
Minsk
2021

Nonlinear Dynamics 
and Applications

N
o

n
li
n

e
a
r 

D
y
n

a
m

ic
s
 a

n
d

 A
p

p
li
c
a
ti

o
n

s Editors

V.A. Shaparau

A.G. Trifonov

Volume 27
2021

27 Minsk  “Pravo i Ekonomika”  2021

Proceedings of the Twenty-eight Anniversary Seminar NPCS'2021
in memory of Prof. V.I. Kuvshinov
May 18-21, 2021, Minsk, Belarus
Fractals,  Chaos,  Phase Transitions, Self-organization



Nonlinear Dynamics  
and Applications 

 

 

Minsk 

2021 

 

Proceedings of the Twenty-eight Anniversary Seminar NPCS’2021 

in memory of Prof. V.I. Kuvshinov 

May 18-21, 2021, Minsk, Belarus 

Fractals,  Chaos,  Phase Transitions, Self-organization 

 

 

 

Editors 

V.A. Shaparau 

A.G. Trifonov 

 
 

 

 

 

Volume 27 
2021 
 
 

 

 
 
 
 
 
 
 
 
Minsk    “Pravo i Ekonomika”    2021 



УДК 53(061.3)  

ББК 22.3(Англ.) 

H72 

 

Nonlinear Dynamics and Applications : Proceedings of the Twenty eight Anniversary 

Seminar NPCS’2021, Minsk, May 18-21, 2021 = Нелинейная динамика и приложения : 

труды XXVIII Международного семинара, Минск, 18-21 мая 2021 г. / редкол.:  

В. А. Шапоров [и др.]; под ред. В. А. Шапорова, А. Г. Трифонова; Объединенный 

институт энергетических и ядерных исследований – «Сосны» НАН Беларуси. – 

Минск : Право и экономика, 2021. – 544 c. – ISBN 978-985-552-976-8. 

 
УДК 53(061.3)  

ББК 22.3(Англ.) 

 

 

 

 

Редакционная коллегия: 

В. А. Шапоров, А. Г. Трифонов, Л. Ф. Бабичев 

 

 

 

 
ISBN 978-985-552-976-8  © Государственное научное учреждение «Объединенный институт 

энергетических и ядерных исследований – «Сосны» НАН 

Беларуси», 2021 

© Оформление. ИООО «Право и экономика», 2021 

 
 

Научное издание 

 

Nonlinear Dynamics and Applications : Proceedings of the Twenty eight Anniversary 

Seminar NPCS’2021, Minsk, May 18-21, 2021 = Нелинейная динамика и приложения : 

труды XXVIII Международного семинара, Минск, 18-21 мая 2021 г. 

 

Технический редактор В.Г. Гавриленко 
 

Подписано в печать 27.08.2021  Формат 60х841/8  Бумага офсетная   

Печать цифровая Усл.печ.л. 68,03 Уч.изд.л. 68,4  Тираж 75 экз. Заказ 3974 

ИООО «Право и экономика»  220072 Минск Сурганова 1, корп. 2 Тел. 8 029 684 18 66 

Отпечатано на издательской системе  Gestetner в ИООО «Право и экономика» 

Свидетельство о государственной регистрации издателя,  

изготовителя, распространителя печатных изданий, выданное  

Министерством информации Республики Беларусь 17 февраля 2014 г.  

в качестве издателя печатных изданий за № 1/185 

 

 
 
 

 

ISBN 978-985-552-976-8 



   

Contents 
 Preface 6 

1.  Electrostatic Cumulation for High Energy Density Physics  
Sergei Anishchenko, Vladimir Baryshevsky, and Alexandra Gurinovich 7 

2.  Synchronization of Short-Pulse Radiation Sources  
Sergei Anishchenko and Vladimir Baryshevsky 14 

3.  Influence of Rashba and Dresselhaus Spin-Orbit Interactions of Equal 
Strengths on Electron States in Circular Quantum Dot 

 

V.V. Kudryashov and A.V. Baran 24 
4.  Effects of Neutrino Multipole Moments on Neutrino Oscillations  

O.M. Boyarkin, G.G. Boyarkina, V.V. Makhnach 31 
5.  Критерий Оценки Достоверности Измерений Отношения Формфакторов 

