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ALGEBRAIC EQUATIONS AND POLYNOMIALS
OVER THE RING OF p-COMPLEX NUMBERS

V. V. DOVGODILIN®

*Belarusian State University, 4 NiezalieZnasci Avenue, Minsk 220030, Belarus

In this paper, we study the algebraic equations over the ring of p-complex numbers. Remainder division theorems and
an analogue of Bezout’s theorem for p-complex polynomials are represented. For equations of the 2™ and 3™ degrees,
conditions for the existence of roots are obtained, in some cases solutions are given in an explicit form. For polynomials
of an arbitrary degree with an invertible leading coefficient, theorems on factorisation with a unit leading coefficient are
proven in the cases where there are simple roots, multiple roots, and no roots. It is shown that in the absence of multiple
roots, this decomposition will be unique, and in the case of the presence of multiple roots, the polynomial admits an in-
finite number of expansions.

Keywords: dual number; polynomial; ring of p-complex numbers; p-complex polynomial; zero divisor; Cardano’s
formula; polynomial factorisation.

Introduction

In the mathematical literature, the theory of p-complex (dual) numbers and functions of a p-complex va-
riable is not enough explored. In connection with the existing applications in geometry and physics, further
research in this direction is topical. Earlier, in papers [1-3], the properties of ~-complex funtions and polyno-
mials were obtained. In this article, the solution of algebraic equations and the factorisation of polynomials
over the ring of p-complex numbers are considered. The properties of these numbers and some of the results
obtained earlier are given in papers [4—8].

Some general theorems about polynomials
over the ring of p-complex numbers

Let C, be aring of p-complex numbers of the form z=x + jy, where x, y € R, 7#=0, j#0. Number Rez =x
is the real part, and number Parz =y is the parabolic part of z. The ring C, has zero divisors of the form jy,
where y € R, all other elements of this ring are invertible.

We consider an algebraic equation

Pn(z)=cnz" + cn_lz”_1

+...+tqz+c¢ =0, 1)

where ¢, € C,and n € N. Let ¢, = a; + jby, z, is the root of equation (1). Notice, that P, (z2)=0,(x)+ j(yQ; (x)+

n—1 n—1

+T,(x)), where O, (x)=a,x" + a,_x
polynomials.
The following theorem gives a general idea of the roots of the given equation. The proof of the theorem is
given in the source [6, p. 33-39].
Theorem 1. a) Equation (1) has roots if and only if its real part Q, (x) has roots.
b) Equation (1) has two types of roots:
T, (%)

0 (xo)

+...+ax+ayand T,(x)=b,x" + b,_x"' + ...+ bx + b, are real

1) isolated one with the form z, = x, + j| — ] if and only if x, is the simple root of O, (x) and z is

real, if and only if x, is the root of T, (x)

2) non-isolated one with the form z, = x, + jy, where y € R is arbitrary, if and only if x, is multiple root of
the polynomial Q, (x) and the root of the polynomial T, (x)

Theorem 2 (on division with a remainder). Let f (z) g(z) eC, [z] where the leading coefficient of the
polynomial g(z) is not a zero divisor. Then there are unique polynomials q(z) and r(z), such that

f(2)=g(2)a(z) +r(2),

with the degree r(z) less than g(z) or r(z) =0.

The proof of this theorem completely repeats the analogous one for polynomials over an arbitrary field
[9, p. 134-135].
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An analogue of Bezout’s theorem directly follows from this theorem.
Theorem 3. The remainder of the division of a polynomial Pn(z) by (z - a), where a € C,, equals Pn(a).

We further assume that the leading coefficient of the polynomial Pn(z) is not a zero divisor and consider
some special cases.

