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ABSTRACT
For the first time, a quantitative model of the Curie–Weiss behavior of a low-temperature paramagnetic susceptibility of electrically neu-
tral donors in n-type diamagnetic covalent semiconductors is proposed. The exchange interaction between nearest two neutral donors was
calculated with the use of the Heitler–London model. In this model, we take into account the change in the thermal ionization energy of
donors due to the shift of the bottom of the conduction band to the bandgap with doping and compensation. The energy of the exchange
spin–spin interaction between electrons localized on donors is calculated as a function of the donor concentration and the degree of their
compensation by acceptors. The broadening of the donor band due to the Coulomb interaction of the nearest impurity ions was taken into
account. We considered crystals of n-type germanium doped with arsenic up to the concentration close to the insulator–metal phase transi-
tion (Mott transition) and compensated with gallium. The compensation ratio K is the ratio of the concentration of compensating acceptors
KN to the concentration of doping donors N. The model predicts a change in the sign of the Curie–Weiss temperature from minus to plus (a
transition from the antiferromagnetic to ferromagnetic local ordering of electron spins on donors) for K ≈ 0.15–0.3, reaching its maximum
positive values of ≈1.3 K for K ≈ 0.5 with the following decrease (a transition to paramagnetism) for K > 0.85. The calculated behavior of
the paramagnetic susceptibility of donors is consistent with the experimental data for compensated n-Ge:As,Ga samples close to the Mott
transition.
© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0048886

I. INTRODUCTION

Despite the more than half a century history of study of the
electron spin resonance (ESR) of hydrogen-like (shallow) impuri-
ties in covalent semiconductor crystals, beginning with the work
of Wilson,1 this subject still attracts much attention. In the last
decade, a number of studies2–5 were devoted to the low-temperature6

(down to units of kelvin) magnetic susceptibility of crystalline semi-
conductors doped with hydrogen-like donors under the conditions
of interaction of electron spins localized on donors, in particular
on the insulator side of the concentration insulator–metal phase

transition (Mott transition). The impurity diamagnetic susceptibility
of a doped semiconductor close to this transition was experimen-
tally determined for the first time4 using a comparative study by the
methods of superconducting quantum interference device (SQUID)
magnetometry and ESR. It has been shown by ESR spectroscopy
(see, e.g., Ref. 2 and an earlier work, Ref. 7) that in semiconduc-
tor crystals close to the Mott transition electrons with oppositely
directed spins, which are weakly localized on the nearest impuri-
ties, may form the so-called antiferromagnetic spin glass. (On the
other hand, the existence of the magnetic ordering in semiconduc-
tor materials and structures doped with shallow impurities is also
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supported experimentally with the use of methods different from
ESR.8,9)

As was found using the ESR technique,3,4 in the compensated n-
Ge:As,Ga, which is close to the insulator–metal phase transition, the
temperature decrease (below a few kelvin) leads to a transition from
the Pauli paramagnetism10 to the Curie paramagnetism, accompa-
nied by an anomalous increase in the paramagnetic susceptibility
and g-factor, which is characteristic of a magnetic transition. A qual-
itative model of this phenomenon was proposed5 on the basis of the
effect of localization of electron spins in the Coulomb gap, which
arises due to the Coulomb blockade of electrons in a “metalized”
impurity band under the field of compensating impurities at low
temperatures corresponding to the thermal energy smaller than the
gap width. Nevertheless, the question of the theoretical substantia-
tion of possible types of magnetic ordering of shallow impurities in
covalent diamagnetic semiconductors is still lacking.

In this paper, we propose a model for the transition from the
antiferromagnetic ordering of electron spins of shallow paramag-
netic impurities (donors) to the ferromagnetic ordering. This tran-
sition is affected by internal (doping level and degree of compen-
sation) and external (temperature and magnetic field) factors. The
model is based on the phenomenological theory of the molecular
field (Weiss field)11 for low temperatures, when the concentration
of electrons in the states of the donor band is much higher than the
concentration of electrons in the conduction band (c-band). Such
a consideration is applicable for not too high doping levels (when
the band of donor states is still separated by the gap from the bot-
tom of the c-band) and the smallness of the average kinetic energy
of a c-band electron compared to the average Coulomb energy of its
attraction to the ionized donor.12

Let us consider a crystalline n-type diamagnetic covalent semi-
conductor with hydrogen-like impurities. The concentration of
donors in the charge states (0) and (+1) is N = N0 +N+1, and the
concentration of acceptors, which are all in the charge state (−1),
is KN; the charge states of impurities are expressed in units of
the elementary charge e. It is assumed that the impurities are ran-
domly (Poissonian) distributed over the crystal, and the electrical
neutrality condition is satisfied, N+1 = KN, where 0 ≤ K ≤ 1 is the
compensation ratio.

