





HOACHUTEJIBHASA 3AIIMCKA

Hesaun v 3aqaun yueOHOM THCIUIIMHBI

Heab yuyeOHOM TUCHUIIIMHBI — O3HAKOMJICHHE CTYIAEHTOB MarucTpaTyphl C
OCHOBaMHU TEOpPUHU TMPOIIECCOB MACCOBOTO OOCITYXHBaHUS M BO3MOXHOCTEH ee
OpUMEHEHUsl IS aHaiu3a M ONTUMM3AIMU TEJIEKOMMYHUKAIIMOHHBIX CETeH,
MIPOU3BOJICTBEHHBIX, TIOTUCTUYECKUX, TPAHCTIOPTHBIX U APYTUX CUCTEM.

3anauu y4eOHO JUCUUIJINHBI:

1. UW3ydeHne OCHOBHBIX TIOAXOJOB M METOJOB TEOPUH MAaCCOBOTO
00CITy)KNBaHHUS;

2. ®OopMHpPOBAHHE NPAKTUYECKUX YMEHUM W HABBIKOB NPHUMEHEHHUs 3TOU
TEOPUH JJISI UCCIICIOBAHUS CUCTEM C KOPPEITUPOBAHHBIMH ITOTOKAMH.

MecTo y4eOHOM AUCUMINIMHBI B CHCTEME MOATOTOBKM CHEHHAIUCTA C
yIIIyOJIEHHBIM BBICIIUM 00pa30BaHUEM (MAarucTpa).

Y4eOHast TUCHMIUIMHA OTHOCUTCS K KOMIIOHCHTY YUPEKIECHUS 00pa30BaHUs
U BXOuT B MoayJib «Special methods for analysis in applied problemsy.

Jucnumnaa «Queueing systems analysis and optimization» croco6cTByeT
ycrnenHomMy usydeHuto auciuiinibl «Methods for statistical analysis of complex
datay wmomyns «Specific methods of analysis», NpOXOXIEHHIO TPAKTUKH U
HAITMCAHUIO MarUCTEPCKUX TUCCEPTAIIUN.

TpeOoBanus K KOMIETEHIUIM

OcBoenne yueOHOW nucuuruiMHbl «Queueing systems analysis and
optimization» J0MKHO o0ecnednTh (POPMUPOBAHUE CICAYIOIINX KOMITIETCHIIUH:

yuuegepcanvnwle xomnerenuuu (UC):

UC-1. To be able to apply scientific cognition methods in research activity,
to generate and realize innovative ideas.

cneyuanuzuposannsvle xomneteHuu (SC):

SC-4. To choose a relevant queueing system as an adequate model of a real
situation to perform its analysis and optimization on parameters.

B pesynbrare ocBoeHMs y4eOHOU JUCIUTUIMHBI MATUCTPAHT JTOJKEH

3HATh:

- OCHOBHBIE NOHATHS TEOPUH MACCOBOTO OOCIY>XKMBAHUS U HCIIOJIb3YEMYIO
CUMBOJIHKY;

- OCHOBHBIE METOMBI HWCCIENOBaHUS Ieneld MapkoBa W METOIBI
MapKOBHU3aLMU HEMAPKOBCKUX MPOIIECCOB;

- OCHOBHBIE CUCTEMBI MaCCOBOTO OOCITY>KUBaHUSA, JIJISI KOTOPBIX CYIIECTBYIOT
aHAJIUTUYECKUE PE3YIIbTAThI;

- ocobeHHOCTH TpadKka B COBPEMEHHBIX CHUCTEMaX M CETAX MacCOBOIO
0OCITyKHBaHHS U MHCTPYMEHTAPUH ISl UX aHATUTUYECKOTO MOJICIIUPOBAHNS;

- BO3MOXHOCTH HCHONB30BATh  PE3yAbTAaThl NI peUIeHHs  3aaad
ONTHMH3AIUNA U ONTUMAIBHOTO YIIPABIICHHUSI;

yMeTh:



- UCTIOJIb30BaTh METOABI TEOPHUU MACCOBOTO OOCITY>KMBAHUS JJISI IOCTPOCHUS
aZICKBaTHBIX MOJENIed peaJbHbIX CHCTEM | IPOIECCOB, IMOMTAIOIINXCS
AQHATTMTUYCCKOMY WIIA aJITOPUTMHUYCCKOMY HCCIICIOBAHUIO;

