUBIIEKATH
BHUMAaHHE MHOTHX CIICITHATICTOB (CM., Haripumep, [3—8]).

Pemenne 3amaun 00 YMHOKEHUHU pacTIpeIeICHUA 3aKitogaeTcs B cieayromeM. [1o 3aganaoMy mpocTpaH-
CTBY pacrpenieieHnii £ MoKeT OBITh TOCTPOSHA KOMMYTAaTHBHAS acCOIMaTUBHAS A QepeHanpHas aareopa
G(E ), AIIEMEHTHI KOTOPOH COXPaHSIOT YaCTh CBOMCTB paclpe/ie]IeHHd U Ha3bIBAIOTCS HOBbIMU 0000 eHHbIMU

@ynxyuamu i muemopynxyusmu. Takas aareOpa ecTb paclIMpeHre HCXOAHOTO MPOCTPaHCTBa K, mpu mo-
CTPOCHUH KOTOPOTO MPOUCXOIUT APOOICHUE DIIEMEHTOB 13 £ Ha Gosee Menkue (KaXaoMy IeMeHTy u u3 E co-

OTBETCTBYeT OOLIMPHOE CeMEICTBO aCCOLMMPOBAHHBIX C HUM 971eMeHTOB 13 G E)) 1 100aBIeHNE 2IEMEHTOB,

HE aCCOLMMPOBAHHBIX C TOUKAMH U3 E, T. €. KAYeCTBEHHO OTIMYAIOLINXCS OT PAaCpPEIeICHHM.

B pabote mokaszaHo, 4TO CII0KHOCTb 3a/1a4H PACIINPEHUS ONEPALlIi YMHOXXECHHUS Ha BCE MPOCTPAHCTBO pac-
NpeeIeHUI ONpeaesieTcs] He3aMbIKaeMOCTBIO HCXOIHOW ONEpaLuy U YTO TOCTPOCHUE allre0p MHEMO(YHK-
Uit 6a3upyeTcs Ha TeX JKe UIEsX, YTO U MOCTPOCHUE PACIIMPEHUN He3aMbIKAEMBIX OIIEPaTOPOB.

Eure ogHUM 4acThIM CilydaeM 3aJadd O PaclIMpPEHUHN OIIEPaTOPOB SBISIETCS BOIIPOC O MOCTPOSHHUHU OTepa-
TOpa B 3alaHHOM (DYHKLIHOHAJILHOM IIPOCTPAHCTBE, COOTBETCTBYIOLIETO (hopManibHOMY A depeHINaTbHOMY
BBIPAXKXEHHIO C 000011eHHbIMU KO3 GuLeHTaMu. OcOOEHHOCTD 3TOH 33134y 3aK/II0YAETCS B TOM, YTO CTPOUTCS
OIIepaTop, COOTBETCTBYIOMINH AN (HepeHIINaTIbHOMY BBIPAXKEHHUIO B LIEJIOM, U IIPH 3TOM MOXET OBITh, UTO OT-
JeNbHbIC claraeMble He onpeaeeHsl. 1 KOHKpeTHBIX AuddepeHIranbHbIX BEIPaXEHUH ¢ 0000IEHHBIMU
ko3 pulMeHTaMu Takue paciIupeHus pacCMaTPUBAIIUCh, HanpuMmep, B [9; 10].

3aMbIkaHue JUHEIHOT0 oneparopa

VYMHOXKEHHE Ha 33/IaHHOE PACIpeeICHUE # eCTh JIMHEWHBII OIepaTop B MPOCTPAHCTBE pacIpeiesICHUI
D'(R), OTpe/IeNICHHBIH Ha BCIOAY IJIOTHOM MoAnpocTpancTse C™ (R), cocrosiieM u3 rankux Gynkuumit [11].

[ToaTomy 3aada 0 3aAaHNM POU3BENICHUS LU JIJISl pACTIpEICTICHUN U, HE SIBISIOMINXCS TIAAKUMU (DyHKIHSIMHA,
€CTh YaCTHBIN CITydal KJIaCCHYEeCKOW 3a7adi (PyHKIIMOHAILHOTO aHaJINu3a O TIOCTPOSCHUN pacIIupeHuid (Tipo-
TIOJDKSHH) OTIepaTopoB. Y HEOTPaHWYEHHOTO JIMHEHHOIO OrepaTropa, OMpeeIeHHOTO Ha BCIOAY TUIOTHOM
HOANpocTpaHcTBe X, € X B 0aHAXOBOM NPOCTPAaHCTBE X U JEHCTBYIOIIEro B 0aHaXOBO MPOCTPAHCTBO Y,

7
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CYILLIECTBYET MHOTI'O PA3JIMUHBIX MPOIOJIKEHUH, U BCE OHM — HEOTPAaHUYEHHBIE ONEpaTopel. Beiaensercs ciy-
Yaii, KOTrJla CyIEeCTBYET «XOPOILEee» PACIIUPEHUE, 2 UMCHHO SIBIIIONIEECS 3aMKHYTBIM OIIEPATOPOM.

Hamomuaum, yTo MMHEHHBIN onepaTtop A, onpeneaeHHbIA Ha BCIOY INIOTHOM MOANPOCTPAHCTBE D(A) B Oa-
HAXOBOM IPOCTPAHCTBE X, HA3BIBACTCS 3AMKHYMbIM, €CIH IS IOCIEA0BATENBHOCTH ToUeK X, € D(A) u3 Toro,
4yro X, = x€ X u Ax, = y €Y, cnenyer, 4ro x € D(A) nAx=y.

Jist kaxzaoro x € X cylecTByeT MHOIO IOC/IeA0BaTesIbHOCTeH X, € X, Ul KOTOPBIX X, —> X, HO IIPU 3TOM
[IOCJIEIOBATENBHOCTD AX, MOXET He cxoauThesi. O003HaunM uepes X, MHOKECTBO TaKUX X € X, UTO UMEETCsl
XOTsI OBl OJJHA MOCJIENOBATENBHOCTD X, € X Takas, 4To X, —> X, U IPU TOM IIOCIIEI0BATEILHOCTD AX, TaKKe

cxogutcs. C MOMOIIBIO 3TOHM MOCIEI0BAaTEIPHOCTH KAXKETCS €CTECTBEHHBIM 33/1aTh 3HAYSHNE MCKOMOTO pac-
HIMpeHus B Touke x € X, Ghopmyinoi

X,3x— limAx, eY. (1)

n—> oo

OnHaxo B 00111eM cilydae JaHHOE OIIpeeSICHHE HEKOPPEKTHO, TaK Kak IpaBasi 4acTh (1) MOKeT 3aBUCETH OT
BBIOOpA MOCIIE0BaTEILHOCTH X,. Oneparop, y KOTOPOro npezes He 3aBUCUT OT TaKOro BbIOOpa, Ha3bIBACTCS 3a-
Mmoikaembim. CBOMCTBO 3aMBIKa€MOCTH OIlepaTopa 00bIYHO (GOPMYIUPYETCsl KaK yCI0BHE: U3 TOTr0, 4To X, —> 0
u cylecTByeT lim Ax, = y, cienyet, uto y = 0. IIpu BemmonHennu s1oro yciaosus Gopmyna (1) 3anaer 3aMkHy-

n— oo

TBII OllepaTop A ¢ obmacTeio OIIPENEICHUS D(Z) = X ,, Ha3pIBaeMBblil 3ambikanuem oneparopa A.
Mpumep 1. [ycts X =L,[0,1], Y =L,[0,1] ® C. Paccmorpum oneparop A ¢ 061acTbiO ONpeneTeHHs
D(4)=X,=C"[0,1] < L,[0, 1], neiicTByrommii B ¥ 110 Gpopmyne Au = (u', u(0)). Bneck 3az1a4a 0 HAXOKACHUH

pelleHus ypaBHeHus Au = ( f,C ) €CTh BBIPOKICHHBIN cityuait 3ajaun Komu:

u'(t)= f(t), u(O) =C. 2)
HeoOXxommMocCTh pacimmpeHns oreparopa cBsi3aHa ¢ TeM, 4TO IPU 3aAaHHOM 00IacTh onpeneneHus 3a1a-
4a (2) pazpemrmMa ToJIbKO IJIsl HeNpephIBHBIX f. UTOOBI paciInpuTh MHOKECTBO TeX [ € LI[O, 1], JUTS KOTOPBIX
CYILECTBYET PeIICHNE, Ha 10 IIPOIOJDKUTE OIepaTop Ha 0osee MIMPOKYI0 00IacTh ONpeIeIICHNUS.
PaccmaTpuBaeMElii omepatop 4 3aMblkaeM, 00IaCTh ONpPEIeICH s 3aMbIKaHus A eCTh MOMIPOCTPAHCTBO
Wll[O, 1], cocrosiiee U3 PyHKIUH, IPEICTABUMBIX B BHJIC

X

u(x) = u(O) + _[y(s)ds, yE LI[O, 1].
0
ITpu TakoM TpeIcTaBIeHUH (PYHKITHS ) HA3BIBAETCS CUILHOL NPOU360OHOI T 3aMBIKAHUE JIEUCTBYET TI0 (op-
Myne Au = (u', u(O)), rjie u’ eCTh CHIbHAS MTPOU3BOIHAS.
[Tose3HOCTh yKa3aHHOW KOHCTPYKIIUH MOATBEPIKIAACTCS CIACAYIOIINM YTBEPIKICHUEM.
Mpenaoxenne. 3adava Kowu Au = ( f,C ) umeem, u NPUMOM eOUHCMBEHHOE, peuterue 071 AH00U (yHK-

yuu fe LI[O, 1] u moboeo C, m. e. y onepamopa A cywecmeyem o2paHudeHHblll 0OPAMHbIL, ONpedeleHHbll

Ha ecem LI[O, 1] ® C u deticmsyrowuii no ghopmyne

X

A(f, C)=C+ [ f(s)ds. 3)

0

Taxum 00pazom, ocobast poiib 3aMbIKaHMS B IPUMEpE | MPOSIBIISIETCS B TOM, UTO MIPH PACILIMPEHUH OIlepaTo-
pa A Ha TOANIPOCTPAHCTBO MEHBIIIEE, YEM WII[O, 1], HE BBITTOJIHEHO YTBEP)KJIEHUE O CYIIECTBOBAaHUH PEIICHUS
sanaun Komm s moGoro f € L, [0, 1], a npu paciumpenun oneparopa Ha MOANPOCTPAHCTBO GOJIEE IMPOKOE,

yem ' [0, 1], napywaetcs eMHCTBEHHOCTE pelenus 3a1adn Komm.

Pacmimpennst oTo0paskeHui M paccj0eHHus

CraenaeM HECKOJNBKO 3aMEUaHUi 00IIEero xapakrepa O paclIMpeHHsX oToOpaskeHU. OOBIYHO TOBOPSIT,
9TO f €CTh 0TOOpakKeHHEe M3 MHOXKeCTBa X B MHOXKECTBO Y, ONpeAesIeHHOEe Ha TOAMHOKECTBE D( f ) c X,

eciu KaKIoMy 9eMeHTy X € D(f) moCTaBIeH B COOTBETCTBUE POBHO 0auH d1eMeHT f(x) €Y. Ilpu aTom
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npooondicenuem (pacuiupenuem) f Ha3pIBAIOT OTOOpaXeHUE F, ompeneeHHOe Ha TTOIMHOKECTBE D(F ) cC X,
conepxamem D( f) takoe, uto F(x)= f(x) as x € D(f).

OcHoBHas uzes NPUBEICHHBIX HIDKE IIOCTPOCHUH CBs3aHa C TEM, YTO UCXOAHBIM OOBEKTOM SIBIISIETCS OTO-
OpakeHHe f, ONpEeJICICHHOE TOJILKO Ha D( f ) C X, ipu 3TOM anpHoOpHBIA BEIOOP MHOXKECTBAa X €CTh JIOTIOJI-

HUTEJIBLHOE HCKYCCTBEHHO BHECEHHOE OrpaHUYeHue. 3a1aHHYI0 001aCTh ONpeaesieHHs MOKHO pacCMaTpUBATh
KaK [OZIMHOKECTBO HE B X, a B 0oJiee INPOKOM MHOXKECTBE, KOTOPOMY OyZIeT pUHAAJIeKaTh U 00J1acThb OIpe-
nenenus paciupenus. Takoe 0oJee MUPOKOe MHOXKECTBO €CTECTBEHHO BO3HHUKAET, €CJIM UCXOAUTH U3 ONpee-
JICHUs1 OTOOpaskeHHUs1, UCIIOIb3YEeMOT0, Harpumep, B [12].

Ommnowenuem medxncoy mHodcecmeamu X u Y HazpIBaeTCs JIF000€ MOIAMHOKECTBO G U3 JIeKapTOBa POMU3BE-
nennst X X Y. Ero o0macTsb onpenenenus D(G) ectb npoekius G Ha X. OTHOIECHUE (DYHKYUOHATLHO NO X, €CITA
M3 TOT'O, YTO (x, J’1) eq, (x, yz) € G, chenyer, uto y, = ,.

Omobpadicenuem n3 X B Y Ha3pIBaeTcs oTHOIEHUE G C X X Y, pyHKIIMOHAIRHOE 110 X. MHAYe roBopsi, 0To-
OpakeHHE OTOKICCTBISICTCS C €T0 TPAPUKOM IIPH OOBITHOM ITOHSATHH OTOOpaKeHHS, T. €.

G=G(f)={(x,f(x)):xeD(f)}chY.

Taxast Touka 3peHHs OTpaBIaHa TeM, YTO JAHHOE OMPEACIICHUE IPUIAET TOYHBIN TEOPETHKO-MHOKECTBEHHBII
CMBICH BBIPAKEHHIO «TIOCTABJIEH B COOTBETCTBHEY.
YenoBre (PyHKIIMOHATBHOCTH IO X O3HAYAET, YTO MIPOSKTUPOBAHHE p (x, y) — x Ha X yCTaHaBIMBaeT OMeK-

o Mexay G u D(G) = D( f), n03BONSIOIIYIO OTOKIECTBUTH 9TH MHOKECTBA. [10CIe Takoro 0ToXaeCTBIIE-
HUsL 0OMIACTBIO ONPE/ENEHNs] MOKHO CHATATh caMo MHOkecTBo G( f), n Torna Ha G( f) meiicTBue oTo6paske-

HUA f 3a7aeTCs KaK MPOEKTUPOBAHNE HA BTOPYIO KoopauHaty: f :(x, y) — y. IIpeacrasnenne oTo6paKeHus
B TaKOM BHUjIe Oy/IeM Ha3bIBATh €T0 HOPMAIbHOLU (OPMOLL.
Ecnu a7t 3agaHHOrO 0TOOpaXkeHHs f OAMHOXKECTBO (T. €. oTHomeHue) G, € X XY comepxur G( f ) uf,

JeHCTBYET KaK IPOSKTHPOBAHKUE Ha BTOPYIO KoopauHary Ha G, TO f, €CTh paclIMpeHHe HCXOHOTO 0ToOpasKe-
HUS f, 3aIaHHOTO B HOPMaJIbHOM (hopMme.
Ecan X'n Y — Tononornyeckue IMpOCTPAHCTBA, TO HaI/IGOHee C€CTCCTBCHHBIM 1 KAHOHUYCCKHU ONIPCACIICHHBIM

SIBIISICTCS IPOLOJDKEHUE Ha 3aMbikarue G ( f).
Omnpenenenue 1. 3amvikanuem omobdpasicenus f, NIERCTBYIOMIETO W3 TOIOJIOTHIYECKOTO MPOCTPAaHCTBA X
B TOIOJIOTHYECKOE MPOCTPAHCTBO Y, OyeM Ha3blBaTh OTOOpaXKEHHUE f, ONMPENCICHHOE Ha MOJIMHOXKECTBE

G( f ) C X XY n geiicTByrolee Kak MPOEKTUPOBAHUE HA BTOPYHO KOOPJAUHATY.

Jist omucaHusi BOSHUKAIOIINX COOTHOIICHUH YIOOHO MCIIOIb30BaTh TEPMHUHOJIOTHIO U3 TEOPUU PACCIIOCH-
HBIX MpocTpaHcTs [13].

Tpoiika (E, B, p), rine £ u B ecTb 3aJlaHHbIE TOIIOJIOTHYECKUE IIPOCTPAHCTBA, p : £ — B — CIOpBEKTUBHOE
HENpEephIBHOE 0TOOpAKEHHUE, HA3bIBACTCS paccioeHuem ¢ IPOCTPAHCTBOM pacciioeHus £, 6a30ii B u npoex-
uei p.

[oamHOXKeCTBO p ' (b) c E nasbiBaercs croem nao mouxoti b u o6o3naugaercs E,. [Ipu aToM npoctpanctso £
NpENCTABISETCS B BUJIE OOBEIMHEHNS HEePECEKatOIUXCs CoeB. bynem roBopHuTh, 4TO TOUKU M3 CJOsl Haj b
accoyuuposanwi c b.

Ceuenuem paccnoenus Ha3biBaeTcsa oToOpakenue S : B — E, npaBoe o0paTHOE K IPOEKIHH, T. €. TAKOE, 4TO

p(S(x)) = x JUIs BCeX x € B.

Brinensiercs ciryyaid, Koraa JUist KayJI0To CIIosi CYIIECTBYET FOMEOMOP(HHU3M C HEKOTOPHIM MPOCTPAHCTBOM F/,
KOTOPOE HA3BIBAIOT MUNo6biM c1oem. Taknux roMeoMoppru3MOB MHOTO, TIPHYEM OOBIYHO CPEIM HUX HET KaHOHH-
YeCKH 33JJaHHOTO.

Paccroenune OyaeM Ha3blBaTh GeKMOPHLIM, €CIIM TUIIOBOH CIOH F SIBISICTCS BEKTOPHBIM IMPOCTPAHCTBOM
(cranmapTHOE ompeselieHHe BEKTOPHOIO PacciIoeHUs TpeOyeT BBIMOTHEHHS psiaa JOMOTHUTEIBHBIX YCIIO-
Buii [13], HO B paccMaTprBaeMbIX HIKE BOIPOCAX CYIIECTBEHHO TOJIBKO YKa3aHHOE CBOMCTBO).

Hcnonp3yeM 3Ty TEpPMUHOJIOTHIO B ciaydae, Korga G < X X Y — npou3BOIbHOE OTHOLIEHHE MEXTY TOIOJIO-
THYECKUMH MTPOCTpaHCTBaMU. Toraa oToOpaskeHue p, AEUCTBYIOIee KaK MPOCKTUpoBaHue Ha X, 3a1aeT Ha G

cTpyKTypy paccinoetus Hax D(G)= p(G), mpu KOTOPOM €104 MOTYT ObITh PasHOH CTPYKTYpbl. C 9TOi TOUKH

3pennst rpaduk orodpaxenus G ( f ) €CThb PacciIOEHUE, B KOTOPOM KaXKIbIi CIIOM COCTOUT POBHO U3 OJHOM TOUKH,
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a 00macTh OIIpCaACIICHUA G(f) HCJIB3 OTOXACCTBUTH C NOAMHOXKCECTBOM HCXOAHOI'O0 MPOCTPAHCTBA X, TaxKk

Kak, €CJIM 3aMbIKaHHUEC rpa(bm(a G(f) paccMaTrpuBaTh KaK pacCJIOCHNUE, MOT'YT BOBHUKHYTL CJIOU, COACPIKAIIINC

HECKOJIbKO Pa3JIMYHbIX TOYCK. B »ToM 3akmrouaeTcs MPUHIOUIIAATIBHOC OTIIMYKUEC MPOAOJIKCHUA OTO6pa)KCHI/I$I
B CMBICJIC OIIPECACIICHUA 1 OT KJ1aCCUYECKOrO.

MMpumep 2. [Tycth KOMIUIEKCHO3HAYHAS (QYHKIINA f OTIpesieiieHa Ha OTPe3Ke [—1, 1], HerpepbIBHA TIph X # 0,
a B Touke () HempepbIBHA CJIeBa U CYIIECTBYET MPE/Ieli crpasa | (+0). B sTOM nprmMepe 3aMbIkaHUEM f B CMbIC-

ne omnpenenenus 1 susercs orobpaxenne f : G(f) — C, neiicTytoliee Kak NPOSKTUPOBAHIE HA BIOPYIO

KOOpJIMHATy B [—1, 1] x C. Ecn f (+O) =f (O), 10 3ambikanne G (f ) rpaduxa G( f ) MOJy4yaeTcs IPUCOEH-
HEHHMEM K rpapuKy TOUKH (O, f (+0)). OTO MHOXECTBO, KaK OTHOIIIEHUE Ha [—1, 1] x C, ne sBusiercst pyHKINO-
HaJbHBIM 110 X. Eciiu ero paccMaTpuBarh Kak paccIOCHHUE HaJl [—1, 1], TO CJIOM HaJ TOYKOM 0 COCTOUT U3 ABYX
TOYeK: (0, £(0)) u (0, £(+0)). 3nec nposBaseTes sdbexr apobnennus: nepexon ot [—1, 1] k pacumpenHoit

obmactu OIpeACIICHUA G(f) 3aKJIIOYacTCA B TOM, YTO TOYKa 0 pacrnagacTcsa Ha ABC TOYKH.

PaccmarpuBas mpumep 2, MOKHO OTMETHTD, YTO OAHO U3 PEIISHUH BOIpOca O pacIIupeHuH 001acTh onpe-
JIeJICHUS] YUCIIOBBIX (DYHKIIMI COIEPIKUTCSl B TeopuH [ enbdanaa KOMMYyTaTHBHBIX OaHaXOBBIX aireop [14]
U B psijie CllydaeB Mepexol] K 3aMbIKaHUI0 QYHKIIMH B CMBICIIE ONpe/esieHus | CoBMaaaeT ¢ pacumpenueM o00-
JIACTH OTIpE/IeTICHHsI, TOCTPOCHHBIM B TeopuH | enbdanna.

[TockonbKy Hac B MEPBYIO OYepeIb HHTEPECYIOT PACIIUPEHUS INHEHHBIX OMIepaTopoB, OTMETUM crienn(u-
Ky 9TOTO CiTyd4asi, KOoTJia pacCMaTpuBaeMble MMOIMHOXKeCTBa £ B psimoii cymme X @ Y 0aHaXOBBIX IPOCTPAHCTB

SIBIISIFOTCSL BEKTOPHBIMHE TIOATIPOCTpaHCTBaMu. Torma 0asa paccioeHust B = p(E ) = D(E ) TaKKe SIBJISICTCS BEK-
TOPHBIM MPOCTPAHCTBOM. KpoMe Toro, mpH IpoeKTHPOBAHNH Ha EPBYIO KOOPIAMHATY CIOH p~' (O) = {(0, y) € G}
HaJ Toukoi 0 € X ecTh BEeKTOpHOE NOANPOCTPAHCTBO B X @ Y, KOTOpO€e €CTeCTBEHHO BKJIAIbIBACTCS B Y C MO-
MOILIBIO IPOEKTHPOBAHNS Ha BTopy1o koopuary. Ecin b0, 1o cioit p™' (b) = {(b, v) € E } ne smnsieres Bexrop-

HBIM IIPOCTPAHCTBOM, HO €CITH BBIOPATh TOUKY (b, yo) € p’l(b), TO OTOOpaKEHHE p’l(b) E} (b, y) - (0, y - yo)

€CTh OMEKIHsI C BEKTOPHBIM ITPOCTPAHCTBOM p’l(O), [IO3BOJISIFOLIAS 3a/1aTh HA pil(b) CTPYKTYPY BEKTOPHOTO
MIpOCTpaHCTBA. TeM caMbIM MTOJy4aeM, 4TO IPOEKTUPOBAHKE HA TIEPBYIO KOOPAMHATY 3a/1a€T Ha MOIIPOCTPAH-
cTBe E CTPYKTYpY BEKTOPHOTO PACCIIOEHHS C THIIOBBIM cjioeM F = p™' (O) IIpn 3TOM OHIEKIINS C TUTIOBBIM CIIOEM

HE 3a/1a€TCsl KAHOHUYECKH, U TIO3TOMY UMEHHO IIOHSTHE BEKTOPHOI'O PacCIIOCHHS a[IeKBaTHO ONMCHIBACT B3aUMO-
OTHOILIEHUE MEXAY BEKTOPHBIM MOANPOCTpaHcTBOM E 13 X @ Y u ero npoekuueii 5.

3aMbliKaHue He3aMbIKAeMOT0 omepartropa

[epeiineM Kk OCHOBHOMY OOBEKTYy MCCIIEIOBaHHS B JAaHHON paboTe — MOCTPOSHHIO PACIIHMPEHU He3aMBblI-
KaeMBbIX oreparopoB. OfHa U3 KOHCTPYKIUH pacHIMPEHHsI, KOTOPOE MOXKET UTPaTh POJIb 3aMBIKaHUS B CIIydae
HE3aMBIKaeMOT0 oTiepaTopa, Obita pemiokeHa B [1]. OHa 1o cymecTBy yiKe COAEPIKUTCS B KOHCTPYKITUH KIlac-
CHUYECKOTO 3aMBIKaHHsI, HO HECKOJIBKO OTIIMYAETCS OT IIPUBBIYHBIX PE3YIIETaTOB TEOPHH OIIEPATOPOB.

Ha nepBom 11are nocTpoeHusl 3aMbIKaHUsl pacCCMAaTPUBAETCs BEKTOPHOE IPOCTPaHCTBO G, COCTOSLIEE U3
[OCJIeI0BAaTENbHOCTEN X, € X, TAKUX, YTO X, CXOAUTCS B X U I10OCIIE0BATEILHOCTL 00pa30B Ax, cXxonuTcs B Y.
JIBe MocIe0BaTeNbHOCTH X, U X, Ha3bIBAIOTCS 9KBUBAJIEHTHBIMH, €CIH X, — X, = 0 n A(xn - in) — 0.

ITycts G, eCTh BEKTOPHOE IPOCTPAHCTBO, COCTOAIEE M3 KJIACCOB DKBUBAJIEHTHBIX IIOCIIEI0BATEILHOCTEN
u3 G,. Haue roBopst, €C/Ti BBECTH MOAMPOCTPAHCTBO

Ny={(x,) € G,:x, >0, 4x, > 0}, 4)

To G, 110 ONpeeIeHNI0 eCTh (pakTop-npocTpancTBo: G, = G,/N,,.
Ha npoctpanctee G, onpeneneH oneparop 4 : G, — Y, KOTOpBI CTaBUT B COOTBETCTBUE KJIACCY DKBHBA-
JIEHTHOCTH, COZIEpKalleMy IO0CIEI0BaTEIbHOCTS X, IPEIEll IOCIEI0BaTEIbHOCTU AX, :
G,3[(x,)] > lim 4x, e Y. (5)

n— oo
OTa 4acTb KOHCTPYKILHHU HE UCIIOJIB3YET 3aMBIKAEMOCTDh U IPUMECHUMA K J'HO6OMy HHHGP’IHOMY oreparopy,
4YTO IMO3BOJIACT ONPEACIUTD 3aMbIKAHUE OIl€paropa CICAYIOIUM 06pa30M.
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Onpepnenenne 2. 3amvixanuem onepamopa A ¢ 061acTbio onpeneneHus X, X OyJeM Ha3bpIBaTh ONEpaTop
A, onpezeneHHbli Ha mocTpoeHHOM (akTop-npocTpancTBe G, = G,/N, u aeiicTByromuii o dpopmyie (5).
HpI/I AHAJIN3¢C BBCACHHOI'O OIIPEACIICHUSA 3aMbIKaHUA OIl€paropa 6y,[[eM HCXOIUTH U3 TEOMETPUICCKOI'O CMBIC-
JIa OTIMCaHHOM KOHCTPYKIUH. [ToKa)keM, 4To 3TO YaCTHBIN cirydail o01ero onpeneneHus 1.
Ilyctp
G(A) = {(x, Ax) 1X€ D(A)} cCX®Y

ects rpaduk omeparopa. Torma G, ecTb MHOXKECTBO BCEX JEXKAIUX B G(A) nocnenosarenbHocTel Komm

B cMbIciie HOpMbI u3 X @ Y, a mpocrpancTBo G, ecTh NOIOJIHEHUE Tpaduka G(A) 7 B CHJTy TIOTHOTHI X @ Y

€CTh €r0 3aMbIKAHHE G(A). IIpu aTOM onmeparop A neiicreyer u3z G, = G(A) B Y Kak IIPOEKTUPOBAHUE HA BTO-
PYIO KOOpIUHATY.

IIpoexuus noanpocTpaHcTBa G(A) Ha X ecTb BBEJICHHOE PaHee NOANPOCTPAHCTBO X ,. YCIOBUE 3aMBbIKae-
MOCTH OIIEPATOpa SKBUBAIEHTHO TOMY, YTO MOAIPOCTPAHCTBO G(A) Cc X @Y ecTp nMuHEHHOE OTHOIICHHE,
(YHKIMOHAJIBHOE 110 X, T. €. SIBIsIeTCA Ipa)uKOM HEKOTOPOTO OIEpaTropa, U SKBUBAJECHTHO YCJIOBHIO, YTO

MIPOEKTUPOBAHUE G(A) Ha X SIBIISIETCSI UHBEKTUBHBIM OTOOpasKeHHEM. DTO MO3BOJISIET, KAK U AJISl IPOU3BOITb-

HBIX 0TOOPaKEHHH, OTOKACCTBUTD TOUKY U3 G(A) C €ro MepBOH MPOEKIUEH, TIOCIIE YEro NOIydYaeM KIaccuie-
CKO€ 3aMBIKaHHE — OIIEPaTOP, ONPEIEICHHBIN Ha IOANPOCTpaHCcTBe X, B X. _

B ciay4ae He3aMbIKaeMOTo omeparopa NPOEKTUPOBAHKE p TIOANIPOCTPAHCTBA (A) Ha MEPBYIO KOOPIAMHATY
He SIBJIAETCS MHBEKTUBHBIM, TaK KaK MONPOCTPaHcTBO M, = p~' (0) OTJIMYHO OT HYJIEeBOro. byneM Ha3bIBaTh

€ro Mepoli He3amblkaemocmu oneparopa A. ITo MOANPOCTPAHCTBO COCTOUT U3 KJIACCOB HKBUBAJIEHTHBIX IO-
CIIE/IOBAaTENILHOCTEN X, € X, TakuXx, 4ro x, — 0, Ax, — y.

Taxum 00pa3om, IPOCTPAHCTBO G(A) UMEET CTPYKTYPY BEKTOPHOTO PacCIOCHHA Hal X, C THIIOBBIM CIIOEM

F'=M, u pacnanaercs Ha CJIOH (GA )x = p‘I (x) Bynem roBoputs, uto 3nemMeHT g € G accoyuuposat ¢ x, €Ciu
g TIPUHAUIEXKHUT ciIoko G.. ~

Eciu nocnenosarenbHOCTb X, U3 G, CXOMUTCA K HyII0 B X, TO €€ (M COOTBETCTBYIOIUI KiIacC SKBUBAJICHT-
HOCTHU U3 (G) €CTECTBEHHO HA3BIBATH DECKOHEUHO MAbIM dlleMeHmom. B 9TO TepMUHOJIOTHY B CIy4ae 3aMbl-
KaeMoro oreparopa OECKOHEYHO MaJIbIM SIBJISICTCS TOJBKO HYJICBOM AJIEMEHT, a B CJIydae He3aMbIKaeMOro A
CYILECTBYET HEHYJIEBOE MOANPOCTPAHCTBO M, cOCToAIIee U3 OECKOHEUHO MaJbIX.

Kak nokasaHo Bblllle, pa3HOCTb JIBYX JIEMEHTOB U3 CJIOS HaJ 3aJaHHOH TOukod x € X, sBisercs Oecko-
HEYHO MaJbIM JIEMEHTOM, B YaCTHOCTHU €CIIU 33J1aTh OJWH AJIEMEHT g U3 ITOTO CJOs, TO CIONH COCTOUT U3
9JIEMEHTOB BUA g + A, r1ie h — 6eckoHeUHO Mablil aneMeHT. Ecnu x € X[, To 371eMeHT U3 ClI0sS MOXKHO 33/1aTh
KaHOHUYECKHU, TIOCTABUB B COOTBETCTBUE TOUKE X KJIACC, COACPIKAIIMMA CTAMOHAPHYIO TIOCICOBATEILHOCTh
x,=x € X,. Tem cambiM X BKI1aabiBaeTcs B G,, a 00pa3oM IIpU 3TOM BIIOXKEHUHU SBIISETCS IPpadHK UCXOTHOTO

oneparopa G(A), n nelicTBre A Ha HeM COBIAZAET ¢ AeHCTBHEM A.
CrnenoBarenbHO, 4 €CTh YacTHBIN Cilydail pacIIupeHust OTOOpasKeHUsl B CMBICIIE OmpenesieHust 1: cHayana
A nipencTaBisieTcs B HOpMalibHOU opMe, Kak orieparop ¢ 001aCThIO OTpeIeICHHsI G(A) c X @Y, neiicTByto-

IIMH KaK IPOSKTUPOBAHKE HA BTOPOUM COMHOKHUTENb, a PACITUPCHHE A OTIpeNieIeHO Ha G(A) Y TakXKe JIeUCT-
BYET KaK MPOSKTUPOBAHKE HA BTOPOH COMHOKUTEb.

ITosicHuM, B KaKOM CMBICIIC TIOCTPOCHHBIN OTIepaTOp SBJICTCS 3aMKHYTHIM, TaK KaK K HEMY HEITPUMEHUMO
KJIACCHYECKOE OTIpEIeTICHHE.

Jlemma 1. Jlunetinoiii onepamop, onpedeneHuvlii Ha 8Ciody NIOMHOM NOONPOCMPAHCMEe D(B) 6 banaxo-
6om npocmparcmee X u Oetlcmayouuil 8 6aHax080 NPOCMPAHCMBO Y, 3aMKHYmM mo20d U moibKo mo2d, Ko20d

e2o obnacme onpeaeﬂesz D(B) ABAENCA NOJIHbIM NPOCMPAHCNIEOM OMHOCUNIENTIbHO HOPMbl epaqbum
el =l + 1B -

JlokazaTenbCTBO CilelyeT HEeMOCPEACTBEHHO U3 ONPEICIECHUN.
CormacHo nemme oreparop OyIeM Ha3bIBaTh 3AMKHYMbIM, €CIH €T0 00JacTb ONpeAeSeHHs SBISIEeTCS MMOJI-
HBIM MPOCTPAHCTBOM OTHOCHUTEILHO HOPMBI Tpaduka.

Y MOCTPOEHHOTO oreparopa A 06IacTh ONpPE/ENEHNs ECTh MOIHOE IPOCTPaHcTBO G (A), 1 9TOT oneparop
SIBJISIETCSI 3aMKHYTBIM B CMBICJIE BBEIEHHOTO OIIPECIICHHUSI.
TosicCHUM, B KAKOM CMBICIIE IIOCTPOEHHBIH oneparop paspsiseH. Touke g = (x, y) € G mocTaBuM B COOTBET-

ctBue uncno ¢(g)= ||x|| - B ciiyuae 3aMpIKaeMoro orneparopa 3To HopMa Ha G, KOTOpasi IepeXOUT B HOPMY
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Ha X, npu nuzomopdusme mexxay G u X, 3anaBaeMoM npoekuueil. Eciau oneparop HezambIkaeM, TO q( g) ecTh
MOJIYHOpMa, TaK Kak q( g) =0 111 71eMeHTOB g € M, T. €. SIpO IOIyHOPMBI

kerg = {g €eG:q(g)= 0}
COCTOUT 13 OECKOHEUHO MallbIX JIEMEHTOB.

Ecin A4 paccmarpuBaTh Kak oreparop u3 (HEOTAETHUMOro) TOTIOJIOTHYECKOTO BEKTOPHOTO IPOCTPAHCTBA
(G, q) B Y, TO OH pa3pbiBeH. [leiicTBUTENBHO, €CITi TMHEHHBIH oniepaTop B HeMpephIBEeH, Kak 0TOOpaXeHHe U3
HEKOTOPOIO IIPOCTPAHCTBA Z C IOIYHOPMOU ¢ B Y, TO IpU AEUCTBUU B AP0 IOIYyHOPMBI

kerg = {z €Z:q(z)= 0}
MEepexoUT B Hylb. B HccnenyemMoM ciydae He3aMBIKAEMOTO OIepaTopa siApo MOTYHOPMBI €CTh HEHYJIEBOE
MOANPOCTPAHCTBO M, IpU NEHCTBUM onepaTopa 4 OHO HE HNEepEeXOnUT B Hyllb, TAK KaK OMEKTHBHO 0TOOpa-
JKaeTcs Ha ceOs. 3HAYUT, ITOCTPOCHHBIA OTIEpaTOp pa3phIBEH.

B pesynbrare NpUBEICHHBIX PACCY KICHHII IIOTY4ECHO CIIEyIOMIee OMMCAHUE CTPYKTYPhI poCcTpaHcTBa G,
U AelicTBus oneparopa A. .

Teopema 1. /Ipocmpancmeo G,, Ha komopom onpedenen onepamop A, eCmecmeeHHO pearusyemcs KaK
3AMKHYmoe 6eKmopHoe noonpocmpancmeo ¢ X @ Y, asnaroweecs 3amvikanuem epagpuxa G(A); npoeKmupo-
sanue Ha nepgyro koopournamy 3aoaem na G, Cmpykmypy 6eKmopHo20 paccioenus Hao X,  Komopom dlemeH-
Moyl CNI0S OMAUYAIOMCA Ha beckoHeuno manvie. [Ipu maxou peanusayuu delicmsue onepamopa A coenadaem
¢ npoexmupoganuem G, Ha émopyio koopouramy 6 npsmou cymme X @ Y, u smom onepamop aensemcs 3amK-
HYMbIM.

Takum 00pa3oM, 001aCTh OIpeieNIeH s 3aMBIKaHHs OIlepaTopa MOydaeTcs IpoOIeHreM ToueK U3 X,: K Kax-
10ii Touke U3 X, 100aBISAIOTCS OECKOHEYHO MaJIble JEMEHTBHI.

Ipumep 3. [Tycts oneparop 4 onpexenen va C' [0, 1] < L,[0, 1], nefictsyer B npsmyto cymmy ¥ = L,[0, 1] @
® C ® C no popmyne Au = (u’, u(0), u’(0)). DroT ONEPaTOP COOTBETCTBYET NEpeonpeeenHoi 3aade Komm:

Haiiti pynxumo u € C' [0, 1], YAOBJIETBOPSIOLIYIO YCIOBUSIM
u'(x)= f(x), u(0)=C, u’(0)=C. 6)

3amgava (6) pazpemrmMa TOJIBKO AJIsl IPaBbIX YacTeH, YIOBIETBOPAIOMINX ycinoBuio f € C [0, 1] uC=f (O)
JlJis TakuX MpaBbIX YacTel ee perieHue 3aaaercs Gopmyioit (3).

Kak ormeuanock, MHOXKECTBO MPaBbIX YacTel, IS KOTOPHIX 3a/lada pa3pelniriMa, yBeIu4rnBaeTcs Ipu pac-
IIMPEHUHU 00IacTH OIpe/eNieHHs oneparopa. Bo3HUKaeT ecTeCTBEHHBIH BOIPOC: MOXKHO JIM PACHIMPHTH HC-
XOJJHOE MPOCTPAHCTBO TaK, YTOOBI TOCTABICHHAs 33/1a4a Oblla paspermnma Juis JII000H TpaBoi yactu u3 Y
(1omoOHO TOMY Kak 3TO ObUIO cienaHo B mpumepe 2)? [lokaxeMm, 4To MOJ0KHUTEIbHBIN OTBET J1aeT 3aMbIKaHUE
omepatopa A B CMBICJIE ONpeIeIcHUS 2.

[Ipexne Bcero oOpaTuM BHUMaHHE HA TO, YTO pacCMaTpUBAaEMBIl oiepaTtop HezaMblkaeM. J{eficTBUTeNnbHO,
MIOCJIEZI0BATEIbLHOCTD

b

R

x(l—nx)z, 0<x<

un(x) = 1
0, x> w

[IPUHAUIEKUT 00JIACTU OIPEAEITIECHUs, CXOAUTCS K HYIIO B L, [0, 1], Y TIPH 9TOM TIOCJICIOBATEILHOCTE 00pa3oB
Au, nmeet nenynesoit npenen: u, — 08 L,[0, 1], u,(0)=0— 0, no u/(0)=1—> 1. Mepoii He3ambikaemMocTH
3TOTO OMepaTopa ABJISAETCS OTHOMEPHOE MOANPOCTPAHCTBO M = {(0, 0, ﬁ)} € Ll[O, 1] @ CaoC

PaccmoTrpum 3ambIkaHne oniepaTopa A B CMBICIIE ONPEEIICHUs 2.
TIpocTpancTBO G €CTh MHOKECTBO MOCTIE0BATENbHOCTEH 1, € C' TaKUX, YTO BHINOTHEHBI YETHIPE YCIOBHSL:

i) u, > usL0,1];
i)u —ysBlL [0, 1];
iii) u,(0) — &;
iv) u/(0) > .
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13 nepBBIX IByX ycIIOBHiA criemyet, 9o ¢yHKums u abconrotHo HenpepbiHa 1 u,(0) — u(0), T e. & = u(0).
Ho npu 5ToM y mpesenbHoii GyHkumu u npoussoaHas u”(0) MOXeT He CyIIeCTBOBATh U, JaKe eCIIM OHA CyLie-
CTBYET, MOJKET OBITH, UTO TOCIEA0BATEIHHOCTD u;(O) HE CXOIUTCS K u'(O).

CornacHo npe}momeHHoﬁ KOHCTPYKIMU ABC MNOCICAOBATCIILHOCTU U3 G Ha3bIBAXOTCs 9K6UBATIEHMHbIMU,
CCJIM IJId HUX BCC YKA3aHHBIC BBILIC IIPEACIIbI COBIAAAIOT, IPOCTPAHCTBO GA I10 OIIPCACIICHUIO €CTh (baKTOp-
OPOCTPAHCTBO IO 9TOMY OTHOILICHHWIO S5KBHBAJICHTHOCTHU.

‘Vka3zaHHOE OTHOIIICHHE YKBUBAJICHTHOCTH COLACPIKUT JONOJIHUTCIIBHOC YCIIOBUEC 10 CPABHCHUIO C OTHOILICHUEM
OKBUBAJICHTHOCTHU U3 IIpUMEpa 2.B pe3yinbTare Ka)KZ[LIfI KJ1aCC DKBUBAJICHTHOCTH, HOCTpOCHHLIﬁ B IIpUMEpe 2, CO-
ACPIKUT MHOI'O PAa3HbIX HOBBIX KJIACCOB DKBHUBAJICHTHOCTH. Hmenno IIO2TOMY BO3HHKACT PACCIOCHUC — Ka)KI[Oﬁ

dynkunm u € W' [0, 1] cootBeTcTBYET CeMeHCTBO MeMeHTOB npocTpancTBa G, KOTOPOE €CTECTBEHHO NapameT-
PH3YETCS YHCIIOM T) U UIMEET CTPYKTYPY OJTHOMEPHOTO BEKTOPHOT'O POCTPAHCTBA.

JIeHCTBUTENBHO, KaKAbI TaKOW KJIacC 3KBUBAJIEHTHOCTH i = [(un )] COCTOHT M3 MOCIIEI0BATEIbHOCTEH
HEIpepbIBHO AU depeHIpyeMbIX QYHKIMN u,, CXOAAMMXCS K aOCOIIOTHO HENpephIBHON (yHKIMK u crie-
umanbHBIM 00pasoM. OH 3agaercs GyHkumei u n ancaom M = limu, (0), koTopoe GyaeM HHTEPIPETHPOBATH Kak

3HaYeHHe NPOM3BOAHON # B Touke 0 1 oGosHauats ii’(0). [TocTpoennoe mpoctpancTso o6oznaunm ' [0, 1],

KOTOPOE COITIACHO CKA3aHHOMY SIBJISETCS BEKTOPHBIM paccioenneM Hag 1[0, 1].

Taxkum oOpa3zoMm, JIEeMEHT [(un )] u3 WII[O, 1] HE OMpEACIIIeTCS OJHO3HAYHO aO0COIIOTHO HEMPEPhIBHOM
(byHKIUEH 1 U3 YCIIOBHS 1), @ KIIOMHHUT» O CIIOCOOE CBOET0 BO3HUKHOBEHUS U3 HEMPepbIBHO Auddepeniupye-
MBIX (DYHKIWH, a UMEHHO COXpaHsIeT HHPOPMAIIHIO O MOBEJICHUN 3HAYCHUH u,',(O). OTO MOSICHAET CMBICH TEp-
MUHA MHemo@yrKyus (OT TPE. LUVIjiT — TTAMATB), HCIIONB3yEMOTO JIJISl aHAJIOTUIHBIX 00BEKTOB, BO3HUKAFOIITHX
TP TIOCTPOCHHH PACIIHPEHHIT IPOCTPAHCTB pactpeaesenuii. Oneparop A geiicTByeT 1o (opMylIe, BHEIIHE
TaKoil e, Kax popmyra ucxooro oneparopa: A = (i, #(0), ii’(0)), e @i’ ecTb CHIbHAL TPOM3BOIHA OT I,
31ech NIPUHIUIHAILHO HOBBIM SIBIISIETCS TO, YTO HA TIOCTPOCHHOM IPOCTPAHCTBE 3aJIaHbI BEITHYMHBI ﬁ’(O),
KOTOpbIE HE OIpEJIeJICHbl Ha Wll[O, 1]. -

JUist I0SICHEH NS ECTECTBEHHOCTH BBEAIeHUs pocTpancTsa I, [0, 1] otmetnm, 4To 0HO Bo3HHMKaeT npu pac-

CMOTPEHHH TaK Ha3bIBAEMbIX CHHTYJISIPHO BO3MYIIIEHHBIX 3a/1ad. [I[pumMepoM MOXKeT Iy kuTh 3a1ada Komm

L)+ ()= £(5). u(0) = €. (0)= @

JUIsL ypPaBHEHUSI C MaJbIM TapaMeTpOM IIpH BTOPOI MPOW3BOIHOM, rie nudepeHInpoBaHue €CTh CHUIIbHAS
MPOU3BOIHASL.

ITycTs u, — pemenus 3anaun (7). DTa MoCIe0BaTEILHOCT COCTOUT U3 (PyHKIUH, IPOU3BOAHBIC KOTOPBIX
a0COJIIOTHO HENPEPBIBHBI, U CXOAUTCS K a0COIIOTHO HENPEPHIBHOW (PYHKIMHU U, SIBISIONICHCS PELICHUEM 3a-

nmaau Komm (2). [Ipu aTom u; (0) = C, u, B 94aCTHOCTH, cxomaTca k C,.
Taxum o6pazom, Ipu TFOOBIX ( 5 C,C ) € Y nocienoBaTenbHOCTD U, 3a1a€T JIEMEHT U TOCTPOSHHOTO MPO-

crpanctsa ;' [0, 1], sensrommiics pemenuem sanaun (7). [Ipu apyrom sHavennu C, IOCIEI0BATENBHOCTE Pe-
IIEHMH TAKKe CXOMUTCA K PEIICHHIO 3a1aul (2), HO 3TH MOCIe0BATEIEHOCTH HE HY)KHO OTOXICCTBIIATh, TaK

——
KaK OHHM [10-PA3HOMY CXOAATCA K U U 33/1al0T Pa3HbIE AEMEHTHI 3 W] [O, 1]. 3 cka3aHHOTO BBITEKACT CIEIYIO-
masi Teopema. -
Teopema 2. B nocmpoennom pacuiupernom npocmpancmee W' [0 1] ewenue nepeonpeoesientoll 3a0a4u
P . )4 p D pOCmp. 1Y% L p peonp

Kowwu (6) cywecmsyem u eduncmeenno npu i000i npasoil yacmu ( 1, C, Cl) eY.

PacmimpenHoe 3aMbIKaHue JTHHEHHOTO onieparopa

KoncTpykums 3aMpIkaHus 33/1a€T pacuIMpeHne onepaTopa, OnpeieIeHHOe Ha SIIeMEHTaX HEKOTOPOTO BEK-
TOPHOTO PacCIOCHUS HaJl YacThIO MPOCTpaHCTBa X. EcTeCTBEHHO BO3HMKAET 3a7a4ya O 33JaHUN PaCIINPEHUS
orieparopa Ha pacIlIupeHne BCero MpOCTPaHCTBA X.

OrnuIeM OaHO U3 PEIIeHNH TOH 3a7a49H, B KOTOPOM HapsIy ¢ paciIupeHuEM HadaIbHOTO IIPOCTPaHCTBA X
TIPOMCXONT paciIuperne u (puHaIpHOTO MpocTpancTBa Y. OHO OCHOBaHO Ha OTKa3e OT TPeOOBaHMS CXOMH-
MOCTH ITOCJIEZIOBATENLHOCTEN AX, .
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[lyctp X ectb BEKTOPHOE MPOCTPAHCTBO, COCTOsAIIEE U3 Beex nociuenoparenbHocteil Komm x, € X Tlo-
cTpouM (aKTOP-TIPOCTPAHCTBO G'= é/éo, rae éo €CTh MOJNPOCTPAHCTBO (4). AHATOTHYHO MPEAbITYIIEMY
MTOCTPOEHHOE MPOCTPAHCTBO G” sBisiercst BEKTOPHBIM PacCIOCHUEM C TUIIOBBIM cJ10eM M ,, HO yKe HaJl BceM X.

[lyctp Y ects MIPOCTPAHCTBO BCEX MOCIIEIOBATEIBHOCTEH ( yn) B Y ¥ IyCTh

Y'=Y/¥, e ¥, ={(yn)eY:yn —>0}.

3ameTuM, uTo ¥ SBJISETCA PAaCUIMPEHHEM MCXOIHOTO MPOCTPAHCTBA Y, Tak KaK MOCJIENHEe eCTECTBEHHO
BKIIAIBIBAETCA B Y : TouKe y € Y CTABUTCA B COOTBETCTBUE KJIACC IKBHBAJIEHTHOCTH, COCTOANIMH U3 TIOCIe0-
BaTEJIbHOCTEH, CXOISIINXCS K ). R

Omnpenenenne 3. Pacuupennvim 3amvikanuem onepamopa A OyneM Ha3bIBaTh oniepaTop A, AeWCTBYOMUI

jas *
13 BEKTOPHOIO pacciaoenus G- Hag X B paCUIMPEHHOE IPOCTPAHCTBO ¥ 1o (opmyste

/I([xn, Axn]) = [(Axn )] ey’

B KOHKPETHBIX MPUIIOKEHHUSIX €CTECTBEHHBI MOJU(PUKAIIMK MPEATI0KESHHON KOHCTPYKIIHH, KOTOPhIE OIpe-
JIETAIOTCS TIOCTAHOBKON MCXOMHOM 3an1a4u. Hanpumep, ObiBaeT Gosiee MOAXOAIIMM PACCMOTPEHHE (AKTOp-
npoctpancTBa G, /N 110 NOAIIPOCTPAHCTBY, MEHbIIEMY NN,

Jpyras Momudukalis Hy»KHa B Cliydae, KOTrJa MCXOJIHBIA omneparop 4 ONpeiescH Ha MOANPOCTPAHCTBE
X, € X u geiictByer B X. Torna MOXKHO MOAH(UIIMPOBATH KOHCTPYKIIHIO TaK, YTOOB! PAaCIIMPEHUE OlepaTopa
TaKXKe JISUCTBOBAJIO U3 HEKOTOPOI'O PACIIMPEHHOIO MPOCTPAHCTBA B CEO5I.

[ToxBost UTOT CKa3aHHOMY, MOYKHO 3aKJIFOYUTh, YTO PACIIUPEHHOE 3aMbIKaHUE JCHCTBYET B HOBBIX OoJiee
IIUPOKUX MPOCTPAHCTBAX, TOCTPOCHNUE KOTOPBIX BKIIFOYACT JBa THIIA MPEoOPa30BaHUil:

* IpoOJICHIE HAYaILHOTO MPOCTPAHCTBA X, TIPU KOTOPOM TOUKE X € X COOTBETCTBYET CJIOM HAJ X — OOIIHp-
HOE CEMEHCTRBO JIEMEHTOB U3 HOBOT'O MPOCTPAHCTBA, ACCOLMUPOBAHHBIX C X ¥ OTJIMYAIOILIUXCS IPYT OT Jpyra
Ha 0OECKOHEYHO MaJIbIE;

* to0aBjIcHUE K (PUHATBHOMY TPOCTPAHCTBY Y HOBBIX HICAJBLHBIX JJIEMEHTOB, HE aCCOIIMMPOBAHHBIX C 3JIC-
MEHTaMH UCXOJTHOTO TPOCTPAHCTRA.

OTMeTHUM, YTO ONMUCAHHBIC KOHCTPYKIIMU €CTh YaCTHBIM Clydall IMPOKO pacipoCTPAaHEHHOTO METO/a 1o~
CTPOCHUSI HOBBIX ITPOCTPAHCTB: CHAYaJIa 3a/1aCTCsl HEKOTOPOE MPOCTPAHCTRO MOCIISI0BATEIBHOCTEH U3 UCXO/I-
HOTO TIPOCTPAHCTBA, & KCKOMOE MPOCTPAHCTBO MOJIyYaeTCsl U3 HEro ¢ MOMOIIBIO CICIUAIBHOTO OTHOIICHHUS
9KBHUBAJICHTHOCTH. B KauecTBe MpUMEpOB paCIIUPSHUM, MONTYUYCHHBIX TOJBKO J00ABICHUEM HOBBIX HJICaIb-
HBIX 3JICMCHTOB, MOYKHO yKa3aTh IOMOJIHEHUE HOPMHUPOBAHHOIO MPOCTPAHCTBA U TaK HA3bIBAEMbIM CEKBCH-
[UAJTBFHBIN MOAX0M K IOCTPOSHUIO0 0000IICHHBIX (DYHKIIHIA, OTTMCaHHBIH B [15].

Haubosnee n3BeCTHBIM IPUMEPOM PACIIMPEHHUSI TIPOCTPAHCTB, MPU KOTOPOM Hapsily ¢ 100aBICHUEM Kade-
CTBCHHO HOBBIX HJCAJIbHBIX 3JICMCHTOB MPOUCXOIUT JIPOOJICHUE TOUYCK MCXOIHOTO MPOCTPAHCTBA, SIBISCTCS
HecTaHAapTHoe paciupenne moist R [16].

HanoMHuM onrcaHue OJHOTO M3 HECTaHJIAPTHBIX paCIIMPeHU MmoJiss R U MOKakeM, 4TO ero moCTPOCHUE
AHAJIOTUYHO PACCMOTPEHHBIM BBIIIIEC KOHCTPYKITHSIM, TEM CaMbIM €IIIe Pa3 MOJATBEPUB UX COACPIKATECILHOCTb.

[lyctp R=R"ecrs anredpa, COCTOAIIAs U3 BCEX YUCIIOBBIX ITOCIIE0BATEILHOCTEN (xn ), mpu 3ToM R BKI1a-
JIBIBAETCS B 3Ty areOpy ¢ MOMOIIBIO MMOCTOSHHBIX TIOCIenoBarenbHocTell. Hecmandapmuoe pacwupernue R
onpenensercs kak hakTop-nmpocTpancTso R = Z/J 1o HEKOTOPOMY MaKCUMAJIbHOMY HJealy. 3aMeuareIbHble
CBOMCTBA MOCTPOEHHOTO MHOKECTBA 3aKIIFOYAIOTCS B TOM, uTo R’ ecTh NMHEHHO yrnopsaoueHHoe none. [pu
3TOM TIOSIBISIOTCS GECKOHEUHO MaJlble U OECKOHEYHO OOINbIIue dneMeHTh: Y € R sBaseTcs beckoneuno ma-
abIM, ec —h <Y < h i 11000r0 MOJOKUTENbHOTO /i € R, beckoneuno Oonbuiie SIIEMEHTBI MOTYT OBITH
OTIFICaHBI KaK 0OpaTHBIC K OECKOHEYHO MaJIbIM.

Briensercs mogmuaOXecTBO R, cocrosinee n3 KOHEUHBIX HECTAaHIAPTHBIX YMCEI, T. €. TIPEICTABIMBIX B BUJIE
CYMMBI BEIIIECTBEHHOTO YHCIa M OECKOHEYHO MAaJIOTO.

Takum o6pazom, mepexon oT R k R’ 3axmodaercs B 106aBIeHHN 6CKOHEUHO OONBIIMX BEJIUYMH M APOO-
JIeHUH ToYeK u3 R ¢ IoMoIbi0 BBeieHHs1 OeCKOHEUHO Maibix. [Ipu aToM monmuokecTBO R rMeer cTpykrypy
BEKTOPHOTO paccioeHus Hall R, B KOTOPOM THIIOBBIM CJIOEM SIBIISIETCS MTPOCTPAHCTBO OECKOHEYHO MaJIbIX.

OmnepaTop yMHOKeHHSI HA pacnipeejieHne

Omneparop U, neiicTByrommidi Kak YMHOXXEHHE Ha 3aJlaHHOE pacIipesesieHue #, OOBIYHO He3aMbIKaeM, 4TO
1 OTIpeJIeNsieT CIOKHOCTH, CBSI3aHHBIE C 33/IaHMEM YMHOKEHHUS B IPOCTPAHCTBE pacIpeeNIeHIH.

K Taxum omeparopam U mpuMEHHUMBI OMTUCAHHBIE BhINIE KOHCTPYKUIWH. J{J1s MprMepa pacCMOTPHM 3aMblI-
kaHue orneparopa U, TeHCTBYIOEeTro Kak YMHO)KEHHE Ha (DYHKIHIO XeBHCaiaa:
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0, x<0,
1, x> 0.

©(x)=

Jlemma 2. Onepamop U ymnoocenus na © nezamvikaem 8 npocmpancmee pacnpeoenenuil. Mepotii e2o
nesamvikaemocmu M, sensemcsi NROONPOCMPAHCMB0, COCMOosee U3 TUHEHbIX KoMounayui d-ghyHkyuu u ee
NpPOU3BOOHDIX.

[poussenenne OJ BCTpeyaeTcs B psjie 3aj1ad, HO 3T0 POpMaIbHOE BBIPAKEHHE, KOTOPOE HE OIpPEIEIICHO
B TEOPHUH paCIpe/eiCHUI U B CHITy HE3aMbIKAEMOCTH OIleparopa YMHOXKEHHUs Ha © He MOXeT OBbITh 33aJ1aHO
KaHOHMYECKUM 00pazoM. CorllacHO OMMCaHHOW KOHCTPYKIIMU 3aMbIKaHHe oneparopa U onpeneneHo Ha Bek-
TOPHOM pacciioeHH! G, ¥ B 9TOM CMBICIIC yMHOXCHHE Ha © 33/1aHO Ha TOYKAX V U3 CJIOSI HaJl TOYKOH O B 9TOM
paccioeHnn. PaccMOTpuM, Kak yCTPOEH JaHHBIA CJIOH M KaKHe 3HAYCHUSI MOXKET MIPUHUMATH POHU3BEICHNE
OV I pa3HbBIX V.

Bosbpmem dyskmmio y € D(R) TaKyto, 94TO Suppy € (—1, 1) Y BBITIOITHSAETCS

Iy(x)dx =1
PaccMOTpUM JIBe MOCIEI0BATeNbHOCTH MIaakux GyHkuuit: v, (x)=ny(nx) u hn(x)=ny(n(x—1)) -
- ny (n (x + 1)) 0O603Ha9NM

a(y)= fY(x)dx-

Teopema 3. [Iycmov G ecmb 6exmopHoe paccioenue, NOCMpPOeHHOe No Onepamopy YMHodceHus Ha ©.
Cnoti Gy Ha0 mouKoll & cocmoum u3 Kiacco8 IKGUSAIEHMHOCMU V, NOPOAICOCHHBIX NOCLE008AMENbHOCIAMU
2NA0KUX PYHKYUL 6U0A i

v, =7, Y c,n.
k=0
Lpu smom xadxcoas makas nociedo8amenbHOCMb 3a0aent C80U KAACC IKEUBATEHMHOCMU U OelCmBUe 3aMbl-
KAHUsl ONepamopa 8ulpaxicaemcst (hopmyotl

Ov=(a(y)+C,)d+ iCkS(").
k=1

[Mpoussenerne @O’ Takke HE ONPEIEIECHO B TeOpHH pactpeneiaenuid. st & craHIapTHBIE arpOKCUMU-

PYyIOIIKE MTOCIIEA0BATEILHOCTH UMEIOT BUJ
w,(x)=n’y’(nx).