In the phenomenological theory of the molecular field, the spin
magnetic moment of an electron localized on a hydrogen-like impu-
rity atom experiences an orienting effect not only from the external
magnetic field with the induction B0 = μ0H0, but also from, induced
by the nearest spins, an effective “exchange” magnetic field with the
strength

Hm = Bm/μ0 = λM, (1)

where μ0 is the magnetic constant, λ is the coefficient of proportion-
ality, and M is the total magnetic moment.

The intensity of the ESR signal of donors is proportional to
the difference in the concentration of donors with the spin mag-
netic moments of electrons in the direction (0↑) and opposite to
the direction (0↓) of the external magnetic field induction, i.e.,
N0↑ −N0↓.

On the one hand, the total electron spin magnetic moment of
all donors in the charge state (0) with spin S is given by the following
formula:13

M = N0gdμBSBS(
gdμBB0S

kBT
), (2)

where N0 = N0↑ +N0↓ = (1 − K)N is the concentration of donors in
the charge state (0) at low temperatures, gd ≈ 1.57 is the g-factor of
an electron of the hydrogen-like donor impurity of arsenic in the
germanium crystal, which is not involved in the covalent chemi-
cal bonding,3 B0 = 425 mT is the induction of the external constant
magnetic field used in ESR experiments in Refs. 3–5, kB is the Boltz-
mann constant, T is the absolute temperature, kBT is the thermal
energy, μB is the Bohr magneton, and BS(x) is the Brillouin function;
B1/2(x) = tanh x for S = 1/2.

On the other hand, the total electron spin magnetic moment
of donors in the charge state (0) is determined by the number of
uncompensated spin moments (see, e.g., Refs. 14 and 15),

M = gdμB(N0↑ −N0↓)
2

. (3)

Comparing Eq. (2), for S = 1/2, with Eq. (3), we get

N0↑ −N0↓ = N0 tanh( gdμBB0

2kBT
), (4)

where gdμB/2 is the modulus of the magnetic moment of the donor
electron in the charge state (0).

From Eq. (4), taking into account N0↑ +N0↓ = N0, we obtain
the concentration of electrically neutral donors with the electron
spin directed along (0↑) and against (0↓) the field

N0↑ =
N0

2
[1 + tanh( gdμBB0

2kBT
)],

N0↓ =
N0

2
[1 − tanh( gdμBB0

2kBT
)].

(5)

To take into account the effective exchange magnetic field Bm
acting on the electron spins of donors, in Eq. (4), we should write
B0 + Bm instead of B0, so that

N0↑ −N0↓ = N0 tanh( gdμB(B0 + Bm)
2kBT

). (6)

For weak magnetic fields (gdμBB0 ≪ kBT), confining ourselves
to the first term in the expansion of tanh x in a series at x≪ 1
and passing, using the relations B0 = μ0H0 and Bm = μ0Hm, to the
magnetic field strengths H0 and Hm, from Eq. (6), we obtain

N0↑ −N0↓ = N0
μ0gdμB(H0 +Hm)

2kBT
. (7)

Then, according to Eq. (3), taking into account Eqs. (1) and
(7), the total magnetic moment of electrically neutral donors with
uncompensated electron spin magnetic moments is

M = μ0g2
dμ2

BN0

4kBT
(H0 + λM). (8)

From Eq. (8), it follows that

M = μ0g2
dμ2

BN0H0

4kBT − μ0g2
dμ2

BN0λ
. (9)
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Then, taking into account Eq. (9), the dimensionless paramag-
netic susceptibility of electrically neutral donors is

χd =
M
H0
= μ0g2

dμ2
BN0

4kBT − μ0g2
dμ2

BN0λ
= C

T −Θ
. (10)

Here, the Curie constant C and the Curie–Weiss temperature Θ are
given by the following relations:

C = μ0g2
dμ2

BN0

4kB
, Θ = μ0g2

dμ2
BN0λ

4kB
= λC, (11)

where Θ > 0, Θ = 0, and Θ < 0 correspond to the ferromagnetism,
paramagnetism, and antiferromagnetism of the system of electron
spins of donors in the charge state (0), respectively.

Note that the dimensionless quantity χd according to Eq. (10)
is written in SI units. The relationship between the value [χd]CGS,
written in the CGS (Gaussian) system of units, and the value [χd]SI,
written in the SI system, has the form:16 [χd]SI = 4π[χd]CGS.

