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O C’-AATEBPAX, ITIOPOXAEHHBIX MAEMIIOTEHTAMMA

M. B. l[YKHH"
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)Ee/zopyccmu HAYUOHAIbHBII MEXHUYECKUL YHUGEepCUmen,
np. Hezasucumocmu, 65, 220013, 2. Munck, Berapyco

BanaxoBbI anreOpsl, TOPOXKICHHBIE HASMIIOTEHTAMH, Ha4aJll HHTEPECOBATh CIEIHAINCTOB MaBHO. B 1968—1969 rT.
I1. P. Xanmom u I. K. TTenepcen usyuanu ctpykrypy C -anre6p, IOposKIEHHBIX AByMs CAMOCONPSKEHHBIMHU IIPOEKTOpa-
Mu. baraxoBsI anreOphl, MOPOKICHHBIE IBYMS HAeMIIoTeHTamu, Obuth orucanbl C. Poxom u b. 3uns6epmanom B 1988 1.
Takne anreOpsI MOTYT HMETh HETTPUBOANMBIC TIPEICTABICHHS IIEPBOTO HIIM BTOPOTO MOpsiaKa. Teopus 6aHaXOBBIX anreop,
MTOPO’KACHHBIX TPEMSI HIEMITIOTEHTAMH, ITOJTHOCTHIO He pazpadoTana. Takue anreOpbl MOTYT HMETh HEIPHBOIMMBIE ITPEA-
crapieHus o6oro nopsaka. B 1974 r. @. Kpayce u T. JIoycoH onucainu cTpykTypy n-onHopoasbix C -anre6p Haj cdepamu
S 2, s3 .S * C mcnonb30BaHuEM STHX PE3yNBTaTOB B HACTOSIIEH padoTe TOKa3bIBACTCA, UTO /1-OMHOpoaHas (n > 2) C *_anre6-
pa ¢ IPOCTPAHCTBOM TIPHMHTHBHEIX H1eanoB Prim 4 = S* MoxeT GbITh MOPOKIEHA KOHEIHEIM HAGOPOM HIEMIIOTEHTOB.

Knrouesvie cnosa: C*-anrebpa; uaeMIIOTEHT; KOHEYHO-TIOPOKICHHAS alreOpa; 9MCII0 MOPOKAAIOIIMX dIEMEHTOB;
NPUMUTHBHBIN Hjean; 6a3a paccioeHus; anreOpandeckoe paccioeHue; onepaTopHas anredpa; HeMPUBOAUMBIC TIPE/I-
CTaBJICHUSL.

ON C"-ALGEBRAS GENERATED BY IDEMPOTENTS
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Banach algebras generated by two idempotents appear in many places. In 1968—1969 P. R. Halmos and G. K. Pedersen
studied C"-algebras generated by two self-adjoint projections. The Banach algebras generated by two idempotents were
described by S. Roch and B. Silbermann in 1988. Such algebras can have irreducible representations of first or second order.
The theory of Banach algebras generated by three idempotents has not yet been constructed. Such algebras can have
irreducible representations of any order. In 1974 F. Krauss and T. Lawson described the n-homogeneous C*-algebras
over spheres S%, S°, S*. By using these results we prove that n-homogeneous (n > 2) C*-algebra such that Prim4 = §*
can be generated by finite number of idempotents.
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Introduction

An element g from an algebra 4 is idempotent if ¢* = a. Moreover, if the Banach algebra 4 has the operation
of involution * and the idempotent a is self-adjoint (a* = a) then the element « is called a projection.

Algebras generated by two idempotents appear in many places. In 1960s P. R. Halmos [1] and G. K. Peder-
sen [2] studied an C"-algebra 4 generated by two projections (p and g) such that the spectrum cs( prp) equals
to the segment [0, 1]. Furthermore, P. R. Halmos supposed that any two sets from Ker(p), Im(p), Ker(g),
Im(q) have the intersection equals to zero.

