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Abstract Observation of charge asymmetry by com-
paring electron and positron, or muon and anti-muon,
scattering on a hadronic target presently serves as an
experimental tool to study two-photon exchange ef-
fects. In addition to two-photon exchange, real pho-
ton emission also contributes to the charge asymme-
try. We present a theoretical formalism, explicit expres-
sions, and a numerical analysis of hard photon emission
for the charge asymmetry in lepton- and antilepton-
proton scattering. Different kinematic conditions are
considered, namely, either fixed transferred momentum
squared or a fixed lepton scattering angle. The infrared
divergence from real photon emission is treated by the
Bardin-Shumeiko technique and canceled with the soft
part of the two-photon exchange contribution extracted
and calculated using Tsai approach. All final expres-
sions are obtained beyond the ultrarelativistic approx-
imation with respect to the lepton mass that allows to
evaluate numerically of the considered effects not only
for ultrarelativistic leptons (JLab) and but for moder-
ately relativistic (MUSE) kinematics, too.

1 Introduction

The most precise measurements allowing us to study
a quark-gluon structure of hadrons come from exper-
iments on lepton-proton scattering, when a structure-
less pointlike particle — a lepton — interacts with the
simplest hadronic structure — a proton. A rather small
value of the fine structure constant, o ~ 1/137, makes
the electromagnetic interaction amenable to a pertur-
bative treatment in the context of quantum field theory.
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The fundamental observables characterizing the in-
ternal structure of the proton are its electric and mag-
netic form factors. However, the measurements of their
ratio in unpolarized and polarized electron elastic scat-
tering data differ up to three times at Q% ~ 6 GeV? [I]
203L4]. The attempts reconciling the unpolarized and
polarized measurements have mostly focused on im-
proved treatments of radiative corrections (RC) [BL[6l
78], particularly on the theoretical estimation of the
two-photon exchange contribution (see review [9] and
references therein).

The interest to investigation of higher-order QED
effects [10] was furthered by a so-called ”proton radius
puzzle” coming from the different outcomes of the mea-
surements in electron-proton systems [I11[12] and in the
muonic hydrogen [I3]. The result of a recent experiment
PRAD [I4] with 1.1 and 2.2 GeV electron beams is
rather close to the muonium spectroscopy experiment
and therefore disagrees with previous electron-proton
scattering data. This unexpected issue required new
efforts for theoretical and experimental investigations.
Particularly, a MUSE experiment is currently taking
data at PSI [15] with incoming electron and muon beam
momenta 115, 153, and 210 MeV, and PRAD-II using
3 different beam energies of 0.7, 1.4 and 2.1 GeV is
in a planning stage at JLab [16]. In theory, an uni-
fied treatment of both chiral and radiative corrections
to the low-energy elastic lepton-proton scattering pro-
cesses has been performed in Heavy Baryon Chiral Per-
turbations Theory [17].

In the loop integration with respect to the addi-
tional virtual particle momenta for the two-photon ex-
change sub-process, a virtuality of one photon tends to
zero reaching a so-called soft limit that produces the
infrared divergence.The latter should be canceled with
the corresponding soft term from real photon emission.



Since both the virtual and real soft photon terms are
reduced to overall factors in front of the Born cross
section independently of hadronic structure, in many
cases real photon emission is estimated within the soft
photon approximation only.

It should be noted that rather important uncertain-
ties arise from emission of hard unobserved photons.
The first systematic approach for the calculation of
hard photon emission was presented by Mo and Tsai
[18]. Based on this approach Monte-Carlo generator ES-
EPP for hard photon simulation in elastic lepton- and
antilepton-proton scattering [19] was developed.

However, one essential limitation in their calcu-
lations consists in the approximate approach for the
treatment of the soft photon contribution. As a result,
their final expressions depend on an artificial parame-
ter A that was introduced to separate the photon mo-
mentum phase space into the “soft” and “hard” parts.
In numerical calculations on one hand this parameter
should be chosen as small as possible to reduce the re-
gion evaluated approximately, but on another hand it
cannot be chosen too small because of possible numeri-
cal instabilities in calculating hard-photon emission. In
1977 Bardin and Shumeiko in their paper [20] shown
one of the solutions to the problem.

Recently, in our work [2I] we demonstrated the in-
fluence of hard photon emission on the charge asymme-
try in elastic lepton- and antilepton-proton scattering
at fixed transferred momentum squared. This a charge-
odd contribution comes from the interference of real
photon emission from lepton and hadron legs. For can-
cellation of infrared divergence two-photon exchange is
considered in soft photon approximation only. In the
second paper [22], a dramatic difference between RC
with hard photon emission from the leptons in elas-
tic Ip-interaction for fixed Q? and scattering angle was
demonstrated.

Here, we continue the studies from these papers by
consideration of charge-odd hard photon emission pre-
sented in [2I] for two different kinematic constraints:
either by fixing lepton’s scattering angle or the trans-
ferred momentum squared. We also provide details of
the calculations, explicit expressions as well as numer-
ical comparison of charge asymmetries induced by real
photon emission for two different observables, namely,
Q? and a scattering angle. Similar to the previous work
[6T0L21122] the infrared divergence from real photon
emission is separated by the Bardin-Shumeiko approach
[20]. All calculations have been performed beyond the
ultrarelativistic limit, that allow to apply the obtained
results for MUSE experiment [I5] where a moderately
relativistic muon beams are used.

Here, as in the previous work [2I] we will consider
the two-photon exchange sub-process only within the
soft photon approximation. It should be noted that
there is some arbitrariness in the extraction of the in-
frared divergence: only asymptotic behavior at the low
virtual/real photon energy is important. In practice,
two conventions are commonly used for the infrared
part of the two-photon exchange process. The first one
is from Tsai [23] and has to be expressed through the
three-points integrals while the second expression was
presented in the work of Maximon and Tjon [5] and led
to calculations of the four-points integrals. In this pa-
per we will reproduce the detailed calculation of Tsai’s
expressions that was used for numerical analysis in
[21]. For this purpose we use dimensional regulariza-
tion without any discussion of the difference between
Tsai and Maximon-Tjon approaches that can be found
in the review [9].

