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Statistical fluctuations of cooperative radiation produced by nonisochronous

electrons-oscillators
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Shot noise, intrinsic to the ensemble of nonisochronous electrons-oscillators, is the cause of sta-
tistical fluctuations in cooperative radiation generated by single-pass cyclotron-resonance masers
(CRMs). Autophasing time — the time required for the cooperative radiation power to peak — is
the critical parameter characterizing the dynamics of electrons-oscillators interacting via the radia-
tion field. Shot-noise related fluctuations of the autophasing time imposes appreciable limitations on
the possibility of coherent summation of electromagnetic oscillations from several single-pass CRMs.

Premodulation of charged particles leads to a considerable narrowing of the autophasing time
distribution function. When the number of particles Ne exceeds a certain value that depends on
the degree to which the particles have been premodulated, the relative root-mean-square deviation
(RMSD) of the autophasing time δT changes from a logarithmic dependence on Ne (δT ∼ 1/ lnNe)
to square-root (δT ∼ 1/

√
Ne). As a result, there is an increased probability of coherent summation

of electromagnetic oscillations from several single-pass generators.
A slight energy spread (∼4%) results in a twofold drop of the maximum attainable power of

cooperative radiation.

PACS numbers: 41.60.-m, 05.40.Ca, 84.40.lk

I. INTRODUCTION

R. H. Dicke in his pioneering work [1] has shown that
a system of Na number of inverted two-level atoms can
spontaneously transit to the ground state during the time
inversely proportional to the number of atoms N−1

a . Be-
cause the total energy emitted by the collection of atoms
is proportional to Na, the radiation intensity reveals a
square dependence on Na. This type of radiation was
termed the ”collective spontaneous radiation”, or the
”Dicke superradiance”. A remarkable progress has been
achieved in the understanding of this phenomenon in [2].
The authors of [2] have developed a quantum theory of
superradiance for a single-mode model. The simplicity
of the model enables a detailed study of the kinetics and
statistical properties of superradiance. Later, it has been
found [3–5] that the radiation intensity undergoes appre-
ciable statistical fluctuations and the RMSD of the super-
radiative instability time T slowly decreases according to
a logarithmic law as the number of particles is increased:
δT ≈ 1.3/ lnNa.

The elementary unit of the system we have just de-
scribed is a two-level atom, the concept widely used in
quantum electronics and optics to describe physical pro-
cesses. In the excited state, the two-level atom inter-
acting with the radiation field is also involved in relax-
ation processes caused by inter-particle collisions. If the
radiation growth time T is much greater than the relax-
ation time, then the pulse of superradiance is not formed,
and the particles emit incoherently. This greatly restricts
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the selection of active medium for experimental investiga-
tion of superradiance and design of superradiance-based
short-pulse electromagnetic sources [6, 7].

In this connection, a considerable attention has been
paid recently to the generation of short superradiance
pulses [8, 9], also termed as ”self-amplified spontaneous
emission”, ”superradiance”, or ”cooperative radiation”
[10], using short electron beams propagating in complex
electrodynamical structures (undulators, resonators, di-
electric and corrugated waveguides, or photonic crystals)
[8, 9, 11–13]. In such systems, the average relaxation
time that depends on the collisions between charged par-
ticles exceeds manifold the time needed for the formation
of the cooperative-radiation pulse.

Cooperative radiation is generated via a nonlinear in-
teraction of charged particles and the electromagnetic
field, causing the electrons to bunch. As a result, the
whole of the electron beam becomes spatially modulated.
Spatial modulation is accompanied by a coherent emis-
sion of electromagnetic waves.

The possibility to produce short pulses of coopera-
tive radiation was first substantiated in [14, 15] for free
electron lasers (FELs). However, the experimentally
measured output characteristics of cooperative radiation
(power, radiation spectra, and energy in a pulse) seemed
really stochastic, which, according to theoretical [16, 17]
and experimental [18–22] studies, was closely related to
the presence of the shot noise inherent in charged-particle
beams. It is noteworthy that high frequency and time
stability of the radiation pulse is crucial for many appli-
cations. For this reason, electron beams are premodu-
lated at the radiation frequency to reduce the influence
of shot noise on cooperative radiation [23–27].

In a microwave range, single-pass CRMs [28–30] and
Cherenkov generators are more commonly used [31–33].
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The generators of cooperative radiation operate in two
regimes: traveling wave [31–33] and backward wave [34–
38].

The distinguishing feature of the traveling-wave regime
is that the group velocity of electromagnetic waves and
the velocity of charged particles are co-directional. This
regime was applied in first experiments with single-pass
CRMs [29, 30] and Cherenkov generators [31]. The-
oretical consideration of radiation gain in short-pulse
traveling-wave generators revealed an important pecu-
liarity: the stability of the cooperative radiation param-
eters can be improved noticeably by injecting into the
electrodynamical structure of a beam with a sharp front
whose duration is comparable with the emission period
[32, 33]. In this case, the Fourier transform of the beam
current contains quite a significant spectral component
at the radiation frequency. As a result, the generation of
electromagnetic oscillations starts with coherent sponta-
neous emission of the whole beam instead of incoherent
spontaneous emission from individual particles. As a re-
sult, the degree of fluctuations in cooperative radiation
is decreased.

