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Abstract

Classical theorems of metric theory of Diophantine approximation
state that some Diophantine inequalities have infinitely many solutions
only on sets with Lebesgue measure equal to zero. In this paper we
estimate the rate of convergence to zero of measures of sets with a
given measure of transcendentality as the right sides of the inequalities
tend to zero.

1 Introduction and results

Irrational (transcendental) numbers are defined as numbers which are not
rational (resp. algebraic). Therefore it is natural to classify them on the
basis of their approximation by rational (resp. algebraic) numbers. How-
ever, a slightly different approach is widely used. It is based on the rate
of approximation of zero by values of integral polynomials in the given ir-
rational (transcendental) point. Such approach was introduced by Mahler
(see [1, 2]).

In studying the described classification the following sets are essential.

Let I = [a,b) be a given interval and

P(z) = apz" 4 an_12" 1 + - + a1z + ag

be a polynomial with integral coeflicients of degree deg P = n and height
H = H(P) = maxigj<n |aj] -



For a real w > n we consider inequality
|P(z)| < H™Y (1)

and denote L£,(w) = {z € I : (1) has infinitely many solutions in P(z) €
Z[z],deg P < n}.
Similarly, for a monotonically decreasing function ¥ (z) : Ry — Ry we

consider inequality
|P(x)| < H" " (H) (2)

and denote £,,(10) = {x € I : (2) has infinitely many solutions in P(z) €
Zlz],deg P < n}.

Of course, (1) is just a particular case of (2) (one may simply take ¢(z) =
x~w*n=1) but historically the set £,(w) was introduced earlier and it is
convenient to study.

By p A we will denote the Lebesgue measure of a set A C R.

From Minkowski’s theorem on linear forms (see, for example, [3]) one
easily derives that £,(n) = I. In 1932 Mahler showed that £, (w) = 0 as
soon as w > 4n and conjectured the same result for any w > n. This hypoth-
esis was proved in 1964 by Sprindzuk ([4]). Soon a more general result was
achieved by A. Baker ([5]). In that work he also conjectured that p L, (1)) =
0 as soon as »_5_; ¥ (H) converges. In 1989 Bernik proved Baker’s hypoth-
esis ([6]), and in 1999 Beresnevich ([7]) showed that uL,(¢) = |I| for a
divergent series Y 7/_; ¥ (H). The works [6] and [7] give a full analogue of
Khinchin’s metric theorem on the approximation of real numbers by rational
numbers for polynomials of a given degree.

Bugeaud extended the above mentioned results to algebraic integers.
He also remarked that from [6] and [7] one cannot estimate the rate of
convergence of measures of sets like £,,(¢) to zero as the upper bound for
H tends to infinity. In the present paper we show how such sets can be
effectively investigated.

The statement of the problem we study here was motivated by the fol-
lowing result of Gotze ([8]). Let d € N, D € R?*? be a nondegenerate matrix
of a positively defined quadratic form and I be a given interval. For a vector
T = (v1,29,...,74) € R? we consider its norm [T = mar1<j<q|r;|. For
a large enough real r and small enough positive real 7 we denote by L;(7)
the set of t € I such that the system of inequalities

m —tDn|,, < 7r %
nl, < 7r

has a solution in vectors m,n € Z¢, (m,n) # 0. Then there is a constant
¢(d) depending only on d such that we have the following estimation:

Theorem 1
wLlr(r) < c(d)72|l|.



This theorem plays an important role in work [8] and provides a basis
for some ultimate results on the number of integral points in ellipsoids.

Now we state our main result.

Fix n € N and an interval I C R. By c¢1,co,... we denote constants
depending only on n or on I and n. We also use Vinogradov’s symbols:
f < g denotes that f < c¢1g9, and f < g denotes g < f < g. All constants
we use can be calculated effectively.

Further, take an interval J C I and real positive values () and 7 < 1. Let
B}, 1(Q,7,J) denote the set of all z € J such that the system of inequalities

|P(z)| < 7Q7",
{ H=H(P)<rQ (3)

has a solution in nonzero polynomials P(x) € Z[z],deg P < n}.

( By H(P) we will throughout denote the height of the polynomial
P(LU) = anx” + -+ a1x + ap, H(P) = maxigG<n ]az\)

Then we have the following

Theorem 2 If Q > Quo(n,I), Q=™ < 7 < 1 and |J| > Q=™ then

MB;%](Q,T, J) < C(n7I)Tn+1|J|. (4)

Note that for 7 > 1 the theorem is obviously true.

