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A clever trick by Drozd (see [12, Theorem 2.1]) shows that every matrix over a chain
ring R can be diagonalized by elementary row and column transformations. In particular
every finitely presented right module over R is isomorphic to a direct sum of cyclically
presented modules R/rR, r € R; furthermore (see [5, Theorem 9.19]) this decomposition
is essentially unique. It follows from Warfield (see [18, 33.6]) that every pure projective
module over a chain ring is isomorphic to a direct summand of a direct sum of uniserial
modules R/rR. If each module R/rR has a local endomorphism ring, then the extended
version of the Crawley—Jgnsson theorem (see [5, Theorem 5.2]) shows that every pure
projective module is isomorphic to a direct sum of finitely presented modules. For ex-
ample this is the case when R is a commutative chain ring.

However for a general chain ring the situation is less orderly. For instance, Puninski
[13] constructed a non-finitely generated uniserial pure projective module over a nearly
simple chain domain; and also (see [14]) found a pure projective module without an
indecomposable decomposition over an exceptional chain ring.

In this paper we will completely characterize chain domains R such that every pure
projective R-module is isomorphic to a direct sum of finitely presented modules. Namely
this is the case if and only if R contains no idempotent 2-sided ideal RrR, where 0 #
r € R is not a unit. For instance each chain domain with Krull dimension possesses this
property.

To prove something nice we have to avoid complicated things, so the bulk of the paper
is spent analyzing various anomalies of direct sum decompositions of serial modules.
The main tool in this analysis is the so-called dimension theory for serial modules,
recently developed by Facchini and Piihoda [6]. It states (see Proposition 4.1 for an
exact statement) that pure projective modules over a chain ring R are classified by
tuples of dimensions: one for each module R/rR with a local endomorphism ring, and
two for each module R/rR whose endomorphism ring is not local.

Any countably generated pure projective module can be constructed as a colimit
of a special directed system (called a Mittag—Leffler system) of morphisms between
finitely presented modules. In this paper we will suggest a very abstract version of this
construction that covers all known examples of strange pure projective modules over
chain rings. By evaluating it for various dimensions we will identify the main obstacles
to the existence of a perfect (hence trivial) decomposition theory of pure projectives.

Because these anomalies are of great interest we will demonstrate non-regular behavior
of pure projective modules by various examples. As a main running example we will use
the chain domain (constructed by Dubrovin — see [3], or better [4]) which is associated
with a special embedding of the group ring of the trefoil group into a skew field.

We are indebted to the referee for a very careful reading of the manuscript, which

greatly improved the presentation.
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2. Chain rings

A module M is said to be uniserial if its lattice of submodules is a chain, and serial
if M is a direct sum of uniserial modules. A ring R is said to be chain if R is uniserial
as a right and left module over itself. Thus for any a,b € R either aR C bR or bR C aR
(or both) holds true, i.e. there are r, s € R such that a = br or b = as. The left ideals
Ra and Rb are also comparable by inclusion but, as we will see in examples below, this
inclusion may work in the opposite direction.

In this paper we will concentrate on chain rings without zero divisors, i.e. chain
domains. Thus, with few exceptions, R will denote a chain domain. For instance R is a
local ring whose Jacobson radical J consists of non-units, hence U = R\ J is the set of
invertible elements of R. If 0 # a,b € R then the equality aR = bR holds true iff a = bu
for a unit u.

All results of this section are folklore, so we will prove only short (or missing) impli-
cations.

Commutative chain domains are commonly called commutative valuation domains.
Over such a domain every module R/rR has a local endomorphism ring. We will see
below that this is no longer true in the noncommutative setting.

We will often deal with morphisms between indecomposable finitely presented modules
R/rR and R/sR. Usually we will consider a ’generic’ case 0 # r,s € J, i.e. when both
modules are nonzero and non-projective. Note that for  # 0 we have Hom(R/rR, R) = 0,
since R is a domain.

If 0 # r,s € J then any morphism f : R/rR — R/sR is given by left multiplication
by a € R such that ar = sb for some b € R; furthermore b is uniquely determined by a,
and a is uniquely determined modulo sR. We will write this morphism as a x —.

Note that ker f is always a cyclic submodule of R/rR. Namely we may assume that
f is nonzero, hence s = aj for some j € J yields ker f = jR/rR.

The following lemma is almost trivial.

Lemma 2.1. f is a monomorphism if and only if b is a unit, and f is an epimorphism if
and only if a is a unit.

We will draw a few corollaries from this lemma.

Corollary 2.2. Let 0 £ r € J and M = R/rR. Left multiplication by an element a € R
defines a monomorphic endomorphism f of M if and only if arR = rR.

Proof. =. Follows from Lemma 2.1.

<. From ar ¢ rR it would follow that arR D rR, a contradiction, hence ar = rb
for some b € R. If b € J then we obtain arR = rbR C rR, a contradiction again. Thus
b € U, and therefore f is a monomorphism. O

The following corollary is crucial for this paper.
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Corollary 2.3. (See [12, Proposition 2.21].) Let 0 # r, s be elements of a chain ring R.
Then the following are equivalent.

1) R/rR= R/sR;
2) RrR = RsR;
3) r =wusv for units u,v € R.

Another will also be used frequently.

Corollary 2.4.

1) If R/rR — R/sR — R/rR are monomorphisms then R/rR = R/sR.
2) If R/rR — R/sR — R/rR are epimorphisms then R/rR = R/sR.

Proof. 1) By Lemma 2.1 we have ar = su and bs = rv for some a,b € R and u,v € U.
But this clearly implies RrR = RsR, hence R/rR = R/sR by Corollary 2.3. O

Because R/rR is a uniserial module, it follows from [5, Theorem 9.1] that its endo-
morphism ring S = End(R/rR) contains at most two maximal (right, left or 2-sided)
ideals: K consisting of non-epimorphisms and L consisting of non-monomorphisms. For
instance, S is local if and only if K and L are comparable by inclusion.

Now it is easy to give a criterion for when S is local.

Proposition 2.5. (See [12, Lemma 1.26, Theorem 2.13].) Let 0 # r € J. Then the fol-
lowing are equivalent.

1) The endomorphism ring of the module M = R/rR is local.
2) r # srt for any s, t € J.

3) The right ideal TR is 2-sided or the left ideal Rr is 2-sided.
4) A+ )rCrU andr(1+J) CUr.

Chain domains satisfying these conditions for every 0 # r € J are called semi-
invariant or semi-duo in [1, Section 7.3]. An example of a chain domain which is semi-duo
but not duo (i.e. some 1-sided ideals are not 2-sided) can be found in [1, Section 7.5].

