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Abstract—A model is developed for the directional solidification of a binary melt with a two-phase zone 
(mushy zone), where the fraction of the liquid phase is described by a space–time scaling relation. Self-sim-
ilar variables are introduced and the interphase boundary growth is inversely proportional to the square root of 
time. The mathematical model of the process is reformulated using self-similar variables. Exact self-similar 
solutions of heat-and-mass transfer equations are determined in the presence of two mobile phase-transition 
boundaries, namely, solid–mushy zone and mushy zone–liquid ones. The temperature and impurity con-
centration distributions in the solid phase, the mushy zone, and the melt are found as integral expressions. A 
decrease in the dimensionless cooled-boundary temperature leads to an increase in the solidification rate and 
the fraction of the liquid phase. The solidification rate, the parabolic growth constants, and the fraction of the 
liquid phase at the solid–mushy zone boundary are determined depending on the scaling parameter and the 
thermophysical constants of the solidifying melt. The positions of the solid–mushy zone and mushy zone–
binary melt phase transition boundaries are found. The dependences of the solidification rate (inversely 
proportional to the square root of time) are analyzed. The scaling parameter significantly is shown to 
substantially affect the solidification rate and the fraction of the liquid phase in the phase transformation 
region. The developed model and the method of its solution can be generalized to the case of directional 
solidification of multicomponent melts in the presence of several phase transformation regions (e.g., main and 
cotectic two-phase zones during the solidification of three-component melts). 
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INTRODUCTION  
A large number of solidification processes are 

described using the classical Stefan thermodiffusion 
model with a flat interface between a purely solid 
material and a liquid melt [1–5]. The mathematical 
model of the process includes heat conduction and 
diffusion equations for a dissolved impurity written in 
solid and liquid phases; initial conditions; and bound-
ary conditions of heat–mass balance, temperature 
continuity, and the concentration jump at the solidifi-
cation front. However, when a solid phase grows, a 
dissolved impurity is displaced into the surrounding 
melt. The impurity displacement intensity depends on 
the chemical composition of the dissolved impurities 
(from the melt undergoing phase transformation) and 
on the solidification rate in the case of high-speed 
solidification [6–9]. In time, the impurity concentra-tion 
gradient (multiplied by the slope of the liquidus line) at 
the solidification front can exceed the tem- 

 
 
perature gradient, which leads to the appearance of 

concentration supercooling [3, 10–13]. The appear-ance 

of a supercooled melt layer in front of the solidifi-cation 

front creates favorable conditions for the devel-opment of 

morphological instability, the growth of solid phase 

protrusions deep into the melt, and the nucle-ation and 

growth of solid phase elements [15–23]. In other words, 

a two-phase region, i.e., a mushy zone, forms before the 

solidification front [24–29]. The pro-cesses of solid phase 

growth in this zone determine the dynamic 

characteristics of the solidification process and the 

properties of the solidifying material. A large number of 

various realizations of the solid growth pro-cess in a 

supercooled two-phase region are known, and they are 

described by various mathematical mod-els (see, e.g., 

[30–39]). In this work, we consider the theory of 

directional solidification where the liquid phase density in 

the mushy zone is described using the space–time 

scaling dependence [40]. 

 
 



  
 

HEAT-AND-MASS TRANSFER EQUATIONS 
 

Consider the directional solidification of a binary 
melt along the spatial x axis (Fig. 1). The process area 
is divided into the following three regions: a solid 
phase, mushy zone, and a melt. Let Σ(τ) and L(τ) be 
the coordinates of the boundaries of the solid phase– 
mushy zone and mushy zone–melt regions, respec-
tively. These boundaries move along the x axis due to 
given temperature conditions, which provide solidifi-
cation. The diffusion of an impurity in the mushy zone 
(Σ(τ) < x < L(τ)) is described by the equation 
 

 

∂ 
x Δx  

S  cm ξ, τ ρ ξ, τ dξ (1) ∂τ 
  x  

=  −S l x + Δx, τ j x + Δx, τ − S l x, τ j x, τ,  
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Fig. 1. Schematic diagram for the directional 
solidification with a mushy zone. 

where S and Sl are the total cross section of the sample 

and the cross section occupied by the liquid phase, 

respectively; cm is the impurity concentration deter-

mined in the liquid phase; ρ is the volume fraction of the 
liquid phase in the mushy zone; and τ is the time.  
Diffusion flux  j  is determined by classical Fick’s law  
j = − Dl ∇cm , where Dl is the diffusion coefficient 
of the impurity. The relation between S and Sl is 
described using the simplest law Sl = Sρ. 
Substituting this relation into Eq. (1), using the 
mean-value theo-rem to transform the integral term, 
multiplying the equation by Δx

–1
, and going to the 

limit Δx → 0, we obtain 
 

  cm ρ = Dl 
 

ρ 
∂cm

Σ τ <  x < L τ . (2)   

 

 


 

 

 , 

∂τ 
  

 ∂ x  ∂x    
The diffusion equation in the melt is written in 

the traditional form 
 

∂ c 
= Dl 

∂
2
c 

x > L τ , (3) l 

 

l , 

∂τ 

 

  ∂x
2 

  

where cl is the impurity concentration in the liquid 
phase. The impurity diffusion in the solid phase is 
neglected. 
 