Another relevant issue is evaluation of multi-soft
photon contribution. Since at the lowest order soft pho-
ton radiation is factorized in front of Born contribution,
it was suggested by Yennie, Frautschi and Suura [24]
to use an exponential procedure for summing up soft
photon emission in all orders. Shumeiko [25] demon-
strated that a similar multi-soft photon effect allows to
avoid a divergence in the region of pion threshold for
deep inelastic scattering. A more detailed analysis of the
problem that justified the exponentiation procedure in
QED collision processes may be found in Ref. [26]. This
contribution is important for elastic charged lepton-
nucleon scattering, especially for tight kinematic cuts
that select soft radiation. Soft-photon exponentiation
is included in most of the experimental analysis proce-
dures, while this article is focused on hard-photon emis-
sion that is often omitted in data analysis.

During our calculation we assume that there is no
any excited states of the intermediated proton in two-
photon exchange. As a result, the protonic propagator
is taken as an elementary fermionic one. The second
assumption is that the on-shell proton vertex,

10,97
2M

Fay(—¢%), (1)

works properly within off-shell region. Here o, =
i[Yu,7w]/2, q is a four-momentum of the incoming pho-
ton. The Dirac (F}) and Pauli (F») form factors can be
expressed through the electromagnetic ones:
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Iu(q) = Fi(—¢*) +
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where 7, = —¢*/4M?2.
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Fig. 1 Feynman graphs for the lowest-order contribution to
elastic I=p (a) and ITp (b) scattering.

In order to avoid misunderstandings and make this
article self-consistent, we have to rewrite some rather
important equations from our previous works [211[22].

The rest of the paper is organized in a following way.
In the next section Born contribution is considered. The
explicit expressions for the soft photon extraction from
two-photon exchange by Tsai method are presented in
Section [Bl The contributions of the unobserved hard
real photon emission both for fixed Q? and fixed angle
are obtained in Section Ml with detailed discussion of
infrared divergence extraction by the Bardin-Shumeiko
approach. Numerical results using MUSE and JLab ex-
perimental conditions as an example can be found in
Section [bl A brief discussion and conclusions are pre-
sented in the last Section. The details of three-point
loop integral calculations responsible for the infrared di-
vergence in two-photon exchange contribution are con-
sidered in [Appendix A] The explicit expressions for the
physical quantities associated with real photon emis-
sion are presented in The details of the
soft real photon treatment can be found in
[

2 Born contribution

Let us consider Born contribution to the unpolarized
elastic I*p scattering:

P (k1) + p(p1) — 1 (k2) + p(p2), (3)
where ki, p1 (k2, p2) are the initial (final) lepton and
proton four-momenta respectively (k? = k3 = m?, p? =
p2 = M?). Despite we consider this process in the target
rest frame reference system (p1 = 0), it will be useful
to introduce some invariants:

S = 2p1k, Q2 = —(k1 — k2)2
s = S% —4m?*M? Ax = X? (4)

Similar to our previous work [22] in the present pa-
per we will interest in two types of the cross section:
do/dQ? and do /d cos 6.
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The considered contribution is presented by Feyn-
man graphs in Fig. [ and can be described by the fol-
lowing matrix elements:
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where e = v4mwa. Since the squares of these two ma-
trix elements are identical it is not possible to distin-
guish the lepton-proton from antilepton-proton scatter-
ing processes on the one-photon exchange (Born) level.
Their contributions to the cross section are even regard-
ing replacement [~ <+ [T and can be written similar to
22]

M [PdI, (6)
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where the phase space looks like:
) A3k, d3po
(27)32koq (27)32pag
dQ? _ VAxdcosf ™)
8TV As  8m(S +2M2 — cos X \/As/Ax)
After simplest calculations for our future purposes

Born contribution to the cross section can be presented
in different way with respect to [22]:
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where
o= A )
10T OM2(SX — 2m2(Q2 + 2M2))’

and the quantities 95 have a form:

07 = 5% + X? —2Q*(M? +m?),
0 = 031 = Q*(Q* — 2m?),
2
B _ Q 2(M2 2
02y = 5y (SX + M2(Q — 4m?)). (10)

3 Soft photon extraction from two-photon
exchange

The matrix elements with the two-photon exchange
contribution in elastic [Tp scattering can be separated
into the direct M3 3,q and cross M3, , terms, as it is de-
picted in Fig. [2(a) and Fig. 2[(b) respectively. Each of
these contributions can be presented through the loop
integration as it was shown in our previous work [21]:

po+1+M

) 12 + 2p1l

(g —=1) (DU (pr),



The interference of these matrix elements with Born
ones

1
HMF, + ME )M AT (12)

give odd regarding replacement [~ < [+ contribution
to the elastic [Tp cross section

dasr7 = —doy,,. (13)

However, as it was mentioned in Introduction, from
the presented above contribution we are interested here
only in the soft photon parts coming from the situa-
tion when one of two-photons has a low virtuality at
Il — 0 or I — q. These terms are rather important since
they contain the infrared divergence that has to be can-
celed with corresponding divergence from the real pho-
ton emission.

