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ON APPROXIMATION OF P-ADIC NUMBERS BY P-ADIC
ALGEBRAIC NUMBERS

V.V. BERESNEVICH, V.I. BERNIK, AND E.I. KOVALEVSKAYA

1. Introduction

Throughout p > 2 is a fixed prime number, Q, is the field of p-adic numbers, |w|,
is the p-adic valuation of w € Q,, p(.S) is the Haar measure of a measurable set S C Q,,
A, ,, is the set of algebraic numbers of degree n lying in Q,, A, is the set of all algebraic
numbers, Q is the extension of Q, containing A,. There is a natural extension of p-adic
valuation from @, to Q; [Cas86, Lut55]. This valuation will also be denoted by |- [,. The
disc in Q,, of radius r centered at « is the set of solutions of the inequality |z — af, < r.
Throughout, Ry, ={zr € R:x > a}, R, =Ry and ¥ : N — R, is monotonic.

Given a polynomial P(z) = a,2" + a, 12" ' + ... + a1z + ag € Z[z] with a, # 0,
deg P = n is the degree of P, H(P) = maxog<n |a;| is the usual height of P. Also H(«)
will stand for the usual height of o € A, i.e. the height of the minimal polynomial for
a. The notation X < Y will mean X = O(Y) and the one of X < Y will stand for
XKV X.

In 1989 V. Bernik [Ber89] proved A. Baker’s conjecture by showing that for almost
all z € R the inequality |P(z)| < H(P) "™ ¥ (H(P)) has only finitely many solutions in
P € Z[z] with deg P < n whenever and the sum

> w(h) (1)

converges. In 1999 V. Beresnevich [Ber99] showed that in the case of divergence of (1)
this inequality has infinitely many solutions.

We refer the reader to [BBKM02, BD99, Ber02, BKMO01, Spr79] for further develop-
ment of the metric theory of Diophantine approximation. In this paper we establish a
complete analogue of the aforementioned results for the p-adic case.

Theorem 1. Let ¥ : R, — R, be monotonically decreasing and M, (V) be the set of
w € Q, such that the inequality

|P(w)l, < H(P)""U(H(P)) (2)

has infinitely many solutions in polynomials P € Z[x], deg P < n. Then pu(M,(¥)) =0
whenever the sum (1) converges and M, (V) has full Haar measure whenever the sum (1)
diverges.
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The following is a p-adic analogue of Theorem 2 in [Ber99].

Theorem 2. Let ¥ : Ry — Ry be monotonically decreasing and A, ,(¥) be the set of
w € Q, such that the inequality

w—al, < H(e)"V(H(a)) (3)

has infinitely many solutions in o € A,,. Then pu(A,,(¥)) = 0 whenever the sum (1)
converges and A, (V) has full Haar measure whenever the sum (1) diverges.

2. Reduction of Theorem 1

We are now going to show that the convergence part of Theorem 1 follows from the
following two theorems. Also we show that the divergence part of Theorem 1 follows from
Theorem 2.

Proposition 1. Let 6,£ € Ry, £ < 1/2, Q € Ry and Ky be a finite disc in Q,. Given
a disc K C Ky, let Ey(6,Q, K,&) be the set of w € K such that there is a non-zero

polynomial P € Z[x], deg P < n, H(P) < Q satisfying the system of inequalities
P, <60 "
|P'(ew,p)lp = H(P)™S,

where o, p € A, is the root of P nearest to w (if there are more than one root nearest to w
then we choose any of them). Then there is a positive constant ¢y such that for any finite
disc K C Ky there is a sufficiently large number Qo such that p(E1 (6, Q, K, §)) < c1op(K)
for all Q > Qo and all 6 > 0.

Proposition 2. Let £,C € R, Ky be a finite disc in Q, and let Ey(&,C, Ky) be the set
of w € Q, such that there are infinitely many polynomials P € Z[x|, deg P < n satisfying
the system of inequalities

|P()|, < CH(P)™ ", 5
[P/ ()|, < H(P)™.

Then p(Ex(§, C, Ko)) = 0.

Proof of the convergence part of Theorem 1 modulo Propositions 1 and 2. Let the sum
(1) converges. Then it is readily verified that

i 210(2') < oo (6)

and
W(h) = o(h™") (7)
as h — oo. For the proofs of (6) see Lemma 5 in [Ber99]. The arguments for (7) can be
found in the proof of Lemma 4 in [Ber99.
Fix any positive £ < 1/2. By (7), H(P)™"W(H(P)) < H(P) ™! for all but finitely
many P. Then, by Proposition 2, to complete the proof of the convergence part of
Theorem 1 it remains to show that for any finite disc K in Q, the set £;(§, ¥) consisting
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of w € Q, such that there are infinitely many polynomials P € Z[z], deg P < n satisfying
the system of inequalities

P(w)|, < H(P)""W(H(P)),
{|()\<()(()) @®

|P'(aw.p)lp > H(P)™*

has zero measure.
The system (8) implies

P(w), < (2571200 (21),
{|()|<() (2% )

|P'(cwp)lp = H(P)™S,

where t = t(P) with 2! < H(P) < 2! which means that w € F;(2"T120W(2Y), 201 K £).
The system (9) holds for infinitely many ¢ whenever (8) holds for infinitely many P.
Therefore,

Ey(€,0) C limsup B, (2"T1280(21), 2 K €).

t—o0
By Proposition 1, u(FEy(2771200(21), 201 K €)) < 280 (2Y). Taking into account (6), the
Borel-Cantelli lemma completes the proof. 0

Next, we are going to show that the divergence part of Theorem 1 is a consequence
of Theorem 2.