- BEIOMpATh aJIeKBaTHBIC METO/BI JIJIS1 MICCIICOBAHUS TIOCTPOCHHBIX MOJIETICH;

- 3((eKTUBHO pemraTh 3a/1a491 BBIJICTICHUS OCHOBHBIX ()aKTOPOB, BIIHSFOIINX
Ha TPOM3BOAMTEIHHOCTh CHCTEM, TIIOMCKAa VY3KHX MECT ¥  TOBBIIICHHSI
3¢ HEKTUBHOCTH pabOThl MOJIETUPYEMBIX CUCTEM U CETEH;

BJA/1eTh:

- TCOPETUYECKUMH 3HAHUSMU Oa30BBIX CHCTEM OOCIYXXUBaHUA U
MaTeMaTUYeCKUMHU METOJaMU X UCCIICIOBAHMS;

- HaBBIKAMH TIOCTPOCHUS MOJICTICH M CCTEM M MX aHAJIN3a;

- YMEHHSIMU aHAJIM3UPOBATh BO3MOXHOCTH ONMTUMHU3AIMHN PAOOTHI CUCTEM 32
CUYeT BapbUPOBAHMS AWCIUIUIMHAMH JOCTyna W OOCITYy)XHMBaHHS, a TakKe
yIpaBlIeHUs TaprudaMu OIIaThl 3a 00CITy)KUBAHHE.

CTpykTypa yueOHOo TUCIUTLINHBI

JuciumuinHa u3ydaercs Bo BTOpoM ceMecTpe. Beero Ha uzydenue yueOHOM
mucuuIuInHbl «Queueing systems analysis and optimization» oTBeeHO:

— JIJI1 O4HOM (OPMBI MOTYUYEHHUS YIITYOJIEHHOTO BhIcIIero oopazoBanus — 120
yacoB, B TOM uuciie 40 ayauTOpHBIX YacoB, M3 HUX: Jekuuu — 20 yacos,
naboparopHbie 3aHATHS — 20 4acoB.

TpynoeMkocTh y4eOHOM AUCIUIUIMHBI COCTABISIET 3 3a4ETHBIC AMHUITBI.

dopma MPOMEKYTOUHOMN aTTECTALUH — 3A4ET.



TEACHING MATERIAL CONTENTS

Section 1. Methods to study classical queuing systems
Topic 1.1. Mathematical methods to study classical queuing systems
Introduction. Input flow, service time.
Markov random processes. Probability generating function, Laplace and
Laplace-Stieltjes transforms.
Single-server Markovian queuing systems. Semi-Markovian queuing
systems. Multi-server queues. Priority queues. Multiphase queues.

Section 2. Methods to study queuing systems with correlated arrivals

Topic 2.1. Methods to study queuing systems with correlated arrivals

Batch Markovian arrival process (BMAP). Phase-type distribution.

Multidimensional birth-and-death processes.

G/M/1-type Markov chains.

M/G/1-type Markov chains. M/G/1-type Markov chains with finite state
space.

Asymptotically quasi-Toeplitz discrete-time Markov chains.

Asymptotically quasi-Toeplitz continuous-time Markov chains.

Section 3. Queuing systems with waiting space and correlated arrivals
Topic 3.1. Queuing systems with waiting space and correlated arrivals
BMAP/G/1 queue. BMAP/PH/N queue. BMAP/PH/N/N queue.

Section 4. Retrial queuing systems with correlated input flows
Topic 4.1. Retrial queuing systems with correlated input flows
BMAP/PH/N retrial system. BMAP/PH/N retrial system in the case of a
phase distribution of service time and a large number of servers.