Quadratic equations over C,

At the beginning, we consider

=D, )

where D=d, + jd, € C,. Letd, > 0. Then x* +2jyx = d, + jd,, from here we find two solutions Z1,= i\/c71 *
d,
2
zero divisor z, = jy. If d, = 0, and d, # 0, then x = 0 and we have 0 = 0 + 2)0 = jd, # 0, thus the equation has no

roots, as in the case d, < 0.
Let us consider the equation

=+JD. If D=0, then x = 0, and v € R is arbitrary, then the solution of the equation is an arbitrary

tJ

P(z)= A4z’ + Bz + C=0, 3)
where 4, B, C € C,and Re4 # 0. As in the real case, equation (3) can be transformed to the form
(24z + B)’ = B> - 44C.

By analogy with the real case, we introduce the discriminant D = B* — 44C.
If Re D > 0, then we have the first case for equation (2):

24z+ B=+B*> - 4A4C.
-B+

. D
It follows that the roots of equation (3) are calculated by the usual formulas z, , = 7 and the poly-

nomial Pz(z) is uniquely expressed as the product of two linear factors with leading coefficients equal to one

P2(z)= A(z - zl)(z - 22).
IfReD <0 or ReD =0, ParD # 0, equation (3) has no solutions over C, and the polynomial P2(z) can not
be expressed as the product of two linear factors with invertible leading coefficients.

. . o . -B .
Else, if D = 0, then equation (3) has an infinite set of solutions of the form z = By + jy, where y € R is

arbitrary. At the same time z, = eV is the unique multiple root of equation (3) [6, p. 37-38].

Using theorem 1, one can show that for D =0 the general solution of equation (3) can be expressed as
z=Xx,+ jy, where y € R, x, is the multiple root of equation (3):

(Re4)x*+ (ReB)x + ReC=0.

The polynomial B(z) for D = B>~ 44C =0 admits a continuum of expressions as the product of two linear

factors. Let z,= Y Xo + Vs 21 =X + jV1, 2, = X, + jy, be the roots of equation (3). It is easy to verify that
the condition 2y, =y, + y, is necessary and sufficient for
Az*+ Bz +C= A(z - 20)2 = A(z - Zl)(Z - 22).

Equation (3) is considered in the research [6, p. 37-38], the question of factorisation in this form is consi-
dered for the first time.

Cubic equations over C,
At first, we consider a cubic equation over R
X +px+q=0, 4
where p, ¢ € R. The solution of the cubic equation in the general case will be expressed through the solution

of equation (4). If p = 0, equation (4) is equivalent to x* = —¢ and has only one root x = —2@. If p # 0, we rep-
resent equation (4) in the form
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2 2
3 27
Papetge|xtL] | x=3L 4| p+ q2 x+1], (%)
274*
4p

. . 4 4 . .
We introduce the discriminant D = ¢* + > pP=— p2 ( + pj and consider different cases.

Let D = 0. Then the formula (5) simplifies to

2
x3+px+q:(x+;—§] (x—3%j. (6)
Equation (4), in this case, has a simple root x = 3% and also has a multiple root x = —;—Z.
Let f (x) =x’+ px + ¢, then f ’(x) =3x>+ p. For D=0, the root x = —;—i coincides with one of the roots of
the derivative, which means p < 0 and ¢* = 4p ( 3 j Ifg>0,thenq = _Z?p -= -—— \/: Ifg <0,

then g = —, / and — 2 - /—— The case g = 0 for D = 0 is not possible.
P

Now cons1der the case D > 0. Let us find solutions (4) in the form x = a + 3, where o, B € R:

(oc+[5)3+p(oc+[5)+q:O4:)(a3+BB)+(a+B)(3aB+p)+q:0, (7)

Let us choose a, B so that

0€3+B3=—q, 063+[33=—q, B3=—0€3—q, B3=—0€3—(],
p < 3a3 P3 AR I 3 p3 < 6 P3
of=—= P =-=— o’(—a” — o o’ - = =0.
3 B 27 ( q) 27 T4 27

Solving this system, taking into account the symmetry of formula (7), we obtain the following solution for

equation (4):
—CIJW/Q +ip —q =49 +iP
3
= 27 + 27 , )