Proof of the divergence part of Theorem 1 modulo Theorem 2. Fix any finite disc K in
@Qp. Then there is a positive constant C' > 0 such that |w|, < C for all w € K. Let
U : R, — R, be a given monotonic function such that the sum (1) diverges. Then the
function W(h) = |n!],C*~"¥(h) is also monotonic and the sum S35 W(h) diverges. By
Theorem 2, for almost every w € K there are infinitely many o € A, ,, satisfying

lw —al, < H(a) " U(H(a)). (10)

As W decreases, the right hand side of (10) is bounded by a constant. Then we can assume
that |w—al, < C for the solutions of (10). Then |a|, = |a—w+w|, < max{|a—w|,, |w|,} <

C.

Let P, denote the minimal polynomial for a. Since PYisa polynomial with integer

coefficients of degree n — i, we have |Po(f) ()], < maxogjcn—i |f) < C"". Then

| Po(w)lp !w—Oé!pZZ' 'PP()(w—a) Y <

p

< lw—aly - max [P (@) (w = a) 7 <

< w = aly Al CMC = [l O — al,.
Therefore (10) implies
| Pa(w)lp < H(a) ™V (H(a))[nl],'C" = H(a) " W(H(a)) = H(Pa) "W(H(F,)). (11)

Inequality (10) has infinitely many solutions for almost all w € K and so has (11). As w
is almost every point of K, the proof is completed. O
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3. Reduction of Theorem 2

Proof of the convergence part of Theorem 2. Given an a € A, ,, let x(a) be the set of
w € Q, satisfying (3). The measure of y(«a) is < H(a) " V(H(«)). Then

> nlx(a) Z Z p(x(a)) <

a€hpn h=1 a€dp n, H(a)=h

< i Yoo (b < Z\If(h) < o0

h=1 a€hp,n, H(a)=h
Here we used the fact that the quantity of algebraic numbers of height h is < h"™. The
Borel-Cantelli lemma completes the proof. ([l

The proof of the divergence part of Theorem 2 will rely on the regular systems
method of [Ber99]. In this paper we give a generalization of the method for the p-adic
case.

Definition 1. Let a disc Ky in Q,, a countable set of p-adic numbers I' and a function
N : T — R, be given. The pare (I', N) is called a regular system of points in Ky if there
is a constant C' > 0 such that for any disc K C K for any sufficiently large number T’
there exists a collection

Yy, €NK

satisfying the following conditions

N(v)<T (1<i<t),
|'7 %|p>T1(1<i<j<t)a
t > CTu(K).

Proposition 3. Let (I', N) be a regular system of points in Ko C Q,, T R, — R,
be monotonically decreasing function such that ;> W(h) = co. Then I'y has full Haar
measure in Ko, where I'g consists of w € K\ such that the inequality

[ =, < U(N()) (12)
has infinitely many solutions v € I'.

This theorem is proved in [BK03]. The proof is also straitforward the ideas of the
proof of Theorem 2 in [Ber99].

Proposition 4. The pare (I',N) of T' = A,,, and N(a) = H(a)"*! is a regular system
of points in any finite disc Ko C Q.

Proof of the divergence part of Theorem 2 modulo Propositions 3 and 4. Let ¥ : R, —
R, be a monotonic function and the sum (1) diverges. Fix any finite disc Koy C Q,.

Let (I', N) be a regular system defined in Proposition 3 and let ¥ be a monoto-
nic function such that the sum (1) diverges. Define a function ¥ by setting W(z) =
(P (/D) Using the monotonicy of ¥, we obtain

SUCE SRS SN RO SIS R

h=1 t=1 (t—1)"+l<hgtnt! t=1 (t—1)"+1<hgtnt!
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f: tn-‘rl . )n+1 t_n\:[/ f:\lj
h=1

t=1

In is obvious that ¥ is monotonic. Then, by Proposition 2, for almost all w € K the
inequality

[z —af, <¥(N(a)) = H(a) "V (H(a)) (13)

has infinitely many solutions in o € A, ,. The proof is completed. ([l

4. Proof of Proposition 1

Fix any finite K C Kj in Q,. Let x(P) be the set of w € K satisfying (4) and
let P,(Q, K) be the set of non-zero polynomials P with integer coefficients, deg P < n
H(P) < Q and with x(P) # (0. We will use the following

Lemma 1. Let o, p is the nearest root of a polynomial P to w € Q,. Then

|w = awply < [PW)lp| P (aw,p)l,

For the proof see [Spr69, p. 78].