Jlig Takux nocienoBareabHOCTEH npenen npoussefeHus Ow,, Kak IpaBUIIO, HE CYLIECTBYET, I0ITOMY
B 00I1IEM Cily4ae [0CIIeI0BaTEeIbHOCTh W, HE OPOKIAET TOUKY U3 00JIaCTH ONpEesIeHHs 3aMbIKaHUs olepa-
TOpa, HO HOPOXKAAET TOUKY U3 O0JIACTH ONpenesieHHUs PACIIMPEHHOT0 3aMblkaHus. 1Ipu 3Tom nocnenoBaress-
HOCTb poussesennit Ow, B npocrpanctee D’(R) Bener ceGs kak S-hyHKIMs ¢ GECKOHEUHO OOMBIINM KO-
(hUIIMEHTOM | 3a/1aeT OCCKOHETHO OOJBITION AJIEMEHT U3 PACITHPEHHOTO MPOCTPAHCTRA.

JlanbHeiliiee pa3BUTHE W3TIOKEHHBIX WIEH MPUBOIUT K MIOCTPOSHUIO aaredp MHEMO(YHKITUH, B KOTOPBIX
OIIpEIeNICHO YMHOKEHHE Ha JII000H »neMeHT. OnuieM aist npuMepa npeanoxennyto 0. B. Eropossim B [6]
KOHCTPYKIHIO HanboJsiee IpoCTON U3 TAKUX are0p, yKIaAbIBAIOLIYIOCs B OMUCAHHYIO CXEMY IIOCTPOCHUS pac-
LIUPEHUN.

Ilycts C“(]R) ecTb anreOpa, COCTOSIIIAs U3 BCEX MOCIIEI0BATeNFHOCTEH OeCKOHEUHO Au(depeHIIPYyEeMbIX

¢ynkuuit Ha R, v mycTh

J={(ﬂ)eC%:Va>03NTaKoe, aro f,(x)=0 witBeex n 2 N u x € [-a, a]}.

ITonmuOXeECTBO J siBIsieTcs uaeaiom B C w(R). Aneebpa nosvlx 0600uennbvix ynxkyuii no Eeoposgy ompe-

JienseTcs Kak (hakrop-anreopa o
G, = C“’(R)/J.

IMonoxum G, — noxnpocTpaHcTBO B G, HOPOXKAESHHOE MOCIEI0BATEIbHOCTAMH, CXOAAIIUMUCS B D’(R),
U F'— noxnpocTpaHcTBo B G, MOPOXKIEHHOE OECKOHEUHO MAJIBIMH, T. €. TTOCIIEI0BATEIbHOCTAMH, CXOISIINMHUCS
k Hymo. Torna oro6paxenue p: G, 3 [( £ )] —limf e D’(R) 3agaeT Ha G, CTPYKTypY BEKTOPHOI'O PACCIIOCHUS
HaJ D’(R) C TUIIOBBIM ci10eM F, cocTosmmM U3 OeckoHeuHo MaibiX. [1pu atom B G, ecTb 00MmMpHOE MHOXKE-
CTBO UICAIILHBIX 3JICMEHTOB, HE aCCOIIMMPOBAHHBIX C PACIIPEICICHUSIMU.
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3aKjaoueHune

B crarbe paccMOTpeHBI KOHCTPYKLIUUA HOBBIX IIPOCTPAHCTB, BOZHUKAOIIMUX IIPYU IOCTPOCHUH PACIIUPEHUN
otoOpaxeHui. [10sICHUM ecTeCTBEHHOCTh BBEICHUS TAKMX MPOCTPAHCTB C TOUKHU 3PEHUSI IPUIOKECHHUH.

[TycTh m3ydaeTcs 3KCIIEpUMEHT 10 BO3/IEUCTBUIO Ha HEKOTOPYIO cuctemMy. OOBIUHO TOBOPAT, 4TO Z €CTh
MHOXECTBO COCTOSIHUH CHUCTEMBI, a W eCcTh MHOXKECTBO PEe3yJIbTaTOB BO3AEHCTBUSA, €CIIN KaXIOMY 3JIEMEH-
Ty U3 Z COOTBETCTBYET OJHO3HAYHO OIPEACIICHHBIN pe3yapTaT BO3ACUCTBUS, puHauiexkamuii . B nepso-
Ha4aJIbHOM MOJEJIU MPEAIIOIaraeTcs, YT0 COCTOSIHUS CUCTEMBI OIUCBHIBAKOTCS 3IEMEHTAaMU IPOCTpPaHCTBa X,
a pe3ymbTaThl BO3ACHCTBHS — JJIIEMEHTaMH TPOCTPAHCTBA Y, 8 IMEHHO U HEKOTOPBIX «IIPOCTBIX» COCTOSTHUI

(13 BCIOMY IUIOTHOIO MOANPOCTPAaHCTBA X = D(A)) 3aj71aH omneparop A, ONnpeaesiommil pe3yabTaT BO3AeH-

CTBHS Ha CUCTEMY: IIPH COCTOSIHUU X € X, MOJIydaeM Ha BbIXoJe Ax € Y.

3ajaua 3aKI04aeTCs B OINMCAHUU pe3yibTaTa BO3ICHCTBUS I 00Jiee CIOKHBIX COCTOSHUM CUCTEMBL, T. €.
MOCTPOCHUM paCIIUPEHU orepatopa A.

Jia KaKIod TOUKH X € X CyIIECTBYET IMOCIEI0BATENBHOCTD X, € X, CXONAIIAsACA K X, T. €. X €CTh IIPEIeI
MpOCTHIX cOocTOAHMN. C TakoM MOCIEN0BaTEIbHOCTHIO CBSA3aHA MOCIEN0BATEIbHOCTE PE3YIBTATOB IKCIEPH-
MeHTa Ax, € Y u ee npenen y, eciu oH cyuecTyer. Eciin oneparop 4 He3aMbIKaeMbli, TO 110 3JIEMEHTY X € X
HEJIb34 OJHO3HAUHO ONPENENIUTh ). DTO 03HAYAET, YTO B ACHUCTBUTEIBHOCTH DIEMEHT X HE 3a1a€T COCTOSHUE
CHCTEMBI, a JUIsI OIY4EHUs] OMHO3HAYHOI'O OTBETA O PE3yJIbTaTe Hy>KHa JOIOJHUTENIbHASI HHPOPMALHS O TOM,
KaK MMEHHO 3TOT X [IOJIy4YeH M3 IPOCTBIX cOCTOsHUN. MHade roBops, Al pacCMaTpUBAEMBbIX CUCTEM IIPOUC-
XOIIUT YTOYHEHHE MTOCTAHOBKH 3a/1a4l — B HOBOM MOJIENIN COCTOSIHHE CUCTEMBI OMHCHIBAETCS OHUM U3 acCo-
LUMUPOBAHHBIX C X 2JIEMEHTOB PACIIMPEHHOTO IPOCTPAHCTBA.

C 9Toli TOUKHM 3peHHs MePeXo/l K PaCIIUpeHUIo ¥ mpocTpaHcTBa Y TpedyeTcs B CUTYyaluu, KOraa Ui yTod-
HEHHOTO COCTOSTHUS], OIIPEIENSEMOTI0 MOCIE0BATENBHOCTBIO X, — X, MIOCIIEN0BATENbHOCTD AX, HE CXOAUTCA B Y
U pe3ysbTaT SKCIIEpUMEHTA HE 3a1a€TCs TOUKOH U3 Y, HO OH OIIMCBIBAETCS KJIaCCOM 3KBHUBAJICHTHOCTH, COZlEpPKa-
TIMM TIOCTIEIOBATENBHOCTD AxX, . IHEIMH CIIOBAMH, MHOYKECTBOM PE3yIBTATOB SABJISETCS IPOCTPAHCTRO Y .

B uvacTHOCTH, OnMCcaHHAs CUTyallls UMEET MECTO B 3aJadax, COACPIKAIUX MPOU3BEAECHHE 0000IEHHbBIX
¢yHkuuil. B nepBoHayanbHONM MOJEIH SIBICHUS CUUTACTCS, YTO COCTOSIHUS CUCTEMBI 3a/1a10TCS pacipeiesieHus -
MH, B YTO‘IHGHHOI‘/'I MOZCIIN COCTOAHUSA CUCTEMBI U PE3YJIbTAThl SKCIICPUMEHTOB OIMUCBIBAIOTCS MHCMO(i)YHKHI/ISI-
MH, & pE3YyJIbTaT BO3AEHCTBUS — PACILIMPEHHBIM 3aMbIKAHUEM UCXOTHOTO OIepaTopa.
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VK 517.5

CYMMBI ®EMEPA PAIIMOHAABHOTO PSIAA ®YPHE — UEBBIIIIEBA
U ATITIPOKCUMALINU ®YHKIIUN |x|

II. I ITOIIEHUKO", E. A. POBFA"

DI'poonenckuii 2ocydapcmesennviii ynusepcumem um. Auxu Kynanot,
ya. 3. Oxcewxo, 22, 230023, 2. [ poono, berapyco

W3zyyarorcst anmpokcMMaTuBHbIE cBoiicTBa cymm Deiiepa psnoB Oypee 10 cucteMe anredpandeckux apoodeii UeoObi-
wesa — Mapkosa n npuéimwkenus cymvamu ®eiiepa Gynxunn |x|, 0 <s < 2, na orpeske [—1, 1]. Pacemarpusaercs onna

OpTOTOHAJIbHAS cUCcTeMa anredpandeckux podeit YeOsimeBa — MapkoBa 1 BBOISITCSl cyMMBbI Deliepa COOTBETCTBYIOIINX
pannoHanpHbIX psinoB Pypbe — YeObleBa. YCTaHABIUBAIOTCS MOPSIOK MPUONIMKEHUH TTOCIIEI0BATENbHOCTSIMUA CYyMM
deiiepa HeNPEPBIBHBIX HA OTPE3Ke PyHKLUI B TEPMUHAX MOJLYJISl HEIPEPHIBHOCTH U JIOCTATOUHBIE YCIIOBHS Ha IIapaMeTp,
o0ecrieunBaroIe paBHOMEPHYIO CXOANMOCTh. HaxomsaTcsi OLeHKH MOTOYEUHBIX M PABHOMEPHBIX MPUOIMKEHUN (PyHK-

nuu |x|s, 0 <s <2, Ha orpeske [—1, 1], ACHMITOTHYECKHUE BBIPKEHHUS IIPH 71 — o0 MaKOPAHTBI PABHOMEPHBIX IPHOIIHIKE-
HUI, a TAK)KE ONTUMAJIbHOE 3HAYCHHUE MapamMeTpa, IPH KOTOPOM 00ecrieunBaeTcsi HaubobIas CKOPOCTh MPUOIHIKEHUN
uccaenyemoii pynkimn cymmamu deiiepa parroHanbHbIX psijoB Dypbe — UeObliiesa.

Knrouegwie cnosa: psing @ypoe — UeObleBa; yacTH4IHbIE CyMMBbI; CyMMbI Deliepa; MOyilb HEPEPBIBHOCTH; PaBHO-
MepHasi CXOIUMOCTh; aCUMITOTHYECKUE OI[CHKH; TOYHbIC KOHCTAHTHI.

FEJER MEANS OF RATIONAL FOURIER — CHEBYSHEV SERIES
AND APPROXIMATION OF FUNCTION |xs

P. G. PATSEIKA', Y. A. ROUBA®

"Yanka Kupala State University of Grodno, 22 AZeska Street, Hrodna 230023, Belarus
Corresponding author: P. G. Patseika (pahamatby@gmail.com)

Approximation properties of Fejer means of Fourier series by Chebyshev — Markov system of algebraic fractions and
approximation by Fejer means of function |x|s, 0 <s <2, on the interval [—1, 1] are studied. One orthogonal system of
Chebyshev — Markov algebraic fractions is considers, and Fejer means of the corresponding rational Fourier — Chebyshev
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series is introduce. The order of approximations of the sequence of Fejer means of continuous functions on a segment in
terms of the continuity module and sufficient conditions on the parameter providing uniform convergence are established.

A estimates of the pointwise and uniform approximation of the function |x[", 0 <s <2, on the interval [-1, 1], the asymp-

totic expressions under # — o of majorant of uniform approximations, and the optimal value of the parameter, which pro-
vides the highest rate of approximation of the studied functions are sums of rational use of Fourier — Chebyshev are found.

Keywords: Fourier — Chebyshev series; partial sums; Fejer means; modulus of continuity; uniform convergence;
asymptotic estimates; exact constants.

BBenenune

Merton npuOIIKeHN CpeTHUMH apu(OMETHIECKUMH psiioB Dypbe 2TM-TIEPHOANICCKUX (PYHKIIHH HMEeT
0oraryr HCTOPHIO M BEJeT cBoe Hadaso ¢ padot JI. deiiepa [1], A. JleGera [2] u ap. K HacTosiemy BpeMeHU
MeToJ| cpeiHux apudmernueckux dDeiiepa TPUrOHOMETPUIECKUX PsoB Dypbe T0CTATOYHO XOPOIIO U3yUYeH
Y HaIlleN MMPOKOe MPUMEHEHNE B TIOJMHOMHAILHOW allpOKCUMAIuu (CM., Haripumep, [3—6]). A. B. Edumor
MOJTY4HIT BBIP2XKCHUE TIIaBHOTO WieHa YKJIOHeHUs pyHKIuu oT ee cymMm Deiiepa u cymm Dyphe, a Takxke ycra-
HOBMJI ACUMITOTUYECKU TOYHBIE PABEHCTBA JUISI BEPXHHUX I'PaHEl 3TUX YKJIOHEHHH, PaclpOCTPAHEHHBIX Ha
kinaccsl Hy u W'H,' B enpepsiBHOit Metpuke [7]. T. K. JIeGenp u A. A. ABIECHKO NMPHILIN K AHAIOTUYHBIM
pe3yibTaraM B HHTETpaIbHON MeTpHKe [8].

B 1956 . M. M. JlxpOaiusiH BBea paquoHaibHble psasl Dypbe, 0000maromme cooTBETCTBYOIIUE Kilac-
CHUYeCcKHe TpUroHoMeTpudeckue psaasl [9]. OAHUM U3 OCHOBHBIX PE3YJIbTATOB 3TOM pabOThI ObLIO KOMIIAKT-
HOe mpexacrtasieHue siapa lupuxie paunoHaibHbIX psgoB dypbe. OCHOBBIBAsSCH HAa TAKOM IPEACTaBIIe-
Huu, B. H. Pycak npennoxun panuonansHbele oneparopsl Tuna Peiiepa, Jxekcona, Bamne Ilyccena [10]
(cMm. Taxe [11]).

Panmonaneubie oneparopsl Jxxekcona u Bamne [lyccena Hanum mmpokoe NpUMEHEHUE B TEOPUH PaLlo-
HAJILHBIX TPUONMKEHUH KaK ¢ PUKCUPOBAHHBIMH, TaK U CO CBOOOTHBIMH TIomocaMu. C WX TIOMOIIBIO ObLITH
HalICHbI HOBBIE KJIacChl YHKIHMH, OTpakarole 0COOCHHOCTH PallMOHaIbHON allpOKCUMAaluy (CM., HalpH-
mep, [12—15]). Panmonansusie oneparopsl Deiiepa Takoro NpUMEHEHHs He HAIILIH U TPaKTUYECKH HE UCTIONb-
30BaJIUCh.

Ha orpeske [—1, 1] palnroHaIbHbIE MHTETpajibHbIe onepaTopbl Thna deiiepa Ha OCHOBAHNM YaCTUYHBIX CYMM
psnoB Oypbe — UebbIiesa 1o CUCTeMe palmoHaIBHBIX (GYHKINH, BBeneHHONH M. M. Jxpbarsaom u A. A. Kut-
0aJIsTHOM KaK METOJl pallMOHAJIBHBIX TPUOIKEHUH ¢ (PUKCUPOBAHHBIMH MOJIFOCAMU, OBUTH MOCTPOEHBI U CCIIe-
noBaHbl B [16; 17].

[Tpubmmwxenns QyHKUUH, yIOBIETBOPSIOMUX ycaoBUI0 JIMMmuna, mocpencTBOM MHTETrPajIbHbBIX PaLluo-
HaJILHBIX onepaTopoB Tuna Peiiepa ObUIM M3ydeHBl Ha BellecTBeHHOW ocu [12; 13] u Ha oTpeske [18; 19].

3ajava annpoxcuManuu (QyHKIUU |x| Ha OTpE3Ke [—1, 1] BEZIET CBOIO Ooraryio ucTopuio ¢ Hayaiga XX B.,
KOIJla IIOJJMHOMMAJIbHAS alllIPOKCUMALMS 3TOT0 IpuMepa Heraakon GyHkuuu 3auHTepecosana A. Jlebera,
. Mxexcona u C. H. bepamreiina [20]. [Ipobneme nocesiieH psin uccnenoBanuid. HoBbIi nMIynbC B ee U3y-
yeHnn npuaana padora J[. Hetomena [21] o pannoHamsHON anmpoKCUManuy (QyHKITHH |x| Ha OTpe3Ke [—l, 1].
Tema ObuTa MPOIOIKEHA BO MHOTHX TPyAax (cM., Harpumep, [22; 23]), 1 OKOHYATEeIHHBIN pe3ylbTaT ObLT IMo-
ayueH I Hltanewm [24].

o N V)
Hauaino uccnenoBanuio npudamKkeHnit GpyHKINN |x , s > 0, Taxxe monoxeno C. H. bepumretinom [25].

K Hacrosiiemy BpeMEHH HMEETCsl JOCTATOYHO OONBIIOE YKCIIO padoT, MOCBSIICHHBIX KaK HAWTYyUYIINM MPHU-
OMKEHUSAM dTOW QYHKITUH (CM., HampuMep, [26—29]), Tak B KOHKPETHBIM METOIaM TMPUOIIIKEHUH (CM., Ha-
mpumep, [30; 31]).

B [32] aBTOpamu ObUTH IOCTPOEHBI U MCCIeoBaHbI psaasl Dypbe 1o OHOH cucTeMe anredpandecKux Apo-
Oeit UeObimeBa — MapkoBa, KOTOpast SBJISIETCSI 0000IICHHEM KIaCCHUECKON CHCTEeMbI TTIOJIMHOMOB YeOblieBa
nepBoro poaa. B wactHocTH, mocTpoen uHTerpan Aupuxie n u3ydeHsl ero annpoKCHMMaTHBHBIE CBOMCTBA
B NPUOIMKEHUAX HHIANBUAYAJIBHBIX (QYHKIHMH.

B Hacroseii pabote Ha OCHOBAaHHMH BBIILICH3IOKEHHBIX PE3YIBTaTOB M3y4atoTCsl allPOKCUMATHBHBIE CBOM-
ctBa cyMM Deliepa yKa3aHHBIX PalMOHATLHBIX psioB Dypbe — UebrimreBa. CTaBUTCS 3a/1a9a TOTYIHTh AaHAJIOTH
TEOpeM O PaBHOMEPHOM CXOANMOCTH MocieaoBaTebHocTel cymm Deiiepa [uist HeMpephIBHBIX Ha OTpe3Ke PyHK-
it (cM., Hanpumep, [33]), a Takke HCClIen0BaTh MPUOIMKEHNS HHANBUAYATbHBIX QYHKIIMN paccMaTprBaeMbIM
METOJIOM CYMMHPOBAHUSI.
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Cymmbl @eliepa pauuoHaJbHBIX psa1oB Pypbe — UedbieBa
HA OTPe3Ke U X alllPOKCUMATHBHbIE CBOHCTBA

[TycTs 3amana gacTruyHast cymma ropsiaka 2z psina Oypee mo cucreme anredpamdeckux apoodeit Ueorsimesa —
Mapxosa juist uetHor pyHkumn f € C [—1, 1]:

S2n( =_+Zczk 2k ,n=0,1,. (h

ATTIPOKCUMATHUBHBIE CBOMCTBAa YacTUYHBIX cyMM (1) mccnemoBansl Hamu B [32]. meeT MecTo ciemyromas
Teopema.
Teopema 1 [32]. [na uacmuunvix cymm (1) cnpasednuso npedcmasnenue

1 m2 sin((2n +1)o(u, v)) ~
. (fs x) = E_,;L S (cosv) S0, 0) A(v)dv, x=cosu, ()
2oe
v 1—of
0(u,0) = [L0)d )= s S aclo), 3)

Pan (x)

npuvem onepamop s,,: f — RZ”(a), 20e R,, (a) — MHOJICECmMB0 PAYUOHATLHBIX (DYHKYUL 8U0A ( ; 2)n
1+a'x

>

D>,(x) € B,,,, s6naemes mounvim na koncmanmas.

CocraBum cpenHee apupmMeTnieckoe 4acTUIHbIX cyMM (1)

GZn(fx ——2s2k fx xe[ 11] n=0,1,. 4

Bripaxenwust (4) ecrecTBeHHO Ha3BaTh cymMamu Detiepa psimoB Dypbe 0 cucTeMe anredpanvaecKux Apo-
Ocit UeOprmeBa — MapxkoBa.
Teopema 2. Eciu ¢hynxyus f onpedenena u abconommo cymmupyema ¢ 6ecom

NIE: a’

1+ a*x?)y1-

Ha ompeske [—1, 1], mo 0nsi cymm Detiepa cnpasediuso npedcmasgienue

,—1l<x<l1, a>0,

p(x, a) = (

1 2 sin ((n + 1)(p(u, v))
6., (/. x)= m_ﬂL f(cosv) 0w, o] A(v)dv, x=cosu, (5)

30ech (p(u, v), 7\,(7)) u3 (3). Kpome amozo, onepamop G,, : f — ]Rzyl(a) ABAAEMCSL NOTIOHCUMETLHBIM U MOYHBIM
07151 eOUHUYBL.

JoxazarenscTBo. [ JOKa3arenbcTBa MEPBOTO YTBEPKACHUS TeopeMbl nmojacTaBuM (2) B (4). Torma
msin=0, 1, ... moxydum

/2

02"(f’ x)— n+1 J‘

f cosv

ism( (2k+1)o(u, ))K(v)dv.

, sing(u, v) =

Otcroma mpuxomnM K (5).
Bropoe yTBepkIeHHE TEOPEMBI CIIETYET U3 YCIOBUSI CYIIeCTBOBaHUS psijia Dypbe 1Mo cucTeMe paruoHallb-

HBIX Jpobeli UeOnimeBa — MapkoBa Jiisl HEIIPEPHIBHOWM HA OTPE3Ke [—1, 1] YeTHOU (D)YHKIMU f, IOJTYYCHHOTO
B [32], a Taxke npezacraBiaeHus (4).

W3 (5) BBITEKAET, 4TO OMEPATOp O,, (-, x) MOJIOKUTENBHBIN. ET0 TOUHOCTh HA €IUHULIE CIEAYET U3 TOUHOCTH

Ha eIMHULE YACTUYHBIX CYMM S,, ( 7 x) ¥ COOTHOIIEHUS (4), 9TO U JOKa3hIBAeT TEOpeEMY 2.
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Jlemma 1. /[nsa cymm Detiepa (4) umeem mecmo npedcmasnenie

1 /2 sin’ ((n +1)o(u, v))

YA AL R

62n(f9 x) =

dv, x = cosu, (6)
30eco Mu) uz (3).
NokasatenbcTso. U3 [9, c. 14] caenyer, uto aust ¢(u, v) cnpaBenBo

y+0c
1+ay

n
exp[m(p u,v ] J , E=¢€" (=¢€", x=cosu.

CrenoBaTeabHO,

sin2(p(u, ZJ) _ (if \/Cz +o’ 1+ 0’ _ \/&2 +o’ 1+ OC2§22 — ginZ (U _ u)?u(u)?u(v).

2i 1+a’C &+’ 1+a’8” C+a

IToxcraBuB mocieqHee BRIpaXeHHUE B (5), MpuaeM K (6), 9TO U TOKA3bIBACT JIeMMY 1.
3ameuanue 1. Ilonoxus B (6) o = 0, ToIyInm

1 sin’((n+1)(v - u))
0,,(/, x)= mnj/‘z f(cosv) e dv, x=cosu.

Jlpyrumu cioBamMu, IpU Mepexojie K MOJUHOMHAIBHOMY CIIyYar0 BhIpaxkeHue (6) npencraniser co00i Kiaccu-
yeckre cymmbl Deiiepa psnoB Oypbe — UeObliiea mpu yCIOBUH YeTHOCTH (PYyHKINH f.

PaBHomepHas cxoqumocts cymm Deiiepa
JUISI HeNIPEPBIBHBIX Ha oTpe3Ke [—1, 1] yHKmii

W3yunm moBenieHne mocienoBarenbHOCTH cymMmMm Detiepa (4) st n — oo mpu NPUOTIKEHUH (YHKIHNA
fe C[—l, 1], a Tak)Ke OIPEEeNIMM JJOCTATOUHbIE YCIOBHUS, KOTOPBIM JIOJKEH YIOBJIETBOPATH MapaMeTp O s

PABHOMEPHOM CXOAMMOCTH 3TOM MOCIJIEeI0BATEILHOCTH.
OTmeTHM, 4TO B TAHHOM CITydae TIPH KakJIOM 3HaY€HWUH MHJIEKCA /1 MOTYT BBEIOUPATHCS COOTBETCTBYIOIINE

3HaueHMs IapaMmerpa o, T. €., Booouie rosops, oL = o, n =0, 1, .... 310 00cTOSATENHCTBO OyEM YyUUTHIBAThH
B TaTbHCHUIIIEM.
PaccmoTpum nocnegoBarenbHOCTh cyMM Deliepa
n=-+oo
{o.,,(f x, oan)}n=0 . (7)

Teopema 3. /{15 ecaxoii uemnou pynkyuu f € C [—1, 1] CNpageoiuso HepaseHCcmeo

In((n+1)A(u))1-x° +mf((L},

(n+1)7»(u) n+1)7»(u)

20e O, — MOOYb HenpepblGHOCMU QYHKYUU f Ha ompesKe [—1, 1], l(u) us (3), x=cosu, ue [O, n].

/(%) = 05, (/. x )

<4 o,

®)

JokxazartenscTBO. Bocrone3yemes mpencrasienueM (6). M3 m-neprogudHOCTH TOABIHTETPATBLHON
(YHKIUH CIIeyeT, 4TO

GZn(f’ x) =

dv, x=cosu.

1 coso sin’ ((n +1)o(u, v))
e Y B A e ey

VauTeiBast TOUHOCTH oreparopa (52”(', x) JUTA €AUHULBI, U3 TOCTICAHETO COOTHOIICHUSA TTOJYYUM

sin® ((n + 1)(p(u, v)) ’
sinz(v - u) d

1

)= onfm )= o

(f(cosu) = f(cosv))

[v—u| <m/2

©)
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[Tocine 3aMeHbBI IEPEMEHHON U — U =  UMEEM

[(x)=0,,(f; x, 0,) = m( jz . n'(/[z ) (f(c()su)  f{cos(u+ t))) sin” ((n :;):Hu, 1)) i
IpI(§
o(+u, 1) = | — —dy, o [0,1).

o1+ 20(20052(y+ u)+ o

BrinonHKB B IEPBOM MHTErpAJIE €11I€ OJHY 3aMEHY: f ~ —f, TPUXOAUM K BHIPAKEHHUIO

103) =07 o) = g 10) + 1)) (10)
rae
m J‘ (f(COSu) —f(cog(u + l‘))) Sin ((n +1)(P(iu, t))

0

dt.

I (Fu) =
"( u) sin’¢

Jist nanpHEHIINX paccykaeHuil Bocnonb3dyeMcesa MetonoMm A. @. Tumana [34, c. 269]. 3ameTus, uto

dt +

—~

2 0)| 2o (sinssinal) + 20,

‘f(cosu) — f(cos

. 2l
sin“— cosu
2

HNMEECM

2 sin’ ((n +1)o(£u, t))

In(iu)| < m[g o, (|sintsinu|)
+ 21. wf(
1 [ f{ln((n+1)7\,(u))sinu)’}fz (n+1)\(u) +1)sin2((n+l)(i)(i'u, t))

S| T e sint sin’t

5 In ((n + 1)7»(u))
+20,| —SB8H T sin?L (n + 1)\ () + SmZ((nH)(P(iu, g :|<
’ f(<n+1>>»<u>)£ (s e+ 2

sin’¢

< (Df[hl((” + 1)1(7«1))511”4]([1 +1,)+ 20)({%)(13 +1,), (11)

sin’¢

.ot
sin“—= cosu —
2 sin“t

sin’ ((n + 1)(p(iu, t))dt:| <

dt +

(n+1)A(u) n+1)A

e

1 "/zsinz((n +1)o(£u, t))

D naw) | sint

dt;

/- 1 Tsinz((n +1)o(+u, t))

dt,
(n +1)7»(u) 5 sin’t ’
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T
Yuuteisast, ato @(tu, 1) < Mu)t, 0 <1 < > pazobbeM MHTerpaj /, Ha JBa MHTErpaja Mo MpOMEKyTKaM

|:O’ 2(n +T;);L(u):| u |:2(n +Tlc)?»(u)’ g] [IpumeHuB K mEepBOMY M3 HHX HEPaBEHCTBA sin((n +1)7\,(u)t) <

< (n + l)k(u)t, sint > %t, a KO BTOPOMY — HEPaBEHCTBO Sin ((n + I)X(u)t) < 1, momyunm

3
T 1 T
I <= + . 12
: (2) 2in((n+1)A(u)) 2 (12)
Paccyxnad aHanoruyHo, OU€HUM MHTErpansl [, u I

2
< + —
]2_ 5 (13)

N

!
IA

(14)

N | —

[Moncrasus (12)—(14) B (11), umeem

< 1n((n+1)7u(u))sinu 1 ) o)
’"(—”>|“°f( (n+ 1)(u) J{Zln((n+1)k(u))(§)+R+E:|+

+ mf(#;zw][l+n+ %]

C y4JeToM mocseHero COOTHOMIEHHS MTPH JO0CTaTO9HO 00X # B (10) momydanm

g (Of(ln((n +1)x(u))sinu][lz o i} .

|f (x) = 02/, . ) (n+1)A(u) 8 T’

+ w{%)[% +2+ %]

Bocnonp30BaBIIUCE CBOMCTBOM MOJLYJISl HEIIPEPBIBHOCTH, & TAKIKE BBIYUCIIUB

7'52

—+2+izz3,63, 3+2+ﬁz3’44,
8 T n T’

npuxonuM k oreHke (8). Teopema 3 mokasana.
CaenctBue 1. Eciu vinonusemcs yciosue
n+l
Iim ——(1— o )=os, 15
Jim e %) (13)

mo nociedosamenvrocms cymm Detiepa (7) cxooumes K f (x) DPABHOMEPHO HA 8CeM Ompe3Ke [—1, 1].

3ameTuM, 4TO 37€Ch U Jajee Ui KaXKJIOro MHAEKCAa 1 MOXKET BbIOMpAThCs COOTBETCTBYIOIIEE O,,. Mbl HEe
OyZieM yKa3bIBaTh 3Ty 3aBHCHMOCTh, TaK KaK BCE MPUBEICHHBIC OICHKU SIBIISIOTCS PABHOMEPHBIMU OTHOCH-

TensHO O € [0, 1),

S (v}
O npubanzkennsix gpynxuun |x| cymmamu @eiiepa

~ v v s
Crenyronuii STar HallluX UCCIIeJOBAHUN — U3ydeHHE MPUOIMKeHUN QyHKIIMU |x| Ha otpeske [—1, 1] cym-
mamu Detiepa. Benem o003HaueHUS

2,5, 0) = f = 0, (|- ). xe[-L1]

82%(“) = H|x|A - 02;1 (| : S, -x)

, neN.
cl-1.1]
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Teopema 4. [{ns npubnuscenusi gpynxyuu |x|s, 0<s<2, Ha ompesxe [—1, 1] cymmamu Detiepa (4) cnpaseo-
JIUBBL CLeOVIOuUe COOMHOUIEHUSL:

(=) S[(_l)nxn+1(t)COSNLH4(u,t)%—cos(2arg1 S )]

e, (x,0)= ! ’“j ), (16)
AT 2 n(n 4 1)A 29 1+ 27%cos 2u + t* ’
0
20e . . |
Wn+1( ) 2arg1 e +(n+1)argm, E=¢" x=cosu;,
11—t l51+2 t)cos +x2.. (2
2) |82,,(x O€)|S — ! smE ( \/ )ZX"H() 4,Yn+1(u) XHI()dt, (17)
2 *a(n+)A(u) 2 1+ 2t7cos2u + ¢
20e
2 2\t 2 2
Xn+1(’):(1t_%) . Y,,+1(u)=(n+1)argf;rT%2, E=e" x=cosu, xe[-1,1];
y e, ()< &, (@), (19)
2o0e
« 1 . TS
82,,(06) = m51n7(11(06, n) + Iz(oc, n)) (19)
=02t e 1= ()
(o m) 1+—azj( ) l—t21 a
| U K
L(a, )=1_a2£ ] (1= 1)), 0€[0.1), neN

Hepasencmeo (17) asnaemcs mounvim. Pagencmeo docmueaemces 8 mouke x = 0, umo coomseemcmeayem 3Ha-
e
YeHUro napamempa u = > a makdce Ha KoOHyax ompeska, eoe u = 0.
HoxaszarenscTBo. BeiBox naTerpansHoro npeacrapieHus (16) u oneHku (17) omycTuM B CBS3H C TEM,

YTO OH AaHAJIOTUYEH TAKOBOMY COOTBETCTBYIOLLETO pe3ynbrara B [36].
Ji1st TokasareabCTBa TOYHOCTH OIeHKH (17) monoskum B Helt x = 0 m x = 1. Torma

1 . 1'CS1—()C21 2\ 1 Xn+1()
e (0.0 GG 1o 1) oo e

2

1 . mslta IS
e [ aive v WO L

[TonmcTaBuB aHAJIOTHYHBIC 3HAUYEHUS B COOTHOIIEHNE (16), BUAMM, U4TO TIOCTICIHNE HEPABCHCTBA O0OPAIafoTCs
B paBEHCTBA.
Jlns nokasarenbcTBa oleHKH (18) ucenenyem Benn4uHy €,, (oc). HNmeem

o,

, x), k=0, ..., n,— npubnmxenus QyHKIHHA |x|s, 0 < s <2, Ha oTpe3ke [—1, 1] ya-

£,,(00) = max [e,,(x, o) = max |x[" =

xe[-1,1] -1,1]

ZSZk x, O

(20)

-1,1]

,x)‘— max
lln+1{

e 8, (x, o) = x| - s,, (| s

CTHYHBIMU CyMMaMmH (2). J1i1st BeTHIUHEI O, (x, oc) CIIpaBeANIMBO MpeacTaBieHue [36]

24



BemmecTBeHHBII, KOMIUIEKCHBIH M GYHKIMOHAJILHBII aHAJIN3
Real, Complex and Functional Analysis

) s H=2) A [T 202 cos2u + of
8, (x, a)=%sm—‘|‘(1 ) > —x (t)cosm, dt,

25 1-o’t 14 2¢*cos2u + ¢
2 2 2 2
+ O +
e =", (x, 7, 0c)=argf+ ; argg

+k .
1€’ 1+ o€’

[ToxcTaBuB MpeacTaBiIeHUe Ui O, (x, Oc) B (20), mmeem

1 TS H1-2)1" [ 20Pcos2u + o ¢,
£2,(0) 2 n(n+l) xler?alxuj 1— o \ 1+2cos2u + * M( ) cosm, (. o) {e)e
TUS
<———sin— max [
) s )
31€Ch

1(1_t2 T T 202 cos2u + ot ¢
2 @) ;!. 1- ot \/ 1+ 2¢*cos2u + t* ,;|Xk(t)| o x=cosu

VuureiBast, 4to cos2u = 2x” — 1, U3 MOCIEAHEr0 COOTHOMICHHS MOJIYYUM

)= (- o) fUCLE T et G e

ool \1+Tx° 5

20, 2t /1 + A°x*
me A=——; T = . Xx)=,|——— mno aHajoruu c [32], 3akiroyaem, 4To
1_&2 1—t2 ( ) 1+T2x2 [ ]

mpu 0 < ¢ < 0. OHa BO3PACTAET, a 3HAYUT, JOCTUIAaeT MAaKCUMAJIbHOTO 3HAYEHUs IIPH X = 1, YTO COOTBETCTBYET
3HaueHNIo napamerpa u = 0. B To xe Bpems mpu 0L < £ < 1 dyHkums Y (x) yObIBACT M, CIELOBATEIBHO, MAKCH-

T
MaJbHOE €€ 3HaueHue OyeT yske Ipu x = 0, YTo COOTBETCTBYET 3HaUYEHMIO napamerpa u = —. Pa3buBas unrer-

pan B mpaBo# yacTtH (21) Ha JBa HHTErpasia o MPOMEKyTKaM [0, oc] u [OL, 1], HalJieM

A
£,,(a) < sin— —o’ Jl(l ¢) Zxk t)dt +

2" *n(n+1) 1-ot* =

+(1+ o i (1_,2)51“ t
( )6[(1 )(1+t )2|Xk (1)ar |

3aMeTHB, YTO CYMMBI B KaX/IOM U3 HHTETPAIIOB MPECTABISIOT COO0H CyMMBI YICHOB T€OMETPUIECKUX TIPO-
rpeccuii C COOTBETCTBYIOIIMMH 3HAMEHATEIISIMHU, TIpHJIeM K orieHke (18).

Hepagenctsa (17) u (18) nonydeHs! B MPEANOIOKECHUH, YTO X € (0, 1). W3 npuBeneHHBIX BBIIIE PacCyxk-
JIEHUH BBITEKAET, UYTO OHM TaKXke OyIyT BEpHBI U HA POMEKYTKE (—1, O). CrpaBemmiBOCTh HepaBeHcTBa (17)
B TOYKax x = *1, a Taroke npu x = 0 cieayeT U3 HENPEPHIBHOCTH JIEBOHM M MPaBOil YacTel 3TOro0 HepaBeHCTBA
OTHOCHUTEIFHO TIEPEMEHHON X Ha [—1, 1]. Teopema 4 mokazaHa MOITHOCTHIO.

3ameuanue 2. Vantsisas, uto cosY,, ,(u)=M,,, ,(x), x = cosu, ects anreGpandeckas apodb YeObimesa —

MapxoBa nopsaka 2n + 2, orieHky (17) MoxHO niepenucarb B BUZE

1 . TS | (l_t 1 >
< — 1 2 dt.
|82n('x’ (X)| 2S72n(n+1)7\,(u)81n 2 J‘l+2t C052M+t \/ + Xn+1( ) 2n+2(‘x)+Xrn+l(t) 2
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HccnenoBanne npudam:keHnii GyHKuuu |x|s, 0<s<2,
cymmamu Deiiepa B NOJIUHOMHUAIBHOM CJIy4yae

B {opmymmposke Teopemsr 4 nonoxum o = 0. Toraa €, ,(x, 0) = €,,(x) ng,,(0) = €,, ecTb cooTBeTCTBEHHO

*,0 <5 <2, Ha OTpe3ke [—1, 1] cymmamu Deliepa psi-

MOTOYCYHBIC ¥ PABHOMEPHBIC TPUONMKEeHUS (PyHKINU

noB Oypre 1Mo crucreMe MHOTOWIEHOB YeObIeBa mepBoro poja TZW(x). B stom ciyuae

1 1 _ l 1+ 2t2n+2T + t4n+4
le,,, (x)] < _z—sin— ‘/ 2 (%) dr, xe[-1,1], (22)
2 *n(n+l) 2 1+2¢° 0052u+t
1 WSy gyl 1=
€, < mSlﬂ;oj‘(l —t ) t ﬁdt’ neN. (23)

Onenka (22) Touyna. PaBencTBo gocturaercs npu x = 0, a Takke Ha KOHI[aX OTpe3Ka.
ITockonbky

1 s s=1,_ 1=¢?
e, (0= ————sin— (I -#*) ¢ " ———dt, neN,
| 2n( )| 2s—2n<n+1) 2 J;( 1_12
3aKiIo4aeM, 4to B (23) UMeeT MeCTO 3HaK paBEHCTBA, T. €.
1 LM -l 1=
g, =————sin—|(1—-¢ t ————dt, neN. 24
o2 n(n+1) 2 J( ) 1-7 ()

[IpeacraBnser uHTEpeC HAUTH ACUMITOTHYECKYIO OLEHKY PaBHOMEPHBIX NpUOIMKEHUH (QyHKINU
0 < s <2, cymmamu Deiiepa MoIMHOMUAIBHBIX PsiioB Pypbe — UeObiena.

o s o
Teopema 5. /s pasnomepnvix npubausxcenuti pyukyuu (x|, 0 < s <2, cymmamu Detiepa nOIUHOMUATLHBIX
Pp0os Pypve — Yebvlutesa npu n — oo UMeON MeCMo ACUMARMOMUYECKUE PABEHCIEA

3711 sin = F(S)S,se(O, 1),
2 (1 s) 2 (n+1
1|In(n+1)
€, E ?, s=1, (25)
s
1 S r(s)r(l_ 2)
— sin— S E (1, 2),
27 (1-s) " 2 F(S)(n+1)
2

20e F(s) — eamma-pynxyus Jiinepa.
HokazaTtenbcTBo. Uccaenyem uaTETpan B (24):

1 21 2n+2
14:j[1 ’) L= ", 0<s<2meN.
AR 1—¢

Paccmorpum ciyuait s € (O, 1]. Bocnonezyemcst Metoniom, npeanoxkeHHbM B [37]. [Ipoauddepenumpyem
HOCJIeIHUH UHTEerpall o napamerpy #. Mmeem

s—1
I, _
a———2j[1 ! ) llni AN 0 < s<1, neN.
) _
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J1st uccnenoBanus aCHMITOTHYIECKOTO TIOBEICHUSI MHTETpaia crpasa npumMeHuM meton Jlammaca [38—40].
Oyuknus Inz Bo3pacTtaet B nmpomexyTke 0 < ¢ < 1, clIe10BaTeNIbHO, TOCTUTACT CBOCTO MAaKCUMAJILHOTO 3HAYE-

st ipy ¢ = 1. Ucnonssys pasnoxkenne In7 = (1 —1) + o(7 — 1) n acuMnToTnueCcKO€E COOTHOLIEHHE

-2\ Ins s -
p ~=2(1-1) ",

1-7

CIIpaBeUIMBBIE MU ¢ —> 1, HAXONM, YTO IIPU AOCTATOUHO MaJoM € > 0 U 1 —> oo

ol o s=1 (2n+2)-1)
-2 [ (=oytetraehar

lI-¢

B nocneanem unrerpaie BoinoaHuM 3ameny 1 — ¢ = u. Torna

% _ 2S—1fus—le—(2n+2)udu’ 7 —> oo,
on !

ITonoxxuB B MHTETpaje crupasa (2n + 2)u =1, IOJIyYUM
AL TG .
on 2(n+1)"’

YroObl MPUNATH K aCUMIITOTHKE MHTerpaia /,, HeoOXOAUMO B TOCIEAHEM ACUMIITOTHYECKOM PAaBEHCTBE
MIPOM3BECTH MHTETPUPOBAHNUE TI0 TapaMeTpy #. B urore npu n — eo 11s uHTerpana /, umeeM

T'(s)

— +C,, s€(0,1),
I, - 2(1-s)(n+1) 26)
%1n(n+ 1), s=1,
e C | — HCKOTOpAas KOHCTAaHTa, HE 3aBUCALLA OT 7.
IlycTe Teneps s € (1, 2). Torna
=) =)
1,= J i - J N
HpI/IMeHHH TC XK€ MCTOAUKHU UCCIICAOBAaHNA, HaﬁueM
S
F(s)I“(l _ 2) M)
I,~ + se(l,2), n—oo (27)

2(s —1)1"(;) 2ot mat)

U3 (26) u (27) cnenyert (25). Teopema 5 mokazaHa.

ACHMMIITOTUKA MAKOPAHTHI PABHOMEPHBIX NPHOJIHKEHU I
N (V)
pyHkuun |x| , 0 <s <2, paunonanbubiMu cymmamu deiiepa

Ha sToM aTarme ucciieoBaHus HaiieM aCUMITOTHYECKOE BhIpaXKeHHE MU 1 —> oo Be4UHEHI (19). C aToit

o 2 1—u
LIEJIbI0 B HMHTErpanax Il(oc, n) 5 ]2(0L, n) BBIIIOJIHUM 3aMEHY II€PEMEHHON WHTETPUPOBAHUSA: [~ = 24
u
du
dt=————— Torna
(1 + u)\/l —u?
* 1 . TS
&, (0)= —— ) 51n7[11(oc, n)+I(a, n)], (28)
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B s—1 n+l
u B—u du
, )= 72 1- -
) Boj(l_uzy{ 57 ]
1w u-BY" 1-a?
f!l—u ”2( (B+uj ]du’B_Hocz'

Teopema 6. /12 madxxcoparnmol ezn(oc) PABHOMEPHBIX NPUOTUICEHUT PYHKYUU

e

*0<s<2 Ha ompe3ke

[—1, 1] cymmamu Detiepa psoos Dypve no cucmeme ancedpauveckux opobei Yebviuwesa — Maprosa npu
1 — 0o CNPABedIUsbl ACUMNMOMUYECKUe paseHCmed

(E) 02& +v,(B.s), se(0,1)

2) (1=s)(n+1)

v, (B, 1), s=1, (29)

20e

_ 1 arccosp . o 1 s 1_B ntl (1—[32)17%
V"(B’S)_B(n+1) El). cos* 0 sin GdG—EF(l—E)[1+B) (B(nJrl))Z*%.

HoxazartenscTBo. Mccnenyem Kaxaplil U3 MHTETpajoB, BXOAAMHUX B (28), mo otnensHOCTH. U3yunm
WX aCHMIITOTHYECKOE MOBEACHUE MPH 71 —> oo. JanbHeHeMy J10Ka3aTelbCTBy TEOPEMbl 6 MPEAIONUIEM JIBE
JIEMMBI.

Jlemma 2. Cnpaseonussl acumnmomuyeckue pagencmea (n — oo)

'(g)‘v e

l—S)(n+1)
Il(oc, n)~ Bln(n+l), s=1, (30)
B - Zdu B s-1
B! s/z —B( (n+1)) F(s—l), se(l, 2).

HoxkazartenbcTBoO. [IycTh 5 € (0, 1]. Torma BOCIONIB3yeMCsI METOJIMKAMK MCCIICIOBAHUS MTOJJOOHBIX HH-
Terpanos, u3noxkeHHelMu B [37]. Ilpoauddepennupyem nuaterpan 1 l(oc, n) 110 IapaMerpy n:

81 (a, n) g —u)" B—u du
BI 3/2( ) In 7

0 B+u B+u

JU1g n3ydeHus: acMMIITOTUYECKOTO MTOBEIEHUS MHTErpaja CIpasa B MOCIEAHEM COOTHOIIEHUH PUMEHUM Me-
ton Jlamutaca (cM., Haripumep, [38—40]). Ilepenuiiem unTerpan B Buae

__ij 05 gy, S (u )=lng_u,f(u)= v (%mﬁ_”).

+u (1 — 4’ )S/z B +u

ol (at, n)
on
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Oynkums S(u) yobiBaer Ha npomexytke 0 < u < 3, 0 < B < 1, mockonsky S’(u) < 0, n, c1e10BaTeNBHO, 10-

—2u
CTUTaeT CBOET0 MaKCHUMallbHOTO 3HaueHwus nipu u = (. Vicnonw3ys pasznoxenus S (u) = T + o(u), a TakxKe

2
flu)~-=u’ ', cipaBenyuBEIe MpH 1 —> 0, 17151 GECKOHEUHO MAjoro € > 0 U 71 — oo MOJTyYuM

p
ol (o, n) _ 2J§us—le—2(n+l)u/ﬁ .

on
2(n+1)u

B

oI, (a, n) 1o B )
o NZ( 2(n+1 } J v’ d'ZJ’“Z[m) F(S), n— oo,

[Tociie MHTErpUPOBAHHKS B IIOCIEAHEM COOTHOIIEHUH TI0 IAPaMETPy /1 HalieM

(E) L)H, Y= ((), 1)’

Ii(o, 1) ~<\2) (1-s)(n+1) (31
Bln(n+1), s=1,n— oo

Beinonxus 3ameny = U B HHTErpajie CIpasa, UMeeM

Iycts Teneps s € (1, 2). B sTom ciy4ae

B2 B2 —u ntl
I (o n =BJ.( o7 d I s/z([3+u) du

0 l—u 0

B npaBoﬁ YacCTHU MOCJICAHCTO PABCHCTBA HCpBBII/I HUHTCIrpaJl HC 3aBUCUT OT 7. HpI/IMeHI/IB JJIs UCCIIEA0BAHUA
BTOPOT'O UHTCrpajia COOTBECTCTBYIOINC MCTOAUKN HAXOKACHNUA ACUMIITOTHK, MOJTYYUM

B s—1
(ct, ) BJ( . )mdu—f{mJ T(s—1), I<s<2, n—eo. (32)

N3 acumnrornueckux cootHomenuit (31) u (32) mpuxonum k (30). Jlemma 2 mokasana.
Ilepeiinem k paccMOTpeHUIO uHTErpana /[ 2(OL, n)
Jlemma 3. Cnpageonugo acumnmomuieckoe pageHcmaso

1arCCOSB s s 1—s 1 Ky I_B nHl I_BZ I_%
L(a, n)~B Oj cos® Osin ede_z_sr(l_i)(m] (WJ , n—> o, (33)

HJokasartenscTBo. Bunrerpane 7, (oc, n) BBINOJIHUM 3aMEHY IepeMeHHO# 1o dopmyse u = cosO. Torma

arccosf arccosf} _ n+1
Liown)=— [ cos'@sin'*0d0 — — [ cos'@sin' "0 cosO=B1 " g (34)
B ; B cosO + B

ITepRBbIit HHTETPAI B TIOCISTHEM COOTHOIIICHUH HE 3aBUCHT OT 72 ¥ CYIIECTBYET mpu Jro0six 0 <B<1,0<s5<2.
Jist nccnenoBaHusi aCHMITOTHYECKOTO MOBEACHUS IIPH 7 — o0 BTOPOTO MHTErpaja BOCHOIb3YEMCSl METOOM
Jlanmaca. 3anumem

arccosp _ n+l arccosf
I(o, n) = % J. cosSGSinlse(%) do = % I f(e)e("+1)s(9)d9,
5 cos d

cos® — B
cos@+ B

0 < B £ 1, mockonbKy S’(G) < 0, u, cIeaoBaTeNbHO, TOCTUTAET CBOCTO MAaKCHUMAJILHOTO 3HAYeHHS TIpH O = 0.
Hcnone3ys pa3noxkeHue

e f(0)=cos’0sin' 6, S(6)=1In Oynkumst S(0) yobBaer Ha mpomexyTke 0 < 6 < arccosf,
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BB e
S(O)—ln1+B 1—1329+ (%),

a TaKxkKe aCHMIITOTHIECKOE paBeHCTBO f(6) ~ 0'~*, crpasemBbIe IpH 8 — 0, U1 GCKOHEYHO Majoro € > 0
U 1 —> oo HAXOJHM, 4TO

_ n+l ¢ 7(n+11[362
(o, n)~%(%] J‘Gl_“e P ge.
0

(n+1)[3
1-p?

[Toce 3amMensI IepeMeHHoM 110 hopMmyrie 0% = u” npuEeM K COOTHOLICHUIO

1 1_|3 n+1 1—[32 1—% o(e, n) R
IS(OC’H)~B(1+B) (B(Hl)) J e o

—> oo, § —> oo, YUUTHIBAS, YTO

oo
J‘ul—se—uzdu — _ir‘(_i) — ll—‘(l — £ ,
4 2 2 2

0

n+l 5 1*%
]5((X,I’Z)~LF(1—£) 1-p 1-p , N —> oo,
2B 21+ B(n+1)
IlogcraBuB aCUMITOTUYECKOE BbIPAXKEHUE UHTErpaa I, ((x, n) B cooTHomieHue (34), mpuaem k (33). Jlemma 3
JI0Ka3aHa.

O6benunsis B (28) coornomenus (30) u (33), moTydYnM acCUMITOTHYECKUE PaBeHCTBA (29), YTO JOKa3bIBACT
Teopemy 6.

CuaenctBue 2. [lonooicus 6 popmynuposke meopemvl 6 3Hayenue O pagHbIM HYIO, NPUXOOUM K ACUMNMO-
muyueckum pagsencmeam (25). 3nauum, 6 norunomuanvrHom cayyae oyenka (18) mouna. Pasencmeo docmu-
eaemces npu x = 0.

[Ipencrasnsger nHTEpec MUHUMHU3HUPOBATh MPaBYyI0 YacTh COOTHOIIEHH (29) mocpeacTBOM BbIOOpa ONTH-
MAJIEHOTO JUIS 9TOi 3a1auu mapamerpa B =B, J{pyruMu clloBaMH, HCKATh OIIEHKY HAUTYUIIEro PABHOMEPHOTO
TIPUOTVHKCHUST (PYHKITHH |x *, 0 <5 <2, cymmamu ®eiiepa (4). C 9TOI MBI MOTOKIM

OKOHYATCJIIbHO UMECM

g,,= inf 82n(a‘)’ &, = OiSI(le;ISZ,,(OC)-

" 0<a<l
OueBuiHO ciienyroiiee cootHomeHue (cm. (18)):
€,,<¢,,neN
Teopema 7. /[na 3a0annozo 0 < s <2 npu n— oo cNpaseodnusvl ACUMNIMOMUYECKUe PaGeHcmed

1

s l+s|(1 . 7)™ s 2 s\ [t 1
2 F(S)T ESHI? 1—F 1- 5 E— NS (0, 1),
-8
(

n+1)m
. 2 1n(n+1) B
82n~<ET’ S—l, (35)
B s=2 1 s
—sin— inf J “ dtt/z + lj “ dum I , S E (1, 2)
2 0<B<1 (1 uz) Bﬁ(l—uz) n+1
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HoxazartenbcTBO. Uccnemyem paenctsa (29). Ilpu BemonHeHnn ycnoBus (15) Bropoe crmaraemoe

B BBIPDAXKECHHUHU U1 V,, (B, s) MMeeT 3aBEOMO OOJIBIITHI MOPSIOK MAIIOCTH B CPAaBHEHUH C TICPBBIM, H, CIICIO-
BaTEJILHO,

arccosf
1

B(n+1) ;‘]‘

Paccmorpnm ciry4aii s € (0, 1]. B coornomennu (36) monoxkum B = B(n) — 0 ¢ coxpanennem ycnosus (15)
¥ TIOJTYYnM

v”(B, s) ~ cos*Osin' *0d0, 0 <5< 2, n—> oo (36)

S~21_SF(S)_ T 1
Vn(B’) 1—*2(;) SinE B(”"'l),

n— o
2

CJ'IGI[OBaTeJ'II)HO, IpU 1 —> oo TSI Ma>KOPAHThI EZn (O() CIIpaBCJIMBBI ACUMIITOTUYICCKHUEC PABECHCTBA

»lsinE 2TBT(s) L 27T(s) 1
e () BT

2

l(Bln(n+1)+ 1 ] .

K n+l B(n+1)

Ipu kaxa0M 3a1aHHOM 0 < 5 < | COOTBETCTBYIOIME 3HAYCHNS BEIMUMHEI €5, (0L) HMEIOT CTPOTHit MHUHIMYM IIpH
0 < B £ 1. Perast 3kCTpeMajbHYIO 3a/1a9y

&, (o) O<_B)sl min,

HAaXOJUM, YTO ONITUMAIIbHBIMHA TIPH 33aHHOM s, 0 < 5 < 1, OyayT 3HaUeHUS

1
s+1
1—
i) L se(0.)
B =] s % sin— (n+1)1+s
1
n(n+1

IIpu sTom

n+ 1) (37)

o) 1n(n+1 1-B
T o+l 1+p

ITycte Teneps s € (1, 2). B atom citydae u3 (29) u (36) nonyunm

. ns| b ow2du 1¢ udu 1
8214(&) _Sln? B_j(l_uz)sﬂ + Bf!‘( _u2>S/2 n+1 n— oo
OrTcrona
. TS . b w2du 1t u'du 1
€0 s1n701<r[13f<1 _[( _uz)s/z + Bﬁ[(l—uz)m Pt e (38)
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N3 coornomenwuii (37) u (38) cnemyer (35). Teopema 7 nokazana.
3ameuanue 3. CpaBHHBAS PE3yabTaThl TEOPEM 5 U 7, IPUXOAUM K BEIBOIY, UTO IIPH § € (0, 1] CIICIIUATIEHBIM

BBEIOOPOM TapaMeTpa 0. BO3MOXHO JTOOWTHCS CKOPOCTH MPHUOIMKEHUH palnoHaIbHBIMH cymMMaMu Defiepa
OoIpIIIeil B CpaBHEHHH C TIOJIMHOMHUAJILHBIM CiTydaeM. JlaHHbIH pe3ynbTar oTpaxaer 0COOEHHOCTH palioHaIb-

HOIf aNIPOKCHMALMH HEIPePbIBHBIX (YHKIMIA cO cTeneHHbIME 0cobeHHOCTIMU. Ecn xe s € (1, 2), To cu-
Tyauus uHas. M3 (35) caenyert, 4To onTUMaNbHOE 3HAYCHHE MTapaMeTpa He YBEIIMYUBAET CKOPOCTh YOBIBAaHUA
Ma)KOPaHTBI €5,. OHAKO MOKHO 3aMETHTb, YTO IIPH 3aaHHOM S € (1, 2) HaiileHHOe ONTMMANBbHOE 3HAYEHHE
napamerpa Oy/leT yMEHbIIaTh KOHCTaHTY.

3ameuanue 4. HeTpyaHO TOMYYUTh ACHMITOTHYECKHE PA3IOKECHHS Il ONTUMAIIBHOTO MapaMerpa o', Ha-
npumep npu s = 1:

1 to 1
In(n+1) In(n+1)

3ameuanue 5. B [32] momydeHa TogHas aCHMITOTHICCKAS OIICHKA PABHOMEPHOTO MIPHUOIMKCHIS (PYHKITHH
|x| YaCTUYHBIMA CyMMamH PalMOHAIBHBIX psioB Dypbe — UeObimesa Ha otpeske [—1, 1]. Tounocts Gbuia

yCcTaHOBJIeHa Oarogapsi ToMy, 4TO MAaKCUMaJIbHOE YKJIIOHEHHE YaCTUYHBIX CyMM OT (DyHKLIUH |x| JIOCTHTaJIOCh
B TOuKax X, paBHbIX 0, +1. B ciyuae npubnmkenuii cymmamu ®eitepa cutyaunst m3menunacs. [lo Hamemy

MHEHHIO, IPH 331aHHOM §, 0 < s < 2, MAKCMMAaJIbHOE YKJIOHEHHE JJOCTUIaeTCs B HEKOTOPOH TOUKE X, U3 OKPECT-
HOCTH HYJIsI, U, BUAMMO, IIPH 1 — o0 UMEIOT MECTO PaBeHCTBA (35) Ui BEIUYUH €,,.

