ACTA ARITHMETICA
LXXV.3 (1996)
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1. Introduction. Let fi,..., f, : R — R be (n + 1)-times continuously
differentiable functions. Write

(z) ! (x)
(1) W(fl,..., f)(x) = TEITERERIRReY o]

(@) ()
(2) w( . fo)(@) = det W(ff,..., fa)(@),
(3) Fn(x):a()‘i‘alfl(a:)"i_'”"’_anfn(x)a

where ag,a1,...,a, € Z. We denote by F = F,, the set of all functions of
the form (3). We will suppose that

(4) W(fis-- s fo)(@) #0
for almost all z. Moreover, A is the Lebesgue measure of the set A in R.
We are interested in the solutions of the inequalities

() |F(x)] <H™"F,
where H = H(F) = max(|ag|, ..., |an|), F € Fpn, € > 0. For € > 0 we define
(6) U =¥,(e) = {z € R: (5) holds for infinitely many F' € F,}.

In 1964 W. Schmidt proved that ¥, = 0 (see [2]). In this article we
prove the next case:

THEOREM. For any e > 0, pW¥s(e) = 0.

We set
(7) o(F) ={z € R: |F(x)| < H=%},
where F' € F3. For any finite interval A C R we put
(8) A={zeR:|z—y| <2uA for any y € A}.

We write X < Y for X = O(Y), and X =< Y is equivalent to the
simultaneous validity of X < Y and Y < X. Moreover, |A| is the number of
elements in a finite set A. We denote by d(A;, As) the distance between the
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centers of two intervals Ay, As. Notice one property of d(A;, As): suppose
we have two families of intervals A (¢) and Ay(t) which satisfy the condition

(9) max(pdi(t), pd2(t)) = o(d(Aw(t), A2(1))).
Then for any x1(t) € Ay(t) and xo(t) € As(t), we have
(10) |21 (1) — w2(t)] = d(A1(t), Aa(t)).

The proof is trivial.
Let 1 < m < n. We denote by C(n,m) the set of all J = (j1,...,jm) €
Z™, where 1 < j; < ... < jm <n,and (fj,,..., fj, ) is denoted by fj.

2. Auxiliary statements

LEMMA 1. Let M C R and suppose that every point of M is isolated.
Then M 1is at most countable.

Lemma 1 is well known. It is an easy exercise.

LEMMA 2. Let ¢ : R — R be an m-times continuously differentiable
function, and N = {z € R : ¢(x) = 0}. Let uN > 0. Then there exists a
subset L C N such that

(a) N\ L is at most countable,
(b) for any i € {1,...,m} and for any x € L, o) (z) = 0.

Proof. It is sufficient to prove this lemma for m = 1. We denote by L
the set of all limit points of N. Then M = N \ L consists of all isolated
points of N. From Lemma 1 it follows that M is at most countable. Since
¢ is continuous, N is closed. Hence L C N. Now (b) is easy to obtain by
applying the definition of limit points in terms of sequences, Lagrange’s
formula and the continuity of ¢’.

LEMMA 3. Let f; : R — R (1 < i <n) be n-times continuously differen-
tiable functions and w(fi,..., fl) # 0 for almost all x € R. Then for any
m € {1l,...,n} and any J € C(n,m),

(11) w(f3) #0
for almost all x € R.

Proof Let m = 1,1 < j <nand N = {z : fi(x) = 0}. Suppose
uN > 0. By Lemma 2 there exists L C N such that uL = uN > 0 and
f;l)(x) =0 foranyi=1,...,n and for any x € L. Hence for any x € L the
ith column in W(f{,..., fl)(z) is zero. It follows that w(fi,..., f)) =0 for
any x € L. But pL > 0. The contradiction proves the lemma for m = 1.

Now suppose the lemma is proved for m — 1 with m > 1. We write
N = {z : w(f})(z) = 0}, where J € C(n,m). We denote by 7; the ith
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derivative of fy. Suppose uN > 0. According to Lemma 2 there exists
L C N such that pL = uN > 0 and

dk -
(12) @(w(fﬂ) =0
for all z € L, where 1 < k < n—m. From the inductive assumption it follows
that the vectors 7 (x),...,7m—1(x) are linearly independent for almost all

x € R. Hence we can assume that they are linearly independent for all
x € L. Applying (12) with k£ = 1,...,n — m we find that 7;(z) depends
linearly on 71(z),...,7m—_1(z) for all x € L, 1 <1i < n. Hence the columns
of W(fi,..., fl) with indices ji, ..., jm are linearly dependent for all z € L.
This contradiction finishes the proof.