Given a polynomial P € P,(Q, K), let Zp be the set of roots of P. It is clear that
#Zp < n. Given an o € Zp, let x(P,«) be the subset of x(P) consisting of w with
o —w|, = min{|]¢/ —w|,: &' € Zp}.

By Lemma 1, for any P € P,(Q, K) and any a € Zp one has

p(x(P,a)) < 6Q7" P (), (14)

Given a P € P,(Q, K) and an a € Zp, define the disc
-1
X(P,a)= {w €eK:|lw—al, < <4Q\P/(a)\p> } . (15)

It is readily verified that if X(P, ) # 0 then pu(}(P,«)) > (4Q|P’(a)|p> _1. Using (14)
we get
p(x (P, a)) < 6Q 7" u(x(P, ) (16)

with the implicit constant depending on p only.
Fix any P € P,(Q, K) and an a € Zp such that x(P,«) # (). Let w € X(P, ). Then

P(w) = Pl(a)(w—a)+ (w—a) (Z PO(a)(w — a)i_z) : (17)

By the inequalities |P'(a)|, > H(P)™¢ and H(P) < Q, we have |P'(a)[;" < Q°.
Then by (15), |w — ], < Q7' Next, as w € K and K is finite, it is readily verified
that |P®(a)|, < 1, where the constant in this inequality depends on K. Then

(w—a)? (Z P9 (a)(w — a)”>

=2

< Q72+2§. (18)
p
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By (15), we have |P'(a)(w — a)|, < (4Q)'. Using this inequality, (18) and £ < 1/2, we
conclude that
[P <(Q)™,  wex(Pa) (19)

if () is sufficiently large.

Assume that P, P, € P,(Q, K) satisty P, — P, € Z4 and assume that there is an
w € X(P) NX(P). Then w € X(Pr, o) N X(FPz, 3) for some a € Zp, and [ € Zp,. Then,
(19), |Pi(w)— Py(w)], < (4Q)~'. On the other P;(w)— P3(w) is an integer not greater than
2@ in absolute value. Therefore, |P(w) — Py(w)], = (2Q) ! that leads to a contradiction.
Hence there is no such an w and x(P;) N Y(FP) = (. Therefore

> p(X(P)) < p(K), (20)

where P, (Q, K, ay, . .., ay) is the subset of P,,(Q, K) consisting of P with fixed coefficients
Apy...,071.

.....

(Gpy .. .,a1) € Z"™ with coordinates at most () in absolute value gives
Y nx(P) < du(K). (21)
PEP,(Q,K)
It is obvious that
PePn(Q,K)

As the Haar measure is subadditive (21) and (22) imply the statement of Proposition 1.

5. Reduction to irreducible primitive leading polynomials in Proposition 2

The following lemma shows us that there is no loss of generality in neglecting redu-
cible polynomials while proving Proposition 2.

Lemma 2 (Lemma 7 in [BDY99]). Let 6 € Ry and E(0) be the set of w € Q, such that
the inequality

|P(w)], < HP)™"?

has infinitely many solutions in reducible polynomials P € Z[z|, degP < n. Then
u(E(5)) = 0.

Also, by Sprindzuk’s theorem [Spr69] there is no loss of generality in assuming that
deg P = n. From now on, P will denote the set of irreducible polynomials P € Z[x] with
deg P = n.

Next, a polynomial P € Z[z] is called primitive if the ged (greatest common divisor)
of its coefficients is 1. To perform the reduction to primitive polynomials we fix an w such
that the system (5) has infinitely many solutions in polynomials P € P and show that
either w belongs to a set of measure zero or (5) holds for infinitely many primitive P € P.
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Define ap = ged(ay,...,a1,a9) € N. Given a P € P, there is a uniquely defined
primitive polynomial P; (i.e. ap, = 1) with P = apP;. Then H(P) = apH(P;). Let
P € P be a solution of (5). By (5), P, satisfies the inequalities

{ laplp| Pr(w)lp = [P(W)], < H(P)™" " = (apH(P))™"7, (23)
laplp| Pi(cw.p)lp = 1P (0wp)lp < H(P)™ = (apH (P1))~.
As lap|,* < ap, (23) implies

[Prw)l, < H(P) ™" lap", |P{(aw,p)l, < H(P) *ap *. (24)

If (24) takes place only for a finite number of different polynomials P; € P, then there
exists one of them such that (5) has infinitely many solutions in polynomials P with the
same P;. It follows that w is a root of P; and thus belongs to a set of measure zero.
Further we assume that there are infinitely many P satisfying (24).

If £ > 1 then the reduction to primitive polynomials is obvious as ap € N. Let £ < 1.
Then, if (5) holds for infinitely many polynomials P € P such that ap > H(P,)¢', where
& =¢/(2—2¢), then the first inequality in (24) implies that | P (w)|, < H(P)™" tap" <
H(Py)~" "¢ holds for infinitely many polynomials P, € P. By Sprindzuk’s theorem
[Spr69], the set of those w has zero measure.

If (5) holds for infinitely many polynomials P € P such that ap < H(P;)¢ then (24)
implies that the system of inequalities

1Py (w)|, < H(P) ™Y, [Pawp)|, < HP) S0 < g(P) =42

holds for infinitely many polynomials P;. Thus, we get the required statement with a
smaller &.

