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Q¢ dexTUBHLIE OLIEHKA MephLl MHOXECTB, OINpeaeiie MbIX
Auo¢daHTOBHIMU YCJIOBUAMU

Mycts P(z) = apz™ + ...+ a1z + ap — MHOTOWIEH ¢ LENBIMA PalHOHAJIbLHBIMA

Koapduumentamu, ¥(z) — HeKOTOpas MOHOTOHHO yGbIBalolast GYHKIMS TaKas, YTO PAL

[ee]

E U(k) cxonurcs, H = H(P) = max |a;| — BbicoTa mHOrouwnena P(z). O6osnaunm
n

k=1 ==

uepe3 L, (¥) MHOXeCTBO AEMCTBUTENBHBIX YUCEN W, JUIS KOTOPHIX HEPABEHCTBO

|P(w)] < ¥*(H)

nMeeT GeckonedyHoe yuciio petiennii. IlycTs, nanee, pA — mepa Jlebera muoxectsa A.
Kax nokazamu B.I'. Cnpunnxyx [5] nns ¥(z) = 27 17¢ ¢ > 0, A. Boiikep [6] nns npous-
BosbHON yHkuun ¥(z), MHOXecTBO Ly (V) umeer HyneByio mMepy Jlebera. B pa6ore [4]
IIpaBas YacTh HepaBelCTBa 3aMeHeHa Ha pynxmmio H ~"+1W(H) u nokasaHo, 4To 1 B 3TOM
cnyqae pL,(¥) = 0, TeM cambiM noka3aHa runoresa A.Baiikepa, chopMyanpoBanHas B
[6].

Onnako Bo Bcex paborax [4-6] Hapsany ¢ SBHBIMH, KOHCTPYKTUBHBIMU OLIEHKAMH Mep

HEKOTOPHIX IOIMHOXECTB MHOXecTBa L, (V) Mepa Ipyrux MOAMHOXECTB OLEHMBAETCS C
TIOMOIIbIO0 HeddHEKTUBHOM HWHAYKIMOHHON penyKIUH.

Pasnuunble IPUIIOKEHUS TeOPUU NMObaHTOBLIX NMPUGIMKEHUA B 3a1a4aX MaTeMaTH-
4ecKoil PU3MKHU, B 3a7la4aX HUCCIIENOBaHUs apudMeTHIECKON NPUPOIBI TOYeK Ha anrebpan-
4eCKMX KPUBBIX TPe6yIOT NoiyueHns >pdeKTUBHBIX OLEHOK Mep MHOXeCTB Buna L, (V).
B pa6oTe npuBoaMTCS NOKA3ATENBCTBO CileNyIOLIel TeOpeMBl.

Teopema 1. Iyemv H > Ho(n) — docmamouno Goavwoe dedicmeumendbnoe
wucao, P(z) — noaunom ¢ yeavimu xosfduyuenmamu, deg P(z) <n,n< A <n+1/3.
Ob6oanavum vwepes My(H,)) muoncecmeo delicmeumesbrbls w U3 HEXOMOPO20 UNMep-

sasa J C R, dag Komopbir Hepasencmeo
|P(w)| < B (1)
umeem zoms 6ot 0o pewenue 6 noaunomaz P(z), H(P) < H. Tozda npu arobom § > 0

uM(H,X) < ¢(n, 6, J)H"~2+8. (2)
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IIpexne 4eM MepeATH K HEMOCPENCTBEHHOMY NOKa3aTeJbCTBY TEOPEMBI, NpUBeIeM
Pl BCIOMOTraTeJdbHBIX MOHATHH U JEMM.

Knacc HenpvBOIMMBIX LEJOYHCIEHHBIX NOJMHOMOB ¢ ychopusmu deg P(z) < n,
oo
H(P) < H 4 a, = H(P) obosnauum uepe3 Pn(H), P, = U P.(H).
H=1

Ilepexon OT paccMOTpPEHHMS BCEBO3MOXHBIX HENPUBOLAMMBIX MHOTOUJEHOB K MHOTO-
YJjleHaM, YIOBJETBOPSIONINM YKa3aHHOMY YCJOBHMIO Ha Gy, NPOM3BONUTCS IMpPH ITOMOILIA

TpaIMIMOHHBIX IJs JaHHBIX 3afiad paccyxieHnit (cM. [5]).

