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The paper describes methods for theoretical and numerical simulation of the photoacoustic
e�ect that occurs in one-dimensional carbon micro- and nanostructures under an action of
pulsed laser radiation. The proposed numerical modeling technique is based on solving the
equations of motion of continuous media in the Lagrange form for spatially inhomogeneous
media. This model makes it possible to calculate �elds of temperature, pressure, density, and
velocity of the medium depending on the parameters of laser pulses and characteristics of
micro- and nanostructures.
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1. Introduction

The photoacoustic e�ect is the excitation
of acoustic pulses in the environment due to
rapid heating and expansion of an absorbing
particles or structure upon absorption of
electromagnetic radiation. At present, the
photoacoustic e�ect is widely used in biomedical
research [1], photoacoustic spectroscopy [2], and
other applications. Of particular interest is the
study of the interaction of pulsed laser radiation
with absorbing micro- and nanostructures, since
the frequency of excited acoustic oscillations
in such structures can reach values from giga-
to terahertz. Such oscillations are of particular
interest for fundamental research and have many
potential applications (acoustic visualization of
nanoobjects, acoustic nanocavities, phononic
crystals) [3�7].

This work is devoted to the development
of a technique for modeling the problems of
thermooptical excitation of acoustic vibrations
in absorbing one-dimensional carbon micro- and
nanostructures. The simulation technique is based
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on the numerical solution of the equations of
motion of continuous media in the Lagrange form.
Using the developed technique, the problems of
excitation of ultrahigh-frequency oscillations in
planar, cylindrical and spherical carbon micro-,
nanostructures are considered.

2. Theoretical model

We assume that the liquid medium (water)
contains inclusions in the form of carbon
particles or structures of various geometry
and su�ciently low concentration [8], which
di�er from the environment in their physical
parameters (absorption coe�cient, density, etc.).
The processes of generation and propagation of
acoustic disturbances in such a system will be
considered at the level of a single inclusion, that
is, for a single carbon particle or structure.

The processes occurring in a continuous
medium under the action of pulsed laser radiation
can be described by the equations of motion of
the medium in the form of Euler or Lagrange
[9]. In this work, we use the Lagrange form, since
this approach allows us to describe the motion of
inhomogeneous (multilayer) media and structures
whose properties change when passing through
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interfaces.
Next, we consider the problems of absorption

of laser radiation in a �at layer (�at geometry,
Fig. 1a), as well as in cylindrically and spherically
symmetric structures (Fig. 1b, c), which, by

their physical characteristics di�er from the
environment (a cylindrically symmetrical object
absorbing radiation or a spherical particle
immersed in a medium with di�erent properties).
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FIG. 1: Scheme of interaction in (a) plane, (b) cylindrical, and (c) spherical geometries.

The system of equations of motion of a
continuous medium consists of the equation of
continuity, the equations of motion, the equation
of energy balance and the equation of state. In
the Lagrangian formulation for one-dimensional
motion along coordinate r, these equations have
the form [10]:

• a continuity equation:

V = V0

(
R

r

)α−1 ∂R

∂r
; (1)

• equation of motion:

∂u

∂t
= −V0

(
R

r

)α−1 ∂P

∂r
; (2)

• equation for changing Euler coordinate R:

∂R

∂t
= u; (3)

• an equation of state:

P = P (V, E) . (4)

Here, P is the pressure; V0 = 1/ρ0, V = 1/ρ
are the initial and current speci�c volumes; ρ0, ρ
are the corresponding densities; E is the speci�c
internal energy, r is the Lagrangian coordinate, t
is the time, α = 1, 2, 3 respectively for the plane,
cylindrical and spherical geometry of the problem.

As the equation of states of an absorbing
medium and surrounding medium, the Mie-
Gr�uneisen equation in its two-term form (cold,
and hot parts) has been used [11]:

P = ρ0u
2
0

(
1− V

V0

)
+ Γ

CV (T − T0)
V

. (5)

Here, Γ = u2
0β
CV

is the Gr�uneisen coe�cient of the
medium, CV is the heat capacity, β is the volume
expansion coe�cient, u0 is the sound speed in the
medium.