Сакса с Использованием Техники Розенблюта 
 

М.В. Галынский 43 
6.  High-Performance Genotyping Based on Effects of Shielding and Low-

Temperature Enhancement of Light Scattering by DNA/Carbon Nanotube 
Complexes 

 

Halina Grushevskaya, Valentina Egorova, Nina Krylova, Igor Lipnevich, Egor 
Vaskovtsev 

 
58 

7.  Gamma-Ray Scattering in a MWCNT Bilayer  
H.V. Grushevskaya, A.I. Timoshchenko and I.V. Lipnevich 66 

8.  π0 → γγ Decay in Point Form of Poincaré-invariant Quantum Mechanics  
Vadzim Haurysh, V.V. Andreev 74 

9.  Определение связи рН водной среды в условиях аварии АЭС с ВВЭР при 
потере теплоносителя с составом термодинамическими методами 

 

А.Н. Иванова, А.А. Слободов, А.В. Гаврилов, В.Г. Крицкий 80 
10.  Spin 3/2 Massless Field: Solutions with Cylindric Symmetry, Eliminating the 

Gauge Degrees of Freedom 
 

A.V. Ivashkevich 87 
11.  Spin Effects in the Sommerfeld-Gamow-Sakharov Factor  

Leonid Kaptari, Olga Solovtsova, Yuri Chernichenko 101 
12.  Применение Вейвлет-Анализа для Изучения Структур и Свойств 

Конструкционных Материалов 
 

М.Л. Хейфец, В.Т. Сенють, А.Г. Колмаков, А.А. Зверев, Б.М. Базров, 
С.А. Клименко, М.Ю. Копейкина 

 
114 

13.  Применение Мультифрактального Анализа для Изучения Структур и 
Свойств Конструкционных Материалов 

 

М.Л. Хейфец, В.Т. Сенють, А.Г. Колмаков, А.А. Зверев, Б.М. Базров, 
С.А. Клименко, М.Ю. Копейкина 

 
125 

 
 



   

14.  Spin 3/2 Particle: Fradkin Theory, Non-Relativistic Approximation  
A.V. Ivashkevich, O.A. Vasiluyk, E.M. Ovsiyuk, V.V. Kisel, V.M. Red'kov 138 

15.  Searching for new phenomena in proton interactions with critical multiplicity  
Elena Kokoulina, Nurlan Barlykov, Vladimir Dudin, Alexander Gribovsky, 
Vladimir Dunin, Vladimir Nikitin, Vsevolod Popov, Andrey Kutov, 
Vasiliy Ryadovikov, Roman Shulyakovsky 

 
176 

16.  On the Reconstrution of a Star Motion in the Vicinity of Black Hole from the 
Redshift of the Electromagnetic Spectrum 

 

Stanislav Komarov, Alexander Gorbatsievich 188 
17.  Hydrogen Atom in Spherical Space, Dirac Theory, Exact Solutions and Energy 

Spectrum 
 

Elena Ovsiyuk and Artem Koralkov 199 
18.  Analysis of Potential Hazard of the Spent Nuclear Fuel at the Intermediate and 

Long-term Stages of the Nuclear Fuel Cycle of the Belarusian NPP 
 

J. Korchova, N. Harbachova, N. Kulich, N. Kuzmina, S. Yatsko 217 
19.  Determination of the Species of Ruthenium Radionuclides in Aqueous Solutions 

in the Presence of Boric Acid 
 

O. Korenkova, A. Radkevich, N. Voronic 230 
20.  On Resonant Scattering States in Graphene Circular Quantum Dots  

Halina Grushevskaya and George Krylov 241 
21.  Bogomolny - Prassad - Sommerfeld Monopole in Spaces of Constant 

Curvature: Kosambi - Cartan - Chern Geometrical Approach 
 

Nina Krylova, Vladimir Balan, Victor Red'kov 247 
22.  Finsler-Lagrange Modeling of Langmuir Monolayer Domain Structure at 

First-Order Phase Transition 
 

Nina Krylova, Halina Grushevskaya and George Krylov 256 
23.  Instantaneous and Time-Integrated Spectra of Photon-thin Gamma-ray Bursts 

with Non-trivial Distribution of Internal Energy in Diffusion Approximation 
 

Ivan Siutsou and Aksana Kurhuzava 263 
24.  On the Pseudocrossings in the Problem of Two Coulomb Centers  