Define

S=J U {zeR:uw(fy() =0}
m=1JeC(n,m)
Since S is closed, R\ S has the form |J;—, [ax, bx]. From Lemma 3 it follows
that S = 0. Then

[ee]
Pl <> (P 0 [ag, bel).

k=1
In order to prove our theorem it is sufficient to show that if I = [a,b] and
INS =0 then u(¥NI)=0. Later on, to simplify the writing, we let I be a
fixed closed interval in R\ S. We redefine o(F') and ¥ to be the intersection
of I with the former sets o(F) and ¥. Since w(f}) is continuous and not
zero over [, for all J € C(n,m) with 1 < m <n and for all x € I we have

(13) lw(f) ()| = d >0,

where d is a positive constant depending on the functions f1,..., f, and the
interval I only.

LEMMA 4. Let §,v > 0. Let ¢ be an n-times continuously differentiable
function on (a,b) satisfying |o™ (x)| > 6 for all x € (a,b). Then p({zx €
(a,b) = ()| < v}) < e(n)(v/8)/™.

This is proved in [1].
LEMMA 5. Set oy, = max{l,sup{]f](i)(q:ﬂ cxelb:0<i<m, 1<y

< n} and C; = da;"/(n + 1)), where f; € C(R) (1 < i < n). Then for
all z € o(F) and H > Hy we have

(14) max (|[F%(z)|) > C1 H,

1<i<n

where o(F') is defined in (7), F € F, and H = H(F).
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Proof. We may write the following system of linear equations:

ap + a1 fi(z)+ ... +anfn(z) = F(x),
(15) arfi(x) + ...+ anfp(x) = F'(x),

S (@) 4 anf (@) = FO) (@),

The modulus of the determinant of (15) is not less than d. Using Cramer’s
rule we have, for i =0,...,n,

1 )
las] < =a”(n + 1)! max{|FY(z)| : 0 < j < n},
whence the lemma readily follows.

LEMMA 6. Let f; (1 <i<n) be (n+1)-times continuously differentiable
functions. Suppose Cy = C1/(2nany1), pl < Co and |FW (k)| > C1H,
where k € I and 1 < i <n. Then |F(z)| > C1H/2 for all x € I.

Proof. Assume z € I. By Lagrange’s formula, F)(z) = F(®) (k) +
FUFD (k1) (x — k). Furthermore, |FOFY (k) (x — k)| < nopy1CoH = C1H/2.
Thus |[FO(z)| > |F® (k)| — |[FO+D (k) (z — k)| > C1H — C1H/2, and the
lemma, is proved.

Since [ is a finite union of intervals of length < Cs, we may suppose
without loss of generality that pul < Cs.

3. Preliminary remarks. From now on, n = 3.

Remark 1. Suppose we have a finite set of conditions according to
which F is divided into subclasses: F = vazl F'. Let a division of o(F) =
U;‘V[:1 o/ (F) into a finite number of intervals be defined for every F € F,
where M is an absolute constant. Define

Wimj = ﬂ U O'J(F)
k=1FeFi H(F)>k
Then
[e'e) N
(16) v=) U e®clyw,
i=1j=1

k=1FeF,H(F)>k

=

Hence if we prove that u¥; ; = 0 forall 1 <7 < N, 1 < j < M, we
obtain u¥ = 0. In the sequel to simplify the writing we shall impose some
conditions, additional indices being omitted.

Remark 2. From Lemmas 5 and 6 it follows that there exists k €
{1,2,3} such that |[F*)(z)] > C;H/2. We obtain a covering of I by at
most six subintervals such that F()(z) is monotone on each subinterval for
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0<i<k—1, where F(©) = F. Therefore by Remark 1 we can assume that
o(F) is such an interval.

Remark 3. We define
(17) Ft)={FeF:2" <H(F) <2}

The number of functions in JF(t) is < 2. Suppose we have po(F) < H—47¢
for some & > 0. Then

(18) > po(F) <27
FEF(t)

The convergence of Y27 and the Borel-Cantelli lemma now show that
the set of z belonging to infinitely many sets of o(F) has measure zero.