The purpose of this work is to describe the Curie–Weiss low-
temperature behavior of the impurity paramagnetic susceptibility
χd in diamagnetic covalent semiconductors, doped with donors up
to the insulator–metal phase transition, and to study the effect of
the doping level and the degree of compensation on this behav-
ior. First, we have found the relation between the strength of the
effective internal magnetic field Hm and the total magnetic moment
M of neutral donors. Then, the Curie–Weiss temperature Θ is cal-
culated and its behavior is studied depending on the doping level
and the degree of compensation. In conclusion, we discuss main
results using the predictions of the proposed model to be com-
pared with the experimental data on the n-Ge:As doped up to the
metal–insulator phase transition and compensated by Ga acceptor
impurities.

II. EFFECTIVE INTERNAL MAGNETIC FIELD STRENGTH
According to Ref. 11, the magnitude of the effective internal

magnetic field of strength Hm is found in a self-consistent way from
the condition of the equality of the Heisenberg Hamiltonian HH,
containing this field inside the exchange integral, and the Hamilto-
nian of the Zeeman splitting HZ under this field. In our case, they
can be represented as

HH = −2J Si ⋅
z

∑
j=1

Sj = −2zJ Si ⋅ ⟨Sj⟩,

HZ = −μ0gdμB Si ⋅Hm,

(12)

where J is the exchange integral between a pair of the nearest-
neighbor (first nearest) donors in the charge state (0), Si is the spin
moment of the donor in the charge state (0) with spin Si (in units
of the Planck constant h̵), z is the number of the nearest neighbors
(electrically neutral donors with an average spin moment ⟨Sj⟩) for a
given neutral donor with spin Si.

Setting HH = HZ, according to Eq. (12), we find

Hm =
2zJ

μ0gdμB
⟨Sj⟩. (13)

Since the total magnetic moment is M = N0 gdμB⟨Sj⟩, and the
strength of the internal magnetic field is Hm = λM, from Eq. (13),
we obtain

λ = 2zJ
μ0g2

dμ2
BN0

. (14)

Note that to calculate the value of J for the electron spins
(quasi)localized on donors, one cannot use the formulas for the
exchange energy of c-band electrons according to the model in Ref.
17. Moreover, within the framework of the Ising model, a numerical
simulation of the direct exchange interaction of magnetic impurities
(e.g., Mn) in nonmagnetic semiconductors was carried out recently
in Ref. 18. It was shown in this work that at low temperatures,
regardless of the sign of the value of the interimpurity exchange
interaction (i.e., the sign of the J integral), the Curie law for the
impurity magnetic susceptibility is not satisfied. The issue arises due
to the formation of a spin glass phase by the uncompensated electron
spins of impurities.

Substituting Eq. (14) for the proportionality coefficient λ
(between the spin magnetic moment M of a set of electrically neu-
tral donors and the strength of the internal magnetic field Hm) into
Eq. (11), we obtain the Curie–Weiss temperature in the following
form:

Θ = μ0g2
dμ2

BN0

4kB

2zJ
μ0g2

dμ2
BN0
= zJ

2kB
, (15)

where z = 1 is the number of donors in the charge state (0) nearest
to the given donor, which is also in the charge state (0); the exchange
integral J is calculated in Sec. IV.

III. HEITLER–LONDON MODEL FOR A PAIR
OF ELECTRICALLY NEUTRAL DONORS

According to the Heitler–London model (see, e.g., Ref. 19),
the solution of the Schrödinger equation for the H2 molecule gives
two energy levels (singlet and triplet) with the values specified only
by the ionization energy of the hydrogen atom and the distance
between two protons in this electroneutral molecule. Let us apply
this approach to a system of two electrically neutral donors (and two
electrons localized on them).

The singlet state of the system is characterized by symmetric
spatial and antisymmetric spin wave functions (the product of a spa-
tial wave function and a spin wave function should be antisymmetric
due to the Pauli principle). The energy of the molecular system “two
donors in the charge state (0)” in a singlet state is20,21

Es(ρ) =
Q + A
1 + S2

d
, (16)

where

Q = 2Ed
1
ρ
(1 + 5

8
ρ − 3

4
ρ2 − 1

6
ρ3) exp(−2ρ),

A = 2Ed {
S2

d

ρ
[1 + 6

5
(γ + ln ρ)]

− (11
8
+ 103

20
ρ + 49

15
ρ2 + 11

15
ρ3) exp(−2ρ)