YYEBHO-METOIUYECKAS KAPTA YUYEBHOM JUCIUILIAHBI

Ounas dhopMa MmoTydeHus YITyOIEeHHOTO BBICIIETO 00pa30BaHMs C MPUMEHEHHEM TUCTAHIIMOHHBIX 00pa30BaTeIbHBIX
texHosoruii (JJOT)

In-class hours
Num Section, topic | Supedrvise
berin Practica
g Lectures classes Seminars Labs Other | self-study, Knowledge test form
hours
1 2 3 4 5 6 7 8 9
1 Mathematical methods to study 6 2
classical queuing systems
1.1 | Mathematical methods to study 6 2 oral test
classical queuing systems
2 Methods to study queuing systems 10 6
with correlated arrivals
2.1 | Methods to study queuing systems with 10 6 abstract
correlated arrivals colloquium
written report on home
practical exercises with
their oral defense
test Ne 1
test No 2
3 Queuing systems with waiting space 2 6
and correlated arrivals
3.1 | Queuing systems with waiting space 2 6 written report on home
and correlated arrivals practical exercises with
their oral defense




4 Retrial queuing systems with 2 6
correlated input flows
4.1 | Retrial queuing systems with correlated 2 6 written report on home
input flows practical exercises with
their oral defense
test Ne 3
test Ne 4
TOTAL 20 20




NHOOPMAINNOHHO-METOANYECKASA YACTD

Principal textbooks

1. bopoBkoB, A. A. Teopust BeposiTHOCTEH : yueOHOE mocoOue Jisi CTYJICHTOB
BBICIIUX y4E€OHBIX 3aBEJICHUM, 00yJarOIMXCs 10 HAIPaBICHUIO MOATOTOBKHU
010100 "Maremaruka" / A. A. bopoBkos. - 1U3a. crep. - Mocksa : URSS :
JInbpoxom, 2023. - 652 c.

2. HacsipoB, ®@. C. OCHOBBI T€OpUHU CIy4YaWHBIX MPOLECCOB : YUYEOHUK MJIA
UCIIONIb30BaHMsI B 00pa3oBarelbHOM  Mpolecce  o0pa3oBaTesbHbBIX
OpraHu3alliii, pealu3yllINX MPOrpaMMbl BBICIIETO OO0pa30BaHUS IO
HaANpaBJICHUSIM TOJATOTOBKM OakanaBpuara "llpuxnanHas maremaTuka |
unpopmaruka" / ®@. C. Hacwipos. - Craperit Ockon : THT, 2022. - 221 c.

3. T'menenko, b. B. Kypc Teopuu BeposTHOCTEH : yUeOHUK JUIsl CTY/. Mart. CIIell.
yH-TOB / b. B. I'Henenxo ; [mpemmucn. A. H. lupsiesa] ; MI'Y um. M. B.
Jlomonocosa. - M3xa. 13-e. - Mocksa : URSS, 2022. - 448 c.

4. CkakyH, B. B. MmurtannmoHHO€ MOIEIMPOBAHUE CTOXACTUYECKUX CHUCTEM:
ydyeOHOEe MocoOHe AJiA CTYIEHTOB YUPEKIECHUN BBICIIET0 00pa30BaHUA IO
CIIEHUAIBHOCTSIM paguopU3UK M KOMIBIOTEpHBIX TexHoyiorudt / B. B.
Cxkakyn, B. B. Ananacosuu, O. M. Tuxonenko. - Muunck: PUBIII, 2022. -
167 c.

Optional textbooks

1. bouapos ILII., Ileunnkun A.B. Teopust maccoBoro o0cimykuBanus. — M.:
N3n-8o PY/IH, 1995. — 529 c.

2. BummneBckuit B.M., Hymun A.H., Knmumenox B.M. Croxactuueckue
CUCTEMBI C KOPPEJIWPOBAHHBIMH TOTOKaMH: Te€opusi ¥ TNPUMCHCHHE B
TEJICKOMMYHUKAIMOHHBIX ceTsax. — M.: Texaocdepa, 2018. — 564 c.

3. Hdymun A.H., Knumenox B.M. Cucrembl MaccoBOro oOCIyKHUBaHUS C
KOppenupoBaHHbIMU IToTokamu. — MH.: bI'Y, 2000. — 175 c.

4. Nynua A.H., Menseaes [.A., Menenen 10.B. Ilpaktukym Ha OBM mno
TEOPUU MacCOBOT0 o0cay)uBanus. — MH.: YauBepcurerckoe, 2000. — 109 c.

5. Chakravarthy S. Introduction to Matrix Analytic Methods in Queues 1:
Analytical and Simulation Approach — Basics. — London, Wiley-ISTE, 2022. —
368 p.