3aKiaoueHune

B pabote m3ydeHBI anmmmpoKCHUMAaIFOHHEIE CBOMcTBa cymM Detiepa psamoB Dypre 1Mo OQHONW chcTeMe ajl-
rebpandecknx npooOeit YUeOrpmea — MapkoBa. HalimeHo WHTErpaabHOE MPENCTaBICHUE IS UCCISTYEMBIX
CyMM (Teopema 2), TIOTyUeHbI OIIEHKU CBEPXY JJIT paBHOMEPHBIX MPUOIIKEHUH TTocpencTBoM cymMmM Detiepa
HETIPEPBIBHBIX Ha OTpe3ke PYHKIMH B TepMHUHAX MOMYyJeH HempepsiBHOCTH (Teopema 3). IIpoBenenHo uccie-
JIOBaHWE MPUOIKEHUH (DyHKITHH |x °, 0 < s <2, myvaembiMu cymmamu Deitepa. B 4acTHOCTH, yCTAHOBIEHBI
OILICHKH ITOTOYEUHBIX ¥ PABHOMEPHBIX MPHUOIIKeHHI (TeopeMa 4), HaiiieHa aCHMIITOTUYECKas OleHKa MayKo-
PaHTBI COOTBETCTBYIOMINX NPUOIMKEHHH (TeopeMa 6), TOJIy4eHO ONTUMAIbHOE 3HaYeHNe TapamMeTpa, odecre-
YHBaIOIIee MAaKCHMAJIbHYIO CKOPOCTh NpUOIMKEeHNH uccienyemMoit pynkiuun cymmamu Peiiepa (teopema 7).

s
2

CHeIICTBI/IeM IMOJIYYCHHBIX PE3YyJIbTAaTOB ABJIAIOTCA aCUMIITOTUYCCKHUE OLCHKH HpI/I6J'II/I)K6HI/II‘/‘I (I)YHKI_[I/II/I |x
0 < s <2, cymmamu Deiiepa MOMMHOMHUATBHBIX psAoB Dypre — YUeOrImesa (Teopema 5).
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O HEKOTOPbBIX KAACCAX
TITOAPEHIETOK PEHIETKUW BCEX ITOATIPVIIII
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B nacrosmeli cratbe G Beerga obo3HauaeT rpyniy. Ecnn K u H — moarpymmsl rpynnsl G, tae K — HopMaiibHas
noarpymma rpymmsl H, To dakrop-rpynma rpynmnsl H mo K HaspiBaeTcs cexnmeil rpynnsl G. Takas cexius sSBIseTcs
HOpMaJbHOH, eciiu K 1 H — HOpManbHbIe TOATPYNIbl rpynnsl G, U TpUBHAIBHOH, ecau K u H paBHbl. Ha3oBem mpo-
U3BOJIBHOE MHOXECTBO X HOPMAJbHBIX CeKLUH rpynmsl G paccioeHueM rpynisl G, €Clii OHO COAEPIKUT KaxIyro TpHU-
BHAJIBHYIO HOPMaJIBHYIO CEKIUIO TpymnIisl G, 1 Oy/eM TOBOPHTH, YTO paccioeHue X rpymisl G sBisiercs: G-3aMKHYTBIM,
€CJIM X CONIEPXKUT KaXKAYIO TaKy0 HOPMaJIbHYIO CEKIHIO rpynmbl G, KoTopast G-u3oMopdHa HEKOTOPOH HOPMAJIBHON CeK-
uu Tpynnsl G, TpuHAAIeKamed MHOKeCTBY 2. I1ycTh Tenephb X — mpou3BonbHOe G-3aMKHYTOE paccioeHue rpymisl G
U IyCTh L — MHOXKECTBO BCEX TaKHUX MOATPYM A rpynmsl G, 9To dakTop-rpymmna rpynnsl V mo W, rae V — HopMaiabHOE
3aMbIkaHue 4 B G, a W — HopManbHOe A1po 4 B G, MpuHAIISKUT 2. ONUIIEM yCIOBHS Ha X, IPU KOTOPBIX MHOXKECTBO L
SIBJISIETCSI TIOJIPEIISTKON PEIIeTKH BCEX MOArPYII rpymnsl G, a Takke 00CyMM HEKOTOpbIE MPUMEHEHHS ATOH MOJperIeT-
KM B TEOPHU 000OIIEHHBIX KOHEUHBIX 7-IpyIIIL.
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ON SOME CLASSES OF SUBLATTICES
OF THE SUBGROUP LATTICE

A. N. SKIBA*

‘Francisk Skorina Gomel State University,
104 Saveckaja Street, Homiel 246019, Belarus

In this paper G always denotes a group. If K and H are subgroups of G, where K is a normal subgroup of H, then the
factor group of H by K is called a section of G. Such a section is called normal, if K and H are normal subgroups of G,
and trivial, if K and H are equal. We call any set X of normal sections of G a stratification of G, if X contains every trivial
normal section of G, and we say that a stratification X of G is G-closed, if X contains every such a normal section of G,
which is G-isomorphic to some normal section of G belonging X. Now let X be any G-closed stratification of G, and let L
be the set of all subgroups 4 of G such that the factor group of V' by W, where V' is the normal closure of 4 in G and W is
the normal core of 4 in G, belongs to X. In this paper we describe the conditions on X under which the set L is a sublattice
of the lattice of all subgroups of G and we also discuss some applications of this sublattice in the theory of generalized
finite 7-groups.

Keywords: group; subgroup lattice; modular lattice; formation Fitting set; Fitting formation.

Introduction

In this paper G always denotes a group. Moreover, S(G) denotes the set (the lattice) of all subgroups of G
and Sn(G) is the set (the lattice) of all normal subgroups of G. In this paper § is a class of groups containing
all identity groups, M is the class of all finite quasinilpotent groups, I is the class of all finite nilpotent groups
and 4 is the class of all finite supersoluble groups.

A class of groups § is said to be a Fitting formation if the following conditions hold: (1) for every normal
subgroup N of any group G € § both groups N and G/N belong to §; (2) G € § whenever G has normal sub-
groups A and B and either G/4, G/Be FandANnB=1orG=A4ABand 4, B€ 5.

One of the organizing ideas of the group theory is the idea to study the group G depending on the presence
in it a subgroup system £ having desired properties. Such an approach is the most effective in the case when £

forms a sublattice of £(G), thatis, A " B e £ and (4, B) e £ for all 4, B € £. This circumstance makes the
general problem of finding sublattices in S(G) important and interesting.

One of the first results in this direction was obtained by Wielandt in his paper [1], where it was proved that
the set £,(G) of all subnormal subgroups of the group G having a composition series is a sublattice of £(G).
In the case when G is finite, an original generalization of the lattice £,(G) was found by Kegel [2]. A sub-
group A of G is called §-subnormal in G in the sense of Kegel [2] or K-§-subnormal in G [3, definition 6.1.4],
if there is a subgroup chain 4 =4,< 4, <...< 4,= G such that either 4,_, < 4, or Ai/(Ai_l)A € § for all

i=1, ...t Kegel proved [2] that if the class § is closed under extensions, epimorphic images and subgroups,
then the set £, (G) of all K-§-subnormal subgroups of a finite group G is a sublattice of the lattice £(G). For
every set 7 of primes, we may choose the class §§ of all T-groups. In this way we obtain infinitely many functors
£, assigning to every finite group G a sublattice of £(G) containing £ ,(G). Subsequently, this result was
generalized (also in the universe of all finite groups) on the basis of methods of the formation theory (see, in
particular, [4; 5] and chapter 6 in [3]).

In this paper, we develop a new approach for finding sublattices in S(G), where G is an arbitrary group,
and we also discuss some applications of such sublattices.

The main concepts and results

If K< H <G, then H/K is called a section of G; such a section is called: normal if H and K are normal
subgroups of G; trivial if H = K; a chief factor of G provided K < H and for any normal subgroup L of G with
K<L <Hwehave either K=L or L = H. We write H/K = T/L provided the normal sections H/K and 7/L of G

are G-isomorphic; Ch,, (H /K ) denotes the set of all chief factors 7/L of G with K < L < T< H; A is the normal

closure of the subgroup 4 in G and 4; = ﬂ A" If A is any set of chief factors of G (not necessary non-empty),
xeG
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then we write £ (A) to denote the set of all normal sections H/K of G such that either K = H or K < H and
the series K < H can be refined to a chief series of G between K and H (of finite length) with Ch, (H /K ) c A

We call a set X of normal sections of G a stratification of G if £ contains every trivial normal section of G
and we say that a stratification X of G is G-closed provided H/K € ¥ whenever H/K is a normal section of G with
H/IK=;,T/L € %.

Now let Z be any stratification of G. Then write SZ(G) to denote the set of all subgroups 4 of G with
A4, € X.

We will use ZG(S ) to denote the set of normal sections H/K of G such that H/K € §.

Definition. We say (by analogy with the definition of the Fitting set of a group [6, p. 537]) that a G-closed
stratification X of G is a formation Fitting set of G if the following conditions hold:
(1) for every two normal sections H/K and 7/K of G where T/K € £ and H < T, we have H/K, T/H € Z;

(ii) H/(K N N) € X for every two sections H/K, H/N € Z;

(i) HV /K € Z for every two sections H/K, V/K € Z.
The usefulness of this concept is primarily based on the following our three results.

Theorem 1. [f X = ZG(A)for some G-closed set A of chief factors of Gor T=X% (&)for some Fitting for-
mation §, then X is a formation Fitting set of G.

Theorem 2. The set SZ(G) forms a sublattice in S(G) for each formation Fitting set X of G.

Theorem 3. The inclusion SH(G) c EZ(G) holds for every formation Fitting set X of G. Moreover, in the

case when G satisfies the maximality condition the lattice SZ(G) is distributive if and only ifSZ(G) = Sn(G)
is distributive.

From theorems 1 and 2 we get the following.

Corollary 1. Let § be either the class of all nilpotent groups, or the class of all soluble groups, or the class

of all finite quasinilpotent groups. Then the set £y (g)(G) forms a sublattice in E(G)
We say that a chief factor H/K of G is §-central in G [7] if

(H/K)x (G/C,(HIK))€e 3.
Let D= M x 4 and R = N x B. Then the pairs (M, A) and (R, B) are said to be equivalent provided there
are isomorphisms f: M — N and g: A — B such that f(a_lma) = g(a_l)f(m)g(a) forallme Manda e A.

In fact, the following lemma is known (see, for example, lemma 3.27 in [7]) and it can be proved by the
direct verification.
Lemma 1. Let D= M x A and R= N X B. If the pairs (M, A) and (R, B) are equivalent, then D = R.

Lemma 2. Let N, M and K < H < G be normal subgroups of G, where H/K is a chief factor of G:

(1) if N<K, then (HIK) % (G/C4(HIK)) = (HIN)/(KIN)) % ((GIN)/Cq ((HIN)/(KIN)));

(2) if TIL is a chief factor of G and H/K and T/L are G-isomorphic, then CG(H/K) =C; (T/L) and
(HIK)x (G/C4(HIK)) = (T/L)x (G/C4(T/L));

(3) (MN/N) % (G/C4(MNIN)) = (M/M A N)x (G/C4(MIM A N)).

Proof. (1) In view of the G-isomorphisms H/K = (H/N)/(K/N) and

G/C,;(HIK)=(GIN)/(C;(HIK)IN),
he pairs
e (H/K, GIC,(HIK)). (HIN)/(KIN), (GIN)/Cq, (H/N)/(K/N)))

are equivalent. Hence statement (1) is a corollary of lemma 1.
(2) A direct check shows that C = C;;,, (H /K )= C,; (T/L) and that the pairs (H/K, G/C) and (T/L, G/C) are

equivalent. Hence statement (2) is also a corollary of lemma 1.
(3) This follows from the G-isomorphism MN/N = M/M N N and part (2).
The lemma is proved.
In view of lemma 2, we get from theorems 1 and 2 the following fact.
Corollary 2. Let A be the set of all §-central chief factors of G. Then the set 22( A)(G) forms a sublattice

in S(G).
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Remark 1. (i) Let £(G) be the set of all formation Fitting sets of G. It is clear that £(G) is partially ordered
with respect to set inclusion and the formation Fitting set {H /K|H, K e En(G)} is the greatest element in
Z(G). Moreover, for every set {Ei |z' el } of formation Fitting sets of G the intersection n %, is also a formation

iel
Fitting set of G and so ﬂ X, is the greatest lower bound for {Zi|i el } in Z(G). Therefore Z(G) is a complete
iel
lattice. The set {H /H|HJ G} is the smallest element in Z(G).
(i1) Let X be any set of normal sections of G. Then the set {Z ,.|i el } of all formation Fitting sets of G con-

taining X is non-empty and the intersection ﬂ X, is a formation Fitting set of G by part (i). We say that ﬂ z,
iel iel

is the formation Fitting set of G generated by X and denote it by formfit(X). If X = {T/L} is a singleton set, we

write formfit (T /L) instead of formfit ({T /L}) and say that forrnﬁt(T /L) is a one-generated formation Fitting
set of G.
(ii1) Let £ and N be subgroups of G, where N is normal in G. Then for any stratification X of G we

use XN/N and £ N E to denote the stratification {(NH /N )/ (NK /N )|H /K € E} of G/N and the stratification
{(T NE )/ (L NE )|T /L e E} of E, respectively. If ¥ is a formation Fitting set of G, then ZN/N is a formation

Fitting set of G/N (see proposition (iv) below).
From theorem 1 we get the following useful result.
Corollary 3. Let X be a set of normal sections of G and T/L € £ = formfit (%) Then the following state-
ments hold:
(i) T/L € § for every Fitting formation § containing X;
(ii) if HIK € Ch(T/L), then H/K = F/S for some F/S € Ch(V/W) and VIW € X.

For any two sections H/K and T/L of G we write H/K < T/L provided K < L and H < T. Then the set of all
sections of G is partially ordered with respect to <.

The proofs of theorems 2 and 3 are based on the following useful observation.

Proposition. Let X be a formation Fitting set of G and let E and N be subgroups of G, where N < G. Then:

(i) <2, S> is a lattice in which HVIKW is the least upper bound and (H N V)/(K N W) is the greatest
lower bound of {H /K, V/ W} for any two its sections H/K, VIW;
(ii) if TIL € &, then £ (T/L) is isomorphic to the interval [T, L] in SZ(G);
(iii) if : G — G is an isomorphism, then f(Z) = {Tf/Lf|T/L € Z} is a formation Fitting set of G". More-
over, if X is hereditary, then f (Z) is hereditary,
(iv) ENIN is a formation Fitting set of GIN and IN/N ={(H/N)/(K/N)H/K € £ and N <K}.

Proof. (i) Since H/K € X and K(Vﬁ H)/K < H/K, we have K(Vﬁ H)/K € X. Hence from the G-iso-
morphism

(HAV)(KnV)=(HNV)(KNnVNH)=K({V N H)/K
we get that (H N V)/(K nV) € Z. Similarly, (V" H)/(W N H) € Z. But then we get that
(HaV)/(KAV)n(WAH)=(HAV)/(KAW)eX

since X is a formation Fitting set of G by hypothesis.
From the G-isomorphism

H(KW)/KW =H/(HNKW)=H/K(HNW)
we get that HKW/KW € X since (H N W)K/K < H/K. Similarly, one can get that VKW/KW e %. Moreover,

HVIKW = (HKW /KW (VKW /KW )

and so HV/KW € XZ. Hence statement (i) holds.
(i1) This statement follows from the fact that for every subgroup H of G with L < H < T we have L < H,
and HO < T.
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(ii1) This assertion can be proved by direct checking.
(iv) First note that, in view of part (i), V/W € X always implies that VN/WN € X, so every normal section of

G/N in ZN/N is of the form (V/N)/(W/N) for some V/W e X.

(1) EN/N is (G/N )-closed.
Indeed, if

(H/N)/(K/IN) =g, (V/IN)/(W/N)eZNIN,
then H/K = (V/W) e X. Hence H/K € X, so (H/N)/(K/N) e ZN/N.
(2) For every two normal sections (H/N)/(K/N) and (T/N)/(K/N) of G/N, where H/N < T/N and

(T/N)/(K/N) € XN/N both sections (H/N)/(K/N) and (T/N)/(H/N) belong to ZN/N. (This assertion is

evident.)
(3)(H/N)/((K/N) " (LIN)) € ENIN for every two normal sections (H/N)/(K/N), (H/N)/(L/N) € ZN/N.

From
(H/N)/(K/N), (HIN)/(LIN) € EN/N

we get that H/K, H/L €  and so H/(K N L) € X, which implies that
(H/N)/((KIN) " (LIN)) = (HIN)/((K "~ L)/N)e ZNIN.
(4) (H/N)(VIN)/(K/N) e N/N for every two normal sections (H/N)/(K/N), (V/IN)/(K/N)e ZN/N.

From (H/N)/(K/N), (VIN)/(K/N) e ZNJ/N it follows that HV/K € £, which implies that (H/N)(V/N)/

/(K/N) e ZNJN.

Hence statement (iv) holds.
The proposition is proved.
Before proceeding, consider some examples.

Example 1. (i) If X ={G/1}, then
formfit(G/1)= {H/K|H, K < G}
and so
’gformﬁ((c/l)(G) = Q(G)'

(if) If § is the class of all identity groups, then £ o (G)=£,(G).

(iii) Let p > ¢ > 2 be primes, where ¢ divides p — 1. Let O be a non-abelian group of order ¢°. Then Q
has a unique minimal normal subgroup, so there exists a simple I, O-module P which is faithful for Q. Then

|P| >p.Let G= (P X Q) X (Cp xC, ), where C, x C_is a non-abelian group of order pq. Let A is the set of all
those chief factors of G on which G induces an abelian group of automorphisms. Then

2(P) 2 2, (6)=2,(G)o{dc;

Therefore for every Fitting formation § we have 22@ ( A)(G) * ’920(5) since otherwise P € § and so

£(P)c Lo ™ SZG(A)(G)‘
(iv) Let 4 be a non-abelian simple group and § the class of all groups B such that either B =1 or B is the direct
product of isomorphic copies of 4. Let G=A4,1 A=K x A4, where 4,=A4 and K=4, X --- X A‘A‘ is the base

group of the regular wreath product G. Then X is the unique minimal normal subgroup of G by [6, chapter A,
proposition 18.5]. Moreover,

AglG,xeG}.

2=3,(%)={G/K, K/, G/G, KIK,1/1}

is clearly a formation Fitting set of G, so SZG (8)(G) is a sublattice of S(G). We show that 220(3) # SZG ( A)(G) for
every G-closed set A of chief factors of G. Indeed, assume that SZG (3)(G) = SZG ( A)(G). Then for all subgroups

L<Kand K <R <G wehave L9/L; =K/l and R°/R; = G/K, so L, R € £, (G). Therefore R/1, G/K € A and
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hence G/1€ Z;(A). Thus SZG(A)(G) =£(G)andso A€ Q):G(x)(G)' But then G/1 = 49/4,, € §, which means that

G is the direct product of isomorphic copies of A. This contradiction shows that

s, % L5, ()

for every G-closed set A of chief factors of G.

(v) The class of groups § is called a saturated if § contains every finite group G with G/dD(G) ey

Now let A be a maximal subgroup of a finite group G and let § be a saturated Fitting formation. Let A be
the set of all F-central chief factors of G. Then G/A; = A%/A; € § if and only if 4A9/4,; € £;,(A) (see lemma 5
below). Therefore 4 € SZG(&)(G) ifand only if A€ £, A)(G).

In conclusion of this section note that some special versions of theorems 2 and 3 were proved in the pa-
pers [8—10]. In particular, in the paper [9], the following results were proved.

Corollary 4 (see theorem 1.4(ii) in [9]). Let G be a finite group and X = Z(A), where A is the set of all

central chief factors of G. Then the lattice SZ(G) is distributive if and only if,QZ(G) = En(G) is distributive.
Corollary 5 (see theorem 1.2 in [9]). Let G be a finite group and either = = X(A), where A is the set of all

S-central chief factors of G for some class of groups containing all identity groups §, or X = ZG(E ) for some
Fitting formation §, then SZ(G) is a sublattice in S(G)

Some further applications
A group is called primary if it is a finite p-group for some prime p. If ¢ = {Gi|i el } is any partition of the
set of all primes P, that is, P = U o, and 6, N 0, = for all i # j, then we say, following [11], that the group G is:

iel
o-primary if it is a finite 6,-group for some i; 6-soluble if G is finite and every its chief factor is o-primary;
G-nilpotent or 6-decomposable [12] if G= G, X --- X G, for some G-primary groups G,, ..., G,. Observe that
a finite group is primary (respectively soluble, nilpotent) if and only if it is G-primary (respectively G-soluble,
o-nilpotent), where 6 = {{2}, {31, }
In this section we discuss some applications of the lattice £, (G) in the theory of finite groups. And we start
with one application of the lattices £, )(G) and £; A)(G), where 91_ is the class of all o-nilpotent groups

and A is the set of all 6-central, that is, 91 _-central chief factors of G, in the theory of generalized 7-groups.
Lattice characterizations of finite G-soluble PG7-groups. We say, following [11], that the subgroup 4 of
G is 6-subnormal in G if it is N -~subnormal in G in the sense of Kegel. Note that a subgroup 4 of G is subnor-

mal in G if and only if 4 is 6-subnormal in G, where 6 ={{2}, {3}, ...}

A subgroup A4 of a finite group G is said to be: quasinormal (respectively S-quasinormal or S-permu-
table [13]) in G if 4 permutes with all subgroups (respectively with all Sylow subgroups) H of G, that is,
AH = HA; 6-permutable in G [11] if 4 permutes with all Hall 6,-subgroups of G for all i.

Recall that a finite group G is said to be a T-group (respectively PT-group, PST-group) if every subnormal
subgroup of G is normal (respectively permutable, S-permutable) in G; G is said to be a PoT-group if every
o-subnormal subgroup of G is G-permutable in G.

The description of PST-groups, that are groups, in which every subnormal subgroup is S-permutable, was
first obtained by Agrawal [ 14], for the soluble case, and by Robinson in [15], for the general case. In the further
publications, authors (see, for example, the recent papers [16—25]) have found out and described many other
interesting characterizations of soluble PS7-groups. Some characterizations of PG7-groups were obtained in
the papers [11; 26]. Theorem 2.4 allows to prove the following result in this line research.

Theorem 4. Suppose that G is a finite G-soluble group. Then G is a PcoT-group if and only if

)32((% )(G) = EZF(A)(G), where A is the set of all 6-central chief factors of G.
The proof of theorem 4 consists of many steps and it uses theorems 1 and 2 and also the following lemmas.
Lemma 3. Let § be a class of groups, N be a normal subgroup of G and X be a formation Fitting set of G.
(D) If £= ZG(A), where A is the set of all §-central chief factors of G, then ZN/N =X, (A ) where A is
the set of all §-central chief factors of G/N.
2) Z5(F)NIN=2;,,(3).
Proof. (1) This follows from proposition (iv) and the fact that a chief factor (H /N )/ (K /N ) is §-central in
G/N if and only if the chief factor H/K is §-central in G (see lemma 2(1)).
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(2) This follows from proposition (iv).
The lemma is proved.
Lemma 4. Let X be a formation Fitting set of G and let A € SZ(G) and N < H< G, where N1 G:

(1) ANIN € £;,,x(G/N);
(2) if HIN € £4,,,(GIN), then H € £,(G);
(3) AnEe ’Qformﬁt(ZﬁE)(E) for every subgroup E of G.

Proof. (1) Since 4 € £,(G), A°/4,; € = and so

(4°N/N)/(4,NIN) € ZNIN.
On the other hand, we have that
(AN/N)"™ = (AN)°/N = A°N/N,
where A;N/N < (AN/N)_ ., . Hence

G/N®

(AN/N)"™/(ANIN)_ €ZNIN

G/N
since £ N/N is a formation Fitting set of G/N by proposition (iv), so AN/N € £, (G/N).
(2) Since H/N € £, (G/N), we have
(HOIN)/(H4/N)=(HIN)""/(HIN),,, € ENIN

G/N

and so H°/H, € T by proposition (i). Hence H € SZ(G).
(3) Let £, = formfit(Z N E). It is clear that

(4°NE)/(4, "E)eZnECE,
On the other hand, we have

A, NE<S(ANE), SANE<(ANE) <A°NE

and so (4 N E)E/(A N E)E € X, since X is a formation Fitting set of £. Hence A N E € SZD(E).

The lemma is proved.

Lemma 5. Let § be a saturated formation and G be a finite group:

(1) if G € §, then every chief factor of G is §-central in G;

(2) if G has a normal subgroup N with G/N € § such that every chief factor of G below N is §-central in G,
then G € §.

Proof. (1) This part directly follows from the Barnes — Kegel result [6, chapter IV, proposition 1.5].

(2) In fact, in view of part (1) and the Jordan — Holder’s theorem for the chief series, it is enough to show
that if every chief factor of G is §-central in G, then G € §. Assume that this is false and let G be a counter-
example of minimal order. Then G has a unique minimal normal subgroup, R say, and R £ QD(G). Moreover, R
is abelian since otherwise we have G = G/C; (R)= G/1 € §. Hence R = C;(R) by [6, chapter A, theorem 15.6]

and for some maximal subgroup M of G we have G = R x M. Therefore the map
f:G = Rx(G/C4(R))=R x (GIR)

with f (rm) = (r, mR) for all € R and m € M is isomorphism, so G € § since the factor R/1 is §-central in G
by hypothesis.

The lemma is proved.

Recall that the G-nilpotent residual G of a finite groups G is the intersection of all normal subgroups N
of G with G-nilpotent quotient G/N.

Lemma 6 (see theorem A in [26]). Let D = G be the G-nilpotent residual of a finite group G. If G is
o-soluble PcT-group, then the following conditions hold:

(1) G=D x M, where D is an abelian Hall subgroup of G of odd order, M is G-nilpotent and every element
of G induces a power automorphism in D;

(2) 00,(D) has a normal complement in a Hall 6 ~subgroup of G for all i.

Conversely, if conditions (1) and (2) hold for some subgroups D and M of G, then G is a P6T-group.
Lemma 7. Let N be a normal subgroup of a finite group G such that every chief factor of G below N is

G-central in G. Then N is 6-nilpotent, and if N is a 6-group, then O° (G) <Cg, (N)
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Proof. Let1 =Z2,<Z <... <Z = N be a chief series of G below N and C, = CG(ZI./ZFI). First we show
that N is o-nilpotent. By hypothesis, Z, and G/G, are 6,-groups for some j. Now let H/K be any chief factor

of N such that /7 < Z,. From the isomorphism C,N/N = N/(C1 M N) it follows that H/K and N/C,(H/K) are

o -groups. Therefore every chief factor of N below Z, is N -central in N. On the other hand, N/Z, is 6-nilpotent
by induction and so N is G-nilpotent by lemma 5, condition (2).
Finally, assume that N is a 6-group and let C=C, ... n C,. Then G/C is a 6,-group. On the other hand,

C/C;(N)= A < Aut(N ) stabilizes the series 1 = Z, < Z, < ... <Z,= N, so C/C;(N) is a ©(N)-group by [6, chap-
ter A, corollary 12.4]. Hence C/C;(N) is a G,-group, so O%(G) < C;(N). The lemma is proved.

Now consider some applications of theorem 4.

Recall that ZG(G) denotes the G-hypercentre of G [11], that is, the largest normal subgroup of G such that
every chief factor of G below ZG(G) is o-central in G. We say, following [13, p. 20], that a subgroup H of
a finite group G is 6-hypercentrally embedded in G if H/H ; < ZG(G/H G) and hypercentrally embedded in G
if H/H; < Z_(G/Hy).

Corollary 6 (see theorem 4.1 in [11]). Let G be a finite G-soluble group. If every 6-subnormal subgroup of
G is 6-hypercentrally embedded in G, then G is a PGT-group.

In the case where ¢ = {{2}, {3}, } we get from theorem 3.1 the following known characterization of

finite soluble PST-groups.
Corollary 7 (see theorem 1.3 in [10]). Suppose that G is a finite soluble group. Then G is a PST-group if

and only ifﬂy_u(m)(G) = EE(A)(G), where A'is the set of all central chief factors H/K of G, that is, C,, (H/K) =G.
Corollary 8 (see theorem 2.4.4 in [13]). Let G be a finite group. G is a soluble PST-group if and only if
every subnormal subgroup H of G is hypercentrally embedded in G (that is H/H; < Z, (G/H G ) ).
Groups with Z-normal and X-abnormal subgroups. Let X be a formation Fitting set of G. Then we say

that a subgroup 4 of G is: (i) X-normal in G if 4 € SZ(G); (i1) Z-abnormal in G provided H ¢ £ E )
for all subgroups H < E of G, where 4 < H.
Example 2. (i) A subgroup 4 of G is normal in G if and only if it is Z-normal in G, where X = {H /H | H< G}.

(i1) A subgroup 4 of G is called abnormal in G if g € <A, Ag> for all g € G. If G is a soluble finite group,

then 4 is abnormal in G if and only if 4 is Z-abnormal in G, where £ =X . (‘ﬁ), by [12, chapter IV, theo-
rem 1.7.1].
(ii1) Let A be the set of all §-central chief factors of G and £ = ZG(A). If G is finite, then a subgroup 4 of G

is called: (a) §-normal in G [8] if A°/4, € X, (b) F-abnormal in G [8] if H is not F-normal in E for every two
subgroups H < E of G such that 4 < H. Therefore a subgroup 4 of G is §-normal (F-abnormal) in G if and only
if it is X-normal (respectively X-abnormal) in G, where £ =X ; (A)

(iv) Let G be finite. If 4 is 6-hypercentrally embedded in G, that is, 4/4; < Z(G/A4;), then 4°/4; < Z (G/A;).
In particular, if 4 is hypercentrally embedded in G, then 49/4,, < ZM(G/AG). Therefore 4 is 6-hypercentrally

(hypercentrally) embedded in G if and only if it is X-abnormal in G, where £ = EG(A) and A is the set of all
o-central (respectively central) chief factors of G.
Recall that a finite group G is a DM-group [8] if G = D x M and the following conditions hold: (1) D = G" # 1

is abelian; (2) M = <x> is a cyclic abnormal Sylow p-subgroup of G, where p is the smallest prime dividing |G

formfit(2 N E) (

By M;= <x"> =Z (G); (4) x induces a fixed-point-free power automorphism on D.

In the paper [27], Fattahi defined B-groups to be a finite groups in which every subgroup is either normal
or abnormal and he showed that a non-nilpotent finite group G is a B-group if and only if G is a DM-group.
As a generalization of this result, Ebert and Bauman classified the group in which every subgroup is either
subnormal or abnormal [28]. In further, the results in [27] have been developed in many other directions (see,
for example, the recent papers [8; 29-33]).

We say that G is a ZNA-group if every subgroup of G is either Z-normal or Z-abnormal in G for some for-
mation Fitting set X of G.

The results in [8; 27-33] and also many other known results of this type are the motivation for the following
question.
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Question 1. Let X be a formation Fitting set of a finite group G. What we can say about the structure of
G in the case when at least one of the following conditions holds: (i) every subgroup of G is X-normal in G;

(ii) G is a XNA-group, where X = ZG(A)for some G-closed set A of chief factors of G or X=X (S)for some
hereditary (in the sense of Mal cev [34]) Fitting formation §?

Note that the answer to question 1 for some special X is known. Let, for example, X = {H /H | H<« G}.
Then: (i) every subgroup of G is Z-normal in G if and only if G is a Dedekind group; (ii) G is a ZNA-group if
and only if G is a P-group by example 2(i) and 2(ii) since every P-group is clearly soluble.

Now let A be the set of all §-central chief factors of a finite group Gand £ =X ; (A), where § is a hereditary

saturated formation containing all nilpotent groups. Then G is a ZNA-group if and only if every subgroup of G

is either §-normal or §-abnormal in G by example 2(iii). Such a class of finite groups is also known.
Theorem 5 (see theorem 1.4 in [8]). Let § be a hereditary saturated formation containing all nilpotent

groups. If every subgroup of a finite group G is either §-normal or §-abnormal in G, then G is of either of the

following types:
DGes;
(II) G =D x M is a DM-group, where D = G¥, and M is an F-abnormal subgroup of G with M, = ZS(G).

Conversely, in a group G of type (1) or (Il) every subgroup is either §-normal or §-abnormal.

In this theorem Z,(G) denotes the F-hypercentre of G, that is the product of all normal subgroups N of G
such that either N=1 or N # 1 and every chief factor of G below N is §-central in G.

Finite groups G with modular lattices £,(G) and £_(G). A subgroup 4 of G is called: subnormal in G
if there exists a subgroup series A=A, I 4, <---< 4,_, < 4, = G (+); composition in G if every factor 4,/4; ,
of the series (+) is a simple group. Note that a subgroup 4 of a finite group G is subnormal in G if and only if
it is composition in G.

Now let X be a formation Fitting set of G. We say a subgroup 4 of G is X-subnormal in G if there
exists a subgroup series 4=4, <4, <-4, _, < A4,=G of G such that 4, | is Z-normal in 4,, where
X = formﬁt(Z N Ai), foralli=1, ..., ¢

By classical Wielandt’s result [35, theorem 1.1.5], the set £_,(G) of all composition subgroups of G forms
a sublattice of S(G).

Question 2. Let G be finite. For which conditions on the formation Fitting set Z of G the set of all X-subnor-
mal subgroups of G forms a sublattice of £(G)?

In some special cases the answer to question 2 is known. Indeed, £, (G) = SZ(G), where X = {H /H | H« G},
is modular. In the paper [9] the following result in this direction was obtained.

Theorem 6 (see theorem 1.4 in [9]). Let G be finite and T = ;(A), where A is the set of all central chief

factors of G. Then the lattice SZ(G) is modular if and only if every two subgroups A, B € SZ(G) are permu-
table, that is AB = BA.
Zappa, in his paper [36], described conditions under which the lattice £, (G), where G is finite, is modular.

Theorem 7 (see theorem 9.2.3 in [35]). The following properties of the finite group G are equivalent:
(a) the lattice £, (G) is modular;
(b) if T < S, where S is subnormal in G and S/T is a p-group, p a prime, then S(S/T) is modular;

(c) if T < S, where S is subnormal in G and |S/T| = p’, p a prime, then S(S/T) is modular.

A new characterization of finite groups with modular lattice of the subnormal subgroups was given in the
paper [9].

Theorem 8 (see theorem 1.3 in [9]). Let G be a finite group. Then the lattice £Sn(G) is modular if and only

if for every two subnormal subgroups L < T of G, where L € SE(T ) and ¥ = zr(m*), L permutes with every
subnormal subgroup M of T.

Finite groups factorized by X-normal subgroups. It is well-known that the product G = 4B of two nor-
mal finite supersoluble groups 4 and B is not supersoluble in general. Nevertheless, such a product is su-

persoluble if the indices |G :A| and |G :B| are coprime [37, chapter 4, theorem 3.4]. Moreover, by Doerk’s
result [38], the finite group G is supersoluble if it has four supersoluble subgroups 4,, 4,, 45, A, whose indices
G:4].|G:4,]. |G:4,
research.

b b b

G: 4 4‘ are pairwise coprime. In this paper, we prove the following result in this line
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Theorem 9. Suppose that G is finite and let A is the set of all cyclic chief factors of G and £ = EG(A).
Then G is supersoluble if and only if G has three X-normal supersoluble subgroups A,, A, A; whose indices
‘G :Al‘, ‘G :Az‘, ‘G:A3‘ are pair coprime.

Lemma 8 (see lemma 4.5 in [6, chapter IV]). Let G be a finite group in §, where § is a saturated Fitting
formation and let p € n(G). If X= G/OP,’p(G) and R is an irreducible IF, X-module, then R X X € §.

Proof of theorem 9. We need only to show that the sufficiency of the condition of the theorem holds.
Assume that this is false and let G be a counterexample of minimal order. Then G # 4, # 1 for all i and G is

soluble by Wielandt’s theorem [6, chapter I, theorem 3.4]. Moreover, from (‘G 4., |G :Aj‘) =1 for i #J it fol-
lows that G = 4,4, = 4,4, = 4,4,

Let R be a minimal normal subgroup of G. Then R is a p-group for some prime p. Note also that ZR/R =
=2 /R(A* ), where A is the set of all cyclic chief factors of G/R by lemma 3(1). On the other hand, the sub-

group 4,R/R belongs the lattice £, ,(G) by lemma 4(1), so 4,R/R € SZG/R(A*)(G/R)' Note also that 4,R/R =
=4,/ (A,. N R) is supersoluble. Therefore the hypothesis hods for G/R. Hence G/R is supersoluble, so R is the
unique minimal normal subgroup of G and R £ ®(G). Thus R = C;(R) = O, (G) for some prime p by [6, chap-

ter A, theorem 15.6]. Let G, be a Sylow p-subgroup of G.
From the hypothesis it follows that for some i #j and some x,y € Gwehave R< G, < 4, and R<G) < 4.

Since R = C,4(R), F(Ai) = Op(Ai). On the other hand, 4, is supersoluble and so Ai/F(Al.) =Ai/OP(Ai) is abe-

b

lian. Hence 4, < NG(G;)' It follows that Affl < NG<GP ) Similarly, Afl < NG(GP ) Then

G=A,4,=4] 4 <N,(G,)
and so
R=0,(G)=G,=0,(4,)=0,(4,)

Now we show that R < 4,, where j # k # i. Assume that R £ 4,. Then (Ak )G =1and 47 # 1 since 4, # 1.
Hence R < A7, which implies that R/1 is cyclic and so G is supersoluble. This contradiction shows that R < 4.,
so0 R=G,=0,(4,)=F(4,).

Therefore 4,R/R, A,R/R, A;R/R are abelian subgroup of G/R whose indices

|GIR: A,R/R|, |G/R : A,RIR|, |G/R : A,R/R

b b

are pair coprime, so G/R is nilpotent by Kegel’s theorem [39]. Moreover, for every Sylow subgroup O/R of
G/R we have that O/R < 4,/R or Q/R < A/./R. Hence for some subgroups A/R < A./R and B/R < Aj/R we have

G/R = (A/R) x (B/R). It is clear that the subgroups 4 and B are supersoluble and so the group 4 x B is super-
soluble. It is clear also that O,, ,(4)=R =0, ,(B). Hence

X=(4xB)/0, (AxB)=(A/R)x(B/R)=G/R.
But then G is supersoluble by lemma 8. This contradiction completes the proof of the result.
A subgroup M of G is called modular in G if M is a modular element (in the sense of Kurosh [35, p. 43]) of
the lattice S(G). It is known that [35, theorem 5.2.3] for every modular subgroup 4 of G all chief factors of G

between 4, and 4 are cyclic. Therefore we get from theorem 9 the following result.
Corollary 9. If G is finite and G has three modular supersoluble subgroups A,, A,, A; whose indices ‘G t 4,

>

‘G :Az‘, ‘G :A3‘ are pair coprime, then G is supersoluble.
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HYPERSINGULAR INTEGRO-DIFFERENTIAL EQUATIONS
WITH POWER FACTORS IN COEFFICIENTS

A. P. SHILIN®

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus

The linear hypersingular integro-differential equation of arbitrary order on a closed curve located on the complex plane
is considered. A scheme is proposed to study this equation in the case when its coefficients have some particular struc-
ture. This scheme providers for the use of generalized Sokhotsky formulas, the solution of the Riemann boundary value
problem and the solution in the class of analytical functions of linear differential equations. According to this scheme, the
equations are explicitly solved, the coefficients of which contain power factors, so that along with the Riemann problem
the arising differential equations are constructively solved. Solvability conditions, solution formulas, examples are given.

Keywords: integro-differential equations; hypersingular integrals; generalized Sokhotsky formulas; Riemann boundary
problem; linear differential equations.

BBenenune

[lycts L — mpocTast 3aMKHYTas INIaAKas KpUBasi Ha paclIMPEHHON KOMIUIEKCHOM TUIOCKOCTH, D, 1 D — 00-
nactu ¢ rpanune L, 0 € D,, o € D_. Bribepem Ha KpuBOi L Ty OpHEHTAILNIO, KOTOpasi OCTaBiIsIeT 001acTh D,
ciesa. B pabote [1] pemieno nnterpo-guddepeHuuansHoe ypaBHEeHHE

y ’ kb, d
];) ak(P( )(1) + TJ% Zf(l), tel. (1)

B aTOM ypaBHEHHH UCKOMAasT (DYHKIHS (p(t) BMECTE CO CBOMMH MPOMU3BOIAHBIMH JI0 TIOPSIKA 71 BKIIOYUTEIHHO
u 3ataHHast QyHKIus f (t) HpennoararTcs /-HenpeprIBHBIMH (T. €. YAOBIECTBOPSIIOLIMME yciIoBHIO I enbaepa)

Ha kpuBoil L. Koaddununentst g, u b, — 3agannsle (koMmiekcHsle) uucna, k = 0, n, n € N. HTerpans! B ypas-
HeHuH (1) MoHUMarOTCs B CMBICIIE KOHEUHOM yacTu mo Anamapy [2], Takue MHTErpasibl Ha3bIBAlOTCS TaKKe
THIIEPCUHTYISIPHBIMH.

['unepcuHTynsipHble MHTETPajbHbIC YPaBHEHHS BOSHUKAIOT B 3a/1a4uax a’pOAMHAMUKH, THIPOANHAMUKH,
KBaHTOBOH (pM3HKH, TPEUTMHOYCTOWYMBOCTH. OCHOBHBIC METO/IbI MX PEIICHHS YUCIICHHBIC (Hanpumep, [3; 4]).
Kak ckazano B pabote [5], «oTCcyTCTByeT 0o0lIas TeOpHUsl THIICPCUHTYISIPHBIX WHTETPATBbHBIX ypaBHEHUI,
U B 3TOH e paboTe co3jaHa OCHOBa MOAOOHON TEOPUH ISl HEKOTOPOTO KJlacca TAKUX YPaBHEHHM.

VYpasuenue (1) aBisiercs, MO-BUANMOMY, IEPBBIM HCCIIEJOBAHHBIM B MaTEMaTH4ECKOM JINTepaType NHTErpo-
i depeHInanbHBIM YpaBHEHHEM C THIIEPCHHTY/ISIPHBIMU HHTErpaniaMi. YacTHbIE cilydan epeMeHHBIX K03 (-
(PMITUEHTOB B 3TOM ypaBHEHHUH M3Yy4aJuCh 3aTeM B [6; 7]. B HacTosiiel pabore pemieHo ypaBaenue (1) ¢ me-
peMeHHBIMHU K03 (UIMEHTaMU, COAePKAIMMHU CTETICHHbIE MHOXHTENU. Hann4yue cTeNeHHbIX MHOXHTENICH
OPUBOAMT K Ooriee «OnaromonyyHoi», uem B [1], KapTuHe pa3peliuMOCTH H3-3a OTCYTCTBUSI OECKOHEYHOTO
YyHuciia yCJIOBUHM pa3peliuMOCTH.

OO01as cxeMa UcCJIeI0BaHus.
J[Ba ypaBHeHHS [1JIs1 OCJIEAYIOIIEro MPUMeHeHHs ITOH cXeMbl

[Tycts B ypaBHeHnH (1) KOAQPHUIMEHTHI UMEIOT BUJT
a,=a(t)A4,(t)+ b(t)B,(¢), b= a(t) 4, (1) = b(t)B.(¢), 1€ L, ?2)

rae a(t) %0, b(t) %0, Ak(t), B, (t) — H-nenpepsiBHBIC 3aJjaHHbIC QYHKLIUH, k = 0, n. [Ipu aTOM Bce QyHKIMH

A, (t) u B, (t) aHAJINTUYECKU MPOJOILKUMBI B 001mactd D, U D COOTBETCTBEHHO, MHIIb y GyHKIUH B, (t) o-

MMYCKArOTCs MOJIOCHI B TOYKE Z = oo,
Beenem HUHTCIrpaJl TUIla Komm
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Wcnonb3ys miist mpeeTbHBIX 3HAUCHUH (PyHKIIHHA q)i(z) 1 UX TPOU3BOAHBIX 0000meHHbIe Gopmynsl Co-
XOITKOTO [ 8]

k) k (P e
oY (1) + j kﬂ, el k=0,n,
cBezeM ypaBHeHue (1) k 3aaue TMHEHHOTO CONPSKEHNUs

(z)iAk(t)cp(f) ZB )+ f(¢), L. 3)

Beenem ananutnueckne GyHKIAN

n

F(z)= Y 4,(2)0!(z). zeD,, )
F(z)=Y B.(:)0%(2), ze D. 5)
k=0

¢ H-HenpepbIBHBIMU NIPECIbHBIMY 3HAUCHUAMU [, (t) Ha L u n3 (3) nomy4uuM KpaeByto 3ajauy Pumana

b(t) /()
F()=—2F )+ 2L sel. 6
+( ) a(t) *( ) Za(t) € ( )
Orta 3a7a4a JOJDKHA PeIIaThes B Kiacce (PyHKIUH, MMEIOINX Ha OECKOHEYHOCTH TTOBE/ICHNE, BRITEKAIOIIEe 13

dhopmysl (5).
Ecnu 3anaga Pumana (6) oxaskeTcst pa3pemmnMoii, To cootHomeHus (4), (5) cranyt nuaeiHbIMU nudde-

PEHIMAILHBIMU YPaBHEHUSMU JIJIsl HAXOKACHUS QyHKIuid O i(z). Pemenune ypaBHenus (5) cinenyer HaXoaUTh
C YYETOM YCJIOBUS d)_(oo) = 0, BBIpaXaromero M3BeCTHOE CBOMCTBO WHTerpaia Tumna Kommm. Permms st mud-
(epeHIMaNbHBIe YPaBHEHUS, IOTYYHUM pellIeHHE UCXOJHOTO YPAaBHEHHUS B BUE

()=, (1) - P_(¢), e L. (7
Janee OymeM pemiaTh CICTYIOIINE 1BA YPABHCHHUS:

i(a(t)k!ock+b(t)(—l)kn!tk (p(k)(t)_i_a(t)k!ock—b(t)(— Ynirt I o(t

k! 1] z)

k=0

M] fle)rel, (®)

L

o k' o(t)dt .
o Z 00 ,U.J—(T_t)kﬂ]

+b<r>[<p<>—r<p - Lpeldr, J“’ ] f(0). reL, ©)

e O, — 3alaHHble Yucia, k = 0, n. O6a ypaBHeHus (8) u (9) sBnstoTcs yactHeiMu ciaydasmiu (1) ¢ koaddu-

mueHTaMu BiIa (2), B KOTOPBIX 4, (1) =0, k = 0, n, a pyHKimn B, (f) pasmase! 11 KakI0TO W3 yPaBHEHHML:
—1) nlt
* B ciyuae (8): B, (¢) = % k=0,n
*B ciryuae (9): By(1)=1, B,(t)=-¢", B(t)=0, k=1, n -1
B (9) cunraem ans ynobersa n > 2. [Ipu n = 1 pemieHue 3Toro ypaBHeHHUs TaKKe OCYLIECTBISETCS 1O 00-

el cxeme (M MPUTOM 0COOEHHO MPOCTO), OJJHAKO BBIKJIAAKH, IPOBOJUMEBIE C IIPOU3BOIBHBIM 72, TPEOYIOT IS
n =1 4yacTBIX OTOBOPOK.
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BcnomorarenbHble (haKThI

1. 3agaga Pumana (6) xoporo u3ydeHa [9]. YcinoBus ee pa3permmmMocTH (€CIM OHU BO3HHUKAIOT) 3aITHCHI-

BarOTCsa B BUIC
f(r)tdr

Lxw™ a0
a CaMU pCUICHUS (eCJ'H/I OHH CyH.[eCTByIOT) — B BUJC
B 1 f(r)dt
F(z)= X+(Z)(m!‘a(1)X+(r)(t 5 P(z)), zeD,. (11)

B stux gopmynax X, (Z) — KaHOHHYecKue GyHKIuH 3a1a4u (6). 3nauenus k B (10) u Beipaskenue aist QyHKIUH

b(t)

P (z) B (11) 3aBucsaT OT MHAEKca oL = Ind, W Y TOBEJICHUS] HICKOMOU (hyHKIMH F_ (z) Ha OECKOHEUHOCTH. DTO
alt
noBeJicHUe Oy/ieT pa3HbIM Jyis ypaBHeHul (8), (9), mosToMy ocTaibHbIC HEOOXOAUMBIC MOSICHEHUS K (hopMy-
nam (10), (11) ynoOHO clienaTh B JaIbHEUIIICM.
2. lns oboux ypaBHeHuit (8), (9) coorBercTBytoniee nuddhepeHinaibHOe ypaBHeHHE (4) MOXKET ObITh 3a-
MACaHO B BUJC

Y 0, (z)=F.(2). zeD.. (12)
k=0
ITyctb A, Ay, ..., A, — KOPHH XapaKTEPUCTHIECKOTO YPABHCHHSI z o, A" = 0, KOTOpBIe MBI ISl IPOCTOTHI
k=0

Jlajiee CUMTaeM MoMapHo pa3nuyHbIMU. Pemenne ypaBuenus (12) npencraBumo popmysoit

®,()= i(CﬁNjf e‘“ﬂ(c;)dc]e“, (1)

Jj=1 0

—~

_1 n+l1 o "
) , =1, n. (Ilpu n = 1 npousBeacHne H (km - 7\,1.)

anﬁ(xm—x_,) me

rac q — IPOU3BOJILHBIC [TOCTOAHHBIC, N] =

m=
m#

~

CJIelyeT 3aMEeHUTh Ha 1.)

®opmyna (13) B3sTa u3 padots [1], mpudem 31eck nmpuBeaeH Oonee MOAPOOHBIN ee BapuaHT. OTMETUM
elle, YTO eCJIM CPeAr KOPHEH XapaKTepUCTUIECKOro ypaBHEeHuUs OynyT KpatHbie, To (13) MoxeT ObITh Hajie-
KalM 00pa3oM BUIOM3MEHEHA.

Pemenne ypaBuenus (8)
s ypaBHeHU (8) COOTBETCTBYIOIIEE YpaBHEeHHE (5) MPUHUMAET BUJT
k
2 (—1) n!
ZLZ"@@(Z):F_(Z), zeD.. (14)
ico k!
ITockonbKy (I)_(oo) =0, To Bce ciaraeMble B 1eBOi yacTH (14) Takxke, 04eBUIHO, HA OCCKOHEYHOCTH PABHBI

HYITIO, TIO3TOMY F_(oo) = 0. CrenoBarenbHO, 3a71a4y Pumana (6) ciemyer pemars B Kiacce (PyHKIIHA, Hcue3aro-
X Ha OCCKOHEYHOCTH.
VYpaBuenue (14) ectb nuHelHOE ypaBHeHUe Diinepa. M3BectHo [10, ¢. 562], 4To pyHIaMEHTAIBHYIO CHCTEMY
) 2
peleHni COOTBETCTBYIOIIETO OHOPOIHOTO YPaBHEHHsI 00pa3yroT QYHKIUK z, Z, ..., z". Pemmars 310 ypaBHe-

®_(2)

HHUEC y,[lO6H€6, HC UCIIOJIb3YA U3BCCTHBIC MCTO/bI, a ACjIad 3aMCHY (D7(2) = , IIOCJIC KOTOpOfI noJry4yum

(I)f(z) = (~I)7(Z) z, (I)(k)(z) = Ci)(k)(z)z + kCi)(k_l)(Z), k= I,_n,

a (14) npumer Bux
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(_1)n+1(i)(n)zn+lzn+l — Fi(Z),

OTKyZa

z g Cucn
@ (2)=0() + (- Jag Jat, ... | Figi”)dcn,

e Q(Z) — MHOT'OYICH CTEIeHH 1 — 1 ¢ MIPOU3BOJIbHBIMU KOS(l)(l)I/ILII/ICHTaMI/I. CJ'ICI[OBEITCJ'H:HO,

@ (z)=z0(z) + (-1)"" fdcjdcz...c]lw

d,. 15
J o G (15)

HOCKOJ]LKy

n+1

( — J npu {, — o, TO n-KpaTHOe HHTErprpoBanue B (15) mpuBeser Kk Tomy, 4TO

_l)nﬂzjdcl.rdcz

nyer nonoxuts Q(z) = 0.
Wrak, ecm cooTBeTCTBYIOMAs 3a1a49a PuMana (6) pa3pemmma, To Bcerna MOKHO ¢ TIOMOIBIo popmyi (13),
(15) naiitn hyHKIIH @i(z), a 3atrem 1o gopmyne (7) 3amucarb pelnieHrue UCXOAHOTO ypaBHeHHs. Takum 00-

pa3oM, CpaBeUIMBO CIEAYIOIIee YTBEP K ACHHE.
Teopema 1. Ilpu o0 > 0 ypasnernue (8) bezycnosno paspewumo. [pu o < 0 015 e2o pazpewiumocmu Heooxo-

1
( IIPH z — o, ¥ TOTAA JUIS BBINOJIHEHUS ycinoBus O _ (oo) =0 cre-

oo

oumo u docmamouno ginoanenus ycrosutl (10), ¢ komopwix k=0, —oL — 1.

B cnyuae paspewumocmu ypashenus (8) e2o pewerue codeparcum n + max (0, 0L) npouseonbubix nocmosin-
HbIX U Oaemcsi popmynoi

' ! G
o()= 3 & Je om0 oy e | S,

j=1

20e C; — npoussonbhble NOCMOsHHbIE, | = L, n; dyukyuu Fi(z) svipascaromes no gopmyne (11), 6 komopoti
P(z) — MHo20ueH cmeneHu O, — 1 ¢ npoussonbrbviMu KodpGuyuenmamu npu o 2 1, P(z) =0nmpua<l.

Ipumep 1. Paccmorpum ypaBHeHue (8), monarasi B HeM n = 2, a(t): e’ b(t) =t,0,=0,=1,0, =2,
S ()= 2e". Tlomyuanm

@H&OM&+AW—#W (e+ﬁ)%t
©

—2I o(t)d 2(e”"+ ¢ (p
J T—1 -+ ( I t) ’E—l
L L

B srom ciydae 3ajaJa Pumana (6) 3aIIUCHIBACTCA B BHUJIC
F,(t)=tF (t)+1,t€L,

H MMEET B KJIacce MCHe3alonx Ha Geckoneunoctn dynkumit pemenne F,(z)=1+Be’, F (z)=, re -

MIPOU3BOJIbHAS TOCTOSIHHAS.
Huddepenumanbupie ypaBHeHus (4), (5) COOTBETCTBEHHO MPHOOPETAIOT BU]L

N~

@, (z)+ 2@ (z) + @7 (z)=1+Be’, 20_(z) - 220’ (z) + 2°®”(z) =
" UMCIOT PCIICHUSA

O, (z)=Ce "+ Cyze ™ + %ez +1, ®_(z)= %,

rae C,, C, — IpOU3BOJIbHBIC TIOCTOSTHHBIC.
Pemenne npumepa 1 cornacHo hopmyie (7) ecTb

o()=e"(C +Ct)+[3(__i)+1.

4 of
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Pemienue ypaBuenus (9)

st ypaBaeHus (9) cOOTBETCTBYIOIIEE YpaBHEHHE (5) MPUHUMAET BUT
ZZn(I)En)(Z) —¢7(Z):_F7(Z), (16)

13 KOTOPOTO TMOHATHO, 4TO F_ (z) = O(z""l) TIpH z —> oo, T. €. 33/1a4y PumMana (6) Hamo pemars B kiacce (hyHK-

U, TOMyCKAIOUUX Ha OECKOHEYHOCTH TOJIOC MOPSAKA HE BBIIIE /7 — 1.
2mki
n

— KOMIUIEKCHBIE KOPHH 1- cTeneHu u3 equHuIbl, k =1, n. M3BectHo [10, c. 484], uTtO
&

Iycts €, =€

(yHIAMEHTaIBHYIO CHCTEMY pElIeHHiT oHOpoaHOro ypaBHeHus (16) o6pasytor pynkimmu z" ‘e *, k= 1, n.

Jlemma 1. /[na k = Lnm=1n-1 cnpageonusa gopmyna
e | =e T Y g/l (17)
j=0

2oe 1, — nexomopwle nocmosinnvle (ne sasucsyue om k), npuvem I, = 1.
HoxaszatenbcTBo. [IpoBenemM 10ka3aTenbCTBO METOJOM MaTeMaTHUECKON MHYKIMH 110 m. J{nsa m = 1
dopmymna (17), oueBuano, BepHa. IlycTs oHa BepHa a1 Hekotoporo m = 1. Toraa

’
e (m+l) &om
-1 j —m—j-1
" e * =le -~ Zeilmjz" " =
Jj=0

& € m € m g m+1
_, z Sk j n-m—j-1 Tz Jj o n-m-j-2 _ "z j n—m—j-2
=e 2Etsklmjz +e zgklmj(n m—j—1)z =e ZEklmH,jz ,

Z j=0 j=0 j=0

m m+1l,m+1 " *m,

el =1, (n-m-1);1 o=t lm,j(n —m—=1-j), j=Lml [, ,,=1.Ilomy4enHoe BbI-
pakeHue COOTBETCTBYET 3aMeHe m Ha m + 1 B ¢opmyie (17). Jlemma 1 nokasaHa.
&
Jlemma 2. Onpedenumens W Bpouckozo ¢ynxyuii z" ‘e * pasen onpedenumento Bandepmonoa uucen
e, k=1n.
Jloka3zaTenscTBo. 3alUlIeM ONpeAeauTens W, ncnoiab3ys JeMmy 1:

g, €, €,
6_72"71 e_7Zn71 6_72}771
& & €,
Tz n-2 n-3 Tz n-2 n-3 Tz n-2 n-3
e (ZIOZ +¢€z ) e (IIOZ +¢€,z ) .. e (Iloz +¢€,z )
_in—l _in—l _&n—l
z J - z J -J z J -J
e 2811,171’].2 e 2821,771,1«2 ..oe anlnfl,jz
Jj=0 Jj=0 j=0

€

Boinecem o011ue MHOKHATEIH CTOJIOOB ¢ ~, k =1, n, 3a 3Hak onpenenures. [lonyuum nepen onpenenu-

n g, g +8 +...+¢,
z z

TeneM Kodddunnent He =e =1, nockosbKy €, +€&,+ ... +€,=0.
k=1
OcraBiuuiicst onpeaeauTenb IPeJCTaBUM B BUJE HaUIEKAILEH CyMMBbl ONpENEeIUTENEH, dI1eMEHTaMU KO-
TOPBIX CIIy’KaT OTJEJIbHBIE CIaraeMble CTPOK olpeaenuTens. Bce ykasaHHbIe ompenesuTeny u3-3a Ipomop-
LHOHAJIBHOCTH 3JIEMEHTOB KaKUX-JIMOO CTPOK 00OparsTCs B Hy/b, HEHYIEBBIM OyleT JIUILIb ONPEAEIUTENb U3
MOCJIEAHUX CIAaraeMbIX BCEX CTPOK:

Zn—l Zn—l Zn—l
-3 -3 -3
€z" €,2" e, z"
n=1_-n+1 n—1_-n+1 n=1_-n+1
ez €) €
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BrireceM o0111Me MHOYKHTENN CTPOK MOCIIEIHETO ONPEICIUTENS 38 3HAK OTPEJICIIUTENS, TOTIA ITepeJT OTpe-
nenuteneM Oyner kodddurment z" 'z" 7 .- z7""' =1 u B pesynbraTe OCTAHETCS, OYEBHIHO, ONPEIETHTEh
Bannepmonna uncen €, €, ..., €,. Jlemma 2 nokaszana. .
R JR— _Zk
Jlemma 3. ITyemo k =1, n, k #j. To2oa ons kascoozo j =1, n onpederumens Bpouckozo ¢pynxyuii z" ‘e *

g

pasex VZZ”fle °, 20e W, — onpedenumens Banoepmonoa uucern .
JlokazarenbcTBO JIeMMBI 3 He TPUBOAUTCS, MOCKOIBKY OHO BIIOJIHE aHAJIOTHYHO JIOKA3aTeIbCTBY JIEMMBI 2.
Bynewm pemats ypasaenue (16) MeTogoM BapuaIiy MPOU3BOIBHBIX MTOCTOSHHBIX. [l 3TOrO BHavase cie-
JyeT PEeUINTh CUCTEMY JIMHEHHBIX alnreOpandeckux ypaBHEHUH

e\
2 2"l F [)(Z) = ﬁk(z), k=0,n-1,

J

~ _ F(z
rae Fk(z) =0mnpu k=0,n-2; Fn-1(2) =- _2(,, ) Pemas ee no mpasuity Kpamepa u ucnosin3ys gemMmsl 2, 3
z

JUTS 3aITMCH HEOOXOUMBIX OTIPEAEITUTENEH, OTyduM

& &
z

(=)' Wz le TF(z)  Me®F(z)

2n n+l 4
Wz z

1w mk=1m>k, Ly o
tne M, = ( )W 7 = ””"”””ﬁ’ =— ( 1) , j=Ln
IT (e.—e) [1(e.-¢)
m, k=1, m=1,
m>k m#j

MCTOI[ Bapualyy Npou3BOJIbHBIX MMOCTOAHHBIX MMO3BOJIACT 3alIMCaTh 06].].166 PCHICHUC YPABHCHUA (16) B BUJIC

i

n z 0 &
(I)_(Z)=Z"’lz D,+M.jL1(C)dC e ’, (18)

= J jm Cn+

e Di — IMMPOU3BOJIbHBIC ITOCTOAHHBIC.
. e

J

e FG) _ oL
Cn+l o CZ

Ha OECKOHEYHOCTH (DYHKITHH.

3ameTum, 4To npu { — oo, I03TOMY HHTErpajibl 13 (18) CXOMATCS U JAIOT HCUE3aoIIne

OyHKUuA d)f(z) B Gopmyie (18), BooOuie roBops, uMeeT mostoc nopsiika # — 1 Ha 6eckoneunoctu. Ilo-
Ka)XeM, 4TO MOCTOSHHBIE D; MOXHO mogo0paTh, ¥ MPUTOM SIMHCTBEHHBIM 00pa3oM, TaK, YTOOBI TOOUTHCS
paBeHCTBa <I>_(oo) =0.