Proof. 1) = 2). From r = srt where s,t € J it follows that (1 + s)"tsr = r(t + 1)1
Hence left multiplication by (1 + s)~'s defines a monomorphism f which is not epi.
Similarly the equality (14 s)~1r = rt(1+¢)~! gives the epimorphism g = (1+ )71 x —
which is not mono.

2) = 3). If neither 7R nor Rr are 2-sided, there are u,v € R and j,k € J such that
urj =r and krv = r. Then r = (ku)r(jv) contradicts 2).
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3) = 1) Suppose that 7R is a 2-sided ideal. We prove that every epimorphic endo-
morphism f of M is mono. Since f is epi, by Lemma 2.1 it is given by left multiplication
by a unit v € R. To show that f is mono, by the same Lemma, we need to check that
urR = rR. Since TR is a 2-sided ideal, otherwise we obtain ur = rj for some j € J,
hence » = u~'rj € r.J, a contradiction.

If Rr is a 2-sided ideal, similar arguments show that every monomorphic endomor-
phism of M is epi. Thus End(M) is local whenever 3) holds.

The equivalence of 3) and 4) follows from [12, Lemma 1.26]. O

Let f and g be as in the above proof. Then the image of f equals sR/rR and the
kernel of g is generated by (1 4 s)r + rR, hence equals srR/rR. In particular kerg C
im f, hence gf # 0. This kind of comparison of kernels of epimorphisms with images of
monomorphisms will be important in what follows.

Now we will give an example of a chain domain where locality fails.

2.1. Ezample

(See [1, Section 7.6].)

Let Z[i] be the ring of Gaussian integers whose field of quotients is Q[4]. Let V' = Z5_;)
be the localization of Z[i] with respect to the maximal ideal (2 — ¢)Z[i], hence V is a
commutative valuation domain. Let o denote the automorphism of Q[i] given by complex
conjugation, in particular o sends 2 — i € J(V) to the unit 2 + 1.

Let R denote the ring of skew formal power series g + a1z + ..., where g € V and
a; € Q[i] for j > 1, and the multiplication is given by the rule za = o(a)z. In particular
J = (2—1i)R = R(2— i) is the largest proper ideal of R, x?" is in the center of R, but
22"*1 does not commute with 2 — i.

It is not difficult to check that the principal right ideals of R form the following chain:

R>2-9)RD>(2—-i)*R>...0z2—-i)'RD>2RD>z(2—i)RD ...,

and we have a similar chain of principal left ideals, hence R is a chain domain. Let
M = R/zR. By Lemma 2.5 the equality « = ST_—; T 3—;; shows that the ring End(M)
is not local. Namely (2 — i) = x(2 4 i) gives the monomorphism (2 — i) x — of M
which is not epi, and the epimorphism (2 + 4) x — which is not mono. Or notice that
(2+i)"lz ¢ xR and (2 +i)"! ¢ Ra.

There is a general definition of Krull dimension for noncommutative rings (see |8,
Chapter 6]). By Miiller’s result (see [12, Proposition 1.30]) for chain domains it boils
down to the following. By induction on ordinals we define the iterated powers, J(\), of the
radical. Namely set J(0) = J and J(A+1) = N5, J(A)™. Finally define J (1) = Nx<pJ (N)
for limit ordinals p. Then the least A such that J(A\) = 0 equals the Krull dimension of
R (if no such A exists then R has no Krull dimension).

For instance, in the above example we have J(0) = (2—i)R, J(1) = RzR and J(2) = 0,
therefore Kdim(R) = 2.
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If M = R/rR then M, denotes the sum of kernels of all epimorphic endomorphisms
of M. If M. # 0 then this module cannot be cyclic, so in particular M, C M. For,
if it were cyclic, then M, = ker f for an epimorphism f which is not mono. But then
ker f C ker f? C M,, a contradiction.

In fact this module can be calculated precisely.

Fact 2.6. (See [10, Lemma 4.3].) (R/rR). = RrR/rR.

If R is as in Example 2.1 and M = R/zR then M, = RzR/xR is nonzero, but for
N = R/z?R we have N, = 0, because the ideal 2*R is 2-sided.

Recall that an ideal P is said to be prime if aRb C P implies a € P or b € P; and
completely prime if ab € P yields a € P or b € P, thus each completely prime ideal
is prime. Below we will see chain domains with prime ideals which are not completely
prime.

We will also use the following remark.

Fact 2.7. (See [1, Theorem 1.15].) Every idempotent ideal of a chain domain is completely
prime. Furthermore for any proper ideal I of a chain domain, the ideal (1) is completely
prime.

3. Pure projective modules

Recall that over a chain domain R a module M is pure projective if it is a direct
summand of a direct sum of uniserial modules R/rR, r € R, i.e. if M is in Add of the
category of finitely presented modules. Our aim is to prove that over certain chain do-
mains pure projective modules decompose into direct sums of finitely presented modules.
Thus we are looking for obstructions for this to happen. One has been known for a long
time.

Proposition 3.1. (/9, Theorem 1.1] and [16, Theorem 5.8]) Suppose that 0 # r € J. Then
the following are equivalent.

1) There exists a uniserial, hence indecomposable, non-finitely generated pure projective
module V which is a direct summand of (R/rR)“), i.e. V € Add(R/TR).

2) There is an epimorphic endomorphism g of R/rR which is not mono and a monomor-
phic endomorphism f of R/rR which is not epi such that gf = 0.

3) The ideal RrR is idempotent.

Observe that from the stronger condition r = sr?t for some s,t € J we can produce a
pair of morphisms f, g as in 2) with ker g = im f. Namely from (1+sr)~tsr-r = r(14+¢)~!
it follows that (1 +sr)~'sr x — defines the monomorphism of R/rR whose image equals
srR/rR. Similarly (14s)~1r = r-rt(1+rt)~! shows that (1+s)~! x — is the epimorphism
of R/rR whose kernel is generated by (1 + s)r, hence equals srR/rR.
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In fact if 1) holds true we can always find ' € R such that Rr'R = RrR and
r’ € Jr'2J. Namely, by [16, Theorem 5.8], it implies that r = ab for some a,b € R such
that RaR = RbR = RrR. By writing a = urv and b = «/rv’ for units w,u,v,v" € R (see
Fact 2.3), such an 1/ is easily found.

Note that a chain domain with Krull dimension has no (non-trivial) idempotent ideals.
Moreover, no commutative valuation domain (with or without Krull dimension) contains
a non-trivial idempotent ideal of the form RrR. Thus we need a more advanced example
to satisfy the conditions of Proposition 3.1.

3.1. Example

Recall that a chain domain is said to be nearly simple if J = J? is the only nonzero
2-sided ideal of R. For the following construction of a nearly simple chain domain we
refer to [1, p. 51].

Let G ={at+b|a,b e Q,a > 0} be the group of affine linear transformations of the
plane, where the multiplication is given by composition. For instance (2¢41)-(¢/3+1) =
2t/3+1)+1=2t/3+3.

