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The presentation is devoted to formulation of new strong dual problems for linear
copositive optimization and analysis of their properties. Based on the recently introduced
concept of the set of immobile indices, here we deduce an extended dual problems that satisfy
the strong duality relations and do not require any additional regularity assumptions such as
constraint qualifications.
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I ntroduction

Duality theory isarich and powerful area of Convex Optimization whichis
central to understanding sensitivity analysis and infeasibility issues as well asto
development of numerical methods.

One says that a pair of dual problems (P) and (D) satisfies strong duality
relation/property if under the assunption that prime problem (P) is feasible and

val (P) >, dual problem (D) has an optimal solution and the duality gap is
zero: Val(P)-val(D)=0. Here and in what follows, for an optimization

problem (P), val(P) denotesthe optimal value of its cost function.

Strong duality property is important both from theoretical and practical
point of view since the mgority of numerical methods (e.g. the Interior Point
Method) are based on the assumption that the strong duality relation is satisfied.
Violation of this property leads to great numerical difficulties.Hence, it is
important to get strong dual formulations that do not need any regularity
conditions.

215


mailto:kostyukova@im.bas-net.by�

1. Conic optimization problems

A linear conic optimization problems has a (general) form
CP. minc' x st AX)eK,

X

where the decison variable is the N- vector x=(x,..%)"

n , . : _ D.
A(x):= X Ajx; + AWith given matrices A; e SP, j=0,1,...,n; SVis the space
j=1

of pxp symmetric matrices, K c SP isacone. For the conic problem (CP),
the classical Lagrangian dua problem has the form

LD: max—U e Ay, st. Ue Ay =¢;, j=1,2...,n, UekK’,
u

where K" :={AcSP: AeD>0 VD eK} isthedua coneof cone K ,
Ae D =trac(AD).

The most important classes of Conic Optimization are Semidefinite
Programming and Copositive Programming problems.
If in the conic problem (CP), we set K:=SP, we get a problem of
Semidefinite Programming (SDP)
SDP. minc' X st A(x) e SP.
X
Here P>1, SP is the cone of symmetric positive semidefinite px p
matrices.
SDP is anatural generalization of Linear Programming. SDP models have

many theoretical and practical applications (see[1, 2]). SDP problems are rather
well studied and there are several solvers.

Let COPP = SP bethe cone of copositive matrices defined as
COPP:={DeSP:t'Dt>0VtcRP}.

If in the conic problem (CP) set K :=COPP®, then we get alinear Copositive
Programming (CoP) problem

COP: minc'x st. A(X) e COPP.
CoP is a relatively new field of conic optimization which is actively
developed in recent years. CoP problems have important applications (see [3]),
including AP -hard problems.

216



CoP problems can be considered as a generalization of SDP ones.
Unfortunately, CoP problems are less studied than SDP problems. There are
many open theoretical problems (see [4]). There exists no methods, nor efficient
software for solving CoP problems as well. The reason for thisis that the cone

COPP anditsdual, the cone of completely positive matrices:
CPP:=conv{tt' :teRP}, (1)

are more complicated than the cone SP. In fact, thecone SP isself-dual
((SP)" = SP) and homogeneous (hence symmetric), facially exposed, and nice;

but the copositive cone COP P does not possess all mentioned here properties
of SP.
One of important open problems for CoP isto formulate dual problems that

satisfy strong duality property. The aim of this presentation is to consider and
analyze such formulations.

2. Strong dual formulations for SDP and cop problems
In paper [5] for the semidefinite programming problem (SDP), it was

obtained the Extended Dual Problem
max — (U +Wmo) oAy,

st. Uy,+W,q)e A =0,j]=01,..,nm=1,....,m, (2

ED-R: U+W)e A =c, j=12..m W=0y, (3)

U, W
UesSP, (W”T" ImJesfp,m:L...,nb,

m

where My >0 isafiniteinteger, O, isthe px p null matrix

This duadl is stated completely in terms of the data of the original program
(SDP), and the pair of dual problems (SDP) and (ED-R) satisfies strong duality
relation without any additional assumptions.

The aim of our study is to formulate for CoP dual problems which have a
form that is similar to the problem (ED-R) and satisfy the strong duality
property.

For linear CoP problem (COP), the corresponding L agrangian dual problem
has the form
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LDP. max—U e Ay, st. Ue A =c;, j=1,2,...,n,U eCPP,
u

where CPP isthedual coneto the cone COPP defined in ().

It is known that under the Slater condition the duality gap for dual pair
(COP) and (LDP) iszero. But without the Slater condition, the duality gap can be
positive.