Though the early single-pass CRMs and Cherenkov
generators operated in the traveling-wave regime, the
most impressive results were obtained in experiments
with single-pass backward-wave tubes generating cooper-
ative radiation whose peak power was appreciably greater
than the beam power [36–38]. For example, the peak ra-
diated power of 1.2 GWwas attained at 9.3 GHz for beam
power of 0.87 GW [36]. The stability of output param-
eters of the cooperative-radiation pulse generated in the
backward-wave regime, as in a single-pass traveling-wave
generator, strongly depended on the beam front.

The analysis of theoretical and experimental works on
generation of cooperative radiation reveals that the main
cause of statistical spread of the output characteristics
is the shot noise inherent in the electron beam. The
impact it produces can be diminished by premodulating
the beam at the radiation frequency [23–27]. Naturally,
one wonders what degree of beam premodulation is re-
quired for certain applications. This problem would be
most prevalent for high-current generators with electron
beams composed of ectons, individual portions of elec-
trons that contain up to 1011 elementary charge carriers
[39, 40]. Taking into account the complex structure of the
electron beam is a must for accurate estimations of the
shot noise [41], which is essential in solving the problem of
coherent summation of electromagnetic oscillations from
several short-pulse sources of radiation [12, 13].

This paper considers the effect of shot noise on the
generation of cooperative radiation from a premodulated
short beam of particles. We shall consider this issue by
the example of an ensemble of nonisochronous electrons-
oscillators interacting with one another via the radiation
field, used as one of the basic models for the description of
nonlinear generation of electromagnetic waves in CRMs
[42–47]. It has been shown in [44, 45] that in the absence
of external action, the instability evolves in the ensemble

of nonisochronous electrons-oscillators, accompanied at
the initial stage by an exponential growth of the radiated
power and autophasing of electrons-oscillators. This ex-
ponential growth is then suppressed due to nonlinearity,
and the pulse of cooperative radiation is formed [44]. The
influence of nonisochronism on the peak power of coop-
erative radiation and the autophasing time of electrons-
oscillators was studied in detail by Vainstein and col-
leagues [45]. However, the authors of [45] assumed that
the beam had been premodulated at the radiation fre-
quency and left out the effects related to shot noise [47].
In our analysis of statistical properties of cooperative

radiation, the peak radiated power and autophasing time
serve as random variables. The peak power is the ma-
jor output characteristic of short-pulse electromagnetic
sources, and the autophasing time is the parameter defin-
ing the minimum time of particle passage through the
generator needed for cooperative instability to evolve.
Moreover, the RMSD in the autophasing time is of funda-
mental importance for coherent summation of oscillations
from several cooperative-radiation sources.
The paper’s outline is as follows. First, we derive a

system of equations describing the interaction of non-
isochronous oscillators via the radiation field by the ex-
ample of electron ensemble circulating in a uniform mag-
netic field. Further comes a detailed consideration of sta-
tistical fluctuations of cooperative radiation in the pres-
ence of shot noise from the ensemble of nonisochronous
electrons-oscillators with and without phase premodula-
tion of charged particles. Particular attention is given
to finding the autophasing time distribution function.
Based on the described study, we shall then investigate
in detail the statistical fluctuations in single-pass CRMs
and discuss the limits imposed on the output character-
istics thereof by the shot noise and the energy spread.
Furthermore, we shall discuss the possibility of coherent
summation of oscillations coming from several single-pass
sources of cooperative cyclotron radiation.

II. COOPERATIVE CYCLOTRON RADIATION

Let us consider the behavior of a nonrelativistic elec-
tron beam in a uniform magnetic field ~H directed along
the OZ axis in the presence of the radiative energy loss.
(The behavior of the relativistic electron beam is dis-
cussed in Appendix A.) Particle velocity components per-
pendicular and parallel to the magnetic-filed vector are
denoted by ~v⊥k and ~vzk, respectively. Then the behavior
of particles is described by the equations of motion in the
form

~̇p⊥k =
e

c
~v⊥k × ~H + ~F⊥k,

ṗzk = Fzk.
(1)

Here, ~Fk is the force acting on the kth particle from all
particles and ~pk is its momentum related to the veloc-



3

ity ~vk as

~pk =
m~vk

√

1− v2k/c
2
≈ m~vk

(

1 +
v2⊥k + v2zk

2c2

)

. (2)

If the beam size is less than the radiation wavelength
λ = 2πmc/eH , and the Coulomb repulsion force and
induction fields can be neglected (see Appendix B), then
the force acting on each particle is given by the sum (see
Appendix C)

~Fk = e
∑

j

2e

3c3
~̈vj , (3)

where 2e
3c3 ~̈vj is the radiation field induced by the jth par-

ticle.
Let us pay attention to an essential circumstance [50]:

the expression for ~Fk is true if the radiative friction force

is appreciably less than the Lorentz force e
c~vk × ~H acting

on each particle. Otherwise, unphysical self-accelerated
solutions may arise.
The requirement that the radiative friction force

should be much less than the Lorentz force imposes lim-
itation on the magnetic field strength (in the opposite
case the considered theory is invalid). For single particle
[50]:

