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Abstract

Splitting of the ground state and some excited symmetric bending vibrational states due to
inversion tunneling of the oxygen atom in the Hz0", HzO ions and in the H3O- radical are analyzed
by numerically solving the vibrational Schrodinger equation of restricted (2D) dimensionality. As
two vibrational coordinates, we used 1) the distance of the oxygen atom from the plane of a regular
triangle formed by three hydrogen atoms and 2) a symmetry coordinate composed of three distances
between chemically non-bonded hydrogen atoms. The kinetic energy operator in this case takes the
simplest form. The 2D potential energy surface (PES) in the given coordinates was calculated for
H;O" at the CCSD(T)/aug-cc-pVTZ and CCSD(T)-F12/cc-pVTZ-F12 levels of theory. The same
2D PES for the H3O anion and H3Oe radical were calculated at the CCSD(T)/aug-cc-pVQZ,
CCSD(T)/d-aug-cc-pVQZ and UCCSD(T)/aug-cc-pVQZ, UCCSD(T)/d-aug-cc-pVQZ levels of
theory, respectively. The tunneling splittings were calculated for the cations Hs'°0*, D5'°0",
T5'°0", H3**0", D5™20", T5'™0". The tunneling splittings for the H;O™, DsO", T30 anions and HzOe,
D30e, T30- radicals were calculated for the first time. The results of calculations demonstrate good
agreement with experimental values of the tunneling splittings in the ground state and in some
excited vibrational states of the H5"°0O"* and D30 cations.
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1. INTRODUCTION

The hydronium cation (Hs0") is a very interesting object that plays a decisive role in the
processes of proton transfer and ionic recombination in the aquatic environment [1, 2] and in
biological systems [3], as well as in photochemical processes occurring in the Earth's ionosphere [4,
5], at the interface of air and water—acid media [6], or near the interface of water microdroplets [7].
The interest of astrophysicists in the hydronium cation (HC) is due to its presence in dense
interstellar dust clouds and comets [8—16]. Possessing a pyramidal structure in the equilibrium state,
HC (like the ammonia molecule) can be realized in the form of two equivalent, mirror-symmetric
configurations. In this case, the hydrogen atoms tunnel through the low potential barrier in the
planar configuration at a very high frequency of 55.35 cm ™ [17,18]. Future precision measurements
of this frequency in interstellar space and in laboratories may even be able to inform the nature of
dark energy [19,20].

Attempts to theoretically calculate the frequencies of inversion tunneling in HC in the ground
and excited vibrational states were made both before [21-26] and after their experimental
determination [27-42]. A significant scatter in the values of the calculated tunneling splitting of the
oxygen atom in the ground vibrational state (28—83 cm™) showed that this problem turned out to be
a difficult touchstone for various theoretical models used in those works. We note a very good
result (51 cm™) obtained by Shida et al. [25] even before the experimental determination of the
tunneling splitting in the ground state. Later, very good results on the tunneling splittings both in
the ground state and in the excited vibrational states of HC were obtained by Bowman et al.
[30,34,37]. Even closer to the experimental data were the results of calculations of the energies of
the excited vibrational states of HC obtained by Halonen et al. [33,35,39]. An analysis of the
theoretical works presented in the literature shows that the valence coordinates of O—H bonds and
valence angles of H-O—H, or their symmetrized combinations, were most often used as vibrational
coordinates to describe the inversion motion of HC in the ground state. In some works, together
with the valence coordinates of O—H bonds, the angles between O—H bonds and the plane formed
by three hydrogen atoms were used. In [22,23,27,28], in addition to the symmetry coordinates
composed of stretching O-H (Q) and bending H-O-H (&) coordinates, the coordinate h was
additionally used which describes the distance from the oxygen atom to the plane of three hydrogen
atoms. In [30,34,37], the energies of excited vibrational states were calculated using the
MULTIMODE and RVIB4 packages developed by the authors. Later, Neff and Rauhut [42]

successfully used normal coordinates for calculating the inversion splittings of the HsN and Hz;O"
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vibrational states. A very sophisticated set of vibrational coordinates was used in [33,35,39].
Despite the significantly complicated derivation of the vibrational Hamiltonian in this case, such a
choice of coordinates is fully justified by the high quality of the performed calculations.