A polynomial P € Z|[x] with the leading coefficient a,, will be called leading if
a, = H(P) and lan], >p". (25)

Let P,,(H) be the set of irreducible primitive leading polynomials P € Z|x] of degree
n with the height H(P) = H. Also define

P, = G P, (H). (26)

Reduction to leading polynomials is completed with the help of

Lemma 3. Let 2 be the set of points w € Q, for which (5) has infinitely many solutions
in irreducible primitive polynomials P € Z[x], deg P = n. Let Qg be the set of points
w € Q, for which (5) has infinitely many solutions in polynomials P € P,, where P,
is defined in (26). If Q has positive measure then so has g with probably a different
constant C' in (5).

Proof of this lemma is very much the same as the one of Lemma 10 in [Spr69] and
we leave it as an exercise.

Every polynomial P € P, has exactly n roots, which can be ordered in any way:
api,...,apy,. The set By (€, C, Ky) can be expressed as a union of subsets Es (&, C, Ko)
with 1 < k < n, where Ey (€, C, Ky) is defined to consist of w € K; such that (5)
holds infinitely often with «,, p = apj. To prove Proposition 2 it suffices to show that
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Ey 1 (&,C, Ky) has zero measure for every k. The consideration of these sets will not
depend on k. Therefore we can assume that £k = 1 and omit this index in the notation
of By (&, C, Ky). Also whenever there is no risk of confusion we will write ay, ..., a, for

api,...,0pn.

6. Auxiliary statements and classes of polynomials

Lemma 4. Let ay,...,«, be the roots of P € P,,. Then max ||, < p".
N

AN

For the proof see [Spr69, p. 85].
For the roots aq, ..., «a, of P we define the sets

Sla;)) ={weQ,: |w—ap = min |w—qjf,} (1<i<n).
1<jsn

Let P € P,. As oy is fixed, we reorder the other roots of P so that |a; — as|, <
lag —asl, < ... < oy — aylp,. We can assume that there exists a root «,, of P for which
lap — amlp < 1 (see [Spr69, p.99]). Then we have

lar —agl, <lag —asl, <o < ag —aml, ST << ag — agp. (27)

Let ¢ > 0 be sufficiently small, d > 0 be a large fixed number and let ¢ = £/d,
T = [e7'] + 1. We define real numbers p; and integers ; by the relations

o —ajl,=H", ([; =1)/T<p; <l;/T (2<j<m). (28)

It follows from (27) and (28) that po > p3s = ... 2 pp =20and b 2 l3 > ... > 1, > 1.
We assume that p; =0and [; =0if m < j < n.

Now for every polynomial P € P, (H) we define a vector [ = (I, ..., [,) having non-
negative components. In [Spr69, p.99-100] it is shown that the number of such vectors is
finite and depends on n,p and T only. All polynomials P € P,,(H) corresponding to the
same vector [ are grouped together into a class P, (H,1). We define

Po(l) = G Pn(H, ). (29)

Let Ko ={w € Q, : |w|, < p"} be the disc of radius p" centered at 0. Define
ri=rj(P)= (s +...+0,)/T (1<j<n-1).
Lemma 5. Let w € S(ay) and P € P,(H). Then
H™™ < |P(ay)], < H " Hm=ber,
|PY ()|, < H MM for 2. < j < m,
|PY ()], < 1 for m<j<n.

Proof. From (25) we have p~™ < |H|, < 1. Then, on differentiating the identity P(w) =
Hw—a1) - (w—ay,) 7 times (1 < j < n) and using (27), (28) we get the statement of
the lemma. ]
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Lemma 6. Let § € Ry, 0 € Ry, n > 2 be a natural number and H = H(d,n) be a
sufficiently large real number. Further let P, Q in Z[x| be two relatively prime polynomials
of degree at most n with max(H(P), H(Q)) < H. Let K(a,p™") be a disc of radius p~*
centered at o where t is defined by the inequalities p~t < H=° < p~t*1. If there exists a
number T > 0 such that for all w € K(a,p") one has

(| P(@) s [Q),) < H™"
then T+ 2max(1T — 0,0) < 2n + 6.

For the proof see Lemma 5 in [BDY99].

7. Proof of Proposition 2

As in the previous section Ky = {w € Q, : |w|, < p"}.
Let A(1,£) be the set of points w € K for which

{ |P(w)l, < CH(P)™",

P, < H(P)¢ (30)

has infinitely many solutions in polynomials P € P, (1), where P, (I) is defined in (29). It
follows from the previous discussion that to prove Proposition 2 it suffices to show that
A(l, €) has zero measure for all possible vectors [.

The following investigation essentially depends on the value of r; + 15 /T. According
to Lemma 5 we have |P'(ay)|, > H ™. It follows from this and the second inequality of
(30) that H™" < cH™¢, i.e.

rr=2&—Ine/InH >¢/2 for H > Hy. (31)
Further we assume that r; satisfies (31). Further we set € to be £/2.

