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Abstract: Here we consider the linear-fractional non-homogeneous flow pro-
gramming optimization problem with additional constraints of general kind.
We obtain the increment of the objective function using network properties of
the problem and principles of decomposition of a support. In the received for-
mulas for calculation of reduced costs only the part of system of potentials is
used.
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1. Mathematical Model

Let G = (I,U) be a finite oriented connected multigraph (multinetwork) with-
out multiple arcs and loops, where [ is a set of nodes and U C I x [ is a set
of multiarcs. Assume that a finite non-empty set K = {1,...,|K|} of differ-
ent products (commodities) is transported through the multinetwork G. Let
us denote a connected network corresponding to a certain type of flow k£ € K:
GF = (I*,U*), IF C I, U* = {(i,§)* : (i,§) € U*}, UF C U — a set of arcs of the
network G carrying the flow of type k € K, I* = [(U*), I(U*) = {i € I :i € I¥}
is the set of nodes used for transporting (producing/consuming/transiting) the

Received: November 16. 2012 (© 2013 Academic Publications, Ltd.

url: www.acadpubl.eu



262 L.A. Pilipchuk

k" product. In order to distinguish the products, which can simultaneously
pass through an multiarc (i,5) € U, we introduce the set K(i,j) = {k € K :
(i,7) € U*}. Similarly, K (i) = {k € K : i € I’} is the set of products simul-
taneously transported through a node i € I. Now let us define a set Uy as an
arbitrary subset of multiarcs of the multinetwork G, Uy C U. Each multiarc
(i,7) € Uy has an aggregate capacity constraint for a total amount of trans-
ported products from a subset Ko(i,j) € K(4,7),|Ko(i,5)| > 1. For all multi-
arcs (i,7) € U we assume the amount of each product k¥ € K(,7) to be non-
negative. For products from a set K (i, j), such that K (i, j) = K(4,7)\Ko(,7),
if (i,7) € Up and K1(i,j) € K(i,7), if (i,7) € U \ Up. Moreover, each multi-
arc (i,7) € U can be equipped with carrying capacities for products from a set
K1 (i,7), where K1 (i,j) C K(i,7) is an arbitrary subset of products transported
through the multiarc (3, j).

On the described multinetwork G we consider the linear-fractional non-
homogeneous flow programming optimization problem with additional con-
straints of general kind:

2. 2wt

p(x) (i,)€U keK (i,5)

f(z) = = — max, (1)
a(2) Z Z ql] ZJ
(4,7)€U keK (i,5)
Z Z ,u?zggz—a iel* keK, (2)
jelj(Uk) JEI7 (U*)

Yo > AN =anp=11 (3)

(4,7)€U keK (i,5)

Y wl < djal; >0k € Ko(i, ), (i,5) € Uo; (4)
kEKQ(i,])

0 <af <djj k€ Ki(i,§), (i,4) € U; (5)

xf]ZO’kGK(%j)\Kl(Zaj)?(/L?]) EU\UO7 (6)

where I[7(U") = {j € I" : (i,5) € U*}, I;7 (U*) = {j € I¥ : (j,i) € U}; af; ~
amount of the k""" product transported through an multiarc (4, ); dk carrying
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capacity of an multiarc (4, 7) for the k"' product; d?j — aggregate capacity of an
multiarc (¢, j) € Uy for a total amount of products Ko(7, j); )\Zp — weight of a unit

of the k™ product transported through an multiarc (i,5) in the p'" additional
constraint; HZ’ — a flow transformation coefficient for arc (4, 7)*, HZ’ €10,1]; o
— total weighted amount of products imposed by the p™ additional constraint;
af — intensity of a node i for the k' product, pfj, qu, 5,7, af € R.Let’s assume,
that the denominator

g@)= > D i+

(1,9)€U ke K (i,5)

of objective function f(z) does not change a sign for the set of multiflows x € X.
Without restriction of a generality we shall assume, that ¢(z) > 0,Vz € X.

