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KaszakcmaH Pecniybnukacbl ¥nmmebiK fbliibiM akademusicbl "KP ¥FA Xabapnapbi. [eonoausi xoHe
MeXxHUKarbIK FbifibiIMOap Cepusicbl” fbinbIMU XypHanbiHbiH Web of Science-miH xaHanaHfaH HyckKachbl
Emerging Sources Citation Index-me uHOekcmernyze KabbindaHraHblH xabapnaldbl. byn uHdekcmeny
b6apbicbiHOa Clarivate Analytics kommnaHusicel XypHandel odaH opi the Science Citation Index Expanded,
the Social Sciences Citation Index xeHe the Arts & Humanities Citation Index-ke Kabbinday moceneciH
Kapacmebipyda. Webof Science sepmmeywinep, asmopnap, bacnawhbinap MEH MeKeMesiep2e KOHmMeHm
mepeHOiei meH canacblH ycbiHaObl. KP YFA Xabapnapbi. [eonoeusi xoHe mexHUKasblK fblibiMOap
cepusicel Emerging Sources Citation Index-ke eHyi 6i30iH KoramOacmabiK yWiH eH e3ekmi xoHe 6edesndi
2eo0rs102usl XoHe mexHuKarnbIK fblribiMdap 6olbiHWa KOHMeHmke adandblfbiMbi30b! 6ir1dipedi.

HAH PK coobwaem, ymo Hay4HbIl xypHan «3gecmusi HAH PK. Cepusi 2eonoauu u mexHU4eCKUxX
Hayk» bbln npuHsam 0Onsa uHdekcuposaHusi 8 Emerging Sources Citation Index, obHoeneHHoul sepcuu Web
of Science. CodepxaHue 8 amomMm uHOeKkcuposaHuU Haxodumcsi 8 cmaduu paccMompeHuUsi KomnaHueul
Clarivate Analytics Ons OanbHeliweao npuHsamus xypHana e the Science Citation Index Expanded, the
Social Sciences Citation Index u the Arts & Humanities Citation Index. Web of Science npednazaem
Kadecmeo u enybuHy KoHmeHma Ons uccriedosameriel, asmopos, u3damernel U y4dpexoeHud.
BknoyeHue Useecmusi HAH PK. Cepusi eeonoeuu u mexHudeckux Hayk e Emerging Sources Citation
Index demMoHCmMpupyem Halwy NpueepXeHHOCMb K Haubonee akmyasbHOMY U 8/1USIMESIbHOMY KOHMEHMY
10 2e0/102UU U MEXHUYECKUM Haykam Orisi Hawezao coobujecmea.
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BENDING OF AN ELASTIC THREE-LAYER PLATE
WITH A HOLE CONNECTED TO THE SOIL FOUNDATION

Abstract. The relevance of this paper is explained by a demand for the development of mechanical and
mathematical models and methods for calculating the stress-strain state of the sandwich structural elements. The
statement of the boundary value problem on the deformation of a circular sandwich plate with a central hole,
connected to the soil foundation, was given. To describe the kinematics of an asymmetric plate pack, the broken line
hypotheses are accepted. In a relatively thick lightweight core, the normal does not change its length, remains
rectilinear, but rotates through some additional angle. Tuff, coarse grained soil, granite, and gneiss are accepted as
the soil foundation. The bearing reaction is described by the Winkler model. The system of equilibrium equations is
obtained by the variational method. Its solution is written in displacements through Kelvin functions. A numerical
parametric analysis of displacements and stresses in the plate is carried out, their dependence on the type of soil
foundation is shown.

Key words: three-layer plate with a hole, displacements, stresses, soil foundation.

Introduction. Currently, rods, plates and shells with a layered structure are usually assembled from
materials with significantly different physical and mechanical properties. Bearing layers made of materials
of high strength and rigidity (steel, duralumin, titanium, structural ceramics) are designed to absorb the
main part of the mechanical loading. Bonding layer — core (foams, corrugated cardboard, polymer
materials) serves to form a monolithic structure. This combination of layers makes it possible to ensure
reliable operation of systems in adverse environmental conditions, to create structures that combine high
strength and rigidity with a relatively low weight. For them, mathematical models of deformation under
complex thermo-force, thermo-radiation loads are developed.