2 2

which is an analogue of the Cardano formula [9, p. 233-241].
Let us show that this solution is unique. If p > 0, then f ’(x) =3x*+ p >0, it follows that f'is strictly increasing

and equation (4) has a unique solution (8). If p <0, then f has a strict local maximum at x, = —, /i and a strict lo-

cal maximum at x2=,/ 3 Forq>0thevalueoff x2 =-L£ [ ‘/ q— ‘f + ¢ >0, and hence
equation (4) has a unique solution (8). At ¢ < 0 the value of f xl = / 12 / Tp , /% +g<0

and equation (4) has a unique solution (8). The case ¢ = 0 is 1mp0551ble Wlth p< 0, if D> 0.
Let now D < 0, then formula (8) is not defined over R. Since f (x1 ) >0and f (xz) < 0, then equation (4) has
three simple roots.
Now let us consider the cubic equation over C, with p-complex coefficients p = a + jb, ¢ = ¢ + jd such that
a,c#0
2 +pz+q=0. )
This equation is equivalent to the system

x3+ax+c:0,

y(3x2+a)+bx+d=0. (10)
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4 . . .
Let D, = A+ 2—7a3. If D, = 0, then by virtue of formula (6) the first equation in system (10) has a simple

root x = 370 and a root x = _;_c of multiplicity 2. The following cases are possible:
a

. . 3 . P
1) 3cb =2ad. In this case, the second equation in system (10) has a root x = ~ 2% and equation (9) has infinite-
a
. 3 o . 3 3a’d
ly many solutions of the form z = Xy jv, where y € R is arbitrary, and a solution z = Xy i —% ;
a 5 a 27c¢" + a
. . . 3 3abc +
2) 3cb # 2ad. Equation (9) has a unique solution z = S J _abcz—an .
a 27¢* + a

Else, if D, > 0, the first equation in system (10) has a unique solution, substituting it into the second, we find the

only value y. Thus, equation (9) has a unique solution, which is expressed in radicals using the Cardano formula.

If D, < 0, then equation (9) has three different p-complex solutions, which can not be expressed using the
Cardano formula, since this formula in the case is not defined over Cp.

Let now in formulas (9)—(10) a =0, ¢ # 0. Then x = e , therefore y =
ble-d
31

In case a # 0, ¢ = 0 the first equation in system (10) has a root x = 0, which corresponds y = %, and hence

3 —
b\/z—d. In this case, equation (9)
31e?

has a single root z = e + j

equation (9) has aroot z=— g. If @ > 0, then the root is unique. If @ < 0, then the first equation in system (10)

+hy—a +d
2a

has two more roots x; , = *+/—a, which correspond to y; , = . In this case, equation (9) has two

+bhv—a +d

2a

If a = ¢ =0, then the first equation in system (10) has a single root x = 0, therefore, in the second equation of
the system we have the expression y - 0 + d = 0. Else, if d = 0, then equation (9) has infinitely many solutions
of the form z = jy, where y € R is arbitrary, otherwise the equation has no roots.

Let us consider now the general cubic equation over C,:

P(z)=A4z+ B>+ Cz + D=0, (11)

more roots z, , = *v—a + j

where A4 is not a zero divisor. B
Note that equation (11) can be reduced to form (9) by the change of variable z =7 — yh

We will assume that the coefficients p, ¢ of the equation obtained as a result of such a change are not zero
divisors, then we use the results obtained above to obtain the following conclusions regarding the factorisation
of equation (11).

If z,, z,, z; are different roots of equation (11), then 4z> + Bz>+ Cz + D = A(z -z )(z - zz)(z - 23). If z,

is the unique root Az> + Bz + Cz+ D = (z - zo)(A22 + Ez + R). Note that such expressions are unique due

to theorems 2 and 3. If z; is the root of multiplicity 2, then, similarly to the case of a quadratic equation, the
polynomial 1-'3(2) admits a continuum of expressions of the form

Az +BZZ+CZ+D:A(Z—ZO)2(Z—ZI):A(Z—Zl)(Z—ZZ)(Z—Z3),

if and only if 2y, = y, + y;, where y, = Parz, y, = Parz,, y; = Parz,.
If z, is the root of multiplicity 3, then the polynomial P3(z) admits a continuum of expressions of the form

P3(Z)= A(z - 20)3 = A(Z - Zl)(Z - 22)(2 - 23),
if and only if 3y, =y, + y, +»;, where y, = Parz,, y, = Parz,, y, = Parz,, y;, = Parz,.