Recall that a multiplicative subset T" of a domain S is said to be a right Ore set if,
for every r € T and 0 # s € S, there are nonzero a € S and b € T such that ra = sb.
We call this common value a right common denominator of r and s.

We follow [1, p. 52] in the proof of the following statement.

Remark 3.2. F'G is an Ore domain for any field F.

Proof. Clearly H = {t+b | b € Q} is a subgroup of G isomorphic to the additive group
of Q; and U = {at | a € Q,a > 0} is a subgroup of G isomorphic to the multiplicative
group of positive rationals. Furthermore U acts on H by conjugation: (at)~!(t + b)at =
a~'t-(at +b) = t+a~'b. Thus G is the semidirect product of H and U, in particular G
is metabelian.

Since H is a linearly ordered abelian group, S := F'H is a commutative domain, hence
Ore. For any finitely generated subgroup Uy of U the subring SUj of F'G is a crossed
product S * Uy. Furthermore since Uy is abelian and free, SUj is obtained from S as an
iterated skew Laurent polynomial ring (cf. [8, Proposition 1.5.11]), and hence is an Ore
domain. The proof of this fact in [7, Theorem 10.28, Exercise 14 on page 318] gives a
(not very fast) algorithm for finding common denominators of elements of FG (see an
example below). O

Fix an irrational real € close to but larger than 1, for instance e = 1 + 27195 will do.
Let P consist of the f € G such that f(¢) > ¢, in particular the identity e = ¢ belongs
to P but t/2 4+ 1/2 does not. Then PU P~! = G and PN P! = {e}, i.e. P is a right
pure cone in G (see [2] for more on right cones).
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In particular G can be left (linearly) ordered by setting g < h if g7'h € P, ie.
g(g) < h(e). For instance t + 1 < 2t in G, because (¢t + 1)(1) = 2¢(1) = 2 but the slope
of 2t is larger, hence (t + 1)(g) < 2t(e).

Note that this ordering respects left multiplication: g < h implies ug < wh for any
u € G. However < does not respect right multiplication, for instance (t+1)-(¢/3+1/3) =
t/34+4/3 > 2t-(t/3+1/3) = 2t/3+2/3, because (t/3+4/3)(e) =~ 5/3 > (2t/3+2/3)(e) ~
4/3.

Another way to say this is the following. Define the right ordering on G by setting
g <, hif hg7! € Pi.e. if h~! < g~1. This linear ordering respects right multiplication
by elements of G and differs from <.

Let P* denote the subsemigroup of P consisting of f € P such that f(g) > e, for
instance e ¢ PT. It is easily checked that FPT is a 2-sided ideal in the semigroup ring
FP.

Lemma 3.3. T = FP\ FP™ is a right (and left) Ore set.

Proof. For simplicity we will write 1 instead of e. Note that each element in 7T is a scalar
multiple of r =1+ >, g;, g; € PT. Thus when proving that 7" is right Ore it suffices
to consider only such r and arbitrary 0 # s = Zj Bjhj, hj € P. Since FG is Ore, there
are nonzero a,b € FG such that ra = sb. By factoring out the least (in right ordering)
terms we can write a = (14, ykur)yu, where u, € P, u € Gand b = (1+>_, §;v;)dv,
where v; € PT, v € G.

By multiplying out ra = sb we see that wu is the least term in ra and the least term
in sb is of the form pv for some p € P. Therefore uv~! € P and multiplying ra = sb by
6~ 'v~! on the right we obtain r(1+ >, vrug)yd tuv™ = s(1+ >, §v;), as desired. O

Despite this procedure being algorithmic, it is usually quite lengthy to execute the
required calculations in practice. For instance suppose that r = 1 4 (¢/3 + 4/3) and
s =14 (t/341). Then one possibility for a right common denominator of r and s is the
following;:

14 (/34 1)+ (t/945/3) — (t/9+16/9) — (t/3+7/3) — (t +3) .

Namely one should take a =1+ (¢/34+1) — (¢/34+4/3) — (t+3), b=1+ (¢t/3+2) —
(t/3+7/3) — (t + 3) and multiply.

Thus we can localize F'P with respect to T' and obtain a nearly simple chain domain
R = FPr. Every element of R can be written as a right fraction ; cigi- (1+3_; 85 hj)~t
where g; € P and h; € PT; or as a similar left fraction.

It follows that each principal right ideal of R is of the form gR, g € P; and g € hR
if and only if g > h. Similarly each principal left ideal of R is of the form Rg, g € P;
and g € Rh if and only if g >, h. For instance, let ¢ = t + 1 and h = t/3 4+ 4/3,
both are in P. Then ¢t +1 = (¢/3 4+ 4/3)(3t — 1) implies gR C hR. On the other hand,
(t/3+1)(t+1)=t/3+4/3 yields Rg D Rh.



P. Piihoda, G. Puninski / Journal of Algebra 459 (2016) 189-212 197

It follows that the inclusion ordering on right ideals gR is given by comparing the
values g(¢); and the inclusion ordering on left ideals Rh is determined by the points x
such that h(x) = €, i.e. by intercepts of h with the line y = ¢.

| g=t+l

h=t/3+4/3

Now we are in a position to produce the desired example.

Let r =t+1and M = R/rR. Then the equality t + 1 = (¢/3+1) - (t +1)?- (3t — 2)
shows that r = sr?h for s = t/3 + 1 and h = 3t — 2, all elements being in P*. Thus
fF=0+@/3+4/3)]71(t/3+4/3) x —and g = [1 + (/3 + 1)]7! x — is the pair of
morphisms from Proposition 3.1 with kerg = im f = (¢/3 +4/3)R/(t + 1) R.

Recall that J is the only nonzero 2-sided ideal of R. Furthermore it is easily seen that
J is a simple radical ring, even 1-simple, i.e. for each a € J there are b,c € J such that
a = bac.

4. Dimension theory

In this section we will briefly recall, adapting to our situation, the so-called dimension
theory of direct summands of serial modules which was developed in [6]. The module
R/rR is said to be of type 1 if its endomorphism ring S is local and of type 2 otherwise
(see Proposition 2.5).

Let PP denote the category of pure projective (right) modules over R, i.e. the category
of direct summands of direct sums of finitely presented R-modules. For each module
R/rR of type 1 define the ideal J of PP, associated to J(S), in the following way.
A morphism f : M — N of pure projective modules is in J if, for any morphisms
g:R/rR— M and h: N — R/rR, their composition hfg belongs to J(S).

J(S)
R/rR — — "> R/rR

l Th

M N
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It follows from [6, Proposition 3.2] that the corresponding factor category PP/J is
equivalent to the category of (right) vector spaces over the skew field S/J. If M is pure
projective then we assign to M the dimension of the image of M in this factor category,
written dimp/.p M.