2. The General Solution of the Homogeneous System

Let = be a multiflow of the problem (1)—(6) i. e. components of the vector x
meet the conditions (2)—(6). Along with the multiflow x let us define support
multiflow {z,Us} as a pair [1], containing of an arbitrary multiflow z and a
support [5] Ug of multigraph G = {I, U} of the problem (1) — (6), Us = {U%, k €
K, U*}, Ut cU* ke K;U* CUy Uy = {(i,j) € Uy : |K9(,5)| > 1}, Ks(i,5)
= {k e K(i,5) : (i,/)" € U§}, (4,5) € U, Kg(i,5) = Ks(i,5) N Ko(i, ), (i, ) €
Uy of the problem (1)—(6). Let’s consider some other multiflow

T = (EZ:xZ—f—AxZ 2 (i,7) e Uk € K(i,5))

Then Ax = (Axf:j, (i,5) e Uk € K(i,j)) is the vector of flow increments along
the multiarc (¢,7) € U. Let us denote

Zij = Z .’/U?j,

keKo(i,5)

5. =k
Zig = > Lijs (7)

Azij=Zij—zij= >, Axfy, (i,)) € Uo.

Since the multiflow T meets the conditions (2)—(6) then the following rela-
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tions are true:

oomh— Y uhEh=af,icelt keK, (8)

jelj(Uk) JEI7 (U¥)

Yo > A=, p=1]1 ()

(4,7)€U ke K (i,5)

dSooa <), (i) U (10)

keKo(i,5)

where the part of the constraints (4) are written down only for the support
multiarcs U* [2, 5]. Subtracting from (8)—(10) the corresponding constraints
(2)—(4), we obtain:

>ooAx— Y AL =0, i€l keK, (11)
JEL(UF) JEI; (UF)
Z Z )\Z-Ax%- =0, p=1,1, (12)
(4,5)€U keK (4,5)
> Al = Az, (i,§) € U, (13)
kEKQ(i,j)

where Az;; is defined by formula (7).
Let us order the components Az of solution of system (11)—(13) according
[5] of the following way:

A.’E — (A.’EL,A.’EB,ACCN),
where

Axy = (Axf]a (Zaj)k S U]zak € K)vAxB = (Axf]v (Zvj)k € Ugvk € K)a

Azy = (A, (,))" € Uk, k € K), Uk = UM (UF(JUE) -

In [5] we investigated theoretical-graphical properties of the structure of the
support Us = {U¥,k € K} of the multigraph G = {I,U?} for the problem (1)
— (6). The aggregation of sets Us = {U%, k € K} includes the support U, =
{U¥ k € K} of multigraph G for system (2) and the set Up = {UL, k € K} of
bicycling arcs [2, 5].
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The general solution of the homogeneous system (11) is the following [2, 5]:

Acki= > Akl ), (5)F € ULk €K, (14)
(r.p)FeUR\UE

where 6% (7, p) = (55(7, p), (i,5)¥ € U¥) — characteristic vector, entailed by arc
(1,p)k € U\ UF concerning a support UF for system (2), k € K [1, 2, 5].

3. Formulae for Increment of Linear-Fractional Objective Function

We obtain the increment of the objective function (1) the extreme linear-
fractional non-homogeneous problem (1)—(6) of flow programming with ad-
ditional constraints.

Af=f@)—flz) =
p(z + Az)
q(z + Ax)

_ ple+ Aw)— f@(o+ Az) _
q(x + Ax)

= [z +Az) - f(z) = —f(z) =

:[ Z Z pfj(:cfj-l-A:cfj)—Fﬂ
(

1,7)€U k€K (,5)

—f(.’E) Z Z qU:c +A‘IZJ)+’Y

(i,5)€U k€K (i,5) /

/ SO g+ Ak 1y —(p<o:>+

(4,7)€U k€K (i,5)

+ ) ) phAa - < + > > qZ]A%» /

(i,)€U k€K (i,5) (4,7)€U keK (i,5)

/ S ek Ak 41

(4,7)€U k€K (i,5)



266 L.A. Pilipchuk

or
2. D mAd—f@) D, D Al
Af = (1,9)€U ke K (i,5) — (z,j)GU:GK(z,]) (15)
Z Z @5 (wi; + Azg;) + 7
(i,4)€U kEK (i)
Let’s transform expressions in a numerator and a denominator for (15).
Yoo > phla=) >, AdLAR(rp), (16)
(i,J)€U k€K (i,5) keK (1,p)kcUR\UF
where
Ap(r,p)=pb,+ D pioki(r.p), (17)
(i.j)Fevy
and
Yoo aiddli=)0 Y AdLAG(np), (18)
(i,§)€U k€K (i,5) kEK (r,p)keUR\U¥
where
Ab(rp)=db,+ > afidhi(rp). (19)
(i,4)F €U

AsT = (fi“] c(i,5) €U, ke K(z,g))) is multiflow, ff”'] = :):fj + Aacf'j, that for

the denominator ¢(Z) of the objective function (1) the inequality is true:
— k(. .k k
9(z) = Z Z @iy (i + Axgy) +9 >0
(.9)€U keK (i,7)

Hence the sign on an increment Af of the objective function depends only on
numerator.