To describe the heating of the medium upon
absorption of the laser radiation energy, the
following heat conduction equation has been used:
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ρCV
∂T

∂t
= kT

1
rα−1

∂

∂r

(
rα−1∂T

∂r

)
+QS . (6)

Here T is the temperature, kT is the coe�cient
of thermal conductivity of the medium, the value
of QS in the equation (6) is determined by the
energy release source: QS = I (r, t) kabs, where
kabs is the absorption coe�cient of the absorbing
particle; I (r, t) = I0ft (t) fr (r) is the intensity
of the light beam. A power-exponential function

ft (t) = t
τp
e
− t
τp has been chosen as a temporal

shape of the laser pulse, where τp is the duration
of the laser pulse. The spatial function has the
form f (r) = 1, when r ≤ R0, and f (r) = 0,
when r > R0.

The solution of the system of equations (1)�
(6) makes it possible to calculate the space-time
dependencies of pressure, temperature, density,
and velocity, to estimate contribution of thermal
and acoustic mechanisms to the change in the
physical parameters of a continuous medium.

Numerical modeling of the system of
equations of motion in the Lagrange form has
been carried out using the method of �nite-
di�erence approximation described in [10] taking
into account the introduction of pseudoviscosity,
which makes it possible to stabilize the numerical
solution in the region of the existence of pressure
surges; heat conduction equation have been
solved according to the three-layer explicit scheme
presented in [12].

When implementing the numerical method,
the computational domain has been divided into
cells of size ∆r = 10−3R0 (R0 is energy release
area size) with the maximum number of cells
10000. The time step was determined by the well-
known Courant criterion ∆t = k∆r

u0
, where the

coe�cient k = 0.01÷ 0.1.
For cylindrical and spherical geometry of the

problem (α = 2, 3) the boundary condition of
the form u (r = 0) = 0 has been used, which
re�ects the zero velocity at the point r = 0 at
any time moment. In plane geometry (α = 1)
the free boundary of the medium is assumed
P (r = 0) = 0.

3. Numerical results and

discussion

In the problem with �at geometry (α =
1), we assume that pulsed laser radiation from
a wide light beam is absorbed by a thin �lm
of material (a thin layer of graphite) located
on the surface of a liquid (water). Let us
discuss the material parameters for this task.
The in-plane thermal conductivity of a bulk
graphite at room temperature is about kT =
2 W/cm K [13], but the theoretical evaluation
for nano- and microparticles, where phonons
are con�ned, shows much lower values such
as kT = 0.7 W/cm K [14]. But for out-of-
plane thermal conductivity considered in the
article the theoretical and experimental results
are quite consistent and give the value of kT =
0.06 W/cm K [13�15]. The speci�c heat capacity
is similar for bulk and micro-sized graphite and
is taken as CV = 0.7 J/g K [16, 17]. Other
parameters of graphite used in computations are
the following: density ρ0 = 2.3 g/cm3 [13],
absorption coe�cient in the neat IR region kabs =
4 ·104cm-1 [18], speed of sound u0 = 2.2 ·106cm/s
[19], and Gr�uneisen coe�cient Γ = 2 [20]. For
water, the absorption coe�cient was assumed
to be equal to zero, and typical thermophysical
parameters were used (density ρw = 1 g/cm3,
sound speed uw = 1.5 · 105cm/s, thermal
conductivity coe�cient kw = 0.6 · 10-3W/cm K,
volume expansion coe�cient βw = 0.2 · 10-3K-1).
It was assumed in the calculations that the
duration of the laser pulse varies from 100 fs to 10
ps, that are typical for laser systems operating in
the mode of generation of ultrashort laser pulses.
The intensity varied within I0 = 104−106 W/cm2,
which corresponds to a radiation �ux density of
the order of mJ/cm2.

