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Abstract

The solution for the large-radius Frohlich polaron in the Schrédinger representation of the quantum
theory is constructed in the entire range of variation of the coupling constant. The energy and the
effective mass of the polaron are calculated by simple algebraic transformations and are analogous to
the results found by Feynman on the basis of the variational principle for the path-integrals of this
system. It allows us to solve the long-lived problem of the inequalities of the functional and operator
approaches for the polaron problem.The developed method is important for other models of particle-
field interaction including those ones for which the standard perturbation theory is divergent.

1. Introduction

Presently it is well known that the polaron problem has broader significance than simply a model of the
interaction between an electron and phonons in the ionic crystal as it was introduced by Fréhlich [1]. It is
important for description of charge carriers in inorganic and organic matter interacting with ion vibrations
[2, 3]. The corresponding electron-phonon interaction causes phase transitions, including superconductivity
and dominates the transport properties of many metals and semiconductors (see for example, book [4] and
review [5] and citations therein).

Hamiltonian of the polaron problem is also important as a fundamental model of the interaction between a
particle and a quantum field. In this problem various nonperturbative methods of quantum field theory can be
verified for the entire range of variation of the coupling constant « of the interaction between an electron and a
quantum field [6]. Like any other quantum system the polaron can be described both in the framework of the
solution of the Schrodinger equation and by using the Feynman path-integral formalism [7]. The former
approach allowed one to introduce the idea of a self-localized polaron [8] and to find the exact asymptotic value
for the ground state energy E(«) of the system in the strong coupling limit & >> 1 [9]. While the latter approach
provided a uniform approximation for the energy of the system in the whole range of the variation of the
coupling constant [10]. It is important to notice that the solution for the strong coupling (cv > 1) is
fundamentally different from the solution in the case of weak coupling o« < 1 when the standard perturbation
theory can be applied [6].

The great advantage of Feynman variational principle for the path integrals is the possibility to calculate the
polaron binding energy E(«v) as the continuous function for any c. In addition it allows one to find the lowest
estimation for the polaron binding energy in the intermediate coupling regime by the functional integrals
numerically. The effective diagrammatic quantum Monte Carlo algorithm was developed for the Frohlich
polaron in the path integral representation [11—13]. It was considered as an important argument for the
advantage of the functional approach in the quantum field theory in comparison with the Schrodinger
representation.

©2023 IOP Publishing Ltd
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There were alot of attempts [ 14—18] to calculate the ground state energy with the help of variational
principle for the Schrédinger representation of the polaron problem for all values of the coupling constant «
(all-coupling polaron). However, a particular choice of the trial functions led to the singularity for the energy of
the system E(«) near the point o 7. These results caused the discussion about existence of the ‘phase transition’
between two qualitatively different states of the polaron (see review [19] on this problem). In a series of papers
cited in [19] it was proven that the function E(«) is analytical for any value of v and the ‘phase transition’ does
not exist. Strict mathematical investigation of the polaron problem in the strong coupling limit was recently
considered in the work [20]. However, it is important to stress that till now no constructive computational
algorithm or trial wave function for variational approach are developed for all-coupling solution of the polaron
problem in the Schrodinger representation. The construction of such algorithm is of great interest not only for
the polaron problem but also for non-perturbative description and analysis of the renormalization for other
models in the quantum field theory [21].

In the present paper we use operator method (OM) for calculation of the ground state energy of the polaron
problem for all values of the coupling constant v in the Schrodinger representation. The OM was introduced in
the paper [22, 23] and was effectively used later on for many quantum systems [21, 24]. It leads to the fast
convergent series for the solutions of the Schrédinger equation. This method was also applied for regular
perturbation series in the polaron problem [25] but it was considered only in the strong coupling limit.

In our work we for the first time demonstrate that in the case of Frohlich Hamiltonian the two first terms of
the OM series over « lead to the function E(«) and the effective mass m1,(cv) of the polaron which fairly well
coincide with Feynman’s results. These functions can be calculated by rather simple analytical expressions and
lead to the correct asymptotic limits o« < 1 and e > 1. In addition, good accuracy is achieved for intermediate
coupling with less numerical efforts as in comparison with the path integral formalism. It seems to us that the
results make more clear and descriptive the question about the ground state of the polaron and confirm the
equivalence of the path integral and operator approaches for description of quantum systems. Our analysis is
important for application of the self-localized states for other models of the particle-field interactions even in the
case when conventional perturbation theory includes both the infrared and ultraviolet divergences [26].