Remark 4. Lemmas 4-6 give the estimate
(19) po(F) < H-W+e)/3,

If € > 8 then from (19) we get uo(F) < H=47¢ where £ = (¢ — 8)/3, and
Remark 3 yields the assertion of the Theorem. Therefore below we consider
e < 8.

Remark 5. If |F'(z)| > H'~%/2 for x € o(F) then we get the estimate
po(F) < H=472/2 1f |F'(z)| < H™° for € o(F) then po(F) < H™°.
If |[F”(x)| < H=* then uo(F) < H~°. These estimates readily follow from
Lemma 4 with ¢ equal to F' and F” respectively. In each of these cases,
Remark 3 yields the assertion of the Theorem. Therefore further we may
suppose that

(20) |F' ()| < H'™*/2,
(21) |F' ()| = H°,  |F"(x)| = H*
for z € o(F).

Choose a positive parameter

c g2 g2
29 §=min [ — .
(22) mm<20’4(5+5)’16(4+5)>

The conditions

(23) HUY < |F'(z)| < HY,

(24) H(k—1)5 < |F”($)| < Hk6,

where k,l € Z, define a subdivision of o(F). If ({ —1)d >1or (k—1)d > 1
then the corresponding element of the subdivision is empty when H > Hj.
From (21) we have {§ > —9, k§ > —4. Hence the number of different integers

(k,1) is finite. We can thus suppose that o(F) is an interval and conditions
(23) and (24) hold for all = € o(F'), where k and [ are fixed.
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4. Proof of the Theorem. The case of large first derivative

PROPOSITION 1. Let (I—1)d > —1—¢c/4 and suppose condition (23) holds
for x € o(F). Then the measure of those x € I which belong to infinitely
many o(F) is at most u¥(e + ¢/8).

Proof. The considered functions F' are divided into the subclasses F(t)
defined in (17). Suppose n = 3 + 3¢/4 + (I — 1)d. Using Lemma 4 and (23)
we get,

(25) po(F) < H=37e=(=19,
We define
(26) (Al ={F € F(t):0(F)NA#0D}

for any interval A C I. For every fixed ¢t we divide I into subintervals I! of
length ecn~"" each, where ¢ = ¢(t) € [1,2].
The number of different I! is < 2. Now define

(27) F(t) =],

S

where the union is taken over those I! for which |[I!];| < 2(/4=9)t We
consider

(28) F'ty=FW\F @), F=JFw, 7 =70

Counting the number of functions in F'(¢) and using (25) we get

Z Z uo(F) < Z277t2(5/4—5)t2(—3—6—(l—1)6)t

t>0 FEF!(t) >0
= Z 279 < 0.
>0
Thus, from the Borel-Cantelli lemma it follows that the set of those x € I
which belong to infinitely many o(F') for F' € F' has measure zero.

Now consider zy € I belonging to infinitely many o(F') for F' € F”. The
choice of 1) and the estimate (25) show that o(F) C 1% if t > to and F € [It];.
Thus o belongs to I, for infinitely many ¢ with |[I%],| > 2(/4=9t Consider
a fixed such interval I!. Let F € [I!]; and k € o(F)NIL. By Taylor’s formula
we have

(29) F(z) = F(r) + F'(k)(x = k) + 5F" (1) (@ — £)?,

where k; lies between x and k. From (5), (23) and the estimate |x—x| < H ™"
we get

(30) |F(x)| < H™37¢ + HO=" 4 g1,
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The choice of § and 1 and the assumption of Proposition 1 imply that the
first and third terms on the right hand side (30) are less than the second
term. Now using the value of 7, and (30), we obtain

(31) |F(z)| < H™373/4+9
for all z € I'. Analogously we have
(32) |F' ()] < H'

for all z € TZ

Both ay and a3 range in the interval [—2!T1 211 We divide it into
intervals A; with length 2¢(1=¢/8+9/2)+2 Thus we obtain at most 2¢(¢/4=%)
pairs of intervals (A;,, A;,). Since by assumption we have |[If];| > 2t(=/479)
there exist Fy, Fy € [IL]; whose coefficients ay and a3 belong to one pair of
intervals (A;,,4,,). Consider R(z) = Fi(x) — F3(z). We obtain

(33) |CLZ(R)| < 2t(1—€/8+6/2)+2

for i = 2,3. From (31) and (32) for Fy and F; it follows that
(34) \R(a:)| < 27&(—3—36/4—}-6)7