The Banach algebras generated by two idempotents were studied by S. Roch and B. Silbermann [3]. The ap-
proach of the paper uses the PI-algebras that were studied by N. Krupnik. As a result, the next theorem appeared.
Theorem 1 (two projections theorem) [3]. Let A be a Banach algebra with identity e, and let p and r be
idempotents in A. The smallest closed subalgebra of A, which contains p, r and e, will be denoted by B. Then:

i) foreach xec,(e—p—r+pr+r , 1}, the mappin te, p,r—> iven
' h s(e—p pr+mp)\{0,1}, the mapping F,: e, p C**? given by

r@-(y ThE(y o) m0)- - )

2
where /x(l - x) denotes any number with ( x(l - x)) = x(l - x), extends to a continuous algebra homomor-
phism from B onto C**%, which we denote also by F;

(ii) for each m € GB(p + 2r) N {O, 1, 2, 3}, the mapping G,, :{e, Ds r} — C given by Go(e) =1, Go(p) =

= Go(r) =0, Gl(e) = Gl(p) =1, Gl(r) =0, Gz(e) = Gz(r) =1, Gz(p) =0, G3(e) = G3(p) = G3(r) =1 extends to
a continuous algebra homomorphism from B onto C;

(iii) an element a € B is invertible in B if and only if the matrices Fx(a) are invertible for all x e
€ GB(e —-p—r+pr+ rp)\{O, 1} and if the numbers Gm(a) are non-zero for all m € GB(p + 2r) N {0, 1, 2, 3}.

The theory of Banach algebras generated by three idempotents is still not constructed. There are some results
showing that Banach algebras generated by three idempotents can have a complicated structure. The next theo-
rem appeared in 1955.

Theorem 2 [4]. The ring B of all bounded operators on separable Hilbert space can be generated by three
idempotents in weak topology.

In this theorem the therm «generate» means that the smallest weakly-closed self-adjoint algebra A that con-
tains the idempotents p, ¢,  and constants coincides with B. On the other hand, the next question is interesting:
which Banach algebras can be generated by three and more idempotents in uniform topology?

Theorem 3 [5]. The algebra Mn(c) (n > 3) can be generated by three idempotents. The algebra cannot be
generated by two idempotents.

In fact, the Banach algebra 4 generated by three idempotents can have irreducible representations of any
dimension. On the other hand, several algebras that have the same space of irreducible representations can
be non-isomorphic. Suppose 4 is a n-homogeneous C*-algebra. It means that all irreducible representations

for the algebra 4 are of the order n. If the algebra 4 is isomorphic to the algebra Mn(B) then the algeb-
ra 4 is called trivial. Here M, (B) denotes the algebra of all continuous matrix-functions from the set B
to the algebra of matrices C""". There are also non-trivial n-homogeneous C*-algebras. It was shown by
J. M. G. Fell [6], J. Tomiyama and M. Takesaki [7] in 1961 that every n-homogeneous C*-algebra is isomor-
phic to the algebra I'( E) of all continuous sections for the appropriate algebraic bundle (£, B, p). Here the
base space B for the bundle is homeomorphic to the space Prim 4 of primitive ideals for the n-homogeneous
C*-algebra 4.
Let us remind that a triple (E, B, p) is called bundle if the following conditions hold.

(I) E and B are topological spaces.
(I) p: E — B is a continuous surjection.
The space E is called a bundle space; the space B is said to be the base space. The surjection p is called

a projection. The set F' = p‘l(x) is the fiber over a point x € B. For example, consider the product-bundle
E =B x F, where B and F are topological spaces. By p denote the projection B X F'— B to the first multiplier.
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The bundle & is said to be the trivial bundle if it is isomorphic to a product-bundle. On the other hand, consi-
der the Mobius tape M. Note that the Mobius tape M is a non-trivial bundle. The circle S is the bundle space.
The interval [ is the fiber. However M is not isomorphic to the product-bundle S' x 1. At the same time M is
locally trivial. Such bundles cab be called twisted bundles.

