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ON SOME RESULTS OF THE STUDY OF F-IRREGULAR GRAPHS
IN THE CLASS OF BICONNECTED GRAPHS F

T. S. DOVZHENOK'®, A. V. FILUTA*, N. E. CHUHAI*

Secondary school No. 30 of Gomel, 6 Piacdziasiat gadow BSSR Street, Gomiel 246032, Belarus
Corresponding author: T. S. Dovzhenok (t.dovzhenok@mail.ru)

Abstract. We consider herein the well-known problem of F-irregular graphs in relation to the class of biconnected
graphs F. It is established that for any natural n > 8 there exists a K;-irregular graph of order n. The concept of an al-
most-almost F-irregular graph is introduced, on the basis of which a sufficient condition for the existence of an infinite
number of F-irregular graphs is found for each graph F from the specified class. It is proved that for any biconnected
graph F, the minimum of whose vertex degrees is 2, there are infinitely many F-irregular graphs.

Keywords: F-degree of a vertex; F-irregular graph; biconnected graph; (K3, K, )-consistent graph; almost-almost F-ir-
regular graph; strong hypothesis about F-irregular graphs.
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BBenenune

Bynem paccMmarpuBath TOIBKO MTPOCTHIE KOHEUHBIE HEOPHEHTHPOBAaHHbIE Ipadbl HA ABYX M OOJIee BEPITHHAX.

Ha py0exe 1980—90-x rT. B Teopuu rpadoB BO3pOC HHTEPEC K UPPEryIsapHbIM rpadam (T. €. rpadam, B He-
KOTOPOM CMBICJIE TIPOTUBOTIONIOKHBIM PETYIIpHbIM). B Takux rpadax mo0bie 1B BEPIIHMHBI OTJIHYAIOTCS IPYT
OT ZIpyra Mo OJHOU M TOH ke XapakTepuctuke. Hanboee ectecTBeHHBIM OBUTO OBI BHIOPATh B KAUE€CTBE 3TOM
XapaKTepPUCTHKH CTENeHb BepnHbl. OAHAKO, KaKk U3BECTHO [1], He cymecTByeT HU OJHOrO rpada, cTeneHn
BCEX BEPIIMH KOTOPOTO MOTMApHO pa3nuyHbl. [lomoOHas cuTyanus mprBeia K pa3BUTHIO TEOPHU JIOKATHHON
upperyisipHocTu. B pabote [2] npeacraBieHsl 1 U3yYeHBI CHIBHO HeperyisipHbIe Tpadbl, B KOTOPBIX JTHOObIE
JIBE BEPIIMHBI U3 OKPY)KEHHUS TIPOU3BOJIHLHON BEPIITMHBI HMEIOT pa3Hble creneHu. [[pobaema onpenenenus up-
perynsipabIX TpadoB BIepBbIe OblIa nccienoBana B crathe [3]. B HacTosmiee BpeMs: HanOosee Mokl 0030p
PE3YJIBTaTOB 1O JAaHHOM TeMaTHKe cofiepkuTcs B KHure «lIrregularity in graphs» [4]. Cpenu MHOTOUMCIICHHBIX
TTOJTXOJIOB K PEIIEHHUI0 YKa3aHHOH MpoOIeMbl 0c000€ MEeCTO 3aHMMAeT KOHIICTITUS F-UPPEerysapHbIX TpadoB,
KOTOpasi OCHOBaHa Ha OoJiee 00IIeM B3IIISIZC HA IPUPOAY CTETIICHU BEPILUHBIL.

B 1987 1. 6p110 MpenioxkeHo ciemyroiiee 0000IIeHNe TTOHATHS CTENICHH BEPIIUHBI U BBE/ICH B PACCMOTpE-
HHE HOBBI Kiacc rpadoB — F-upperynspabie rpadsr [5].

Omnpenenenne 1. [Iycts /' u G — rpadsl. F-crenenpio BepinHbl v B rpade G Oyzaem Ha3bIBaTh YUCIO MOJI-
rpados rpada G, m30OMOPPHBIX F U comepiKainux BEPIIUHY V.

Onpenenenne 2. ['pad G HazoBeM F-perynsipHBIM, €CIIH BCE €ro BEPIIUHBI UMEIOT OJMHAKOBYIO F-CTETICHb.
Bynewm roBopurts, uto rpad G sBaseTcs F-upperysipHbIM, eCiu F-CTeTeH! BCeX BEPIIUH JaHHOTO rpada mo-
MapHO Pa3INYHBL.

[ycts K, u K, , | — monHbl rpad) 1 3B€31a Ha 71 BEPLUIMHAX COOTBETCTBEHHO. Kak ObLI0 OTMEUEHO paHee,
HU ofuH rpad He sBisieTcst K,-upperynsapHbIM rpadgom (T. €. rpadoM ¢ pasIMUHBIMU CTETIEHSIMHU BEPIIHH).
Onnako mpu F'# K, BONpoc CyIIeCTBOBaHUS [-UpperymsipHbIX rpadoB, 3a MaJbIM HCKIIOUEHHEM CITydaeB, OC-
TAeTCs OTKPBITHIM.

B pabore [5] ObLI0 ycTaHOBIEHO, UTO IS F00OOT0 HATYPAIBHOIO /1 > 3 CyLIeCTBYIOT K, -UpperyispHbIit
u K, , |-MppETYIAPHBIN rpadpl, a TakKe ObLIA BBIIBUHYTA CIIEIYIONIAs THIIOTE3A.

I'unore3sa 1. J{s mro6oro csizHOro rpada F Ha Tpex U 0oJiee BEpIIMHAX CYIIECTBYeT F-UpperyispHbli rpad.

B nanbueiimem kakux-mi00 Ipyrux OECKOHEYHbIX cepuii rpados, ommynbix 0T K, 1 K, |, KOTOpbIE Obl
MTOITBEPKIAIH TUTIOTE3y 1, paBHO Kak W rpad)oB, OMPOBEPTAOIINX €€, HAIeHO He Obu10. B cBsI3n ¢ 2THM
MIOCTPOEHHE TaKuX cepuil rpadoB, a Takxke pa3paboTka METOJOB AOKa3aTelbCTBa F-upperyaspHocty rpados
SIBJIIFOTCS] BAXKHOU 3aJ1auei Ha IyTHU JOKAa3aTeJIbCTBA TUIIOTE3HI 1.

