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Non-spherical particles are widely present in industrial production, and significantly affect the
macro and micro characteristics of granular materials. Although the superquadric equation can be
used to construct non-spherical particles, its disadvantage is that the particle shape is
geometrically symmetric and strictly convex. In this study, two composed approaches are used to
describe geometrically asymmetric and concave particle shapes, including a multi-superquadric
model and a poly-superquadric model. The multi-superquadric model is a combination of several
superquadric elements, and can construct concave and geometrically asymmetric particle shapes.
The poly-superquadric model is a combination of eight one-eighth superquadric elements, and
can construct convex and geometrically asymmetric particle shapes. Both composed models are
based on superquadric equations, and Newton's iterative method is used to calculate the contact
force between the elements. Furthermore, superquadric elements, multi-superquadric elements,
and poly-superquadric elements are applied for the formation of complex granular beds, and the
influences of particle shape on the packing fraction can be successfully captured by the proposed
models.
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The discrete element method (DEM) is one of the effective
tools to study the potential mechanical properties of granular
materials [1-3]. In this approach, two-dimensional discs and
three-dimensional spheres were initially applied to DEM simu-
lations because of the simplicity of the calculation and the effi-
cient operation [4, 5]. However, the particle shape significantly
affects the dynamic characteristics of the granular systems [6, 7].
Meanwhile, the conclusions obtained from spherical systems are
difficult to apply directly to non-spherical systems [8]. To reas-
onably describe the irregular particle shapes, different construc-
tion methods have been developed, including multi-sphere
method [9, 10 ], dilated polyhedron elements [11,12 ], super-
quadric equations [13, 14], and spherical harmonic function rep-
resentations [15, 16]. Among them, the superquadric equation is
a common approach for mathematically describing non-spher-
ical particles, and can construct 80% of the solid shapes in
nature [17]. However, the particle shapes with different aspect
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ratios and surface sharpness constructed by the superquadric
equations are geometrically symmetrical and strictly convex,
which limits the further engineering application of the super-
quadric element.

In recent years, the composed element method has been well
developed, and the basic element is not limited to spherical
particles [18]. Arbitrarily shaped particles can be composed of
several spheres of varying sizes [19,20]. A true cylinder was a
combination of a cylindrical surface and two circular planes, and
a spherocylinder model is a combination of a cylindrical surface
and two hemi-spheres [21, 22]. Moreover, cobblestone-shaped
particles consist of eight one-eighth ellipsoidal elements [23, 24].
However, little effort has been devoted to the detailed descrip-
tion of composed superquadric models.

In this letter, the multi-superquadric model and the poly-su-
perquadric model are introduced in detail and used to describe
concave and geometrically asymmetric particle shapes. DEM is
applied to simulate the formation of complex granular beds.
Therefore, the traditional superquadric equation can be ex-
pressed as [25]
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where a, b, and ¢ are the semi-axis lengths of the superquadric
elements along the major axis, respectively. n, and n, are the
blockiness parameters and used to determine the particle shape.
Figure 1 shows the basic particle model with different aspect
ratios and surface sharpness obtained from the superquadric
equation. A sphere or ellipsoid is obtained ifn, = n, = 2, a
cylinder-like particle is obtained ifn, > n, = 2, a cube-like
particle is obtained if n, = n, > 2. The particle shape theoretically
becomes closer to real cylinders and cubes with sharp vertices
and flat planes as the block parameters increase. However, the
block parameters cannot be increased infinitely and need to be
within a reasonable range, because it is limited by the search
algorithm between superquadric elements.

Moreover, a multi-superquadric model is a combination of
several superquadric elements [26], and the shape of the basic
element is determined by Eq. (1). The basic elements can have
different shapes, and there are different amounts of overlap
between them. This model can be used to describe the concave,
convex, and geometrically asymmetric particle shapes. There-
fore, a multi-superquadric equation can be expressed as

|

where a,, b, c, n,,, and n,, are shape parameters of the a-th
superquadric equation. If a multi-superquadric model is
composed of N, superquadric elements, a total of 5N, shape
parameters are required to represent the particle shape. Figure 2
shows the arbitrary shaped particles constructed by multi-
superquadric models.

