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noarpynna B K u K — mopymspsas noarpynmna B G, 1o 4 — MmoayssipHas noarpynmna B G. IlonyueHHBIN pe3ynbrar sSBIsSeT-
Csl pellIeHHEM OJTHOI M3 CTapbIX 3a]a4 TEOPUU MOIYJISIPHBIX MOATPYII, BOCXo/siei k paboram A. dpumkepuo (1974),
N. Hummepman (1989).

Knrouesnvle crosa: xoHeuHas rpyrina; MOAYJsIpHAs MOATPYIINA; CyOMOMYISIpHAs TOArPYyIa; M-rpyrina; KOMIUIEKC
PoOuncona.
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Let G be a finite group. Then a subgroup 4 of group G is said to be modular in G if (i) (X, AN Z) = (X, A) N Z forall
X<G,Z<Gsuchthat X< Z and (ii) (4, YN Z)=(A, Y) " Z forall Y< G, Z< G such that 4 < Z. We obtain a description
of finite groups in which modularity is a transitive relation, that is, if 4 is a modular subgroup of K and X is a modular sub-

group of G, then A4 is a modular subgroup of G. The result obtained is a solution to one of the old problems in the theory
of modular subgroups, which goes back to the works of A. Frigerio (1974), 1. Zimmermann (1989).
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Introduction

Throughout this paper, all groups are finite and G always denotes a finite group: G is said to be an
M-group [1, p. 54] if the lattice L(G) of all subgroups of G is modular. If n is an integer, then the symbol 7t(n)
denotes the set of all primes dividing #; as usual, Tr(G) = TC(|G ), the set of all primes dividing the order of G.

A subgroup 4 of G is said to be quasinormal (O. Ore) or permutable (S. E. Stonehewer) in G if 4 permutes
with every subgroup H of G, that is, AH = HA; Sylow permutable or S-permutable [2; 3] if 4 permutes with all
Sylow subgroups of G.

Quasinormal and Sylow permutable subgroups have many useful properties. For instance, if 4 is quasinor-
mal in G, then A4 is subnormal in G [4], 4/4; is nilpotent [5], C;(H/K )=G for every chief factor H/K of G
between 4 ; and A% [6], and, in general, the section A/A ; 1s not necessarily abelian [7].

Quasinormal subgroups have also a close connection with the so-called modular subgroups.

Recall that a subgroup M of G is said to be modular in G if M is a modular element (in the sense of

Kurosh [1, p. 43]) of the lattice L(G), that is, (i) (X, M N Z)=(X, M) Z for all X < G, Z < G such that
X<Zand (i) (M, YN Z)=(M,Y)NZ forall Y< G, Z< G such that M < Z.

Every quasinormal subgroup is clearly modular in the group. Moreover, the following interesting fact is
well known.

Theorem 1 [1, theorem 5.1.1]). A subgroup A of G is quasinormal in G if and only if A is modular and
subnormal in G.

A group G is said to be a 7-group if normality is a transitive relation on G, that is, if / is a normal subgroup of K
and K is a normal subgroup of G, then H is a normal subgroup of G. In other words, the group G is a T-group
if every subnormal subgroup of G is normal in G.

The description of 7-groups was first obtained by W. Gaschiitz [8] for the soluble case and by D. J. S. Ro-
binson [9] for the general case.
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Works [8; 9] aroused great interest in the further study of 7-groups and groups in which some conditions of
generalised normality are transitive (P7-groups, i. €. groups in which quasinormality is transitive; PST-groups,
i. e. groups in which Sylow permutability is transitive, etc.) [2, chapter 2].

However, the following interesting problem still remains open.

Question 1. What is the structure of MT-groups, i. e. groups G in which modularity is a transitive relation on G,
that is, if H is a modular subgroup of K and K is a modular subgroup of G, then H is a modular subgroup of G?

Such a problem was first raised in paper [10], where the following theorem was proved, which gives a com-
plete answer to the problem for the soluble case.

Theorem 2 [10]. 4 soluble group is an MT-group if and only if G is a group with modular lattice of all

subgroups L(G).
New proof of theorem 1 was obtained in paper [11].

Our main goal here is to give an answer to question 1 for the insoluble case.
Before continuing, we give a few definition.