H ≪ m2c4

e3
≈ 6 · 1015 Gs. (4)

But in the case of a dense beam of coherently emitting
particle with Ne electrons, mass M = Nem, and charge
Q = Nee we can write by analogy with (4)

H ≪ Hcr =
M2c4

Q3
=

m2c4

Nee3
. (5)

With the present-day acceleration facilities, dense beams
with Ne ∼ 1010 electrons are available; substitution of
Ne ∼ 1010 into (5) gives H ≪ 60 kGs. If this condi-
tion is violated, the equation set (1) with the force (3) is
inapplicable.
Thus, if the radiation reaction force is much less than

the Lorentz force and the beam size is less than the radia-
tion wavelength, then the equations of motion describing
the interaction between charged particles have the form:

ṗ⊥k =
e

c
~vk × ~H +

2e2Ne

3c3
~̈v⊥,

~̈v⊥ =
1

Ne

∑

k

~̈v⊥k.
(6)

In the absence of energy losses through emission, the
particles are in circular motion with cyclic frequencies
[50]

Ωk =
eH

mc

√

1− v2k
c2

≈ eH

mc

(

1− v2⊥k + v2zk
2c2

)

, (7)

depending on ~v⊥k, which is responsible for nonisochro-
nism of oscillations.
Using the approximate relation

~̈v⊥k ≈ −Ω2
k~v⊥k ≈ −Ω2~v⊥k, (8)

where

Ω =
eH

mc
, (9)

we shall write vector equations (6) in a component-wise
fashion

v̇xk = Ω
(

1− 1

2

~v2⊥k + ~v2zk
c2

)

vyk −
2e2Ω2Ne

3mc3
vx,

v̇yk = −Ω
(

1− 1

2

~v2k + ~v2zk
c2

)

vxk −
2e2Ω2Ne

3mc3
vy,

v̇zk = 0,

(10)

where

~vx =
1

Ne

∑

k

~vxk,

~vy =
1

Ne

∑

k

~vyk.

(11)

Then we shall multiply the second equation (10) by −i
and add it to the first one:

v̇xk − iv̇yk = iΩ
(

1− 1

2

~v2⊥k + ~v2zk
c2

)

(vxk − ivyk)

− 2e2Ω2Ne

3mc3
(vx − ivy).

(12)

Assuming that all vzk = vz are equal, let us intro-

duce the following notation: ak = e−iΩ(1−v2

z/2c
2)t(vxk −

ivyk)/v⊥0 (v⊥0 =
∑

k v⊥k(0)/Ne is the average tangential
speed of particles). Then (12) takes the form [44]

dak
dτ

+ iθ|ak|2ak = −a,

a =
1

Ne

∑

k

ak,

θ =
3mv2⊥0c

4e2ΩNe
,

τ =
2e2Ω2Ne

3mc3
t.

(13)

The equation set (13) fully describes the behavior of
the ensemble of electrons-oscillators moving in a uniform
magnetic field in the presence of the radiative energy loss.
The kinetic energy Erad of transverse motion of the

oscillators, the radiation power Prad, and the time t are
related to the dimensionless quantities by

Erad/EU =
1

Ne

∑

k

|ak|2, (14)
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Prad/PU = 2|a|2, (15)

and

t/TU = τ, (16)

where

EU =
Nemc2

2

v2⊥0

c2
, (17)

PU =
2e4H2N2

e

3m2c2
v2⊥0

c2
, (18)

and

TU =
3m3c5

2e4H2Ne
=

2θc2

Ωv2⊥0

. (19)

Let H = 6.4 kGs, v/c = 0.38, and Ne = 109, then
EU = 6 µJ, PU = 0.5 kW, TU = 13 ns, and Ω = 18 GHz.
In this case, the nonisochronism parameter is

θ =
3m2c4

4e3HNe

v2⊥0

c2
= 100. (20)

Let us note that by adding the term of the form −iνak
to the left-hand side of (13), we have that under the
same initial conditions, all complex amplitudes ak are
multiplied by the additional phase factor eiντ having no
effect either on the radiation power or on the autophas-
ing time. This enables analyzing different systems from
a common standpoint, and so the equation set describ-
ing the behavior of the ensemble of weakly nonlinear
electrons-oscillators oscillating in anharmonic potential
has the form [45]:

dak
dτ

+ iθ(|ak|2 − 1)ak = −a,

a =
1

Ne

∑

k

ak.
(21)

Here, the nonisochronism parameter θ is selected as ν.
The normalized radiation power and electron energy are
given by formulas [45]

P = 2|a|2 (22)

and

E =
1

Ne

∑

k

|ak|2, (23)

respectively. In the absence of the energy spread, the
absolute values of the amplitudes |ak(0)| equal unity at
the initial time and the phases φk(0) = arg(ak(0)) are
uniformly distributed in the interval [0; 2π).

