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ABSTRACT

We investigate the distribution of real algebraic numbers of a fixed degree having a close
conjugate number, the distance between the conjugate numbers being given as a function
of their height. The main result establishes the ubiquity of such algebraic numbers in the
real line and implies a sharp quantitative bound on their number. Although the main result
is rather general it implies new estimates on the least possible distance between conjugate
algebraic numbers, which improve recent bounds of Bugeaud and Mignotte. So far the
results & la Bugeaud and Mignotte relied on finding explicit families of polynomials with
clusters of roots. Here we suggest a different approach in which irreducible polynomials
are implicitly tailored so that their derivatives assume certain values. The applications of
our main theorem considered in this paper include generalisations of a theorem of Baker
and Schmidt and a theorem of Bernik, Kleinbock and Margulis in the metric theory of
Diophantine approximation.

1. Introduction

1.1 Separation of conjugate algebraic numbers

The question “How close to each other can two conjugate algebraic numbers of degree n be?” crops
up in a variety of problems in Number Theory and in some applications. Over the past 50 years or
so there has been found a number of upper and lower bounds for such distance. However, the exact
answers are known in the case of degree 2 and 3 only. In order to set the sense in our discussion we
now introduce some quantities.

Throughout this paper we deal with algebraic numbers in C, the set of complex numbers. Let
n > 2. Recall that complex algebraic numbers are called conjugate (over Q) if they are roots of the
same irreducible (over Q) polynomial with rational integer coefficients. Define k,, (respectively x )
to be the infimum of x such that the inequality

lon — ag| > H(ap)™"

holds for arbitrary conjugate algebraic numbers (respectively algebraic integers) ay # ag of degree
n with sufficiently large height H(ay). Here and elsewhere H(«) denotes the height of an algebraic
number «a, which is the absolute height of the minimal polynomial of o over Z. Clearly, }, < &, for
all n.

In 1964 Mahler [Mah64] proved the upper bound k, < n — 1, which is apparently the best
estimate up to date. It is an easy exercise to show that ko = 1 (see, e.g. [BM09]). Furthermore,
Evertse [Eve04] proved that k3 = 2. In the case of algebraic integers k5 = 0 and x4 > 3/2. The
latter has been proved by Bugeaud and Mignotte [BM09] who have also shown that the equality
K4 = 3/2 is equivalent to Hall’s conjecture on the difference between integers 2% and y?. The latter
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is known to be the special case of the abc-conjecture of Masser and Oesterlé — see [BM09] for further
details and references.

For n > 3 estimates for k,, are less satisfactory. At first Mignotte [Mig83| showed that k,, k) >
n/4 for all n > 3. Recently Bugeaud and Mignotte [BM09, BM04] have shown that

Kn =n/2 when n >4 is even,
ki >(n—1)/2 when n >4 is even,
kn = (n+2)/4  when n>5 is odd,
Ky >(n+2)/4 when n>5 isodd.

The above results are obtained by presenting explicit families of irreducible polynomials of degree
n whose roots are close enough. Bugeaud and Mignotte [BM09] point out that “at present there
is no general theory for constructing integer polynomials of degree at least four with two roots
close to each other”. In this paper we shall make an attempt to address this issue. One particular
consequence of our results is the following theorem that improves the lower bounds of Bugeaud and
Mignotte in the apparently more difficult case of odd n:

THEOREM 1. For any n > 2 we have that min{x,,xy ;} > (n+1)/3.

Theorem 1 will follow from a more general counting result — Corollary 2 below. In fact, a lot
more is established. We show that algebraic numbers of degree n (algebraic integers of degree n+ 1)
with a close conjugate form a ‘highly dense’ (ubiquitous) subset in the real line, see Theorem 2.

1.2 The distribution of close conjugate algebraic numbers
First some notation. Throughout, #S stands for the cardinality of S and A will denote Lebesgue
measure in R. Given an interval J C R, |J| will denote the length of J. Also, B(z, p) will denote
the interval in R centred at x of radius p. By < (>>) we will mean the Vinogradov symbols with
implicit constant depending on n only. We shall write a < b when the inequalities a < b and a > b
hold simultaneously.