Definition 1. We say that (D, Z (D); u, ..., Uk) is a Robinson complex of G if the following conditions
hold: (i) D # 1 is a normal perfect subgroup of G, (ii) D/Z(D)=U,/Z(D) x ... x U,/Z(D), where U,/Z (D)
is a simple chief factor of G, and (iii) every chief factor of G below Z(D) is cyclic.

We say, following D. J. S. Robinson [9], that G satisfies:

(1) N, if whenever N is a soluble normal subgroup of G, p’-elements of G induce power automorphism in
0,(G/N);

(2) P, if whenever N is a soluble normal subgroup of G, every subgroup of OP(G/N ) is quasinormal in
Sylow p-subgroups of G/N.

A subgroup 4 of G is said to be submodular in G if there is a subgroup chain

A :A()SAI S e SA}'I: G
such that 4, , is a modular subgroup of 4, for all i =1, ..., n. Thus, a group G is an M7-group if and only if
every of its submodular subgroups is modular.

Remark 1. 1t is clear that every subnormal subgroup is submodular. On the other hand, in view of Ore’s
above-mentioned result, G is a PT-group if and only if every its subnormal subgroup is quasinormal. There-
fore, every MT-group is a PT-group.

In view of remark 1, the following well-known result partially describes the structure of insoluble MT-
groups.

Theorem 3 [9]. G is a PT-group if and only if G has a normal perfect subgroup D such that: (i) G/D is
a soluble PT-group, and (ii) if D # 1, G has a Robinson complex (D, Z(D); u, ..., Uk) and (iii) for any set
{iis oo i} {1, ..., k}, where 1 <r <k, G and G/U; - U] satisfy N, for all p e Tc(Z(D)) and P, for all
pE n(D).

Now, recall that G is a non-abelian P-group (see [1, p. 49]) if G = A x <t>, where A is an elementary abelian
p-group and an element ¢ of prime order g # p induces a non-trivial power automorphism on A. In this case we
say that G is a P-group of type (p, q).

Definition 2. We say that G satisfies M, (M,, , respectively) if whenever N is a soluble normal subgroup of

G and P/N is a normal non-abelian P-subgroup (a normal P-group of type ( J22 q) respectively) of G/N, every
non-subnormal subgroup of P/N is modular in G/N.

In this article we prove the following theorem, which answers question 1 in the general case.

Theorem 4. A group G is an MT-group if and only if G has a normal perfect subgroup D such that: (i) G/D

is an M-group, and (i) if D # 1, G has a Robinson complex (D, Z(D); u, ..., Uk) and (iii) for any set
{il, ey }g {1, e k}, where 1 <r<k, Gand G/Ui'1 Ui:_ satisfy N, for all p e TE(Z(D)), P, forall pe n(D)
and M,, , for all pairs {p, q} N n(D) =.

The following example shows that, in general, a PT-group may not be an M7-group.

Example 1. (i) Let o Z(SL(Z, 5)) - Z(SL(Z, 7)) be an isomorphism and let

D:=SL(2, 5)SL(2,7)=(SL(2, 5) x SL(2, 7))/V,

where V = {(a, (ao‘ )71 )‘a ceZ (SL(2, 5))}, is the direct product of the groups SL(2, 5) and SL(2, 7) with a joint
center (see [12, p. 49]). Let M =(C, x Cy )(Cy53 % C;) be the direct product of the groups C; x Cy and Cj3 x C;
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with a joint factor group Cj (see [12, p. 50]), where C; x C; is a non-abelian group of order 21, and C;;x C; is
a non-abelian group of order 39. Finally, let G = D x M. We show that G satisfies the conditions in theorem 3.

It is clear also that D = G° is a soluble residual of G and M = G/D is a soluble PT-group. In view of [12, Ka-
pitel I, Satz 9.10], D = U,U, and U, U, =Z(D) = d)(D), where U, is normal in D, UI/Z(D) is a simple
group of order 60, and U,/Z(D) is a simple group of order 168. Hence (D, Z(D); U,, Uz) is a Robinson
complex of G, and the subgroup Z (D) has order 2 and Z (D) <Z (G) Therefore, conditions (i) and (ii) hold
for G. It is not difficult to show that for every prime r dividing |G| and for Or(G/N ), where N is a normal so-

luble subgroup of G, we have |0, (G/N )| {1, r}, so condition (iii) also holds for G. Therefore, G is a PT-group
by theorem 3.