The results of calculating the change
in temperature ∆T , pressure ∆P , speed of
movement u are shown in Fig. 2. As it can be seen,
when the energy of a short laser pulse (0.5 ps) is
absorbed in a thin (110 nm) graphite layer, it is
locally heated (Fig. 2), and the pressure increases
(Fig. 2b). The presence of a pressure gradient
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between the region in which the energy release
occurred and the undisturbed region inside the
medium causes the particles of the medium to
move with a positive velocity (u > 0) directed
deep into the medium (Fig. 2c). At the same time,
in the near-surface layer, particles of the medium
acquire a negative velocity (u < 0) directed to the
free space above the surface (Fig. 2c, curves 1-2).
Waves of pressure (Fig. 2,b), velocity (Fig. 2,c)
and density of the substance, when propagating
deep into the medium at the speed of sound
in water, are characterized by the presence of
positive (volumetric compression) and negative
(volumetric rarefaction) phases, as well as retain
their positive and negative amplitudes, that is,
they are solitary plane waves.

In problems of cylindrical (α = 2) or
spherical (α = 3) geometry, we assume that the
release of laser pulse energy occurs in a particle of
the corresponding geometry in terms of its optical
and thermophysical characteristics similar to a
graphite structure.

The results of calculating the changes in
pressure ∆P (r, t), temperature ∆T (r, t), and
velocity u(r, t) of the medium for the case of
cylindrical symmetry are shown in Fig. 3, and
for spherical geometry - in Fig. 4. After the end
of the action of a short laser pulse due to local
heating (Figs. 3a, 4a, curve 2) and the presence
of a pressure gradient ∆P/∆r (Figs. 3b, 4b,
curve 1) between the region in which the energy
release occurred, and the unperturbed region,
the particles of the environment are involved
in motion with a positive velocity (u(r >
R0), t) > 0) directed from the center of symmetry
(Figs. 3c, 4c, curves 1-5), and form a compression
wave front (∆P > 0, Fig. 3b, 4b, curves 1-5).
Due to the presence of the symmetry center of
the problem (r = 0), when this point is reached,
the particle velocity near the center of the energy
release region is mirrored to negative (u(r <
R0), t) < 0), forming a negative component of
the pressure wave ∆P < 0. Thus, the pressure
wave (Fig. 3b, 4b) during its propagation in the
external medium is characterized by the presence
of positive (volumetric compression, ∆P > 0),
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FIG. 2. (color online) Temporal evolution of spatial
distribution of temperature increase (a), pressure
change (b), and speed (c) for graphite plane layer

(α = 1, I0 = 106 W/cm
2
, tp = 0.5 ps, R0 = 110 nm):

1) t = 2 ps, 2) t = 4 ps, 3) t = 6 ps, 2) t = 8 ps, 2)
t = 10 ps.

and negative (volumetric tension, ∆P < 0)
phases. Moreover, the minimum values of pressure
(in the negative phase) are achieved at the center
of symmetry of the problem (r = 0).

Next, we consider the long-term dynamics
of processes inside and outside graphite
nanoparticles. As an example, let us choose
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FIG. 3. (color online) Temporal evolution of spatial
distribution of temperature increase (a), pressure
change (b), and speed (c) for graphite cylindrical

particle (α = 2, I0 = 106 W/cm
2
, tp = 0.5 ps,

R0 = 110 nm): 1) t = 2 ps, 2) t = 4 ps, 3) t = 6 ps, 2)
t = 8 ps, 2) t = 10 ps.

a particle of spherical geometry (with a radius
of 110 nm). Such a particle can be considered
as a spherical resonator for acoustic waves. In
this case, the center of symmetry (r = 0) is a
perfect re�ective mirror, and the graphite-water
interface is a semitransparent mirror. In this
situation, the spatiotemporal evolution of the
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FIG. 4. (color online) Temporal evolution of spatial
distribution of temperature increase (a), pressure
change (b), and speed (c) for graphite scherical

particle (α = 3, I0 = 106 W/cm
2
, tp = 0.5 ps,

R0 = 110 nm): 1) t = 2 ps, 2) t = 4 ps, 3) t = 6 ps, 2)
t = 8 ps, 2) t = 10 ps.

pressure wave can be considered from the point
of view of the evolution of the breathing mode of
a given resonator. The time dependencies of the
pressure at various points of this resonator and
in the environment are shown in Fig. 5.

