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In the present paper we show that the Hamiltonian describing the resonant interaction of N
two-level systems with a single-mode electromagnetic quantum field in the Coulomb gauge can be
diagonalized with a high degree of accuracy using a simple basis set of states. This allows one to find
an analytical approximation for the eigenvectors and eigenvalues of the system, which interpolates
the numerical solution in a broad range of the coupling constant values. In addition, the introduced
basis states provide a regular way of calculating the corrections and estimating the convergence to
the exact numerical solution. The obtained results are valid for both quantum Rabi model (N = 1)
and the Dicke model for N ≥ 2 atoms.

I. INTRODUCTION

The quantum Rabi model (QRM) is one of the
fundamental models in quantum physics describ-
ing the interaction of electromagnetic radiation
and matter1–3. This model incorporates a two-
level system (TLS), which interacts with a single
mode quantum field in a cavity. QRM proved
to be very effective in predicting and describ-
ing various physical phenomena4–7, and some of
its applications are currently widely used8–11. A
generalization of this model for the N -TLS case
was introduced by Dicke12 for the description of
light-matter interaction13–16.
To effectively utilize the QRM and Dicke mod-

els (DM) in various applications, it is necessary
to calculate the eigenvectors and eigenvalues of
the associated Hamiltonians in the wide range
of coupling constant values, including the ultra-
strong and deep strong coupling regimes between
the TLS and the field10,17,18 where the pertur-
bation theory as well as the rotating wave ap-
proximation become inapplicable. It was shown
recently19 that QRM is an exactly integrable sys-
tem, and the problem of finding its stationary
states for arbitrary values of the coupling con-
stant can be expressed in terms of polynomial
recurrence relations. This result is fundamen-
tally important, however, the eigenvectors and
eigenvalues are not represented in a closed an-
alytical form, which makes it rather difficult to
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use them for applications.
Although it is possible to find the numeri-

cal solution of the Schrödinger equation with
the QRM Hamiltonian, a large number of works
is devoted to the development of the approx-
imate analytical representation of eigenvalues
and eigenfunctions in a broad range of the sys-
tem parameters20–24. Analytical solutions can be
useful for the classification of the quantum states
and describing the time evolution and thermo-
dynamics, when summation over the entire spec-
trum of the system is needed. However, there ex-
ists a significant drawback of the currently avail-
able approximations, which consists in using the
complicated basis sets of functions. As a result,
it becomes rather difficult to carry out the an-
alytical assessment of the accuracy and investi-
gate their convergence to the exact result.
One more important problem of using the

QRM and DM and, consequently, the explicit
form of the analytical approximations for their
eigenvalue problem is related to the validity of
the two-level approximation for the Hamiltonian
of the matter part. This problem was consid-
ered in the book25 within the framework of per-
turbation theory and recently was analyzed in
the work26. In particular, it was shown that
the finite-level truncation of the matter system
leads to the violation of the gauge invariance,
and the validity of the two-level approximation
becomes gauge-dependent. However, it is possi-
ble to restore the gauge invariance by introduc-
ing the unitary operator, which transforms the
QRM and DM Hamiltonians from the standard

ar
X

iv
:2

20
2.

03
54

5v
1 

 [
qu

an
t-

ph
] 

 7
 F

eb
 2

02
2

mailto:a.u.leonau@gmail.com


2

dipole gauge to the Coulomb gauge. This takes
into account all orders of the vector potential
A in the interaction Hamiltonian. Disregarding
the gauge invariance leads to some contradictory
predictions and paradoxes, especially in the cases
when the light-matter interaction becomes very
strong27,28.
The Hamiltonians obtained in the Coulomb

gauge contain exponential operators and have a
rather complicated form26, so that the numerical
calculation of the spectrum of their eigenstates
requires the use of high dimensional matrices. At
the first glance, it seems that this also obstructs
the development of analytical approximations.
However, we show that it is possible to find a
very simple set of basis vectors, which allows
one to diagonalize the QRM and DM Hamilto-
nians in the Coulomb gauge with a sufficiently
high accuracy. As a result, we introduce the an-
alytical approximation for the energy levels of
the system and its eigenstates within the entire
range of variation of the system’s parameters.
The developed approach is based on the utiliza-
tion of the operator method (OM) of solving the
Schrödinger equation29, which allows one to find
not only the zeroth-order approximation for the
energy levels, but also assessing the accuracy of
the obtained results and investigating their con-
vergence to the exact solution. It is shown that
analytical approximations can be used for prac-
tical applications only for the systems with 2-
and 3-TLS. For the systems that contain a larger
number of TLS it is more efficient to diagonalize
the DM Hamiltonians numerically in the matrix
representation, which can be obtained by means
of using the simple basis states.
The paper is organized as follows. In Sec. II,