Another composed element method is a poly-superquadric
model, which is a combination of eight one-eighth superquadric
elements [27]. The shape of the basic element is controlled by
Eq. (1), and this model can be used to construct convex and geo-
metrically asymmetric shapes. A poly-superquadric equation
can be expressed as
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Fig. 1. Differently shaped particles constructed by superquadric
equations.

of thef -th super-quadric equation. Therefore, 40 shape
parameters are needed for describing a poly-superquadric
model. Considering the smoothness and continuity of the
particle surface, eight governing equations need to be satisfied

a=a,=as=ag=r; (x>0), (4)
m=a;=as=a;=r; (x<0), (5)
bi=b,=b;=by=r, (y>0), (6)
by=b,=b;=by=r1, (y<0), (7)
a=c=c=c=r (z2>0), (8)
GG=c=c=c=r1] (2<0), 9)
Ty = Myp = Ryg = Ny = Nys = Ny = Ty = Nyg = 1, (10)
Ty = Mgy = N3 = Mgy = g5 = Nyg = Ny7 = Nyg = N, (11)

where r,*, r,., y 1y r,5, and r,” are the semi-axis lengths in the
positive and negative of the x-, y-, and z-directions, respectively.
n,* and n,* are the blockiness parameters and used to control
the particle shape. Thus, 40 shape parameters are reduced to 8
parameters through the above governing equations. Figure 3
shows the geometrically asymmetric shapes with different
aspect ratios obtained by poly-superquadric models.

Considering the complexity of contact detection between
multi-superquadric elements or between poly-superquadric ele-
ments, both composed models can be divided into several su-
perquadric elements. Therefore, the contact detection between
the composed elements can be transformed into the contact de-
tection between the superquadric elements. It is worth noting
that the contact forces between superquadric elements belong-
ing to the same composed element are not calculated. Moreover,
the midway point approach is used to calculate the contact force
between adjacent elements i and j, and the corresponding non-
linear equations can be expressed as [28]

VF; (X)+ A*VF; (X) =0,
F; (X)—Fj (X)=0, (12)

Fig. 2. Differently shaped particles constructed by multi-super-
quadric models.
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where X = (x, y,z)T and /. is a multiplier. F; and F; are the
superquadric equations of elements i and j, respectively. VFis
the first derivative of the superquadric equation. The Newton
iterative method is used to solve the above Eq.(12), and the
iterative equations can be expressed as

V2F, (X) + A2V2F;(X) 2AVF,(X) |[ dX
VF, (X) - VF; (X) 0 da

(13)

VE; (X) + A*VF,; (X)
FEX-FX) )

where X®*) = X® +dX®and A% =2A® +dA®. If the midway
point X, satisfies F; (X;) <0and F;(X,) <0, the elements i and j
are in contact. The normal direction can be obtained by
n=VF,(X)/VF; (X), as shown in Fig. 4. Then, the surface points
X;and X; satisfy X; = X; + yn and X; = X + m, respectively. The
unknown parametersy and 7z can be obtained by Newton
iterative method [29]: y*V =y® - F,(X*)/|VF;(X")-n]and

T® ) =70 _ F, (X]f"’)/ VE; (X]F")) n] Finally, the normal overlap
can be obtained by J,, = X; - X;.

In DEM simulations, spherical non-linear contact models
have been well established and successfully extended to non-
spherical granular systems [30, 31]. The normal forces between
the elements include elastic and damping forces, which can be
expressed as

F=4/3E"VR* 8", (14)
1/2
F;jzc,,(sm*E* R*5,,) Voiis (15)

whereR* = R;R;/ (R, + R;),E* = E/ [2(1 - v*)],and m* = m;m;/ (m;+
m;).E and v are Young's modulus and the Poisson's ratio,
respectively. C, and v, ; are the normal damping coefficient and
the normal relative speed, respectively. R; and R; are the radii of
the volume equivalent spheres of elements i and j, respectively.

ny=2

n,=2

ny=3

n,=
riire=12 i, =20 riir,=4.0
ryir,=0.6 ryir, =03 ryir, =02
riir,=04 i, =0.8 riir,=15

Fig. 3. Differently shaped particles constructed by poly-superquad-
ric models.

Table 1 Major computational parameters of DEM simulations.