+ 6Md

5ρ
[MdEi(−4ρ) − 2SdEi(−2ρ)]},

Sd = (1 + ρ + ρ2/3) exp(−ρ),
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where Ed is the average thermal ionization energy of a donor, which
depends on the concentration of donors and acceptors; ρ = r/aH is
the ratio of the distance r between the centers of two electrically neu-
tral donors to the Bohr radius aH = e2/8πεrε0Id for a single donor
with the ionization energy Id; e is the elementary charge; εr is the
relative dielectric constant of the crystal matrix; ε0 is the electric con-
stant; γ = 0.577 22 is the Euler constant; Md = (1 − ρ + ρ2/3)exp(ρ);
Ei(x) = −∫ ∞−x t−1 exp(−t) dt is an exponential integral function.22

The triplet state of the system “two donors in the charge state
(0)” is described by the antisymmetric spatial and symmetric spin
wave functions with the energy20,21

Et(ρ) =
Q − A
1 − S2

d
. (17)

The difference in energies of the triplet (t) and singlet (s) states
of electrons on a solitary pair of donors [both in the charge state (0)]
according to Eqs. (16) and (17) is

δE0,0(ρ) = Et(ρ) − Es(ρ) =
2(QS2

d − A)
1 − S4

d
. (18)

The effective width of the donor band23 for a Gaussian distribu-
tion of donor energy levels relative to the energy level Id of a single
donor can be written as24

Wd = 2.64
e2

4πεrε0
(2KN)1/3, (19)

where 2KN is the total concentration of donor (N+1) and accep-
tor (KN) ions at low temperatures (when N+1 = KN). When cal-
culating Wd, only the Coulomb interaction of the nearest impurity
ions randomly (Poissonian) distributed in the crystal was taken into
account.

Note that, according to Refs. 24 and 25, at low temperatures, the
concentration of c-band electrons is n≪ K(1 − K)N and the root-
mean-square fluctuation of their potential energy Wn ≪Wd. The
inequality Wn ≪Wd is due to the fact that the “cold” electron is
not affected by potential energy fluctuations on spatial scales smaller
than its average wavelength (according to de Broglie), which is much
greater than the average distance between impurity ions.

For a broad, in comparison with the thermal energy, donor
band (Wd ≫ kBT), the average thermal ionization energy of the
donor in the charge state (0) is determined by the following expres-
sion (see Ref. 26 and also Refs. 25 and 27 for an acceptor in a p-type
crystal):

Ed = Id + Δd + δEc, (20)

where Id = e2/8πεrε0aH = 14.17 meV is the thermal ionization
energy of a single hydrogen-like donor (an As atom replacing a Ge
atom in the crystal structure),28 Δd is the shift of the Fermi level rela-
tive to the energy level Id of a single donor, and δEc < 0 is the shift of
the bottom of the c-band to the bandgap (further calculated in two
ways).29

For low temperatures, the quantity Δd is found from the
equation of electrical neutrality of the covalent crystal: N+1
= KN, where N+1 = N −N0 is the volume concentration of ionized

donors and K is the ratio of the compensating impurity concentra-
tion to the main (dopant) impurity concentration. Thus, taking the
Gaussian distribution of donor energy levels with respect to Id, for
Wd ≫ kBT, we obtain27,30

2K = 1 + erf( Δd√
2Wd
), (21)

where erf(⋅) is the error function;22 Wd > 0 is determined by
Eq. (19); the quantity Δd < 0 for K < 0.5, Δd = 0 for K = 0.5, and
Δd > 0 for K > 0.5.

Note that the quantity Δd, according to Eq. (21), is determined
by the concentration of donors N and the compensation ratio K. As
formally follows from Eq. (21), for the limiting cases of the compen-
sation ratios K → 0 and K → 1, the ratio Δd/Wd → −∞ and +∞,
respectively.

The shift of the bottom of the c-band δEc < 0 to the bandgap is
calculated in the quasi-classical approximation of quantum mechan-
ics accounting for two possible factors.

(i) Restriction of the region of electron localization on the
donor,31

δEc1 = −Id
aH

Rim
< 0, (22)

where Rim = 0.62[(1 + K)N]−1/3 is the average radius of a
spherical region per impurity atom in a crystal matrix.

Formula (22) gives the value of the lowering of the bot-
tom of the c-band to the bandgap (δEc1 < 0) due to collec-
tivization of the excited states of donors in the charge state
(0) and their merging with the c-band states with the donor
concentration and the compensation ratio (due to decreasing
Rim).