(35) IR (z)] < 2"t

for all # € It. From (20) we get 10 < 1—&/2+6 < 1 — /8 + 6/2. Therefore
from (13), (33) and (35) we have |a;(R)| < 2!(1=¢/8+9/2)_ From this and
(34) we obtain |ag(R)| < 2¢(1=¢/8+9/2) Thus we conclude that

(36) H(R) < 2t(17€/8+5/2)'

The relation

(37) |R($)| < H(R)7(3+35/476)/(175/8+5/2)

follows from (34) and (36) for all z € I'. We have
34+3/4-9

Therefore

(38) |R(wo)| < H(R)™*=7¢/5,

where H(R) > H, and Hj is sufficiently large.

Remark 6. Applying Lemma 2 it is easy to show that for every fixed
R € F,, the measure of E,(R) = {z : R(x) = 0} is zero. Then the union F,
of all E,,(R) with R € F,, also has measure zero. If the number of different
R(zx) in (38) is finite then xg is a solution of some equivalent R(z) = 0,
where R has the form (3).

The inequality (38) and the previous discussion prove Proposition 1.
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5. The case of small second derivative

PROPOSITION 2. Let (I—1)0 < —1—¢/4,(k—1)0 <1—¢/2 and suppose
that conditions (23) and (24) are valid for x € o(F). Then the measure of
the set of x € I belonging to infinitely many o(F) is at most pW (e +¢2/16).

Proof. From (23), (24) and Lemmas 5 and 6 it follows that
(39) |F"(x)| > C1H/2
for all z € I. By Lemma 4, from (5), (23), (24) and (39) we get six estimates
of the measure of o(F'). Choosing the optimal estimate we obtain
(40) po(F) < H™,
where
3+e+(k—1)0 4+¢
2 T3

15+ (k—1)5, # k6 + 1).

V:max<3+a+(l—1)5,

Suppose n = v—e/8. We divide all the functions F' € F3 under consideration
into the subclasses F(t) defined in (17). For every fixed integer ¢ we divide
I into subintervals I of length ¢2="" each, where ¢ = ¢(t) € [1,2]. The
number of different I! is < 2. The classes F'(t) and F”(t) are defined in
the same way as in (27) and (28), with the union in (27) taken over those
I for which |[I!];] < 28(¢/879). The classes F’ and F”' are defined as above.
Counting the number of functions in F'(¢) and using (40) we get

Z Z po(F) < 22nt2(€/8_5)t2_”t = 22_‘” < 0.

t>0 FeF'(t) >0 >0
Thus the Borel-Cantelli lemma shows that the set of those x € I which
belong to infinitely many o(F') for F' € F’ has zero measure.

Now consider zy € I belonging to infinitely many o(F) for F € F”. The
choice of n and the estimate (40) give o(F) C I\ if t > tg and F € [I];.
Thus x¢ belongs to I’ for infinitely many ¢ and |[I%];| > 2(¢/4=%)t. Consider
a fixed such interval It. Let F € [I!]; and k € o(F) N IL. From (24) and
Taylor’s formula we obtain

[ ()| = [F"(r) + F" (k1) (2 = &) < [F"(£)] + [F" (k1) (2 = £)]
< Hk5 _i_HlfY] < Hk5 +Hk5+6/8 <9. Hk5+5/8
where k1 lies between x and k. Analogously we get estimates for F(z) and
F’(x) using (23), (24) and Taylor’s formula. Thus
(41) |F(.’L‘)’ < ];[—3—54-35/84-57
(42) |F'(z)| < H!+2/8+0
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(43) |F”(£U>’ < Hk:5+€/8

for all z € I'. The coefficient as ranges over the interval [—20+1 26+1],
We divide it into intervals A; of length 2¢(1=¢/8+9)¥2 There are at most
2t(¢/8=9) intervals A;. Since by assumption we have |[I1];| > 2¢(/8=9) there
exist Fy, Fy € [I']; whose coefficients ag belong to one A;. Consider R(z) =
Fi(z) — F5(z). Then

(44) jas(R)| < 210-/549)+2,

It is clear that conditions (41)—(43) apply to R(x) if we substitute 2¢ for H.
It is not difficult to verify that [0 +2¢/8+J <1 —¢/8+ 0 and kd +¢/8 <
1 —¢/8+ 0. From conditions (42) and (43) for F; and F it follows that