III. SHOT NOISE

Shot noise in the ensemble of the electrons-oscillators is
due to a random distribution of the initial phases φk(0).
Each set of φk(0) corresponds to different initial condi-
tions of the equation set (21). Fluctuations in the initial
conditions lead to fluctuations in the output characteris-
tics of cooperative radiation which we study by a numer-
ical experiment.
As follows from (21), the behavior of the ensemble of

nonisochronous oscillators in the absence of the energy
spread is determined by two fixed parameters θ and Ne

and a random set of initial phases φk(0). Because the
distribution of initial phases φk(0) is random, the nu-
merical experiment with each pair of values of θ and Ne

must have many runs. This procedure will give informa-
tion about statistical characteristics of cooperative radi-
ation, the most important of which are peak power P0,
autophasing time T0, and their relative RMSD — δP and
δT .
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FIG. 1: Peak radiated power (a) and its RMSD (b) versus the
nonisochronism parameter θ [black curve — Ne = 6.75 · 104

and dashed curve — 1.08 · 106].

In numerical analysis of statistical fluctuations of co-
operative radiation in the presence of shot noise, instead
of the number Ne of real electrons we took the number
N = 36 ≪ Ne of simulated electrons with the charge
eNe/N and initial phases

φk(0) =
2πk

N
+

√

12N

Ne
rk, k = 1..N, (24)
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FIG. 2: Autophasing time (a) and its RMSD (b) versus the
nonisochronism parameter θ [black curve — Ne = 6.75 · 104

and dashed curve — 1.08 · 106].

where rk are random variables uniformly distributed over
the interval [0; 1). It has been shown in [49] that this pro-
cedure, boosting the performance of the program, cor-
rectly simulates the shot noise in the absence of energy
spread. We selected the following values of controlling
parameters: Ne = 6.75 · 104, 1.08 · 106, θ = 1–107. The
numerical experiment with each Ne–θ pair was repeated
one hundred times.

Fig. 1 and 2 show the results of our computation from
which we can draw some very important conclusions [47].
First, the relative RMSD of the dimensionless peak radi-
ated power weakly dependent on the number of particles
Ne (Fig.1) decreases as δP ≈ 4.3/

√
Ne. Second, the au-

tophasing time decreasing as the nonisochronism param-
eter θ is increased depends logarithmically on the number
of particles T0 ∼ lnNe. Third, δT reduces according to
the approximate formula δT = q/ lnNe, where q(θ) ≈ 1.1
slowly decreases as lg(θ) varies from 0 to 2. Extrapo-
lating the obtained dependence of δP (Ne) and δT (Ne) to
the region with large number of particles, Ne = 109–1012,
(typical number of electrons in single-pass generators),
we get the estimates δT = 0.04–0.05 and δP < 10−4.
From this we can deduce that shot noise leads to a 4–
5% fluctuation of the autophasing time at insignificant
fluctuation of the peak radiated power.

Let us note here that phase premodulation of electrons-

oscillators:

φk(0) =
2πk

N
+

√

12N

Ne
rk+δφ cos

(2πk

N

)

, k = 1..N, (25)

having practically no effect on P0, T0, and δP , leads
to a noticeable decrease in the fluctuation of autophas-
ing time: δT no longer decreases logarithmically (δT ∼
1/ lnNe), but as 1/

√
Ne (Fig. 3). In the expression (25),

δφ ≪ 1 is the premodulation parameter.
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FIG. 3: RMS fluctuations of autophasing time versus the
nonisochronism parameter θ at δφ = 0.05 [black curve —
Ne = 6.75 · 104 and dashed curve — 1.08 · 106].

IV. AUTOPHASING TIME

In the previous section we have shown that fluctua-
tions in the cooperative radiation caused by shot noise
depend on the degree to which the electrons-oscillators
are premodulated. It has been found, in particular, that
premodulation results in that the relative RMSD of the
autophasing time δT becomes square-root dependent on
Ne (δT ∼ 1/

√
Ne) instead of logarithmically dependent

(δT ∼ 1/ lnNe). Let us show how this important result
can be obtained analytically.

According to (21) without premodulation, the con-
tribution coming from each particle to the average os-
cillation amplitude ain = a(0) is ak(0) = eiφk/Ne.
The contribution coming from a premodulated particle
ak(0) = eiφk+iδφ cos(φk) (the initial phases φk are uni-
formly distributed over the interval [0; 2π)). By averag-
ing over φk, we shall find the average value of ain as well
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as the RMSD thereof at Ne ≫ 1 and δφ ≪ 1:

< Imain >= J1(δφ),

< Reain >= 0,

| < Imain >2 − < Im2ain > |1/2 =

√

1

2Ne
(1 + J2(2δφ))

≈ 1√
2Ne

,

| < Reain >2 − < Re2ain > |1/2 =

√

1

2Ne
(1− J2(2δφ))

≈ 1√
2Ne

,

(26)

where J2(2δφ) is the Bessel function. Since Ne ≫ 1,

0 5 10 15 20
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0.5
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1.5

T

gH
T
L

FIG. 4: Autophasing time distribution functions at τ0 = 1
and Ne = 1.08 · 106 [solid curve — δφ = 0.05, dashed curve
— δφ = 0.01, dot-dashed curve — δφ = 0].
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FIG. 5: RMSD as a function of the number of particles at
δφ = 0.05 [solid curve corresponds to (30), dashed curve corre-
sponds to the asymptotic expansion at δ2φNe ≫ 1, dot-dashed

curve — to the asymptotic expansion at δ2φNe ≪ 1].