the analytical approximation for the eigenval-
ues of QRM in the Coulomb gauge is deduced.
The basis set of states is also constructed, which
makes it possible to calculate the successive cor-
rections to the zeroth-order approximation. The
analytical results are compared with the numer-
ical solutions, and the rapid convergence of the
successive approximations is demonstrated. In
Sec. III, the proposed method is applied to the 2-
and 3-TLS DM in order to analyze its features.
The zeroth-order approximation for the energy

levels is developed and its comparison with the
numerical results is carried out. In Sec. IV we
consider the features of calculating the spectrum
of the DM with a larger number (N � 1) of TLS.
It is shown that in this case the analytical ap-
proximations are cumbersome that makes their
practical application ineffective. However, using
the introduced basis set allows us to construct
the matrix representation of the DM Hamilto-
nian and perform its numerical diagonalization
effectively.

II. EIGENSTATES OF QRM IN THE
COULOMB GAUGE

It is well known that the interaction of a single
mode quantum field with an atomic system has
a resonant character when the field frequency is
close to one of the transition frequencies between
some atomic levels. Isolating this pair of states
is fundamental to QRM, in which the dipole ap-
proximation is employed, when the interaction
of the atom with the field is determined by the
operators (d·E), where d is the transition dipole
moment, and E is the electric field. These as-
sumptions lead to the so-called dipole gauge of
the QRM, which corresponds to the following
Hamiltonian (the natural units ~ = c = 1 are
used):

Ĥ = â+â+
∆

2
σ̂z + f(â+ â+)σ̂x + f 2, (1)

where â, â+ are the annihilation and creation
operators of the resonant single-mode quantum
field with frequency ω, which is chosen as the
unit of energy (that is ω = 1); ∆ is the resonant
transition frequency; f ∼ |d| is the dimension-
less TLS-field coupling constant; σ̂x,z are Pauli
matrices. It should be noted that operator (1)
differs from the definition used in26 by a canon-
ical transformation â � −iâ, â+ � iâ+. In
addition, a constant shift f 2 is added to the op-
erator (1), which, according to26, must be taken
into account when truncating the Hilbert space
of the initial atomic system to TLS model.
The Coulomb gauge of QRM arises when the

momentum operator in the kinetic energy of the
atom is replaced by p → (p − eA), where e is
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the electron charge, and A is the vector poten-
tial of the field. In this case the operator of po-
tential energy V (r) remains unchanged. After
such a replacement, the interaction of the atom
with the field is ∼ (p · A), and the so-called
diamagnetic term ∼ A2 arises in the Hamilto-
nian. As a result, this leads to the modifica-
tion of the QRM Hamiltonian. However, since
the electromagnetic interaction is invariant un-
der the gauge transformations, the Hamiltonians
both in the dipole and Coulomb gauges should
be equivalent. This was shown in25 within the
framework of the perturbation theory over the
field, but a rigorous proof of the equivalence of
both representations was obtained in the recent
work26. The main idea of this proof is related to
the fact that the truncation of the Hilbert space
of the atomic many-level system to just only two
states leads to the nonlocality of the potential
V (r). As a result, it does not commute with the
gauge transformation operator, which is deter-
mined by the following unitary operator in the
framework of the dipole approximation

Û = efσ̂x(â+−â). (2)

Applying this unitary transformation to the
operator (1), one can derive26 the following ex-
pression for the Hamiltonian of QRM in the
Coulomb gauge:

ĤC = â+â+
∆

2

{
σ̂z cosh[2f(â− â+)]

− iσ̂y sinh[2f(â− â+)]
}
. (3)

Both Hamiltonians (1) and (3) commute with
the combined parity operator

P̂ = σ̂ze
iπâ+â, (4)

which should be taken into account when con-
structing various approximations.
As it was mentioned above, various methods

have been proposed to obtain the approximate
analytical solution of the Schrödinger equation
with Hamiltonian (1) in a wide range of the cou-
pling constant values20–24. All of them are based
on complex variational state vectors and trans-
formations, including a number of additional pa-
rameters. As an example, the recent work24

can be considered. It is also essential that the
complex form of the basis set vectors in the
zeroth-order approximation does not allow one
a straightforward calculation of the corrections
to these solutions.
In contrast to this, it seems surprising that