(45) IR (z)| < 275(1—5/8—1-6)7 IR" ()| < ot(1—e/8+6)
By (44) and (45),

a1 (R) f1(x) + az(R) f3(x) < 2t0—e/8+0)
‘al (R) {,(.%') + GQ(R) él(x)‘ < gt(1—e/8+6)

From (46) we obtain |a;(R)| < 2!(1=¢/8+9) (j = 1,2) because |w(f], f3)] >
d > 0 according to (13). From (41) for F; and F3 it follows that

(46)

(47) R(z)| < 2t(-3-<t3/8+0)

and from (47) we find |ag(R)| < 2t(1=¢/8+9) Hence

(48) H(R) < 2t1=¢/8+9),
Observe that

3—e—3¢/8=9

—(3—e)>3+e—-3¢/8—5—(1—¢/8+0)(3+¢) > £?/16.

1-¢/840
Thus from (47) and (48) we obtain
[R(ao)| < H(R)™>==/1°

with H(R) > Hy, where Hj is sufficiently large. The last inequality together
with Remark 6 finishes the proof of Proposition 2.

6. The last case. Let v > 0. Set
G={F=uag+afi +asfs: (ag,a1,az) € Z*\ {0}}.
For F' € G consider the system
(49) F@)| < H'2,  |F'(@)| < B2,

where H = H(F) = max(|ag|, |a1], |az|). The set of its solutions is denoted
by o*(F). Define

(50) 2(y) ={x € I:(49) is valid for infinitely many F' € G}.
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Now we return to our problem. By Remark 1 we can assume that any
F € F5 has ag > |a;| (1 <i<3).

PROPOSITION 3. Let (I—1)0 < —1—¢/4,(k—1)0 > 1—¢/2 and suppose
that conditions (23) and (24) are valid throughout o(F'). Moreover, let az >
la;| (1 <i<3) for F € F5. Then the measure of the set of v € I belonging
to infinitely many o(F') is at most pf2(g/5).

Proof. We have |F(x)] > H'™%/2. By Lemma 4 we get po(F) <
H=27¢/% Define = 1 + /8. Divide the collection of F' € F3 under con-
sideration into the subclasses F(t) = {F € F3 : ag(F') = t}. It is clear that
H(F) <t for F € F(t). Fix t and divide I into subintervals I’ of length
ct~" each, where ¢ = ¢(t) € [1,2]. The number of different I’ is < t". The
classes F'(t) and F"(t) are defined as in (27) and (28), with the union in
(27) taken over those I! for which |[I!];| < 1. The classes ' and F” are
defined as above. Counting the number of functions in F/(t) and estimating
the measure of o(F') we get

S po(P) <D A=Y S <o,

t>1 FEF/(t) t>1 t>1
Thus, the Borel-Cantelli lemma shows that the set of those x € I which
belong to infinitely many o(F') for F' € F’ has measure zero.

Now consider zy € I belonging to infinitely many o(F') with F' € F".
The choice of n implies that o(F) C It if t > to, where F € [I!];. Thus zg
belongs to I for infinitely many ¢ with |[I%];| > 2. Consider a fixed such
interval It. Let F' € [I!]; and k € o(F) N It. By Taylor’s formula we have
F'(z) = F'(k) + F"(k1)(z — k). Hence

(51) |F'(z)] < H™/8.
Analogously we find
(52) |F(z)| < H17¢/4

for all z € fg There exist different Fy, Fy € [I!];. Consider R = Fy — F5.
Then R € G and H(R) < t. From (51) and (52) it follows that

|R(z)| < H(R)™'™*/%,  |R/(z)] < H(R)~/"",
whenever H(R) > Hy. Thus Proposition 3 is proved.
PROPOSITION 4. For any v > 0, puf2(v) = 0.

Proof. We shall consider only those F' € G for which o*(F) # ). As in
the proof of Lemmas 5 and 6, for all € I we obtain

(53) |F"()| = C3H,

where F' € G, H = H(F') and Cj is a fixed positive constant. Moreover, from
the condition |a;| = o(H), where 1 < i < 2, we would get a contradiction.
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Therefore we assume that

(54) min(|ai],|az]) > Cs4H,

where H = H(F) with F = ag+ ay f1 + a2 f. Now we deal with the inequal-
ities

(55) |F(z)| < H'7,

(56) |F'(z)| < H/?

with F' € G. Using Lemma 4 and condition (53) we find that for (55) the
measure of the solution set is < H~'~7/2 and similarly for (56). Thus

(57) po(F) < H- '/,

where o’ (F') denotes the union of the solution sets for (55) and (56). Since
o*(F) # () we can assume that ¢/(F) is an interval. Moreover, o*(F) C
o' (F).