2 Notations and lemmas

Let Zy[z] denote the set of all integral polynomials P(x) with deg(P) =
n. For a real z and a polynomial P(x) € Zylz], P(x) = ap(z — a1)(z —
ag) -+ (x — ay), we will write x »— «; if the root «; is the closest to x (or
one of the closest if there are several).

In the following three lemmas we consider a polynomial P(z) € Z,[x],
P(z) = ap(x—a1)(x—a2) ... (z—ay,), and assume its roots to be ordered such
that |a1 —as| < Jar—as| < ... < |ar—ay|. We also denote A = II7_;|o —ay|
for j =2,n and A,1 = 1.

Lemma 1 If x — a1 and P'(aq) # 0, then for all j =1,n

P _slor = il y1y; _ gy IP@ 15

r—ap| < (27
o = oaf < { P/(a) PRV

Lemma 2 Forj=1,n
; (n—1)ly
|PD ()] < W|an|f4j+1-

Moreover,

| P ()] = |an|Az.



These lemmas can be proved by obvious calculations.

Lemma 3 For an irreducible P(x) holds

n(n—1)

1<2 7 |a, " I, A,

The proof of this lemma is based on estimating the discriminant of the
polynomial.

Lemma 4 For any n € N, n > 1 and real § > 0 there is an effectively
calculated bound Hy(d,n) such that for any H > Hy and positive real pu,T,m
the following holds. If Pi(x), Po(x) € Z[z], max(deg(Py),deg(Ps)) < n are
coprime, max(H(Py), H(P,)) < H* and there is an interval I C R with
|I| = H™", such that for all x € I max(Py(x), Po(x)) < H™", then

T+ p+2max{7 + p—n,0} < 2np+ 0.

The proof can be found in [10].

This lemma is a quantitative expression of the natural fact that no two
coprime integral polynomials of bounded degree and height can be too small
on a large enough interval.

We will rewrite the system (3) in a slightly different form:

P@) < oy = @ (5)
H(P) < le

where Q1 = 7Q and 7 = Ql_)‘, and consider the set B, ;(Q1,7,J) or
By, 1(Q1, A, J) instead of Bq’%I(Q7 7,J). Then the conditions of the theorem

change to the following: Q1 > Quo(n, ), 0 < A < =X (we certainly

have ¢; < 1 since 7Q > 1) and |J| > (rQ~1)2 = Q;CQ(H/\), and we are to
prove that

1By 1(Q1, M, J) < e(n, QM. (6)

To simplify the notation, we will write @) instead of ).

3 From the general case to a particular

We will prove the theorem by induction. Case n = 1 is trivial, and case
n = 2 can be found in [9]. So now we assume n > 2.

1. For the set B, 1(Q, )\”T‘H, J) induction hypothesis is applicable, pro-
vided that Qoo(n, I) = Qoo(n — 1,1), Ao(n) < Ao(n — 1), c2(n) <
co2(n —1). So we get

1 n
EL ) < eln-1, QM| = e(n—1, Q| |,

1% Bn—l,I(Qa A

)
n



and we may consider in (5) only polynomials with deg(P) = n and
then simply add ¢(n —1,1) to ¢(n, I).

. We first consider solutions of (5) with H(P) Qn+1 (One naturally
1.

<
7/8
assumes Qoo(n, I') large enough, so that @»+1 > 1.) Lemma 1 for j = n

gives

[z —ay] < (‘P( )|)1/" < |P(z) |V < @ AUF/m)—

|an]

For two good polynomials (of such small height) P;(x) = apz™+-- -+
a1z + ag; and Po(x) = apa™ + -+ + a1z + ag at points z1 and xy
respectively we have

laot — aoz| < |Pi(x1)] + |Pa(2)] + 20y |aj|Ja] — 2| <

< QANFV= | QRET| g < Q| |,

/8 /8 7/8n
so there are at most (2Qn+1 + )"« é(n,I)QnH |J| < Q7+ |J| good
polynomials. Thus in this case for the investigated measure we get the
estimate

¢(n, QT ||+ QAW = (i, QT U g <

< cl(n,I)Qf)\(TH*l)‘J"
So we may consider only solutions with

7/8

H(P)> Qn+1.
Now suppose we have proved the estimate for polynomials with

Q< H(P)KQ
and constants Qf(n, 1), \j(n), c3(n). Take Quo(n. T) = Qg(n, 1) 7

Xo(n) = (n/+1))\0( ), ca(n) = 73481 c5(n) and apply the result for

Bot(Qp = 27 7Q, 7 = kitir, J) with 27%Qp, < H(P) < Qp, where
7/8
of course Qr > Q1 i.e.