The tangential contact force (F,) includes the elastic force
(F¢) and the damping force (F#), which are expressed as:

Ff = 1, | Py {1= [1-min (8,8 me) /80ma] *} - £ (16)

1/2

*Vsij» 17

F:l \/1 —min (6n 6r,max) /6t,max/6t,max

Fi= C,[Gpsm*

where y, and ¢ are the sliding friction coefficient and the
tangential unit vector, respectively. d; is the tangential relative
displacement, which is obtained by d, = J; + v,;dt. v,; is the
tangential relative speed.d; ., is the maximum tangential
displacement, which is determined by &, .=y, 2-v)/
2(1-v)-6,

The rolling friction coefficient (M,) is used to hinder the relat-
ive rotation between the elements, which is expressed as
M, = 1, R;|F,| @, (18)
where p, is the rolling friction coefficient. @,; is the relative
rotating speed, which is obtained by @,;=w;;/|w;.

To examine the applicability of the multi-superquadric mod-
el and poly-superquadric model, the formation of the non-
spherical granular bed was simulated by DEM. Differently
shaped particles have the same mass, and the diameter of a
volume equivalent sphere is 5 mm. The total number of particles
is 1500. The cubic container has a length and width of 60 mm
and a height of 60 mm. The main DEM simulation parameters
are listed in Table 1. Figure 5 shows the differently shaped
particles constructed by a superquadric element, a poly-super-
quadric element, and a multi-superquadric element. They have
random positions and orientations at the initial moment, and
form a non-spherical granular bed under gravity, as shown in
Fig. 6. It can be found that the particle shape significantly affects
the packing characteristics of the particulate material. Concave

F(X) <0

Fig. 4. Contact detection between superquadric elements.

Definition Value Definition Value
Density (kg/m®) 2500 Normal damping coefficient 0.3
Young's modulus (Pa) 1x10® Tangential damping coefficient 0.3
Poisson's ratio 0.25 Sliding friction coefficient 0.3
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particles have higher porosity and lower packing density com-
pared to convex particles.

a I b c I
Fig. 5. Particles constructed by different models: a superquadric

elements, b poly-superquadric elements, and ¢ multi-superquadric
elements.

t=0s 0.15s

0.30s

Figure 7 shows the stable granular beds composed of differ-
ently shaped particles, and Fig. 8 shows the relationship
between the particle shape and the packing fraction. Convex
particles have a higher packing fraction than concave particles.
This is because the interlocking between the concave particles
causes local arching structure and more voids. As a result, the
concave particles have a larger porosity and a lower packing
density. Moreover, the geometric asymmetry of the particles fa-
cilitates the relative sliding between the elements and allows the
particles to quickly fill the voids. As a result, geometrically asym-
metric particles composed of poly-superquadric elements have a
higher packing density than symmetric particles composed of
superquadric elements.

In this paper, we introduce a multi-superquadric model and

Fig. 6. Packing processes of granular beds composed of different models: a superquadric elements, b poly-superquadric elements, and ¢ multi-
a b
o , -
c d
L_’ S
e f
'E Na

Fig. 7. Stable granular beds composed of different shaped particles: a, b superquadric elements, ¢, d multi-superquadric elements, and

superquadric elements.

e, f poly-superquadric elements.
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Fig. 8. Relationship between the particle shape and the packing
fraction.

a poly-superquadric model based on the superquadric Eq. (1),
and the DEM is used to simulate the formation of the non-spher-
ical granular beds. Multi-superquadric element is a combina-
tion of several superquadric elements, which can be used to con-
struct concave, convex and geometrically asymmetric particles.
Poly-superquadric element is a combination of eight one-eighth
superquadric elements, which can be used to construct convex
and geometrically asymmetric particles. For both composed
models, Newton's iterative algorithm is used to calculate the
overlap between elements, and the nonlinear contact model of
spherical particles is used to calculate the contact force. Further-
more, the effect of particle shape on the packing fraction is in-
vestigated. The results show that the concave particles have a
lower packing density than the convex particles. It is mainly be-
cause the interlocking between the elements causes locally
arched structures and larger voids. In addition, geometric asym-
metry makes it easier for elements to slide and reduce voids in
the granular system. As a result, geometrically asymmetric ele-
ments constructed by poly-superquadric models have a higher
packing density than geometrically symmetric elements con-
structed by superquadric models.
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