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Introduction. The well known almost complex structure J = %(0 —6%)

(see [11], [12]) on homogeneous 3—symmetric spaces belongs [12] to the classes
in Hermitian geometry such as quasi—Kdhler structures (class QK) and nearly
Kaihler (NK) structures in the naturally reductive case.

An extension of these results is investigation of so called canonical f—
structures [3] on homogeneous ®-spaces of order k (®% = id) [4], [10] (in
other terminology, homogenous k—symmetric spaces |7]) in the generalized
Hermitian geometry field (see, for example, [5]). For example [1], the base
canonical f-structures are Hermitian f-structures (class Hf) on naturally
reductive homogeneous 4— and 5-symmetric spaces. For order kK = 6 the
necessary and sufficient conditions are known [8] under which the base canoni-
cal f—structures belong to Hf and nearly Kdhler f-structures (NKf). Finally,
the pointed results were generalized for the base canonical f—structures on
arbitrary homogeneous ®—spaces of any order k (k > 3) with naturally
reductive metric [2] and for more general set of metrics [9].

Now we continue similar investigations of the canonical f-structures on
arbitrary homogeneous k—symmetric spaces. This article contains new results
concerning algebraic sum of the base canonical f-structures and the class
Hf. The structures are considered also with the restriction they are almost
complex structures and it’s proved they belong to the class QK in this case.

Preliminaries. Let G/H be a homogeneous ®-space of order k with an
automorphism ® (®F = id, k > 3) [4], [7], [10]. Denote by g and b the
corresponding Lie algebras and ¢ = d®,. is automorphism in g (¢* = id).
It’s known [10| G/H is reductive and its canonical reductive decomposition
is g = h @ m. Denote by 6 = ¢|m, s = [£51] (whole part), u = s (if k is odd),
u=s+1 (if k is even number). Recall the decomposition of m corresponding
to the automorphism ¢ [7]:

g=hdm=mpEm=myg@m; D...Hm,, (1)

where some of m; can be trivial. If ¢ + j > u we will denote also subspace
Me—(itj) DY Mi -
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Any canonical f-structure can be represented (see [3]) as f =
(C1J1,...,CsJs), where Jy,...,Js are specially defined almost complex
structures (J? = —1) on my,...,my, ¢; € {~=1;0;1}, i = 1,5, f|m, = 0 for
even k. If subspace m; isn’t trivial, (; = 1 and other ¢; = 0 (j # ), then the
structure f will be denoted by f; (i.e. f; is the base canonical f-structure).

Observe that for k = 2 the next Theorem 1 yields well-known commutator
relations for homogeneous symmetric spaces [6]:

[b,b] € b, [h,m] Cm, [m,m] Cb.

Theorem 1. [2], [9] Suppose that G/H is a homogeneous ® space of order
k (k > 2); m is the corresponding canonical reductive complement with
decomposition (1); i,j = 0,1,...,u; ¢ > j; and m;y; denotes My _(ivj) of
i+ j > u. Then, the following commutator relations are valid: [m;, m;] C
QLT + m;—;.

Let us specify now the set of G-invariant Riemannian metrics on the
homogeneous k-symmetric spaces. Using the bijective correspondence [6]
between the G—invariant metrics and the Ad(H)-invariant inner products
on the canonical reductive complement m, consider the following family of
invariant metrics in the case of a semisimple compact Lie algebra g with
Killing form B:

(X,Y) = MB(X1,Y1) + .. + M\ B(Xu, Ya), 2)

where X,Y € g, i = 1,u, X;,Y; € m;, while m; is a summand of the
decomposition (1), A\; € R, A\; < 0.
In case of the Levi—Civita connection V for an invariant Riemannian metric
g = {-,+) on the homogeneous reductive space G/H the bilinear symmetric
mapping U : m x m — m for the Nomizu function [6] « is determined (see [6])
from
HU(X,Y), Z) = (X,[Z.Y]w) + {[Z. X]w,Y) ¥Zem. 3)

In the next theorem we establish that U(X,Y) is determined by the
commutator of X, Y € m in the case of homogeneous k—symmetric spaces
with the metric (2).

Theorem 2. [9] Consider a homogeneous ®—space of order k (k > 3) M =
G/H with the metric (2), and suppose that the Lie algebra g of G is semisimple
and compact. Take arbitrary elements X;,Y;,Y; of the summands m; and m;
in (1) fori,5 =1,u with i > j. Then U satisfies

Aj— N\
2)\15:]'

U(Xi’Y})miij: [Xivyj]miij’ U(Xi’Yi):U(Xi Yj)mn:O’
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where My ; with i + j > u stands for my_(jy, while A\iy; with i +35 > u
stands for A,_(i4jy, and m, is an arbitrary summand of (1) except for m;_;
and m; ;.