k<mn(l- ﬁ)k’ng

/s /s
It can be done since we have Q = Q71 > Qoo(n, )1 = Qjy(n, I),

T = ki > (n( —%le) log, Q)H_TQIQ_’\O(”) > [we take Qoo(n, I) large

enough, so that n(1 — 7/8)log2Q QM] > QM) =do(n) —



—25(n)7/8 — 2% (n) —en(1 —c5(1+0)7/8 —e3(14N)
QT > Q. I 2 Qe = QT > T
We get

1t B 1 (Qps Ty J) < c(n, )7 J| = e(n, DE 27" ).
Now note that
TgﬂQ;n — k2l > gl
[n(1- 4% ) log, Q]

7/8
SO BTL,I(Q) Ta J) g BH,I(QTHJ y T J) U (Uk:]_ Bn,I(ka Tka J))

7/8 1- T/8 1y,
and therefore p By, 1(Q, 7, J) < pt Bp1(Qn+1,7,J) + Ean(l +i1) logs Q)

n(l— 181
,U/Bn,I(QkuTkw]) < c’(n, I)Q_)\(n+1)"]|+2£g:(1 n+1) ) Q]C

|J| < ¢*(n, I)T""1|.J|, since the sum $3° k=2 converges.

(n, I)k:_2T"+1

. It is sufficient to prove the theorem only for the case
|an| > |H(P)].

Let vice versa |ay,| < |H(P)|. Choose minimal ¢t = ¢(I) € Z such that
Ve € I't > x + 1. For an appropriately chosen constant ¢ = c3(n, I)
holds
P > c3|H(P)|.
max |P(m)| > eslH(P)

Let this maximum occur at m = mg. Then for the polynomial

~ 1 ~ ~ ~
P(z) = P(; +mo)x" = ana™ + - + a1z + ao

we have: P(z) € Zy[z], H(P) < Q, [@n| = |P(mo)| > c3|H(P)| and
for € I holds \P(x}mO | < |P(x)|. Now we can consider P(z) on

J = [t L_1 (where J = [a,b]) and, since for [a/, '] C J holds

b—mo’ a—mg

1 1 = b —a

I

=¥ —d = [[d. V],

a —mg _b’—mo (mg — a’)(mgo — V')

apply the result for |a,| > |H(P)| and then change c¢(n,I) appropri-
ately.

. We consider only polynomials P(x) which are irreducible over Z[x].
Here we show how to get measure estimation for reducible polynomials
basing on the induction hypothesis.

Let P(x) = Pl(x)PQ(ZL‘), P € an[x‘],PQ S ZTLQ[:L‘], 1<np €< <
n, n1 + ng = n. Then, taking into consideration the well-known prop-

erty
H(P)=< H(P)H(P),



choose k € {1,2} such that

k-1

QT <HP)<Q: =Q.

It follows that

H(Pg) 2+1 = Qg.
If Qoo(n, I) = Qoo(n1, )% Ao(n) < Ao(nm1)gpity, ea(n) < %7
then induction hypothesis is applicable to the set By, 1(Q1, )\,3((:17111)), J),
and we get
(n + 1) _Akz((:-:-lf) (n1+1)
n 3 77 J < 7I ! J =
1,1 (Ql ( ny i 1) ) C(nl )Ql ‘ ‘
= ¢(ny, Q"L
Similarly,
2 1
Bont (@ A= ) < e, )@ ) )

2—k+1)(ng+1)
So we may consider only x with

|Pr(x) Pa(a)| < QAUD-

Pu(a)] > @) Fren T

f)\%(nfrl)fng _ 1) 2=k+1)
|Py()] > @ 7MY = QM=

= Q_)‘(”+1)—§n1
Y

But then we have

(2=k+1) k+1) n

QA =IM L |Py(z)| < Q2 T,

hence —A(n + 1) — gnl < an -—n, n < ANn+1)+ %nl +
wn =An+1)+5% (n1 —ng) + (2+1) < [for ng < nao] < A(n+

1)+%(n1—n2)+( H)ng = )\(n+1)+ n1+n2 S )\o( )(n—l—l)—I—%—i—n—l,
which is contradictory for Ag(n)(n + 1) < 5. So we should simply
increase our ¢(n, I) in the proper way.