Therefore in each of the matrix elements from
taking into account F;(0) = 1 we can extract two con-
tributions following Tsai suggestion [23]:

¥ — MT ¥
MQ'y{d,a:} IR — M2"/{d,r} 150 + MQ'y{d,z} l~>q. (14)
Here
F e T
M3 o :FWMZ, Krr(k1,—p1),
2
(&
M3, e ?WME:KIR(IC% —p2),
2
(&
M;ya: -0 = iﬁM}TKIR(kDPZ)a
2
€
M;:"/x Isq = iS?MZ:K[R(kQ,pl). (15)

The detailed calculation of the infrared three-point in-
tegrals

2ab / (2mp)+—"d™

im2 ) 12(12 — 2al)(12 — 2bl)’
where p is a free parameter of a mass di-
mension presented in [App shows that
Kir(ki,—p1) = Kigr(ka, —p2) are complex quantities
while Krr(k1,p2) = Krr(ke,p1) are real ones.

After replacing M;F»y{d,z} — M;{dm} g in Eq.

one can find that the real part of soft photon contribu-
tion extracted from two-photon exchange contains the

KIR(aab) = (16)

d A

ol I (g = DU(p1),
b -0 ()
|
k, . k, K
! gl
p,; > p, p,
(a) (b)

Fig. 2 Feynman graphs for the direct (a) and cross (b) two-
photon exchange within [~ p-scattering. The similar graphs
for Itp scattering processes have an opposite direction for
the leptonic arrows and a negative sign for its momenta.

infrared divergence Prr defined by Eq. (A.4):

2 T 0 (elinh Kir(k
iQ? =F- e[Krr(k1, —p1) + Kir(k2, —p2)]
dO’B
K - K =B
rr(k1,p2) IR(kz,m)) 402
= F 088, ) gs (17)

As it was shown in Section 4 of our previous work
[22] the calculation of the additional virtual particle
contributions to the leptonic current come to the ultra-
violet divergence. The latter can be removed by virtue
of shifting a constant factor when the exchange photon
virtuality is fixed i.e. Q? = QF. In many cases, such
as [22], for which Q2 = 0, this subtraction procedure is
called an on-shell (mass-shell) renormalization scheme.

Despite the fact that Eq. does not contain the
ultraviolet divergence a physical requirement of on-shell
renormalization scheme comes from vanishing asym-
metry at Q2 — 0 can be provided by the difference
657(5,X) and its value at X = S (or Q% = 0). As a
results the required contribution has a form:

d&éij _ _@sprdos
Q2 % gz

(18)
where
038 = 631 (S, X) — 635(8, S)

= 2(SLs — XLy) (P,R +log TZ) +60y,  (19)
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The infrared free part reads:
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Notice, that in ultrarelativistic approximation for
m— 0

o SX S M?
IR :
62A/ = 4P]R + lOg - ‘| log - — 2L12 |} — 75

+2Liy

1—»é§2]. (22)

Taking into account that Prp = log(p/A), S = 2ME
and X = 2ME’ we immediately find the agreement of
the obtained result with Eq. (2.20) of the review [9].

4 Real photon contribution

In this section the odd regarding replace [~ < I con-
tribution from real photon emission

1% (k) + p(p1) — 1% (ka) + p(p2) + k(k) (23)

to the unpolarized elastic [*p scattering is considered.
It consists of the interference between the matrix ele-
ments with the real photon emission from the lepton
and proton legs as it is presented in Fig.

For the description of real photon emission three
additional variables has to be introduced. We choose
the standard set [6L22] of them: inelasticity v = (p; +
ki —ko)? — M2, 7 = kq/kp, and ¢}, is an angle between
(k1,ko) and (k,q) planes in the rest frame (p; = 0).

As it was shown in [22] the upper kinematical limit
over the inelasticity depends on fixed variable. Namely,

k k
c) d)
Fig. 3 Feynman graphs for real photon emission from the
lepton (a,b) and proton (c,d) legs within [~ p-scattering. The
similar graphs for T p scattering processes have an opposite

direction for the leptonic arrows and a negative sign for its
momenta.

for fixed @2 the maximum inelasticity value is
VAsV/Q* Q% +4m?) — 2m*Q* — Q°S
Vg = 2m2 )

while for the fixed scattering angle

(24)

1}9:S+2m27%\/(S+2M2)27/\3C0829. (25)

On the other hand, the contribution of hard real photon
emission can be controlled by applying a cut v, on
the inelasticity in the single-arm measurement of the
scattered lepton only. Therefore, keeping in mind the
inelasticity maximum values, for an upper limit of this
quantity both for fixed Q2 and scattering angle we will
use vyt as an experimentally observable variable.

The matrix elements corresponding to real photon
emission in [Tp scattering have a form:

M = =" (koo T u(k) U (pa) g — WU (o).
W$r=%?ﬂ—hkwﬁﬁw—bﬂﬂmﬂhw—kﬂﬂm%
My = S () D e LU ),

Min = S b (k)0 pr)eaE3U ), (20

where t = —(q—k)? = Q*+ 7R, R=2p1k =v/(1+7),
€q 18 the photon polarized vector, and
QL b
gy = (B fa ), T
kki  kko 2kok

P e
2k k
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The part of the cross section with the interference
between real photon emission from hadron and lepton
lines reads:

do}, = (MF M+ M MEars, (28)

1
24/ As
where the phase space has a form:

dsk dSkQ d3p2
(27T)32]€0 (27T)32k520 (27‘(’)32])20
X(27T)454(p1 + k1 —po —ka — k). (29)
One can verify directly that the interference terms for
I7p and ITp have an opposite sign

dof = —doy,. (30)

Al =

4.1 Contribution to do/dQ?

The phase space for fixed Q? can be presented as:

dQ?*vdvdrd
i, — — 4Q7vdvdrddr (31)
28741 4 7)21/AsAq
Here A\, = (Q? +v)? +4M?Q?, and the radiative cross
section can be decomposed in terms of variable R in-
troduced above:

2 2 l:}k
Jik=11=1d,
x F;(0)F;(Q° )Fk() (32)
The lowest and upper limits in the sum over [ read:
ll]k =
1312 = l221 =2,

d d
1511 = 1595 = 3,
111 =l =l =1, =4,
o = l391 = l319 = l309 = 5. (33)
Explicit expressions for ka(QQ,T ) integrated over
¢ can be found in
In order to estimate this contribution to the elas-
tic process, it is necessary to integrate doj, over three
variables of the unobservable photon: v, t and ¢;. How-
ever, since the expressions contain the infrared di-
vergence at ¢ = =1 and v = 0 (or R = 0), straight-
forward integration is not possible.

