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Abstract

This paper is a continuation of the works earlier published by the
author and deals with the theories involving a minimal length at all
energy scales. The previously introduced notion of measurability is also
used. As a new step, in this work at the initial stage possible contri-
butions from the inclusion of the space-time quantum fluctuations into
quantum theory and gravity are studied.
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1 Introduction. Main Motivation and Aim

This paper directly continuous the earlier studies of the author [1]–[6] and in
part [7]. The principal idea that has been put forward in [6] is further devel-
oped in this paper as follows: due to the Uncertainty Principle, in quantum
theory there are solid grounds to consider as a background space not continu-
ous space-time but discrete space-time involving the minimal length lmin and
the minimal time tmin. Such a space represents a lattice but very irregular
lattice in a sense that all its variations are determined by the existent energies.
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At the present time all the fundamental theories at the well-known energy
scales (gravity, quantum theory, statistical physics, and the like) are associ-
ated with continuous space-time and with the corresponding mathematical ap-
paratus of infinitesimal space-time variations (increments) dxµ, δxµ, ds, δs, ....
Until very recently, this apparatus has been well applicable both in classical
and quantum physics. However, in the first case the mathematical apparatus
has been used without difficulties, whereas in the quantum case its use provokes
various problems: (1) the problem of ultraviolet and infrared divergences; (2)
the problem of the gravity non-renormalizability in a quantum approach, and
(3) the problem, that is more general, of the adequate transition to the ultra-
violet limit in quantum gravity.
The efforts to solve these problems in theoretical physics have generated nu-
merous attractive and important approaches: supersymmetry, supergravity,
superstrings, M -theories, and so on (for example, [8]).
But all the mentioned theories are actualized at high (Plancks) energies E ≈
EP . At low energies E � EP they, to a high accuracy, should lead to the
well-known Quantum Theory (QT) [9], [10] and General Relativity (GR) [11]
defined for the continuous space-time.
In the majority of the above-mentioned approaches high (Plancks) energies
E ≈ EP are associated with the minimal length lmin ∝ lP that disappears at
low energies E � EP , i.e. lmin → 0.
But if lmin is really present, it must be present at all the “Energy Levels” of
the theory, low energies including. Therefore, in this case the mathematical
formalism of the theory should not involve any infinitesimal spatial-temporal
quantities. Besides, some new parameters become involved, which are depen-
dent on lmin [12]–[21]. But, on the other hand, these parameters could hardly
disappear totally at low energies, i.e., for QT and GR too. However, since the
well-known canonical statement of QT [9], [10] and GR [11] has no such pa-
rameters, the inference is as follows: their influence at low energies is so small
that it may be disregarded at the modern stage in evolution of the theory and
of the experiment.

Still this does not imply that they should be ignored in future evolution of
the theory, especially on going to its high-energy limit.

In this way this paper, similarly to the cited works [1]–[6], has been moti-
vated by the need for actualization of the minimal length lmin and the minimal
time tmin, and also of their associated parameters at all the Energy Levels of
the theory, low energies (E � EP ) including. It should be noted that the
inclusion of lmin (tmin) is dictated not only by selection of the corresponding
model but by the application of the fundamental principles of quantum theory
within the scope of quite natural assumptions ([6] and Section 2).



The uncertainty principle, spacetime fluctuations and ... 203

It is clear that, because of the actualization of lmin (tmin) at all the Energy
Levels, the theory is specified for discrete space-time rather than for continu-
ous space-time. By the main hypothesis set up by the author, the adequately
resolved discrete theory should have the following properties:
a) at low energies, which are far from the Plank energies E � EP , this theory
is very close to the initial continuous theory;
b) the problems indicated in points (1)–(3) in this theory will be solved natu-
rally (without the appearance of infinities) within the scope of the transition
from low to high energies E ≈ EP and vice versa.

The primary objective of the author is to suggest the adequate derivation
of such discrete theory on the basis of his previous works [1]–[6]. As com-
pared to [1]–[6], in this paper the author begins to analyze the inferences of
the inclusion of space-time quantum fluctuations into quantum theory using
the suggested formalism.
The paper is organized as follows. In Sections 2 and 3 the earlier authors re-
sults published in [1]–[6] are very briefly considered to give the reader deeper
insight into the problem. The newly obtained results associated with inclusion
of the space-time quantum fluctuations are presented in Section 4. Finally, in
Conclusion the principal directions for further studies on the basis of the latest
authors findings are indicated.