Unlike HC, two other very similar compounds (the H3O- radical (HR) and H3O™ anion (HA))
have been analyzed by researchers to a much lesser extent. Both species have pyramidal isomers;
however, they are not stable at least at room temperature [43-45]. Nevertheless, they can be quite
stable at low temperatures and manifest themselves in interstellar space and in comets. The
processes of the formation and destruction of HA was studied by Miller [46]. The properties of HR
were later analyzed in a number of studies [47-51]. At the same time, as far as we know, there are
no data about theoretical or experimental studies of the inversion splitting of the ground or excited
vibrational states of HR or HA.

In this work, we propose a convenient set of vibrational coordinates for calculating the
tunneling splitting of a Y atom in symmetric molecules, radicals, and ions of the YX3 type, which
are in the ground vibrational state. The two-dimensional set includes the coordinate h which, as
before, describes the distance from the Y atom to the plane formed by the X atoms, and the totally

symmetric coordinate q° composed of the distances between the X atoms. Indeed, the process of
inversion tunneling in the ground state is most univocally described by the coordinate h, and the
probability of the atom Y passing through the potential barrier depends mainly on the lengths of the
sides of a regular triangle Xs.

Note that in the molecular symmetry group D,, (M) for those configurations which have the
symmetry not lower than the Csy point group, the coordinate symmetry species are as follows: h*

g%, Q% ,0% [20]. In this case, the following expressions are valid:
|| :‘hAZ” (Q*, 6% )‘ % =g%(Q%,0%); . It is also evident that this choice of coordinates (h,q)

greatly simplifies the form of the kinetic energy operator in the 2D Schrodinger equation due to the

absence of a mixed derivative.

2. CALCULATION DETAILS

As noted above, the coordinate h transforms according to the A) symmetry species in the
molecular symmetry group D, (M). This means that this coordinate determines not the distance
from the oxygen atom to the Hj plane (in this case it would transform according to the A/

symmetry species), but the position of the oxygen atom relative to the H; plane. In Fig. 1, two
equivalent equilibrium configurations of HC are shown. Pyramidal isomers of HR and HA have

similar configurations. The coordinate h coincides with the C3 symmetry axis, its origin is aligned
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in the center of the regular triangle H;H,H3, and its positive direction is determined by the gimlet
rule when the triangle H;H,Hj3 rotates from the H; atom to the H, atom, etc. Since the direction of
h does not change during tunneling, the coordinate of the oxygen atom after tunneling changes its
sign to the opposite. In this case, from symmetry considerations, for the potential energy the

following is true:
U(hg¥)=U(-hg%). (D)

The coordinate g* is defined as a fully symmetrical coordinate:
qA{ :i(q12+q23+q13); (2)
NE)

where g, have the meaning of ordinary valence coordinates for chemicaly non-bonded atoms H;

and Hj. For the convenience of setting the coordinates h and g (h=h”*; q=g®), when

calculating the 2D potential energy surface (PES) using the ORCA 5.0.0 package [52], two dummy
atoms (DA; and DA;3) were additionally introduced, as shown in Fig. 2. The coordinate h was set

as the distance between DA, and the O3 oxygen atom. The q; values were set using the coordinate
| which determines the distance from the H; atoms to DA;. At the same time, the coordinates q and

| are correlated by the expression g = NEH

Fig. 1. Two equivalent equilibrium configurations of the hydronium cation passing into each

other when the oxygen atom ‘passes’ through the plane of the three hydrogen atoms.

