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ON THE SOLUTION OF THE POINCARE BOUNDARY
VALUE PROBLEM FOR GENERALISED HARMONIC
FUNCTIONS IN SIMPLY CONNECTED DOMAINS
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Abstract. In this paper, a boundary value problem of the Poincaré type is considered for one second-order elliptic
differential equation, generating a class of generalised harmonic functions, in simply connected domains with smooth
boundaries. It is established that for sufficiently general assumptions about the coefficients of the boundary value con-
dition of the considered problem, its solution reduces to the sequential solution of the well-studied integro-differential
Hilbert boundary value problem and the differential Hilbert boundary value problem in classes of analytic functions of
a complex variable. In addition, necessary and sufficient solvability conditions of the considered problem are obtained
and its Noetherian property is proved.

Keywords: differential equation; generalised harmonic function; Poincaré boundary value problem; generalised Hil-
bert boundary value problem; integral equation; simply connected domain.

BBenenune

I[Tycts L — npocrasi 3aMKHyTasi KpuBast JIAIyHOBa, Jiexkalas BHYTPH eJUHAYHOro Kpyra U, = {z : |z| < 1}
U 3aJJaHHasl MapaMETPUUYECKUM YPAaBHEHUEM BUJA Z = t(s) = x(s) + iy(s), 0<s </ rnes— nmwHa nyru [1],
a T'" — KOHEYHast YaCTh KOMIUIEKCHOM IIOCKOCTH MIEPEMEHHOI Z = X + iy, OrpaHuYeHHas KpuBoi L. B o6nac-
™ T paccmaTpuBaercs cienyromee quppepeHInatbHOe ypaBHEHHE:

82W(Z) B n(n +1)
0z0z (1 ZE)Z

w(z)=0, (1)

o 1(0 0 o 1(0 0

me —=—| ——i— |;—=—|—+i— [ W(z)=U(x,y)+iV(x, y)— HeusBecTtHas QyHKIUSI;, n — HEKO-
0z Z(Gx ay) oz 2[6x ayj ( ) ( y) ( y) by

TOpPOE HEOTPHUIIATEIHLHOE TIEJI0e YHCIIO.

B pa6orax [2; 3] 6bLI0 yCTaHOBJIEHO, YTO BCAKOE PEryNsipHOE peruenue ypasaenus (1) B oonactu 7' npes-
CTaBJISICTCS B BUJIE

W(z)=§OBZ[ E_jnkdk(p+(z)+§035[ - jn_kdkﬁ(z)’ )

1-2zz dz* 1-2zz dz*
2n —k)!
e By = u, a ¢'(z), f*(z)— ananmurnueckue B obmactu 7" QyHKIHHN.
k!(n - k)!
Tak kak nipu n = 0 peruenus ypaBHerust (1) sBISIOTCS KOMIUIEKCHO3HAYHBIMU TAPMOHUYECKUMH (yHKIHSA-

OW(z) _

207
paboram [4; 5], B nanbHeiimem npu n > 1 pemenns muddepennuansaoro ypasuenus (1) B obnacru T < U,

MU B o6actu 77 (T. €. peryasspHbIMU PelIeHUsAMH ypaBHeHus Jlamiaca 0 B o6nactu T), To, criemys

OyZeM Ha3bIBaTh 000OIIEHHBIME TADMOHMYECKMMHU (DYHKIUSIMH MOpsAKa 72 B obnactd T, a QyHKIMH (p*(z)
uft (z), BXOJIAIINE B ITPABYIO YaCTh MPEACTABICHUS (2), — TEPBON M BTOPOI aHAINTUIECKIMH KOMITOHEHTaMH
00001IeHHON rapMOHHYECKON (DYHKIIHA W(z) COOTBETCTBEHHO.