6. Chakravarthy S. Introduction to Matrix Analytic Methods in Queues 2:
Analytical and Simulation Approach — Queues and Simulation. — London,
Wiley-ISTE, 2022. — 448 p.

7. Dudin A.N., Klimenok V.., Vishnevsky V.M. The Theory of Queuing
Systems with Correlated Flows. — Springer, 2020. — 432 p.



8. Stewart W.J. Probability, Markov Chains, Queues, and Simulation. The
Mathematical Basis of Performance Modeling. — Princeton University Press,
2009. — 766 p.

IlepeuyeHb peKOMEHAYEeMbIX CPEACTB IUATHOCTUKH U METOAHKA
(GopMupoBaHUA UTOTOBOM OTMETKU

OOBeKTOM JHAarHOCTUKH KOMIIETEHIIMM MarucTpaHTOB SIBISIOTCS 3HAHUS,
YMEHUS, TOJYyYEHHbIE HMMHU B pe3yJIbTaT€ WU3y4YEeHHs Y4EeOHON JUCUUIUIMHBI.
BrisiBieHHE Y4YEOHBIX JOCTHXKEHHI MAarvCTPaHTOB OCYIIECTBIISIETCS ¢ IMOMOUIBIO
MEPOIPUATUN TEKYLIEr0 KOHTPOJISL U IPOMEKYTOUHOM aTTeCTalUu.

JUIst TMarHOCTUKYA KOMIETEHIINI UCIOIb3YIOTCS Ceayomue (OopMbl:

1. YerHas ¢opma: onpoc;

2. IlucbmenHas popma: KOJITOKBUYM, KOHTPOJIbHBIE PAOOTHI;

3. VYcrHOo-nuchMeHHas (opma: MNHCbMEHHBIE OTYETHl IO JOMAIIHUM
IPAKTUYECKUM YIPAKHEHUSIM C UX YCTHOM 3aIlUTOM, pedepar.

dopmoii MPOMEKYTOUHOM aTTecTaluu no aucuuiuinee «Queueing systems
analysis and optimization» y4eOHBIM IIJIAHOM IIPETYCMOTPEH 3a4eT.

IIpu ¢dopMupoBaHHHM HTOrOBOM OTMETKHM HCHOJIB3YETCS pEeUTHHroBas
CUCTEMA OLICHKM 3HAaHUN MAarucCTpaHTa, AAOIIas BO3MOXHOCTb IPOCIEIUTH U
OLIEHUTh AUHAMUKY IPOIECCa JOCTUKEHUS Lieei 00yueHusl.

PelitnHroBass cucremMa NOpegyCMAaTpUBaeT  MCIIOJIB30BAHHUE  BECOBBIX
K03 (PUIIMEHTOB B XOA€ MPOBEACHHUS KOHTPOJBHBIX MEPONPUATUN TEKyIIeH
arTecTaluu.

[IpumepHble BecoBble KOA((UIMEHTHI, ONPEACISAIONINE BKIAA TEKyIIEH
aTTecTaluy B OTMETKY MPHU MPOXOKIECHUU IPOMEKYTOUHOM aTTeCTalluu:

@opMUPOBaHHE OTMETKH 32 TEKYIYIO aTTeCTAIUIO:

—  noarotoBka pedepara — 15 %;
—  KOJUIOKBUYM — 15 %;
—  BBINIOJIHEHUE KOHTPOJIbHBIX paboT — 35 %;

- IMOATrOTOBKAa IMMCBbMCHHBIX OTYCTOB II0 JOMAIIHUM IPAKTUYICCKHUM

ynpaxHeHusam — 35 %.

HUrtorosasg orMeTka mo AUCHMIUIMHE PACCUMTHIBACTCS HA OCHOBE OTMETKH
TEKyIlled aTTecTaluu (PEUTHUHTOBOM CHUCTEMBI OLIEHKM 3HAHWN) M OTMETKU Ha
3a4eTe C YYeTOM HX BeCOBBIX Kod(hduimeHToB. Bec oTMETKH TO TeKymien
arrectauuu cocraBisaeT 40 %, ormeTku Ha 3adete — 60 %.