Based on an approach proposed in [6, 7], we formulated in [8] a new
extended dual problem for (COP) in the form

EDP: max— (U +Wmo) e Ay, st. (2),(3)and

m Wm

W,." D,

UECPD,( ]ECPZp,m:l,...,IT)O, (4)
with the dud variables U, e SP, W, e RP*P D e SP.m=1,...my;U e CPP.
Theorem 1 in [8] justifies that pair of problems (COP) and (EDP) satisfies
strong dudlity relation: if Val(COP)> -, then thereexistsafinite my >0 such
that the dual problem (EDP) has an optimal solution and val (COP)=val (EDP).

If we compare the strong duals (ED-R) for problem SDP and (EDP) for CoP
problem, we can seethat they have asimilar structure. The only natural expected

difference is that for SDP formulations we use the cone SP (which is
self-dual), and for the CoP formulations use the cone COPP (for the primal

problem ) and the cone CPP (whichisdua to COPP) for itsdual.
In paper [9], we obtined an estimate for integer N,

0<my < p*=min{2n, p(p+1)/2}.
For the problem (COP), let usformulate other dual problems and compare

their properties. We start with adual problem that was proposed and justified in
our recently submitted paper.

Given afiniteinteger My =0, let us consider the following problem:
DP: max— (U +W’Tb). Ay, st (2), (3 and

U, eCPP W, e(FU,)) vm=1,..,m, (5)

where F(U):={DeCOPP:DeU =0} is the exposed face of COPP

generated by U e CPP.
Theorem 1. Let the problem ( COP) be consistent and val (COP) > —w .
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Then there exists My, 0< M, < p* such that for the pair of problems (COP)

and (DP), the strong duality relations hold true.

Moreover, one can show that in general the set of feasible solutions of the
dual problem (DP) is bigger than the set of feasible solutions of the problem
(EDP).

Some other strong dual for Conic Optimization problemswas considered in
[10]. Theorem 2 from [10], applied to the problem (COP), is as follows.

Theorem 2. For all large enough integer M, problem
max(—Y,Tb+1o Ag), st Y,eA =0,j=01,.,n,m=1,.,my;

FDP. Vi o1

(%Yo Yoy 1) € FRy 4 (COPP) (6)

is a strong dual for problem (COP). Here for integer k>1, FR(K) denotesa
facial reduction cone of order k of acone K :

FR(K) :={ (Y. Ys,... V) e K Y e (KA Nen Y ) ,m=2,..,k}.
Thus, the variables of the problem (FDP) (the dual variables) belong to the

facial reduction cone of order m,+1 of the cone COPP. It was shown in [10]

that for any k>1, the cone FR (COPP) isconvex and, for any k >1, itis not

closed.
Thefollowing lemmashows that the set of feasible solutions of the problem
(FDP) iswider than the set of feasible solutions of the problem (DP).

Lemmal. Let (Wy,U\W,,m=1,...m,,U) beafeasible solution of the

problem (DP). Then (v, =U,Y,,=U,,+W,,,m=2,..., My, Y2 =U + Wi )

e A =cj, j=12,...,m

is a feasible solution of the problem (FDP).

Thus we have considered several dual problems for the copositive problem
(COP) that satisfy strong duality relation without any additional assumptions.
Having compared these dual problems, we can state the following.

1) The problems (EDP), (DP), and (FDP) differ from each other in
constraints (4), (5), and (6).

2) The problem (EDP) can be considered as a completely positive problem.
The problems (DP) and (FDP) are conic problems whose variables belong to the

cones FR,(COPP) and FR,rbﬂ(C(’)Pp), respectively.

3) The dua problems (EDP) and (DP), contain M, separate explicite
conditions (4) and (5), respectively, for each m=1,...,m,. In the problem (FDP),
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instead of these M, constraints, there is a unique, but more complex constraint

(6) in a recursive form (this constraint can be considered as a kind of
“aggregation” of the mentioned above "simple’ constraints in the problem
(EDP)).

4) The facia reduction cone FRnb+1(C(”)73p) used in the problem (FDP) is

not explicitly described. The dimension of this cone is large, which greatly
complicates the solution of this problem.

5) Each feasible solution of the problem (EDP) generates afeasible solution
of the problem (DP), and each feasible solution of the latter problem generates a
feasible solution of the problem (FDP).

Conclusions

The main contribution of the presentation consistsin considering some new
dual problems for the copositive problem and comparing their properties. The
results provide templates for creating other strong dua formulations for
linear/convex copositive problems. These formulations can be used for avariety
of purposes, both theoretical and practical.
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