Suppose that R/rR has type 2, therefore its endomorphism ring S has two in-
comparable maximal ideals: K consisting of non-epimorphisms and L consisting of
non-monomorphisms. As above one can factor the category of pure projectives by the
ideal associated to K obtaining the category of vector spaces over the skew field S/K.
The corresponding dimension of M is called an e-dimension (epi-dimension), writ-
ten edimp/.g M. For instance, edim(M) > n if and only if there exist morphisms
f:(R/rR)™ - M and g : M — (R/rR)™ whose composition is epi. Furthermore
for a countably generated pure projective module M, from edimg,,.grp M > n for every n
it follows that edimp/.g M = w.

Similarly using the ideal L one defines an m-dimension (mono-dimension), written
mdimp/,r M, for every pure projective module M. Here is the main result of [6] applied
to our setting. In the case when M, N are countably generated (which will be sufficient
for us) it follows directly from [6, Lemma 2.7].

Proposition 4.1. (see [6, Theorem 7.4]) Let M and N be pure projective modules over a
chain domain R. Then M = N if and only if

1) dimp/g M = dimp;,g N for every module R/rR of type 1; and
2) mdimp/, g M = mdimg/ g N and edimp,, g M = edimp;,g N for every module
R/rR of type 2.

Thus every pure projective module over a chain domain is uniquely determined by its
dimension vector, which is a cardinal-valued vector of dimensions defined above (usually
we write epi and mono dimensions relative to a given module R/rR of type 2 in pairs).

If M = R/rR is of type 1, it follows that its relative dimension dimp,,z M equals
1, and all the remaining dimensions are zero. Similarly if M = R/rR is of type 2 then
we have mdimg,,g M = edimp,,g M = 1, and all the remaining dimensions are zero.
If one is lucky enough to construct a sufficient supply of pure projective modules, it
is possible to complete a classification of such modules by matching this list against
possible dimension vectors.

By Corollary 2.3 one could parameterize the set of isomorphism types of modules
R/rR by the set of ideals which can be generated by one element. For instance let R be
the chain domain from Example 3.1. It has only one (indecomposable finitely presented)
module R of type 1, with dimension (1, [0,0]); and one module R/rR, 0 # r € J of type 2,
with dimension (0,[1,1]). Furthermore there exists (see Proposition 3.1) a (unique!)
module V' € Add(R/rR) with dimension (0, [1,0]), where 1 is the m-dimension. In this
way one could complete a classification of pure projective modules over nearly simple
chain domains (see [13]).
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It may be advantageous to explain the dimension theory from the point of view of
idempotent matrices. Suppose that a pure projective module M is realized as a direct
summand of a direct sum @®;c;rR/r; R of finitely presented modules. Let us assume that
r; = rj; whenever R/r;R and R/r;R are isomorphic. The corresponding projection to
M is given by a column finite I x I idempotent matrix acting on the column R/r;R,
i € I of height I by multiplication on the left. The (4,j) entry of this matrix is in
Hom(R/r;R,R/riR). For ke Ilet I, ={i €I |r,=r}.

To measure the m-dimension with respect to R/riR counsider the I} x Iy-submatrix.
This is a column finite matrix over the ring Sy, = End(R/riR). After modding out the
ideal Ly consisting of non-monos we obtain a column finite matrix over Sy/Ly. The
m-~dimension of M equals the column rank of this matrix.

We will use the following straightforward consequence of Proposition 4.1.

Corollary 4.2. Let N be a pure projective module over a chain domain R. Then N is a
direct sum of finitely presented modules if and only if mdimy; N = edimpy; N for every
M = R/rR of type 2.

Proof. If N = ®;crR/s;R and M = R/rR is of type 2 then both dimensions mdim (V)
and edim (V) are equal to the cardinality of the set {i € I | Rs;R = RrR}.
Conversely suppose that N is a direct summand of ®;c;R/s; R such that mdimy; N =
edimys N for every M = R/rR of type 2. Let T be a set of representatives of isoclasses
of modules R/s;R,i € I, i.e. for every i € I there exists a unique M € T such that
M ~ R/s;R. For any M € T let dps be a dimension of N related to M (by our assumption
mdimp; N and edimy; N coincide if M is of type 2). Let N/ = @MGTM(dM).
Comparing dimension, by Proposition 4.1, we conclude that N = N’. O

We conclude this section with a useful observation saying that a finitely presented
module is a direct summand of a pure projective module unless it is obstructed by the

dimension.

Lemma 4.3. Suppose that M = R/rR is of type 2 and let N be a pure projective module
such that mdimy; N > 0 and edimpy; N > 0. Then M is a direct summand of N.

Proof. Let a € End(M) be a non-epic monomorphism and let 8 € End(M) be a non-
monic epimorphism. Since mdimy; N > 0 there are morphisms f1: M — N, g1: N — M
such that g1 f1 is mono. Similarly, edimy; N > 0 implies that there exist morphisms
fo: M — N and go: N — M such that gs fs is epi.

Let hy = fia+ fo8 : M — N and hy = agy + Bgs : N — M. Then

hohy = agi fia + agi f28 + Bg2 fra+ Bgaf2/3.
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The only monomorphism in this sum is ag; f1a, hence hohy is mono. Furthermore the
only epimorphism is Bgs f28, hence hohy is epi. It follows that hoh; is an isomorphism
of M, in particular N = hy (M) @ ker ho, where hi(M) = M. O

5. The Mittag—Leffler construction

Recall (see [5, Theorem 2.47]) that every pure projective module M is a direct sum of
countably generated modules, therefore in most considerations we may assume that M
is countably generated. There is a uniform way to construct such modules from finitely
presented ones.

Recall that a directed system of morphisms M; f—1> My f—2> ... is said to be

Mittag—Leffler, ML for short, if there are morphisms ¢, : M;+o — M,+1 such that
Gnfni1fn = fa:

g1 g2 g3
PZ PZ
M, M, M M
f1 f2 f3 fa

The following fact found some uses in both algebra (see [17]) and model theory (see
[16]).

Fact 5.1. The direct limit of a Mittag—Leffler directed system of finitely presented modules
is a countably generated pure projective module. Furthermore each countably generated
pure projective module can be obtained as a direct limit of a Mittag—Leffler directed
system of finitely presented modules.

It follows from the proof of this result that one can choose the f; to be monomorphisms,
but this restriction is rather limiting in applications. To prove the Fact, one shows that
the canonical exact sequence

0— @M L P —M=limM, 0,
i€l iel

where f(m;) = m; — fi(m;), m; € M;, splits, therefore M @ @, ; M; = @, M;, in
particular M € Add(@,; M;).