Naturally, for P(z) = apa™ + - - - + a1 + ap we will also demand

GCD(ag,a1,...,a,) = 1.

5. For each polynomial P(z) € Z,|x],

P(z)=apn(z —a1)(z — a2) ... (v — ay),



we may choose one of its roots (say «;) and consider only = € J such
that © — «; (naturally, we should multiply the resulting constant
¢(n, I) by n). Further, assume the roots to be ordered such that

|a1—a2]<|a1—a3]<...§]o¢1—an\.

Denote

|C¥1 _Oé]‘ :H*Hj, l] = [MJT]a ]: 2;”7

where T' = and 0 is a small value (one can take for instance
0 = (n+1)Xo(n) and demand (n+1)Ao(n) < 7= and nca(n)(1+Ao(n))+
(n+1)Ao(n) < 2 with some additional restrictments [they will appear
further|, showing that Ag(n) and ca(n) are small enough if compared
with Ag(n1) and ca(nq) for all ny < n; changing @ slightly we change
our requirements thus allowing 7 or |J| to be smaller, of course forcing
the remaining parameter to be larger).

Take any j € {2,...,n}. If [a,| > c3|H(P)], then |aj] < 1+ -, s0
QM <21+ é) and for sufficiently large Qoo(n,I) we get

n(n—1)
26

. > 1
Hj T

From lemma 3 follows

1< 25 g 1T G- Dn

)

hence for sufficiently large Qoo(n, ) holds

i <mn—140.
So lj = [u;T)] takes only c4(n) values, and we can prove the theorem
for a fixed set of [; and then multiply the resulting constant by cff*l.
We also denote p; = lj+'7';+l", j=2,n, ppyr1 = 0.
Then for j = 2,n we have
l; L 1

H 1" <H 777 <|ay —aj| <H 7 (7)

and for j =2,n+1
H7Pi7% < A; <H P (8)

(A; were introduced in section 2.)

We also readily see that [; form a decreasing sequence and pji1 =
l; . —
pj— % <pj—pj+ 1 <pj+27, j=2,n,50

1
Pi+1 < pj + 2? 9)



From lemma 3 for sufficiently large Qoo(n, I) easily follows

l:
Z“Qm]% n—1+6 (10)

for any set of m; € {0,1,...,5—1}, j = 2,n. Note also that for
ji=2,n

1
pj = —2(n+1 —j)f.

4 The main case

In the previous section we showed that in order to achive the desired estimate
we have to consider the set B;;I(Q, A, Jy o, ... 1,) of all z € J such that the
system of inequalities

|P(2)] < QA+~
{C5Q<H() <o (1)

has a solution in irreducible integral polynomials P(z) = an(x — aq)(z —
ag)...(xr—ap) with |ay| = c3s|H(P)|, x — a1, |a1—ag| < a1 —ag| < ... <
lar — oy, |a1 — o] = H#, [piT) =15, j =2,n. We are to prove that

B QN J 1o, 1) < c*(n, QA . (12)

For an integral polynomials P(z) and an x € J we will write z — P and
say 'z belongs to P(z) ’ if together they satisfy the above stated conditions;
for an interval J' C J we will write J' ~— P if there is an = € J’ such that
x — P. We will call the polynomial good if J — P.

We divide good polynomials into several groups according to their char-

acteristics lo, ..., [, and prove the statement separately for each group.
Case 1 ;
P2t 7z (n+ D1+ A) 0. (13)

In this case lemma 1 gives the sharpest estimate for j = 2 :

—(n+1)(14+M)+6+p3

@ — o] QR (14)

(n+1)(1=X\)—6—p3 (n+1)(1— )\) 0—p3

Now we divide our interval J into HJ |Q P | =< 1J]1Q
n n— 1+0 _

3 3
+1>(1 -6
dolmlntD) o, (n)(1 + )\o(n)) and so \J|Q—pg > 1) equal parts
Z(nA D) (A =N +0+p3

of length < @ 2 . We prove that such a part J’ can’t belong to
two different (and thus coprime) polynomials simultaneously.

(since



Suppose the contrary: x; € J', x; — P, x;j — aq,, i = 1,2, (P, P) =
1. Then for any z € J' we have
|z —ay,| < |z — 2] + o — o, | €

—OED N+ ()N 04y
2

< |7+ Q
(see (14)) and, applying lemma 2, we have

‘H(J') (a1,)(z — ali)j| < Ql—pj+1+j(‘(”+1)(12—”+9+”3).