Hamiltonian (3) which has a more sophisticated
form but is equivalent to (1), can be diagonalized
with a high degree of accuracy using the simple
basis set

|ψns〉 = |n〉χs; n = 0, 1 . . . ; s =↑, ↓, (5)

where |n〉 are the Fock states of the field; χs are
the eigenvectors of the operator σz. In this basis
the spin and the field variables are separated,
and its vectors also form the eigenstates of the
combined parity operator.
For further calculations we need the matrix el-

ements of Hamiltonian (3) in the basis (5), which
can be derived in the form as follows:

Hkn = nδknI2 +
∆

2
Skn

[
(−1)n + (−1)k

2
σz

− i(−1)n − (−1)k

2
σy

]
, (6)

Skn(f) = (−1)n
√
n!

k!
(2f)k−nLk−nn (4f 2)e−2f2 ;

k ≥ n; Skn = Snk,

where Lkn(x) are the generalized Laguerre poly-
nomials; I2 is a unit 2× 2 matrix; σy and σz are
the 2× 2 Pauli matrices defined as:

σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (7)

A simple basis set (5) allows one to use the
OM29, in which the solution of the Schrödinger
equation

ĤC |Ψν〉 = Eν |Ψν〉 , (8)

can be calculated by using the iteration scheme,
which ensures the convergence of the successive
approximations (here and below the composite
index ν = (n, s) is used for shortness).
Let us introduce the formula for the zeroth-

order approximation of OM for the energy levels,
which is given by the diagonal elements of the



4

0.0 0.5 1.0 1.5 2.0

-0.5

0.0

0.5

1.0

1.5

2.0

2.5

En

a)

f

0.0 0.5 1.0 1.5 2.0

-0.5

0.0

0.5

1.0

1.5

2.0

2.5
En

f

b)

0.0 0.5 1.0 1.5 2.0

9.5

10.0

10.5

11.0

11.5

En

c)

f

0.0 0.5 1.0 1.5 2.0
9.5

10.0

10.5

11.0

En

d)

f

Figure 1. (Color online) Energy levels of QRM as a function of the dimensionless coupling constant f and parameter ∆: (left
column) ∆ = 1.0, (right column) ∆ = 0.7. Low-lying states are shown in (a) and (b), whereas some highly-excited states are
presented in (c) and (d). Dashed lines correspond to the numerical solution, solid lines represent the zeroth-order approximation
of OM (9).

Hamiltonian matrix (6) in the considered basis
set:

E(0)
ν = Hνν → E(0)

ns = 〈ψns|ĤC |ψns〉

= n+ s
∆

2
Snn(f), (9)

where the numerical values s = +1,−1 match
the spin indices ↑, ↓, respectively.
In Fig. 1 we plot the results of calculation

by using the formula (9) for various values of
the system’s parameters. Comparing the results
obtained within the zeroth-order approximation
with the results of the numerical calculation, one
can conclude that the simple formula (9) de-
scribes all features of the energy spectrum of the
system within the entire range of the dimension-
less coupling constant values, and the accuracy
improves even further for highly excited states
and varying the detuning parameter from the
resonant value (∆ = 1).
At the same time, there is a noticeable devia-

tion from the numerical solution for the resonant
case in the region where the dimensionless cou-

pling constant f is small. However, it is still
possible to improve the accuracy of the zeroth-
order approximation by slightly changing the ba-
sis set. For this purpose, one should take into
account the degeneracy of the eigenstates hav-
ing the same parity in the weak coupling region.
Similarly to the rotating wave approximation30,
it is necessary to use the correct linear combi-
nation of the degenerate states, which can be
written explicitly as:

|ψ̃n〉 = An |n〉χ↑ +Bn |n+ 1〉χ↓. (10)

The coefficients A,B as well as energy values
are determined by the system of linear equations,
which can be obtained by substituting the ex-
pansion (10) into the equation (8) and its sub-
sequent projecting onto the vectors |n〉χ↑ and
|n+ 1〉χ↓, respectively (the normalization con-
dition of (10) is also implied):