2 Uncertainty Principle, Principle of Bounded

Space-Time Variations (Increments) and Mea-

surability

The present study is based on two initial, simple and quite natural, supposi-
tions [1]–[6]:
I. Any small variation increment ∆̃xµ of any spatial coordinate xµ of the ar-
bitrary point xµ, µ = 1, ..., 3 in some space-time system R may be realized in
the form of the uncertainty (standard deviation) ∆xµ when this coordinate is
measured within the scope of Heisenberg’s Uncertainty Principle (HUP) [22]

∆̃xµ = ∆xµ,∆xµ '
h̄

∆pµ
, µ = 1, 2, 3 (1)

for some ∆pµ 6= 0.
Similarly, for µ = 0 for pair “time-energy” (t, E), any small variation (in-

crement) in the value of time ∆̃x0 = ∆̃t0 may be realized in the form of the
uncertainty (standard deviation) ∆x0 = ∆t and then

∆̃t = ∆t,∆t ' h̄

∆E
(2)
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for some ∆E 6= 0. Here HUP is given for the nonrelativistic case. In the
relativistic case HUP has the distinctive features [23] which, however, are of
no significance for the general formulation of Any small variation (increment)
∆̃xµ of any spatial coordinate xµ of the arbitrary point xµ, µ = 1, ..., 3 in
some space-time system R may be realized in the form of the uncertainty
(standard deviation) ∆xµ when this coordinate is measured within the scope
of Heisenberg’s Uncertainty Principle (HUP)

∆̃xµ = ∆xµ,∆xµ '
h̄

∆pµ
, µ = 1, 2, 3 (3)

for some ∆pµ 6= 0. Similarly, for µ = 0 for pair “time-energy” (t, E), any small
variation (increment) in the value of time ∆̃x0 = ∆̃t0 may be realized in the
form of the uncertainty (standard deviation) ∆x0 = ∆t and then

∆̃t = ∆t,∆t ' h̄

∆E
(4)

for some ∆E 6= 0. Here HUP is given for the nonrelativistic case. In the
relativistic case HUP has the distinctive features [23] which, however, are of
no significance for the general formulation of I., being associated only with
particular alterations in the right-hand side of the second relation Equation
(3).
It is clear that at low energies E � EP (momentums P � Ppl) I. sets a lower
bound for the variations (increments) ∆̃xµ of any space-time coordinate xµ.

At high energies E (momentums P ) this is not the case if E (P ) have no
upper limit. But, according to the modern knowledge, E (P ) are bounded by
some maximal quantities Emax, (Pmax)

E ≤ Emax, P ≤ Pmax, (5)

where in general Emax, Pmax may be on the order of Planck quantities Emax ∝
EP , Pmax ∝ Ppl and also may be the trans-Planck’s quantities.

In any case the quantities Pmax and Emax lead to the introduction of the
minimal length lmin and of the minimal time tmin.
II. There is the minimal length lmin as a minimal measurement unit for all
quantities having the dimension of length, whereas the minimal time tmin =
lmin/c as a minimal measurement unit for all quantities having the dimension
of time, where c is the speed of light.

lmin and tmin are naturally introduced as ∆xµ, µ = 1, 2, 3 and ∆t in Equa-
tions (3) and (4) for ∆pµ = Pmax and ∆E = Emax.

For definiteness, we consider that Emax and Pmax are the quantities on the
order of the Planck quantities, then lmin and tmin are also on the order of
Planck quantities lmin ∝ lP , tmin ∝ tP .
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I.,II. are quite natural in the sense that there are no physical principles
with which these suppositions are inconsistent.

The combination of suppositions I, II will be called the Principle of
Bounded Space-Time Variations (Increments).
Then, since in fact Suppositions I.,II. introduce the minimal length lmin, in-
stead of HUP, we can consider its widely known high-energy generalization—
the Generalized Uncertainty Principle (GUP) that naturally leads to the min-
imal length lmin [24]–[35]:

∆x ≥ h̄

∆p
+ α′l2P

∆p

h̄
. (6)

Here α′ is the model-dependent dimensionless numerical factor and lP is the
Planckian length. As Equation (6) is a quadratic inequality, then it naturally
leads to the minimal length lmin = ξlP = 2

√
α′lP .