Yu.A. Kurochkin and V.S. Otchik 271 
25.  Lobachevsky Geometry Method in Relativistic Kinematics of Particle 

Collisions: a Special Frame of Reference 
 

Yu.A. Kurochkin and N.D. Shaikovskaya 280 
26.  Basic Directions and Perspectives of Development of Antimicrobic 

Photodynamic Therapy in Dentistry 
 

A.V. Kuvshinov 287 
27.  Estimation of the Hadronic Contribution to Lepton Anomalous Magnetic 

Moments Based on the Analytic Approach in QCD 
 

V.I. Lashkevich, O.P. Solovtsova and O.V. Teryaev 291 
28.  The Production of Quarks and Gluons at LHC Energies by Instanton 

Mechanism 
A. Manko and R.G. Shulyakovsky 

 
 

301 



   

29.  The Radiation of a Charge Moving between Two Planar Periodic Wire 
Structures Obliquely to the Axes of Wires 
I.V. Maroz and E.A. Gurnevich 

 
 

307 
30.  Probability Safety Assessment of Spent Fuel Pool Cooling System Taking Into 

Account Internal Events and Internal Hazards 
E. Mikhalycheva 

 
 

315 
31.  Single Frequency Generation Regime of an Intense Electron Beam on 

Electromagnetic Modes of an Artifcial Crystal with Extended Flat Tops 
P.V. Molchanov 

 
 

323 
32.  Submersible in Situ NaI(Tl) Gamma Spectrometers: Methods of Passive and 

Active Temperature Stabilization of Spectra, Temperature Dependences of 
Characteristics 
A. Naumenko, S. Andrukhovich, V. Kabanov, Yu. Kurochkin, E. Saprunov, 
Dz. Shoukavy 

 
 
 
 

331 
33.  On the Tensor Analyzing Power Component T20 in the Reaction γd → π0d´ 

E.S. Kokoulina, M.I. Levchuk, M.N. Nevmerzhitsky, R.G. Shulyakovsky 
 

338 
34.  Analysis of Turbulent Dispersion of Radioactive Aerosol Taking into Account 

the Infrastructure of the NPP-2006 Industrial Site 
V.I. Orlovskaya, A.G. Trifonov 

 
 

343 
35.  Spin 1/2 Particle with the Anomalous Magnetic and Electric Dipole Moments, 

Theories with One and Three Mass Parameters 
Elena Ovsiyuk, Artur Safronov, Artem Koralkov and Vasily Kisel 

 
 

354 
36.  Massless Spin 3/2 Field, Spherical Solutions, Exclusion of the Gauge Degrees of 

Freedom 
A.V. Ivashkevich, E.M. Ovsiyuk, V.V. Kisel, V.M. Red'kov 

 
 

384 
37.  Estimation of the fluence on the vessel and near-vessel space of a VVER core 

using the Serpent 
I. Rudziankou L. Babicheu 

 
 

400 
38.  Monte-Carlo simulation of hot and dense matter in heavy ion collisions using 

partonic model 
Y.A. Rusak, L.F. Babichev 

 
 

405 
39.  Coherent Excitation of Quantum Systems with Non-uniform Fourier Space 

V. Savva, S. Banjak 
 

412 
40.  To the Problem of the Contribution of Spin-Polarized Hadrons to Baryshevsky–

Luboshits Effect at Low Energies of Photons 
Alexey Sery  

 
 

418 
41.  Equations of Motion of an Arbitrary Rigid Body in an External Gravitational 

Field in the Framework of 5-Dimensional Projective Unifed Field Theory 
Alexey Shaplov 

 
 

424 
42.  Correlation Characteristics of Hadron Spectrum in the Instanton-Induced 

Processes 
R. Shulyakovsky, M. Levchuk, A. Manko, E. Kokoulina, A. Garkun, 
M. Nevmerzhitsky, D. Shokhanov 

 
 
 

432 



   

43.  Model-Independent Analysis of the Effects of New Heavy Gauge Bosons at High 
Energy Electron-Positron Colliders 

 