E
(0)
n,± = n+

1

2
+

∆

4
(−1)n

(
Snn + Sn+1,n+1

)
± M

2
,

(11)
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Figure 2. (Color online) Energy levels of QRM as a function of the dimensionless coupling constant f and parameter ∆: (left
column) ∆ = 1.0, (right column) ∆ = 0.7. Low-lying states are shown in (a) and (b), whereas some highly-excited states are
presented in (c) and (d). Dashed lines correspond to the numerical solution, solid lines represent the updated zeroth-order
approximation of OM (11).

where

M =

{[
1− ∆

2
(−1)n

(
Snn − Sn+1,n+1

)]2

+∆2S2
n,n+1

}1/2

;

An,± = − γ√
1 + γ2

; Bn,± =
1√

1 + γ2
;

γ =
∆
2

(−1)nSn,n+1

n+ ∆
2

(−1)nSn,n − E(0)
n,±

.

In Fig. 2 we plot the results of calculation by
using the formula (11), which proves to possess
quite high accuracy within the whole range of
variation of the QRM parameters. One should
also note that formula (11) coincides with the
results obtained by us earlier20 for the QRM in
the dipole gauge by means of using more com-
plicated constructions.
The simple form of the basis set allows one to

perform summation over the intermediate states

when calculating the second-order correction to
energy levels in order to estimate the accuracy
of OM (within OM the first-order correction
is identically equal to zero). To calculate the
second-order correction to the ground state en-
ergy one can effectively use the basis set (5):

Egr = E(0)
gr + E(2)

gr ,

E(0)
gr = 〈ψ0,↓|ĤC |ψ0,↓〉 = 〈χ↓|H00|χ↓〉 ≡ H↓↓00 ,

E(2)
gr = −

∑
µ6=(0,↓)

| 〈ψµ|ĤC |ψ0,↓〉 |2

Hµµ −H↓↓00

= −
∑

µ6=(0,↓)

|Hs↓
n0|2

Hss
kk −H

↓↓
00

, µ = (k, s), (12)

whereas addressing the excited states, one
should take into account the updated basis set
(10), which removes the degeneracy of states in
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Figure 3. (Color online) (a) Ground state energy of QRM as a function of the dimensionless coupling constant f and parameter
∆ = 1. Dashed lines correspond to the numerical solution, solid lines represent the analytical approximation (12). (b) The
value of the second-order correction to the ground state energy of QRM as a function of the dimensionless coupling constant
f and parameter ∆ = 1.

the weak coupling range:

Enr = E(0)
nr + E(2)

nr ,

E(2)
nr =

|Fnr|2

E
(0)
nr − E(0)

n,−r
+
∑

µ 6=ν1,ν2

|H̃sr
kn|2

E
(0)
nr −Hss

kk

, (13)

where ν1 = (n, ↑), ν2 = (n+ 1, ↓) and

Fnr = 〈ψ̃n,−r|ĤC |ψ̃nr〉
= An,−rAnrH

↑↑
nn + An,−rBnrH

↑↓
n,n+1

+Bn,−rAnrH
↓↑
n+1,n +Bn,−rBnrH

↓↓
n+1,n+1,

H̃sr
kn = 〈ψµ|ĤC |ψ̃nr〉 = AnrH

s↑
kn +BnrH

s↓
k,n+1.

(14)

The results of calculation using the formulas
(12) are shown in Fig. 3. As one can see, the ob-
tained approximations practically coincide with
the numerical solution.
It should be stressed that in contrast to the

standard perturbation theory, the matrix ele-
ments in (12)-(14) are calculated with the total
Hamiltonian of the system, and not just with the
perturbation operator. Using the algebra of cre-
ation and annihilation operators, these matrix
elements can be calculated analytically using the
basis of Fock states.