(Here and throughout we take j = 1,n.) Denoting

j(=(+1)(1 = A) + 0+ ps3)
2 )

fi=1=-pjp+

we now show that

max .
1<j<n li=1F

For j > 3 we estimate fJ fi-1 = T + *(”“)(1;)‘”9“’3 < %(2%3 + pg —

M+1D)A-N+0) <3 4 ps—(n+ 1)1 - N +60) < 3(n—1+06-
n—1+mn+DHA+0) =60+ (n+l) —1 < 0 (we used (10)),while fo —
fi = sz + *(n+1)(1;)\)+9+p3 _ 2(]0 + T —(n+1)(1=A) +60) > [see (13)]
> 2(n+1)(14+X) —0—(n+1)(1—A)+6) = (n+ 1)A > 0. Therefore from

the Taylor’s expansion

1 .
P(z) =%, ;P“)(al )(x — ar,)’

we get

|Pi(z)] < Qf2 = Q1P () (1=N)+04ps — =nt0+(ntA

Now for Pi(z) and P,(z) on J' we can apply lemma 4 with § = 44, pu =
1, = OEDAN0ms o — g (1) 3n—39—3(n+1))\+3—
(n+1)(1—)\)+6’+p3 < 2n+(5 => —29—2(n+1)/\+2—|—p3 <6 =
1<+ (n+1A(n)+(n—2)%+ 3 0 =0+ (n+1X(n n) + n, which is a
contradiction.

So all z on J' with the required approximation properties lie near one
and the same a; (more precisely, see (14)), so in this case we get the measure
estimate

(n+1)(A-N\)—6—p3 —(n+1)(A+X)+6+p3 (n+1)(A=A)—0—p3—(n+1)(1+A)+6+p3

Q™= QT = =1/1Q : -
= QL.

In all other cases lemma 1 gives the sharpest estimate for j =1:

|x o a1| < Q—(n+1)(1+>\)+0+p2' (15)

10



Case 2

l
p2+%<(n+1)(1—|—/\)—9, (16)
2py >n — 1+ 20. (17)

We handle this case similarly to the previous one. We divide J into
[[J]Q"1=0=P2] parts of length =< Q~("*D++P2  preliminary checking that
|J| > Q- (+D+04r2 (summing py + p3 < n — 1 + @ [see (10)] and (16),
we get 3py < 2n + (n + 1)\, so Q- (HD+0+r2 QM‘HG
Q~2M+2(™M) < |J]). Assuming like above the existence of an interval
J' belonging to two different polynomials Pj(x) and P(z), for any = € J'
we get

|2 — an,] < |z — @] + |zs — o, | < QTP

(see (15)), and
]Pi(j)(al.)(a: . Oq.)j| < Ql*pj+1+j(7(n+1)+9+p2).
Let
fi=1=-pit1+j(=(n+1)+0+p2).

For j > 3 we estimate f;—f;—1 = l%—(n—i—l)—i—@%—pg <n—1+0—(n+1)+6 =
2(—1) < 0. So f; is maximal for j = 2 or j = 1. Accordingly, we distinguish
two possibilities.

1 fo> fi,ie. 24 pp+60—(n+1)>0.

From Taylor’s expansion we get

|Py(z)| < QF = Q1 pst2(=(nt)H04p2) QFHp—2n—1420,

For P;(z) and Py(z) on J' we apply lemma 4 with § = 4%, p=1n=
n+1—0—pg, 7=2n+1—(2+py)—20:6n+3—3(2+py)—60+3—
2 —2+20+2py < 2n+0 =>2n+4 <324+ pr+40+5=2(Z +py) -
p3+40+ 6 <[from (16)]< 2((n+1)(1+A) —0) +2(n—2) & + 40+ <
2((n+1)(1+ Ao(n)) +0) +2ng3 => 1 < 0+ (n+ 1)Ao(n) +ns, which
is a contradiction.

2. fo< fi,ie B4po+6—(n+1)<O0.

From Taylor’s expansion
|P;(z)] < Qfl — Ql—pQ—(n+1)+9+p2 _ Q—n-i-&'

Lemma 4 is applicable here with ¢ = g, p=1n=n+1—-0—py, 7=
n—0:3n—304+3—-2n—24+20+2ps < 2n+0 = 2pa+1 <n+0+9 =
n+ 3, which contradicts (17).