Let n > 2 be an integer, 4 > 0, 0 < v < 1 and @ > 1. Let A, ,(Q, i) be the set of algebraic
numbers a1 € R of degree n and height H(aq) satisfying

vQ < H(on) <v7'Q (1)

and
vQ P < lag —ag| <viQTH for some oy € R, conjugate to a. (2)
Similarly we define A}, ,(Q, 11) to be the set of algebraic integers a; € R of degree n + 1 and height

H (o) satisfying (1) and (2). Before we state our main result let us agree that A} ,(Q, ) will refer
to any of the sets A, ,(Q, 1) and A}, ,(Q, 1)

THEOREM 2. For any n > 2 there is a constant v > 0 depending on n only with the following

property. For any p satisfying

n+1
3

and any interval J C [—%, %], for all sufficiently large Q

0<p<

3)

A U  Bla,@ ™ '™nJ) =3 (4)
aleA%,u(Qvﬂ)
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Remark 1. In principle, the above theorem holds in the case p = 0, though it is more delicate to
ensure that ag is real. Also note that in the case u = 0 the optimal distribution of real algebraic
numbers of degree n (algebraic integers of degree n+ 1) was first established in [Ber99] (respectively
in [Bug02]). The above result is stated for the unit symmetric interval [—3, ]. However, using shifts

by an integer it can be extended to an arbitrary interval in R — see [Ber99] for appropriate technique.

COROLLARY 1. For any n > 2 there is a positive constant v depending on n only such that for any

w satisfying (3) and any interval J C [—%, %], for all sufficiently large @
# (A5, (Q,p) N JT) = 5Q 172, (5)

Proof. Obviously if B(ap, @ " 1+24) N %J # & then a; € J provided that @ is sufficiently large.
Then, using (4) we obtain

(4)
#(h2,@m 0720z [ | Blane a2
a1€AS, ,(Q,n)

whence (5) readily follows. O

COROLLARY 2. Let n > 2. Then for all sufficiently large () > 1 there are > QnTH real algebraic
numbers «; of degree n (real algebraic integers oy of degree n + 1) with height H(«;) =< @Q such
that

lan — | < Q*HTH for some o € R, conjugate to a. (6)

Corollary 2 follows from Corollary 1 on taking u to be "TH As a consequence of Corollary 2 we
obtain Theorem 1.

2. Auxiliary lemmas

The following auxiliary statement established in [Ber09, Theorem 5.8] is the crucial ingredient of
the proof of all the results of this paper.

LEMMA 1. Let fy,...,fn be real analytic linearly independent over R functions defined on an
interval I C R. Let o € I be a point such that the Wronskian W (fo, ..., fn)(z0) # 0. Then there
is an interval Iy C I centred at xq and positive constants C' and « satisfying the following property.

For any interval J C Iy there is a constant § = & such that for any positive 6, ..., 0,
3 (ag, ..., a,) € Z"1 ~ {0} satisfyin O\«
AzxzeJ: ( (()Z-) ) (i){ J y.g <C<1+<*) )HQIJL (7)
‘aOfO (m)+"'+anfn (Z‘)‘<0iVZ:0,n d
where
On---0.._
_ 1/(n+1) - 0 r—1
0= (0y...6y) and O: max T (8)

With the view to the applications we have in mind we now estimate ©.

3
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LEMMA 2. Assume that 6 < 1 and assume that for some index m < n we have
0o, ...,0m-1<k and Oy O =kt for some real k > 1. (9)
Then
A 1
e <kt ,— 5. 10
max{eo...en en} (10)

Proof. By the assumption that # < 1, for all » € {1,...,n} we have 6" > "' = @...0,,. Therefore
O satisfies

1
max 6g---0,_1. (11)

<
O< g ...0, 1<r<n

In view of (9) it is readily seen that
01 b1 (9

n—1 n—1
= 12
and
(9 nil DY
max 6o < max H H k0; H H kO; < k" 00 60,1 (13)
Combining (12) and (13) with (11) gives (10). O