III. DM IN THE COULOMB GAUGE FOR 2-
AND 3-TLS

In the paper26 a unitary operator describ-
ing the gauge-invariant transformation of N -

TLS DM to the Coulomb gauge was also in-
troduced. The corresponding operator of this
unitary transformation and the Hamiltonian of
N -TLS DM have the following explicit form26:

ÛN = e2fĴx(â+−â), (15)

ĤN = â+â+ ∆

{
Ĵz cosh[2f(â− â+)]

− iĴy sinh[2f(â− â+)]

}
, (16)

where Ĵy, Ĵz are the components of the total spin
operator of N -TLS

Ĵ =
1

2

N∑
j=1

σ̂(j). (17)

Let us first consider a 2-TLS DM within the
same approach as for the QRM discussed above.
In this case, the total momentum takes the pos-
sible values J = 0 and J = 1, therefore the basis
set for deriving the eigenstates of the operator
(16) consists of the two subsets:

|ψ〉n00 = |n〉χ00;

|ψ〉n1M = |n〉χ1M , M = −1, 0, 1, (18)

where |n〉 are the Fock states of the field; χJM
are the eigenvectors of operators Ĵ2, Ĵz.
The matrix elements of Hamiltonian (16) in

the considered basis can be written in the form
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Figure 4. (Color online) Energy levels of 2-TLS DM as a function of the dimensionless coupling constant f and parameter
∆ = 1.0. Low-lying states are shown in (a), whereas some highly-excited states are presented in (b). Dashed lines correspond
to the numerical solution, solid lines represent the updated zeroth-order approximation of OM (21). The ground state level
also includes the second-order correction of OM. Energy levels for both J = 0 and J = 1 are shown.

as follows:

Hkn = nδknI3 +
∆

2
Skn

[
(−1)n + (−1)k

2
Jz

− i(−1)n − (−1)k

2
Jy

]
, (19)

where I3 is a unit 3×3 matrix; Jy and Jz are the
3× 3 total spin projection matrices.

The state vectors of the first subset form the
exact solutions of the Schrödinger equation for
Hamiltonian (16) and correspond to the case of
non-interacting TLS and the field, so that the
energy levels of these states are associated with
the field excitations En00 = n only.

Considering the series of states corresponding
to the total spin value J = 1, in the zeroth-order
approximation of OM we derive:

E
(0)
n1M = 〈ψn1M |ĤN |ψn1M〉

= n+M(−1)n∆Snn(f). (20)

As in the case of QRM, the accuracy of the
zeroth-order approximation can be substantially
improved by using the correct linear combina-
tions of states with different projections of the
momentum and the same energy in the absence
of interaction. Similarly to (10), such modified

state vectors have the following form

|ψgr〉 = |0〉χ1,−1;

|ψ̃1p〉 = A1p |ψ110〉+B1p |ψ011〉 , p = 1, 2;

|ψ̃np〉 = Anp |ψn1,−1〉+Bnp |ψn−1,10〉
+Cnp |ψn−2,11〉 , p = 1, 2, 3, n ≥ 2. (21)

The coefficients A1p, B1p can be defined in a
similar way as it was done in the case of QRM
resulting in expression (11), whereas the coeffi-
cients Anp, Bnp, and Cnp are defined as the com-
ponents of normalized eigenvectors of the follow-
ing matrix:

F̂2 =

 H−1,−1
nn H−1,0

n,n−1 H−1,1
n,n−2

(H−1,0
n,n−1)∗ H00

n−1,n−1 H01
n−1,n2

(H−1,1
n,n−2)∗ (H01

n−1,n2
)∗ H11

n−2,n−2

 ,(22)

where HMM ′

kn = 〈χ1M |Hkn|χ1M ′〉.
In Fig. 4 we plot the energy spectrum of the 2-

TLS DM calculated on the basis of (21)-(22) and
compare it with the results of numerical calcula-
tion. As one can conlude, the analytical approx-
imation (21) reproduces the main features of the
numerical solution, and the accuracy improves
for the highly excited states. We also include
the second-order correction for the ground state,
so that the analytical solution almost coincides
with the numerical one.
In the considered case the eigenvalues of (22)

are calculated by solving the cubic equation and
their analytical form is bulky. However, it ap-
pears to be possible to find the simple approxi-
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Figure 5. (Color online) Energy levels of 2-TLS DM as a function of the dimensionless coupling constant f and parameter
∆ = 1.0. Low-lying states are shown in (a), whereas some highly-excited states are presented in (b). Dashed lines correspond
to the numerical solution, solid lines represent the truncated zeroth-order approximation of OM (24). Energy levels for J = 1
are shown.

mation for them if the following linear combina-
tions of the degenerate states are used instead of
|ψ̃np〉:

|ψn1〉 = An1 |ψn,1,−1〉+Bn1 |ψn−1,10〉 ,
|ψn2〉 = Bn2 |ψn−1,1,0〉+ Cn2 |ψn−2,11〉 . (23)

In this case the roots of two quadratic equa-
tions define the analytical approximations for 3
eigenvalues in the way as follows:

En1 = E+
n1; En2 =

1

2
(E−n1 + E+

n2); En3 = E−n2;

E±n1 =
1

2

(
H−1,−1
nn +H00

n−1,n−1

±
√

(H−1,−1
nn −H00

n−1,n−1)2 + 4|H−1,0
n,n−1|2

)
;

E±n2 =
1

2

(
H00
n−1,n−1 +H11

n−2,n−2

±
√

(H00
n−1,n−1 −H11

n−2,n−2)2 + 4|H01
n−1,n−2|2

)
.