This infrared contribution has to be extracted but
in a rather arbitrary way keeping the same asymptotic
behavior at v — 0. In order to treat this divergence an-
alytically following the Bardin-Shumeiko approach [20],
in the ¢ = [ = 1 term the variable ¢ should be changed
to @2 both in the photon propagator and the argument
of the form factors. As a result this infrared term fac-
torizes in front of the Born cross section:

dvdrddy
dotBF = £ % dop 2O 34
7R e UB2(1+T)2\//\T, & (34
where
kla k?a Pla P2a
= Slo R2a)(Ha [Ba ) 35
Fir (klk k2k> (plk Dok (35)

This replacement allows us to perform the treat-
ment of the infrared divergence analytically since the
arguments of the form factors in do not depend on
photonic variables. For this purpose it is necessary to
separate the factorized infrared term into the soft dg
and hard §y parts

dolBF a dog

by introducing of the infinitesimal inelasticity v

1
dg 7/dv/75 p1+q—k) —MQ)]:[R,

™

A

oy = / dv/ —5 (p1 +q—k)*> = M) Frr. (37)

Such separation allows us to calculate dg for n = 4 and
to simplify the integration for dg in the dimensional reg-
ularization by choosing the individual reference systems
for each invariant variable to make them independent
of the azimuthal angle ¢y.

The analytical integration of dg using the dimen-

sional regularization — as presented in -

gives

§s =2(XLx — SLs) <PIR +log 7;\4) + %/ASL?g

_ X Lig( 2VAx
VAx  T\X +VAx
=S (k1,p1,p2), (38)
where the infrared divergent term Prgr is defined by
Eq. and the arbitrary parameter p has a dimen-

sion of mass. A rather compact analytical expression
for Sy can be found in Appendix B of the work [22].

> + S4(k2,p1,02)



For the calculation of d we integrate directly with
respect to the photonic variables v, t and ¢;. The first
integration over the azimuthal angle gives:

q
Veut Tmax

dr FIR
oy = d — 39
" _/ Y / 147 R’ (39)
where the limits of variable 7 are defined as in [22]
2
+vE A

T o mi _ @t VA (40)
max/mn 2M2

and the expression for Fg is presented in Eq. (B.15)).
Since R = v/(1 + 7) the second integration over T
gives:

Veut

o = / @JH(S X, v), (41)

where

Ju (S, X,v) = %log% _Zi—zz + %logijzz
~SLg— %bg % (42)

and

1 = V(8 =0 — 4 (VE + ),

= /X2 —4m2(M? +v),
3 = /(X —v)2 — 4m2M?2. (43)
Taking into account that
Ju(S,X,0) =2(XLx — SLg), (44)

after an identical transformation, Eq. can be split
into two parts g = 8} + oy with
Veut d
5y = / DTS, X, v) -
v
v

S = 2(XLx — SLs)lo ”*;“t, (45)

JH(S7X’O))a

where the integrand in 6%} is finite for v — 0. Since,
as mentioned above, the arbitrariness in a choice of a
subtracted infrared expression is only constrained by its
asymptotic behavior at v — 0, we can drop §}; term.
As a result, the contribution with the real photon
emission can be split into finite and infrared divergent
parts:
do} do} doRtT  dopt T
dQz ~ dQz T dQE T dQ?

T gsIRT
doy dog

= TQ2 + sz (46)
where
dotBR o - do
de = :F;(5S + 5H)r(; (47)

does not depend on the separation parameter v intro-
duced in Eq. (37).

After integration of the extracted infrared term over
¢, and T keeping v-dependence only in the denomina-
tor, the finite part of hard photon emission reads:

T4

dag + o? 7n 7M dr
=T dv —_—
d@? 2% )\g (1+7)t
0 Tin
Sy 9l2 i ( 2,7
LYy Bl D mo R @) A
4,0,k=11= ld
Ju (S, X,0
B0 S wR@n@) @)
i,5=1,2
The sum of Eq. and Eq.
dofp  dofb . in dog
o — 76 4
40?2 102 =F VR0 (49)
is infrared free since
__ RIR N Vcut
OvR = 527 + s+ 6y = Q(XLX — SLs) log M
S X
+694 + Z\/ASL?q - Z\/AXL?X
+ L12< 2VAs >
Vs S+ VAs
B X Li ( 2V Ax )
VAx ? X +VAx
+S¢(k2,p1,p2) — S¢(k1,p1,p2) (50)

does not depend on Prpg.
Finally, the lowest order of the charge-odd contribu-
tion to the elastic lepton-proton scattering has a form:

doj,, dof | « dop
——5 t —0vR—~—-
T d@?

dQ?  dQ?

(51)

4.2 Contribution to do/d cos

The phase space for fixed angle 6 reads:
vdvd cos 0dTd oy,

2874 (1 + 7)2v/As Ay

where A, = (Q%(v) + v)? + 4M?Q%(v) and

As —vS — Q% (v)(S +2M?)