3adukcupyem € > 0 u nosoxum T = [‘—’K})], rae d(n) — mocTaToYHO GOJBIIAs BeJH-
4MHa.

Mycts P(z) € Po(H) u 3 = 5 (P),. .., = 3u(P) — xopuu P(z). IIpoussenem
ynopsnodenue KopHeit »;(P), kak B [5]. IIpocTorsl panu Gynem cuuTaTh majee j = 1.

OnpenenuM NeHCTBHTENbHbIE YHCIA y; U Ledble |; U3 COOTHOLIEHUH

ey —sg)l=H™ ", (i-1D)/T<p<l/T, 2<i<n. (3)

Hcnoas3ys (3), ¢ kaxnbiM mMHorouienoM P(z) € P,(H) 6yneM CBS3BIBATh LENOYH-
caeHHbIH BekTOp 5 = (l2,...,In). Herpyano nokasaTs [1], 4To 4mcIO Takux BEKTOPOB
KOHEYHO M 3aBHCHT TOJBLKO OT n ¥ €. Muorouneust P(z) € P,(H) ¢ onHUM ¥ TeM Xe S

obbenuHuM B noamuoxecTBo Pn(H,S), a P(z) € P, — B nonMuoxecTBo P,(5). Iycrs,
nadee,

i+1+---+ln

pi(P)= St g,

SGa)={weR: ,min lw — 5| = |w — 34}

Yepes c¢(n) 6yneM 0603HaYaTh NOCTOSHHLIE, 3aBUCAIIME TOJBLKO OT I M HEKOTOPOLO
IOJIOXHTEJILHOTO, 3apaHee PpUKCHpoBaHHOTO 4ncaa £. Han ¢(n) Mbl 6yneM npou3BoiuThb
neiicTBuA no dopMaibHeM nmpaBuiaaM c(n) + c(n) = ¢(n), ¢(n) - ¢(n) = c(n), cMbica
KOTODPBIX COCTOHT B TOM, YTO CYMMa M NpPOM3BENEHHE CYTh CHOBA HEKOTOpBIE (DYHKIWH,
3aBHCALINE OT N H £.

JTemma 1 [3]. Hyems Pi(z),..., Pr(z) € R[z]. Tozda
ci(k)H(Py)---H(Py) < H(Py---P) < co(k)H(P1) - - - H(Py).

Temma 2 [5]. Hycmv P(z) € Po(z) v w € S(311). To2da

|P(w)]

w— | < 2P L

b=l < 2 i)
. _; |Pw /3
|w—xl|gzr<r}13"(2" fl-}m_((;%wl-xﬂ-.-wl—xﬂ) .

Temma 3 [1]. Mycmb P(z) € Po(H,5). Toeda

IPOGa)| < cln, )HIPHE=De, T=1,n 1.
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Jemma 4 [2]. IHyemwv § > 0 — nexomopoe sewjecmeennoe wucao, Sy & So —
namypaadvhvie vucaa, Hy = Hq(s1, s2,6) — docmamouno 6oavwoe namypaabroe wucao.

ITycmo, daace, P(z) v Q(z) — yesouwucaenndvie 63a6uMHO NPOCTILIE MHOZOULEHDE,
deg P(z) < o1, degQ(z)<sp, H(P)=H, H(Q)= HI.

Tozda ecau dag 6cez w u3 wexomopozo unmepsaaa I, pl = H; ", n > 0, svinoans-
10TMCA HePasencmea

|P)| < H™, |Q(w)| < H™,

min(7y, + vy, 72 + V) = i,

p+2max(p —n,0) < visy+ ves; + 6. \ (4)

JTemma 5 [2]. ITyemv I C R — nexomopwiti unmepsas v B C I — uamepumoe
muoxcecmeo dedemeumenvniz vuces, pB > c(n)pl. Iycmb dasee dag 6cex w € B

suinoangemcd nepagencmeo |P(w)| < H™%, w > 0, deg P(w) < n. Tozda dag scezw € I
8epHo

|P(w)] < e(n)H™.