We will be using Theorem 1 with f;(x) = 2° (0 < i < n). In this case the Wronskian W (fo, ..., fn)
identically equals n! and Lemma 1 is applicable to a neighborhood of any point zy € R. The system
of inequalities in (7) becomes

|P(z)] < 6, |P'(x)| <61, ..., |P™(x) <0, (14)

where P(x) = ag + a1z + - - - + a,a™ is a non-zero integral polynomial of degree at most n and the
set in the left hand side of (7) is simply

(14) holds for some
An(J;00,...,0,) = : . 1
(300 bn) {$€J P e Z[z] ~{0},deg P < n (15)

Then, combining Lemmas 1 and 2 and using pretty standard compactness argument (e.g., [BDV07,
proof of Lemma 6]) give

LEMMA 3. There are constants C' > 0 and a > 0 depending on n only such that for any interval
J C [- %] there is a constant 65 > 0 such that for any positive numbers 6y, ..., 0, satisfying
0= (...0,)" ") <1 and (9) we have that

l\.’)\»—l

e =1) b 11"\ ,a
AMAn(J;60,...,0,) <C |1+ ——— max 0%J|. (16)
5 o 00 Oy

3. Tailored polynomials

Let &, ..., &, € RT satisfy the conditions
& <1 when 0 < —1,

<
< n, (17)

&>1 whenm <
fo<e, &>e!
4
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for some 0 < m < n and € > 0, where the implied constants depend on n only. Assume also that

H&' =1 (18)
i=0

The following lemma lies at the heart of the proof of Theorem 2. It enable us to tailor irreducible
polynomials which assume certain values of derivatives. Of course, there is a connection with Taylor’s
formula too. Hence, we call them tailored polynomials.

LEMMA 4. For every n > 2 there are positive constants dy and ¢g depending on n only with the

following property. For any interval J C [—%, %] there is a sufficiently small ¢ = ¢(n,J) > 0 such

that for any &, ..., &, satisfying (17) and (18) there is a measurable set Gj C J satisfying
MNGy) = 31J] (19)
such that for every x € G j there are at least 2 primitive irreducible polynomials P € Z[z] of degree

exactly n such that
608 < |PY ()| <& foralli=0,...,n. (20)

Proof. Let n > 2 and let &,...,&, be given and satisfy (17) and (18) for some m and e. Let
J C [—%, %] be any interval and = € J. Consider the system of inequalities

|P(z)| <& when 0 <i<n, (21)

where P(z) = ap,z"+- - -+aix+ag. Let B, be the set of (ag, . ..,a,) € R"! satisfying (21). Clearly,
B, is a convex body in R"*! symmetric about the origin. In view of (18), the volume of this body
equals 2" +1 I, i!71. Let A\g < A1 < -+ < A\, be the successive minima of B,. Clearly, \; = \;()
is a function of x. By Minkowski’s theorem for successive minima,

2n+1 il

Substituting the value of Vol B, gives Ao ... A, < [[i;il. Therefore, since \g < -+ < Ay, we get
that

Ao <A ] (22)
=1

Our next goal is to show that Ay is bounded below by a constant unless x belongs to a small
subset of J. Let Ey(J, 1) be the set of x € J such that Ay = A\o(x) < d1. By the definition of A,
there is a non-zero polynomial P € Z[z]|, deg P < n satisfying

|PO(z)| <a&  (0<i<n), (23)
)

x

Let 6y = 61& and 0; = & (1 < i < n). Then Ey(J,01) C An(J;600,...,0,) — see (15) for the

definition of A, (-). In view of (17) and (18), Lemma 3 is applicable. For this choice of 6y, ..., 8, we
_ ¢1/(n+1)

have 6 = ¢, . Then

1 o I
M Eoo(J,61)) < M An(J500, ..., 0n)) < (1 + Csamax{(lfo,g} ) 571
J 1 n

By (17), max{&o, &, !} < e. Therefore u(Ex(J,01)) < 5?/("+1)]J] provided that ¢ < 6. Then there
is a sufficiently small §; depending on n only such that

MEox(J,01)) < s |- (24)
5
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By construction, for any x € J \ Ex(J, 1) we have that
Ao = 01. (25)
Combining (22) and (25) gives