Lemma 7. If 1 + l3/T > n then the set of points w € Ky for which the inequality
[P(w)lp < H(P)™"*

holds for infinitely many polynomials P € P, (1) has zero measure.

For the proof see Proposition 3 in [Spr69, p. 111].

The proof of Proposition 2 is divided into 3 cases, each corresponding to one of the
propositions of this section (see below).

Let x(P) = {w € Ko N S(ap;) : |P(w)|, < H ™}, Thus, we investigate the set of
w that belong to infinitely many x(P).

Proposition 5. If n— 14 2ne, <7 + ly/T then u(A(l,€)) = 0.

Proof. Let 71 + ly/T > n. Using Lemma 7 with £ < 1 we get u(A(l,£)) = 0.

Let n — 1+ 2ne; < r; +l3/T < n and t be a sufficiently large fixed natural number.
We define the set
MO = |J Pl
2L H<2tH1
We divide the set K into the discs of radius 27%, where 0 =n+1—1r; —€;.
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First, we consider the polynomials P € M;(]) such that there is one of the introduced
discs, say K, such that x(P)N K # () and x(Q) N K = 0 for Q € M,(I) ~ {P}. The

number of the discs and respectively the number of the polynomials is at most p"2'.

From Lemmas 1 and 5 we get
uX(P)) < [P()[p| P'(en)],t < 27101
and thus summing the measures of x(P) for the polynomials P of this class leads to

ZM(X(P)) < 2t<n+1_r1_61_”_1+7"1) — 2—t51'

The latest gives the convergent series and, by the Borel-Cantelli lemma, completes the
proof in this case.

Now we consider the other type of polynomials. Let P and () be different polynomials
of M, (1) such that y(P) and x(Q) intersect the same disc D introduced above. Then there
exist the points wy; and ws belonging to D such that

max(|P(wi)ly, [Q(wn)],) < 27104, (32)

Let apy and ag; be the nearest roots of P and @) to w; and ws respectively. By (32),
Lemmas 1 and 5 we get

max(|w; — apilp, |wa — agal,) < 271,
Hence, according to the definition of the o we have
lap1 — agilp < max(jap: — wilp, [w1 — walp, [agy — walp) <
< max(27H =) 9=tey — 9=io
Now we estimate |ap; — agil, (2 < i< m). Since r1 + l2/T < n it follows that
lap1 — ag.l, < max(Japy — agilp, g1 — ag.ly) < max(2717,27%%) <
< maX(Q_tU, 2—t(li—1)/T) < 2—t(li/T—€1).
Hence

H |aPl — ag i’p < 2—t(a+(l2+...+lm)/T—(m—1)81) _ 2—t(a+r1—(m—1)£1)'
=1
Similarly we obtain

lag1 — aqilp) <

H|04P2 aQ.ilp < HmaX(|OzP2—CVP1|p,|O¢P
i=1

< max (272, 2717) Hmax Tte2 9Tte 9Tt &

<< 27“[2/7’751) H 27t(li/T7€1) — 27t(12/T781+(l2+...+lm)/Tf(m71)€1) — 27t(lg/T+T‘17mE1).
=2

Let R(P, Q) be the resultant of P and @), i.e.
[RP,Qlp = [H" [T leei = aqily

1<i,j<n
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By the previous estimates for ¢ = 1,2 and the trivial estimates |ap; — ag |, < p" for
3 <1< n we get
|R(P, Q)|p < 2—t(a+r1—(m—1)a1+l2/T+r1—mal) < 2—t(a+2r1+lg/T—(2n—1)51) < 2—t(2n+5’)

where &' > 0. On the other hand we have |R(P,Q)|, > 27?" as P and @ have not
common roots. The last inequalities lead to a contradiction. 0

Proposition 6. If
2—¢/2<r+1l/T <n—1+2ne (33)
then u(A(I,€)) = 0.
Proof. Let
O=n+1—r —1Iy/T. (34)
Let [0] and {6} be the integral and the fractional parts of 6 respectively.
At first we consider the case {0} > ¢. We define

B=[0]—1+0,2{0} — 0, 1c, (35)
o1 = 1y/T +0,8{0} + (m + 1)z1, (36)
d=[0 - 1. (37)

Fix any sufficiently large integer H and divide the set K| into the discs of radius H 7.
The number of these discs is estimated by < H?'. We shall say that the disc D contains
the polynomial P € P, (H,1) and write P < D if there exists a point wy € D such that
|P(wo)], < H L. .

Let Bi(H) be the collection of discs D such that #{P € P,(H,l) : P < D} < HP.
By Lemmas 1 and 5, (35) and (36) we have

Z n(x(P)) < HBHo g1+ — o-14ri+l2/T—0le+(mt)er—n—1
PeB; (H)

From (34) we get

Zu(x(P)) < Z H™ 178/ <

By Borel-Cantelli lemma the set of those w, which belong to x(P) for infinitely many
P e |Jy Bi1(H), has zero measure.