Omnpenenenue 3. Bepimna rpada Ha3bIBaeTCsl TOUKOH COUIICHEHUS], €CIIU TIOCIIe YalleHusI M3 rpada 3Toi Bep-
IIMHBI CO BCEMH WHIUJICHTHBIMU € peOpaMy YBEITMIMBAETCSI YUCIIO KOMITOHEHT CBSI3HOCTH Tpada. J[ByCBsI3HBIM
rpadom OyzieM Ha3bIBaTh CBSI3HBIN rpad Ha Tpex U Oosee BeplInHAX, HE COJIEPKAIIHA TOUEK COUIICHEHHS.

B nannoii padote npoOiema F-upperynsapHbIX TpadoB HccieayeTcs B Kilacce ABYCBSI3HbIX TpadoB F.

B paznene «K;-upperyispHsie, (K3, K, )—COFJ'IaCOBaHHBIe rpads» BBOIMTCA HOHsTHE (K5, K, )—COFJ'IaCOBaH—

HOTO rpada U Ul KaXJ0Iro HaTypaJabHOIO 72 > 8 JOKa3bIBAETCS CYLIECTBOBaHUE K;-UPPETYISPHOIO, (K3, K, )—
COINIACOBAHHOTO Ipada nopsiika 7.
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B paznene «O 1ocTaTouHOM YCIIOBHHU CYIIIECTBOBAHHS OECKOHEUHOTO Yucia F-HpperysipHbIX TpadoB s
JIBYCBSI3HBIX I'padoB F» onpeaensieTcsi HOBBIH Kilacc rpadoB — MOYTH-TIOUTH F-upperyisipHsie rpadsl. B Ta-
KHX Tpadax 4ucio pa3iniHbIX F-CTeNeHel BepLIMH POBHO Ha 2 OTIMYAETCs OT YHMCIIa BCEX BEpLIMH rpada.
B TepMuHax nmo4Tu-mouTH F-UpperyispHbIX rpadoB I KaXKA0TO ABYCBA3HOTO rpada F HaxoIuTcs 10CTaTou-
HOE yCJIOBHE CYLIECTBOBAHUS OECKOHEUHOTO YHCIIa F-UpPeryIsipHbIX rpadoB.

B pasznmene «O OeCKOHEUHOCTH YHCciia F-HPPeTyIsIpHBIX TpadoB Il NBYCBA3HBIX TpadoB F C 6(F ) =2»

MTOKa3bIBACTCS, YTO IS JIFOOOTO IBYCBA3HOTO rpada F, MUHUMAaIlbHAS U3 CTETIeHeH BEpIINH KOTOPOTO paBHA 2,
CYIIIECTBYET OECKOHEUHO MHOTO F-HpperysapHbIX TpadoB. B gacTHOCTH, 7151 1F000TO HATYypaIbHOTO 77 > 3 MHO-
xecTBO C,-UpperyisipHeIX rpagos, rae C, — IpoCTOi LUK Ha 71 BEPILIUHAX, OECKOHEUHO.

[lycte G = (V(G), E (G)) — rpad ¢ MHO)KECTBOM BEPIIINH V(G) 1 MHOXECTBOM pebep £ (G) B pabore
UCTIOJIB3YIOTCS CIIeyIOLIe 0003HAUCHHMS:

° |M | — YHCIIO 3JIEMEHTOB MHOXKECTBA M,

° |G| = |V(G)| — gucio BepmuH B rpade G (mopsaok rpada G);

* (u, v) — peGpo rpada ¢ KOHLAMH B BEUIMHAX U, V, U # V;

° N, (v) — OKpY’)KEHHE BepIIMHBI v B Tpade G;

e deg,v, F'deg,Vv — crenens u F-cTeneHb BeplInHbl v B rpad)e G COOTBETCTBEHHO;

*3(G)= VIEnVi(I};)degGv, A(G)= vrenlfl(%)degG v.

K;-npperynsipusie, (K;, K, )-cornacoannbie rpagbi

Onpenenenne 4. ['pad G nazoseM (K, K, )-COrmacoBaHHEIM, eI uis T00bIX BeputuH i, j €V (G) ¢ pas-
HbIMU K;-cTenieHsiMu u3 yeiosus K; deg;i > K5 deg; j cinenyert, uto deg,i > deg, /.

Jlemma 1. Eciu cywecmeyem Ky-uppezynaphuiii, (K3, K, )—coaﬂacoeanublﬁ epag G, é komopom B(G) =2
U Kadcoas eepuiuna umeem nonodcumensvuyio Ky-cmenens, mo na |G| +1 sepwunax mooxcno nocmpoums Ki-
uppezynsapHulil, (K3, K, )—coa/zacoeaHHblzZ epagh G, maxoi, umo 8(G1)=1 u A(G1 ) < |Gl| -1

HoxazarenscTBo. [Ipeamonoxum, uto cymectByeT rpad G, yIOBIETBOPSAIONINI YCIOBUIO JIEMMBI 1.
Iockonbky 8(G ) =2, ToTpad G conepKUT BEpILUHY CTeeHH 2 (0003HaUYMM €€ Yepe3 V) ¥ HE COICPKUT BEPILUH
crenenu 0 unu 1. [lanee u3 ycnosus deg; v =2, K; deg; v >0 cnenyer, uto K, deg, v =1, a Tak kak G sBnsercs
K;-upperynsapHbIM rpadoM ¢ MOI0KUTEIbHBIMU K;-CTENIeHIMH BEpILIUH, TO Jr00as BEpPIINHA U € V(G), u+v,
YAOBIIETBOPSIET YCIIOBHIO

Kydeg,u=>2, deg,u>3. (1

JHo6asuM k rpady G BepimHy w 1 pedpo (v, w). [Tomyuennstii rpad HazoBeM G,. O4eBHIHO, UTO degsw=1,
Ky deg;w=0, deg;v =3, Kydeg;v=1,acrenenn u K;-crenenu scex BepiunH rpada G, OTIMIHBIX OT V, HE H3-
MeHWIHCh pH nepexozie oT Gk G,. Toraa ¢ yuetom ycnosus (1), a Takske B cuity K;-MpperyinspHOCTU U (K 3 K, )—
COITIacOBaHHOCTH rpada G MpUXOAUM K BbIBOAY, 4TO rpad G, siBusercs K;-UpperyispHbIM U (K3, K, )—corna-
coBaHHBIM. OCTaJIOCh 3aMETHUTh, YTO €CIIN A(G1 ) = |G1| —1, To B rpadhe G, ecThb BeplIMHA, CMEXHAasi CO BCEMU
OCTaJIbHBIMH BEPIIMHAMH, B YACTHOCTHU C BepIIHHOU w. [10 MocTpoeHHIO TaKkol BEPIIMHON MOXKET OBITH TOJh-

ko BepmuHa v. Ho Torna G = K, 4ro npotusopeunt K;-upperynspHocty rpadga G. 3Hauur, A(Gl) < |G1| -1
Jlemma 1 moxaszana.