V-
HYCTBL+h+...+ o
z ZZ Zn—l

+ ... ecTb paznoxeHue B psij Teisiopa B OKpeCTHOCTH OECKOHEUHOCTH (PyHK-

SR (0)

n & _
U ZMJ J.—dC e . Jlenas aHajOrMYHBIC PA3JIOKCHUS JUIsl PYHKIUI e
=1

Cn+1

g

z

, B OKpECTHOCTH Oec-

KOHCYHOCTH NMOJTyYUM
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YeTpaHuM HOJ0C Ha OECKOHEYHOCTH, OAYHHUB MOCTOSHHBIE D, TpebOBaHUIM
n
Z D;=0,
Jj=1

n (19)
YeD=(-1)"ykl k=1 a1

OTH TpeOoBaHuUs IPEACTABIAIOT COOOH CUCTEMY JIMHEHHBIX aJIreOpanuecKuX ypaBHECHUN I HAX0XKICHHS 110-
CTOSIHHBIX D;, IPHYEM OMPEIEIUTENb CHCTEMBI €CTh OnpeenuTels Banaepmonaa W # 0, nostomy oxa Beeraa
MMeeT eTMHCTBEHHOE PEIICHHE.
Teneps ycTaHOBICHBI Bee (DaKThI, HO3BOJISIOLINE CHOPMYITUPOBATH PE3YIBTAT B OTHOILICHUH YpaBHEHUS (9).
Teopema 2. Ilpu n + o. = 0 ypasuenue (9) dezycnosno paspewumo. llpu n + o. < 0 o1 paspewumocmu

ypasnenus (9) neobxooumo u docmamoyno evinoanenus yciosuil (10), 6 komopvix k=0, —n— o —1. B cy-

uae paspewumocmu ypasuenus (9) ezo pewerue cooepaicum n +max (0, n + OL) nPoOU3EONLHBIX NOCMOIHHbIX
u oaemcsi popmynou

g/

=z (C +Nj MR C)d@] —¢"! D+Mj e*F f)dc

20e C, — npoussonvivle nocmosinnsle, D; — 6nonne onpeoenennvie ROCMOsIHHbIE, AGIAIOUUECS PEULEHUEM CUC-
memut (19), j=1, n.
Dynxyuu F, (z) svipaxcaromes popmynotl (11), 6 komopoti P(z) — MHO204NeH cmenenu n+ oL — 1 ¢ npous-

80bHBIMU KO Puyuenmamu npun + o —1 >0, P(Z) =0npun+o—-1<0.
IIpumep 2. PaccMoTpuM ypaBHEHHE

=e tel.

1 co(t)dt 2(2;-1 o(t)dt
mZ[ T—t " I t)

Taxoi BUJT MOXXKHO IPpUAATH ypaBHeHHIo (9) ipu n =2, a(t) =1, b(t) =2,0,=1,0,=0, 00, =1, f(t) =
Torma xpaeBas 3anada Pumana (6) 3ammmiercs Kak

39(t) - (24 +1)9"(1)

1
F,(t)=2F (1) + Eez’, tel.
Pemrate ee claenyeT B KJjracce q)yHKuHﬁ, JOMyCKAaIOIIUX MOJIFOC 1-ro nopsiika Ha OeckoHeuHocTH. B urore mo-

JIy4uMm
By Biz

1 5.
FJr(Z)ZEe2 +Bo+ Bz, F(2)= 5 5

e B, u B, — IpOU3BOIbHBIC OCTOSHHBIE.
Janee cnexmyer pemiars auddepeHInanbHble YpaBHEHHs, KOTOPbIE [UIs pACCMaTPHUBAEMOTO TIPUMEPA HMEFOT

BHJI

+

O, (z) - ®(z) = %ezz +By+ Bz, @_(z) — 2'®"(z) = %) + %
Pemennem sBisitorest QyHKIHN

CI)+( ) BO+Blz—éezz+ Ce +Ce” ( ) (BO+B1 Bozsh Blzchl)

3pech C,, C, — IPOU3BOJIbHBIE IOCTOSHHBIE, 4 PELLICHUE <I>_(z) HaleHo ¢ yueToM ycioBus @ _ (oo) =0.
Haxomner, pemenue mpuMepa moayduM 1mo Gopmyie (7)

1 1 1 1
o(?) ZE(BO + B, + Botsh; + Blfch;) _ gezr +Ce + e
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3aKjaoueHune

dopmyibl penieHni, yka3aHHbIe B GopMyITUpoBKax TeopeM | U 2, BEpHBI Kak JUIsl OTHOPOJIHBIX, TaK U He-
OTHOPONHEIX ypaBHeHHH (8), (9). OTMETHM KaK OYEBHIHOE CICACTBHE 3THX TEOpeM OE3yCIOBHYIO pa3periu-
MOCTb OJIHOPOJIHBIX YPaBHEHHI ¥ HAIWYHE Y HUX HETPUBUAIILHBIX PEIICHUH.

Hapsiny ¢ ypasaenusmu (8), (9) mo ykazaHHOM B HACTOSIICH CTAThe CXEME MOYKHO PEIINTh MHOTHE YpaBHE-
Hus (1), KodhHUIHEHTH KOTOPBIX UMEIOT BU (2). BaXHO MpH ATOM YMETh peliaTh B KJIacCe aHATUTHICCKHAX
(dhyskmit Bo3Hukaromue quddepeHinaibasie ypapHeHMS (4), (5).
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MHOTOAMHENHASA CUCTEMA MACCOBOTO
OBCAY>XVBAHUNA C PESEPBHBIMU ITPUBOPAMMUN

B. H. KIUMEHOK"
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PaccmarprBaeTcst MHOTONTMHEHHAS CHCTEMA C HEOTPaHUIECHHBIM Oy(pepoM, KOTopast MOJKET HCIIOIb30BaThCSI IIPH TPOCK-
THPOBAHWIH SKOHOMHBIX CXEM SHEPTOMOTPEOICHIS 1 KaK MaTeMaTHIeCKast MOJIeITh HeHAICKHBIX PEANbHBIX CTOXaCTHIECKIX
CHCTeM. 3ampochl OCTYIAIOT B CUCTEMY B TPYIIIIOBOM MapKOBCKOM ITOTOKE, BPEMEHa OOCTYKUBAHHUS PACIIPEICICHBI 110
(azoBomy 3axony. Ecin Bpemst 00ciTy:KiBaHus 3apoca IpHOOpOM MPEBbIIIAET HEKOTOPYIO CIYYaiiHyI0 BEIMUUHY, pacipe-
JIETICHHY'O 110 (ha30BOMY 3aKOHY, 9TOT IPHOOP MOITyYaeT MOMOIIb OT PE3ePBHOTO MPUOOPa N3 KOHEUHOTO MHOYKECTBA PE3EPB-
HBIX TIPUOOPOB. B cTaThe HalICHBI CTAIIMOHAPHOE PACIIPE/ICIICHIE BEPOSITHOCTEH COCTOSIHUI U OCHOBHBIC XapaKTePUCTHKU
MIPOM3BOIUTEITHHOCTH CHCTEMEL.
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In this paper, we investigate a multi-server queueing system with an unlimited buffer, which can be used in the design
of energy consumption schemes and as a mathematical model of unreliable real stochastic systems. Customers atrive to
the system in a batch Markovian arrival process, the service times are distributed according to the phase law. If the ser-
vice time of the customer by the server exceeds a certain random value distributed according to the phase law, this server
receives assistance from the reserve server from a finite set of reserve servers. In the paper, we calculate the stationary
distribution and performance characteristics of the system.

Keywords: queueing system; reserve servers; batch Markovian arrival process; phase type distribution; stationary
distribution; performance characteristics.
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BBenenue

[Ipobnemsl, cBA3aHHBIE ¢ IHEPrOCOCPEIKEHUEM BO MHOTHX PEaJIbHBIX CHCTEMaX, B YACTHOCTH B LEHTPAX
00pabOTKH JTaHHBIX NMPU O0JIAYHBIX BBIUYMCICHHUAX, MOTYT PEIIAaThCs IMyTeM Pe3epBUPOBAHUS (C TaIbHEHIINM
aIalTUBHBIM TTOJKIIOYCHUEM) OOCTYKUBAIOIINX pecypcoB. B cucremax oOCIyXKHBaHUS Pa3sHOPOJHON WH-
(opmanuy, HanpuMep B KOJ-LIEHTPaX, pe3epBUPOBAHUE YCTPOHCTB I MPHOPUTETHON MH(POPMALTUE MOKET
CYIIECTBECHHO MOBBICUTH KaueCTBO paOOTHl. B HeHameKHBIX CHCTEMax Nepenayd JaHHBIX HaJM4ue Pe3epB-
HBIX KaHAJIOB MO3BOJISICT YIYUIIUTh Ka4ecTBO Nepeaauu. BeneacTBue ctoxacTuaeckoro xapakrepa 00padoTKu
U niepead MHHOPMAIMHU aKTyaJIbHBIM SIBJSIETCS MaTEMaTHYeCKOe MOJICITMPOBAHNE CHCTEM C PE3EPBUPOBAHIEM
B PaMKaX TEOPUU MAacCOBOTO OOCTYKMBaHHs. YIIOMSHEM JIHIIb HEKOTOPbIe MyOIMKaluK B JaHHOW 00JIacTy.

B [1; 2] uccnenyrorces AByX(a3Hble CUCTEMBI MACCOBOTO OOCITYKMBAaHUI C PE3EPBUPOBAHIEM KaHAJIOB JJIS
MPUOPUTETHBIX 3asSBOK Ha BTOPOH (aze, KOTOpbIe MOACTUPYIOT KOJ-IEHTPHI, 00padaThIBAIOIINE 3aPOChl
Pa3IMYHBIX KaTeTOpuil BAXXHOCTH. B myOnmukanusx [3—6] paccMOTpeHbl MaTeMaTHueCKUe MOACTH THOPUAHBIX
CHCTEM CBSI3M, COCTOSIIIMX M3 HeHaaexHoro kaHana FSO (free space optics) u pe3epBHOro abCOJIIOTHO Ha-
JeKHOTO paanokaHana aubo n3 FSO-kanana u pe3epBHOrO kKaHajla MHJUIMMETPOBOTO AHMana3oHa, KOTOPBIE
MOTYT BBIXOANTB U3 CTPOS B HEMIEPECEKAIOIINXCSA MHTEpBaJIaX BpeMeHU. B crathe [7] aHanmm3upyeTcsa oJHONH-
HelHas cucteMa ¢ OecKOHEUHBIM OyepoM H pe3epBHBIM IPHOOPOM, B KOTOPO MPEIIOoNaraercsi, 4To pe3eps-
HBIH TPUOODP aKTHUBHUPYETCS, KOTJa 00CTyKMBaHUE 3asBKU CTAHOBUTCS CIUILKOM JUIMHHBIM. [lociie akTuBanuu
OCHOBHOI U pe3epBHBIH NPUOOPHI 0OCTYKHUBAIOT 3Ty 3asBKY OAHOBpeMeHHO. B [7] mokazaHo, 4To mporecc
(YHKIIMOHMPOBAHUSI CHCTEMBI SIBJISICTCSI BEKTOPHBIM IPOLIECCOM THOENH U pa3MHOKeHH. JloKka3bIBaeTcs yc-
JIOBHE 3PTOJUYHOCTH, BBIYUCIIAIOTCS CTAlMOHAPHOE paclpeieNICHHE U XapaKTEPUCTUKHI TPOU3BOIUTENIEHOCTH
CHCTEMBI, BEIBOAUTCS MTpeoOpazoBanue Jlamnaca — Ctuntbeca pacnpeaeieHus] BpEMEHH OKUAAHUSL.

B nacrosimeit crathe pe3ynasratsl [7] 0000IIar0TCs Ha cily4ail MHOTOJUHEHHON CHCTEMbI ¢ KOHEYHBIM ITy-
JIOM pe3epBHBIX MpuOopoB. [lomyueHHble pe3yasTaThl MOTYT OBITH MCIIOJIB30BAHBI ISl PELICHUST TPOOIEMbI
HaXOKJCHUSI KOMIIPOMHCCA MEXKILy SHEPIonoTpeOIeHUEM U KadeCTBOM OOCITYKHBaHUSI TOCPEICTBOM HUCTIOJIb-
30BaHUSl PE3CPBHBIX MPUOOPOB, KOTOPBIE TOAKIIOUAIOTCA K OOCITYKMBAHMIO 3aBKH B CIIydae MPEBBILICHUS
BpeMeHH NpeObIBaHUS 3asiBKM Ha OCHOBHOM Ipubope (OyaeM TOBOPUTH TAKXKE «B Clyyae WCTCUCHHS Taid-
Mepay). Takoll cuieHapuii 00CTyKMBaHUs IPU Pa3yMHON SKOHOMHHU SHEPIHHU MO3BOJISIET M30€KaTh CIUIIKOM
OonpIInX 3aepkek B cucteMme. [locnequsist TakkKe MOXKET pacCMaTpUBATHCS KaK MOJENb HEHAIEKHOM cuc-
TEMBI, TZI¢ IPU OTKa3¢ OCHOBHOTO HEHAJIe)KHOTO MprUOOpa pe3epBHBIN NpruOOp 3aBepiiacT 00CIyKUBaHUE Te-
KylIel 3asBKU. B 3ToM citydae Bpemsi mpeObIBaHUsI HA OCHOBHOM MPUOOPE HHTEPIPETHPYETCS KaK BpeMsl /10
MOJIOMKH 3TOT0 Mprudopa.

Onucanme CUCTEMBI

Ms1 paccmarpuBaeM N-IMHEHHYIO CHCTEMY MacCOBOTO OOCITY)KUBAHHSI C TIOTOKOM 3asBOK, MPECTABIISIO-
M coboit BMAP-miotok (batch markovian arrival process). [locnennnii 3amaeTcsi ynpaBiIsiFOIIAM MPOIIec-
COM V,, ¢ = 0, KOTOPBIH SIBJIIETCS HETPUBOANMOM LETbI0 MapKoBa ¢ HEIIPEPBIBHBIM BPEMEHEM, KOHEYHBIM IIPO-

CTPaHCTBOM COCTOSIHUH {0, cee W} u (W + 1) X (W + 1)—ManI/II_IaMI/I D,, k=0, rne (V, V’)—I71 JJIEMEHT MaTPHILIbI
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D,, k=1, ecTb NHTEHCUBHOCTb II€PEX0/ia YIPABISAIOLIETO IPOLECCA U3 COCTOSIHUS V B COCTOSHUE V', COIIPO-
BOX/IAIOIIEr0OCs F'eHepalyel Tpymnsl, cocrosieil u3 k 3ampocos. HeauaronanabHble ieMeHTbl MaTpulbl D,
€CTb MHTEHCHBHOCTH MIEPEXO0A0B YIPABIISIOIIET0 IPOLecca U3 COCTOSHUS V B COCTOSIHUE V', HE COTTPOBOXKIAI0-
IIMXCS TeHepalye 3apocoB. J{naronaabHbIe 271€EMEHTHBI MaTpUIbI D, €CTh B3SThIE C TPOTHBOIOIOKHBIM 3HA-
KOM MHTCHCHUBHOCTH BbIXOAa YIIPABJIAIOUICTO ITPOLICCCa U3 CBOUX COCTOSTHUH. OTMGTI/IM, YTO Marpulibl Dk’

k = 0, TIOTHOCTBIO OTIPEAEIISIOTCS WX TIPOU3BOIAIICH (PyHKITHUEH D(z) = z D, z", z| < 1. Ilpu aToM Marpuna
k=0

D(1) stBnsieTcst NEQUHATE3MMATBHBIM TEHEPATOPOM YIPABIAIOLIETO IpoLecca V,, £ = 0.

[IpuBenem HekoTOphle BakHble XapakTepucTukn BMAP. MHTeHCHMBHOCTE MocTyIieHHs 3asiBoK B BMAP
(fundamental rate) onpeensercs Kak A = GD'(l)e, rje 0 — eMMHCTBEHHOE PEIICHUE CUCTEMbI GD(l) =0,0e=1,
€ — BEeKTOP-CTOJIOCLL, COCTOSIINI U3 eIUHUL. VIHTEHCHBHOCTD A, MOCTYIUICHHS TPYII 3asBOK ONpPEICIISICTCs
KaK A, = G(—Do)e. Koaddunment Bapuaiym HHTEPBAIOB MEXIY MOMEHTAMH MOCTYIUICHHUS TPYII 3asBOK
HaxoauTCs 1o popmyne ¢, = 27\,b(-)(—D0 )_le —1. KoadduuueHt koppensinun CoceqHUX WHTEPBAIOB MEXKIY
%8(=D,) " (D(1) = D,)(=D,) e ~1

2
var

MOMCHTAMHU INOCTYIUICHHs TpPpyHIl 3asBOK OIPEACIIACTCA KaK C. .=

(Hdomonuurenshyto napopmanuo o BMAP cwm. B [8].)

IMTonaraem, 4To Bce mMpHOOPHI OAMHAKOBBI M HE3aBHCUMEBI JIpYT OT JApyra. Bpems oOcimykuBaHUS 3asB-
KM IpHOOPOM MMeeT pactpenenenue PH-Tvna ¢ HenpuBoanmbiM npeacrasnennem (B, S), T. e. ykasanxoe
BpeMsl HHTEPIPETUPYETCsI KaK BpeMs, 3a KoTopoe Ienb Mapkosa m,, ¢ = 0, ¢ IPOCTPaHCTBOM COCTOSHUI

{1, LM+ 1} JOCTUTHET nomioutaromuiero cocrossuus M + 1. Ilepexons! uenu m,, t = 0, ¢ IPOCTPaHCTBOM

COCTOSIHUU {1, e M } 3aJIal0TCsl CyOreHepaTopoM S, a MHTCHCUBHOCTH MIEPEXO0/I0B B IMOTIIOINAIOIICE COCTOS-

HHE — BEKTOpOM S, = —Se. B MOMEHT Hauasla 00CITyKUBaHUS COCTOSHME Tpouecca m,, ¢ = 0, BEIOHpaeTcst u3
POCTpaHCTBa COCTOsHHIA {1, ..., M } B COOTBETCTBHH C BEPOATHOCTHBIM BEKTOPOM-CTpOKoii B. [Tonaraem, uro

marpuna S + S, HenpuBoauma. MHTEHCHBHOCT OOCITY)KHBAHHS 331aeTCS KaK |l = —([&S‘le) l. bornee nox-
poOHO 0 PH-pacripe/ie/iecHuu 1 €ro CBOMCTBaX MOXHO Y3HATh U3 [9].

Ecan B MOMEHT MOCTYIUICHHS TPYIIIBI 3a5BOK HEOOXOMMOE KOJIMUECTBO IPHOOPOB CBOOOIHO, TO 3asBKH 3a-
HUMAIOT COOTBETCTBYIOIINE PHOOPHL. Eciin cBOOOIHBIX MPHOOPOB HEMOCTATOMHO (MJIH BCE MPUOOPHI 3aHSITHI),
4acTh 3a5BOK (MJIM BCE 3asBKH) TIOMEIIAIOTCS B KOHEL ouepeu B OeckoHEeYHOM Oydepe B CirydaiiHOM MOpPSIIKE.

Kpome pabounx oOCTy KUBAIOINX TIPUOOPOB, B CHCTEME UMeeTCs R pe3epBHBIX MPHUOOpoB. Cunraem, 4To
R < N. CBoOonHBIH pe3epBHBII MPHOOP MOAKIIIOUACTCS K 00CTYKMBaHHUIO TEKYILEH 3asBKH, €CITH BpeMsi 00CITy-
JKUBAHUS 3TOH 3asIBKH MIPEBBIILIACT HEKOTOPOE MPEAEIbHOE BpeMs HaXOKICHUS Ha mpudope. DTo mpeaeabHoe
BpeMsl ONpeeNsieTcsl KaK cilydaifHas BeluduHa (TaiiMep), umerommas PH-pacnpeneneHne ¢ HePUBOAUMBIM

MIpE/ICTaBIIEHUEM (1:, T ) Y IPOCTPAHCTBOM COCTOSIHMM YIIPaBJISIFOLIETO Ipoliecca (1, 2,..., L). HNurencusHoCTH
IIepex00B B abcopOupyroliee COCTOsIHUE 3a1at0Tcs BeKTopoM T, = —Te. IHTeHCUBHOCTD TaliMepa BbIYUCIISIETCS]

-1
KaK T = —('yT _]e) . IIpn moxkiro4eHn K 00CITyKMBaHUIO PE3EPBHOTO MPHOOpa pacrpeaesiecHue BPEMEHH 110

KOHITa OOCTY»KUBAHUS 3asBKH 3a/1aeTcsa Kak PH-pacnpenenenne ¢ HeMPUBOJUMBIM TIPECTaBICHIEM (B, S)

U TMPOCTPAHCTBOM COCTOSIHUH YMPAaBISIOIIETO Mporecca (1, 2., M ) WHTEHCHUBHOCTH TIEPEXO/IOB B abcop-

Oupyrollee COCTOSIHUE OIIPENEIIAI0TCS BEKTOPoM S, = —Se. IHTeHCUBHOCTb TaKOro 00CIIyKUBAHUS 3a1a€TCsI
~ ~ -1

Kak [l = —(B S’le) .

Ecny B MOMEHT OKOHUaHMS IIPEIEIbHOTO BPEMEHH 00CITy’)KUBaHKE 3asIBKH €11e HE 3aKOHYMIIOCh, a CBOOOI-
HBIX PE3EPBHBIX MPUOOPOB HET, TO C BEPOSATHOCTHIO p 3asiBKa IMOKUAAET CUCTEMY HEJ00OCTYKEHHOH U ¢ J0-
MTOJTHUTEJILHON BEPOSTHOCTBIO | — p 00CTy )KMBaHHE Ha 3TOM NPUOOpE HAYNHACTCS 3aHOBO.

IIpouecc n3MeHeHUs COCTOSIHUI CHCTEMBI

ITycTh B MOMEHT BpEMEHH £:

* i, — YUCIIO 3asBOK B CUCTEME, i, = (;

* 7; — 4UCJIO 3aHATBIX PE3EPBHBIX NPUOOPOB, 7, = 0, min{i,, R};
. mt(j)
()

1

— COCTOSTHHE YTIPABJISIONIETO MpoIiecca 00CTYKUBAHUS Ha j-M MPUOOpe, padoTaromeM 0e3 ToIaepiK-

ku, m,”’ =1, M (monaraem, uyTo paboTaromye 60e3 MOAICPKKH TPUOOPHI HYMEPYIOTCSI B TIOPSIIKE WX 3aHSTHS,
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T. €. MpUOOP, KOTOPBIIl HAYMHAET 00CITy’)KUBaHUE, HyMEpyeTCs MaKCHMaJIbHBIM YHCIIOM CPEAM BCEX 3aHATHIX
npubopos. Korna npubop 3akaHumBaeT paboTy, MPOUCXOJHT TIEpEeHyMepaIus);
. ngj ) — cocrosHMe ynpaBIsIOmero npouecca TaiiMepa Ha j-M IprGope, paboTaromemM 6e3 MoIepKKH,

ngj) 1, L;

,(’ ) _ cocrosmue YIPaBJISIONIETO Tpoliecca Ha j-M MpuOope, paboTaromeM ¢ MOAIEPIKKOH, nﬁfj )= 1, M
(momaraem, 4To TIPUOOP, HA KOTOPOM TOJBKO YTO 3aKOHYHJICS TaMep, IMOydaeT MepBBIi HOMEP Cpelld BCEeX
puOOPOB, pPabOTAOIINX C MTOAAEPIKKOH, 2 HOMEPa OCTAIFHBIX TAKUX MPUOOPOB YBETUYNBAIOTCS HA SAMHUILY.
Korna Ha xakomM-u60 U3 3THX MPUOOPOB 3aKaHYMBAETCS 0OCITY)KHBaHUE, OCTaJIbHBIE IPUOOPHI TIEPEHYyMEPO-
BBIBAIOTCS);

*V, — COCTOsIHUE yIpaBiisromero npouecca BMAP, v, =0, W, 1 =2 0.
[Ipouecc u3MeHEHUSI COCTOSIHUN CHCTEMBI ONKCBIBAETCS PErYISIPHON HEMPUBOAMMON Lienb0o MapkoBa
C HETIPEPHIBHBIM BPEMEHEM H ITPOCTPAHCTBOM COCTOSHHIA

Q={(iv).i=0,v=0,W}U
U {(z ryv, mO, 10, @) 1O N =) glmindi Ny =) ) nz(’)), i>0,

r=0, min{i, R}, v=0,W, m", . m™EM") 17y,

J0 , [(min{i’N}—’) =1, L, ,,;,1(1)’ o ) = 1, M}

9 s

Yucno cocTOSHUM NPOCTPAHCTBA COCTOSTHUM TIPpH i = 0 BBIYUCIISETCS Kak

N min{i, R}

Ky=(w+1)Y Y (ML) M,

i=0 r=0

U 71 TI000T0 (PUKCUPOBAHHOTO i > () UMCIIO COCTOSIHHM paBHO
R

K=(W+1)Y (ML)

r=0

N—r,~

M.

B nanpreiinem OyeM HCMOIB30BATh CIEAYIONIHE 0003HAYEHHUS:

*® (@) — KPOHEKEPOBO NPOU3BEACHUE (CyMMa) MaTPHLI;

A¥ = A® .. ®A4,1>1, A% =1;
I

-1
o 4% = z I, A®I,,., |21, wis Marpuisl A, HMEIOLIIEH 1 CTPOK;
m=0

W=W+1;a=ML,
«B* =1, ®(SB® et
BY=1,01,,®B®1T)® S,

eI, r=0,R;

M

r=1R;
. 0(11 ) _ I, ® [(eM ® To)emm{i’ Ny-r ® 1, :|(Iamm{,w},,.,, ® [~3® I ), i>r,r=0,R;

$S =1 ®(8,®e,)" ® 1y, r=0i,i=1 N,

Mr’

S =101, @8y, r=0,i,i=1, N;

0

.C(i,r) = D()@ (S@T)®min{i’1v}7r ® S@r, r= O’T{i’R}’ iz 0’

D =D,®1, ® @) T, k=21,r=0,min{i, R}, i=0,N.

[Tonaraem, 4To cocTostHus Leru Mapkosa &, ¢ > 0, lepeHyMepOBaHbI B JISKCUKOTpahHIECKOM MOPSIIKE.
Jlemma. HUnpunumesumanvuwiii eenepamop Q yenu Maprosa &, t 2 0, umeem ciedyiouyio 610uHyio

cmpyKkmypy.
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oK OF K
o, & O 0
o 0, 0 ¢
O O

o, 0

Mampuya F, nopaoka K, X K, umeem onounsiii 6uo Fy= (Fo(i’ j))_ e 2oe
1, J=0,
S0 0 0 0
SH sy 0 0
. G(-2)
F;)(l’l,l)_ 0 80 0 O ) (1)
0 0 géi,ifl) Séi,ifl)
0o 0 .0 S
et f]:)(ll 0) 0 0
o ¢ 0 0
= : : ,0<i<R,
0 0 C(I l—l) ;];)(i, i—])
0 0 0 ct)
D O ..0 O 0
e |0 DEY O o 0 0
F9 = : :  1<k<SN-j
O O D]Si) l) OMyXak—1M1+] 0M1X01+kflmn{t+k, R}Mmm{mh R}
S0 0 0
S s 0 0
Flie _ e , )
0 0 0 SiE=D g
0 0 S S+ (1-8y ) ply ®
®(e,®T,)" "®1I,
C(' 0) 7;)('2 0) 0 0
o ct 0 0
FO) = .,- L e ,R<i<N, 3)
0 0 0 C( ,R-1) ,]-()(,R 1)
0 0 0 My (1-p)I, ®
®(1,®T1)" oI,
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DY 0 0
(i1)
FHH = 0 _Dk _0 J1<k<N-i
0 0 Di"

Ecnu R < N, mo mampuysi FO(N’ Ny, FO(N’ N guruucnsomes no dopmynam (2) u (3) coomeemcmeenno, 20e

nonazaemcs i = N. Ecnu R = N, mo mampuya E)(N’ Y goruucasiemesn no Gopmyne (1), a mampuya E)(N’ M) _no
gopmyne (3).
Mampuywr F,, k=1, nopaoka K, X K umerom crneoyroujuii 6uo:

diag{Dj(VO;rk), r =0, min{0, R}} 0

diag{D]E};rk)_l, r=0, min{l, R}} )

diag{D,fAﬁl’ =0, min{N -1, R}} (O ,

diag{D""), r =0, R}
Mampuya Q_l umeem nopaook K x K, u 3aoaemcsa kax

Q—l = (OKX(KO - K) ‘ Q—l )

Mampuywr Q,, k=-1,0, 1, ..., umerom nopadox K X K u 3a0aromes xax
B9 o . 0 0
BN By o 0
0. =|: . . . ,
0 0 . BMED g
0 0 e B&O BN 4 L ® (e,BOTT) @1,
c™-0) Z)(N» 0) 0 0
o ™ 0 0
0, = : oo : )
0 0 ... cWETY ’Z:)(N’R_')
0o 0 . 0 NP (1-p) @ (1, 0Tx)" @1,
DM 0 0
O = 0 :D’EN’I) 0 Jk>1.
0 0 ... DA

Caencrsue. [Jens Maprosa §,, t > 0, npunadnesxcum kraccy kéazumennuyeswix yeneii Mapkosa ¢ nenpe-
poisrvim epemerem [10].
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HoxazarenbcTBOo. MHOUHUTE3UMANIBHBIN TeHepaTop () paccMaTpHBaeMOH ey WMeeT OJIOYHYIO
BEPXHIOI0 XeCCEHOEProBy CTPYKTYypy, U OJIOKH, 0Opa30BaHHbIE HHTEHCHUBHOCTSIMH IEPEXO/I0B M3 COCTOSHUI
CO 3HAUCHHUEM i CIETHON KOMITOHEHTHI, [ > N + 1, B COCTOSTHUS CO 3HAYECHUEM j ITON KOMITOHEHTBI, 3aBUCST OT
3HAYEHUH i, j TOIBKO Yepe3 UX pa3sHocTh i — j. COmIacHO OMpeneeHUI0 KBa3UTEIUINIICBBIX Iereil Mapkosa,
npuBeaeHHOMY B [10], 3TO 03HaUaeT, YTO paccMarpruBaeMas IeMb MPUHAICKAT KJIACCy KBa3UTECIUIUIICBBIX
neneit MapkoBa ¢ N + 1 TpaHUYHBIM COCTOSTHHEM.

CrnenctBue 10Ka3aHo.

YcaoBue IProANIHOCTH. CTaIII/IOHapHOC pacnpeaejicHuae

Tycrs B", B, To(r) — Matpupl, noydennsie w3 marpuy B, BN TO(N’ ") COOTBETCTBEHHO ITyTeM (op-

" _ MAaTpHUILIA, TIOITYYEHHAs! U3 MaTPULIbL c y,[[aJIeHI/IeM BBIPAKECHHUS

D, ®. Tlycts Taxxe Q_,, Q, — Marpuuel, nonyuenssie u3 O, O, hopmanssoii samenoin B, 7M7) SN,

c™ r), r=0, R, na MaTpHIIBI B, TO(’), Sé’), C") cooTercTBEHHO. Beipasenne pl;, ® (eMB ® IE)T)®N7R ® 1,

)@N—R ®IMR U BBIpaXKCHUE (1 - p)IW ® (IM ® TOI)CBN—R ® ]MR — Ha (1 - p)(IM ®

MaJILHOTO YaJIeH!s BbIpaxkeHuit 1; ®, C

samennm Ha p(e, B ® Tt
@®N-R
®TT)  ®Ip.

Teopema. Heobxooumvim u 0ocmamounviym ycioguem speoouunocmu yenu Maprosa §,, t > 0, sensemcs
8bINOIHEHUE HePaBeHCMBA

A< i(xEl)SOGD e )®N7re + pxg) (eM ® 7'0)®N_Re + ixfz)S’O@’e, 4)
20e o a
xEl) = xr(lam,, ®e, ) xiz) (e v @1 )
a eexmop x =Xy, X, ..., Xy ) — OUHCMEEHHOE pewlere CUCMEMbl TUHETHBIX An2eOPauieckuX ypasHeHul

x(Q,+Q)=0 xe=1. (5)

HoxazarenbcTBo. Kak ciemyet u3 [10], HeoOX0oquMoe M TOCTaTOYHOE YCIOBHE IPTOANIHOCTH KBa3H-
TermueBoi renu Mapkosa &, £ > 0, MOKeT ObITh C(HOPMYIUPOBAHO B TEPMUHAX OJIOKOB reHeparopa Q ciie-
JTYTOTITIM 00Pa3oM:

2 (k+1)Q,e <0, (6)
I BEKTOP ¥ — CAMHCTBEHHOE PELICHUE CUCTEMBI JIMHEHHBIX alreOpanyecKuX ypaBHEHHH

yZQ,(zO,yezl. (7)
k=-1
BekTop y npe/icTaBUM B BUJIC
y= (9® X, 0®x,...,00® xR).

IIpuHuMas BO BHUMaHUE COOTHOLICHHE z D, e =0, nerxko npoBepHUTh, YTO TAKOH BEKTOP SIBISETCS €JMHCTBEH-
k=0
HBIM PEIIeHHEM CUCTEMEI (7) TOTIa U TOJIBKO TOTHA, KOTAa X = (xo, X5 e xR) SIBIIIETCS €IMHCTBEHHBIM Pe-

IIEHUEM cUcTeMBI (5). 3ameTuMm, 4To cucteMa (5) IMeeT eAMHCTBEHHOE pelIeHne, Tak Kak MaTpuna Q | + Q,
€CTh HeNIPUBOIUMBI TeHepaTop. Takum 00pa3oM, MbI IEPENTH OT CUCTEMBI (7) 1 BeKTopa y K cucrteme (5)
JUTSL BEKTOpA X.

Temneps niepeiinem ot HepaBeHCTBa (6) K HepaBeHCTBY (4). [lepenuiem (6) B Bue

yszke < _yz Qe
k=1 k=0
Hcnone3ys paBeHCTBO 2 0,e=-0 e, nMeeM

) ygleke <yQ_e. (8)
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[ToxcraBisis B JIeBYO 4acTh HepaBeHCTBa (8) BblpakeHus it O, k = 1, U mpUHUMas BO BHUMAHUE, 4YTO

0 2 kD, e = A, momy4anm i
k=0 Y kQe =M. )
k=1

Teneps paccMOTpUM IIpaByIO 4acTb HepaBeHcTBa (8). FimeeT MecTo ciemyromas 1ernoyka COOTHOLIEHU:

BN
BY e 4 BNV

10.,e=(00x,00®x,....0®0x,)| gWr-n,, gie-n, |=

BN R 4 B e+p[1 ®

)@NfR

®(e,BOT)" " @1, e

R

= x,(S,B ® e1) Ne+2xr|:(S0B®e’c)®N_r®IM,:|e+

r=1

@N-R

+ix,[1~, ® (BT @S Je+pxy|(,BOT)" @1, |e=

R
=x,(S,B® eT)eNe + > x, (Ia,\,,,. e, )(S0 ®e, )®N_re +

r=1

)(-BN R

+ ixr(eah_, ®1, )S‘?’e + pxR(IaN,,. ® e, )(eM ® T,

—le (S,®e,)""" re+2x 18 + px) (e, ® T,)"" e (10)

r=0

Hcrnons3ys (9), (10) B (8), momyunm rnckomMoe HepaBeHCTBO (4). Teopema mokaszaHa.

B mampaefimem OyneM cauTarh, YTO YCIOBUE DPTOAMIHOCTH (4) BHITIOTHICTCS.

[TepeHyMepyeM CTalMOHApHbIE BepOoSsTHOCTH 1ienu &, ¢ > 0, B JIeKCHKOrpadhHIeckoM mopsKe u oopasyem
BEKTOPBI-CTPOKH p,; BEPOSITHOCTEH, COOTBETCTBYIOIMX 3HAUCHHIO | IEPBOM KOMIIOHEHTHI LenH, i = 0. YToOb!
BBIUUCIIUTD BEKTOPHI P, i = 0, IPUMEHUM aJlaliTUPOBAHHBIN K HAIIEMYy CIIy4al0 YHCJIEHHO yCTOWYMBBIN ajro-
PUTM, KOTOPBIA OBIT pa3padoran B [10] mis MHOTOMEpHBIX KBa3WTEIUTHIIEBEIX Iereld Mapkosa. [Ipu paspa-
0OTKe ATOTO ajIropUTMa MCIIOIB30BAHCH DJIEMEHTHI TEOPHH MAaTPHI] M TEXHWKa CEHCOPHBIX meneil MapkoBa
(cm., manpumep, [11; 12]). st yooOGcTBa ynTaTeNIss TPUBOIUM 3/IeCh OCHOBHBIC IIIard alallTHPOBAHHOTO ajl-
ropuTM™Ma.

Adaropurm. 1. Haxomum Marpuiry G Kak MUHIMAJIbHOE HEOTPHUIIATETIHHOE PEIIeHe MAaTPUYHOTO YPaBHEHHUS

i QnGn+1 — 0

n=-1

2. Berancnsiem Matpunty G, UCIIOJIb3Ysl ypaBHEHHE
Q—l + z QnGnGl = Oa
n=0

13 KOTOPOI'O CJICAYCT, YTO
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3. Haxonum Marpuny G, U3 ypaBHEHHUs

Qfl + O+ ZQnGn_lGl G, =0,
n=1

OTKyza
-1

Gy=—|0,+>,0,G"'G | 0.,
n=1

4. BeraucmusieM MaTpHIIBI

0,,= .
0.+ 0,.6G, G, _,G,izllzi

n=[+1

rme G=G,i=2.
5. Haxonum marpuiel @, 1o peKyppeHTHOH dopmyie

/-1 )
O, = Q0,1+2q)iéi,l (_Ql,l) ], [>1.
izl

6. Borumcisiem BCKTOP TU KaK €IMHCTBCHHOC PCIICHNUE CUCTEMBI

nQ0,0 = 05

| e, +2(D16’K =1.

=1

7. Haxonum BeKTOpBI ), , Cliefyomum oopazom: p,, , =D, [ > 1.
8. BeruuciseM BEKTOPHI p;:

0714 min{i, R} O O
7Y Y dir
i=0 r=0
p=" o Y o ,1=0,N.
w alerr
r=0
0 O 07 N minf{i, R}
w z a M

XapaKTepncTnKu MPpOU3BOAUTEC/ILHOCTH

Onpenenus cTallMOHAPHOE pacipenesieHue p, § = 0, MOXKHO HaWTU psijl CTAMOHAPHBIX XapaKTEPUCTHK
MIPOU3BOUTENBHOCTH cUCTeMBI. [IpuBeemM Hanboee BaKHbBIC U3 HUX:

* CpeIHEe YNCIIO 3a4BOK B cucteMe L = z ip.e;
i=0
* BEPOSATHOCTb TOTO, YTO CUCTEMA IYCTa, P, = P,€;
* CTALlMOHAPHOE PaclpeieeHe Yucia 3aHsAThIX IPUOOPOB

p,=pen=0,N-1, p,= Zpie;
i=N
N
* CpeZIHee YMCTI0 3aHATBIX IPUOOPOB N, = Z np,;

usy
n=1

* COBMECTHAsI BEPOSITHOCTD B TIPOM3BOJIbHBI MOMEHT 3aCTaTh /* 3aHATHIX PE3EPBHBIX MPHOOPOB, Min {i, N } -r
TIPHOOPOB, PadOTAFOIINX O€3 TIOMICPIKKH, U i 3asTBOK B CHCTEME
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pi(r) = pl.J(i’ r)e, i>20,r=0, min{i, R},

rae
0 A=l .
W zamm{;, N} VY Wamm(:, N} Vi
n=0
J0) = I (11)
- Wamm(f. N} v .
0 min{i, R} _
W z amm{!. N}- "N Wamm{x, N}- S

n=r+l

Hanum kparkoe nosicienue ¢popmyisl (11). YMHOXas1 BeKTOp p; Ha marpuly J g r), MBI BBIACIISIEM YacTh TOTO
BEKTOPA, COOTBETCTBYIOIYIO » 3aHSATHIM pe3epBHBIM MpudopaMm. CyMMHpPYsl BCE BIIEMEHTBI 3TOrO BEKTOPA,
TIOJTy4aeM UCKOMYIO BEPOSTHOCTE p, (r);

* CTAI[MOHAPHOE paclpe/ieliCHHEe YHCIIa 3aHSThIX PE3EPBHBIX MPHOOPOB

q,= Zpl.(r), r=0,R;

i=r

* CpeiHEee YUCIIO 3aHSATHIX PE3EPBHBIX IPHOOPOB

R
(reserve) __ .
N, busy - 2 rq,;
r=1

* CTAIIMOHAPHOE PaCIPE/ICIICHHUE YUCIIA 3aHATHIX MPUOOPOB, paboTAIOIINX O€3 MOICPIKKH,
&= zpiqmin{i,N}—/’ [= 0’ N’
i=0
* CpellHEee YMCIIO 3aHAThIX MPHUOOPOB, pabOTAIINX 03 TOMIEPIKKH,

N(non—support) — i lg],

busy
=1
* BEPOATHOCTD IOTEPHU HpOI/I3BOJ'H>HOI\/’I 3asBKH

oo min{i, R} ) o o
z P, z J(z, r) (Sémm{z, N}, r)e + S(gmln{z, N}, r)e)
Pu=l- ™ - . (12)

J(i, r) S(()min{i, N} 7)

B gopmyne (12) BeipaxeHue p, € eCTh MHTEHCUBHOCTbH BBIXOJHOT'O ITOTOKA 3as1BOK, 00CITy-
YKCHHBIX Ha OCHOBHBIX NMPHOOpax, paboTaromux 0e3 MOAIEPKKA PE3SPBHBIX MPUOOPOB, KOT/Ia B CUCTEME Ha-

. (i,r)  &(min{i, N}. 7)
XOOUTCHA 1 3a4BOK U ¥ 3aHATBIX PE3CPBHBIX HpI/I60p0B. BBIpa)KeHI/Ie pt'] . SO € €CTb HHTCHCUBHOCTb
BBIXOJHOI'O ITIOTOKA 3as41BOK, 06CHy)KeHHBIX Ha OCHOBHBIX HpI/I60an, pa60TaIOIJ_II/IX C HOHHCP)KKOﬁ PE3CPBHBIX
HpI/I60p0B, KOrga B CUCTEME HAXOAUTCA 1 3asIBOK U ¥ 3aHATBIX PE3CPBHBIX HpI/I60pOB. TOFI[a YUCIINUTECIIb ,Z[p06I/I
B (12) — 9TO CyMMapHasi MHTCHCUBHOCTb BbIXOJHOTO ITOTOKA, B TO BPEM: KaK 3HAMCHATCJIb — UHTCHCUBHOCTb
BXOAHOI'O IOTOKA. 3HaLH/IT, BbIYUTACEMOC B (12) €CTb BCPOATHOCTL TOI'O, YTO IMMPOU3BOJIbHAA 3adBKa HE 6yHeT
MOTEepsiHa, a MCKOMOC 3HAYCHUC Pl BBIYUCIACTCH KaK JOIMMOJIHUTCIbHASA BEPOSATHOCTD.

08s

YucsieHHbIE IPUMEPbI

Lenpb 3TOTO pasnena — NpOIEMOHCTPUPOBATH BHIIOIHUMOCTh MPEICTABICHHBIX aJTOPUTMOB, IIPUBECTH
rpaduKy 3aBUCUMOCTH XapaKTEPUCTHK NMPOU3BOAUTEIBHOCTH CUCTEMBbI OT KOPPENSALHUNA U HHTEHCUBHOCTH
BXOJIHOT'O TIOTOKa M IMPUMEP YHUCICHHOTO PELICHMS 3a7a4y ONTUMHU3ALUH. J{JIs1 3TOro HUXKe NpeAcTaBICHb
PE3yIbTaTh IByX YMCICHHBIX SKCIIEPUMEHTOB.

JOkcnepuMenT 1. B 1aHHOM 3KCIIEpUMEHTE HUCCIIENYeTCs BAMAHUE KO PHUUHUEHTa KOPPEISIMU BO BXOJI-
HOM IIOTOKE Ha CpEJHEE YMCIIO 3asBOK B CUCTEME M BEPOATHOCTH IOTEPH 3asBOK. PaccMOoTpuM Tpu moToka

MAP (markovian arrival process) ¢ pa3HsIMHA KO3PDHUITHESHTAMA KOPPEIIAIIHHN: MAP(O), MAP®? y MAP,

0
SIBIISIETCS CTAIIMOHAPHBIM ITyaCCOHOBCKHMM ITOTOKOM. OH nMeeT Kod3huiueHT koppeasaiuu ¢, = 0.
MAP") 0 =0
3ajarolue ero MaTpuLbl BEIpOKIa0TCA B ckasapel: D, =—1,0; D = 1,0.

MAP®™Y umeer KO3 GUINEHT Koppesnuu ¢, . = 0,2 1 3a1aeTcss MaTpuIiaMu

corr
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b -1,3526 0 b 1,3436 0,009
o 0 -0,04391)" 7 10,02446 0,01945)

MAP® umeer ko3 durmeHt xkoppenauuu c,,, = 0,4 1 3a1aeTcs MaTpULAMU

_(-3,39823 0 (3.36283  0,0354
°*“{ 0,00101 -0,11024) ~ |0,01214 0,09709 )

Ha ocnose 3tux MAP-niotokoB moctpoum Tpu BMAP-moroka: MAP(O), MAP? M4P(0’4), Ka)KIbIH 13
KOTOPBIX onpenensercs marpuuamu D,, k=0, ..., 4. Marpuua D, Takas e, Kak Marpuua D, B COOTBETCTBYIO-

D qk—l(l _ q)
)
Bpewmst o6ciry>kuBaHMS Ha OCHOBHOM IPHOOpPE, padoTaromeM 0e3 OIACPKKHA PE3ePBHOTO MPUOopa, IMEeeT
-20 20
0 -20 )
Bpewmst o0cnykuBaHUs HA OCHOBHOM MPUOOpPE, paboTaroIeM ¢ MOoAISPKKON pe3epBHOTO pubdopa, IMeeT

ieM MAP-110TOKe, a OCTalIbHbIC MATPHUIIbI BEIYUCIIIOTCS Kak D, = k=0,4,tne g=0,8.

pacrpeienienre Dpianra mopsiaKa 2 v 3a1aeTcsi BEKTOPOM B = (1 O) U MaTpuIeu S = (

~ ~ (3,72 1,0
PH-pacnpejerneHue, KOTOpoe 3a/1aeTcsi BEKTopoM B = (0,05 0,95) u Marpuleut S = ( 10.0 290 O)' Bpe-

Msi 10 cpabaTeIBaHus TaiiMepa UMEeT TUIIEPIKCIIOHEHIINATILHOE pacIipeiesieHne, KOTOPOe 3a/1aeTCsl BEKTOPOM
—5,971281 0,0
0,0 -0,50718 /)

PaccmarpuBaemast cucrema umeeT N = 5 OCHOBHBIX OOCITYKHBAIOLUIMX MPUOOPOB, R = 5 pe3epBHBIX MpHU-
00pOB, U ¢ BeposTHOCTHIO p = 0,5 3asBKa MOKUAAET CHCTEMY, €CJIM B MOMEHT CpadaThiBaHHs TaiiMepa HeT
CBOOOJIHBIX PE3EPBHBIX MTPHOOPOB.

Ha puc. 1 u 2 npencrapiens! rpaguku 3aBUCUMOCTH CPEHET0 YHCIa 3asBOK B CUCTEME OT HHTEHCUBHOCTH
BXOJIHOTO TIoToKa /it BMAP ¢ paznuunbiMu kK03 UITMEHTaMU KOPPEIISIIUY.

Kak BuanO U3 puc. 1 u 2, ¢ yBenMueHHeM HHTEHCHBHOCTH BXOIHOTO TIOTOKa O’KH1aeMO BO3pacTaeT cpeHee
yucno L 3as8BOK B cucteme. bonee MHTEpECHO 3aMEeTUTh TOT (DakT, YTO MPHU OAWHAKOBOW MHTEHCHBHOCTH IO-
TOKa BEJIMYKMHA L CYIIECTBEHHO 3aBUCHT OT KOd()(HUIMEHTA KOPPEISIUN — C YBEITMYCHUEM MOCIIEIHETO PacTeT
¥ CPEJIHEE YMCIIO 3asIBOK. MOYKHO TaKKe 3aMETHTh, YTO IPH MPUOImKeHHH K Touke A = 105, mocie KoTopoii yc-
JIOBHE APrOJANYHOCTH HAPYLIAETCS, IIPOUCXOIUT ITOBBIILIEHUE CKOPOCTH BO3PACTAHUS JTAHHON XapAKTEPUCTUKHU.

Hanee npeacTaBUM rpa(UKu 3aBUCUMOCTH BEPOSTHOCTH MOTEPh P, OT UHTEHCUBHOCTH BXOJHOTO IIOTOKA
it BMAP ¢ paznnunbivu koddduunentamu koppemsauun (puc. 3). [Ipu 5Tom yacTHYHO W3MEHNUM MIPHUBECH-
HbIE paHee TaHHbIE IKCIIEPUMEHTA, B3sB R # N, a umenHo N = 5, R = 1. Takoe nu3MeHeHHe BbI3BAHO TEM, YTO
npu 100bIX N, R Takux, 4to N = R, BEpOSATHOCTb P, paBHA HYIIIO.

T= (0,4 0,6) u Matputei T = (

Ly

150 | & Cor =0
i =, =02

100

50
L PR & - 11— v.lf/.—‘l/f >
0 20 40 60 80 A

Puc. 1. 3aBHCUMOCTH CPEIHETO YHCIa L 3aBOK
B CHCTEME OT A TIPH Pa3JINYHbIX 3HAYCHHSX C

Fig. 1. Mean number of customers in the system, L;
as a function of A for BMAPs at various values of coefficients of correlation ¢,

corr
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Puc. 2. 3aBucuMocCTb cpestHero ymucia L 3asBoK
B CHCTEME OT A IIPH Pa3JIMYHBIX 3HAYCHUSIX C,

Fig. 2. Mean number of customers in the system, L;
as a function of A for BMAPs at various values of coefficients of correlation c,

P

loss

0,012
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0,008
0,006
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Puc. 3. 3aBUCHUMOCTb BEPOSTHOCTH MOTEPH P OT A

loss
TIpH pa3JIMYHbIX 3HAYCHUSAX C .

Fig. 3. Loss probability P, . as a function of A

loss

for BMAP at various values of coefficients of correlation ¢,

Kak BuiHO 13 puc. 3, BepoSsTHOCTb OTEPHU MPOU3BOIBHOM 3as8BKH 3aBUCHUT KaK OT MHTEHCHBHOCTH BXO/IHOTO
MOTOKa, TaK ¥ OT Kod(duuneHTa koppenauun. [IpeacrapieHHble rpaQ UKy MOKa3bIBAIOT, YTO C YBEITHYCHUEM
Kod(PULHEHTa KOPPEJISIUHA BEPOSITHOCTh TTOTEPh TAKXKE BO3pACTaLT.

Pesynbrarsl 1TaHHOTO KCIIEPUMEHTA CBHIETEIBCTBYIOT O TOM, YTO (haKT HAIMYHUS KOPPEJSILIUU BO BXOTHOM
MIOTOKE HEJb3s HTHOPUPOBAThH, MHAYE MOYKHO MOJIYYUTh CIUIIKOM ONTUMHUCTHYECKUE OLIEHKH XapaKTEePUCTUK
MIPOU3BOIUTENBHOCTH CHCTEMBI.

JkcnepuMeHT 2. B 3TOM 3KCHiepuMEHTe pelraercs 3a/1a4ya YUCIeHHONH ONTUMU3alUY [TapaMeTpoB CHCTe-
MBI: YHCIIa PE3EPBHBIX IPUOOPOB R M MHTEHCUBHOCTH TaiiMepa T. Kputeprem kauecTBa CIIyKUT CTOUMOCTHBIN
KpUTEpHH — CpeiHui mTpad B eIUHUILY BPEMEHH

J=al + cN=),

busy

rae a — mrpad 3a npeObIBaHKE OTHOM 3asBKH B CUCTEME B €IMHUILY BPEMEHH; ¢ — CTOUMOCTbD STHHUIIBI BPEMEHU
WCTIOJIb30BAHUS PE3EPBHOTO NMpHOOpa.

3ajada ONTUMHU3ALUN COCTOUT B HaXOXKJIEHWU BEJIMYUH R U T, AOCTABIAIOIINX MUHUMYM KpUTEpHUIO J.
MUHIMYM HIIETCS ITyTeM Nepebopa 3HaueHHI R 1 C ONpeIeICHHBIM IIaroM T (OTCUET T BEACTCS OT TOUKH, TIIe
HauMHAEeT BBIMOIHATHCS YCIOBHE CYIIECTBOBAHUS CTALIMOHAPHOTO PEKUMA).

0,2
B nanHoMm cnywyae nonoxum N=R=35 u p=0. B kauecTBe BXOAHOr0 IOTOKa BO3bMEM BMAP( ),

HOpManu30BaB Marpuisl D, k = 0, 4, Tak, 4T0OBI MONYYINTh HHTEHCUBHOCTH A = 125. Bux pacnpenesneHuii

68



Teopust BeposiTHOCTel M MaTeMaTHYecKasi CTATHCTHKA
Probability Theory and Mathematical Statistics

BpEMeH 00CITyKIBAHNS H TaliMepa TaKoi Xke, Kak B KCIIEPHMEHTE 1, HO MaTpHILbl S i S HOPMATH3YIOTCS TAKHM
00pa3oM, 4TOObI MOy YUTh HHTEHCHBHOCTH 00CTyxuBanus L= 10 u [L = 60. J[y11 CTONMOCTHBIX KO3 HHUITHEHTOB
nonaraeM a = 1 u ¢ = 200.

3aBUCHMOCTb KpUTEpHs KauecTsa J oT R 1 T m3o0paxeHa Ha puc. 4. COOTBETCTBYIOIINE 3HAUYCHNS IPUBECHBI
TaKXe B Ta0muIe.

Puc. 4. 3nauenust kpurepus J Ipu pa3nuvHbIX BendnHax R U T (a = 1, ¢ = 200)

Fig. 4. The cost criterion J as a function of the number R
of backup servers and the rate T (a = 1, ¢ = 200)

3HaueHUs] KPUTEPUS KayecTBA IPH Pa3IuYHbIX BeJHYHMHaAX R u T (a=1, ¢ =200)
Dependence of the cost criterion on R and 1 (¢ =1, ¢ =200)

T
K 19 20 21 22 23 24 25

1 294,80 280,78 270,25 262,08 255,60 250,35 246,05
2 224,19 226,31 228,32 230,24 232,08 233,84 235,52
3 244,11 247,24 250,23 253,07 255,79 258,39 260,87
4 249,26 252,77 256,12 259,33 262,40 265,35 268,17
5 249,80 253,37 256,79 260,06 263,20 266,21 269,10

IIpumeuganne. [loxyxupHeIM IIPHGTOM BBIIEICHO MHHIMAIBHOE 3HAUCHNUE.

3akjaueHmne

PaccmoTrpena Mojiesb MHOTOTMHEHHOM CUCTEMBI MaCCOBOTO OOCITYKUBAHHUSI, MOTCHITUAILHO TTOJIC3HAS IS
ONTUMH3AIMU PA0OTHl peallbHBIX CHCTEM, IJie TPeOyeTcsl YIOBICTBOPUTH MPOTHBOPECUYKBHIC IEITU BBICOKOM
IPOU3BOAUTECIIBHOCTH U HU3KOT'O 3HepI‘OHOTpC6J’ICHHH. B )laHHOﬁ CUCTCMEC ITpeATiojaracTcsa I/IHTCHCI/Iq)I/IKaLII/IH
mporiecca 00CTyKUBaHHUS, €CITH OCIICHEES [UTUTCS CIUIIKOM JIOJTO, 38 CYET MOIKIIOYCHHUS TOTTOTHUTEIEHOTO
pecypca (pe3epBHbIX pubopoB). CUcTeMa UCClieIoBaHa MTPH JOBOJIBLHO OOIIMX MPEAMNOIOKEHHSIX O TPOIIECcCe
MIOCTYIUICHUS 3asBOK M Ipoliecce o0cmykuBanus. [lomydyeHo HETpUBHAIBHOE YCIOBUE 3PTOJMYHOCTH, Hai-
JICHBI CTAIIMOHAPHOE paclpeieCHIE BEPOSITHOCTEH COCTOSHUN CUCTEMBI U (POPMYJIBI JIJI1 OCHOBHBIX Xapak-
TEPUCTHUK €€ TIPOU3BOUTEIBHOCTH, BBITIOJIHEHBI YUCIICHHBIC SKCIIEPUMEHTBI 110 U3YUYCHUIO ITOBE/ICHUS XapaKTe-
PHCTHK ITPOM3BOJIUTEIILHOCTH CHCTEMbI B 3aBUCUMOCTH OT HHTCHCHBHOCTH BXOJJHOTO TIOTOKA U OT KOPPEIISIINU
B 3TOM ITOTOKE.

OKCIIepUMEHTHI ITOKa3aJIH, YTO KaueCTBO OOCIY)KUBAHHS B CHCTEME 3HAUUTEIILHO 3aBUCHUT OT KOPPEISAIIUU
BO BXOJHOM IIOTOKE. B 4acTHOCTH, ¢ yBEIIMYCHUEM KOPPEJISIMHU PacTeT U BEPOSITHOCTH MOTEPh. DTO O3HA-
YaeT, YTO HAIMYUE KOPPEISAINHU JOJDKHO OBITh YUTEHO MPH MPOSKTHPOBAHUHU U OLIEHKE TPOU3BOIUTEILHOCTH
peanbHbBIX cucTeM. Takke B CTaThe YMCICHHO PEIIaeTcs 3a/1a4a ONTUMH3AIINH 10 HAX0XKICHHUIO YHCIIa pe3epB-
HBIX PUOOPOB U TIapaMeTpa TaiMepa, KOTOPbIC JOCTABIISIOT MUHUMYM SKOHOMHYECKOMY KPUTEPHUIO Ka4eCTBa
(YHKIIMOHUPOBAHUS CHCTEMBI.
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HOHy‘IeHHLIe PE3YILTATBI MOT'YT UCIIOJIB30BaThCA I NOAACPKKH SKCIICPTHBIX peHIeHI/Iﬁ IIpyu MPOCKTUPO-
BaHWHU U OLCHKE IIPOMU3BOAUTCIIBHOCTU PCAJIBHBIX CUCTEM B LECIIAX YMCHBUICHWA SHEPTro3arpar Ipu coxpaHe-
HHUH UX BBICOKOM IIPOU3BOAUTEIBHOCTH.
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MOHOTOHHASA PASHOCTHAA CXEMA
IMTOBBIINEHHOTO ITOPAAKA TOYHOCTHA
AASL ABYMEPHBIX YPABHEHNUN KOHBEKILINN — AUODY3NU

B. K. TIOJIEBHKOB"

YBenopycckuii 2ocyoapcmeennviii yuusepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, Berapyco

JI1st IByMEpHOTO CTallMOHAPHOTO YPaBHEHHUSI KOHBEKIMH — MU Py3un 00IIeTO BU/IA TOCTPOCHA, TEOPETUIECKU 000C-
HOBaHAa U UCIIBITAHA Ha TECTOBOM 3a/1a4¢ yCTOMYMBAsI KOHCUHO-PA3HOCTHAS CXEMa, ONPEICTICHHAS HA MUHIMAJIbHOM I11a0-
JIOHE PAaBHOMEPHOI CETKH, YIOBJICTBOPSIONIAS MPHUHIIUIY MAKCHMyMa U OONaJaroIiasi YeTBEPTHIM MOPSIKOM aIpOK-
cUManuu. MOHOTOHHOCTh CXEMbI KOHTPOJHPYETCS IBYMS MapaMeTpaMu peryJspu3allii, BBEJCHHBIMA B Pa3HOCTHBIN
oreparop. Cxema OpHEeHTHpPOBaHA Ha PEIICHHE MPUKIAIHBIX 3a7a9 KOHBEKIHH — IH(Qy3un B yCIOBUAX PAa3BUTOTO ITO-
TPaHUYHOTO CJOS, BKITIOYasi TPABUTALMOHHYIO 1 TEPMOMATHUTHYIO KOHBEKITHIO, TU()(Y3HIO YaCTHII B MATHUTHOM KH-
koct. Cxema anmpoOrMpoBaHa Ha U3BECTHOH 3a/1aue BHICOKOMHTEHCUBHOW TPaBUTAIIMOHHON KOHBEKIIMH B TOPU3OHTAIb-
HOM KaHaJIe KBaJPaTHOTO CEUCHUS MPU OJHOPOIHOM HarpeBe cOOky. [IpoBeneHO neTalbHOE CPAaBHCHHE ¢ MOHOTOHHOMU
cxemoit CaMapcKoro BTOPOTO MOPSIIKA alIPOKCHMAIMH Ha TIOCIC0BATCIBHOCTH KBAJIPATHBIX CETOK C YHCIIOM pa30ue-
Huii ot 10 1o 1000 Ha Kax10i CTOpOHE KBajJpaTa BO BCEM JMara3oHe yucels Pasesi, COOTBETCTBYIOLIUX PEKUMY JIaMHU-
HapHOH KOHBEKIHH. [[0ka3aHO 3HAYUTEIFHOE MTPEUMYIIIECTBO CXEMBI YETBEPTOTO MOPSIKA B CKOPOCTH CXOAMMOCTH TIPH
YMEHBIIICHUH II1ara CeTKH.