Ao <= 07" 4 (26)
i=1

where ¢; depends on n only. By the definition of A, there are (n + 1) linearly independent integer
points a; = (aj0,...,a5,) (0 < j < n) lying in the body A\,B; C c¢1B;. In other words, the
polynomials Pj(x) = a;jnz™ + -+ ajo (0 < j < n) satisfy the system of inequalities

PO@)|<at  (0<i<n), (27)

Let A = (aj;:)ogj,i<n be the integer matrix composed from the integer points a; (0 < j < n).
Since all these points are contained in the body c¢; B,, we have that |det A| < Vol(B,) < 1. That
is |det A| < ¢o for some constant co depending on n only. By Bertrand’s postulate, choose a prime
number p satisfying

ca < p < 2co. (28)
Therefore, |det A| < p. Since ay, ..., a, are linearly independent and integer, | det A| > 1. Therefore,
det A £ 0 (mod p) and the following system
> iomiajn = 1 (mod p)
> i—omiaji = 0 (modp) (1<i<n-—1) (29)
dicomiajo = 1 (mod p)
has a unique non-zero integer solution (1o, ..., n,) € [0,p — 1]**!. Consider the polynomial

P(x) =apz™ + - +ag := ZmPi(x) € Zx].
i=0

By the first inequality of (29), a, is necessarily non-zero and so deg P = n. Furthermore, a,, Z 0
(mod p). By the last inequality of (29), we have ap # 0 (mod p). In turn, by the middle inequalities
of (29), a; =0 (mod p) for all ¢ = 1,n — 1. Therefore, by Eisenstein’s criterion, P is irreducible.

Using (27), (28) and the fact that |n;| < p < 2c2 we obtain that
PO@) <ok (0<i<n) (30)

with ¢g = 2(n + 1)cice. Without loss of generality we may assume that P is primitive (that is the
coefficients of P are coprime) as otherwise the coefficients of P can be divided by their greatest
common multiple. Clearly such division would not affect the validity of (30). Thus, P € Z[x] is a
primitive irreducible polynomial of degree n which satisfies the right hand side of (20). The final
part of the proof aims at establishing the left hand side of (20).

Let 69 > 0 be a sufficiently small parameter depending on n. For every j = 0,n let E;(J,d) be
the set of z € J such that there is a non-zero polynomial R € Z[z], deg R < n satisfying

IR ()] < 65y, (31)

where 0; ; equals 1 if i = j and 0 otherwise. Let §; = 5105“ c(l)féi’j&-. Then E;(J,d0) C An(J;00,...,6,).
In view of (17) and (18), Lemma 3 is applicable provided that ¢ < min{cal, codo}. Then, by
Lemma 3,

1 coo 1 “ n\1/(n+1)
E; 1+ — max< —— .
)\( J(J, 50)) < < 53 a {6850’ 600()5”} ) (5000) |J|

6
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It is readily seen that the above maximum is < d; if € < §;8pco. Then
AEj(J,%)) < grsl| (32)

provided that ¢ < min{dsdoco,cy 1,0050} and &g = dp(n) is sufficiently small. By construction, for
any x in the set G; defined by

Gy:=J\ | |JEj(J.60)UEx(J,61)
j=0

we must necessarily have that |P®(x)| > 6o for all i = 0,...,n, where P is the same as in (30).
Therefore, the left hand side of (20) holds for all 7. In order to construct another polynomial P
satisfying the required properties one can simply replace 1 with —1 in the last equation of (29).
One can straightforwardly verify that this replacement results in a different primitive irreducible
polynomial. Finally, observe that

(24) & (32)
> |J| — Z)\ i(J,00)) — MEx(J,01)) = |J—(n+2) (4n+8 |J| = 4|J|.

The latter verifies (19) and completes the proof. O

Remark 2. By further lifting n; arising from (29) to Z/p?Z it should be possible to show that for
every x € GG there are n+ 1 linearly independent primitive irreducible polynomials satisfying (20).

4. Tailored monic polynomials

The following is the analogue of Lemma 4 for the case of monic polynomials.