Jlemma 2. Eciu cywecmsyem Ky-uppezynapHulii, (K3, K, )—coaﬂacoeauublﬁ epag) G maxkoti, umo S(G) =1
u A(G) < |G

epagh G,, 6 Komopom ES(G2 ) =2 u n0bas eepuiuna umeem nonodicumenvryro Ky-cmeneno.

-1, mo na |G| +1 sepuwunax moocrno nocmpoums Ks-uppeeynaphoiii, (K3, K, )-coa/zacoeaHHbzﬁ

HoxazarenbcTBo. [Ipennonoxkum, uto cymecTtByeT rpad G, yIOBICTBOPSIOIIUA YCIOBUIO JEMMBI 2.
Hob6aBum Kk rpady G BepLIMHY X U COEIMHUM ee pedpamu co Bcemu BepiunHamu rpada G. [lomyueHHsli rpad

Ha30BeM (,. JIerko BUJETh, YTO AJIs1 1F000M BEPIIMHBI U € V(G2 ), U # X, CIIpaBEJIUBHI PABCHCTBA
degg,u =deggu +1, Kydegg u = Kydeggu + deggu. )

B wactHOCTH, U3 paBeHCTB (2) 1 S(G) =1 nomyyaem, 4To S(G2 ) =2 u Bce BepinHbl rpada G, UIMEIOT 110-
JIO)KATENBEHYIO K;-CTETIEHb.
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PaccMoTpum ABE TPOU3BOIBHBIE BEPIIUHEI I, ] € V(G), i # j. B cuny Ks-upperynspHoctu rpada G umeem
Kideg;i+# Kydeg j. [lycts nna onpenenennoctu Kydeg,i > Kydeg, j. Torna u3 (K3, K, )-COFJ'IaCOBaHHO—
cru rpada G cnenyer, uro deg,i > deg j, U C ydeTOM paBeHCTB (2) moayyaeM

Kydegg i > Kydegg j, degg i 2degg . 3)

Jlaee paccMOTpUM MPOU3BOJIBHYIO BEPIIUHY U € V(G) U JIOKaXEM, YTO

Kydegg x > Kydegg u, degg x >degg u. 4)

JeiictBurensHo, mockonbky A(G) < |G| -1, To B rpade G Haiinercst Bepunna y takas, uro (u, y) ¢ E(G)
u, cienosarensHo, (u, y) ¢ E(G, ), otkyna

degg,u < G,|-1= degg, x.

Hanee st nokasarenbcrsa HepaBeHeTBa Kydeg, x > Kydegg, u 3amernym, 4to K;-CTeleHb BEPLIMHBI Ipa-

da cosnaznaer ¢ uuciaom pedep B noarpade, NOPOKACHHOM OKPY/KEHMEM 3Toil BepiuuHbl. I1ycTh BepivHa
zeV(G) rakoBa, uro (y, z) € E(G). Torna noarpady rpapa G, HOPOKICHHOMY OKPYKCHHEM BEPIUMHEI U,

He NPUHAIEKHUT pebpo (y, z), a Takke He npuHaIeKar deg;u peGep, MHIMACHTHBIX BepunHe u. Ciejto-
BarenbHO, Kydeg,u < |E(G)| —deg,u —1, otkyna Kydeg,u + deg,u < |E(G)| —1. Takum ob6pazom, ¢ yueTom

PaBeHCTB (2) BBIIONHSETCS HepaBeHCTBO Kydegq u < |E (G)| — 1. C mpyroii cropousl, Kydegg x = |E (G)| Cre-

noBarenbHo, Kydeg, x > Kydegq u uist mo0oii BepIINHBL U € V(G). Tem caMbIM 3aBEpILICHO J10Ka3aTEIbCTBO
HepaBeHCTB (4). Hakoner, n3 dopmyn (3) u (4) nomyuaem, 9rto G, sBisercst K;-MpperyispHbIM, (K3, K, )-co-
IJIacoBaHHBIM Tpadom. Jlemma 2 nokazaHa.

Teopema 1. [[ns nioboco namypanvrnozo n = 8 cywecmeyem Ky-uppeeynsapHulii, (K3, K, )-COZJzacoeaHHbzﬁ
epag nopsioxa n.

JNlokasaTtenbcTso. Pacevorpum rpad Dy ¢ MHOXKecTBOM BepimH {1, 2, 3, 4, 5, 6, 7, 8}, n300paxeHHblit
Ha puc. 1.

6 2

Puc. 1. T'pad Dy
Fig. 1. Graph Dy

JoxkaxeMm, 4To Dy siBHsieTCa K;-UppeETyIspHBIM, (K3, K, )-COI‘JIaCOBaHHI)IM rpagom.
B Tabnuue s kaxknoii BepimHbl v rpada Dy ykazaHsbl ee cTeneHb (deg p V) Ks-crenens (K, deg p,V)> @ TaKKe

BCce TpeyrosbHUKU (noarpadsel rpada Dy, nzomopdHbie K;), B KOTOpPbIe OHAa BXOIUT, IPU 3TOM TPEYTOIbHUK
C BEpIIMHAMU d, b, ¢ 3amuCchIBacTCA Kak abc.