Condition (53) implies the monotonicity of F'(z) in I = [a, b]. Consider
those F' € G which have a nonvanishing derivative on all I. Either a or
b necessarily belongs to o/(F') because F’ is monotonic. Thus there exist
C5 > 0 and Hy such that for any H > Hy and for all F' € G with H(F) > H
we have

o(F) Cla,a+CsH 1™V Ub— CsH /2 b,
Hence p$2(y) < H7'77/2 and uf2(vy) = 0.
The remaining case is when F’(x) has a root k = k(F) € I for F € G.

We use the following notations: A = (ag,a1,asz) is a vector; Fa = ag +
aifi + aafo; F(z) = (1, f1(z), f2(x)) € R?; (A, B) is the scalar product of
the vectors A and B; A x B is their vector product. Set g(x) = fi(z)/fi(x).

Then
o H@AE@ ~ @A
) A V/(C0) R

From (13) and (58) it follows that ¢’(z) # 0 for all x € I. Hence ¢'(x) < 1.
Let Fa, Fg € G, and let k5 and kg be the roots of Fy and F§ respectively.

Obviously g(ka) = a1/as and g(kB) = b1/bs.
We have

lar/as — b fbs] = lg(ka) — glwn)| = |g'(7)(ka — rB)| = |(ka - rB)],
where 7 lies between kA and kg. We obtain
(59) la/as — by /ba| < |ka — KB

We divide the considered F' € G into the classes
(60) Gt)y={FegG:2' <H(F) <2}
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and choose the parameters o and 3 as follows:
(61) 0<a<nv/4,
(62) a/2 < f<a.

For every t we divide I into intervals I’ of length ¢2¢(~1=7/2%2) each, where
c=c(t) €[1,2]. Let

(63) 1) = {F € G(t) : o(F) N I £ 0},

If F € [I];, then by Taylor’s formula, (55) and (56), we get
(6 [Fa)] < 211420,

(65) |F'(z)| < 21(=7/2+)

for all x € fg
Consider the following four types of intervals:
1) It is called of type A if |[I!];] < 29t/2.
2) It is called of type B if for any distinct Fy, Fy € [IL];,

(66) d(Fy, Fy) < 21(-1=7/248)

where d(Fy, Fy) = d(o(Fy),0(F3)).
3) It is called of type C' if there exist Fa, Fg, Fc € [I%]; such that
ap ap az
(67) bo by bo|#£0
Co €1 C2
with A = (ao,al,ag), B= (bo,bl,bg) and C = (00,01,62).
4) If It is not of type A, B or C, then it is called of type D.

ASSERTION 1. The measure of those x € I which belong to infinitely
many o(F), where F € [It]; and It is a type A or B interval, is equal to
zero.

Proof. Counting the number of F for type A intervals I! with a fixed ¢
we get,
Z po(F) < 26-1-7/2)t047/2-a)gat/2 _ g=at/2
Feg(t)
The Borel-Cantelli lemma finishes the proof in this case. Let I be a type B

interval. By (66) there exists an interval A% of length < 2¢(=1=7/248) guch
that

U o(F) C AL,

Fe[lt]:
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Then counting the number of intervals I we get

ZZM< U a(F)) < Zzt(1+v/2—a)2t(—1—v/2+5)
t20 s Fe[It]: >0
< Y 2Pt < oo,
t>0

The Borel-Cantelli lemma finishes the proof.
Now if zg € I belongs to infinitely many o(F'), where F' € [It]; with It

-~

an interval of type C or D, then z( belongs to I, for infinitely many ¢, where
I is a type C or D interval.

ASSERTION 2. The measure of those x € I which belong to infinitely
many I, where I is a type C interval, is equal to zero.

Proof. We consider a type C interval I!. There exist Fa, Fg, Fc € [IL];
satisfying (67). For rational integers pi, po, ps such that |p;| < 2t/ (i =
1,2,3), we consider expressions of the form

(68) piaz + paba + paco.