2. Zeroth order approximation for the ground state energy

Let us examine the Frohlich Hamiltonian for the system consisting of a nonrelativistic electron that interacts
with a quantum field of optical phonons

A

) N
N T ed At A
a=2 s [TOS Tk | 5 pipy M
Here the natural units with # = ¢ = 1 as well electron mass and phonon energy m = v = 1 are chosen [7]; 2 is the
normalization volume; & and & are the phonon creation and annihilation operators and g, is the coordinate
operator of the phonon field
4, = 1
k \/E

Let us also represent the electron coordinate # and momentum p through the creation 4 and annihilation
dy operators, which allow us later to perform all calculations in the algebraic form without solutions of
differential equations:

(Ek + Ejk)-

AT A

4 i

R a+a, . . ay, — ay A At

H=—=" p=iVO—F—, [d d,] = ()
Nl 72 S

with a free parameter w - the frequency, which will be determined later from the condition that the Hamiltonian
operator in the zeroth-order approximation has a diagonal form. The greek indices A, 4 numerate three degrees
of freedom of the particle and we use Einstein summation notation for the summation of A, y in further
expressions. Recently it was also shown that the polaron can be described in an algebraic form by g-deformed Lie
algebra [27].

As it was firstly shown by [8], the electron-phonon interaction leads to the formation of the self-localized
state of the electron in the potential field of the phonons. In order to take into account this effect we apply the
canonical transformation of the field operators

R Aa Uk 7
Gy =tk + Qs k= N + by, 3)
with the classical component of the field ug, which will be defined later (see equation (10)).

The main idea of the OM is based on including in the zeroth-order Hamiltonian Hy the terms from the full

Hamiltonian that commute with the operators of the number of the excitations

2



10P Publishing

Phys. Scr. 98 (2023) 115311 ID Feranchuk et al

iy = 4 dy, (C))
- At A
Ny = by by )]

We now express H in terms of new operators. For this purpose we use the operator identity

xp iky(ay + a)) _ e exp ikyayl exp(ik,\ﬁ,\) ©)
2w V2w V2w )

and split the Hamiltonian (1) into two parts

PI:I:I()—"I:II)
where
Ho=2w+ “ajay — 414 — andy)
4 2
+12[u u —&-L(u l;++u*l;)+l;Tl;]
kU—k NG kOk k Ok k Ok
k)\ 7 AT A At A A A
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and
2
Ik)\AT ik)\ﬁ)\)
—_— + up)| ex ex —1
knk, 26t & atat + ava 8
+Mk4 (a)\au"")\p—i_ /\a#)’ ()
with
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The operator (7) is reduced to the diagonal form if we choose the following values for the parameters 1y and
w (see Appendix)

4 2

w= %; (C)

kZ
—23/4 Q mer — (10)

and looks
N 2 402 ., A A

Hy= - + 25404 + 3 by b (11)

3T o P

Consequently the polaron ground state vector and energy in the zeroth approximation are defined as follows

2
EP =% (12)
3T

a\lbe) = brlibe) = O0. (13)

It should be noted that the OM series converges for an arbitrary value of the parameter w but the choice by
equation (9) provides the maximal rate of convergence.

The zeroth-order approximation alone does not provide the correct asymptotic behavior for the energy of
the system for the case of weak coupling (E ~ ). Therefore, we should take into account the second-order
correction, where we expect the restoration of the correct asymptotic. We also notice here that this is a peculiar
property of the operator method where the second-order correction restores the correct asymptotic
behavior [21].

3. Second order approximation for the ground state energy

Let us consider the perturbation series on the operator H for the ground state energy. The first-order correction
is equal to zero identically and the second-order one is defined by the formula

3
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Itis evident that the ground state should be excluded from the resolvent spectrum. The calculation of (14) may
be fulfilled in the operator form if we use the integral representation
00 n (i Y S Nx A
EfY = j; dx (Yol Hie «  Hilty).

