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This paper considers a linear stochastic differential equation (SDE) containing the
Skorokhod integral. A formula for the approximate calculation of functionals of solutions
of this equation is constructed, which is approximately exact for polynomials of the third

order.
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1. Introduction

Known functional quadrature formulas for
calculating the mathematical expectations of
nonlinear functionals from the trajectories of
random processes, as a rule, require the
fulfillment of the condition of their accuracy for
polynomial functionals of a given order. The most
frequently used formulas are exact for functional
polynomials of the third order, which are used
to obtain a fast initial approximation, as well
as in combination with other approximations [1-
5]. However, in the case of processes specified
as complex functions of other random processes,
the constructed functional quadrature formulas
are difficult for numerical implementation. In
this paper, we solve the problem of constructing
approximate formulas in which the requirement of
their accuracy for approximations of polynomials
is imposed instead of accuracy for the polynomials
themselves. Since the mathematical expectations
of functional polynomials from a random process
depend linearly on the moments of the process,
in fact, when constructing approximate formulas,
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approximations of the moments are considered.
The solution of this problem is considered on
the example of a linear stochastic Skorokhod
equation with a Wiener leading process and
an initial condition in the form of a function
of a linear functional of the Wiener process.
When constructing approximate formulas, the
moments of solving the equation up to the third
order inclusive and their approximations obtained
by expanding the functional that specifies the
initial condition in a Taylor series are used.
The main goal of the paper is an approximate
formula for the mathematical expectation of
nonlinear functionals from the solution of the
linear Skorokhod equation, which has a third-
order error in time.

2. Approximate formula

We consider only such linear Skorokhod
SDEs for which the moment of the first order from
the solution is equal to zero [6]. Moments of the
second and third orders in the general case cannot
be represented in a multiplicative form. However,
their approximations can often be represented as
finite sums with terms that have a multiplicative
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form. Let some approximation of the moment
Ms(t1,ta,t3) of the third order of the random
process X (t), t € [0,T], be represented as

4

= Za&kMSk(tl;tQ,tS)‘ (2.1)
k=1

Mi(ty,ta, t3)

Here we have chosen sum of only four components
to facilitate the construction of approximations,
a3 ) are constants, which are the mathematical
expectations of the functionals given by the
conditions of the problem, which can be written
out exactly or with a sufficiently high degree of
accuracy. The symbol ~ was introduced to stress
the approximateness of the formula (2.1). Mgy, has
the general multiplicative form:

Z T, (

M3y (ti,t2,t3) = t1)zk j2(t2) Tk ,3(t3).
(2.2)

Here again the sum of three component us
chosen with above mentioned reasons. where
zk,;1(t), | = 1,2,3 are real functions, &y, to, ¢3 is
ordered ascending numbers t1,ts,t3 and some of
the factors in (2.2) may be equal to 1.

Similarly, the approximation of the moment
Ms(ty,t2) of the second order of the random
process X (t), t € [0,T1, is represented as

4

= Z az kMo (t1, t2), (2.3)
k=1

Mo(ty,ta, t3)

J

[l

I35 (F(X

where ap ) are constants, which are also the
mathematical expectations of the functionals
specified by the conditions of the problem, which
can be written out exactly, or with a sufficiently
high degree of accuracy, and My, may not depend
on some of the variables ¢, to; while Moy (t1,t2)
have a multiplicative form:

Mo (t1,t2) =

§ :xk,m

.’IJkJ 2(t2) (2.4)

where x, ji(t), [ =1,2,3, are real functions, 1,7
are ordered ascending number ¢1, 2, and a factor
x ;,2(t2) may be equal to 1.

It is important to note that the sets of
functions @y, ;; for the moments of the third order
and the second order are different.

For the component
xk’j’l(E)xk’j’g(g):l?k’j’g(g) from (22) we
construct an approximate formula in a way to
give precisely zero for a constant functional and
for any first-order and second-order monomial,
whereas for an above written third order
monomial the formula should give a precise
value.