As it can be seen, the amplitude of the
excited acoustic oscillations in the center of the
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FIG. 5. (color online) Pressure oscillations in the
center of graphite particle (r = 0 nm) (a), at the
particle/water interface (r = 110 nm) (b), and in the
water (r = 130 nm) (c) (α = 3, R0 = 110 nm): 1)

I0 = 106 W/cm
2
, tp = 0.5 ps, 2) I0 = 5 · 104 W/cm

2
,

tp = 10 ps.

particle, at the graphite�water interface, and in
the surrounding water space signi�cantly depends
on the duration of the exciting laser pulse at the
same radiation �ux density. This e�ect is related
to the e�ciency of excitation of acoustic pulses
depending on the ratio between the duration of
the laser pulse and the time of passage of the

acoustic pulse through the absorbing structure.
When the condition τi < ta = 2R0/u0 is met,
one can expect the implementation of the mode
of e�ective excitation of an acoustic pulse in
the �short impact� mode, which is subject to
the results of numerical simulation presented in
Fig. 5.

Also, this mode of excitation of high-
frequency vibrations can be associated with the
excitation of the radial mode of vibrations of a
spherical nanoparticle. Thus, Figure 6 shows a
graph of the time dependence of the change in
the radius of a spherical graphite nanoparticle
after absorption of the energy of a short laser
pulse. As can be seen from Fig. 6, the period of
radial oscillations is unambiguously related to the
particle radius and the acoustic wave propagation
time inside the nanoparticle (ta = 2R0/u0).
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FIG. 6. (color online) Graphite particle oscillations

(α = 3, R0 = 110 nm): 1) I0 = 106 W/cm
2
, tp =

0.5 ps, 2) I0 = 5 · 104 W/cm
2
, tp = 10 ps.

Finally, Fig. 7 shows the generalized
dependencies of the pressure amplitude ∆P on
the laser pulse duration for various radii of
spherical graphite particles and a constant volume
density of the energy release. Depending on the
ratio between the pulse duration τi and the time
of passage of a sound wave along the radius of a
spherical particle ta, various options for excitation
of acoustic oscillations are realized. In the case
of short laser pulses (τi < ta), the amplitude
of the bipolar pressure wave reaches maximum
values both in the positive (Fig. 7a) and negative
(Fig. 7b) phases. At the same time, in the limit
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of long-term laser pulses, the acoustic response
of the medium to the acting pulsed radiation is
negligibly small.
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FIG. 7. (color online) Maximum (a) and minimum
(b) pressure di�erence vs. laser-pulse duration for
di�erent spherical (α = 3) particle sizes: 1) 110 nm,
2) 550 nm, 3) 2.75 µm. The �uence Φ = tpI0 =
0.5 µJ/cm2

remains the same for all points.

4. Conclusions

To summarize we note that the developed
technique for modeling the optoacoustic response

of carbon-containing nano- and microstructures
in an aqueous environment, based on solving
the equations of motion of continuous media in
the Lagrange form, has demonstrated the ability
to calculate main thermodynamic characteristics
of media and predict the e�ects of high-
amplitude exposure to pulsed laser radiation,
for example, on biological objects. Spatio-
temporal dependencies of pressure waves, medium
particle velocity, and material density have
been calculated for various laser pulse durations
and sizes of nano- and microparticles in three
geometries: �at, cylindrical, and spherical. During
the computational experiment, the optimal values
of laser pulse durations for excitation of acoustic
signals in these structures were established.
The results of modeling in spherical geometry
allow us to explain the experimental results
on the destruction of cancer cells under the
in�uence of picosecond pulsed radiation [21].
Further development of the studies on interaction
of short laser pulses with carbon nano- and
microstructures will make it possible to �nd new
promising theranostic agents.
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