Let us calculate this value with the operator (8) represented in the normal form

H|¢>—§Ze+ﬁ B;T"Jru ex ha) +ukAk’““
1170, p k ﬁ k P m k4

a)\ 1 |7/’0>

(16)
l:g(wﬁJrZNk)x:lI—AIlpr > 52 e_% Ejke_x e
k =
%o - \/5 k
ik,\fl;\re_wx k)\k
x ki LA R

ug—aae 2“’“] [0)
4w

15)

(17)
A 4vu 31 k 7 k k A A
(YolHy = (ol c l(TkZ + uk,)(exp (%) — 1) + uk.%awu], (18)
k
L, (i Y Nx —E 2w
(YolHie v i) = lez E %(ekT -1
2+ . 2
+ZZ K24kP ukukl {[e(’;’i ) 1] — %ezm}]_ (19)
ki
Taking into account that ~, = 2 / @2m)? f dk one can calculate integrals over k
£ —X 2, —wx 1— e wx 2
Oy L = ) = 2T [T ke - )
k
_zs/zae*x 27w 1
47 2
and
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where we made a variable substitution k = X+/ k
Now we continue and compute the term

(21)
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Finally, we are now able to compute the integrals over x

173} 0 e
L=a |2 dx— — 1|,
‘ “\E(fo e )

1
—a @ ﬁ—F(j +f) 1 (23)
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Then the total energy is

Eo(a) ~ E” + E§?
2

=—Z -0+ h+D
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3T

1
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This expression leads to the following asymptotical limits

Eo(e) =~ —a + 0.104402 +..., a — 0; (26)
Ey(o) = —0.1077a®> — 0.75 ..., « — o0. (27)

The formula for Ey(«r) obtained by Feynman [7] has the following form

Eo() = —(v — w) + 4,
4y
00 2 .2 —1/2
P [sz—v L —m] o~rdrs (8)
7T Jo v

with v, w as variational parameters.

In figure 1 compares the results of both approaches for the intermediate coupling constant. One can see that
our analytical formula leads to the all-coupling interpolation for the polaron ground state energy with relative
difference less than 15% in comparison with Feynman result (figure 1). Besides, usage of the OM in this problem
allows one to calculate the corrections by means of some regular procedure [21]. While for the path-integral
approach the calculation of the subsequent corrections becomes much more involved. It is important to stress
that usage of the resolvent when calculating the second order correction (14) includes the whole excitation
spectrum when summation over the intermediate states. Possibly it explains why the only trial function can not
be sufficient for the variational solution of the polaron problem.

4, Calculation of the effective mas

We have calculated above the binding energy of the rest polaron. In order to calculate the polaron effective mass,
one should consider this system with nonzero momentum P = 0. We suppose to solve this problem on the basis
of the OM and formulate it in the variational form. It is well known that the exact state vector |)) in the
Schrodinger representation can be found by variation of the functional

] = (YI[H — EllY), (29)

with additional normalization condition (¢|¢)) = 1.

5
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Figure 1. The polaron ground state energy and the relative difference as a function of « calculated by Feynman and our analytical
formula.

The exact solution should also satisfy the condition
(IPly) = P, (30)
P=p+> kit (31)
k

where Pis the total momentum of the system and P is the corresponding operator, p is the electron momentum
operator. If we introduce 3 Lagrange multipliers V then we can use the only functional

J(P) = (¢I[H — E— V- PI|¢), (32)

thatleads to the following Schrodinger equation
J(P) = (¢I[H — E— V- PI|¢), (33)
(H - V- P)|y) = Ely). (34)

In case of the slowly moving polaron, one can use the perturbation theory over the operator V - P together with
the OM series over the operator H; from equation (8). Then the approximate solution of the equation (34) is
defined as

lv) = [1 — (Hy — Eo) '(Hy — V- P)][¢o), (35)

with Hy, |ty > from the equations (12)—(13). Parameters V should be found from equation (30) with the state
vector equation (35)

= (Yol[1 — (Fy, — V- P)(Hy — Eo) ']
x B,[1 — (Hy — Eo) '(Hy — V- P)]|¢o) (36)
and with the considered accuracy
B, = 2(1polB,(Hy — Eo)'V - Plahy)
— 2(olFh(Hy — Eo)"'B,(Hy — Eo)"'V - Plaby). (37)

Taking into account the canonical transformations equations (2)—(3) of variables, one can find in the OM
zeroth approximation for the effective mass of the polaron 1,,:

Py = 2(1pg| B\ (Ho — Eo)"'V - Play), (38)
Aat
(W N 1 ug(bx + by) PN
Py=i =@ —a)+ > k| =-uf+ ="K 1 b b, 39
A 1 5 (a/\ a)\) zk: /\(zuk \/5 k Yk ( )

LW ukl;k
P/\:2<’l/)0|(—l —a,\+2k)\ ]
V2 2
> w u I;T
; a3 —WwXx k —X
X ﬁ dx zfga;e + ;kﬂfke Vo). (40)

Parameters V), define 3 components of the ‘polaron’ velocity and the OM zeroth order approximation for its
effective mass leads to

PO = V/\[l + %Z kzu,ﬁ], (41)
k
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16a*

o) _

m,’ =1+ .
P 8172

(42)

The OM correction to the mass can be calculated by the formula
PV = —2(olHi (Hy — Eo)'Pr(Ho — Eo)~'V - Plty)
~ o0 A
— 2{¢po|Hy f dye(Ho=Eoy
0

x B, f dxe~To-EOxy . Blysy). (43)
0

For this we compute

k2
A —(wn T 1 q.e” Y
N E e S

+ up kikio (ayag)em]. (44)
4w

and

A (u.erZ Nk)x A
Pue k B |¢0>

At
LWt kZ/mukzbk AT oA
R > Tz + Ky by, b,

ka, Zb
X i\/gﬁje_“x PR ks gox [10). (45)

k,

Non zero matrix elements are the following:

Z
ew bk ik, 4, e
| D oo (—) i
D s 3l S i
A
. ko, up, b
WAt 20 Wk, Uk, _x
x|i|—a — e
a2
At
kZ,uukzbk W oAt
+Y ——2i|—ad e
e T

2
1 T
= 0wy e,: e DY (e | o) k2, (46)
k 1

and after integrating one can find

PO = v, 25/2 L 11 (1 )47rf ke dk

8?12 w+ 1
— v, Ty = —\F : (47)
3w 442
Accordingly, the effective mass equals to
16at 2a?
m, ~ (48)
P 8lr?  9r
Feynman’s result is
av? e
m, =1+ f [F(T)]3/2e "r2dT;
g 347 Jo
v2 — w?
F(r)=w*’r 4+ ————(1 — e — v7).

1

Figure 2 shows that our simple formula leads to all-coupling approximation for Feynman’s result which is
connected with rather complicated variational calculations [7]. Again one can calculate additional corrections to
the effective mass if the high-order terms on the operator H; will be taken into account in the equation (35).

7
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Figure 2. Effective mass as a function of «v calculated by Feynman and our analytical formula in the logarithmic scale.

5. Conclusions

Simple algorithm for calculation of the polaron ground state and its characterisics in the entire range of the
coupling constant is developed in the frameworks of the Schrodinger representation of the system. The method
demands essentially less calculations in comparison with variational estimation of the functional integrals for
this problem, and leads to the regular procedure for the calculation of the high-order corrections. As a rule the
OM initial approximation provides the correct asymptotic in the strong and weak coupling limits and accuracy
of order 10% in the intermediate regime [21]. It explains some difference between our and Feynman’s results.
The method may be useful for other models in the quantum field theory.

Data availability statement

All data that support the findings of this study are included within the article (and any supplementary files).

Appendix

In order to create the OM zeroth-order Hamiltonian one should include in it linear and quadratic terms of the
operators ay, by [21]. It leads to the following operator:

~ 3 WAt A At At A A
Hy, = Zw + E(Za;a,\ — a;a/\ — aa)

1 1 ot A aa
+ — upt_g + — (b, + uby) + b b
22};[1( k ﬁ(kk k Uk) kk]

2
e 4w A k)\kl, At A AT A A A
+&y & [Qk + Mk(l - 4w/ afa, + afa; + “A“ﬂ))]’ (49)
k
Now let us take into account that
A At
ék _ bk + bk
V2
and choose
_k%
o [
Q k
linear term disappears.
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Non-diagonal quadratic terms include the coefficient

K2
e 4w k)\ku
w + Up ——
fzk: k 4w

—w 22 foo k2e 5

247w Jo

o 2w 0: _ 4;«2
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