Now we show that G is not an M7-group. First, note that M has a subgroup T = C, x C; and |M : T| =13.
Then 7 is a maximal subgroup of M and M/T,, = C; x C;. Hence a subgroup L of T of order 3 is modular in 7'
and 7 is modular in M by [1, lemma 5.1.2], so L is submodular in G. Finally, L is not modular in M by lemma 2
below. Therefore, G is not an MT-group by theorem 4.

(i1) The group D x (C7 X C3) is an MT-group by theorem 4.

Premilaries

We use 2 to denote the class of all abelian groups of squarefree exponent. It is clear that 2 is a hereditary

formation, G* is the intersection of all normal subgroups N of G with G/N e’
Lemma 1. Let A, B and N be subgroups of G, where A is submodular in G, and N is normal in G.
(1) A N B is submodular in B.
(2) AN/N is submodular in G/N.
(3) If ]Y < K and K/N is submodular in G/N, then K is submodular in G.
(4) A* is subnormal in G.
(5)IfG=U, x ... x U, where U, is a simple non-abelian group, then 4 is normal in G.
Proof. Statements (1)—(4) are proved in work [11].
(5) Let E= U, A. Then A4 is submodular in £ by statement (1), so there is a subgroup chain

A=FE,<E<..<E _,<E=F
such that E; | is a maximal modular subgroup of E; foralli=1, ..., tand for M=E, |, we have M = A(M N U,)

and, by [1, lemma 5.1.2], either M = E, , is a maximal normal subgroup of E or M is a maximal subgroup of £
such that E/M}, is a non-abelian group of order gr for primes ¢ and r. In the former case we have M N U, =1,
so 4 = M is normal in E. The second case is impossible since £ has no a quotient of order gr. Therefore,

U; < Ng(A) for all i, so G < N(A). Hence we have statement (5).

The lemma is proved.
Lemma 2 [1, lemma 5.1.9]. Let M be a modular subgroup of G of prime power order. If M is not quasinor-

mal in G, then GIM ;= MM x KIM, where M°/M, is a non-abelian P-group of order prime to |K/Mg|.
Recall that a group G is said to be an SC-group if every chief factor of G is simple [9].
Lemma 3. Let G be a non-soluble SC-group and suppose that G has a Robinson complex

(D, Z(D); u,..U ) where D= G® = G". Let U be a submodular non-modular subgroup of G of minimal

order.
(1) If UU! /U] is modular in G/U] for alli=1, ..., k, then U is supersoluble.

(2) If U is supersoluble and UL/L is modular in G/L for all non-trivial nilpotent normal subgroups L of G,
then U is a cyclic p-group for some prime p.
Proof. Suppose that this lemma is false and let G be a counterexample of minimal order.

(1) Assume statement (1) is false. Suppose that Un D <Z (D) Then every chief factor of U below
unz (D) =Un D is cyclic and, also, UD/D =U/ (U N D) is supersoluble. Hence U is supersoluble, a contra-
diction. Therefore, U N D £ Z (D). Moreover, statements (1) and (2) of lemma 1 imply that (U N D) Z(D)/Z (D)
is submodular in D/Z(D) and so (U D)Z(D)/Z(D) is a non-trivial normal subgroup of D/Z (D) by state-
ment (5) of lemma 1.

Hence for some i we have U,/Z(D)<(UnD)Z(D)/Z(D), so U;<(UnD)Z(D). But then U<
<((UnD)z(D)) <UND.

By hypothesis, UU//U! =U/U] is modular in G/U/ and so U is modular in G by [1, p. 201, property (4)],
a contradiction. Therefore, statement (1) holds.
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(2) Assume statement (2) is false. Let N = U”" be the nilpotent residual of U. Then N < U since U superso-
luble, so N is modular in G. It is clear that every proper subgroup S of U with N < § is submodular in G, so the
minimality of U implies that S is modular in G. Therefore, if U has at least two distinct maximal subgroups S

and W such that N< S W, then U = <S, W> is modular in G by [1, p. 201, property (5)], contrary to our as-

sumption on U. Hence U/N is a cyclic p-group for some prime p and N # 1 since U is not cyclic.