Numerous studies, including [1-13], have been devoted to the dynamics and vibrations of sandwich
plates, including three-layer structural elements. Vibrations of sandwich cylindrical shells were considered
in papers [1-5]. The solution to the problem of harmonic vibrations of a viscoelastoplastic sandwich
cylindrical shell [1] was obtained using the expansion in a Fourier series and limiting only to its first term
(monoharmonic approximation). Free and forced vibrations of sandwich cylindrical shells with elastic
core were investigated in papers [2-4]. The solutions were written in the form of an expansion in double
trigonometric series, the distribution of frequencies of free vibrations was analysed. The nonstationary
problem of the plane oblique pressure wave diffraction on thin shell in the shape of parabolic cylinder was
solved in [5]. Nonstationary contact problems associated with spherical shells were considered in [6-7].

Free and forced vibrations of sandwich rods and circular plates associated with an elastic foundation
were considered in [8-13]. The kinematics of the elements correspond to the polyline hypothesis — in the
bearing layers, Kirchhoff-Love hypotheses are valid, in a light core, the normal remains rectilinear, but
rotates through some additional angle. The bearing reaction is adopted in the framework of the Winkler
model. The solutions are obtained in the form of a series expansion in systems of orthonormal
eigenfunctions. A numerical analysis of the dependence of the frequencies of free vibrations on the
mechanical properties of materials and geometric parameters of structural elements is carried out. Thermal
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and radiation impacts on a sandwich circular plate were considered. The papers [14-15] are devoted to the
study of the strength of polymer composite panels with internal defects under the action of an unsteady
loading. In the present paper the authors consider the bending of an elastic circular three-layer plate with a
central hole connected to the Winkler base.

Materials and methods. The problem statement and its solution are carried out in a cylindrical
coordinate system 7, ¢, z; & denotes the relative thickness of the &-th layer. For isotropic bearing layers
with thickness #;, h, Kirchhoff-Love hypotheses are accepted. A core incompressible in thickness
(hs3 = 2c¢) is light, i.e., it neglects the work of shear stresses o,.. External vertical loading go=const is evenly
distributed over the surface of the first layer. Movements are continuous at the layer boundaries. On the
outer and inner contours of the plate (with radii 7y and r;), it is assumed that there is a rigid diaphragm that
prevents the relative shift of the layers (figure 1).

) 24
<] A et 1 T
<1

Figure 1 — Loading diagram
Using the hypothesis of the straightness of core normal:

3 3
26 =uf, 1)

TWs, =V (2)

after integration, obtain equations for the radial displacements in the layers «,* in terms of the required
functions:

u® =u—cy—zw, (~c—h, <z<-c), (3)

where z — the coordinate of the fibre under consideration, the subscript comma denotes the operation of
differentiation by the next coordinate.

Deformations in the layers follow from equation (3) and Cauchy relations [16] in a cylindrical
coordinate system. It is assumed that the relationship between stresses and strains in the layers is described
by the relations of the linear theory of elasticity in the deviatoric and spherical form:

k k
Sq =2G19g | (6)
O-k = SKkgk ((l =7, (P); (7)
g = 2Gzed. = G, ®)

where sk, ek and o¥, ¥ — deviatoric and spherical parts of stress and strain tensors, s3. = 3. — shear

stress in the core; G, Kir — shear and volumetric deformation moduli in the 4-th layer. Using the stress
tensor components

o = Sg + 0 (a=r,0), €))

introduce generalised internal forces and moments in the plate:

k=1 k=1p, (10)
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3 3
M, = ZM&]‘) => ch‘)zdz,
k=1 k:lhk (11)

H =M® +¢(T7® —T7®@
o o c( 03 o )‘ (12)

A system of differential equations in the forces describing the equilibrium of the considered circular
sandwich plate on an elastic foundation is obtained:

Tr’r+l(Tr _Tq)):_pi
r

(13)
H +1(H -H,)=0

por P =) =0 (14)

1

M,, +—CM,,-M_,,.)=—q, +q5z.
rorr I"( r [0) ) do T 4R (15)
On the contours of the plate (» = ro and » = 1), the force boundary conditions must be satisfied
Tr :Trn’ Hr :H}fl’ Mr :M;’l’ Mr’r+l(Mr -M ):Qn'

r ® (16)

Obtain an equation for the generalised efforts included in (13) — (15) in terms of the three required
functions u(r), w(r), w(r). For this, substitute into (10) — (12) the equation of stresses through deformations
(6) — (8), and then deformations through displacement.