(24)

In Fig. 5 we plot the results of approximation
(24), which prove to interpolate the numerical
values fairly well.
The 3-TLS DM can be considered in a similar

way. In this case, the total momentum takes the
possible values J = 1/2 and J = 3/2. Therefore,
the basis set for finding the eigenstates of oper-
ator (16) consists of two subsets of the following

form:

|ψn, 1
2
,M〉 = |n〉χ 1

2
,M , M = ±1/2;

|ψn, 3
2
,M〉 = |n〉χ 3

2
,M , M = ±1/2,±3/2, (25)

where the same notation as in (21) is used.
It can be demonstrated both analytically and

numerically that the series of levels correspond-
ing to the first subset coincides with the energy
levels of QRM.
Let us consider the series of states correspond-

ing to J = 3/2. In this case, the correct linear
combinations in the zeroth-order approximation
of OM have the form as follows:

|ψgr〉 = |0〉χ 3
2
,− 3

2
;

|ψ̃1p〉 = A1p |ψ1, 3
2
,− 3

2
〉+B1p |ψ0, 3

2
,− 1

2
〉 , p = 1, 2;

|ψ̃2p〉 = A2p |ψ2, 3
2
,− 3

2
〉+B2p |ψ1, 3

2
,− 1

2
〉

+C2p |ψ0, 3
2
, 1
2
〉 , p = 1, 2, 3;

|ψ̃np〉 = Anp |ψn, 3
2
,− 3

2
〉+Bnp |ψn−1, 3

2
,− 1

2
〉

+Cnp |ψn−2, 3
2
, 1
2
〉+Dnp |ψn−3, 3

2
, 3
2
〉 ,

p = 1, 2, 3, 4, n ≥ 3. (26)

The coefficients A1p, B1p can be defined in a
similar way as it was done in the case of QRM
resulting in expression (11), and the coefficients
Anp, Bnp, and Cnp can be derived similarly to
2-TLS DM and expression (21). The main series
of coefficients Anp, Bnp, Cnp, Dnp are defined as
the components of the eigenvectors of the (4×4)
matrix with a composition similar to (22), which
we do not present here for shortness.
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Figure 6. (Color online) Energy levels of 3-TLS DM as a function of the dimensionless coupling constant f and parameter
∆ = 1.0. Low-lying states are shown in (a) and (c), whereas some highly-excited states are presented in (b) and (d). Dashed
lines correspond to the numerical solution, solid lines in (a) and (b) represent the updated zeroth-order approximation of OM
(26), solid lines in (c) and (d) represent the truncated zeroth-order approximation of OM (27). The ground state level in (a)
also includes the second-order correction of OM. Energy levels for J = 3/2 are shown.

Moreover, in the case of 3-TLS DM it is still
possible to split the wave vector |ψ̃np〉 into the 3
linear combinations, each including only 2 basis
vectors. It leads to the analytical approximation
for the eigenvalues in the following form:

En1 = E+
n1; En2 =

1

2
(E−n1 + E+

n2);

En3 =
1

2
(E−n2 + E+

n3); En4 = E−n3; (27)

E±n1 =
1

2

(
H
− 3

2
,− 3

2
nn +H

− 1
2
,− 1

2
n−1,n−1

±
√

(H
− 3

2
,− 3

2
nn −H−

1
2
,− 1

2
n−1,n−1)2 + 4|H−

3
2
,− 1

2
n,n−1 |2

)
;

E±n2 =
1

2

(
H
− 1

2
,− 1

2
n−1,n−1 +H

1
2
, 1
2

n−2,n−2

±
√

(H
− 1

2
,− 1

2
n−1,n−1 −H

1
2
, 1
2

n−2,n−2)2 + 4|H−
1
2
, 1
2

n−1,n−2|2
)

;

E±n3 =
1

2

(
H

1
2
, 1
2

n−2,n−2 +H
3
2
, 3
2

n−3,n−3

±
√

(H
1
2
, 1
2

n−2,n−2 −H
3
2
, 3
2

n−3,n−3)2 + 4|H
1
2
, 3
2

n−2,n−3|2
)
.