Factorisation of polynomials
with an invertible leading coefficient over C,

Consider the polynomial

P(z)=z"+c, 2" '+ ...+ qz+c, (12)

n
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where ¢, € C, and n € N. Let ¢, = a; + jby, z = x + jy, where a;, by, x, y € R. Note that the real part
0,(x)=x"+a,_x

pressed in the form Q,(x)= (x2 + px+ ql) (x2 + p,x+ qm), where n = 2m.

n—1

+...+ a,x> + ayx + a, of the polynomial (of an odd degree) P,(z) always can be ex-

Theorem 4. Let the polynomial of an even degree (12) have no roots. If in the factorisation of its real part

0, (x) = (xz + px + ‘11) (x2 +p,x+ qm) all square trinomials are distinct, it can be expressed in a unique
way as

Pn(z)z(22+(xlz+[31)---(22+(xmz+[3m), (13)
where o, ..., 0., By, ..., B, € C,,.

n73+

Proof. We express P,(z) in the form P,(z)= Pn_z(z)(z2 + o,z + Bl), where P, ,=z""%+1, ;z
+ ...+ L,z + [,. We use the method of mathematical induction on m. The base of the induction is the case m =1,
thenn =2 and P,(z)= (22 +o,z+ By ), and hence the statement of the theorem becomes trivial. Let us assume

that expression (13) is unique for (m - 1). Let us show that there will also be a unique expression

P,(z)= (2”72 +1 2"+ L+ hz+ lo)(22 +o,z+ B1)

n

Let us expand brackets in expression (13), taking into account z = x + jy, o, = p; + jp,, B = ¢, + jg»

n—2
n

P(z)=x"+ (p1 + hn73)x”_1 + (ql + ph, 5+ hn74)x + ...+ (‘]1hk + pihy o+ hkfz)xk + ..+

+ (pihy + hlq)1x+ q,hy +j(y(nx"_1 +(n —l)(p1 + hn_3)(p1 +d )x" 7+ o+ (phy + hlql)) +

n—1 n—2
+(p2+sn_3)x +(q2+hn_3p2+p1sn_3+sn_4)x +...+

k
+ (hkq2+ @Sp + e Dy + DSk +sk_2)x +...+

+ (hlqz + g8+ hypy + PlSo)x + (hofb + ¢85, )) =0,(x)+ j(Q,; (x)y+ Tn(x)),

where 7,(x)=b "2

n—1
X+ b, X"+ 4 bx + b,

The coefficients in the factorisation of Q, (x) are known. The unknowns are the coefficients p,, d,, s,, where
ke{l, ..., n—2}. Given that

—1 -2
(p2+sn_3)x" +(q2+hn_3p2+p1sn_3+sn_4)x" +...+

k
+ (hk%"‘ DSe+ 1Dy + DiSg_ + Sk_z)x +...+

+ (hﬂz + 5+ hypy + plso)x + (ho% + %So) = Tn(x>’

we have a system with respect to these unknowns

Pyt S,_3=b,_y,

hy_spry+ qy+ PiS,_3+8,_4=b,_,,

I \P2+ W@y + DiSg 1+ @St S _n =Dy, (14)
hypy + a, + pisyg+ q,5,= by,

hoqs + 415y = by-

This system has a unique solution if and only if the determinant A is non-zero:
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1 0 1 0 ... 0 O .. 0
h,_ 1 p 1 ... 0 0 ... 0 O
h,_y h,v q p ... 0 0 ... 0 0
vl e 00 @ P 0 0
ok 0 0 0 0 10

B h 0 0 0 0 .. p
hy h, 0 0 0 0 a9 P
0 kB 0 0 0 0 0 ¢

Note that this determinant is the resultant of the polynomials (x”*2 +h, X"+ hx+ ho) and
(x2 + pix+q ) (the concept of resultant and its properties can be found in more detail in the source [9, p. 334—345]).