then in view of the central limiting theorem, Reain and
Imain have a Gaussian distribution:

f(Reain, Imain) =
Ne

π
e−N(Re2ain+Im2ain), (27)

leading to that the radiation power distribution Pin =
2|ain|2 at the initial time has the form:

f(Pin) = Nee
−NePin/2−NeαI0(Ne

√

2Pinα). (28)

where I0 is the modified Bessel function, α = J2
1 (δφ) ≈

δ2φ/4.
Let us estimate the autophasing time by formula

T = τ0 ln(P0/Pin) = τ0 ln(2/Pin). (29)

Here, τ0 = 1/Re(−1 +
√
1 + 4iθ) [45] is the time period

needed for the radiation power to increase by a factor of
e in the linear instability stage. Equation (29) implies,
first, that the linear stage is much longer than the time
during which nonlinear effects are essential, and, second,
the radiated power in the saturation stage is P0 = 2|a|2 ∼
2. The latter condition means coherent summation of
oscillations from all the particles.
Using (28) and (29), we can find the distribution func-

tion g(T ) related to f(Pin) by

g(T ) = f(Pin)|dPin/dT |. (30)

Thus we have

g(T ) =
N

τ0
I0(2Ne

√

αe−T/τ0)

× exp(−Nee
−T/τ0 −Neα− T/τ0).

(31)

From the distribution functions g(T ) plotted in Figure 4
follows that with growing premodulation, the autophas-
ing time and its RMSD thereof decrease.
Using the distribution function g(T ), we shall compute

the relative RMSD δT :

δT =

√

| < T 2 > − < T >2 |
< T >

=

√

π2/6− e−2NeαF 2
−1(Neα) + e−NeαG−1(Neα)

eNeα(γe + lnNe) + F−1(Neα)
,

Fx(y) =
∂Lx(y)

∂x
,

Gx(y) =
∂2Lx(y)

∂x2
.

(32)

Here, γe = 0.577 is the Euler constant and Lx(y) is the
Laguerre polynomial. If Neα ≪ 1, then (32) transforms
to the form

δT =
π√

6(γe + lnNe)
, (33)

in the opposite case (Neα ≫ 1),

δT =

√
2√

Neα ln(1/α)
. (34)

The Fig. 5 plots δT versus lgNe, respectively. It is obvi-
ous from 5 that when the number of particles exceeds a
certain value depending on the degree of premodulation,
the logarithmic Ne dependence of the relative RMSD of
the autophasing time δT (δT ∼ 1/ lnNe) goes to a square-
root dependence (δT ∼ 1/

√
Ne). As follows from (32),
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the value of δT
√
Ne = 7.67 at δφ = 0.05 and 0 < lg θ < 2

agree with the simulated ones (Fig. 3) within 20% accu-
racy.
Let us note a very important circumstance. The

duration of the cooperative radiation pulse from non-
isochronous electrons-oscillators is ∼ τ0 [45]. The RMSD
of the autophasing time in the absence of premodulation
has the same order of magnitude:

∆T =
√

| < T 2 > − < T >2 | ≈ πτ0/
√
6 (35)

at Neα ≪ 1. However, phase premodulation of particles
leads to an appreciable decrease in the autophasing time
spread:

∆T ≈ τ0
√

2/Neα (36)

at Neα ≫ 1.
In coherent summation of cooperative-radiation pulses,

the oscillation phases of all single-pass generators must
differ by ∆φ ≪ π, thus posing the following limitation on
the average statistical spread of autophasing time ∆t =
TU∆T :

ΩTU∆T ≪ π, (37)

giving, after the substitution of TU (19) and ∆T (36)

√

Neδφ ≫ 4
√
2

π

θ

Re(−1 +
√
1 + 4iθ)

c2

v2⊥0

. (38)

Let v/c ∼ 0.4 and θ = 100, then we have the follow-
ing estimate of the required degree of premodulation:√
Neδφ ≫ 86. At Ne = 109, the parameter of premodu-

lation δφ must be greater than 3 · 10−3.

V. ENERGY SPREAD

To take account of the electron energy spread Ek(0) ≈
a2k/Ne, we assume the initial amplitudes ak(0) to be
Gaussian random variables whose mean equals unity and
the relative RMSD δa ≈ δE/2 (δE is the relative RMSD
deviation of particle energy).
It should be noted the Penman-McNeil algorithm isn’t

applicable in the presence of energy spread. Therefore
instead of the number N = 36 of simulated electrons
we took the number N = 288 ≫ 1 of particles with the
initial phases uniformly distributed in the interval [0; 2π).
Analyzing the results of numerical experiments [47], we

can see that the energy spread leads to a sharp drop in the
radiated power (Fig. 6). This is well-illustrated by the
Fig. 7, where the growing influence of the energy spread
with higher θ is seen clearly: the energy spread leads to
a stronger suppression of radiation at large θ, and peak
radiated power and radiated energy both decrease. At
δa = 0.02 (δE = 0.04), the maximum attainable radiated
power reduces by more than a factor of two.

