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This talk is dedicated to the study the structure compact global
attractor (Levinson center) of monotone dynamical systems.
Let W C R". Consider the differential equation

u = f(t,u) (f € C(Rx W,RY). (1)

Along with the equation (1) we consider its H-class, i.e., the family of
the equations

v =g(t,v) (g€ H(f)={fr:7€R}), (2)

where f.(t,u) = f(t + 7,u) and by bar is indicated the closure in the
compact-open topology.

Below we will use the following conditions.

Condition (A1). The function f € C(R x W,R?) is said to be
regular if for every equation (2) the conditions of existence, uniqueness
and extendability on R are fulfilled.

We will suppose that the function f is regular. Denote by ¢(-, v, g)
the solution of (2) passing through the point v € W for t = 0. Then the
mapping ¢ : Ry x W x H(f) — W satisfies the following conditions:

1) ¢(0,v,9) =wv forall v €e W and g € H(f);

2) o(t,p(1,v,9),9:) = @(t + 7,v,g) for each v € W, g € H(f) and
t, 7€ Ry;

3) ¢ : Ry x W x H(f) — W is continuous.

Denote by Y := H(f) and (Y,R,0) a dynamical system of trans-
lations on Y, induced by the dynamical system of translations (C(R x
W,R%), R, o). The triple (W, (Y,R, o)) is a cocycle over (Y, R, o) with
the fiber R?. Hence, the equation (1) generates a cocycle (W, o, (Y, R, o))
and the non-autonomous dynamical system ((X,Ry, 7), (Y,R,0),h),
where X :=W x Y, m:=(p,0) and h:=pry: X =Y.

Condition (A2). The function f € C(R x W,R%) is Bohr/Levitan
almost periodic in ¢ € R uniformly in u on every compact subset K C W.
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Condition (A3). Equation (1) is monotone, i.e., the cocycle (W, p,
(H(f), R, o)) (or shortly ¢) generated by (1) is monotone (this means
that, if u,o € W and v < v then ¢(t,u,g) < ¢(t,v,g) for all t > 0
and g € H(f)) and R’} is positively invariant with respect to cocycle ¢
(p(t,u,g) € R} for any (t,u,g) € Ry x R x H(f)).

Condition (A4). Equation (1) with regular right hand side f ad-
mits a compact global attractor (Levinson center), i.e., for any g € H(f)
there exists a nonempty compact subset I, of R" such that the family
{1,] g € H(f)} possesses the following properties:

1. there exists a nonempty compact subset K of R" such that I, C K
for any ¢ € H(f) and, consequently, I = (J{I,| ¢ € H(f)} is
pre-compact;

2. {I,| g € H(f)} is invariant, i.e., p(t,1;,g) = I,4q for any g €
H(f) and t > 0;

3. {I;| g € H(f)} uniformly attracts every bounded subset of R",
i.e., for any bounded subset M of R" we have

lim —sup fB(p(t, M, g),1) =0, (3)

t—-+00 gEH(f)

where S(A, B) := supp(a, B), p(a, B) := gnjgp(a,b) and p is the
a€A €
distance defined by norm |- | on the space R".

Condition (A5). For every g € H(f) and vy € R’ the solu-
tion (¢, vy, g) of equation (2) is positively uniformly stable, i.e., for
any positive number e there exists a positive number § = (g, vy, g)
(v € R7Y) such that p(e(ty, v, g),e(to,v0,9)) < 6 (tp > 0) implies

ple(t,v, ), ¢(t,vo,g)) < e for any t > t,.
The main result of this talk we formulate in the following Theorems.

Theorem 1. Under the conditions (A1)-(A5) there exists at least
two points u € Iy such that the solution ¢(t,u, f) of equation (1) belong-
ing to compact global attractor {I,| g € H(f)} and it is Bohr/Levitan
almost periodic.

Condition (A6). Equation (1) has a strongly monotone first inte-
gral, i.e., there exists a function V' € C'(R",R) such that VV(z) > 0
(or equivalently, V;(as) > (0 forany i=1,...,n and z € R").
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Theorem 2. Under the conditions (A1) — (A4) and (A6) the fol-
lowing statements hold:

1. for any u € Iy the solution ¢(t,u, f) of equation (1) belonging to

compact global attractor {I,| g € H(f)} and it is Bohr/Levitan
almost periodic;

2. for any u € R" \ Iy there exists a point uy € Iy such that

(a) the solution o(t,uys, f) of equation (1) belonging to compact
global attractor {1,| g € H(f)} and it is Bohr/Levitan almost
periodic,

(b) the solution ¢(t,u, f) of equation (1) is asymptotic to solution
QO(t, ur, f)7 2'.6.,

i plo(t, u, f), ¢t uy, f)) = 0. (4)
Denote by 2 (respectively, 98) the family of all equations (1) satisfy-

ing conditions (A1) — (A5) (respectively, (A1) — (A4) and (A6)).
Remark. Note that

1. B C

2. the inclusion 24 C B is not true even for scalar (n = 1) differential
equations (see [1, Ch.XII]).
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In the development of the first direct method of L.S. Pontryagin [1],
the method of resolving functions was developed [2]. These methods

provide a guaranteed result without worrying about optimality that is
quite justified from a practical point of view.
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