A G-bundle &= (E , B, p) is called as the algebraic bundle if the following conditions hold.
(I) The fiber F, is the algebra Mat(n)=C"*" of square matrices of the order n.

(II) The group G is the group Aut(n) of all automorphisms for the algebra Mat ().
Bundles &, = (E,, B, p;) and &, = (E,, B,, p,) are said to be isomorphic if there exists a homeomorphism
y:E, — E,suchthaty(F,)= Fy-Hereo: B, — B, is a homeomorphism of the bases, the set Fa(x) =p; (oc(x))

is the fiber over the point a. (x) € B,. The author considered the n-homogeneous C*-algebras over the sphere s2,

Theorem 4 [8]. Let A be a n-homogeneous (n >2) C*-algebra. Suppose the space Prim A is homeomorphic to
the sphere S*. In this case, there are three idempotents p, q, r € A such that the minimal Banach algebra contai-
ning these elements coincides with the algebra A.

The next theorem extends the result to a n-homogeneous C*-algebra 4 such that Prim4 = Pk Here P, de-
notes an two-dimensional oriented manifold. The manifold P, can be realised as the sphere S* with & handles
attached.

Theorem 5 [9]. Let A be a n-homogeneous (n >2) C*-algebra. We suppose that the space Prim A is homeo-
morphic to the two-dimensional oriented connected manifold P,. In this case, the algebra A can be generated
by three idempotents. The algebra A can not be generated by two idempotents.

In fact, these results allow to find the minimal number of idempotent generators for several algebras. The next
result describes the class of n-homogeneous C*-algebras that can be generated by finite number of idempotents.

Proposition 1 [10]. Let A be a finitely generated n-homogeneous (n > 2) C*-algebra. We suppose that the
algebra A contains at least one idempotent a (a #0, a # 1). In this case, there exist idempotents p,, ..., p,€ A
such that the algebra A can be generated by these elements p,, ..., p;.

Moreover, the class of algebras that can be generated by three idempotents is extremely large. Let us remind
that a topological space is separable if it possesses a countable dense subset.

Theorem 6 [11]. Every separable Banach algebra is isomorphic to a subalgebra of a Banach algebra ge-
nerated by three idempotents.

On the other hand, if the Banach algebra A4 can be generated by N idempotents with some concrete relations
between generators then the structure of the algebra 4 can be described. Let A be a Banach algebra with the
identity element e, and let py, p,, ..., py be a partition of the identity into non-zero idempotents: p; p; = 3, p; for
all i, j=1,..., 2N. Here §; is the Kronecker delta, and p, + p, + ... + p,y = e. Further, let P be an idempotent

element of 4, set Q = e — P and p,, . , = p;. We suppose that the conditions

P(pZi—l)P:(p%fl "’Pzi)P €]
and
Q(Pzi +p2i+1)Q:(p2i +p2i+1)Q (2)

hold forall i, j=1, ..., N.
Let us define p, = p,, where / €1, 2N whenever k — [ is divisible by 2N. We suppose that the algebra B is the

smallest Banach algebra that contains p, ..., p,y as well as P. Further, set
N
XZZ(pZi—]PPZi—] +p2iPp2i) 3)
and =
N 2N
Y= Z(le 1P+ py0 )"‘Z(Zi—l)Pi- “4)
i=1 i=1

Theorem 7 (N projections theorem) [11]. Let A be a Banach algebra with the identity e, and suppose
DPis ---» Doy and P are non-zero elements of A satisfying (1)—(4). Further, let B stand for the smallest closed
subalgebra of A containing the elements P and p,, ..., p,y. Then the following assertions hold.