HoxasaTeabcTBO TeopeMb. JlokazarenscTBo GymeM CTPOUTH
[pH [OMOIIM WHIYKUMH M0 cTeleHsM MHorodieHa P(z). B ciyuyae MHOrousieHOB NepBOM
CTENeH! YTBEpPXIEHHE TeOpPEMBI OYEBHUAHO. B NpennosoXeHWH CIpaBeNIUBOCTU HeEpa-
BeHCTBa (1) 111 MHOTOYJIEHOB CTENEHHN, MEHBIIEH N, JOKaXeM HCTUHHOCTDL TE€OPEMBI [JIst

MHOTOYJIEHOB CTENEHH 1, n > 2.
PaCCMOTpHM CHavaJia c.nyqaﬁ, Korjaa Halll MHOI'OYJIEH ABJsI€TCS CTENEHbIO IICIIPUBO-

numoro. To ects P(z) = Pf(z), 2 < k < n. Torna
n = deg P(z) = kdeg Pi(z) = kny,
rae ny = deg Py(z), u B cuay geMmbl 1
H(Py) < c(n)H(P)'* < c(n)HY*,
Mepa mHuoxecTBa My, (H,A) Tex w, I KOTOPBIX
|P(w)l < H7,
COBMalaeT ¢ MEPOR 1€X w, LIS KOTOPHIX
|Py(w)] < H-ME.
Ilo MHAYKTHBHOMY MPENNOJOXEHHIO
Mo (H,\) < c(n,e)H™ & +ite, (5)

Ho npu yka3aHHBIX orpaHWyeHuMsx Ha A, k, n mpaBasd 4YacTb (4) He IIPEBOCXONUT

H™=2t€ 410 u Tpe6oBaNOCh NOKA3aTh.
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Mycts Teneps P(z) — HEKOTOPBIH NPUBOXUMBIHA MHOTOUJeH. C y4yeToM paccMoTpel-
HOTO BBHIIIE CIy4as MBI MOXEM CYMTATh, 4To P(z) mpeacTaBEM B BHIe MpPOM3BECHNs
IBYX MHOT'OUYJIEHOB, He MMEIOLIXX OOLIMX KOpHeil:

P(z) = Pi(z) - Po(2), (6)

rae deg Py(z) = ny, deg Py(z) = n,.
B cuny nemmer 1

H(P)=H*, H(P)<c(n)H'™™, 0<m<L

IycTh, nanee, ] — HEKOTOpLIA MHTEPBaJ, COAEPXKAILUA KOPEHb 31, IS BCeX TOUCK
w koroporo crnpasenauBo (1). O6o3nauum A\; = lje — 1, roe I} Takoe nenoe, uTo Mepa
Tex w € I, nJs KOTOphIX
1-le
|Pi(w)] < H T,

ne meHee 0,5ul, HO yXe Mepa TeX w € I, 1as KOTOpPBIX
|Py(w)| < HIZ(HDe

Mmenbine 0,5ul.
Tak kak |Py(w)| < H™*' na MHOXecTBe Mepel, e Menbiueir 0,541, To no semne 5
nas gioboro w € 1

|Py(w)| < e(n)H ™, (7)
a Tak Kak
|P(w)] < H™M75

Ha MHOXeCTBe Mepbl, MeHbie# 0,5ul, To B cuay (6)
|Py(w)] < e(n)H At

s w € I, obpasylomux MHOXecTBO Mephl He Menee 0,5ul. CraenoBaTeiblio, 1puUMcHss
JeMMYy 5, MoJiyuyuMm

|Pa(w)] < e(n)H=H+A+e (8)

nas moboro w € I.

Ilo npeanoJyoxeHuio HHAYKIMK Mepa Tex w € I, nas koTopulx Beinogusiercs (7),ne
NPEBOCXOMHT

c(n)H_’\‘+"‘” ,
a Tex w € I, nas KoTopeix BhNnosaHsercs (8), e npeBoCXOoUT

C(n)H—A+/\1+€+(n-"1)(1“‘1).

Torana ecaun cnpaBenJuBo
- -
H-Atnm < H" , (9)

aubo
H- 2 ite+(n—ni)(1-u1) < HH—A, (10)
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TO Hallle yTBepXJIeHHe JJiA npuBonnmoro P(zr) mokasaHo.