Yepes G, (T +) NH (m)(L) 0003HaYMM KJ1acc 00OOIICHHBIX TAPMOHMYECKUX (DYHKIIMHA MTOpsiIKa 7 B ob1ac-
™ T, IUIsl KOTOPBIX B MPEICTABIEHHH (2) aHAJTUTUYECKUE KOMIIOHEHTBI (p*(z), f +(z) € A(T *) NH ('")(L),
T. €. (p+(z), Y (z) HETpepbIBHO (B cMBIcTe [ €npaepa) MpomomkaroTess Ha KpUBOW L BMECTE CO CBOMMM TTPOU3-

BOAHBIMU 10 MOPAAKA 171 BKIIFOYHUTCIIBHO.
PaCCManI/IBaCTCﬂ CJICAYIOolIas KpacBas 3ajjava: Tpe6y€TC}I HalTH BCe 0606H_[€HHBIC TrapMOHHUYCCKUC (I)YHK-

unu W (z) nopsizka n (n > 1) B o6mactu 7, mpuHaLIexKAIIHE KIacCy Gn(T +) NH ("+1)(L) U yIOBJIETBOPSIO-
e Ha L ycioBHIO
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+c()W(t)=q(r), teL, 3)

rae a(t), b(t), c(t), q(t) — 3aJJaHHbIe Ha KPUBOH L KOMILIEKCHO3HAYHbIe (DYHKIMU U3 Kiacca H (L) (T. e. yoos-
netBopsitomne Ha L yciosuio I'énprepa).

HUcxons u3 padortsl [6, c. 80], chopmyanpoBaHHyI0 BbIILE 3a1a4y Oy/eM Ha3bIBaTh KpaeBoi 3anadei [lyan-
Kape Juis 0000IEHHBIX TAPMOHUUYECKHUX (DYHKIMI MOPsI/IKa 71, WM COKPAIIEHHO 3anaueil GP,.

B paGorax aBropoB [1; 4; 5] ObuTH HOCTpPOEHBI sIBHBIE pemieHus 3amnadun GP, B Kpyre Tr+={z: |z|<r},

0 <7< 1, ipu ompe/IeNIeHHBIX MPEATIOIOKEHUSIX OTHOCUTEIFHO KOA(PHUIIUEHTOB a(t), b(t), c(t) KpaeBoro yc-
noBus (3).

Hacrosimass cTaThs MOCBSILEHA MOCTPOEHUIO OOLIET0 KOHCTPYKTHBHOIO METOAa peuleHus 3agauu GP,
JUTSE 00OOIIEHHBIX TAPMOHUYECKHUX (DYHKIIMK B MPOU3BOIBHBIX OJTHOCBSI3HBIX 00JIACTSIX, TPAHUIIAMH KOTOPBIX
cirykaT KpuBble JIAmyHOBa, Jiexkaniue BHYTPH UHIUYHOTO Kpyra. Pain KpaTkocTH U3I0KESHHS OTPaHHYUMCS
pPacCMOTPEHUEM IIPEATIaraeéMoro Merosa peuleHus 3anadu GP, 11 0600IIeHHbIX TapMOHUUYECKUX (DYHKIMI
mepBoro nopsiaka (T. €. mpu 1 = 1), Tak KaK pacnpocTpaHeHHUE JJAHHOTO METO/Ia Ha CITydail MPOU3BOJILHOTO 71
COCTABIISICT JIUIIIb TEXHUYCCKHUE CJIOKHOCTH (BO3HUKAIOT OoJiee rpoMo3JIKue (hOPMYIIHI).

Pemenne 3anauu GP,
Paccmorpum ciyuait, korna a(t), b(t), c(t) € H(L),

a(t) +ib(t)#0, a(t) — ib(t) =0, t L. 4

Hpexcz[e YCM U3JIOXKUTH METO/ PCIICHUS 3aJa4n GPI, HAaITIOMHUM OJHO BCIIOMOTAaTCIIbHOC MHTCTPAJIbHOC IMPEC/I-
CTaBJICHUC IJI1 KyCOYHO-aHAJIUTHUYICCKUX (I)yHKL[I/Ifl KOMILICKCHOM HepCMCHHOfI, YCTAaHOBJICHHOC B MOHOI'pa-

¢bum [7].