Knrwouegvle cnoea: rpaBUTAIIMOHHAS KOHBEKIIMS; TEPMOMArHUTHASI KOHBEKIMS; NUQQy3HsT 4aCTUI]; ypaBHEHHE KOH-
BeKIMH — AU(Py3nH; pa3HOCTHAsI CXeMa TTOBBIIICHHOTO TOPsAKa arnMmpOKCUMAIMK; TPUHIUIT MaKCUMyMa; IapaMeTphl
peryisipu3anun.
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A MONOTONE FINITE-DIFFERENCE
HIGH ORDER ACCURACY SCHEME
FOR THE 2D CONVECTION — DIFFUSION EQUATIONS

V. K. POLEVIKOV*®

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus

A stable finite-difference scheme is constructed on a minimum stencil of a uniform mesh for a two-dimensional
steady-state convection — diffusion equation of a general form; the scheme is theoretically studied and tested. It satisfies
the maximum principle and has the fourth order of approximation. The scheme monotonicity is controlled by two regula-
rization parameters introduced into the difference operator. The scheme is focused on solving applied convection — diffu-
sion problems with a developed boundary layer, including gravitational convection, thermomagnetic convection, and dif-
fusion of particles in a magnetic fluid. The scheme is tested on the well-known problem of a high-intensive gravitational
convection in a horizontal channel of a square cross-section with a uniform heating from the side. A detailed comparison
is performed with the monotone Samarskii scheme of the second order approximation on the sequences of square meshes
with the number of partitions from 10 to 1000 on each side of the square domain and over the entire range of the Rayleigh
numbers, corresponding to the laminar convection mode. A significant advantage of the fourth order scheme in the con-
vergence rate is shown for the decreasing mesh step.

Keywords: gravitational convection; thermomagnetic convection; diffusion of particles; convection — diffusion equa-
tion; finite-difference high order approximation scheme; maximum principle; parameters of regularization.
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Introduction

A solution of the applied convective heat transfer problems requires a transition to the region of high values
of the Rayleigh numbers, which is characterized by a formation of boundary layers with large velocity and
temperature gradients and small-scale convective motions. Similarly, the concentration of solid suspended
particles in colloidal systems is redistributed because of their diffusion under the action of mass forces. For
example, the ferromagnetic particles in a magnetic fluid diffuse in the direction of the magnetic-field gradient,
creating zones near the boundary with large gradients of the particle concentration [1; 2]. This imposes strong
requirements on stabilization and approximation properties of a difference scheme. The problem is particularly
crucial in a three-dimensional case. An increase of the approximation order of the difference scheme is one of
the way to solve the problem, although it is very difficult to fulfill contradictory requirements of stability and
accuracy.

A standard way to increase an approximation order of a difference scheme consists in a replacement of the
high order derivatives in the main part of the approximation error by the lower order derivatives, which are
suitable for a difference approximation on a minimum stencil, with the help of the original differential equation
under assumption of sufficiently smooth functions of the equation. The stable schemes of fourth order approxi-

1 _h
mation were constructed in this way in [3] for the two-dimensional Poisson equation with steps ﬁ < n <5
2

on a uniform mesh. In principle, it is not difficult to get the fourth order scheme for the convection — diffusion
equation with variable coefficients, but a serious problem is ensuring the scheme monotonicity, i. e. fulfilling
conditions of the maximum principle. The practice of numerical solution of convection and diffusion problems
has shown that the property of monotonicity is an important factor of a scheme applicability in conditions of
a developed boundary layer.

A lot of current publications in computational mathematics are devoted to the development of numerical
methods for convection — diffusion problems including two-dimensional ones (see, e. g., [4—7]). To solve them,
effective finite-difference and finite-element algorithms of the first or second order of accuracy are developed.

In this work, a monotone finite-difference scheme of the fourth order of approximation is constructed
for the two-dimensional steady-state convection — diffusion equations in magnetic and non-magnetic fluids.
The scheme is defined on a minimum nine-point stencil of a uniform mesh. Its monotonicity is provided by
two regularization parameters introduced into the difference operator. The scheme is tested on the well-known
problem of natural convection.
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Equations of gravitational and thermomagnetic convection

One has to deal with the problem of controlling convective heat exchange in closed cavities in design
of many technological devices (e. g., cooling systems for high-voltage electric cables, power transformers,
electric generators and electric motors, nuclear reactors, etc.). There are two mechanisms for convection in
a non-isothermal magnetic fluid located in gravitational and non-uniform magnetic fields: gravitational and
magnetic one. The first mechanism is due to the dependence of density on temperature, the second one is
due to the dependence of magnetization on temperature. The presence of the magnetic mechanism opens up
real possibilities in controlling the structure and the intensity of convective process by applied magnetic field.
This is especially important under zero-gravity conditions, when the gravitational mechanism is absent.

The most common and investigated model of a thermomagnetic convection is a model for homogeneous,
non-conducting and incompressible magnetic fluid without heat sources in the temperature equation and with
the linear state equations [8—12]. The system of the steady-state convective equations for this model under the
Boussinesq approximation for the density and the non-inductive approximation for the magnetic field takes
the form

(v-V)v=vV’v+ pL(—Vp +pg + U, MVH), (1)
0
V.v=0,v-VI=aV°T; ()
oM (T,, H,
p=po[1-B(T-T,)]. M =M(T, Ho)—K(T—ToH%(H—HO),
1 9p(7;) oM (T,, H,)
pO p( 0)’B pO aT s aT 5

where v is the velocity vector of the convective motion; T is the absolute temperature of the fluid; p is the pres-
sure; H is the given value of the magnetic-field intensity; p is the fluid density; g is the gravitational accelera-

tion vector; M = M (T , H ) is the magnetization of the fluid for the uniform distribution of magnetic particles;

U, =47 - 10”7 H/m is the magnetic constant; T, and H, are the characteristic values of the temperature and the
field intensity in the fluid bulk; v, a and B are the coefficients of the kinematic viscosity, the thermal conduc-
tivity and the volumetric thermal expansion of the fluid; K is the pyromagnetic coefficient. The last two terms
in equation (1) define the gravitational and magnetic mechanisms of convection, respectively.

The idea of the non-inductive approximation consists in neglecting the influence of the fluid on the external
magnetic field. The validity of the non-inductive approximation is shown in [8—11] for a wide class of thermo-
magnetic convection problems.

A Cartesian coordinate system x,, x,, x; with the coordinate orts i, j, k is introduced. We set in equa-

tions (1), (2) that v= V(Dla V,, 0)5 U, =Y (xp Xy )7 V, =V, (xp xz)a T= T(xla xz)a p= p(xla Xy )5 H= H(xp xz)a
g= g( g & 0) assuming that the convective problem is two-dimensional. Let us define a stream function

v(x, xz) and a vorticity ®(x;, xz) associated with the velocity components by relations

d 0 Jdv, Jv
:_W’ 02:__\”’ 0= —2 _ "L (3)
ox, ox, dx,  ox,
The continuity equation V - v =0 is automatically satisfied in these variables. We obtain the vector equation
for the vorticity by applying the rotor operator to motion equation (1) and taking into account (3):

V;

Vx[vx(0k)]=vVx[Vx(ok)]+ BV x (Tg) + (%)VT x VH.

Thus, equations (1), (2) in 2D case are transformed into a system of three scalar equations for the tempera-
ture 7, the stream function y and the vorticity o:

2 2 2 2
a_wa_T_a_wa_T_a[auaT] Py, Py

ox, dx, Ox, ox, ﬁ E ou

’ 2 2
ox;  ox,

+w=0,

“4)

oy 0o Y o o’  dw oT oT WK (0T 0H OT oH
-t —= -B| — + — :
ox, dx,  dx, ox,

= + -
ox, ox,  ox, ox, Y ox;  ox; ox, £ ox, & Po
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Let Ox,-axis be the vertical axis in the Cartesian coordinate system x|, x,, in which case g, =0, g, =—g. Let
T, and T, = T, + AT define the given minimum and maximum values of the temperature on the walls. We intro-
duce dimensionless variables by choosing the characteristic size of the computational domain / as the length
scale, the kinematic viscosity v as the scale for the stream function, the relation v/* as the scale for the vorticity,
the relation v/ as the scale for the velocity, the temperature difference AT as the scale for the temperature, and
the value ¥/ as the scale for the magnetic field intensity where ¥ is a characteristic value of the field gradient.
For convenience, we denote the dimensionless variables in the same way as the dimensional ones, and write
system (4) in new variables (see [12]):

J(H, T
V~VT=LV2T, Viy+0=0, v.-Vo=Vo + f, f=Gra—T+Grm—( - );
Pr ox, 9(x,, x,)
. . 6))
KI'AT
Ulza_w’ ‘02: a\lf Pr_— Gr: BgleT’ Grm=L2'Y7
ox, ox,’ a Y WY

where Pr is the Prandtl number; Gr is the Grashof number and Gr,, is the magnetic Grashof number. Equa-
tions (5) at Gr,, = 0 describe the process of natural (gravitational) convection.

Equation of particle diffusion in magnetic fluid

The magnetic fluid is a stable colloidal suspension of ferromagnetic nanoparticles in a nonmagnetic carrier
liquid. A particle size is of the order of 10 nm = 10* m and they are in a Brownian motion in the carrier liquid.
Due to the magnetic properties of particles, not only the Brownian motion but also the diffusion of particles un-
der the action of a non-uniform magnetic field (magnetophoresis) occurs in the magnetic fluid. The particles are
distributed in the fluid bulk as a result of the competition between these two mechanisms.

The steady-state diffusion equation for magnetic particles in a magnetic fluid in the presence of a convec-
tive motion takes the form [1; 2; 13]:

V:C - (ll)vm)-vcr—qc:o,
(6)

1
g=V-o,0=L(EVE E=""H, L(£)=coth(E) - >0,
kT S
where C is the volume particle concentration in the colloid; D is the diffusion coefficient; £(§) is the Langevin
function; m is the magnetic moment of a particle; k = 1.3806568 - 10 * J/K is the Boltzmann constant; T is the
particle temperature.
The magnetization M is a function of the field intensity and the particles concentration, i. e. M = M (H ,C ),
for isothermal magnetic fluids. Under the condition M (H , C) < H, the Maxwell equations are of the form
VxH=0,V-H=0.1In2D case of Cartesian coordinates, it follows that

OH, _OH, _, H, oM, -

where H,, H, are the components of the intensity vector H.
From the point of view of stability of the difference scheme, it is important to show that the coefficient ¢ in
equation (6) takes only positive values. We prove this taking into account (7). Consider first

2 2 2
|VH| aH + B_H =L H%+ 9H, + H%.,.Hai -
Bxl ox, H? ' ox, ? oy, ' o, ? ox,
! H} oA, +H2 %2+H2 % +HI| —2 oH, +
T 0 axl 2 oy, " oy, ax2

2 2 2 2
RE LA R AN A NN CARICA NN LAY )
H ox, dx,  Ox, Ox, ox, ox, ox, ox,

equal 0 by virtue of (7)
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Then

g2 Lol ) o (1 ol ez

ox, | 2H ox, ox,| 2H ox,
2 2 2 2
= L o, + OH, + OH, + oH, + IT-[IVZI‘[1 + H2V2H2 -
H |\ ox ox, ox, ox,
d(H? o(H?)) ).
__LjoH Ur') | o 3lrr) " Liguf >0t va #o.

2H*| dx, ox ox, ox, H

Hence
Ve = éwgf >0 if VE#0. ©)
Taking into account (9), we obtain
d 1
4=V 0=V (L(E)VE)=VL(E): V& + L(E)VE= - (ELE)£IVE 20

Thus, we get that ¢ > 0 in concentration equation (6). Moreover, we have ¢ = 0 if and only if VA =0, i. e.
when the magnetic field is uniform or absent.

Difference scheme of high order accuracy

Let us consider a two-dimensional steady-state convection — diffusion equation

3 £~ gx)u=£(x) x= (5. 3,) G (10

. 0 0 0 .

where £Ef’ Ju = Lou - Ua(x)k(x)—u, Lou=— k(x)—u , k(x)>0, g(x) 20, u=u(x), is the unknown
ox,, ox,, ox,

function satisfying equation (10); &, ¢, v,, v,, and f are the given functions; x,, x, are the space coordinates.

All functions are assumed to be sufficiently smooth. The first term in the differential operator Lg" “ly is the

diffusion term, the second one is the convective term. Note that each of equations (4)—(6) can be written in
form (10).

Scheme construction. We construct the finite-difference scheme for equation (10) which has the fourth or-
der of approximation on the minimal nine-point stencil of a uniform mesh and satisfies the maximum principle.
Note, that for ¢ = 0 the high order scheme is presented in [12].

We approximate the differential operators ﬁﬁf’ "), a =1, 2, by monotone difference operators A(;’ ») of the form

A(;’ by = mm(amufu )x - botaocuYu - b;a((:l“)uxa =
= (1+ @ R} (@, ) - %ba(aauxa + a((;la)uxﬂ) (11)

with the coefficients

aa:( 1 64 1)>o, by=v,+O0(h*), h= I+ 1,

1
&, = >0, R =—h_|b |>0, 12
“ 1+R,+R.+R) “ 2 °‘| “| (12)

L1 -1
b} =5(ba+|ba|)20, buza(ba—|ba|)so.
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Here h, and £, are steps of a uniform mesh relative to variables x, and x,, respectively. The standard non-
index notations are used for the left and right difference derivatives and for the function values at the peripheral
points of the stencil:

)

ke=k(x), k5% = k(x, £ 0.5k, x,), k") = k(x, x, £ 0.5h,),

where x = (x,, x, ) is the central node of the stencil.

The finite-difference operators A(g’b)u approximate the corresponding differential operators L((f’ *Ju with the
second order. We note that operators (11) are analogous to the operators of the well-known monotone scheme
of the second order described in the book of A. A. Samarskii [3], but we define the scheme coefficients a,, b,
and @, in a different way.

Under assumptions (12) for the coefficients a,, the following asymptotic expansions at the center node of
the mesh stencil are valid:

ou 1,09 (1 1, (1 )
u. =k—o— h Lu+=h \/E—a(—L u) - ahaLa(%Lau) +0(n}),

L T AL ™ W
13)
ey, = 1 S hLu MLVEN ICH () RL (1L )+Oh4 o=1,2
Tt = o 6 N o \ Uk )T 24“k°‘” (o) =12
Taking into account (13) we get the following relation
k), N A, P
Y _ a, n 4
ZLQ u—ZAa u+12Eu+O(h ), (14)

connecting the differential and difference operators for any sufficiently smooth function u(xl, X, ), where

Eu = 2{52 |: L5 (%L(O]: ")u) + poLou — rakaa—u:”,
X

a=1

pa:,ué+va ak aU(X’ra:Lg"“)&’azh_a.
k ox, ox k

o

Following the conventional methodology of increasing the approximation order on the minimal stencil,
we modify the operator Eu, by expressing L Vu = 1%y + qu — f, 1%y = —1**\u + qu — f from equa-
tion (10) and substituting them into a term with the derivatives of the order 3—4. We exclude in this way the

derivatives of a high order, which are not suitable for difference approximation on the minimum stencil.
In addition we introduce in the operator £Fu some regularization parameters ¢, = O'O(x) 20and o, = Gl(x) by

adding a term, which is identically zero on the solution of equation (10) u = u (x)
Due to these changes we get

= i{az[ (—( ku)u—qu+f))+pa rkaa—a]}

2
+ (GO+GI)[ZL(§’U)M - qu +f), B # o

a=1

equal 0

The introduced regularization parameters allow regulating the basic properties of the difference scheme
providing the maximum-principle conditions and keeping the fourth order of approximation.
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By simple manipulations, the operator Eu is reduced to the final form

Ju

2 1 q
Fu = 82| 1) (—L(k’n)u) +p Lo —rhk— — L5y
(12:‘1 o o k B pa o o axa k o
k) ou )(‘1) (k.v)
-2k -— - —lul|+ (o, +0, )L, "u;y+
dx, ox, k (00t o)L,

2 (2]
= z 52 L(.f’b)(%L(k’U)u)+paLau— r,+2 k ka—u+
a=1

bl

+2(L(B""’)u—qu+f) + (0, +0,) L +28 ( ]

28 ( ) + (0, +0,)(f - qu).

Thus, we get for the main part of the approximation error

izEu = Zz,(k L5y 4 ﬁcs L“‘"’)u) + EL(""’) (lL(k’%) + EL("’”) (lL(k’“)u) - Gu + |,
12 “~ 12 2" k7 127 (k™ ’
where
~ h* . q v, ok dv
ko =14 —=Py> Py=04p,+ ;- Lt o =v + L — 2%
o 12p(x pa p(x 1 p(x o k ax(x ax“
ol 4
.1 n ( )
v, = =—|v,+—7 |, 7, =8 0L+2—k +(8§1+01 v, r, =L Do |
k, 12 ax, k k

Py o), (2
+ 2[;%% (k)+(k+00+61)q],
f f+ [i () (Z+00+01)f].

(15)

(16)

We choose the regularization parameter ¢, in expression (15) from the conditions l;a =1 and g =0 for

0, 2 0. A feasible value of the parameter o, is determined from these inequalities:

(51=—rnin|:ngn( 20 ), éi ( )] o(1).

(17)
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Taking into account representation (15) for the main part of the approximation error, the scheme of high
approximation order can be written in the following form

2 - 2 2 2
~ a, h a,b h a,b 1 h ab 1 7 ~
a, Ny + g Al +—1A(’)(—A( )) W\ >( Al )—d+ —0, 18
Z,l(aaylzoaylzl ATy [+ AT ATy | v+ 6 (18)

where y = y(x) is the solution of the difference problem; x = (xl, xz) is the internal mesh node,

b,|,

ah)

Al

~ - 1 L]
& (ay.) -btay. —ba™y , &, =———— R =—=h
7= (“y)‘a)xa @ oz, ™ Dulla "1 T 1+R,+R,+R,” “ 2°°

(19)
a,=k,+O(h*)21, b,=0,+0(h*), d=G+0(n*)20, §=7+0(h")

Obviously, scheme (18) is defined on the minimum nine-point stencil.
Approximation order. Let us consider the approximation error for scheme (18):

2 . h2 ,
z a u - (a Yy + —GOA(;’ Ju |+
12

B (1 s Boan( 1 (e -
12A )(%A(;’" )u) IEA(“ )(%A(f” )uJ—du + ¢+ qu—f,

where u =u (x) is the solution of differential equation (10). Taking into account (12), (14) and (19), we have

2 [ 3 B 2 2 ou 2
V= e (A% — %)y, + 50 u— irk + s AEY, |
0;1[ a( o o ) lzpoc o ax 12 0 o

+£‘2L(k’°) lL(k"D)u +£L(kﬂ>) lL(k,U)u —((}—q)u+j7—f+
2" k"’ 127 \k

+0,0(h*)+0(h*) = i[lga(A(i’{’)u - (O’j’“)u)} + gEu +6,0(h*)+0(h*)=
a=1

= lizz i [ﬁa (A(é‘ﬁ)u — Lg’ﬁ)u)} + 600<h4) + 0(h4) = GOO(h4> + O(h“), (20)
a=1

It follows that scheme (18) has the fourth order approximation for 6,= O(l). A concrete value of the para-
meter 0, is determined from the monotonicity conditions of the difference scheme.

Stability and convergence. We investigate the stability of scheme (18) using the maximum principle [3].
For this purpose, scheme (18) is rewritten in the canonical form of the maximum principle:

2
=2 (Aay(’l“) + Bay(““)) b oA g By p )y p )
o=1

where
— 1 2 * _ 1 2 *
Aoc - mna (Goh - Aon)’ B,= mga(ooh - Boc)’
(-1) (-1)
A (e 1 (n
Alz_lz[hfn](k) +h12n2(k >0, (21)

78



BreruncanTensHasi MaTeMaTHKA
Computational Mathematics

(-1a) (+1)
1|1 & 1., (n, ™"
Do=—|—n|2| +=&|—2 >0,

ST h;n“(k] hjg’ﬁ(k)

2
C:Z(Aa+Ba)+A12+BIZ+D12+D21+5’;

+ —
g, m & k

Ny = a, (=, + h,b5)> 0, &, = a™) (=, — h,b;)>0,

~ o~ 2 + (_lon) + £~ 2 + (+1“) +
A :—12“<ﬂ+h—°‘(nB E"‘] PR E“B, BZ;:—lzg‘*““ hy (—nﬁ E"‘) PR éﬁ,

ﬁa =4, (ééot + hagg) s O’ %0‘ = a‘(;l“) (Eéa h habN(;) >0.

The coefficients 4, and B, correspond to left, right, lower and upper peripheral nodes of the stencil relative
to the central node. Their signs depend on the choice of the regularization parameter 6,. The angular coeffi-
cients 4,,, B,,, D,, u D,, are positive for any mesh steps regardless of the regularization parameters.

From the requirement that the coefficients 4, and B, for o = 1, 2 are non-negative, we get the sufficient
condition under which scheme (18) satisfies the maximum principle:

[ty 2o
0, if max(4;, B;)<0.

Analysis of the coefficients A, B shows that they can be positive on coarse meshes. In this case we have

C,= O(h’z) and v= 000(h4) + O(h4) = O(hz) according to (20), (22). The use of formula (22) may seem
unreasonable due to the threat of a decrease in the order of approximation. However, it follows from formu-

2
. h h
las (21) that 4, B, hctn 10 + Z(h—“J <0if h—“‘ <5, B # o.. Consequently, if the mesh steps are related by

B B
the condition

1 h
— <[5,
NS

all coefficients A4, B, should become negative for sufficiently small steps 4, &,, thereby providing 6, =0 and

(23)

therefore the approximation error v = O(h4). For instance, for the test problem in the following section all
. * * . . 1
coefficients 4,, B, become negative on meshes with the step 4 < = at the Grashof number Gr = 10° and on

1
meshes with the step / < 35 at the Grashof number Gr = 10’.

Thus, scheme (18) with coefficients (16), (17), (19), (22) subject to constraint (23) satisfies the maximum
principle and has the fourth order of approximation. This means that scheme (18), supplemented by difference
boundary conditions with the same approximation and stabilization properties, converges with the rate of

0(h4) as h — 0, 1. e. is of fourth order of accuracy.

It should be noted that condition (23) relates the mesh steps but does not limit their values. It agrees with the
convergence condition of the high order accuracy scheme for the two-dimensional Poisson equation [3] which
corresponds to k=1,¢=0,v,=0,v,=0.

Scheme testing

Scheme (18) has been tested on the well-known problem of a natural convection in a horizontal channel of
a square cross-section with a uniform heating of the right vertical wall [12; 14; 15]. The problem geometry and
the boundary conditions for the temperature are shown in fig. 1.
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X,
T=x,
1
lg
T=0 T=1
0 X
T=x, 1 '

Fig. 1. Illustration of the test problem statement

The dimensionless mathematical model of the test problem is defined by equations (5) with respect to the
temperature T’ (xl, X, ), the stream function \V(xl, xz) and the vorticity 0)(x1, x2) at Gr,, = 0 with the boundary

temperature conditions: T(O, xz) =0, T(l, xz) =1, T(xl, 0) = T(xl, 1) =X,

The test computations were carried out for the Prandtl number Pr = 1 and the Grashof number in the range
Gr <5 - 10’ corresponding to the laminar mode of convection. A square mesh was used with a step 4 =h, = h,

1
and the number of partitions 10 < N = — <1000 on each side of the square domain. Note that the numerical

solution for N = 1000 requires to solve a system with more than 3 million of nonlinear difference equations.
An approximate condition of the fourth order was applied for the vorticity on the boundary [12; 16]. The rea-
lization of the difference scheme was carried out by a relaxation method described in [12; 17].

Figures 2 and 3 illustrate the temperature distribution (left) and the flow pattern (right) obtained with

1
scheme (18) on the square mesh with the step 4 = 500 for the Grashof numbers Gr = 10° and Gr=5 - 10.

The last of them is close to the critical value at which a turbulization of a laminar flow begins. The resulting
thermoconvective structures are characterized by a formed boundary layer, in which the dominant velocity and
temperature gradients are concentrated. Due to this, an extensive stagnation zone is formed in the central part

oT

X

of the domain with a constant vertical gradient of the temperature |VT | = = 0.656.

Figure 4 and table below show the dependences of the maximum values of the stream function and vorticity on
the number of the mesh partition, which are obtained by applying fourth order scheme (18) and the second order
monotone Samarskii scheme [3] to the test problem. The upper numbers in the cells of table correspond to the
second order scheme, the lower numbers — to the fourth order scheme. The comparison of the simulations results
shows that the fourth order scheme has significant advantages in the rate of convergence as N — . For exam-
ple, the solution, obtained by the fourth order scheme for N = 100, is not inferior in accuracy to the solution,

a b
1 1

)

0 0 1

Fig. 2. The convection structure for Gr = 10% a — isotherms; b — streamlines
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Fig. 4. The dependence of the maximum values of vorticity |0)|

\"max

b
70 F
50
30
10' 10
N

max

(lines 1, 2) and

. . 1
stream function . (lines 3, 4) on the mesh number N = 7 for Gr = 10° (a) and Gr = 107 (b):

1, 3 — the monotone second-order scheme (Samarskii); 2, 4 — fourth order scheme (18)

10t

max

o

obtained by the second order scheme for N = 300. It means a nine-fold decrease in size of the system of nonlinear
difference equations as well as decrease in the number of iterations to solve this system with the same accuracy.
However, the gain in time, expected due to the nine-fold decrease in the number of nodes as well as due to higher
convergence rate of iteration process for larger mesh steps, is somewhat compensated by the time difference for
the one iteration, which is a 4—5 times higher for scheme (18) than for the scheme of the second order.

Maximum values of the stream function (v, ) and vorticity |(.0|max

depending on the mesh step (%) for Gr = 10’

h L N 1 L L L L L
20 50 100 200 300 400 500 1000
63.505 | 42241 | 39.874 | 39.072 | 38879 | 38800 | 38760 | 38.704
Yinax - 39.840 | 38946 | 38.734 | 38701 | 38.689 | 38.685 | 38.683
o 86445.7 | 108591.1 | 974425 | 94287.3 | 93624.6 | 933772 | 93257.3 | 93088.9
max - 97033.3 | 93580.4 | 931324 | 930653 | 93044.7 | 93036.5 | 93028.7
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The test computations show that the constructed scheme of the higher approximation order becomes ef-
fective at the Rayleigh numbers Ra = GrPr corresponding to the developed laminar convection. Although the
high order scheme significantly complicates a computational algorithm, it could have significant advantages
over monotone schemes of the first and the second order [3; 12; 14; 18] for the Rayleigh numbers close to the
beginning of a convective flow turbulization because it allows to get numerical solutions with a high accuracy
on relatively coarse meshes.

Conclusion

The finite-difference scheme of high order accuracy for the two-dimensional steady-state convection —
diffusion equation is constructed. The scheme defined on the minimal stencil of a uniform mesh, has the
fourth order of approximation and satisfies the maximum principle for any mesh steps satisfied the condition
% < M < /5. The scheme is focused on solving a wide range of applied problems of convection — diffusion

2

such as the gravitational convection, a thermomagnetic convection and a diffusion of particles in magnetic
fluids. The high approximation and stabilization properties, compared with other methods, provide a higher
accuracy with less calculation cost. It is especially important for modeling of convection and diffusion proces-
ses in developed boundary layers with the large gradients of velocity, temperature and particle concentration.
The proposed scheme is tested on the well-known problem of the high-intensity gravitational convection in
the horizontal channel of a square cross-section with the uniform heating from the side. A detailed comparison
with the monotone Samarskii scheme of the second order [3] is performed on the sequences of square meshes
with the number of partitions from 10 to 1000 on each side of the square domain in the whole range of the Ray-
leigh numbers Ra < 5 - 107, corresponding to the laminar convection mode. A significant advantage of the fourth
order scheme in the convergence rate is shown for the decreasing mesh step.
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OBOBIIEHHBIN BAOUYHBINI AATOPUTM ®AOHMAA — YOPIITEAAA

H. A. IHXOAEX", JI. C. CHIIEHKO"

YBenopyccruii 2ocyoapemeennviii yuusepcumem, np. Hezagucumocmu, 4, 220030, 2. Munck, Berapyce

OnHuM 13 HanboJIee NCIONIb3yEMbIX Ha MPAKTHKE aITOPUTMOB /ISl TIOMCKA KpaT4aiIInX MyTel MeX Iy BCEMH ITapaMu
BEpIIMH BO B3BELICHHBIX Ipadax siBisiercst anroput™ Dioiina — Yopiuenna. biouHas Bepcus airopurMa ciy>kKUT 0CHOBOU
JUIst osTy4deHust 3P EKTUBHBIX MapauIeNIbHBIX aITOPUTMOB TP peaii3alii Ha MHOTOSICPHBIX [EHTPaIbHBIX IPOIEeC-
copax, KOMITBIOTEpAaX C pacipeieIeHHON NaMsThio, Tpa)MuecKuX Mpoleccopax. YBeIn4eHHe 36pHIUCTOCTH BIYHCICHUH
B OJIOYHBIX BEPCHSAX allTOPUTMOB MPUBOIHT K OoJee 3(h(eKTHBHOMY MCIIONIE30BaHMIO Kelel U 6onee 3pPpeKTUBHON Op-
TaHW3aIlil NapajUIeTbHBIX BEUUCICHHUA. B 3Tol padoTe mpemrokeHo ob6obmenne Omounoro amroputma dmoiima —
Yopurenna. [Topsimok BIIONHEHNUs! OJIOKOB BBIYMCICHUN PEOPraHU30BaH TaKuM 00pa3oM, 4TOOBI 3JIEMEHTHI MacCHBa,
YUYaCTBYIOIIME B KOMMYHHUKAI[MOHHBIX OINEPALUsIX KaK YTCHHs, TAK U 3aIIMCH, PEXKE BBITECHIINCH U3 MAMSTH C OBICTPHIM
nocrtyrom. Toraa rmpy peanu3anuy airopuTMa Ha rpad)uaeckoM IpoLeccope pexe, o CPaBHEHHIO C UCXOAHBIM OJIOYHBIM
AITOPUTMOM, UCIIONIB3YeTCsl MEJICHHas! T00aIbHAst HaMsITh.

Knroueswvie cnoea: napaienbHbIe aqTOPUTMBI, TIOUCK KpaTdalmx myTei; rpadsl; anroputm Oroiina — Yopimena;
0J104HBIH anroput™; rpaduyeckuii mporeccop; GPU.
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GENERALIZED BLOCKED FLOYD — WARSHALL ALGORITHM

N. A. LIKHODED?, D. S. SIPEYKO®

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus
Corresponding author: N. A. Likhoded (likhoded@bsu.by)

One of the most commonly used on practice all-pairs shortest paths algorithms on weighted graphs is Floyd — Warshall
algorithm. Blocked version serves as a basis for obtaining effective parallel algorithms to be implemented on multi-
core central processing units, on computers with distributed memory, on graphics processing units (GPU). Increasing
computation granularity in blocked versions of algorithm leads to a more efficient usage of caches and more efficient
organization of parallel computations. In this paper we introduce generalization of blocked Floyd — Warshall algorithm.
Computing blocks execution order was reorganized in such a way that array elements which participate in communication
operations, both reading and writing, are pushed out of fast-access memory less often. This means that in GPU implemen-
tation slow global memory is used less often, compared with the original blocked algorithm.

Keywords: parallel algorithms; shortest paths; graphs; Floyd — Warshall algorithm; block algorithm; GPU.
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BBenenune

[Towuck B rpadax urpaer BayXHYIO poJib NIPH aHaIKM3e OONBIIUX HAOOPOB AaHHBIX. [lIupokoe mpuMeHeHne
B 3a/la4aX MapLIPyTH3aHUU U JIOTHCTUKH UMEIOT aJrOPUTMBI MOMCKA Kparyalmux myteil. OgHuM 3 Haubonee
UCIOJIb3YEMBIX Ha MPAKTUKE aJITOPUTMOB I MOMCKA KpaTdalliuX MmyTed MeKay BCEMH MapaMy BEPIIUH BO
B3BELICHHBIX Ipadax siBisieTcs anroputM Droitna — Yopiuenna.

Bce anroputMmel penieHns 3a1a41 MOMCKA KpaTJaliX MyTeH MKy BCEMH MapaMy BEPILIHMH rpada UMEIOT
HEJTMHEWHYIO TPY0EMKOCTh, TIOATOMY JJIsl PELICHUs 3a7a4 OOJBIIOro pa3Mepa TpeOyOTCsl METOABI, XOPOILO
NPUCTIOCOOICHHBIC TS peali3allii Ha COBPEMEHHBIX BBIYHCIUTENBHBIX YCTpoiicTBax. Cpenu HUX — OJIOYHBIH
anroput™ ®roiina — Yopuenna [1; 2]. OH cIyXKUT OCHOBOW AJIsl MOMy4YeHUs! 9Q(EKTUBHBIX MapalIeIbHBIX
BEpCUI alNropuT™Ma i peasnu3alui Ha MHOTOSIZIEPHBIX [IEHTPAJIbHBIX MPOIleccopax, KOMIbIOTEpax C pacipe-
JICJICHHOM MaMsThI0, Tpadudeckux npoueccopax (GPU) [3—6]. Kak u Bo MHOTHX Jpyrux Ciiydasx IMpUMeHe-
HUsI OJIOYHBIX AITOPUTMOB, YBEINYEHHE 3epHA BEIYUCICHUH MIPUBOAUT K Oosiee 3(h(heKTHBHOMY HUCTIOIB30BAHHIO
kemeid 1 6onee 3h(HEeKTUBHOM OpraHN3alry MapauIeIbHBIX BBIYUCICHHUH.

Henps paboTsl — moctpoenne Moaudukaiuu oioynoro anroputma dnoiina — Yopuienna, B KOTOpOi mops-
JIOK BBITIOJTHEHHSI OJIOKOB BBIYHMCIICHUI PEOPraHU30BaH TaKMM 00pa3oM, YTOOBI peKe BBITECHSUTUCH U3 MaMSITH
¢ OBICTPBIM JIOCTYIIOM (KEIH, PETUCTPHI) DJIEMEHTBI MaCCHBA, YUACTBYIOIIUE HE TOIBKO B KOMMYHHUKAITHOHHBIX
olepanysx YTeHHUs, HO U B ONEpaLUsIX 3amuci. MOKHO OKUAaTh, YTO TOTAA PH peali3aliy aropuTMa OyaeT
Oonee 3(h(HEeKTUBHO, TIO CPABHEHHUIO C UCXOJHBIM OJIOYHBIM aJTOPUTMOM, HUCIIOIB30BAThCS MAMATH C OBICTPBIM
noctynoM. [Ipennaraemast MoauuKanus 3aJaeT MapaMeTpUIecKoe CEMECTBO OIOYHBIX aITOPUTMOB, KOTOPOE
BKJIIOYACT B ce0sl U HCXOIHBIHN alIrOpUTM.

CreneHb UCTONB30BaHUS MAMSTH C OBICTPBIM JOCTYIIOM OTPayKaeT BBIYUCIUTEILHOE CBOWCTBO METO/A,
Ha3bIBa€MOE JIOKAJIbHOCTBIO, KOTOpask MPU peasn3alii aJrOPUTMOB Ha MHOTOIIPOIIECCOPHBIX BBIUYUCIUTENb-
HBIX YCTPOHCTBaX UIPaeT BaKHEHIYIO poJib B JOCTUKEHUN BBICOKOH MPOU3BOAUTENBHOCTH [7-9]. B nannoi
pabote mocTpoeHHBIH 00001meHHbIH anroputM Pnoiiga — Yopienia peaan3oBaH Ha rpadUuecKoM Mpolec-
cope, IpU BBIYMCIICHUSX Ha KOTOPOM OBICTPBIM SBJISIETCSl TIPOLIECC OOpallleHHus K perucTpam, pasaessieMoi
naMsTH MYJBTHUIIPOLIECCOPa U KelllaM, HO He oOpaieHue K modanshHoi namatu GPU. Peanusanus Ha ocHOBe
0000IIEHHOTO AJITOPUTMA PUBOIUT K COKPAIICHHIO Ynciia 00palleHni K I100anbHOM MaMsTH 1, KaKk TIOKa3aH
BBIUMCIIUTENIbHBIE SKCIIEPUMEHTHI, K YMEHBIIEHUIO BPEMEHHU BBITTOJIHEHUS.

To4yeuHbIi AJITOPUTM.
3aBHCHMOCTH aJITOPUTMA

ITycte G(V, E ) — HEKOTOpBIH Tpad, V' — MHOXKECTBO BepIH, £ — MHOXKECTBO pedep. Byaem cunrars, 4to
BEpIIMHBI Tpada 3aHyMepPOBaHbI TIOCIIENOBATEIHHBIMH HENBIMH YHCIaMu OT 1 70 71, a rpad 3agaH Marpuien
CMEXKHOCTH A pa3MepoMm 1 X n.

IIpuBenemM 0CHOBHYIO YaCTh ITOCIIEAOBATEIIHFHOTO TOUCTHOTO (T. €. He 0J10uHO0T0) anroputMma dnoitna — Yop-
mena:
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dok=1,n
doi=1,n
doj=1,n
S,(k, i, j): a(i, j)=min(a(i, j), a(i, k) + a(k, j))
enddo

enddo
enddo

INepen HauaIOM BBITIOJIHEHUSI QJITOPUTMA MATPUIIA PACCTOSHUM A 3amonHsieTcs JyinHaMu pedep rpada (umu
3aBEIOMO OOJIBIITUM YHCIIOM, ecliid pebpa HeT). Ha kaknom mare k& marpuna 4 ooHossiercs. [lo 3aBepmiennn
paboThI aliropuT™Ma MaTpHIa A CONEPKUT ITMHBI KPaTYaIIINX MyTeH MEXIy BCEMH BEpIIMHAMU Trpada.

B ruesze nUKII0B MIMeeTCs OJIMH BBITIOIHACMBIH ONIepaTop S, M UCTIONB3YEeTCs OMH MacCHB d Pa3MEPHOCTH 2.
OO6nacTb U3MEHEHNs MapaMeTPOB LIUKIIOB (00JIacTh UTEpaLii) A1 oeparopa S, UMeeT pa3MEpHOCTb 3:

Vi={(ki j)eZIsk<ni<i<nl<j<n}

DopMabHO MEXKIY OMEpalusiMU OJTHOTO CJos k CYIIECTBYIOT HH(OPMAIIMOHHBIE 3aBUCUMOCTH, KOTOPHIE
CBsI3aHBI ¢ OOHOBJICHUEM HJIM MCTIOIH30BAHUEM DIIEMEHTOB MAaCCHBOB a(i, j) npu i = k wiu j = k. YcTpaHuTh
yKa3aHHBIC 3aBUCHMOCTH MOXKHO BBEJCHUEM JOIOJHUTEIHHBIX MacCcuBOB [5]. Ho HemocpencTBeHHo U3 3a-
nucu anroput™a dioiiga — Yopiuesia cieayer, YTo JaHHbIE a(i, j) HE OOHOBJISIFOTCSI, ecyin § = k win j = k.
[TosTomMy anst pUKCUpOBaHHOTO k Bce omepanuu (HaKTHUECKU HCIOJIB3YIOT JaHHbIE, BRIYMCICHHBIC HA pe-
JBITYIIEM (k - 1)—M mrare. MOJKHO ZOMYCTHTB, YTO BCE ONEpauuy Npu PUKCUPOBAHHOM k HE 3aBUCST APYT OT
Jpyra 1 BO3MO)XEH MTPOU3BOJIbHBIN MOPSAOK HX BBIIOIHEHUS.

PaCCMOTpI/IM 3aBUCHUMOCTU U BEKTOPLI 3aBUCUMOCTEH ajropurma € yude€ToM CACJIAaHHOTIO AOITYIICHU . Bexk-

TOPBI 3aBUCHMOCTEH 6yz[eM JJI HAITIAAHOCTU MMOMCYATh JJICMCHTAMU MAaTpUILbI, (bHprpr}OH_II/IMI/I Ha I10-

i, j),ali, k
OXKJIAIOIIMX 3aBUCUMOCTH BXOXKIEHUAX. Hanpumep, BEKTO d?GabR) o 0KJIAETCSI 3aBUCUMOCTBIO MEXK]]
b

JAHHBIMU a(i, j) B JIEBOHM 4acTH oreparopa S, ¥ JaHHBIMU a(i, k) B €0 MPaBOH YACTU. YKa)KEM HUTEpaluH,
MOPOYXKIAIOIIHE 3aBUCHMOCTH, H BEKTOPBI 3aBUCHMOCTEI:

* S, (k=1,i, j)— S,(k, i, j): nannoe a(i, j), Berancnennoe Ha urepannu (k — 1, i, j), sSBASETCS aprymeH-
ToM a(i, j) s Berancienuit Ha urepaunn (k, i, j); ) ad) - (1,0,0);

*S(k=1,i,k)— S,(k, i, j): a(i, k), Brancnennoe na urepanmnu (k —1, i, k), sBISETCS aprymeHTOM ISt
BBIUMCJICHUN Ha UTEPALIUIX (k, i, j); ) el k) (1, 0, j- k);

* S (k=1 k, j)— S/(k,i, j): a(k, j), Berancnennoe na urepauun (k — 1, k, j), sBseTcs aprymeHTOM JUist

BBIYUCIICHUI Ha UTEPAITUIX (k, i j); detihatk ) — (1, i—k, 0).

Bao4nblii anropuTm

brounsrit anroputm @noiiga — Yopmiemia ¢ TpexMmepHbiME (3D) O1okamu BIEpBBIC TIPEAIOKEH B pabdo-

n o
te [1]. Bermenmm O X O X O O10KOB pazmMepoM » X r X r, tne O = [7], 7 — TapaMeTp, 3amaromnmii pazmep. OTMe-
THM, YTO OJMHAKOBBIE Pa3Mepbl OJIOKa UMEIOT CYLIECTBEHHOE 3HAYCHHUE, @ HE BBIOPAHbI Il HPOCTOTHI.
Mycts k<, i¥, j¢' — HoMepa 4acTeif, Ha KOTOpbIe NP GOPMUPOBAHUH BIOKOB PAa3OUBAIOTCSA 0OTACTH 3Haue-
HUii mapameTpos k, i, j makios, 0 < k<, i¥, /¥ < O — 1. Bioku BHYMCIEHNI HA3BIBAIOT TAKXKe TailnamMu. biok

Tile(k, i¥', j*') mmeer cnenyrommii Bux:
do k=1+ K, min((kg’ +1)r, n)
doi=1+r, min((ig’ + l)r, n)
doj =1+, min((;*+1)r, n)

a(i, j)= min(a(i, i), ali,k)+a(k, J))
enddo

enddo
enddo
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YcTaHOBUM KOPPEKTHBIN MOPSIIOK BBITOJHEHHUS OJIOKOB M 000CHYEeM KOPPEKTHBIM MOPSAIOK BBITIOTHEHHUS
BBIUMCJICHUH B OJIOKE.
PaccMOTpHM GJIOKH HEKOTOpO# 61ouHoi nTepannn k¢ (HexoToporo G1ouHOrO ciost k'), T. e. GIOKH

Tile (kgl, i, ¢ ) npu dukcupopanHoM k<. Hasosewm:
* Tile (kgl, k4, kgl) — BEYIIUM OJIOKOM;
. Tile(kg’, ke, jgl), 0<;<Q—1,)%# k%, - 6rnoxom Bexymeit CTPOKH;

. Tile(kgl, i€ kg[), 0<i¥<Q—1,i% # k%, — Grnoxom Beaymero cronbua.

AHanu3 3aBUCUMOCTEHN NOKAa3bIBAET CIAEAYIOLLEE.

1. Beruucnenus naroboro Beaymiero oioka Tile (kgl, k<, kgl) HE 3aBUCAT OT BBIYUCIICHUH JPyrux OJIOKOB
OJIOYHOTO CIIOsI, ISl BBIYMCIICHHS DIIEMEHTOB BEIYIEro OJI0Ka HY)KHBI TOJIBKO €r0 2JIeMEeHThI. Bemyuii 6ok
Ha 6JI0YHOM CJI0€ CIIeMyeT BEIYHUCIIATE MepBhIM. Bemymue 61oku HazoBeM [-0mokamu (independent blocks [4]).

2. Beraucnenus 0JIOKOB BeAyIlel CTPOKH U BEIYIIETO CTOJIONA 3aBUCAT OT BBIYUCIICHUH BEIYIIEro OJI0Ka
O504HOTO CI10s. J1J1s1 BEIYMCICHUH 3THX OJIOKOB HEOOXOJMMBI X COOCTBEHHBIE DJIEMEHTHI U yXKe MOJICYUTaH-
HBIE DIIEMEHTHI BeyIero oyoka. Mexmay co0oi 3TH OJI0KH He KOHKYPHPYIOT, II03TOMY ITOCIIEI0BATEIILHOCTh
WX BBEIYHCICHUN Ha OJIOYHOM CJI0€ MOXKET OBITh IIPOM3BOILHON. Ha3zoBem OI0KM BEIyIINX CTPOK M CTOIOIIOB
SD-6mokamu (singly dependent blocks).

3. Ocranbusie 6moku Tile (kgl, i« ), 0<i¥ j4'<0—1,i#k% j#k*, 3aBucat or BEIUMCIICHHIT GITOKOB
BEAYIIUX CTPOK M CTONONOB. J[J1sl BEIYMCICHUH 3THX OJIOKOB HY>KHBI X COOCTBEHHBIE DIIEMEHTHI, & TAKXKE dJ1e-
MEHTBI COOTBETCTBYIONIUX OJIOKOB BEMYIIEH CTPOKH M BEIyIIero ctoibra. Yka3aHHble OJOKH BBIYHCIISIOTCS
Ha OJIOYHOM CJIO€ B MPOM3BOJILHOM MOPSI/IKE MOCIIC BEIYUCICHUS OJOKOB BEAYIIEH CTPOKH U cTonOna. bioku
BHE BEAYIINX CTPOK H cTONOII0B HazoBeM DD-6mokamu (doubly dependent blocks).

OnueM mary 6104HOM uTepanuu k'

1) mpousBoAATCS BEIUUCIEHUS Beaytero 01oka (I-0moka). dakTndecku BHINOTHIETCS OOBIYHBIN TOYSTHBIN
anroput™ Oroitna — Yopieia, B UTOre COXPAHIETCS BEPCUS DJIEMEHTOB TIOJMATPHIIBI BEAYIIEro Onoka Ha

UTepaIun (kgl + 1)r (um min ((kg’ + l)r, n) JUISL TIOCIIE/THETO CIIOf);

2) IpOU3BOASATCS BHIYMCICHUSI OJIOKOB BEeAYyIIEH cTPOKU U Beaylero cronodma (SD-6mokoB). [Ipu oOpare-
HUM K JIEMEHTaM BEAYIIEro 0J0Ka MPOMCXOJUT OOpalleHne K UX MOcieAHel Bepcun. biioku MoryT Ber4mc-
JSATHCS. HE3aBUCUMO, B IIPOU3BOJIBHOM IIOPSIKE;

3) mpou3BoAATCS BEIUUCICHUsT ocTaBmnxcst OokoB (DD-6mokoB). [Ipu obpaiennu k 31eMeHTaM OJIOKOB
BeAyILEH CTPOKH M BEAyLIEro cToj0a NpOUCXOAUT oOpallleHne K UX MociieiHell Bepcun. biioku MoryT BbI-
YUCIIATHCS HE3aBUCUMO, B IIPOU3BOJIBLHOM ITOPSIIKE.

3ameuanue 1. Pe3ynbraTbl IPOMEXKYTOUHBIX BBIYMCICHUH TOUEUHOTO M OJIOYHOrO anroputMmoB Dioiina —
Yopuienna MOTyT He coBmaaarh. Tem He MeHee O0uHBI anroputM Dnoliga — Yopiiesia MPUBOIUT K KOp-
peKTHOMY pe3ynbTary [2].

OcHoBHas yacTb anropurma Onoiina — Yopuenia ¢ BeigeneHHbIMHA 3D-0110kaMu MeeT cieayromuii Buy [4]
(UMKIIBL, UTEpalui KOTOPBIX 3aBEIOMO MOKHO BBITIOJIHSTH HE3aBUCUMO, 3allUIIeM Kak dopar):

dok¥=0,0-1

Tile(kg’, ke k¢ ) // BerumcIeHus I-6moka
dopar j' =0, 0 — 1 (j* # k%)

Tile (kgl, ke, jgl) // Beraucnenus SD-010K0B BeayIel CTpOKH
enddopar
dopar i¥ =0, 0 — 1 (i #k*)

Tile (kg’, i, kg’) // Beramcerns SD-610K0OB BEIYIIEro cToIoma
enddopar
dopar i¥=0, 0 — 1 (i¥' # k)

dopar j¥=0,0 -1 (¥ # k%)

Tile(kgl, i, jgl) // Beraucnenust DD-610k0B

enddopar
enddopar
enddo (k%)
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3ameuanue 2. B DD-6nokax Beraucnennst Beex a(i, j) IpOMCXoAaT HesaBuenmo Apyr ot apyra: a(i, k)
u a(k, j) Beraucisorcs BHe DD-0i10Ka, MKy onepanusamMu OJI0Ka OCTArOTCS TONBKO 3aBUCHMOCTH, 3a/1a-
Baemble Bexropom (/)07 = (1,0, 0). Ha npaxtike B DD-0:10Kax IPOM3BOLAT NEPECTAHOBKY LIMKIOB TakK,

4TOOBI LUKII C HAPAMETPOM k cTall caMbIM BHYTpeHHUM. O003HaunM Takoi 610k uepes Tiley, (kgl, i, jgl)
W 3aIIUIIeM ero SIBHBIH BH/I:

dopari= 1+, min((ig1+ l)r, n)
doparj =1 + %, min((jg'+ l)r, n)
do k =1+ k*'r, min (k' +1)r, n)

a(i, j) = min(a(i, j), a(i, k) + a(k, j))
enddo
enddopar
enddopar

MoaupuuupoBaHHbIN OJI0YHBIA AJITOPUTM

B paccMOTPEHHOM GJIOYHOM aJrOpPUTME MOCIIEI0BATEIBHO BEITIOTHAIOTCS OI0UHbIe HTeparuy k<. s kax-
J10T0 (PMKCHPOBAHHOTO A CHauasIa IPON3BOIATCA BhIurcieHus I-6moka Tile (kgl, k&, k¢ ), 3areM (B IIPOU3BOITh-

HOM TOPSIIKE) — BBIYHCICHUS 2(Q - 1) SD-6i10K0B Tile(kgl, ke, ¢ ) u Tile(kgl, i€ kgl), nanee (B Mpou3-

BOJILHOM TIOpSJIKE) — BBIUYUCIICHUSA (Q - 1) X (Q - 1) DD-6moxoB Tile(kgl, i, jgl). Kak yxe ormeuanocs,

pasmepsl 6J0Ka (7 X 7 X 7 uTepaluii) MOryT ObITh TOJIBKO OJJUHAKOBBIE.

PeopranusyeM mopsiiok BBIIOIHEHHs OJIOKOB BBIYMCICHMH TakUM 00pa3oM, 4TOOBI aTOMapHO, KaK OfHa
MaKpOOTepalys, BHIIOTHIOCH HEKOTOPOE KOJIMYECTBO TAIOB C UIYIUMH MOPSIT HOMEpaMHU MepBoi 0104-
HOW KOOPIUHATHI U (PUKCHUPOBAaHHBIMU HOMEPaMU BTOPOU M TPEThel KoopauHaThl. Takue 00beiMHEHHBIE Tal-
76l OyZieM Ha3bIBaTh MYJIBTUTAMIaMU (BOOOIIE TOBOPS, MYJABTUTANI MOXKET CONEPKaTh TOIBKO OIWH TAaii).
B maxpoonepanusx-mMyabTHTalIax BBIIOIHEHNE OOJBINEro Yucia UAYLINX MOAPSI UTepauuid K TpUBOJUT
K OoJiee pesIKoMy BBITECHEHHIO U3 MaMATH C OBICTPBIM JIOCTYIIOM (KEIH, PErHCTPhI) AIEMEHTOB MacCHBa Ha

BXOXKJICHUAX a(i, j), Tp66yI-OH_II/IX KakK onepaunﬁ YTCHUA, TaK U onepaunﬁ 3alliCH, B TO BPEM: KaK BXOXICHUA

a(i, k) 51 a(k, i ) TpeOYIOT TOJILKO Orepanuii uTeHus. MOKHO 0XKHJIaTh, YTO TIPU PeaM3aIMU aJITOPUTMA OyIeT
Oornee (P PEKTUBHO UCTIONBL30BATHCS MAMSITh C OBICTPBIM JOCTYTIOM.

[lyctp ¥ — HEKoTOpOE YKo B mpenenax ot 1 go O, [ — Hekotopoe uucio B npenenax ot 0 go K — 1. [1apa-
METp K 3a/[aeT KOJMYECTBO OIOUHBIX HTepauii k¢ (4icio GIOUHBIX CI0EB), HCTIOIB3YEMbIX IS 00pa3oBaHus
MymbTHTaiinoB. OT mapameTpa / 3aBHCHT YHCIIO GNOYHBIX MTepamui k< (YHCI0 GOUHEIX CIIOEB), KOTOPHIE
00BbeANHSIOTCA AJIS TOJyYEeHUS MYJIbTUTANIIOB.

BBezneM B paccMoTpeHre MPOoLeyphl BBITOTHEHHUSI MYIBTHTARIIOB.

CalcLeadBlock (kgl, l) — mpolueaypa BIYHCIeHHs (py GUKCHPOBAHHBIX MapaMeTpax k<, [ mporemypsr)
MyJIbTUTAMIA

Tile(kg’, k*, kg’), ecmm [ =0,

-1

U Tilepy, (k' + m, &'+ 1, &'+ 1) | JTile (k' + 1, k' + 1, k* + 1), ecom [ # 0,
m=0

oobeauasromero / DD-61o0xoB u oqus [-6510K ncXogHOTO 6J109HOTO anroputMa. MynsTUTain BKiIrodaeT [-05ox
1 HeBbluMcaeHHsle DD-0110ku (eciu TakoBbIe UMEIOTCS, T. €. ecnu [ > 0) ¢ TakuMu ke, Kak y [-0moka, Homepa-
MH BTOPOH M TpeTheH OJIOYHOM KOOPAMHATHI M ¢ MCHBITUMH HOMEpaMH TIEPBOH OJIOUHOH KOOpIMHATEHI.

CalcLeadRowAndColumn (kg[, / ) — npouenypa BelurciaeHuss Q — 1 MyJabTUTAIIIOB, KaXKIbli U3 KOTOPBIX
BKmouaeT omuH SD-610k (k¢ + /)-it G104HO CTPOKH HCXOIHOTO 6JI0YHOTO anropuT™a, u O — | MyIsTHTAiIOB,
Kbl M3 KOTOPBIX BKJIIOUaeT oguH SD-01ok (kgl+ l)-ro 67109HOTO CTONOIA MCXOAHOTO OJIOYHOTO ajro-

put™Ma. Kpome TOT0, KaXKIablid MyJIBTHTA BKItodaeT DD-010Ku (eciu TaKOBBIE HMEIOTCS) C TAKHMH K€, Kak
y SD-0s10ka, HOMEpaMu BTOPO U TPEThell OJIOUHOM KOOPIUHATHI U ¢ MCHBIIUMH HOMEpPAMU TIEPBOM OJIOYHON
KOOPAMHATEI.
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MymnpruTaiin ¢ SD-61okoM (kgl +1 )—ﬁ OJIOYHOI CTPOKH UMEET BH]T
Tile(k*, k%, j*'),
ecmn /=0, /5=0,1,...,0-1G"#k%),

-1
U Tilep (k< + m, k< +1, j) [ JTile (k*'+ 1, k' + 1, j*'),
m=0

ecmn [#0,/4=0,1,..., 0~ 1 (" # k%, ... k" + 1),
-1
Tileyy, (kgl+ m, ke + / jgl) UTile(kgl+ /, ¢+ 1, jgl),

m:jgl—kg’+l

ecm [#0, j =k .., k¥ +1-1.

Mymnprutaiin ¢ SD-61okoM (kgl +/ )—ro OJIOYHOTO CTOJIOIA TIPEJICTABIISICTCS B BHJIE
Tile(k*, i#, k),
ecm[=0,i=0,1,...,0-1G" #k*),

-1
U Tiley, (kg] +m, i€ k< + l) UTile(kgl+ 1,i% k& + ])’
m=0

comn [#0,i=0,1,..., 0~ 1" #k*, .. k"+1),
-1
U Tileyy (k¥ + m, i, k¥ +1) | Tile(k*' + 1, i, k' + 1),

m=if -k 41

ecm [ #0, i =k% .. k¥+1-1.

CacheadRowAndColumnReverse(kgl, K, l) — mpoueaypa BelducieHus (mpu pUKCHPOBaHHBIX MapaMeT-

pax k¢, x, [, 3mech | < ¥ — 1) MynbTHTAiiNI0B (kgl + l)-ﬁ 0JI0YHOM CTPOKHM MCXOIHOTO OJIOYHOTO aJropuTMa
u (kg’+ l)—ro OJ0YHOTO CTONOLA MCXOAHOTO OJIouyHOro anroputMa. Kakapli MymnbTHTaia oO0beAHHSET

K — [ — 1 DD-06110k0B ¢ pUKCUPOBaHHBEIMU HOMEPaMH BTOPOU U TPETheH OJIOYHON KOOPIUHATHI U C OOJIBIIIH-
MH, 4eM k< + [, HoMepaMu 1epBoii GI0YHOI KOOPIMHATHI:

x—1
U Tileyy (k¥ + m, k' + 1, j),

m=1+1
J=0,1, . k' + 1L =k"+x, ..., 01,

x-1
U Tiley, (k% + m, i¥, k' +1),

m=1+1
=01, k+1-1,i=k+x,...,0-1.

CalcRestBlocks (kg[, K), K # (J, eCTb Npoleypa BIYUCICHUS (Q -x)x (0 - K) MYJTBTUTAIIIOB
k-1
U Tilepy (k' + m, i€, j'),
m=0

#=0,1,..,0-10"2k k"+1, .., k+x-1),
J4=0,1,.., 0102k k" + 1, ..,k +x - 1),

Ka)IbIi U3 KOTOPBIX 00benuHseT K DD-010k0B (BHE BeAyIIHX OJOYHBIX CTPOK U CTOJIOIIOB) HCXOIHOTO OJ104-
HOTO aJropuTMa.

OTMeTHM, 4TO BO BCEX TIPOIEIYpaxX BHIUKCIECHHE MY/IBTHTAIIOB NPH (PUKCHPOBAHHEIX k<, K, [ MOKHO BBI-
NOJHATH He3aBUCUMO (Kpome miporeaypsl CalcLeadBlock (kgl, / ), BBIYHCIISIOIIEH TOIBKO OIMH MYJIBTUTANIT).
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OCHOBHYI0 YacTh 00001IEHHOTO 0104HOTO anropuTMa Droiiaa — Yopiesia MOKHO MPEACTaBUTh CIIEIYO-
UM 00pa3oM:

do k=0, O — 1, k // BEIUMCIICHHS C IIATOM K
do/=0,x-1
CacheadBlock(kgl, l)

CalcLeadRowAndColumn (kgl, / )

enddo
do/=x-2,0,—1// BerunciieHus ¢ marom —1

CalcLeadRowAndColumnReverse (kg’, K,/ )
enddo
CalcRestBlocks(kgl, K)

enddo (kgl)

Ecmm ¥ = 1, To momyunm u3BecTHBIN OnouHbIi anroputM Pnoiina — Yopmemra (mukin do /=x — 2, 0, -1
OTCYTCTBYET).

Eciu K = 2, To MMeeM ciydaii, pacCMOTPEHHbIH B MarucTepckoii auccepranuu O. W. ChraeBoii'.

Ecnu ¥ = Q, To BHemHwMiA iUk do k¢ = 0, O — 1, X BEIpOKIaeTCS B OJTHY UTEPAITUIO k¢ = 0, IUKJIIBI ¢ TIapa-

MeTpOM / OXBaTHIBAIOT BHIYHCIICHHUE BCEX OIOKOB, (PYHKITUS CalcRestBlocks(kg’, K) OTCYTCTBYET.