We denote the approximant as
J3k,j(F(X())) and write it down in the form

XAF((r,2(-) + h) Lo, ()11 1) (7))dsdr

xy3(T)

4 7
.Z‘k’j’g (T) + h

St~

2 < Tg,j1(8)
83 $k7372( )+

T
B wk,y, 0 /8< $k,3 3(7)
$k,], +h J 0 l‘k% ) +h

) AF(Gonal) + DL, (o) ds

) AF((zg,j2() + h)1p p(7))dT
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25,1 (0)

Ty53(T

71,52(0) + h g jo(T)

T T P
+h//as JIk,],
0 0

)
+h

AF((2gj2(-) + h))

) (e (TDAF (U g (3)1 .y (7))dsdr

T
8
—hay, j3(T / s (kg ( AF(l[()’,](S))dS
0

T
0
+hl‘k,], / 3 .Z‘k,] 3(7 AF(l[.’T](S))dT — h:Uk’jJ(0)$k7j73(T)AF(1),
0

where AF(z) = 3(F(x) — F(—x)), 1jgg(s) is
the indicator function of [0,¢]. The symbol “.”
is used to denote the value of functional in a
current point. Note that this formula is also
valid for calculating the contribution in the case
Tr53(t3) = 1.

The constant h is chosen in such a way that
in the fractions presented in the formula (2.5) the
denominator does not turn to 0 for any values of

J

the argument of the function xy ;2(t) used in the
course of calculations. It should be noted that the
formula (2.5) is constructed in such a way that the
formula does not depend on h in cases when F is
a monomial of the first, second, third order or a
constant.

For the component xy j1(t1)zk, j2(t2), from
(2.4) we construct an approximate formula
Jok,j(F(X())) and write it down in the form

T
(9 xk, , )
V&0 / ds <$k,j G +h> AF(zr2() + M, (s))ds
0
T
I AF(1 d 731 (0) £ p R) —h AF(1
—h | ok kg1 (S)AF (10 () 3+m (Tr,j2(-) +h) — hay;1(0)AF(1),
0

where AF(z) = 3(F(z) + F(—z)). In the case of
second-order moments, the contribution equal to
the term xy, j1(%1), is given by the same formula
in which A = 0 and zj,;2(t2) = 1. This formula
gives a zero value for monomials of the first and

J

third orders in X,.

Now, let us sum up all above introduced
approximants Jy j, JJa ki, k = 1,4, , j 1,3
together and obtain the following theorem:

Henuneiinble sgBiieHnst B CJIOXKHBIX cucTemax 1. 25, Ne 1, 2022



Linear Skorokhod SDE: Evaluation of Expectations of Functionals 85

Theorem 1. The approrimate formula

+Za2kZZB J2e,i (F(ar X))

j=1r=1

+Z“MZZA T31,j(F(er X)), (2.6)

j=1lr=1

wher@ A1 — —%7 A2 =
functional polynomials of the third order.

Let wus consider the application of the
proposed approach to the calculation of the
mathematical expectation of functionals from the
solution of the Skorokhod equation:

¢
X =Xo+ /J(S)XS(SWS, (2.7)
0

T
where X = g(fa(T)dWT>; Wi, t € [0,T], is
0

Wiener process, defined on a probability space
Q = Co([0,T]), Wi(w) = w(t); a(s), g(u), a(7)
are deterministic functions, jj:crz(s)ds < 00; g(u)
is differentiable the require% number of times,
a(t) € Lo(]0,T7), Ofa(T)dWT is a stochastic

integral in Ito sense.

t1/N\to
E[X1, Xt,] = exp{ /

T

/a )aW, +

0

Hoa=1c0=2 B =2 B =

2,1=1,q = %, is approzimately exact for

The integral on the right side (2.7) is the
Skorokhod integral, because Xy is not adapted to
the filtration generated by the Wiener process.

The solution of this equation can be fount in
explicit form (see [6-8])

T t
/a /a(T)J(T)dT>
0

t t

X exp /a )dW —/UQ(S)dS},

0 0

and first three moments has the following form:
T

B(Xi] = E|g( Ofa(T)dWT>],

t1

a(T)dW; +/ (1 )U(T)dT)

o\ﬂ

to
= Ms(t1,t2),

o\
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where t; A t; = min(t;, ), and a pair {ti, t;} takes values
. {t1,t2},{t1,t3}, {ta, t3}.
We obtain a  third-order = moment
gl(/a(T)dWT;ti7tj> approximation in ¢ € T wusing the Taylor
0 series expansion of the function ¢;(u) and the
assumption that sup.¢jo 7y a(T)o(7)] < 1:

+ (Elg*({a, W))g" ({(a, W))] + 3E[g({a, W))(¢'((a, W)))?*]) (p(t1)p(t2) + p(t1)p(ts) + p(ta2)p(ts))