[Tycts y = IndG, (t) —unjexc Komu pynkinuu G, (t) = a(t) + ib(t) BJI0JIb KPUBOMW L, MPUYEM B CHITY yCIIO-
BUi (4) nMeeM Gz(t) # 0. Torma (cm., Hatipumep, [7, ¢. 354]) cipaBeTHBEI CIACAYIONINE YTBEPKICHHS.
Jlemma 1. Eciu ¢hynxyus (p+(z) IS A(T+) N H(z)(L), Gz(t) #0,tel, uy <2, moumeem mecmo npedcmas-
Jenue
+ 1 n (G) ( ZJ KL k
=—|—>%(t—z)n|1-=|d , 5
[0} (z) 2t Gz(T)(T z) - |dT+ kgo .z ®)
20e p(cs) = p[‘t(c)] — OelicmeumenvHas QyHKYUs NepemMenHoll G € [O, / ] yoosiemeopsoujas yciosuto I énvp-

6epa, Cyp Cpy +ves C — KOMNJIEKCHbvle Yucia, a C._, — OeticmeumenvHoe (u/zu uucmo MHZ/IMOQ) uucno, onpe-

- +1 ¥+ 2

densiembie nNo 3a0aHHOU QYHKYUU (p+(z) €OUHCMBEHHbIM 00PA30M, NPUYEM 30eCb NOO ln(l - %j NOHUMAEMCsL
6emen, ucuezaroujas npu z = 0.

Jlemma 2. Eciu (hynxyus (p+(z) € A(T+) N H(z)(L), Gz(t) #0,tel, uy =2, moumeem mecmo npeocmas-
Jenue

<p+(z)=ij 1(c) (r—z)ln(l—%jdr+co, 6)

2miy GZ(T)
20e ¢, = (p+(0); u(c) = u[r(c)] — Oelicmeumenvhas QYHKYUs NePeMeHHOU G € [O, / ] KOmopas y0061emeo-

psiem ycaoguro I'énvdepa u onpedensiemcs no 3a0aHHOU GYHKYUU (p+(z) C MOYHOCMbIO 00 BbIPAICEHUS, T~
HelHO 3a8Ucsue2o om 2()( - 2) + 1 npoussonvivix OelicmeumenbHbIX NOCIMOSHHBIX, NPU4eM 30eCtb MmaKice oo

z
h’l(l - ?) NOHUMaemcs 6enesb, ucuesarouias npu z = 0.
3ameuanue. OTMETHM, YTO C TIOMOIIBIO TUPPepeHIINPOBaHUs U3 POPMYIBI (5) MONydYaroTCs CIeIyoNHe

NpeCTaBJIECHHUS:
do'(z) _ 1 I& ln(l— fj +1|dt +_XZ+:2kc !
& 2mi Gy(v) T =

2+ —y +2
d (pz(Z):L-I (o) dr n Z k(k—1)e, 22,
dz 21y Gy(t)t1—2z (T
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Amnanmornuno u3 GopMys (6) morydaeM

do’(z) __ 1 u(o) {m(l - %j + 1}1@

0z 0z

Bo-1epBbIX, 3aMETHM, 4TO C YYETOM COOTHOIICHHH — —,
Oox 0z 0z 6y

MOXHO epenurcaThb B CIACAYIOIICM BUAC!

IepexoauM HENOCPEICTBEHHO K perieHHIo 3a1a4u GP,.
o 0 0 0O ; 0 0
—, — KpaeBoe ycioBue (3)

L 1O (1) 1O (1)
[a(r)+ zb(t)]T +[a(r) - zb(t)]T +c(t)W (t1)=q(1), teL, (7)
e ow(t) _ i 6W(z); aW_(t) . 8W£z)‘
ot z—>tel Oz ot z>tel Oz
Bo-BTopbIX, 3 npeactaBnenus (2) npu n = 1 crnemyert, 4To Besikas 0000IIeHHAs TapMOHUYecKas (PyHKIIUS

W (z) u3 knacca Gl(T+) A H(z)(L) 3amaercs popMyIIoit
d(p+(z) N 2z (PJr(Z) . df+(z) f ( ) ce T ()

dz 1-zz dz l—zz

e @ ( ) f ( ) aHanMTHIECKUE B o6nacti 7 QyHKIMH, KOTOPBIE TIPHHAIEKAT KIACCY A(T +) A H' )(L)