The dummy atom DA; was used to ensure that 1) the atoms H,, Hs, and Hg formed a regular

triangle, 2) the dummy atom DA; was in the center of the triangle HsHsHg, 3) the atoms O,, DA,
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and DA lay on the C3 symmetry axis. Taking into account expression (1), the calculations were
performed for the values h>0. The value of the coordinate h was varied in the range 0<h<0.6
A for HC and in the range 0<h<0.75 for HR and HA with a step of 0.05 A. The coordinate value
q was varied in the range —0.6<q<0.35 A with a step of 0.05 A. The zero value of q was

determined in the flat configurations of HC, HA, and HR optimized at the levels of theory used. In
this case, the equilibrium values of the distances between hydrogen atoms in this configuration will

be denoted as d,; . Then the equilibrium value of the symmetry coordinate can be determined using

Ah

e
T
Q

Fig. 2. The arrangement of two dummy atoms (DA; and DAg) in relation to the atomic

equation (2) by adding a lower index e.

configuration of the hydronium cation.

Calculations of the 2D PES for HC were performed at two levels of theory: 1) the ab initio
method CCSD(T) [53-56] in combination with the aug-cc-pVQZ basis set [57-59] and 2) the
explicitly correlated ab initio method RI-CCSD(T)-F12 [60] in combination with the cc-pVTZ-F12
basis set [61] which was supplemented by the near-complete auxiliary basis set cc-pVTZ-F12-
CABS [62,63]. Also, since the calculations used the resolution identity (RI) approximation in
combination with the F12 method, then, in accordance with the recommendations from [52], the
third basis set cc-pVVQZ/C was used. Comparison of the calculation results obtained at these two
levels of theory in the analysis of large-amplitude vibrations is of undoubted interest (see [64] and
references therein). It was also decided not to take into account the energy of zero-point vibrations
[65]. Calculations of the 2D PES for the HR and HA were performed at UCCSD(T)/d-aug-cc-
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pVQZ [66], UCCSD(T)/aug-cc-pVQZ, and CCSD(T)/aug-cc-pVQZ, CCSD(T)/d-aug-cc-pVQZ
[66] levels of theory, respectively.

The vibrational Schrédinger equation of restricted dimensionality in dimensionless coordinates

H,Q,where H=h/l;; Q=q/l,; l,=1A; takes the following form [67,68]:

oV 0*Y O*Y
—FQ (Q)%— FQQ —an -k _OHZ +U (Q, H )‘P =EY , 3
n 3n’ (my +3m,,) :
where: F =  ‘F . =—_:F, =~2°2 " H/. =g~ /l: h, the Planck
2(Q) m,(Q,+Q)IZ" " 2m 12" ™ 6mym,l2 Q=0

constant; m,,m,, atomic masses of hydrogen and oxygen, respectively. Equation (3) was solved
numerically using the DVR method [69-74]. The elements of the Hamiltonian matrix were
calculated using the following formula (4):

H(ilj)(i'J') =-F (Qi ) Doy — Foo Di?dej’ —Fun @i'DF'H +U (Qi H, )5"'5"' (4)

i “jj

where: DY ~B'D’; Df ~—\ )i Dr0; fiefleN,}, xe(QH). N

T

the numbers of intervals along the coordinates Q and H, in the center of which the potential energy

o N, are

was calculated. Calculations of the elements of the Hamiltonian matrix and its subsequent
diagonalization were carried out using the Mathematica package [75] by analogy with the way it
was implemented in [76-78].

3. DISCUSSION OF THE CALCULATION RESULTS
As noted above, the same |h| value corresponds to many values of pairs of coordinates o and
¢ . The same holds for the coordinate q. Therefore, it could be assumed that the stationary

vibrational states obtained as a result of solving equation (4) most likely will not be equivalent to

the excited states of the symmetric bending vibration of H-O—-H angles (v, ) or to the excited states
of the symmetric stretching vibration of O—H bonds (v, ). Figure 3 shows the 2D PES of HC, HA,
and HR.
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Fig. 3. 2D PES of the HC (left), HA (middle), and HR (right) calculated at the CCSD(T)/aug-
cc-pVTZ level of theory.