DIf xeocp(X)\{0,1Y, then the mapping F.:P, p,..., — C*VN given by F.(p)=
B ipping I, 4 Py 8 Vo I\ Pi
= diag(O, ...,0,1,0,..., 0) with one standing at the i place and
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x x-1 x-1 x-1 - x-1 x-1
x x-1 x-1 x-1 -+ x-1 x-1
X x—-1 - x-1 x-1
F;c(pl):dlag(la_lala _13~'~515 _1) X x—-1 -+ x-1 x-1
X X x - x  x-1
X X X x - x  x-1
extends to a continuous algebra homomorphism from B onto C*V**".

(1) If m e GB(Y) N {l, cees 4N}, then the mapping G,, : P, p,, ..., p,y = C defined by

1, =2k,
Galr)={y 1 GulP)=0.

1, i=2k,

4k71(p1) {0,i¢2k, 4k—]( )
Li=2k-1,
G )= G P ZO,
aw—2() {O,i;tZk—l, 4e-2(P)
Li=2k-1,
G )= G P :O,
w-3(11) {O,i;tZk—l, a-3(P)
where k=1, ..., N, extends to a continuous algebra homomorphism from B onto C.

(I1]) An element b € B is invertible in B if and only if the matrices Fx(b) are invertible for all x € G (X )\{0, 1}
and if the numbers G,,(b) are non-zero for all me cz(Y) N {1, ..., 4N}.

(1V) An element b € B is invertible in A if and only if the matrices Fx(b) are invertible for all x € o, (X )\{0, 1}
and if the numbers G,,(b) are non-zero for all me c,(Y) N {1, ..., 4N}.

The main results

Let ]I denote the coproduct of two spaces. Syppose ef and e be the upper and lower half-sphere for the
sphere S*.

Proposition 2 [12]. Let n > 2 denote the degree of homogeneity for the algebra A, let p be any integer, and
let Prim 4 = S*. The algebra A is C*-isomorphic to one of the C*-algebras 4, ,= gp(eiHef, Mn(C)) given
as follows: iff € 4, , and (z, w) €S> then

z —w 0 zZ W 0

w oz 0 -w oz
fi(zw)=g, (= w)- £ (2 w)= £-(zw)

0 0 1 0 0 1

Theorem 8. Suppose A is the n-homogeneous (n > 2) C*-algebra such that PrimA = S*. In this case, the
algebra A can be generated by finite number of idempotents.
Proof. We will construct an idempotent p € 4 using proposition 2. Let E,, ,, be a n x n matrix of the form

0 0 ... 0
0o 0 ... 0
0 0 ... 1

The matrix E, ,, contains one one and n*—1 zeros. The number 1 is on the intersection of n™ line and 7™ row.
Let the element p equal £, ,, on the lower half of S*. One can see that the element E, ,, does not change under
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the transformation described in proposition 2. Therefore, p can be easily extended to the upper half-sphere.
We can define the element p easily to be £, for all points x on the upper half-sphere. Therefore, the algebra 4
contains at least one non-trivial idempotent p (p # 0, p # 1). Using proposition 1, we can construct the idempo-
tents p,, ..., p; such that the minimal Banach algebra containing p,, ..., p, coincides with A. The proof is finished.

Conclusions

Finally, the theory of Banach algebras generated by two idempotents is well known now. The theory of
Banach algebras generated by three idempotents is still not formulated. One can see that complicated Banach
algebras can be generated by three and more idempotents.

It is still an open question: can 2-homogeneous C*-algebra (Prim4 = S*) be generated by finite number of
idempotents?

Several authors considered other questions regarding operators and idempotents. For example, the next
proposition exists.

Proposition 3 [13]. Let H be a separable Hilbert space (finite- or countable-dimensional), let L(H ) be the

space of bounded operators on H, and let I be the identity operator on H. In this case, for any A € C and for
any operator B € L(H ) there are idempotents B, P,, P,, P,, P, € L(H ) such that B+ P, + P, + P, + P, = Al

Also, in work [14] the numbers A € C such that B + P, =Al, B+ P+ B=Al, K+ P, + P, + P, =\l were
described.
Works [15; 16] contain results for the two projections theory.
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