The heat conduction equation in mushy zone 
is derived similarly to Eq. (2) and has the form 
 

  l   
ρ 

s
− ρ 

∂θ m 

= 

 
λ 

ρ 

∂θm

, 
l s        

C ρρ+C 1   ∂τ ∂ x    ∂x

    Σ τ <  x < L τ ,         
 
where θm is the temperature in the mushy zone; λ(ρ) 

= λs(1 – ρ) + λlρ; Cl and Cs are the heat capacities in 

the liquid and solid phases, respectively; ρl and ρs are 
the liquid and solid phase densities, respectively; and 

λl and λs are the liquid and solid phase thermal 
conduc-tivities, respectively. 

 

Heat conduction equations in the solidified 
mate-rial (0 < x < Σ(τ)) and the melt (x > L(τ)) are 
written in the form  

 ∂θ s = as 
∂ 2θs ,  0 <  x < Σ τ , (5)     

 ∂τ  ∂x
2 

    

 ∂θ 
= al 

∂ 2θ 

x > L τ , (6) 
   l    l 

,   ∂τ  ∂x 2         

where θs and θl are the solid and molten phase 

tem-peratures, respectively, and as and al are the 
thermal diffusivities of these phases, respectively.  

As a boundary condition on the solid surface x 
= 0, we use a fixed temperature, i.e., 
 

θ s  = θ0,  x = 0. (7)  
At the surface between the solid phase and 

the mushy zone, we have the following boundary 
condi-tions of temperature continuity and heat 
and mass bal-ance:  

θ s = θ m  = θ* − mcm, 

 1 − k cm 
 dΣ = −Dl 

 ∂cm ,  x = Σ τ , (8) 
        

     d τ  ∂x      

λ s  
∂θ s − λρ∂θm = ρLV 

dΣ  ,  x = Σ τ , (9)   

d τ   ∂ x   ∂ x     

 
At the mushy zone–melt boundary, the following 

continuity conditions of temperature, impurity con-
centration, and impurity fluxes, are met:  

θ m  = θl ,  cm  = cl , 
∂θ m = 

∂θl , 
 

   

 

∂ cm 

  

∂cl 

 ∂ x ∂x (10) 
 

= 
 

,  x = L τ .   
 

   

 ∂ x  ∂x      
 

 

where k is the impurity distribution coefficient, LV is the 
latent heat of solidification, θ* is the phase transi-tion 
temperature of the pure (without impurity) melt, 

(4)    and m is the slope of the liquidus line. 



  
 

The temperature (θl∞) and the impurity concentra-

tion (cl∞) far from the L(τ) boundary in the liquid 
phase are taken to be set, i.e., 
 

θl  → θl ∞ ,  cl  → cl ∞,  x → ∞. (11) 
 

We represent the volume fraction of the liquid 
phase in the mushy zone using the following space– 
time scaling dependence [40, 41]: 

 

Here, we introduced the following designations: εs  = 

Dl/as, εl = Dl/al, 

ρ y 
=a y  + 1 − aD −1 

,  g 
y = ρ y 

+Λ1−ρ 
y ,  

               

      α                   

       
y
     −1         

J y = exp − 
D

l 


ρ y + Λal as  1 − ρ y ydy  .  

        

         2
a

l      g y     
        0                

ρ x = 
  x 

+ 1 − a 
D−1  Arbitrary constants Ci  (i = 1…9) and parameter β 

a    


, (12)   are specified by the following boundary conditions: 

   

 
L 

    

       

where D is the scaling parameter and a is the parame-       ps  =  pm  =  p* − qm,  
ter approximating the function ρ(x). Note that the 1  − k βq 

m 
   dqm 

    (19) 
ρ(x) function can be determined using the nonequilib- 

           

 = −  , η=β, 
 

      

2 
     

dη 
 

                   

rium  mushy  zone  model  [42–44].  However,  this                    
                        

approach requires solving a very complex integro-dif- 
Λ dps − ρ+Λ 1−ρ 

 
dpm = Gρβ, 

 

ferential model with moving boundaries. 
   