Peanu3anus Ha rpaguyueckom npoieccope

['padmueckuii mporeccop OCyIIECTBISCT MHOKECTBO MapaljIeIbHBIX TOTOKOB BeIYKcIcHUH. [TloToku 00be-
JMHSIOTCS] B OJIOKM BBIYMCIICHHH, KaXIbIli OJIOK MOTOKOB BBIMOJIHSACTCSI aTOMAapHO Ha OJHOM M3 MYJIBTHIIPO-
LEeccopoB rpaduyeckoro npoueccopa. [pu 3ToM 10KHBL OBITH YKa3aHbI OJIOKH, KOTOPBIE MOTYT BBITOTHSATHCS
MYJBTHIIPOLIECCOPAMH OJHOBPEMEHHO U HE3aBHCUMO APYT OT Apyra.

Toueunsrit anroputm dnoiina — Yopuremra 067JagaeT €CTSCTBEHHBIM MapalIeII3MOM B TIpeeax OXHON
utepanuu. [loatomy Ha Kaxmoit urepammu k (k= 1, 2, ..., n) MOXXHO BBIJIEIUTH AByMepHbIe (2D) 610KH BBI-
YHCJICHUH, KOTOPBhIE MOTYT BBIMOJIHATHCA HE3aBUCUMO ApyT oT apyra. GPU-peanuzanus anroputma dnoliga —
Yopumenia, ocHoBaHHas Ha 2D-010Kkax BEIYMCIIEHHH, Tpeuioxkena B padote [10]. Matpuna A XpaHuTcst B 1710~
OanpHOM mamsaTn GPU, mosToMy Ha Ka)KIoH UTEpaluy K HEOOXOJMMa 3alHCh BCEX OOHOBICHHBIX AJIEMEHTOB
MaTpHLbl B INIO0AIBHYIO NaMsITh, U3 KOTOPOW CUNTBIBAIOTCS BCE HY)KHBIC JaHHBIC, IIOJICUNTAHHBIC HA MIPE/bl-
JIy1Ieil uTeparuu.

[Ipu Beruucnennsx Ha GPU ObIcTphIM ABIISETCS Mpolecc oOpameHus K pa3aeisieMoi MaMaTi MYJIbTH-
Ipoleccopa 1 K KeiaM, Ho He oOpaienue kK modansHoit mamsatu GPU. B pa6ore [11] peanuszosan na GPU
anroput™ Pnoiina — Yopuenna ¢ 3D-61nokamu. Mcnons3oBanue 61ouHoro anropurMa ¢ 3D-0mokaMu o3Bo-
JIMJIO CYILECTBEHHO YMEHBILIUTE BPEMsI BBIIIOTHEHUS anroputMa. OHO COKpPaTHIIOCH TNIaBHBIM 00pa3oM 3a cueT
TOTO, YTO 3aIUCh OOHOBJICHHBIX AJIEMEHTOB MATPULBI B [I00AJIbHYIO MaMATh IPOU3BOAUTCS HE HA KayKIOH
WTepaluy k, a Ha Kax10ii r-it urepauuu k. Ha kaxioii 6:104H0# nTepammu k< TpeOGyroTCs TPH TaK HA3bIBAEMBIX
3arrycka gpa (T. €. TPy IPOIeypPhI BBITIOTHEHUS OJI0KOB BEIYHCIICHHN):

* 3aIyCKaIOTCS BhIYMCICHHS Beayliero onoka (I-0moka). Mcnosb3yercst 7 X » IOTOKOB — OJIMH TIOTOK BbI-
YHCISIET OIMH AJIEMEHT MaTpHIbl. Bee MOTOKM B 0IHOM OJ10Ke MOXKHO 3aIlyCTHTD, el 7 < 32 (B 0JHOM OJI0Ke
MoxeT ObITh 10 1024 moTokoB). 1Sl Ka’KA0To MOTOKA HY>KHO OJMH 3JIEMEHT CKONUPOBATh U3 IMI00aIbHOH ma-
MSTH B pazfesieMyto, OOHOBUTh €TI0 Ha ¥ CJIOSIX U BEPHYTh HOBOE 3HaYE€HHUE B NIOOAIBbHYIO aMSITh;

* 3aITyCKAIOTCS BRIYMCIICHUS OJIOKOB BEMYIIEH CTPOKH M BeAyIIero ctoyora (SD-010k0B), B KaKI0M OI0Ke
ucnonbsyercs r X r (r < 32) morokoB. HarmoMHUM, 4TO JUIsl BBIYMCICHHUH 3TUX OJIOKOB HEOOXOJIMMBI UX COO0-
CTBEHHBIE JIEMEHTHI U YK€ IIOJCYNTaHHbIE 3JIEMEHTHI BeyIero o6ioka. J{is kaxx10ro U3 3amyckaeMbIx OJI0KOB
B Pa3/IesieMoil MaMsATH XPaHATCS IBE MAaTPUILIbI pa3MEpOM 7 X #: TIOMUMO CBOUX 3JIEMEHTOB MIOTOKaM CyMMAapHO
TpeOyroTCs 7 X 1 3neMeHToB [-05oka;

* 3amycKaroTcst BbraucieHuss DD-010koB, B KaKI0M OJIOKE UCTIONb3YeTCs 7 X ¥ HOTOKOB (7 < 32). Jlnst kax-
JI0T0 U3 3aIlyCKAaeMbIX OJIOKOB B Pa3JesieMOl MaMsITH XPaHITCA TPU MaTPULIbI Pa3MEPOM 7 X 7 IOMUMO CBOUX
AIIEMEHTOB IOTOKAaM CyMMAapHO TPeOYIOTCS 7 X 7 SIIEMEHTOB OJI0Ka BEYIICH CTPOKU U 7 X I DIIEMEHTOB OJI0Ka
BE/IYILETO CTONOLA.

'Coruesa O. F. PaspaboTka 1 IporpaMMHAsT peaTi3alliis HOBBIX MapaieTbHBIX Bepcuit anroputma droiina — Yopirema : Marwcr. JIc.
Mutmck : BI'Y, 2016. 58 c.
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3ameuanue 3. llpu Beranciaennn DD-610k0B B pasnenseMoil maMsaTH JOCTAaTOYHO XPAHHUTH TOJIBKO MaT-
pHIBI, CBA3aHHBIE C BXOXKIECHUSIMHU a(i, k) u a(k, j): [IOTOKaM He MOHAJO00MTCSl 00paIiaTbes K JIEMEHTaM
a(i, i ), KOTOpBIE IIEPECUNTHIBAIOT JIPYTHE MIOTOKHU, — HYXKEeH Oy/IeT TOJILKO CBOM JIEMEHT U AJIEMEHTHI IBYX SD-

0moxoB. KaxIbIif TOTOK MOXET XPaHHUTh SJIEMEHT, KOTOPBIN OH ITEPECUUTHIBAET, B CBOEH PETUCTPOBOM TTAMSITH.

JlanpHelmass onTUMA3aIisl aaToOpUTMa IyTeM YMEHBICHHsI 00beMa 3aHNMaeMOH pa3feiiieMON IMaMsITH
B O1ouHOM anropurme dnoiina — Yopiiesia npeioxkera B padore [S]. [aBHast uies moaxoaa — MHOTOCTA M-
Hoe urenue SD-0mokoB npu Berurciennn DD-610koB. CokpaliieHre pa3MepoB pa3IeNsieMoi namsiTH, He0O0X0Iu-
MO OJIOKY B Ka)KIBIii MOMEHT BPEMEHH, O0OYCIIOBIIMBACT 3aMETHBIN BBIUTPBIII B POU3BOAUTEIIEHOCTH, TaK KaK
yMeHbLIEHHE 00beMa pa3AesieMOi TaMsITH, UCTIOIb3yeMOH B OJIOKE, TIO3BOJISIET MYJBTHIIPOLIECCOPY BBIITOIHATh
OoutbITIee KOTMYeCTBO OJIOKOB OTHOBPEMEHHO.

C moMotIpIo TOCTPOeHHOTO 00001IeHHOTO anroputMa dioiina — Yopimemra MOKHO peain3oBaTh Ha Tpadu-

4yecKoM Iporieccope 3D-0mmoku pazmepom (l + l)r X r X r, T1e, HanoMHuM, [ u3mensiercs ot 0 10 K — 1. 3anuck

OOHOBIIEHHBIX 3JIEMEHTOB MAaTPHIILI B TIIOOATBHYIO IMAMATH TIPOU3BOIUTCS Ha (l + 1)r-171 uTeparuu k, a He r-i
UTEPaIUH, KaK B CITydasx OJIOKOB Pa3MepoM 7 X 7' X 7.

OnwuieM BBIYHACIUTEIbHBIE SKCIIEPUMEHTHI, B KOTOPBIX MCIIOJIL30BAIOCh MHOTOCTaIMiiHOE uTeHne SD-
0JIOKOB, YMCIIO IOTOKOB B OiHOM O1ioke 1024 (7 X =32 x 32).

DKCIIepUMEHTHI MPoBoAMWIKCH Ha rpaduyeckom nporieccope NVIDIA GeForce GTX 670. Hexotopsie xa-
pakrepuctuku 3toro GPU:

Hucno MyabTUIIPOLIECCOPOB 7

Konuuectso sinep B ycTpoiicTse 1344

O06beM r100anbHON NaMATH 216

O0BeM pazenseMoil maMsTiu 48 KO Ha Ka)IbIii MyJBTHIIPOIECCOP
KonuuectBo 32-0UTHBIX PETUCTPOB

B MYJIBTHIIPOIIECCOPE 65 536

Hcnonb3yemas apXuTekrypa Kepler

Ha pucynke npencrasieH rpaguk 3aBUCMMOCTH BpEMEHH BBIUNCIICHUH peann3ainuy alrfopuTMa OT napa-
MeTpa K, BIHAIOLIETO Ha YHCIIO 3aMuceil B IM00ATbHYIO aMSITh.

PucyHok moka3seIBaeT, 4TO MPU HECKOJIBKUX 3HAYCHUSIX MapaMeTpa K 0000IIEeHHOTo OJI0YHOTO aaropurMa
JIOCTUTAETCS MEHBIIIee BpeMs BEIUMCIICHNH IO CPAaBHEHHIO CO CiTy4aeM K = | (KiTacCH4ecKuil OIOUHBINA anro-
put™). B aTOM ipuMepe umnciio BepmmH rpada paBHo 8§192. AHanornuHas KapTUHA HAOMIOMAETCS U B TIPUMeE-
pax ¢ IpyruM 4KUCIIOM BEPIINH.

11,2
11,0 -
108 &

10,6 *

10,4 * .
10,2

Bpewms, ¢

10,0

9.8

9,6

9.4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 .
1 2 3 4 6 8 12 16 24 32 48 64 96 128 192 256 K

3aBHCHMOCTh BPEMEHHU BBIYHCIICHUH peain3anin
0600611eHHOTO 6110yHOTO anroputMa (n = 8192, r = 32) ot mapamerpa K

Dependency of computation time of generalized blocked algorithm
implementation (n = 8192, r = 32) on the parameter K
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3ameuanue 4. pu obpamenun k Gynkiuu CalcLeadBlock BhINONIHSIETCS TOJBKO OJUH MYJIBTUTAII, 10-
ITOMY aKTHUBEH TOJBKO OJUH (M3 HECKOJIBKUX) MynbTHIponeccop GPU. MoxHO oprann3oBaTh BBIYHCICHUE
¢ynkmu CalcLeadBlock ogHoBpeMeHHO Ha BceX MyJIbTUIPOLIECCOPAX. DKCIEPUMEHTHI TIOKA3alH, YTo oo1ee
BpEMsl pean3alyy aIrOpUTMa IIPH 3TOM YMEHBIIASTCSl OYSHb HE3HAYUTEIBHO, TaK KaK IMOYTH BCE BPEMEHHbIC
3aTparhl IPUXOAATCS HA BEIYUCIICHHE IPYTHX (QYHKIHMH.

Takum 00pa3om, B paboTe MOCTPOCHO MapaMeTpuIecKoe CeMeHCTBO OIOYHBIX anroputMoB dioiina — Yop-
IIeJIa, KOTOpOe BKJIIOYAET B Ce0sl M KITAaCCHYECKUI OJIOYHBINH aNrOpuTM, pacCMOTPEHA pean3alys Mpeio-
’KEHHOTO aJIrOpUTMa Ha rpa)uecKoM MpoIeccope.
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KJIACCHYECKOH 3aa4un kiactepuzanuu. OHa, KaKk ¥ MHOTHE IPYTHE 3a/1a91 KOMOMHATOPHOH ONTUMU3AIUH, siBisieTcs: NP-
TPYIHOH, MOITOMY HAXOXKICHUC €€ TOYHOIO PEIICHHUS 3a4acTyr0 OKa3bIBacTCS TPYIOCMKHM. B naHHOM paboTe npema-
raeTcsi HOBBIA METOJI TIOCTPOCHHSI BEPXHEW OICHKH ISl (PYHKIIMY Ka4ecTBa pa30MEHUS U MOKA3bIBACTCSI, KAK ITOJYUYCHHAS
OILICHKA MMPUMEHSETCS] B METOJIE BETBEW U IPAHUIL IPU HAXOXKACHUU TOUHOTO pelieHus. [lpeanaraemMplil moaXoa HaKIaabl-
BaeT OTPAHMYCHUS Ha MaKCHMAllbHO BO3MOXKHOE KauyecTBO pa3zOmeHns. HoBW3HA MeToma 3aKiIt09aeTCsl B BO3SMOKHOCTH
HCTIOTB30BaHUS TPEYTOIEHUKOB, TEPECEKAIOIIXCS IO pedpam, 4To TO3BOIISIET HAXOIUTh TOpas3io 0onee TOYHBIE OIIEHKH,
YeM TMIPH PACCMOTPEHUH TOJBKO Hemepecekaromuxces noarpados. [lToMumo mocTpoeHust Ha4aIbHOK OIICHKH B CTaThe OIMU-
CBIBAaCTCs CIOCO0 e¢ mepecyeTa npu PUKCUPOBaHUK pedep Ha KaKIOM IIare MeToja BeTBeil u rpanull. [IpuBoasrcs pe-
3yJBTaThl TECTUPOBAHUS MPEIIAraeMOT0 AJITOPUTMA HA CTCHEPUPOBAHHBIX HAO0Opax ciry4aiHbix rpados. [TokaspiBaercs,
YTO BEPCHSI, UCIIONB3YOIIAsl HOBBIC OICHKH, Pa0OTaeT B HECKOJIBKO pa3 OBICTpee paHEee W3BECTHBIX METOJIOB.

Knroueswvie cnosa: pazdbuenue rpada Ha KIUKH; TOYHOE PEIICHIE; METO/I BETBEH M IPAaHUIL, BEPXHHIE OIICHKU.
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In this work, a problem of partitioning a complete weighted graph into cliques in such a way that sum of edge weights
between vertices belonging to the same clique is maximal is considered. This problem is known as a clique partitioning
problem. It arises in many applications and is a varian of classical clustering problem. However, since the problem, as
well as many other combinatorial optimization problems, is NP-hard, finding its exact solution often appears hard. In this
work, a new method for constructing upper bounds of partition quality function values is proposed, and it is shown how
to use these upper bounds in branch and bound technique for finding an exact solution. Proposed method is based on the
usage of triangles constraining maximal possible quality of partition. Novelty of the method lies in possibility of using
triangles overlapping by edges, which allows to find much tighter bounds than when using only non-overlapping sub-
graphs. Apart from constructing initial estimate, a method of its recalculation, when fixing edges on each step of branch
and bound method, is described. Test results of proposed algorithm on generated sets of random graphs are provided. It is
shown, that version that uses new bounds works several times faster than previously known methods.

Keywords: clique partitioning; branch and bound method; exact solution; upper bounds.

Acknowledgements. This research is supported by the National Research Foundation (prime minister’s office, Sin-
gapore), under its CREATE programme, Singapore-MIT Alliance for Research and Technology (SMART) Future Urban
Mobility (FM) IRG.

BBenenue

3amaua ONTUMAIBHOTO pa30MEHHsI TTOJTHOTO B3BEHICHHOTO Tpada Ha KIWKH BO3HHKAET BO MHOTHX TpPH-
JIOXKEHUSIX, 0COOCHHO 4aCcTO TaM, Il HYXKHO KJIacTepPH30BaTh OOBEKTHI, YYUTHIBAS TOJILKO OTHOIICHHUS MEXKTY
HuMmHU [1]. SIpkuM puMepoM I1eJI0T0 Kilacca TaKMX 3a7ad MOXKET CIIY>KUTh TIOUCK COOOIECTB B KOMIUIEKCHBIX
ceTsX [2—5], KOTOPBI CBOAMTCS K 3a/lade ONTHUMAIBHOTO Pa30MEHUs Ha KIUKU, €CIU OCYIIECTBISITh TTOUCK
MyTeM MaKCHMHU3AIUU 1IeJICBON (PYHKIIMH, TAKOW Kak, HApUMEpP, MOAYJISPHOCTH [6; 7] win muHa koxaa [§].
[IpakTrueckas 3HAYUMOCTD 3aJa4M B MOCJCIHEE BPEMs BBI3BIBACT BCE OOJIBIINE MHTepec yueHbIX. OnHaKo,
MOCKOJIbKY OHa siBiisieTcsi NP-TpyaHoi [9], OOJNBIIMHCTBO MCCIIEIOBAHNN CKOHIICHTPUPOBAHBI HA MPEIIOKEe-
HUU 3BPUCTHK, CTIOCOOHBIX OTHOCHUTEIBHO OBICTPO HAXOIUTh peIIeHus, OJau3knue K onTuMaibHbM [10—-15].
B 10 xe Bpems anropuTMbI, TPUBOASIINE K TOUHOMY PEUICHUIO, PEIaraloTcs PEIKO U B OCHOBHOM IIpell-
CTaBJISIOT COOOW Bapualuu MeTojia BeTBel u rpanull [11; 16; 17]. Oaun u3 Hanbosiee HOBBIX 1 3(()EKTUBHBIX
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aJITOPUTMOB OBLIT TpesicTaBiIeH B padbote [17], 0CHOBHOM BKIIaJ] aBTOPOB KOTOPOH 3aKIIIOYAETCA B MOITyYEHUH
HOBOTO METO/Ia OIIEHKH BepXHEW IpaHUIlbl 3HAYeHUH (DyHKITMH KauecTBa pa3OueHus.

B HacTosIel cTarbe NpeiaraeTes YIyqlIeHHBIH METO/I, TO3BOJISIONINA HAXOIUTh 0ojiee 3 (EKTUBHBIC
oreHKkH. Ero ucrnonb30BaHue MPUBOANT K CYIIECTBEHHOMY YBEIMUEHHUIO CKOPOCTH CXOXKJICHHUS] METO/a BETBEH
u rpanuil. [lokaspiBaeTcs, 4To HOBBIN MeTOZ] paboTaeT B HECKOIBKO pa3 ObICTpee paHee U3BECTHBIX MOIXOI0B.

3anaua pazoueHus rpada Ha KIUMKK MOXKET ObITh chopMysIrpoBaHa cieayronum oopaszom [1]. [lycts 3aman

B3BeweHHbIH nonslii rpad G = (¥, E), B KOTOPOM Beca peGep €cTh BEIIECTBEHHBIE YMCIA KAK TI00KHTENb-

HBIE, TAK U OTPULIATEIbHBIE, }— MHOXKECTBO BEPLUUH, £ = {(i, Js ei‘) i,jevr, e; € ]R} — MHOXKECTBO pedep C Be-

camu. Ecnm u3HawanbHO rpad) He MONHBIA, TO OTCYTCTBYIOIIME pedpa MOTYT OBITh MPEACTABICHBI pedpamMu
¢ BecoM 0. Jlanee peOpa ¢ MOJOKHUTEIBHBIM JINOO OTPHUIIATSIILHBIM BECOM Oy/IeM Ha3bIBaTh MOJOKHUTEIHLHBIMU
00 OTPHUIATETFHBEIMH COOTBETCTBEHHO. Ha manHOM rpade BBOIUTCS (YHKITHS KadecTBa pa3OneHuUs Q(C),
KOTOpast JIjIsl Kax10ro pazdouenunst C MHOKECTBA BEPIIUH HA KIIACTEPhI paBHA CYMME BECOB pedep, COSANHSIFOLITHX
BEPIIMHBI U3 OTHOTO KJIacTepa:
0(C)= Y. ¢
G =G

re C,— HoMep KJ1acTepa, B KOTOpBIii [ONajaeT BepIiiHa i; e, — Bec pedpa (i, /).

Tpebyercs HaliTH Takoe pa3OMeHNe MHOXKECTBA BEPIIUH V Ha KIIACTEPHI, TPH KOTOPOM 3HadeHne () MaKCH-
MaJbHO.

JlanHas 3a/1aua 4acTo BO3HUKAET HA MTPAKTHKE, 0COOCHHO TaM, TJe HYKHO pa3feluTh OObEKTHI Ha 3apaHee
HEW3BECTHOE YHCJIO Tpymil. Torna oObeKTaM COMOCTABISIIOTCS BEPIIUHEI rpada, a HEKOTOPO Mepe CXOKeCTH
00BEKTOB COOTBETCTBYIOT Beca pebep. [Ipumepsr Takux 3a1a4 MOXKHO HalTH B 6nonoru [ 1], B chepax rmanu-
poBanus [ 18] u rpynnosoii TexHonoru [16; 19]. [Ipu uccieqoBaHM KOMIUIEKCHBIX CETEH BaKHBIM aCEKTOM
SBIISIETCS OOHAPY)KEHUE B HUX CTPYKTYPHI coobmecTB [2—5]. HexoTopbie Hanbomee momyIspHbIe TOIXOIBI OC-
HOBBIBAIOTCS HA CBEJICHHUH 33/1a91 ITOMCKA COOOIIECTB K 3a7a4€ pa3OHueHHsI Ha KIIMKH ITyTEeM 3aMEHbI H3HAYaIIb-
HOM cetn rpaom, Beca pedep KOTOPOTro 3aJar0Tcs CennaibHON (DyHKIMeW, Takoi Kak MOAYISIPHOCTS [6; 7]
wiy ayrHa koma [8]. TakuM 00pazom, HaXOXKIACHHE TOYHOTO PEIICHUS 3aJa9d pa3OMeHHS HAa KIHKH MOXKET
OBITH IPUMEHEHO TP OTIPEJIEIICHNH ONITUMAIIBHON C TOYKH 3PEHUST KOHKPETHON (PYHKIINU KadecTBa CTPYKTY-
puI coobmiects [20].

IHocTpoenue BepxHel OLEHKH

OueBuAHOM TPUBHATIHLHON BEpXHEH OLleHKOH 3HaYeHNH (GyHKIUH O SBISETCS] CyMMa BCEX ITOJIOKHUTEIBHBIX
BECOB pebep:

Qtrivialimax = z eij :

¢;>0

OpnHako Ha NpaKTHKE JaHHAs OIIEHKA OOBIYHO OYEHb JlaJieKa OT peasibHO JOCTHYKUMOTO MakcuMyMa. Jliist
MoJTyyeHus 6ojee TOUHOW OLEHKH MOYKHO Y4ecTb clieayloliee Habmonenue. PaccMoTpuM TpoiiKy BepilinH
(a, b, c), COeIMHEHHBIX pedpaMu ¢ BecaMH e, e, ., €,. TakuMmu, 4to e, > 0, e,. > 0, e, < 0. HecnoxHo 3a-
METHUTbh, YTO TIPH JIFOOOM pa3OWEHUN BEPIUIMH HA KIIACTEPHI JIUOO XOTs OBl OHO IOJIOKUTEITHFHOE pedpo He
MONaAET B CyMMY (T. €. WJIHM BEPIUUHBI @ U b, UK BEPILIUHBI @ U ¢ OKAXKYTCS B pasHbIX KJacTepax), 100 oT-
punarenbHoe pedpo OyJeT BKIIOYEHO B CyMMY (T. €. BEPUIMHBI b ¥ ¢ OKaXyTcs B OIHOM Kiactepe). Takyio
YHOPSI0UYEHHYIO TPOHKY BEPIIHH (a, b, c) ¢ Becamu pedep e, >0, e, >0, ¢, < 0 Oynem Ha3pIBaTh WITpadyIO-
UM TPEYTOJILHUKOM, a BEJIMUHMHY P, = min(eab, e, —ebc) — mTpadoM, MOCKOJIBKY U3 PACCYKACHHI BBIIIE
CIJICIYET, 4TO

Q(C) < Qtrivialfmax - pabc
JUtst 1r000ro pazouenus C, WK, 4TO TO Ke CaMoe,

*
Q S Qtrivial_max - pabc’

rae Q* — MaKCHUMaJIbHO BO3MOXHO€ 3HAYCHHEC Q(C), A0CTUTaeMOC ITPU OINITUMAJIBHOM C.

Ecmu mrpadyromye TpeyroJbHUKH HE MEPEeceKaroTes 1Mo pedpam, TO KaK/IbIH U3 HUX HAKIAJIbIBaeT CBON
mrpad Ha MakCHMaJbHO BO3MOKHOE 3HadeHune (. To ecTh eciin S — MHOKECTBO HENEPECEKAIIUXCS 110 ped-
pam mTpadyomux TPEyroIbHUKOB, TO
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*
Q < Qtrivial_max - 2 b, abc*

{a,b,c}es
0603H29MB P; = Qiviat max — @ MUHMMaITBHBIH mTpad pasouenns rpada G, npebityIIee yTBEpkICHHE
MOYKHO 3aIIUCaTh KaK z DPupe < F;. JlannO€ HabmrosieHne ObII0 J0Ka3aHO U MCII0Ib30BaHo B pabote [17].
{a,b,c}es

Hwxe nmoxasbiBaeTcs, Kak, IPUMEHsISl HICIO U3 [5], mocTpouTs Oosee 3p(heKTUBHYIO OLICHKY, YYUTHIBAS ILITpPa-
¢yromue TpeyroJbHUKH, IIepeceKatomecs o pedpam.

Teopema. Ilycmo (a, b, c) — wmpagyrowuii mpeyeonvhux 6 epage G = (V, E ) Ilocmpoum noeuwlil epagh
G’ = (V, E’) na sepuunax V, 6b14ms u3 no1oscumensHuix 6ecos u 006asue k ompuyamensHoMy 6ecy pebep e,
,_
e, u e, wmpag p,., m. e. E'= E\{(a, b,e, ), (a, c, e, ), (b, c, e, )} U {(a, b, e, — pabc), (a, C, e~ Due ),
*
(b7 (& ebc + pabc )} TOZ()CI Q = Qtrivialimax - pabc — By unu By, + pabc S PG'
LY r* ’
Hoxasarenbcrso. [lo onpenenenuto F; = O m — Q5 T8 Opivial may — CYMMa IOJIOKHUTEIb-
’ ¥ ’
HBIX pebep B rpade G'; Q7 — MakcuMaibHOE 3HaueHHe () NpU ONTHMaibHOM pa3ouenuu rpada G’'. Torma
_ ’ e ’ e _ rE__
Qtrivialimax ~ Pape ~ PG’ - Qtrivialimax ~ Pabe ~ Qtrivialimax + Q - Qtrivialfmax - Qtrivialimax ~ Pape + Q = Pape + Q -
(OCKONBKY Q,ivial max PABHO CyMMeE IOJOXKHTENBHBIX pebep B rpade G, a O . . — CYMME HOJIOXH-
TenbHBIX pedep B G' n G u G’ OTIIMYAIOTCS BECaMH TOJIBKO JIBYX IOJOXKHTEIBHBIX pedep) = e, + e, —
rE % * %
- (eab - pabc) - (eac - pabc) Py T O =p,. + Q. Ocraerca nokasars, uto Q" — Q" < p_, .
ITycte C — ontuMajbHOE pa3OMeHue, PH KOTOPOM JocTuraeress Q° = Q(C). Paccmotpum 10 k€ camoe
pasOuenne rpada G’ u nonoxum st Hero Q = Q’(C). Tlo onpexencuuio Q’(C) < 0, T. e. KocTATOUHO T10-

’ ’
Ka3aThb, 4TO Q(C ) -0 (C ) < P.j.- llockonbky Bee pedpa B G u G, KpoMe Tpex, UIMEIOT OJMHAKOBBIE BECA, TO

Pa3HOCTH B JIEBOM 4AaCTU HEPABEHCTBA 3aBUCUT TOJILKO OT TOTO, KAKUE U3 BECOB pedep e,,, e, U e, BKIIOUEHbI
B CyMMbI. BO3MOXHBI TpH Cilyuast:

1) Bce Tpu BeplIMHBI @, b U ¢ IPUHAJJIEKAT Pa3HbIM Ki1acTepaM. Torna HU OHO peOpo He BKIIFOYEHO B CyMMBbI
U BBITOJHSIETCS

0(C)-0'(C)=0< p,;

2) BepIIMHBI @, b 1 ¢ PUHAIIEKAT OTHOMY KiiacTepy. Toria Bce Tpu pedpa BKITFOUEHBI B CYMMBI U BBITTOJTHSETCS

Q(C) - Q,(C) =epte, e - (eab - pabc) - (eac - pabc) - (ebc + pabc) = Pabe>
3) nBe BEpIINHEI U3 ¢, b U ¢ IPUHAIICKAT OTHOMY KiacTepy. Torma poBHO OMHO pedpo BKIIFOUYEHO B CyM-
et 1 6o O(C) - 0'(C) = e, — (e, — pabc) = Puses 00 O(C) = 0'(C) = e,.= (€, = Puse) = Pupe> 1060
Q(C ) - Q'(C ) =e, — (ebc + pabc) = —p.... Clen10BaTenabHO, B 1I000M Cllyyae YTBEPKAECHHE TEOPEMBI BbINOI-
HEHO M OHa JIOKa3aHa.

Takum 06pazoM, 9ToObI TOCTPOUTH OLEHKY O, > O, MOXKHO TIOCIICI0BATEIBHO HAXOAUTh MITPAapyOIHe
TPEYTOJBHUKH U BRIYUTATh UX MITpad U3 BecoB pedep, oka B rpade He OcTaHeTCs ITpadyonrX TPEYrolbHH-

koB. CymMMa noJry4eHHBIX ITpados 2 Douve OYZIET OLIEHKOM CHU3Y 11 Py, ¥ TOTa 2 Pore <P:=Oiivial mx — D>
Q < Qtn'vialimax - Z pabc = Qmax‘

Haxoxx/1eHne TO4HOTO penieHus

[IpuMeHss oTy4YeHHYIO OLIEHKY, [Tl OTIPEIEICHNS TOYHOTO PEIIeHNS MOKHO HCIIOIB30BaTh METO]] BETBEH
v rpannil. Ha nmepBom mare HalizieM Kakoe-HUOyIb pa3duenHune, xKenaTeabHo co 3HadeHrueM (), OJIM3KUM K Mak-
cUMyMy. DTa BeJInurHa OyleT HauaJlbHOM HIDKHEH oLeHKoil O, JocTikumoro 3HaueHus Q. [lanee noctpoum
Ha0oOp mTpadyomuX TPEYyroJIbHUKOB U HAYAIBHYIO OLCHKY O, . . 3aTeM Ha KaXK10i nTepanuu OyaeM paccMar-
pHUBaTh OUepemHoe pedpo 1 1Ba BO3MOXKHBIX pa3OueHus: pa3OneHne, B KOTOPOM JaHHOE peOpo 3ahUKCHPOBAHO
KaK BHyTPUKJIACTEPHOE, T. €. KOHI[BI pedpa IMonaaoT B OAUH KJIacTep, U pa30neHne, B KOTOPOM JIaHHOE PeOpo
3a(hMKCUPOBAHO KaK MEXKKIIACTEPHOE, T. €. KOHIIBI pedpa Jiexar B pa3HbIX Kiactepax. Jis kakaoro pa3oreHus
OyzeM nepecuuTsIBaTh OLIEHKY (J . C yueTOM HOBOro orpaHuueHus. Eciu Ha ouepenHom miare oneHka Qo
MEHBIIIE YK€ JOCTUTHYTOTO 3HaueHUs O, . , TO MPU TEKYIINX OrPaHUUYCHHUSX MOTyYUTh PEIICHHUE, JIyqIIee yKe
HallIeHHOTO, HEBO3MOXKHO, 1 JTAHHASI BETBB OTCeKaeTcsl. MHaue peKypCHBHO pacCMaTpUBAETCs 0depeHoe pedpo.
Hwoxe onmmem kaxpIi mar 6osee JeTaibHo.
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HauanpHoe pazObuenue u oueHkKy (. MOXXHO HalTU C IIOMOIIbIO KAKOW-JIMOO M3 MHOXECTBA 3BPHCTUK,
OIMCaHHBIX B JuTeparype. B nannoii padore ucnonssyercst anroputM Combo [15], kak oauH 13 Haubonee
TOYHBIX U OBICTPBIX METOJIOB CO CBOOOTHO JIOCTYITHBIM MCXOJHBIM KOJIOM, TIO3BOJISIFOIIMM JIOCTUYb HAWITYY-
X (110 CpaBHEHUIO C JAPYTHMU TIOIX0J[aMH ) 3HAYCHHUH 1IeNIeBON (yHKIIHH.

Jiist mocTpoeHusl HayaubHOTO HaOopa mTpadyoNHUX TPEYroJbHUKOB TPUMEHSIETCS KaHbBIA alTOPUTM.
Ha xaxxmo#t utepanun BIOMpaeTcss TPEYTOJbHUK ¢ HAUMEHBIINM (HAaHOOJBIINM IO MOAYIIO) BECOM OTpPH-
HaresibHOro pedpa. Beca pedep cOOTBETCTBYIOMIETO TPEYTONIBHUKA KOPPEKTUPYIOTCS C YYETOM MOITY4EHHOTO
mrpada, U JaHHBIA Tpoliecc MOBTOPSETCs, MoKa B rpade ecTh mrpadyromue TpeyrodbHukd. OnHucaHHbIH
npoIecC MOXKET OBITH TPENICTABICH B BUJIC HIKETIPUBEICHHOTO anropuTMa 1. Jlanee npu onucaHuu Beex a-
TOPUTMOB TOAPAa3yMeBAETCsL, 9TO OHU UMEIOT 1ocTym K rpady G = (V, E).

Adaroputm 1. IlocTpoenue Hagopa mTpadyOUINX TPEYroJbLHUKOB S

Bbixon: Habop mTpadyomux TPEyroabHUKOB S.

1. U3HadanbHO HAOOD S MycCT.

2. HaiiTu Bce oTpunarenbHbie pedpa.

3. YOopsiiouuTh UX O BO3PACTAHUIO Beca.

4. Jlns xaxmoro pedpa (b, c, ebc) 13 TTOTYICHHOTO CITHCKA:

JUIS1 KaKIO0H BEPIIUHBI ¢, HCMHLIUACHTHON pedpy:
ecme,>0ne, >0:
J100aBHUThH TPEYTOIBHUK (a, b, c) B S;
// 06HOBHTE Beca pebep Tpeyronbhuka (a, b, ¢) ¢ yaeTom mrpada:

Pape = min(eab’ €ucs _ebc);
eab = eab 7pabc;
eac = euc 7pabc;
€pe = €pe T Paper
5. BepuyTs HabOD S.
OrpunarensHble pedpa MOXHO HAWTH IyTEM MPOCTOTo Tepedopa Bcex pedep 3a O(nz) ATeparui, e

n= |V| —yucno BepunH. Ha mare 4 anropurMa 1 paccMaTpuBaloTCsl HEKOTOPbIE TPOHKH BEPIIMH POBHO OAMH
pa3. Tak KaK BCEro TpoeK BEPIIMH MOPSIKA 72°, TO AIrOPUTM | BBITIOMHAETCA 3 BpeMs 0(;13 )

Ha xax10i1 nTepaliui MeTojia BETBEH U I'paHuIl OuepeHOe He3ahUKCUPOBAHHOE peOpPO 00BSIBIIIETCS JINOO
BHYTPHUKJIACTEPHBIM, JTHO0 MEXKJIACTEPHBIM. B Ka)kI0M citydae Hy>KHO OOHOBUTH CTaTyC OCTAIbHBIX pedep,

4TOGBI BBIIIOJIHSIOCH YCIOBUE TPAH3UTHBHOCTH, T. €. eciu pepa (a, b) u (b, ¢) BHyTpUKIaCTepHbIE, TO TAKO-
BBIM JIOJDKHO OBITB 1 peGpo (a, ¢), n ecm pe6po (a, b) BHyTpHKIacTepHOE, a pebpo (b, ¢) MeXKIACTEPHOE,
To pebpo (a, ¢) Takke TOMKHO OBITH MEKKIACTEPHBIM. DTO MOKET OBITH C/IENAHO € TIOMOIIBIO CIEAYIOLIETO

anroputma 2.

Aaroputm 2. O0HoBJIeHUE 3aUKCHPOBAHHBIX pedep

Bxon: 3adukcupoBarHOE pedpo (a, b).

Broixon: HaOop 3aUKCHUPOBAHHBIX pedep.

1. HaiiTu BepinHbI, NpUHAAIEKAIINE KJIacTepy BEPIINHBI a (MHOKECTBO A = {i | C=C, }), KJIacTepy Bep-
IMHBL b (MHOXECTBO B = {z| C=C, }); BEPLIMHBI, IIPO KOTOPHIE YK€ U3BECTHO, YTO OHH NMPHHAMJIECKAT KIlac-
Tepy, OTIMYHOMY OT KJlacTepa BEpIIUHBI @ (MHOXKECTBO X = {z| C =C, }); BEPUIMHBI, IIPO KOTOPBIE YXKE U3-

BECTHO, YTO OHU MPUHAIJICIKAT KJIACTEPY, OTIIMYHOMY OT KIIacTepa BEpPIIMHbI b (MHOXKECTBO Y = {i | C =C, }).

2. Ecmm pebpo (a, b) 3a(pEKCHPOBAHO KaK BHYTPUKIIACTEPHOE, TO TAKOBBIMH JK€ OOBSBUTE BCE pedpa, CoeTu-
HSIIONIHME BEPIIUHBI MHOXKECTB 4 U B, a Bce pebpa, coequnstonmie 4 u Y, a Takke B u X, 00bSIBUTh MEXKKIIAC-
TEPHBIMHU;

uHaye Bce pedpa, coequnstonme A u B, 00bIBUTh MEKKIACTEPHBIMHU.

3. Bo3Bparuts Bce BHOBB 3a(pKCHPOBaHHBIC peOpa.

[TepBbiii mar MOKET OBITh BBIMOJIHEH MTYTEM PAaCCMOTPEHUS BCEX BepIIHH rpada, T. €. 3a O(n) uTepauii.
Ha BTOpOM IIare 0GHOBIIAETCS CTAaTyC HEKOTOPHIX pedep, KOTOPhIX Beero He Gonee 71°. TakuM 006pasoM, CIToxK-
HOCTb aJrOpuT™Ma 2 €CTh O(n2 )

[Tocne obHOBNEHMs cTaTyca pebep Hy:KHO OOHOBUTH TeKyllee 3HaueHHue oueHkH cBepxy Q. . Ilycts

max*

a, b, c) — mr AN TpeyrojdbHUK. Eciay Ha TeKyleM 1are MojJoKUTeIbH HKCUPYETCS Kak
b adyro eyTo. Ec a TEKYIIEM IIIare MOJIOKUTEILHOE Pedpo CUpPYyETCS Ka
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MEXKJIaCTEPHOE WIIM BHYTPUKIIACTEPHBIM OOBSBISETCS OTpHUIIATeIbHOE pedpo, TO aOCOMIOTHOE 3HAYSHHE €T0
Beca mobaBisgeTcs K mTpady U Bce mTpadyromue TPEYTOIbHUKH, BKIIOYAOIINE JaHHOE pedpo, mepecTaroT
YUUTHIBAThCS. ECIH e BHYTPHKIACTEPHBIM OOBSBISAETCS TIONOKUTEIBHOE PEOPO HITH MEKKITACTEPHBIM O0bSIB-

JISIETCS OTPULATENBbHOE, TO ITpadh TpeyronbHIKa 06HOBIsIETCS: ecin (a, b) GUKCHPYeTCs BHyTPHKIACTEPHBIM,
0 p,, = min(e,., —e,, ), ecnn (a, ¢) GUKCUPyeTCs BHYTPUKIACTEPHBIM, TO p,, = min(e,,, —e,, ), ecau (b, ¢)
(PHKCHPYeTCs MEKKIIACTEPHBIM, TO P, = min(e,,, €, ). Takum o6pasom, /Ui OGHOBIEHNs MHOKECTBA LITpa-

(yroIuX TPEYroJbHUKOB U nepecuera (. MOKHO MCIOJIB30BaTh aJrOPUTM 3.

Aaroput™m 3. O6HoBJIeHHe O, U S
Bxoa: HaGop mTpadyommx TpeyroiabHUKOB S.
Buixon: oOHOBIICHHBII S 1 HOBast O

max”*
1' Qmax = Qtrivialimax'
2. Jlyis Kax1oro 3aMKCUPOBAaHHOTO pedpa (a, b):

ecmn ey, > 0 (a, b) SBNSETCS MEKKIACTEPHBIM, TO
Qmax = Qmax - eub;

ecmn e, < 0 (a, b) sABNSETCS BHYTPUKIACTEPHBIM, TO

Qmax = Qmax + eab‘
3. Jus kaxzaoro tpeyronbHuka (a, b, ¢) u3 S:

ecnu MexkactepHbiM seisiercs (a, b) umn (a, ¢) m6o (b, ¢) ecTb BHYTPHKIACTEPHOE, TO
HCKIIFOUYHUTH (a, b, c) u3 S;
pabc = O’
uHaue, eciu (a, b) ABIAETCS BHYTPHKIACTEPHBIM, TO
pabc = min (eac’ _ebc )’
eac = eac _pahc;
€pe = €pe +pabc;

nHa4eC, €CIn (a, C) SABJISICTCA BHYTPUKIIACTCPHBIM, TO

pabc = min (eab’ _ebc )’
eab = eah _pahc;
ebc = ebc +pabc;

HHa4eC, €CIn (b, C) ABJIACTCA MCIKKIIACTCPHBIM, TO

pubc = min (eab’ euc )’

eab = eab 7pabc;

eac = eac _pahc;

HHa4ye:

pabc = min (eah’ eae’ _ebc )a
€up = Cap ~ Pabe>

€uc = €uc ~ Pabes

ebc = ebc +pabc;

Qmax = Qmax ~Pape
4. INoxka B rpade ecthb WITPadyIONIHE TPEYTrOILHIUKH (a, b, c):
pabc = mln(eab’ eac’ - ebL‘ )’
eab = eab 7pabc;
eac = eac _pahc;
ebc = ebc +pabc;
Qmax = Qmax _pabc'
5. Bo3Bparuts o0HOBIECHHBIN SU O, .
JlobOaBnenue B S KaXA0ro MTPaQyOMero TpeyroabHIKa 0OHYIIeT Kak MUHUMYM OIHO pedpo B rpade.

Takum oOpazom, mTpadyromux TPEyroJbHUKOB He Ooree n’, v mary 2 u 3 BBIIONHAIOTCA 32 O(nz) uTepanui.
[ar 4 MoxeT OBITH BBIIIOJIHEH PACCMOTPEHHEM BCEX TPEYTOJILHHUKOB, T. €. 32 O(ns) utepauuid. Takum oOpa-

30M, CJIO)KHOCTD aJropuT™Ma 3 ecTh O(rf).
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B METOIEC BETBEH 1 TpaHul] BaXKHBIM aCIICKTOM ABJIACTCA OUCPCAHOCTD, B KOTOpOfI MIPOUCXOIUT BETBJICHHUC.
B pa6ore [17] noka3zaHo, 4To BRIOUpATh OYEpEAHOE PEOPO HY)KHO TaKUM 00pa3oM, YTOOBI ITPH OOBSBICHUU €TO
MEKKJIaCTEPHBIM 3HaueHHe O, . MAaKCHMAJIbHO yMEHbIIAN0Ch. B HallleM ciydae noy4eHne TOUHbIX 3HaUCHU
u3MeHeHus O, Ha KaXJIOM ILiare TpeOyeT BbI30Ba adropuTMa 3, YTO CIMIIKOM TPyAoeMKo. YToObl HalTH
OLIEHKHU M3MeHeHUs O, ., ISl KaXKI0T0 MOJIOKUTEIBHOTO pedpa pacCMOTPUM, Kak (), MEHSETCS IPH 00bsIB-
JICHUH MEKKIIAaCTEPHBIM TOIBKO 3TOTO pedpa. 1 B nanpHelinemM pedpa paccMaTpuBarOTCs B MOPSAIKE yOBIBAHUS
BCJIMYUHBI BBIYMCIICHHOT'O U3MCHCHUS.

Aaroputm 4. YnopsiiounBanue pedep

Bxoa: nabop mTpadyommx TpeyroJIbHUKOB S, JAOIIUi OleHKy O

Bobixoa: ynopsioueHHbIN CIHCOK pedep.

1. Jlist KaXI0ro MONOKUTENBHOTO pebpa (a, b):

max"*

0OBSBUTH PeOPO (a, b) MEXKIIACTECPHBIM;

BBIYUCIIHTH HOBYIO O

max

C MOMOUIBIO aJITOpUTMa 3;

pebpy (a, b) nocrasuts B coorBercTBHE 3HAUCHUE O, — Oh .
2. OtcopTupoBarh pedpa B MOPSIKE YOBIBAHUS COOTBETCTBYIOIINX UM 3HATCHHM.
3. BepHyTh yIOPSITOUCHHBIN CITUCOK.

Anroput™ 4 OyneT BbI3BIBaThCS TOJBKO OJUH pa3 B Havaje paboThl MeToa BeTBEH 1 rpaHuil. Tak kKak mo-
JNIOXKHUTEIBHBIX Pebep MOKET ObITh HOPSIKA 71° U TIPOU3BOIUTCA UX COPTHPOBKA, TO ANTOPUTM 4 BBIMOJIHAETCS
3a BpeMs O(n2 log(n)).

Janee mpeacTaBiieH peKypCUBHBIN alropuT™ 00Xo/a B IIyOMHY /epeBa MOMCKa METOja BETBEH U IPaHMUII.

AuaroputMm 5. PekypcuBHblii 00x0/1 B IJIyOMHY /iepeBa IOMCKA

Bxoa: crimcok pedep i pacCMOTPEHHSI, MHACKC TEKYIIero pedpa, Habop mTpadyroIux TPEyTroJI-HUKOB S,
3HaueHue Q.

Bbixoa: 3HaueHue Q, . ¥ COXpaHEHHOE ONTUMaIbHOE pa3OueHue.

1. Ecnu uHJIEKC BBIXOIUT 3a PaMKH CIIACKa pedep:
// 3HAUUT, BCE MOJIOKUTEIbHBIE pedpa 3aUKCHPOBaHBI
// 1 monmy4eHHoe pa3OreHue SIBISETCS HOBBIM HAWITYYLINM Pa30HCHUEM.
He3zagpukcupoBannblie oTpuLaTeiabHble pedpa 0OBSIBUTE MEKKIACTCPHBIMH.
3amoMHHUTE pa30OueHUE.
OO6noButs Q. = 0.
Bossparuts Q...
2. BeiOparb u3 crimcka pedpo ¢ 3aJaHHBIM HHJICKCOM.
3. [Toka BeIOpaHHOE PeOPO 3ahUKCUPOBAHO:
BBIOMpATh ciieaytolee pedpo U yBeIMYMBaTh HHACKC.
4. IloBTOpUTH I {BBIOpaHHOE PEOPO OOBSABISACTCS BHYTPHKIACTEPHBIM, BRIOpAaHHOE PeOpo 00BABIIETCS
MEXKJTACTEPHBIM } |
C TIOMOTITHIO AITOPUTMA 2 HAWTH U 3aUKCHPOBATEH OCTaIBHBIC peOpa, KOTOphIe HY)KHO 3a(pUKCHPOBATh;
C TIOMOIIIBIO AIITOPUTMA 3 HAWTU HOBBIH HAOOP MITPadyIOIKUX TPEYroIbHUKOB S’ 1 HOBOE 3Ha4eHue O, .
Ecmu Qmax > Qmin’ TO
00HOBUTH 3HaueHue (), . 3HAUYEHHEM, [1OJyYEHHBIM PEKYypPCUBHBIM BbI30BOM aJl'OPUTMA 5 CO cle-
TYIOIIMM HHIEKCOM, ¢ HabopoM S’ u TexymuM 3HadeHueM O, ;.
Bo3BpaTuTh B HCXOHOE COCTOSIHUE pedpa, 3aMKCUPOBAHHBIC B Hauajle miara 4.

5. Bossparuts Q, ;..

OKoHUATEeIbHBINM ANTOPUTM HAaXOXKICHHS ONTHMAaJIbHOIO pa3OueHus rpada Ha KIMKH MOXET OBbITh Tpej-
CTaBJICH CJICAYIOIUM aJrOPUTMOM 0.

Aaroputm 6. Haxoxaenue TOUHOro penieHusi 3aJa4u pa3ouenus rpaga Ha KIUKU

1. Ucnons3ys anroput™ Combo, HOCTpoUTh Ha4aIbHOE pa3OnueHue 1 oueHky Q. . .

2. o anroputmy | HaliTH HauaNBHBIN HAOOP MITPA]YIOMIUX TPEYTOIEHUKOB S 1 OTIEHKY O,

3. C moMomp0 airopuTMa 4 yropsaoIuTh pedpa.

4. BrI3BaTh QJIFOPUTM S5 CO CITUCKOM, MOJIyYEHHBIM Ha Iare 3, HHACKCOM 1, HabopoM ITpadyroux Tpey-
TOJIbHUKOB S U 3HaueHueM Q, . .

5. Bo3BpaTtuTh onTuMaibHOE pa3dueHue u 3HadeHue O, . .

JlaHHBIN anropuUTM paccMaTpUBAaET BCE BO3MOXKHBbIE KOMOMHAIMH, 3alIOMUHAET ONTHMAIbHOE pa3OnueHne
¥ HauOosbIee JOCTIKUMOE 3HaYeHue O

max*

min*®

99



Kypnaa Besopycckoro rocyrapcTBeHHOro yaupepcurera. Maremaruka. Madopmaruxa. 2019;3:93-104
Journal of the Belarusian State University. Mathematics and Informatics. 2019;3:93-104

BouruncianTe/bHbIN IKCIIEPUMEHT M AHAJIN3 Pe3yJIbTAaTOB

[Ipemmaraemsrii anroput™ peann3zoBaH Ha s3bike CH++. Il ero TecTHpoBaHUS MCIIONB30BAINCh HAOOPHI
HMCKYCCTBEHHBIX TpadoB, mpemiokennbie B [17]. IlepBwiii Habop cocTtouT u3 rpadoB HA 7 BepIIMHAX, Beca
pebdep KOTOPBIX BRIOMPAHCH CITydalfHBIM 00pa3oM U3 PABHOMEPHOTO pacipeesieHHs Ha OTPe3Ke [—q, q]. Jns
BO3MOJKHOCTH CPaBHEHUSI C pe3yJbraraMu U3 pa0oThl [17] mpuMeHsiach aHaIOTHYHAS TIPOLIeIypa; JIIsl KakK-
moro 7 ot 10 g0 20 1 kaxxaoro g u3 Habopa {1, 2,3,5,10, 50, 100} TEeHEPUPOBAIOCH 5 CITydallHBIX TPadoB.

B Tabn. 1 mpuBeneHsl pe3ysibTaThl pabOThI MPEIaracMoro ajiropuTMa, a Takxke pe3yibrarsl u3 [17] aus
cpaBHeHus. Kaxxnoe 3HadeHue B Tabn. 1 paBHO CyMMe COOTBETCTBYIOIIMX 3HAYEHUM Uist 35 ciyuaiiHbIX rpa-

¢doB. Nodes 0603HaYaeT KOJTMYECTBO PACCMOTPEHHBIX BEPIIHUH B AEPEBE MOMCKA PEILICHHUS, f — BPEMsI BBITIOJIHE-
HUA B ceKYHIAX, O, min & Oinit max — HAUAJIBHBIE OLIGHKU O, . 1 O, ., OIy4YeHHbIe Ha marax 1 u 2 anropurma 6

co0TBETCTBEHHO. 3HAUYCHUSA O, iviai mawe Dinit max>s O

max?

HOPMaJIM30BaHbl OTHOCUTEIIBHO OIITUMAJIBHOT'O PCHIC-

aus Q. e
Tabnuna 1
Pe3yabTaTel Ha mepBoM Habope cay4aifHbIx rpados
Table 1
Results for the first set of random graphs

n| Qi | Qiitman | Qiitmin | Quvistma | Qs | Qinieoin | Nodes Nodes" r "
10 1,720 1,099 1,000 1,764 1,226 0,994 362 1205 0,05 0,05
11 1,819 1,119 0,998 1,831 1,272 0,988 877 4236 0,10 0,13
12 1,758 1,120 0,994 1,932 1,305 0,993 1401 7577 0,16 0,18
13| 2,014 1,191 0,990 1,867 1,287 0,986 3723 20 005 0,42 0,47
14 | 2,006 1,199 0,991 1,971 1,355 0,983 6590 50 101 0,77 1,28
15| 2,065 1,223 0,995 2,071 1,367 0,996 10 776 185336 1,58 5,26
16 | 2,119 1,261 0,991 2,043 1,341 0,999 43150 499 569 6,35 16,3
17| 2,154 1,229 0,994 2,189 1,419 0,997 63916 4186 427 10,26 155
18 | 2,226 1,305 0,988 2,230 1,433 0,993 199302 | 9811533 39,84 466
19| 2,183 1,264 0,986 2,236 1,439 0,994 | 479192 | 37572347 | 101,08 1849
20 | 2,313 1,314 0,989 2,251 1,440 0,988 918 177 | 185321420 | 259,61 11299

IpumMeuanue. 3nech u B TadI. 2—4 0603HAYCHBI Pe3yBTATH: ¢ — MpeTaraeMoro anroputma; * — anropurma u3 [17]. TTomysxup-
HBIM HIPA(TOM BBIJICIICHBI JIYUIIHE PE3yIbTaThL.

I'padsr BTOpOro HabOpa MoJy4eHbl B UTOTE CieAyroned npoueaypsl. s kaxaoro rpada w3 n BeplIuH
(uKcHpOBaJICs TapaMeTp p. 3areM JIsl KaXKI0M BEpIIUHBI CTPOWIICS OMHAPHBINA BEKTOP JJTUHEI p, Y KOTOPOTO
3aadenns 0 wnn 1 BeIOMpannck paBHOBEpOSITHO. Bec pebpa Mexay BepIIMHAMU [ M j TIOJaraics paBHBIM p
MHUHYC YIBOCHHOE KOJIMYECTBO MO3UIINH, B KOTOPBIX BEKTOPHI [ M j oTmyarorcs. Kak u B mepBom Habope,
B IEJIAX YJOOHOTO CpaBHEHUs ¢ pedynbraramu [17] mist kaxnoro 3Hadenus n ot 10 n1o 24 u p u3 Habopa
{1, 2,3, 5,10, 50, 100} TEeHEPUPOBAIOCH 5 ciaydaiHbIX TpadoB (Tadm. 2). Kaxmoe 3HaueHne B Ta0I. 2 paBHO

CyMMe€ COOTBETCTBYIOILIMX 3HAYCHUH 115 35 peanu3aunii caydaiiHbIX rpagos.

TabGauna 2
Pe3yabTaTsl Ha BTOpoM Ha0ope ciaydaiiHbIX rpagos
Table 2
Results for the second set of random graphs
n Q(:rivialimax Q ‘ilnitimax Q lilnitimin Qlt,rivialimax Qli)nitimax Q ?nitimin N Odesa Nodes b ta tb
10 1,370 1,057 0,998 1,387 1,122 0,985 167 488 0,03 0,04
11 1,427 1,089 0,998 1,476 1,177 0,995 376 962 0,05 0,05
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Okonuanue Tabn. 2
Ending table 2

n| Ol | Qimes | Qhimin | Qoo | Qtmsx | Ol | Nodes® | Nodes® t" ¢
12| 1,466 | 1,064 | 0994 | 1421 1,149 | 1,000 388 972 0,07 | 0,05
13| 1,480 | 1,092 | 0992 | 1437 | 1,144 | 0,997 791 2178 0,11 | 0,08
14| 1,522 | 1,102 | 0994 | 1516 | 1,173 | 0,991 1597 6158 0,25 | 0,19
15| 1,523 | 1,116 | 0,993 1,546 | 1,178 | 0,995 2134 7819 0,38 | 0,22
16| 1,560 | 1,126 | 00988 | 1,541 1,181 | 0,992 4215 21752 0,78 | 0,71
17 1,560 | 1,113 | 0,996 | 1,569 | 1,188 | 0,988 5277 138 305 1,08 | 508
18 1,553 | 1,115 | 0,99 | 1,575 | 1,195 | 0992 8532 160195 | 2,17 | 6,52
19| 1,617 | 1,148 | 0997 | 1592 | 1214 | 0987 | 34968 | 1389759 | 11,14 | 664
20| 1,602 | 1,131 | 0991 | 1,630 | 1,228 | 098 | 38270 | 2598775 | 12,56 | 136
21| 1,640 | 1,148 | 0997 | 1,631 1,229 | 0983 | 38993 | 11977231 | 14,87 | 741
220 1,708 | 1,175 | 0994 | 1,639 | 1,232 | 0,990 | 160856 | 14413288 | 71,73 | 962
23| 1,91 | 1,172 | 0993 | 1,632 | 1218 | 0,992 | 295452 | 25313750 | 134,63 | 1805
24| 1,724 | 1,192 | 0,995 | 1,728 | 1,269 | 0984 | 1615930 | 778 958 420 | 782,56 | 67 034

Tpetuii HAOOp cOCTOUT U3 rpadoB, MEPBBIH 1A TOCTPOCHHS KOTOPBIX COBMAJIAN C MPOIEY PO reHepaum
rpadoB nepBoro Hadbopa, HO Ha BTOPOM IIIare BEC KaKA0ro pedpa Mor ObITh OOHYJICH C 3aJaHHON BEPOSTHOCTHIO.
Bruto crenepupoaHo /iBa moiHad0pa, B IEPBOM BEpOSTHOCTH O0HYIIEHHS Beca pedpa cocraisina 40 %, Bo BTo-
pom — 80 % (Tabmn. 3 u 4).