As the minimal unit of measurement lmin is available for all the quantities L
having the dimensions of length, the “Integrality Condition” (IC) is the case

L = NLlmin, (7)

where NL > 0 is an integer number.
In a like manner the same “Integrality Condition” (IC) is the case for all the
quantities t having the dimensions of time. And similar to Equation (7), we
get the for any time t:

t ≡ t(Nt) = Nttmin, (8)

Due to (7), we have
∆x = N∆xlmin. (9)

Then the transition from high to low energies in GUP, i.e. (GUP,∆p→ 0) =
(HUP ), is nothing else but

(N∆x ≈ 1)→ (N∆x � 1). (10)

Substituting (9) into (6) and making the necessary calculations, we can see
that in the general case

∆p ≡ ∆pN∆x
=

h̄

(N∆x − 1
4N∆x

)lmin
. (11)

Whereas at low energies E � EP

∆p ≡ ∆pN∆x
=

h̄

N∆x)lmin
. (12)

At the same time, for the corresponding energy E we get

∆E ≡ ∆E(Nt) =
h̄

(Nt − 1
4Nt

)tmin
(13)
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or for low energies

∆E ≡ ∆E(Nt) =
h̄

Ntmin
. (14)

In the relativistic case the formulae corresponding to (11),(13) have been de-
rived in [2],[6].
Note that the above-mentioned formulae may be conveniently rewritten in
terms of lmin with the use of the deformation parameter αa. This parameter
has been introduced earlier in the papers [36]–[43] as a deformation parameter
(in terms of paper [44]) on going from the canonical quantum mechanics to
the quantum mechanics at Planck’s scales (early Universe) that is considered
to be the quantum mechanics with the minimal length (QMML):

αa = l2min/a
2, (15)

where a is the measuring scale.
In the suggested formalism it seems expedient to introduce the following defi-
nition:

Definition 1 (Measurability)
(1) Let us define the quantity having the dimensions of length L or time t mea-
surable, when it satisfies the relation Equation (7 (and respectively Equation
(8)).
(2) Let us define any physical quantity measurable, when its value is consistent
with points (1) of this Definition.

Thus, infinitesimal changes in length (and hence in time) are impossible and
any such changes are dependent on the existing energies.
The indicated formalism leads to two lattices.
1) Lattice of the space-time variation—LatS−T representing, to within the
known multiplicative constants, the sets of nonzero integers Nw 6= 0 and Nt 6= 0
for each of the three space variables w

.
= x; y; z and the time variable t

LatS−T
.
= (Nw, Nt). (16)

At the low energies E � Emax ∝ EP the low-energy part (sublattice) LatS−T [LE]
of LatS−T is as follows:

LatS−T [LE] = (Nw, Nt) ≡ (|Nx| � 1, |Ny| �, |Nz| � 1, |Nt| � 1). (17)

At high energies E → Emax ∝ EP we, on the contrary, have the sublattice
LatS−T [HE] of LatS−T

LatS−T [HE] = (Nw, Nt) ≡ (|Nx| ≈ 1, |Ny| ≈ 1, |Nz| ≈ 1, |Nt| ≈ 1). (18)
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2) The lattice momenta-energies variation LatP−E, which is defined within
the known multiplicative constants as [6]:

LatP−E
.
= (

1

Nw − 1
1/4Nw

,
1

Nt − 1
1/4Nt

), (19)

where Nw 6= 0, Nt 6= 0 are integer numbers from Equation (16). Similar to
Equation (17), we obtain the low-energy (Low Energy) part or the sublattice
LatP−E[LE] of LatP−E

LatP−E[LE] ≈ (
1

Nw

,
1

Nt

), |Nw| � 1, |Nt| � 1. (20)

In accordance with Equation (18), the high-energy (High Energy) part
(sublattice) LatP−E[HE] of LatP−E takes the form

LatP−E[HE] ≈ (
1

Nw − 1
1/4Nw

,
1

Nt − 1
1/4Nt

), |Nw| → 1, |Nt| → 1. (21)

The general problem formulated in [1]–[6] is to resolve a quantum theory
and gravity in terms of “measurable quantities” in the sense of Definition
1 (Measurability) given in this Section.
Because of this, in what follows all the considerations are given in terms of
“measurable quantities” in the sense of Definition 1.