Let’s substitute (16) and (18) into numerator of the increment of the ob-
jective function (15). We have

Nar= XX shardh i) ¥ X dad -

(4,7)€U k€K (i,5) (4,7)€U k€K (i,5)
= Z Z Ak(Tv ,O)A$f_p, (20)
keK (T,p)’“EUk\U}j

where

AF(r,p) = Ab(7,p) = [(@)AG(T,p), (1, p)F € UNUE, ke K. (21)
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For performance of decomposition of an increment of the objective function
we shall substitute (14) into (12).

ST A =3 ST APAh+ > YT ALk

keK (i,5)keU* keK (ij)eUt ReK (rp)keUM\UE
k k k
=S > L S A+ > Arask,
ReK (ij)retf  L(rp)eUm\Ug kK (b eUM\UE
=y Y MNP ST NP (rp) | Axk, =0, (22)
keK (T, p)keUk\Uk (Z,])kGUk
k
A= N N NS p), (1, p)F € URUE, p=T,1.
(i.5)F €U

The equations (22) are transformed to the following kind:

Y ABARE =0, p=T1 (23)

keK (rp)teUk\Uf

Similarly we shall transform the equations of system (13).

ke€Ko(4,7) (r,p)k€UF\UF

where i N
K 5@](T7p)7k‘.€.K0(27])7
5ZJ(B7'P) = 07k g KO(Zaj)v
(i,7) € Uo, (1, p)k € UN\UF, k € K.
or

> D (B

keKo(i.j) (,p)k €U

keKo(i,j) (1,0)k €U

(25)

Thus, we obtain the system of linear algebraic equations (23), (25). Let’s
present system (23), (25) in the matrix form:

2 2 /8~7 p= 7l7
Axn — _( _Pp
Daw =00 ( BlJrf(i,j)v (27]) eU” ) ’ (26)
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Azp = (A, ()" € US, ke K),

- Z Z Akprrpa = ma

k€K (r.p)keUR

Birey) =Deij— > > 6i(BE Ak (i,5) € U™,

keKo(i,§) (1,0)k €U

where

Dy k T k
(D2> ( Tp’ 7l7 t(Tap) 7’UB‘)7

Dy = (&](pr)ag(laj) =1, ’U*’,t(’f’ p)k =1, ’UB‘)a

= &(i,7) — number of the arc (¢,7) € U*, ¢ € {1,2,...,|U*|}. The numbers
5Z~j(B]T“p) are calculated as follows:

. 05 (7: p), k € Ko(i 5),
0ij(Br,) = 4 0.k & Ko(i, j),
(i,5) € Uy, (,p)F € UN\U}  k € K.

where Bk = UF (7, p)k — a bicycle, entailed by the arc (1, p)* € U\ UF k €
K. Also, for each bicycle BTp7
determinants ATI,; [5, 6] of the bicycle B, for the equations (3) with numbers
p=110

entailed by an arc (7, p)* € UL we consider the

A= N NP (T, p), (. p)" € UR\UF,

(i.j)k€BE,
or
k
A= N2 N NS p), (1, 0)F € UR\UT.
(i,5)k EU’“

Since Ug = {U%, k € K,U*} is a support of the multigraph G = {I,U} for
the problem (1) — (6) [4, 5], then det D # 0. We have

Azp=D"'3. (27)
Let’s denote through D~! = = (Ve + 2 = ftN, q = ftN) — elements of a

inverse matrix, t = > |UE|.
keK
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Let’s present (27) as (28).

l
Azh, = Ve pBot D Virphired)Pirei,
p=1

=
o B ) p= ma
(Tvp)keUk7k€K75: ~ P .. % )
s /Bl—l—f(i,j)a (’57]) e U,

Br==3 > AAdk p=T17,

keK (r,p)keU¥

Brretij) = Dzig — > > 6i(BE)AE (i) € U,

keKo(4,j) (r,p)keU¥

269

(28)

(29)

(30)

Let’s substitute (28) into numerator of the increment of the objective func-

tion (20):

D 2 hATi—f@) 3 D ahAd=

(4,J)€U keK (i,5) (1,9)€U ke K (i,5)

-y Y Arand, -

KEK (r,p)keUR\UE

:Z Z Ak(T,p)Axlﬁp—i—Z Z Ak (r, p)Azk =

keK (rp)keUp kEK (1,p)keUR,

Z AF (7, p)x

keK (rapyFett

l — ~
% < Zl Vi(r,p)k pPp + Z Vi(r,p)* 14+€(i,) D6 (i) > +
p=

(i,)eU*
P Y akpad,
kEK (r,p)keUt,
Let us introduce the following denotation:

= >, AT, p=1T

keK (r,p)keUk

=Y > Aot (d) €U

keK (r,p)keUl
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Let’s substitute (29) and (30) into (31). In result the numerator will be
transformed to a kind (32):

l
Nap=3 2 | Ama =2 mhip— D ridy(Br,) | x
p=1

keK (r,p)keUk (@.j)ev™

xA:cljp + Z Tij Azij (32)
(i,)€U*
or ~

Naj = Z Z AF(r,p) Azt + Z rijAzij, (33)

kEK (r,p)keUk (i,5)eU*
Ak(r,p) = A¥(7,p erA"”Z = D by (B (34)

(i,5)eU*

Theorem. The general solution of nonhomogeneous system (2) is calcu-
lated from the formulae (35) for the fixed k € K

xfj = Z prdfj( ) + jfa - Z jﬁpdﬁ?j(ﬂp) )
(T,p)FeUR\UF (T,p)keUR\UF (35)

(i,j)" e Uy 2%, eR,

k= (k. (i,7)F € U*) — is any partial solution of the nonhomogeneous

where T i)

system (2) and 6% (7, p) = (55(T,p),(i,j)k e UM, (r,p)k € UF\UF k € K is
the system of characteristic vectors, entailed by an arc (t,p)* € UF\U¥ k € K
for the fixed k € K, see [5].

Remark. Further, we shall use the partial solution

T = (T, (i, )" € UM,k e K
which is constructed to the following rules: non-supporting elements (7, p)* €
UF\ Uk k € K are equal to zeros and supporting elements (i, j)¥ € UF, k € K
satisfy system (2).

Let’s transform a denominator of the increment of the objective function
(15). For it we transform the sum Z Z qm Z], using (35) for arcs

(4,9)€U keK (i,5)

(i,j)F e Ur ke K :

Z unu Z Z aiyr) = Z Z Qi+

(4,5)€U k€K (i,5) keK (i,j)keUk keK (i,5)keUk
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+0Y dEh=>0 > | DD Ak

k€K (i,j)keUR\UE keK (i,j)keUf (T.p)keUR\U}
—k E( k ko
| i~ Z T 05 (7, - Z Z UrpTrp =
(rp)keUR\U KEK (rp)belM\Uk

[ change the order of summation: ]

=3 3 ke Y k| +

KEK (r,p)FeUF\UE (i)F €Ul

k | =k ~k ¢k _

YD ay |- Y @) =
keK (i,j)keUf (T.p)keUr\U

Let’s denote

Q=2 > ay|¥— X T

keK (i, j)keUk (T,p)keUR\UF
We have:
Z Z Qi Z Z AG(T.p)25, + Q. (36)
(.9)€U keK (i,5) kEK (r,p)kcUR\U¥
where

Ab(mp)=df,+ D aiol(r,p),

(i,5)keU¥
Q=> > dila- > aldirp (37)
keK (i,5)keUl (T,p)FeUR\UF

Let’s substitute (37) into a denominator of the increment of the objective func-

tion (15).
S5 A -
(i,)€U keK (i,5)

=3 Y Abmed, Y Y Abrpadk, + Q=

keK (r,p)keUM\U¥ keK (r,p)keUM\U¥
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= Z Z AE(T, p) (ﬂclﬁp + Amlﬁp> +Q+7 (38)

kEK (r,p)keUR\UE

Using (33) and (38) we have transformed the formulas of the increment of
the objective function (15):

Z Z &k(T, p)Axlﬁp + Z TijAZij

keK (7,p)keUk (t.j)eu~
Af= - k k k ’ (39)
> > A (fvm + Afvfp) +Q+7
REK (- pykeUk\Uk
N !
AR(r,p) = Ak(7,p) =D rpAE— N rii05(BE), (40)
p=1 (i,5)€U*

where
AF(7,p) = Al (7, p) — f(2)AG(T, p),
Ap(r,p) =pE,+ D PEo(mp),

(i,j)keUy

Ab(rp)=db,+ > afidhi(rp).
(i.4)F €U}

p = Z Z Ak(Ta p)Vt(T,p)k,pa p=11,

keK (r,p)keUk

Tijg = Z Z Ak(Ta p)Vt(T,p)k,lJrf(i,j)a (Zaj) eU".

KeK (rp)heU
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