0 5 10 15 20
0.0

0.1

0.2

0.3

0.4

0.5

0.6

Τ

P

FIG. 6: Radiated power as a function of time at θ = 10
and different δa [solid curve — δa = 0.0, dashed curve —
δa = 0.04].
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0.4
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0.8

lgΘ
P

0

FIG. 7: Peak radiated power versus the nonisochronism pa-
rameter θ at different δa [black curve — δa = 0.00, dashed
curve — δa = 0.02, and dot-dashed curve — δa = 0.04].

VI. CONCLUSION

In this paper we have studied the statistical proper-
ties of cooperative radiation from an ensemble of non-
isochronous electrons-oscillators interacting with one an-
other via the radiation field. It has been shown that for
the number of electrons Ne ∼ 109–1012, typical of mod-
ern acceleration facilities, the relative RMSD of the au-
tophasing time from its mean is δT ≈ 1.1/ lnNe ∼ 0.04–
0.05. The fluctuations of the peak radiated power appear
to be negligibly small δP < 10−4.
The autophasing time distribution function depending

on the number of particlesNe and the degree of premodu-
lation has been obtained in the absence of energy spread.
We used this function to show that when the number of
particles exceeds a certain value depending on the degree
of premodulation, the logarithmic dependence of the rel-
ative RMSD of the autophasing time on the number of
electrons-oscillators (δT ∼ 1/ lnNe) goes to a square-root
dependence (δT ∼ 1/

√
Ne).

It has also been demonstrated that a slight energy
spread (∼ 4%) results in a twofold drop of the maxi-
mum attainable power of cooperative radiation.
The analysis made here indicates that shot noise, and
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electron velocity spread pose considerable constraints on
the output characteristics of single-pass CRMs and lim-
its the possibility of coherent summation of cooperative
radiation pulses from several sources.

Appendix A: Relativistic electrons-oscillators

Let in laboratory reference there be a relativistic elec-
tron beam whose velocity is directed at a small angle
to the magnetic-field vector. The particles in the beam

move in a spiral under Lorentz force ~v× ~H/c . Let us de-
note the particle velocity components perpendicular and

parallel to vector ~H by ~u⊥ and ~uz, respectively. Then
the velocity component ~v⊥ perpendicular to the mag-

netic field ~H in the reference frame attached to the beam
is given by [50]:

~v⊥ =
~u⊥

√

1− u2
z

c2

. (A1)

Let us assume that v⊥ ≪ c, which leads to the limitations
on the acceptable value of u⊥:

u⊥

c
≪
√

1− u2
z/c

2 ≈ 1

γ
. (A2)

In this section we shall focus on the distribution
of the cooperative radiation from relativistic electrons-
oscillators in the laboratory frame if the condition (A2)
is fulfilled. In a moving frame of reference, the radiated
power per unit solid angle is given by [50, 51]

dP

dΩ
=

3P

16π
(1 + cos2 θ), (A3)

where P is the total power of electrons-oscillators. The
question naturally arises of how the radiation intensity
(A3) can be transformed into the lab reference frame.
Let us denote the radiated power per unit solid angle

in the lab frame by dPu/dΩu. Before seeking dPu/dΩu,
let us note that the quantity

X1 =
dP

dΩ

dΩdt

~ω
(A4)

that equals the number of quanta emitted in solid angle
dΩ during the time dt is the Lorentz invariant, and X2

is the Lorentz invariant, too [50]

X2 =
d3k

~ω
=

k2dkdΩ

~ω
. (A5)

The division of X1 by X2 gives another invariant

X3 =
dt

k2dk

dP

dΩ
. (A6)

By equating the invariants in both frames of reference we
get

dPu

dΩu
=

k2udkudt

k2dkdtu

dP

dΩ
. (A7)

Because the absolute values of the wave vectors in moving
(k) and fixed (ku) frames of reference are related as [50]

k = ku
1− uz cos(θu)

c
√

1− u2
z

c

, (A8)

where θu is the angle between vectors ~H and ~ku, whereas

dt

dtu
=

1
√

1− u2
z/c

2
≈ γ, (A9)

we can find

dPu

dΩu
=

(

1 +
( cos θu − uz/c

1− uz cos θu/c

)2
)

× (1− u2
z/c

2)2

(1− uz cos θu/c)3
3P

16π
.

(A10)

According to [50, 51], the angular distribution of the
power dPdet/dΩu detected by the resting detector in the
lab frame is related to dPu/dΩu as

dPdet

dΩu
=

1

1− uz cos θu/c

dPu

dΩu
. (A11)

Integration of (A11) with due account of (A10) finally
gives (γ ≫ 1)

Pdet =
5 + 2u2

z

5− 5u2
z

P ≈ 7γ2P

5
. (A12)

Appendix B: Effects of Coulomb and induction fields

Let us study the applicability boundaries of (10). The
equation set (10) was derived in the assumption that the
beam size R0 is much less than the radiation wavelength

R0 ≪ λ =
mc2

eH
. (B1)