3

+ (Elg*((a,W))g" ((a, W))] + Elg({a, W))(g' (a, W)))?]) ZPQ(E) M3 (1, ta, 3) + O(max(ty, 2, 13))
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= Ms(t1,ta, t3) + O(max(ty, ta, t3)). (2.8)

where M3y (ty1,ta,t3) = exp{p(t1 A t2) + p(t1 A t3) + p(t2 Ats)}. Now, taking into account the fact that

Mz (t1,ta, t3) = e2#)ee(t2), (2.9)
My (ty, 2, t3) = p(t)e??)e?2) 4 20 p(Fy)e?lE2) 4 200 202)p 1), (2.10)
Mss(t1,ta,t3) = p(t)e® W p(ty)e?2) + p(t1)e?* M e?2)p(ts) + €200 p(Ey)e?2)p(Es),  (2.11)
M34(t1, tQ, tg) = pQ(fl)QQd)(zl)e(b(ﬁ) + 62¢(¥1)p2(f2)6¢@2) + 62¢(i1)€¢(f2)p2(z3), (2.12)
asy = Elg*((a,W))],
asa = 2E[g*((a,W))g ((a, W))],
azz = Elg*((a,W))g" ({a, W))] + 3E[g({a, W))(¢'({a, W)))?],
az4 = Elg*({a,W))g" ({a, W))] + Elg({a, W))(¢'({a, W)))?]
[
the expression (2.8) can be rewritten in the form It is clear that M3 (1, t2,t3) is determined by the
) expression (2.2). Let us present the form of the
corresponding x; ;. for various Ms;, as
Mj(tr,ta, t3) = ag Mg (1, t2, t3). ¥ & Tk o
k=1
for M31
r111(t) = 2O wy10() =D, wy93(t) =1,
r121(t) = 2122(t) = T123(t) = 1131(t) = 2132() = T133(t) = 0;
for M32
xo1,1(t) = p(t)€2¢(t)7 x912(t) = ), r213(t) =1,
x221(t) = 20, T222(t) = p(t)e?V),  x0035(t) =1,
203 (t) = €290, T32(t) = e, r2,33(t) = p(t);
for M33
2311(t) = p(1)e*? W, z310(t) = p(t)e?®,  wsi3(t) =1,
r32.1(t) = p(t)e** ), x322(t) = €0, z32,3(t) = p(t),
w331(t) = 2 w3a0(t) = p(t)e?®,  x335(t) = p(t);
for M34
2411 (t) = p*(t)e*®, 2412(t) = ), r413(t) =1,
wa21(t) = 20 wyao(t) = pP(H)e?V),  myps(t) =1,
2431 (t) = €200, 2430(t) = e, z43,3(t) = p*(2).
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Similarly, for the moment of the second order, we obtain

4
My(tr,t2) = appMag(ty, t2) + O(max(ty, t2)),
k=1
where for Mos
Moy (t1, 1) = e?),
Mas(ti,t2) = p(t1)e?™) + e?p(ty),
Mas(t1,ta) = p*(t1)e?™) + e?Mp(3y), w311 (t) = p*(t)e?, r312(1) = 1,
Moa(tr, ta) = p(tr)e®@p(Ey), w31(t) = e’V z0s(t) = pA(t),
x3,371(t) = $37372(t) =0,
az1 = E[g2(<a, W>)],
az2 = Elg({a,W))g'((a, W))],
azs = Elg((a, W))g((a, W), -
aga = E[(g'({a, W)))?],
where for Mo
w11(t) = e®O, w100t =1, 2a11(t) = pt)e?D,  wy1(t) = p(t),
z121(t) = z122(t) = x131(t) = 2132() =0, 242,1(t) = T422(t) = xa31(t) = x432(t) = 0.
for M22
_ o(t) s
x2,1,1(t) p(t)e(z)(t), w212(t) = 1, In the paper, the approximate formulas are
x27271(t) =e, x2,272(t) =p(t), constructed for the class of functionals that can
x231(t) = x232(t) =0, be represented in the form