The relations for 74, M,, H, follow from the formulas for 7,, M,, H,, if in (8) to swap Kk+ and K .
After substitution of equation in (13) — (16), obtain a system of differential equations in displacements
describing the bending of an annular three-layer plate with a light core on an elastic foundation:

Ly(ayu +ayy —azw,, ) =0, (17)
Ly(au+a,y—asw,,)=0, (18)
Lsy(asu+asy —agw,, ) —Kow=-q,, (19)

where qo — external distributed load intensity.
The problem of finding the functions u(»), w(r), w(r) is closed by adding boundary conditions to
equations (17) — (19). For rigid constraint of the contours of the plate (r =10, 1)

u=y=w=w,,=0. (20)
With hinged contours (r =10, 1)
u=¢y=w=M,=0. 21
The system of equations (17) — (19) after transformations is reduced to the form
u=bw, +Cir+C,/r, (22)
y=byw, +Cyr+C,/r, (23)
2 1

1
w +—w,r+1<4w=q,

w s 9
2 r 3
r r

s T W
r

(24)
where Ci, C,, C3, C4 — integration constants.

D= a,(a,ay —ag)
(ayag —a3)aay —a3) - (aas —aya;)’ (25)
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Kt = KD, (26)
q=4q0D, (27)

by = d3dq —02‘215 ’
a)dy —as (28)

b, = 44s _02‘213 '
a1y —ay 29)

The general solution of the third equation in (31) will be
w = C; ber(kr) + C¢ bei(xr) + C; ker(xr)+ Cy kei(xr) + wy, (30)

where the zero-order Kelvin functions ¢, (kr) = ber(xr), bei(xr), ker(kr), kei(xr) form a fundamental
system of solutions, wy is a particular solution of the inhomogeneous equation (27), depending on the form
of the right-hand side, i.e., the loading. As a result, from (27), taking into account (28), obtain the desired
displacements in an elastic sandwich circular plate on a deformable base:

u=bw, +Cir+C,/r, 31)
Y =byw,, +Csr+C,4/r, (32)
w = Cs ber(kr) + C, bei(xr) + C; ker(kr)+ Cyq kei(kr) + 61_0.
Ko (33)
Integration constants C;, C», ..., Cs, corresponding in the most general case to eight boundary

conditions, are determined in each particular case of fixing the outer and inner contours of the plate. In the

future, expressions for the first two derivatives of the deflection and their values on the boundary contours

will be necessary. In accordance with the rule of differentiation of Kelvin functions [6], the derivative of

the deflection in (29) — (31) will be as follows:

_ K\/E {
2

Cs [ber1 (k) + bei, (KI")]+ Ce [— ber, (kr) + bei, (Kr)]+

W,
+C; [kerl (xr) + ket (Kr)] + Cy [— ker, (xr) + ket (Kr)]}. , (34)
Differentiating the first derivative (36) with respect to the radius, obtain the second derivative:

2
W, = K? {C s [bei2 (xr)— bei(Kr)] +Cy [— ber, (kr) + ber(Kr)] +

+C, [kei, (xr) — kei(xr)] + C; [ ker, () + ker(icr)]} ’ (35)

The value of the second derivative (37) on the contours (r = 1, r = ro):
w,, 1)=bC; +b,C, +b,,C, +b,Cy, (36)
W, (19) =051 Cs + bg; Cg + b5 C7 + b, Cyg, 37

In the case of rigid constraint of both plate contours, equation (34) must be substituted in (21). As a
result, taking into account (57) and the fact that the values of the derivative of the deflection on the
contours of the plate are equal to zero, obtain a linear system of eight algebraic equations. From the first
four it follows that C; = C, = €3 = C, = 0. From the remaining equations

Csberk + Cy beix + Cy kerk+ Cg keik =—¢q /K, (38)
Cs ber(xry) + Cg bei(xry ) + C5 ker(xry )+ Cg kei(kry ) = —q /¢, (39)
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b31Cs + by Co +b3,Cy + b4 Cg =0. (41)

the integration constants can be determined either using determinants or numerically.
If both contours of the plate are hinged, then (34) must be substituted in (22). As a result, the
following algebraic system of equations for determining the integration constants is obtained:

C,+Cy +b,(b5C5 +b,Cs + b3yCy + byyCq) =0, (42)

Cirg + Cy 1y + by (b31Cs + by C + b33 C7 + by Cg) =0, (43)

C3 +Cy +by(b5C5 +b,C +b30C; +byyCg) =0, (44)

Csry + Cy /1y + by (b3 Cs + by Cg + b3y Cq + by Cy ) =0, (45)
Csberk + Cq beix + Cy kerk+ Cg keik =—¢q /K, (46)

Cs ber(xry) + Cg bei(xry ) + C; ker(kry )+ Cg kei(kry ) =—q / ¢, (47)
a;C; —azCy +asCy —asCy +b5,Cs +b5,Cg +b3C5 + b7, Cg =0, (48)
a,C, —a,C, +a,C, —a,C, + b, Cs + by, C, + b, C, + by, Cq =0, (49)

The solution of the system of equations (44) — (49) gives the desired integration constants. Thus,
equation (36) describes displacements in a circular sandwich plate with a hole connected to an elastic base
in the case of constraint or hinged support of both contours.