W(Z)z

C yuetom npenctasienus (§) uMeem
2+ — + -2
WE)_FOE) 2 )

oz dt 1-zz dz (1 — Zg) (1 - Zg)z o
WE) 2 TG, 2 G, 22
oz _(1_23)2 (=) dz? -2z d- (I_Zg)Zf()'
B cury dopmyn (9) kpaeBoe ycinoBue (7) MpUHAMAET BU
[ (¢) +ib(t ]dz + {[a )+ ib(t ]lit_t? +c(t)}d®;t(t) +
2% a(r) + ib(z)] +2[a(r)—ib()] 27 .
" { (1- 17)2 ! l—tt?c(t)}P 1)+
Lol o0 L+ o) - (0] 2+ )| Y
20%[a(t) - ib(t)] + 2[a(t) +ib(1)] 2 —
{ e + 1_’17(:(;)} 77(0)=4(1).
B cBoro Oo4epelb, MOCJICAHEC PABCHCTBO MOXKHO 3alUCaTh CJICAYOIIUM 06pa30M
Gz(t)% 6024 G 1) (1) + M) dz; o,
+M1(t)df;t(t) e My() 7 () =q(t) 1eL (10)



ZKypnaa Besopycckoro rocyrapcrseHHOro yuusepeurera. Maremaruka. Mudgopmaruka. 2024;1:6-15
Journal of the Belarusian State University. Mathematics and Informatics. 2024;1:6-15

€ MIPUHATHI 0003HaUECHUS

27 [ a(t) +ib(t)]

Gu(r)=alr) + ib(1), Gy(r) ="
277 [a(t) + ib(t) ]+ 2[a(r) - ib(7)] | 2e(r )
(1-7) o

2t[a(t) - ib(1)]

Ma(1)=a(t) - (), 1 (1) =L

My (1) = 20[a(r) = ib(r) ] + 2[ a(r) + ib(t)] | 2ee(r)
: (1-47) -7

Tereps, mepexosis K KOMIUIEKCHO-COTIPSKEHHBIM 3HaYeHUSAM, 13 popmysl (10) nmeem

dzd;( + Gl( )d ;(t) " Go(t)(p+(t)+ Mz(t) d2§;2(t) N
df

(1)

- + My(2) f(1)=q(1), teL. (11)

[Tounenno cmokuB paBenctsa (10) u (11), a 3aTem paznenuB 00e JacTH MOTYYESHHOTO paBEHCTBA Ha 2, T10-
TyIUM

+ c(t),

Go(t)z

+ (1),

\-/

Gy(t)

+ Ml(t)

do’ (1)
dt

dch+(t)

dlz + Gl(t)

Re{Gz(t) + Go(t)cp*(t)} =0(t), teL, (12)

rae

_%{Mz(t) dz(f;t HONSYARLA 1(’) + Mo(0) £ (1) +
M, (1) "’Zl HOM Ml(t)df;t(t) 4 My(1) f*(t)} + 2 (a0)+ 4(1) (13)

B cBoto ouepenp, mounenHo BeIUTA U3 paBeHcTBa (10) paBenctso (11), a 3aTeM pazaenus 00e 4acTH MOJTy-
YEHHOT'O paBeHCTBA Ha 2i, OyeM UMETh

Im{Gz(t)dz;P;(t) +Gy(1) d‘P;t(’) + Gy (1Yo (1) +
. Mz(t)% @y f+(t)} “mg(1), re L. (14)

[Tycts, kak u npexae, y, = IndG, (t) — unpekc Komn dynkmun G, (t) BJ10JIb KpuBO# L. [Ipeanonoxum, 4ro
(byHKIHS Q(t) n3BecTHa. Torma paBeHcTBO (12) siBsieTcst muddepeHnuanbaoi 3amaueit [ mnpdepra oTHOCH-
TEJIHHO aHAIUTUYCCKON (DYHKITHH (p*(z) (cwm., Hampumep, [7, ¢. 357]).