D.V. Sinegribov, V.R. Kurylenka, A.A. Babich, A.A. Pankov 440 
44.  Совместное Рождение Тяжелых Бозонов и Фермионов в Протонных 

Взаимодействиях 
 

Л.Н. Смирнова 448 
45.  Original belarusian information system for regulatory authority in the field of 

nuclear and radiation safety under the IAEA supervision 
 

S. Sytova, A. Dunets, A. Kavalenka, S. Charapitsa 455 
46.  Spin 2 Particle with Anomalous Magnetic Moment in External Electromagnetic 

and Gravitational Fields 
 

O.A. Vasilyuk, V.V. Kisel, V.M. Red'kov 467 
47.  Efficiency of 137Cs, 85Sr and 60Co sorption from model liquid radioactive waste 

by thermal destructed oil shale 
 

E. Venhlinskaya, T. Shubarova, V. Toropova, V. Saskovets 475 
48.  A Program for Building an Input File Describing ICRP Reference Voxel 

Phantom for Monte-Carlo Calculations 
 

K.A. Viarenich, V.F. Minenko, K.O. Makarevich, S.A. Kutsen, and 
A.A. Khrutchinsky 

 
480 

49.  Sleep apnea identification using single-lead ECG features  
M. V. Voitikova 485 

50.  On one well-known model  
Anatoly Zherelo and Vladimir Obolonkin 490 

51.  Моделирование распространения газовых многокомпонентных потоков в 
гермообъеме при аварии 

 

И.О. Журавкова, А.Г. Трифонов 496 
52.  Ergodic Theory for Coloured Wada Basins  

Natalya V. Maygula, Praskovya D. Serowa, Ivan A. Kovalew & Dmitry W. Serow 503 
53.  Comparative Analysis of Severe Accidents (Small- and Large-Break Loss-of-

Coolant Accident) for a VVER-1200 Reactor 
 

A.G. Lukashevich, D.A. Bortnik, E.G. Vashetko, V.V. Gilewsky  519 

54.  Реакционная динамика гидролитических катионных форм хрома(III) и 
цинка(II) 

 

Е.А. Шапорова 533 
  
Author index     543 

 
 



  

Preface 
The 28th Anniversary International Seminar "Nonlinear Phenomena In Complex 

Systems" was held in memory of Prof. V.I. Kuvshinov on May 18-21, 2021, in 

Minsk, Belarus. 

The bright memory of  

 

Vyacheslav Ivanovich Kuvshinov  
will forever remain in our hearts. 

The 28th Anniversary International Seminar traditionally had subsubjects: "Fractals, Chaos, 

Phase transitions, Self-organization", plenary session and the following section sessions: 

Particles, Modelling and Safety Related Analyses of NPP, Quantum and Classical 

Electrodynamics, Gravity, Media, Medicine, Biological and Chemical systems, Mathematics 

and Fields. 14 plenary, 48 section and 7 poster reports were submitted to the 28th Seminar by 

the scientists. At this Anniversary Seminar, the participants gave overview reports, which 

became useful to young scientists. Thus, in addition to the scientific component, the seminar 

also played an educational role. Most of the papers were included into these Proceedings. 

The 28th Anniversary Seminar 'NPCS' was supported by National Academy of Sciences of 

Belarus. 
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Finsler-Lagrange Modeling of

Langmuir Monolayer Domain Structure

at First-Order Phase Transition

Nina Krylova∗

Belarusian State Agrarian Technical University,

99 Nezavisimosti Ave., 220023, Minsk, BELARUS

Halina Grushevskaya† and George Krylov
Belarusian State University,

4 Nezavisimosti Ave.,

220030, Minsk, BELARUS

To date, Langmuir monolayer and Langmuir-Blodgett �lms are considered as a

promising material for fabrication of quantum signal transducers in nanoelectron-

ics, nanooptics and nanosensorics. Because of that, the theoretical modeling of the

�rst-order phase transition in the Langmuir monolayer is in great demand. It has

been shown that the Langmuir monolayers are characterized by the direction depen-

dent growth of domains that is a result of local non-equilibrium �eld con�gurations

during domain nucleation at monolayer compression. In the paper we develop the

Finsler-Lagrange model of Langmuir monolayer structurization taking into account

the relaxation-time distribution of domains. Here, we apply a billiard model to �nd

out the domain shapes on the early stage of nucleation in dependence on monolayer

parameters and compression rate. We assume that billiard boards model the inter-

action of crystal nuclei with monolayer molecules in liquid state, which play a role of

local environment.