LEMMA 5. For every n > 2 there are positive constants dy and cg depending on n only with the
following property. For any interval J C [—3 55 2] there is a sufficiently small e = ¢(n,J) > 0 such
that for any positive &, ..., &, satisfying (17) and (18) there is a measurable set G; C J satisfying

MNGy) = 41| (33)

such that for every x € G there is an irreducible monic polynomials P € Z[x] of degree n + 1
satisfying (20).

Proof. We will essentially follows the proof of Lemma 4 but replace the construction of P with a
different procedure that makes use of the ideas from [Bug02]. Let Gy = J \ Ex(J,01), where 0 is
defined the same way as in the proof of Lemma 4. Then, we have (24), which implies (19). Take any
x € Gj. Arguing the same way as in Lemma 4 we obtain n + 1 linearly independent polynomials
Pj(z) = ajnz"™ + -+ ajp € Z[z] (0 < j < n) satisfying (27). The matrix A = (a;;)ogj,i<n Satisfies
|det A| < ¢y for some constant co depending on n only. Again we choose a prime p satisfying (28)
so that det A # 0 (mod p). It is readily verified that

det(P{” (2))osij<n = det AT il # 0.

i=0
Therefore, there is a unique solution (to,...,t,) € R**! to the following system of linear equations
n+1 .
e l+pzt] —ofn 4 Dpers  (0<i<n) (34)

(n+1—1)!
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Since det A # 0 (mod p) at least one of agp, ..., an is not divisible by p. Without loss of generality
we will assume that agg # 0 (mod p). For j = 1,...,n define n; = [t;], where [ -] denotes the integer
part. Further, define 79 to be either [tg] or [tg] + 1 so that

M0a0,0 + =+ + Mnano Z0  (mod p). (35)
This is possible because apo # 0 (mod p). Define
P(z) = 2" +apa™ +--- 4 ag := 2" +pZ77iH(x) € Zlx].
i=0

Obviously deg P = n + 1. The leading coefficient of P is 1 and so is not divisible by p?. By (35),
ao # 0 (mod p?). However, by the construction of P, we have that a; = 0 (mod p) for all i = 1,n.
Therefore, by Eisenstein’s criterion, P is irreducible over Q.

Finally, it follows from the definition of n; that |t; —n;| < 1 for all j = 0,...,n. Therefore, using
the definition of P and (27) we verify that

(n+1)!

N\ o+l . ‘P.(i) —P(i) < 1 ‘ << .
g R @) - PO@)| <k Dpeass 0<i<n)

7=0
Combining this with (34) gives
(n+ Dper& < |PO(2)] <3(n+Dper&; (0<i < n).

Thus, taking ég = (n + 1)pc1 and ¢ = 3(n + 1)pe; gives (20). The proof is complete. O

5. Proof of Theorem 2

We now give a complete proof of the theorem in the case A ,(Q, 1) = Ay, (Q, p1). At the end of
the section we will say in what way the proof has to be modified in order to establish the theorem

in the case A7 ,(Q, ) = A}, ,(Q, 1)

Fix n > 2 and let p satisfy (3). Let 9 and ¢y be the same as in Lemma 4. Define the following
parameters:

60 = annJr,u,’ 51 = niani‘u) €Z = 77@ (2 AN n)’ (36)
where 0 < n < 1 is a sufficiently small fixed parameter depending on n only which will be specified

later. Fix any interval J C [—3, 1] and let ¢ = £(n,J) be the same as in Lemma 4. Then, (17) is

satisfied with m € {1,2} for sufficiently large Q. Also the validity of (18) easily follows from (36).
Let Gj be the set arising from Lemma 4 and x € Gj. Then, by Lemma 4, there is a primitive

irreducible polynomial P € Z[z] of degree n satisfying (20).