Hanee, cnenys paGore [7, ¢. 357], ecnu y, < 2, To pewetns ¢ (z) auddepenunansuoit sanadn IunbGep-
Ta (12) Oymem uckars o opmyne (5), a eciu > 2, TO pelIeHus (p+(z) TAHHOM 3a7a4u OyJeM HCKaTh IO
dopmyne (6). B pesyinbrare noiaydaem BbIpaKeHUE, KOTOPOE MPEACTABISIET COO0H HHTErpaIbHOE YpaBHEHUE
®peronbMa BTOPOTO POjia OTHOCUTEILHO HEM3BECTHOM (yHKIIMH u( ):

(Ku)(s)=n(s) + [K(s, o)u(o)do =20(s Xz (15)

10
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rae sapo K (s, G) BIIOJIHE ONpPEIENIEHHBIM 00pa3oM BbIpakaeTcs yepes G, (t); Q(s) = Q[t(s)}. OTMETUM TaKKe,

-+ 2

4TO, MTOJICTaBUB B KpaeBoe ycioBue (12) cymmy Z cktk U €€ IIPOU3BOJHbBIE, a 3aT€M CIPYIIIUPOBAB YICHBI,
k=0

coziep KalIlue OJHY U Ty 7K€ IOCTOSIHHYIO ¢, MIOIY4YUM (QYHKIHU 0 (s), k=1,2, ..., = +2.

Urak, nuddepennuansaas kpaepast 3a1a4a [ miboepra (12) paBHOCHIIbHA HHTETpaIbHOMY ypaBHEHHIO Dpe-
ronbma (15) B TOM CMBICIIE, 9TO €CIH @ (z) — HekoTopoe pemenue 3anauu [ mnsoepra (12), To Haiigercs: GpyHk-
st p(s), sIBIsIOLAsicst peleHneM ypasHerus Ppearonsma (15) u eeszannas ¢ ¢ (z) no popmyre (5) (ecn
% < 2) wm popmyne (6) (ecau y > 2).

Jlanee BBeZEM B paCCMOTPEHUE OHOPOAHOE HHTETPAIbHOE YPaBHECHUE

(K’v)(s)zv(s)+jK(0, s)v(c)ch:O, (16)
COIO3HOE C ypaBHEHHEM L

(Ku)(s)=0. (17)

Kax m3BectHO (cM., Hampumep, [7, c. 175]), it pa3pemmmMoCcTH HEOTHOPOIHOTO HHTETPAITBHOTO YpaBHe-
aus @penronsma (15) (a 3HaunT, u 3agauu [ mwipdepra (12)) HEOOXOAUMO U JOCTATOYHO, YTOOBI BHITTOTHSITHACE
CJIC/TYIOIINE YCIOBUSI:

le (6)do=0,k=1,2,. (18)
e
- +2
0i(c)=20(c) - Re . ¢,0(5). (19)
k=0
a v,(c),v,(0), ..., v,(c) — nonuas cucrema IMHEHHO HE3aBUCHMBIX HAJl IOJIEM ACHCTBATEIBHBIX YHCEN Pe-

IICHUH OJTHOPOJTHOTO MHTETpasibHOTO ypaBHeHus (16). [lpu BemonHeHnn ycnoBuii (18) obmiee pemieHue He-
OZJHOPOJHOTO MHTErpanbHOro ypasuenus @penronsma (15) 3amaercs hopmynoit

jR dc+zﬁ u (s (20)

rne R(s, o) — 0606mennas pesonssenta siapa K (s, o) (om., Hanpumep, [8, ¢. 179]); Y B, () — obuwee pe-

j=1
LIeHHe OHOPOAHOrO ypaBHeHus (17), T. e. 3mechb Py, 5, ..., B, — IPOU3BOJIbHBIE ACHCTBUTEIILHBIE IOCTOSHHBIE.