Thus, M is the product of pairwise differences between their roots in the algebraic closure of the field R, that is C.
Due to the conditions of the theorem, these polynomials have no common roots, then M # 0. Thus, system (14)

has a unique solution, and hence P, (z) is expressed in the form (Z” Pl T+ z+ lo)(z2 + 04z + [31)

in a unique way. It follows from this, by virtue of the inductive assumption, that the polynomial Pn(z) admits
a unique expression in the form (13). The theorem is proved.

Theorem 5. Let the real part of Pn(z) have the following irreducible factorisation:

0,(x)=(x=x) -+ (x=x)(x*+ px+ ) -+ (¥ + pex + g, (15)
and all factors be different, then P,(z) can be expressed in a unique way as

P(z)=(z-z7) (2 —zs)(z2 +oyz + |31) (22 +ouz+ Bk), (16)
where zy, ..., Zg, Oy ...y Oy By ..oy By € C,.

Proof. From formula (15) it follows that P,(z) has s roots, and all of them are simple. So, by virtue of
theorems 2 and 3, P, (z) can be uniquely expressed as

P(2)=(z=z) - (z=z)(2" "+ 1,y i T L+ iz 4 D), (17)

n

where the last factor has no roots. By virtue of the conditions imposed on the factors in formula (15), theorem 4
can be applied to the last factor in formula (17), then

n—-s-1
n—s—12

(z”’s+l +ot llz+lo):(zz+oclz+[31) (zz+ockz+Bk),

where 2k = n — 5. This implies the statement of the theorem and expression (16). )
Remark. It is easy to see that when the square trinomials coincide, the expansion P(z) = (22 +oz+ [3) can
be rewritten in another form, for example, P(z)= (22 +oz+ P+ j)(22 +oz+pP- j).

Now let the polynomial (12) has a unique root z, of multiplicity n. The case n = 2 has been already dis-
cussed, now let us consider the general case. i
Theorem 6. The polynomial Pn(z) = (Z - ZO) admits factorisation

P(z2)=(z=2)(-2).
ifand only if nyy =y, + v, + ...+ y,, where y, =Parz,, ke {0, L..., n}.
Proof. It is obvious that Rez; = Rez, = ... = Rez, = Rez, otherwise there would be a contradiction with
the fact that the root z, is multiple. Then

(Z_Zl) (Z—Zn)=(x—x0+j(y—y1)) (x—xo +j(y_yn)):
=(x—x0)"+j(x—x0)n_l(ny—y1 e R A e
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:(x—xo)n+j(x—x0)n_1(ny—ny0)+j(x—xo)n_l(ny—y1_J/z— "'_yn):
=(z=z)" + j(x=x)" (= =2y ==,

since (z -z, )" = (x - X, )" + jn (x - X, )"71( Y- yo), due to the properties of C,. This implies the statement of
the theorem.

Summing up all of the above, we get that a polynomial with a leading coefficient equal to one has a unique
expression as the product of linear and square factors with a leading coefficient equal to one if and only if all
its roots are simple, and all square trinomials in the expansion of its real part are different. If the polynomial
has a multiple root or there are two coinciding square trinomials in the expansion of its real part, then the
polynomial has a continuum of factorisations, and the corresponding equation has a continuum of solutions.

Conclusions

In this paper, the issue of solvability of algebraic equations in the ring of p-complex numbers is studied.
Equations of the second and third degree are considered separately, in particular, an analogue of the Cardano
formula is obtained. For polynomials of an arbitrary degree with an invertible leading coefficient, theorems on
factoring with a unit leading coefficient over the ring of p-complex numbers are proven.
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