 
 

        

     

d η 
          

dη 
 

  (20) 
                                               

G  = 
 L

V Dl , η=β, 
 

SELF-SIMILAR SOLUTIONS 

        
          

           2λl mcl∞       
We search for the solution of model (2)–(12) using         

pm  pl ,  qm ql , 
 

the following self-similar variables and dimensionless         

(21) 
 

dpm 

   

dpl 

    

dqm 

   

dql 

  

parameters:                                            = ,   = , η=α, 

    
x 
            

L 
             

Σ 
     d η    d η    d η    dη   

η = 
       

,  α =   
   

,  β = 
   

, 
    

pl →  pl ∞,  ql  → 1, 
 

η→∞. (22)    D τ  D τ   D τ      

                              
l l l 

ps  =   
θ

 
s   , pl =    

θ
l ,    pm  = 

θ
m  ,  Thus, the impurity concentration and temperature mc

l ∞ 
mc

l ∞ 

      

                    
mc

l∞ 

(13) 
distribution in the two-phase system are determined 

q  =  
c

l , q =  
c

m  ,     p =   
θ

0   ,   by solutions (14)–(18), and nine arbitrary constants 
         

l 
           

m 
              

0  
          

and  parameter  β  (which  characterizes  the  solid–   c
l ∞ 

      c
l ∞ 

     mc
l∞ 

   

                       mushy zone boundary velocity) are specified by ten 

Λ = 
  λ s  ,    p* =  θ*   ,     pl∞   =  

θ
l∞ .  boundary conditions (19)–(22).  

  λ 
l 

     mc        mc                           
 l ∞ l∞ 

Integrating  Eqs.  (2)–(6)  in  variables  (13)  and          CONCLUSIONS  

rewriting conditions (7)–(11) using them, we obtain The  obtained  analytical  solution  is  shown  in 
                                           

            η 
exp− y

2     
4

           Figs. 2–4 for Al–Cu and Fe–Ni alloys. Figures 2a–4a 
                           show that the interface velocity (solidification rate 

qm η = C1 + C 2

                  

dy, 

 

β<η<α, (14) 

                        

   
ρ y

         d Σ  d τ = β  (2 Dl τ)) increases with scaling parameter D. 
            β                        

                                          Figures 2b–4b illustrate that the volume fraction of 
              η 

J y dy 

            

the liquid phase at the phase transition boundary x = Σ 
pm η = C 5 + C6 , β<η<α, (15) decreases with increasing scaling coefficient. This means 

    

              β    g y              that, as D increases, the free space between growing solid 
             

η 
                            structures decreases. A decrease in dimensionless tem- 

                         

2 
              

perature p0 of the cooled boundary leads to an increase in 
ql η = C3 + C 4 exp− y 

  

4 dy, η > α, (16)     the solidification rate (Figs. 2a, 3a) and the fraction of 
             α                             the liquid phase ρ (Figs. 2b, 3b). Figure 4 shows the 
            η   

 εs y
2


          effect of changing parameter a (which determines the 
                          solidified substance density in the phase transforma- 

ps η =  p0  + C 7 exp − 
         

 dy, 
  

0<η<β, (17) 
tion region) on the solidification rate and the bound- 4 

     

            0                  
                   


   

εl y
2


        ary  fraction  of  the  liquid.  When  this  parameter 

             η                 increases, the velocity dΣ/dτ increases and the fraction 

pl η = C 8 + C 9 exp −          
 dy,  η > α. (18) of the liquid phase ρ decreases at a fixed value of scal- 

    

4 
 

             α                       ing parameter D.                 
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Fig. 2. Parabolic growth constant β and the fraction of liquid phase ρ at the solid–mushy zone boundary (at x = Σ or η = β) vs. –4 
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Fig. 3. Parabolic growth constant β and the fraction of liquid phase ρ at the solid–mushy zone boundary (at x = Σ or η = β) vs. scaling 

parameter D for an Fe–0.38 wt % Ni alloy: k = 0.68, Λ = 1.76, a = 1, G = 0.2, p* = 1529.5, εl = εs = 10
–4

, α = 7071, and pl∞ = 1700. 
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Fig. 4. Parabolic growth constant β and the fraction of liquid phase ρ at the solid–mushy zone boundary (at x = Σ or η = β) vs. scaling 

parameter D for an Al–0.4 wt % Cu alloy: k = 0.17, Λ = 2.32, p0 = 500, G = 0.1, p* = 660, εl = εs = 10
–4

, α = 7071, and pl∞ = 800. 

 

 



  
 

The scaling theory of the mushy zone, which is 
developed in this work and describes the solidification 
of two-component melts, can be generalized to the 
solidification of three-component systems with main 
and cotectic two-phase regions using experimental 
data and the theory from [45–50]. 
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