Iy = Jg(v)

(52)

To(v) = (S +2M?)%2 — Agcos? 0
S +2M?2 [ Ag 9

The square of transferred momentum for the radia-
tive process with a fixed scattering angle is expressed



through the inelasticity v as it was obtained in our pre-
vious work [22]:

1
2 _
@r(v) = (S +2M?)2 — Agcos? 6
X [(S +2M?%)(As —vS) — As(S — v) cos? 0
—QM\/As\/BCOSH], (54)
where
D = M?*(\g + v(v—2S)) — m?*(Agsin® 0 + dvM?).
(55)

It should be noticed that Q%(0) = Q% and Jy(0) = jp.
After some algebra similar to the previous subsec-
tion we find that:

dot, _ dof; a dog (56)
dcos®  dcosh VEdcost
The finite part reads:
TB
dJ;E a® I Ve dr
dcosf :FE / dv [Jg(v) / tQ%(v)(1+7)
0 o
2Jk 91 QQ )
i
<3 > BT by
bhk=11=1,,
2
—maﬂmSXmijﬁE@ﬂﬂ@%, (57)
ij=1
where the range of 7 at fixed 6 is defined by
2
o  Qr)+vEVA,
7_m,am/nzin - IM2 . (58)

5 Numerical results

For understanding the distinguish between radiative
effects for incoming lepton and antilepton similar to
the work [22] we present a ratio of RC for particle
(dono/d¢) and antiparticle (dojf./d¢) to the Born
cross section:
dof/d¢
dop/d¢
both for fixed Q? (¢ = Q?) and the scattering angle
(¢ = cos ). Here the quantities dof/d¢ contain from
the sum of the charge-even RC calculated in [22] and
do’,,/d¢ defined by Egs. or in dependence on
C.

Notice, that for the radiative process the scatter-
ing lepton energy koo depends on the inelasticity v in
relation to the selected variable. So for fixed Q2
X —w

2M

511%:0 = (59)

k2o = (60)

while for fixed scattering angle

oo = S— Q%) —v

Wi (61)

For the parametrization of the proton form factors
the results of Kelly’s paper [27] is used.

From Fig.[4] where the relative RC as a function
of the scattering lepton kinetic energy are presented
for particle (blue curves) and antiparticle (red curves)
scattering at MUSE kinematic conditions [I5], it can be
seen that RC are greater for antilepton than for lepton
and their difference reaches maximum value at large
scattering angles and soft photon emission.

Using above presented results the positively defined
charge asymmetry can be written as

A 9304/ dC — dogy,/dC
¢ doeven/dC

where the even cross section include Born contribution
and RC to the lepton line that was found in [22].

The dependence of this asymmetry on the scatter-
ing lepton kinetic energy for different lepton beams pre-
sented in Fig. 5| at MUSE kinematic conditions [I5] at
different scattering angles. As can be seen, the asym-
metry reaches its maximum value for the lightest lepton
with the highest of the initial and scattering lepton en-
ergies at the maximum 6. At the soft photon region its
behavior is almost identical both for fixed Q2 and for
fixed # and has a maximum difference for these two ob-
servables at low scattering electron energy and high 6.
The asymmetry value for fixed @ is always less than its
value for fixed Q2.

Another rather interesting quantity is the depen-
dence of eTp/e”p cross section ratio

 dOeyen/dE +doy, /dE
 doeyen/dE + do,,/dE

on the virtual photon polarization e. According to [28§],
€ beyond the ultrarelativistic approximation has a form

2 2 -1
e = (1 +2(1 +Tp)(Q_2m)> . (64)

(62)

(63)

4k10ka0 — Q?

Since for radiative processes the scattered lepton energy
depends on the inelasticity as shown in Egs. ,
setting any cut on v leads to ¢ restriction.

The obtained dependence at JLab kinematic condi-
tions is shown in Fig. [f] For soft photon emission the
cross section ratio reaches its maximum value, and, sim-
ilar to the work [29], increases with decreasing e. For
hard photon emission the ratio decreases with decreas-
ing ¢ for fixed Q? and increasing ¢ for fixed scattering
angle.
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Fig. 4 Relative RC vs the value of the scattering lepton kinetic energy for elastic e¥p and uFp scattering, beam momenta is
equal to 115 MeV, 153 MeV and 210 MeV for 8 = 20° (1), 60° (2), 100° (3). Blue (red) lines correspond to lepton (antilepton)
scattering while solid (dashed) lines correspond to fixed Q2 (cos#).

6 Conclusion

The contribution of hard photon emission to the charge
asymmetry in lepton- and antilepton-proton scattering
was calculated and numerically compared for fixed @Q?
and fixed scattering angle beyond the ultrarelativistic

limit keeping lepton mass during the whole process of
calculation.

During the calculation only two assumptions are
used: I) We did not consider any excited states in the
intermediated proton in two-photon exchange, that al-
lows to use a standard fermionic propagator; II) The
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Fig. 5 Charge asymmetry defined in vs value of the scattering particle kinetic energy for elastic e¥p and pFp scattering
with the beam momenta 115 MeV, 153 MeV and 210 MeV. The solid (dashed) correspond fixed Q2 (cos9).

on-shell proton vertex with the Dirac and Pauli form
factors is applicable within off-shell region.

Two-photon exchange was analytically calculated in
soft photon approximation using Tsai approach and
dimensional regularization of the infrared divergence.
The infrared divergence from real photon emission was
treated by the Bardin-Shumeiko technique that allow

to rid dependence of the final results on any artificial
parameter for soft scale separation.

The numerical results presented for kinematic con-
ditions of MUSE experiment at PSI and Jefferson Lab
measurement shown that the asymmetry reaches its
maximum value at the soft photon emission and sig-
nificantly drops for hard real photon emission.
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Fig. 6 Ratio of et p/e™p cross sections defined in as
a function of ¢ at Q2 = 0.85 GeV? and Q? = 1.45 GeV?
for the different electron beam energies k1o defined in the
rest frame (p1=0). The solid (dashed) line corresponds to
fixed @2 (cosf). An upper dotted line represents soft pho-
ton emission. The lowest dotted lines correspond to the pion
production threshold.