(ii) Screening (in the Debye–Hückel approximation) of the
Coulomb field of an ionized donor by electrons hopping
between donors in the charge states (0) and (+1) against
the background of stationary negatively charged acceptor
ions,30,32

δEc2 = −Id
3aH

2(Λsc + Rim)
< 0, (23)

where Λsc is the screening length (radius) of the impurity ion.
Formula (23) gives a decrease in the energy of

the affinity of the c-band electron to the donor in the
charge state (+1). The value of δEc2 is equal to the
electrostatic energy of the electrically neutral system “donor
ion + cloud of locally uncompensated negative charges
screening it.” The charge states of donors seem to migrate over
the crystal due to hopping of electrons with the effective con-
centration33 N0N+1/N = (1 − K)KN. In this case, acceptors
are in the charge state (−1) and are immobile.

At low temperatures (when the donor bandwidth Wd is much
greater than the thermal energy kBT), the screening length Λsc is
described by the following expression:27,30

Λsc = 0.814
K1/6

N1/3 exp[1
4
( Δd

Wd
)

2
], (24)

where the quantity Δd/Wd, for the known compensation ratio K of
donors by acceptors, is found from Eq. (21).
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From Eq. (24), taking into account Eq. (21), it follows that
Λsc →∞ in the limiting cases K → 0 and K → 1, when the hop-
ping migration of electrons between donors in the charge states (0)
and (+1) is impossible (there are no free places or no electrons on
donors, respectively). In this case, the effective concentration of elec-
trons hopping between donors (1 − K)KN → 0. For K = 0.5, when
Δd = 0, the screening length is minimal: Λsc = 0.725N−1/3.

By comparing Eqs. (22) and (23), we conclude that the shift
of the bottom of the c-band ∣δEc1∣ > 0 due to the restriction of the
region of electron localization on each donor in the charge state (0)
is greater than the shift of the bottom of the c-band ∣δEc2∣ > 0 due to
the screening of the Coulomb field of each donor in the charge state
(+1).

Let us estimate the applicability of Eq. (20) taking into account
Eqs. (21)–(23). So, according to Eq. (20), the value of Ed goes to zero
for K = 0.5 (Δd = 0) and δEc = δEc1 by Eq. (22) at the concentration
of donors (arsenic atoms) N1 ≈ 4.4 ⋅ 1018 cm−3, while for δEc = δEc2
by Eq. (23)—at the donor concentration N2 ≈ 1.7 ⋅ 1019 cm−3. Let us
now compare the values of the concentrations N1 and N2 with the
critical concentration of arsenic N = NM, corresponding to the tran-
sition of a germanium crystal from the insulator state to the metallic
one (the Mott transition).

According to Ref. 34, the quantity NM is determined by the
relation

N1/3
M aH =

0.542
[(1 − K)(εr + 2)]1/3 , (25)

where εr = 15.4 is the low-temperature low-frequency relative per-
mittivity of the germanium crystal.35

Calculations using Eq. (25) are in general quantitatively consis-
tent34 with the experimental data for n- and p-type silicon and ger-
manium crystals doped with hydrogen-like impurities over a wide
range of dopant concentrations and compensation ratios. As fol-
lows from Eq. (25), for n-Ge:As,Ga at K = 0.5, the calculated critical
concentration of arsenic is NM ≈ 5.1 ⋅ 1017 cm−3. [The experimental
value is NM ≈ 3.7 ⋅ 1017 cm−3 for K → 0 (see Ref. 34 and references
therein).] It is evident that the values N1 and N2 obtained from the
condition Ed = 0 for δEc = δEc1 by Eq. (22) and for δEc = δEc2 by
Eq. (23) considerably exceed the value of the critical concentration
NM from Eq. (25). In other words, the insulator–metal concentration
phase transition occurs in the donor band, before it merges with the
bottom of the c-band. This was experimentally shown for the first
time in Ref. 36, which played an important role in the formation of
ideas about the Mott transition upon doping and compensation of
semiconductors (see also Ref. 37).