Finding a1. Let y € R be such that |y — x| = Q™" 1*24. By (3), we have |y — 2| < 1. Further, by
Taylor’s formula,

P(y) =Y 5P (@)(y — )" (37)
i=0
Using the inequality |z — y| < 1, (3), (20), and (36) we verify that

PO(x)(y — )| <nepQ ™ fori>2. (38)

8
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Also, by (20) and (36), |P(x)| < nco@Q~"#. Therefore,

S 1EPY @)y — )| <neoQ Y T E < BneeQ (39)
i#1 i=0
On the other hand,
(20)&(36)
|P(z)(y—=)] = don "QHHIQTMTITA > onPQ (40)

It follows from (39) and (40) that P(y) has different signs at the endpoints of the interval |y — z| <
Q"2 provided that n < 6p/(3co). By the continuity of P, there is a oot a; of P in this interval,
that is

|z — | < QT2 (41)

Finding aa. Let y, = = + pQ~*, where 2 < |p| < Q*/2. In what follows we will again use (37), this
time with y = y,. Using |z — y| < 1, |p| < Q*/2, (20), and (36) we verify that

pl) (x)(yp — ar:)Z < n]p|cle_2“ fori > 3. (42)
By (3), (20), (36) and the fact that |p| > 2, we have that
|P(z)] < neoQ " < |plneo@'

and

|P'(2)(y, — )| <0 "c0Q T [plQ7H = 1" colp| Q1.
The latter two estimates together with (42) give

n
> )%P(’) (@) (yp — 2)'| <0 "pleo@ 7Y " & < 3y pleo@Q . (43)
i#£2 i=0
On the other hand,
1 pn g (P0KG6) 22 _ 1 1-2u 2
|5 P (@) (yp —x)°| = 300mQ|p|° Q™ = 360nQ" " p*. (44)

It follows from (43) and (44) that P(y) has the same signs at the points y+,, (same as P"(x)) with
po = 80017*”*150_1.

On the other hand, using (3) and arguing the same way as during “Finding «;”, one readily
verifies that P(y) and P(y_2) have different signs. Therefore, P(y) changes sign on one of the
intervals

[_POQ_M7 _QQ_M] or [QQ_M7POQ_M]-
By the continuity of P, there is a root ao of P in that interval, that is
207" <z — ag| < po@*. (45)
Combining (3), (41) and (45) gives Q" < |ag — aa| < (po + 1)Q~H, thus establishing (2).

Estimates for the height. Using the fact that |z| < 3, (20), (3) and (36) we verify that

lan| < Q,
jan—1| = [PT () - 1!(7;61)! | < Q,

|an_o| = [P (z) — 2!(7;{2)! anz? — % an—1z] < Q,

©
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The upshot is that H(«;) < Q. This establishes (1) and completes the proof of Theorem 2 in the
case A%,V(Q) ,u) - AZ,V(Q? M)

In the case A} ,(Q, ) = A}, ,(Q, 1) the proof remains essentially the same. The only necessary
modification arises from taking into account the (n+1)-st derivative of P. This derivative identically
equals (n + 1)! and will course no troubles in establishing estimates (39), (40), (43) and (44) which
are the key to finding oy and «s. As to the height, it will be estimated in exactly the same way.

Remark 3. From the above proof we have that |a,| =< @. This condition can be readily used to show
that any «; conjugate to a; is bounded by a constant depending on n only. This follows from the
well known property that |a;| < H(a;)/|an| — see [Spr69].

6. Applications to metric Diophantine approximation

We begin by stating a result due to Bernik, Kleinbock and Margulis. In order to state their theorem
we introduce the set

P(x)| < H(P)~w=*
Pn(ﬂ,’(l}):{xe[_%’%]:{| (x)] < H(P)

holds for i.m. P € Z[z], deg P < n}
|P'(z)| < H(P)'™#

where n > 2, p > 0, H(P) denotes the (absolute) height of P and ‘i.m.” means ‘infinitely many’.
Applying Dirichlet’s pigeonhole principle readily implies that P, (u, w) = [—%, %} if w < n—2pu.
However, when w > n — 2u, the makeup of the set P, (u, w) changes completely. The following is a
consequence of the Theorem from [BKMO1, §8.3].

THEOREM BKM (Bernik, Kleinbock and Margulis). Let n > 2 and p > 0. Then for any w > n—2u
the set Py, (u, w) is of Lebesgue measure zero.