Mpennosoxum, uro (9) u (10) onzoBpeMEHHO He BHINOJHSIOTCH, T. €.

H Mt > H""\,
H—A+A1+e+(n—n1)(1—p1) > H"_'\.

(11)

H3 (11) nosnyvaem
A <X =n+nyp, (12)

A Zpl(n—n1)+n1 —E. (13)

YTBepxneHHe JeMMbl 4 B IpuMeHeHUH K MHorowleHaM Pj(z) u Pp(z) nepenuurercs
max(H ™1, H-AtAite) > c(n)H"‘("""‘)'(1““)"l . (14)
Mycts 0 < Ay < 255, Torma H~* > H~*+%1+¢ y yepapencTso (14) naer nam

AL < pi(n—mn1)+ (1= p)n, (15)

KOTOpoe B coBOKyNHOCTH ¢ (13) npuBonuT x npotuBopeunio mist Beex 0 < g < 1. Cuyuait
p1 = 0 BemeT K mpoTuBopeunio Mexny (12) u (13).

HycTs Temepb A > Ay > 25¢. Monyuaem H=A41+e > H=%1 y g cuny semmbr 4
A= <pi(n—n)+ (1 - pi)n +e (16)

Jlerko y6enutncs, yTo HepaBeHcTBa (12) u (16) NPOTHBOPEYHBHI, YTO M IOKA3bIBAaeT
CIIPaBeJIMBOCTDb MCXOXHOTO NpeJIOXEHHs s NPUBOMMMEIX P(z).
Ilycts Teneps P(z) HenpuBonuM ¥ npunainiexut Pn,(H,s). Ilosoxum k =n+1—
—% 4 p1. Mui 6yniem feTanbHO paccMaTpUBATh JMIIb CIydail
P

T+pl <n, (17)

TaK Kak pacCMOTPEHHe cIydas & + pi > n IPOM3BOIMTCS Tak Xe, Kak B [4].

ByneM roBopuTh, 4To MHOrowjieH P(z) NIpUHALIEXUT HHTepBaLy J, €ClH CyIIEeCTBYeT
w; € J Takoe, uto |P(w1)| < H™*.

Bocnosab3yemcs JeMMaMH 2 M 3 ¥ TIOJIyYuM JJist GIMXaiIIero K wy KOPHS 3¢ IOJMHOMA
P(z)

Y
jwy — 30| < c(n)l—}g(;;—)—{ < c(n)H=A=1HP

Monoxum Takxe pJ = H~%-08{k} 4 ouennM cBepXy YMCIO MHOTOYJIEHOB, NIPUIAL-

aexamux J, BeamumHoit HY. Torma mepa Tex w, OJs KOTOpBIX cylecTByeT P(z) u3

BBIZIEJIEHHOTO KJIacca M TaKoi, 4To BhmoanseTcs (1), He MpeBocXOnUT
[
c(n)H"+ #+40,8{k}-A-1+p, ’
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yTO B cBoO ouepens npu v < [k]+0, 2{k} ne npesocxonuT Tpebyemoir Bemuuunn H ™A™,

Hepefinem x paccMoTpenuio cayvas v > [k] + 0,2{k}. Pasnoxunm moboit Muorod.1en

P(z), npuHandexamui J, B pan Teiisopa B OKpeCTHOCTH KOPHS
1 1
P(w) = P'(se)(w — 51) + EP”(xl)(w —a) 4.+ —TﬁP(")(xl)(w — )",

B cuay (17) H-#-08(k} 5 [-3~14P\ y cnenopaTenbHo, A8 M060r0 w € J

lw — sa1] < |wy — 31| + w1 — w] < e(n)H~F-0BkY, (18)

Hcnonesys nemmy 3 u HepaBeHcTBO (18), abcomoTHoe 3HaueHHe JIO6OTO ONHOWIEHA W3

paanoxennss P(z) B psan Teilnopa MOXHO OLEHHTD

|P(')(x1)(w—x1)|<c(n)H1 pit(n—i)e— c-} —-0,8i{k} <c(n)H1 p,+(n+1)s- -0,8{k}

Takum obpa3som, nus go6oro w € J
|P(w)] < c(n)H1-Pr=F-08{k}+(n+1)e (19)