Now we show that U is a PT-group. Let S be a proper subnormal subgroup of U. Then S is submodular in
G since U is submodular in G, so S is modular in G and hence S is quasinormal in U by theorem 1. Therefore,
U is a soluble PT-group, so N = U” = U’ is a Hall abelign subgroup of U and every subgroup of N is normal

in U by [2, theorem 2.1.11]. Then N <U™ and so U® = NV, where V is a maximal subgroup of a Sylow
p-subgroup P = U/N of U. Then NV is modular in G and NV is subnormal in G by statement (4) of lemma 1.
Therefore, NV is quasinormal in G by theorem 1. Assume that for some minimal normal subgroup R of G we
have R < (N V) - Then U/R is a modular in G/R by hypothesis, so U is modular in G, a contradiction. There-

fore, (NV'), =1, so NV is nilpotent by [2, corollary 1.5.6] and then ¥ is normal in U.

Some maximal subgroup W of N is normal in U with |N : W| =g¢. Then §' = WP is a maximal subgroup of U
such that U/S,, is a non-abelian group of order pg. Hence S is modular in U by [1, lemma 5.1.2], so S is modular
in G. It follows that U = NS is modular in G, a contradiction. Therefore, statement (2) holds.

The lemma is proved.

Lemma 4. [f G is an MT-group, then every quotient G/N of G is also an MT-group.

Proof. Let L/N be submodular subgroup of G/N. Then L is submodular subgroup in G by statement (3) of
lemma 1, so L is modular in G and then L/N is modular in G/N by [1, p. 201, property (3)]. Hence G/N is an
MT-group.

The lemma is proved.

Lemma S. [f G is an MT-group, then G/R satisfies M,, for every normal subgroup R of G.

Proof. In view of lemma 4, we can assume without loss of generality that R = 1. Let P/N be a normal
non-abelian P-subgroup of G/N and let L/N < P/N. Then L/N is modular in P/N by [1, lemma 2.4.1], so L/N is
submodular in G/N and hence L/N is modular in G/N. Therefore, L is modular in G by [1, p. 201, property (4)].
Hence G satisfies M,,.

Lemma 6 [2, remark 1.6.8]. Suppose that G has a Robinson complex (D, Z(D); u, ..., Uk) and let N be
a normal subgroup of G.

(D) If N=U/ and k+1, then Z(D/N)=U,/N =Z(D)N/N and

(DIN, Z(DIN); UNIN, ..., U,_\NIN, U; \N/N, ..., UNIN)

is a Robinson complex of G/N.
(2) If N is nilpotent, then Z(DN/N)=Z(D)N/N and

(DN/N, Z(DN/N); U\NIN, ..., U;N/N)

is a Robinson complex of G/N.

Proposition 1. Suppose that a group G is a soluble PT-group and let p be a prime. If every submodular
p-subgroup of G is modular in G, then every p-subgroup of G is modular in G. In particular, if every submo-
dular subgroup of a supersoluble group G is modular in G, then G is an M-group.

Proof. Assume that this proposition is false and let G be a counterexample of minimal order. Then, by
[2, theorem 2.1.11], the following conditions are satisfied: the nilpotent residual D of G is an Hall abelian sub-
group of odd order, G acts by conjugation on D as group power automorphisms, and every subgroup of G/D is
quasinormal in G/D. Let M be a complement to D in G.

Let U be a non-modular p-subgroup of G of minimal order. Then U is not submodular and every maxi-
mal subgroup of U is modular in G, so U is a cyclic group by [1, p. 201, property (5)]. Let V' be the ma-
ximal subgroup of U. Then V' # 1 since every subgroup of prime order of a supersoluble group is submodular
by [11, lemma 6].

We can assume without loss of generality that U < M since M is a Hall subgroup of G.

(1) If R is a normal p-subgroup of G, then every p-subgroup of G containing R is modular in G. In particu-
lar, Us=1and soUND=1.

Let L/R be a submodular p-subgroup of G/R. Then L is a submodular p-subgroup of G by [11, lemma 1 (iii)],
so L is modular in G by hypothesis. Hence L/R is modular in G/R by [1, p. 201, property (4)]. Thus, the hypo-
thesis holds for G/R. Therefore, every p-subgroup S/R of G/R is modular in G/R by the choice of G, so S is
modular in G by [1, p. 201, property (4)].