11



So here we also get the measure estimate

[’J’Qnﬁ’lfepr] % Qf(n+l)(l+/\)+9+p2 — Q*)\(nJrl)‘J’.

Case 3
2po <n— 1+ 26, (18)
Loy (19)
D2 T = .

This case covers the widest range of values of po and ZTQ, and it is the
most difficult to handle. l l
Like above, we divide J into [|J|Q7] parts of length =< Q7.
Yl L
(> 2 > 200 5 o(n)(1+ o(n), 0 |7] > Q)
Denote

l
u=n+1*9*(%+p2)-

From (18) follows pa+2 = 2ps—ps < 2pa+2(n—2)% < n—1+20+2(n-2) 1,
hence

1 1
u>n+1—9—n+1—29—2(n—2)f:2—39—2(11—2)?>1.
From (19) follows
p<n+1—0—-2+60=n-—1.

First consider only subintervals belonging to not more than @Q* polyno-
mials. Then the investigated measure is majorized using (15) by the value

[\J\Ql%] « QP % Q- (MHDIHNF0+p2 Q%+u—(n+1)(1+x)+e+p2m _

_ Qf}\('ﬂ‘i’l) ’J|

Now we show that the measure of subintervals belonging to more than
Q" polynomials is small.

If such a subinterval J' »— P, i.e. there is an x¢ € J' with z¢ — P, then
for any z € J' we have

|z — a1| < |z —zo| + |x0 — 1| €

< Q—l% + Q- (VAN +0+p2 Q—l%’

since pp + 2 <n—1+4+20+2n—-2)L <n+1-0<(n+1)(1+N) 0.
Further,

. . .l l
ar)(z — )| < QU P TIF < QP =T n,
Pl J 1=pjt1—] ]

SO .
|P(2)] < QP2 T (20)

12



Denote dg = n — [ — 6]. From the estimations for p one easily derives
2<dg<n—1 (21)

{n—0}% {n—06}%
Divide the segment [—@Q, Q)] into [2Q Ko | <2Q KT equal segments T; of
_{n—06}
length =< Ql "% . Note that

_{pn—0} 1 1
TTa > Q' =@,

Q

so for sufficiently large Qoo(n,I) the number of integral points on T; is
_{p=06}
= Q' T We say that polynomials P;(z) and P(z) belong to the same

class if their [ — 6] highest coefficients are equal, n — [u — 6] next coefficients
belong to the same set of segments T;, and the lowest coefficient is arbitrary.
Each of the Q* polynomials our J’ belongs to gets into one of the

{n—06}
g

(2Q + 1)l

)n—[u—9] = Qr?

classes, hence, according to Dirichlet principle, there are at least Q*/ Qr9 =
Q° polynomials P;(x) in one of the classes. Consider polynomials

Si(z) = Pi(x) — Pi(z), i =2,[Q].
For such polynomials we have

deg(S;) < dg,

HS) < Q5" =Qy (22)

and, from (20), throughout on J’

!
|Si(z)| < Q7P (23)
Now we consider three possibilities.

1. If at least two polynomials S;(z) (say, Sa(z) and S3(z)) are relatively
prime, we can apply lemma 4 withn = dg, § = 4%, W= 1—%, n=
bor=patB—1:3pp+3%-3+3-3 ol <ogg(1— L)

§ = 3pat+ 5315 < 2dg—2{p—0}+6 = 2(n—[u—0]—{u—0})+6 =

2(n—p+0)+6 = 2(n—(n+1-0—(2+p2))+0)+6 = 2(~1+0+2+po+

0)+6=>ps=py—% < —2+20+20+31 0 45 < —1420+20+56,

but ps > —2(n — 2)+, which is a contradiction.

13



2. Now let one of the polynomials S;(x) (say, S2(x)) be reducible over
Z[.%’], i.e. SQ($) = Pl(x)Pg(x), P € an [.Z'],PQ S Zm[a;], 1 <n <
ng < dg, ni + na < dg. Choose k € {1,2} such that

k-1

Qv <H(P)<Q: = Q.

It follows that
H(P) < Qo = Qo.