Hakonern, moacraiisist pyHKINEO u(s), 3aaBaeMyto paBeHcTBOM (20), B ipaByro 4acTb ¢opmyis (5) (eciu
% < 2) nmm popmysel (6) (ecu y, > 2), monydaeM penienue auddepenimanpaoi 3aaaun [ mnsdepra (12) B Buae

¢'(z)= L lr l:Ql(G)JFJ.R(G: Gl)Ql(Gl)d‘51+;BJ“J(G)}(T_Z)IHKI_%%H

el e :
+ I;) Cka_%J G;(r)(t - Z)ln(l - ?jdt +L[RO(Z’ I)Ql(T)dTJr
! 1 S - +2

rIe
1 R(Gl, G) z
RO(Z, T) = EJW(TI - Z)ln(l - T_leTl’
- +2
KpOMe TOro, 311ech yuteHo, uto T =1(c), 7, = 1,(o; ). TIpn % > 2 B npasoii uactn popmyxsl (21) cymmy Y ¢,z

Hy’KHO 3aMeHHTb Ha uncio ¢, =¢" (0).
B cBoto odepenp, ¢ momornipio nuddepernrpoBanus u3 Gopmyisl (21) momydaem

%Z(z)_ 2ij‘ ){ (1—%}1}&%%@(1)411—

) f {Z By, (x Hln(l - —j + 1}11 n ﬂizkck , (22)

k=1
11



ZKypnaa Besopycckoro rocyrapcrseHHOro yuusepeurera. Maremaruka. Mudgopmaruka. 2024;1:6-15
Journal of the Belarusian State University. Mathematics and Informatics. 2024;1:6-15

2+ dzR ,
d(Pz(Z)ZLJ.Ql(T) dt +I O(Z T)Ql(r)dr+
dz 2mi Gz(r) Tz dz*
- +2 ia
+ ij {ZB u, (o } k; ke(k—=1)c 22 (23)
- +2 -+
[Ipu y > 2 B ipaBbIX YacTsx paBeHCTB (22) 1 (23) cymmbl Z kckz Z k— 1 ckz 2 COOTBETCTBEHHO

Oy/lyT OTCYTCTBOBATb. k=1 -

[epexons k npeneny npu z — ¢ € L, ¢ yaetom Gpopmyn Coxoukoro, Beipaxkenuit (13) u (19) uz popmyn (21),
(22) 1 (23) cOOTBETCTBEHHO MOTy4YaeM

o' (1)=3 [Re(62) dk; Oges 3 [n(e) dk; (e JR (59 (2)-

- ZLWJ%(T){Re:::ckwk(c)}“_t)ln(l_%de_JRO(t T [ XZ:: }dﬂ'
+ ﬁJ‘Gzl(T)l:éBju”(T)}( )m(l__]d“’_xi,:ck 24)

do* (1) _ i Ialle(t, 1) dkf+(t)dT i J-lekd(tt, 1) dkcj;;(’t)d'f*'J.%%(T)dt .
L L T L

-x+2 dR - +2
+ LJ. ! Re ckmk(c) {1n(1—£j+1}dt—j Re ck(nk d‘C—
2mLG2(t) P T gt =

_L t A
2m£G2 {ZBMU Mln(l Tj+1}dr+ Z:lkckt , (25)

+ @{EB/M/(S)} +2LmJGzl(T)[ZBjHJ(G)}r_—Tt + . k(k=1)ert 2, (26)
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rIe
1

a,(?) ZE(CI(t) + m)’ R,(t,7)=

1 1
sa" —t)ln(l— j+2R( o),
R (. r)z—%W(t)Rl(t, 0), Nyl t):—%Mk( VR, (1, 7).

dzRO(t, 1)

dr?

dzRO(t, T)

T M(1) k=0,1,2.

Ry (t:7) =~ M, (%), Ny (£, T) =~

[Mockonbky f +(z) S A(T +) NH (2)(L) u L aensiercst KpuBoii JIsmyHOBa, 171l TpaHUYHBIX 3HAYCHHUH (QYyHK-

unn f*(z) M ee IPOM3BOHBIX CHIPABENUBBI ClIeAyOIe GOpMyIbI (M., Harpuwmep, [7, ¢. 40]):