We believe that the results presented here and in
our previous work [22], such as the derivation of the
essential formulae, the sets of the explicit expressions
are quite transparent and useful for studying both the
treatment of hard photon emission and soft photon ex-
traction from two-photon exchange. Moreover, the im-
plementation of the obtained results into Monte-Carlo
generator ELRADGEN [30,31] allows to develop an al-
ternative to the generator ESEPP [19] for the simula-
tion of hard photon emission in lepton- and antilepton-
proton scattering in rather wide kinematical region
from low Q2 - relevant to “proton radius puzzle” - to
high @2 where the form factor ratio problem was ob-
served.
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Appendix A: Calculation of the three-point
loop integrals.

Here we present the details of calculation of the three-
point loop integrals defined by Egs.
Using Feynman parametrization we find that

4ab / / /

with ¢y(a,b) = ay —|— b(1l —y).
The integration over [ in n-dimensional space gives:

DB [
Kir(a,b) =2a b(Qf = /dyo/dxa: 5cy %(a,b).

(2 dn
—2%c2(a,b))3

Kir(a,b) S(A.1)

(A.2)
After integration over z, and the expansion of the ob-
tained expressions into the Laurent series around n = 4
result in:

1
K[R(a,b) = ab/
0

2

Y Cy
2Prr + log —

cy(a,b) I

= Qab/dley(a7 b), (A.3)
where the term representing the infrared divergence in
the dimensional regularization reads

Pir = + ’VE + log (A4)

1

n—4 2 \F
After substitution into (A.3) photon mass regulariza-
tion Prp = log /A we immediately find that our def-
inition of Kjgr(a,b) is equal to K(p;,p;) defined by
Eq. (I.5) of [23].

Taking into account that cz(kl, —p1) = Cz(kQ, —p2)
= Ca(y) and ¢ (k1,p2) = ¢ (k2,p1) = (o (y), where
Galy) = y(m®y — S(1 —y)) + M?(y — 1)%,

Caly) = y(mPy + X (1 —y)) + M*(y — 1)? (A.5)
we will consider only two integrals, namely K; =
Kir(k1,—p1) = Krr(k2, —p2) and K5 = Kir(k1,p2) =
Kir(ks,p1), that defined in the following way:

1

1
_ 5 dy Caly) |
Ky = Q/Cd(y) 2P +log 2 ] —/dled(y),

0 0
X [ d
y
K, ==
20/41;(1/)

2Prr + log Cﬂ(y)

P
2

] = O/dinm(y)-

(A.6)
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ry
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Fig. 7 Path integration over y for Kj.

Ca,2(y) can be presented in the following way:

2

The expression

1> yd > y¢ > 0. As a result, according to Eq.
the function (4(y) is positive for the two segments of the
integration, namely 0 < y < 3¢ and y§ < y < 1, and
negative between them. Moreover at the points y = y‘i2
the integral over y in Ky defined by Eq. diverges.

To perform the integration over y the method sug-
gested by J. Kahane in Ref. [32] is used. For this pur-
pose the integration region is broken up into five seg-
ments as it is shown in Fig. 7. The contours C5 and
C} are chosen such that (4(y) has negative imaginary
parts.

The integration for the regions Cy, Cs and Cj can

d,x d,z
Caa(y) = W(y —y )y — ), (A7) pe expressed via Spence’s dilogarithm
1 Y2
where ) i log |1 — y|
0 2M2 0 2M2 LIQ(!E) = — / Tdy (Ag)
NS+ 2 22+ 95— g 0
202 202 in a following way
y% = ) y2 - 2 . (A8)
2M? — X + /Ax 2M? — X — /Ax
It should be noted that for all S > 2mM the
quantities yiQ belong to the region of the integration:
|
vi o 2 2
. S Vs 51(5 +2M* + \/)\5) 2
K& =1 = |2(2Pg +1 1 1
i = Jim dyq(y) s ( TR + log 2 ) o TRENw + log” &1
S+2M?* +As . VAs(S+2M? +/Xg) 5 M? CSH2M%2 45 2,
+2log log 3 oo — log — 4Lis -
24/ )\5' Q(S +M2+m ) vV )\5’ 24/ /\s 3
s s N 5162(S + M2 + m2)?
+ +m
K& = i = ——_|2(2Pir+1 5 ) log =2 log? &, + log?
p 61?12150 / dyKa(y) Wos ( 1R + log 2 > og s + log” &1 + log” 62
yi+61
S+ M2 +m? 2 8162(S 4+ M? + m?)?
—2log? —————— + 7% 4 2inl
og \/E + 377 + 2w log g s
1
. S vV )\S 52(5 + 2m2 + v )\3)2 2
K$ =1 d = ——|2(2Pp +1 1 log? §
q° = Jlim yKa(y) Vo < 1R + log 2 ) 0g I + log™ 02
yd+02
S +2m? + /g om? Vg — S — 2m?
+2log g — log? —_— (A.10)
2% e o R - s
The integration along Cy and Cy is done by replacing y — r; = y¢ — §; exp(—if) and y — 72 = y§ — 61 exp(if)
respectively:
7 dr S \/
Ca _ & _ L
K;? = 111%0/d9 70 Ka(r1) e T +2Z7r<2P[R+log )],
0
dr S 02V A
C . 2 2 S
K§r = 121r_>no d9 ICd(rg) 4@ T +227r<2PIR+10g )1 (A.11)

0

Summing up the integral over all five segments we obtained that:

5
Ko=) K§i=
i=1

S m
—— | (4P +4log— —lo
4V As ( RTEeE

S—‘r\/)\s)l S+\/)\S+4Li \/)\5—5—27?12
Vs — Vs ST Wy
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S+2M? + Vs S=VAs | (S =VAs)(S+2M? — VAs)?