Crenenu u K;-crenenn sepmun rpaga Dy

Degrees and K;-degrees of the vertices of the graph Dy

veV(Dy) TpeyronbHuku, Kydegpv | degpv
B KOTOPbIC BXOJAUT BEPIIUHA V
178, 348, 368, 458, 478, 568, 578, 678 8 6
178, 267,457,478, 567, 578, 678 7 6
236,267, 368, 567, 568, 678 6 5
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OKOHYaHHE TaOaHIBI
Ending of the table

Ve V(DS) B KOTopTIfeezigjg[;I;y;KeI;mHHa v = dengv dengv
5 457,458, 567, 568, 578 5 4
4 348, 457, 458, 478 4 4
3 236, 348, 368 3 4
2 236, 267 2 3
1 178 1 2

W3 tabnuupl cnenyet, uto Dy siBiseTcs K;-UpperyispHbIM, (KS, K, )-cornaCOBaHHLIM rpadom. 3amMeTum
TaKXe, 4YTO 8(D8 ) =2 u K;-crenenu Beex BepunH rpada Dg mosnoxutenbHel. Takum 00pa3oM, COTIacHO JIEM-
Me 1 cymecrByeT K;-UpperyisipHbIi, (K3, Kz)-cornacosaHHmﬁ rpad D, mopsiaka 9, B KOTOpOM 8(D9)=1
u A(Dg) < ‘Dg‘ —1. Torna u3 neMMsl 2 caenyeT CylnecTBOBaHUE K;-UPPEryIAPHOIO, (K3, K, )—COFJ'IaCOBaHHOFO
rpada D,, nopsiaka 10, B koTopom 5(D1o ) =2 n K;-CTeneHn Beex BEpIINH MOJI0KATENbHBI. [ Iponomkus yepeno-
BaTh IPUMEHEHHE JeMM | U 2, Hoy4uM, 4To IS JF000r0 HaTypaibHOTIO /1 > § CyIEeCTBYeT K;-UpperyiisipHblIi,
(K , K, )—COFHaCOBaHHBIﬁ rpad D, Ha n BepimHax. IIpy 3ToM A7 Ka’KA0T0 HEYETHOTO 71 BBIIIOIHACTCS YCIOBHE

S(Dn ) =ln A(Dn ) < |Dn| —1, a 171 KaXKI0T0 YETHOTO 7 IMEET MECTO PABEHCTBO S(Dn ) =2 n K;-cTenenu Beex

BepuH rpada D, nonoxurensHsl. Teopema 1 noka3aHa.

O 10€TaTOYHOM YCJIOBMH CYIIECTBOBAHUA 0€CKOHEYHOI0 YN CJIa
F-upperyaspabix rpagoB AJis1 ABYCBA3HbIX rpa¢gos F

Onpenenenne 5. ['pad G Ha30BeM MOUTH-NIOUTH F-UPPETYISIPHBIM, €CITH CPEIn F-CTENICHEH BEPIIHH 3TOTO
rpada ecTb pOBHO |G| — 2 pa3nuuHbIie F-CTENCHH.

Omnpenenenue 6. HazoBem BepunHy rpada F-npobiaeMHOM, eciu B 3TOM Irpade ecTh Apyras BepLInHa
C TOMH e F-CTeNneHsblo.

3ameuanue 1. lloutn-noutn F-upperynspusiii rpag nmeer 1100 pOBHO TpU F-IpoOIeMHBIE BEPILUHBI, IPU
9TOM HX F-CTeIleHH paBHBbI, IHOO POBHO ABE NMapbl /-IpoOIEMHBIX BEPLIMH, IPUYEM B KaX 101 1ape F-cTerneHn
BEPILIMH COBIA/IAIOT, @ BEPLIMHBI U3 Pa3HbIX ap UMEIOT pa3Hble F-CTEICHU.

Onpeneaenne 7. [lycts rpad G He sBiusiercs F-peryiasipasiM. Uepes d (G, F ) 0003HauNM MHUHUMAaJIbHBIN

W3 MOJIyJIel pa3HOCTEH MEXIly Pa3lMuHbIMU F-CTENICHSIMU BepIIuH rpada G.

B cnenyromeit Teopeme iist KaxI0ro IBYCBA3HOTO rpada F MoaydeHo JOCTaTOYHOE YCIOBUE CYIIeCTBOBA-
HUs OECKOHEYHOTO YUCIa F-UpperyispHbIX rpadoB.

Teopema 2. Ilycmo F — 0gycesznbiil epagh u ons moboeo uucaa p > 0 cywecmeyem nowmu-noumu F-up-
peaysipuvlil epap G, YO081emeopsrowuil YCao8usim:

1) a’(G, F)>p,'

2) F-cmenenu ecex sepuiun epaga G npesocxoosm p.

Tozoa cywecmeyem beckoneuno MHoeo F-uppezynapuvix epagos.

HoxaszarennctBo. [lycts p > 0. PaccMoTpuM mociieoBaTeIbHOCTh MTOYTH-TIOUTH F-UPPETYISPHBIX Tpa-
¢oB G, G,, ..., G\ F|+1 CTIEIYIOILIETO BUA:

Fdeggv>p VveV(G),

®)
d(G;,,, F)>2m, Fdegg v>2m, Vie(l,2, .., |F|}. veV(G,.,),
rie m; = max Fdeg;u.
. e V(G;) gGi
Cy1ecTBOBaHHE TAKOW MOCIEAOBATEIBHOCTH BBITEKACT U3 YCIIOBHS TCOPEMBI 2.

U3 ompeeneHust IOCIE0BATENBHOCTH (5) JIETKO YCTAHOBUTH HCTHHHOCTD CIICAYIOIINX HEPABCHCTB!
my <y <my <. <, (6)
Fdeggu<Fdeg; v Vie{l,2,...|F|}, ueV(G,),ve V(G,.H). (7
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Hanee B xaxxaoM rpade G,, i€ {1, 2, .., |F | +1}, BbIOEpeM JBe F-IIpOOJIEMHbIE BEPILIMHEL V;, W), V; # W,
(puc. 2), npu 3toM eciu G, COAEPKUT YeThIpe F-IIpoOsieMHbIe BEPIIHHEI (3amMedaHue 1), To v, w; BbIOUparoTCs

U3 Pa3HBIX Map.

Puc. 2. Tpader G, G,, ..., G‘F‘
Fig. 2. Graphs G, G,, ..., G‘F‘

Paccmorpum rpad O, koTopslii o6pasyercs us rpados G, G,, ..., G‘ F|+1 TTYTEM TOCIIENIOBATEILHOTO CKIICH-

BaHWs BEPIIUH V; U W; , | U KQXJIOTO I € {1, 2, ..., F| + 1}, TIPH STOM Wip, 5 = W. Bepuny rpada Q, nomy-

YEeHHYIO B pe3yJIbTaTe CKICHBAHUS BEPIIUH V; U W, , |, OyZleM Ha3bIBaTh TOUKOH CKICHKH 1 0003HAYaTh yepes z;
(puc. 3).