Their values belong to some interval [—Cg2t+4/3 Cs2t/3], where Cg is a
constant independent of . The number of different expressions of the form
(68) is =< 2'. Dirichlet’s principle implies the existence of two different ex-
pressions of the form (68) with difference < 2/3. Let proas + paobs + p3oca
denote this difference. It is obvious that

(69) Ip10| + [p20] + |p3o| # 0.

We define R(z) = p1oFa(z) + p20Fs(z) + psoFc(z). From (69) and (67) we
have R(x) # 0. Moreover, R(z) = ao(R) + a1(R) f1 + a2(R) f2 and

(70) laa(R)| < 2173

The estimates (64), (65) and the definition of R yield
(71) |R(z)] < 2172374200,
(72) R (@)] < 210/37/240)

for all 2 € T . The exponents in (71) and (72) are less than ¢/3. Hence from
(70) we obtain H(R) < 2% and then from (71) we have

(73) |R(z)| < H(R)™2~G7=6a),

The exponent satisfies the inequality —2 — (37 — 6a) < —2. Therefore the
proof is finished by Schmidt’s theorem.

Consider a type D interval I’. It has the following properties:

(a) [[18)e] > 2272
(b) there exist Fa, Fg € [It]; such that d(Fa, Fg) > 21(-1=7/2+5),
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(c) for any Fa, Fg, Fc € [I%]; condition (67) does not hold.

By (c) there exists a plane with the normal N, such that (N;, A) =0
for any Fa € [I!];. Let Fa, Fg € [It]; and d(Fa, Fg) > 2!(~177/2+8) Then,
using (54) and (59), we obtain
(74) larby — aghy| > 2t=7/248),

By definition A x B = (albg — agbl,agbg — agbg,aobl — albo). Then from
(74) we have

(75) |A x B| > 2t0-7/240),
Moreover,
AxB
Ny=%———.
|A x B|

It is known that
(76) Ax(BxC)=(B,A)C—-(C,A)B,

where A, B, C € R3. It is obvious that (F(z), A) = Fa(z). Then for z € I’
we find

F(z) x N, = + F(z) x ’i i ; =t i 5] (A FG)B - (B.F()A)
-z IAiB,uvA(ac)B ~ Fs(0)A).

Further, using the estimates (64), (75) and |A| < 2!, |B| < 2¢, we get
IF(z) x N,| < 21(-17/2=8)gtgt(=1=7+2a)

Thus we have

(77) |F(z) x N,| < 2t(-177/2+2a=75)

for all x € Iﬁ,

ASSERTION 3. The measure of those x € I which belong to infinitely

many 1t where I is a type D interval, is equal to zero.

87
Proof. A type D interval I! is called a subtype Dy interval if there does

not exist a type D interval I}, (s # h) such that

(78) 2t(—1—'y/2+3a/2) < d(];,[ﬁ) < 2—1—7/2—5—2(1‘

The other type D intervals are subtype Do intervals. The number of subtype
D, intervals is < 2t(+7/2=32/2) Hepce

ZZ;J\'; < 22‘”/2 < o0.
t>0 s >0

The Borel-Cantelli lemma finishes the proof in this case. Further, let I! be
a subtype Ds interval. There exists a type D interval I} satisfying (78). Let
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A!, denote the smallest interval containing both I{ and Ij. From (75) we
get
(79) qu << 2t(—1—'y/2+2a)‘

If there exist Fa, Fg, Fc € [A‘;h]t such that (67) holds then we obtain a
bigger type C interval. The choice of a and (79) yield the following fact:
the set of those x € I which belong to infinitely many such intervals has
measure zero as in the proof of Assertion 2.

In the last case the normals coincide: N = Ny = Nj. Using (13) and
(77) for x € I! and y € I}, we find

|z —yl < |fi(z) = i(y)| < |F(z) x F(y)|
< |F(z) x N| + [F(y) x N| < 2/(-1-7/2420=0),
The last inequality and (78) give
(80) 2t(7lf’y/2+3a/2) < ’x _ y’ & 2t(717”y/2+2a76).
The choice of § in (62) shows that (—1—v/243a/2) > (—1—v/242a— ).
Hence inequality (80) is contradictory for ¢ large. Assertion 3 is proved. Thus
Proposition 4 is proved.

7. Completion the proof of the Theorem. Let A = min(¢/8,22/16).
Applying Propositions 1-4 at most [8/A] + 1 times we get

ps(e) < ps(er),
where €1 > 8. By Remark 4 the proof of the Theorem is complete.
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