Figure 3 clearly shows the asymmetry of the potential energy surfaces with respect to the

coordinate q and their symmetry with respect to the plane normal to the coordinate plane and

intersecting it along the coordinate h=0. The 2D PESs of HR and HA are very similar. In
particular, the positions of the minima in both cases are characterized by the values of the
coordinates h=+0.4; q=-0.25. The potential barrier heights for h=0 are 1480 and 1425 cm*

for HR and HA, respectively. The barrier half-widths in both cases are 0.45 A. In the case of HC,
the situation is different. The position of the minimum is characterized by the values of the
coordinates h=40.3; q=-0.1, while the height and half-width of the potential barrier for h=0
are 705 cm™* and 0.3 A. All these data indicate that tunneling in HR and HA should be
characterized by lower frequencies than in HC. Table 1 presents the results of calculations of the
parameters of equilibrium configurations and the values of the rotational constants for HC, HR, and
HA. Table 2 shows the vibration frequencies for HC, HR, and HA calculated in the harmonic
approximation at the CCSD(T)/aug-cc-pVQZ level of theory.

Table 1. Geometrical parameters of equilibrium configurations and values of the rotational constants for HC, HR,
and HA calculated at the CCSD(T)/aug-cc-pVQZ level of theory.

Compound lo_ [A] O o [deg] B [cm™] C [em™]
HC 0.9771 111.738 11.031 6.3930
HA 1.0285 106.197 9.5796 6.1823
HR 1.0188 106.295 9.7691 6.2922

Table 2. Vibration frequencies (cm™) for HC, HR, and HA calculated at the CCSD(T)/aug-cc-pVQZ level of

theory.
Compound v,(A) v,(A) v5(E) v,(E)
HC 3601 899 3700 1699
HA 2798 897 2514 1364
HR 2942 899 2438 1392
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According to the data in Tables 1 and 2, the geometric and spectral parameters for HR and HA
also turned out to be very similar and differ significantly from the corresponding values for HC.

Table 3 summarizes the energies of the ground and some excited vibrational states v, and v,

of the H5®0O" cation calculated in this work, as well as some literature and experimental data. The
corresponding data for the D3"°0* and T5™O" cations are listed in the Supplementary Materials
(Tables 1SM and 2SM). Table 4 contains the energies of the ground and some exited vibrational
states v, and v, calculated for the first time for the H3'°0e, D3'°0¢, T30« radicals and H;'°0",
Ds®0", T30 anions at the UCCSD(T)/d-aug-cc-pVQZ, UCCSD(T)/aug-cc-pVQZ, and
CCSD(T)/aug-cc-pVQZ, CCSD(T)/d-aug-cc-pVQZ levels of theory, respectively.

Table 3. Energies of excited vibrational states and tunneling splittings for modes v, and v, of the H;'®0" cation

calculated at the CCSD(T)/aug-cc-pVQZ and CCSD(T)-F12/cc-pVTZ-F12 levels of theory. The results of similar
calculations obtained in [30] and [33] as well as experimental data presented in the literature are also listed.

H316O+
Vibr.
En (cm™ En (cm™ 1
modes CZS(D(T)/) CZS(D(T)-) En (cm™) Ey (cm™) Enexp (cM™) é(‘és(gE']T) /) Av (em) Av (cm™) Av (cm™) Avey, (M)
[30] [33] [17, 79-81] aug-ce- CSD(T)-F12 | [30] [33] [17,79-81]
aug-cc-pvVQZ F12 pvQz

GS(+) 0 0 0 0 0

53.48 54.12 46 56.02 55.35
GS() 53.48 5412 16 56.02 55.35
V,(+) 589.9 586.3 580 582.9 581.2

371.7 376.9 354 374.2 373.2
Vv,(-) 961.6 963.2 934 957.1 954.4
2v,(+) 1485.5 1489.1 1445 1479.8 1475.8

578.7 577.6 560 571.2
2v,(-) | 2064.2 2066.7 2005 2051.0
3v,(+) | 26784 2682.7 - 2674.3

701.2 698.2 - 665.0
3v,(-) | 3379.6 3380.9 - 3339.3
v (+) 3570.5 3565.3 3400 3449.7 3445.0

29.4 311 37 46.8 46.2
(=) 3599.9 3596.4 3437 3496.5 3491.2

Table 4. Values of energies and their tunneling splittings (cm™) for some vibrational states of the H3'°Os, D5™°Os,
T30 radicals and H3'®0", D5*°0", T5*°0™ anions calculated at the UCCSD(T)/d-aug-cc-pVQZ (dQ), UCCSD(T)/aug-
cc-pVQZ (Q), and CCSD(T)/aug cc- pVQZ (Q), CCSD(T)/d aug-cc- pVQZ (dQ) levels of theory, respectively.