Theorem BKM is a delicate generalisation of Mahler’s problem [Mah32] which corresponds to
the case p = 0 of Theorem BKM, though Mahler’s problem was settled by Sprindzuk [Spr65]. It
is counterintuitive that for a fixed u the set Py, (u, w) must get smaller as w increases. Hausdorff
dimension is traditionally used within this sort of questions in metric Number theory. Using The-
orem 2 we are able to produce the following lower bound on the size of P, (u, w). In what follows
‘dim’ denotes Hausdorff dimension.

THEOREM 3. Let n > 2 be an integer and 0 < pu < "T‘H Then for any w > n — 2u

n+1—-2u

w41 (46)

dim Py, (p, w) =

In the case p = 0, inequality (46) was first established by Baker and Schmidt [BS70] who also
conjectured that (46),—o is actually an equality. This conjecture was proved in [Ber83]. In view of
Theorem BKM and indeed Theorem 3 it is natural to consider the following generalisation of the
Baker-Schmidt conjecture.

CONJECTURE 1. Let n, u and w be as in Theorem 3. Then (46) is an equality.

Another consequence of this work in the spirit of Theorem BKM in the following

10
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THEOREM 4. Let vg,...,0m—1 =20, Uy,..., v, <0, v9 >0, v, <0 andvg+---+ v, > 0. Then for
almost every x € R there are only finitely many () € N such that

IPD(2) < Qv (0<i<n) for some P € Z[z] ~ {0}, deg P < n. (47)
Proof. Let vy, ...,v, be given. Without loss of generality we can assume that x € [—%, %] Let

Spi={z e[~ 3]:|PO@) <27 (0<i<n) forsome P € Z[z] ~ {0}, deg P < n.

It is readily seen that our goal is to prove that lim sup,_, ., S¢ has measure zero. By the Borel-Cantelli
Lemma, this will follow on showing that >, A(S;) < oo. The latter is easily verified by applying

Lemma 3. O
Mahler’s problem corresponds to Theorem 4 with v; = -+ = v, = —1. Theorem BKM follows
from Theorem 4 on taking vy = --- = v, = —1. Although we are rather flexible in choosing the

exponents v; in Theorem 4, there are some restrictions which we believe can be safely removed.
This is now stated in the form of the following unifying

CONJECTURE 2. Let € > 0. Then for almost every z € R the inequality
n
1P @) < H(P)~ (48)
i=0

has only finitely many solutions P € Z[z], deg P < n.

It is likely that in (48) the height H(P) can be replaced with II (P) := [}, max{1, |a;|}, where
P(z) = apa™ + -+ - + a1z + ag. Also using the inhomogeneous transference principle of [BV08] one
should be able to establish an inhomogeneous version of Conjecture 2 modulo the homogeneous
statement.

6.1 Proof of Theorem 3

We will use the ubiquitous systems technique, which is now briefly recalled in a simplified form
(see [BDVO06] for more details and [BBDO02] for the related notion of regular systems). Let I be an
interval in R and R := (rq)aes be a family of points r, in I indexed by a countable set J. Let
B:J — RY:ar B, be a function on J, which attaches a ‘weight’ 3, to points r,. For t € N, let
J(t):={a € J: s <2'} and assume J(t) is always finite.

Let p: RT — RT be a function such that lims o p(t) = 0 referred to as ubiquity function. The
system (R;[3) is called locally ubiquitous in I relative to p if there is an absolute constant ky > 0
such that for any interval J C [

litminf )\( U B(ra,p(Qt))ﬂJ) > kol|J|. (49)
aeJ(t)

Given a function ¥ : Rt — RT, let
AR(V) == {ze€l:|x—ry < V(B,) holds for infinitely many oo € J} .

The following lemma is Theorem 10 in [BDV07], or alternatively it follows from the more general
Corollary 4 from [BDV06, p.20].