k o+
ld_fk(’)_ ! jdf()_t Lk=0,1,2,
2 ar 2mi dit t1—t
(27)
ldkﬁ(t):—lj @' (@) [¥(o) ,tel k=0,1,2.
2 dif 2niy  dtt T-1
C IIOMOIIIBIO (l)opMyn (27) HECJIOKHO YCTAHOBUTD CIIPABCJIMBOCTD CJICAYIOMUX PABCHCTB!
1M (1) "1 (1) LIMk(r)d"f()dr _
2 Gy(t) dt* 21y Gy(t) dit -t
:Mk(t) dkf+(’)+Lj M, (x) M(1) d'fi(x) dr _
Gy(1) dif 2miy Gy(t) Gy(1)| dif -t
MO 4 df*(2)
_Gz(t) o +£Qk(t, r) I dr, (28)
le(z) dkf+(z)+LJ.Mk(T) d*f*(x) dr 3
2G,(1) di* O 2mii Gy(x) dit -t
M) 1 pd (@) a1 A0 20(0)] 47 () a
 Gy(r)2mi) a7 nis| Gy(r)  Gy(t) | dit -t
M) 1 cdf (1) dr M) 1 1 [Y()] |ds(r)
+ — = I — dt+
Gy(1) 2niy  di* 1—t Gy(t) 2mij|t—t  T-1 d7*
| Mi(t) _ Mi(0) |dYS(T) dn d'f* (1)
+2m'L|:G2(r) G,(¢) di* 1 t_'[\Pk(t’ Y ™ v (@)

Y, (t, ‘C) =

M0 1 [P {M"(T)—M’c(’)} Ll k=012,

2ni | Gy(t) |-t T-T Gy(1)  Gy(t) |1t

IpUYeM 31ech £, (t ‘E) W, (l r) (k=0, 1, 2) — BriontHe omnpeaeneHHbIe (HhPEATOTHLMOBHI SApPA, TAK KaK PYHKITHH
Gz( ) ( ) (k=0, 1, 2) ynoBierBopsioT Ha L ycnoButo I'éibnepa, a L sBrsercs KpuBoi JlsmyHoBa.
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C yuerom paBeHcTB (28) u (29) dopmyny (26) MOXKHO TIepenucarh B BHIIC

2.+ + k o+
o) $IDLI0 g, 0L D
k=0 T

(

1 pals) s
: i} Gy(t) Tt

)
(1)
t) l:Re_izckcok (s)] -

k=0

+
Tk

dkf+(‘t)
‘EJT”‘(”) Tadr

d’R (t, 1:)
+ 2I#QI(T)C]T — 5

L

q,

G

1
Gy(

—y+2 - d? ot —+2
_2LniL Gzl(r)[Re > ck(ok(cs):l rd—t —j Rl ){Re > ckmk(c)}dr+

2
k=0 ydt k=0

{ZBMJ ] 2ij2 {Z } +7Xi2kk et 2, (30)

k=2
rae

Qlk(t, r) = —Qk(t, ’E) + Rzk(t, r), ‘Plk(t, r) = —‘Pk(t, r) + NZk(t, r), k=0,1,2.
do’(1) d’o’(1)
u

dt dr*
3a1ar0Tcs ¢ oMotk Gopmyn (24), (25) u (30) COOTBETCTBEHHO, TTOTYIHM

Jlasiee, TIOICTABUB B JIEBYIO 4acTh paBeHcTsa (14) BMecTo " (t), UX 3HAUEHUs1, KOTOpbIE

Im{Mz(t)% - W(t)%t(l) - My(t) (1) +

{i JQM (t,7) dk;k(r)dw i [, (t.7) dk§+k(r)dt}=

T k=07] T

!
j=0

rue sz(fa ‘C), lI’Zk(t, 7:) (k=0, 1, 2) — BonHe ompeenacHHbIe GPEITroIbMOBHI SIpa; pj(t) (j=0,1,..,0)—

BIIOJTHE OIpeieicHHbIe (DYHKITNH, TIPUHAIeKAIHE Kiaccy H (L), a;(j=0,1,...,/) — IpOHU3BOJbHBIE ACHCT-
BUTCIIBHBIC ITIOCTOSIHHBIC,
{r + 2, ecmu =2,

e+ 2(2 —x), eciu y < 2.
Tax xax J1st KOMIDIEKCHOH (DyHKITHH d)(t) =Re® (l) +ilm® (t) CIIpaBEAJINBO COOTHOLLIECHUE Im{—q) (l) +

+ Wt)} = Im{—2iImCD(t)} =2 ImCD(t) = 2Re{i(1)(t)}, TO paBeHCTBO (31) MOXKHO mepenucarb B BUAC
Re{zM e HOMEvYR df;t(’) 4 iMy(1) f*(t)} .