ZIF|+1

Puc. 3. Tpap O
Fig. 3. Graph Q

B nanbreiiem a5 ynoocTBa BEpIIMHEL v, U W, , ; TpadoB G, u G, , | Oynem Taxke 0003HadaTh uepes z,. Tem
cambIM U3 rpada G; B CKiIeiiKke yJacTBYIOT ABE€ BEpPIIUHBI — Z; | U Z;, TIPU 3TOM Z; = 2|1
Torna B cuimy BeIOOpa BEPILHH Z; _ | U Z; HOIYIHUM

FdegGl_u;thegGiv ‘v’ie{l, 2, . F| +1}, u, veV(G,.), u, ve{zi,l, zi}, TE (8)

Hoxaxem, uto rpad Q asisercs F-upperyaspabiM. 1 Hagaga 3ameTuM, 4to J1r000# noarpad rpada G,
ie {1, 2, .., |F | + 1}, nzoMopHBIN F, sBiseTcs Taxke noarpagom rpada Q. C npyroit ctoponsl, rpad O He
COZIEP’KUT HOBBIX MOATPaoB, N30MOP(HBIX /' M OTIIMYHBIX OT TEX, YTO €CThb B Ipadax G, i € {1, 2, .., |F | + 1}.
JlelCTBUTEIBHO, €CITH 3TO HE TAK, TO JIN0O O/IHA M3 TOYEK CKICHKH SBIISETCS TOUKOH COUICHEHHS B HOBOM MO/
rpade, 1100 HOBBIH moarpad coaep KUT LMK, MPOXOAALINNA Yepe3 BCe TOYKH CKIICHKH, T. €. UMeeT OoJiee |F |

BeplIMH. B 000MX ciydasx moixy4aeM MpoTHBOpeure n3oMop(hHOCTH HOBOTO noarpada rpady F. 3Ha4yuT, 1ist
F-creneneit Bepiva rpada O B MPEAIOIOKESHUN, YTO G\ Fle2= G,, IMEIOT MECTO COOTHOLLECHHUS

Fdeg,z; = Fdegg z; + Fdeg;  z, )
Fdeng = FdegGiv Vie {1, 2, ...,

F| +1}, veV(Gi), VEZ |, Z

-
Torma n3 popmyi (7)—(9) cnemyeT, 9To JTrOOBIC ABE pa3IWMYHBIC BepIIHHBI Tpada O, OTINIHBIC OT TOUYCK
CKJIEMIKU, UMEIOT pa3Hble F-CTENEHHU.
Ilycte i e {1, 2, ..., |F |} Jiist Touek ckieiiku B rpade O crpaBesuBbl YTBEPKICHHS:
1) Fdeg,z, > Fdeg,v Vk e{l,2,..., i}, veV(G;), v#z, 2y

2) Fdegyz; < Fdeg,v Vkeli+2,i+3,..,|F|+1}, veV(G,), i<|F|;
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1

4) Fdegyzp,, > Fdegyy Vve V(G‘F‘H);

3) Fdegyz; # Fdegyv Vve V(G.H), V#Z;

5) Fdeng‘F‘H # Fdeg,v VVEV(G\F\H), VE 2R

HcrunHOCTh YTBep)KaeHMI 1)—5) ycTanapnuBaercst Ha ocHoBaHuH Gopmyi (5)—(7) u (9).

Hoxaxxem ytBepknenue 1). Ecim i =1, To 11 Bcex v € V(G1 ), V# Zip 41> 21, IMEEM

+1°
Fdegyv=Fdeggv<m <2m < Fdegg z) < Fdegg z; + Fdegg, z, = Fdeg, z,.

Ecmm i€{2,3, .., |F

1,10
Fdegyv<Fdegg v+ m; < m+m; <2m; <Fdeg; z; <Fdeg,z,.
Jlokaxkem yTBepxkaeHue 2).

Fdegyv2Fdeggv>2my_22m; > m; +m; 2 Fdeg;z; + Fdeg, z, =Fdeg,z,.

1

Hoxaxem yrepxaenne 3). Bemmauny F'deg,u — F'deg;  u GyneM HasbIBaTh IPHDKKOM BEPLINHEL U € V/ (G. 1 )

CornacHo cooTHOIEHUAM (9) BCEe BEPIIMHBI U3 V(G. 1 ), OTJIMYHBIE OT Z;, Z

i COBCPIIHNIIN HYJICBOU PLIKOK,

i+1°
IIO3TOMY HA30BEM UX HCIIOIBUKHBIMU BECPIITMHAMM. B cBoro O4Y€pEab, NPBIKKU BEPIIVH Z;, Z; , | TOJIOKUTECITbHBI
1 PaBHBI FdegGi Zj, FdegGHzZHl COOTBECTCTBECHHO, ITIOOTOMY 6yILeM TOBOPUTB, UTO BEPIIWHEI Z; U Z; , | IOA-
IIPBITHYJIA.

ITycte ve V(GI.H), v#z;, 2, BEcma Fdeg, v=Fdegg z;,T0
Fdegyz; > Fdeg; z;=Fdeg; v=Fdegyv.

Ecin Fdegg v# Fdegg z;,To F-cTenenn BepiunH z; n v Brpade G, , | B CUIly HEPaBEHCTBA d(Gi 1o

F ) >
> 2m; oTnu4arorcs 6onee yem Ha 2m,. CreloBaTeNbHO, U1 PABEHCTBA [-CTENEHEH BepIIMH z; M v B rpade O
BEpHIMHA Z; JOOJDKHA «OOIPBITHYTH» 10 HeHOIIBPI)KHOﬁ BCPUIMHBI Vv, YTO HEBO3MOXXHO, ITOCKOJIBKY IIPBIKOK BEP-
IIUHBI Z; HE IPEBOCXOANT ;.