Results and discussion. Figure 2, ¢, b shows the change along the radius of the plate deflection w
and shear in the core y. The intensity of the surface loading on the plate to the base was taken as
go = 10 MPa. The curves are plotted at different coefficients of soil reaction (MPa/m): I — o = 100,
2 — xo = 1000, 3 — ko= 10000. An increase in the stiffness coefficient of the soil leads to a decrease in
displacements in magnitude, but the shape of the curves remains, as opposed to a solid plate. This is due to
the high rigidity of the circular plate itself, both boundary contours of which are clamped [17-21].

0.2 0.4 0.6 0.8 I 1.0 4 g4
0 "'_l-.. L ""_?- 3

N I S b R e Y W

0.02 —=
-0.002 / ‘ / 27
-] = b e i
‘ d \ ‘_“- ‘.."- ) 0 — T_____g‘._- - ir
-0.004 R . /
\ 2 / 0.02 |4

-0.008 \-_/ \\_/

1 -0.04
0.008 0.2 04 06 0.8 T 1.0

Figure 2 — Change in deflection w and shear in the core y along the plate radius

Figure 3 shows the change in radial or — 1 and circumferential cp — 2 stresses along the thickness of
the plate on its outer — a and inner — b contours. The stiffness coefficient of the base is k = 1000 MPa/m.
On the outer contour, the upper parts of the bearing layers are compressed, the core is stretched (due to the
edge effect). On the inner contour, the opposite is true. In the gluing of the layers, the stresses have the
same signs, but they break due to the different mechanical characteristics of the materials [22-27]. The
stress pattern is symmetrical due to the symmetry of plate thickness. In both cases, the highest stresses are
achieved on the outer planes of the plate, while they are equal in magnitude. In the bearing layers, the
stress values are reduced by 109, in the core — by 108 times. The intensity of the external load is taken as q
=—10 MPa, the radius of the inner boundary contour r0 = 0.2.
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Figure 3 — Change of radial — 1 and circumferential — 2 stresses along the plate thickness

Conclusions. Numerical studies are carried out for a plate, the layers of which are made of
D16T—fluoroplastic-4—D16T materials. Dust sand, coarse-grained soil, and granite were assumed as the
base. They showed that with an increase in the stiffness of the foundation, the maximum deflection and
relative shear decrease significantly. The stresses reach their maximum on the inner contour, where they
are 1.5 times the stresses on the outer contour. With an increase in the stiffness of the base to a high, the
maximum stresses decrease in modulus by a factor of 2.6.

Thus, the proposed mathematical model makes it possible to study the stress-strain state of elastic
sandwich circular plates with a central hole connected to an elastic soil foundation of arbitrary stiffness,
with different methods of fixing its external and internal contours of any axisymmetric loads. The obtained
analytical solution can be used to carry out the corresponding numerical experiments when calculating
composite structural elements in construction and mechanical engineering.
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E. U. CraposoiiTos!, M. A. JKypaekos?, I1. ®. [Iponuna’

'Benapych MeMIleKeTTiK Kok yHuBepcuTeTi, [omens, Benapycs Pecry6iukacsr;
’Benapych MEMJIEKETTIK YHUBEpcHUTeTi, MuHCK, Benmapycs PecrryOmukacsr;
3MocKkey aBHAMSUIBIK HHCTHTYTHI (WITTHIK 3€PTTEY YHEBEPCHTETI), Mockey, Peceit