Ecan ¢ untepBasom J cBs3anbl ¢(n)HY MHOrOYJIEHOB BEICOTHI, He NpeBocxonsein H,
TO, IPpUMeHSIS IPUHIHUN AIUKOB J[MpHXJe, HECIOXKHO yCTAHOBUTD, YTO CPENM HUX Cylle-
CTBYIOT IIO KpaiHel Mepe c(n)H°'2{") TaKHX, y KOTOPBIX KOIQPUUUEHTHI G, - - -, Gn_[k]41

coBnanaior. llycts Pi(z), P2(z), P3(z) — Tpu pasiuuHBIX TakUX MHOroYJeHa. PaccMo-
TPHUM Jlajlee MHOTOYJIEHBI

Ti(z) = Pi(z) — Pa(z),
Ty(z) = Pi(z) — P3(z).

HJISI HUX CIIpaBEOJIMBBI HEpABEHCTBa

ITI(w)l < c(n)Hl—Pn—'7?-—0)8{);}+(n+1)£’

. (20
Ty ()] < c{n) 171~ F =08} +(n 1) !

IJIA IPOM3BOJIbHOTO w € J, cTenens kaxaoro u3 T;(z), ¢ = 1,2, ne npesocxoput n— [k] =
=% 4 p; — 1+ {k} u BricoTa H(T}) < c(n)H.
CymecTBoBaHie TaKAX MHOTOYJIEHOB B ciyuae, ecau T3 (z) u T2(z) e umeroT obumx

KOpHeH, NMpoTHBOpedyHT JemMe 4. JleficTBUTENBHO, COTJACHO 3TOU JeMMe I Jo60ro
6 > 0 moaXxHO MMETH MECTO HEPABEHCTBO

Iy
3p1 +3T

KOTOpO€ HEBO3MOXHO.

+2,4{k} =3 —(n+1)e+3 - 2(12+08{k})<2(1 +p— 1+ {k}) +6

PaccMoTpuM, HakoHen, cayvait, korna 11 (z) u To(z) nmeioT obumit kopeus. Torna
Ti(z) npencrasum B Buzne T1(z) = Ri(z)Ra(z), rae deg Ri(z) = ny, deg Ro(z) = % +
pr—1+ {k} — Ny, H(Rl) = HH#2 I{(RQ) < c(n)Hl“‘“, 0<pus<1.
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ITo MHAYKTHBHOMY IPENNONIOXEHUIO Mepa wq € J, Il KOTOPBIX
Ry(@)] < e(m)H,

1]
|Ra(w)| < c(n)H ~Pr—#+2a=08{k}+(n+2)e
rae Az BEIGpaHO Tak, Kak Aj BhIle, He IPEBOCXONUT COOTBETCTBEHHO

c(n)H"""’"""""

o(n)H1=P1~ F+22—0,8{k}+(n+2)e1 f(F+p1—14{k}=na)(1-uz)+e_

Ioxaxem naliee, 4YTO HEBO3MOXHO OJHOBPEMEHHOE BHINOJIHEHHE ABYX CIIENYIOINX He-
PaBEHCTB:

H—Az+nnu2+e > Hn—)\, (21)
H1-p1=F+22=08{k}+(n+2)e [y (F+p1—1+{k}-na)(1-pa)+e o (22)

YTO U 3aBEpUIAET HOKA3aTENbCTBO TEOPEMBL.
IeficTBuTensHo, u3 (21) u (22) nonyyaem

Az—n2p2—€</\-n

n
12 12
1=pi= 2 = 0,8k} + Ao+ (n+2er + (1= ) (Z+pr = 1+ {k} —mz) e >n— ).

HBa TNOoCJIEAHNX HEpaBEHCTBa C y4YeTOM HHTEpBaJla U3BMEHEHMS ITapaMeTpa A NpuBOOAT
HaC K HEpABECHCTBY

Iy

T+p1—-1+{lc}-n2)—-0,2{k}—(n+2)51< 1,

na(l — p2) + ltz(
KOTOpO€ B YKa3aHHBEIX PAMKaX U3MEHEHUsS fy M Ny IPOTHBOPEYUBO.
Iocrynnno B suBape 1992 r.
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