Let By(H) be the collection of the discs that do not belong to Bj(H) and thus
contain more than H” polynomials P € P,(H,l). Let D € By(H). We divide the set
{P € ®,(H,I): P < D} into classes as follows. Two polynomials

Pi(x) = Ha" + ailzlx"_l +...+ agl)x + aél),

Py(x) = Ha" + a,(lex"_l +...+ af)x + a(()Q)
are in one class if
ag—)1 = a,(le, R aq(ql—)d = agd?

where d is defined in (37). It is clear that the number of different classes is less than
(2H +1)¢ and the number of polynomials under consideration is greater than H”. By the
pigeon-hole principle, there exists a class M which contains at least cH?~?¢ polynomials
where ¢ > 0 is a constant independent of H. The classes containing less than cH”~¢
polynomials are considered in a similar way as above, with the Borel-Cantelli arguments.
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Further, we denote polynomials from M by Pi(x),..., Psy1(z) and consider s new
polynomials

Ry(z) = Py(z) — Pi(x),...,Rs(z) = Psy1(z) — Pi(x).
By (37), we get
degRi<n—d—1=n—-[0] (1<i<s). (38)
Using (34), the left-hand side of (33) and the condition {6} > ¢ we obtain
n—d—1=n—[0l=n—0+{0}=—-1+nr+L/T+{0}>1+¢/2>1.

Since n — [0] is integer then

n—10] > 2. (39)
Now we estimate the values |R;(w)|, (1 <@ < s) when w € D. For every polynomial P,
there exists a point wy; € D such that |P;(wo;)|, < H "' Let ay; be the root nearest to
woi- By Lemmas 1 and 5, we get |wy; — o], < H "1 and

|w — auilp, < max(|w — woilp, [woi — Quilp) <K max(H ™7, H"~1Hm)
for any w € D. It follows from (36) and the right-hand side of (33) that
or<n—1—r1+2ne;+0,8{0}+(m+1)eg <n+1—rq.
Therefore |w — ay;|, < H™7'. By Lemma 5, we have
1P () (w — o], < Horitm=deazion for 1< j < m,
|Pi(j)(a1,-)(w —ay)|, < H7 for m<j<n.
From (36), (34) and the definition of the r; (1 < 7 < m) we get
[P () (w — auy)], < H- 008022,
|Pi(j)(a1i)(w _ ali)j|p < H-(nH1=0)=08{0}=(m+De1 g o j<n.

Using Taylor’s formula for P;(w) (1 < i < s+ 1) in the disc |w — ay4, < H ™7 and the
previous estimates, we obtain

|Ri(w)|, < H-(mH=0-0800=2e0 — =7 (1 <4 < s) (40)

for any w € D. There are the following three cases:

1) Suppose that for each i (1 < i < s), Ri(z) = b;R(z) with b, € Z. Since the
R; are all different so are the b;. Let b = max |b;| = |b1], so that b > s/2. As

bH(R) < 2H, s> HP~1 = HO29-01¢ and {0} > ¢, we get
H(R) < HW02001s pq s f02(0)-01c (41)
Using (40) and H(R;) = bH(R) we have
[R1(W)lp = [blp| B(w)]p, < H(Ry)™" = H(R)™"b™"
and
[R(W)lp, < H(R)™T[b 7Bl < H(R) 0
From this and (41) we find

[R(w)l, < H(R)™, (42)
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where
A=7+ (7= 1)(0,2{0} — 0,1e)(1 — 0,2{6} +0,1¢)"".
By the definition of the 7 in (40), the condition {#} > e, (38) and (39) we get
A>n—[0]+1>degR+ 1. It follows from (42) that
Ry < H(R) 55

for all w € D, where ¢’ > 0. By Sprindzuk’s theorem [Spr69, p.112], the set
of w for which there are infinitely many polynomials R satisfying the previous
inequality has zero measure.

2) Suppose that some of polynomials R; are reducible. By (38) we have (40) with
T > deg R; + 6 where 6 =1 —0,2{0} + ¢, > 0. Then Lemma 2 shows that the set
of w for which there are infinitely many such polynomials has zero measure.

3) Suppose that all polynomials R; are irreducible and that at least two are relatively
prime (otherwise use case 1). Then Lemma 6 can be used on two of polynomials,
Ry and Ry, say. We have deg R; < n—[0] (i = 1,2). It follows from (40), (34) and
(36) that

T=n+1—-0+4+0,8{0}+2cy =11 +1o/T +0,8{0} + 2¢4,
T—o=r1—(m—1e=a+...+1,)/T—(m—-1)/T>T">0,
T+2(1—o01) =31+ /T +0,8{0} —2(m — 2)eyq,
2n —[0]) + 0 = =2+ 2r + 20, /T + 2{0} + 0.

Asry = 1p/T then 7 +2(7 —01) > 2(n —[0]) + 0 if 0 < § < e. The last inequality
contradicts Lemma 6.

In the case of {f#} < ¢ we set
B=[0]-14¢, o01=0L/T+{0}+(m+1)e;—(1,5+c")e, & =¢/(In+2) d=1[0—1
and apply the same arguments as above. 0
Proposition 7. If
e<r+l/T<2—-¢/2 (43)
then w(A(1,€)) = 0.