Hoxaxem, uro Fdeg,z; # Fdeg, z; . JlelicTBUTENbHO, ecl i € {1, 2,...,

F|—1},To

Fdegyz;, > Fdegg z; . >2m; >m+m;,  2Fdeggz + Fdeg, z;=Fdeg,z,.

i+1

Ecmmi= |F

, TO IPBIKKH BCPIINH Z‘F‘ n Z‘F‘ +1 HOJIOXKUTCIIbHBI, PA3JIMYHBI U HC IIPCBOCXOMAT m‘F‘ um; COOT-

BeTCTBeHHO. Takum obpaszom, eciau F degqﬂ R = F degqp‘ \AF|+1> TO Fdeg, Zp * Fdeg, 2|1 IO TIpHIHMHE

+1°

HEPABEHCTBA MPLUKKOB BEPUIMH Zjp U Zipy ;- Ecmu xe F degqp‘ﬂz‘ 'k F deg%ﬂz‘ Fl+1> TO F-crenenu BepumH

Zp U Zp| 1 B rpade G‘ F|+1 B CHJLY HEDABEHCTBA d (G‘ 10 F ) > 2m‘ F| OTIHHAIOTCS Ooree yeM Ha 2m‘ A Creno-

BaTENbHO, JIJISl PABEHCTBA ['-CTENIEHEN BEPILNH Zp| M Zp| 1 B rpade Q ofHa U3 3TUX BEPIIUH JOKHA ITOIIPHIT-

HYTb Ha BEJIMYUHY, TPEBOCXOASAULYIO 2m‘ F|> UTO HEBO3MOIKHO, OCKOIBKY Zm‘ F| > Mg >y

Hoxaxxem ytBepxkaenue 4). [Tycts v e V(Gk), ke {1, 2, ..., |F }, v # Zpp 2|1 Torma

FdegQVSFdegGkV + m‘F‘ < my + m‘F‘ < 2m‘F‘ < FdegG‘p‘HZ‘F‘Jrl< FdegQZ‘F‘H.

JlokazaTenbCTBO YTBEPKACHUS 5) aHATIOTMYHO J10Ka3aTeNIbCTBY YTBEPKACHUS 3).

U3 ytBepkaennii 1)—5) criemyet, 4To TOUKH CKICHKH HE SIBISIOTCS F-npoOneMHBIMU BeplIMHAMU B (.
Kpome Toro, kak rmokaszaHo BBIILE, JIIOObIE IBE BEPLUIMHBI U3 (J, OTIIMYHBIE OT TOYEK CKICHKH, UMEIOT pa3Hble
F-crenenu B Q. 3naunrt, rpad Q siBrsieTcs F-upperyispHbIM.

Ocranock 3aMeTuTh, 4T B rpade () Bce BEPILIUHBI UMEIOT F-CTENeHH, OOIBbILHUE p, TOATOMY MPH JOCTATOYHO
OONBIINX 3HAYCHHUSIX P MOJKHO TIOCTPOUTH F-upperyaspHbiii rpad Q co CKOIb YTOIHO OOJIbIINMH 3HAYCHUSIMH
F-creneneii BepnH. CnenoBareibHo, F-upperynsapHbix rpados OeckoHedHo MHOTO. Teopema 2 qokazaHa.
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O OeckoHeuHocTH YHcaa F-uppery/sipubix rpagos
JUISI IBYCBSI3HBIX rpadoB F ¢ §(F)=2

B stom paszzpene Oyzer ucciaenoBaH BOIPOC O YHCIEHHOCTH F-UpperyssipHbIX rpadoB B ciaydae, Korna I —
JBYCBSI3HBIN Irpad) ¢ MUHUMAJIBHOW CTENCHBIO BEPLIMHBI, PABHOU 2 (S(F ) =2).
Onpenenenne 8. bynem roBopuTh, 4TO BEPIIUHEI U, V B Tpade G MMEIOT OYTH OAMHAKOBOE OKPYKEHHE,
ecin (u, v)€ E(G) u Ng(u)\{v} = Ng(v)\{u}.
Jlemma 3. Ecnu 6epuiunst u, v 6 epaghe G umerom 00uHaxKo8oe uiu noumu 00UHAKO80e OKpYHceHue, mo Os
06020 epagha F eepHo pasencmeo
Fdeg,u=Fdeg,v.

JoxazaTtenbcTBO. ICTHHHOCTE JIEMMBI 3 HEMOCPEICTBEHHO BHITCKACT M3 CYIICCTBOBAHUS aBTOMOP-
¢busma f: V(G) - V(G) TaKoro, 4TO

f(u)zv, f(v)zu,f(w)szweV(G), WU, V.

Teopema 3. /[na n0b02o 08yceasnozo epagha F munumanvnas uz cmeneneil eepuiun Komopozo pasia 2,
cywecmsyem Oeckoneuno MHo20 F-uppecynsiprulx epaghos.

JNokasarenscTso. Iycrs |[F|=n. Hockonsky 8(F ) =2, 10 B rpade F ects BepuuHa crenenn 2. 06o-

3HAYMM 3Ty BEPILUHY YEPE3 W, & CMEXKHBIE C HEW BEPILUHBI Yepe3 X U y. 3aMETHM, UTO eclu n = 3, 10 F = K;
U TpeOyeMblil pe3yabTaT CleayeT U3 TeopeMsl 1.

[Tycts Teneps n > 4. B 3TOM cityuae U1 J0Ka3aTeNnbCTBa CYLIECTBOBAHUS OECKOHEUHOTO YHCa F-uppery-
JSIPHBIX IpadoB JOCTATOYHO MOKA3aTh, YTO IS JII0OO0TO0 p > 0 CyLIECTBYET IOYTH-NIOYTH [ -UpperynspHbIi rpad,
VIAOBJIETBOPSIFOIINN YCIOBUAM 1) U 2) TeopeMbr 2.

[Tycts p > 0. BeiGepem Takoe HaTypaibHOE /, ISl KOTOPOTO BBIIIOJIHEHO yCIOBUE

l>n,l>p(n—3)!+3. (10)

Torna npu n > 4 B cuity ycnosus (10) cipaBenniBa orjeHKa

/-3)! [—n+1)({-n+2)...(I-3 -
Cn7—33 — ( ) :( )( ) ( )2 [-3 > p. (11)
(n—3)!(l—n)! (n—3)! (n—3)!

Hanee paccmorpum rpad 75, , C MHO)KECTBOM BEPIIHH V(Tzz _2) ={1,2,..., 2/ - 2}, B KOTOPOM BePLINHbI
1,2, ..., ] o6pasyror monHsiii moarpad, a nroGas BepiunHa ¢ Homepom i, rae i € {{ +1,1+2, ..., 21 — 2}, coenu-
HeHa pedpaMH cO BCEMH BEPLUIMHAMH MHOKECTBA {i —I+1L,i-1+2,..,1 } U TOJIBKO C HUMH.