TONBIPAKTHI HET'T3BEH BAMJIAHBICKAH CAHBIJIAYbI
BAP CEPIIIM/I YIHKABATTBI TIJIIM HIJIICI

AHHoTanust. JKYMBICTBIH ©3€KTUIIr COHIBHY KYPbUIBIM O6IIIEKTepiHIH KepHeylli-nedopMannsiiaHFad Kyui-
HIH MEXaHHKAaJbIK KOHE MaTeMaTHKAIIbIK MOJEIbJEPI MEH €cenTey O[ICIH KacayAblH CypaHbICTa OOJIFaHIbIFBIMEH
tycinaipineni. TombIpakThl HETi30€H KOCBHUIFAH, OPTAChIHIA CaHbUIAybl 0ap [OHIelleK KOrKadaTThl TaKTaHbIH
JneopManusUlaHyblHa KATBICTBI HETi3ri MIHIETI alKbIHAANIbl. ACUMMETPUSUIBIK TUTIMHIH [16CT€ KWHEMAaTHKAChIH
CHIATTAy YIIIH CBIHBIK ChI3bIK THIIOTE3aChl ecernke anblH/bl. CalIbICTRIPMAIbI )KyaH JKOHE KEHIT 03eKTe HOpMa Y3bIH-
JIBIFBI ©3repMeii/ii, Ty3y OOJIBIN KaJiaJ(bl J)KoHE KelOip KochIMIlia OyphiliTapra Kailbpeuiapl. Tonbipak Herizi — Tyd,
IpITYHIPIIIKTI TOMBIPAK, TPAHUT IE€H rHeic. MOWBIHTIpEeK acepi Bunkiiep MmoaeniMer cunarranaasl. Teme-TeHIiK TeH-
JIeyiHiH KyHeci BapHaLMsUIbIK dJic apKbUIbl anblHabl. OHBIH MIEHIiMi KbUDKY KediHzaeri KenbBuH GyHKIMSCHIMEH
’Ka3bUIBII OTBIPaibl. TOMBIPAKTHI HETI3AIH TYpiHE TOYEIIUIIrIH KOPCETETIH TaKTadarbl XKbUDKY MEH KEpPHEY/IH CaH-
JIBIK TIApaMETPITiK Taj1aMachl )Kacallbl.

Tyiiin ce3aep: caHpuIaybl Oap YIIKaOATTHI TLMIM, KBUDKY, KEPHEY, TOIBIPAKTHI HET13.
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E. U. CraposoiiTos!, M. A. JKypaekos?, I1. ®. [Iponuna’

'Benopyccknii rocynapCTBEHHBIN yHHBEPCUTET Tpancnopra, [omens, PecyGnuka Benapyce;
ZBenopycCcKuii rocyIapCTBEHHBIN YHUBEPCUTET, MuncK, Pecrry6nmka Benapyce;
*MoCKOBCKUi1 aBUAITOHHBII WHCTHTYT (HAIlMOHAIBHBINA MCCIIeIOBAaTeNLCKUI YHIBEpCHTET), MockBa, Poccus

M3I'Ub YIIPYTOM TPEXCJIOMHOM IIVIACTUHBI C OTBEPCTHEM,
CBSI3AHHOM C TPYHTOBbIM OCHOBAHUEM

AHHOTanMsI. AKTYaJIbHOCTb JIaHHOHM paboThl OOBSCHAETCS BOCTPEOOBAHHOCTHIO Pa3pabOTKH MEXaHUUECKUX H
MaTeMaTHYeCKNX MOJeNieil M METOAOB pacdyera HampsHKeHHO-Ie(OpPMHPOBAHHOTO COCTOSHUS AJIEMEHTOB KOHCTPYK-
UM c3HABUYA. JlaHa MOCTaHOBKa KpaeBoil 3amaun O Je(hOPMHUPOBAHUH KPYTJIOH MHOTOCIOWHOW IUTUTHI C LIEHTPAIb-
HBIM OTBEPCTHEM, COSIMHEHHBIM C TPYHTOBBIM OCHOBaHHEM. [l OomMcaHWs KMHEMATHKH MaKeTa aCHMMETPHYHBIX
IUTACTHH TPHUHATHl TUIOTE3bl JOMAHOW JMHUU. B OTHOCHTENBHO TOJCTOM JIETKOM SipE HOpMa HE MEHSET JUINHY,
ocTaeTcs MpsMOoM, a IOBOPAauMBAETCSI Ha HEKOTOPbIE JIOMOJIHUTEbHBIE yIiibl. [louBeHHast OCHOBa — Ty, KpyIHO3ep-
HUCTBIM TPYHT, TPaHHUT U THeic. Peakius mogmmmHUKa OMHCHIBaeTCS Mopaenbio Buakimepa. Cuctema ypaBHEHHUI
paBHOBecHs TTOJTydeHa BapHAIIMOHHBIM MeToIoM. Ee pemenune 3anuceiBaercst GpyHkiusiMu KeinbBrHa mpu nepemelie-
Huu. [IpoBenieH KOMMYeCTBEeHHBIN MapaMeTPUYECKUI aHaIU3 NePEMEILCHUN U HallPSHKEHUH B IUTMTE, TOKa3bIBAIOIIUI
UX 3aBHCHMOCTH OT THIIA TPYHTOBOTO OCHOBAHHUS.

Ki1roueBble c10Ba: TpeXCIOHHAS IIIACTHHA C OTBEPCTUSIMH, TIEPEMELICHUS, HAPSHKEHHS, TPYHTOBOE OCHOBAaHUE.
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