Sample list of topics for labs

Class Ne 1. Single-server Markovian queuing systems. Multi-server queues.
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Class Ne 2. Batch Markovian arrival process (BMAP). Phase-type
distribution.

Class Ne 3. Multidimensional birth-and-death processes. G/M/1-type
Markov chains. M /G /1-type Markov chains.

Class Ne 4. Asymptotically quasi-Toeplitz discrete-time Markov chains.
Asymptotically quasi-Toeplitz continuous-time Markov chains.

Class Ne 5. BMAP/G/1 queue.

Class Ne 6. BMAP/PH/N queue.

Class Ne 7. BMAP/PH/N/N queue.

Class Ne 8. BMAP/PH/N retrial system.

Class Ne 9. BMAP/PH/N retrial system in the case of a phase distribution
of service time and a large number of servers.

Class Ne 10. BMAP/PH/N retrial system in the case of a phase distribution
of service time and a large number of servers.

Sample list of test topics

Test Ne 1. Batch Markovian arrival process (BMAP). Phase-type distribution.

Test Ne 2. Asymptotically quasi-Toeplitz continuous-time Markov chains.

Test Ne 3. BMAP/PH/N retrial system.

Test Ne 4. BMAP/PH/N retrial system in the case of a phase distribution of
service time and a large number of servers.

Onucanne HHHOBAIMOHHBIX MOAX0/I0B U METOI0B K NMPENoaaBaHUIO
yueOHOI TUCIUIINHBI

[Ipu  opranmzammu  oOpa30BaTENIbHOTO  MPOIECCAa  HCIOJIB3YeTCS
NPAKMUKO-OPUEHMUPOBAHHBLI NOOX00, KOTOPBIN IIpe/Ioaraer:

- OCBOCHHUE ConepkaHre 00pa30BaHus Yepe3 PelIeHUs MPaAaKTUIECKUX 3a/1a4,

- mpuoOpeTeHrne HABBIKOB J(P(GEKTUBHOTO BBHITIOJHEHUS Pa3HBIX BUIOB
npoeCCHOHAIBHOU IeSITENLHOCTH;

- OPHCHTAIIMI0O HA TCHEPUPOBAHUE WJCH, peaM3aIi0 TPYIIOBBIX
CTYICHUECKHUX MPOEKTOB, Pa3BUTHE TIPEIATPUHUMATEIIBCKON KYJIbTYPHI;

- UCTIOJIb30BAHUIO  TPOIIEAYP, CIOCOOOB OIIEHUBAHUS, (PUKCUPYIOIIUX
c(hopMHPOBAHHOCTH MPOPECCHOHATBHBIX KOMITCTCHITHH.

Taxke npu opraHm3ali 00pPa30BATEIHLHOTO TMPOIECCA UCHOIB3YEemCA
Memoo 2pynnoeozo 00yuenus, KOTOpbli peCTaBIsIeT co00i popMy opraHu3anuu
y4e0HO-TI03HABATEILHOW  JIEATEIBHOCTH  OOYYArOMIMXCS,  IMPEIIOJararoIlyo
(bYHKIIMOHUPOBAHKE PAa3HBIX TUIIOB MAJbIX TPYII, padOTAIONIUX KaK HaJ OOIIMMH,
TaK U CIeM(PUICCKUMHA YICOHBIMU 3aIaHUSIMH.

Metoanuyeckue peKOMEeHAAlMU 10 OPraHu3alul
CaMOCTOATEJbHOM padoThl 00yYAKOIMXCH
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[Ipy wu3ydeHUM y4YeOHOM AUCHUILIMHBI PEKOMEHIYETCS MCIOJIb30BaTh
cienyrotre GopMbl CaMOCTOSTEIILHON paOOThI:

— mouck (moabop) U 0030p JIUTEpaTypbl U DIECKTPOHHBIX MCTOYHUKOB IO
WHIMBUYaJIbHO 33JJaHHOM MpobiieMe JUCITUTUTHHBL

— BBINIOJIHEHUE JOMAIIIHETO 3a/IaHHUS;

— paboThl, TMpeaycMaTpHUBAIONIME pEHIeHUWE 3a7ad U BBINOJIHEHHE
yIPaKHEHUM, BBIJIABAEMBIX Ha JJA0OPATOPHBIX 3aHSATHUSX;