Jlnst HaraAHOCTH U300pa3uM BepiuHbl rpada 7,, , Ha ABYX ypoBHsAX. Bepmmnsl 1, 2, ..., / pa3mMecTum
Ha BEPXHEM ypOBHE, a BepmmHbl / + 1, / + 2, ..., 2/ —2 — Ha HWKHEM YPOBHE B TOPSIIKE BO3PACTaHUS UX HO-

MEPOB CJIEBA HAIPaBO TAKUM 00pa3oM, YTOObI J100asi BEPILIUHA | HUXKHEI'0 YPOBHS pacliolaraiach CTporo Mnoj
BepmnHOW i — / + 1 BepxHero ypoBHs (puc. 4). Torna to0bie Be BEPIIMHBI BEPXHETO YPOBHS OyIAyT CMEKHBI,
a KaK7asi BEpIIMHA | HIDKHETO YPOBHS OyJeT CMeKHa TOJIBKO C BEPIIMHOW i — / + 1, pacmonoXeHHoi cTporo
HaJl HEeH, ¥ BCEMH BEPIIMHAMH BEPXHETO YPOBHSI, PACIIONIOKEHHBIMH TipaBee i — [ + 1.

1+1 [+2 1+3 2[-2

Puc. 4. Tpad T,,_,
Fig. 4. Graph T,,_,

Iyctp i € V(Tzl_z), t; :FdegTZ,_zi'

3ameTuMm, uTo BepiuuHbl 1 u/+1 B rpade 7,, , UIMEIOT OJJMHAKOBOE OKPYKEHHE!

NTzl-z(l): NT21_2(1+1)={2’ 3, l}
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Kpome Toro, cmesxHble Bepiuiunbl / — 1 u / B rpade 75, , UMEIOT II0YTH OJMHAKOBOE OKPYKEHHUE!
NT21*2 (l B 1)\{1} - NT2172 (l)\{l - 1} = V(TZI—Z )\{l - 19 l}

3HaYHT, TI0 JIeMMe 3 MTOTydnM

L=l =1 (12)
JokaxkeM Ternepb, 4TO CHpaBeAJIUBLI HEPABEHCTBA
ho>t Vie{l, 2, ..., 1-2}. (13)

Mycrs i€{l, 2, ..., I —2}. Pacemorpum rpadp H =Ty, _,\(i + 1, + i) (puc. 5).

[+1 I+i-1 [+ I+i+1 2[-2

Puc. 5. Tpap H=Ty, ,\(i +1,1+1)
Fig. 5. Graph H = Tz,_z\(i +1,1+1)

Bamernm, uto Ny (i )\{i +1} = Ny, (i +D)\{i} ={1, 2, ..., [ + i = 1}\{i, i + 1}. CnenoBarenbHo, CMEXHbBIC BEp-
muHbl i ¥ i + 1 B rpadhe H UMEIOT IOUTHU OAUHAKOBOE OKPYKEHUE U, 3HAYUT, 110 JleMMe 3 noiydaeM Fdeg, i =
= Fdeg H(i + 1). JpyruMu ciioBaMu, BEpIINHBI i U i + 1 BXOIAT B 0OAMHAKOBOE 4uciIo noarpados rpada Ty, ,,
n30MOpGHBIX F 1 HE cozlepKaImx pedpo (i +1,/+ z'). U3 sToro cnenyer, uTo £, , | — ;= |A|, rjae A — MHOXECTBO
Bcex noarpados rpada 7, _,, 130MOpQHBIX F, coaepKalux pedpo (i +1, [ + i) ¥ He COEPIKAIIIX BEPIIHHY .

OueHum |A| Paccmorpum Bepmiabl i + 1,7 + 2, [+ i 1 TPOU3BOJIBHBIE 72 — 3 pa3IMYHbIC BEPIINHBI BEPXHETO
ypoBHs rpada Ty, ,, ONIMUHbIE OT 4, i + 1, i + 2. Yka3zaHHBII Ha0Op BepMH 0003Ha4nM uepes V). [Tockons-
Ky JIFOOBIC JIBE PA3/IMYHbBIE BEPIIUHBI U3 Vl\{l + i} CMEXHEI B 1), _, U (i +1, [+ i), (i +2, 1+ i) € E(T2,_2), TO
rpad 7,, , conep:KuT noarpad L ¢ MHOKECTBOM BEPILHH V}, n30MOP(HBII /' 1 TaKOIi, 4TO BEPILIMHAM X, y, W IPa-
¢a F coOTBETCTBYIOT BepIIMHBI i + 1, 7 + 2, / + i (B ykazaHHOM niopsiake) noarpada L. Kpome toro, noarpady L
MIPUHAIIICKHUT PeOpo (i +1, 1+ ) 1 HEe IPUHAIJICKUT BepIInHa i. 3Ha4YHT, L € A. Takum 006pazom, KayKIoMy Ha-

0opy U3 n — 3 pa3IUYHBIX BEpPIINH BEPXHEro ypoBHs rpada 7,, ,, OLINYHBIX OT i, i + 1, i + 2, COOTBETCTBYET
noarpad u3 A, mpu 3TOM pa3HbIM Ha0OpaM MO MOCTPOCHUIO COOTBETCTBYIOT pa3Hble moarpadsl u3 A. Takux

HabopoB poBHO C "__33 , TIODTOMY #; | — ;= |A| > C,”_‘f u ¢ yueroM oreHkH (11) momydyaem
to—t>pViell,2,..., -2} (14)

B wactHocTH, n3 hopmysnsl (14) pu p > 0 ciexyer ucTuHHOCTH HepaBeHCTB (13).
Jloka)keM Ternepsb, 4TO CIPaBEIINBbI HEPABEHCTBA

>t Vje{l+1,1+2,...,21-3}. (15)
[ycte je {l+1, I+2,..., 21—3}. Paccmotpum rpad G=T2,_2\(j—l+1, j) (puc. 6).