IV. CALCULATIONS OF EXCHANGE INTEGRAL
AND CURIE–WEISS TEMPERATURE

The probability that an impurity atom randomly selected
among all the impurity atoms is a donor in the charge state (0) is
(1 − K)/(1 + K). The fractions of neutral donors having the mag-
netic moment oriented along and against the direction of the exter-
nal magnetic field are N0↑/N0 and N0↓/N0, respectively. We assume
that donors in the charge states (0) and (+1), as well as acceptors
in the charge state (−1), are randomly distributed over the crystal
(specifically, with the Poisson distribution; see, e.g., Refs. 24 and 38).
In this approximation, the probability P0,0(ρ) dρ that two donors

are the nearest-neighbor electrically neutral donors is the product of
three probabilities: (i) the probability 4πa3

Hρ2(1 − K)N dρ to find a
donor in the charge state (0) in a spherical layer with radius r = aHρ
and thickness dr = aHdρ, (ii) the probability (1 − K)/(1 + K) that an
impurity atom in the center of the sphere is a donor in the charge
state (0), and (iii) the probability exp[−(4π/3)(aHρ)3(1 − K)N]
that there are no other donors in the charge state (0) in a ball of
radius r, that is,

P0,0(ρ) dρ = 1 − K
1 + K

4πa3
Hρ2(1 − K)N

× exp(−4π
3
(aHρ)3(1 − K)N)dρ. (26)

The exchange integral J in Eq. (15) is found as the aver-
age exchange energy per two nearest (the first nearest) electrically
neutral donors in a germanium crystal,

J = 1
N2

0
[(N2

0↑ +N2
0↓)Et + 2N0↑N0↓Es], (27)

where N2
0 = (N0↑ +N0↓)2 = N2

0↑ + 2N0↑N0↓ +N2
0↓; the quantities N0↑

and N0↓ are determined according to Eq. (5); Et and Es are the aver-
age energies of the triplet (t) by Eq. (17) and singlet (s) by Eq. (16)
states of electrons on a pair of donors in the charge state (0). The
quantities Et and Es are calculated as follows:

Et = ∫
∞

0
Et(ρ)P0,0(ρ) dρ,

Es = ∫
∞

0
Es(ρ)P0,0(ρ) dρ,

(28)

where P0,0(ρ) is given by Eq. (26).
Note that in Eq. (27), the ratios (N0↑/N0)2 and (N0↓/N0)2 are

the probabilities that both of the nearest donors in the charge state
(0) have spins co-directed and oppositely directed to the induction
of an external field, respectively (i.e., they are in the triplet state),
and 2N0↑N0↓/N2

0 is the probability that the electron spins in a pair
of the nearest donors in the charge state (0) are oppositely directed
(i.e., they are in a singlet state). The values of Es(ρ) and Et(ρ) are
calculated by Eqs. (16) and (17), respectively.

The signs of the terms inside the square bracket in Eq. (27) are
chosen in such a way that in the triplet state the energy of the system
of two electrons is higher than in the singlet state.39

We consider an n-type germanium doped with arsenic atoms
and compensated with gallium atoms on the insulator side close to
the Mott transition. Let us estimate the characteristic temperature
Tm, below which it is possible to observe the magnetic ordering of
donors in the charge state (0) with uncompensated electron spin
magnetic moments. We assume that for the manifestation of spin
ordering, it is necessary that the average acoustic phonon energy
Eac does not exceed the average splitting between the triplet and
singlet states |Et − Es| of a pair of the nearest donors in the charge
state (0). It can be shown (following, e.g., Refs. 40 and 41) that at
temperatures much lower than the Debye temperature in germa-
nium crystals (TD = 374 K; see Ref. 28), the average acoustic phonon
energy in the Debye approximation equals Eac = (π4/36)kBTm.
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Then, taking into account Eac ≤ ∣Et − Es∣ and Eq. (28), the
temperature Tm is determined by the following relation:

Tm ≤
36

π4kB
∣Et − Es∣ =

36
π4kB

∫
∞

0
∣δE0,0(ρ)∣P0,0(ρ) dρ, (29)

where P0,0(ρ) is given by Eq. (26); the quantity δE0,0(ρ) is deter-
mined by Eq. (18). For T ≪ TD, the concentration of acoustic
phonons is Nac ≈ 21.6NGe(T/TD)3, where NGe ≈ 4.4 ⋅ 1022 cm−3

is the concentration of intrinsic atoms in a germanium crystal.
For T = 4.2 K, we have Nac ≈ 1.35 ⋅ 1018 cm−3, which slightly
exceeds the critical concentration of donors in germanium for the
insulator–metal transition [see Refs. 3 and 4 and Eq. (25)].

Figure 1 shows the calculated Curie–Weiss temperature Θ and
specific paramagnetic susceptibility χd/dGe of n-Ge:As,Ga crystals as
a function of the dopant (arsenic) concentration N for the compen-
sation ratio K = 0.5 (which turns out to be optimal for the manifes-
tation of ferromagnetic spin ordering) and the temperature T = 3 K;
the density of germanium is dGe = 5.3234 g/cm3 (see Ref. 28). It can
be seen that at doping levels considerably lower than the critical val-
ues for the insulator–metal transition, the Curie–Weiss temperature
falls to the region of ultralow temperatures below 1 K, while the devi-
ations from the Curie law are insignificant. This creates particular
difficulties during experimental studies of the phenomena associated
with electron spins.