11
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LEMMA 6. Let ¥ : R* — R be a monotonic function such that for some ¢ < 1, U(2!+1) < ¢W(2)
holds for t sufficiently large. Let (R, 3) be a locally ubiquitous system in By relative to p. Then for
any s € (0,1)

HY(AR(¥)) = oo if Z‘P@t)s = 00. (50)

The ubiquitous system. Let n > 2 and pu satisfy 0 < p < ”TH Choose p/ = pu+46 < "TH with 6 > 0.
Let R be the set of algebraic numbers a; € R of degree n such that

_ -1 - ;
X )
lon — | K v H(aq) for some ay € R, conjugate to a; (51)
and
loy| < vt for any «; € C, conjugate to a1, (52)

where the constant implied by the Vinogradov symbol depends on n only. We will identify J with
R, so that formally r, = a. Further, let 5, = vH(«a) and p(q) := ¢ " 124/ Then, by Theorem 2
together with Remark 3, there is a constant v such that (R, 3) is locally ubiquitous in I := [—1, 1]
with respect to the above p. Given w > 0, let ¥(q) = ¢~*~!. Clearly, ¥(2'*!) < $¥(2!) and

so Lemma 6 is applicable to this W. Let s = % Since w > n — 2y/, s < 1. Then \I;((Z))

identically 1 and therefore the sum in (50) diverges. By Lemma 6, we have that H®(Az(¥)) = co.

By the definition of Hausdorff dimension, dim A (¥) > s = %%{726 Since § > 0 is arbitrary, it
remains to show that

is

AR(¥) C Puls,w). (53)
By definition, for every z € Az (V) there are infinitely many real algebraic numbers «; of degree n
satisfying (51), (52) and

lz — o] < H(ap) "L (54)
Let P denote the minimal polynomial of ;. Then, P(z) = an(x — a1)...(z — ay). By (51), (52),
(54) and the fact that |a,| < H(P), we get |P(z)| < H - H(P)"*~'H(P)* = H(P)~“~*. Since
w' > u, we have |P(z)| < H(P)~“~* for sufficiently large H(P). Further,

P,(x):anz(xfal)...(xfan)' (55)

i=1

Again, by (51), (52), (54) and the fact that |a,| < H(P), we get that every summand in (55) is

< H(P)~*, further implying that |P'(z)| < H(P)~*. Since i/ > p, we have |P'(z)| < H(P)™"

for sufficiently large H(P). The upshot is that the inequalities |P(x)| < H(P)™*~* and |P'(z)| <

H(P)™* hold simultaneously for infinitely many P € Z[z| of degree n. Thus (53) is established and
the proof is complete.

7. Final remarks

1. The main body of this paper deals with integral polynomials of degree n. However, one can
equally develop a similar theory for linear forms of linearly independent analytic functions. This is
due to the fact that Lemma 1, the underlaying fact for other results, is established for linear forms
of analytic functions.

2. Clearly, using the algebraic integers part of Theorem 2 it is possible to establish an analogue
of Theorem 3 for monic polynomials. Furthermore, using the inhomogeneous transference of [BV0§]

12
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it is possible to establish the inhomogeneous version of Theorem 4, in particular, the one for monic
polynomials.

3. Theorem 2 can be used to give quantitative estimates for the number of polynomials with
bounded discriminant — see, for example, [BGK08a]. We are going to address this question in more
details in a forthcoming paper.

4. Alongside the Hausdorff dimension generalisation of Theorem BKM it is interesting to develop
a Khintchine type theory — see [BKMO1, §8.3] where the corresponding problem was stated. When
0 <p< %, a result of this kind has been obtained by Kukso [Kuk07] in the so-called case of
divergence.

5. The statement of Theorem 2 can be viewed at a different angle: the algebraic points (a1, ag)
satisfying (2) lie at the distance @ from the bisector y = x of the first quadrant. The naturally
arising problem is to investigate the distribution of («, ag) near other rational lines, e.g. y = 2z
or y = %x More general (and challenging) problem is to investigate the distribution of algebraic
points (aq, ag) with conjugate coordinates of degree n near non-degenerate curves in the plane, e.g.
the parabola y = z2.

6. It would be interesting to develop the theory for non-archimedean extensions of Q and for
‘proper’ complex algebraic numbers — see [BGKO08b] for a related result.
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