— U3y4eHHE MaTepuaia, BRIHECEHHOTO Ha CAMOCTOSTEIbHYIO TPOPA0OTKY;

— TIOJITOTOBKA K JTa0OPATOPHBIM 3aHSTHSIM;

— MOJIFOTOBKA K 3a4eTy;

— HAY4YHO-UCCJIE0BATEIbCKUE PAOOTHI;

— aHajuM3 MaTrepualioB MO 3aJaHHOM Teme, WPOBEJACHUE PACUETOB,
COCTAaBJICHUE CXEM U MOJIeJIeil Ha OCHOBE CTAaTUCTHYECKUX MAaTEpUAJIOB.

Some topics for abstract preparation

[—

. BMAP/G/1 - -/M/N/0 queue with a group occupation of servers of the
second station.

2. BMAP/SM/1 - -/M/N /0 queue with a group occupation of servers at the
second station.

. BMAP/G/1 - -/M/N /R queue.

. BMAP/G/1 - -/M/N /0 retrial queue with a group occupation of servers at
the second station.

. Tandem of multi-server queues without buffers.

. Tandem of multi-server queues with cross-traffic and no buffers.

. Tandem of single-server queues with finite buffers and cross-traffic.

H W

~ O\ D

Sample list of questions for the examination

1. Queuing system components. Kendall notation. Input flow, service time.
2. Markov random processes.

3. Probability generating function, Laplace and Laplace-Stieltjes transforms.
4. Single-server Markovian queuing systems.

5. Semi-Markovian queuing systems. Method of embedded Markov chains.
6. Semi-Markovian queuing systems. Method of supplementary variables.
7. Semi-Markovian queuing systems. Method of supplementary events.

8. Multi-server queues.

9. Priority queues.

10. Multiphase queues.

11. Batch Markovian arrival process.

12. Phase-type distribution.

13. Multidimensional birth-and-death processes.
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14. MAP/PH/1 queue.

15. G/M/1-Type Markov chains.

16. M/G/1-Type Markov chains.

17. Asymptotically quasi-Toeplitz discrete-time Markov chains.

18. Asymptotically quasi-Toeplitz continuous-time Markov chains.

19. BMAP/PH/N queue.

20. BMAP/PH/N/N queue.

21. BMAP/PH/N retrial system. Case of impatient customers.

22. BMAP/PH/N retrial system in the case of a phase distribution of service
time and a large number of servers.

12



MMPOTOKOJI COINIACOBAHUSA YUEBHOM ITPOT'PAMMBI YO

Ha3zBanue Ha3zBanue [Ipennoxenus Pewenue, npunsitoe
yaeOHOM Kadenpsl 00 U3MECHEHUSX B kadempoit,
JUCLIMUILINHBIL, coliepkaHnM y4eOHol | pazpaboTaBieit
C KOTOpOi IPOrpaMMBbl y4eOHYI0
TpeOyercs YUpEeXACHUS BBICIICTO | IporpamMmy (c
COIJIacOBaHUE o0pa30BaHUS IO yKa3aHUEM JIaThl U
yUIeOHOU JUCHUIUIMHE | HOMEpa IPOTOKOJIA)
Methods for Kadenpa reopun | Her OcraBuTh
statistical BEPOSITHOCTEN U coJiepKaHue
analysis of MaTeMaTH4IeCKON y4eOHOM
complex data CTaTUCTUKHU JTUCITUTUTMHBI 0e3
U3MEHECHUS

(mpotokon Ne 1 ot
29 aBrycra 2023 1.)
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JIOMTOJTHEHUWSI U UBSMEHEHU S K YYEBHON TPOI'PAMME 110
N3YYAEMOU YYEBHOU JUCHUIIVIMHE
Ha / y4eOHBIH roj

Ne JlonmonHeHUsT 1 U3MEHEHUS OcHoBaHue
11/T1

VYuebHas nporpamMma nepecMoTpeHa u 0100peHa Ha 3aceaHuu Kadeapsl

(mpoTtokoi Ne oT 202 1)
3aBenytromuii kadeapoit
YTBEPXIAIO
Jekan daxynbrera
(y4eHas cTerneHb, yYeHOE 3BaHHE) (mommuck) (1.0.Pamumnms)
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