+Re{ l[ sz t ‘r) dk(];rk(f)d‘t—k i J.\sz(ta T)%d‘c]}_

k=07 T k=0p T

=Re ?{q —ql(t) + Zl:ajpj(t) + Z _[Pk(t, r)dr]}, tel, (32)
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Opnako npencrasinenue (32) ecTh HE YTO MHOE, KaK KPAeBOE YCIOBHE MCCICAOBAHHOHN (CM., HalpuMeEp,
[7, ¢. 357]) unrerpo-auddepeHnnansHoi 3ana4n [ nas6epTa OTHOCHTENBHO aHATNTUYECKON GyHKIMK £ (z)

Pemas 3anaay ['mns6epra (32) (B citydae ee pa3pelinuMOCTH), ONpeaessieM aHAINTHYECKYI0 (DyHKIUIO

() 47 (1)

d P
4eHUs HalileHHoW QyHKuun (z) U ee MPOU3BOAHBIX U pemas quddepeHuuansayto 3anaay [unsoepra (12),
OTpe/IelisieM aHATUTHYECKYIO (DYHKITUIO (p+(z). Haxowner, mojcTapisisi 3HAYSHUS] HAWJCHHBIX aHAIATHYECKUX
Gynxuit @ (z) uf +(z) B TIpaByIo 4acTb (popmyisl (8), momyyaeM perieHue nckomoit 3agauu GP,.

W3 npuBeIeHHBIX BBIIIE PACCYKIACHUI BBHITEKACT CIPABEUIMBOCTD CIIEIYIONEr0 OCHOBHOTO YTBEPIKICHHS.

Teopema 1. [lycmo a(t) + ib(t) #0, a(t) - ib(t) %0, te L. Toeoa pewenue epanuunoi 3a0auu GP; ceo-
OUMCsi K NOCe0068AMeENIbHOMY PeuleHuio unmespo-ouggepenyuanvroi 3adaqu [ unvbepma suda (32) ommnocu-
menbHO aHanumudeckol yHkyuu f +(z) u oughgepenyuanvioii 3adavu I'unbbepma suoa (12) ommocumenvro

/" (z). Hoxcrasusist B paByo 4acTh kpaeoro ycunosus (12) BMecto f (t), rpaHuYHBIC 3HA-

AHATUMUYECKOU (YHKYUU (p+(z). s mozo umobwl epanuunas saoava GP, Ovina paspewiumoi, 1Heobxooumo
u 0ocmamo4no, 4mobvl 00HOBPEMEHHO ObLIU pazpeuumvl cnomozamenvHule 3aoaqu I urvoepma (32) u (12).
B 3akitoueHre BaKHO OTMETHUTh, YTO TIPU BBITOJHEHUH YCIOBHI a(t) + ib(t) =0, a(t) - ib(t) #0,1el,

muddepennmansaas 3agada [ msoepta (12) n maTEerpo-auddepennuanpaas 3anada [ mipoepra (32) B kiraccax
AHATUTHICCKUX (PYHKITUH SBILIFOTCSI HETEPOBBIMH (CM., HampuMmep, [7, ¢. 362]), T. €. KaK YUCIIO p TUHEHHO He-
3aBUCHUMBIX PEIICHUI COOTBETCTBYIONNX 3anadaM (12) u (32) oqHOPOTHBIX 3a1ad, TaK M YHCIIO ¢ YCIOBUI pas-
PEIIMMOCTH BCIIOMOTATEIbHBIX HEOIHOPOIHBIX 33/1a4 SIBJSIFOTCS KOHEYHBIMU. TakuM 00pa3oM, B CHITY TIpeJi-
crasieHus (8) u reopemsl 1 3anaya G'P, ipu BBIIOJIHEHUHN YCIIOBUH (4) Takxke OyneT HETepOBOil.
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