1+1 j j+1 20-2

Puc. 6. Tpab G =T, _,\(j—1+1, j)
Fig. 6. Graph G =Ty, _\(j—1+1, j)
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Mockoneky Ng(j)=Ng(j+1)={j—1+2, j—1+3,...,1}, To u3 memmsr 3 cuenyer, uro Fdeg j=
:FdegG(j+1). Tornma tj— th =|B

, Tne B — mHOXecTBO Beex noarpagos rpada 7, ,, n3oMopdHbIX F, co-
JeprKamux peopo ( j=I+1 ) U HE COJEPIKAIUX BEpIITUHY j + 1.

Onennm |B| Paccmorpum Bepmmubl j—/+1, j—[1+ 2, j 1 MpOU3BONIbHBIE 7 — 3 pa3iHyYHbIE BEPUIMHBI
BepXHero ypoBHs rpada 7, ,, omuuHble oT j — [+ 1, j — [ + 2. Yka3aHHbI HaOOp BepLIMH 0003HaYUM depes V.
Tax kak 1m00bIe 1Be pasnuunble Bepuruasl u3 V)\{ j} emexusi B Ty ,u (j—1+1, j),(j—1+2, j)e E(T2, s ),
to rpa¢ 75, , comepskut noarpad M ¢ MHOKECTBOM BEpILIUH V,, N30MOpGHBII F' 1 TakoH, 4TO BEPLIUHAM X, J, W
rpada [’ cooTBeTCTBYIOT BepwmHbl j —/+1, j—1+2, j (B ykazaHHOM nopsake) noarpada M. Kpome Ttoro,
noarpadgy M npuHaJICKUT pedpo ( j-I1+1 ) U HE MPUHAUICKUT BepmmHa j + 1. 3Hauut, M € B. Takum
o0pa3oM, Kax10My HaOOpy U3 # — 3 pa3IuuHbIX BEPLIMH BEpXHEro ypoBHs rpada 75, ,, OTIMYHBIX OT j — [ +1,
j—1+2, coorBercTByeT moarpad u3 B, mpu 3ToM pa3sHEIM HAOOpaM IO TOCTPOSHUIO COOTBETCTBYIOT pa3HbIC
noxarpadsl u3 B. Takux HaOOpPOB POBHO C,”_’;, IO3TOMY 1; —1;, | = |B| b C,”_‘; u ¢ ydetoMm oueHku (11) u uc-

THHHOTO NpH 1 > 4, [ > n mepasenctsa C'~; > C/'”; momydaem

=t >pVje{l+1,1+2,..,20-3} (16)

B wactaOoCTH, 13 hopmynsr (16) ipu p > 0 creayeT HCTUHHOCTH HepaBeHCTB (15).
Ha ocHoBanuu ¢popmya (10), (12), (13) u (15) nmeem

L=t (>l > . >L>h=, >, ,>... >t 3> _,. (17)

W3 cootnomenutii (17) cnenyer, uro cpeau F-creneneit BepiunH rpada 7, , poBHO 2/ — 4 = ‘TZI _ 2‘ — 2 pas-
Au4HBIX F-cTeneneil. 3Hauut, 75, , — HOYTU-TIOYTU F-UpperyIspHblil rpad.

U3 popmyn (14), (16) u (17) nomxydaem, uto d (T2]— 2 F ) > p. CnenoarensHo, rpad 75, , yIOBIETBOPSET
ycinoBuio 1) Teopemsr 2.

HoxaxeM, uto rpad 75;_, yAOBIETBOPSIET yCI0BHIO 2) TeopeMsbl 2. Jl1s 3TOro ¢ yueToM cooTHomeHui (17)
JIOCTATOYHO T0KAa3aTh, YTO BEPHO HEPABEHCTBO

Li-2>P- (18)

Kax u BbllIe, HETPYIHO YCTAHOBUTB, UTO B Ipade 75, , €CTh XOTs Obl C”__23 noarpagos, H30MOpHHBIX F,

cozepKaux BepuMHy 2/ — 2 u n—1 BepuIMH BepxHero yposHs rpada 7, ,, BKmodast / —1 u /, Takux, 4To
BEpIIMHAM X, J, W Tpada F COOTBETCTBYIOT BepIuHbI [ — 1, [, 2/ — 2 (B yKa3aHHOM TIOPSIJIKE) TaHHBIX TIOATPA-
¢os. CinenosarenbHo, Ipu n > 4, [ > n ans F-crenenu Bepiuunsl 2/ — 2 B rpade 75, , B cuily HepaBeHcTBa (11)
CIpaBe]IMBa OlICHKA

by ,2C 5 >Cl > p.

Tem camMbIM UCTUHHO HEpaBEHCTBO (18).

TaxuMm oOpa3zom, Bce yCIOBHs TeopeMbl 2 coOmoneHbl. ClaenoBaTeNbHO, CYIIECTBYET OCCKOHETHO MHOTO
F-upperynspHbeIX rpadoB B ciry4ae, Korna F sSBiseTcs JBYCBSA3HBIM Tpad)oM mopska n > 4 ¢ 8(F ) =2. Teo-
pema 3 okazaHa.

CaencrBue u3 TeopeMsl 3. s 1100020 HamypaieHo2o n = 3 cywjecmeyem deckoneuno muozo C,-uppe-
eyasapuvlx epagos, eoe C, — npocmoui Yuki Ha N 6ePULUHAX.

3akiroueHue
B paOore HaiineHO NOCTAaTOYHOE YCIIOBHE CYIIECTBOBAHMSI OECKOHEUHOTO YHCIIa F-UpperyisipHbIX Tpados
Juis1 100oro ABycBs3HOTO Tpada F. Taxke ObUIO JOKAa3aHO, YTO MHOXKECTBO F-UPPETYISpHBIX TpadoB Oecko-
HEYHO B ciy4ae, Korja /' — Mpou3BOJIbHBIA JBYCBSA3HEIN rpad ¢ 6(F ) =2.

ABTOpBI IOJTAraloT, 4TO HApsAy ¢ THIIOTEe30H | crpaBemnnBO Oojee CHIIBHOE yTBEPXKICHUE, KOTOPOe Ha-
30BEM CHIIbHOW THIIOTE30i 00 F-UpperyispHbIX Irpadax.

I'mnoresa 2. /1y nro0oro cesizHOTO Tpada F Ha Tpex u Oojiee BEPIIMHAX CYIIECTBYET OECKOHEYHO MHOTO
F-upperynsapHsix rpagos.
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