4L 21og o2
Wy + Shz 08 8M2\g i
5165(S + m? + M2
_4z'7r(2PIR+log 102 :7? + )ﬂ (A.12)

As opposed to (4(y) in the region 0 < y < 1 the other function (,(y) is always positive since y& > y7 > 1 for
2mM < X < M? +m? and y¥ > 1> 0 > y§ for X > M? + m?2. For both these situations we have:

M2 +VAx — X

X m X+\/Ax) X+ Ax .
K, = AP +4log 2 +1 1 AL
WX ( T T SN P A T e
X +VAx —2m? X+ Ax X +vA —2M?% + /A
L, XA Z2mT o X VA (X VA V)’ (A.13)
2/Ax 902 SM2)\x

Appendix B: Explicit expression for Ole(Q2 T)

The quantities Gﬁjk(Q2, T) read:

0111 = 4(S* + X* = 2Q*(m® + M?))Fig,

07, = 4S8,((Q* — 2M>)F + 2m?Fy — (Q* + 7S)F14) + 7Q*(4(m? + M?) — Q*)(7F; + F1)
+2((1 4+ 7)(5Q% — 6S) + 2(4 — T)m? — 2r M?)Fyr + 2(25% + (Q* 4+ 7S + 4m?)Q?) F1
+7 i —(Sp((Q% + 2M*)F — 2m*Fy) + (2m*Q* — SX)F1y),

0311 = 27(2(Sp + X)F + (12(M? + m?) — (1 + 7)(1Q* + 4m?)) Fy + (1(4S — Q* + m?* + M?)
425 +3Q*) Fiy) +2(4 + 87 + 573 Frr + 4((Q* + 2m?) Fiy + (AM? — Q*)F., — (S + Q*)F)
4
T +7
0111 = —T(A(1 + 7)F + AF., + (2+ 47 + 372)(7Fy + F14)),
9%12 = 4Q2(Q2 - 2m2)F1R7
SpF = m*Fiy

147

——(XF - Q°F.)),

9%12 = 2Q2T . T(Q2 - 2m2)Fd — (Q2 — m2)F1+ + ’T(5Q2 — 8m2)F]R,

0315 = 27(S + Sp)F + 272 Frg + % 2(8m? — 5Q*)Fy — (57Q% + 4(1 — 7‘)m2)F1+:| — 8Q*F,,

2T
1 + 7
9%12 = —67F,, — TS(TFd + ),

9%21 = 4Q2(Q2 - 2m2)FIR,

2
02, = 7Q?|2r(2m? — Q*)Fy + 3Fyr + 2(3m2 — Q*)Fyy + ——(m2Fyy — s,,F)],

——((S, + X)F — Q*F,, — m*Fy),

1+7

Q2
147

3
Olor = 200+ T)Q*F + 7*(Fin — 5Q*(rFa+ Fiy)) — T (F +2F%),

3

-
0191 = _E(TFd"‘FH)»

2 2
Olas = 2 (SX + M(Q” — 4m®) Fr,
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1
402

015y = [QQ (SQQSPF +72(Q¥(Q? — 4AM?) + 16m>M?)Fy + (16m*(Q? + 7M?)

4t

+2Q%((31 —2)S — 27 M?) + (6 + 7)Q* — 87S*) Iy, — T

(S,((Q* +2M?)F — 2m*F,)

)

+(2m?Q* — SX)FH)) +2(8m2(Q* — TM?) 4+ 2Q*(27M? — (3 +47)S) + (5 + 37)Q* + 271S?) Frr

1
8M?

02y = [4@2((675 + (14 7)(2M? — 5Q%) — 2X)F +4M?F,,) + (4(Q* + 9)(2Q* — 9)

+16m*(M? +3Q%) + 21(8m*(Q* — M?) +9Q" + 25°) + 7%(Q" — 8M?Q” + 22Q*S — 85%)) F1,
+7(1Q*(T(Q% — 8M?) — 4Q%) + 16m* (7°M? — (1 + 7)Q%)) Fa + 2((1 4 7)(16m” + 7(11Q* — 65))

4
+27(4Q% + TM?) + 6Q*)F1p + ﬁ((SX —AM?*m*) Py — Q*(S, +2M?)F — AM?Q*F.,)
T

)

01, = ! > [4(72(5 —20Q%) —7(Q*+ 8) + Q*)F +4Q*F., + 7(8m? + (1 +21)Q*)(F1y — 7(1 + 7)Fy)

aM
+72(1(28 — M?) +2(1 + 1) X)F1y — 72(Q* + TM*)Fy + 47(1 + 1)*FiR|,

1+7

“nE {72(2F +(1+7)(7Fs+ Fiy)) —4F,, |,

5
9122 -

2
9311 = 2(Q2 + (T - 1)S)F - 2Q2F21 + TQFIR + ]_—|—77—(XF - Q2F21)7

2
.
9311 = _T(2F21 + ?(FdT + F1+))7

s = o | (2QHQ +4m) 4 (7 = Vs 4 A)Fu = QP8 Fis = [ (@3S, = 2QH(QP + M)
~Os+A)E)|

0312 = ﬁ [2<47X(Q2 + M?) + Q*(1Q? — 48,))F + 4Q F, + (73((S, + 8m?)M? — 3Q* + 8Q>S — 652)
+27(Q% + 4m?) (27X — Q%) + 78, (1 = 1)M? — Q*)) Fa + (8m*Q* + 27Xs + 7Q*(6S — 4Q* — M?)
(@ (M7~ Q) +AXP) Py — 1 (QU(MP (8, — Fi) +2Q°(F +2F,)
+2M?S — Q*Sy)(4F + Fa) + (As + Ax — M?Q*)F14) |,

0315 = ﬁ [2(7 —1)(rS, — 2(T + 2)Q*)F 4+ 8(Q* — TM?)F., + 7> (4(1 + 7)(7S — 2m?) — 7 M?
—(1457437%)Q*) Fy + 7(1(2(1 4 27)S — TM?) — (3 + 57 + 37%)Q* + 8m®) F1 |,

0515 = %(4@1 —72(2F + (1+ 7)(rFa + F11))),

s = ok | QS Fis = (QQAQP + ) + (7 = (s + Ax)) i+ [ (QQPAM? + Q)F

+(As + Ax)Fy — Q*S,Fiy)|,

035, = ﬁ [4@2((71\42 — (1427)S,)F +4Q*F,, + 7(2(Q* + 4m?)(Q* — 27X) + 27%(X S, + Ax)
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+(1 =7+ 72)M2S,)Fy 4 (27%(X S, + Ax) + Q*((1 + 7)(8m? — TM?) — 2Q* — 475,))Fi

201+ 7)(2457)Q% — 27(2 4+ 37)9)F + 4(1 + 271)Q*F,, + 72(2(1 + 7)(Q* — 27X + 4m?)