PACS numbers: 68.35.Rh, 02.40.-k, 05.45.-a

Keywords: Langmuir monolayer, �rst order phase transition, Finsler-Lagrange con�gura-

tion space, domain growth, Finsler billiards model.

1. Introduction

A series of step-by-step phase transitions from a two-dimensional (2D) gas into 2D
crystal state is observed at Langmuir monolayer compression on the surface of a polar
liquid [1, 2]. It has been shown experimentally that 2D phase transition from expanded
liquid to crystal state depends signi�cantly on the properties of amphiphilic molecules
and the monolayer formation conditions, i.e. on an ion composition of a subphase and
a compression rate [3�10]. It has been shown in [11] that sharp changes occurs in mor-
phology of crystal phase domains at increase of the compression rate. At low compression
rates the round-shape domains are formed during phase transition while at high mono-
layer compression rates asymmetric fractal-like domain growth has been observed. The
theoretical models proposed for Langmuir monolayer description do not demonstrate the

∗E-mail: nina-kr@tut.by
†E-mail: grushevskaja@bsu.by
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experimentally revealed dependencies of the phase domain shape [12], of viscosity [13],
of temperature and of surface tension [14, 15] on monolayer compression rate at �rst-
order phase transition. Such e�ects of the compression rate on phase transition dynamic
are stipulated by electrocapillary phenomena and by redistribution of charge density of
Helmholtz electrical double layer.

The aim of the present paper is to study the domain growth using Finsler mathematical
billiard model in the framework of previously developed Finsler-Lagrange geometric theory
which accounts electrocapillary e�ects and phase nuclei relaxation time distribution, .

2. Finsler-Lagrange model

The model under consideration demonstrates the in�uence of the compression rate
on the dynamics of 2D �rst-order phase transition. Taking into account the relax-
ation time distribution we study the dynamics of the system in a con�guration space(
~r, ξ, ~̇rξ, ξ̇s, s

)
. Here ~r is a 2D radius vector, ξ ≡ t is a time variable, the dots denote

the derivatives on the evolution parameter s. The metric of this space is determined by
the pseudo-Finsler metric function of the following form [16, 17].

dl2 = L(~r, ~̇r, ξ̇)ds2 = −p̃V r5e
2V ξ
r
ξ̇

ṙ
dξ ds+ Ũ(ξ, r)ξ̇ ds2 +m

(ṙ2 +r2φ̇2)

2ξ̇
ds2 (1)

where V is the compression rate; p̃, c and m are model system parameters, the function
Ũ(ξ, r) is de�ned by the potential function.

Domain growth is analyzed as a domain wall movement. On the nucleation stage and
early nuclei growth stage of �rst-order phase transition the particles of the original phase
(2D expanded liquid) put the pressure upon the domain-wall of the nucleating phase (2D
crystal state). Let us consider the particle-like states as such original phase elements
(domains) which do not bound to the growing domain but participate in collisions with
the domain wall. These "particles" move along the geodesics of the con�guration space-
time. The collisions gives the additional entropy ∆s into the system. The quantity of
∆s can be determined from the visiting set of a probe particle on a some sphere-shaped
billiard desk of the initial space. The movement of a probe particle in this round billiard
takes place along the geodesics which are associated with the �xed indicatrixes of the
pseudo-Finsler con�guration space (1).

Further we specify the law of re�ection of a particle from the relativistically moving
domain wall. Let us consider the particle moving in a circular billiard of the constant
radius R. If the boundary is immovable, the re�ection law has a simple form in Rieman-
nian spaces: angle of incidence equals to angle of re�ection. The con�guration space for
which the metric is determined as the square of the metric function (1) is pseudo-Finsler

one. The metric depends on the velocities ξ̇, ṙ, φ̇, the consequence of that is the another
law of re�ection. It has been shown [18] that the law of re�ection can be found by means
of geometrized variational principle. It leads to the possibility of construction of the law
of re�ection using the indicatrixes of Finsler spaces. For Finsler spaces because of the
section of the indicatrix is not circular one, the angle of incidence is not equal to the
angle of re�ection in general. The complicated law of re�ection impedes signi�cantly the
investigation of the Finsler billiards.