The following construction is the main technical tool in this paper, and it works over
any ring. To some extent it is a basic free version of the model theoretic construction of
[14].

Suppose that M, N are R-modules and there are endomorphisms fj, fiy1,ar of M
and morphisms g, : M — N, B : N — M such that fi — ok fx+1fk = Brgx:
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M Je Moy
gk Bk k
N

The meaning is that fi — o fr+1fr factors through N, hence the sequence of mor-

phisms M T M 25 L becomes Mittag—Leffler when we mod out the ideal of Mod R
generated by 1n. Now we will produce a concrete ML-sequence.

For every k set Fy, = M@ N*~1 for instance Fy = M, F, = M®N and F3 = M@ N2,
We define morphisms @y, : Fi, — Fj41 by the following formula:

I O1xk—1
YE = Ik O1xk—1

Ok—1x1 Ik—1

if £ > 2, and ¢ = (5 1) Thus ¢y is obtained by mapping the first component
M into M @ N via (fx,gr), and shifting the copy of N¥~! by one to the right:

@k(manla s )nk—l) = (.fk(m)vgk(m)7nla v ank‘—l)'
We will show that this defines a directed system (F}, ¢y ) which is Mittag—Leffler. For
this consider morphisms ¢ : Fiy12 — Fiy1 defined by the following formula:

Qg 0 Br O1xk—1
Y = 0 0 1 01xk—1
Or—1x1 Or—1x1 Op—ix1  Trp—1

for £ > 2, and ¢ = (0618511).

It is easily checked that Vg pr110r = @k for every k, for instance

ax 0 g 0\ (BTONp 0N asfs B 0N (h 0
Yopzpa =10 0 1 0]- 0 1 0l e 0] = 0 1 0]-[g2 O
0 0 1 0 0 1 0 1 0 0 1 0 1

oz f3fo+ Paga 0O f2 0O
=< go 0>=<92 0>=<,02-
0 1 0 1

It M,N are finitely presented then W = lim Fj is a countably generated pure

projective module such that W @, Fr = @, Fr = M@ @N®, in particular
W e Add(M @ N).

Furthermore by the construction N* is a direct summand of W for any k, in particular
W is decomposable. If R is a chain ring, it follows from the dimension theory that N«)
is a direct summand of W.

We will derive two useful facts.
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Lemma 5.2. Suppose that in the above construction R is a chain ring, M = R/rR has
type 2, N = R/sR is not isomorphic to M, and each f, is a monomorphism which is
not epi. Then mdimy; W =1 and edimy; W = 0.

Stmilarly if each f, is epi and not mono, then mdimy; W = 0 and edimy; W = 1.

Proof. We will prove only the first part. Recall that S = End(M) contains a maximal
ideal L consisting of non-monomorphisms such that D = S/L is a skew field. We look
at the additive functor G (see [6]) from the category of pure projective R-modules into
the category of D-modules, for instance G preserves arbitrary direct sums. It is easily
derived that G preserves direct limits of Mittag—Leffler sequences.

Apply this functor to the ML-sequence (Fj, f;) defining W. Since N is not isomorphic

to M, it is annihilated when applying this functor. Thus the resulting directed system

has the form D 29, p SY2),  with nonzero maps G(f;). It follows that the direct

limit of this sequence is isomorphic to D, therefore mdim (W) = 1.

For a similar functor H to the category of S/K-modules, where K is the ideal of S
consisting of non-epimorphisms, the resulting maps H(f;) are zero, therefore the direct
limit is a zero object. It follows that edim,; (W) =0. O

6. Epi-dimension

Now we will give the first application of our main construction. Recall (see after Ex-
ample 2.1) that M, denotes the sum of kernels of all epic endomorphisms of a module M.

Proposition 6.1. Let M = R/rR be a module of type 2. Then the following are equivalent.

1) There exists a countably generated pure projective module W such that mdimys W =
0 and edimy; W = 1.

2) There exists a countably generated pure projective module W such that mdimp; W <
edimy; W.

3) There exists a module N = R/sR not isomorphic to M and morphisms g : M — N,
B: N — M such that Bg(M,.) # 0.

4) There exists a module N = R/sR not isomorphic to M, endomorphisms f and « of
M, where f is epi not mono, and morphisms g : M — N, 8 : N — M such that
a(f*+Bg) = f.

5) There exists a module N = R/sR not isomorphic to M, epimorphisms fi, fa :
M — M, where f1 is not mono, and morphisms ¢ : M — N and 8’ : N — M

such that fof — f1 = B'g’.

Proof. 1) = 2) is trivial and 2) = 1) follows from Lemma 4.3.

1) = 3). Realize W as a direct summand of a direct sum of finitely presented modules
My, = R/riR, k = 1,... hence as a column finite idempotent w x w matrix which we
also denote by W. The entries of this matrix are morphisms f;; from M; to M;.
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Since edimp; W > 0 there are 4, j € w such that M;, M; = M and f;; is epi (and not
mono, since mdimy; W = 0). Fix such a j. Because the matrix W is column finite, there
are only finitely many nonzero morphisms f;;, [ € w. Choose i such that M; = M and
fij has the smallest kernel among morphisms f;; with M; = M. Because some fj; is epi,
we conclude that 0 C ker f;; C (Mj)e.

Since W is idempotent we have f;; = >, firfrj, where almost all summands are
zero. If My, =2 M and fi; # 0, then the kernel of f;y, fi; is strictly larger than the kernel
of fi;. Namely, it follows from M} = M and mdima; W = 0 that ker f;; # 0, hence
ker fir fr; D ker fi; 2 ker f;;. Thus there is a k such that ker fi; fi; C ker f;; and My, is
not isomorphic to M.

Since M; = M; = M and ker f;; C (M;). we conclude that (M), is not contained in
the kernel of f; fx;. Fix isomorphisms h; : M — M; and h; : M; — M.

h; fij hi

M,

M M

Clearly we can take N = M}, and g = frjh; : M — My, = hifir, : M, — M.

3) = 4). Because 8g(M.) # 0 it follows that ker Sg C M,. Since ker g is a cyclic
submodule of M, ker Bg C ker f for a certain epimorphism f of M with a nonzero kernel.

From ker B¢ C ker f? we conclude that the kernel of f2 4+ B¢ equals ker 3g. Because
f is epi and Sg is not (by Corollary 2.4, since M is not isomorphic to N) it follows that
f? + Bg is epi. Clearly there is a unique morphism « of M such that a(f? + Bg) = f.

4) = 5) Take f1 = f, fo=aand ¢’ =g, 5/ = —apf.