3 Measurable Quantities in Quantum Theory.

Start

For convenience, we denote the minimal length lmin 6= 0 by `.
In [6] the author begins his study of the wave function in terms of measurable
quantities.
Specifically, the scalar product 〈ψ|φ〉 is considered in the momentum represen-
tation. And in this case it should be considered at the lattice LatP−E from
the previous Section.
What is implied?
The scalar product 〈ψ|φ〉 from [34] is given by

〈ψ|φ〉 =
∫ +∞

−∞

dp

1 + βp2
ψ∗(p)φ(p) (22)

where β = `2/h̄2.
In the case under study (22) at the low energies E � EP (or 1� |Np| ≤ Ñ <
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∞) is replaced by the sum

〈ψ|φ〉
1�|Np|≤Ñ

=
∑

1�|Np|≤Ñ

∆p(pN)ψ∗(pN)φ(pN)

(1 + 1
(Np− 1

4Np
)2 )

≈

≈
∑

1�|Np|≤Ñ

∆p(pN)ψ∗(pN)φ(pN)

(1 + 1
N2
p
)

. (23)

Here

∆ppN = pN − pN+1; ∆−1
p ψ(pN) =

ψ(pN)− ψ(pN+1)

pN − pN+1

=

=
ψ(pN+1 + ∆ppN)− ψ(pN+1)

∆ppN
. (24)

and Ñ is derived from a minimum variation of the momentum ∆pmin (formula
(64) in [6])
Besides, in [6] it is shown that, since at low energies |Np| � 1, in fact pN is
varying continuously and, proceeding from the above formulae, we can assume
that to a high accuracy the function φ(pN),(ψ∗(pN)) is differentiable in terms
of this variable.
At high energies E ≈ EP (or |Np| ≈ 1) (22) is replaced by the following sum:

〈ψ|φ〉|Np|≈1 =
∑
|Np|≈1

∆p(pN)ψ∗(pN)φ(pN)

(1 + 1
(Np− 1

4Np
)2 )

. (25)

Then at all the energy scales 〈ψ|φ〉Np may be formally represented as follows:

〈ψ|φ〉Np = 〈ψ|φ〉
1�|Np|≤Ñ

+ 〈ψ|φ〉|Np|≈1. (26)

Just this approach was used to study 〈ψ|φ〉 in [34], as is evidenced by the
formula in (22).
However, with the formalism and terms proposed in this work, and also with
the use of the formula (10) that in this case takes the form

(|Np| ≈ 1)→ (1� |Np| ≤ Ñ), (27)

it seems more logical to consider the two components in Equation (26) sepa-
rately, the first component originating in the process of the low-energy transi-
tion from the second component as follows:

〈ψ|φ〉|Np|≈1
|Np|�1⇒ 〈ψ|φ〉

1�|Np|≤Ñ
. (28)
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We will return to the substantiation (28) in the next Section that is of primary
importance for this work.
At the end of this Section it is appropriate to note the following [2],[6]:

3.1. The first part of formula (13) from [34] holds as well in the general
case for each of the components in Equation (26)

〈(ψ|p)|φ〉 = 〈ψ|(p|φ)〉 (29)

The second part of formula (13) from [34]

〈(ψ|x)|φ〉 = 〈ψ|(x|φ)〉 (30)

takes place (to a high accuracy) only for the low-energy case 1� |Np| ≤ Ñ <
∞, i.e., for the first component in Equation (26).

3.2.In the last few years in a series of works [45]–[48] it has been demonstrated
that within the scope of GUP fairly complex high-energy generalizations of the
Standard Dispersion Relations [23]are possible, which are known as Modified
Dispersion Relations (MDRs). MDRs can change only the high-energy part of
the lattice LatP−E, i.e. LatP−E[HE].
However, in [2],[6], as distinct from [45]–[48], the author uses the simplest (ear-
lier) variant of GUP [24]–[33], involving a minimal length but not a minimal
momentum.