In view of claim (1) we can assume without loss of generality that U < M since M is a Hall subgroup of G.
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(2) If K is a proper submodular subgroup of G, then every p-subgroup L of K is modular in G, so every
proper subgroup of G containing U is not submodular in G.

The subgroup K is a PT-group by [2, corollary 2.11] and if S is a submodular subgroup of K, then S is sub-
modular in G and so S'is modular in G. Hence S is modular in K. Therefore, the hypothesis holds for K, so every
p-subgroup L of K is modular in K by the choice of G. Hence L is modular in G by hypothesis.

(3) DU= G (this follows from claim (2) and the fact that every subgroup of G containing D is subnormal in G).

(4) Vis not subnormal in G.

Assume that V' is subnormal in G. Then V' is quasinormal in G by theorem 1 since /' is modular in G. There-

fore, 1<V <R =0,(Z,(G)) by [2, corollary 1.5.6] since V; = 1 = Uy, by claim (1). But R < U by claim (3),
hence R = V=1 and so |U | = p, a contradiction. Hence we have claim (4).

(5) G=V x K, where V° is a non-abelian P-group of order prime to |K | (since V; = 1, this follows from
claim (4) and lemma 2).

From claim (5) it follows that U< V% so U is submodular in G by [1, theorem 2.4.4]). This final contradic-

tion completes the proof of the result.
The proposition is proved.

Outline of the proof of theorem 4

First assume that G is an MT-group. Then G is a PT-group and every quotient G/N is an MT-group by
lemma 4. Moreover, by theorem 3, G has a normal perfect subgroup D such that: G/D is a soluble PT-group,

and if D # 1, G has a Robinson complex (D, Z(D); U, ..., Uk) and for any set {i, ..., i,} = {1, ..., k}, where
1 <r<k, Gand G/U; ---U] satisfy N, forall p n(Z (D)) and P, for all p e n(D). In view of lemma 5, G and
G/U; ---U/ satisfy M, , for all pairs { p, ¢} " (D) # .

In view of [2, theorem 2.1.11], G/D is a supersoluble PT-group, and if U/D is a submodular subgroup of
G/D, the U is submodular in G by statement (3) of lemma 1, so U is modular in G by hypothesis and hence U/D
is modular in G/D by [1, p. 201, property (4)]. Therefore, G/D is an M-group by proposition 1.

Thus, the necessity of the condition of the theorem holds.

Now, assume, arguing by contradiction, that G is a non-M7-group of minimal order satisfying conditions (i),
(i1) and (iii).

Then D # 1 and G has a submodular subgroup U such that U is not modular in G but every submodular
subgroup U, of G with Uy < U is modular in G. Let Z = Z (D). Then Z < ®(U,; )< ®(D) since D/Z is perfect.

Using lemmas 1-5 and proposition 1, we can show that:

(i) G has a normal subgroup C, of order g for some ¢ € n(Z(D));

(i) £:=C,U=C, xU is not subnormal in G and, also, E; = C,.

Hence G/Eq=E°lEgx K/E;=C,U%C, xK/C,, where EY/EG =C,U°IC,=U%(C,nU) is a non-

abelian P-group of order prime to |K / CG| by lemma 2. Hence G is a m-decomposable group, where =
G G

=n(U%(c,nu)).

Then D/C, is n-decomposable. But C, < ®(D), so ¢ divides ‘D/Cq‘. Hence ¢ does not divide ‘ C, UG/Cq ‘

Ifc,n U%=1,then U% = C, UG/Cq isanon-abelian P-group, contrary, so C, < U°.Then C,isaSylow g-sub-
group of U’ Hence U = C,~ (R X U), where RxU = UG/Cq is a non-abelian P-group. Let C = CUG (Cq )
Then U< Candso, by [1, lemma2.2.2], RxU =UR"Y < C.Hence Cq < Z(UG). Therefore, U= Cq X (RMU),

where R x U is characteristic in U and so it is normal in G. Butthen U’ = RxU = C g X (R xU ), a contradiction.
The theorem is proved.
Note that another type of generalised 7-groups was considered in paper [13].
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