Ta6bnumna 3
Pe3ynbTaThl Ha TPeTheM Hadope cayuaiiHbIX rpadon
¢ BepPOSITHOCTHLIO 00HY/1eHHs Beca pedpa 40 %
Table 3
Results for the third set of random graphs
with 40 % probability of changing an edge weight to zero

n | Qe | Qs | Ohicwn | Qoo | Qi | Qo | Nodes® | Nodes® r“ rb
10 1,327 1,076 0,998 1,468 1,153 0,987 254 388 0,03 0,01
11 1,374 1,085 0,988 1,494 1,173 0,985 451 810 0,04 0,01
12 1,489 1,117 0,996 1,498 1,167 0,983 596 2442 0,07 0,04
13 1,517 1,142 0,990 1,513 1,192 0,988 1269 5128 0,12 0,09
14 1,566 1,158 0,993 1,492 1,184 0,990 2422 4836 0,21 0,08
15 1,638 1,182 0,994 1,616 1,243 0,983 3783 25 647 0,41 0,54
16 1,703 1,180 0,988 1,696 1,267 0,986 10 789 54 728 1,21 1,38
17 1,699 1,181 0,990 1,750 1,307 0,975 13918 140 765 1,79 3,93
18 1,736 1,201 0,988 1,699 1,263 0,974 46 884 382 507 7,00 11,59
19 1,736 1,199 0,988 1,800 1,315 0,984 56 757 | 1469 527 8,85 55,69
20 1,864 1,231 0,986 1,850 1,326 0,985 122830 | 3195924 | 25,30 114
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Tabnuna 4
Pe3ynbTaTsl Ha TpeThbeM Hadope ciay4yaiiHbIX rpagoB
C BEePOSITHOCTHIO 00HYJIeHHs Beca pedpa 80 %
Table 4
Results for the third set of random graphs
with 80 % probability of changing an edge weight to zero
n Otivamax | Qita | Qiitmin | Qoviatmax | Qs | Qi | Nodes” | Nodes r "
10 1,064 1,040 1,000 1,060 1,037 0,992 51 30 0,01 0
11 1,061 1,013 0,987 1,067 1,013 1,000 47 14 0,01 0
12 1,079 1,015 0,984 1,050 1,006 0,995 82 55 0,01 0
13 1,093 1,043 0,990 1,088 1,023 0,977 149 167 0,01 0,01
14 1,074 1,029 0,977 1,048 1,019 0,999 176 71 0,02 0
15 1,101 1,042 0,974 1,110 1,059 0,982 228 472 0,02 0,01
16 1,133 1,041 0,978 1,135 1,062 0,979 243 720 0,02 0,01
17 1,174 1,055 0,996 1,114 1,080 0,989 642 789 0,04 0,02
18 1,159 1,078 0,981 1,143 1,082 0,985 650 979 0,05 0,02
19 1,148 1,068 0,987 1,195 1,108 0,985 891 2601 0,08 0,06
20 1,164 1,098 0,982 1,147 1,072 0,986 2366 2423 0,20 0,05

TecTupoBaHre BEITIOTHAIOCH HA KOMITHIOTEPE C OTIepaTUBHOM maMsThio 8 ['0 u mporteccopoM Intel Core 17
gactotoit 2,3 I'T'r mox ynpaenenuem MacOS 10.13.6. Kak BumHo u3 Tabn. 1-3, mpeaiioKeHHBINH alTOpUTM pa-
Ootaet ObicTpee, ueM anroput™ u3 [17], KOTOpEIii, B CBOIO 04Yepellb, KaK MOKa3ald ero aBTOPbI, BHITIOIHSACTCS
ObIcTpee, 4eM Apyrue u3BecTHbIe anropuT™el. st rpados 10 20 BepiinH, B KOTOPHIX OO0JbIIas 4acTh pedep
nmeet Bec 0, omMCaHHBIN anropuTM paboTaeT MeAJieHHee, yeM anroputM u3 [17], oqHako oba aaroputma
OCYIIECTBIISIOTCS 3a JIOJM CEKYHJIbI, U C POCTOM pa3Mmepa rpada mpeuraraeMplii allTOpUTM paccMaTprUBaeT
MEHBIIIEE YHCII0 BAPUAHTOB (CM. Tabi. 4). OTMETHM, 9TO TIPEACTaBICHHBIC I CPAaBHEHHMSI Pe3yabTaThl U3 [17]
MOJTYYeHBI Ha KOMITBIOTEpE ¢ 4acToTol mporeccopa 1,86 I'T'1, B To BpeMsi Kak TECTUPOBAHUE MPEIaraeMoro
QITOPUTMa TPOBOIMIIOCH HA HECKOJIBKO Oosiee ObICTpOM KoMIibioTepe. Kpome Toro, gaHHbIe CpaBHHUBAIOTCS
Ha pa3HBIX peaju3alusaxX cydalHbIX rpadoB, CreHepUPOBAaHHBIX MO OJHUM U TeM ke mpasuiaMm. OgHaKo
YBEJIMUYEHHE CKOPOCTH PabOTHI SIBHO HE MPONOPIIMOHAIBHO YBEIINYCHUIO TIPOU3BOUTEILHOCTH KOMITBIOTEPA
1 B OOIIBIIIEH CTETICHN BHI3BAHO YIyUIIeHHEM dPPEKTUBHOCTH aTOpUTMA. YOEIUTHCS B 9TOM MOXKHO, HAIIPH-
Mep YYHTHIBast TOT (DaKT, YTO mepecueT 3HadeHus O Ha KaKIOW UTepali B 00OMX aNrOpUTMax BBITIOIN-

max

HACTCA 3a BpECMs O(I’l3 ), IIpU 5TOM I10 IpeAjiaracMoMy ajJirOpUTMy paCcCMATPUBACTCA roOpa3 10 MCHBIIIC BEPIINH

JepeBa MoucKa, 9eM 1mo aaroputMy u3 [17].

3aKjaoueHune

[Ipeanaraemplii aIrOpUTM MOXKET OBITH IPUMEHEH B LIEJSAX OoJiee OBICTPOrO0 HaXOXKACHUSI TOUHOTO pellie-
HUS 3a/1a4¥ ONTUMAaJIbHOTO pa3oueHus rpada Ha KMk, Kak u B paHee M3BECTHOM METO/E, pACCMOTPEHUE

Ka)XJ1I0M BEpIIMHBI IepeBa OMCKA METO/1a BETBEN U TPaHMUI] BHIIIOJIHSAETCS 32 BpEMsI O(n3 ), OJTHAKO KOHCTaHTa

B CJIOKHOCTH II€pecueTa B OIMMCAHHOM aJrOPUTME OKa3bIBAETCSI HECKOJIBKO BBIIIE, YTO MHOIZAA BEIET K He-
3HAUUTEIbHOMY MPOUTPBIBAHUIO 1O BpeMeHH. Ho nanHbiif 3 dekT 3aMeTeH TOJbKO Ha OYeHb MPOCTHIX rpa-
(dax, ¢ KOTOpbIMH 00a aJropuTMa CIPABJISIOTCS 3a M0 CeKyH bl Jlst Oojiee CI0KHBIX TpadoB yCKOpEHUE
3a CUET MPEIJIOKEHHBIX B JaHHOW pa0oTe 0ojiee TOUHBIX BEPXHUX OLIEHOK KayecTBa pa3OMEHHUs] OKa3bIBACTCS
cymecTBeHHBIM. [0 cpaBHEHHUIO ¢ paHee M3BECTHBIM METOAOM ONMHCAHHBIM aITOPUTM MO3BOJISIET TOIYYUTh
YCKOpEeHHe TI0 BpeMeHHu Ooliee 4yeM B 85 pa3 Ha HEeKOTOphIX Tumnax rpados (¢ 18,5 u go 13 mun). [lpu atom
COKpaILlCHHE YHCIIa pacCMaTpUBaeMbIX BEPILUH JI€pPEeBa IOMCKa METOAA BETBEH U IpaHHIl MOXKET ObITh Oosiee
gem B 480 pas.
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CHUHTE3 PEYY TOHAADBHBIX A3BIKOB
C NUCIIOAB3OBAHVEM METOAOB HEITPAMbBIX MAPKEPOB
N KOANMYECTBEHHOTIO ITPUBANKEHUS LIEAN

T. H. TXAH", X. H. XYH?, ]I. B. TYHET""",
C. B. AFJIAMEHKO?®, H. B. XYHI"®, JI. B. X0A4®

Y Xanotickuil ynusepcumem 6usneca u mexnonoaui,
ya. Bun Tyu, 294, Bun Tyu, Xaii ba Tpyne, e. Xanoii, Bvemnam
) Vuusepcumem snexmposnepeuu Munucmepcmsa npomviuinenHocmi u mop2osiiu Bvemnama,
yi. Xoane Kyox Bvem, 235, 129823, Ko Hya, Ty Jluem, 2. Xanoii, Boemnam
) Benopycckuii 2ocyoapcmeennviii ynusepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, benapycow
Y Vuusepcumem Bunw 3vione, np. Bun JJyone, 504, 820000, 2. Txy Jay Mom, paiion Bun J{yone, Bvemnam
Y Boennviii uncmumym nayku u mexuuxu, y1. Xoanz Com, 17, Hexua J[y, Kay T'uay, 2. Xanoii, Bvemnam

CuHTe3npyOLIMe TOHBI UTPAIOT BAXKHYIO POJIb B CHCTEMax MPeoOpa3oBaHMs TEKCTa B PeUb TOHAIBHBIX S3bIKOB. 1
3TOTO HEOOXOANMO BBITTOJIHNTH /1BA BAJKHBIX II1ara: OIPE/IeTUTh MapKephl BEICOTHI TOHA TOJIOCOBBIX BHICKA3bIBAHUH 1 CHH-
TE3UpOBaTh TpaekTopuu F, UIs IeKcn4eckux TOHOB. B 3T0i cTaThe MBI Tipeutaraem asa 3(pGEeKTUBHBIX aITOPUTMA, OJUH
13 KOTOPBIX 3aKJIH0YAETCs B PACIOI0KEHUN MAPKEPOB BBICOThI TOHA HA IIMKaX KyMYJIITUBHOI'O CUTHAJIA KAKIOM O3BYUYEH-
HOM 4aCTU BXOZHOTO BBICKA3bIBaHMs, a IPYIOM — B reHepanuu F -TpaeKTopuil TOHOB C KOJIMYECTBEHHBIMH ITapAMETPaMuU
npuommkenust nenu (qTA). DKCriepuMeHT MoKasall, YTo TPEUIOKEHHBIC aNTOPUTMBI PE/ICTABISIOT MapKephl BEICOTHI
3ByKa C BEICOKOW TOYHOCTBIO, YTO MTO3BOJIMIIO HAM T€HEPUPOBATH TOHBI CO CIOXKHOM (POPMO.

Knrouesvie cnosa: mapkepbl OCHOBHOTO TOHA; KyMYISATHBHBIN curHai;, moaens Cioif; qTA; moamHOMHAIbHOE MPH-

OMMKEHHE.

OO0pa3en UUTHPOBAHUS:

Txaii TH, Xyu XH, Tymer JIB, A6nameiiko CB, Xynr HB,
Xoa JIB. CuHTE3 peud TOHAJIBHBIX S3bIKOB C HCIIOIb30BaHUEM
METOJIOB HENPSIMBIX MapKePOB M KOJIMYECTBEHHOTO MPHUOIIN-
KeHus uenu. JKypran Benopycckoeo eocyoapcmeeHHozo yHu-
sepcumema. Mamemamuxa. Ungpopmamuxa. 2019;3:105-121
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Synthesizing tones plays an important role in text-to-speech systems of tonal languages. To accomplish this, the two
important steps are to determine the pitch markers of voice utterances and synthesize F, trajectories for lexical tones.
In this paper, we propose two efficient algorithms, one of them is to locate the pitch markers at the peaks of the cumulative
signal of each voiced part of the input utterance and the other is to generate F, trajectories of tones with quantitative target
approximation (qTA) parameters of Xu model. The experimentation has shown that the proposed algorithms present pitch
markers with high accuracy which has enabled us to generate tones with complex shapes.

Keywords: pitch markers; cumulative signal; Xu model; qTA; polynomial approximation.

Introduction

Nowadays, text to speech (TTS) systems and speech to text (STT) systems are increasingly used by the
radiologist to create radiology study reports. Besides, TTS systems and STT systems can help people with
disabilities integrate into the community by using computer easier. With the integration of the laboratory infor-
mation system (LIS) and radiological information systems (RIS) patient identifiers and examination informa-
tion can automatically map into examination reports. There are many potential benefits of report automation to
radiologists including improvements in efficiency, accuracy, and fatigue [1].

Besides, TTS systems can help people with disabilities integrate into the community by using computer
easier. For example the JAWS (job access with speech) software, is the world’s most popular screen reader,
developed for computer users whose vision loss prevents them from seeing screen content or navigating with
a mouse. JAWS provides speech as an output for the most popular computer applications on your PC such as
Microsoft Office, Web browsers etc. JAWS users around the world sent us videos about the impact JAWS has
made on their lives [2].

Due to the application needs, the research on speech representation has been increasingly developed, the
issues of research on estimation and modeling of fundamental frequency trajectories is still open research issues
until now.

Frequency relates to the individual pulsations produced by vocal cord vibrations for a unit of time. The rate
of vibration depends on the length, thickness, and tension of the vocal cords, and thus is different for child,
adult male and female speech. A speech sound contains an important type of frequencies namely fundamental
frequency (F,) which relates to vocal cord function and reflects the rate of vocal cord vibration during phona-
tion (pitch).

Pitch markers (PM) play a central role in phonetics signal analytic because pitch is a big part of hearing
music, we can be tricky sounds without clear F,. In addition PM is also useful for coding or representation for
extracting information of speech for telephony and communication.

The fundamental frequency, pitch markers and hearing quality. The fundamental frequency is the pri-
mary element of speech signal and because the pitch marker indicates the beginning of each cycle of the
waveform, PM plays a very important role in generating and recognizing speech sentences. However, pitch
is an inherently subjective quantity and cannot be directly measured from the speech signal. It is a nonlinear
function of the signal’s spectral and temporal energy distribution. Therefore, PM estimation is an unsolved and
challenging problem. It is one of the key technologies that determines the performance of speech processing.
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Autocorrelation method or average magnitude difference function (AMDF) is commonly used. In addition,
modified autocorrelation method [3] is also commonly used to compute the auto correlation instead of speech
signal [2]. However, these methods suffer from error estimation in noisy environment. Robust algorithm for
pitch tracking (RAPT) is well-known and widely used F, estimation method since it does offer low delay, low
computational amount and robust against noise [4].

The YIN [5] algorithm uses a difference function based on the autocorrelation function as the candidate
generator in conjunction with a number of optimization steps. Named after the oriental yin-yang principle of
duality, it aims to balance between the autocorrelation and the cancelation that it involves.

The dynamic programming projected phase-slope algorithms (DYPSA) [6] was originally designed for
automatic estimation of glottal closure instants (GCIs) in voiced speech but as a consequence also gives pitch
information. The algorithm is based on an enhancement of the group delay algorithm [7] by R. Smits and
B. Yegnanarayana, which is used as the primary candidate generator. DYPSA uses dynamic programming to
identify the best GCI candidates by minimizing some cost functions. The DYPSA algorithm operates on the
speech signal alone and does not require an electroglottography reference signal. The pitch estimate is derived
from the inter GCI duration and mapped into frames.

F, trajectory representation and analysis-by-synthesis. From a modeling perspective, a model is of
little use if it is not predictive. To make a model predictive, however, it is critical to first determine what the
predictors should be. If, as suggested above, communicative functions like tone, focus and sentence type and
their interactions are directly behind the complex surface F, trajectories in Mandarin, these communicative
functions should then be the predictors. An alternative to such functional modeling is to simulate F; with pre-
dictors whose functional status is ambiguous, or whose definition includes characteristics of observed F, pat-
terns, e. g., pitch accents, F, turning points, etc. From a theoretical perspective, functional modeling provides
a powerful tool for hypothesis testing. That is, by assessing how well surface F, trajectories generated based
on a set of hypothesized predictors, investigators can validate or falsify both general and specific theoretical
assumptions about tone and intonation. Such a process is known as analysis-by-synthesis [8].

Parametric representation of speech often implies F, trajectory as a part of the model. There have been
many attempts over the past decades to build a robust model capable of simulating various prosodic pheno-
mena through F, modeling [9—-12]. These approaches can be divided into two general categories, namely, those
that model F,, trajectories directly and those that attempt to simulate the underlying mechanisms of F, produc-
tion. Models belonging to the first category are derived mainly based on the shape of the F, trajectories, with
minimal consideration about the articulatory process of F, production.

The Fujisaki model is an effective model for approximating the trajectory of the fundamental frequency pre-
cisely for the source model of speech synthesis, representing the coarticulation of spectral frequencies making an
equation for a target model of speech perception and so on [10—12].

Quantitative modeling is one of the most rigorous means of testing our understanding of a natural pheno-
menon. This is particularly true if the model is built directly on assumptions that closely reflect the contested
view about the mechanisms underlying the phenomenon. Modeling can also help to improve our knowledge
by forcing us to make our theoretical postulations as explicit as possible. Thus for improving our under-
standing of human speech, quantitative modeling is also indispensable. In the present paper we report the
results of an attempt to simulate tone, stress, and focus in Mandarin and English with a quantitative model
that generates surface F, trajectories through the process of target approximation TA [13]. qTA model for
generating F, trajectories of speech. The qTA model simulates the production of tone and intonation as
a process of syllable-synchronized sequential target approximation. It adopts a set of biomechanical and
linguistic assumptions about the mechanisms of speech production. The communicative functions directly
modeled are lexical tone in Mandarin and lexical stress in English and focus in both languages. The qTA
model is evaluated by extracting function-specific model parameters from natural speech via supervised
learning automatic analysis by synthesis and comparing the F, trajectories generated with the extracted
parameters to those of natural utterances through numerical evaluation and perceptual testing. The F, trajec-
tories generated by the qTA model with the learned parameters were very close to the natural trajectories in
terms of root mean square error, rate of human identification of tone, and focus and judgment of naturalness
by human listeners.

qTA and improving for generating F, trajectories of words with complex shape. In the detail, to gene-
rate F, trajectories of tones, we are able to use Xu model, which has been widely used for Mandarin [14; 15] to
model the F, trajectories in the context:

fot)=at+b+(ct® +dt+ g)e™ (1)

The linear function ¢ a,t + b,,, called a «pitch target», reflects the tendency of the tone at the end of the

F, trajectory.

n>
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The computational model used in the present study is the quantitative target approximation (qTA) model.
This model simulates the production of tone and intonation as a process of syllable-synchronized sequential
target approximation [15; 16]. Figure 2 illustrates the basic idea of target approximation [15]. The qTA mo-
del represents F; as the surface response of the target approximation process which is driven by pitch targets.
A pitch target is a forcing function representing the joint force of the laryngeal muscles that control vocal fold

tension. It is represented by a simple linear equation x(t) = a't + b given by the formula (1).

Compared to Mandarin, Thai and Vietnamese tones have more complex F, shapes [17-20], thus the rep-
resentation formula (1) should be replaced with one that can better model such complex tones. In [21], the
authors present a Thai tone model based on qTA method. However, the result of the authors still has some
limitations, namely:

(L1) there are no numerical computation methods for estimating automatically the coefficients of each
component of the model by fitting methods.

Besides, lack of mathematical foundation to explain the use of second order polynomials in the qTA model.
It is not easy to solve (L1) above because a suitable trajectory must satisfy following two conditions, given
a sample of fundamental frequency trajectory of the tone:

(C1) pitch target constraint (PTC), with big enough time ¢;

(C2) fitting constraint, for any time z.

In this paper, we propose new computational methods to determine the pitch markers of the original speech
signal based on its cumulative signal and quantitative target approximation vectors namely qTA that generate
the fundamental frequency trajectories of two-syllable tones. Our methods include three numerical solutions.
For the first solution, we determine the pitch markers of the original speech signal in a time domain based on its
cumulative signal. The second ones is proposed to calculate the qTA parameters by fitting a given F, trajectory
of a speech syllable. This numerical solution is a tool for determining qTA parameters by fitting a given F,
trajectory of a speech syllable and of a multi-syllable word. The third ones calculates qTA parameters by fitting
a given F trajectory of a multi-syllable word with the first step is the concatenating each F, trajectory of each
speech syllable of the given speech two-syllable word to archieve a continuous F, trajectory and the second
step is according to each syllable, calculating qTA parameters of the its part of the F, trajectory by applying
the second solution.

By using polynominals for the approximation component of qTA model, qTA parameters obtained by the
second solution already generates a F, trajectory with fitting a given complex shape F, trajectory of a mutli
syllable word is better than the results published in [16; 20]. The target and plynominal’s coefficients are namely
qTA vector parameters or qTA representation. By the well-known Weierstrass approximation theorem, any gi-
ven F, trajectory of word is fitting by synthesized trajectories based on qTA parameters. In addition, it should
be emphasized that qTA’s parameter calculation is completely automated.

The rest of the paper is organized as follows. Section 2 presents about RAPT framework, Fujiaki model
and qTA model. Section 3 presents an algorithm to determine the pitch markers of the original voice signal in
a time domain based on the cumulative signal. This section also presents two algorithms to solve (L1) at one
and two-tone levels respectively. Experimental results are given in section 4. Conclusions and future research
direction are in section 5.

Theoretical basis

RAPT framework and instantaneous pitch estimation. This issue requests to develop algorithms in de-
termining parameters for representing fundamental frequency trajectories of word tones of the tonal languages
such as Vietnamese, Mandarin or Thai and so on.

In the tonal languages, by distinguishing the meaning of a syllable and by tone sandhi in which the tones
assigned to individual syllables change based on the pronunciation of adjacent syllables, one of the basic
parameters of speech is PM and the parameters generating the fundamental frequency trajectory of the word.

For determining PMs and calculating the fundamental frequencies of speech samples, there are many algo-
rithms in the literal, such as the results published in [4; 6; 22-25].

Most of these results follow an approach with three main steps: (i) divide a voiced segment into short seg-
ments (frames), (ii) estimate the fundamental frequency value at each frame and (iii) use dynamic program-
ming algorithms to determine the PMs taken from the peak, or valley points of the speech signal and so on.

In details, RAPT estimates overall periodicity of the analysis frame using normalized cross-correlation func-

tion (NCCF). Let s(m) be a speech signal, z — step size in samples and 7 — window size. The NCCF (p(x, k) of
K samples length at lag & and analysis frame x is defined as [4]:
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fen1 k=0, K—1;m=xz;x=0,M-1,
where e, = z s
I=i

The Fujisaki model is a super positional model for representing F, trajectory of speech. According to the
model, F, trajectory is generated as a result of the superposition of the outputs of two second order linear
filters with a base frequency value. The second order linear filters are for generating the phrase and accent
components of speech. The base frequency is the minimum frequency value of the speaker. In other words, F,
trajectory is obtained by adding base frequency, phrase components and accent components.

Fujisaki model has many parameters which described in the below formula, and currently, there is no nu-
merical method to solve fitting problems when knowing a trajectory in advance.

1 J
log Fy(1)=logFy + Y. 4,G,(t=T,,) + ¥, 4,{G,(t-T,,) - G,(r-13,)},
i=1 j=1

o’texp(—o) for 20
G, = :
0forz<0

c min [1 -1+ Bt)exp(—Bt)] fort>0
“ |0forz<0 ’

where F, — baseline value of fundamental frequency; / — number of phrase commands; J—number of accent com-

mands; 4,, — magnitude of / phrase command; 7;, — timing of / phrase command; 4, — amplitude of j accent

command; 7', — onset of j accent command; 7, — offset of j accent command; o — natural angular frequency

of the phrase control mechanism; [ — natural angular frequency of the accent control mechanism; y — relative

ceiling level of accent components.

The NCCEF is the most computationally expensive operation in RAPT and so the algorithm performs the
NCCF in a two pass process. A down-sampled version of the input signal issued to estimate the first set of
candidate peaks, followed by a high resolution (full sample rate) NCCF around the candidates of interest.

The algorithm is summarized below:

* periodically compute the NCCF of the down sampled signal for all lags in the range of pitch. Location so
flocal maxima in this 1* pass of the NCCF are recorded;

 compute the high resolution NCCF (signal at original sampling frequency) only around the peak locations
recorded in previous step;

e search for local maxima in the high resolution NCCF to obtain improved peak locations and amplitude
estimates;

* dynamic programming is used to select the set of NCCF peaks or unvoiced hypothesis across all frames.

Fujisaki model. In the Fujisaki model, as illustrated in the fig. 1, the shapes of local F, peaks and global F,
trends are modeled as the on- and off-ramps of step and pulse responses of a second-order linear system. These
responses are assumed to be associated with accent and phrase commands that are linguistically meaningful. Thus
the commands, as the hypothetical underlying components of intonation, are different from the surface F, trajec-
tories. And the latter are the product the underlying commands generated by the articulatory mechanism im-
plemented in the model. The surface F, trajectories are generated by a mechanism that compromises between
maximum smoothness and full realization of the underlying tonal templates. Fujisaki model is also available
for generating intonation trajectories of any language such as Russian, English, Vietnamese and so on. How-
ever, it is a complex model with a lot of parameters.

The qTA model is presented on the fig. 2, which will be detailed in the next section, simulates F, trajec-
tories as syllable-synchronized laryngeal movements toward underlying pitch targets that are either static or
dynamic.

Thus all these models assume that surface F, trajectories result from certain articulatory mechanisms rather
than from direct acoustic manipulations.
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Fig. 2. The qTA model

qTA model (Xu model). In the phrase context, by the tone sandhi occuring, the number of trajectory
shapes of syllables is increasing many times over the isolated syllables. Therefore, it is not easy to model
these variations.

In the tonal languages, for parameterizing fundamental frequency trajectories of speech utterances, it is
usual to use the Fujisaki or Xu models. For example, in [20] Hansjoerg Mixdorf and his colleagues already
used the Fujisaki model to model Vietnamese fundamental frequency trajectories of syllables in the phrase
context.

In the Fujisaki model, fundamental frequency trajectories are formed from the intonation trajectories and
the stress trajectories. This can lead to a change in the shape of the original tone in tones, such as flat tone
being converted to another tone with the fundamental frequency value falling down due to the influence of the
intonation trajectories. In addition, the Fujisaki model requires a lot of parameters to represent the fundamen-
tal frequency trajectories. Therefore, it is not easy to calculate Fujisaki model parameters by fitting the given
fundamental frequency trajectory and until now there are no numerical computation methods to extrace the
parameters by fitting methods.

Tones can be analyzed into two components frequently combined: the pitch (the height of the base bar,
referred to as the static characteristic) and the tone (direction of the high-frequency change, called dynamic
features) in the process of expression. Thus, each tone can be described as a combination of the two.

The static and dynamic characteristics can be modeled using the «pitch target» concept of the Xu model [6].
This is a model that has been investigated and used by Xu and his colleagues to generate fundamental fre-
quency trajectories for tonal languages such as Mandarin and Thai, for example Prom-on and Yi Xu [24; 26].
Advantages of the model are simple, less parameters and can be learned statistically to generate the appropriate
fundamental frequency trajectories representation. About recent results using qTA representations of Xu model
can be read in [21; 27; 28].

The F, control is implemented through a third order critically damped linear system, in which the total

response is the remain component given by formula (1), where the first term x(t) is the forced response of

the system which is the pitch target and the second term is the natural response of the system. The transient
coefficients ¢, d and g are calculated based on the initial F, dynamic state and the pitch target of the specified
segment. The parameter A represents the strength of the target approximation movement. In qTA, the initial F,

dynamic state consists of initial F; level, fO(O), velocity ﬁ)'(O), and acceleration fo”(O). The dynamic state is

transferred from one syllable to the next at the syllable boundary to ensure continuity of F,. The three transient
coefficients are computed with the formula presented on the fig. 2.
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Proposed method for determining PMs and TA representation

In this section, we propose a pitch mark detection algorithm for utterances and F, trajectories generation
algorithms for tones in a tonal language.

PMs with cumulative signals. Let x = {xj }1< . be a voiced segment, without loss of generality, we as-
<j<

sumed that the signal x is sampled from an interval [—a, a] with some a > 0. The cumulative signal s = {Sj }1< y
of x can be defined by <j<

J
—  def
si=x, V=2, N, s,=s,_,+x,= J.xtdt.
1

Example 1. Consider the following utterance extracted in the Vietnamese book «Adventures of a Cricket»,
where PMs (marked by small circles) of the original speech are located at the signal points changing from po-
sitive to negative, as the peaks of the cumulative signal respectively, this case is described by the fig. 3.

As we can see, there is a relationship between signal points changing from positive to negative and the
peaks of the correspondent cumulative signal by the following fig. 4.

For the following utterance, it is divided automatically into 7 voiced segments by using a method for loca-
ting the silience/voiced/unvoiced part (see [21]), each segment is shown in a pair of red-blue dashed lines, this
case described by the fig. 5.

The peaks of the cumulative signal are more visible than the peaks of the original voice signal as illustrated
in fig. 6, b.
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Fig. 3. Utterance «Trdi/nghe/trd/gio/Am/Am/trén/mat/nudey
(TPA transcription: «teg:jd neid teg:Vl zo1 gmid gmi teenid ma?tl niok’»;
translation: «God make the rumbling wind on the water») (a)
and the cumulative signal of the voiced part /gi6/(/zo1/, /wind/) (b)
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Fig. 6. A partial signal of the second segment (@) and corresponding cumulative signal ()

The PMs located at peaks of the original voice signal are indistinguishable in amplitude from points sur-
rounding them. In the details, the peaks having higher amplitude than the surrounding ones, usually also are
PMs of the cumulative signal.

The peaks of the cumulative signal are related to the time points at which the original signal changes from
positive to negative. This is the principle that if the PMs of the cumulative signal are well positioned, we will
successfully locate PMs from the peak or valley points of the original voiced signal.

First of all, we will give some definitions and prove some simple properties derived from them.

Definition 1. (The sets of time points at which the original signal changes from positive to negative and
vice versa.)

For x = {x} o we let zI and z_ denote two sets of time points as the following:

Jhi<j<N’
z;d {|x>0/\x,+1<0}, {|x<0/\xl+1>0}.
In addition, we also denote
def
|x >0}
and
_ def |x <0}

and peak (x) denote the peak set of x (to get peak(x), see [28]).
Proposition 1. (i) peak( ) C z and peak(— ) C z,, where s is the cumulative signal of x.

(ll)lfl jcx* then{ S;y 8o cnes J}lsamonotonzcmcreasmgsequence andzfl jcx then{ S, IH,...,Sj}

is a monotonic decreasing sequence.
Proof.

(1) ‘v’iepeak(s):>si>s IAS>S1+1:>(xi:Si_Si—1>O)A(‘xi+1:‘gi - <O):>x>0/\xz+1<0:>

= i€ z!. Sopeak(s)c z;. Similarly, we have peak(—s) < z;.
(ll)l]Cx :>Vk—l] Lx,>0=s85_,,-85=x,,>0=s5, >s.

Moreover, i, j C X = Vk=1i, j—1L,x,<0=s,,, —85=x,, <0=s_,<s,.

From here, we propose a new approach, instead of locating PMs based on the original speech wave, we
determine PMs in the timing of peaks of the cumulative signal of the speech. From the PMs of the cumu-
lative signal we will locate the other PMs, such as the PMs located from the peaks or valleys of the speech
signal.
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Definition 2. Let x= {xj} v be a voiced segment and s = {S}quv the cumulative signal of x. Let

1<j< j

denote pitch marker zeros (PMZ), PMZ! = { pmzf} as the given PMs which located from the peaks of's. We
let PMZ_, PM; and PM_ denote three PM sets derived from PMZ (find in each range of two consecutive
PMs of PMZ?) as the following:

def

Pz 2 {13k =min i e pk(5), <1< o .

def

PM; = {k/EIj:k: min{l/lepeak(x), pmzt_ <1< pmz? }},

j-1—=

PM; = {k/3j: k =min{1/] € peak (~x), pmz} , <1< pmz; }}.

Let s, be the cumulative signal of x,, where x, is the k voiced segment of the utterance. To determine PMZ;
of s,, we can see that the PMs are chosen based on the following two criteria:

(i) the dependencies of the distances between consecutive PMs;

(i1) with two adjacent peaks of s,, the peak with a greater amplitude is preferred over the other.

The process of selecting the appropriate peaks of s, is a looping, multi-step process, consisting of appends,
deletions, insertions and modifications to ensure that the criteria (i) and (ii) described above do not create
redundancy and lost of PMs. With that said, we propose a simple and intuitive R1-R6 rules, to determine

PMZ; .= {Pk, | P € peak (s, )} for s,.
R1. (Appending the first PM.)

‘Sk, n
dif ne peak{sk}

PMZ; .= { pk,l}, where mean, =

s Pi = argmin {‘sk,n > meank} (the first PM p, | of s, is

#peak{sk} n e peak{s, }

the first n peak whose amplitude s, , is over the threshold mean,).
R2. (Appending the next temporary PM.)

If there exist some m € peak(s,) and m — Dy € [fs/f0 max> ]ﬁ/j;)’mm], where p, = max{PMZZ,x} then
PMZ; . =PMZ; U {m}.

R3. (Delete a temporary PM.)

If there exist some two consecutive temporary PMs, Pijvs Di, € PMZZ’X such that DPij—Prj1 &

2 [f; /f(), max fs/fO, min :|’ then PMZZ,X = PMZZ,X\ {pk,j }
R4. (Delete a temporary PM.)

. . +
If there exist some three consecutive temporary PMs p, ;_,, p, ;» Py ;1 € PMZ;  such that 5, <

. . *
< mm{sk,pk.,,,’ Sk,pk,,ﬂ} A mm{pk,_/ T Prj-1o Prji —pk,j} <05 max{pk,_/ T Prj-1 Prji —pk,j}, then

PMZ;  =PMZ; M p, ]
RS. (Insert a peak into the temporary PM set.)

If there exist some three consecutive temporary PMs p, .\, p, ;, p, ;,, € PMZ . such that p, ., —
—p > o (pk’j - p,w._l) then PMZ; . =PMZ; U {m}, where m is m e peak (S, ): Py <M< P [m—
- ( Pt Pi )/ 2‘ — min and o is an experimental parameter, o > 1.

R6. (Replace value of a temporary PM.)
If there exist some three consecutive temporary PMs p, . |, p, ;s Py ;41 € PMZ;  such that Im e

def

€ peak(S[pk ]) A (‘v’t € [pk’j -T/2, p, ; + T/2] =5, < sk’m) then reassign p, ; = m, where T =

-T2, p +T12

def .
= mln{pk,j = Prj-1 Prjn1 _pk,j}'

Using R1-R6 rules, the proposed algorithm determining the PMs based on the cumulative signals includes
some simple main steps, it is described by the fig. 7.
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Source signal

Divede the original speech signal into
voiced/unvoiced speech segments

1

Calculate the cumulative signal of each
voiced segment and extrace its peaks

1

Estimate PMs of each cumulative signal

'

Go back the original speech signal
to estimate PMs

Estimate pitch marker

Fig. 7. Scheme of estimate PMs of a speech utterance

The algorithm of EPM is given as follows.
Algorithm 1. EPM (Estimating the PMs of speech waves.)

Input:

speech signal {xm} in time domain.

1<m<N

Sampling frequency value: f,, [ Jo. min> fo’max] is the range of F values.

Output: number of voiced segments K, PMs according to four types

+ - - +
i} {pm)} {Pi) {pi;}
{p kilh<k<k1<j<n’ P 1<k<K1<j<n’ Pu. ISk<K 1<j<n,’ Pr.j Isksk1<j<n,’

where { pm; } , { pm; } are the two traditional PMs.
S l<k<k 1< j<nf JI1<k<K 1< j<n;

Step
method,

1: segment the signal {xm} into K voiced segments, {xm}

see [14]).

and other ones (a simple

1<m<N Ny SmsN,

Step 2: Tmin :Ji/fo, max? Tmax :fv/fO min*

Step 3: repeat, on each voiced segment {xm}

3.1:
3.2

3.3:
3.4
3.5:
3.6:
3.7:
3.8:
3.9:

3.10: determine the PMs according to the local maximum point criterion of k£ segment {xm}

k=1,K to determine PMZ ,:

2
Ny 1 Sm<N,

calculates the cumulative signal s, = {sm} k=1,K following the formula (1).

5
N 1Sms< N,

determine the peak of s5,, compute the average amplitude at the peak of s:
mean, = z ‘sk,n /#peak{sk’n}.
ne peak{Sk}

determine the first PM of PMZ] , by using rule R1.

repeat the substeps 3.5-3.8 when at least one of the conditions of the rules R2—R6 is true.
using the rule R2 to extend PMZ ,.

using the rules R3 and R4 to reduct PMZ] ,.

using the rule RS to extend PMZ} ,.

using the rule R6 to change the element values of PMZ_ .

stop and obtain PMZ , .

N, Sm<N,

For each range of two consecutive PMs of PMZ7, find pm; , = max {peak{xn }p ansp } and obtain

PM:,k = {pml-:j}

3.11: determine PMs according to the local minimum point criterion of k£ segment {xm}

NkAISmSNkVZ
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For each range of two consecutive PMs of PMZ;, find pm,_ ;= min {peak{—xn}p } and obtain

PM_, = {pm,;j}.
Step 4: determine PMs like pulse points for Praat type [24], the same as step 3 above, but taking the local
k=1,K.

GSNS P

minimum point of the cumulative signal, obtain PMZ_, = { p]:’j} on k segment {xm}

N, sms<N,’
Step 5: putPMZ; = U PMZ;,,PMZ = U PMZ_ ,,PM;= U PM],and PM; = U PM, .

1Sk<K 1<k<K 1<k<K ’ 1Sk<K

Return: number of voiced segments K, PMZ', PMZ_, PM; and PM_.

After obtaining PMs of tonal word speech signals, the next step is to stylize F, trajectory of the tones and fi-
nally use an algorithm such as the PSOLA [29] to create the desired speech word from multiple input syllables.

The following proposed algorithms will focus on generating F, trajectories of tones by using the pitch target
model.

Generating F, trajectories of Vietnamese isolated syllables. We will apply the method to identify PMs to
synthesize tones of Vietnamese isolated syllables. To stylized tones, we use Xu model, which has been widely

used for Mandarin [30] to model F, contours of the tones (for tonal languages). F' (t) ~o'e™+a't+b such

that a F, contour is created from the combination of the two components: the linear approximation ot + b and
the non-linear approximation o.'e *'.
The computing of the coefficients of the model, given trend-line F,, value also uses the least squares method,
instead of finding the coefficients a, b, o, A we determine a, b, k (k= ¢ *) by minimize the objective function:
n—1 P
(i —a'(i+1)=b=K'(F,,—da'i=b)) - min, )

i=1

where 7 is the number of speech frames, {E),i}:’:l is a F,; sequence of each frame corresponding. The stylized
method using Xu model is built as follows.
Step 1: select syllables with level tone, drop tone with syllables ending p-#-c/ch, determine F, trajectory
of them.
Step 2: determine the PMs of this wave of tone by algorithm 1.
Step 3: using least squares method to fit Xu model’s parameters as a, b, k. Generate target F, trajectory
by the Xu model.
Step 4: using PSOLA algorithm to synthesize a syllable with the target tone.
The algorithm of synthesis of tones is given as follows.

Algorithm 2. (Synthesis of tone for a Vietnamese syllable signal.)
Input: voice signal x,, in time domain of a Vietnamese syllable with any given tone {level, falling, raising,
drop, curve, broken}. Sampling frequency value f.
Parameters [a,, b,, c,. d,, g, k,] represent the target tone fn belong to {level, falling, raising, drop, curve,
broken}. Need to synthesize in the form of qTA in formula (2), 0 <k, < 1.
A > 0 is the width parameter of the frame with measure units of milliseconds, N, M are the length of input
syllable length and synthesis syllable, the calculating unit is milliseconds.
Output: x_, the sound wave has the tone .
Step 1: use the value of £, convert N, M, A to the number units of sample.
Step 2: determine the set PM;, (starting assign PM;(O) =) of input sound waves using the proposed
algorithm 1. Notice that on the unsound we assign:

PM; (k)=PM; (k—1)+ A, ke (1, Ny ).
Step 3: generating F trajectory of target syllables using formula (2), concretely calculated as follows:

foon()=ayt+b,+(k,) (c,2+d,1+ gm), 1=1,T,

ut 2

where T, = [M/A].

Step 4: determine the set PM_ , as the following formula:

ut(k) = PMout(k - 1) + »fs /fO,out (k/A)’ k = 1’ N

out ?

out

PM,.(0)=0, PM,

O

where N, = max {k:PM, (k)< M}.

116



TeopeTuyeckne 0ocHOBBI HH(pOpMATHKH
Theoretical Foundations of Computer Science

Step 5: use the algorithm PSOLA [29] getting:
X, = PSOLA (x,,, PM;,, PM

in? in? out )

Output: wave signal x_ . syllable has new tone is .

out

Experiment

In order to experiment with proposed algorithms, we use Vietnamese voice data to illustrate. The Vietna-
mese language is a monosyllabic and tonal language with six tones (see table) and is the most complex lexical
tone in tonal languages.

400 250 — T T T T T T 1
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Hz 300
280
260
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200
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"1 1 1 1 1 1 1 1 1 1
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Frame index
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Fig. 8. The typical F,, trajectories shape of some tones
of Vietnamese isolated syllables rising tone (a), broken tone (b),
drop tone (c¢) and A F, trajectory (d) of the word /duin/day/ (z un z aj\) with tone sandhi

Experimental data. In order to experiment the algorithms, a single speaker story reading corpus was created,
uttered by a female speaker of standard Vietnamese voice. Sentences are extracted in the Vietnamese book «Ad-
ventures of a Cricket».

Experiment to extract the PM points. The formulas show that algorithm 1 has a smaller computational
complexity than dynamic programming-type algorithms [4] because it does not require the steps to segment
the whole speech utterance into short time frames and choose a suitable time point of each short time frame
that gives high autocorrelation value. For the reliability of algorithm 1, we will compare algorithm 1 with the
Talkin-type algorithm implemented in software Praat [23]. The parameter f, .. = 50 Hz, f; .., = 550 Hz and
a = 1.6 for the RS rule.

To compare the similarity between the two PM sequences of the same voiced segment, we give the follo-
wing objective indexes that is based on the edit-distance (about a related work, see the algorithm for alignment
of the reference epochs (EGG epochs) to the test epochs [18]).

Firstly, let PM, = { pm, }f"_ ,and PM; = { pm; }n - then we define the measured value DPM(PM ;» PM J) by:
i= j=
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Dpa(PM, PM,) D, ({pm " {pr ) Jimin o, n},

D

i—1,j°

D,

i-1,j-1

vijz2.

Secondly, over the whole utterance, we get the average of the D,,, values calculated from the same voiced
segment sequence of the utterance. The average ED is defined as follows:

where D, | =|pm, — pm]| and D, ;= ‘pml. - pm]" + min{D

i, j—1

ED = iDPM(PM,,k, PM, , )/K.
k=1

where < PM * and {PM }K are PM sequences of k voiced segment of the utterance that have K voice
Lk f4=1 Sk =1

segments total.
To compare with another PM estimation method such as Praat [23], we use the algorithm 1 to obtain the

PMs PM_ with valley type for each voiced segment received by Praat, then we calculate ED values. Table
below shows the similarity between the estimated PM_ and PMs (called pulse points, PPs) of the Praat type.

Measuring the similarity between PM_ and PPs of Praat

Utterance Content K E, ms

«Pirng lo xem mdy vdn troi dém nay cé co doi gio»
«dind] 1od1 semid moj11 va?nil teg;jdl demd
#1 najid ko1 ko:14 dojid zod1» 7 0.5022
«Do not worry, looking at the clouds,
the wind may change direction tonight

«Ttr ché nay muon qua ché khdc ching t6i chi ldch nhich tirng teoy
«tid] teo?011?najdJamuonilokwa:14
teo?011?xa:k1lateunIntojdd teidld lajk41 nikdTktindlte?wd12»

«To move from one place to another, we have to move little by little»

#2 13 0.3234

«Chiii bao chiii khéng nhin thay»
#3 «teu?uj11?6a; ?ujthteu?uji1?xownHwnind Ithoj419j» 5 0.3671
«Chui claimed he could not see anything»

«Troi nghe tré gié am am trén mat nuwéc»
#4 «teq;j41 nedd teq; 114 2041 amil amdl teendd ma?td] niokd1» 4 0.2751
«God makes the rumbling wind on the water»

«Thi ra bé chiing téi tir hiic ndo da tréi vao gan mét bo coy
«thid] za: 41 Bed] teund1 toj 41 tidl luk41 na;wil da?adl
teojdd va;wil yandl mo?tdl 69;41 koil4»

«Turns out our boat has drifted toward the grasslands»

#5 13 0.2292

«Ay vay ma liic d6 chén ngon ddao dé»
#6 «j11 va?jdl ma;d] lukd1 do11 teend1 nonid da:wA1 dedlH» 7 0.2217
«The food was surprisingly yummy to me though»

As we can see, the PMs determined by the algorithm 1 are more noticeable than the result of Praat when
directly observing by eyes the speech signals as illustrated in fig. 9, a, and fig. 9, b, below.

However, Praat can ignore some pulse points, this case is described by the fig. 10, @, and fig. 10, b (whereas
algorithm 1 does not).

Conclusion

In this paper, we propose two algorithms to determine the pitch markers of the original voice signal based
on the cumulative signal and generate F, trajectories of tones.

The first algorithm is effective, with no need to divide a voiced segment into short segments (frames) as
other methods, yet still achieving high accuracy. With the Vietnamese speech data of the lexical tones and
phonetics tested (the full coverage of the Vietnamese phonetics was included), the results of calculating the
pitch markers according to the new approach proved to be correct. The second algorithm used for generating
F, trajectories of tones with qTA parameters of Xu model.
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Fig. 10. With the utterance #2 (see table)
in the second voice segment, mising a PP around 355" sample (),
and in the five voice segment, mising a PP around 497" sample (b)

Yi Xu has focused on how lexical tones of Mandarin were produced and perceived in continuous speech
and has proposed the qTA model which considers the segmental phonemes, tones, and pitch accents as abstract
units called pitch targets. In Mandarin, pitch targets are separated into static targets-[high] and targets-[low],
and dynamic ones-[rise] and ones-[fall], which are associated with the four lexical tones respectively. This
model gives a more accurate description of lexical tone variations in the syllable than the Fujisaki model.
However, the qTA model needs labels on the onset and offset of the pitch target, and is difficult to implement
on training speaker dependent prosodic styles. Prosody is employed to express attitude, assumptions and atten-
tion in daily speech communication and has been studied by linguists, phoneticians, speech therapists. In re-
cent artificial intelligence developments, people seek to communicate effectively with intelligent machines

119



Kypnaa Besopycckoro rocyrapcrseHHOro yuusepcurera. Maremaruka. Mudgopmarnka. 2019;3:105-121
Journal of the Belarusian State University. Mathematics and Informatics. 2019;3:105-121

on a more personal and human level. To synthesize natural and human-sounding speech by computers, prosody
plays an important role, which related to pause, pitch, speech rate and loudness. Among the factors which weave
the prosody, pitch or fundamental frequency (in this paper we consider pitch and fundamental frequency (F,) as
the same) is the most characteristic.
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KPATKI/IE COOBUIEHHUA

SHORT COMMUNICATIONS

VK 513.88

®OPMYABI t-OHTPOITNN AAS KOHKPETHBIX
KAACCOB TPAHCOEP-OITEPATOPOB

K. FBAPTA/ITHH", . K. KBACbHEBCKHH ",
K. C. KYPHOCEHKO?®, A. B. IEFE/IEB?

Vuusepcumem Benocmoxa, yn. K. Luonkoeckozo, IM, 15-245, 2. Benocmox, Honvua
Y Benopyccruii 2ocyoapcemeennwiil yuusepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, Benapyce

t-DHTpoONHS SBISIETCS] MPUHINIHAIBHBIM 00BEKTOM CIEKTPaJIbHON TEOPHH ONEPaTOpOB, MOPOXKJICHHBIX AWMHAMUYC-
CKUMHM CHCTEMaMH (OIepaTopoB B3BEHICHHOTO CIBUTa M TpaHchep-oneparopos). 1o cymecTBy oHa NpenCcTaBiIseT co-
6011 mpeobpazoBanne Penxens — Jlexxanapa OT CHEKTPAIbHOTO MMOTCHIIMAA OTIEpaTopa, U MOJTydeHHe SIBHBIX (hopmyn
JUIsl e BBIYMCIICHUs] — HETpUBHAJbHAS 3a/1a4a. B pabore Takue (OpMyIibl MOMYUYESHBI JUIsl ~9HTPOIMHK JABYX Haubojee
4acTO UCIOJIb3YEMbIX B IIPUIIOKEHHUSX KJIACCOB TPaHC(HEP-0nepaTopoB: MOPOKACHHBIX 00paTHMBIMU OTOOpaKEHUSIMU
(T. e. oreparopoB B3BEIICHHOTO CIBHIA) M IOPOXKJICHHBIX JOKAJIbHBIMA roMeoMopduimamu (T. e. oneparopos Ileppona —
®pobennyca). B nepBoMm cityuae -3HTpOIHS BBIYMCIISICTCS C TIOMOIIBIO HHTETPAJIOB 0 HHBAPHAHTHBIM MepaM, BO BTOPOM —
C MCHOJIB30BaHMEM MHTETPAJIOB [0 MHBAPUAHTHBIM MepaM U sHTponn Kommoroposa — CrHasl.

Kniouesvie cnosa: Tpancep-oneparop; CleKTpaIbHbIN MOTEHINAI; ~-YHTPOIHS; HHBAPUAHTHASI Mepa; MEeTpUUecKast
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t-ENTROPY FORMULAE FOR CONCRETE CLASSES
OF TRANSFER OPERATORS

K. BARDADYN®, B. K. KWASNIEWSKI®,
K. S. KURNOSENKO®, A. V. LEBEDEV"

*University of Bialystok, IM K. Ciolkowskiego Street, Bialystok 15-245, Poland
°Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus

Corresponding author: A. V. Lebedev (lebedev@bsu.by)

t-Entropy is a principal object of the spectral theory of operators, generated by dynamical systems, namely, weighted
shift operators and transfer operators. In essence 7-entropy is the Fenchel — Legendre transform of the spectral potential of
an operator in question and derivation of explicit formulae for its calculation is a rather nontrivial problem. In the article
explicit formulae for #-entropy for two the most exploited in applications classes of transfer operators are obtained. Namely,
we consider transfer operators generated by reversible mappings (i. e. weighted shift operators) and transfer operators
generated by local homeomorphisms (i. e. Perron — Frobenius operators). In the first case ¢-entropy is computed by means
of integrals with respect to invariant measures, while in the second case it is computed in terms of integrals with respect
to invariant measures and Kolmogorov — Sinai entropy.

Keywords: transfer operator; spectral potential; z-entropy; invariant measure; metric entropy.

Beenenue
B nannoii pabote nosryueHs! sBHbIE ()OPMYJIbI TSI OCHOBHBIX KOMIIOHEHT BapHA[IOHHBIX IIPUHIIUIIOB, HC-
IOJIb3YEMBIX IIPH BBIYMCICHUH CIIEKTPAIbHBIX IIOTEHIIMAJIOB IBYX KOHKPETHBIX THIIOB TpaHC(ep-0nepaTopos.
IIycTe (X , oc) — JUHAMUYeCKasl CUCTEMA, I7ie X — KOMIIAKTHOE ITPOCTPAHCTBO; O.: X — X — HENpepbIBHOE
0TOOpakeHUE.
Jluneiinstii oneparop A : C(X) — C(X) nassiBaetcs mpancep-onepamopom pns (X, o), ecnu on:
a) SIBJISIETCS TTOJIOKUTEIILHBIM OIIEpaTopoM (0ToOpakaeT HeoTpHULATENbHbIC (YHKIMH B HEOTPHUILIATEIIbHbIC

(hyHKIIHN);
0) YIOBJIETBOPSIET 2OMONO2UYECKOMY MONCOECHBY

A(foo-g)=fAg, [, geC(X).
Ilo 3ananHOMy TpaHcdep-oneparopy 4 ONpeAenuM CeMEHCTBO onepatopos 4, : C (X ) - C (X ), 3aBUCH-
wux 0T (GyHKUHOHanbHOTo napamerpa @ € C(X), ¢ momombio popmyIbI
— 0
A,/ = A(e°f ).
OmnepaTopsl TAKOTO THIIA SBIISIOTCS MPUHITUITHATIBLHBIMU 00BEKTaMH CIIEKTPATILHON TEOPUN THHAMIYECKUX
CHCTEM, DIUTMITHYSCKON TeOpUH (YHKIIMOHATBHO-TUPPEepeHIINANBLHBIX YPAaBHEHUH U T. 1.

OGosHaunm 4epe3 A () Torapudm CrieKTpaIbHOro pajiyca oreparopa A, O6br4HO (@) nasbiBator cnexm-
panvHuiM nomenyuaiom Tpanchep-oneparopa A. B coorBercTBUM ¢ popmysioii [enbdanga nmeem

1
M) = }galzln\Aw . (1)
T1onoXUTEIBLHOCTD oreparopa A; O3Ha4acT, 4ToO
R
A(9)= lim ;lnHA(pl : )

rae | — eaunuyaHas GpyHknus Ha X; HopMa || f || — paBHOMepHas HopMa QyHkImu f € C (X ): || f || = ma)>((| f (x)|
HemocpencTBEHHO M3 TOMOJIOTHYECKOTO TOXK/IECTBA BHITEKAET PABEHCTBO '
Ay f=A"("0F), (3)
rae
Se=@0+@o0+..+@oa" " (4)
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M3BecTeH BapuallMOHHBIA MPUHIIMI J1J1 BBIYUCICHUS X((p) [1]:
M) = max ((0) + (w)). )
e M, — MHOXECTBO O-MHBAPHAHTHBIX BEPOATHOCTHBIX Mep; U (@) = .[(pdu; (1) — t->uTpONMS (TOBONBHO
X

CIIOKHO BBIYHCISICMBIA THHAMHYECKUH WHBAapHaHT). KoHKpeTHEe I ONpeaeieHus ‘C(}.L) HY>KHO BBIIIOJIHUTh
cienyrouiye Tpu mara [2]:
1) nnst kaxnoro n € N u kaxoro pa3oueHust enuHuIs G, T. €. Habopa G = { s s & } HEOTPULIATEIBHBIX

¢Gynkuuii g, € C (X ), YAOBIIETBOPAIOIIMX TOKAECTBY g, + ... + g, =1, BBOOIUTCSA YUCIIO

u(4'g,)
7,1, G)= ) u(g)n—F—,
(b, G) Z () ()
34ECh IMoJIaracTcs 111(0) = —oo, a €CIIN },L(gl) = 0, TO COOTBCTCTBYIOIICC CJIaracMocC MprupaBHUBACTCA K 0 HEC-

3aBUCHMO OT 3HaYCHUS p,(A" g, );
2) monaraeTcst

T, (1) = inf 7, (1, G),

e uHpuMyM Gepercs 1o BeeM pasbuennsiv exuauus G B C(X);
3) OKOHHYATEIBHO f-3HTpONHs T(|L) OIpEeAeseTcs Kak
o T(1)
T(W):= inf ———.
<M) neN N

B HacTosimedt padbore monmydeHsl siBHbIC (DOPMYIIBI £-3HTPOTIHH JJIs IBYyX KOHKPETHBIX KJIACCOB TpaHCQep-
OTIEPaTOPOB.

OTMeTHM TaKKe, YTO CBSI3b MPOIICAYPbI BRIYMCICHHUS -3)HTPONUH U AuBepreHnnu KymnOaka — Jlelibiepa
obcyxmaercs B padorte [3].

TpaHcdep-onepaTopsl ¥ MOI0KUTEIbHbIE QYHKIIMOHAJIBI

Jns Hadana gaguM Oosee sIBHOE OTMCaHKE TpaHC(ep-0nepaTopoB, CBA3aB UX CO CIICIUATFHBIM CEMEHCTBOM
MTOJIOKUTENBHBIX (DYHKITHOHAIIOB.
Jst kaxknoi Touku x € X onpenenum (GpyHKIuoHan @ 1o ¢popmyse

0. (/)= [4f](x), feC(X). (6)

OueBuaHO, QO — NOJOKUTEIBHBIN (DYHKIIMOHAIL.
J1J1st TOUYKH X BO3MOXKHBI JIBE CUTYaI[HH:

1) [Al](x) = 0. OT0 3HAYMUT, 4TO @, (1) =0, cnegoBarenbHo, @ = 0, Tak Kak _ €CTb MOI0KUTENbHBIN (QyHK-
LMOHAT;

2) [Al](x) # 0. B aTom cnyuae @, # 0 1 @, onpenenser HeKOTOpyro Mepy V, Ha X.

TOMOIIOrHYECKOe TOKAECTBO 03HAYALT TAKKE, 4TO s 000t ¢pyHkunn f € C(X) cnpaseminso

[0+ a))(x) = [A(F > @ D](x) = £(2)- A1(x).

1
Al(x)

ClietoBaTesIbHO,

0. (f o) =1 (x),
U, 3HAYUT,

suppv, C Oc_l(x). @)
SIcHO, 9TO OTOOpAKEHHUE X —> _ SBISETCS -C1a00 HEMPEPBHIBHBIM.
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OrmeTnM TakKke, uto ecu x & o (X), To Al(x)=0. B camom nene ecim Al(x)# 0, To MOXHO BHIOpaTH

a(x) = 01 u f(X) =1. Torga
0= kA e )l = /(=1

¢dbyskmoO f € C(X ) TaKylo, 4to f

YTO MPHUBOIUT K IPOTHBOPECUHIO.
PaccMoTpenHsIe BbIle 00BEKTHI AAI0T MOITHOE ONHMCAHKE TpaHC(ep-0NepaTopoB, TAK KaK, OYEBUIHO, 000
*-c1ab0 HeMPEPHIBHOE OTOOPAKEHHE X —> @, TJIE (O, — MOJOKHUTEIbHbIC (DYHKIIMOHAIBI TAKKE, YTO CIIPABEIHBO:
*¢, =0, xorma x & ou(X);
* (p, YIOBJIETBOPSIET COOTHOLIEHUIO (7), KOrna x € OC(X ) (3mecy MokeT ObITH Takxke @, = 0),
3aj1aeT TpaHcdep-oneparop, AeHcTBy MMM 110 hopmysie (6).
3ameuanue. I3 nanHOTO ONMMCaHMS TPpaHC(EP-0NIepaTopOB BHITEKAIOT JIBa HAOIIOCHHUS:
1) eciu oL : X — X sBisieTcst romeoMopdu3mMoM, To TpaHchep-orrepaTop UMEeT BHT

Af (x)=p(x)f (o (x)).
rmepeC (X ) — HEKOTOpasi HeoTpUIlaTenbHas PyHKIUs. HbIMU ClIOBaMH, TPaHC(Ep-0repaTop eCTh OnepaTop

B3BELICHHOIO CIIBUIA;
2)ecnu o.: X — X — JoKanbHBIM romMmeoMopdu3M (B 3TOM cilyyae MpooOpa3 KaKJOH TOYKH X COHAEPIKUT
KOHEYHOE YHCIIO TOYEK), TO TpaHC(ep-oneparop UMEeT BUA

Af(x)= Y p(»)f(»),
yea ' (x)
e p € C(X) — HexoTopast HeoTpuuaTenbHas GpyHKuus. B 3ToM cityuae TpaHc(ep-oneparop sSBISETCS Onepa-

TopoMm lleppona — ®pobennyca.
WMeHHO JuIs TaKUX BYX THIOB TpaHC]ep-onepaTopoB OyAyT MOTYUYEHBI OCHOBHBIC PE3YIIBTAThl B TAHHOU
paborte.

CrnekTpajibHbIN NOTEHUUAJ, -IHTPONNS
u npeodpasoBanue enxess — Jexanapa

OTMeTnM erre oOaHO HaOIIoNeHne, KOTOpoe OylIeM HCIOIb30BaTh B TadbHEHIIICM.

B [1, npennoxenus 8.4, 8.6] nokazaHo, 4to ‘c(p,) SBJISIETCS BOTHYTOM U [OJTyHENPEPHIBHOM CBEPXY B “-Clia-
0ot Tononorum (yakmmen ot . [TosTomy dopmyna (5) o3HaUaeT, YTO CIEKTPATBHBIN MOTEHIIHAT k((p) (2)
€CTh HE YTO MHOE, Kak mpeoOpasoBanue denxenst — Jlexanapa ot —1 (u) Bonee Toro, B cuily IBOMCTBEHHOCTH
®enxens — Jlexanapa — Mopo u3 nonyHenpepsiBHOCTH cBepxy T(HL) cnenyert, uto —T(W) = A" (3xech uepes X
0003HaueH ABOHCTBEHHBIN K 7»() no ®euxento — Jlexauapy QpyHKUMOHAL), T. €. T(WL) OXHO3HAYHO OIpese-
JIIETCS CTIEKTPATBHBIM MTOTEHIHAIOM A. B CHily yKe YyIOMSHYTOH TBOMCTBEHHOCTH MbI TAK)Ke 3aKIIFOYaEM, YTO
ecan S (u) — HEKOTOpask BOTHYTas MOIYHENPEPBIBHAS CBEPXY B -CIIa00i TOMOIOrMU (DYHKIMSA OT Ll TaKasi, 9TO

M(@)= sup (n(o) + S(w)) (8)

neM,

(r. e. A(@) ects npeobpasosanne denxens — Jexanapa ot —S (1)), o —S (1) = X', u, 3Ha4ur,

() = (). ©

Crenyromuii pe3yabTaT OTHOCUTCS K 00paTUMBIM THHAMHYECKIM CHCTEMAaM.
Teopema 1. Ilycmo (X, OL) — obpamumasn Ounamuyeckas cucmema, Y € C(X) u mpaucpep-onepamop

umeem 6uo
(Af)(x) = ' r (chl(x))

(10601l mpancghep-onepamop Oisi OOPAMUMOL OUHAMUHECKOU cucmembl umeem makoi 6ud). Toeda T (p,) = u(\u).
JNoka3zaTenbcTBO. B paccMarpuBaeMoM cityyae CripaBe/lIuBO COOTHOIICHUE

A(Pf:A(e‘Pf): ewewoa"fo o = ew+q>ooc"fo ol

W3 sTOT0 paBEeHCTBA M BApUAIIMOHHOTO IMPHHITUITA [T CTIEKTPATBHOTO Paiyca OllepaTopa B3BEIIEHHOTO C/IBATA,
MTOPOXKJICHHOTO TOMEOMOP(H3MOM KoMIakTa [4; 5], ciemyer, 9To

Mo)= maxp(poa +y)=max|n(ooa™)+ n(v)|= max (o) + u(v)]. (10)
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-1
TAC B IMOCJICAHEM BBIPAKECHHUU HCIIOJIB30BAJIOCH PABECHCTBO I.L((p ol ): H((p), BBITCKAIOIIECC U3 Ol-UHBApHUAHT-
HOCTH MEPHI LL.