4 Curvature and Space-Time Quantum Fluc-

tuations in Quantum Theory and Gravity

Now we consider the components (26) separately (as this seems more correct)
and try to substantiate the low-energy transition (28).
In the previous Section (similar to [34]) the background space curvature has
not been treated implicitly it has been implied that quantum theory is consid-
ered in flat space-time. This assumption is sufficiently correct at low energies
which are far from the Planck energies E � EP . In this case the space-time
curvature may be disregarded as the modern experimental cosmology demon-
strates that the space-time geometry at the well-known energies E � EP is a
geometry of flat space to a high accuracy [49].
However, at high energies E ≈ EP this space is different from the flat space
and there is no possibility to disregard this fact. According to the present-day
knowledge, at Plancks scales the space exhibits high Space-Time Quantum
Fluctuations (STQF) of the fundamental quantities: length, time, metric, and
so on [50]–[72].
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Let us briefly revert to STQF. The definition (STQF) is closely associated
with the notion of space-time foam. The notion space-time foam, introduced
by J. A. Wheeler about 60 years ago for the description and investigation of
physics at Plancks scales (Early Universe) [50],[51], is fairly settled. Despite
the fact that in the last decade numerous works have been devoted to physics
at Plancks scales within the scope of this notion, for example [52]–[71], by this
time still their no clear understanding of the space-time foam as it is.
In accordance with the modern concepts, the space-time foam [51] notion forms
the basis for space-time at Plancks scales (Big Bang). This object is associated
with the quantum fluctuations generated by uncertainties in measurements of
the fundamental quantities, inducing uncertainties in any distance measure-
ment. A precise description of the space-time foam is still lacking along with
an adequate quantum gravity theory. But for the description of quantum fluc-
tuations we have a number of interesting methods (for example, [72],[61]–[71]).
In what follows, we use the terms and symbols from [63]. Then for the fluctu-
ations δ̃l of the distance l we have the following estimate:

(δ̃l)γ ∼> lγP l
1−γ = lP (

l

lP
)1−γ = l(

lP
l

)γ = lλγl , (31)

or that same

|(δ̃l)γ|min = βlγP l
1−γ = βlP (

l

lP
)1−γ = βlλγl , (32)

where 0 < γ ≤ 1, coefficient β is of order 1 and λl ≡ lP/l.
From (31),(32), we can derive the quantum fluctuations for all the primary
characteristics, specifically for the time (δ̃t)γ, energy (δ̃E)γ, and the metrics

(δ̃gµν)γ. In particular, for (δ̃gµν)γ we can use formula (10) in [63]

(δ̃gµν)γ ∼> λγ. (33)

But due to GUP (6), in the case under consideration the theory involves a
minimal length on the order of the Planck length

` ∝ lP

or that is the same

` = ξlP , (34)

where the coefficient ξ is on the order of unity too.
Evidently,that in this case replacement of Plancks length by the minimal length
in all the above formulae is absolutely correct and is used without detriment
to the generality [7],[1]

lP → `. (35)
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Thus, λl ≡ lmin/l and then (31)– (33) upon the replacement (35) are read
unchanged.
So, (32) may be written as

|(δ̃l)γ|min = βlλγl = βNl(N
−γ
l )` = βN1−γ

l `. (36)

Here one should take into account the following consideration: due to the
(Integrality Condition) (7) in the right-hand side of (36) for the factor βN1−γ

l

before ` its integer part is always meant

βN1−γ
l 7→ [βN1−γ

l ] (37)

and this goes without special mentioning for the whole text.
As noted in the overview [63], the value γ = 2/3 derived in [72] is totally
consistent with the Holographic Principle [73]–[76].
The following points of importance should be noted [7],[1]:
4.1)It is clear that at Plancks scales, i.e. at the minimal length scales

l→ ` (38)

models for different values of the parameter γ are coincident.

4.2) In fact, the parameter λl is nothing else but

λl =
√
αl, (39)

where αl is defined in formula (15) for a = l.
It is important that the parameter αl initially introduced in [36]–[43] is not
given at the limiting point l = lmin due to the appearance of singularity [37]
and hence we have

0 < αl ≤ 1/4. (40)

It is obvious that nothing precludes λl to be variable over the interval

0 < λl ≤ 1. (41)

At the same time, for complete conformity to the domain of definition (41)
and to the formula of (39), at the limiting point l = ` the parameter αl may
be redefined (regularized).
It should be noted that the parameter αl has the following clear physical
meaning:

α−1
l ∼ SBH , (42)

where

SBH =
A

4l2p
(43)
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is the well-known Bekenstein-Hawking formula for the black hole entropy in the
semiclassical approximation [77],[78] for the black-hole event horizon surface
A, with the characteristics linear dimension (radius) R = l. This is especially
obvious in the spherically-symmetric case.