5) = 1) follows from Lemma 5.2 if we set fr, = fr41 = f1, o = fa, B = B’ and
gp=9¢. O

A module M = R/rR satisfying the conditions of Proposition 6.1 is said to have
type 2e. We will see later that there are no such modules over chain domains with Krull
dimension, therefore Example 2.1 does not work. If R is as in Example 3.1 then M is
the only candidate for a module of type 2e. Furthermore Hom(M, R) = 0 for the only
remaining (indecomposable finitely presented) module R. Thus applying item 5) of the
Proposition we obtain fofZ = f1, which is impossible (comparing the kernels) because
f1 is not mono.

So we have to work harder to produce an example. The following one is due to
Dubrovin [3] (see [2] for explanations).
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6.1. Example

Recall that the trefoil group G is given by generators u,v and relation u® = v?. We

lyu™tand y = u. It is

will use another presentation of G, choosing as generators x = u~
easily checked that the relation becomes zy?z = y.

Dubrovin proved that the semigroup P generated by e, x and y is a right pure cone
in G, so we can define the left linear ordering on G by setting ¢ < h if g"'h € P. For
instance, x < y because z 7'y = y2x € P. Again, this ordering respects left but not right
multiplication by elements of G. For example multiplying 1 < x by y on the right we
obtain y > xy, because y ! - xy =y~ !

The corresponding right linear ordering, defined by g <, h if hg~! € P, respects right
multiplication but differs from the left ordering: x < y but x >, y because y~! < 27 1.

roy=zty?.y=a"ly e P L

For any field F', Dubrovin [3] constructed an embedding of the group ring F'G into
a skew field D and associated with this embedding a chain domain R, a non-classical
localization of the semigroup ring F'P. Every principal right ideal of R is of the form gR
for some g € P, and every principal left ideal is of the form Rh, h € P. From z < y it
follows that xR D yR, but x >, y yields the opposite inclusion Rz C Ry of principal
left ideals.

Recall that y generates the center of G. Namely 2~ 'y3z = 271y 3%z = y?z-y%x = 3.
It follows that the 2-sided ideals of R form the following chain:

R>J=2R>2z?R>...D RyR=Ry*ROy*RO Ry*ROyR> ...

This ring has only three completely prime ideals J, RyR and 0; furthermore y>R is a
prime ideal which is not completely prime.

Now we are ready for the next example. By Proposition 3.1 the equality zy’z = y
implies that the module M = R/yR possesses a monomorphism f which is not epi, and
an epimorphism ¢g which is not mono such that ker ¢ = im f, in particular M has type 2.

Lemma 6.2. M = R/yR has type 2e.

Proof. Take N = R/y>R in Proposition 6.1. Since 3° is a central element, this module
is of type 1. We will check item 3) of the Proposition.

Clearly the left multiplication by g = y? defines the morphism from R/yR to R/y>R.
Similarly 22y = y32% € yR shows that 3 = 22 x — is the morphism from R/y3R to
R/yR.

z?y?x—
R/yR R/yR
R/y*R

Thus the composite endomorphism (g of M is given by left multiplication by z2y?2.
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Note that zy < y, hence the class m = Ty of this element is nonzero in R/yR.
Furthermore zy € RyR implies m € M, (by Corollary 2.6). Also Bg(m) = z?y?zy =
x - zy?z -y = xy? < y, therefore Bg(m) #0. O

Thus by Proposition 6.1 there exists a countably generated pure projective mod-
ule W € Add(R/yR ® R/y*R) whose dimension vector is ([0, 1],w), where 1 is the
epi-dimension. Comparing dimensions it is easily seen that this module has no inde-
composable decomposition: each direct sum decomposition of W has the form W =
W o (R/y>R)M, A < w.

Recall that a chain ring R’ is said to be exceptional if it is prime, contains zero divisors,
and its Jacobson radical J’ is the only nonzero ideal of R’. One could factorize R by
>R and localize with respect to the completely prime ideal RyR obtaining a coherent
exceptional chain ring R’.

The image W’ of W has similar properties over R’. This is exactly the module that
was constructed in [14] using model theory. Note that pure projective modules over
exceptional chain rings (coherent or not) can be classified following Pfihoda’s approach
(see [11] and [15]).

7. Mono-dimension

We would like to dualize Proposition 6.1 (by interchanging epis and monos) but this
is far from straightforward. First we need some preliminaries.

Recall that every endomorphism of the module M = R/rR is given by left multipli-
cation by an element s € R such that sr € rR, and s is uniquely determined modulo rR.
We will show that under mild restrictions the left ideal Rs is uniquely determined.

Lemma 7.1. Suppose that f = a x — and g = b X — define the same endomorphism of
M = R/rR and a ¢ RrR, hence b ¢ RrR. Then Ra = Rb, therefore the left ideal Ra is
uniquely determined by f.

For instance this is the case when RrR is not an idempotent ideal and f is mono.

Proof. Otherwise we may assume that b = ja for some j € J. From f = g we conclude
that a — ja = rt for some t € R, and therefore a = (1 — j)~!rt € RrR, a contradiction.

If @ x — is a monomorphism, then ar = ru for a unit « and therefore » = aru~!. Then
the assumption a € RrR would lead to r € (RrR)?, a contradiction. O

Recall that S = End(M) denotes the endomorphism ring of a module M. If fi, fo € S
and ker f; C ker fo then obviously fi; ¢ Sfa; otherwise it is quite difficult to decide
whether f; € Sfy or not. In some cases we can conclude.

Lemma 7.2. Suppose that the monomorphic endomorphisms fi, fo of M = R/rR are
given by left multiplication by t1,ts. Then t1 € Rty implies f1 € Sfs.
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Furthermore if t1,ta ¢ RrR (for instance, if RrR is not idempotent) then the converse
also holds true.

Proof. Let t; = sto for some s € R. By Corollary 2.2 we have t1rR = rR = torR,
hence stR = storR = tirR = rR. By the same corollary the map s x — defines an
endomorphism g of M which is mono, and clearly f; = gfa.

For the converse suppose that f; = hfy, where h is given by multiplication by s. By
Lemma 7.1 we obtain Rt; = Rstq, therefore t; € Rto. O

Now we formulate the main result of this section. This is almost, but not com-
pletely, dual to Proposition 6.1. Namely there are no analogs of items 3) and 4) of that
Proposition. Perhaps this reflects an elusive non-symmetry between monomorphisms and
epimorphisms of uniserial modules.

Proposition 7.3. Let M = R/rR be a module of type 2. Then the following are equivalent.

1) There exists a countably generated pure projective module W such that mdimys W =
1 and edimy; W = 0.

2) There exists a countably generated pure projective module W such that mdimp, W >
edimy; W.

3) There exists a module N = R/sR not isomorphic to M, monomorphisms fi, fa :
M — M, where f1 is not epi, and morphisms g : M — N, 8 : N — M such that

f2f? — f1 = Bg.

Proof. 1) = 2) is obvious and 2) = 1) follows from Lemma 4.3.