3 T T .
1
F(X0) ZF(0)+ZH/.(’?)./Ak(tl,..,,tk)Hthdtl...dtk
'0 0 =1

k=1

1 T T A
1
+§ /(1 — 7’)3/ (4) /G(TX(,),tl, Ceey tk) Hthdtl R dt4d7—’ (213)
0 0 0 =1
where T < 1, Ag(ty,...,tx) are deterministic functions, (k) denotes an integral multiplicity.
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Such a representation has, for example, some the 4th order, inclusive, in accordance with the
functionals that have functional derivatives up to Taylor functional formula
J
1 T T &
F(X()): —|— k'/ k)/Fk) Otl,...,tk)Hthdtl'-'dtk

1 T T 4
1
+3'/(1—7')3/,({1)./F(4)(TX(,),t1,...,t4)Hthdt1...dt4d7-
0 0 0 =1

= B(F(X()) +r(F (X)),

F(4)(TX(,), t1,...,tx) functional derivative of F. the remainder r(F(X,))):
The following theorem gives an estimate for

J
Theorem 2. Let functional F(X(.y) can be represented in the form (2.13) and the conditions

4
sup |B[G(TX(y,t1,. .., t4) Hth” < by = const,
7€[0,1],t1,...,t4€T =1
sup |G(Ter (2,5, () + R) Lo, ()11 (T), t1, - - - s ta)| < ba = const,

7€[0,1],t1,...,t4 €T
and the set of functions xy j1, @y ;2 for the moments of the second order are satisfies to the condition
4
sup )%Jyl(tl) 11 wk,j,z(tz)‘ + hlzkga(t)] | <1,
1,€[0,77,5=1,2 —9

where tq,19,t3,t4 is ordered ascending numbers t1,to,t3,14.
Then

R = |E[F(X())] = J(F(X()))| < |Py(X()) = Py(X())| + T (bl +ba).

Here P is the polynomial P, where expectations E[Y ; Xy are replaced according to proposed
approximations.

Proor
Let us estimate the error R = E[F(X ()] — J(F(X(,)) :

|R| < [E[Ps(X()] = J(P(X))| + [E[r(F(X()] = J(r(F(X())))]

Nonlinear Phenomena in Complex Systems Vol. 25, no. 1, 2022
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< |P3(X())

1 1 T T 4
-{—3/(1—7‘)3/ (4) / ’E TX(),tl,..‘,t4)Hth:|
0 0 0 =1

— P3(X(y)

+ 7Gxt )

ﬁth) Hdtl e dtydr
=1

)

operator A. Let us denote J27k(F(X(.))) =
25:1 Jo ki (F(X(.)))- So

< ‘Pg( ) Pg( )|+ T4 bl—l—bg (‘ Hth ) < ’Pg X( ) ﬁg(X())H‘ bl‘i‘bQ <’ Hth

4
Here we wuse the fact, that ‘Hth is
=1

even functional, and the propert;j of the

J

2 T Ll
) =35 Gt te)

-

(wr,j2(t1) + h)1jo ) (s)ds

4
k <‘ H th
=1

2 4
) =X (| T
j=1 1=1

4
< ogga(B) [ [ 2rg2@)] + hlaka )]
=2

and F'(X) = sin X. The results of calculation of
expectation are represented in the table 2

The assertion of the theorem follows from the
obtained estimates for. [ |

3. Numeric experiment 4. Conclusion

Let us consider the application of proposed

formula.

Let T =1, a(z) =z, o(z) = y/z and g(z) =
r and F(X) = X3. The results of calculation of
expectation for various ¢ are shown in the table 1.

Let T =1, a(x) = z, o(x) = /x, g(x) =

In this paper, an approximate exact formula
has been constructed for functional polynomials
from the solution of a stochastic differential
equation in the sense of Skorokhod. For the
proposed formula, an estimate of the accuracy of
the approximate values calculated with its help
was obtained. An example of applying the formula
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Table 1. Estimations and errors for the functional

E[X7).
t |Approximate Exact Error
0.1] 0.00256806|0.00256807|0.00000001
0.2| 0.01519577|0.01519888|0.00000311
0.3] 0.04513598|0.04520618|0.00007020
0.4] 0.10291310(0.10358754|0.00067445
0.5] 0.20576686|0.20988220|0.00411534

Table 2. Estimations and errors for the functional
Elsin X;).

[1]

2]

3]

is given.

t |Approximate Exact Error

0.1 -0.00016877|-0.00359667[0.00342790

0.2| -0.00085016|-0.01073725[0.00988709

0.3| -0.00173725|-0.02061174[0.01887449

0.4| -0.00127556|-0.03287304[0.03159748

0.5 0.00482462|-0.04724638(0.05207100
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