Reverting to the beginning of this Section, we can state the following:
as background spaces of the first and of the second components in (26) have
absolutely different curvatures (the space is nearly flat for the first component
and has a higher curvature for the second component), it is better to consider
these components separately, the transition (28) being absolutely natural.

Considering this, the transition (28) from high to low energies may be given
differently as a transition from the high-curvature background space K � 0
to the asymptotically flat space [11]

〈ψ|φ〉K�0

K→0⇒ 〈ψ|φ〉K≈0
. (44)

As this takes place, the curvature K in (44) is understood as the Gaussian
curvature K(l) [79] corresponding to the scale l:

K ≡ K(l) =
1

l2
=

1

N2
l `

2
= αl`

−2. (45)

Because of this, the transition (44) is in complete conformity with the formula
(27) from the previous Section.
The problem is, which models for space-time foam at the Planck scale ade-
quately agree with the transition (44).
It is clear that this feature is attributed to the models considered by Fabio
Scardigli in [56]–[58] and based on micro-black holes with the radius r that
equals several Plancks lengths lP or, in much the same way, several minimal
lengths ` (within the scope of this paper) r = Nr`, where Nr – integer number
on the order of 1.
Then, due to (45), in fact the transition (44) for l = r takes the form

〈ψ|φ〉 1

N2
r
�0

Nr→∞⇒ 〈ψ|φ〉 1

N2
r
≈0. (46)

Is it possible to correct the results of the previous Section due to STQF?
4.3) At high (Plancks) energies, according to 6.1) and the formula of (38), all
fluctuations of the length l have the characteristic dimension ≈ `. Because of
this, we should take into consideration all components of the sum

〈ψ|φ〉|Np|≈1 =
∑
|Np|≈1

∆p(pN)ψ∗(pN)φ(pN)

(1 + 1
(Np− 1

4Np
)2 )

. (47)
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from the right-hand side of (25).

4.4)The situation is cardinally different at low energies E � EP . Accord-
ing to formulae (32),(36) and considering (37), in the sum from the right-hand
side of the formula (23)

〈ψ|φ〉
1�|Np|≤Ñ

=
∑

1�|Np|≤Ñ

∆p(pN)ψ∗(pN)φ(pN)

(1 + 1
(Np− 1

4Np
)2 )

≈

≈
∑

1�|Np|≤Ñ

∆p(pN)ψ∗(pN)φ(pN)

(1 + 1
N2
p
)

. (48)

we select not all the components but only those corresponding to the points
lattice “sites” LatP−E[LE] from Section 3 defined by (36), (37) In this case
the lattice spacing in the sum from the right-hand side of (48) is not single and
equal to `, being variable, determined by the scale l, and dependent on the
energies present

Ñl` = [βN1−γ
l ]`, (49)

where β, γ is taken from formulae (32),(36),(37).
The situation is quite natural. Indeed, the transition (48) from the point with
the number N to the point with the number N +1 means that the length l = `
corresponding to the “difference” of these points is a measurable quantity. By
Definition 1, the minimal length ` is actually a measurable quantity but only
for the energies E ≈ EP , and in this point we consider the case E � EP .

It should be noted that STQF must be taken into account in gravity too.
Let us consider an example of the static spherically-symmetric horizon space
that has been treated in [80] and subsequently studied by the author in [81],
and also in [1].
The metric on the horizon of this space is of the form [80]

ds2 = −f(r)c2dt2 + f−1(r)dr2 + r2dΩ2. (50)

The horizon location will be given by a simple zero of the function f(r), at the
radius r = a.
In [1] it has been demonstrated that the Einstein equation on horizon in this
case may be written in terms of the Gaussian curvature(see the above-given
formula (45)) as

c4

G
(−f ′(Ka)K

2
a −

1

2
Ka) = 4πP (Ka), (51)

where Ka is the Gaussian curvature corresponding to the horizon radius r = a;
P (Ka) = T aa is the trace of the momentum-energy tensor and radial pressure.
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Then, in analogy with 4.3) and 4.4), we obtain

4.5) At high energies E ≈ EP in the case under study the radius of this space
is close to the minimal length `, a ≈ ` in analogy with [56]–[58] micro-black
holes having the radius r = a [81], [1]. All STQF of r = a will be ≈ `, as in
4.3.The Gaussian curvature Ka (45)) becomes enormous, drastically varying
for any change of the space radius (formulae (46),(47) in [1]).