Figure 2 shows the calculated Curie–Weiss temperature Θ
and specific paramagnetic susceptibility χd/dGe as a function of
the compensation ratio K for the concentration of arsenic atoms
N = 3 ⋅ 1017 cm−3 and T = 3 K. It can be seen that the model pre-
dicts sign changing of the Curie–Weiss temperature from minus to
plus (low-temperature transition from antiferromagnetic to ferro-
magnetic local ordering of impurity spins) in the region of 15%–30%

FIG. 1. Calculated Curie–Weiss temperature Θ (a) and specific paramagnetic sus-
ceptibility χd/dGe of hydrogen-like donors (b) as a function of the concentration of
arsenic atoms N in the n-Ge:As,Ga crystal for the compensation ratio K = 0.5 at
T = 3 K. Solid lines: calculations of Θ by Eq. (15) and χd/dGe by Eq. (10) taking
into account δEc by Eq. (22) (curve 1) and δEc by Eq. (23) (curve 2); dashed line
3 is the Curie law (Θ = 0 K).

FIG. 2. Calculated average energies of triplet and singlet states Et and Es

(a), Curie–Weiss temperature Θ (b), and specific paramagnetic susceptibility of
hydrogen-like donors χd/dGe (c) as a function of the compensation ratio K in the
n-Ge:As,Ga crystal with the concentration of arsenic atoms N = 3 ⋅ 1017 cm−3 at
T = 3 K. Solid lines: calculations of Et (1, 2) and Es (1′, 2′) by Eq. (28), Θ by
Eq. (15) and χd/dGe by Eq. (10) taking into account δEc by Eq. (22) (curve 1), and
δEc by Eq. (23) (curve 2); dashed line 3 is the Curie law (Θ = 0 K).

compensations, reaching (close to half compensations) the maxi-
mum positive values Θ ≈ 1.3 K with the following decrease (transi-
tion to paramagnetism) in the region of high compensations, when
the spin exchange is weakened. The change in the sign of the
Curie–Weiss temperature is associated with the change in the sign
of the difference between the average energies of triplet and singlet
states Et and Es [Fig. 2(a)] at relatively small compensation ratios of
the order of ten percent.

V. COMPARISON WITH EXPERIMENT FOR
COMPENSATED GERMANIUM

Figure 3 shows (in SI units) the temperature dependences for
the specific paramagnetic susceptibility χd/dGe of compensated n-
Ge crystals, where dGe = 5.3234 g/cm3. Points represent the ESR
measurements from Ref. 5 at B0 = 425 mT of the magnetic sus-
ceptibility of n-Ge:As,Ga samples with the arsenic concentration
N = (3.97–4.49) ⋅ 1017 cm−3, compensated by gallium atoms with
the compensation ratio K = 0.28–0.58. Solid lines are calculations
for N = 4.33 ⋅ 1017 cm−3 and K = 0.49 according to Eq. (10) taking
into account δEc by Eq. (22) (curve 1) and δEc by Eq. (23) (curve 2).
Dashed line 3 indicates a calculation of the paramagnetic susceptibil-
ity according to Eq. (10) at Θ = 0 K (Curie law) for the same values
of N and K.
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FIG. 3. Temperature dependence of the specific magnetic susceptibility χd/dGe of
donors (electrically neutral arsenic atoms) in an n-Ge:As,Ga crystal with the donor
concentration (in units of 1017 cm−3) N = 3.97 (a), 4.24 (b), 4.36 (c), 4.46 (d), 4.48
(e), and 4.49 (f ) and the compensation ratio K = 0.28 (a), 0.44 (b), 0.51 (c), 0.56
(d), 0.57 (e), and 0.58 (f ); crystal density dGe = 5.3234 g/cm3. The experimen-
tal points are taken from Ref. 5. Solid lines are calculations according to Eq. (10)
for average values N = 4.33 ⋅ 1017 cm−3 and K = 0.49 taking into account Θ
by Eq. (15), J by Eqs. (27) and (28) for B0 = 425 mT, Es and Et by Eqs. (16)
and (17), Ed by Eq. (20), δEc by Eq. (22) (curve 1), and δEc by Eq. (23) (curve
2); dashed line 3 is the calculation according to Eq. (10) for the average value
N0 = (1 − K)N = 2.2 ⋅ 1017 cm−3 at Θ = 0 K (Curie law); the arrows show the
temperatures Tm1 and Tm2 according to Eq. (29) taking into account δEc by
Eqs. (22) and (23), respectively.