1) = 3). Suppose first that RrR is an idempotent ideal. Using Proposition 3.1 choose
a monomorphism f : M — M which is not epi and an epimorphism ¢ : M — M which
is not mono such that gf = 0. It follows that f 4 g is invertible, hence the equality
(9 + f)f = f2 implies | = (g+ /)~"f2 So we can set fi = f, fo = (g + /)" and
B8 =g=0, hence N =0.

Therefore we may assume that the ideal RrR is not idempotent. Realize W as a
direct summand of a direct sum of finitely presented modules M = R/rp R, k=1,...,
hence as a column finite idempotent w x w matrix W. The (¢, j) entry of this matrix is
a morphism f;; = s;; X — from M; to M;. To simplify our arguments we assume that
r; = r; whenever M; ~ M;.

Since mdimps W > 0 there are %, j such that M;, M; = M and f;; is a monomorphism
(which is not epi, since edimy; W = 0). Fix such ¢, j. By identifying things we will assume
that M; = M; = M and r; = r; = r. Because RrR is not idempotent it is easily seen
that s;; ¢ RrR. In particular, by Lemma 7.1, the left ideal Rs;; is uniquely determined
by fi;.

Because the matrix W is column finite there are only finitely many nonzero morphisms
fi; with this fixed j. Choose t such that M; = M and the ideal Rs;; is largest among
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the ideals Rs;; with M; = M. In particular, as above, the left ideal Rs; is also uniquely
determined by fi;.

From the equality fi; = >, fixfr; we obtain Rsy; = RY ", Serskj. If My, = M then
edimp; W = 0 implies sy, € J. So Rsysi; C Rsp; C Rsgj by our choice of ¢. Therefore
there exists a k such that M 22 M and s;; € Rsysy;. Furthermore s;; € Rsy; yields
Si; € Rsyp sk .

Let f1 = fi; € End(R/rR). Since f; is not mono it follows that f? + fufx; is a
monomorphism given by (sfj + st5kj) X —. Obviously Rs;; C Rsypsk; = R(s?j + S¢k5kj)
therefore (by Lemma 7.2) there exists fo € End(R/rR) such that fi = fo(fZ + firfrj)-

It remains to take N = My, 8 = — fofu. and g = fi;.

3) = 1). Follows from Lemma 5.2. O

We will say that a module M = R/rR satisfying the conditions of Proposition 7.3 has
type 2m.

Let R be a nearly simple chain domain from Example 3.1 and M = R/(t + 1)R. We
have constructed in this example a pair of endomorphisms f, g of M such that f is mono
not epi, g is epi not mono and ker g = im f. It follows from the proof of the proposition
that the directed system M Lo L s Mittag—Leffler and its direct limit V is a
pure projective (uniserial countably generated) module in Add(M) of relative dimension
[1,0], where 1 is the m-dimension.

In this case N = 0 in the item 3) of the Proposition.

8. Factoring morphisms

Informally we will consider elements of R as being located on a vertical line. We will
put an element s below r if RsR C RrR. According to this convention we will consider
morphisms R/rR — R/sR as going down and morphisms R/sR — R/rR as going up.

The following technical lemma on factorization of descending and ascending mor-
phisms has a straightforward proof.

Lemma 8.1. Let R be a chain domain and 0 # r € J is such that TR is not a 2-sided
ideal. Let P = RrR and let Q denote the largest ideal which is contained in rR, hence
Q C rR C P. Suppose that f is an endomorphism of M = R/rR.

1) f factors through R/Q if and only if it factors through R/sR for some s € Q.
2) f factors through R/P if and only if it factors through R/sR for some s € R such
that P C sR.

In what follows we will often consider the situation as in the Lemma. Define L =
{te R|tr € Q}. Clearly 0 € L,1 ¢ L and L respects left multiplication by elements
of R, therefore L is a left ideal. Furthermore if P is not an idempotent ideal then rR C L,
hence P C L.
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To show that L is not always a right ideal let us consider Example 6.1. Take r = y
therefore P = RyR and @ is generated by the central element y3. Clearly y? € L but
y’x ¢ L, ie s = y?zy ¢ y>R. Namely when multiplying s by = on the left we obtain
xs = xy?xry = y?, which is not in y3R.

Below we will often need to verify the condition LP = P. In the above example we
have y2 € L and zy € P, therefore y?zy € LP. It is easily checked that this element
generates P as a 2-sided ideal, hence LP = P.

Now we will add one more equivalent condition to Proposition 6.1.

Proposition 8.2. Suppose that M = R/rR has type 2, in particular rR is not a left ideal
and P,Q and L are defined as in Lemma 8.1. Then the following are equivalent.

1) There exists a countably generated pure projective module W with mdimy W = 0
and edimy; W > 0.
2) LP=P.

Proof. Clearly we have strict inclusions @ C 7R C P.

1) = 2). By item 3) of Proposition 6.1 there exists a module N = R/sR not isomorphic
to M and morphisms g : M — N, 8 : N — M such that 8g(M.) # 0. Recall that, by
Fact 2.6, we have M. = RrR/rR = P/rR.

If s ¢ P then P is a proper subset of sR. Suppose that g is given by left multiplication
by w € R. Then g(M.) = (wP + sR)/sR = sR/sR is zero in R/sR, a contradiction.
Thus s € P.

Because M is not isomorphic to N it follows that RsR C RrR, hence s € @ (be-
cause there are no 2-sided ideals between @ and P). Let g : M — N be given by left
multiplication by x, hence xr = st for some t € R. From s € Q we conclude that x € L.

If P C @ then, for any y € R, we obtain yxP C @ C rR, hence Sg(M.) = 0,
a contradiction. Otherwise RxP C LP is a 2-sided ideal properly containing ) hence
equal to P. Thus LP = P.

2) = 1). Since rR is not a 2-sided ideal, there exists x € P \ rR. Because P = LP
we can write x = yz for some y € L and z € P, in particular yr € @ and yP is not
contained in rR.

Since yr € @ we conclude that N = R/yrR is not isomorphic to M and also that
yrR is a proper subset of rR. Let N = R/yrR and let g : M — N be given by left
multiplication by y. Further let 5 : N — M be the natural projection. Since yP is not
contained in rR, we conclude that Bg(M.) # 0, as desired. O

9. Main results

In this section we will prove the following main result of the paper.

Theorem 9.1. Let R be a chain domain. Then the following are equivalent.
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1) For every 0 £ r € J, RrR is not an idempotent ideal.
2) Ewvery pure projective R-module is a direct sum of finitely presented modules.

Notice from the dimension theory that the decomposition M = @®;c;R/r; R as in 2)
is essentially unique: if M = @,csR/s; R is another such decomposition then there is
a bijection f : I — J such that R/r;R = R/s;;)R, i.e. RriR = Rsy;)R: combine [5,
Theorem 9.12] and Corollary 2.4 to see this.