The model of a circular-shape billiard with moving boundary is constructed in the
following way. Let consider a mass surface ξ̇ = 1 in the Finsler space with the metric (1).
It has been shown previously [16] that on the mass surface the metric function (1) can be
represented as
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F 2 = −L(~r, ~̇r, ξ̇)ξ̇ ≡ A
ξ̇
3

ṙ
+Bξ̇2 −m(ṙ2 +r2 φ̇

2
)

2
. (2)

The potential de�ning the dynamics of the system has a form

U(ṙ, r, t) = −p

[(
P1 − r5

V

ṙ

)
e

2V t
r − 4

45

(V t)6

r
Ei

[
2V t

r

]]
,

where

P1 = −4

3
r5 +

16

15
(V t)r4 +

1

30
(V t)2r3 +

1

45
(V t)3r2 +

1

45
(V t)4r +

2

45
(V t)5.

The functions A, B are

A = pV r5e
2V t
r , B = m2 − p

(
P1 e

2V t
r − 4

45

(V t)6

r
Ei

[
2V t

r

])
. (3)

The dynamics is given by the Lagrange-Euler equations:

dyi

ds
+ 2Gi = 0, Gi =

1

4
gil
{

2
∂gjl
∂xk
− ∂gjk

∂xl

}
yjyk, (4)

where

gij
(
xk, yk

)
=

1

2

∂2F 2

∂yi∂yj
,

xj = (t(s), r(s), ϕ(s)) and yj ≡ (ξ̇ = dt
ds
, ṙ(s), ϕ̇(s)). Further, the evolution parameter s

associated with the geodesics in the con�guration space with the metric parameters (2-3)
will be denoted as sw.

In �g. 1 the geodesics in the monolayer con�guration space, the compression isotherms
sw(r) and corresponding potentials U are shown for very low and high enough compression
rates V = 10−25 and V = 7 · 10−3, respectively. The metric function (2-3) de�nes the
phase transition dynamics. Because of this fact the value of the domain-wall velocity,
and, consequently, velocity of the billiard boundary, can be considered to equal to the
velocity ṙ.

3. Numerical method and results of simulation

The movement of the probe particle in the billiard occurs along the geodesics given by
the Euler-Lagrange equations (4) in the space with the metric function of the same type
(2) but with �xed parameters:

A = 10−5, B = 1, m = 1. (5)

The geodesics of the probe particle can be found in parametric form using an evolution
parameter sb.

The chosen parameters (5) de�ne small deviation of the Finsler function (2) from a
pseudo-Riemannian metric that is a limit one at very low compression rates V → 0. On
the billiard boundary the particle re�ects in accordance with the formulas [19]:
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(a) (b) (c)

(d) (e) (f)

Figure 1: Compression isotherms sw(r) (a, d), geodesics (b, e) in the con�guration space
and potentials U(sw) (c, f) at the following model parameters: V = 10−25 (à-c) and

V = 7 · 10−3, (d-f); p = 10−8, m = 1.

v′v,rel = −
vv,rel − 2Vd + V 2

d vv,rel/c̃
2
light

1− Vd (2vv,rel + Vd) /c̃2light
, (6)

v′τ,rel =
vτ,rel

(
1− V 2

d /c̃
2
light

)
1− Vd (2vv,rel + Vd) /c̃2light

, (7)

where vv,rel and v′v,rel are normal components of the particle velocity before and after
re�ection, respectively, vτ,rel and v

′
τ,rel are tangential components of the particle velocity

before and after re�ection. The rate of the billiard wall Vd is given by the expression

Vd =

(
∂~rw
∂t

)
R

√
2B2

(
A

B
+
∂rw
∂t

)−1
=

(
∂rw
∂t

)
R

√
2

(
10−5 +

∂rw
∂t

)−1
. (8)

Here the velocity
∂~rw
∂t

=
~̇rw(sw)

ṫw(sw)
,

ṙw(sw) and ṫw(sw) are the derivatives of the geodesics of the space with the metric param-
eters (3) over the evolution parameter sw. The derivative is taken at the point sw = k · sb,
where sb is the evolution parameter for the probe particle in the billiard at its collision
with the boundary, k is a scale coe�cient chosen in such a way that 500 re�ections of the
probe particle can be packed in the range of compression isotherm. Introducing of the
scale coe�cient is equivalent to scaling of the motion equations and can be used owing to
scale invariance of the phase transition.