Proof. All polynomials P(w) = Hw" + a,_1w" ' + ...+ a1 +ag € P,(H,I) corresponding
to the same vector @ = (a,_1,...,as) are grouped together into a class P, (H,[,a). Let

B(P)={we KoNS(a) : |w—ay], < H_”_1|P'(oz1)|;1},

Bl(P) = {w € K(] N S(O&l) . ]w — CYllp g H72+6l’P/(041)‘;1},
where ¢ = ¢/6. It is clear that B(P) C By(P),
uB(P) = cl(p)H " P ()|t uBi(P) = eo(p)H [P (an) !

p ]
and
uB(P) = cs(p)H "'~ uBy(P), (44)

where ¢;(p) > 0 (i = 1,2,3) are the constants dependent on p. Now we estimate
|P(w)], when P € P,(H,l,@) and w € B;(P). It follows from the definition of B, (P) that
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|P'(a1)(w — a1)|, < H2*<". By the right-hand side of (43) and the definition of the r;
(2 < j < m) we have

j?”l—'l“j = (j—l)Tl—l-Tl—Tj = (]—1)T1+<l2—|—+l])/T< (j—l)(2—€/2>
From this, Lemma 5 and the definition of By(P) we find
PO (o) (w — )], < H-Hm=en -C-e)itin o p-Coe)it(G-1)-e/2)+m=5)/z1 _
_ H—Q—(j—l)a/Z—i—(m—j)al—i—a’j < H—2—5

for 2 < j < m, where 6 > 0 if &1 < ¢/(2n). By the right-hand side of (43) and the
definition of the r; we have r; < (2 — ¢/2)(1 — 1/j). From this, Lemma 5 and the
definition of B;(P) we find

|p(j)(a1)(w — )], < |w— Oé1|f, < [I@—e=r) - pp2-¢/3
for m < j < n. By Taylor’s formula and the previous estimates we get
|P(w)], < H*+ (45)

for any w € By(P). Further we use essential and inessential domains introduced by
Sprindzuk [Spr69]. The disc B;(P) is called inessential if there exists a polynomial @) €
P,.(H,1,a) such that p(B;(P) N Bi(Q)) > 1B (P) and essential otherwise.

Let the disc By(P) be inessential and D = B;(P) N B1(Q). Then

1D = LB (P) = cy(p)H 2| P'(ay) |}

where ¢4(p) > 0 is a constant dependent on p. By (45) the difference R(w) = P(w) —
Q(w) = byw + by, where max(|byl, |b1]) < 2H, satisfies

[R@)lp = [brw — bol, < H2* (46)

for any w € B;(P). Note that by # 0 since if b; = 0, then |by|, < H~2*¢". It is contradicted
to [bo|, = |bo| ™' > H~'. Tt follows from (46) that

w = bo/br], < H 2|y 1 (47)
Let D; = {w € Ky N S(ay) : the inequality (47) holds }. Then D C D; and pD; =
cs(p)H~2'|by| !, where ¢5(p) > 0 is a constant dependent on p. We have

c4(p)H_2+5l|P’(a1)|;1 <D < puhy < H_2+5/]b1|;1.
Hence
1]y < [P (o) - (48)
From (48) and Lemma 5 we get
(b1, < [P ()], < H-H0= D,

Since r; > ly/T the left-hand side of (43) implies 7, > £/2. Now we find |b;], < H*/3
for 1 < &/(2n). Tt follows from (46) that |by|, < H /3. Suppose that s is defined by
the inequalities p* < H < p*t'. We have H®/3 =< pl=/3] for sufficiently large H. Hence
by = pl/3lby; and by = pl*e/3lby; where byy, by; are integers. We have

blw + b() = p[se/?)}(bllw + b()l) with max(|b11|, |b()1|) <K H1—5/3‘ (49)
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Let R;(w) = bjyw + by Then H(Ry) < H'=¢/3. Tt follows from (46) and (49) that
|b11w + b01|p < p56/3H—2+5’ < H—2+s/+s/3 — H(Rl)_z_e/(6_2€).
Using Khintchine’s theorem in Q, [Spr69, p.94|, we get that the set of w belonging to
g p [SPIOI; P 3 g gimg
infinitely many discs B (P) has zero measure.

Let the disc By(P) be essential. By the property of p-adic valuation every point
w € Ky belong to no more than one essential disc. Hence

> uBi(P)<p
PeP(H,l,a)
It follows from (44) that

> D uB(P) ZZZMB

H peP(H|) @ peP(H]la)
< ZHn 2 Z H- n+1—¢’ ,U/B ) < ZHflfs’ < 00
PcP(H,l,a) H
The Borel-Cantelli lemma completes the proof. O

8. Proof of Proposition 4

First of all we impose some reasonable limitation on the disc K, that appear in the
statement of Proposition 4. To this end we notice the following two facts.

Remark 1. Let wy,fy € Q,. It is a simple matter to verify that if (I', N) is a regular
system in a disc Ky then (I', N) is regular in 6yKy + wy, where I' = {§py + wp : 7 € T'},
N(507 + UJ()> = N(’}/) and 0y Ky + wy = {Qou) +wow € Ko}

Remark 2. One more observation is that if ¢ > 0 is a constant and (I', N) is a regular
system in a disc Ky then (T',cN) is also a regular system in K.