Note that according to Eq. (19), for the donor concentra-
tion N = 4.33 ⋅ 1017 cm−3 and the compensation ratio K = 0.49, the
impurity bandwidth Wd is equal to 18.5 meV. Thus, for T = 3 K, we
have Wd/kBT ≈ 72, i.e., relation (21) is valid.

As seen, the Curie–Weiss behavior of the paramagnetic suscep-
tibility predicted by the proposed model has a fairly good quantita-
tive agreement with the experimental data from Refs. 2–5 for the
samples of compensated n-Ge:As,Ga close to the insulator–metal
phase transition. Note an agreement of the functional dependence
on the compensation ratio, for which the proposed model predicts
maximal values of χd at the compensation ratios ≈40%–50% (for
N = 3 ⋅ 1017 cm−3).

Thus, the constructed model provides the behavior of specific
paramagnetic susceptibility χd/dGe that corresponds to the tran-
sition from the Curie law to the Curie–Weiss law (Curie–Weiss
behavior) at temperatures below Tm.

The experiment (see Ref. 5) shows that the increase in param-
agnetic susceptibility observed with a decrease in temperature from
5 to 3 K at lower temperatures ceases and it is replaced by the Curie
law for electrons localized in the donor band, and at higher temper-
atures it transforms into a temperature-independent plateau (Pauli
paramagnetism). Such a behavior is caused by the formation of a
narrow Coulomb gap in the compensated samples on the insula-
tor side of the insulator–metal phase transition. At temperatures
higher than the Coulomb gap width, the gap does not manifest

itself in the spin and transport properties. At even higher temper-
atures, when the energy distribution of electrons covers also the c-
band states (electrons are not degenerate), the Curie law is observed
again.

VI. CONCLUSION
The antiferromagnet–ferromagnet–paramagnet transition of a

diamagnetic semiconductor doped with paramagnetic hydrogen-
like donors is described theoretically for the first time as a function
of the temperature T and the compensation ratio K. (For an n-type
semiconductor, the quantity K is the ratio of the concentration of
compensating acceptors KN to the concentration of doping donors
N.) The Curie–Weiss behavior of the low-temperature paramagnetic
susceptibility of compensated semiconductors on the insulator side
of the insulator–metal phase transition is shown. For the analyti-
cal specification of the density of states in the impurity band, we
used model concepts developed so far only for moderately doped
semiconductors.

Calculations of the energy of exchange interaction of two elec-
trons localized on the nearest two neutral donors are based on the
Heitler–London model. Additionally, the shift of the bottom of the
c-band to the bandgap is taken into account due to the separate influ-
ence of two factors: (i) due to confinement (limitation of the local-
ization region) of the electron on the donor and (ii) due to screening
of the Coulomb field of the donor ion by electrons hopping between
hydrogen-like donors.

The model shows that the magnetic susceptibility satisfies the
Curie–Weiss law with the Curie–Weiss temperature, which grows
with compensation, changes sign from minus to plus in the com-
pensation region of 15%–30%, and then reaches values on the order
of several kelvin at compensations of about 50% for doping levels in
Ge close to the insulator–metal phase transition.

The applicability of the model to the experimental results
obtained using the ESR spectroscopy technique requires a small
Zeeman splitting of donor energy levels in the magnetic field
with induction B0 = 425 mT in comparison with the thermal
energy.

The behavior of the paramagnetic susceptibility predicted by
the model at low temperatures (T ≈ 2–7 K) is in good agreement
with the results of measurements performed using the ESR tech-
nique on a series of samples of compensated n-Ge:As,Ga close to
the insulator–metal phase transition.

However, considering the experimental data on the magnetic
susceptibility behavior in a wider temperature range (see Ref. 5),
a qualitative difference is also seen. In experiments, for the tem-
peratures T > 7 K, insulating (at lower temperatures) samples show
a distinct transition to the Pauli paramagnetism, which is charac-
teristic for “metalized electronic states” of the donor band. This is
associated with the disappearance of the manifestation of a narrow
Coulomb gap at the Fermi level in the donor band when the ther-
mal energy is comparable to the width of this band. More precisely,
at higher temperatures, when electrons pass from the states of the
donor band to the c-band, the Curie paramagnetism gives way to
the Pauli paramagnetism. The proposed model is limited to con-
siderably lower temperatures at which both of the thermal effects
indicated here do not occur.
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