Because there are no non-trivial idempotent ideals in chain domains with Krull di-
mension we immediately obtain

Corollary 9.2. If a chain domain R has Krull dimension then every pure projective
R-module is isomorphic to the module ®;cR/r;R, r; € R.

Note that Theorem 9.1 applies to commutative valuation domains without Krull di-
mension, but Corollary 9.2 does not.

We proceed with the proof of the Theorem. If RrR is a (nonzero) idempotent ideal,
it follows from Proposition 3.1 that R possesses an infinitely generated uniserial pure
projective module, from which 2) = 1) follows.

Thus it remains to prove 1) = 2). From now on we assume that R is a chain domain
without idempotent ideals RsR, 0 # s € J.

Suppose by a way of contradiction that there exists a pure projective R-module W
which is not a direct sum of finitely presented modules. Because every pure projective
is a direct sum of countably generated modules we may assume that W is countably
generated.

Applying Corollary 4.2 and Lemma 4.3 it follows that there exists a finitely presented
module M = R/rR of type 2 such that either a) mdimy; W > 0 and edimp; W = 0 or
b) mdimy; W = 0 and edimy; W > 0.

First we eliminate a).

Lemma 9.3. Suppose that there exists a countably generated pure projective module W
such that mdimp; W > 0 and edimpy; W = 0. Then there is 0 # x € J such that the ideal
RxR is idempotent.

Proof. By item 3) of Proposition 7.3 there is a module N = R/sR not isomorphic to M,
monomorphisms fi, fo : M — M such that f; is not epi, and morphisms g : M — N
and h: N — M such that fof? — f1 = Bg.

As above let @) be the largest ideal of R which is contained in 7R and let P = RrR,
hence Q C rR C P. Furthermore we may assume that P2 C Q. If not, then Q C P? =
(RrR)? implies r € (RrR)? by the definition of @, hence (RrR)? = RrR.

By Lemma 8.1 we may assume that N = R/Q or N = R/P (note that in both cases
N is still not isomorphic to M).

Suppose first that N = R/Q. Let f1, fa be given by left multiplication by ¢;,ts and
g=ax—, 3=0bx —. From faf? — fi = Bg we obtain
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(tat1 — 1)t; —ba =rs for some s€ R.

Because f; is not epi it follows that ¢; € J and therefore u = t3t; — 1 is a unit. Since
f1 is mono, there is a unit u; such that ¢;7 = ruy. Since g sends R/rR to R/Q we get
ar € @, hence bar = q € Q.

Multiplying the above equality by r on the right we obtain

uruy —q =rsr.

Then (RrR)? C Q yields that r € Q, a contradiction.

Now consider the case N = R/P and let f1, f2,g and 8 be as above. Since g factors
through R/P we conclude that M, = P/rR C ker 3g. Let f], f5 be restrictions of f;
and fy on M, (since P is a 2-sided ideal these maps are well defined). It follows that
(f5f1 = 1)f{ =0, i.e. (tat; — 1)t RrR C rR. Furthermore because f; is mono, it follows
that f{ is mono.

If f{ is epi then t;RrR = RrR. Because tat; — 1 = u is a unit we obtain (tot; —
1)t1RrR = uRrR = RrR, hence RrR C rR.

Thus we may assume that f is not epi (and mono), therefore ¢’ = f4 f{ —1 is epi. Since
g’ f1 =0, by [10, Lemma 2.9(ii)] there exists a uniserial R-module which is not quasi-small
— see the definition and discussion of this notion in [10]. Then by Proposition 4.6 of this
paper R contains an idempotent ideal of the form RzR, 0 £ x € J. O

Before considering b), we need a preliminary lemma. Recall (see Fact 2.7) that for
every ideal I of a chain domain, the ideal I(1) = ()2, I" is completely prime (though
it could be zero).

Because we need to vary r in the proof below we will introduce the following notation.
For each 0 # s € J we set Ps = RsR, and let Q5 denote the largest ideal contained in
sR. If sR is not a left ideal then clearly s € Py \ Qs, hence Qs C sR C Ps.

Lemma 9.4. Suppose that 0 # s € J is such that sR is not a left ideal. Then ws € Qs
implies wP; C sR.

Proof. Let X consist of those j € J such that tsj = s for some ¢ € R. Since sR is not a
left ideal it follows that X is nonempty and clearly that Ps = jex, SJ 1R, where the
inverse of j is taken in the quotient skew field of R.

For each j € X, we set Q(j) = (RjR)(1). Note that tsj = s implies t"sj™ = s for
each n, and therefore s € Q(j).

Let @ denote the intersection of all such ideals: Q = ﬂjexs Q(j), in particular s € Q
and @ is a nonzero completely prime ideal (by Fact 2.7). Furthermore for each j € X,
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we have j ¢ (RjR)?, therefore j ¢ Q(j) yields j ¢ Q. Because @ is a completely prime
ideal we derive j@Q = @ for each j € X;.

We will show that Qs = sQ.

First let us check that s@ is a left (hence 2-sided) ideal. If t € R and ts € sR then
ts@Q C sQ, as desired. If ts ¢ sR then there exists j € X, such that tsj = s and therefore
ts@Q = tsj@Q = sQ.

Now, since s@ is a 2-sided ideal and s ¢ s@ we conclude that sQ C Q. It remains to
check the reverse inclusion Qg C s@.

Note that left multiplication by s provides an isomorphism of the chain of right ideals
of R and the chain of submodules of sR, hence Q)5 = sI for a right ideal I. From sQ C Qs
it follows that @ C I. Suppose that @ C I hence there is a j € X such that Q(j) C I.
For this j there exists n such that (RjR)™ C I, in particular j”R C I and therefore also
sj™1 C slI. But then s = t"sj™ implies sI = t"sj™1 C t"sl, hence s is not a left ideal,
a contradiction.

Now we complete the proof of the lemma. Take w € R such that ws € Qs = sQ, say
ws = sq for some ¢ € Q. Further let p € P, hence p = sj v for some j € X, and v € R.
Since j ¢ Q(j) and ¢ € Q(j) we conclude that ¢ € RjNjR. Write ¢ = uj for some u € R.
Then

wp=wsj v=sq-j v=suw € sk,

as we wanted to show. O

Now we are in a position to consider the remaining case b) and complete the proof
of the Theorem 9.1. Recall that M = R/rR has type 2 and b) claims the existence of
W e Add(M) such that mdimy, W = 0 and edimy, W > 0.

By Proposition 8.2 we obtain LRrR = RrR. By the definition of L we have tr € Q,
for each t € L. But then Lemma 9.4 implies that tRrR C rR. It follows that RrR =
LRrR C rR and therefore rR is a left ideal, a contradiction.
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