The proofs are easy and left as exercises. Now we notice that for any disc Ky in Q,
we can choose two numbers wy, 0y € Q such that 0yZ, + wy = Ky. It is clear that the
map w — Byw + wp sends A, ,, to itself. Moreover, there is a constant ¢; > 0 such that
for any o € Z,, N A, one has H (6o + wy) < 1 H (). Hence, if we will succeed to prove
Proposition 4 for the disc Z,, then in view of the Remarks above it will be proved for K.
Thus without loss of generality we assume that Ky = Z,.

In the proof of Proposition 4 we will refer to the following statement known as
Hensel’s Lemma (see [BD99, p. 134]).

Lemma 8. Let P be a polynomial with coefficients in Z,, let & = & € Z, and |P(§)], <
|P'(€)[2. Then as n — oo the sequence

_ P(&)
£n+1 Sn P'(fn)

tends to some root o € Z,, of the polynomial P and

P(©),
== ipgp <t
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Proposition 8. Let 6 > 0, Q € R.;. Given a disc K C Zj, let
E(,Q.K) = U {we K:|P)], <sQ "} (50)
PeZ|z], deg P<n, H(P)<Q

Then there is a positive constant ¢ such that for any finite disc K C 7Z, there is a suffi-
ciently large number Qg such that u(E(0,Q, K)) < cdu(K) for all Q > Q.

Proof. The set E(0,Q, K) can be expressed as follows

E(danK) - E1(67Q>K7 1/3)UE3(Q7K> UE4()7
where E1(d,Q, K,1/3) is introduced in Proposition 1,
E3(Q7K) = U X(P)a
PeZ[x], deg P<n, H(P)>logQ
X(P) is the set of solutions of (5) lying in K with £ =1/3 and C' =6,
Ei(Q K) = U {we K |P@), < Q™).
PeZ[z], deg P<n, H(P)<log@Q
By Proposition 2,
w(E3(Q,K)) — 0 as Q — oo. (51)
By Proposition 1,
w(Er(6,Q, K,1/3)) < c10u(K) for sufficiently large Q). (52)
Now to estimate u(E4(Q,K)) we first estimate the measure of {w € K : |P(w)|, <
dQ "1} for a fixed P. If a, p is the nearest root to w then |a,(w — a, p)"[, < Q" .
Since |a,|, = Q7' we get |w — ay, pl, < QL. Tt follows that
o € K £ [P)], < 001} < QL

Hence pu(u(Fi(Q, K))) < (log Q)" Q™! — 0 as Q — oo. Combining this with (51) and
(52) completes the proof. O

Proof of Proposition 4. Fix any disc K C Z, and let () > 0 be a sufficiently large number.
Let w € K. Consider the system

|P(w)], < 82CQ™ !, P(w) = a,w"+ -+ + ajw + ag,
la;| <67'Q, j=0,n, (53)
|ajlp <6, j=2n

By Dirichlet’s principle, it easy to show that there is an absolute constant C' > 0 such
that for any w € K the system (53) has a non zero solution P € Z[z]. Fix such a solution
P.

If |P'(w)| < 0, then, by (53),

a1l = | P'(w) = D25y k&kwk_1|p < max{|P'(w)lp, [2a0w' [, - . ., [nanw" ', } < 6.
Also, if @ is sufficiently large, then

|a0|p = |P(w) — ZZ:1 CLkWHp < maX{|P(w)|p7 |a1wl|pv cee |anw"|p} < 0.
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Therefore, the coefficients of P have a common multiple d with ¢/p < |d|, < J. It follows
that d=! < 4. Define P, = P/d € Z[z]. Obviously H(P;) < Q. Also, by (53),

[P ()l = [P@)|pldl," < [P(w)], x 67'p < 6CpQ™" .
This implies w € E(0Cp,Q, K). By Proposition 8, u(FE(6Cp,Q,K)) < c¢dCpu(K) for
L

sufficiently large Q. Put § = (2cpC)~!. Then u(K ~ E(6Cp,Q, K)) > su(K). If now we
take w € K \ E(0Cp, @, K) then we get

P, > 6.

By Hensel’s lemma there is a root a € Z, of P such that |w — af, < CQ™'. If Q is
sufficiently large then o € K. The height of this o is < 571 Q.

Let o, ..., a; be the maximal collection of algebraic numbers in K NA,,,, satisfying
H(aj) <67'Q and

1
2

0~ agly > Q7 (1<i < j <)
By the maximality of this collection, |w — a;], < CQ™™"! for some j. As w is arbitrary
point of E(6Cp,Q, K), we get

t
E<5Cp7 Q7K> - U{w - Zp : ’u) — aj|p < C’Q—n—l}'
J=1

Next,

1
5 (K) < #(E((Scpa Q> K)) < Q_n_lta
whence t > Q""'u(K). Taking T = 6" 'Q""! one readily verifies the definition of
regular systems. The proof is completed.

O
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