(
∂~rw
∂t

)
R
is a component of the vector ∂~rw

∂t
that is

orthogonal to the billiard boundary.
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In the case when the boundary rate has the value such that the velocity of the particle
after re�ection takes the positive value (is directed outwards the billiard boundary), the
particle is considered as a "stocked" one: v′v,rel = 0. On the next step the particle takes
the radial component of the velocity according the formula (6).

Owing to the shape of the metric used, at the constant absolute value of the initial
velocity the di�erent initial points in the space correspond to the di�erent microstates but
to the same macrostate of a Gibbs ensemble. Because of this fact the ensemble-averaged
visiting set can be considered as a distribution function at given mean energy. For this
energy the entropy is de�ned in ordinary way and can be calculated using the Boltzmann
formula S(E) = −kB

∑
i

pi Log pi.

In �g. 2 the typical non-closed billiard trajectories and corresponding visiting sets are
shown for the case of immovable billiard boundary. In the limiting case of very small
compression rates V (at V → 0) the metric function (2) degenerate into a �at Minkowski
metric. Due to this fact the occupancy of the billiard by the trajectories in �g. 2b
preserves the spherical symmetry. Analysis of the density of billiard trajectories in �g.
2a demonstrates that there exist circular orbits inside the billiard. With increase the rate
V and, respectively, the value of parameter A the billiard occupancy is distorted from
spherical symmetry, as one can see in �g. 2d. But similarly to the previous case, there
exist an attractor of the billiard trajectories. The occupied region of the visiting set is
signi�cantly narrowed (�g. 2c).

(a) (b) (c) (d)

Figure 2: Visiting sets (à,c) and corresponding billiard trajectories (b,d) at negligible
velocity of domain wall (Vd = 0) and small (A = 10−25) (a,b) or high (A = 10−5) (c,d)

compression rates.

The results obtained for relativistic billiard model with moving boundary are shown
in �g. 3. Here, the visiting sets and the billiard occupancies are represented as a sum of
9 individual trajectories that start with di�erent initial coordinates of the probe particle
but with the same absolute values of its initial velocity.

As �gs. 3a,b show, at small values of the compression rate V the probability of �nding
of the particle with given mean energy is equal for any billiard point. It means that the
con�guration space is characterized by an uniform distribution function. In contrast to
the billiard with immovable boundary, in this case the visiting set is radially symmetric
one. Bending of the monolayer con�guration space and, consequently, metric disturbance
by domain-wall collisions are absent at small V .

At high compression rates V the occupied region of the visiting set is narrowed sim-
ilarly to the case of immovable boundary. The bending subsets placed radially one to
another appear in the visiting set at high values of V . The last indicates the wave-shape
perturbation of the initially �at metric.

The growth of the new phase domain is a result of their collisions with elements of the
old phase or with each other. From the considered billiard dynamics one can conclude that
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(a) (b) (c) (d)

Figure 3: Visiting sets (a, c) calculated as a sum of 9 billiard trajectories (b, d) for
con�guration space at following model parameters: V = 10−25, p = 10−8 (à, b) and

V = 7 · 10−3, p = 1 (c, d).

in the case of slowly compression the collisions take place with equal probability for any
point of the domain wall. It should result in the growth of symmetrical circular domains.
Appearing of the dedicated directions in the billiard model at high compression rates
should reveals the separated regions of domain wall in which the probability of collisions
is higher. It leads to the growth of asymmetric domains along such separated directions.

4. Conclusion

The model of two-dimensional pseudo-Finsler billiard with moving boundary and rel-
ativistic law of re�ection has been constructed to describe the in�uence of collisions of
domain walls. It has been shown that in the case of low compression rates the collisions
occur equiprobably along the whole boundary of domain wall that leads to the growth
of the symmetrical circular domains. The anisotropy of the con�guration space at high
velocities of the domain wall reveals in the distortion of visiting subsets along de�ned
directions and results in the appearance of domains asymmetry.
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