If Qoo(n, T) > Qoo(na, 1), Ao(n) < Mo(m)ith, es(n) < gzl
then induction hypothesis is applicable to the set

2(n+1)
n 9 ’J ,
WA T D0 — {n— 037y
and we get
2(n+1)
Bra, (G, ,J) <
e k(ni+1)(1 —{n—0}/dg) )
—\ 2(n+1) n +1
< c(ny, 1)@, HFNa=ln=ay/aa |J|
= C(nla I)Q—)\(n+1)‘J’
Similarly,
2(n+1
TL2, (Q27 ( ) J) <

(3 = k)(n2 + 1)(1 — {u — 0} /dg)’
< e(ng, QY.
So we may consider only x with

l
|Pi(a) Paa)| < Q1T

2(n+1

)
1P (2)] > Q, A D (- (a—ay/dg) (Mt —n1

= Q At —gm(—{u—0}/dg)

|P2( )| >Q A(n+1)— )ng(l {p— 9}/dg)
But then we have

QA1) —5m(1—{u=6}/dg)

< yPl(x)\ <

Ql p2—Z4A(n+1)+ By (1- {p— 9}/dg)

14



hence —A(n +1) — &ny(1 — {u— 0}/dg) < 1 —ps — l% +An+1)+
B Ky (1= {p—0}/dg) = pa+% < 1+2x(n+1)+ CEny(1— {1 -
0}/dg) + %nl(l —{u — 0}/dg) <[see similar arguments for reducible
polynomials in section 3]< 1+2A(n—+1)+(1—{u—0}/dg)(dg—1+3) =
142X (n+1)+dg—{p—0} — 5+ 120 < 1422 (n) (n+1) +n—p+0+1 =
L0+ e p o+ 20n)(n+1) = 1 <0+0+2x(n)(n+1),
which is contradictory.

3. The only possibility left is that all polynomials S;(x) are of the form
k;S1(z), where Si(x) € Zgy[z] and k; € Z. Among these QY pairwise
distinct integers there must be one with |k;| > Q°. Then Si(z) pos-
sesses very strong approximating properties on J' (see (22),(23)):

{n—0
g

H(S) < Q5 = Qq,

l
17p27T270

1 - re T
|Sl(l’)’ < Ql*pzf%fQ — Qéf{u79}/d9*9.

1
It Qoo(n, 1) > Qoo(dg, 1) 7277, 0 < Ao(dg) =2 5(n) < 2220

then our induction hypothesis is applicable to the set

O(dg — 1)
Bt Q0 G 30— (n— 1790
and we get
O(dg — 1)
S R [ TR T R

6(dg—1)

< c(dg, I)Q; 1—{p—0}/dg—0 ‘J’ _ C(dg,I)Qie(dgil)L]‘ <
< c(dg, Q||

when A\g(n) < H—in'
So we see that all such .J can be covered by a set of measure < Q™+ 7|,

Case 4

l
p2+%<2—9, (24)
p2>1—0—ca(n)(1+N). (25)

Let P be the set of all good polynomials satisfying (24) and (25). For a
P € P denote

o (P) = {m ER:|z—au|< CﬁQ—(n+1)(1+)\)+6+P2}, (26)

15



o' (P) = {x eER:|z—ai| < CGQ*HHPQ} , (27)

where cg is the constant implied in (15). We are interested (due to (15)) in
the measure of Upepo(P).

For a vector ¥ = (apn,...,a2) € (ZN[-Q,Q])" ! let P(v) be the set of
all polynomials P € P with the first n — 1 coefficients equal to a,,...,as.
We call a polynomial P € P(v) nonessential if there is a P € P(v) such
that po’'(P)No'(P) > $ 110’(P) and essential otherwise. Let Py (D) (P2(0))
be the set of all essential (resp. nonessential) polynomials P € P(7); fur-
ther, P; = Uge(Zm[_QQDn—lPl(@) and Py = Uge(Zm[_QQ])n—sz(@). We will
consider Upep,0(P) and Upep,o(P) separately.

1. Firstly, we consider essential polynomials. For an interval J = [a, b]
we ’stretch’ it to the interval

J' =1la—2cs(b—a),b+ 2c6(b— a)].

l
From (24) follows ps < Iff;(rf_l) < (2—9)7571—1) <2—-0—c(n)(1+
Ao(n)), hence Q~2T04P2 < |.J|. Since for good P(x) o(P) and therefore
o' (P) intersect J, we conclude that o/(P) C J'. One easily sees that

no point of J’ belongs to more than two intervals ¢’(P;) for essential
P;-s. So

Spep @ no'(P) < 217'| = 2(deg + 1)|J].
Now

pUpep,0(P) < Epep, o (P) = Epezn-Q.Q)n-12rPep (v) Lo (P) =

= Ql_n_/\(nﬂ)Zve(zm[*Q,Q])"—lEPe?%(@) po'(P) <

< QUMAI(2Q + 1)" 24 + 1)|J] < QI
which is exactly what we wanted.