We also neglected the Coulomb repulsion and induction
fields. The latter assumption is often taken in solving
specific problems [45], so we shall qualitatively outline
its legitimacy.
It has been shown in [44, 45] that the possibility of

phasing electrons-oscillators without the external field
arises because the particles oscillate nonisochronousally,
i.e., the particle oscillation frequency depends on en-
ergy (see (7)). As a result, a nonlinear term having the
same order of magnitude as Ωv3/c2 appears in (10). The
Coulomb and induction fields have no effect of autophas-

ing if the acceleration ∼ Ne2

mR2

0

induced to the electron by

the Coulomb forces (induction fields are by a factor of
c/v less than the Coulomb ones) is much smaller than

Ωv3/c2 = eHv3

c3 . Let us write this condition in the form:

R0 ≫ Rmin =

√

Neec3

Hv3
. (B2)
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Let H = 6 kGs, v/c = 0.4, and Ne = 109. Then
λ = 0.3 cm, Rmin = 0.04 cm, and the particle orbit
radius Rorbit = v/Ω = mcv/eH = 0.1 cm is between
Rmin and λ. That is why if in this specific case the beam
size is the same as the particle orbit, we can satisfy both
(B1) and (B2) requirements.

Appendix C: Near-field of charged particles

Let us consider a short beam of charged particles mov-
ing with nonrelativistic velocities. The beam particles
produce the electromagnetic field that can be described

using the scalar φ and vector ~A retarded potentials [50]:

φ(~r, t) =

∫

1

R
ρ(~r1, t−R/c)dV1,

~A(~r, t) =

∫

1

R
~j(~r1, t−R/c)dV1,

(C1)

where R = |~r − ~r1| is the distance from the volume ele-
ment dV1 to the point of observation ~r, where we seek the
potential difference, ρ and ~j are the current and charge

densities, respectively. The electric ~E and magnetic ~H

fields relate to the potentials φ and ~A as

~E = −1

c

∂A

∂t
−∇ · φ,

~H = ∇× ~A.

(C2)

Using these relation, we can readily find the force acting
on each charge from all beam particles

~F = e( ~E + ~v × ~H/c). (C3)

Because the velocities of all charges are small compared
to the speed of light, their distribution hardly can change
a lot during the time ∼ R0/c (R0 is the size of the beam).
That is why, to find forces acting on the charges, we can
expand ρ and ~j into power series in R/c. For the scalar
potential, we find accurate up to the third order in terms
of c−1:

φ(~r, t) =

∫

ρ

R
dV − 1

c

∂

∂t

∫

ρdV

+
1

2c2
∂2

∂t2

∫

RρdV − 1

6c3
∂3

∂t3

∫

R2ρdV,

(C4)

But
∫

ρdV is the constant total charge of the system;
Then the second term in this expression equals zero, and
so

φ(~r, t) =

∫

ρ

R
dV +

1

2c2
∂2

∂t2

∫

RρdV

− 1

6c3
∂3

∂t3

∫

R2ρdV.

(C5)

We can do the same with ~A. But c−1 appearing in the
expression for the vector potential is multiplied by c−1

when ~A is substituted into the expression for the force.
Because we seek the potentials within the accuracy up to

the third order in terms of c−1, in the expansion of ~A
suffice it to find the first two terms, i.e.,

~A(~r, t) =
1

c

∫ ~j

R
dV − 1

c2
∂

∂t

∫

~jdV, (C6)

Let us perform gauge transformation of the potentials:

φnew = φ− 1

c

∂f

∂t
,

~Anew = ~A+∇f,

(C7)

choosing the function f such that the scalar potential
φnew becomes

φnew =

∫

ρ

R
dV : (C8)

f =
1

2c

∂

∂t

∫

RρdV − 1

c2
∂2

∂t2

∫

R2ρdV. (C9)

Then a new vector potential is

~Anew =
1

2c
∇
( ∂

∂t

∫

RρdV
)

− 1

c2
∂

∂t

∫

~jdV

− 1

3c2
∂2

∂t2

∫

~RρdV.

(C10)

Passing from integration to summation over individual
charges, we get [50]

~Anew = ~A1 + ~A2,

~A1 =
∑

j

e
~vj + (~vj~n)~n

2cRj
,

~A2 = −
∑

j

2

3c2
e~̇vj

(C11)

and

φnew =
∑

j

e

Rj
, (C12)

where ~nj = ~Rj/Rj , ~Rj = |~r − ~rj |.
The first term ~A1 in (C11) determines the induction

field of the system of charges and the scalar potential ~A
determines the electric field of the spatial charge. Both
fields are non-uniform and depend on the averaged charge
distribution in the electron beam [45]. The second term
~A2 in (C11) is uniform and arises through radiation; the
related electric field is given by

~Erad =
∑

j

2

3c2
e~̈vj . (C13)



10

[1] R.H. Dicke, Phys. Rev. 93, 99 (1954).
[2] R. Bonifacio, P. Schwendiman, and F. Haake, Phys. Rev.

A 4, 302 (1971).
[3] V. De Giorgio and F. Ghielmetti, Phys. Rev. A 4, 2415

(1971).
[4] M. Gross and S. Haroche, Phys. Rep. 93, 301 (1982).
[5] A.V. Andreev, V.I. Emel’yanov, and Yu.A. Il’inskii. Co-

operative phenomena in optics. Moscow: Fizmatlit, 1988
[in Russian].