T 2 _
+4(1+7_) (Q (4F+8F21+F1+) Sde)a
1
4

9221 - AM?2

—12(Sp + M) Fy + 7((1 + 7)(8m? — 67X) — 7%(Q* + M?))F14 |,

1

0391 = 77(47];2 ) 41+ 7)F +4F,, +7(1 + 27)(7Fy + F14)),

1

O = iz | QH(AQ? + 20 AF, — 7F) = Sy(r(1+ 7)Fa + 43 + 1)F)) + (7(1+7)(hs + Ax)

-2+ 7)Q*(Q*

1
02, = ——
2227 4M2

1+7

+7(2(24+7)(4m?* —18) — (3 — T — 272)Q2)F1+} ,

1+7

0322 = 4M2
Here S, = S+ X =25 — Q2% and F and F; (i =
d, 14, z1, [ R) can be expressed through the invariant as

1

A

F =

Q*(Sp —v) + 7(S(Q* + v) + 2M3Q?)
AS/2 ’

R2

2T
28, Fy— (2 2F
Frr = /déf)kfm: e 24 DO
2w/ g J

2(1+7) ’

(B.15)

where F; g is defined by Eq. , while z1 o = kk1,2/kp
depends on ¢ as

z1 = )\i Q*(S, —v) + 7((Q* +v)S + 2M?Q?)
q
—2M /). cos ¢, |,

212+ 7)F +4(1 4+ 7)F,, + T>(1F; + F1)).

= 8m?))Fuy + —— (Q(S,(4F + Fa) — 2(Q% + 2M?)(F + 2F..)) — (s + Ax)F1y) |,

_4(3 + 37+ 7H)Q*F +4(3 +27)(Q*F., — 7SF) + 7%((1 + 7)Q* — 272 X) F}

(B.14)

zp = % [Q?’(Sp —0) +7((Q* + v)(X —v) — 2M3Q?)
q
—2M /. cos i |,
As = (Thaw = 1T = T (Q(S(X —v) = M?Q?)
—-m?)\,), (B.16)
and 77 Jmin defined by Eq. .
At last
Cl = [4m2M2 (T7qna:c - T) (T - qunzn)
+H(Q* +789)7)2,
02 = [4m2M2 (Trqnax - T) (T - Tg@m)
+Q +7(v - X))’ (B.17)

Appendix C: Calculation of dg

The real photon phase space in the dimensional regu-
larization has a form

d*k . dn k!
ko (2mp)" =k
22 3 kg sin®™ P 6, doy,
@rp) (2 —1)
where 6 is defined as the spatial angle between the
photon three-momentum and k} , or ki , that are in-

troduced below, and p is an arbitrary parameter of the
dimension of a mass. Here and later the upper prime

(C.18)
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index means that the energy or three-momentum is de-
fined in the system p;+q = 0.
The Feynman parametrization of the propagators in
]:IR:
1

P / ]2 2 S

IR= g | NI =28, 1—2By K21 — Bs)?
0
X 1
1
R R /dy}' z,y C.19
K- wm] zig | W (€19
where y is the Feynman parameter, x = cosf, §5; =
|K.|/Ey for i = 1,2,s, 2, Kby = ykio + (1 — y)ph, and
ko = ykyo + (1 = y)pho-

After substituting it into definition of g in and,
using J function, integration of the obtained result over

the photon energy we found that
1

1 _ 2\n/2-2
2 T (02— 1) / dz(1 =)

1

Joren [ 2

0 0

0g =

(C.20)

Then, the integration over v, and expansion of the
obtained expression into the Laurent series around n =
4 result in

5s = 6L 4+ 6L, (C.21)
where
' 11
T
56" = 5 {PIRﬁLlOg /M} /dy/dx]—'(x,y) (C.22)
O —
and
L Lo L g
- 4/dy/da:log( ;x >f(x,y). (C.23)
o 1

Here PIR is the infrared divergent term defined by

Eq. (A.4). Since k5 — [K.|> = mZ(S) and k3 — [K,|> =
my( ) where
m2(S) =y(1 —y)S + y*m* + (1 — y)*M?, (C.24)

the integration over z and y variables in §LF is per-

formed explicitly:

§1F — 2(X Ly — SLs) {P,R +log M] (C.25)

Where the quantities Lg, and Lx are defined by
Egs.

For the covariant analytical integration in §§ we ex-
press the initial and final lepton energies through the
invariants:

, X S

10 — oM’ klzo = DY (C~26)

As a result,

= %S\/ASL?; - iX\/AXLig

N Li < 2v/\s > X Li ( 2V A x >
1 — 1

Vs \S+vVas) Vx C\X + vy

+8S¢(k2, p1,p2) — S¢(k1,p1,p2). (C.27)

The function Sy can be expressed through the inte-
gration over z and y as

1 1
12p1/dm/d log| 1_33)/4] .
0 ksOxO _‘rﬁsym)

(C.28)

Se(k1,2,p1,p2)

The explicit expression for Sg can be found in Appendix
B of [22].
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