4.6) At low energies E � EP , and vice versa r = a � `, the Gaussian
curvature Ka = 1/a2 ≈ 0 takes a (nonuniform) discrete series of values close
to zero. Ka, as distinct from (4.5), is varying smoothly. Besides, STQF of the
radius r = a will be � `. They are given by the formula of (49) for l = a, as
noted in [1] (formula (35)).

Of course, Section 4 of this paper and the results of the previous works [1]–[6]
are only the first steps to resolve the Quantum Theory and Gravity in terms of
measurable quantities using Definition 1. It is necessary to study thoroughly
the low-energy case E � EP and the correct transition to high energies
E ∝ EP taking into account STQF. The author is planning to treat these
problems in his further works.

5 Conclusion

In several works [2, 6] the main points have been formulated and the problems
associated with the suggested approach have been indicated. They may be
concluded as follows.

5.1 When in the theory the minimal length lmin 6= 0 is actualized (in-
volved) at all the energy scales, a mathematical apparatus of this theory must
be changed considerably: no infinitesimal space-time variations (increments)
must be involved, the key role being played by the definition of measurability
(Definition 1 from Section 2).

5.2 As this takes place, the theory becomes discrete at all the energy scales
but at low energies (far from the Planck energies) the sought for theory must
be very close in its results to the starting continuous theory (with lmin = 0).
In the process a real discreteness is exhibited only at high energies which are
close to the Planck energies.

5.3 By this approach the theory at low and high energies is associated with
a common single set of the parameters (NL from Formula (7)) or with the
dimensionless small parameters (1/NL =

√
αL) which are lacking if at low

energies the theory is continuous, i.e., when lmin = 0.
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The principal objective of my further studies is to develop for quantum the-
ory and gravity, within the scope of the considerations given in points 5.1–5.3,
the corresponding discrete models (with lmin 6= 0) for all the energy scales
and to meet the following requirements:
5.4 At low energies the models must, to a high accuracy, represent the results
of the corresponding continuous theories.
5.5 The models should not have the problems of transition from low to high
energies and, specifically, the ultraviolet divergences problem. By author’s
opinion, the problem associated with points 5.4 and 5.5 is as follows.
5.6 It is interesting to know why, with the existing lmin 6= 0, tmin 6= 0 and
discreteness of nature, at low energies E � Emax ∝ EP the apparatus of
mathematical analysis based on the use of infinitesimal space-time quantities
(dxµ,

∂ϕ
∂xµ

, and so on) is very efficient giving excellent results. The answer is

simple: in this case lmin and tmin are very far from the available scale of L and
t, the corresponding NL � 1, Nt � 1 being in general true but insufficient.
There is a need for rigorous calculations.

Based on Section 4 of the present paper, the points 5.1–5.6 should be supple-
mented with points 5.7 – 5.9.

5.7 Is the exponent of γ in formulae (31),(32), and so on constant γ ≡ const.
or is it dependent on the existent energies γ = γ(E)?

5.8 The Gaussian curvature K(r) considered in Section 4 leads to the sim-
plest geometry that, to a high accuracy, is flat at low energies. Besides, it is
readily expressed in terms of measurable quantities.
The problem is to suggest a constructive description for a maximally wide
class of the geometries which are asymptotically flat in the limit of low en-
ergies E � EP . In this context the word constructive is used in terms of
measurable quantities. Solving of this problem is directly associated with the
constructive description of space-time at Planck’s scale or of space-time foam.

5.9 And, finally, is there a direct relation between the preceding point and the
expression of the main gravity components Rν

µ(αl), R(αl), T
ν
µ (αl),Λ(αl) from

Section 4 in terms of measurable quantities?
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