Vibr. H Oo D Oo T Oo H3 O* D Of T31607
modes dQ 0 aQ Q dQ Q dQ Q dQ Q aQ Q
GS(+) 0 0 0 0 0 0 0 0 0 0 0 0
GS(-) 3.53 3.39 0.32 0.3 0.07 0.07 4.08 4.10 0.36 0.37 0.08 0.08
AGS 3.53 3.39 0.32 0.3 0.07 0.07 4.08 4.10 0.36 0.37 0.08 0.08
V,(+) 696.7 705.5 585.6 591.3 520.4 524.6 686.4 682.1 585.7 581.9 522.5 519.1
v,(-) 796.2 802.6 601.9 606.9 524.8 528.8 797.3 792.0 604.3 600.6 527.6 524.3
Av, 99.5 97.1 16.3 15.6 4.4 4.2 110.9 109.9 18.6 18.7 51 52
2v,(+) 1252.0 | 1265.8 | 1009.8 | 1021.9 931.2 941.3 1248.4 | 1243.6 | 1005.2 999.4 929.7 923.5
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222
223
224
225
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230
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238
239
240

2v,(-) 1628.3 | 16435 | 1167.7 | 1178.3 | 1005.1 | 10135 | 1638.3 | 1632.7 | 11741 | 1169.2 | 1010.5 | 1005.1

A2v, 376.3 377.7 157.9 156.4 73.9 72.2 389.9 389.1 168.9 169.8 80.6 81.6

3v,(+) 2107.1 | 2126.6 | 1480.1 | 14942 | 12749 | 1286.8 | 21229 | 2116.4 | 1488.9 | 1483.9 | 1279.6 | 1273.2

3v,(-) 2621.4 | 2637.6 | 17949 | 18116 | 1501.4 | 1514.0 | 2661.0 | 2654.1 | 1810.9 | 18059 | 1513.6 | 1507.8

A3v, 514.3 511.0 314.8 317.4 226.5 227.2 538.1 537.7 322.0 322.0 234.0 234.6
v,(+) 2740.0 | 2702.1 | 2047.7 | 2043.1 | 1704.0 | 1703.9 | 2561.2 | 2477.7 | 19445 | 19139 | 1624.2 | 1604.8
v,(5) 2749.1 | 2721.3 | 2048.8 | 2044.7 | 17043 | 17043 | 2554.0 | 2483.0 | 1946.0 | 1916.3 | 16245 | 1605.3
Av, 9.1 19.2 11 1.6 0.3 0.4 7.2 5.3 15 2.4 0.3 0.5

As follows from the data in Tables 3 and 1SM, the values of the tunneling splittings calculated
at both levels of theory for the H3'°O" and D5'°0" cations in the ground state are in good agreement
with the experimental data ([17, 79-81] and [27, 82, 83], respectively). A somewhat unexpected but
very pleasant bonus turned out to be a very good agreement between the calculated and

experimental values of the energies of the excited vibrational states of mode v,. The calculated

values of the tunneling splittings for the H,'®0* and D3™0* cations for the first excited state of

mode v, (371.7 and 193.2 cm ) are also in excellent agreement with the experimental values

(373.2 and 191.4 cm ™). Analysis of the data in Tables 3 and 4 also shows that the calculation results
presented in [33] are even closer to the experimental data. However, it should be noted that the
authors of [33] solved the full-dimension (6D) vibrational problem. In addition, the contributions of
electrons from the inner shells and relativistic effects were taken into account. All this, of course,
requires much higher computational efforts. Indeed, equation (4) has a very simple form and is
characterized by 1) the absence of a mixed derivative and 2) constant coefficients at the second

derivatives. In addition, setting two variables (h and q) completely sets the geometry of the

cations and, therefore, when calculating the potential energy, it is not required to optimize the
structures with respect to any geometrical parameters. Thus, our calculations were performed using
the SP option, which radically reduces the calculation time. At the same time, it should be
recognized that the second set of calculated values of the excited vibrational states does not describe

adequately the energies of the excited vibrational states of the v, mode. Thus, here our initial
assumptions turned out to be correct, and the g coordinate appeared to be incapable of adequately

corresponding to the symmetry coordinate associated with the O-H stretching coordinates.