New Results. The next theorems are proved taking into account Theorem
2, commutator and other useful relations (see [9]) for the homogeneous k-
symmetric spaces. Note, that the theorems are formulated for the metrics (2)
where Lie algebra g is semisimple and compact. However, if we take arbitrary
homogeneous naturally reductive k—symmetric space then the theorems are
also applicable without semisimpleness and compactness requirements. Let
us consider the class Hf defined by the condition T'(X,Y) = 0 where T is
composition tensor and [5]

T(X,Y) =3 (Vix(NIY = Vpx(H)fPY),

where V is the Levi-Civita connection of a (pseudo)Riemannian manifold
(M,g), X,Y € X(M). For this class we have

Theorem 3. [9] Let M = G/H be a homogeneous ®—space of order k with the
metric (2). Then for every base canonical f—structure f; on M the following
statements hold:

if 3i # k then f; is of the class Hf;

’Lf 3i = k then fi € Hf & [mi,mi] Cb.

Theorem 4. Let M = G/H be a homogeneous ®—space of order k with the
metric (2) and f;, f; are arbitrary base canonical f-structures on M with
i > j. The structure f; — f; € HE iff both conditions are satisfied:

1) The structures f; and f; are of the class Hf.

2) 27& 27 or both [mj,mj] C f) and [mi,mj] Cmyyj.

Theorem 5. Let M = G/H be a homogeneous ®-space of order k with the
metric (2) and f;, f; are arbitrary base canonical f-structures on M with
i > j. The structure f; + f; € HE iff all next conditions are satisfied:

1) The structures f; and f; are of the class Hf.

2) 2i+ j # k or both [m;, m;] C b and [m;, m;] C m;_;.

3) i+ 2j # k or both [m;,m;] C b and [m;, m;] C m;_;.

For the class QK of Hermitian geometry defined for an almost Hermitian
structure J by well-known condition
Vx(J)Y =V x(J)JY =0,
where V, XY are the same as for composition tensor 7', we have
Theorem 6. Let M = G/H be a homogeneous ®—space of order k with the

metric (2), fi is a base canonical f-structure on M and f; is almost complex

structure (i.e. all subspaces of decomposition (1) are trivial except m; and,
probably, mg = ). Then f; € QK.
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It’s easy to conclude from “almost complex structure” condition and
Theorem 1 that M = G/H is a locally symmetric space (i.e. [m,m] C b)
if 3i # k in Theorem 6. However, we don’t have this conclusion if 3i = k
and the base canonical f-structure J = %(9 — 6?) from Introduction is an

example illustrating it.

The author is grateful to Vitaly V. Balashchenko for helpful discussions
and recommendations related to this article.
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BBenenue

Haunewm c onpesiesieHnst BaKHBIX KJIACCOB M30METPUNR M COOTBETCTBYIONIIX
METPUYECKUX IIPOCTPAHCTB.

Onpenesenne 1 ([9], [4]). Hyemos (X,d) — mempuneckoe npocmpan-
cmeo. Hzomempua f npocmpancmea (X, d) na ceba nasvsaemes nepenocom
Kaugpgpopda-Boarvgpa, kpamxo KB-neperocom, ecau [ cmeuwaem 6ce mouru
(X, d) na 0dno u mo oice paccmosnue, m. e. d(y, f(y)) = d(z, f(z)) dan ecex
x,y € X.

Ounpenenenue 2 ([9], [8]). (I[loanoe) mempuueckoe npocmpancmeo
(X,d) masweaemcsa (oepanuuenno) odrnopodnvim no Kaugddopdy-Boavdy,
kpamxo (ozpanuuento) KB-00nopoonvim, ecau das ecex x,y € X (coomeem-
cmeenHo, scer T,y us omrpumozo wapa B(z,r(z)), r(z) > 0, ¢ npoussoas-
Houm yenmpom z € X ) eywecmeyem nepenoc Kauggopda-Boavga npocmpars-
cmea (X, d), nepemewarowut © 6 y.

B crarbe [8] qokasana cienyoniast KiaaccudUKaIHOHHAs TeopeMa.

Teopema 1. Odnoceasnoe (ceasnoe) pumarnoso mmozoobpasue KB-
00HOPOOHO M020a U MOALKO Mo20a, K020a 0HO USOMEMPUYHO NPAMOMY MEM-
PUMECKOMY NPOUBEBEIEHUIO HEKOMOPO20 E6KAUIOEA NPOCTNPAHCMEG, HEYEMHO-
MEPHOIT Chep NOCTOAHHOT KPUBUSHDL U 0OHOCEAZHVLT KOMNAKMHUT NPOCTYIL
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