In Fig. 6 we show the results of calculating
the energy levels of the main series. One can
see that the approximations based on the wave
vectors |ψ̃np〉 and on the analytical expressions
(27) have almost the same accuracy. Analyti-
cal solution restores the qualitative behavior of
the numerical solution for the low-lying states,
whereas the accuracy increases when consider-
ing the highly-excited states. Additional feature
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Figure 7. (Color online) Energy levels of 10-TLS DM as a function of the dimensionless coupling constant f and parameter
∆ = 1.0: (a) weak coupling range; (b) wide range including the ultra-strong copuling regime. Red lines correspond to the
numerical solution, blue lines represent the updated zeroth-order approximation of OM. Energy levels for J = 5 are shown.

of this case is that the levels corresponding to
the projections M = ±1/2 are doubly degener-
ate for any coupling constant. This is due to
the two options of obtaining these states during
summation of 3 spin moments.

IV. DICKE MODEL IN THE COULOMB
GAUGE FOR N-TLS

The algorithm of constructing the approxima-
tion for the eigenstates considered above can be
generalized for DM with arbitrary number of
TLS. However, it should be stressed that for the
large amount of atoms, such an approximation
becomes ineffective for real applications. The
fact is that the calculation of correct linear com-
binations, similar to (26), requires the diagonal-
ization of matrices of dimension (N+1)×(N+1)
or solutions of (N + 1) quadratic equations. In
both cases manipulating these approximations
requires numerical calculations. Taking into ac-
count the up-to-date algorithms of numerical di-
agonalization of high-dimensional matrices, it
becomes more efficient to directly diagonalize
the complete Hamiltonian in the matrix repre-
sentation using the basis set in the form of a
product of one-particle vectors of type (5). The
characteristic form of the matrix elements is de-
termined by the expressions (9). The accuracy
can be determined by the condition that the ob-
tained eigenvalues should not vary with the fur-
ther increase of the size of the matrix. Diago-
nalization of the Hamiltonian Matrix was car-

ried out using the Wolfram Mathematica soft-
ware and took only several miliseconds for a
(220× 220) matrix.
As an example, in Fig. 7 we show the energy

levels of the 10-TLS DM for the main series cor-
responding to the total momentum of J = 5.
We have considered separately the range of the
weak coupling f ≤ 0.1 where the analytical ap-
proximations are still quite effective and the wide
range of f including the deep strong coupling
where the eigenvalues are defined by the asymp-
totical expression Ens ≈ n.
It should also be stressed that energy spectrum

of DM with N � 1 acquires the universal char-
acter, which can be appoximately defined as the
following scaling transformation

E(N, n, f) ≈ NE(1, nN, f). (28)

Fig. 8 shows the comparison of the energy
spectra for E(10, 2n, f) and E(20, n, f)/2. One
can conclude that these spectra mostly satisfy
the relation (28) within the plane of variables
(n, f). This property could be essential for ana-
lyzing the properties of the system in the ther-
modynamical limit.

V. CONCLUSIONS AND OUTLOOK

In our work we have analyzed the spectrum of
arrays of two-level systems which interact with
a single-mode quantum field in a cavity in the
wide range of the coupling constant values. It
is shown that the complete set of simple basis
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Figure 8. (Color online) Scaled energy levels of N -TLS DM satisfying the relation (28) as a function of the dimensionless
coupling constant f and parameter ∆ = 1.0. Red lines correspond to the 10-TLS DM and En = E(10, 2n, f); blue lines
represent 20-TLS DM and En = E(20, n, f)/2.

vectors allows one to find both the analytical ap-
proximation and the effective algorithm for the
numerical calculation of the system’s eigenval-
ues.

The obtained results can be useful for the anal-
ysis of evolution of the atomic polarization and
some other characteristics as field fluctuations,
entanglement of the qubits, etc. As a next step,
we are going to consider the thermodynamics of
the Dicke model in order to check whether the
gauge invariant Hamiltonian does not lead to the

phase transition in the system.
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