As follows from the results presented in Table 4, the splittings of the ground and excited
vibrational states in HR and HA, as expected, turned out to be significantly smaller than those in
HC. At the same time, the closeness of the 2PES values for the radical and anion noted above
determines the closeness of the tunneling splitting in the ground and excited vibrational states,
although in the case of the anion, as can be seen from the data in Table 4, the splittings of
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vibrational states due to tunneling turn out to be 10% to 30% larger than in the radical. It should
also be noted that the calculated results significantly depend on the basis set used. In general, a
similar picture took place in the case of the results presented in [35], where the calculations were
performed at the CCSD(T)/aug-cc-pVTZ and CCSD(T)/aug-cc-pVQZ levels of theory. Since,
according to [35], the results calculated at the CCSD(T)/aug-cc-pVQZ level of theory were closer to
the experimental data, it may be expected that the results obtained at this level of theory, which are
given in Table 4, will also be closer to the experimental values.

Tables 2SM and 3SM present the calculated values of some stationary vibrational states of the
T5'°0", H3'*0", D5'®0", and T30 cations. Although there are no experimental data for the T5°0",
H;"%0", D5'®0", and T5™0" cations analyzed in Tables 2SM and 3SM, it should be noted that there
is a good agreement between the calculated results in this work and the results presented in [33] for

the energies of the excited states and tunneling splittings in the case of mode v,. This is especially

true in the case of the T5™°O" cation (see Table 2SM). Table 3SM also presents the results of
calculations of the energies of vibrational states and the tunneling splittings for the mode v, in the
D3180+ and T3180+ cations, for which, to the best of our knowledge, similar calculations have not
yet been performed. Basing on the comparisons of the calculated and experimental results for the
H5™0" and D3™0O" cations, it may be reasonably expected that the corresponding calculated values
of the characteristics for the D3'®0" and T5'®0" cations will also be close to the experimental

values.

4. CONCLUSIONS

In this work, we analyzed the inversion motion with a large amplitude and the energies of the
excited vibrational states of the mode v, in the Hs'°0, D30 and T5'°0 cations, anions and
radicals. A convenient set of two vibrational coordinates, h and q, is proposed describing the

distance from the oxygen atom to the plane formed by the hydrogen atom isotopes (h) and a fully

symmetrical coordinate composed of the distances between chemically non-bonded atoms (q).
In coordinates h, q, a 2D Hamiltonian is obtained, in which there is no mixed derivative, with

constant coefficients at the second derivatives, the physical meaning of which is intuitively clear.
The 2D PES of the hydronium cation was calculated at two levels of theory: CCSD(T)/aug-cc-
pVQZ and CCSD(T)-F12/cc-pVTZ-F12. Both approaches showed similar results in estimating the

energies of the excited vibrational states of the mode v, and the tunneling splittings in the ground

and excited states of the mode v,. Comparison of the results obtained with published data has
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shown that the calculated values of the tunneling splittings for the ground and excited states of

mode v, in the H5'°0" and D3'°0" cations agree very well with the experimental data.
The energies of ground and excited states and the tunneling splittings for mode v, in the

H5'°0, D50, and T30 anions and radicals, for which there are no such data in the literature, have
been calculated at the CCSD(T)/d-aug-cc-pVQZ and UCCSD(T)/aug-cc-pVQZ levels of theory.
The calculated tunneling splittings in the ground states of the anion (4.1 cm ™) and radical (3.4 cm™
1 turned out to be significantly lower than the tunneling splitting in the ground state of the cation
(53.5 cm™), which is due to a significant increase in the height and half-width of potential barriers
to inversion in HA and HR as compared to HC.
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