2. For a polynomial P € P5(T) there must be a P € P(7) such that

wo'(P)o'(P) > £ o' (P).

From (27) and lemma 2, for any x € o/(P) we have
1PY) (ay)(x — )| < Q1 Pit1 i (=2+04p2)

Denoting
fi=1=pjr1+j(=2+0+p2),

we now show that

max — .
max Ji =i
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For j > 2 we estimate f; — fj_1 = %—2—1—0—1—192 < l%—i—pg—Q—i—G <0
(we used (24)). Therefore

|P(z)| < Q1.

Similarly from the Taylor’s expansion

1 . .
P/(@) = S5 PO+ o) (& — )

one gets the estimate for derivative
P/ (x| < QP2
But the same inequalities hold for P on ¢’(P). So for
S(z) = P(z) — P(z) = az + b

on o'(P) N o' (P) we get:

{’S(x)|:|m+b| < QMY

@)=l < Q' )

We suppose Q large enough, so that ¢;Q~'*? < 1 and thus a # 0. We
also suppose c;@Q'7P2 > 1 : otherwise we get Py = 0.

Denote £ = {z € J : (28) has a solution in (a,b) € Z*/{(0,0)}}. Then

90— 110 . 90-()—1+0
20 e+ )2 — <
a a

~p]

1
pL < Z[671

a=

[1/]a]

<R QT I+ Q7T (14 (1-p)InQ) <
[for sufficiently large Q]
< Q_p2+6|J’ +Q—1+9+9 <

[see (25)]
< Q—1+20+62(n)(1+>\)|J| + Q—1+20 <

< Q)
since 20 + A(n 4+ 1) + ca(n)(1 + X)) < 1.

It is obvious that £ can be represented as UY_, |a;, b;|. Now ’stretch’ it
to the set
£ = Uialas = (b = @), bi + (b — @)l

For each P € Py we have o/(P) C £/, and
Upep,0(P) C Upep,o'(P) C L,

SO
(tUpep,o(P) < pL < 3puLl < Q||

which is what we wanted.
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Case 5

I
p2+%<2—0, (29)

p2 <1—0—co(n)(1+N). (30)

We first show that in this case a; € R. Suppose the contrary. Then
P(z) must have a root o; = @;. For zp P we have according to

l.
(7): H 779 < |og — oy < |ou — o] + i — mo| = 2] — mo| <
Q~ (DN +0+r2 — [for sufficiently large Qoo(n, I)] = (n+1)(1+
A)—30 < po +l% < p2+ l% < 2—6 (see (29)), which is a contradiction.
Now note that due to (30)

)

‘041 . x0| < Qf(n+1)(1+)\)+9+p2 < anf(n+1))\762(n)(l+)\)
hence
’041 — ac0| < ‘J|

So we get a1 € J', where J' is a ’stretched’ interval J :

J =la—(b—a),b+ (b—a).

Like in case 4, we define P as the set of all good polynomials satisfying
(29) and (30). For a vector v = (ap,...,a1) € (ZN[—Q,Q])" let P(v)
be the set of all polynomials P € P with the first n coefficients equal
to an,...,a1 and define

Pr=a,x" +...+ayzx.

We also denote

U(P):{xeR:|x—a1|<2n_1|’PPj((§i|)|}' oy

Due to lemma 1 weare interested in the measure of Upcpo(P).

We fix T = (ap,...,a1) € (ZN[—Q, Q])™ and estimate (noting of course
that is P(v) finite)

1Upep@)0(P) < Xpep(m) no(P) <

n — n —n 1
<2nQ A EPEP(E)MW =
n — n —n 1

Now, since we have

1P (a1)] = esQ" 77270 > cg@Q2MUTN > g |7,

18



using arguments similar to those of Proposition 1 in [7], one shows
that

1 ) .
Eper®) A gy < 171+ @n - 2)es I < (34 (20— 2)eg )| ],

So we get
1Upepo(P) = 1 Usezn-qq)» (Urep@a(P)) <
< Zpezn-Q.qQ)n PUpepw)o(P) <
< Soe@n-0,g)n 2" QA3 + (2n — 2)cg )| J| <
<(2Q +1)"2"(3 + (2n — 2)egHQ TV | «

< QM
and that finishes the proof.
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