[6] N. Skribanowitz, I.P. Herman, J.C. MacGillivray, and
M.S. Feld, Phys. Rev. Lett. 30, 309 (1973).

[7] J.C. MacGillivray and M.S. Feld, Phys. Rev. A 14, 1169
(1976).

[8] R. Bonifacio et. al., Rivista del Nuovo Cimento 13, 1
(1990).

[9] N.S. Ginzburg et al., IEEE Trans. Plasma Sci. 41, 646
(2013).

[10] D.I. Trubeckov and A.E. Hramov, Lectures on high-

frequency electronics for physicists. V. 2. Moscow, FIZ-
MATLIT, 2004. [in Russian]

[11] S.V. Anishchenko and V.G. Baryshevsky, Nucl. Instrum.
Methods B 355, 76 (2015).

[12] V.V. Rostov, A.A. Elchaninov, I.V. Romanchenko, and
M.I. Yalandin, Appl. Phys. Lett. 100, 224102 (2012).

[13] N.S. Ginzburg et al., Phys. Rev. Lett. 115, 114802 (2015).
[14] A.M. Kondratenko, E.L. Saldin, Part. Accel. 10, 207

(1980).
[15] R. Bonifacio, C. Pellegrini, and L. Narducci, Opt. Com-

mun. 50, 373 (1984).
[16] R. Bonifacio et al., Phys. Rev. Lett. 73, 70 (1994).
[17] E.L. Saldin, E.A. Schneidmiller, and M.V. Yurkov, Opt.

Commun. 148, 383 (1998).
[18] M. Hogan et al., Phys. Rev. Lett. 79, 289 (1998).
[19] J. Andruszkov et al., Phys. Rev. Lett. 85, 3825 (2000).
[20] M.V. Yurkov, Nucl. Instrum. Methods A 483, 51 (2002).
[21] V.A. Atvazyan et al., Nucl. Instrum. Methods 507, 368

(2003).
[22] F. Lehmkuhler et al., Scientific reports 4, 05234 (2014).
[23] L.H. Yu, Phys. Rev. A 44, 5178 (1991).
[24] L.H. Yu et al., Science 289, 932 (2000).
[25] E. Allaria et al., Nature Photon. 6, 699 (2012).
[26] J. Amann et al., Nature Photon. 6, 693 (2012).
[27] G. De Ninno et al., Nature Communications 6, 8075

(2015).

[28] N.S. Ginzburg, I.V. Zotova, A.S. Sergeev, JETP Lett. 60,
513 (1994).

[29] N.S. Ginzburg et al., JETP Lett. 63, 331 (1996).
[30] N.S. Ginzburg et al., Phys. Rev. Lett. 78, 2365 (1997).
[31] N.S. Ginzburg et al., Nucl. Instrum. Methods A. 393, 352

(1997).
[32] B.W.J. McNeil, G.R.M. Robb, and D.A. Jaroszynsky,

Optics Comm. 163, 203 (1999).
[33] S.M. Wiggins et al., Phys. Rev. Lett. 84, 2393 (2000).
[34] N.S. Ginzburg et al., Phys. Rev. E 60, 3297 (1999)
[35] N.S. Ginzburg et al., Tech. Phys. 72, 83 (2002).
[36] A.A. Elchaninov, et al., JETP Lett. 77, 266 (2003).
[37] A.A. Elchaninov et al., Laser and Particle Beams 21, 187

(2003).
[38] S.D. Korovin et al., Phys. Rev. E 74, 016501 (2006).
[39] S.P. Bugaev, E.A. Litvinov, G.A. Mesyats, and D.I.

Proskurovskii, Sov. Phys. Usp 18, 51 (1975).
[40] G.A. Mesyats, Plasma Phys. Control. Fusion 47, A109

(2005).
[41] E.B. Abubakirov, A.P. Konjushkov, and A.S. Sergeev,

Journal of Communications Technology and Electronics
54, 959 (2009).

[42] A.I. Gaponov, M.I. Petelin, and V.K. Yulpatov, Radio-
phys. Quantum Electron. 10, 749 (1967).

[43] V.V. Zheleznyakov, V.V. Kocharovskii, and Vl.V.
Kocharovskii, Radiophys. Quantum Electron. 29, 830
(1987).

[44] Yu.A. Il’inskii and N.S. Maslova, Sov. Phys. JETP 67,
96 (1988).

[45] L.A. Vainstein and A.I. Kleev, DAN SSSR 311, 862
(1990). [in Russian]

[46] Yu.A. Kobelev, L.A. Ostrovskii, and I.A. Soustova, Sov.
Phys. JETP 72, 262 (1991).

[47] S.V. Anishchenko and V.G. Baryshevsky, Tech. Phys. 61,
934 (2016).

[48] N.S. Ginzburg et al., Tech. Phys. 47, 335 (2002).
[49] C. Penman and B.W.J. McNeil, Opt. Commun. 90, 82

(1992).
[50] L.D. Landau and E.M. Lifshiz, The classical theory of

fields Butterworth Heineman, Amsterdam, 1978.
[51] V.L. Ginzburg, Theoretical physics and atrophysics,

Pergamon Press, Oxford, 1979.