Taxk xak u(\p) JIMHEWHO U HETPEPBIBHO B -CJIa00M TOTIOJIOIHMH 3aBUCHUT OT apameTpa L, To paBeHcTBo (10)
¢ yuerom Habmnronenuit (8) u (9) o3nauaer, uro T(p) = (). Teopema 1 goxasana.

Crnenyromuid pe3ylbTar OTHOCUTCS K JMHAMUYECKUM CHCTEMaM, MOPOXKICHHBIM PaCTATUBAIOIIUME OTO-
OpakeHUsIMU.
Teopema 2. Ilycmb X — mempuueckuii komnakm, 0. — pacmszusaioujee HenpepvleHoe omoopajicenue, sl

komopozo o' (x) = const, ¥ € C(X) u mpancgep-onepamop umeem 6uo

(A)(x)= 3 1)

yea(x)

Toeoa
t(w)=p(w) + h(w)

20e h(},t) — anmponust Konimoeoposa — Cunasi.
HoxazarenscTBO. U3 [6; 7] ciexyeT, 94TO B pacCMaTpUBaeMO# CUTyaIuu (T. €. JJIsl pacTsITHBAIOIIIX
0TOOpaKeHUIT) CIIPaBEIINBO PABEHCTBO

M) = P((0+w), @), (11)
e P(c, oc) — TOIIOJIOTUYECKOE JIaBJIEHUE, ACCOLIMMPOBAHHOE C JMHAMMUYECKON CHCTEMOM (X , oc) U HEIIPEPBIB-
HoW (pynKk1MeEH ¢ € C (X ) (ompeiesieHne TOMONIOTHYECKOTO IaBIeHHs cM. B [8; 9]).
JIJsT TOTIOJTOTHYECKOTO TaBIICHUS | JTF000H TMHAMHYECKOH CHCTEMBI (X , oc) M3BECTEH CIEAYIONIUI Bapua-
LMOHHBIA npuHIMN [§; 9]:

P(c, o)= sup (u(c) + (), (12)

neM,

rae h(u) —sHTponusa Konmoroposa — Cunasl.

Pagenctna (11) u (12) o3nagarot, 4to

Mo)= sup (u(o+w) + ()= sup (1(9) + [1(w) + h(w)]) (13)
e M, weM,

DuTponus h ( u) sBJsieTCst BOTHYTOH (pyHKumei ot . [Ipu 3TOM Tak Kak 0L — pacTsruBaroniee oToopaxxeHue,
T0 comacHo [10, theorem 8.2] h(p) €CTh MOJIyHENPEPBIBHAs CBEPXY B -ClIab0i TOMoj0ruu (PyHKIUs OT W
Kpome Ttoro, u(w) — IMHEHHAs ¥ HENPEPBIBHAS B -CIIa00M TOMONOruK QyHKIHS OT (L. 3HAYMT, [;,L(\p) + h(p,):l
SIBISIETCS BOTHYTOM U MOJIYHETIPEPBIBHOM CBEPXY B -ClIa00# TOMOIOrMH (QYHKIMEN OT L.

Tenepsb paseHctBo (13) ¢ yuerom Habmonenuit (8) u (9) o3nauaer, uro T(U) = [H(W) + h(u)]. Teopema 2
JO0Ka3aHa.

Hwske mpuBOANTCS ellie OJIH Pe3yabTar, KOTOPBIH MOYKHO HCIIOIh30BaTh MPH BBIYHCICHUH CIIEKTPATBHBIX
MOTEHIMAJIOB ISl TpaHC(Eep-0IepaTopoB, aCCOLUUPOBAHHBIX C IPOU3BEICHUAMH JUHAMUYECKUX CHCTEM.

ITycTs (X , oc) u (Y , B) — HEKOTOpble AUHamMuueckue cucremsl U 4, : C (X ) —-C (X ) — (MKCUPOBaHHBIN
TpaHchep-onepaTop s (X , Oc), 4,:C (Y ) —-C (Y ) — (huKcHpOBaHHBIN TpaHcdep-onepaTop s (Y , [3) Kax
OTMe4eHO B pasnene «TpaHcdep-oneparopsl U MOJOKUTENIbHbIE (DYHKLIIMOHANIBD», oliepaTopaM A, u A, oTBe-

YarT CEMEHCTBA MOJOKUTEIbHBIX (DYHKIIMOHAIOB (Mep) {(px }xe L u {Vy} , COOTBETCTBEHHO. OT1u ceMeincTBa
ye

Mep 3azatoT Tpancdep-oneparop A, ., : C(X xY) = C(X XY) m1st AMHAMAYECKOi CHCTEMbI (X xY, (o, [3))
o ¢opmyie
(dr /) y)= || rdo,® v, (14)
o (x)x B (v)

To, uto A4, NEHCTBUTENBHO TpaHChep-oneparTop, CIeAyeT U3 paccyxaeHui pasaena « Tpancep-onepaTops
¥l TIOJIOKUTENBHBIE (PyHKIMOHAMB 1 Toro (axta, ato (0, B)f1 (x, y)=0a7' (x)x B~ (»).

Teopema 3. IIycmv Ay, A, u A, , — 6olueynomsanymoie mpancgep-onepamopul;, @ € C(X), VAS C(X)
u G(x, y) = (p(x) + \|!(y) € C(XXY). Tozoa

1(8)=2(0) +A(w).
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2oe k((p) — CneKmpanvHbli nomenyuan onepamopa Ay,; k(w) — CnekmpanvHbli nomenyuan onepamopa Ay,,;
7»(9) — CNeKmpanbHbll nomeHyuan onepamopa Ay, ve.

JdoxazaTtenbcTBo. st cokpareHus 3amucu 0003HaINM
Ay = Ay iygy Ay = Ay A, = 4

JeiictButensHo, u3 popmyisl (14) cienyer

Yy

IIpoBepum, uTo

. (15)

4

= [4;

|4,

Ay (x, y):A(eel)(x, y)= ” (eel)d(px® dv, = j J eeldvy de =
o (x)x B (») o () \ B (¥)

= J J e®e’dv, |do, = J e’ J‘ e'dv, |do, = J e?do, J e'dv, | =
o' ()\ B (») a’(x)  \ B a”'(x) B ()
= A,1(x)- 4,1(y).
Orctona ¢ y4eToM MOoI0KHUTEILHOCTH 0NepaTopoB Ay, A, A, uMeeM
ol = 4610 = [4p1][4,1] = 4,4, |

Paccyxnas ananornyto u npumensisi paBeHcTsa (3) u (4), MOXKHO 1TOKa3aTh, YTO
A31(x, ) = Ay (1) (x, v) = A (€501)(x) - A7(¥1)(0) = A1 (x) - 41 ().

W3 nocneqHnx cOOTHOIIEHUH ciemyeT paBeHCTBo (15).
Temeps u3 (1) u (15) momyanm

A(6)= lim %ln”Ag = lim %m(HA; 4))=
= lim 20+ lim 21045 = 2 (0) 1)

Teopema 3 nokaszana.
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PASAEAEHUE CEKPETA B KOABILIAX
MHOTI'OYAEHOB OT HECKOABKUX INTEPEMEHHBIX
C UCIIOAB30OBAHUEM KUTANCKOM TEOPEMbBI Ob OCTATKAX

I. B. MATBEEB"

YBenopyccruii 2ocyoapemeenuviii yuusepcumem, np. Hezagucumocmu, 4, 220030, 2. Munck, Berapyce

O00011IeHO pa3/ie/IeHUE IIEJIOYUCIICHHOTO CEKPETa, UCIIONB3YIOIIEr0 aIrOPUTM KUTAHCKON TeopeMbl 00 OcTaTkax Ha
CJTydai KOJIbI[a MHOTOYJICHOB OT HECKOJIBKUX NICPEMCHHBIX HaJl KOHCYHBIM IToJieM. J{J1sl reHepaiuy YacTHIHBIX CEKPETOB
BMECTO IICTIOYHCICHHBIX MOYJIeH TIPUMCHSIOTCS MBI U X 0a3ucel [ péOHepa. DTOT MOAX0A MPEATIOKEH HAMHU paHee.
B Hacrosiieit pabote mokas3aHo, 4To J00YI0 OPOroByIO CTPYKTYPY JOCTYIa MOXKHO PEasn30BaTh HIEalbHO. JTO SIB-
JSIETCSI OTHUM M3 TPEUMYIIECTB MPEAIaraeMoro moaxosa. B Koiblie HesbIX Yicel HUKAKyI0 CTPYKTYPY JOCTYIa HEeJlb3sl
OCYIIECTBUTH UACATBHO, ITIOCKOJIBKY YaCTUYHBIC CEKPETHI BCEX YYHACTHUKOB UMCIOT PAa3JIMdHbIC Pa3MEPhI.

Knrwueswvie cnosa: xuraiickas TCOpEMa 00 OCTAaTKax; pasACJICHUC CCKPETA; PaBHOOCTATOYHBIC UACAJIbl; SKBUIIPOCK-
THBHBIC MHOXXCCTBA.

bnazooapnocms. ABTOp BhIpakaeT OmarogapHocth T. ['anuOyc u H. llleneny 3a ux meHHbIe 3aMeUaHUsl, a TaKXKe
B. Marynucy 3a HoMOIIb Py MOATOTOBKE PYKOIUCH K ITEYATH.

CHINESE REMAINDER THEOREM SECRET SHARING
IN MULTIVARIATE POLYNOMIALS

G. V. MATVEEV*®

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus

This paper deals with a generalization of the secret sharing using Chinese remainder theorem over the integers to
multivariate polynomials over a finite field. We work with the ideals and their Grobner bases instead of integer moduli.
Therefore, the proposed method is called GB secret sharing. It was initially presented in our previous paper. Now we
prove that any threshold structure has ideal GB realization. In a generic threshold modular scheme in ring of integers the
sizes of the share space and the secret space are not equal. So, the scheme is not ideal and our generalization of modular
secret sharing to the multivariate polynomial ring is more secure.

Keywords: Chinese remainder theorem; secret sharing; equiresidual ideals; equiprojectable sets.
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Introduction

Secret sharing enables a group of / participants to share a secret. Each of them is provided a share. The sharing
scheme has a threshold ¢ if any #-subset of participants with ¢ out of / shares enables the secret to be recovered.

The basic idea of the modular secret sharing is as follows. Let s € Z be the secret value, and let the residue
s, =smodm,, where m, is the public key, be the share of the i participant. It is necessary to choose the secret s
and moduli m, so that only the authorized groups of participants can compute the secret. For more details,

see [1]. However, in a generic (t, / )—threshold modular scheme in Z, the sizes of the share space and the secret

space are not equal. So, the scheme is not ideal.
In this paper, the modular constructions in the ring of integers are transformed into the modular construc-

tions in the multivariate polynomial ring £, [x], where x = (xl, Xyyeees X, ) We prove that any threshold structure

has the ideal GB realization. So, our generalization of modular secret sharing to the multivariate polynomial
ring is more secure.

The modular secret sharing in the ring F, [x] is based on the following facts:

« first, given a monomial ordering, we can compute the residue of a secret polynomial s(x) € F,[x] modulo
any zero-dimensional ideal;

* second, there is the CRT-algorithm for computing the secret [2].

Our approach can be generalized to other commutative rings with the effective Grobner basis theory. We
studied the univariate case and its verification protocols in our previous papers [3—6]. GB secret sharing was
presented in [7].

The paper is organized as follows. In the second section we construct the special zero-dimensional ideals

of F, [x] They provide the security of the proposed scheme. Our construction is based on the triangular ideals’
characterization (see [8]). In the third section, we present ideal threshold schemes in the ring £ [x]

Equiresidual ideals

The results of this section are essentially inspired by the concept of equiprojectivity (see [8]). Following
their notation, we say that an ideal of E][x] is a triangular ideal if it admits a separable triangular set of ge-

nerators. Throughout the paper, we consider the Grébner bases in the ring F, [x], where x = (xl, Xy eue xn),
X, <x,< ... <X,
Let / be a triangular zero-dimensional ideal of F, [ x]. It has the reduced Grobner basis { Jis fos oo }:

1

—/ d; —
fi=xlta , X A, X a0, Gy gy s s G € }Z[xl, Xyyens xl._l],

and its zero-set V(I ) in the algebraic closure of F, is equiprojectable (see theorem 4.5 in [8]). In this case, the
vector of fiber cardinalities is defined as

FC(I)= (cardnl’l(M), cardn,' (M), ..., cardn;l_l(M)) =(dy-d,, dy+d,, ..., d,),

where 7, (0, 0, ..., oc”) = (0(1, Oy, -.es (Xi) (see [8, p. 640]). FC(I) does not depend on the choice of the point
MeVv(I).
The set of all reduced terms modulo 7 is denoted by RT (). The set of all reduced polynomials is denoted
by RP(I). Let
D(I)= (dl, dy, ..., dn), d=dd,---d,.

Definition 1. We say that zero-dimensional ideals /,, 1,, ..., I, are equiresidual if
RT(I1,)=RT(I,)=...=RT(1,).
In this case, it is convenient to use the notation:
RT(1,)=RT(I,)=...=RT(1,)=RT.
Obviously, zero-dimensional triangular ideals /,, 1,, ..., I, are equiresidual if and only if (ER condition)

D(1,)=D(1,)=...=D(1,).
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Remark 1. Let I be a zero-dimensional triangular ideal /. According to theorem 4.5 in [8], d,, ..., d, (not d,)
are uniquely determined by FC (I ) It will be used in the proof of theorem 2.
Definition 2. We say that zero-dimensional ideals are strongly equiresidual if

RT(I1,1, )=RT(L1 1),

I Jk

where 1 <i,<i,<...<i <, 1<), <j,<..<j, <l foreach ke[l ]
Obviously, we have

RT(L,1, 1, )=RT(L1 -1, )& RP(LL 1 )=RP( LI I, ).

Jk

In this case, it is convenient to introduce a simpler notation:
RT,=RT(L1, -1, ), RR, = RP(L1,+1, ), 1< <ip<..<i <1
Definition 3. (SDNI condition.) We say that zero-sets V(Il) and V(I 2) strongly don’t intersect if

(o, 0,0, ) €V (L), (Bis By --s By) €V(L,) = 0, 2B, 1<, j <.
Remark 2. The motivation of SDNI is to provide the following property of ER zero-dimensional triangular
ideals 7, 1,:
FC(I,)=FC(1,)= FC(IL,).

Theorem 1. Let zero-dimensional triangular ideals 1, I, ..., I, satisfy ER and SDNI conditions. Then their
product I =1,1,-+-1 is a triangular ideal.

Proof. ER implies:
FC(1,)=FC(I,)=...=FC(I,).
SDNI implies that /() is equiprojectable with
FC(I)= FC(I;), for each je [l k].

It follows from theorem 4.5 in [8] that / is a triangular ideal. The theorem 1 is proved.

Theorem 2. For any integer | > 0 there exist strongly equiresidual ideals I, I,, ..., I, of F, [x]

Proof Ifn=1and £,(x), f,(x), ..., £ (x) are pairwise different of given degree m then the ideals { £;(x)),
<f2(x)>, s <f,(x)> are strongly equiresidual and RT, = {1, Xy ens xk’”’l}.

In general case pick triangular /, /,, ..., /, under ER and SDNI conditions. According to theorem 1 the
product / =I,1,---1,, k<[, is triangular. Let us calculate D(I). According to CRT, there is a ring isomorphism:

F [x|/I = F,[x]/I, x F,[x]/I, x ... x F,[x]/I,.
Hence,
|7, [x)1] = k|RE]

It is the first observation. Secondly,

D(I))=...=D(I,)=(d, dy ..., d,), FC(I,)=...= FC(I,) = FC(I)
implies
D(I)=(d}, d,, ..., d,).

In summary, d, = kd,, and
D(I)=(kd,, d,, ....d,).

The same holds for each product [, I, ---I,, 1 < j, <j, < ... <j; < I. The theorem 2 is proved.

Remark 3. Ideals of symmetric relations are strongly equiresidual ideals if their separable polynomials are
pairwise coprime and of the same degree (see [8]).
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Ideal threshold schemes
We propose the following generalization of Asmuth — Bloom (t, / )—threshold scheme [1]. Pick strongly equire-
sidual ideals 7, /,, ..., . Let S (x) be a uniformly distributed intermediate secret value, S (x) € RP. We identify

RP([iIIiZ---Il.k ):R}; with F, [x]/I, 1, ---1,. Then we define the secret s(x) and the shares s,(x), i=1,2,..., 1,
as follows:
s(x)=S(x)mod 1, s,(x)=S(x)mod 1,

Hence, the common space of the secret and secret shares is
RP(I,)=...=RP(I,)=F,[x]/I, = RP.

That’s why the proposed modular scheme is potentially ideal. The space of S(x) is RP.

If k shares k > ¢ are known, we uniquely determine S (x) using the CRT-algorithm [2], as S (x) € RP. After
that we evaluate s(x).

We will use below the following simple fact.

It is well-known that the image of a function s = f (S ) has the uniform distribution if the cardinalities of all
fibres f~'(s) are the same (EP condition).

Theorem 3. The generalized (t, / )—threshold Asmuth — Bloom scheme with strongly equiresidual ideals is
ideal.
Proof. We only need to prove the perfectness. The proof is based on the following ring isomorphism:

S(x)eRE=F,[x|/I)1,--1,_, = F,[x]|/I, X F,[x)/I, x...x F,[x]/I,_,.
Therefore, we may put
S(x)= (s(x), s1(x), .o s,_l(x)).

The secret s (x) is the projection of S (x) onto the first component, and the cardinality of every fibre is equal to
|F, [x)/m ||, [x)/| -+ | (6] 1, -

As dim, F, [x]/I, =d =dd,"-d,, then all cardinalities of the fibers are equal to ¢""~". Hence, s(x) is
uniformly distributed on REA.
What happens if a group of k < ¢ participants attempt to compute s(x)? Let/, I,, ..., I, be their moduli and

5,(x), .., 5,(x) be their shares. In this case, S(x) is uniformly distributed on the direct product

RP, % s,(x) X ... X 5, (x) X... X (RPI)CRR.

The map S(x) — s(x) is EP with ¢”"~*~" being the cardinality of the fibres. Hence, our scheme is perfect.

Example. Shamir’s scheme [9] is a particular case of the proposed scheme, which we can see as follows.
Take the univariate case and consider different polynomials of degree 1: x —x,, x —x,, X —X,, ..., x —x,. The ideals
generated by these polynomials are strongly equiresidual. Now if one goes over the construction in theorem 3,
one would first construct polynomial of degree at most £. Now taking this polynomial modulo x — x; is exactly
evaluating it in x,.

Remark 4. The ideals of symmetric relations are suitable for the construction of the ideal secret sharing in
the general case n > 1.

Conclusion

Ideal threshold modular secret sharing schemes in the multivariate polynomial ring over a finite field are
presented. The existence of the strongly residual ideals is proved.
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VIIK 519.854

SEMIONLINE-BEPCUS 3AAAUYY TEOPUU PACITUCAHUN
C ABYMd4 IT'PYIIITIAMU TTPEAMETOB

B. M. KOTOB", H. C. BOTJTAHOBA”

YBenopyccruii 2ocyoapemeenuuiii yuusepcumem, np. Hezagucumocmu, 4, 220030, 2. Munck, Benapyce
[Tomenvckutl 2ocyoapecmeennuiii mexuudeckuil ynusepcumem um. 1. O. Cyxoeo,
np. Oxkms6bps, 48, 246746, . ['omens, benapyce

[IpennokeH MeTOA yIMAKOBKU JUIS 337adu semionline ¢ AByMs TPYIIIaMH MPEAMETOB. AJIITOPUTMOM PEIICHUS 3TOH
3a/1a4d SABJISETCS paclpefeseHUue NMPeIMETOB U3 MEPBOU IPYMIIBI C UCIOIb30BaHUEM I'PYNIIOBON TEXHOIOIHH, IOCIIE
Yero npuMeHseTcst LS-anroputM a1 Ha3HaYeHUs NMPEIMETOB U3 BTOPOH Ipymbl. YTOOB! TOKa3aTh OLIEHKY aJrOpUTMA,
BBEJICHBI Pa3HbIE TUIIBI YIIAKOBOK. B COOTBETCTBUM C BecaMH IPEAMETOB OIpeAeIeHbI KiIacchl npeameToB. [peanoxen
AJTOPUTM PacHpeAeIeHNs IPEAMETOB U3 MEPBOM TPYNIIBI IS ITOJTydeHHst He0OOXOAMMBIX ynakoBok. Ha Bropom stare

7
MPUMCHSACTCSA aJITOPUTM «B MUHHUMAJIBHO 3arpy>KCHHbIN» C HAUXYAIICH OLICHKOU 3

Knroueswie cnosa: MCTOJ YIIAKOBKHU; semionline; p336I/I€HI/Ie; IUITAaHUPOBAHUEC,; HAUXYyAIIAasd OLCHKA.

BUNCH TECHNIQUE FOR SEMIONLINE
WITH TWO GROUPS OF ITEMS

V. M. KOTOV*®, N. S. BOGDANOVA®

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus
®Sukhoi State Technical University of Gomel, 48 Kastrycnika Avenue, Gomel 246746, Belarus

Corresponding author: V. M. Kotov (kotovwvm@bsu.by)

Bunch technique for semionline with two groups of items is proposed in this paper. Algorithm to solve this problem is
to distribute items from the first group bunch approach and after that apply LS-algorithm to assign items from the second
group. In order to prove the estimation of our algorithm is introduced different types of bunches to distribute all items
from the first group such a way that only one of the entered types of bunches are obtained. During the second stage we

. . 1
use LS with worst case performance is at most rE

Keywords: bunch technique; semionline; partition; scheduling; worst case performance.
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3amaun pa3duenHus online 4acTo HAXOIAT peajbHOE IPUMEHEHHE U TEM CaMbIM HMEIOT OTPOMHOE TpaK-
TUYECKOe 3HaueHne. B OCHOBHOM BO3HHMKAIOT HE YMCTO online-3amadn, a ¢ JOCTYITHON HEKOTOPOW JOTIOJ-
HUTEIHHOU WH(pOpMAaIIHEH O OCIEAYIONINX 3HAYSHHSIX WM C IOTIOIHUTEIbHBIMH aJITOPUTMHYECKUMHU BO3-
MOXHOCTSIMH, YTO TIO3BOJISIET YITYYIIUTh () (HEKTUBHOCTH alrOpUTMa WX peleHus. Takue 3a/1aun SBISIFOTCSI
3agadamu semionline [1-5]. Takum oOpa3oM, BeCbMa aKTyaJIbHO UCCIEAOBAaHNE YKA3aHHBIX 3a/1a49 U UX pe-
HIEHUH.

Paccmotpum 3amaay semionline ¢ AByMs TpyImamu npeaMeToB. Beca mpenmMeToB mepBoi TPYITBI H3BECT-
HBI 3apaHee, a TMPeAMEThl BTOPOIl TPYIIBI HEJOCTYIHbI A0 TeX IMOp, MoKa He OymayT Ha3Ha4YeHBI MPEIMETHI
B mepBoii rpymnme. Kak Tompko mpenMeT Ha3HadaeTcsl Ha OJUH U3 M KOMIBIOTEPOB, OH OOJIbIIe HE MOXET
nepemMertarses. [IpeameTsr u3 BTOpoil TPy MOSBISIIOTCS B ITOPSKE HEBO3pacTaHMs uX Beca. Llens 3amaun —
MUHUMH3UPOBATh CYMMapHYIO 3arpy3Ky CaMOTO0 3arpyKEHHOTO KOMITbIOTEpaA.

Hawnbonee ecrecTBEHHBIM aITOPUTMOM ISl PEIISHUST pacCMaTpHUBAaEMON 3aJ1auy SBJSIETCS paclpeielieHne
MIPEMETOB U3 TIEPBO rpymIisl ¢ ncnoiab3oBanneM LPT-anroputma [1] 1 ¢ mocneayrommm npuMenenuem LS-
aITOpUTMA JUIsl Ha3HAYEHMS IPEMETOB M3 BTOPOil rpymisl [3; 4]. HeTpyaHO MOHATH, 9TO HAMXY/IIEH OIEHKON

1 . .
3TOTO aNTopuTMa OyIeT BeIMYWHA 2 — 7 T € OlEHKa JUIs BepCHHU online [4; 5]. B nannHO# paboTte mpemta-

17
racTcsda aJilrOpUTM C HAUXyAIIEeH OLCHKOU E

W w, W,
m
HYDKHSISL TPAHUIA ONTUMAJIBHOTO PELICHUSI.
Jst peGyemoro pacrpeaeseHus o KOMIIbIOTEpaM BBEIEM Pa3IMIHbIC THIIbI YIIAKOBOK.
Ilepswiti mun ynaxosok BU2 coctouTt u3 NByX KOMITbIOTEpOB (A1, A2), mpudyem A1 mmeer oOmuii Bec He

Ilycts L = , TIE W, — Beca MIPeIMETOB NepBOM rpynmnsl, i = 1, n. Jlerko Bunets, uro L —

16L 8L N
Ooree 5 a A2 — ne Oozee IS Kpome Toro, o0muii Bec ynmakoBKH COCTaBIISICT HE MeHee 2L.

Hanee uepes W (A) Gynem 0603Ha4aTh 0OLMIT BeC IPEAMETOB, HA3HAYCHHBIX HA KOMIIBIOTED A.
Jlemma 1. Ecau ecmb pacnpedenenue npeomemos us nepeoii epynnvl makum 00pasom, umo noayuaromcs
17
monvko ynakosxku muna BU2, mo nauxyowas oyenxa LS cocmasnsem ne bonee —.
W(A42)+X
———<
max {X R L}

17 o
< E HOSTOMy MOXHO ,£[O6aBI/ITI: TCKYIIWU ITPESAMET HA KOMIIBIOTCP A2, obecreuns HYXHYIO TOYHOCTD.

8L
JoxkaszartenscTBo. [lycts X—Bec Tekyiuero nmpeamera u W(AZ) < Iy Jlerxo BUIETH, UTO

Jlo6aBuM TekyIHe IpeaMeThl Ha 42 B Kaxxaou u3 BU2. DTo 03HAYaeT, 9T0 00N BeC T0OABICHHBIX TIPE/I-
METOB COCTABUT He MeHee kX, rlie k — KOJIM4ecTBO YIaKOBOK JJaHHOTO THIa. [109TOMY 001IHii BeC MMEIOIINXCS

m
peaMeToB He MeHbIne kX + mL. CrenoBarenpHO, eClu k = > TO HOBAs HIDKHSSI OTICHKA Oy/IeT Kak MUHUMYM

L+
2

w(A4l)+X 17
[Tocrnie 3Toro BBHITIOJIHSIETCSA HEPaBCHCTBO

e < —. JIeCTBUTEIBHO,
max {X , L+ 2}

16L 8X X
+7

WAN+X o

9 17
max{X, L+ )2(} max{X, L+ )2(}

?.

SE'Fl:
9 9

Jlemma 1 nokasana.
Bmopoii mun ynakosox BU3 cocToHT U3 Tpex Komnbiotepos (B1, B2, B3), npuuem W(Bl) < 5 W(BZ) <

4L L
< 3 u W(B3) < % Kpowme Toro, obmuii Bec ynakoBku He MeHee 3L.

Jlemma 2. Eciu ecmv pacnpedenenue npeomenos u3z nepeoti pynnvl maxkum oopazom, 4mo noayuaomcs

17
monvko ynakosxku muna BU3, mo nauxyowas oyenxa LS cocmagnaem ne donee rR
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HoxkazatenbcTBo. [Iycts X — Bec Tekymero npeamera. O4eBUIHO, 9TO STOT MPEAMET MOKHO JJOOABUTH
W(B3)+X 17 y
————— < —. JlobaBuM TekyIiue npeaMeThl Ha B3 B kaxaou u3 BU3. D10 03HAYaeT, 4To
max {X , L} 9

06H_II/II\/’I BE€C I[06aBJ'ICHHLIX npeaAMETOB COCTABUT HEC MCHEC k)(, e k — KOIHU4eCcTBO YIIAKOBOK AAHHOI'O THUIIA.

Ha B3 B cuny

. m
[ToaTomy 00K BeC BceX MMEIOIIUXCS TMpeaAMeToB He MeHble kX + mL. CnenoBarenbHoO, eciu k > ?’ TO

X
HOBas HUJKHSS OLICHKA 6y,I[CT KaK MUHUMYM L+ —.

W(B2)+X 1
( ) < —7 JelicTBUTENBHO,

max{X,L+)3(} ?

I[OKa)KCM, YTO ITIOCJIC 3TOT'O BBIITOJIHACTCA COOTHOIICHUEC

4L 4x X
W(B2)+X -3 9

9 17
max{X, L+ )3(} max{X, L+ )3(}

S_17
9 9

4
<—+
3

Jlo6aBuM TekyIue mpeaMeTsl Ha B2 B kKaxaou u3 BU3. DTo 03HAYALT, UTO OOIIHIA BEC NMEIOIIIXCS TIPEe/I-

m
METOB He MeHbIne 2kX + mL, tie k — konuuecTBo ynakoBok. CienoBarTesibHo, eciu k = ?, TO HOBasI HIDKHSS

2
olleHKa OyneT Kak MUHUMYM L + ER

W(B1)+X 17
JokaskeM, 4To Mociie 3TOT0 BHIOJIHIETCS HEPABEHCTBO < —. JIelCTBUTENBHO,

rnax{X,L +2§(} ?

L X 7
WBN+X 9 " 7~ a7 17

max{X,L+2§(} max{X,L+2;(} ?

Jlemma 2 nokasaHa. 7L
Tpemuii mun ynaxogox BU4 coctout u3 yetbipex kommbtotepoB (C1, C2, C3, C4), npudem W(C 1) < T’

16L 10L 8L
W(C2) < N W(C3) < ry u W(C4) < 5 Kpome Toro, o0muii Bec yrakoBKU COCTABIISICT HE MeHee 4L.

Jlemma 3. Eciu ecmb pacnpedeinenue npeomemos u3 nepeotl 2pynnvl makum 0opazom, umo noxyuaromcs

17
monvko ynakosku BUA, mo nauxyowas oyenxa LS cocmaensem ne bonee Iy

JlokazarenbCcTBO aHAJOTMYHO JJOKa3aTeabCTBY JieMM 1 1 2.
Teopema 1. Eciu 6ce npeomemul nepgoii epynnuvl pacnpedeneHvl maxkum o6pazom, umo obpasosanul k, yna-
K0B80K nepeoz2o muna, k, ynakosok eémopo2o muna u k, ynakoeoxk mpemuve2o muna, npuvem 2k, + 3k, + 4ky =m,

17
mo Hauxyowas oyenka LS cocmaensiem ne 6onee 5

HoxkazarenbcTBo. CHayana TeKylre OpeaMeTbl MOTYT A00aBIATHCS Ha KOMIBIOTepHl Buaa A2, B3

m

u C4, KONMYEeCTBO KOTOPHIX HE MEHBILIE YeM e 3areM TeKyIue MPeAMETH MOTYT 100aBIATHCS Ha KOMITBIOTE-
m

put Buaa C3. O6mee xkonmuuectBo A2, B3, C3 u C4 He MeHblIe YeM 3 [ToaToMy HOBBIE TEKYIIHE PEAMETHI

m
MOJKHO 100aBATh Ha B2. OO0Im1ee KOIMIECTBO KOMITBIOTEpOB BUaa A2, B2, B3, C3 u C4 He MeHBIIEC YeM 5,

MO3TOMY CIICYIOIINE TEKYIIUE MPEIMEThI MOXKHO J100aBisiTh Ha A1 u C2, 3atem Ha Bl u C1.

Teopema 1 gokazana.

Tereps mokakeM, Kak MOXKHO PaclpelenTh MPEAMETHI U3 MEePBOW TPYIIIBI, YTOOBI MOTYyYUTh HEOOXOIH-
MbI€ YIIAaKOBKU. B COOTBETCTBUY C BECaMH MTPEIMETOB BBEAEM CIEYIONIUE KIACChL NPeOMemos:
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2L 8L
e [1 — mpeaAMeETHI ¢ EY <X < ?;

4L
*[2 —npenmetsl ¢ 0,6L < X < ?;
* I3 —mpenmetsl ¢ 0,5L < X< 0,6L;

* /4 — IpenMeTHI C % <X <05

*I5 —npenmertbr ¢ X < %

8L
[lycte H siBIsieTCS KIIacCOM MPEIMETOB € BECOM OOIIbIIIe Iy

CaencrBue. /[is1 00cmamouno20 KOnu4ecmea 1emMenmos u3 kaxcoozo kaacca 11, 12, 13, 14, I5 moorcro co-
cmasums 6a308y10 ynaxkosky o0noeo u3 munog BU2 — BU4:

* o1 3 npeomemos uz I1 ynaxoska BU2 umeem 6uo Al = {al, a2}; A2 = {a3};
o1 5 npeomemos u3 12 ynaxosxa BU3 umeem 6uo Bl = {al, a2}; B2 = {a3, a4}; B3 = {aS};
* 0151 6 npeomemos u3 13 ynaxosexka BU3 umeem 6uo Bl = {al, a2, a3}; B2 = {a4, aS}; B3 = {a6};

* o1 9 npeomemos u3z 14 ynaxoexa BU4 umeem 6uo C1 = {al, a2, a3}; C2= {a4, as, a6}; C3= {a7, a8};
C4= {a9}.
Jlerko 3aMeTHTh, UTO U3 UMEIOIIIMXCS PEIMETOB Kilacca /5 MOKHO COCTaBUTh YIakoBKy BU3 ciemyromum

oOpa3oMm. bynem momemiare npeameTsl B Bl u B2 moka MO3BOJSIOT OTPaHUYEHUs, a 2 MpeIMeTa, KOTOpbhIe
HE ITOMECTHIINCh HU B Bl u HU B B2, moMecTuM B B3.

Ilycts Teneps |H | > 0. CaenyeT OTMETHTH, YTO B H MOTYT OBITh MIPEAMETHI, BEC KOTOPBIX MPEBOCXOIUT L.
B aToM ciyuae kaxxaplii U3 HUX Ha3Ha4aeTcs Ha OTAENbHBIN KoMmbtoTep. [l npenMeToB U3 H, Bec KOTOPBIX
HE TMPEBOCXONT L, YIaKOBKH TPeOyeMOTo THIIA CIEAYIOIHUE:

5
* ynakoBka BU2 nmeer Bun Al = {h, i lvwmi 2wm i_3}, A2 = {i_l Wi i 2 uim i_3} npu W(i_3) > 5;

* yrrakoBka BU4 nmeet Bun Cl ={h, i 3 wm i74}, C2={h, i 3wm i74}, C3={i73 nw i 4,10 3 nmm
i 4}, Ca={i 3umi_4} upuw(i_3)< g, w(h)> g;

* ynnakoBka BU3 ctpoutcst ans npeamMeToB U3 /4 u umeet Buj Bl = {h, MPEIMETHI I _5}, B2 = {h, npen-
METBI i_S}, B3 = {2 npeaMera i_5}.

(3mech i j cOOTBETCTBYET IpeaMeTy u3 kiacca lj, j= 1,2, ..., 5.) Ilpu 3TOM Ha ImycThle KOMITBIOTEPHI CHaYalIa
HA3HAYarTCs BCE MpeIMEThI U3 .

B cnyuae |H | > m HIKHAS TPaHUIA ONTUMAJIBHOTO PEIIeHUs] MOXKET ObITh YyTOYHEHA, TaK KaK Ha OJIMH
KOMIIbIOTEp Oy/leT Ha3HAYeHO MUHUMYM 2 IpeaMeTa u3 kiacca H.

Ecnu okazanocsk, uto s npeametoB u3 kiaccoB /1, 12, 13, 14, IS HEeT mycThIX KOMITBIOTEPOB ist (hOpMU-
poBaHHA KOoMIIbIOTEpa BHJA A2 B ynakoBke BU2, koMmmnbrotepa Buaa B3 B ynakoBke BU3 min KOMIBIOTEPOB
Buja C3, C4 B ynakoBke BU4, TO 3TO 03HAYACT, YTO HA OCTABIINECS KOMIIBIOTEPHI (HE BXOSIIIUE B TpeOyeMbIe
YIIaKOBKH) YK€ Ha3HAuU€HbI IPeIMEThI u3 H.

Ecnu eme ocranuch He Ha3HAYEHHBIE PEIMETHI U3 KiaccoB /1, 12, I3, I4, To HUXKHSS TpaHUIA ONITUMAIIb-
HOTO PEIICHUS MOKET OBITh YTOYHEHA, a BCE OCTaBITUECS MpeaMeTsl u3 /1, 12, I3, [4 Ha3HAYCHBI TI0 OJHOMY
K npeamety u3 kiacca H. Ecim octanuck npenmeTsl U3 kiiacca /5, To oHM OyIyT Ha3Ha4aTbesl Ha KOMITBIOTEP

4L
¢ mpeaMeToM U3 H 1o Tex Top, ToKa cCyMMapHasl 3arpy3ka KOMITbIOTEpa HE TPEBOCXOIUT 3 B cumny ompene-

JICHWSI BEJTMYMHBI L BCE MPEeIMEThI IEPBOI IpyNIbl OyIyT pacrpeieseHbl.

[Tocne pacmpenenenus Bcex MpeaMETOB U3 MEPBOM IPYMIIBEI HA BTOPOM 3Tarie Oy[eT BBIOJIHATHCS ajro-
PUTM «B MMHHMMAJIBHO 3arpykKeHHbIN». [Ipy 3TOM HOBast HYKHSS IpaHUIla ONTUMaNbHOTO pemeHus L1 nepe-
CUMTAETCA 110 CIELYIOLIEMY IIPaBUILY.

Ilycts k, = |H
Kpowme toro, nycte Z1 cOOTBETCTBYET BECY MAaKCUMAJIBHOTO IIPEeIMETa U3 NepBOM rpynisbl, X1 — Becy nepBoro

, k, COOTBETCTBYET KOJINUECTBY IIPEIMETOB, IOCTYNUBIINX U3 BTOPOU Pyl ky=m—k, —k,.
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MOCTYIHBIIIETO PEAMETa U3 BTOpoi rpynmbl. OTCOPTHPYEM MPEIMETHI U3 IEPBOil TPYIIIBI B MOPSIKE HEBO3-
pacTaHusl BECOB, U IIyCTh Z2 COOTBETCTBYET BeCy IIpeaMeTa Ha nmo3unuu 2k, + 1 (ecau npeaMeToB MeHbLIE,
TO mosaraem Z2 = 0).

. 8L
YTBepmeHHe. Ecnu MOCTYIUI NPECAMCET U3 BTOPOU I'PYIIIbI, BEC KOTOPOI'O HE Ooiblire ?, TO aJITOPpUTM
17

«B MUHUMAJIbHO 3arpy’KeHHBI» 00€CIIeYrBaET OLIEHKY ry

JlokazarenbCcTBO OYEBHIHO, TaK KaK BCETa CyIIECTBYET KOMIIBIOTEp, CyMMapHas 3arpy3ka KOTOpOTO He
MIPEBOCXOUT BETUYNHBI HUKHEW TPAHHUIIBI ONTUMAIEHOTO PETICHMS.
[TosToMy B mampHeiimem OymeM mojararhk, YTO IS JIIOOOTO MpeaMeTa M3 BTOPOM TPYNIBI €T0 BeC He

8L
MEHbIIIE —.
9

Jlemma 4. B kauecmee 1o6oil epanuybl OnmumanbHo2o peutenus L1 6yoem 6vibupams MakcumanvbHoe 3Ha-

L L
yenue uz mpex genuuun: S, Z1 uiu min {% +72,3- Z2} 6 cyyae ky>0; S, Z1 unu % + Z2 6 cnyuae ky; = 0.

30ecv mS coomeemcmeyem cymme 8eco8 8cex UMEerUUXcs npeomemos u3 nepeoii u emopoii epynn. Kpowe
moeo, 8 kauecmee L1 moorcno nonacamo Z3 + 74, 20e Z3 u Z4 coomeemcmeyiom 3HAYEeHUIM 8eC08, CIOAUUX
Ha no3uyuax mu m+ 1 6 omcopmupo8anHom no He8O3PACMAHUIO MACCUBE BECO8 8CEX UMEIOWUXCS NPEOMEMO8
(nepasoti epynnwvl U NOCMYNUBUUUX U3 BIMOPOLL 2PYNNbL).

JlokazaTenbCTBO clieyeT u3 Toro (pakra, uto npu k; > 0 1100 3 npeamera ¢ BECOM KaK MUHUMYM Z2 10K~
Hbl Ha3HAYaThCS HA OJUH KOMIIBIOTED B ONTHUMAJILHOM PEIICHUH, JIMOO OIWH W3 HUX JOJDKCH Ha3HAYaThCs
C IpeAMETOM U3 [ UM ¢ MOCTYNUBIINM IIpeaMeToM BTopoil rpymnnsl. Eciou k; = 0, To npeamer ¢ Becom Z2
JIOJDKEH Ha3HAYaAThCS ¢ MPEIMETOM U3 H Wi ¢ TOCTYNUBIINM IPEAMETOM BTOpoii rpymmbl. Kpome Toro, iBa
npeameTa u3 m + 1 IpeaAMETOB ¢ HauOOJIBIIIUM BECOM JIOJKHBI Ha3HAYaThCsl HA OJIMH KOMITBIOTEP B ONITHMAJIb-
HOM PEIICHUH.

17

Teopema 2. Hauxyowas oyenxa areopumma —.

I[OKaBaTCJ'ILCTBO CJICOYCT U3 JICMM 1—4, CJICACTBUA U YTBCPIKACHMU.
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J UBILEES

AHatoAaun AjdaHacreBUY

AEBAKOB

Anatoly Afanasyevich

LEVAKOV

e ——— =

Hcnomamnocs 70 €T U3BECTHOMY OEIIOPyCCKOMY
MaTreMaTHKy — npodeccopy kadeapsl Beiciiel mare-
MaTUKU (QakyabTeTa MPUKIAIHON MaTeMaTHKH U WH-
(hopmaTHKH TOKTOPY (PU3MKO-MAaTEMaTHYECKUX HayK,
npodeccopy Anaronuto AdanacbeBuuy JleBakoBy.

A. A. Jleaxo pomuicst 14 centsiopst 1949 1 B . Mun-
CKE B CEMbE BOCHHOCTY KaIero. B 1966 1. okorum ¢ ce-
pebpsiHOi Menanpio cpenHioro mKoiry Ne 5 B . bopu-
coBe MUHCKO# 00J1aCTH ¥ B TOM K€ TOAY MOCTYIHJII Ha
MaTematuaeckuii (axymsreT bemopycckoro rocymap-
CTBEHHOTO yHUBepcuTeTa. B 1970 1. mocne OTKphITHS
(akynpTeTa NMPUKIATHON MareMaTUKu ObLI IepeBe-
JICH Ha 3TOT (paKysIbTeT, KOTOPBIH YCIENIHO OKOHYHI
B 1971 . B TOM ke rony npurianieH Ha kadenpy Bbic-
el MaTeMaTHKH B Ka9eCTBE aCCUCTEHTA, TJIe MPOIOJI-
KaeT paboTaTh M B HACTOSIIEE BPEMsl, IPOUIS ITyTh OT
accuctenTa 0 npodeccopa. C 1990 o 1995 r. ObLn
3aBeJyIOIINM YKa3aHHOH Kadeapoil.

Hayunble uccienoBanus AHaronuii AdaHachbeBUY
HauaJ ele B cTyJeHueckue roasl. Ero mepsas padora,

HamcanHas coBMecTHO ¢ O. C. [llnurenpmManoMm mosu
PYKOBOZICTBOM TOTJIa acTIMPaHTa, a HbIHE aKaJeMHKa
HAH benapycu H. A. M3060Ba, mocBsieHa uccie-
JIOBAaHUIO BYMEPHBIX NH(P(HEepEeHIHATHHBIX CUCTEM
C KBaJPAaTUIHBIMH MPABBIMH YacTsiMU. CTaHOBICHUE
A. A. JleBakoBa Kak MaTeMaTHKa ITPOXOIMIO B paMKax
MHUHCKOT'O TOPOJICKOTO ceMuHapa 1o auddepeHnaib-
HBIM YPaBHEHWSIM TIOII PYKOBOJICTBOM H3BECTHOTO CO-
BeTckoro yuenoro mpodeccopa 0. C. bornaHosa.
[Tocne yueOwr B acnmpantype B 1978 1. Anaronuit
AdanacreBUdY 3amUTUI KaHAUAATCKYIO THUCCEpTa-
U0 (HAYYHBIN PYKOBOAHUTEIH — WICH-KOPPECIIOHICHT
Poccuiickoit akanemun oOpasosanus H. X. Po3oB).

B 1976 1. A. A. JleBakoBy IOpy4eHO BEJICHHUE Kypca
«MareMaru4ecKnuil aHaiumu3» sl CTYJACHTOB (DaKyiib-
TeTa MPUKIATHON MareMaTUKH, KOTOPBhIM OH 4YMTaeT
MTOCTOSIHHO JI0 HACTOAIIETO BPEMEHHU. 3a MpPOILIEeIIIe
TOJIBI OKOJIO 2 ThIC. CTYAEHTOB TPOCIYIIIAIHN 3TOT Kypc
y AHaronusi AdaHacbeBUYA, U KOKIOMY U3 HUX OTJaHa
YacTHUIA €ro AyUIEBHOM TEIJI0Thl. B HacTosee Bpemst
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oOyueHue CTYIEeHTOB Ha (akyibTeTe MPHUKIAIHOMN
MaTeMaTHKH W HH(OPMATHKH OCYIIECTBISICTCS Ha
OCHOBe yueOHoro nocooust A. A. JleBakoBa «Mare-
MaTHYCCKUN aHaIu3y, n3mandoro B 2014 r. B Hauane
1990-x IT. B Ka4eCTBE PKCIIEPUMEHTA OH peaTnu30Bajl
npennoxenue 0. C. bornanoBa o mpo4YTeHUH Bcex
KypcoB 1o (yHIaMEHTAIBHON MaTeMaTHKe OJHUM
JeKTopoM. AHaronuii AdaHacbeBHY SIBIISLIICS Mperce-
JlaTelIeM OPrKOMUTETa 1ecTH bormaHoBCKUX YTEeHUMN
no nuddepeHnrnanbHBIM yYpaBHEHUSIM — MEXIyHa-
POIHBIX MaTeMaTn4ecKuX KOH(QEpeHIUH, nepBas u3
KOTOpBIX cocTosiiach B 1990 1.

B nagane 1990-x rr. A. A. JleBakoB Hawyan uccie-
JIOBaHHE CTOXacTHIeCKHX AuddepeHanbHbIX ypas-
HEHUI — HOBOTO U IEPCIEKTUBHOTO B TEOPETHUECKOM
Y TIPUKJIaTHOM aclleKTaxX HalpaBlICHUs] B TEOPUH (-
(hepeHIIMaTbHBIX YpPaBHCHUNA. 3a TIPOIICIIINE TOMIbI
UM OBUIH IOCTPOCHBI O0IIIast 1 ACUMIITOTHYSCKAsT TEO-
pHH CTOXAaCTHYECKHUX JU(dEpeHIIMATBHBIX ypaBHEHHI
C pa3pbIBHBIMH TpaBbIMH YacTAMH. OHH COCTaBHIIU
OCHOBY €ro JIOKTOpCKO# muccepraimy «CylecTBoBa-
HHE ¥ YCTOMYUBOCTD AU (EpeHITATBHBIX H CTOXACTH-

yeckuX UG PepeHIMANTbHBIX BKIIOUCHUN» (HAYYHBIN
KoHCynsTaHT — akanemMuk HAH bemapycu H. A. U3o-
00B), 3amuiieHHoi B 2004 . Pe3ybTrarhl, MOMyUYeHHBIC
AmnaromeM AdanaceeBudem 10 2008 1., BOIIUTH B €r0
MoHorpaduio «CroxacTrdeckue T PepeHInaIbHbIC
ypasueHus» (2009), a rccnenoBaHus MOCIEIHETO JIe-
catuietust — B kKHury «Croxactuueckue nuddhepeH-
[UATFHBIC YPABHEHUS M BKITIOUCHHS», HATUCAHHYIO CO-
BMECTHO C ero yueHnkoM M. M. BacbkoBckum (m3nana
B2019r).

B Hactosiiiee Bpemst npodeccop A. A. JleBakoB
MPOIOJKAET aKTUBHYIO HAYYHYIO U ME€AaroruuecKyro
NeSITENTbHOCTD: YUTAET JIEKLIUHU M0 MaTeMaTHYeCKOMY
aHaJIM3y JJIS CTY/IEHTOB, paboTaeT 3aMeCTUTENIEM 3a-
BeIyOIIero kaeapoi BhICIICH MaTeMaTUKU 0 Hay4-
HOM paboTe, SIBIISETCS YJICHOM COBETa MO 3aIlIUTe JJOK-
TOpckuX auccepranuii bI'Y.

KomnektrB kadenpsl BbICIICH MaTeMaTUKH U CTY-
JEHTHI (paKynpTeTa MPUKIATHON MAareMaTWKH W WH-
(dopMaTHKK cepleyHO Mo3paBisitor AHaronust Ada-
HacheBHYa C [OOMIIEEM U JKENaloT €My KPEmKOoro
3/I0POBBS U HOBBIX TBOPYECKUX yCIIEXOB.



POHUWKA, UHOOPMALIHNA

CHRONICLE, INFORMATION

XII MEXKAYHAPOAHAA HAYUYHAA KOHOEPEHLIUA
«KOMITbIOTEPHBIN AHAAN3 AAHHBIX 1 MOAEANPOBAHUE:
CTOXACTHUKA N HAYKA O AAHHBIX»

XII INTERNATIONAL SCIENTIFIC
CONFERENCE «COMPUTER DATA ANALYSIS
AND MODELING: STOCHASTICS AND DATA SCIENCE»

B cooTBeTcTBHM CO CBOAHBIM TEMAaTHYECKUM ILIa-
HOM IIPOBEICHHS HAYYHBIX M HAyYHO-TEXHHYECKUX
Meponpustuii Pecrnyonuku benmapycp Ha 2019 T
U IepeyHeM KOoH(epeHIn MexayHapoaHOro HHC-
TUTyTa MareMmarndeckoir craructuku (International
Statistical Institute) Ha 6a3e benopycckoro rocymap-
CTBEHHOTO YHHBepcuTera ¢ 18 1o 22 centadps 2019 .
nponuia XII MexayHapomHas Hay9Hast KOHPEPEHIUs
«KommbroTepHblil aHanu3 JaHHBIX M MOAEIUPOBa-
HHE: CTOXaCTHKa U HayKa O JaHHbBIX», IPUYpPOUYECHHAS
K 100-neturo BI'V.

Opranuzaropamu koH(pepeHn BeicTyman HUN
NPUKJIaTHBIX NPOOJeM MaTeMaTHKH M HH(OpMaru-
Kd, (aKkyabTeT MPUKIAIHOW MaTeMaTHKH U MHOp-
MaTuku BI'Y u BeHckuil yHUBEPCHUTET TEXHOIOTHI
(ABctpus). Kondepenmus npoxoanna npu GUHAHCO-
BO moyepke MuHHCTEpCTBA 00pa3oBaHus Pecmy-
omuku benapycs, benopycckoro pecnyOaMKaHCKOTo
¢doHa GyHIaMEHTaNbHBIX HCclenoBaHUH, BeHcko-
ro YHUBEpPCHTETa TEXHOJOIMH, HayYHO-TEXHOJIOTH-
yeckol accommanuu «Mudomnapk», 3A0 «UTtpan3u-
unHE» 1 3A0 «bCh bank».

Temaruka KoH(pEpeHIMN cOYeTaeT Takyo QyHxa-
MEHTaJIbHYIO HayKy, KAK MaTeMaTH4YecKasi CTaTHUCTHKA
(B xauecTBe TEOPETUUYECKOW OCHOBBI KOMITBIOTEPHO-
r0 aHaJM3a JaHHbBIX), C AKTyaJIbHBIMU MPUKJIaIHBIMH
uccuenoBaHusiMU. OHa OXBaTbIBaET MaTeMaTHUECKUE
MOZEIH, METO/IbI, AITOPUTMBI U IPOTPAMMHBIE Cpell-
CTBa aHaJIM3a CTOXACTUYECKUX AAHHBIX U MOACIH-
POBaHMA B LIEJSIX MOJyYCHHs] ONTHMAJIbHBIX CTATHC-
THYECKUX BBIBOIOB (PELICHUH, OLEHOK, IPOrHO30B),
a TaxKe pa3pabOTKU KOMITBIOTEPHBIX MOZETICH CII0XK-
HBIX CTOXaCTUYECKHUX CUCTEM M IIPOLIECCOB.

[IpuknagHyto HanpaBICHHOCTh TEMAaTHKH OTpa-
JKaeT HOBas HayKa HA CTBIKE CTAaTUCTUKU U MHEOP-
MaTuKH — data science (Hayka O JJaHHBIX ), UMEFOIIast
LEJIBIO CO3/1aHHE KOMITBIOTEPHBIX METOI0B ¥ MH(DOP-
MAalMOHHBIX TEXHOJOTUH I U3BJICUEHHS 3HAYMMOM
nH(pOpMAllMM U3 MAacCCHBOB JAaHHBIX MPOU3BOJILHOM
npupozsl. [losiBnenne 3toil Hayku 0OyCIIOBJICHO HH-
TEHCUBHON IM(POBHU3ALHMEH YeT0BEYECKOro odle-
CTBA M 3KCIOHEHUIMAIbHBIM POCTOM KOJIMYECTBA JAaH-
HBIX.

DopyM SBIAETCS KPYMHEWIIMM Ha MOCTCOBET-
CKOM IPOCTPAHCTBE U OPTaHU3YeTCs pa3 B TPH rofa.
Cpenu 6onee yem 120 ydacTHHKOB HBIHEIIHEH KOH-
(epeHIMN — U3BECTHBIE B MUPE YUCHbBIE U MOJIOAbIE
uccnenoBarenu u3 20 crpan: ABcTpaiuu, ABCTpPUU,
benapycu, bonrapuu, BenukoObpurannn, BeeTHama,
I'epmanun, Munuu, Uranuu, Jluteel, Hunepnannos,
Hopgeruwn, [lomemm, Poccun, CIIA, Y36exucrana,
VYkpaunbl, Ounnsaaauu, Yexun u OcroHuu. B koH-
(depeHUUU NpUHATM yuyacTHe ydeHole MHcTuTyTa
MareMatuku 1 OObEeAMHEHHOTO0 MHCTUTYTa NPoOieM
nHapopmarukn HAH benapycn. U3nan cOopHUK Ma-
TepUaJIoB KOH(EPEHIINH Ha aHIIMHCKOM s3bIke. Jlyu-
1Me JOKJaabl OyayT OrmyOIMKOBaHbI B CHELUAIBHBIX
BBIITyCKaX 3apyOeKHBIX KypHAIOB «Austrian Journal
of Statistics», «Applied Econometricsy, «Informaticay.

[IpoBenenne nmomodHoro popyma B BI'Y 3akoHO-
MEPHO, TIOCKOJIbKY YHUBEPCUTET SIBIISICTCS BELYLIUM
YUPEKICHUEM BBICILIEr0 OOpa30BaHUsl CTPAHBI IO
Py TPHOPUTETHBIX HAYYHBIX HANPABICHHM, CBSI-
3aHHBIX C pa3paOOTKOM W HCIOJIb30BAHUEM HOBBIX
HH(GOPMALIMOHHBIX TEXHOJIOTUH, BKJIIOYAsT KOMIIbIO-
TEpHBIN aHaJIU3 JaHHBIX 1 MOJACITUPOBAHUE CIOKHBIX
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VYdactHuku 3aceganus X1 MexayHapoaHoi Hay4HOI KOH(pepeHInH
«KoMIbroTepHblii aHa M3 JaHHBIX U MOJEIMPOBAHKUE: CTOXACTHKA U HAyKa O JAHHBIX»

Participants in the meeting of the XII International Scientific Conference
«Computer data analysis and modeling: stochastics and data science»

CHUCTEM B Pa3NIUMYHBIX OOJACTSIX: HAYYHBIX HCCIEIO-
BaHUAX, YKOHOMHKE, COIMOJIOTHH, 3aIuTe UHPOP-
MaIiy, MEANIMHE, POSKTUPOBAHNU TPAHCTIOPTHBIX
Y TIPOM3BOJCTBEHHBIX CHCTEM, OAaHKOBCKOHW JIEATENb-
HOCTH, Ou3Hece u np. Cpenn akTyalbHBIX IS CTpa-
Hbl TpakThuueckux aoctkennit HUW npuxnaaHbix
npobnem marematuku U mHpopmaruku BI'Y Hanbo-
Jiee BOCTPeOOBaHBI POTPAMMHBIE KOMIUIEKCHI MOJIe-
JUPOBAHUS U TIPOTHO3UPOBAHHSI MUKPO- M MAaKPOIKO-
HOMHUYECKHUX MoKa3aresel no 3akazy HanmonaiabHoro
Oanka Pecniyonmku benmapych, HAay9HO 000CHOBAaHHEIE
METOAMKH ¥ JTAJOHHBIE MPOrpaMMHBIE peaNn3annun
ANTOPUTMOB KpUTNITOTpaUIeCKOM 3alUTHI SIEKTPOH-
HOTO JAOKYMEHTO00OpoTa CTpaHbl, (popmMupoBaHue
y4e0HO-Hay9IHO-TTPOM3BOICTBEHHOTO KjlacTepa B 00-
JIACTH MIPUKIIATHON MaTeMaTuKA U MHPOPMATHKH.
BaxxHocTh KOH(EpeHIIMN OmpenensieTcsl TaKxke
Y y9acTHEM B HEH MOJIOZIBIX YUEHBIX, ACTUPAHTOB, Ma-
THCTPAHTOB, CTyneHTOB. Ha daxynmsreTe mpukiagHon
Marematuku u nHpopmaruku BI'Y B 20162018 1T
B pamMkax nporpamMmsl EBpocorosa TEMPUS coBMecTHO

C MATHIO €BPOINEHCKIMH YHHBEPCHUTETAMU OTKPHITA
MOJIb3yIomasics OOJIBIIUM CIIPOCOM MAarucTparypa
«IIpuknasHON KOMIBIOTEPHBIN aHAJIN3 TaHHBIX». Mo-
JIOAEXKb TIPUBIIEKAETCS /ISl MCCIENOBAaHUM B CTy/EH-
YEeCKHX HAyYHBIX KPY)KKaX, YETBIPEX CTYACHUYECKHX
Hay4YHO-HCCIIE0BATEIbCKUX JTab0paTopusx, a TaKkKe
3aHUMAETCSl aHAIM30M JAHHBIX W MOJAEIMPOBAHHEM
B PaMKax peaJIbHbIX Hay4yHbIX IIpoekToB B HIU npu-
KIIaIHBIX TIpO0JIeM MaTeMaThKH 1 nHpopmaTuku. Cry-
JIeH4YecKasl Hay4dHO-HCCIIel0BaTeNbCKas JlabopaTopust
Kadenpsl MaTeMaTHYeCKOTO MOJICTTMPOBAHNS 1 aHAJIH-
3a TaHHBIX 3a nocieanue 10 et TpuKIbl yaocTanBa-
yachk (PMHAHCOBOW TONACPIKKH CIIEIUATBFHOTO (hOHIA
[Ipesunenta PecrryOnuku benapych 3a BeICOKHE MTOKa-
3arey B HAy4YHOM JESITeIbHOCTH.

Opranuzanys 1 npoBeneHne KoH(epeHIH Moy-
YN BBICOKYIO OIIEHKY CO CTOPOHBI €€ YYaCTHHKOB.
Ha 3axmrouuTeslsHOM 3aceJaHuy MOCTYIHIIO MIPEIJIO-
YKEHHE O TIPOBEZICHNH ouepeaHoro ¢hopyma «Kommbro-
TEPHBIN aHAJIM3 JAHHBIX U MOJICTTHPOBAHHE).

10. C. Xapun'

' FOpuii Cemenosuu Xapun — ToKTOp (pU3MKO-MaTEMaTHUECKHX HayK, Ipodeccop, uneH-koppecnonnenT HAH Benapycu; mupextop
Hay4Ho-HcCIe10BaTeIbCKOr0 MHCTUTYTA IPHUKIIAIHBIX TPoOJIeM MaTeMaTHKU U HHpopMaTiku BI'Y, Hay4HbIH pyKOBOIHUTENb Kadenpsl
MaTeMaTHYeCKOro MOJICIMPOBAHKS U aHAIN3a JaHHBIX (aKyJbTeTa PUKIaJHON MaTeMaTuku U nHdpopmaruku BI'Y.
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